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Abstract: The benefits of an increased number of global navigation satellite systems (GNSS) in space
have been confirmed for the robustness and convergence time of standard precise point positioning
(PPP) solutions, as well as improved accuracy when (most of) the ambiguities are fixed. Yet, it is
still worthwhile to investigate fast and high-precision GNSS parameter estimation to meet user
needs. This contribution focuses on integer ambiguity resolution-enabled Precise Point Positioning
(PPP-RTK) in the use of the observations from four global navigation systems, i.e., GPS (Global
Positioning System), Galileo (European Global Navigation Satellite System), BDS (Chinese BeiDou
Navigation Satellite System), and GLONASS (Global’naya Navigatsionnaya Sputnikova Sistema).
An undifferenced and uncombined PPP-RTK model is implemented for which the satellite clock and
phase bias corrections are computed from the data processing of a group of stations in a network
and then provided to users to help them achieve integer ambiguity resolution on a single receiver by
calibrating the satellite phase biases. The dataset is recorded in a local area of the GNSS network of
the Netherlands, in which 12 stations are regarded as the reference to generate the corresponding
corrections and 21 as the users to assess the performance of the multi-GNSS PPP-RTK in both
kinematic and static positioning mode. The results show that the root-mean-square (RMS) errors of
the ambiguity float solutions can achieve the same accuracy level of the ambiguity fixed solutions
after convergence. The combined GNSS cases, on the contrary, reduce the horizontal RMS of GPS
alone with 2 cm level to GPS + Galileo/GPS + Galileo + BDS/GPS + Galileo + BDS + GLONASS with
1 cm level. The convergence time benefits from both multi-GNSS and fixing ambiguities, and the
performances of the ambiguity fixed solution are comparable to those of the multi-GNSS ambiguity
float solutions. For instance, the convergence time of GPS alone ambiguity fixed solutions to achieve
10 cm three-dimensional (3D) positioning accuracy is 39.5 min, while it is 37 min for GPS + Galileo
ambiguity float solutions; moreover, with the same criterion, the convergence time of GE ambiguity
fixed solutions is 19 min, which is better than GPS + Galileo + BDS + GLONASS ambiguity float
solutions with 28.5 min. The experiments indicate that GPS alone occasionally suffers from a wrong
fixing problem; however, this problem does not exist in the combined systems. Finally, integer
ambiguity resolution is still necessary for multi-GNSS in the case of fast achieving very-high-accuracy
positioning, e.g., sub-centimeter level.
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1. Introduction

Global navigation satellite systems (GNSS) are widely used in scientific and industrial applications
for providing positioning, navigation, and timing services on a worldwide basis [1,2]. In recent
years, the satellite navigation community is witnessing a dramatic change of the rapid development
of multi-constellation GNSS. Next to the full operational capability of Global Positioning System
(GPS) and Global’naya Navigatsionnaya Sputnikova Sistema (GLONASS), the BeiDou Navigation
Satellite System (BDS) has launched the latest satellite to complete global navigation constellation,
while the European Global Navigation Satellite System (Galileo) is also set to be completed in 2020 [3–5].
Therefore, the technique of precise point positioning (PPP) [6,7] also takes advantage of the multiple
GNSSs which can significantly increase the number of observations and optimize the geometry between
satellite and receiver, thus leading to an improvement of the positioning accuracy and an acceleration of
the convergence speed. Furthermore, the growing availability of GNSS data will improve redundancy,
while being quite useful in quality control.

The ionosphere-free (IF) combined pseudo-range and carrier phase is one of the mainly used
observables in PPP. On the basis of this combination, Cai and Gao reported a significantly reduced
convergence time by the fusion of GPS and GLONASS [8]; Zhao et al. assessed the positioning solutions
with the fusion of different systems and orbit types [9]; Li et al. studied the precise orbit and clock
determination by means of four navigation satellite systems (GPS, Galileo, BDS and GLONASS) to
validate the capability of multi-GNSS real-time precise positioning service [10]. On the other hand,
PPP based on uncombined observables with a lower noise level provides alternative solutions. Liu et al.
proposed a joint-processing model for multi-GNSS in which the inter-system biases and inter-frequency
biases are carefully considered [11]; Pan et al. investigated the positional contribution of combined
systems to accelerate convergence and initialization time of PPP in kinematic and static mode [12];
Aggrey and Bisnath studied the atmospheric influences on positioning and proposed an improved
approach to model ionospheric delays for multi-GNSS PPP [13]. Psychas et al. investigated the
potential of multi-GNSS positioning on a smartphone, and the results indicated that the accuracy of
the horizontal components is improved more than 40% by combining GPS and Galileo observations as
compared to the GPS alone case [14].

However, due to the presence of the satellite and receiver phase biases, the carrier phase cannot
act as a highly precise observable because the ambiguities are not able to preserve their integer nature;
therefore, the standard PPP cannot fix the ambiguities to integer values [15]. This may hinder fast and
high-precision applications in PPP platform; thus, a latency compensation step must be considered to
resolve integer ambiguities, and various integer ambiguity resolution-enabled PPP (PPP-RTK) models
have been developed and proposed.

