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ABSTRACT Modern power systems with high penetration of inverter-based resources (IBRs) exhibit fast
dynamics and complex harmonic interactions that challenge conventional modelling tools. Electromagnetic
transient (EMT) simulations provide high fidelity but are computationally demanding for large-scale studies
due to small time-step requirements, whereas conventional phasor-domain models neglect harmonic and
higher-frequency effects to allow for larger time-steps. This paper proposes a unified dynamic-phasor-based
framework (DQsym), implemented as a MATLAB/Simulink library, that combines dynamic phasors with
multiple rotating reference frames and defines explicit algebraic rules for harmonic-domain operations
compatible with state-space formulations, enabling systematic assembly of interconnected system-level
models beyond isolated component representations. The formulation supports modelling across multiple
harmonic orders and is expressed in state space, providing a natural pathway for future integration with
small-signal analysis and control design tools, although such extensions are outside the scope of this paper.
The approach is validated through: 1) benchmark case demonstrating higher-order harmonic modelling
capability and 2) simulations of an IEEE 9-bus system expanded with point-to-point HVDC transmission
based on a modular multilevel converter (MMC), where the framework reproduces fundamental and second-
harmonic dynamics indicating that DQsym reproduces the overall harmonic pattern and closely matches
the fundamental component compared with EMT results. The proposed framework provides a structured

and accurate harmonic-domain modelling tool for the analysis of IBR-rich power systems.

INDEX TERMS Dynamic phasor, harmonics, HVDC, modular-multilevel (MMC).

. INTRODUCTION
HE integration of inverter-based resources (IBRs), such

as wind turbines, solar photovoltaic systems, and bat-
tery storage, is central to the transition to sustainable power
systems. Unlike conventional synchronous generators, IBRs
rely on fast-switching power electronic converters and con-
trol systems that introduce dynamics across a wide range of
time scales, from microsecond—millisecond electromagnetic
effects to slower electromechanical dynamics [1]. Converter
switching and control actions also generate harmonic and
interharmonic components, increasing the complexity of
hybrid AC/DC power system (HPS) studies [2]. Accurate

modelling of these multi-timescale and harmonic effects is
therefore essential for modern power system analysis.

A key requirement is the ability to represent harmonic
content introduced by IBRs and its propagation through
the network [2]. Transmission system operators traditionally
rely on Root-Mean-Square (RMS) phasor-domain simu-
lations that focus on fundamental-frequency quantities.
However, IBR-dominated systems exhibit sub- and super-
synchronous dynamics that require electromagnetic transient
(EMT) and harmonic simulations for detailed assessment
[3], [4]. EMT tools provide high accuracy by modelling
switching behavior and nonlinear effects in the abc frame,
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but they require very small time steps and significant compu-
tational effort. Dynamic phasor (DP) modelling has therefore
emerged as an intermediate approach, representing signals
using time-varying Fourier coefficients to capture selected
harmonic components while allowing larger simulation time
steps [5], [6], [7], [8], [9], [10], [11].

Although DP-based models have been developed for
individual components, such as synchronous genera-
tors, multi-converter systems, and grid-forming converters
[12], [13], [14], [15], less attention has been given to
systematic system-level modelling. Existing approaches
are often code-based for real-time simulation [16],
modular implementations [17], or rely on equivalent
switching functions [18]. In many cases, the required
dynamic phasor operations—multiplication, integration, and
summation—are not expressed in a state-space form, making
it difficult to assemble interconnected AC/DC networks in a
structured and repeatable manner.

To address this gap, this paper proposes a unified simu-
lation framework termed DQsym, which combines dynamic
phasors with multiple rotating dg reference frames to
represent positive-, negative-, and zero-sequence harmonic
components in a consistent state-space structure. The frame-
work enables systematic assembly of interconnected AC/DC
systems while preserving selected harmonic dynamics.
An open-source MATLAB/Simulink implementation of the
DQsym library is described separately in [19]. The present
paper establishes the mathematical foundations underlying
the framework, specifically the harmonic convolution the-
orem, the integration rule, and provides validation against
EMT simulations across multiple test cases of increasing
complexity.

The proposed approach is validated through two case
studies: a benchmark harmonic interaction example and an
IEEE 9-bus system extended with point-to-point MMC-
based HVDC transmission. The results show close agree-
ment with EMT simulations for both fundamental and
second-harmonic dynamics.

This paper makes the following contributions:

e A unified simulation framework, DQsym, combining
dynamic phasors with multiple rotating dq refer-
ence frames for fundamental and selected harmonic
modelling, structurally supporting both balanced and
unbalanced conditions through positive-, negative-, and
zero-sequence decomposition.

o State-space formulation of dynamic phasor operations,
enabling structured and repeatable modelling of inter-
connected AC/DC systems.

e Modular system assembly approach for consistent har-
monic modelling across subsystems.

e Validation using benchmark studies and an IEEE 9-
bus MMC-HVDC system with close agreement to EMT
results.

The framework preserves a state-space structure, provid-
ing a foundation for future stability and control analysis.
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II. DYNAMIC PHASOR THEORY
DPs provide a compact, frequency-shifted representation of
signals that captures both amplitude and phase variations
over time. Unlike static phasors — which assume a purely
sinusoidal, steady-state waveform — DPs generalise this
concept to non-stationary, harmonically rich signals by
treating the Fourier coefficients themselves as time-varying
quantities. The goal is a structured ODE representation that
retains harmonic content with far fewer state variables than
a full EMT model.

For a nearly periodic waveform x(r) observed over the
sliding window (¢ — T, t), the k™ DP is defined as the time-
localised Fourier projection

1 [t A
Xk(t)é<x>k(t):? / x(7) e T g, )
=T

where w, = 2x/T is the fundamental angular frequency.
Given the coefficients (x);, the original signal is recovered
via the generalised Fourier series

X1) = Y () . )
k=—o0
Eq. (1) computes DPs from a signal, and Eq. (2) reconstructs
the signal from its DPs. Under steady-state conditions, the
coeflicients (x)(#) converge to constant (DC-like) values,
yielding a time-invariant representation that directly facili-
tates eigenvalue-based analysis.
Three properties, inherited from the Fourier series, are
central to constructing DP-based state-space models [9]:

e Time derivative:

d{x)k
dt

dx .
_ <E>k = kw0 3)

e Multiplication (harmonic convolution):

Gt = > Cahilt) i), “4)

[=—00

e Conjugate symmetry: For any real-valued signal x(7),
(x)-k (1) = (X (). ®)

The symmetry rule implies that negative-index coef-
ficients carry no additional information, allowing the
two-sided series in Eq. (2), truncated to [k|] < N, to be
replaced by a one-sided real-valued form. Pairing the +n
terms and applying Euler’s identity yields

N

x(7) = (x)o(1) + Z 2000 cos(nw,T + arg(x)a (1),  (6)

n=1
reducing the number of independent complex coefficients
from 2N + 1 to N + 1. Throughout this work, DQsym

adopts this one-sided convention, with n = 0 denoting
the DC component and n = 1,..., N indexing the retained
harmonics.

