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1 | INTRODUCTION
1.1 | General overview

Monge-Kantorovich distances, also known as Wasserstein distances, are used extensively in
kinetic theory, in particularly in the context of stability, convergence to equilibrium and mean-
field limits. A first celebrated result for the 1-Monge-Kantorovich distance is due to Dobrushin [2,
Theorem 1], who proved the well-posedness for Vlasov equations with C'+! potentials. An explana-
tion of Dobrushin’s stability estimate and its consequences on the mean-field limit for the Vlasov
equation can be found in [5, chapter 1] and [11, chapter 3], and we refer to [ 7, section 3] for a survey
on well-posedness for the Vlasov-Poisson system.
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Regarding the 2-Wasserstein distance, Loeper proved [13, Theorem 1.2] a uniqueness criterion
for solutions with bounded density based on a 2-Wasserstein distance stability estimate using both
a link between the H~!-seminorm and the 2-Wasserstein distance, and the fact that the Coulomb
kernel is generated by a potential solving the Poisson equation. In addition to the Vlasov—Poisson
system, this criterion gives a new proof of uniqueness d la Yudovich for 2D Euler. Beyond bounded
density, Loeper’s uniqueness criterion has been extended for some suitable Orlicz spaces using the
1-Monge-Kantorovich distance by Miot [16, Theorem 1.1] and Miot and Holding [9, Theorem 1.1].

On the Torus, Loeper’s criterion was improved by Han-Kwan and Iacobelli [8, Theorem 3.1]
for the Vlasov-Poisson system, and more recently for the Vlasov-Poisson system with massless
electrons by Griffin-Pickering, Iacobelli [6, Theorem 4.1].

The aim of this work is twofold. The first goal is to generalize Loeper’s 2-Wasserstein distance
stability estimate to p-Wasserstein distances for 1 < p < +o0. The second goal is to extend the
recent stability estimate [10, Theorem 3.1] by the first author relying on the newly introduced
kinetic Wasserstein distance [10, Theorem 3.1] to kinetic Wasserstein distances of order 1 < p <
+00.

1.2 | Definitions and main results

We first recall the classical Wasserstein distance (see [21, chapter 6]) on the product space X X R¢,
with X denoting in the sequel either the d-dimensional torus T¢ or the Euclidean space RY:

Definition 1.1. Let y, v be two probability measures on X x R?. The Wasserstein distance of order
p, with p > 1, between u and v is defined as

1/p
W, (4, v) :=( inf / |x—y|P+|v—w|Pdn(x,u,y,w>> :
mEN(,v) J(xxrd)?

where IT(u, v) is the set of couplings; that is, the set of probability measures with marginals u and
v. A coupling is said to be optimal if it minimizes the Wasserstein distance.

‘We consider two solutions f, f, of the Vlasov-Poisson system on &', with either gravitational
or electrostatic interaction encoded by o = +1, namely,

O, f+v-0,f=VU-V,f=0, oAU :=p;—1, pf:=/fdv (1.1)
Rd
on the torus, and
O, f+v-0,f—-VU-V, f=0, oAU :=py, pf:z/fdv (1.2)
RrRd

on the whole space, with initial profiles f,(0), f,(0), and respective flows Z; := (X;,V;) and
Z, = (X,,V,) satistying the system of characteristics

X=V, V=-VU, X0,xv)=x, V(0,x,0)=uv.
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2252 | IACOBELLI and JUNNE

The flows yield solutions f;(t) = Z,(¢t,,-)»f1(0) and f,(t) = Z,(¢, -, )4 f,(0) as pushforward of
the initial data.

(1) A new LP-estimate for the difference of force fields. Loeper estimates the L?-norm [13,
Theorem 2.9] of the difference of force fields with the Wasserstein distance between the densities.
We extend the L?-estimate to LP for 1 < p < +oco using the Helmholtz-Weyl decomposition of
LP(X) = G,(X) & H,(X) into its hydrodynamic space that we recall (see [3, chapter I1I]):

Definition 1.2. The hydrodynamic spaces are the closed subspaces of LP(X) defined as
G,(X) 1= {u € LP(X); u = Vw forsomew € Wll(;f((\,’)}

and

Hy(X) :={ueCxX); divu=00onxX}.
Remark 1.3. Note that this decomposition breaks down for p = 1 or p = +o0 and does not hold for
general domains in L?. It is equivalent to the solvability of a Neumann problem (see [3, Lemma

I11.1.2]), while an orthogonal decomposition in L? is always possible, whatever the domain is.

