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Thresholds for Perceiving Changes in Friction When
Combined With Linear System Dynamics

Robbin Veldhuis , Max Mulder , Senior Member, IEEE, and M. M. van Paassen , Senior Member, IEEE

Abstract—Understanding human perception of haptic feedback
is critical when designing and regulating these interfaces. In recent
years, experiments have been conducted to determine the just-
noticeable difference (JND) in mass–spring–damper dynamics, us-
ing a hydraulic admittance display in the form of a side-stick. These
experiments have resulted in a model of JNDs when interacting with
linear second-order dynamics. In real-world applications, however,
control force dynamics also commonly include nonlinearities, such
as friction. This research extends the current understanding of
JNDs in linear systems by including the nonlinear case, where
friction is also present. Experiments were conducted to determine
JNDs in friction when combined with second-order system dy-
namics. Results indicate that friction JND can be independent of
linear system dynamics as long as its value compared to the linear
system’s impedance is sufficiently large. As a consequence, friction
JND follows Weber’s law, also when it is combined with mass–
spring–damper dynamics, unless the level of friction approaches
the detection threshold, which in turn can be influenced by the
linear system dynamics. Based on the findings presented, it is
possible to conduct targeted experiments to confirm and add to
these initial results.

Index Terms—Friction, haptics, human threshold, just-
noticeable difference (JND), masking, mass–spring–damper
system, perception.

I. INTRODUCTION

IN MANUAL control tasks where no direct link exists be-
tween the human control output (force) and the dynamic sys-

tem being manipulated, haptic feedback becomes essential [1].
The benefits of this disconnect, however, are plentiful. Not only
can haptic feedback be adjusted or extended to accommodate
more intuitive control of complex dynamical systems, it is also
possible to physically move the human controller to a differ-
ent location, allowing for teleoperation [2], [3], [4]. In flight
simulation, force-feedback combined with reliable models of
aircraft control force dynamics is crucial to help pilots develop
the proper muscle memory in training [5], [6], [7].
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Due to inaccuracies in the force-feedback, resulting from
limitations in control loading system (CLS) hardware and soft-
ware as well as imperfect modeling of the control forces, hap-
tic displays may never reach perfect transparency [8]. When
applying a human-centric approach to haptic display design
and considering the limited resolution of human perception,
achieving perfect transparency becomes irrelevant.

Similar to perceiving changes in many other quantities, the
thresholds for perceiving changes in haptic feedback follow the
relationships for just-noticeable differences (JNDs) formulated
by Weber [9]. In human-centric design, knowledge of these
JNDs drive the required transparency of haptic displays, as it
is unnecessary to aim for haptic display transparency beyond a
level at which further improvement is imperceivable.

The Weber–Fechner law states that JNDs will be a fraction
of the reference stimulus intensity [10]. Jones et al. [11], [12]
showed that this law applies to force-feedback for dynamical
systems when looking at system properties in isolation, study-
ing the perception of stiffness and viscosity/damping. Rank
et al. [13], among others, showed that in systems where these
properties act simultaneously, as in mass–spring–damper sys-
tems, there is an interaction between them that may change the
JNDs obtained in isolation. Since mass–spring–damper systems
are common in manual control systems, these interactions are
crucial when investigating force-feedback JNDs.

Fu et al. [14], [15], [16] studied this problem and formulated
a unifying model for JNDs in linear system dynamics. This
model extends Weber’s law and, under the assumption that
humans use a test input with a dominant frequency, states that
the JNDs for stiffness, mass, or damping are proportional to
the magnitude of the frequency response function (FRF) of the
complete system dynamics, which can then be generalized to
higher order systems [16]. But where the model of Fu et al. [17]
only deals with linear systems, Coulomb friction is a nonlinear
component relevant in many control tasks, particularly for the
CLS of flight and helicopter simulators.

Gueorguiev et al. [18] studied the JND in friction, in isola-
tion, and found constant Weber fractions for Coulomb friction.
Messaoud et al. [19] confirmed these results. Because Coulomb
friction is defined as a constant force opposing the direction
of movement at nonzero velocity it can indeed be expected to
follow the Weber–Fechner law. This research focused on tactile
perception of touch displays, where friction accounts for most
of the haptic feedback. Hence, the effects of friction JND in the
presence of mass–spring–damper dynamics, as found in most
control manipulators, need to be investigated.
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This article builds upon Fu’s unifying JND model [16] and
extends it to the nonlinear case by adding friction. Two fun-
damental research questions must be addressed for this model
extension: 1) What is the friction JND in the presence of second-
order system dynamics? and 2) How does friction, when added
to a second-order system, affect the stiffness, mass, and damping
JNDs? The research presented here focuses on the first question
and aims to identify all properties of the mass–spring–damper
system that affect the friction JND. In addition, a first hypothesis
is formulated of a model of friction JNDs in the presence of
second-order dynamics.

The rest of this article is organized as follows. Section II dis-
cusses the theoretical background and provides initial analyses
leading to an experiment in Section III. Experimental results
are shown in Section IV and discussed in Section V. Finally,
Section VI concludes this article.

II. THEORETICAL BACKGROUND

A. JND for Second-Order Dynamics

Previous research dealt with JND masking effects within
linear systems, most notably JND experiments performed by
Fu et al. [16] and Caldiran et al. [20]. Both investigated the
masking problem by studying it in the frequency domain. This
means determining JNDs in the real or imaginary parts of the
FRF of a given system [16], or JNDs in its magnitude and phase
response [20].