For implementation in a simulation framework, it is
convenient to work with real-valued state variables. Any DP
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(x),() can be decomposed into in-phase (x,) and quadrature
(xpn) components, so that the signal representation of Eq.
(6), evaluated at T = ¢, becomes

N
x(t) = ap + Z X1a(1) cos(nwt) — xon(t) sin(nw,t), (7)

n=1

with ap = (x)o(#). The corresponding complex DP is then

(X)n(t) = xpa () + jx0u(1) = An(t) &7, (8)

where A, (f) = 2|{(x),(¢)| is the instantaneous amplitude and
0,(t) = arg(x),(?) is the instantaneous phase, consistent with
the one-sided identification in Eq. (6). A single harmonic
component is recovered from its DP by remodulation and
taking the real part:

RA)(1) €}

with the full signal recovered by summing over all retained
harmonics as in Eq. (7).

X () = =A, ) cos(nwct + Hn(t)), 9

lll. PROPOSED FRAMEWORK

This section presents the DQsym framework, beginning
with the mathematical foundation of DPs, followed by
the state-space formulation and its integration into DQsym
framework.

A. TRANSFORMATION OF DYNAMIC PHASOR
QUANTITIES FROM ABC TO DQSYM FRAME

As stated DPs (X (#)) are time-varying Fourier coefficients,
slowly varying when the signal is near-periodic around
a base frequency. Their in-phase (x;(f) = R{Xi(¥)}) and
quadrature (xo(f) = J{Xi()}) components are orthogo-
nal, which allows each phasor to represent a specific k™
harmonic without coupling formation with other harmonic
DPs. These properties form the basis for transforming
DP quantities from the abc frame to the rotating dg0
frame.

Considering a general three-phase signal X,.(f) =
[xa(t) xp(1) xc(t)]T, that may be unbalanced, applying the
classical symmetrical component transformation 7p,., the
three-phase signals are decomposed into positive-, negative-
, and zero-sequence components:

Fpnz(8) = T pnz  Tape(t) = Xp(1) + Xu(8) + X(2), (10)
where
1 1 a a 2
nng 1a®> al|, a=¢73. (11)
111

This decomposition is what allows DQsym to struc-
turally represent unbalanced three-phase conditions, since
the negative- and zero-sequence components become non-
zero precisely when the signal departs from balanced
symmetry, consistent with sequence-domain dynamic phasor
approaches validated for power-electronic systems under
unbalanced conditions [20]. All validation cases presented

VOLUME 13, 2026

in this paper (Section IV) involve balanced operation;
demonstrating this capability under unbalanced conditions
is identified as future work.

In order to describe it in a simpler manner, let us assume
that signal %,.(7) is a sinusoid with amplitude X;(z) and
phase 6;(t), i € {a, b, c}, displaced by 120°:

Xg X, (t) cos(wt + 6,
xp | = | Xp()cos (wt + 6 — Z) |. (12)
X, X.(t) cos (wt + 0. + F)

Then, based on equation (10), each component can be
expressed as

cos(wt + 6;) - j=p
() =X+ |cos(wt+60;+iF) |,i=1, j=n.(13)
cos (a)t +0; —12—”) 0, j=z

or equivalently in phasor form [11]:
el(wr+6))

6 (wH—H +2é")

=X (14)

e./(wl+9j—T)

Mapping the three-phase system into the stationary @50
frame using Clarke transformation as:

-1 _1

2 =7 =
Top j(0) = Te- 50, Te=3 ??—f . a9
2 2 2
which is in complex form:
Xap,p Xpelwrten)
Xopn | = | Xpe /T | (16)
X0 Xzej(wt-&-@)

Extracting the DPs requires a frequency shift [11]:

(Xap,p) Xpejgﬁ
(xa//j,n> = Xne_jgn . 17
(X0 Xzeﬂ)Z

The negative-sequence phasor may equivalently be
expressed in a positively rotating frame:

<xafﬂ,n> = <xaﬁ,n>* = Xneje".

Finally, the Park transformation rotates the @50 compo-
nents into the dq0 frame:

(-xdq,p>k e—_j9 0 0 <xaﬁ,p>k

(Xagad | = | 0 €70 | (xapadi |- (18)

<xdq,z>k 0 01 <x0,z>k

| ——
TRot
Thus, in DQsym form is:

Cagpi | [ XPe™ x; (k) + jxq (k)
(Xagade | = | Xpe/% | = | x4 + jxgk) | . (19)
(Xdg,2 )k Xiel% X5 (k) 4 jxg (k)
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[11], [20] shows that this procedure maps DPs in the
abc frame into the DQsym frame by (i) applying the sym-
metrical component transformation 7,,,, and (ii) rotating
the positive- and negative-sequence phasors by —8 via Tgy,.
Equation (20) summarizes this transformation: DPs are first
constructed in the abc frame using in-phase and quadrature
coeflicients (C¢ and C¥), then transformed into symmetrical
components via T,,;, and finally rotated into the DQsym
frame via Try;.

C/‘( + ]Cjz <xa )k Tpn <xa/ﬂ,p>k
Ci + JC]E = <xb>k = <xoz,8,n>z ,
C]CC + JC]S(_ (X (X0.2)k
<xaﬁ,p>k <xdq,p >k
Trot <x<xﬁ,n );: = <xdq,n Mk (20)
(X | (Xdg, )k

B. MATHEMATICAL OPERATIONS

The following set of mathematical operations—summation,
multiplication, and integration—form the basis of the
DQsym approach and enable its application to full system
simulations.