The uncalibrated phase bias estimation model was proposed for the IF PPP-RTK by separating
the ionosphere-free combined ambiguities into narrow-lane and integer wide-lane ambiguity [16–20].
However, the pseudo-range observable, which is a hundred times noisier than the carrier phase,
must be used to resolve the wide-lane ambiguities. In this case, this study implements the uncombined
observations, and the uncombined model has a straightforward way of constructing the observation
variance–covariance matrix and has the advantage of preserving all estimable parameters for further
scientific research or model strengthening, e.g., being able to be augmented by the ionospheric
delay corrections.

The uncombined PPP and PPP-RTK model was developed by means of reparametrizing the
undifferenced GNSS observation equations so as to eliminate the rank defects [21,22]. A large number
of multi-GNSS PPP-RTK experiments have also been conducted on the basis of the uncombined
observable. Verhagen indicated that dual-constellation GNSS will enhance the ambiguity resolution
performance dramatically [23]. Odijk et al. presented the results of PPP-RTK according to GPS + BDS
data and proved that the benefits of multiple constellations are mainly felt in a decrease of convergence
time or time to first fix [24]. To correct the inter-system biases (ISBs), Khodabandeh and Teunissen
proposed an ISB look-up table which allows users to search for their receiver type and select the
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corresponding ISBs [25]. In addition to scientific studies, multi-GNSS PPP-RTK services have been
provided by commercial companies. For instance, ambiguity-fixed solutions of GPS + GLONASS
were adopted by the Fugro G2+ service which provides clients with the real-time satellite orbit and
clock corrections, as well as additional hardware biases to enhance positioning services with integer
ambiguity resolution [26].

Once the ambiguities have been estimated in a float form by an estimator, e.g., least-squares or
Kalman filter [27], they can be fixed into integer values through a proper method because their integer
nature has been recovered after the satellite and receiver phase biases are separated. Currently, in terms
of the fast integer ambiguity resolution, various methods have been developed, e.g., least-squares
ambiguity decorrelation adjustment (LAMBDA) [28,29], precise and fast method of ambiguity resolution
(PREFMAR) [30], three-carrier ambiguity resolution (TCAR) [31], and cascading integer resolution
(CIR) [32]. Each of them can reliably fix the ambiguity under a specific condition. Theoretically,
the ambiguity fixed parameters are more precise than those of the ambiguity float if the ambiguities
are successfully fixed.

The high-accuracy GNSS positioning technique is widely used in aerial and marine
navigation [33–39], land surveying [40–42], geodesy, and geodynamics [43–46]. Since the core of fast
and high-accuracy PPP positioning is the ability to fix carrier phase ambiguities, this study focuses on
the phase bias estimation according to the GPS (G), Galileo (E), BDS (C), and GLONASS (R) four-system
observable model to achieve the multi-GNSS integer ambiguity resolution. The contribution of the
multi-GNSS observations to ambiguity resolution is investigated, and performances of positioning
accuracy and convergence time are evaluated and compared to that achieved with a single or combined
constellation. Additionally, this study carefully models the inter-system bias which would result in
a catastrophic failure of integer ambiguity resolution if it is ignored in multi-GNSS data processing;
thus, rigorous algorithms are needed to link and integrate multi-GNSS observations to the estimable of
interest. In this case, this study describes and analyzes the physical interpretation of the parameters
being estimated. This is not usually addressed in the literature but is crucial for users to know what
is involved in the estimable parameters. Meanwhile, this study also assesses to what extent the
multi-GNSS fusion can shorten the PPP convergence time since the presence of the atmospheric delays
may slow down the convergence of the ambiguities before they can be reliably fixed to integers.
The additional constellations, on the contrary, can bring an enormous increase in observations as
compared to one constellation and, thus, may fill the gap of absence of the atmospheric constraint.

It is worth noting that only the ambiguities of the code division multiple access (CDMA) systems,
i.e., GPS, Galileo, and BDS, can be fixed in this study, which means that the frequency division multiple
access (FDMA) system, GLONASS, would always keep the ambiguities as float values because extra
corrections of the satellite/frequency/receiver-specific inter-frequency biases caused by the FDMA
technique need to be implemented for fixing GLONASS ambiguities. Readers are referred to [47–49]
for more information of the GLONASS integer ambiguity resolution.

This article is organized as follows: Section 2 briefly introduces an undifferenced and uncombined
PPP-RTK model for which the satellite and receiver phase biases are separated from the ambiguities
and, therefore, the integer nature of the ambiguities can be assured. Section 3 assesses the PPP-RTK
performances for multi-GNSS scenarios using the GNSS network of the Netherlands. Both positioning
accuracy and convergence time in terms of achieving a certain accuracy level are compared between
GPS alone and different multi-GNSS combinations. Section 4 contains the conclusions and discussions
of what positioning accuracy can be achieved by adding constellations and how fast these different
combinations converge to 10 cm and 1 cm level.
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2. PPP-RTK Model

To fully understand the estimability and interpretation of the multi-GNSS PPP-RTK functional
model, we start from the construction of an individual single system’s measurement equations.
The linearized undifferenced and uncombined single system’s observation equations in a GNSS
network containing receiver r and tracking satellite s on frequency j ( j = 1, 2) read as follows [21]:

