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ARTICLE INFO ABSTRACT

Keywords: The Quasi-Steady State Approximation (QSSA) can be an effective tool for reducing the size and stiffness
Quasi-steady state chemistry of chemical mechanisms for implementation in computational reacting flow solvers. However, for many
Analytical Jacobian applications, the resulting model still requires implicit methods for efficient time integration. In this paper, we

High-performance computing outline an approach to formulating the QSSA reduction that is coupled with a strategy to generate C++ source

code to evaluate the net species production rates, and the chemical Jacobian. The code-generation component
employs a symbolic approach enabling a simple and effective strategy to analytically compute the chemical
Jacobian. For computational tractability, the symbolic approach needs to be paired with common subexpression
elimination which can negatively affect memory usage. Several solutions are outlined and successfully tested
on a 3D multipulse ignition problem, thus allowing portable application across chemical model sizes and
GPU capabilities. The implementation of the proposed method is available at https://github.com/AMReX-
Combustion/PelePhysics under an open-source license.

Novelty and Significance

A symbolic method is proposed to write analytical chemical Jacobians. The benefit of the symbolic method
is that it is easy to implement and flexible to any elementary reaction type. Its benefit is shown in the
context of QSS-reduced chemistries: there, constructing an analytical chemical Jacobian is complex since
one must include the effect of traditional elementary reactions and algebraic closure for the QSS species. To
the authors’ knowledge, there is no open-source package available to construct analytical Jacobians of QSS-
reduced chemistries. We expect this work to facilitate the use of analytical Jacobians in arbitrarily complex
chemical mechanisms. The proposed method was integrated into an open-source suite of reacting flow solvers
https://github.com/AMReX-Combustion/PelePhysics to facilitate its dissemination.

1. Introduction time scales and ultimately becoming extremely “stiff” relative to the
turbulent flow dynamics. As discussed in Ref. [17], operator-splitting

Exascale simulations of turbulent reacting flows have recently be- has proven to be an effective framework for coupling stiff chemical
come possible [1-3] due to a sustained investment in the co-design kinetics to flow solvers, but even when using the most recent chemistry
of modern high performance GPU-based computing architectures and integration approaches of this type (e.g., [18-211), reacting flow sim-

performance-portable simulation software [4-8]. As simulation capa-
bilities grow, so does the complexity of the research questions that
can be addressed computationally. It is now possible to consider de-
tailed interactions between turbulence and chemistry in the context
of multicomponent and alternative fuels [9,10], novel ignition strate-
gies [11,12], and pollutant formation [13-16]. Enabling these detailed
investigations, the chemical kinetic models employed have also grown
in size and complexity, exhibiting an increasingly broad range of

ulations employing a finite rate chemistry description can spend half
or more of the computing resources required for the full simulation
in the chemistry component of the solve alone [22]. To mitigate
the cost of the chemistry integration, several approaches have been
developed. From a computational standpoint, it was shown that the
integration of the chemical system can be greatly accelerated through
preconditioning approaches [23,24]. In addition, the matrices used to
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represent the chemical systems can be strategically sparsified thereby
allowing to leverage efficient sparse-linear algebra methods [25]. In ad-
dition, the chemical mechanisms integrated can also be simplified [26].
Among the latter strategies, reducing the size of chemical mechanisms
based on a-priori knowledge remains a key strategy to mitigate the
computational burden of reacting flow simulations [27].

Many chemistry reduction techniques have been developed that
identify and retain key kinetic information exhibited in an arbitrary
set of idealized combustion scenarios (such as strain-free flame prop-
agation speeds, extinction strain rates, etc.), that are asserted to be
relevant to the model’s intended application (e.g., see Table 1 in [28]).
The first step usually results in a problem-specific “skeletal” mechanism
with a smaller number of chemical species and reactions, and one that
typically also exhibits reduced stiffness [29-31]. A common strategy for
additional reduction of the size and stiffness of these models invokes the
Quasi-Steady State Approximation (QSSA) [32,33], i.e. that the produc-
tion and destruction of well-chosen chemical species are assumed to
be everywhere in balance. As discussed in detail later in Section 2.1,
the QSSA reduces the dimension of the chemical system; the molar
concentrations of the removed species become algebraic constraints on
the remaining system. Critically, the QSSA can result in complex non-
linear algebraic relations between species for which either cumbersome
numerical procedures must be designed, or simplified approximations
should be formulated [34]. In the context of simulating turbulent
combustion applications, QSSA-reduced chemistries also complicate the
construction and evaluation of the chemical Jacobian, which is often
required by time-implicit chemistry integration algorithms.

The evaluation of analytic chemical Jacobians has received signif-
icant recent attention [35-38], and efforts geared towards the way
it is assembled have been recognized as beneficial from a computa-
tional standpoint [36,39]. However, fewer efforts have been dedicated
to adapting analytic Jacobian construction methods to QSSA-reduced
chemistries. Recently, Sharma [40] discussed the construction of ana-
lytical Jacobian of QSSA-reduced chemistry and how to approximate
it, but did not explain how to encode the dependence of QSSA species
on non-QSSA species, which is a significant hurdle we address here.
To the authors’ knowledge, there are also no currently available ana-
lytic chemical Jacobian construction tools for QSSA-reduced chemistry
models.

Recent work in the design of exascale-ready codes [4,5] has also
highlighted that software maintainability is crucial for long-term sus-
tainability. Therefore, the software implementing the analytical Jaco-
bian of QSS-reduced chemistry models should induce minimal addi-
tional complexity in the reacting flow solvers that use them. The novel
contributions of this work are as follows:

1. A framework for the generation of the analytical chemical Ja-
cobian of QSS-reduced mechanisms is developed. This capabil-
ity is openly available in PelePhysics [6,41]. Jacobians of the
chemical models are assembled via a symbolic method that
significantly simplifies the logic involved in the resulting C++
implementation.

2. In general, evaluating a chemical Jacobian is computationally
intensive and requires large amounts of memory. The problem
is shown to be even worse when a symbolic method is used.
Strategies to mitigate memory and computing time are proposed
and shown to perform well and only mildly affect the overall
computational cost associated with generating the evaluation
routines.

The remainder of this paper is organized as follows. Section 2
discusses the QSSA in depth and describes how interdependencies
and nonlinear coupling between QSS species are handled. Section 3
presents an approach to compute and validate the analytic evaluation
of the Jacobian for QSSA-reduced chemistry models, and demonstrates
increased stability and computational efficiency of implicit integration
schemes over alternative approaches for stiff systems. In Section 4,
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we address the key practical issue of efficient memory use when con-
structing the chemical Jacobian with a symbolic approach. Section 5
demonstrates the application and scalability of our combined gener-
ation and implementation approach on a test problem that models a
pulsed-injection ignition. Conclusions are provided in Section 6.

2. Implementation of the QSS-reduced chemistries

In this section, a brief overview of the QSSA is provided. The
difficulties caused by QSS species couplings in the construction of a
tractable equation set are also discussed.

2.1. Rate laws and the quasi-steady state approximation

A set of N species interacting through M reactions will usually be
expressed via a reaction mechanism of the form:

XV Sie Y VLS, forj=1,M ¢h)
i=1,N i=1,N

where S; denotes any species i and v;; and v/, are the forward and
backwards stoichiometric coefficients of species i in reaction j. The
progress of reaction j (O j) is the sum of the forward (g 1, j) and back-
ward (g, ;) contributions, which are a function of the species molar
concentrations (C;) as well as to the forward and reverse reaction rates

Gk yyp):

. v, o

Qj=qf,j_qb,j=kf,j H Ci ‘J—kb’j H Ci 7, 2)
i=1,N i=1,N

Thus, the evolution of species molar concentrations is the result of con-
tributions from a subset of the M reactions, and is typically expressed
via a series of ordinary differential equations (ODEs):

dc; . .
d—t' = Z v,;9; = @,(C.k), fori=1,N 3

j=LM

where v, ; = v/ ’j -v! " C is the N vector of species molar concentrations,

k is a 2M vector of reaction rate functions and @; is the net production
rate of species i.