In our setting; that is either on the torus or on the Euclidean space, the Helmholtz-Weyl
decomposition holds [3, Theorems III.1.1 and III.1.2];

Theorem 1.4 (Helmholtz-Weyl decomposition). The Helmholtz—Weyl decomposition holds for
LP(X), forany 1 < p < +oo0; that is,

LP(X) = G,(X) @ H,(X).
Moreover, when p = 2, this decomposition is orthogonal.

The validity of the Helmholtz-Weyl decomposition implies the existence of an Helmholtz-Weyl
bounded linear projection operator (see [3, Remark III.1.1])

P, : LP(X) — H,(X)

with range H,(&) and with G,(&) as null space. More precisely, there is a constant CPp > 0 that
only depends on p and & such that for all u € LP(X), it holds

IP,llrecx) < Cp lullzoca)- (1.3)

Using optimal transport techniques, Loeper manages to link the strong dual homogeneous
Sobolev norm and Wasserstein distances between densities, and we recall those notions:

Definition 1.5. Let 1 < p < +00. The homogeneous Sobolev space is the space

wie) = {lgl g e WP, VgeLl)},
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where [-] :={- + ¢; ¢ € R} denotes the equivalence class of functions up to a constant, together
with the norm

Ilg1llyirecey 2= IVallLer)-
This is a Banach space for which the equivalence classes of test functions
D(X) :={[¢]; ¢€CIX)}
are dense in it (see [17, Theorem 2.1]).

Definition 1.6. We define the dual homogeneous Sobolev space W—1P(X) to be the topological
dual of W' (X) equipped with the strong dual homogeneous Sobolev norm. For a function h with
| h =0, by density,

||h||W71,p(X) 1= sup {/Xh[g] dx; g€ Wl,pf()(), ”[g]HWLP’(X) < 1}

= sup{ /X hlgldx; ¢ € DW), ||[¢]||W1,p/(x)<1}.

First, we extend this connection for densities to LP. Using the machinery of Helmholtz-Weyl
decomposition, we generalize [13, Lemma 2.10] into the following:

Lemmal.7. Let p;, p, € L*°(X) be two probability measures, and let U, satisfy cAU; = p; for X =
R, or oAU, =p; —1forX = T4, withi = 1,2, 0 = +1, in the distributional sense. Let 1 < p < +o0.
Then there is a constant Cyyy > O that only depends on p and X such that

IVU, = VUslILex) < Cuwller = p2lly-1ocx)- (1.4)

Second, we adapt Loeper’s argument of the L?-estimate [13, Theorem 2.9](see also [20,
Proposition 1.1] in bounded convex domains) relating negative homogeneous Sobolev norms to
Wasserstein distances with this new link on force fields to get the new LP-estimate allowing us to
generalize stability estimates;

Proposition 1.8. Let p,, p, € L®(X) be two probability measures, and let U; satisfy cAU; = p; for

X =R% 0rcAU,; = p; — 1 for X = T4, withi = 1,2, 0 = +1, in the distributional sense. Let 1 < p <
+00. Then there is a constant Cy > 0 that only depends on p and X such that

1 ’
VU, — VUz”u)(;{) < Cyw max {||P1||Lw(x)a ||P2||L°°(X)} /P Wp(Pppz)- 1.5)
(2) Loeper’s stability estimate in W ,. Loeper noted [13, Lemma 3.6] that both the Wasser-

stein distance of order two of the solutions and of the associated densities are bounded by a flow
quantity Q given by

Qt) := / 1X1(t, %, 0) = X, (t, x, 0)|° + |[V1(t, x,0) = V,(t, x,0)|” df°(x, v),
RIXRA
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and the bounds read as

W3(f1(0), () < Q®),  W3(pys, (1), py, (D)) < Q). (1.6)

Loeper uses the quantity Q(t) together with the L?-estimate on the force fields to prove the stability
estimate [13, Theorem 1.2] leading to the uniqueness of weak solutions. By modifying the quantity

Q(t) to

Q,(1) :=/( o |X1(8,x,0) = X, (£, y, W[ + |V, (£, x,0) = Vy(t,y, w)|? dry(x, v, y, w)
XXR