Given a general second-order system H(jω), with
Δ�H(jω)jnd and Δ�H(jω)jnd as the JND in the real and
imaginary parts of the system’s FRF, respectively, the unified
JND model formulated by Fu et al. is given by

Δ�H(jω)jnd

|H(jω)| ≈ Δ�H(jω)jnd

|H(jω)| = constant. (1)

Since the real part of the system FRF consists of the in-phase
components of its impedance, Δ�H(jω)jnd is the coupled JND
in stiffness k and mass m

Δ�H(jω)jnd = Δkjnd −Δmjnd · ω2. (2)

The out-of-phase, imaginary part of the system’s response
Δ�H(jω)jnd is the JND in damping b

Δ�H(jω)jnd = Δbjnd · ω · j. (3)

Using Fu’s model, the individual JNDs in stiffness, mass and
damping can be expressed as a function of the system’s initial
stiffness, mass, damping as well as the excitation frequency ω.
When drawing a system’s response in the complex plane, this
JND model states that a region can be defined, proportional
in size to its magnitude response, inside which changes to the
system fall within the JND and will not be perceived.

Caldiran et al. [20] conducted experiments where JNDs in
firmness and bounciness were studied, which correspond to
JNDs in the magnitude response of the second-order system
or its phase response, respectively. Note that whereas Fu et al.
used a side-stick, controlled by an electrohydraulic motor, for the
haptic feedback, Caldiran et al. studied the JNDs for pressing
a surface with a single finger using a Phantom Premium 1.0

device. They found that the JND in magnitude response of the
system was independent of the phase, whereas the JND in the
phase response increased monotonically.

Combining both investigations, it is possible to hypothesize
on the actual shape of the region of no change in perception,
when representing a mass–spring–damper system in the com-
plex plane. While Fu argued that this region could be either
elliptical or circular [16], for the practical application of a unified
JND model for CLS design, this may be irrelevant.

Current requirements on CLS transparency as given by the
European Union Aviation Safety Agency (EASA) [6] or the
U.S.’ Federal Aviation Administration (FAA) [7] are quite strin-
gent and ignore human perception limits. Implementing even
the most conservative model of human perception (using the
lowest JNDs) would already be a considerable step in improving
the match between device requirements and human perceptual
capabilities, alleviating the CLS requirements.

B. Equivalent Linear Systems

Friction is an important aspect of haptic feedback in most CLS
designs. Especially in aerospace manipulators, friction accounts
for a significant part of the control forces [17]. Research on JNDs
in friction is limited, however, and mostly considers friction
on tactile displays [18], [19] [21], [22]. When considering the
perception of friction while sliding a finger across a surface,
mechanoreceptors in the skin dominate [22]. These results may
not translate well to the perception of flight stick impedance.
Research conducted by Gueorguiev et al. [18] (using a tactile
display) found constant Weber fractions for JNDs in friction,
consistent with earlier research into stiffness and damping
JNDs [11], [12]. The research in this article, however, focuses on
potential masking effects of stiffness, mass, and damping on the
friction JND and no literature was found discussing this specific
topic.

When modeling friction, several approaches exist. A most
basic friction model is Coulomb friction, where friction is
described as a constant force opposing the direction of move-
ment [23]. More elaborate commonly used friction models in-
clude the Dahl model [24] and the LuGre model [25], where
Dahl’s model of friction deals with the break-away effect, de-
scribing the presliding haptic feedback, the LuGre model adds
viscous friction and the Stribeck effect, which describes the
transition from static friction to dynamic friction. Even though
CLSs commonly incorporate static friction [17], for the purpose
of this research it was decided to focus on dynamic friction only.
As stated before, no research has been done yet on the specific
research question introduced in this article. It was therefore
decided to first investigate JNDs using a model considering
dynamic Coulomb friction before introducing the less significant
(in terms of perceived forces) nonlinear effects present in the
Dahl’s model and the LuGre model.

Considering Coulomb friction, for a mass–spring–damper
system with friction added, the system dynamics are

mẍ(t) + bẋ(t) + f sgn(ẋ(t)) + kx(t) = F (t) (4)
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Fig. 1. Individual contributions from mass–spring–damper parameters, as well
as friction, to the system’s impedance when harmonically excited.

where F (t) represents the force (or torque) resulting from a
displacement x(t), f is the friction coefficient, and sgn() is the
signum function. When considering a harmonic excitation of
this system, the contributions of the spring, mass, damper, and
friction (exaggerated friction for clarity) to the impedance are
illustrated in Fig. 1. The analysis is performed by calculating the
forceF (t) (impedance) as a result of the excitation x(t) because
the control tasks considered in this article are displacement
(excitation) tracking tasks. It should be noted that this figure
holds for any sinusoidal motion so force (F (t)) could easily be
replaced by torque (T (t)), in which case the excitation would
be an angle and the mass would be represented by the moment
of inertia.

Similar to the damping contribution, friction forces act out-
of-phase to the harmonic excitation. When all individual con-
tributions in Fig. 1 are added, Fig. 2(a) can be constructed.
The nonlinear system response including friction will in the
following be approximated linearly in two different ways: the
maximum impedance model and the phase-shift model.

1) Maximum Impedance Model: When considering the sys-
tem’s total impedance to a harmonic excitation, one approach
of approximating the system with friction linearly would be to
increase the magnitude response of the linear system while keep-
ing its phase response constant. The equivalent linear dynamics
can then be described as follows:

|H(jω)|eq = |H(jω)|+ f, ∠H(jω)eq = ∠H(jω) (5)

where H(jω) represents the original mass–spring–damper sys-
tem and f the friction force (or torque when considering rota-
tional stick motion).