To reduce the computational burden and stiffness of reactive flow
simulations, QSSA can be formulated on a set of Nqgg strategically
chosen species. Good candidates are species with very short character-
istic timescales and low molar concentration throughout the process
of interest [34]. The QSS approximation for a species i is expressed
as [42]:

dc,
—i =y, 4
m C)

The molar concentrations of QSS species can then be obtained
via algebraic relations constructed by inverting this newly constructed
system of Nqgg equations. Combining Egs. (2) & (3) and substituting
into Eq. (4) can lead to a set of nonlinear algebraic relations, which
can involve a large number of species and reaction rates. In particular,
a situation that typically arises is when two or more QSS species are
on the same side of an elementary reaction: this situation is referred,
hereafter, as a quadratic coupling. Quadratic couplings require complex
solution strategies that can dominate the implementation and eventu-
ally reduce the interest of using QSSA in the first place [43], especially
if the number of reactions is large. One linearization approach has
been discussed in the past [34], but other linearization methods can
be envisioned. For the sake of completeness, different linearization
methods are described and compared in the following section. All
linearization methods are compatible with a symbolic construction of
the analytic Jacobian described in Section 3.
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2.2. Nonlinear QSS couplings

Linearization approaches. One approach to avoid quadratic couplings
would be to restrict the choice of QSS species to the ones that are
not involved in quadratic couplings. A species is said to be involved
in a quadratic coupling if it is a reactant in the elementary reaction
where a quadratic coupling between QSS species concentrations is
found. Here, this approach is referred to as the species linearization
method. A simple but systematic method to identify the set of QSS
species to turn into non-QSS species will be outlined in the following
paragraphs. As will be illustrated, this approach often can end up being
too restrictive. A second approach to eliminate quadratic couplings is to
ignore chemical reactions involving intra-QSS collisions. This approach
is rooted in the fact that since QSS species are present in lower molar
concentrations than transported species, the probability of observing
the reactions that induce quadratic coupling should also be very low.
Lu and Law [34] proposed a linearization technique for irreversible re-
actions based on this observation. In the case when reversible reactions
are considered, and following a similar approach as [34], one could
ignore the complete reaction to conserve chemical balance, even if only
the forward or the backward reaction induces the quadratic coupling.
This approach is referred to as the reaction linearization method. Finally,
a third approach, the one-sided reaction linearization method which can
be seen as a softer version of the second method, removes only the
reaction direction that induces the quadratic coupling. As discussed
below, all three of these methods have been implemented in an open-
source software distribution available at https://github.com/AMReX-
Combustion/PelePhysics.

The example of n-dodecane. The three different linearization
approaches discussed above are used to reduce a 53-species n-dodecane
skeletal mechanism [44], assumed to contain 18 QSS species. This
model is represented graphically in Fig. 1. The reaction mechanism is
represented as a graph with 2 types of nodes: species (as textboxes) and
elementary reactions (as circles). Representing elementary reactions
with nodes allows to link more than 2 species to a given reaction. Non-
QSS species are grayed out and QSS species that are involved in at
least one quadratic coupling are highlighted in red. Quadratic couplings
are observed in specific reactions that are also highlighted in red.
Other reactions are grayed out. The species linearization method acts
upon the red-highlighted QSS species, and both reaction linearization
methods act upon the set of red-highlighted reactions.

In the first linearization approach (species linearization method),
the objective is to identify a set of QSS species that can eliminate
quadratic couplings, if turned into a set of non-QSS species. This set of
QSS species must be as small as possible given that every new non-QSS
species requires solving an additional transport equation in a reacting
flow simulation. A naive but sufficiently fast procedure to identify this
set of QSS species is outlined in Algo. 1.

In the case of the n-dodecane mechanism illustrated in Fig. 1, an ini-
tial set of candidate of QSS species to eliminate (A in Algo. 1) contains
11 QSS species. Those species are the red-highlighted species in Fig. 1.
If all 11 QSS species are turned into non-QSS species, quadratic cou-
plings are all eliminated. However, not all 11 species need to be turned
into non-QSS species to eliminate quadratic couplings. For instance,
PXC,H,;5 and PXCsH;; and involved in a quadratic coupling through
a single elementary reaction PXC, H,; + PXC;H;; == NC,,H,.. In
this case, either PXC,H,5 or PXCsH;; need to be turned into non-QSS
species. Algorithm 1 shows a simple method to identify the minimal sets
of QSS species that need to be turned into non-QSS species. Following
this procedure, a set of 7 QSS species is identified as the smallest set of
QSS species that should be turned into non-QSS species (3 in Algo. 1).
Note that while this strategy is simple to implement, it can induce a
significant computational overhead on the CFD solvers given that the
original 35-species reduced mechanism has now become a 42-species
mechanism.

Combustion and Flame 270 (2024) 113740

Algorithm 1 Identification of QSS species to eliminate in the species
linearization method.

1: Identify the set A, the set of QSS species involved in at least one
quadratic coupling, where n = card(A)

2: Initialize an empty list B, that holds the candidate sets of QSS
species that could eliminate quadratic couplings if turned into
non-QSS species

3: fori=1,ndo

4: Create an ensemble P; of subsets of i species from A without
repetition, i. e.

5 P, ={A;}, where A; C A, and card(A;) = i, V].

6 for A; € P; do

7: Turn the set of QSS species A; into non-QSS species

8

9

if No quadratic couplings then
: Append A; to B.
10: end if
11: Turn back the set of non-QSS species A; into QSS species
12: end for
13: if B non empty then
14: Return B
15: end if
16: end for

Table 1
Ignition delay errors obtained with different QSS linearization methods of a reduced
n-dodecane mechanism [44,45].

Linearization method

Eign,SK-QSS
Species linearization 0.848%
Reactions linearization 13.3%
One-sided reaction linearization 8.97%

The other two linearization approaches (the reaction linearization
method and the one-sided reaction linearization method) are more
straightforward, and rely on eliminating the red-highlighted reactions
shown in Fig. 1.

The mechanisms obtained with the three linearization methods are
compared to the 53-species skeletal version of the n-dodecane mecha-
nism [45] by computing ignition delays (#;,,) for 108 initial chemical
states. The 108 initial conditions correspond to 9 initial temperatures
evenly distributed in the set T = [800—1600] K, 3 equivalence ratio from
the set ¢ = {0.5,1,2}, and 4 pressures from the set P = {I1,5,10,50}
atm. These conditions span the validity range of the QSSA for this
mechanism [44]. The ignition delay f;,, was defined as the earliest
time after which the initial temperature increased by at least 400 K.
In the absence of ignition, #,, was assigned the arbitrary value of
3 s. To eliminate any considerations regarding the analytic Jacobian
construction for now, the results of this Section are obtained by using
a Newton method with a Jacobian computed via finite differences [46].
Results are reported in terms of the ignition delay error (g,,), defined
as:

Eigni—j = Ey <—|tlgn’l’tk fenis ) , )
ign,ik

where the error between results from method i and j are compared
for the initial condition k, and E, denotes the averaging operation
over all 108 initial conditions considered. In the present case, i = SK
since results obtained with the skeletal mechanism [45] are taken as
a reference, and j = QSS denotes the use of one of the linearized QSS
mechanisms. Values for &y, sx_qss are shown in Table 1.

It can be seen that the species linearization strategy offers the
highest accuracy at the expense of increasing the computational cost
(by about 30% compared to the other two mechanisms). Additionally,
the one-sided reaction linearization is 33% more accurate over the 108
initial conditions than the more stringent reaction linearization. Given
these results, the one-sided reaction linearization option is the preferred
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Fig. 1. Graph of the 35-species, QSSA reduced, n-dodecane mechanism [44]. Textboxes correspond to species, and circles correspond to elementary reactions. The 35-non-QSSA
are grayed out, and 11 QSS species involved in quadratic couplings are highlighted in red. Red circles highlight the elementary reactions that induce the quadratic couplings. Links
between reaction nodes and species nodes are grayed out except for inducing couplings (i.e., links between red-highlighted reaction nodes and red-highlighted species nodes). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

strategy for the rest of this manuscript. The analytical Jacobian con-
struction method described in Section 3 could, however, easily adapt to
any of these linearization approaches. All three methods are available
in the companion repository.