= /( 0 |x —y|? + |[v—w|P dm,(x,0,y, w),
XXR

where 7, € II(f,(¢), f,(t)) and 7, is an optimal w, coupling (see [6, section 4] for a construction
of 7,), we are able to generalise Loeper’s stability estimate [13, Theorem 1.2], and [8, Theorem 3.1]
both on the torus T¢ and on the whole space R?, to any Wasserstein distance of order p, with
1< p<+o0;

Theorem 1.9. Let f1, f, be two weak solutions to the Vlasov-Poisson system on X with respective
densities

o= [ fdo by = [ oo
R R

Let1 < p < +o0, and set

/

1/p
Mﬂ:MMWWW+Mﬂm%@mM“MﬂMWwMMmmm} . @

which is assumed to bein L' ([0, T)) for some T > 0. Then thereis a constant C; > 0 that only depends

on p and d such that if W (f,(0), f,(0)) is sufficiently small so that W (f1(0), f(0)) < (4+/d/e)P
and

W , !
e M > pexp <—CL/ A(s) dS) (1.8)
(4va) ’
then
WE(£1(0), £,(0)) !
Wg(fl(t),fz(t))<(4\/5)p exp{ log M exp (CL</0 A(S) ds> . 1.9)

()

(3) An improved W, stability estimate via kinetic Wasserstein distance. Due to the
anisotropy between position and momentum variables, we use an adapted Wasserstein distance
designed for kinetic problems taking this into account as introduced in [10, section 4]:

85UB017 SUOWILLIOD B8O 3ot jdde au} Aq pausenob a1 Sapiie YO ‘88N JO S3IN1 104 AR1q1T8UIIUO AB]IA UO (SUORIPUOD-PUR-SLLLBIALID A8 I AReIq 1 U UO//SHNY) SUORIPUOD PUe SWIB | 8U3 89S *[5202/80/ST] U0 AIgIaulUO AB1IM ‘WA AISRAIUN [eaIUY0e L A ESOET SWIC/ZTTT OT/I0PAL0D A8 |IM*ARe.q U1 IUO™D0SUTRWPUO|//:SANY W1} papeojumod ‘. ‘v20z ‘02T269%T



STABILITY ESTIMATES FOR THE VLASOV-POISSON SYSTEM IN P-KINETIC WASSERSTEIN DISTANCES | 2255

Definition 1.10. Let u, v be two probability measures on X x R<. The kinetic Wasserstein distance
of order p, with p > 1, between u and v is defined as

1/p
W,lp(,u,v) = < inf D (7r /1)) ,
’ T(u,v)

where D, (7, 1) is the unique number s such that
s —A(s) |x —y|P dn(x,y,v,w) = / v —w|P dr(x,y,v,w),
(Xxrd)? (XxRA)2

with A : RT - R* a decreasing function.

We consider the quantity Dp(t) for 7, and A(t) = ’logDp(t)| (see [10, Lemma 3.7] for the
proof of existence) given by

1
Dp(t) == / /l(t)|X1(t’ X, U) _Xz(t’ Vs w)|p + |V1(tax’ U) - VZ(t’ Vs w)|p dﬂ()(xa v,y w)
D J(xxrd)y2

= l/ AWx —y|? + v —wl|? dm,(x,v,y, w).
P J(xxmrdy?

This quantity also compares to the usual Wasserstein distance W, as does Qp(t), and this allows
us to generalize the recent Iacobelli’s stability estimate [10, Theorem 3.1] to the following:

Theorem 1.11. Let f, f, be two weak solutions to the Vlasov-Poisson system on X (1.2) with

respective densities
=/ fidv, py, :=/ [y dv.
R4 R4

Let1 < p < 400, and set

/

1/p
A®) 2= N, Ollsy + oy, ON, 2 max { o7, (Dll ooy ||pf2(t)||m<x>} , (110

which is assumed to be in L'([0, T)) for some T > 0. Then there is a universal constant ¢, > 0 and a
constant Cyy > 0 that depends only on p and d such that if Wl’,’ (f1(0), £5(0)) is sufficiently small
so that W (f1(0), f,(0)) < pe, and

T
log{wp(fl(m £200) log( WE(f,(0). fz(O))>'} > Cy /0 Al)ds+1,  (LID)

then

Wﬁ(fl(t), f2(0)

2

<pexpy-—

¢
log {Wp(f1(0) f2(0))|log ( Wp(f1(0) fz(o))> ’ }‘ - CKW'/O A(s) ds

(112)