The response of the maximum impedance model is illustrated
in Fig. 2(a). Clearly, where this approach does not take into
account the instantaneous changes in force occurring at the ex-
tremes of the excitation, it does deal with the increased amplitude
of the impedance signal.

2) Phase-Shift Model: The maximum impedance model ap-
proximates the nonlinear system with friction quite well at the
extremes of the impedance, but not for the regions in between.
Here, the system with friction can be best approximated by
introducing a phase-lead to the linear frictionless system, which
makes sense from the earlier realization that friction, such as

Fig. 2. Impedance of mass–spring–damper system with and without friction,
illustrating equivalent linear dynamics using the maximum impedance model
(a) and using the phase shift model (b). Note that since ∠H(jω) < π/2 a
phase-lead is applied, see text. (a) Maximum impedance model. (b) Phase shift
model.

damping, acts out of phase. This phase shift, as caused by friction
and visualized as a phase lead in Fig. 2(a), can be determined
by shifting the original linear system over the x-axis until it
intercepts the system with friction at the crossing of the x-axis.
Defining the excitation (displacement) x(t) as x(t) = sin(ωt),
the impedance F (t) follows from the magnitude and phase
response of the second-order system:

F (t) = |H(jω)| sin(ωt+ ∠H(jω)). (6)

The time-derivative of force, dF/dt is then given by

dF/dt = |H(jω)| · ω · cos(ωt+ ∠H(jω)). (7)

At the moment of crossing the x-axis, dF/dt is at its maxi-
mum, where dF/dt at the x-axis crossings is defined as

dF/dt|max = |H(jω)| · ω. (8)

The difference in force between both systems, with or without
friction, at any given time will be due to the friction force f . The
shift in time, tshift is then given by

tshift = f · dt

dF
=

f

|H(jω)| · ω (9)

with corresponding phase shift φshift

φshift = ω · tshift = f/|H(jω)|. (10)
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Fig. 2(b) shows the equivalent linear dynamics, with the phase
lead in place. The approximation matches the nonlinear system
with friction only in the regions between maximum impedance.

The phase-lead from this equivalent dynamics phase-shift
model becomes a phase-lag when the linear system’s response
∠H(jω) has a phaseφ > π/2 rad. However, in real-world appli-
cations (and excitation frequencies) the control force dynamics
phase response will practically always fall within the bounds of
0 < φ < π/2, as will also be assumed here.

C. Applying Equivalent Linear System Models

Given the equivalent linear dynamics models, it is now pos-
sible to apply Fu’s theory and hypothesize about the role of
second-order dynamics on friction JNDs. Where Fu described
the JND in the real and imaginary parts of a second-order
system’s FRF, changes in the real and imaginary part of a system
can also be described by a simultaneous change in magnitude
response and phase. In the perception of dynamic systems, both
motion x and force F cues are important. Together, these cues
can be combined to distinguish between different springs or
dampers. Fu et al. [26] performed an experiment where the
relationship between these two cues was studied by performing
JND measurements of spring stiffness. They found that when
controlling for force—by having subjects apply the same force
on different springs resulting in different displacements—JNDs
in spring stiffness were higher when compared to controlling
for displacement (where the displacement was constant and the
different force was the main cue). This experiment showed that
without visual feedback, the displacement can be difficult to use
as a cue for discriminating stiffnesses.

From these findings, it is possible to hypothesize that the
increased magnitude, as caused by adding friction to a linear
system, is of more importance than the apparent phase changes
in discriminating levels of friction when no visual feedback is
available. However, when there is a clear visual displacement
cue, which is necessary for analyzing JNDs in the frequency
domain (requiring a constant harmonic excitation which can be
induced by a preview tracking task), a changed phase response
may equally contribute. In addition, when discussing the region
of no noticeable difference, expressed around the FRF in the
complex plane (illustrated in Fig. 3), Fu hypothesized [16] it
could be circular, which would imply a great sensitivity also for
a change purely in the phase response.

Taking this into consideration, both approaches of equivalent
linear dynamics (maximum impedance model and phase-shift
model) could be relevant in exploring JNDs in friction from the
perspective of Fu’s JND model. For a second-order system with
a phase response 0 < φ < π/2 the time domain response of the
equivalent linear dynamics system combining both models is
plotted in Fig. 4, as well as both models’ frequency responses
in the complex plane in Fig. 3. The visualization in the time
domain follows from a system alternating between an increased
magnitude response and a phase-lead at four times the excitation
frequency. What is most important to recognize is that for
the systems discussed, the two alternating models approach
the nonlinear system reasonably well. Therefore, both linear

Fig. 3. Complex plane representation of equivalent linear dynamics, showing
both maximum impedance and phase-shift models while indicating the region
of no noticeable change according to Fu et al. [16].

Fig. 4. Visualization of impedance of mass–spring–damper system including
and excluding friction, illustrating the combined equivalent linear dynamics by
alternating the maximum impedance model and phase-shift model.

approximation models could play a role in the perception of
friction, including the threshold, and Fu’s JND model can be
applied to both models.