2.3. Interdependencies between QSS species

After linearization, the system that results from applying Egs. (3)
and (4) must be inverted to formulate the algebraic closure equations
for the QSS species molar concentrations. In the case of linear couplings
between QSS species, the interdependencies can be represented by
a block-diagonal matrix [34], allowing the use of standard solution
approaches. The coupling between interdependent QSS species is a
key complication that prevents one from simply aggregating the effect
of each elementary reaction one by one into the chemical Jacobian.
Instead, one needs to account for all the elementary reactions that
appear in the algebraic relation function that maps non-QSS species
concentration to QSS species concentration. The identification and
organization of QSS interdependencies to facilitate this representation
is summarized next.

The linear system for the Nggg QSS species molar concentrations,
stored in the vector Cqgg, can be written as follows:

ACqss = b,
Yi=1.M Vi, (5;,1‘1./,1' - 5:«,,]'%,1)
App = c for m,n=1, Nggs,
n
b= 2 vas| TT (8,-1)ars= TT (8 -1)ans| for
j=LM i=1,Ngss i=1,Noss
m=1, NQSS,

(6)

where 5;,1" resp. é;fj, equals 1 if (QSS) species i is on the left, resp. right,
of reaction j. A,, , represents the contribution to the net production rate
of QSS species m of those reactions that linearly couple QSS species n
and m; while b,, contains the remaining non-QSS contributions. The A
matrix becomes more dense as QSS species interdependency increases,
introducing the need for a non-trivial solution in order to solve for

Cass-

Following the general procedure outlined by Lu and Law [47] the
interdependencies between QSS species are expressed as a directed
graph. Fig. 2(a) shows such a graph for a fictitious kinetic mechanism
containing 8 QSS species (S} to Sg). The arrows express connectivity
between species and point in the direction of dependence; for example,
species S, is a product in at least one reaction that uses species .S; as
a reactant (S, needs S,). Two types of interdependencies can be dis-
tinguished: connected components and strongly connected components
(SCQ). Vertices (the species) within a connected component are related
only via unidirectional paths, such as .S¢ and .S;. Vertices within SCCs
are related by bi-directional paths, which can be indirect; for every pair
of vertices, S, and S, within an SCC there exist paths both from S, to
S, and from S, to S, [48]. Species S, to S5 in Fig. 2(a) form a SCC
group, labeled G,. Identifying SCCs enables partitioning QSS species
into groups, as depicted in Fig. 2(b). This information can be used to
reorder the species and simplify the expressions that define the entries
of the block-diagonal matrix A [34]. Note also that connected compo-
nents can be represented by an upper triangular structure, requiring
only back substitutions to solve; while SCCs are represented by sub-
blocks which require a more complex solution scheme that typically
involves pivoting.

To sum-up, the order of algebraic resolution is determined as fol-
lows:

1. QSS species involved in SCCs are identified and partitioned into
groups (Fig. 2(a))

2. The remaining unidirectional dependencies relating groups and
individual QSS species are updated (Fig. 2(b))

3. Groups and individual QSS species are ordered based on the size
and direction of dependencies

The procedure aforementioned requires identifying the set of SCCs
and partitioning the set of QSS species appropriately. Several algo-
rithms have been proposed to identify SCCs with various time complex-
ities in terms of the number of graph vertices and edges [48,49]. The
algorithm used herein [48] is comparable to that used in [34] in that
both are recursive, depth-first search (DFS) algorithms that inherently
topologically sort the resulting directed acyclic graph; the two differ
in number of DFS traversals needed and storage structure of graph
information. Our implementation requires only one DFS traversal of
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Fig. 2. (a) QSS dependencies through a directed graph: connected components are determined by acyclic paths (e.g., S6 to S7) while strongly connected components (SCC) are
determined by cyclic paths (blue, solid groupings). (b) After SCCs are identified, they can be considered as single nodes within a simplified directed graph containing only acyclic
paths. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the original graph, as opposed to the multiple traversals needed for
both the original and transpose graphs as in [34]. Additionally, we
use an adjacency list to represent graph information, as opposed to
the adjacency matrix implementation in [34]; this eliminates storage of
superfluous information regarding non-adjacent vertices. With the use
of an adjacency list, the SCC identification has time complexity O(V
+ E) where V is the number of vertices and E is the number of edges
in the directed graph. Further description of the algorithm is provided
in Appendix B.

3. The analytical chemical Jacobian for QSS-reduced chemistries

The integration of stiff chemical kinetics in CFD solvers often relies
on time-implicit methods to keep the overall timestep size constrained
by the fluid dynamics of interest. The implicit time discretization results
in a non-linear system generally tackled using a Newton approach. In
this section, the shortcomings of using an iterative method to calculate
the Newton direction (i.e. methods that do not rely on constructing
the system Jacobian) are put forth when larger timesteps are required
in CFD solvers. Challenges of constructing analytical Jacobians (AJ)
for QSS-reduced chemistries are discussed, typical approximations are
investigated and a symbolic approach for the construction of an exact
AJ is presented and validated.

3.1. The need for a chemical Jacobian

At every timestep and in every computational cell of a reacting
flow simulation, the instantaneous vector of production rates for the
chemical state ¢ of the system should be evaluated in order to advance
the solution. Typically, ¢ is an (N +1)-sized vector containing the trans-
ported species molar concentrations and an energy variable — here,
temperature: ¢ = {C|,C,,...,Cy,T}. Chemical mechanisms enabling
the evaluation of these production rates are typically characterized by
a wide range of timescales. This is all the more true as larger, more
detailed, chemical mechanisms are being deployed within reacting flow
simulations [36]. The integration of the resulting stiff system of ODE
can require very small timesteps and when an explicit integration of the
chemical kinetics over time is unpractical, such as in low-Mach solvers,
an implicit strategy is often preferred.

Implicit time integration schemes usually employ a Newton method
to solve the non-linear system resulting from the time discretization of
the set of chemical ODEs, relying on forming and inverting the chemical
Jacobian of ¢ [35,36,50]:

%, fori,je{l,N +1}, (2]

-71',] = 0¢j

to advance the Newton step. Alternatively, matrix-free methods also
exist, such as Krylov-based iterative methods, and these can be imple-
mented without knowledge of the full chemical Jacobian [51]. Since
the computation, storage and inversion of the full chemical Jacobian
can be prohibitively expensive, these matrix-free and preconditioned
Krylov techniques can be attractive. In what follows, we assess the need
for a chemical Jacobian by comparing the robustness and efficiency of a
Krylov iterative method without preconditioning, hereafter referred to
as IM, with that of Newton strategy that uses a full Jacobian computed
using finite differences (FD) [46]. Note that while an effective precon-
ditioner could improve the performance of the IM solver [52], it would
benefit most large chemical mechanism (>100 species [23,24]) and
its construction would involve computing or approximating elements
of J, thus rather reinforcing the argument for needing an approach
to compute such elements. While an FD approach to computing J is
robust and simple, the main focus of the paper is the construction of
an analytical Jacobian that is considerably more efficient and flexible
than its FD counterpart.

The comparison between the FD chemical Jacobian and the IM
is conducted for the QSS-reduced, 35-species, n-dodecane chemical
mechanism using the 0D calculations at constant volume; starting from
the same 108 initial chemical states as in Section 2.2. All 108 0D cases
are run for a total time interval of 0.1 s, which is divided into substeps
over which the chemical state is advanced. The role of these substeps
is to mimic timestepping in a fluid simulation.

First, a set of reference solutions is constructed using a finite dif-
ference chemical Jacobian for each one of the 108 initial states to
approximate the true solution. The reference simulations use a substep
of size 1078 s and absolute tolerance of 1015, Second, the solutions
predicted using the FD Jacobian and the Krylov-based IM are generated
for absolute tolerances () varied between 10~8 and 10~14, and substep
size ranging from 3 x 108 s to 10~* s. For each # and substep size, all
108 0D calculations are run, and the execution time is recorded, as well
as the error in the temperature predictions compared to the reference
solutions. The error reported is computed as:

T T ol
= —t w772
\/ Nsteps

where T is the time-dependent temperature history obtained with a
given number of substeps and tolerance level, T,,, is the temperature
from the reference solution interpolated to the time instance where T
is defined, and Ny, is the total number of substeps throughout the
total time interval. The scaling factor /Ny, ensures that the errors
computed with different numbers of substeps are comparable.