1) SUMMATION

Summing DPs in DQsym frame adheres to complex-number
rules with no change in the form of the inputs or additional
operations needed (i.e. simple elementwise additivity), as
follows:

xP(0) - -- xP(n)
x"(0) --- x"(n)

yP(0) --- yP(n)
+1y'O) -y

x(0) --- x*(n) y0) --- y(n)
z°(0) --- z(n)
= |z"0) --- z"(n) (21)

z%(0) --- z%(n)

where zZ:Z’Z(i) = xZ:’ql'z(i) + yZ:Z’Z(i), for i € {0,...,n).

2) MULTIPLICATION

Any time-varying signal can be represented as an infinite
sum of sine and cosine functions at integer multiples of
the fundamental frequency w., and each sinusoid sin(nw,t)
or cos(nw,t) corresponds to the n™ harmonic of x(¢). This
expansion is known as the trigonometric Fourier series of
x(t), with coefficients a, and b, denoting the Fourier sine
and cosine coefficients. The coefficient ay represents the DC
component (average value) of the signal, while @, and b,
(n # 0) define the amplitudes of the sinusoidal terms that
constitute the AC component:

x(t) = ag + ay cos wyt + by sin wyt + a, cos 2wt
~+ b, sin 2wyt + az cos 3wt + b3 sin 3wt + - -+ (22)

or
xt)= ay + Y (aycosnwot + bysinnwgt) . (23)
dc n=1

ac

654

Theorem 1: The product of two periodic signals with
fundamental frequency w represented by a truncated Fourier
series of order N:

N
x() = ap + Z (af sin(iwt) + a; cos(iwt)) , (24)

i=1
N

Y0y =bo+ Y (bsinjowr) + b cos(jwn) . (25)
j=1

denoted as z(¢) = x(¢)y(t) can be expressed as
2N
2(t) = Co + Y _ (Ci sinkawr) + Cf cos(kwt)) .~ (26)
k=1
where the coefficients Co, C}, and Cy, for k € {1,...2N},
are given in (27), as shown at the bottom of the next page.
The proof of this theorem and derivation for (27) are
provided in the appendix. The derivation highlights the
similarity between the Fourier coefficients of the product and
the in-phase and quadrature components in dynamic phasor
theory. Hence, dynamic phasors can be constructed directly
from C} and C; for each harmonic k, with Cy representing
the DC term. The overall multiplication process is illustrated

in Fig. 1, and it includes the following steps:

psn,z

e Transform the input signals x, ke

and y,,
phase-domain representations xfif *“ and y%’ <,

o Extract the sine and cosine Fourier coefficients for each
phase of the input signals.

e Perform phase-by-phase multiplication, computing the
coefficient products Cyp, C}, and C} using (27).

e Collect the resulting terms and transform the output
z%”c back to the zj,"* representation.

into their

3) INTEGRATION
Time-varying signals up to the n" harmonic order can be
expressed using a Fourier series

f@®) =ap + Z (a, cos(nwot) + b, sin(nwyt)) (28)
n=1
Any antiderivative F(f) can be obtained term-by-term based
on the integration theorem of the Fourier series:
- a, . = b,
F()=apt+ Yy  —— sin(nwot) = Y  —— cos(nwot), (29)
o1 o ‘— nwo
which corresponds to the standard integration of the Fourier
coefficients. Considering fy, in complex form, i.e., fy(n) +
Jfy(n), integration with respect to time yields (30). In
contrast, when fy, is expressed in DP representation, the
factor e/ is removed, and integration yields (31), which
demonstrates that integrating DPs in dg form introduces
cross-coupling between the d and g components.

/ fag(mye™ ' dt
= (fulm) + Jf, () / enent gy
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Input signals
In DQsym format, each up to harmonic-order [n]

x2(0) o xm)] [¥P0) - yP(n)
x*(0) - x"(n)| x|y"(0) - y"(n)
x*(0) -+ x*(n) y*(0) - ¥y*(n)
Main Loop
\ 4
Transformation

From DQsym to ABC

pnz pnz
pnz ’

Extraction of Coefficients
Fourier sine and cosine coefficients
from each input signal
ag, Qcl, Asly - - -, bo, ben, bsh

Multiplication of Coefficients
Co, C;, C§

Rotating
From ABC to DQsym
lcz +3 Ci]
TRot : Tpnz Cz I .7 CZ
CL+iCk

\J

Output signal Z
In DQsym format
[k = 2 X n] double the highest input harmonic-order [n]

Zgq (F) zg (k) + j zg (k)
Z(k) = |zgq(k) | = |24 (F) +J =4 (F)
23q(F) zq(k) +J zq (k)

FIGURE 1. Flowchart of the multlpllcatlon algorithm for
harmonic-rich signals x ”"’(l) and -qun 2(i).

= (fu(m) + qu(n)) e'"‘“U’ +C (30)

(Jag) = = (Fag) = (fam) + J'fq(n))n_—w]O +C (D

This process can be generalized to the integration of
( ftg’"’z), yielding (FZ"’Z>. Both vectors are equal in dimen-
sion up to the n'" harmonic order.

C. STATE-SPACE FORMULATION FOR DQSYM
In EMT simulations, system dynamics are described by
differential equations written in state-space form,

(1) = Ax(H) + Bu(t),  y(t) = Cx(t) + Du(t),  (32)

Applying the dynamic phasor derivative property, the system
at harmonic order k becomes

Xi() = (Adgn—jkwsI) Xi(t) + Bagn Uk(0),
Yi(®) = CagnXi(t) + DagnUr(0), (33)

where X;(f) and Ui(r) are the dynamic phasor states and
inputs, and Y;(¢) is the output. In the present approach,
a state-space model is first derived for each individual
component of the network using its governing differential
equations. The overall system model is then obtained by
augmenting these individual state-space representations into
a single, unified set of equations. The complete system
is expressed in standard state-space form, resulting in the
global A, B, C, and D matrices. The state-space block also
provides the ability to include switching activity, as the
block houses an algorithm to update the system matrices
to reflect the effect of the switching event on the output
quantities, as seen in Fig. 2. This approach enables consis-
tent and extensible modelling of dynamic components across
different system configurations.

IV. VALIDATION
A. MULTIPLICATION OF HARMONIC-RICH SIGNALS

An example of the multiplication of two randomly generated
harmonic-rich signals up to the 5™ order, as defined in (34),
is shown in Fig. 3 using blocks from the DQsym library.