D. Perception of the Nonlinear Force Change

The attempt to find equivalent linear dynamics does not deal
with an important part of the perceived forces due to friction,
which is the nonlinear force change itself, occurring at the
moment of direction change. This sudden change in force, or
force-drop, cannot be described using second-order dynamics.
Nonetheless, this drop may be, consciously or subconsciously,
perceived and compared when distinguishing different levels
of friction. Weber’s law defines the threshold for perceiving
changes in force, the JND, as the constant portion of the reference
force from which the change occurs [9]. This law holds over
a wide range of sensory modalities and only breaks down in
regions where the stimulus intensity is close to the detection
threshold [27]. The JND is then no longer a constant portion of
the reference stimulus intensity but increases.

A possible hypothesis for friction JNDs in the presence of
second-order dynamics is that the force-drop is used for the
perception of friction independently of other dynamics. For
friction when perceived in isolation, the little available research
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Fig. 5. Effect of lowering �H(jω) on the force at the moment of the force-
drop caused by friction.

shows Weber’s law to hold [18], [21]. This may not be surprising
since the perception of (Coulomb) friction in isolation, when
perceived in motion, should be very similar to statically perceiv-
ing a constant force like the original weightlifting experiments
performed by Weber himself [10]. However, when other forces
due to interactions with mass–spring–damper dynamics are
present, this friction force may be more difficult to distinguish.
Nevertheless, the force-drop itself could still be used in the
perception and even the perception of differences (or JNDs). If
this force-drop is perceived, as a stimulus above some detection
threshold, then it is possible that a mass–spring–damper system
has no influence on the friction JND and it is only proportional to
reference friction. In other words, the change in force-drop that
is just perceivable is then a constant fraction of the reference
force-drop.

The main properties that are expected to affect the force-drop
perception are the real part of the second-order system �H(jω)
(determined by the second-order system massm and stiffnessk),
its phase ∠H(jω) and the excitation frequency ω. The real part
�H(jω) is responsible for the force occurring at the extremes
of the excitation; here, velocity is zero and damping plays no
role. If the perception of the force-drop itself follows Weber’s
law, then for an equal change in force, the force from which
this change occurs (the reference force) determines whether the
change is perceived. In other words, when �H(jω) is relatively
large, the instantaneous force change occurring at the extremes
of the excitation may be less likely to be perceived compared to
a smaller �H(jω). This effect is illustrated in Fig. 5.

Decreasing �H(jω) also causes a shift of the phase at which
the force-drop occurs. Since the force-drop can be described as
an infinite derivative of force with respect to time dF/dt, when
this drop in force coincides with a large value for dF/dt of
the system’s impedance, there could be a masking effect that is
not present at lower dF/dt levels. Reasoning in a similar way
then explains the potential effect of the excitation frequency
ω on perceiving the force-drop, as both frequency and phase
can affect the value of dF/dt at the moment of the force-drop.
Fig. 6 illustrates how ω potentially masks the force-drop by
scaling dF/dt, see (7). The ∠H(jω) determines the phase at
which the force-drop occurs and therefore potentially indirectly
affects dF/dt.

Fig. 6. Effect of increasing the excitation frequency ω on the dF/dt at the
moment of the force-drop caused by friction.

III. EXPERIMENT

A. Hypotheses

Based on Section II, a number of hypotheses can be stated
on the JND in friction when presented together with mass–
spring–damper dynamics. In this first investigation, we stated
three hypotheses.

The first and simplest hypothesis would be that no masking
effect of the second-order system on friction exists.

H.1 Friction JND is proportional to the reference friction set-
ting, independent of mass–spring–damper parameters.

This would be the case if the friction is perceived indepen-
dently of other dynamics, most likely when nonlinear force
changes dominate its perception. The friction JNDs are then
expected to be constant fractions of the reference friction, sat-
isfying Weber’s law, as previous research into friction JNDs
without potential masking dynamics indicated [18], [21]. The
first hypothesis can be mathematically expressed as

Δfjnd

f
= constant (11)

with f the reference friction level.
The second hypothesis follows from the possibility that some

form of masking occurs due to the mass–spring–damper system.
The analysis of linear equivalent dynamics can be applied to
Fu’s JND model to construct the second hypothesis. Using
the description of equivalent dynamics, both the maximum
impedance and phase-shift models of equivalent dynamics result
in a hypothesis of the friction detection threshold, as well as
the JND. For friction to be detected, Fig. 3 illustrated that
the Euclidean distance between the two different models of
equivalent dynamics in the complex plane should be larger than
the region of no noticeable change. Then, considering the JND,
for a difference in friction to become noticeable, it needs to fall
outside of the detection threshold of the equivalent dynamics
system including friction, meaning the JND in friction would be
close to the detection threshold, with the latter depending on the
second-order system settings. The second hypothesis can then
be formulated as follows.
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TABLE I
EXPERIMENT MANIPULATION AND CONDITIONS (REPEATING CONDITION 2, SEE TEXT)

Fig. 7. Visualization of the four sets of three conditions. Conditions 6 and 8 as well as 7 and 9 differ only in excitation frequency ω, see Table I. (a) First set (1,
2, 3): constant H(jω) and varying reference friction f . (b) Second set (4, 2, 5): varying |H(jω)| and constant reference friction f . (c) Third (6, 2, 7) and fourth
(8, 2, 9) sets: varying ∠H(jω) with a constant and varying excitation frequency ω, respectively.

H.2 The friction JND follows from Fu’s JND model, where
JNDs in friction are proportional to the magnitude re-
sponse of the equivalent linear system.

The second hypothesis can be mathematically expressed as

Δfjnd

|H(jω)|eq
= constant. (12)

The third hypothesis stems from the discussion in
Section II-D, where it was suggested that the instantaneous
force-drop in the system response could play a key role in the
perception of friction and changes in friction. Potential factors
masking the perception of this force-drop are�H(jω),∠H(jω)
as well as the excitation frequency ω. Because ∠H(jω) and
�H(jω) are coupled, and for a constant magnitude response
cannot be considered in isolation, the third and final hypothesis
is as follows.