, ®
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Fig. 3. Average temperature error of OD constant volume calculations, starting from
108 initial conditions, done with a direct solve requiring a numerical Jacobian (left
contour) and a Krylov-based iterative method (right contour). White spaces denote that
at least one of the 108 calculations failed to complete in under 7200 s.

Convergence at large substep size. Hereafter, the error ¢ averaged over
the 108 initial conditions is reported, where possible. Results are not
reported when any of the 108 calculations took more than 7200 s to
complete. This timeout procedure is implemented because, within each
substep, the SUNDIALS ODE integrator employs its own variable size
time-stepping strategy. Typically, when the ODE integrator uses more
than 10* internal steps (threshold typically used in Pele runs [1]), the
reacting flow simulation would stop and would need to be restarted
with a smaller substep size (or timestep in the context of a reacting flow
simulation). Here, this threshold is set to 10° internal steps to prevent
such early stopping, and allow the integration method to take as many
steps as needed to converge. In practice, none of the cases reached
the 10° internal steps limit. However, with this approach, the time to
solution can become unreasonably long (see also [17]), in which case
we declare the simulation unsuccessful.

The results shown in Fig. 3 illustrate that, where all 108 calcula-
tions successfully complete, the averaged temperature error is similar
between the FD Jacobian and the IM. Successful calculations can con-
sistently be obtained with the IM only when the absolute tolerances
are sufficiently small (<10~'2). Moreover, some calculations failed to
complete for substep sizes larger than 10> s. By contrast, all 108 0D
runs successfully complete for all tolerances and substep sizes when
using an FD Jacobian. These results emphasize that a chemical Jacobian
would be typically needed for low-Mach number solvers [4,53,54] that
use timestep sizes of the order 107® — 10~* s. For compressible solvers,
where timesteps are constrained by the acoustic timescales, the Krylov-
based iterative method may however be an acceptable method if an
explicit integration is not feasible.

Computational cost at large substep size. The wall time was recorded for
each one of the OD calculations and was averaged over the 108 initial
conditions. The calculations were conducted on the Kestrel HPC cluster
at NREL which uses Intel Xeon Sapphire Rapids. Hereafter, the ratio
Wi /W tgpy is reported, where Wiy, is the average wall time over
the 108 initial conditions for the Krylov-based IM and Wtgp; is the
average wall time over the 108 initial conditions when using an FD
Jacobian. The wall time ratio is computed for the smallest absolute
tolerance level, ensuring successful completion of all computations.
It can be observed from Fig. 4, that as the substep size (i.e. the
simulation timestep size) increases, using a chemical Jacobian becomes
computationally more efficient than using a GMRES IM. This result also
suggests that a chemical Jacobian would be advantageous in low-Mach
number simulations.

3.2. Construction of analytical chemical Jacobian

Finite differences evaluations of the chemical Jacobian can be a very
important contribution to the total computational time in CFD simu-
lations, especially if updates are frequently needed during the solve
(as is often the case when relying on the BDF methods implemented
in CVODE [46] for example). One FD evaluation of the chemical
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Fig. 4. Average wall time ratio of 0D constant volume calculations starting from 108
initial conditions between a Krylov-based iterative method and a numerical Jacobian
for absolute tolerance of 10714

Jacobian is typically more expensive than an analytical evaluation,
because of the multiple reaction rate evaluations. Additionally, analyt-
ical evaluations can leverage the sparsity exhibited by most chemical
Jacobians.

Although the computation of an AJ can be an involved process, due
to the complexity of certain reaction types, several numerical methods
have been successfully developed in the past [35,36]. Here, it is chosen
to formulate the AJ in terms of molar concentrations (instead of mass
fractions) in order to generate a sparser Jacobian [24,25]. Without
QSSA, the AJ can be computed by accumulating the contributions of
each reaction to entries in the AJ, one after the other (see, e.g., Eq.12
in [37]). In the presence of QSSA, a different approach is needed.
One way to proceed is to differentiate between the set of Nyggs non-
QSS transported species, and the set of Nggg QSS species which are
algebraically related to the set of transported species. As a result, the
production rates in Eq. (7) indirectly involve the contribution of QSS
species, and the AJ now reads:

I = Z dw; 90C;
ij — S~ A
k=1,Nygss 9Cy ‘)Cj

_ Z z aVi,tQI+ Z 9v;19Q 9Cy ©)
0G5 9 |G

k=1.Nxgss | =1.Moss

A distinction is made between contributions from reactions that
do not involve QSS species (the first term in parenthesis in Eq. (9))
and those who do (the second term in parenthesis in Eq. (9)). The
non-QSS portion can be computed using classical AJ derivations re-
ported in earlier work (e.g. [37]). The evaluation of the second term
in the expression is more difficult because it entails resolving the
dependencies of all QSS species (involved in the Q,) with respect to
the non-QSS species. Note that a hybrid analytical-numerical strategy
could be envisioned here, where one would numerically approximate
the % terms for each reaction / and non-QSS species k. However,
the numerical approximation would involve additional production rate
evaluations, which should be avoided for computational efficiency.

In the rest of this Section, the construction of AJ for QSS-reduced
chemistries is described. First, common simplifications are investigated,
before an exact version is constructed and tested. The validation of
the approach is done on 0D integrations, as was done previously in
Sections 2.2 and 3.1, by comparing results against that obtained with
FD. Three different QSS-reduced mechanisms are used for this purpose,
spanning the range of fuels typically considered in reacting flow simu-
lations. The following nomenclature is adopted: X-Y-fuel, where X is the
number of non-QSS species considered in the reduced mechanism, Y is
the number of QSS species and fuel identifies the molecule for which
the kinetic mechanism was designed. The first chemistry adopted is a
reduced methane mechanism [55] referred to as 13-4-CHy; the second
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Constant QSS AJ | Zero QSS AJ
13—4—CH4 83 % 9.9 %
35—18—N—C12H26 22.7 % 25.1 %
55—33—N—C7H16 65.7 % 72.1 %

(a) &7 computed for three different QSS-reduced chemistries
with simplified AJ for 100 randomly sampled chemical
states.
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(b) Mean temperature error profiles obtained with the OD integration,
done with either a Constant QSS AJ (left) or a Zero QSS AJ (right).
‘White spaces denote that at least one of the 108 calculations failed
to complete in under 7200s.

Fig. 5. Effect of simplified analytical Jacobian construction on QSS-reduced chemistries integration.

chemical mechanism is a reduced n-dodecane mechanism [44] referred
to as 35-18-N-C,,H,; the third chemical mechanism is a reduced
n-heptane mechanism [56] referred to as 55-33-N-C,H,,.

3.2.1. Simplified construction

The easiest simplifying strategy [40] has been suggested for QSS
mechanisms, and consists of nullifying the second term of the right-
hand side of Eq. (9), thus falling back on the classical formulation
of non-QSS AJ. This approximation is termed the constant QSS AJ.
Another approximation consists of nullifying the QSS species molar
concentrations altogether in the constant QSSA AJ approximation by
invoking the fact that QSS species molar concentrations are usually very
low [34]. This second method is termed the zero QSS AJ approximation.

