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Abstract

The interplay of spin and orbital degrees of freedom offers a versatile playground for the
realization of a variety of correlated phases of matter. However, the types of spin-orbital
interactions are often limited and challenging to tune. Here, we propose and analyze
a new platform for spin-orbital interactions based upon a lattice of Wigner molecules
in moiré transition metal dichalcogenides (TMDs). Leveraging the spin-orbital degener-
acy of the low-energy Hilbert space of each Wigner molecule, we demonstrate that TMD
materials can host a general spin-orbital Hamiltonian that is tunable via the moiré super-
lattice spacing and dielectric environments. We study the phase diagram for this model,
revealing a rich landscape of phases driven by spin-orbital interactions, ranging from
ferri-electric valence bond solids to a helical spin liquid. Our work establishes moiré
Wigner molecules in TMD materials as a prominent platform for correlated spin-orbital
phenomena.
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1 Introduction

The complex interplay between orbital and spin degrees of freedom lies at the heart of some of
the most exciting correlated many-body electronic phenomena [1-13]. In the context of quan-
tum magnetism, spin-orbit coupling (SOC) is often responsible for the kinds of anisotropy and
exchange frustrations that stabilize quantum spin liquid states [1-3], while in spintronics, the
coupling between electric and magnetic orders in multiferroics enables electrical control of
magnetism [14-20]. Observing this wealth of phenomena depends on our ability to control
and engineer the underlying spin-orbit interactions. However, in most materials, these inter-
actions are usually dominated by a single term which “locks” the spin to the orbital degrees
of freedom, such as momentum (Rashba SOC) [21-23], valley (Ising SOC) [24-27] and/or
sublattice (Kane-Mele SOC) [28]. Such locking suppresses quantum fluctuations and restricts
our ability to explore more intricate phases of matter.

One tantalizing possibility for shaping spin-orbital interactions lies in the engineering of the
orbital degrees of freedom. Recent work in TMDs lays a promising path for such control [29-
31]. More specifically, in bilayer moiré TMDs [32-34], the resulting superlattice potential
can induce electronic flat bands with localized single-particle wavefunctions [35-37]. With
one electron per moiré site, this setting realizes a spin-ful Hubbard model on the triangular
superlattice [35-40]. However, at a filling of three electrons (or holes) per unit cell, the strong
interparticle Coulomb repulsion at each moiré site can split the electronic charge density into
a localized trimer — dubbed a Wigner molecule [29-31,41-45].

In this work, we show that each Wigner molecule hosts a complex internal structure that
leads to a rich family of spin-orbital Hamiltonians on the triangular lattice [Fig. 1(a)]. Our
main results are threefold. First, we identify the low-energy Hilbert space for each Wigner
molecule, via exact diagonalization (ED), as a degenerate four-dimensional space, charcter-
ized by spin, S = 1/2, and orbital angular momentum, L* = *1, that acts as a pseudospin.
Second, we derive an effective spin-orbital Hamiltonian constrained by symmetries and com-
pute the couplings in this Hamiltonian using perturbation theory, demonstrating that the mag-
netic frustration and anisotropy can be tuned via moiré superlattice length-scale and dielectric
screening. Finally, using a combination of classical energy optimization and large-scale den-
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Figure 1: (a) Charge density in a lattice of Wigner molecules. Each molecule (dotted
circle) hosts three electrons localized at the vertices of an equilateral triangle, collec-
tively forming a breathing kagome lattice. Inset: schematic energy spectrum a single
molecule showing that the ground state manifold is composed of four degenerate
levels: (n?,S*) = (£1,£1/2). (b) Schematic of the local spin and orbital degrees of
freedom interacting on a triangular lattice.

sity matrix renormalization group (DMRG) calculation, we chart out the phase diagram of this
Hamiltonian in the experimentally relevant regime. Specifically, we show that our spin-orbital
model hosts a multitude of intriguing phases. These include not only classical multiferroic
phases where orbital ferroelectricity intertwines with magnetic ordering of spins, but also in-
trinsically quantum phases such as a helical spin liquid characterized by spontaneous circulat-
ing spin-currents without any long-range magnetic order. Collectively, our results demonstrate
how TMD moiré materials offer a powerful and versatile platform for generating and studying
a wealth of new spin-orbital phenomena.

2 Wigner molecule local Hilbert space

We begin by identifying the effective low-energy degrees of freedom of each Wigner molecule.
To do so, we first review how Wigner molecules are formed in moiré TMD heterobilayers
and I'-valley homobilayers [46-50] (such as WS,). In these materials, the low-energy single
particle physics is described by the moiré potential V(r) = —2V, [Z?Zl cos(g,-r+ qﬁ)], where

g = 1/%—2 (sin 23ﬂ, cos %) are reciprocal moiré lattice vectors and a,, is the moiré superlattice
M

spacing. The minima of V(r) form a triangular lattice [Fig. 1(a)].
To understand the structure of the moiré confining potential, we expand V(r) on each site
around its minimum such that

V(r —rp) =Vol(r)~ %kr2 + c35in(360)r3. @)

The confining potential is approximately harmonic (distorted by a weak trigonal moiré crystal
field c3) with an intrinsic oscillator frequency w = +/k/m, where k = 1672V, cos ¢/ a12v1 and m
is the band mass of the electron. Consequently, each moiré superlattice site can host localized
electrons (or holes), with a confinement length-scale £, = (h2/ mk)t/* < ay-

This single-particle description is strongly modified by interactions; intra-moiré-site
Coulomb repulsion imbues the system with a charge gap at integer filling v, while at higher
fillings [v > 2], it modifies the structure of the localized wavefunctions. To this end, let us
consider the following Hamiltonian for each moiré site:

Vv 2
Hsite :Z[p_l+vo(ri)]+zv(ri_rj), (2)

_ 2m —
i=1 1<j
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2 . . .
where V(r;—r;) =% o ! = is the single-gate screened Coulomb interaction.
|ri_rj| \/|ri—rj| +4d§

d, denotes the distance to the metal gate and ¢ = ¢y¢, quantifies the electric screening due to
the dielectric substrate. The presence of strong Coulomb interactions within each site repels
the electrons apart, reshaping the local charge density and forming a Wigner molecule [51-
55], the zero-dimensional equivalent of a Wigner crystal. In contrast to the conventional v = 1
Mott insulator [35,56], the Wigner molecule can host additional orbital degrees of freedom,
whose fluctuations enables novel quantum phases.