E
{
∆φs

r, j

}
= gs

r
T∆xr + ms

rτr − µ jι
s
r + dtr − dts + δr, j − δ

s
, j + λ jzs

r, j,

E
{
∆ps

r, j

}
= gs

r
T∆xr + ms

rτr + µ jι
s
r + dtr − dts + dr, j − ds

, j,
(1)

where E{·} is the expectation operator, ∆φs
r, j and ∆ps

r, j are the so-called observed-minus-computed
phase and code observations on frequency j from satellite s to receiver r (m), gs

r denotes the line-of-sight
unit vector from the satellite to the receiver, ∆x is the increment of the receiver position, τr is
the zenith tropospheric delay while ms

r its corresponding mapping function which introduces an
elevation-dependent scaling factor for each satellite, ιsr denotes the slant ionospheric delay on the first
frequency with µ j as the coefficient, dtr and dts are the receiver and satellite clock offsets, respectively
(note that they are common to both phase and code observation), δr, j and δs

, j are the receiver and satellite
phase biases (m), dr, j and ds

, j are the receiver and satellite code biases, λ j denotes the wavelength,
and zs

r, j denotes the integer ambiguity (cycles).
However, not all parameters in Equation (1) are estimable due to the rank deficiency. To solve

this problem, the S-system theory is implemented [50]. It is worth noting that the interpretations
of the estimable parameters under one S-basis would be different from others. Examples of the
applicability of the S-system theory to PPP-RTK can be found in [51,52]. It is emphasized that some of
the estimable parameters might be the combinations of the original parameters after applying this
method, i.e., not all estimable parameters are their original counterparts. Therefore, the choices of the
S-basis are restricted to practical purposes and objectives. For instance, geodetic users may prefer
unbiased coordinates rather than unbiased atmospheric delays in PPP-RTK applications; scientific
research, on the contrary, may want an unbiased tropospheric delay or ionospheric delay to study their
behaviors or make a comparison to other sensors. The full rank observation equations used in this
study can be constructed as

E
{
∆φs

r, j

}
= gs

r
T∆xr + ms

rτr − µ j̃ι
s
r + d̃tr − d̃ts + δ̃r, j − δ̃

s
, j + λ j̃zs

r, j,

E
{
∆ps

r, j

}
= gs

r
T∆xr + ms

rτr + µ j̃ι
s
r + d̃tr − d̃ts,

(2)

where the tilde on top of the estimable parameters is to distinguish them from their original counterparts
of Equation (1). The interpretations of the estimable parameters are as follows:

− Position increment ∆x and zenith tropospheric delay τ. These are the only two parameters remaining
identical to their original counterparts. Although Equation (2) assumes the receiver positions are
unknown, they can be a priori known in case of continuously operating reference station (CORS)
network and, thus, the model can be strengthened. An accuracy receiver–satellite range can be
computed and eliminated in the pseudo-range observables once the precise satellite orbits are provided,
e.g., from the International GNSS Service (IGS).

− Ionospheric delay ι̃ = ι − 1
µ2−µ1

(
ds

,2 − ds
,1

)
+ 1
µ2−µ1

(
dr,2 − dr,1

)
. There are no ionospheric delay

corrections implemented in this study because we focus on evaluating the performances of the
underlying multi-GNSS PPP-RTK model in the absence of any atmospheric corrections due to the fact
that these corrections are not always available in some applications. In other words, Equation (2) is the
so-called ionosphere-float model. However, one can easily augment Equation (2) with the external
ionospheric delay corrections by making use of precise network-derived slant ionospheric corrections
on the basis of the best linear unbiased prediction method [53]. It needs to be noted that satellite and
receiver differential code biases (DCB) are lumped into the estimable ionospheric delay; therefore,
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one must carefully take into account the DCBs when implementing the external ionospheric delay
corrections into the PPP-RTK model to ensure the absence of biases in the functional model of the
ionosphere-corrected PPP-RTK user.

− Receiver clock o f f set d̃tr = dtr − dtp + dr,1 − dp,1 −
µ1
µ2−µ1

(
dr,2 − dp,2 − dr,1 + dp,1

)
and

satellite clock o f f set d̃ts = dts
− dtp + ds

,1 − dp,1 −
µ1
µ2−µ1

(
ds

,2 − dp,2 − ds
,1 + dp,1

)
. The notation p refers

to the pivot receiver or satellite, which is always selected as the first receiver in the data processing and
the satellite with the highest elevation angle. In this study, both the receiver and satellite clock offsets
are considered unlinked in time, which means that they are modeled without any between-epoch
constraint. In addition, the satellite clock offset can be modeled by a dynamic model due to the
temporal behavior of atomic clocks, e.g., by using a second-order polynomial and sinusoidal terms [54]
or a constant velocity with a drift parameter [55].

− Receiver phase bias δ̃r, j = δr, j − δp, j − dr,1 + dp,1 +
µ1+µ j
µ2−µ1

(
dr,2 − dp,2 − dr,1 + dp,1

)
+λ j

(
zp

r, j − zp
p, j

)
and

satellite phase bias δ̃s
, j = δ

s
, j − δp, j − ds

,1 + dp,1 +
µ1+µ j
µ2−µ1

(
ds

,2 − dp,2 − ds
,1 + dp,1

)
− λ jzs

p, j. The satellite phase
biases occur when using the fundamental frequency (e.g., 10.23 MHz) to generate different carriers and
modulations. The receiver also has a similar phenomenon when it generates replica signals. These are
the major concern of the integer ambiguity resolution because they are merged into the ambiguity term
so that they cannot preserve the integer nature. It has been concluded with certitude that the phase
biases get more stable in time and converge to a constant value [56,57], thereby making it possible to
introduce a dynamic model for the phase biases in the data processing.