ZDstm
= XDstm X YDstm
0 0.68-0.45i —0.22-0.33i
= {0 0.11-0.07i —0.05-0.16;i —0.524+-0.81i - - -
0 0.524+0.36i —0.014-0.03; 0.10+0.58i ---

0 0.3540.18; 0.12+0.02i -0.23—-0.49i - --

x | 0 =0.56+0.39i -0.124-0.26; 0.01-0.03; ---

0 -0.804+0.57i 0.63-0.17i 0.554+0.51i ---
(34)

-0.12+0.00; - --

The DQsym output is validated against EMT simulation
results obtained in MATLAB. Fig. 4 shows the three output

N
Co = aghy + ) (3aib} + 3aib)

i=1
Ci= >

5 (ajbS + afb}) +

i+ j=k li—jl=k
1<i,j<N 1<i,j<N
c _ 1 ( c1c _ . S1,S
C; = E z(aibj al-bj)—l— E
i+j=k i—jl=k
1<i,j<N 1<i,j<N

VOLUME 13, 2026

(27a)
D Ssenli— j) (alb - aib}) + aob} + boaj, (27b)
5 (afbS + afb%) + aob + boa. (27¢c)

655



IEEE Open Access Journal of

=
@t power and Energy

Get System Matrices ]

|

Discrete Sys-

Discretize Sys-
tem Matrices? tem Matrices

: 1 Half-step Correction :<—
L e e e 1

|

|

|

|

|

: Yes Update Sys-
| tem Matrices
I

|

I

|

Space Formulation

[ Outputs ]

FIGURE 2. DQsym state-space masked block and internal
algorithm flowchart.

|
|
|
: Solve System State
|
|
|
\

Xabc
4’! Zabc
Bl
Yabc . Outp t
XDQS m uts
<Y | Multiplication DQ@sym >
Dgsym > to abc 7
YDstm DQsym

FIGURE 3. Output signal zg’é'r';z(w) = xg’c’l’,’;z(S) . yg‘,]r:;z(s) computed

using a multiplication block from the DQsym library, as
implemented in MATLAB/Simulink.

components ZP»* alongside the pointwise error between
the two methods, which remains on the order of 107'4
pu throughout the simulation window, confirming that the
DQsym multiplication block reproduces the EMT result to
numerical precision. Table 1 further quantifies this agree-
ment via an FFT analysis: the magnitude and phase of
each harmonic component from DC up to the 10" order
are identical between the EMT and DQsym results to the
number of decimal places reported, with a total harmonic
distortion of 334.95% in both cases.

B. RLC CIRCUIT

To verify that the proposed DQsym formulation and its state-
space implementation are correct, a simple RLC test circuit
is used as the first validation case. The test system is a series
RL circuit with a resistor R and an inductor L, supplying a

656

— 7 [EMT]- — - Z [DQsym]

10 [ [a] T T T ]
0 —»\/\/\/\A\/\/\/\/\.\/\/\/\A\/\’\/\
—10 o 1 1 1 ]
10 N [b] T T T ]

[ [1=2.987 % 10"

0.04 0.06 0.08

Time [s]

0 0.02

FIGURE 4. Output signal Z‘f;";zh 0)= xg&’,’f(S) - y§.0#(5) from the
DQsym multiplication block compared with EMT results (top
three subplots), and the corresponding pointwise error (bottom
three subplots). The phase a error lies within +5 x 1014 pu;

phases b and c exhibit a mean error of . = 2.987 x 1075 pu.

TABLE 1. FFT analysis comparison: Z[EMT] vs. Z[DQsym].

Freq. H Comp. H Mag.gmT ‘ Ph.gyr H Mag.po H Ph.pq
(Hz) (%) (°) (%) ©)
0 DC 114.70 90.0 114.70 90.0
50 Fnd 100.00 77.2 100.00 77.2
100 h2 101.99 111.3 101.99 111.3
150 h3 104.84 194.6 104.84 194.6
200 h4 170.52 —73.1 170.52 —73.1
250 h5 75.30 —7.5 75.30 —7.5
300 h6 89.65 148.3 89.65 148.3
350 h7 108.15 174.2 108.15 174.2
400 h8 139.42 154.7 139.42 154.7
450 h9 52.07 167.5 52.07 167.5
500 h10 119.01 175.7 119.01 175.7

load made of a parallel resistor R and a capacitor C. The
source voltage contains harmonics up to the 5th order. The
circuit is built in MATLAB/Simulink using blocks from
the Specialized Power Systems (SPS) library together with
the DQsym state-space block, as shown in Fig. 5. First, the
differential equations to capture the system dynamic are
written as in (35), where ¢ € {a, b, c}.

dig
dt

dVC! . VC,
c dt‘0=z¢,——*". (35)

L

= Vip — Ve — Ryplp,

Second, rewrite the equations (35) in terms of dynamic
phasors, by replacing the state variables, inputs, and
time derivatives with their corresponding DPs as in (36a)

VOLUME 13, 2026
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V(]

Rl L

@ ()

Vioad

§ — Q)

FIGURE 5. Overview of RLC test case in both the SPS and
DQ@sym library blocks.

— Vo[EMT] — — — — V,[DQsym]
Z. 5 T T T T T T T
&
g0 :
6 75 1 1 1 1 1 1 1
=0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
— I,[EMT] — — — — I,[DQsym]|
= ‘21 T T T T T T T
+ o -
£ of y
2 A ) . . f L |
© 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
— . x10713 Vo ====V, Ve
Z )
= O b——=
I
Eq: _5 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
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FIGURE 6. Comparison of phase-a voltage and current
responses of the RLC circuit obtained from EMT and DQsym
simulations.

and (36b),

d
Lo Cighe = (Vopde = Vel = (Ryg + jkwoL)ip)x (362)

d 1
C e = G = (E n jkaC) (Ve (36b)
@ = [ Too]'» (@ =[(epn]  (360)

Finally, transformations are applied to represent the RLC
model in the DQsym frame. As in (20), the kth DP compo-
nents are first mapped into orthogonal components and then
rotated by Tre SO that each retained harmonic is expressed
in DQ variables. The state and input vectors are given in
(37), where j € {p,n,z}, with the states corresponding to
the inductor current and capacitor voltage. Each state and
input variable is complex-valued, where R{-} corresponds to
the d component and J{-} corresponds to the ¢ component.

T = Tpo. Ty (D0 = T (R, (@ = T (i),

pnz pnz pnz
@% = [y @M, @ =@M 3D

The circuit parameters are first selected, after which the
corresponding state-space matrices are formed explicitly and
provided to the DQsym block without further adjustment.