We focus on v = 3, where the local charge density takes a ‘three-lobed’ trimer form within
a single molecule [29, 30], resulting in a breathing Kagome lattice [Fig. 1(a)] stabilized by
the trigonal moiré crystal field. The simplest way to understand the low energy manifold of
the Wigner molecule is by focusing on the non-interacting harmonic limit. In this limit, the
single-particle energy eigenstates are given by E(n,[?,s*) = (2n + |I*| + 1)hAw [53], where
each level has a two-fold degeneracy due to SU(2), spin-rotation symmetry of the spin-1/2
electron. The ground state manifold is then easy to obtain: the (n,l*,s*) = (0,0,£1/2)
states are filled with two electrons, while the third electron has four degenerate options,
(n,1?,s*) =(0,£1,+1/2). These states have a total angular momentum of L* = Zle [F=+1
and total spin of $* = Zis:l s = =£1/2. This picture is quite robust. First, the trigonal warping
[c3 # 0 in Eq. 1] reduces the spatial symmetry from U(1) to Cs, so that L* is only defined
modulo 3, yet L* = £1 remain good quantum numbers. Second, the combination of time-
reversal 7 and SU(2), symmetry constrain eigenstates with L* = =1 and S* = +1/2 to remain
degenerate even when strong electron-electron interactions significantly re-shape the charge dis-
tribution. Therefore, below a critical interaction strength, the effective local Hilbert space
remains exactly four-dimensional.

We confirm our intuitive expectation with an explicit ED computation of the spectrum of
Hgire [29,30]. Parameterizing the intra-site interaction strength by the ratio of the intra-unit-
cell Coulomb repulsion, E, = e2/e&, to the harmonic level spacing, A = E./fiw, we find that
for A < A, ~ 4.5, the low-energy state-space remains four-dimensional. This space can be
characterized as a tensor product of two spin-like degrees of freedom: (i) the total spin of
the electrons, represented by S = (§*,S”,S%), and (ii) a pseudospin-half degree of freedom
capturing the total angular momentum L* = +1, represented by n = (n*,n”,n*). Because
the angular momentum is restricted to only two levels, the explicit mapping between L and
7 is given by L* — 7%, 2(L*)? - 1™, and 5(L7)? — n~. Crucially, this mapping shows that,
while 1* remains odd under 7T, the in-plane components of the orbital-pseudospin 1, namely
N = (n*,n”) are even under 7 and transform as a pseudovector under Cs,, (see Appendix D for
a detailed symmetry analysis). This implies that the 2 x 1 behaves as an electrical polarization
that couples linearly to in-plane electric field E;, and ordering of n leads to ferroelectricity.

To conclude this section, we note that for large intra-molecular Coulomb repulsion A > A,
Hund’s rule prevails and the interacting ground state has higher total spin S = 3/2 and
L* =0 [57]. In this limit, SU(2), symmetry constrains the triangular Wigner molecular lattice
to realize a S = 3/2 Heisenberg model, whose ground state is either the ferromagnet or the
120° antiferromagnet [58]. Therefore, in this work, we focus on A < A., where the spin and
orbital degrees of freedom enable a plethora of frustrated magnetic and multiferroic phases,
and turn to deriving the spin-orbital Hamiltonian that describes interacting Wigner molecules
on a lattice.
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Table 1: Point-group and internal symmetry actions on the low-energy degrees of
freedom (S, n) of Wigner molecules at v = 3. The three columns show the result of
each symmetry transformation on the operators S;, n;r, and n?, respectively. Here,
U(#,0) = e 9"S/M indicates SU(2), spin-rotation about A by angle 6, Ca,r; is the
rotation of the vector r; by 27t/3 about the z-axis, M, r; = M, (x;, y;) = (—x;,y;) is a

spatial reflection, and w = e2™/3 is a cube root of unity.
Symmetry Spin (S;) (ij;:udi)spé?ﬁ)
Co || UJ (& 5)Sc,nUs (8. 5F) | ™0l | 2,
M,y (S, =S, ro=Sttyr) | Mty | "Mty
T —S; n; —n;
SU(2), Ul (A,6)8,U; (A, 6) n; n;

3 Effective spin-orbital model

Having understood the low-energy manifold of each Wigner molecule, we can leverage our
understanding of the system’s symmetries to constrain the form of the effective spin-orbital
Hamiltonian. The system exhibits a C;, point group symmetry generated by a three-fold
rotation Cs, and mirror M, about the yz-plane [Fig. 2(a)], as well as time-reversal 7 and
SU(2), spin-rotation symmetry. We list the symmetry actions on the (S, n) operators in Table 1.
Whereas spin-rotation symmetry constrains the spin-spin interactions to be Heisenberg-like,
the reduced rotational symmetry of the orbital pseudospin 0 allows for terms that either cou-
ple to the spin-Heisenberg term or appear as bilinears of 1) operators only. Taken together, the
most general symmetry-constrained Hamiltonian, focusing on nearest neighbor interactions,
is given by (see C for more details):

H=> [(Ju+H, +H,_+HS +H,)S;-S;+(H, +H_+H°’,)],
)
Hz = Jzmin;,

e B
HY =J? ¢ +—fr)l.+nj +h.c.,
_ o+
H$+ _J-(:+(vijni n; +h~C-) >
" B
H, =J,e"% (v:.kjn;’ +vjm; ) +h.c.,

where {J*} denote the different couplings, superscript a takes value s (o) for spin-orbital
(orbital only) terms, and v; i=LlLow, w? for bonds along lattice vectors a;,a,, as, respectively.
The general form of H puts forth an expressive model that captures a wide variety of correlated
spin-orbital physics.

Crucially, the expressibility of H can be accessed in a wide range of materials, notably
heterobilayer and homobilayer TMD stacks such as twisted bilayer WS, [31], and MoS, [59],
heterobilayer WSe, /WS, and twisted double-bilayer WSe, [60]. Given the tunability of these
platforms, both in terms of the choice of van der Waals materials, but also twist angle, applied
fields, and dielectric substrates, this expressibility can translate itself into the experimental
exploration of a wealth of intricate orbital-magnetic phenomena. To highlight some of these
features, we focus on the particular case of twisted bilayer WS,, where a Wigner molecule lat-
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Figure 2: (a) The point group symmetries of 7 on the triangular lattice, with defini-
tions of the lattice vectors a;, and bond-dependent phase factors v;;. (b) Schematic of
direct Coulomb repulsion Jg;c between two Wigner molecules, and their exchange
interaction J, from wave-function overlap. (c) Super-exchange Jgper—ex arising from
virtual tunneling of electrons to excited states with v # 3. Also shown are the charge
gap AE(A) (upper panel) and the drastic modification of Wigner molecular shapes
at v = 2,4 (lower panel).

tice has been experimentally observed [31]; we now proceed to compute the various couplings
for this material platform and study its phase diagram.

The different couplings J* are determined by three distinct physical effects: di-
rect Coulomb repulsion, quantum mechanical exchange, and tunneling mediated super-
exchange [56]. The direct Coulomb interaction naturally couples the orbital degrees of free-
dom; the asymmetric charge density profile at each site generates an electric field which di-
rectly couples to the charge density at nearby sites. Owing to the long-range nature of the
Coulomb interaction, this effect is significant when the distance between neighboring sites
is smaller than the gate-screening length, a,; < dg. By contrast, the exchange interaction
arises from the overlap of different Wigner molecules. Therefore, it is most significant for
small a;; and ¢,, where each Wigner molecule is larger. As a; or ¢, increase, super-exchange
interactions, arising from virtual tunneling of electrons between adjacent Wigner molecules
[Fig. 2(c)], start to dominate over exchange processes. In this regime, spin-spin interactions
become antiferromagnetic, and the system becomes frustrated. Despite this simple descrip-
tion, the nature of the (super-)exchange interaction is qualitatively modified by the orbital
degrees of freedom. Unlike the conventional Hubbard model [56], the shape of each Wigner
molecule is drastically modified as the number of electrons at each site changes [Fig. 2(d)],
inducing more complex matrix elements and orbital-spin interactions. This subtle interplay
manifests itself into a rich phase diagram.