85UB017 SUOWILLIOD B8O 3ot jdde au} Aq pausenob a1 Sapiie YO ‘88N JO S3IN1 104 AR1q1T8UIIUO AB]IA UO (SUORIPUOD-PUR-SLLLBIALID A8 I AReIq 1 U UO//SHNY) SUORIPUOD PUe SWIB | 8U3 89S *[5202/80/ST] U0 AIgIaulUO AB1IM ‘WA AISRAIUN [eaIUY0e L A ESOET SWIC/ZTTT OT/I0PAL0D A8 |IM*ARe.q U1 IUO™D0SUTRWPUO|//:SANY W1} papeojumod ‘. ‘v20z ‘02T269%T



2256 | IACOBELLI and JUNNE

The improvement of this stability estimate (1.12) of Theorem 1.11 via p-kinetic Wasser-
stein distance compared to Loeper’s stability estimate in W, (1.9) of Theorem 19 lies
in the order of magnitude of the time interval in which the two solutions are close
to each other in Wasserstein distance. Indeed, if Wf,)( f1(0), f,(0)) = 8 <« 1, then Loeper’s
stability estimate yields WS( f1@), f,(£)) $1 for t € [0,1og(]logd|)] while the kinetic stabil-
ity estimates yields a better control of the time interval; Wg( 1), fo(1) 51 for t €0,

Vlogé]].

2 | ANEW LP-ESTIMATE VIA THE HELMHOLTZ-WEYL
DECOMPOSITIONFOR1 < P < 4+
2.1 | Proof of the LP-estimate

Proof of Lemma 1.7. Let [¢] € D(X) be a quotient test function. Note that [ o, — p, = 0 as both
p; and p, are probability measures, an integration by parts yields

[ 18161 =pdx= [ #6, = pydx =0 [ ¥o-(vU, - VU, dx.
X X X

First, we consider the torus case X = T¢: We use the Helmholtz-Weyl decomposition given
by Theorem 1.4 to write any R9-valued test function ® € CX(T¢) as ® = V¢ + g, where V¢ €
Gy (T%)and g € H, (T%) with 1/ p +1/p’ = 1. By definition, there is a divergence-free sequence
of test functions (g; )xepy Whose LP -limit is ¢g. By continuity of the force fields (see [8, Lemma 3.2]),
VU, — VU, € L®(T%), and in particular VU, — VU, € LP(T%). An integration by parts yields

VU, = VU,llLpray = sup {/d ®-(VU, - VU,) dx}
T

1l oy <L

= sup {/ V¢ - (VU, — VU,)dx — lim / div g (U, — U,) dx}
Td k— o0 Td

<
12l ra) <L

=  sup {/ V¢-(VU1—VU2)dx}.
gillell g <t LS

As the projection operator Py:® - gis bounded from LP’(Td) toH p/(Td), we have that
IVl cyiy = g = @llprray < (14 o, )1l

where Cpp, is the constant from (1.3), and we set Cpy =1+ Cpp,. Consider the larger set

{1Vl (yay/Corw <1} 2 {85 198l gy / Corw < 1PNy <1
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that does not depend on ® anymore. By replacing the supremum over this set, we obtain

IVU, = VU,lItprdy < Cpw  sup {/ V¢ - (VU, - VUy) dx}
196, <t LI

= Chpw sup {/ [¢1Co1 — p2) dx}.
IViglll <1 UJTd

P’ (1d)

We conclude by density of quotient test functions D(T%) in WP(T%) and by the definition of the
strong dual homogeneous Sobolev norm.

Second, we consider the whole space case X = R%: Let ¢ € Cg"([Rd) be a test function and set
1/p +1/p’ = 1. We have that U; — U, = 6G, * (p; — p,) almost everywhere, where G, is the
fundamental solution of the Laplace equation. Then, by symmetry of the convolution,

||(3ij1 0y U2”LP([Rd) = sup {/a (Paijd * (1 — P2) dx}
R

19l )<

- {/ (01— £29, Gd*cpdx}
" ol g <1

We denote ¢ = 6x]_Gd * @, and Calderon-Zygmund’s inequality [3, Theorem I1.11.4] yields

“V¢”Lp (Rd) CHWllgolle (Rd)

for some constant Cyyy > 0 which only depends on d and p, so that the supremum can be replaced
by the larger set