The DQsym implementation closely matches the time-
domain voltage response of the RLC circuit. The EMT
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FIGURE 7. FFT-based spectral of current measured in the RLC
circuit using DQsym models, with corresponding Total
Harmonic Distortion (THD) values confirming consistency in
harmonic content with EMT.

TABLE 2. FFT analysis comparison: EMT vs. DQsym-RLC
circuit.

Freq. H Comp. H Mag.gmt || Phepmr Mag.po H Ph.pq
(Hz) (%) °) (%) )
0 DC 10.24 90.0 10.24 90.0
50 Fnd 100.00 95.1 100.00 95.1
100 h2 46.33 227.2 46.33 2272
150 h3 16.29 210.3 16.29 210.3
200 h4 10.22 203.1 10.22 203.1
250 h5 7.56 198.9 7.56 198.9
300 h6 6.04 196.1 6.04 196.1
350 h7 5.05 194.2 5.05 194.2
400 h8 4.35 192.8 4.35 192.8
450 h9 3.83 191.7 3.83 191.7
500 h10 342 190.9 342 190.9
550 hll 3.09 190.2 3.09 190.2
600 hi12 2.82 189.7 2.82 189.7
650 h13 2.59 189.3 2.59 189.3
700 h14 2.40 189.0 2.40 189.0
750 h15 2.24 188.8 2.24 188.8
800 hl6 2.09 188.6 2.09 188.6
850 h17 1.97 188.4 1.97 188.4
900 h18 1.86 188.3 1.86 188.3
950 h19 1.76 188.2 1.76 188.2
THD T 5279% [ — ] 5279% [ —

and DQsym phase waveforms overlap almost exactly, with
a maximum error of 5 x 1073, as shown in Fig. 6. In
addition to waveform comparison, the frequency content
is analyzed using the FFT tool in MATLAB/Simulink as
illustrated in Fig. 7 and quantified in Table 2. The per-
harmonic magnitudes and phases obtained from both models
are identical to the number of decimal places reported, and
the THD values agree exactly at 52.79% for both EMT and
DQsym. This exact agreement is consistent with the linear,
non-multiplicative structure of the RLC equations (35): since
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no harmonic convolution is involved, no per-step truncation
error is introduced, and the DQsym state-space integration
reproduces the EMT result to numerical precision across all
retained harmonic orders.

C. HYBRID AC/DC IEEE-9 BUS NETWORK

To verify that the proposed DQsym formulation and its state-
space implementation can simulate hybrid AC/DC power
networks, a modified Hybrid AC/DC IEEE 9-bus system
is considered. The generators in the original IEEE 9-bus
network are replaced with ideal AC voltage sources. As
a result, mechanical dynamics such as rotor angle and
speed are not included, and the system is treated purely as
an electrical network governed by Kirchhoft’s voltage and
current laws.

The system is further modified by replacing the transmis-
sion line between Bus 1 and Bus 2 with a point-to-point
HVDC link based on Modular Multilevel Converters
(MMCs). This introduces additional electrical components,
including converter arm inductors, arm capacitor voltages,
and the DC-link circuit. These elements add new differential
equations to the network model. Consequently, the state
vector is expanded to include both AC network and HVDC
converter states, and the system matrices are updated to
capture the interaction between the AC system and the
HVDC link.

To obtain the state-space representation, the same proce-
dure used for the RLC test case is followed. The circuit
equations are first written in the time domain, and the
inductor currents and capacitor voltages are selected as state
variables. The required transformations are then applied to
express the complete network model in DQsym coordinates.
Given its importance, only the MMC modelling will be
explained in detail.

By assembling all equations into a matrix, the overall
system is written in standard state-space form. Since the
generators are modeled as fixed-voltage sources, the state
matrix captures only the electrical behavior of the network
and does not include the mechanical dynamics of the gen-
erators.

For all DQsym simulations of the IEEE-9 bus MMC-
HVDC, the harmonic series is truncated to order N = 5,
retaining the DC component and the first five harmonic
orders for each sequence (p, n, z). Higher-order harmonic
content present in the EMT reference but outside this
retained set is not represented in the DQsym state vector,
and its effect on the THD comparison is discussed in
Section IV-E.

D. MMC IN DQSYM FRAME

An MMC phase leg consists of an upper and a lower arm
connected between the DC bus and the AC terminal. Each
arm contains a series inductor L,,,,, resistance R,,,,, and an
equivalent capacitor representing the sum of the submodule
capacitors. The AC side is connected to the network through
an equivalent filter impedance. To simplify the model, the
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arm average representation is used. In this approach, each
arm is described by an equivalent capacitor voltage and a
controlled voltage source defined by the modulation signal.
This captures the main electrical behavior without modelling
individual submodules.

The modulated arm voltages and currents are as in (38),
pela,b,c):

u U U ) 1.1
Ving = MVeps  Vimp = MyVeys

u 4 1
Iy = m¢l¢, Iy = Myl (38)
where my; and mf‘J are the upper and lower modulation

indices. For analysis, it is convenient to use sum and
difference variables:

A _ ol
lp =y~ Ly
A u )

— z
Vep = Vep = Vep>r Ve

=33+ 1)),
= 3 + Vey)- (39)
Here, ijA. is the grid current and i? is the circulating current
inside the converter. T = [1 1 1]7 and © denotes element-
wise multiplication of vectors. Using these definitions, the
AC-side current (40a), circulating current (40b), and capac-
itor voltage dynamics (40c) are as follows. These equations
define the averaged nonlinear MMC model.

A

1
ac Y _ aciA A
eqz = \7::; eql<p Vnup’ (403.)
diz
¢ dc 7 7 )
armE = 71 - Rarmltp - 17’"90’ (40b)
‘72
Co _ 1A ~7A Sy A
2Carm7 = 3M, O, + 1y O iy,
a7
WY 125 A SA X
2Carm7 = M, O I, + niy © i (40c¢)

The above equations are rewritten in dynamic phasor form
by replacing each variable with its harmonic component (- ).
The state vector and the input vector are given in (41a),
and then transformed to the DQsym frame following the
procedure in (20), yielding (41b) where j € {p,n,z} and
each variable is complex-valued.