To evaluate these strategies, the resulting AJs are compared to an
FD chemical Jacobian by computing OD integrations of 100 initial
chemical states. Note that these are different from the OD integrations
presented in Section 3.1; the only objective here is to interrogate the
function that maps temperature and species molar concentrations to
the chemical Jacobian. The molar concentrations of non-QSS species
are uniformly sampled from the interval [10~*, 1] mol/m? and initial
temperatures are uniformly sampled from the interval [300, 1300] K.
The finite difference approximation was done with perturbations of
size 10~* and using a central difference scheme. The error between the
analytical approximation of the chemical Jacobian (J,) and the FD one
(Jgp) is computed using the Frobenius norm over all rows and columns:

_ <||JA—JFD||F>
gg=E| ———m ),
1 Tepll

E denotes the average taken over the 100 random samples. Results are
presented in Fig. 5(a). By considering the numerical chemical Jacobian
as the ground truth, it can be observed that the constant QSS and zero
QSS approximations lead to similar error levels. Errors observed are rel-
atively low, considering how aggressive the approximation employed
is. Note that the error increases with the number of QSS species, which
suggests that both approximations may be appropriate for mechanisms
with a small Nyqgss/Ngss ratio.

Fig. 5(b) shows the results of the same experiment as reported in
Fig. 4 (for the 35-18-N-C;,H,¢ mechanism only). Even though both AJ
errors are small (about 25% relative error), the ODE integration fails
to converge in under 7200 s, especially at large substep size. For the
Constant QSS AJ assumption, this is likely a consequence of the fact
that the QSS concentrations cannot be assumed constant throughout the
substep. For the Zero QSS AJ, the underlying system is less diagonally
dominant as the substep increases and the Zero QSS AJ is too inaccurate
to solve the linear system. Comparing Figs. 5(b) and 4 (left), it is also
clear that the average error in the temperature predicted is higher
than when using a finite difference Jacobian, especially for timesteps
greater than 10~ s. However, the errors quickly drop as the timestep
and tolerance reduce. Overall simplified constructions of the chemical
Jacobian are appropriate only if small timesteps and low tolerances are
being used. In the following sections, it is proposed to not rely on the
aforementioned approximations, but instead to obtain a Jacobian that
can be used with a wider range of tolerances and timesteps.

(10)

Table 2
Size of the mechanism file generated when using a symbolic AJ computation with and
without common subexpression elimination.

Symbolic AJ with CSE (# of subexpressions) Symbolic AJ
13-4-CH, 375 Kb (2327) 98 Mb
35-18-N-C,,H,, 2.9 Mb (16487) (65 Gb+)
55-33-N-C,H, ¢ 5.8 Mb (10960) 1.5 Gb

3.2.2. Symbolic construction

For chemical mechanisms of moderate size (from 30 to 50 trans-
ported species) with more than 10 QSS species, which are of interest in
reacting flow simulations, it was shown in Section 3.2.1 that neglect-
ing the second right-hand-side term of Eq. (9) may adversely affect
accuracy and stability. Including this term requires knowledge of the
concentration of QSS species, which could in principle be obtained
via a numerical inversion using a GPU-aware linear algebra library
such as MAGMA [57]. However, the small size of the chemical system
is too limited to exploit the high throughput of the GPU for such a
subsystem. Grouping the linear systems of multiple cells into a single
batched solve available in MAGMA could fully exploit the GPU, but this
approach is incompatible with the function call stack of PelePhysics,
which distributes individual cells across GPU threads, and uses a single
GPU kernel launch for the entire Jacobian.

In this section, a method to construct the AJ of QSS-reduced mech-
anisms is described and demonstrated. A symbolic method is used
whereby the QSS and non-QSS species molar concentrations are sym-
bolically tracked. This can be simply achieved using any symbolic
math package such as the sympy package [58]. When the AJ needs
to be written, it can be obtained using symbolic differentiation tools.
In practice, the differentiation steps can be expensive but need only
to be done once as a pre-processing step, and takes less than 1 min
for the 55-33-N-C,H;¢. An advantage of this approach is its flexibility
with respect to the implementation of new reaction types. Any dif-
ferentiable closure equation between transported and modeled species
can be included in the chemical Jacobian. The symbolic approach
therefore greatly simplifies the maintainability and the readability of
the code, since the construction of the Jacobian is done based on the
construction of reaction rates. While the manuscript describes the sym-
bolic Jacobian construction for QSS-reduced chemistries, other types of
algebraic reductions/simplifications could also benefit from the same
approach [59].

The main drawback of the symbolic construction of the Jacobian is
that a naive symbolic differentiation can be slow to compute and can
result in verbose expressions. In the chemical Jacobian, several matrix
entries may involve the contribution of the same set of reaction rates
albeit scaled with a different factor. Without additional constraints,
a symbolic differentiation would spell the same term many times,
resulting in overly verbose expressions. Table 2 (second column) gives
the size of the file mechanism.H generated by the code provided in
the companion repository and that contains the function that assembles
the AJ. It can be seen that, without further treatment, the symbolic
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differentiation can generate several Gb of code. In the case of the 35-
18-N-C;,Hy¢ mechanism [44], the code generation could not reach
completion and the size indicated is a lower bound of the actual file
size that should be expected. Note that the larger the function, the
longer the compilation, and the larger the compiled object. Compilation
typically failed on HPC clusters using mechanisms files that did not use
further treatment, due to memory errors.

The function that assembles the AJ can be made significantly less
verbose by first identifying common subexpressions in the Jacobian
entries and precomputing them before assembly. In Appendix D, an
example is provided to illustrate the practical benefit of common subex-
pression elimination strategies. Fortunately, common subexpression
elimination (CSE) is available in modern symbolic math packages [58].
Despite the number of species, the CSE can be achieved in only 30 s
on a single Apple M1 Pro chip for the 35-18-N-C;,H, mechanism.
The first column of Table 2 shows that the code generated with CSE
is also several orders of magnitude smaller, which allows compilation
on HPC clusters. The number of common subexpressions does not
necessarily increase with the mechanism size but with the complexity
of the QSS species interdependencies. It can also be observed that the
number of common subexpressions identified is a monotonic but sub-
linear function of mechanism file size without common subexpression
elimination.

Note that the symbolic procedure is only used for the first N rows
and columns of the AJ. The contribution of the heat release rate can
be simply obtained from the species production rates [36]. However
the gradients of the production rates with respect to temperature, d—d;",
need a specific and compute-intensive treatment [40]. The strategy
adopted here is to approximate these terms via finite difference by
computing the species’ production rate twice at different temperatures.
A finite difference strategy is useful here given that it avoids symboli-
cally encoding the thermodynamics polynomials which can change for
each species. In addition, differentiating with respect to temperature is
less prone to numerical instability than differentiating with respect to
species molar concentrations since the temperature is usually far from
0. The benefit of a numerical differentiation for gradients with respect
to temperature was also recognized elsewhere [23,24].

3.2.3. Validation

The symbolic AJ is first validated using the 0D tests starting from
the same 100 random initial conditions as the ones reported in Sec-
tion 3.2.1. Fig. 6(a) shows the accuracy of the symbolic AJ evaluation
in terms of the relative Frobenius error (Eq. (10)). The Frobenius
error is several orders of magnitude lower than the one shown for the
simplified AJ (Fig. 5(a)). A separate study in Appendix C shows that the
error between the symbolic and the finite difference Jacobian can be
attributed to the discretization errors in the construction of the finite
difference Jacobian.

Next, the same 108 0D ignitions as in Section 3.2.1 are reproduced
with the symbolic AJ. The stability domain (domain over which the
ODE integrator converged in less than 7200 s) of the symbolic con-
struction is the same as that of the finite differences one, and the
errors incurred follow the same trend with respect to substep sizes and
tolerances (Fig. 6(b)).

Finally, the accuracy of the symbolic AJ is evaluated by estimating
ignition delay values for the same 108 initial conditions that were
described and used in Section 2.2. The ignition delay error is reported
in terms of the rescaled mean absolute error as defined in Eq. (5).
Table 3 shows the ignition delay error between the skeletal mech-
anism and the reduced mechanism integrated with an FD Jacobian
(€ign,sk—qss> first column), as well as the ignition delay error between
the reduced mechanism integrated with an FD Jacobian and the sym-
bolic AJ (¢4 gss—gssas» Second column). The QSSA affects the ignition
delay by 8.97%. Meanwhile, the symbolic AJ exactly reproduces the
ignition delay of that obtained with the FD Jacobian. Note that the
ignition delay is accurate up to the size of the timestep used which
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Table 3

Ignition delay errors between the skeletal and the QSS mechanisms integrated with
an FD Jacobian (first column); and the QSS mechanisms integrated with an FD or
a symbolic AJ (second column). The last column denotes the speedup when using a
symbolic AJ against a FDJ on a CPU.