{& € W' ®D; I8,/ Crrw < 1} 5 {5 18,,Gt * @1t/ Crrw < Nl sy <1

independent of ¢. We obtain

10x,Ur = 0y, Usll 0/ (may < Criw {/ $(o1 — p2) dx}
~ ||V¢||Lp iy <1

= Cuy  sup { / [¢1<pl—p2>dx},
VI o<t S

and we conclude by definition of the strong dual homogeneous Sobolev norm. O

Before proving our new LP-estimate, we first state the existence of an optimal transport map
adapted to our context;

Theorem 2.1 (Gangbo-McCann [4, Theorem 1.2]). Let p,, p, be two probability measures on X
that are absolutely continuous with respect to the Lebesgue measure. Then

1/p
W1, p2) = <T#ipr11£p2 {/Xlx—T(x)lp dpl(x)}> ,
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2258 | IACOBELLI and JUNNE

where the infimum runs over all measurable mappings T : X — X that push forward p, onto p,.
Moreover, the infimum is reached by a p,(dx)-almost surely unique mapping T, and there is a |-|P-

convex function ¥ such that T =1d — (V |-|P)_1 oV, where we denote (Vh*) by (Vh)™ for a
function h with h* its Legendre transform.

Proof of Proposition 1.8. Let us denote by

pg =[O0 -DT +(2-6)Idy]ue,

the interpolant measure between p, and p,, where T is the optimal transport map of Theo-
rem 2.1. Let ¢ € C°(X) be a test function. By the properties of pushforward of measures, it follows
immediately that

[ #@destor= [ 60 - 1160 + 2= 033 dpy o).
Lebesgue’s dominated convergence theorem yields
j_e /X $(x) dpg(x) = /X V(6 — DT (x) + (2 = 6)x) - (T(x) — x) dp, (x).
Now, by using Holder inequality with respect to the measure p;, we get

- /X $(0)pa(x) dx

1/p

, 1/p'
<([Ivee-vrw+e-oml daw) ([ -1 doro)
X X

, 1/p' 1/p
= (/ |Vé(x)|” dpe(x)> (/ |x = T(x)|” dP1(x)> .
x x

The second term in the product is exactly W, (p;, p,) by Theorem 2.1. For the first one, thanks to
[18, Remark 8], the L*°-norm of the interpolant is controlled by the one of the two measures;

llogll ooy < max {110y [l Loy, 102Nl ooy }-

Therefore,

1/p
d : /
FT / $(x)pg(x) dx < max {|lp; Il e (x)» ”p2“L°°(X)}1/p </ |Ve(x)|” dx> W (P15 02)-
X X

Combining the above estimate with the fact that / p, — p; = 0 and Fubini’s theorem yields

/ [#1()(p,(x) — p1(x)) dx = / P(x)(p2(x) — oy (%)) dx
X X

_ (4
-/ <@ [ #wpe dx)de

, , 1/p’
< max {”plllL‘”(X)’ ||:O2“L°°(X)}1/p </x |V[¢](X)|p dx)

X Wp(pl’ pZ)
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By restricting to quotient test functions [¢] such that [|V[¢]]|, @) S 1, we get the strong dual
homogeneous norm so that

1/p’
ller = Pally-1py € Max { 1oy ey, 1021l oqay )5 Wplors 02,

and we conclude by Lemma 1.7. O
Remark 2.2. Loeper uses extensively that the optimal transport map T is convex to rely on the
gas internal energy theory developed by McCann (see [15, section 2]) to estimate the L*-norm
of the interpolant. Here, we only have | - |P-convexity instead, while still the L*°-estimate on the
interpolant is valid as showed, for instance, by Santambrogio [18, Remark 8]. Loeper gives also
an alternative proof [12, Proposition 3.1] using the Benamou-Brenier formula [1, Proposition 1.1].
The interpolant measure satisfies the continuity equation

9gpg + div,(pgg) = 0

for a vector field vy related to the Wasserstein distance through

[ 100l dest) = WiGey. ).
X
Differentiating both sides of Poisson’s equation gives

AdgUg = —0gpg = div,(pg0g),

and integrating by parts against d,Uj itself as test function yields

/ |69VU9|2 dx = / Pelg * aQVUe dx,
X X
so that
1/2 1/2
18V Usll120x) < ||Pe||Lw(X)W2(P1,Pz) < max {||P1||L°°(X)’ ||Pz||L°°(2()} W,(p1502)s
and the conclusion follows after integrating over 6 € [1,2].

Even though there is a Wp version of Benamou-Brenier formula [19, Theorem 5.28], there is
no analog test function that allows to mimic this proof for LP.