@ =W G Togw e nl’

G =By e B Vaes @l
@M= 1@ B @

i = (v >"" TN T )T (@1b)

The MMC station controller generates control signals at
the fundamental frequency using a phase-locked loop (PLL)
and includes second-harmonic control to reduce internal
circulating currents. The control system contains an active
power controller, a reactive power controller, and a current
controller. All controllers are implemented as PI controllers.
Since both the controller and the system model use the same
dq representation, no extra coordinate transformations are
required. Only the positive-sequence fundamental-frequency
components are needed, which can be directly obtained from
the measured voltages and currents.
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Vde

Lde ? i]L

FIGURE 8. Circuit diagram of the MMC converter showing the
grid current, positive and negative arm current directions.

I BUSS
vs2 T2 |1 I —I Tr3 vs3

BUS5 — BUS6

BUS2 BUS7 I BUS9  BUS3

BUS4

Tri

BUS1

FIGURE 9. A diagram of the IEEE 9-bus system extended with a
point-to-point HVDC system, MMC converters connected
between bus 1 and bus 5.

The overall system model is obtained by combining the
individual state-space representations of the network and
the point-to-point HVDC MMC transmission system into
a single, unified set of equations.

E. COMPARISON OF DQSYM SIMULATIONS AND EMT
SIMULATIONS

Figs. 10-13 compare the EMT reference simulation with
the corresponding DQsym simulation. Both models are
implemented in MATLAB/Simulink: the EMT model using
the SPS library blocks and the reduced-order model using
the DQsym library.

Figure 10 presents the Bus 1 and Bus 2 currents together
with the corresponding phase errors between EMT and
DQsym. Prior to the active power step at ¢+ ~ 5.0 s,
the error remains within approximately 0.005 kA (5 A),
corresponding to about 0.35% (0.0035 p.u.) of the base
current (Ipyse = 1.44 kA). Immediately after the step, the
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FIGURE 10. Comparison of bus 1 and bus 2 currents and the
corresponding error between all phases obtained from EMT and
DQsym simulations.
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FIGURE 11. Comparison of phases-a upper and lower arm
currents for MMC 1 in response to a change in active power,
and the corresponding error between all phases. obtained from
EMT and DQsym simulations.

maximum transient deviation reaches approximately 0.5 kA,
i.e., about 34.7% (0.347 p.u.). This transient error decays
rapidly, and the post-transient deviation settles to less than
0.02 kA (20 A), corresponding to about 1.4% (0.014 p.u.).

Figure 11 compares the phase-a upper and lower arm
currents of MMC 1 (converter station) and their corre-
sponding errors. Before the step change, the error is within
approximately 0.02 kA (20 A), i.e., about 1.4% (0.014 p.u.).
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Upper arm current

I[EMT] — — — — I,[DQsym)]

TABLE 3. MMC station data.

Parameter & Description Value

Current [kA]
s o
PR RN

Sp: Base power 1000 MVA
1 1 1 L Rarm: Arm resistance 166 m$2
8 5 5.9 5.4 5.6 5.8 Rg: Equivalent transformer resistance 400 m$2
. Lower arm current LIEMT] == — — L[DQsym] Ry, Equwal?nt load resistance 240 Q
j 1E T T T T 5 Larm: Arm inductance 52.94 mH
~ 05F L Equivalent transformer inductance 52 mH
0 C': Submodule capacitance 1.758 mF
g 0.5 4 ; ; : g Ny : Number of submodules 216
@) 48 5 5.2 5.4 5.6 5.8 wg: Fundamental grid frequency 27 - 50 rad/s
I, ————1 I, Vbc: Rated pole-to-pole DC voltage 640 kV
T T T T Vpcc: Rated line-to-line PCC voltage 400 kV
LC 0.2} B Vsec: Rated transformer secondary voltage, line-to-line 333 kV
o 0 0.005 _ 0.01 _ K;'O“t: Output current controller proportional gain 0.6 A/V
g -0.005~ -0.017 K?*°"%: Output current controller integral gain 6 A/(V-s)
= -0.2F I I b K ;? : Reactive power controller proportional gain 0.167 A/V
4.8 5.4 5.6 5.8 KLQ Reactive power controller integral gain 1 A/(V-s)
I, ————1, 1. K;’z: Zero-sequence circulating current controller proportional gain 1 AV
= 02} i I ] Kf’z: Zero-sequence circulating current controller integral gain 5 A/(V-s)
24
= 0.005 g w \ 0.01
. S | o
5 Or—=o005° W\MWNM 501 ) .
& 0.2} | | TABLE 4. FFT analysis comparison: EMT vs. DQsym-MMC 1
L 1 upper arm current.
4.8 5.4 5.6 5.8
T } Freq. Comp. Mag.gmt Ph.gvr Mag.pq Ph.po
ime [s] (Hz) (%) ©) (%) ©
0 DC 47.19 270.0 46.52 270.0
FIGURE 12. The error between phases-abc upper and lower 50 Fnd 100.00 147.0 100.00 1458
arms currents for MMC 2 in response to a change in active 100 h2 54.44 —51.1 49.69 —51.2
power, and the corresponding error between all phases. 150 h3 22.50 —21.9 20.08 —28.6
obtained from EMT and DQsym simulations. 200 || h4 10.95 40.9 10.39 41.8
250 h5 741 —5.3 6.61 —-0.9
300 h6 4.76 —-9.9 4.85 —13.7
Fundamental (50Hz) = 2141, THD= 61.41% 350 || b7 391 —5.2 745 —7.6
- r . . 400 h8 3.29 —3.6 2.96 —5.2
450 h9 2.87 —1.7 2.54 —-3.1
a0l [EMT] | 500 || h1o 2.58 —0.1 228 —1.2
~ 550 hll 2.36 0.3 2.08 —0.1
S ] 600 h12 2.15 0.6 1.91 0.1
S 208 650 || n13 1.99 LI 1.75 06
= 700 hl4 1.84 1.4 1.63 1.1
.g 0 750 hl5 1.72 1.8 1.52 1.3
g 0 200 400 600 800 1000 800 || hi6 1.61 2.0 1.42 17
LE Fundamental (50HZ) =2170 ’ THD= 55.94% 850 h17 1.51 22 1.34 1.9
5 ! I f i 900 hi8 1.43 24 1.27 2.1
o
< a0l [DQsym] | 950 || h19 135 26 1.20 23
<
o> THD H 61.41% H — H 55.94% H —
< 20t 1

0 200 400 600 800 1000
Frequency (Hz)

FIGURE 13. FFT-based spectral MMC 1 upper arm currents from
DQ@sym blocks, with corresponding Total Harmonic Distortion
(THD) values confirming consistency in harmonic content with
EMT.