H.3 The friction JND is influenced by second-order system
excitation frequency or system phase response indepen-
dently of its magnitude response.

B. Experiment Conditions

The effects of mass–spring–damper dynamics on friction
JND will be investigated. JNDs will be determined for several
conditions of second-order system parameters and reference
friction settings. From the hypotheses given in Section III-A,
four parameters can be identified that could independently affect
the JND in friction. These are:

1) the level of friction (the reference friction setting f );

2) the magnitude response of the second-order system
|H(jω)|;

3) the phase-response ∠H(jω); and
4) the excitation frequency ω.
A full factorial design of manipulating these four independent

variables would result in a large experiment matrix, requiring
a high number of participants. In this experiment, a different
approach is taken. Four sets of three conditions will be used to
test each of their influences on the JND in friction independently.
Condition 2 will act as the “baseline” condition and repeated in
all four sets. Table I illustrates that then nine conditions are
needed to make up four sets of three, all comparing a change of
f , |H(jω)|, ∠H(jω), or ω with Condition 2. An overview of all
condition settings is given by Table I and visualized by Fig. 7.

To test Hypothesis H.1 (the perception of friction follows
Weber’s law independent of system dynamics) a first set of three
conditions (1, 2, 3) is defined where the reference friction f is
varied, while keeping the system dynamics H(jω) constant,
Fig. 7(a), Table I. By varying the friction, it is possible to deter-
mine whether Weber’s law holds for friction JNDs when constant
mass–spring–damper dynamics are present. Furthermore, for
Hypothesis H.1 to hold, changing |H(jω)|, ∠H(jω), and ω,
as will be done in the following, should also have no significant
effect on JNDs in friction.

To test Hypothesis H.2, the friction JND is determined for
different magnitude responses of the potentially masking mass–
spring–damper system |H(jω)|, while keeping the reference
friction f constant. Whether friction JND is indeed propor-
tional to the magnitude response of the equivalent linear system
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dynamics |H(jω)eq| will be tested with this second set of three
conditions (4, 2, 5), Fig. 7(b), Table I.

Finally, Hypothesis H.3 considers the possibility that the
second-order system’s phase response or excitation frequency
affects the friction JND. If this is indeed the case, varying both
parameters while keeping the reference friction f and |H(jω)|
constant should show an effect on friction JNDs. Therefore,
in the final two sets of conditions, three different second-order
system phase responses ∠H(jω) will be considered, Fig. 7(c),
Table I. In one series of three settings, ∠H(jω) is adjusted
by changing �H(jω) and �H(jω) while keeping |H(jω)|
constant (Conditions 8, 2, 9). In the other series, the excitation
frequency ω is varied (Conditions 6, 2, 7) with �H(jω) and
�H(jω) adjusted in such a way as to keep the phase and mag-
nitude response of H(jω) the same in both sets of conditions.
Both series are illustrated in Fig. 7(c).

With Conditions 6 and 8, as well as 7 and 9, being matched
in phase response, differences in friction JND due to excitation
frequency not accounted for by phase differences can be studied.
That is, when∠H(jω) affects the friction JND but the excitation
frequency does not, then no difference should be found between
Conditions 6 and 8 or 7 and 9. If, however, excitation frequency
affects friction JND independently of ∠H(jω), JNDs for Con-
dition 6 should differ from Condition 8 as should the JNDs for
Condition 7 from 9.

C. Apparatus and Participants

The experiment was performed at the Human–Machine In-
teraction Laboratory at Aerospace Engineering (TU Delft),
Fig. 8(a). The admittance controlled side-stick (right hand)
manipulator presents the haptic feedback to participants and
is driven by an electrohydraulic motor (bandwidth ≈ 40 Hz).
A simulation program, running at 2500 Hz, controlled the side
stick, simulating the dynamics of a mass, spring, and damper
device with friction. All parameters (mass, spring, damping,
friction) could be adjusted on-line. In a trial, the friction level of
the comparison conditions was adjusted for each comparison,
according to the fraction indicated by the staircase procedure.
All visual cues were displayed on an 18 inch LCD screen 80 cm
in front of the subjects. The side-stick was limited to move only
laterally (rotate left and right).

The experiment was approved by the TU Delft Human Re-
search Ethics Committee (ID:1827) and involved nine partici-
pants (eight males, one female). At the time of the experiment,
TU Delft COVID protocols only allowed for inviting the mini-
mum number of subjects. Participants had no impairment of the
right arm and showed during a 20-min training, preceding the
measurements, their ability to perform the experiment tasks.

D. Experiment Setup and Procedure

For each participant, the friction JND was determined for
all nine conditions through an adaptive one-up/two-down stair-
case procedure [14], selecting one-up/one-down until the first
reversal to realize faster convergence. The stepwise down-
wards/upwards ratio was set at 0.5488, converging to a JND
with an 80.35% correct performance [28]. The staircase finished

Fig. 8. Experimental devices (the side-stick manipulator and LCD screen),
and the preview tracking task. (a) Experimental setup. (b) Tracking task.

after the seventh reversal (change in direction of the staircase) or
when reaching 40 trials. The last four reversals were averaged to
calculate the JNDs. To balance effects of learning and fatigue, a
Latin square design was chosen.