3 | STABILITY ESTIMATES REVISITED FOR WASSERSTEIN-LIKE
DISTANCES

3.1 | Loeper’s estimate revisited

The proof of Loeper’s stability estimate in W, on the torus T4 is similar to [8, Theorem 3.1]
using the new LP-estimate (1.5) from Proposition 1.8. It relies on the modified quantity (see [6,
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section 4])
Qp(t) = / |X1(t9 X, U) _XZ(t’y’ w)|p + |V1(t9 X, U) - V2(t9y9 w)|p dﬁO(x’ 0,y w)
(TdxRd)?2

= /(d o |x =y + [v—w|P dm,(x,v,y,w),
TdxR

where 7, € II(f,(t), f,(¢)) and 7, is an optimal coupling that satisfies the marginal property;
/ ¢(x’ U,Ya w) dﬂt(xa U’y’ w)
(TdxRd)’

= /( ; d(Z,(t,x,V), Z,(t,y,w)) dmy(x,v,y,w), V¢ e Cb((TTd X Rd)z). (3.1)
TdxRd

The last ingredients are the following estimates analog to (1.6) relying on the definition of
Wasserstein distance (see [13, Lemma 3.6]):

WS(fl(t),fz(t)) < Qp(0), Wf,’(Pfl(t),pfz(t)) < Qp(0). (3.2)
3.2 | Kinetic Wasserstein distance revisited

We prove the recent Iacobelli’s stability estimate in W, both on the torus and on the whole space
adapting the proof of [10, Theorem 3.1].

The proof relies on the modified quantity from the kinetic Wasserstein distance (see [10,
section 4])

1
Dp([) == / ;L(t)le(ta X, U) _Xz(t’ y’ w)|p + |V1(taxa U) - VZ(ta ya w)|p dﬂ()(x’ v, ya w)
D J(xxrd)2

1

= —/ AWx —y|? + v —wl|? dr,(x,v,y, w),
P J(xxrd)2

p/2 . . e . .
where A(t) = logDp(t)| , whose specific choice of comes from optimization considerations
that will become apparent in the proof. One is able to bound

D

A A1)
which can be rewritten as

Dy(6) $ DyO[2/7() + 27/ () 10g (D, (1) |

recalling that 4 is a decreasing function and assuming that |log(pr(t)//1(t))| hS ‘logDp(t)|
in some regime. The term inside the square brackets is now optimized considering D,(¢) as a
function of A(t).
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We recall the Log-Lipschitz estimate on the force fields [8, Lemma 3.2], see also [6, Lemma 3.3]
and [14, Lemma 8.1]:

Lemma3.1. Let U, satisfy cAU; = p I 1,i=1,2,0 = +1, on T% in the distributional sense. Then
there is a constant C > 0 such that forall x,y € T4, i = 1,2, it holds

44/d
IVU,(x) - VU,(y)| < Clx -yl log <|x—\_/—y|> oy, = Lleo(ray- (33)

Lemma 3.2. Let U; satisfy cAU; = p I i=1,2,0 = +1, on RY in the distributional sense. Then
there is a constant C; > 0 such that

IVU;ll oo (ray < Cd(”pfi”[,l(Rd) + ”pfi”LOO(Rd)),

and forall x,y € R% with |x —y| < 1/e, i = 1,2, it holds

1
|VU(x) = VU;(»)| < C4lx — y|log <m) <”pfi“L1([R{d) + ”pfi”Lw([Rd))' (3.4)

In particular, forall x,y € R,
|[VU;(x) — VU;(y)| € C4lx — y|(1 +log™(]x — yl))(”Pfi Iz ey + lloy, ”Loo(Rd)), (3.5)

with log™(s) := max{—log(s), 0}.

Proof of Theorem 1.11.
. 1 . »
Dy(t) == AW|X, = X,|" dm
P J(xxrdy?

+ / AOX, = XX — X,) - (V) = Vy) dr
(XxR4)2

+ / |V, - 1/2|1"‘2(V1 -V, - (V, Uy(t,X,) — V, U, (t, X)) dm,,.
(XxRI)2

The last two terms are estimated using Holder’s inequality with respect to the measure 7, and
we have

D,(t) < l/ AD)X, - X,|P dx,
P J(xxrd)?