€ign,SK-QSS £ign,QSS-QSSAT Wigss/Wigssar
13-4-CH, 4.02x1073% 0% 1.35+0.118
35-18-N—C,,H,, 8.97% 0% 1.35 £ 0.0665
55-33-N—C, H, 4.91% 0% 1994 0.195
Table 4

Fraction of non-zero entries in the AJ using an exact symbolic method, or approximated
as in Section 3.2.1.

Symbolic AJ Constant QSS AJ Zero QSS AJ
13-4-CH, 0.489 0.468 0.38
35-18-N—-C,H,¢ 0.447 0.241 0.176
55-33-N-C,H, ¢ 0.357 0.183 0.159

ranges from 10710 s to 10~4 s. The 108 experiments were reproduced
each 5 times on a single CPU, and timed. The computational speedup
induced by the use of an AJ is denoted by Wtyss/Wtgssay in Table 3.
The error reported is the standard deviation of the speedup across the
108 realizations. It can be observed that the AJ strategy provides a
significant speedup over an FD Jacobian as also noted elsewhere [60].
The speedup is also consistent across all the realizations considered.
The speedup appears to increase with the number of species which
dictates the number of production rate evaluations needed to compute
the numerical Jacobian. However, the speedup observed is nearly the
same between the 13-4-CH, and the 35-18-N-C,,H,. mechanisms
despite the fact that the latter mechanism contains three times as many
non-QSS species. This observation points to the fact that the cost of
evaluating the analytic chemical Jacobian can vary depending on its
density, and the computational complexity of each term.

In terms of memory usage, which can be critical for memory-limited
computing hardware, the use of an AJ for reduced mechanisms can
induce significant memory pressure. Table 4 shows the fraction of non-
zero entries in the first N rows and N columns of the AJ, as obtained
over 100 randomly sampled chemical states. For the 35-18-N-C,,H,¢
mechanism and the 55-33-N-C, H, . mechanism, the second term in the
right-hand side of Eq. (9) increases the number of non-zero entries by
a factor of about 2. This loss in sparsity is due to the coupling of each
reaction with possibly many other reactions that can be related to the
molar concentration of a single QSS species (see Section 2.3).

4. Performance improvements for the chemical Jacobian

Assembling a chemical Jacobian is computationally expensive in
general, irrespective of whether the QSS approximation is used. In
terms of computational intensity, each term of the AJ requires eval-
uating the derivative of several species’ production rates. In terms of
memory requirements, a matrix of size (N + 1) X (N + 1) needs to be
stored in memory for every computational cell in the domain. The use
of the QSSA can further result in a relatively dense Jacobian ( Table 4)
which increases the number of entries to compute. As mentioned in
Section 3.2.2, the use of the symbolic method needs to be paired
with CSE. However, the precomputed expressions are additional scalars
that must be stored in memory. In the case of the 35-18-N-C,,H,¢
mechanism, 16487 scalars need to be stored in memory which is nearly
13 times more than the number of entries in the chemical Jacobian
matrix.

In this section, several strategies to mitigate memory use and reduce
the computational of the AJ construction are outlined. Their effect is
then quantified in Section 5.
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(b) Mean squared error of the temperature profiles obtained with the 108 0D ignitions, done with the

(a) &7 computed for three different QSS-reduced chemistries
with symbolic AJ.

symbolic analytic chemical Jacobian (left) and the Jacobian computed via finite differences (middle).
Right: temperature error differences between the analytic and numerical Jacobian methods.

Fig. 6. Effect of symbolic analytical Jacobian construction on QSS-reduced chemistries integration.

4.1. Memory footprint reduction

In the case of a symbolic AJ that uses CSE, the memory use is
primarily impacted by the number of common subexpressions that need
to be precomputed. Reducing the number of common subexpressions
can be done by simply replacing these expressions in the final Jacobian
entry computation. However, if the common subexpressions are naively
replaced, one will simply negate the benefits of CSE (Section 3.2.2).
Instead, the common subexpressions must be strategically replaced
depending on the amount of added computation that they will incur.

4.1.1. Replacement based on operation count

It is proposed to select the common subexpressions to replace
based on the number of additional operations incurred if the common
subexpression is replaced. The replacement procedure is shown in
Algo. 2.

Algorithm 2 Algorithm of common subexpression replacement

1: User inputs a threshold of maximum operation count »,
2: for opThreshold =1 : Dy, do (Loop 1)
3: for subexp € allSubexpressions do (Loop 2)
4 totalOpgypexp (nUseqypexp — 1) X NOPgypexp, (number of
operations added if subexp is eliminated)

if totalOpgypey, < opThreshold then

Replace subexp
end if
end for

end for

op

O ®NT

In Loop 2 of Algo. 2, for each common subexpression “subexp”,
one first counts the number of times the common subexpression is
used (nUseg,pey,) and counts the number of operations (addition, mul-
tiplication, exponential, power, etc.) in the common subexpression
nOpgpexp- BY replacing the common subexpression in the rest of the
AJ assembling function, one would trade the precomputation of one
scalar with an added (nUsegpex, —1)XNOPgypex, OPerations. If the number
of additional operations is less than the threshold opThreshold, the
common subexpression is replaced.

The role of Loop 1 of Algo. 2, is to ensure that the number of
common subexpressions eliminated grows as operation count threshold
n,, inputted by the user increases. In our experience, this loop does
not necessarily lead to a higher number of common subexpression
eliminated but provides an intuitive control for memory footprint.

4.1.2. Recycling of common subexpression

The symbolic expressions constructed with the symbolic method
can be divided into two categories: (1) common subexpressions, (2)
AJ entries. The common subexpressions are computed sequentially and
the role of some of the earlier CSEs is to simplify the computation of
future CSEs. In this case, there is an opportunity to reuse precomputed

common subexpressions’ memory space once they are not useful for
subsequent calculations. This method is termed subexpression recycling
and is described in Algo. 3.

Algorithm 3 Algorithm of subexpression recycling

1: for subexp € allSubexpressions do
2: if subexp not in Jacobian terms then

3 Find lasty,py, the last subexpression that uses subexp
4: Reuse subexp and eliminate lastypey,

5: end if

6: end for

Algorithm 3 simply consists in looping through each common subex-
pression subexp and identifying the ones that are not directly used in the
AJ entries. By finding the last common subexpression that uses subexp,
one can reuse subexp instead of allocating an additional scalar.

4.2. Computational cost reduction on GPU

Assembling the chemical Jacobian is a computationally intensive
process that requires several non-elementary operations, such as us-
ing power operations or exponential. Several best practices for writ-
ing GPU-ready code include transforming some non-elementary op-
erations [61]. In particular, instead of using a pow operation for
small integer powers (2 or 3), it can be more efficient to use ex-
plicit multiplication. Likewise, transforming powers of 10 with base-10
exponentiation was listed in Ref. [61] as possibly advantageous. In
Section 5, the effect of these two optimizations on computing cost is
explored.

5. Deployment on exascale machines

In previous sections, the validation of the symbolic approach for
chemical Jacobian generation was done using OD ignition. Here the
focus is on exercising the symbolic chemical Jacobian constructed on a
problem that can run on exascale-ready HPC clusters.

5.1. Configuration

The test-case simulated is a 3D multi-pulse fuel injection of pure
N-C;,H,¢ fuel into a premixed oxidizing air-fuel mixture with an
equivalence ratio of ¢ = 0.5 that consists of air and CH, at 900K and
60 bars. The multi-pulse scenario includes a first short pulse of the
N-C;,Hyg into the prefilled chamber. As the jet develops, it entrains the
preheated CHy-air mixture and the first pulse ignites. After 0.5 ms, the
first pulse injection stops. After a dwell time of an additional 0.5 ms,
a second pulse of pure N-C;,H,¢ fuel (same composition as the first
pulse) enters the domain at 1 ms. The second pulse lasts 0.5 ms and
interacts with the burning gases from the first pulse combustion process
and ignites in turn. The simulation proceeds until there is significant
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Fig. 7. PeleLMeX multipulse n-dodecane fuel jet simulation using the analytic Jacobian QSS formulation at 0.25 ms increments during the simulation.

combustion of both jet pulses after about 2 ms. The entire ignition
sequence is illustrated in Fig. 7. This test case was chosen since it is
representative of many engineering combustion problems that include
turbulent mixing of fuel and oxidizer on length scales that are typical
of internal combustion engines.