4 Landscape of spin-orbital phenomena
We begin by considering classical phases captured by symmetry breaking patterns in (S) and/or

(m). To this end, we constrain (1) and 2(S) to the unit sphere, and minimize H[(S), (n)]
via manifold conjugate gradient descent [61-63], while considering enlarged unit cells to

6
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Figure 3: (a) Phase diagram obtained by minimizing the energy over classical
(pseudo)spin configurations at (¢,d;) = (45°,20nm). The classical phases are
shown on the left; the Stripe and FM phases are also present in the quantum phase
diagram. Purple arrows denote in-plane (n” >, purple circles () denote positive (n?),
and black dots (®) and crosses (®) denote positive and negative (S*), respectively.
Our results are inconclusive in the cross-hatched region, where the minimum-energy
states have large unit cells, suggesting high degeneracy or incommensurate order.
(b) Corresponding quantum phase diagram from DMRG, showing the emergence of
new phases induced by quantum fluctuations. The in-plane orbital polarization (1)
is shown by purple arrows, and spin-spin correlations on nearest neighbor bonds are
indicated by color (blue represents antiferromagnetic correlations). Note that 1) does
not transform like a vector under the reflection M, so the physical electrical polar-
ization is given by 2 x (1) (see Table 1 and Fig. 5).

capture different translation symmetry breaking patterns.! We fix (¢, dg) = (45°,20 nm),
typical values for WS, [31], and determine the minimum energy configuration of (S), (1) as a
function of (ay;, €, ), which can be directly tuned by stacking and twisting of the TMD materials,
and their dielectric environment, respectively. The resulting phase diagram is summarized in

Fig. 3(a).
The simplest phase to understand is the spin-orbital ferromagnet (FM), which breaks both

time-reversal 7 and SU(2), spin rotation symmetries. This phase occurs when both the spin
coupling Ji; and the spin-orbital coupling J;, are strongly ferromagnetic. The system is no
longer highly frustrated, and both spin S and orbital magnetic moment 1* can exhibit homo-

'In practice, we allow for unit cells up to size 12. In most cases, we obtain better energetics for smaller unit
cells.
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geneous, non-zero expectation values. This offers a different path towards the realization of
spin-orbital ferromagnetism that, unlike anomalous Hall phases in moiré TMDs [64-68], does
not require the engineering of flat bands with significant Berry curvature.

When q,; is reduced, H becomes dominated by the J, term which linearly couples the
in-plane orbital pseudospin 1 to the Heisenberg spin-bilinear on bonds [Eq. 3]. In position
space, the energy of a particular classical configuration can then be understood as follows.
The pattern of spin-correlations on the bonds (ij) generates a local field for n at site i;
the energy of the state is dictated by the strength of the field which determines the orien-
tation of 7 ;. Owing to the C3, symmetry of H, the local field is exactly canceled when the
system exhibits a ferromagnetic spin-ordering with uniform (S; - S;)—therefore, the lowest
energy configuration must exhibit a non-trivial pattern of spin correlations. Indeed, we ob-
serve the formation of a stripe phase where both (1) and (S) display an alternating collinear
pattern, albeit with different periodicities, breaking both translation and rotational symme-
tries [Fig. 3(a)]. Specifically, (1)); ~ a3 cos(2Q; - ;) oscillates twice as fast as the spin density
(S); ~ 2[cos(Qq - r;) + sin(Q; - r;)], with an ordering wave-vector Q, = 7(£ x a3)/(1/§a12w) that
is perpendicular to (n;). Both the period-doubling and the relative orientation of {x) and
Q, can be explained using the Landau theory of stripes [69] — the lowest-order symmetry-
allowed coupling between the local charge density p;, and spin-density (S) takes the form
0p(S)2. Accordingly, spin-ordering at momentum Q; leads to a charge density oscillating at
2Q,, corresponding to a longitudinal electrical polarization at the same wave-vector. This is
indeed borne out by our data: the electrical polarization £ x (n); ~ Q; cos(2Q; - r;) precisely
encodes a charge density? that oscillates twice as fast as the spin-density. Lastly, we note that
the coexistence of antiferroelectricity and magnetism implies that this stripe phase is multifer-
roic, suggesting a new avenue for designing materials with spintronic applications [23].

The rest of the classical phase diagram is either populated by an antiferromagnet, co-
existing with in-plane ferroelectric (AFM/FE) or antiferroelectric (AFM/AFE) ordering (blue
regions in Fig. 3(a)), or by ever more complex patterns of magnetism, characterized by large
unit cells [hatched region in Fig. 3(a), see Appendix E for details]. The prevalence of several
competing magnetic configurations in the classical phase diagram is a strong indication that
quantum fluctuations play an important role in understanding the zero temperature phase
diagram of H.

To this end, we employ large-scale cylinder-iDMRG simulations with circumference
L, = 4—6 to find the quantum ground state of H [70]. The resulting phase diagram can
be divided into three broad categories [Fig. 3(b)]. The first category are the phases already
captured by the classical phase diagram; it includes both the spin-orbital ferromagnet and the
stripe order, whose classical and quantum energy densities are nearly identical [Appendix E].

The second category includes point group symmetry breaking phases that are stabilized
by quantum correlations [Fig. 3(b)]. These correlations give rise to either a Valence Bond
Solid (VBS), where pairs of sites form spin singlets, or phases characterized by decoupled spin
chains that realize one-dimensional Luttinger liquid physics [71].

The VBS phase emerges whenever H is dominated by frustration-inducing antiferromag-
netic interactions. Indeed, the location of this phase matches with the existence of competing
classical configurations with large unit cells; quantum fluctuations drive the system to a VBS
state with a non-collinear in-plane ordering for m over a four-site unit cell. We dub this
phase a ferri-electric valence bond solid (FiE-VBS) phase, as it features an in-plane electrical
polarization owing to the non-zero net value of (n,).

The alternative pattern of C5, symmetry breaking occurs when the spin degrees of freedom
form one dimensional channels rather than singlets. This can either occur along a principal
lattice direction [“Nematic” phase in Fig. 3(b)], or along more intricate paths [“Zigzag” phase

2Recall that the (bound) charge density is given by the divergence of the electrical polarization as p, = —V - P.
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Figure 4: Characterization of the HSL state found at (a,;, €,) = (8.0 nm, 7.0). (a) The
exponential decay of the correlation functions (Sar So >, (ngnﬁ ), and (SéSf) indicates
the lack of long-range order of either S or n*. By contrast, (C5C?) quickly approaches
a constant plateau, signifying the ordering of the spin-currents. (b) The spin- and
momentum-resolved entanglement spectrum exhibits two low-lying modes of oppo-
site momentum and spin, indicating spin-momentum locking. (c) Spin current pat-
tern C;;, which is of equal magnitude and sign on each bond. Since time-reversal is
respected, along each bond, the spins of opposite orientation exhibit opposite cur-
rents of equal magnitude (blue and red arrows). (d) The expectation value of vector
orbital polarization P;; (green arrows) is non-zero and Cs, symmetric.

in Fig. 3(b)]. These patterns of antiferromangetic correlations occur on top of classical order-
ing of 7. This observation offers a simple picture for origin of these states: the local orbital
polarization (n); modulates the spin-spin interaction along different bonds and enhances the
antiferromagnetic coupling along certain paths, thereby inducing strong 1D magnetic correla-
tions in a 2D system [72-74].