, 1/p
+ﬂ.1/p(t)(pr(t)) + (pr(t))l/p </(X . |V U, (t,X,) — V, U (£, X))|” d7r0> . (3.6)

xR

Recall the separation of the difference of force fields;

|V U,(t,X5) = V, Ui (6, X)| < |[ViUs(6,X5) = Vo Uy (6, X)) + |V UL (6, X)) = Vi U5 X5)),
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whence
1/p
</ |V, U,(t,X,) = V. U (6, X)) dﬂ'o) < T1(0) + TL(0), (3.7
(XxR4)2
where

1/p
T,(t) := (/ |V U, (t,X,) — V, U, (£, X))|” an> ,
(XxRA)2

1/p
T,(t) := (/ |V U\ (t, X)) — V, U, (t, X )| d7r0> . (3.8
(XxRI)2

First, consider the torus case X = T9: We estimate T, (3.8) using the nondecreasing concave
function on [0, +o0) given by

slog? <@> ifs (4\/E/e)P,

<1>p(s) 1= )
<%> ifs>(4\/5/e)l’,

together with the Log-Lipschitz estimate (3.3) from Lemma 3.1 and (1.10) to get’

1/p
T,(t) < CA(t)(/ @, (]X; —X,|7) dn0>
(TdxRd)2

provided that |X; — X,|” < (4y/d/e)P, but this is always the case because the distance between
points in the torus cannot exceed \/E Thus, by Jensen’s inequality, we have

1/p D, \]"”
T,(t) < CA() [cbp</(TdXRd)2 |x, - X,|° dn0>] < CA(t) lfbp(p/l(l’t) >] .

Now, the considered regime becomes

PPy®) (avdse)". (3.9)

20
D,®\"” D, (t)
Ty () < CA(t)(pM’;) > llog<pl(pt) )

 Note that, as pfi(t) > 0and ||pfI (t)lle(Td) > 1, then ||pfl_(t) = Ulpeo(ray < ”pfl-(t)”L‘”(Td) < A(t) fori=1,2.

so that

+ plog <4\/E>] . (3.10)
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2
We replace A(t) = ‘log D p(t)‘p/ , and consider yet another regime, now dictated by
1
Dy <=, (3.11)
e

so that |10g Dp(t)| > 1. Note that this regime is compatible with the regime (3.9) needed for the
2
function @, in the sense that if pD ,(¢) < (4\/E/e)P holds, then pD ,()/ |10g Dp(t)|p/ < pD,(1) <

(4\/5 /e)P, and as p/e < (4\/2 /e)P, we can only consider the regime (3.11). We estimate the
logarithms in (3.10) in this new regime (3.11) using an elementary inequality valid within this
regime;

pD,(0)

W <2(1+1ogp+ §)|1ogpp(t)|, a1
p

log

and set C, = 2(1 + log p + p/2). Hence, (3.10) becomes

1/p
T,(1) < CA(t)<pfé()t)> [Cp|logDp(t)| + plog <4\/E)] (3.13)

We move to the estimation of T, (3.8). The LP-estimate (1.5) from Proposition 1.8 yields
T(8) < Crw AW (o5, (0), p . (1) (3.14)
recalling (1.10). As (X, (¢), X,(t))4m, has marginals p I3 (t)and p fz(t)’ we can estimate the Wasser-

stein distance between the densities by D, (see [13, Lemma 3.6]). More precisely, by the definition
of the Wasserstein distance, we have

Wy (o (0, p7, (1) = Ix = yI? dy(x,y)

inf /
vEll(ps, (D07, (1) JrdxTd

< [, =y O X0, m)e)
TdxTd
D (t)
= / 1X,(t, x,0) = X5 (¢, y, w)|P dry(x,v,p,w) < P2
(TdxRA)2 At)
2
We replace A(t) = ’log Dp(t)|p/ and the above estimate in (3.14) to get
1/p
D (t)
T,(0) < Cr A ——2—— (315)

IlogDp(l.‘)|p/2
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Putting altogether estimates (3.6, 3.7, 3.13, 3.15) gives in the considered regime (3.11) that

’ 1 _DP(t) p/2—-1 »
Dpt) < — logD (¢t X, —X.1Pd
2 : p /(dequd)z D,(t) ‘ o8 P( )| | 1 2| Ty