The case was simulated on the Crusher exascale-ready HPC cluster
located at Oak Ridge National Laboratory. Crusher is a testbed for
the DOE first Exascale platform, Frontier. introduced in 2023. Each
of the compute nodes on the Crusher machine consists of one 64-core
AMD “Optimized 3rd Gen EPY” CPU and four AMD MI250X, each with
2 graphics compute dies that are equivalent to 8 standard GPUs per
node. The case was simulated using the PeleLMeX solver [4] which is
an exascale capable adaptive mesh refinement (AMR) based low-Mach
solver for reacting flow simulations. The simulations presented in this
study used a total of 4 levels of AMR that refine based upon the vorticity
and temperature gradient in order to capture the development of the
shear layer of the incoming fuel stream as it mixes with the background
oxidizer as well as adequately capture the start of the ignition process.
Because the simulations are all performed using AMR, the total number
of grid cells increases as the simulation progresses with the number
of cells approximately 250 million during the onset of the ignition
process. All of the cases in this study were simulated using between
8 and 30 Crusher nodes (64-240 GPUs) with fewer nodes required
during the start of the simulation and the number of nodes increasing
as the flow developed and during the ignition process. No subgrid-
scale model is used in any of the simulations and the chemistry is
modeled using a detailed N-C;,H,¢ mechanism. In the following, either
the 53-species skeletal N-C;,H,¢ mechanism [45] or the QSS reduced
35-species N-C,,Hy¢ mechanisms [44] are used.

5.2. Results

Three cases are run to ensure that the symbolic Jacobian does
not affect the simulation accuracy. All three cases rely on SUNDIALS
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CVODE integrator, but use different linear solvers within the Newton
method CVODE employs to solve the discretized nonlinear system of
ODEs. Case 1 uses the skeletal mechanism [45] and its integration
rely on an iterative Jacobian-free method (GMRES); Case 2 uses the
QSS-reduced mechanism [44] combined with an iterative Jacobian-free
method (GMRES); Case 3 uses the QSS-reduced mechanism [44] com-
bined with a dense direct linear solve from the MAGMA library [62-64]
which uses an analytic Jacobian constructed symbolically.

Fig. 8 shows a close-up view of the start of ignition for each of
the three cases after 0.75 ms. Given the chaotic nature of the system
investigated, any infinitesimal perturbations even due to rounding
errors [65] will exponentially amplify over time [66,67]. Therefore,
it is not possible to guarantee an exact agreement of instantaneous
snapshots. The snapshots in Fig. 8 can only be used for qualitative
assessment and show reasonable agreement between all three cases in
terms of the location and sizes of the onset of the ignition kernels. A
key observation in these images is that both of the QSS mechanisms’
run develop an ignition kernel at the leading edge of the penetrating
jet, whereas the skeletal mechanism only develops two ignition kernels
along the sheer vortex ring and three ignition kernels at the lower
portions of the shear jet layer. Overall, the use of the analytic Jacobian
formulation leads to accuracy levels on par with Jacobian-free iterative
methods.

Quantitatively, Fig. 9 shows the comparison of the domain average
fields for: (a) temperature, (b) density, and (c) heat release for the
three different mechanisms examined. The temperature and density
averages are consistent among the different chemical mechanisms as
these quantities are primarily dependent on the mixing between the
fuel stream and background mixture. The integrated heat release tracks
the ignition sequence. While all cases ignite similarly, Case 2 (QSS
mechanism integrated with a Jacobian-free method) shows an initial
spike in the heat release that is larger than the other cases. Case 3 (QSS
mechanism with analytic Jacobian formulation) shows results that are
closer to the original skeletal mechanism which suggests that the initial
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Fig. 8. Close-up comparison of the start of ignition for the three different solution methods.
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the QSS mechanism using the analytic Jacobian formulation.

heat release spike may be the results of a numerical inaccuracy during
the chemistry integration.

For both mechanisms integrated with a Jacobian-free method (Case
1 and Case 2), the simulation was stopped before reaching 2 ms because
of numerical instabilities that occurred during the ignition process. In
practice, the cases would need to be restarted with a smaller timestep,
or with a higher number of GMRES iterations. These instabilities were
not observed when using the analytic Jacobian formulation and the
solution was able to progress smoothly up to 5 ms without failure.
This observation echos the 0D integration results shown in Fig. 4 which
motivated the construction of the AJ.

In terms of computational time, significant differences were ob-
served between all three cases. After the onset of ignition, Case 1 took
approximately 162 s per timestep, Case 2 took 80 s per timestep, and
Case 3 took 44 s per timestep. As could be expected, Case 2 was ap-
proximately twice as fast as Case 1 primarily because a smaller number
of species needed to be transported. Case 3 was approximately 1.8
times faster than Case 2 while leading to higher robustness as discussed
in the previous paragraph. Note that the robustness of Case 2 could
be improved by increasing the number of iterations for the chemistry
integration allowed per timestep (capped at 10000), at the cost of
further widening the computational cost between Case 2 and Case 3.
The computational speedup and robustness of Case 3 are particularly
clear in the case simulated. However, they can be expected to be less
clear when using a compressible solver where the fluid timestep size is
small enough to make the chemical Jacobian diagonally dominant.

5.3. Performance optimization

In this section, the effect of the performance optimization meth-
ods described in Section 4 is evaluated using the multipulse ignition
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case described in Section 5. In total, 24 different formulations of the
chemical Jacobian function were tested by varying the operation count
threshold on common subexpression replacement (r,, in Algo. 2) in the
set { 0, 10, 20 }, by either recycling or not recycling subexpressions
(Algo. 3), by either replacing small integer power with multiplications
or not, by either replacing powers of 10 with base-10 exponentials or
not.

For each of the 24 mechanisms, Case 3 (see Section 5.2) was
simulated for 10 timesteps on 30 nodes (240 GPUs) starting from t =
0.75 ms. The criteria used to evaluate each of the 24 cases are (1) the
total computational time needed by the chemistry integration module
(which dominates the computational cost) and (2) the number of
common subexpressions precomputed. The effect of each optimization
method is obtained by computing the relative compute time and the
relative memory use between cases that are the same, except for the
one optimization parameter being investigated.

5.3.1. Effect of memory footprint optimization

The effect of Algo. 2 is shown in Fig. 10 in terms of memory use
(left) and computing time (right). It can be observed that using Ny =
20 can reduce the number of precomputed common subexpressions
by a factor of 5 to 10 which brings the number of precomputed
subexpressions close to the number of entries in the Jacobian matrix.
While small values of n,, drastically reduce the number of precomputed
subexpressions, the number of precomputed expressions decreased sub-
linearly as n,, further increases. In terms of computing time, n,, has
almost no effect on chemistry integration computational intensity for
the time range considered. This result suggests that the highest value of
n,, investigated can be used when deploying QSS-reduced chemistries
on exascale-ready HPC platforms.
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Fig. 11 suggests that Algo. 3 also has a significant effect on memory
use since it tends to reduce the number of precomputed expressions
almost by 45%. Similar to Algo. 2, it has almost no effect on the
computational time. This result suggests that subexpression recycling
should be used in general on exascale-ready HPC platforms.