− Ambiguity z̃s
r, j = zs

r, j − zs
p, j − zp

r, j + zp
p, j. An astute reader may have noticed that the estimable

ambiguity is actually in a double-differenced (DD) form, since the receiver and satellite phase biases
have been separated from the ambiguities, such that they are possible to be fixed into integer values
using a proper method.

By applying the same S-basis, the full rank user model reads

E
{
∆φs

u, j + d̃ts + δ̃s
, j

}
= gs

u
T∆xu + ms

uτu − µ j̃ι
s
u + d̃tu + δ̃u, j + λ j̃zs

u, j,

E
{
∆ps

u, j + d̃ts
}
= gs

u
T∆xu + ms

uτu + µ j̃ι
s
u + d̃tu,

(3)

where the interpretations of the estimable parameters in Equation (3) are the same as those of
Equation (2), and the only difference is that the subscript r has been replaced by u. One can see that the
satellite-dependent parameters, satellite clock offset d̃ts, and satellite phase bias δ̃s

, j have been corrected
in the phase and code observables. This is because the satellite-dependent parameters are the same for
all the ground observing receivers. The receiver phase biases, on the contrary, need to be determined
on the individual receiver, which is the same as the receiver clock offset.

Since the full rank PPP-RTK model of Equations (2) and (3) holds for any single system, the full-rank
multi-GNSS model can be made in a similar way, as presented in Equation (4) of the network and
Equation (5) of the user.

E
{
∆φs∗

r, j

}
= gs∗

r
T∆xr + ms∗

r τr − µ j̃ι
s∗
r + d̃t∗r − d̃ts∗ + δ̃∗r, j − δ̃

s∗
, j + λ j̃zs∗

r, j,

E
{
∆ps∗

r, j

}
= gs∗

r
T∆xr + ms∗

r τr + µ j̃ι
s∗
r + d̃t∗r − d̃ts∗,

(4)

E
{
∆φs∗

u, j + d̃ts∗ + δ̃s∗
, j

}
= gs∗

u
T∆xu + ms∗

u τu − µ j̃ι
s∗
u + d̃t∗u + δ̃

∗

u, j + λ j̃zs∗
u, j,

E
{
∆ps∗

u, j + d̃ts∗
}
= gs∗

u
T∆xu + ms∗

u τu + µ j̃ι
s∗
u + d̃t∗u,

(5)

where the index ∗ = G, E, C, R. As for the multi-GNSS case, one needs to be aware of the
receiver-dependent biases, which are different from system to system [58]. Under this assumption,
the receiver clock offset d̃tu and receiver phase bias δ̃u, j in a single system are replaced by system-specific
biases d̃t∗r and δ̃∗u, j in the multi-GNSS case, respectively. Moreover, one pivot satellite per system must
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be selected to form the DD ambiguity z̃s∗
r, j or z̃s∗

u, j because the pivot satellite of each system is taken into
the S-basis. It is worth noting that frequency-dependent biases of GLONASS caused by the FDMA
technique are not considered in this study and, thus, only G, E, and C’s ambiguities are fixed.

3. Results and Analysis

The Netherlands CORS network maintained by Kadaster is composed of 38 permanent stations,
among which 12 stations are chosen as the reference to provide the satellite clock and phase bias
corrections, and the average baseline length is about 100 km. Another 21 stations within or at the
edge of the network are considered as the user locations to validate the solutions of the multi-GNSS
PPP-RTK. The locations of the reference and user stations can be seen in Figure 1.

Figure 1. Global navigation satellite system (GNSS) network of the Netherlands, where blue points
represent reference stations and red points are user stations.

Table 1 summarizes the configurations of data processing. Precise a priori positions of the reference
stations are applied in the data processing, and, at the network stations, the multi-GNSS data are
processed in position-fixed mode, while, at the user stations, both kinematic and static positioning
experiments are carried out. Precise multi-GNSS satellite orbits are assumed to be known and provided
by the Center for Orbit Determination in Europe (CODE), which is contributed as a global analysis
center to the IGS. A sample rate of 30 s is applied to balance between the change of receiver–satellite
geometry and computational burden. An elevation cutoff angle of 10◦ is set since satellites at low
elevation angles are easily affected by many error sources, e.g., larger ionospheric and tropospheric
delays due to the longer distance of passing through the atmosphere, and severe multipath in urban
areas. All these errors may lead to a low signal-to-noise ratio and finally increase the measurement
noise, which is why we apply the elevation-dependent weighting strategy.
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Table 1. Summary of the strategy of data processing. GPS, Global Positioning System; Galileo, European
Global Navigation Satellite System; BDS, BeiDou Navigation Satellite System; GLONASS, Global’naya
Navigatsionnaya Sputnikova Sistema; CODE, Center for Orbit Determination in Europe.