+ (pD,()) M+CA(0 Cpm(tﬂ plog (4\/3) + _CinA®

\/|logDp(t)’ \/|10gDp(t)’ ‘

If Dp < 0, then we do not do anything. Otherwise, then the first term in the above estimate is
negative, and therefore

plog(4v/d
D,(0) < (pD,()| 1/ [log D, 0] + cAW| €1/ [tog D, )] 1) + ( >+ CawA® |

\/’logDp(t)| \/|logDp(t)|

As the right-hand side is nonnegative, independently of the sign of D p» this bound is always valid

in the regime, and using that |log Dp(t)’ > 1, together with A(t) > 1, we get

Dy(8) < CxwAOD,(1)4/[log D, 1),

where Cyy 1= p X [1 +C X <Cp + plog <4\/E>> + CHW]. Therefore,

2
Dp(t) < exp —(ﬂ’logDp(O) —CKW/OtA(s) ds> , (3.16)

where Cyy := Cyw/2 depends only on p and d. This implies in particular that (3.11) holds if

T
M(logpp(())( > Cw /0 A(s) ds + 1. (3.17)

It remains to compare D, to the Wasserstein distance between the solutions in the regime (3.11).
By the definition of the Wasserstein distance, as (Z;(t), Z,(t))» 7, has marginals f,(t) and f,(¢),
we have that

wP 1), (1) = inf / x —y|P dy(x,v,y,w
PO = e ol d sy

< / lx = yIP + v —w|? d[(Z1(t),Zz(t))#7TO] (x,v,y,w)
(TdxR4)2

= /qd e X, = X,|P + |V, = V,|P dmy < pD,(1).
X
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For the initial Wasserstein distance, as 7, is optimal, we get

D,(0) < —|logD (0)|/

1
= y1P + o= wl? dry = —|log Dy(0)| W5 (£1(0). £5(0)).
(TdxRd)2 p

which we rewrite as

p() 1

— Wp »(f1(0), 5(0)).
|logD (O)|

Note that, near the origin, the inverse of the function s — s/ |log s| behaves like 7 —~ 7 |log7|. In
particular, there is a universal constant ¢, > 0 such that

N
|log s

<t forsome0<7<c, = 5<prllogr|.

Hence, for sufficiently small initial distance such that Wf,’ (f100), £5(0)) < pcy, then

D, (0) < Wy (£1(0), £,(0))

m(w%mwm@‘

Combining these bounds with (3.16), and recalling (3.17), this implies

WS(fl(t), F2(0)

2

< pexpy—

t
log {Wp(fl(o) f>(0))|log ( Wp(f1(0) fz(o))> ‘ }‘ - CKW-/O A(s) ds

provided WS (f1(0), £,(0)) < pcy and

T
10g< —Wh(f1(0), fz(O))>‘} >CKW/0 A(s)ds + 1.

log {Wp(fl(o) 1>(0))

We conclude the proof of the torus case by [10, Lemma 3.7 and Remark 3.8].
Second, we consider the whole space case X = R?: The only difference lies in the the separation
of force fields. We have to estimate T, and T, defined in (3.8). We split T, in two integrals;

T,(t)P = (/ dr, +/ an)HVxUz(t,Xz) -V, U,(t,x)|"]
|x1-X,|<1/e |x,-X,|>1/e

= 1(t) + L(1).
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On one hand, for I;, using the Log-Lipschitz estimate (3.4) from Lemma 3.2 and (1.10), we get

1
I(t) < CpAp(t) X, —X,|P logf | ———— ) d=n
! d |X1-X,|<1/e | ! 2| |X1 —X2|p 0

< CLAP(D) @, (X, — X, ") dr,.
|x1-X5|<1/e

Applying Jensen’s inequality, we have

pD, (1)
() < CPAP(t)® / X, — X,|P dn, | < CPAP(H)® )
1 ‘ 8 |X1-X,|<1/e | ' 2| ’ d P\ A

On the other hand, for I,, the estimate (3.5) from Lemma 3.2 yields

L(t) < CPAP(Y) X, = X,|P dmy < CPAP(D) PDy(®)
ST X oxyfsiye LA 0N 20

2
Again, we impose the regime Dp(t) < 1/e, with A(t) = |logDp(t)’p/ , so that

At)

pD, 1)\
! A(t)

T,(t) < (I, (6) + L)YP < zl/Pch(z)<

og <pr(t)) + plog (4\/3)

becomes

1/
T < Zl/pCdA(t)<pf(pt()t)> ’ [Cp|10gDp(t)| + plog <4\/E>]

after using the elementary inequality (3.12) valid within the considered regime. The estimation of
T, (3.8) is again a direct consequence of the LP-estimate (1.5) from Proposition 1.8;

T5(8) < Caw AW (o5, (1), oy, (1))

From now on, the proof is the same as in the torus case X = T4 with
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