The final category exhibits no onsite order and preserves all point group symmetries—this
is the hallmark of a spin liquid state. In the parameter regime exhibiting the greatest compe-
tition between different phases, we observe a state characterized by exponentially decaying
correlations of single-site spin and orbital operators [Fig. 4(a)]. The point group symmetric
nature is clear when considering single site and two-site spin operators, but when focusing on
two-body orbital correlations, it requires additional care. A naive observation of the (nfn}‘)
would suggest that the point group symmetry is broken. However, because this operator does
not transform either as a scalar or a vector under Cs,, it is not an accurate indicator of Cs,, break-
ing. To this end, we construct the orbital bilinear operator P;; = (07 n;' + n?’ n}“ , nfn;.c - nf.’ nY)
that transforms as a vector [Appendix D]; indeed, (P;;) clearly respects the symmetry of the
model [Fig. 4(d)].
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Figure 5: (a) Charge density distribution of the correlated phases that have local elec-
trical polarization, i.e., 2 x (n); # 0, subtracted from a state with no local electrical
polarization ({n;); = 0) and normalized by the maximum density of this unpolar-
ized state. Note that the electrical polarization is always rotated by 90° relative to
the in-plane (7 ); indicated by purple arrows. Each phase has a distinct polarization
pattern that serves as its unique fingerprint in STM.

Remarkably, although the system lacks onsite order and preserves both C5, and translation
symmetries, it breaks the SU(2), spin-rotation symmetry. This is manifest in the spin-current
operator C;; = S; X §;; in Fig. 4(c), we consider Cl.zj on nearest neighbor bonds (ij), showing
that it exhibits long-range order [Fig. 4(a)].® This ordering pattern highlights an intriguing
feature of this phase: even though SU(2), spin-rotation symmetry is broken, time reversal
symmetry is preserved — for this reason we term this phase the Helical Spin Liquid (HSL).

We conclude with a few remarks about the HSL phase. First, the HSL phase features non-
zero expectation values for both bond-polarization P;; and spin-current C;;. This is reminiscent
of a magnetoelectric effect that arises in strongly spin-orbit coupled non-collinear spiral mag-
nets, where a spin-current can linearly couple to the bond-polarization [75], implying that
these observables either both vanish, or are both non-zero. In sharp contrast, the presence
of SU(2), spin-rotation symmetry forbids such a linear coupling between P;; and C;; in the
Wigner-molecular crystal. As such, the bond polarization P;; is generically allowed by sym-
metry and exists in most of the phase diagram, while the spin-current C;; breaks SU(2), and
is non-zero only in the HSL phase. Second, although we only observe long-range ordering for
the spin-current, the spin correlation (S;S.) exhibits a correlation length much larger than
the other local correlation functions. While the exact source remains unclear, the phase of
the correlator matches a periodicity of three sites, suggesting a significant susceptibility to
a 120° ordering that decreases with increasing bond dimension. Finally, the HSL exhibits a
spontaneous, interaction-driven generation of spin-momentum locking in a SU(2), symmetric
setting. This is in contrast to previous proposals for such locking (in time-reversal and SU(2),
symmetric systems), where one either has a mean-field fermionic band picture describing a
topological insulator [76], or higher-body, ring-exchange type interactions [77]. This locking
is most clearly observed by computing the half-system entanglement spectrum [78, 79]; the
low-lying spectrum exhibits two degenerate modes with opposite momentum and opposite
spin [Fig. 4(b), blue and red].

5 Experimental signatures

Having studied the wealth of phenomena supported in this platform, we now turn to a discus-
sion of the requirements and opportunities for their experimental characterization.

*Due to inherent constraints on DMRG, we need to add a small pinning field to see this order in correlators of
the spin-current, see Appendix E2.4.
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To diagnose the presence of magnetic order, scanning SQUID measurements or reflec-
tive magnetic circular dichroism (RMCD) already serve powerful probes of moiré heterostruc-
tures [80-82]; the same tools can be used to explore the orbital ferromagnetism in the spin-
orbital ferromagnetic state in Wigner molecules. By contrast, deciphering the nature of cor-
related phases which lack a net magnetic moment, such as spin/orbital antiferromagnets or
quantum spin liquids, has proven challenging in moiré materials [83-85]. The presence of
an additional orbital pseudospin degree of freedom 1 in Wigner molecules offers new routes
to overcome this challenge. More specifically, because the in-plane component 7 is a time-
reversal even pseudovector and £ x 7| behaves akin to an electrical polarization, one can more
easily address and detect the textures of 1 and probe the underlying ordered phase. Indeed,
both static and dynamical signatures of the electrical polarization can be used to delineate a
large fraction of the phase diagram.

At the static end, spontaneous electrical polarization leads to a re-arrangement of the
charge density distribution, which can be directly visualized via scanning tunneling microscopy
(STM). Specifically, different (1) patterns map onto distinct charge densities, which can be
studied relative to a state with no electrical polarization (e.g., the spin-orbital ferromagnet).
This acts as a fingerprint for the nematic, stripe, zigzag and ferrielectric-VBS phases [Fig. 5].
Unfortunately, the HSL state features no on-site polarization or magnetization; however, as
the only studied state without any form of either order, the observation a featureless phase
flanked by other phases with detectable electric/magnetic order will strongly hint towards the
presence of the HSL.

To further disambiaguate these states, we can probe their dynamical properties. Each
correlated phase displays a distinct symmetry breaking pattern, determining a nature and
spectrum of the low-energy quasi-particles. These characteristics are encoded in the elec-
tromagnetic fluctuations nearby the material which can be studied using proximate spin-
qubits [86-90], such as nitrogen-vacancy (NV) centers in diamond [91].

While the spin-orbital correlated states in Wigner molecules are electrically insulating at
T = 0, many of the broken-symmetries are expected to be stable to thermal fluctuations due
to their discrete nature or finite meso-scale sample sizes. As such, one may still perform low-
temperature transport measurements and observe hysteresis loops with in-plane electric fields
or out-of-plane magnetic fields to detect the presence of ferroelectricity or ferromagnetism.
Further, the low-lying states in the entanglement spectrum of the HSL [Fig. 4(b)] indicate
possible low-energy edge modes with spin-momentum locking that may be characterized via
edge transport.

Finally, all-optical probes, which can avoid regions of twist angle inhomogeneities via con-
centrated laser spots, may also be used to probe the underlying charge and spin-density distri-
bution via a modification of excitonic and polaronic resonances [92,93]. This is particularly
relevant to heterobilayer moiré TMDs, where the formation of correlated Wigner molecular
phases in one layer can directly affect the excitonic spectrum in the other layer. The quantum
twisting microscope [94], which is able to probe momentum-resolved features by performing
local interference experiments with its tip, may also be used determine the order-parameter
momenta for translation-symmetry broken phases.