Following the active power step, the maximum transient
deviation reaches approximately 0.2 kA, corresponding to
about 13.9% (0.139 p.u.) of the base current. The error
then decreases and remains below 0.04 kA (40 A), i.e.,
about 2.8% (0.028 p.u.), during the post-transient period.
The upper-and lower-arm responses remain balanced, and
the error profiles are comparable across phases.

Figure 12 shows the phase-abc upper and lower arm
currents for MMC 2 (inverter station) and the corresponding
error between EMT and DQsym. Before the step, the
deviation is within approximately 0.005 kA (5 A), or 0.35%
(0.0035 p.u.). After the active power change, the maximum
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transient deviation reaches approximately 0.2 kA (about
13.9%, or 0.139 p.u.), and subsequently decays to less than
0.01 kA (10 A), corresponding to about 0.69% (0.0069
p.u.). The error magnitudes are consistent across phases and
between upper and lower arms, confirming strong agreement
once the transient subsides.

Figure 13 compares the FFT spectra of the MMC 1 arm
currents, with per-harmonic magnitudes and phases reported
in Table 4. The fundamental (50 Hz) component is 2141 in
EMT and 2170 in DQsym, a difference of 29 (approximately
1.35%). The total harmonic distortion (THD) is 61.41% in
EMT and 55.94% in DQsym, corresponding to a difference
of 5.47 percentage points. Two distinct mechanisms con-
tribute to this discrepancy.

The first is harmonic truncation. The DQsym simulation
retains harmonics up to order N = 5, so any energy that the
EMT model places in harmonics above the 5th order is struc-
turally absent from the DQsym reconstruction. Since THD
aggregates all harmonic content above the fundamental, this
absence biases the DQsym THD low relative to EMT by
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TABLE 5. Computational performance comparison: EMT vs.

DQsym.
Test Case ‘ States || Step (s) ‘EMT (s) DQsym DQsym
MATLAB (s) || C++ (s)
RLC Circuit 6 2% 10°° 2.583 16.714 0.083
Single-Station MMC 18 2% 107° 19.424 91.000 19.241
Point-to-Point HVDC 34 2x107° 16.200 217.806 —

construction, and is not indicative of inaccuracy within the
retained harmonic orders.

The second mechanism affects the retained harmonics
themselves and is specific to components with multiplicative
dynamics such as the MMC. The capacitor voltage dynamics
(Eq. (40c)) involve a convolution—integration—convolution
chain at each time step. The modulation and current signals
are first multiplied via harmonic convolution to update
the capacitor voltage states <‘7§‘,¢>k and (Vg ). which are
then integrated, and the updated capacitor voltages are
subsequently multiplied again with the modulation signals
to compute the arm voltages v, and Vﬁmzﬁ' At each convo-
lution step, cross-terms above order N = 5 are discarded
and this per-step truncation error € is integrated into the
capacitor voltage states and recirculates through the closed-
loop controller at every subsequent time step. Over 5 x 10°
integration steps (Ar = 2 X 1075 s, tena = 10 s), these
errors compound and introduce a systematic bias into the
retained harmonic magnitudes. This explains the discrep-
ancies observed in h2 (54.44% EMT vs. 49.69% DQsym)
and h3 (22.50% vs. 20.08%), and is consistent with the h7
result (3.91% EMT vs. 7.45% DQsym), where accumulated
truncation error aliases back into the 7th harmonic across
the integration window. This mechanism is absent in the
static multiplication validation (Section IV-A), where inputs
are exactly band-limited to order N and the multiplication
result is reproduced to numerical precision (~ 107'* pu),
and in the RLC case (Section IV-B), where no multiplicative
dynamics are present.

Despite these discrepancies, the per-harmonic phase
agreement reported in Table 4 is strong across all retained
orders, and the dominant harmonic components occur at
consistent frequencies in both models, confirming that
DQsym correctly tracks the harmonic structure of the sys-
tem within the retained set. Both mechanisms reflect the
accuracy-versus-truncation-order trade-off inherent to the
proposed framework.

F. COMPUTATIONAL PERFORMANCE

Table 5 summarizes the computational performance of the
proposed DQsym framework across the three test cases
considered in this work, reporting the number of harmonic-
domain states, the simulation time step, and the wall-clock
execution time for a 10-second simulation run. All simu-
lations were carried out on a Dell Latitude 7440 laptop
equipped with a 13th Gen Intel Core 17-1365U processor
(1.80 GHz) and 16.0 GB of RAM, running Windows
11. The DQsym library is developed and tested using
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MATLAB R2024a with core functionality relying on
Simulink and Simscape Electrical, with additional depen-
dencies on the Signal Processing Toolbox and DSP System
Toolbox. Results are compared against an equivalent EMT
model implemented in MATLAB/Simulink, and where avail-
able, against the C++ reimplementation of the DQsym
framework.

The MATLAB-based DQsym library [19] is consistently
slower than the EMT reference across all three test cases.
For the RLC circuit, the DQsym MATLAB implementation
requires 16.714 s compared to 2.583 s for EMT, a slow-
down of approximately 6.5x. For the single-station MMC,
execution time increases from 19.424 s (EMT) to 91.000 s
(DQsym MATLAB), and for the point-to-point HVDC case
the DQsym MATLAB library requires 217.806 s against
16.200 s for EMT. This consistent overhead reflects a known
limitation of the current MATLAB-based implementation.
As the number of harmonic-domain states grows, the matrix
assembly and algebraic operations incur significant inter-
preter overhead that offsets any reduction in integration
steps.

The C++ reimplementation substantially mitigates this
overhead. For the RLC circuit, the C++ implementation
executes in 0.083 s, a speedup of approximately 31x
over the EMT reference. For the single-station MMC, the
C++ implementation reduces execution time to 19.241 s,
approaching the EMT reference of 19.424 s. These results
confirm that the interpreter overhead is the dominant bottle-
neck in the MATLAB-based DQsym library rather than an
intrinsic limitation of the DQsym framework itself. Extend-
ing the C++ implementation to the point-to-point HVDC
case and to larger multi-terminal systems is a primary
objective of future development.

The time step used in these simulations (At = 2 x 107>
s) matches that of the EMT reference, chosen to ensure
a fair comparison of accuracy rather than computational
speed. The primary objective of DQsym is not to achieve
faster simulation through a larger time step, but to provide a
structured harmonic-domain state-space representation that
supports systematic network assembly and is compatible
with eigenvalue-based stability analysis. Computational per-
formance gains through larger admissible time steps are
expected as the framework matures and will be explored
in future work.