Parameter Strategy and Value

Positioning mode Static (network) and Kinematic/Static (user)

Frequency GPS (G): L1/L2; Galileo (E): E1/E5a; BDS (C):
C2/C7; GLONASS (R): R1/R2

Satellite orbits CODE
Interval 30 s

Elevation cutoff angle 10◦

Weighting strategy Elevation dependent
Kalman filter Forward

Standard deviation of phase/code observable 0.005 m/0.5 m
Satellite/receiver clock offset Epoch independent

Ionospheric delay Estimate as epoch independent parameter
Zenith wet delay Estimated as random walker with 0.0001 m2/s

Satellite/receiver phase bias Constant
Ambiguity Constant

Integer ambiguity resolution GEC: float/fixed; R: float
Fixing ambiguity strategy Partial (with the success rate criterion 0.999)

The forward Kalman filter is implemented in the data processing, which means that this
procedure can be easily applied in the real-time case as long as the precise real-time orbits are
provided. Typically, the standard deviation of carrier-phase noise is less than 1 mm in the case of
high carrier-to-noise-power-density ratio, and the code measurements are empirically weighted at
least 100 times lower than the carrier phase due to their high noise. Therefore, taking into account the
quality of the geodetic receivers, the standard deviation of the phase and code observables are set to
0.005 m and 0.5 m, respectively. We simply consider that the satellite and receiver clock offsets are
unlinked in time, as well as the ionospheric delay, due to their properties of high temporal variations.
The tropospheric delay, on the contrary, is highly constrained by a spectral density of 0.0001 m2/s
because of its characterization of stability. Both satellite and receiver phase biases and ambiguities are
considered as constant values. As mentioned before, only the ambiguities of GPS, Galileo, and BDS
can be fixed to integers, while the GLONASS ambiguities are always kept as float values. The partial
integer ambiguity resolution of LAMBDA is implemented in the data processing, which means that
only a subset of ambiguities are fixed to integer values such that a user-defined success rate criterion,
0.999 in this study, is met, rather than fixing all ambiguities [59,60]. The positioning solutions with
partial ambiguity resolution have the advantage of short convergence time since a long time might be
needed to achieve a full ambiguity resolution.

Figure 2 presents the number of satellites and position dilution of precision (PDOP) values at
station APEL which is located at the center of the network. Since this is a local network, the number of
the observed satellites would be more or less uniform in different stations. It can be seen that BDS does
not have too many satellites observed because the receivers equipped in the network can only track one
frequency of BDS-3 satellites and, therefore, only BDS-2 satellites are involved in the data processing.
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Figure 2. (a) Number of satellites and (b) position dilution of precision (PDOP) at station APEL.

A significant improvement in PDOP values can be seen at the bottom of Figure 2 from GPS alone
to GPS + Galileo due to the increased number of observed satellites. However, the PDOPs are not
distinguishable for GE and GEC after the 600th epoch because the number of observed BDS-2 satellites
is not large enough to improve the geometry of GE. In addition, the improvement of the PDOP is
marginal if one takes into account the contribution of GLONASS satellites since the geometry of GEC
(or GE) is already good enough.

3.1. Kinematic Positioning Accuracy

The data of 21 user stations are processed in kinematic mode without any constraints in the
positioning parameters between epochs. Note that the user stations are stationary so that the accurate
coordinates can be used for assessing the performances of the kinematic positioning. The positioning
accuracy of the three-dimensional (3D) root-mean-square (RMS) errors are shown in Figure 3 in which
the left column contains the ambiguity float solutions while the right column contains ambiguity fixed
solutions. Note that the RMS statistics are calculated from the fourth hour to the end, during which
positioning solutions are already fully converged. The accuracy improvements can be seen from GPS
alone to GE for both ambiguity float and fixed solutions due to the strengthened geometry, and it is
reasonable to see the similar performances achieved by GE and GEC due to the limited number of
BDS satellites. There is no doubt that GECR has the most accurate positioning solutions as compared
to other scenarios. However, the advantage of using GLONASS is insignificant for the ambiguity
fixed solutions because, on the one hand, the geometry of GE/GEC is already strong enough; on the
other hand, the float GLONASS solutions restrict the further improvement might be obtained by fixing
GLONASS ambiguities.
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Figure 3. Three-dimensional (3D) positioning accuracy of the (a) ambiguity float solution and
(b) ambiguity fixed solution.

One can see the abnormal behavior that the accuracies of the ambiguity fixed solutions of some
stations in the GPS alone case are worse than those of the corresponding ambiguity float solutions.
This is due to the incorrect integer ambiguity estimation, which may result in large positioning
errors [61]. It is worthwhile to note that the wrong fixing is just an occasional issue that may be caused
by many reasons, e.g., inaccurate corrections, data quality, and model errors. This might be caused
by the drawback of LAMBDA which relies on the variance–covariance matrix of the estimations.
Therefore, one may choose another integer ambiguity resolution method, e.g., precise and fast method
of ambiguity resolution (PREFMAR), which can reliably fix the ambiguities without the information of
variance matrix. However, this phenomenon does not exist in the combined systems which have more
robust ambiguity fixed solutions. This is because both model strength and model errors are crucial for
successful integer ambiguity resolution [62], yet the success rate criterion can only ensure a certain
level of underlying model strength. As for the other factor model errors, obviously, they could severely
impact the ambiguity estimation when the satellite–receiver geometry is not strong enough as the GPS
alone case such that the integer ambiguities cannot be fixed correctly.

One can see in Figure 1 that most of the user stations are inside the network; however, there are
still some stations on the edge of the network (e.g., SCHI, TERS, VLIE, and SDYK) or even outside
the network (e.g., MSTR, EIJS, and SASG). As can be seen in Figure 3, the performances are not
distinguishable between the seven specially located stations mentioned above and other inside network
stations. This is because the PPP-RTK model is able to work well in the regional area and, thus, a global
network is not necessary for generating the corresponding corrections. Furthermore, although some
user stations are located outside, the distances are not far from the network. In such a case, all these
stations are analyzed together as described below.