In terms of haptics, in each step, subjects were presented
with a reference level of friction, fixed within each experiment
condition and indicated in Table I, as well as a comparatively
higher level of friction, investigating the upper JNDs only. Then
a two-alternative forced-choice method was used, where the
subject indicated for which of the two trials the side-stick was
perceived as having a “higher resistance to movement,” resulting
in answers either correct or false, leading to stepping up or down
in the staircase procedure.

Similar to the experiments performed by Fu et al. [14], each
step of the staircase presented the participant with two 6.3 s
segments of a preview tracking task, Fig. 8(b), with a tracking
signal described by θss(t) = 0.37 · sin(ωt), with θss being the
commanded stick deflection angle in radians andω the excitation
frequency. The visual display also showed a progress bar at
the top, indicating which of the two trials was running. To
accommodate a smooth transition, going from no movement
to the ω rad/s excitation, the first and last seconds of the 6.3
s segments were used as a fade-in and fade-out phase, respec-
tively. During these fade-in/fade-out phases, the amplitude of
the sinusoidal displacement function was linearly interpolated
(in time) between 0 and 0.37.
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Fig. 9. Results of the first two sets of three experiment conditions [corresponding to Fig. 7(a) and (b)], showing means and 95% confidence intervals for friction
JND Weber fractions, with on the left-hand plot an increasing reference friction f for a constant H(jω) (Conditions 1, 2, 3), and on the right-hand plot an increasing
|H(jω)| for a constant reference friction f (Conditions 4, 2, 5). Data for the baseline Condition 2 are repeated in this figure.

Participants were instructed and briefly trained to concen-
trate on following the tracking signal while still focusing part
of their attention on perceiving the side-stick resistance. The
experimenter would check, on a separate screen, whether the
tracking task was followed with desirable accuracy and would
give feedback on this performance if necessary.

E. Statistical Analysis

The measurement data are in the form of friction levels at
moments of reversal for every participant and every condition.
With nine participants and nine conditions, the 81 JNDs are
calculated by averaging the friction levels of the last four out
of seven reversals. The 9 × 9 matrix was normalized to both
reference friction and equivalent dynamics to establish Weber
fractions. After checking for sphericity using Mauchly’s test, a
one-way repeated-measures analysis of variance (ANOVA) is
performed for each of the four independent variables introduced
in Section III-B. With each variable progressively varying in
three conditions, the significance of potential masking effects
of the second-order system’s magnitude response |H(jω)|, its
phase-response ∠H(jω), the excitation frequency ω, as well
as effects of the reference friction f on friction JND, can be
established independently. Significant results for the ANOVA
(p < 0.05) will be followed-up by Tukey’s honest significant
difference (HSD) post hoc test to further explore the differences
between groups. Furthermore, to distinguish the effect of phase-
response ∠H(jω) and excitation frequency ω on friction JNDs,
paired samples t-tests will be performed.

IV. RESULTS

When considering the results of the first and second set
of three conditions, with reference friction and the magnitude
response of the second-order system |H(jω)|, respectively, as
the independent variables, [visualized in Fig. 7(a) and (b)],
Fig. 9 shows the means and 95% confidence intervals for the
JNDs in friction. The JNDs are normalized to reference friction

presenting Weber fractions on the vertical axis (in percentages)
and the independent variable settings (corresponding to Table I)
are given on the horizontal axis. The plot on the left of Fig. 9
shows the JNDs for a varying reference friction and a constant
H(jω) (Conditions 1, 2, 3) and the plot on the right shows the
JNDs for a constant reference friction and a varying |H(jω)|
(Conditions 4, 2, 5).

Fig. 9 shows that the Weber fractions are affected while chang-
ing the reference friction setting (left-hand plot) as well as from
increasing the mass–spring–damper system magnitude response
|H(jω)| (right-hand plot). Both effects are indeed significant.
The effect of reference friction with Conditions 1, 2 and 3:
F (2, 16) = 3.54, p = 0.04, as well as the effect of |H(jω)|
with Conditions 4, 2, and 5: F (2, 16) = 5.47, p = 0.01. Fur-
thermore, Tukey’s HSD post hoc test demonstrates a significant
difference (with p-values corrected for multiple comparisons)
between Conditions 4 and 5 (p = 0.02) as well as Conditions
2 and 5 (p = 0.02) but not for Condition 1 and 2 (p = 0.09) or
Condition 1 and 3 (p = 0.06). Comparing Conditions 2 and 3
and Conditions 2 and 4 where f

|H(jω)| is relatively large indicates
minimal differences (p = 0.9 for both comparisons).

Considering the three hypotheses stated in Section III-A it is
clear that friction JND depends on mass–spring–damper dynam-
ics, and Hypothesis H.1 is rejected. Friction JND is affected by
the second-order system’s magnitude response, as demonstrated
by the results from Conditions 4, 2, and 5. In addition, for a
constant second-order system, friction also does not seem to
follow Weber’s law, Conditions 1 to 3.

The second hypothesis stated that friction JND is proportional
to the magnitude response of the equivalent linear system. From
Fig. 9 it seems that the effects of both reference friction and
|H(jω)| setting on friction JND are not linear, while these
parameters do vary linearly among Conditions 1 to 3 and from
Conditions 4, 2 to 5, respectively. However, when normaliz-
ing friction JNDs to |H(jω)eq| and then testing the second
hypothesis given by (12) on the first two sets of conditions,
there are no statistically significant differences (Conditions 1,
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Fig. 10. Means and 95% confidence intervals of friction JND Weber fractions
for Conditions 6, 2, and 7 with excitation frequency ω and ∠H(jω) varying.