6 Conclusion

Our work proposes moiré TMD materials as a novel platform for spin-orbital correlated mat-
ter. We demonstrate that such materials can naturally host lattices of Wigner molecules, and
feature enhanced quantum fluctuations that lead to intriguing multiferroic and spin liquid
phases. In particular, we find an elusive time-reversal symmetric helical spin liquid, which
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features spontaneous spin-currents, in a microscopically realizable spin-orbital Hamiltonian
with only nearest neighbor interactions.

An important question to consider with regards to the experimental feasibility of observ-
ing such spin-orbital correlated phases is their stability to thermal fluctuations. On generic
grounds, we expect that phases that break discrete symmetries, i.e., any phase with n-ordering,
is stable to a temperature scale of tens of Kelvin, corresponding to the typical coupling strength
J of a few meVs: the critical temperature for each phase may be determined by numerical
Monte-Carlo studies. We note that the Mermin-Wagner-Hohenberg theorem [95, 96] pro-
hibits the breaking of the continuous spin-rotation symmetry, e.g., as expected in the heli-
cal liquid phase, at any non-zero temperature in the thermodynamic limit. Nevertheless, the
order-parameter correlation length grows exponentially at low temperatures kz T < J for such
phases, making their experimental observation feasible in meso-scale devices.

The tunability of the Wigner molecular platform extends beyond our studied spin-orbital
model, suggesting a wide range of future explorations. First, so far our work was restricted
to investigating the impact of the moiré lengthscale and electric permittivity. The plethora of
tuning parameters available in such TMD materials (including strain, stacking order and con-
figuration, electric and magnetic fields, etc.) greatly extends the parameter ranges accessible
in the model of Eq. (3). At the same time, the nature of the localized degrees of freedom in our
Wigner molecule platform offers new paths for controlling the underlying order. In particular,
because 7 is time-reversal even, it couples linearly to electric fields but not to magnetic fields,
allowing the independent use of in-plane electric fields to polarize 1 and in-plane magnetic
fields to polarize spin S. Second, while we focused on I'-valley TMDs in this work, our proposal
can naturally be adapted to K-valley TMDs which feature spin-valley locking, reducing SU(2),
to U(1), [33,97]. Finally, lattices of Wigner molecules can also be realized using bosonic de-
grees of freedom (such as moiré excitons [98]), enabling the study of role of quantum statistics
in these correlated settings.

More broadly, our proposal motivates future studies of TMDs in a less explored regime,
requiring new tools to study and probe spin-orbital correlations. This could have important
implications for realizing unconventional phases of quantum matter and developing novel
materials for spintronic applications.
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A Exact diagonalization on a single moiré site

For the sake of completeness, we review the 2D harmonic oscillator which we use to form our
single-particle basis in order to obtain the spectrum of N interacting electrons. The expansion
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of the moiré potential up to order r® and ignoring the constant shift is:

2 3 3 4 4
VO(r):Svonzcos(q’J)(aL) +12‘3§ sin(qb)sin(?:@)(aL) _8Vgn cos(d))(aL)
M M M

5 5
_ 1oVom sin(gb)sin(se)(aL) +
M

943

Truncating to the second order, we get the harmonic oscillator problem with the Hamiltonian,

16V0 7'C6
405

6
cos(¢)(10 — cos(68)) (aL) . (A
M

p?
H=—+< k 2, (A.2)

2m
where k = 16V, 12 cos(¢)/ a]%/[. In order to make use of the U(1) symmetry of the Hamiltonian,

we define creation and annihilation operators that make the symmetry manifest,

1 [X:Fly €o
2L &

ay = —

—(px F lpy)] (A.3)

) 1/4 . . .
where we defined £, = (hz / mk) / as the characteristic length scale of the harmonic oscillator.
In terms of the creation and annihilation operators, the Hamiltonian becomes

H= fia)(aiaJr +ata_+ 1). (A.4)

The energy spectrum is simply E = hw (n, +n_+ 1), where ny € {0,1,2,...}, and the eigen-

states are, ' .

(ay)(al)™-
vngin_!

These states are also e1genstates of the z-component of orbital angular momentum operator,
L* = xp, — ypy = a\a, —a’a_ with eigenvalues [ = n, —n_. So an equivalent label of
the states is given by n,l* where n = min(n,,n_). The real space wave functions are the
Fock-Darwin orbitals, and they are given by

=", n! i20 ( r )HZ' I (rz) &
n.lz.s? = - Ln ory 0Xsz s A.6
Ynie (1) o n(n +|1#])! ‘ o 53 ‘ * (4.0)

where s* = £1/2 for up/down spin.

In our exact diagonalization (ED) calculations, we use these single-particle orbitals to form
a basis made of single Slater determinants (SSD) for the states of N electrons. so that a general
many-body wave function is a linear combination of these states as,

n,n_)= |00) . (A.5)

q)m(rl,...,rN):ZC{n\PéSD(rl,...,rN). (A.7)

i

We then write the Hamiltonian operator as a matrix which we diagonalize to get the ground
state and the first few excited states. If we define n = n,_ +n_+ 1 as a collective label for the
single-particle orbitals, we keep up to n,,.,, = 8 as a cutoff which translates to 36 spin orbitals.
The number of many-body states in the basis set is 1028790, 59640, 2556 for N =4, N = 3,
N =2, respectively. We check the convergence by calculating the percent error in the ground
state energy as the basis cutoff is changed. We find (Eqg — E36)/Eog &~ 0.1% which indicates
that the basis cutoff of 36 spin orbitals is justified. We also make use of the symmetry of the
system which makes the Hamiltonian block-diagonal in the total S* and L* mod 3.
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Figure 6: The ED spectrum of three interacting electrons confined around the moiré
potential minimum. the ground state is in the sector (L* = +£1,S* = +1/2) separated
by a gap to excited states.

Finally, our ED calculation on a single site supports the validity of projecting onto the four
fold degenerate manifold of states which is the basis of our spin-orbital model. The validity
is based on two factors. First, the ground state has to be in the sector with total S = 1/2 and
total L, = £1. second, the ground state is separated by a gap from excited states. This is
controlled by the ratio of the Coulomb energy scale to the harmonic confinement energy scale
A = E-/Hw where for A < 4.5 the low spin state is the ground state. To relate this ratio to
our microscopic parameters, we note that as ¢, becomes smaller, E gets bigger and hence A
increases. Similarly ficw o< 1/a,; so as ay; gets bigger A increases. So by choosing ¢, and a;,
appropriately we can be in a regime where these two factors are satisfied. A typical spectrum in
this parameters regime is shown in Figure 6 where the gap between the (L* = £1,5% = £1/2)
and the first excited state is of the order 15— 20 meV.