An example of the positioning solutions affected by wrongly fixed integer ambiguities is shown
in Figure 4. The station HOOG is selected due to the greatest accuracy degradation of the ambiguity
fixed solutions caused by the wrong fixing. One can see that unexpected U errors occur within the
period of the 1700th to 2200th epoch in the GPS alone case; meanwhile, such errors disappear in the
GPS + Galileo combination. It is obvious that the up component is mainly influenced, possibly due to
the fact that the geometry of the vertical direction is not as good as that of the horizontal component.
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Figure 4. Time series of the ambiguity float and fixed solutions of station HOOG in the case of GPS
alone and GPS + Galileo. The solutions of G and GE are shifted by +0.2 m and −0.2 m, respectively.

Table 2 presents the average RMSs of the 3D and horizontal component of different combined
systems. Except for GPS alone case for which the ambiguity fixed solutions are influenced by the
wrong fixing problem, the ambiguity float and fixed solution performances of the remaining three
combinations are almost the same. This is because, as can be seen in Figure 5, describing the gain
in 3D precision which is the comparison of the ambiguity float precision and the ambiguity fixed
precision, the contribution of fixing ambiguities on positions is insignificant after a long processing
time, e.g., 500 epochs. This indicates that, theoretically, the ambiguity float solutions and the ambiguity
fixed solutions can achieve the same positioning accuracy level after convergence. As for the GPS
alone case, the deterioration of accuracy of the ambiguity fixed solution in the horizontal component is
less than that of the 3D component thanks to the stronger geometry in the horizontal direction.

Table 2. Average root-mean-square (RMS) errors of the 3D and horizontal component of different
combinations. The unit is cm.

Combination
3D Horizontal

Ambiguity Float Ambiguity Fixed Ambiguity Float Ambiguity Fixed

G 4.46 5.21 2.35 2.58
GE 2.99 3.00 1.21 1.16

GEC 2.98 2.97 1.20 1.15
GECR 2.52 2.50 1.00 1.00
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Figure 5. Gain in 3D precision of the four multi-GNSS combing cases with (a) GPS only, (b) GE, (c) GEC,
and (d) GECR. Each line represents one user station.

A large improvement in 3D ambiguity float solutions of more than 30% can be seen from G
with 4.46 cm to GE/GEC with 2.99 cm/2.98 cm, and this is even more significant for the horizontal
component with an improvement of 48%. This is consistent with the improved PDOP values in
Figure 2 showing that multi-GNSS models are always stronger than GPS alone. It holds true even after
convergence because of the large number of observed satellites. On the other hand, the contribution
of additional GLONASS to ambiguity float positioning accuracy is insignificant when comparing
GE/GEC and GECR, for which the improvement in 3D is 15%, and that in the horizontal component is
17%. Therefore, users of kinematic positioning may consider abandoning BDS in Western Europe if
the receiver can only track BDS-2 satellites because GE can achieve almost the same performance as
GEC. In addition, users may also exclude one or two systems to reduce the computational burden and
complexity in the data processing since a stronger model results in less improvement when additional
systems are introduced to the model.

It can be seen in Figure 5 that the advantages of fixing ambiguities are not obvious after convergence
when the ambiguity float model is already strong enough. However, these advantages appeared at
the beginning of data processing, which can be clearly seen in the small windows of the subfigures.
The values of gain in precision are 1 during the first dozens of epochs since no ambiguities are fixed
due to the weak model strength; thus, for these epochs, the ambiguity fixed solutions are actually
equivalent to the ambiguity float solutions. Then, the gain in precision rises since more ambiguities
are getting fixed, and it drops after reaching a peak because the ambiguity float model is getting
stronger with the accumulation of observations. For more information about how the fixed ambiguities
contribute to the positioning precision, one can refer to [63,64].

One may have noticed that U curves appear around the 170th epoch for the GPS alone case.
This might be because of the rise of new satellites which enhance the geometry of the ambiguity float
solutions, while they do not contribute to the ambiguity fixed solutions because their ambiguities
cannot be fixed immediately. Although, in Figure 5, each line represents one user station, the gain in
precision of GPS + Galileo reaches a maximum value of 4.8, which is larger than GPS alone case with
3.1. Moreover, the time to achieve the maximum gain value decreases from an average of 70 epochs of
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GPS alone to 33 epochs of GPS + Galileo. The patterns of gain in precision of GEC are similar to those
of GE, except for the insignificant improvements in maximum value with 5.5 and the average time to
achieve maximum gain with 31 epochs. Since we do not fix the GLONASS ambiguities, the gain in
precision of GECR is exactly the same as that of GEC.

Both improved maximum value and reduced time to achieve maximum gain indicate that
the ambiguity fixed solutions of the combined systems would have shorter convergence times.
Such improvements, although not evident, can even be seen when comparing GEC and GE. One may
have seen this phenomenon in Figure 4 that ambiguity float and fixed positioning errors of GPS + Galileo
can reduce to a certain accuracy level faster than those of GPS alone. Since the convergence time is
another interest for users applying surveying and geodetic applications, we investigate the performances
in terms of the convergence time of multi-GNSS PPP-RTK in the sections below.