2, and 3: F (2, 16) = 1.39, p = 0.27; Conditions 4, 2, and 5:
F (2, 16) = 1.24, p = 0.31). Therefore, Hypothesis H.2 cannot
be rejected. However, simply accepting H.2 based on this test
alone is precipitous. The apparent nonlinear change in friction
JND as a result of varying |H(jω)|, visible in Fig. 9 and
signified by Tukey’s post hoc test, contradicts Hypothesis H.2
and indicates that the limited sample size could lead to a Type
II error when H.2 is accepted.

For Conditions 2, 3, and 4, indicated by the gray area in Fig. 9,
the Weber fractions are fairly constant [ANOVA: F (2, 16) =
0.0262, p = 0.91, Greenhouse–Geisser corrected p-value]. In
fact, when considering the results from only these conditions,
the first hypothesis does seem to hold with JNDs in friction fol-
lowing Weber’s law (Weber fractions of around 20%). However,
higher thresholds are found for Conditions 1 and 5, for which the
friction component is small, in proportion to the mass–spring–
damper system magnitude response |H(jω)|. See Fig. 7(a) and
(b), and the calculation of f/|H(jω)| in Table I. Keeping in mind
the results from Tukey’s post hoc test, demonstrating a lack of
significant difference between Condition 2 and 4 or Condition 2
and 3, it is posited that for the conditions with a constant phase
response (here π/4 rad), the Weber fractions for friction JND
will indeed be constant, as long as the proportion of impedance
magnitude accounted for by friction is large enough

f/|H(jω)| > threshold. (13)

Tukey’s post hoc tests applied to Conditions 4, 2, and 5, with
|H(jω)| as the independent variable, agrees with this finding:
significant differences between Conditions 5 and 4/2, no sig-
nificant differences between Conditions 2 and 4 (see Fig. 9).
However, while the post hoc analysis of Conditions 1, 2, and 3,
with reference friction as independent variable, shows a similar
trend with minimal differences between Conditions 2 and 3, the
differences between Conditions 1 and 2/3 are not significant.

The friction JND results for the third and fourth sets of
conditions [see Fig. 7(c)], are plotted in Figs. 10 and 11,
showing effects of excitation frequency ω and second-order
system phase response ∠H(jω) on friction JND, respectively.
No significant differences are found as a consequence of varying

Fig. 11. Means and 95% confidence intervals of friction JND Weber fractions
for Conditions 8, 2, and 9 with constant ω and ∠H(jω) varying.

phase response and excitation frequency [see Fig. 10] [ANOVA:
F (2, 16) = 0.78, p = 0.48] or only varying phase response [see
Fig. 11] [ANOVA: F (2, 16) = 0.52, p = 0.61].

It was explained in Section III-B that Conditions 6 and 8,
as well as Conditions 7 and 9, can be compared to distinguish
between the effects of excitation frequencyω and phase response
∠H(jω). Whether ω affects the friction JND independently of
∠H(jω) is something that cannot be inferred from these results,
as the variances are simply too large to draw conclusions on the
differences in means between Conditions 6 and 8 as well as 7
and 9. Paired samples t-tests demonstrate this lack of statistical
significance, when comparing Condition 6 (M = 27.6, SD =
13.2) and Condition 8 (M = 23.6, SD = 7.9); t(16) = 0.97,
p = 0.36, as well as Condition 7 (M = 27.6, SD = 12.6) and
9 (M = 25.0, SD = 10.0); t(16) = 0.48, p = 0.65.

V. DISCUSSION

Experiment results show that the first hypothesis (friction
JNDs follow Weber’s law regardless of mass–spring–damper
system setting), seems to hold for some conditions (2, 3, and 4,
see Fig. 9). Nevertheless, Conditions 1 and 5 show a significant
effect of both reference friction and second-order system mag-
nitude response |H(jω)| on friction JND, respectively. These
increased Weber fractions could be caused by friction levels
being closer to the detection threshold.

Weber’s law has been shown to break down at the limits of
perception (see Section II and also Norwich [27]). In our experi-
ment, these limits could have been affected by the mass–spring–
damper dynamics. That is, the second-order system dynamics do
not directly affect the friction JND, but do influence the detection
threshold for friction, and by raising that detection threshold the
Weber fractions for friction JNDs will increase. This will be
explained using Fig. 12.

When regarding the results of Figs. 9 and 12 illustrates
how varying the reference friction in the presence of fixed
second-order system dynamics (Conditions 1, 2, and 3) leads
to an asymptotic increase in Weber fractions for friction JND.
Also, considering Conditions 4, 2, and 5, it can be observed
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Fig. 12. Sketch of the asymptotic increase in Weber fractions of friction JND
as a result of changing the reference friction (Conditions 1, 2, and 3) or an
increasing detection threshold as |H(jω)| gets larger (Conditions 4, 2, and
5). Both changing the reference friction, as well as increasing the detection
threshold, show similar effects on the friction JND Weber fractions.

that varying |H(jω)| while keeping reference friction constant
causes the same asymptotic increase in Weber fractions.

In Section II-B, using the equivalent linear dynamics theory,
some suggestions have been made as to what the detection
threshold depends on. It was hypothesized that either a change
in equivalent linear dynamics magnitude or phase response,
or a perception of the nonlinear force-drop, would determine
whether friction is perceived or not. These hypotheses focused
on friction JND rather than the detection threshold for friction.