V. CONCLUSION

This paper presented the DQsym simulation framework
for harmonic-domain modelling of IBR-dominated power
systems. The central contribution is a set of explicit math-
ematical rules governing dynamic phasor operations in the
DQsym frame. Specifically, a harmonic convolution theorem
for multiplication of truncated Fourier series, a term-by-
term integration rule that introduces cross-coupling between
the d and g components, and element-wise summation
that requires no additional transformation were derived
and implemented in state-space form. Together, these rules
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enable systematic and repeatable assembly of interconnected
AC/DC network models from modular building blocks.

The framework combines these operations with multi-
ple rotating dq reference frames and positive-, negative-,
and zero-sequence decomposition to represent fundamental
and selected harmonic dynamics in a unified state-space
structure. The approach was validated through benchmark
harmonic interaction studies and an IEEE 9-bus system
extended with MMC-based HVDC transmission. The results
showed close agreement with EMT simulations for both
fundamental and overall harmonic profiles. The observed
THD discrepancy was attributed to harmonic truncation at
order N = 5 and accumulated convolution truncation error
in the closed-loop MMC dynamics, both of which reflect
the accuracy-versus-truncation-order trade-off inherent to
the framework rather than inaccuracy within the retained
harmonic set.

The framework preserves a state-space structure, provid-
ing a foundation for future stability and control analysis.
Future work will focus on extending the approach to
multi-converter and large-scale hybrid AC/DC networks,
validating the framework under unbalanced operating con-
ditions using the positive-, negative-, and zero-sequence
decomposition already embedded in the DQsym transforma-
tion, and exploring its application to system-level dynamic
assessment.

APPENDIX

Proof: The validity of the coefficient expressions in (27)
can be established using mathematical induction on the
harmonic order N. Let us check the correctness of the
coefficient for:

A. BASECASEN=0

For constant signals x(¢) = ag, and y(#) = by, the product is

z(t) = apby, which implies
Co = apby,

Thus, (27) holds for N = 0.

Ci=0, C5=0.

B. BASE CASEN =1
For first-order expansions x(f) = ap+aj sin(wt) +af cos(wt),
and y(7) = by + bj sin(wt) + b cos(wt), their product is

2(t) = x(O)y(1) = aoby + apb; sin(wt) + apb| cos(wt)
+ bpaj sin(wt) + boas cos(wt) + ajb] sin®(wr)
+ aib] cos*(wt) + (a1bi + aib}) sin(wt) cos(wt).
Using trigonometric identities, we group the terms as
2(1) = (aobo + 3aib] + 1aibs)
Co
+ (aibo + apb}) sin(wt) + (aiby + apbi) cos(wt)

o c

1 .. e
+ E(aibj + a{by) sinQuwr)
\—f_'l
G
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1 .
+ E(aﬁ b§ — ajb}) cosQuwt),
~———
G
where the coefficients are consistent with the structure given
in (27). Thus, the case N = 1 is verified.

C. INDUCTION STEP
Assume that (27) holds for Fourier series truncated at order
N:
N
X()=ao+ Y _ (af sin(iwr) + af cos(iwr)), (42)
i=1

N
YO =bo+Y (b
j=1

with 7/(f) = x'(t)y’(¢) satisfies the equation (27), denoted
with Cj, C}” and Cy’, for k € {1,...2N}, respectively.

Now we have to show that it is valied for N + 1, so we
extend x(7) and y(¢) with the (N + 1)-th harmonics:

$ sin(jwr) + b cos(jwr)), (43)

x(1) = X' (t) + ay g sin((N + Dwt) + ajy,; cos(N + Dwt),

XNED()
y(®) =Y () + by sin(N + Dot) + by,

y(N+l)(;)

1 cos((N + Dwt)

(44)

The product expands as

2(t) = x()y(0) = X @)y () + X' (0) y" P (0)
+ Y OxNV@) + XN @0y VD @),
The first and last terms yield valid Fourier series with
harmonics up to order 2N and 2N + 2. Thus, the term Cy
is only influenced by x'(#)y’(f) and xM+D(r)yN*+D (), and
equal to:

! 1 S S C C
Co=Cy+ 5(0N+1b1v+1 +ayi1byi1)
N1
= aobo =+ Z bs -|— ) s

and corresponds to the equation (27a).
The multiplication cross-terms introduce frequencies of
the form j = i = (N + 1), where 1 < i < N, generating

harmonics up to (2N + 1)w. Namely, we obtain that:

N y(N+ 1

= agby | sin(N + Dwt) + apbly | cos((N + Dwt)
N

1
> (E(afbf\, 1 = @by ) cos((N + 1+ iwr)
i=1

1 .
+ E(af»bf\,ﬂ +a;by, 1) cos(N + 1 = i)wt)
1 . e . .
+ E(a,‘-bj\,ﬂ +ajbly, ) sin(N + 1 + wt)
| e . .
+ E(afijH —a;by, ) sin(N + 1 - l)a)t)) ,
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and

y/x(NJr 1)

= boay ;| Sin((N + Dwt) + boay | cos(N + Dwt)

N
1
> (E(bfafv w1 = biad, ) cos(N + 1 + hwr)

i=1

1 .
+ E(bfaij + biay, ) cos(N + 1 = wt)
1 . .
+ E(bfava + biay ) sin(N + 1 + Dwt)
1 . . .
+ E(b,‘.af\,+1 = biay, )sin(N 41— z)a)t)) ,

and thus, they add spectral components to Cf\;]fH 4 = Cj’k.
For '

Chtisi
=C{ + %(afhstH + biayy, £ ajby £ bjay, ),
Cprti
=C{ + %(af N1 T bidy i Faiby . T bijay ),

which together corresponds to the format as in equation
(27b) and equation (27c¢).

Atk =N+1,Cy,, = Cyyy' +aoby,, + boay,, and

N1 = Cyyt +aoby | +boajy ., also correspond equation
(27b) and equation (27c).

Furthermore, the coefficients for when k = 2(N + 1) only
depend on xN*+D(r)yN+D(f) and are equal to:

Gty = E(af\1+1b§v+1 +ay1bys1)s

1
CS(N—H) = E(afv+1bzcv+1 - a;v+1bzsv+1)v

and also satisfies equations (27b) and (27¢c) for k = 2(N+1).
By induction, the coefficient expressions in (27) hold for all
N >0, which completes the proof. [
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