3.2. Convergence Time of the Kinematic Positioning Mode

In order to obtain as many convergence times as possible to quantify the potential benefits offered
by multi-GNSS PPP-RTK, the data processing was re-initialized for each user station at each integer
hour from 0 h to 21 h, which means that, for each user station, we could have 22 convergence time
solutions. The criterion for convergence was the last time the positioning errors, e.g., 3D, horizontal,
and up components, decreased to a 10 cm level.

Figure 6 illustrates the overall performances of the ambiguity float and fixed solutions with 90%
probability, which means that 90% of the positioning errors are smaller than those shown in the figure.
The reason for not taking into account all convergence solutions is to avoid the unexpected model
errors which might cause unusual positioning behavior in data processing. One can see that, unlike the
time series of the ambiguity float positioning errors in the shape of a curve, the ambiguity fixed errors
decrease rapidly once most of the ambiguities are successfully fixed, except for the GPS alone case due
to the wrong fixing problem. The ambiguity fixed solutions of GPS alone are mainly affected within
the period of the 1700th to 2200th epochs, as can be seen in the example of the user station HOOG in
Figure 4. This causes the unusual behavior of the GPS ambiguity fixed positioning errors.

 

 

 

 

Figure 6. (a) The 3D ambiguity float positioning errors and (b) 3D ambiguity fixed positioning errors
of different combinations in kinematic mode with a 90% probability.
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As for the combinations GE, GEC, and GECR, on the contrary, the ambiguity fixed positioning
errors are significantly decreased within the 15th to 20th min, which is consistent with the peak values
of the gain in precision shown in Figure 5 (30th to 40th epochs). This demonstrates that successful
integer ambiguity resolution is the key to fast and high-accuracy GNSS positioning. Additionally, it is
worth noting that, after a long convergence time, the ambiguity float solutions can achieve a similar
accuracy level to the ambiguity fixed solutions. This also holds true for the multi-GNSS case and GPS
alone case, although the latter suffers from the wrong fixing problem. Therefore, we can conclude
that one of the purposes of fixing ambiguities is identical to that of the multi-GNSS, i.e., to reduce the
convergence time.

The overall horizontal ambiguity float and fixed positioning errors at specific minutes are presented
in Figure 7. Since the first ambiguity is fixed no earlier than the 15th epoch for all combined GNSS
cases, the ambiguity fixed solutions are absent at the fifth and 7.5th min. Users could use the ambiguity
float solutions at the beginning of data processing when the ambiguity fixed solutions are not available
in practical applications. The large improvements in ambiguity fixed GE, GEC, and GECR solutions
can be confidently seen from the 15th to 20th min during which the gain in precision of most user
stations achieves the maximum value. As for the GPS alone case, such a significant improvement in
ambiguity fixed solution appeared within the 40th to 60th min, which is identical to the same period
when the gain in precision of GPS alone reached the peak height (Figure 5).

 

 

 

 
Figure 7. (a) Horizontal ambiguity float positioning errors and (b) horizontal ambiguity fixed positioning
errors of different combinations in kinematic mode at specific minutes with a 90% probability.

Figure 7 shows that, at the 150th min, i.e., 2.5 h, the ambiguity float and fixed positioning solutions
of all cases arrive the same accuracy level. Before that moment, both ambiguity float and fixed
positioning solutions benefited from the extra GNSS system, although not too many BDS-2 satellites
could be observed. However, the advantage of multi-GNSS is marginal as the positioning models are
getting stronger when new constellations are added.

Table 3 presents a summary of the convergence times in different GNSS combinations. It can be
seen that the ambiguity fixed solutions can achieve similar performances to those of multi-system
ambiguity float solutions. For instance, the ambiguity fixed convergence time of GPS alone in 3D is
46.5 min, which is approximate to the ambiguity float of GE with 45.5 min and GEC with 43.5 min.
Although, for the horizontal component, the ambiguity fixed convergence time of GPS alone is
longer than the ambiguity float of GE/GEC, the ambiguity fixed GE is better than the ambiguity float
GEC/GECR for both 3D and horizontal component.
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Table 3. Convergence times (min) to achieve 10 cm positioning accuracy of the 3D and horizontal
component of different combinations in a 90% probability.

Combination
3D Horizontal

Ambiguity Float Ambiguity Fixed Ambiguity Float Ambiguity Fixed

G 70 46.5 44.5 33
GE 45.5 22.5 27.5 18.5

GEC 43.5 20 24 17.5
GECR 30.5 18.5 21 15.5

One can see the significant improvements from GPS alone to GPS + Galileo, but not from GE to
GEC or from GEC to GECR. This is because the geometry of GE/GEC is already good enough for the
ambiguity float solutions as compared to GPS alone (seen in Figure 2 the PDOP values), and the float
GLONASS ambiguities have a further shortened convergence time for GREC ambiguity fixed solutions.

3.3. Convergence Time of the Static Positioning Mode

The convergence time is also crucial for static positioning mode in geodetic applications,
for instance, the stop-and-go surveying technique for which the coordinates of the receiver are
only of interest when it is stationary. Applying multi-GNSS observations and/or fixing ambiguities
could improve the efficiency and productivity of this technology because the receiver continues to
function while it is being moved from one stationary setup to the next.

As can be seen in Figure 8, showing the 3D positioning errors of different combinations, only the
GPS alone case has a relatively large improvement when compared to the corresponding kinematic
positioning errors of Figure 6. This is because the underlying models of the combined cases are already
strong enough and, therefore, less sensitive to the positions regarded as constant values. The improved
GPS alone performance also indicates that the static positioning mode with a stronger model is less
likely to suffer from the wrong fixing problem.