The same theory can nevertheless be applied to argue the
validity of the suggestion expressed before (and visualized in
Fig. 12) that the second-order system’s magnitude response
affects the friction detection threshold. Considering the levels
of friction tested, it seems that the equivalent linear system dy-
namics increased magnitude and phase response cannot explain
its perception fully., e.g., a friction level of 0.15 Nm is most
likely well above the detection threshold in a system where
|H(jω)| = 2.12 (from its JND Weber fraction in Conditions 2,
3, and 4 from Fig. 9). However, applying Fu’s JND model [16],
the resulting equivalent magnitude and phase response changes
from friction fall well within the detection threshold established
by Fu

f/|H(jω)| = 0.15/2.12 = 0.07 (14)

where Fu found Weber fractions of around 10%, the increased
magnitude response due to friction leads to values around 7%.
Then again, it is possible that the nonlinear force-drop occur-
ring at a change in excitation direction is responsible for the
perception of friction before the change in magnitude response
plays any role. Where Fu had participants experience differ-
ent mass–spring–damper system settings with a small break
in-between trials, friction can be described by a sudden shift in
system parameters within the trial. This difference could cause
the Weber fractions to be lower, even while still depending on
|H(jω)|.

Fig. 13. Illustrating the instantaneous change in system dynamics on the
complex plane with the region of no noticeable change derived from Fu’s JND
model. This example shows (zoomed in) experiment Condition 2.

Furthermore, when looking at the instantaneous change in
equivalent linear system dynamics within a sinusoidal exci-
tation, while applying Fu’s JND model, it can be seen that
this instantaneous change is actually larger than the level of
friction. This is considering that the system including friction
is best described in linear terms by a system “alternating”
between the earlier described maximum impedance model and
the phase-shift model (see Fig. 3). It was derived in (10) that the
phase shift describing the instantaneous drop in force because
of introducing friction is given by f/|H(jω)|. Using the small-
angle approximation, it is found that the Euclidean distance,
in the complex plane, from the original frictionless system to
the maximum impedance model system [which is the level of
friction f as (5) indicates] is equal to the distance from the
original system to the phase-shift model system, as illustrated in
Fig. 13. Considering the angle between the original system and
the phase-shift or maximum impedance model is approximately
equal to 90°, the perceived instantaneous change in �H(jω)
due to friction is then described by

√
2 · f , see Fig. 13.

Now from these realizations and Fig. 13, together with the
recognition that the size of the region of no noticeable change
depends on |H(jω)|, which follows from Fu’s JND model,
a possible explanation is presented for |H(jω)| affecting the
detection threshold for friction. The hypothesis is that if the
instantaneous shift in perceived dynamics caused by friction
and represented by

√
2 · f in Fig. 13 falls outside the region

of no noticeable change, which is directly proportional to the
magnitude of the second-order system dynamics |H(jω)|, fric-
tion will be detected. More data from additional experiments
are needed to confirm these interpretations and to determine the
exact relationship between the second-order system magnitude
response and the detection threshold in friction. So where current
results show a connection between |H(jω)| and friction JND,
which are best explained by a change in detection threshold of
friction, how this change in detection threshold occurs can only
be hypothesized on.

Revisiting the main research question, formulated in the Intro-
duction, our findings show that mass–spring–damper dynamics
can indeed have a masking effect on the perception of differ-
ences in friction. Under conditions where the ratio of friction
to |H(jω)| is sufficiently large, JNDs in friction may follow
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Weber’s law. The Weber fractions of around 20% are close
to what has been found for the tactile perception of friction
in isolation [18], suggesting that these findings may be more
universally applicable and not only to perceiving changes in
dynamics by means of a side-stick controller. When consid-
ering the requirements of haptic feedback transparency of the
CLS in flight simulator training, as set by the European Union
(EASA) [6] and U.S. aviation safety agencies (FAA) [7], the
findings presented here can be combined with Fu’s JND model
to establish a more human-centric approach in regulating CLS
transparency.

In future research, the results of this study have to be repli-
cated, while performing more focused experiments. Further-
more, the second research question as formulated in the Intro-
duction of how friction affects JNDs in �H(jω) and ∠H(jω)
should be tackled to further complement the JND model. Not
knowing this effect of friction on JNDs in mass, stiffness, and
damping, however, does not make the JND model less usable.
It will just be more conservative, as potential masking effects
are not taken into account. Therefore, it is possible to start
applying the human-centric design of haptic interfaces using
an incomplete JND model, realizing that, since that the current
model should be considered conservative, this would also lead
to a conservative design of the interfaces.

A new question that this research raises is what the detection
threshold for friction is and how it behaves in the presence
of second-order dynamics. This study shows that the detection
threshold for friction can be influenced by mass–spring–damper
dynamics, which in turn affect the Weber fractions, illustrated
in Fig. 12. To fully model JNDs in friction in the presence of
second-order dynamics it might be necessary to also construct
a model of friction detection thresholds, including, again, the
potential effects of mass–spring–damper dynamics.

VI. CONCLUSION

It is investigated whether the perception of friction can be
masked by mass–spring–damper dynamics, and if so how the
threshold for perceiving friction changes is affected by these
dynamics. Experimental results suggest that JNDs in friction
follow Weber’s law, also in the presence of second-order system
dynamics, but only when the level of friction is sufficiently large
compared to the system impedance. While JNDs in friction
are a constant proportion of reference friction, at the limits of
perception Weber’s law breaks down, causing larger JNDs. How
close a particular level of friction is to the perception limit can
be established from the ratio of friction to the system magnitude
response.
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