B Coulomb matrix elements

B.1 Direct term

Here, we present the derivation of the Coulomb matrix elements which are decomposed into
direct and exchange terms. We closely follow the method of [29], and we generalize it to the
general situation for our purposes which includes intersite interaction with gate screening. The
Coulomb repulsion between electrons at neighboring sites on the triangular lattice separated
by a distance a,,; along the x-axis (say the origin and a;;X), is given by

2me? d? o
Ulr +ayi) = Ze J (2n§zU(q)elq'requaM, (B.1)

where we use the single gate screened Coulomb interaction

1— —2qd
U(q) = eT (B.2)
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Henceforth, we will implicitly measure distances in units of the harmonic confinement
length-scale &, = (h%/mk)'/4, and momenta in units of 50_1. Accordingly, we define the com-
plex momentum (measured in units of & 0_1) as

qx +1q
g=——2. (B.3)
2
The Coulomb matrix element is
d?q 1—e 24 o
Uijkl = (27‘[)2 Telan cos ¢ <n+in—i’ ng;n_; e'd (r=r3) |n+kn_k, Tl+lTl_l) . (B.4)
In terms of g, we have
dzq - Y ) Py ~k T
Uijin =2E¢ | ——U(q, ¢) (nyl QAT [y (n_y| @400 |y )
27 (B.5)
X (g 0T ) (| @D )
where U(gG, ¢) = %emq'aﬂl ©0s¢ The matrix element becomes
N;+Nj : AN 1/2 dzq 242 JiAl
Uit = 2E. (1) (ny Ingy gy gy Ing_tng g1y ) / EU(Q,(]&)( @ einle

(TS etz ) (R cayflgnetne
= al(ng — )l (g —a)! iz B — )y — )

min(%nl+) (_1)Y|q|nj++nl+_2)/ min(ni_,nl—) (_1)n|q|nj,+nl,—27)
X
r!(njy — (g —71)! n!(ni— —n)!(n_—n)!

y=0 n=0

= 2B (—1)N N AN (g tng g gy gty _1)/?
min(n;4 N+ ) (—1)* (—l)ﬁ
al(ni —a)!(ngy — a)! = B(ni—— B (nge—— B!

(_1)7’ min(nj_,nl_) (_1)”7

.6
" Z(:) (s — 1) — 7! nZ:O n!(nj_—n)!(nl_—n)!lq(p)’ (B.6)

min(n;_,n)

X

a=0

min(n;,,n;)

’)/':
qu —24% ~p—1 —44d iAl¢ ,2iGay cos P
I,(p) = 5.6 4 (1—e M%)e' ™ P e IMm P (B.7)
where Al = (n;, —n;_ +nj, —n;_) — (g —my_ +ny. —ny_), and
p=(np + g —2a) + (n_ + e — 2B) + (njy + gy —2y) + (nj- + i — 2m),

and we have defined g = |g| in I,(p) to simplify notations henceforth.
A special case for the above expression is a;; = 0, which corresponds to the intra-site
Coulomb interaction with screening. The integral becomes

oo
1 q 293 t1 +1 1
Iq(P)|aM:0 = j dcje_zqqu(l —e_4qd) = ZTBZTP [F (PT) _ F(p + ].)U (p , _,2d2)] ’
0

2 2
(B.8)
where U is the confluent hypergeometric function.
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Another special case is the case of inter-site interaction but with no screening, i.e., d = 0.
We can do the ¢ integral first to get

27

1 . o
dpelAlg2idancosd — ALy (25a,,), for Al>0. (B.9)

I, =—
¢
2710

For Al <0, we have I, = i**.J)5;(2day). Then we have

o
. ~ e ~2~ ~
I,(P)| 4o =1A“g”m”f dge TGP\ ar (2G4 ay)
0

r (p+|Al|+1 )
:iAlsgn(Al)z%sz—w 2 a|Al|
rjal+1) M

+|All+1 a;
M(%,muﬂ,—?’”).

(B.10)

Both the above integrals can be found in [100].
The most general case does not have a closed form. So the remaining integral is when
d#0, ay #0.

d%g .. L .
Id,aM — _J Z—T?E_Zqqu_le_4qdelAl¢EZanM cos ¢ . (B.11)

First we do the radial integral

o) _ 2
Iy = f e gpe=41dp2idan c0sd — 97 9=F(p 4+ 1)U(1 +p 1 (2d—iaycosd) ) .
0

2 72 2
(B.12)
Then I ,, becomes
2 .
3, do . 1+p 1 (2d—iay cos¢)?
Ijo. =—222720(p+1 —LelAley = , B.13
d,ay (p )L o 2 2 2 ( )

which we evaluate numerically to extract the direct Coulomb term.

B.2 Exchange term

Our previous calculations only capture the direct part of the intersite Coulomb interactions.
Now we will extend it. First, recall this is the Coulomb interaction operator

2 d2 .
U(ri—ry) = % J 2—;1U(q)elq'(r1_r2) : (B.14)

We will compute the matrix element of this operator in the basis (n,, n,) of the harmonic
oscillator which takes the form,

— £ i (r1—72)
(ry—ayX)e

d?q
Uiji =ch EU(Q)J d*ryd®ryP o, (P )Y, (B.15)

X /lpnxk’nyk(r]- - aM)%)wnxl,nyl(rZ) .

Note that we dropped the complex conjugate because the basis functions are real. The central
object of this calculation is the form factor F(q), given by

Fi(q)= J dzrlwnxi,nyi(rl)eiq.rlwnxk,nyk(rl —ayX)
(B.16)

:J danxi(x)eiqqu)nxk(x_aM)J dyyn, (), ().

—0Q
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As in the previous section, we measure the position (momentum) in units of &, (1/&,). The
y integral can be evaluated simply per Ref. [101]

‘ et ()
(m|e™ " |n) = \| 2nm—(—y)" e F LT — | . (B.17)
m! n 2
We may assume m > n without loss of generality as the matrix element is symmetric. So in
order to apply this formula to our case, we have m; = max(n,;,n,;) and my, = max(ny;,n,;)
We also assume without any loss of generality that n,; > n, and n,; > n,;. This leads to the
following for the y integral,

n, q
I, = | 2me (lq Vi —Tyk ¥ L”;v; My (_y) (B.18)
ny;! 2

Where the associated Laguerre polynomial is,

_ N DA+ @)t
Lg(x)_kzz(;k!(k+q)!(n—k)!' (519)

We can then write [ y as,

2p+ny, Ty

LU -1y
I — 2nyk nyln k|n |(l)nyl }’ke__ . (B.ZO)
\/ e Z2pp'(P+nyi_nyk)!(nyk_p)!