 

 

 

Figure 8. (a) The 3D ambiguity float positioning errors and (b) 3D ambiguity fixed positioning errors
of different combinations in static mode with a 90% probability.

The static positioning errors are closer to 0 after a certain convergence time as compared to those
of the kinematic positioning solutions. This phenomenon is evident for the ambiguity fixed solutions
of 3D in Figure 8 and the horizontal component in Figure 9, showing the horizontal positioning errors
at specific minutes. This indicates that the static positioning with the integer ambiguity resolution has
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the potential benefits to achieve a sub-centimeter error level within a short period. As can be seen the
ambiguity fixed solutions in Figure 9, the combined systems GE/GEC/GECR are very accurate at the
30th min, and GPS alone achieves a similar accuracy level at the 60th min. On the other hand, for the
kinematic positioning solutions shown in Figure 7, it takes 80 and 110 min for the combined systems
and GPS alone, respectively.

 

 

 

Figure 9. (a) Horizontal ambiguity float positioning errors and (b) horizontal ambiguity fixed
positioning errors of different combinations in static mode at specific minutes with a 90% probability.

Table 4 contains not only the convergence times to achieve the sub-decimeter 10 cm accuracy
level, but also those to achieve sub-centimeter 1 cm accuracy. As already discussed before, only the
GPS alone case sees substantial improvements in the 10 cm criterion compared to Table 3, showing the
kinematic positioning solutions, e.g., from the 3D kinematic ambiguity float with 70 min to that of the
static ambiguity float with 53 min.

Table 4. Convergence times (min) to achieve 10 cm positioning accuracy of the 3D and horizontal
components of different combinations in a 90% probability (numbers in brackets are the criterion
of 1 cm).

Combination
3D Horizontal

Ambiguity Float Ambiguity Fixed Ambiguity Float Ambiguity Fixed

G 53 (130) 39.5 (116.5) 38 (117) 31 (65)
GE 37 (123.5) 19 (94.5) 23 (112.5) 16 (32.5)

GEC 35.5 (122) 18.5 (87) 21.5 (108.5) 16 (31)
GECR 28.5 (114) 16.5 (83.5) 18.5 (102.5) 14 (27.5)

The overall convergence time performances of the static positioning are similar to those of the
kinematic solutions. Furthermore, it is worth noting that the integer ambiguity resolution has a
major contribution to sub-centimeter level accuracy, as presented in Table 4, where the numbers in
brackets are the convergence criterion of 1 cm. Due to the high correlation between ambiguities and the
horizontal component, the shortened convergence times to the sub-centimeter level of the horizontal
component are more obvious than those of the 3D positioning solutions. In general, one could expect
around 1 h of observation length to obtain 1 cm positioning accuracy for GPS alone and 0.5 h for the
combined systems GE/GEC/GECR.
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4. Discussions

Positioning results have shown that the ambiguity fixed solutions of GPS alone occasionally
suffer from wrong fixing problem. This might be due to the drawback of LAMBDA which relies
on the covariance matrix of ambiguity, and in the GPS-only case, the covariance matrix may be
over-optimistic for describing the actual uncertainty of the ambiguity. One way to correctly fix
ambiguities is, as demonstrated in this contribution, using combined systems GE/GEC/GECR. Another
way is to choose another integer ambiguity resolution method which may reliably fix the ambiguities
without the information of variance matrix. Besides, using atmospheric augmentation is also a method
to strengthen the GPS-alone model, and another choice is applying the ratio test with fixed failure rate.

As the contributions brought from the additional constellations are only marginal, users may
consider the computational burden and complexity by involving extra systems since exclude one or
two systems to simplify the data processing because the stronger the model is, the less the improvement
is when additional systems are introduced in the model. On the other hand, the RMSs of the ambiguity
fixed solutions are close to those of the ambiguity float solutions because the gain in precision of fixing
ambiguities is limited after convergence.

5. Conclusions

In this contribution, the performances of the multi-GNSS PPP-RTK are assessed since both multi
constellations and integer ambiguity resolution bring with them improvements in productivity and
efficiency. An undifferenced and uncombined PPP-RTK model is constructed, and the CORS network
of the Netherlands containing 12 reference stations and 21 user stations is used to verify the positioning
accuracy and convergence time of the multi-GNSS PPP-RTK model.

In the positioning experiments, the accuracy of ambiguity float and fixed solutions is improved as
extra constellation being added into data processing because the geometry is strengthened. However,
such improvements are marginal when more GNSS systems are included, for example, around 30%
improvement of the 3D ambiguity float solutions can be seen from G with 4.32 cm to GE with 2.99 cm;
however, only 15% from GEC with 2.98 cm to GECR with 2.52 cm.

As for the convergence time experiments, the ambiguity fixed errors of the combined systems
are significantly decreased within the period 15th to 20th minute during which the gain in precision
of most user stations reaches to the maximum value. The overall convergence time performances of
kinematic and static mode are similar to those of the positioning experiments, which are a significant
improvement from G to GE/GEC and insignificant from GE/GEC to GECR. The contribution of fixing
ambiguities on reducing the convergence times is seen for all cases, including GPS alone affected by
wrong fixing. Besides, the results also indicate that integer ambiguity resolution is still necessary for
sub-centimeter level accuracy for the multi-GNSS case.
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