5.3.2. Effect of computing optimization

The effects of mathematical operations optimizations for GPU de-
scribed in Section 4.2 are shown in Fig. 12. Neither the small integer
power replacement nor the power of 10 replacement has a significant
effect on the computing time. This result may be due to modern com-
piler optimization that already performs operation optimization [61].
Overall, this result suggests that the mathematical operation optimiza-
tions listed in Section 4.2 are not necessary on exascale-ready HPC
platforms.
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5.4. Scaling

Finally, to ensure that the Jacobian optimizations do not negatively
impact the scalability of the solver, strong scaling of the analytic Ja-
cobian evaluation was performed for 8 random mechanisms out of the
24 mechanisms described in Section 5.3. None of the mechanisms show
significant deviation from the ideal scaling (not shown here) which
can be expected because the modifications in the Jacobian formulation
are local to each computing unit. The scaling results are shown for
two QSS mechanisms: one with all memory optimization turned on,
resulting in 1691 precomputed terms; and one with all the memory
optimization turned off, resulting in 14 884 precomputed terms. Note
that the latter number of precomputed terms departs from the orig-
inal value of 16487: in all the 24 mechanisms tested, precomputed
expressions that did not include any operation were replaced. Fig. 13
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shows the results of the strong scaling study from 4-128 nodes (32—
1024 GPUs) on the Frontier exascale-ready cluster (owing to its larger
size than Crusher). The scaling was conducted by simulating Case 3
for 10 timesteps, starting at + = 2 ms. The results show that despite
the differences in the formulation of the Jacobian, no adverse scaling
issue was introduced. The consequence of the above results is that
the analytic Jacobian can be written in a variety of ways that each
preserve the computational runtime and scalability of the solver while
still providing memory optimizations.

6. Conclusions

A comprehensive analysis of chemistry integration of QSS-reduced
chemistries using an analytic Jacobian was performed. Several QSS
coupling linearization methods were discussed and compared and a
0D analysis of different ODE integration methods suggested that the
construction of a Jacobian was needed, especially for low-Mach num-
ber solvers. The construction of an analytic Jacobian can provide
significant speedup compared to a finite difference Jacobian and a
Jacobian-free method. However, constructing an analytic Jacobian of
QSS-reduced chemistries can be fairly involved. In this work, a sym-
bolic method was used which allowed to generate an analytic Jacobian
if algebraic closure for QSS species can be obtained. Without further
treatment, a symbolic Jacobian was found to be overly verbose. Us-
ing common subexpression eliminations addressed the problem but
increased the memory requirements given that precomputed quantities
needed to be stored in memory. Several optimization methods were
devised that could reduce the number of precomputed terms by an
order of magnitude without incurring additional computational costs.
The method was exercised in a 3D multipulse ignition problem that was
run on an Exascale-ready platform. It was verified that the symbolic
Jacobian provided significant speedup compared to a Jacobian-free
method and that the procedure did not affect scalability.
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Appendix A. Automated code generation

Automated generation of the mechanism files to be included in ap-
plication codes is a critical step because of the large variety of possible
mechanisms and the importance of being able to switch mechanism
types rapidly to explore different cases. We have written a Python-
based code generator, called Chemistry Evaluation for Pele Through
Recasting (CEPTR), which is included in PelePhysics [6,41]. CEPTR
is used to generate C++ code for the evaluation of chemical reaction
mechanisms. It is particularly formulated to generate efficient code for
heterogeneous computing architectures, e.g., graphics processing units
(GPUs). The input file for CEPTR is a Cantera mechanism input file,
which can easily be obtained from a CHEMKIN mechanism file. This
input file is parsed for finite rate chemistry evaluation and transport
model specifications. These specifications are used to automatically
formulate C++ expressions that are written to C++ header and source
code files. The rate expressions are parsed to eliminate redundant
computation by precomputing expressions, e.g., the arguments of the
exponential functions in the Arrhenius rate equations. Efforts were
made to reduce thread private arrays, in favor of constant global arrays
to reduce register pressure, with a bias towards the GPU programming
model.

Appendix B. An overview of Tarjan’s algorithm for SCC QSS
species identification

At the start, all vertices (QSS species) are considered unvisited.
Choose any vertex to initiate the recursion; this will be known as the
parent. Add the parent to a potential SCC stack and assign it a low-
link value, which should match the discovery order upon initialization
(note: position in the stack implicitly stores the discovery order via the
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use of an ordered dictionary). Loop over the adjacent vertices of the
parent; these are considered the parent’s children. If a child has not
been visited yet (i.e., the child does not have a low-link value), recurse;
the child becomes the next parent, enabling the depth-first search to
continue.

Throughout the recursion, low-link values are updated in two sce-
narios: (1) the current child has been visited before and exists on the
stack (note: if a child has been visited before and is not on the stack,
it is part of a previously discovered SCC and can thus be ignored). The
parent’s low-link value is updated with the child’s discovery order if this
value is lower. (2) the end of a recursion is reached (i.e., all children
of a given parent have been visited and updates have commenced as
described in (1); the parent then reverts to being a child for its parent).
The parent’s low-link value is updated with the child’s low-link value
if this value is lower. If the low-link value and discovery order of the
parent are still equal to each other after the end-of-recursion update,
that vertex is the root of an SCC. Vertices are then popped from the
stack until the root vertex is removed, generating the fully sequestered
SCC. Vertices that were visited but are part of a different SCC remain
on the stack until the recursion they are a part of is completed and the
next root is found.

Once all SCCs are found, edge information is updated in the adja-
cency list to reflect SCC dependencies, as demonstrated in Fig. 2(b), and
to determine the order of resolution. A conclusive order of execution
for back substitution will always be possible at this point, as no cyclical
paths will occur outside of the already determined SCCs.

With only unidirectional edges remaining, back substitution is im-
plemented for the final dependencies while an in-house Gaussian piv-
oting routine is used to manage the algebraic relationships within
individual SCCs.

Appendix C. Convergence between the finite difference and the
symbolic Jacobian

In Section 3.2.2, the accuracy of the symbolic Jacobian is assessed
by comparing it to a finite difference Jacobian computed with a single
discretization size for the species concentrations which allows a direct
comparison with the zero QSS and the constant QSS approaches. Here,
the error between the numerical Jacobian and the symbolic Jacobian
is studied for different discretization sizes in the molar concentration
space.

In Fig. C.14, the relative error between the finite difference Jacobian
and the semi-analytical Jacobian (Eq. (10)) is computed and averaged
over 1000 random samples throughout the composition space (molar
concentration of species uniformly sampled from [0.1-1.1] mol/m?3
and temperature uniformly sampled from T [300 — 1300] K. The
FD Jacobian is computed with a one-sided, first-order method, com-
puted with discretization sizes in the molar concentration space AC €
[1071,1077]. It can be seen that the FDJ converges towards the symbolic
AJ generated, for all three mechanisms considered. The error also
converges with a first-order rate which suggests that the error between
the symbolic and the finite difference Jacobian is explained by the
discretization size.
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Appendix D. Practical benefit of common subexpression elimina-
tion

In Section 3.2.2, the common subexpressions identified are recur-
rent mathematical expressions that are found to appear several times
in several entries of the chemical Jacobian. By precomputing such
expressions, one can (a) abbreviate the file size and (b) reduce the total
number of arithmetic operations. Abbreviating the file size is necessary
to ensure that the mechanism generated can be compiled.

As an illustrative example, consider the case of the 13-4-CH, mech-
anisms without memory optimization. One common expression found
is const amrex::Real x54 = sc[12] * kf_qss[28];. Here,
x54 is the name of the common subexpression, sc [12] is one of the
non-QSS species concentrations, and kf_qgss [28] is one of the rates
constants. This expression is reused three times when constructing the
analytical Jacobian.

In terms of file size abbreviation: creating the common subexpres-
sion requires 44 characters and using the expression later requires 5
characters for each common subexpression occurrence, for a total of 59
characters. In contrast, without the common subexpression, one would
need 21 characters for every common subexpression occurrence, hence
63 characters.

In terms of the number of arithmetic operations: creating the afore-
mentioned common subexpression requires one multiplication. Not
creating the expression requires performing one multiplication three
times. Creating a common subexpression allows to reduce the total
number of arithmetic operations, at the expense of one variable stored
in memory.

Obviously, the larger the common subexpression (in terms of char-
acters and number of arithmetic operations), and the more often it
is used, the larger the gains. The question of which common subex-
pression to keep is tackled in Section 5.3 where it is shown that it is
possible to reduce the number of precomputations without modifying
the computational cost.
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