For the x integral we use the result in Ref. [102]

—a2_42 i+j
Ix M Ix "y Myi Nyk LTJJ

(_1)nxi+nxke_i 2 e 4 (nix)(nxk) (_aM ) (aM)
I, = H (g (==
X \/ani+Hanxi!nxk! ZZ Z i ] Myi—1 2 k=) \ ' 2

i=0 j=0 k=0 (B.21)
G+ )N(—ig, )2
(i+j—2kNk!
where H,(x) is a Hermite polynomial.
The r, integral is similar with the replacements of iq — —iq, n,; = Ny, Ny = Ny;j.
Now we are left with the q integral. We collect all the terms depending on q,
2
la= J L@l (i (ig, e Heg) T (99)
T
then the only terms depending on q gives,
2
I = f C;—;IU( q) o—0*/2 q;1+n2—2k1—2k2 q§P1+2Pz+“yi+"yf—“yk—"yl
v o
— i f d¢ f dqU(q)e—qZ/an1+n2—2k1—2k2+2p1+2p2+nyi+nyj—nyk—ny1 (B23)
27
x (COS ¢)n1+n2—2k1—2k2(sin¢)2p1+2p2+nyi+nyj—nyk—nyl’
where n; =i; + j; and ny =iy + js.
Note that this integral and the matrix element vanish if n,; + n,; —n,, —n,; is odd. Let

p = 2p1+2p2+nyi+nyj—nyk—nyl+n1+n2—2k1—2k2, Dy = np + ny — 2k — 2k,

n,;. With that in mind, the result of the integral becomes,

Py =2p1+2py+ny;+n,;,—ny,—n,
+1
(1+(—1)P2r (252 (2 +1 13
I, = (2+ ) ( 2 )2 [2—+Pr(p )—dF(p+1)U(p+—,—,2d2):|.
anr (22) 2 2’2
(B.24)
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Finally, we can write down the result for the matrix element.

aw=x 315 |GGG e (59)

i1,12,]1,J2 k1,k2,P1,P2
—day ay Ay
<Ho (5 ) s (51) B (5)

(=) 2Ry 4 i)t iR iy + )

(i + 71— 2k)tky ! (i 1 Jp — 2k) k) (2%
9 (=1)P1
2P1pi!(py +ny; —ny )y — p1)!
(—1)P>
X I4(ky, ko, p1,p2) |
2P2p,1(py + 1y j — 1y ) (g — po)! 4 bR i
E. iv1(=)"2,/2Nyn  In iIny:'n _ﬁ _ .
N =z \/ZNX\/nxk'nxl'y:xl'J;lxl =4 where n,, = max(ny;,n,) —min(n,;,n,) and
n,, =max(nyj,n,)—min(ny,;,ny).

C The effective spin-orbital Hamiltonian

We go into the details of how the various J* couplings in the effective spin model (Eq. (3) of
the main text) are determined using perturbation theory. We consider two nearest neighbor
sites in the triangular lattice (i, j) that are related to each other by reflection; the remaining
couplings can be obtained from symmetry. The Hilbert space of the degenerate ground state
manifold is 16-dimensional. It is spanned by the superposition of states m;) |\I'Js Iy > that
forms an S = 0 singlet and an S = 1 triplet. Due to the SU(2), symmetry, the Hamiltonian is
block diagonal in this basis. We denote the block of S = 0 by M, and the S = 1 block by M,,
referring to singlet and triplet, respectively.
The singlet sector includes the states,

|‘I’i> LZU L1:elLl);—1-1L1):®[L1);),

|\p§>:iz(|1,T>l.®|—1,l>,-—|1,l>i®|—1,T>j):

[93) = = (I-L. 1) @ 11,4}~ -1, J)y © -1,1)) o
3 5 > /i 2N¥1] 2L >

|\ps>=i2(|1 Mi®lIL L), =111 ®IL1);),

where 1 denotes the orbital degrees of freedom and the arrows denote the spin. Similarly,
we have for the triplet sector with S* =1 the states,

) =1-1,1:®1,1);,
[w5) =1L el=11);,
5) =1-1, 1 ® 1-1,1);,
[¥5) =1L e1L1); .
We start with the inter-site Coulomb interaction denoted by V. which contributes to first
order in perturbation theory. We calculate the matrix elements of the inter-site Coulomb inter-

action (using the expressions derived in the previous sections) between states in the ground
state manifold n, m, Mgg = (V| Ve |9,,).

(C.2)
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Figure 7: (a)-(d)The dependence of the couplings J as the moiré scale a,; is varied
at four different values of &,..

Next, we consider the effect of the moiré potential, which hops an electron through to a
neighboring site and back. This is a second-order process, so we need second order degenerate
perturbation theory to get M®)

mn’

M%)l _ Z (m|HT,|3eX> (;X|HT ) ’ (C.3)
0~ Lex

ex

where |ex) are the intermediate excited states where the two sites hold 2 and 4 electrons
respectively.
We can parametrize the two matrices M by,

Mil M12 M(113 MiS

My = M3 Aq13 /\/l%?’ M| (C.4)
M?s* M(lxs M%“ M%s

where a denotes s,t. A general 16 by 16 matrix is spanned by 256 tensor product of Pauli
matrices and the identity matrix. We set M equal to a linear combination of these matrices,

M= JapysStent @Sl en. (C.5)
afyd

The solution to the set of linear equations obtained from Equation (C.5) indeed gives the only
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Table 2: Numerical values of the couplings (in meV) at representative parameter
points (ay, €,) for the different phases found in DMRG.

Phase (ay,&) Jg J? JS J, JS JS, Jo_ J,
FM (9.0,5.0) —2.1 —7.4 —2.6 3.9¢719  3,8¢0 0.67 0.4¢%% 0.82
Stripe  (7.0,5.0) —15.7 —4.4 —0.6 21.0e713 16.5¢'  —6.0 0.93¢!% 0.1
Zigzag  (6.0,8.0) 0.3 -17.7 -2.8 25.7¢7170 21.0e'7" 8.8 0.5e!7 2.7
Nematic (10.0,9.0) 17.8 —6.7 -1.8 16.1e24  8.4e7'4 9719 1.7e71%  2.850
VBS (6.0,10.0) 7.3 -29.3 —5.7 26.4e718 1950171 15.1 0.3e2% 4.4
HSL (8.0,7.0) 2.9 —16.2 —4.2 10.5e72%  7.9¢1-2% 4.5 0.9¢10 2.1

terms allowed by symmetry, and in terms of M;;, they are:
1 11 33 11 33
Jy = E(Mt + MB - MH - M3,

1 33 11 11 33
J;zzi(Mt — MM =M )’
1
Jop =g ME =M +3ME—3M),

(C.6)
s 1, o .
=),

1
Te= g (MPF =M,
Jo = 11—6 (3MPZ*+ M),
57, = = (3MI ).

We show how the couplings vary as a function of aj; and ¢, in Fig. 7. The numerical values
of the couplings for representative points in the phase diagram are shown in Table 2.

D Defining electrical polarization operators via symmetry analysis

In this section, we elaborate on the construction of the on-site and two-site (in-plane) electrical
polarization operators. Quite generally, we can define the electric polarization P of a system
as the coefficient in the first-order term P - E of expansion of the ground-state energy about
zero field. The free energy must be invariant under symmetries of the full Hamiltonian, so the
polarization must transform in such a way as to make P - E a scalar under each of these. The
in-plane electric field E transforms as a two-dimensional vector under Cs,, and trivially under
time-reversal 7 and spin-roations SU(2),, and the z-component E* transforms trivially under
all symmetries.

In Table I in the main text, we enumerated the action of the point-group and internal
symmetries on the local operators n*, %, and S. In Cartesian coordinates, these act on pseu-

20


https://scipost.org
https://scipost.org/SciPostPhys.20.3.090

e SciPost Phys. 20, 090 (2026)

dospins as
n* —1/2 —+/3/2 0\ (0¥
Cyu:|n” |—=|v3/2 —1/2 of|n"],
n? 0 0 1 n*

My : (,r)X’ lea 772) — ('rlx:_'f)y:_ﬂz),
T:(% 77", 7%) = 0" n",—%).

We note that the in-plane n = (n*,n”) transforms as a vector under rotations, like E;. How-
ever, unlike E it behaves as a pseudo-vector under M, ; therefore, 1-E)| is not a scalar operator

under Cg,. This can be fixed by defining Pl.(l) =2 x 1) ; =2 xn;, which just rotates the in-plane
component by ninety degrees. The polarization lacks an out-of-plane component as 1* is odd
under time-reversal. This is physically consistent with the charge density being restricted to
the two-dimensional TMD plane, and out-of-planes displacements of the charge density are
not considered in our effective model.

As mentioned in the main text, it is possible to go further if we allow two-site operators.
Indeed, the operator

P = (fn +nln¥,ninf —nin)),

transforms as a two-dimensional vector under Cs,, just as E| does, so it makes a contribu-
tion to the polarization. For a rotation-invariant phase like HSL, where (1) = 0, this is the
lowest-order symmetry-allowed contribution, as it can take different values on different bond
directions, so long as the full configuration is invariant under the point group. The magnitude
of the coefficient, however, involves an overlap integral between Gaussian-localized electronic
wavefunctions at different sites, so it is expected to be small. In the main text, we refer to the
two-site polarization Pl.(jz) as P;; and write out £ x m explicitly for the one-site operator p,

These operators can be interpreted in light of the fusion of irreps of C;,. This group has
three irreps: trivial A;, pseudoscalar A,, and vector E. In order to consider two sites, we
decompose the tensor product E ® E = A; ® A, ® E. Of these, only the resulting E, which is
P®@, can couple to the electric field.

E Classical ground state optimization

E.1 Setup and method

In order to build an understanding of the model in Eq.(3) in the main text, we begin by looking
the minimal energy “ground state” configurations of its classical limit, where the components
of S and 7 are c-numbers. We assume that the classical ground states retain some subgroup
(the translation-breaking pattern) of the full plane group p3ml, and so are characterized by
S and m on each of n sublattices. For a particular symmetry-breaking pattern, the classical
Hamiltonian is a function H({n;}, {S;}) from the product manifold (S2)*?" of 2n two-spheres,
one for pseudospin 1) and one for spin S on each sublattice, to the reals (the energy of the
configuration). Note that |S| = 1/2 and || = 1. We then minimize this Hamiltonian function
using manifold conjugate gradient descent [61-63]. As a nonconvex optimization problem,
this has no robust guarantees of convergence, but we run the optimization many times from
random starting configurations in order to be confident that we’ve found the global minimum
energy. This becomes more difficult for translation-breaking patterns with much more than
twelve sites, but most of our optimal states are well below that size. We can finally compare
the lowest energies attained by each symmetry-breaking pattern to classify the phases by their
symmetry, resulting in the classical phase diagram in Fig. 3(a) in the main text. In addition, we
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Figure 8: The classical optimization finds four phases, two of which are also present
in the quantum phase diagram. FM and Stripe are just the same as in Fig. (3) in
the main text. The new phases are antiferromagnetic/ferroelectric (AFM/FE) with
a two-site unit cell and antiferromagnetic/antiferroelectric (AFM/AFE) with a four-
site unit cell and rectangular translation symmetry. Both of these phases include
some degree of in-plane canting in some parts of the diagram, meaning that they
can have noncollinear n (not shown in these representative configurations). Both of
them are overwhelmed in the quantum phase diagram by phases with entanglement,
inaccessible to purely classical optimization.

are able to compare the energies obtained from DMRG and classical optimization, as shown
in Fig. 9(a).

E.2 Fully-classical optimization

We probe translation-breaking patterns with up to twelve-site unit cells. The crosshatched
region of the classical phase diagram of Fig. (3) in the main text is the region where six-,
nine-, or twelve-site translation-breaking patterns have the lowest energy. This suggests that
either the true ground-state configuration has an even bigger unit cell or that its order is
incommensurate with the lattice spacing. Below we comment on the form of several of the
classical phases in particular and discuss qualitatively how they arise from the couplings in
Table 2.

The Stripe and FM phases are the same as those that appear in the quantum model, and
their configurations are shown in Fig. 3(a) in the main text. There are two more phases that
are only present in the classical configuration: an antiferromagnetic/ferroelectric (AFM/FE)
and an antiferromagnetic/antiferroelectric (AFM/AFE) . These configurations are shown in
Fig. 8.

Ferromagnet.—The FM phase breaks time-reversal and exhibits a homogeneous spin align-
ment, preserving both the translation and point group symmetries. In our model, the orbital
degrees of freedom also order, with n* # 0 in both the quantum and classical settings. We
emphasize that such an orbital ordering does not signal a ferroelectric phase; unlike the in-
plane component 7 with is 7-symmetric, n* maps to —n* under time-reversal. The dominant
couplings at the FM points are Jy, J;,, and J_,, all of which are real and negative, preferring
mutually reinforcing Heisenberg and Ising ferromagnets in the S and n® sectors, respectively.

Stripe.—The origin of the stripe phase can be understood in terms of the dominant H, term,
which couples linearly the in-plane orbital degrees of freedom with the spin-spin correlations.
In this section, we argue that the Stripe configuration is a likely candidate to be the ground
state of H, via a self-consistent optimization of the S and 7 degrees of freedom independently.

It is useful to write the Hamiltonian in terms of Cartesian spin coordinates 1 instead of
ladder operators n* of Eq. (3) in the main text. The couplings in the stripe region of the
phase diagram is dominated by J,, with J}_ and Jy also important. These each multiply a
Heisenberg term S; - S;, and the m pieces of the J, and J} _ contributions in Cartesian notation
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are

H, =2Re(J)[a;;- (n; + ;)] +2Im(J,)[a;; x (n; — ;)] - £,
H_=2Re(J$_)[ n; - m;— nin? |+ 2Im(5_)[m; x m;] £,

where a;; is the dimensionless bond vector (normalized by a)) from site i to site j. The
imaginary parts of J, and J_ are much larger than their real parts in the Stripe region, so we
will focus on these.

Firstly, we note that in order to take energetic advantage of the coupling with the largest
magnitude, J,, we can have neither uniform, ferroelectric n nor a uniform, ferromagnetic
S. In the ferroelectric, the term (7; — n;) would always be zero, while a ferromagnetic S

configuration has uniform S; - S;, meaning that the sum over H, is

(E.1)

ZH+Si-SjocZ(aijxni—aijxnj)':%:O, (E.2)
(if) (if)
as each site appears an equal number of times as i and as j.

Next we ask if there exists a configuration of spins and 1) which minimizes this term self-
consistently. H, is linear in m and it couples to a Heisenberg term §; - S; that’s quadratic in
S. Under a fixed 1 configuration, this is a Heisenberg model for S with a bond-dependent
coupling. Under a fixed S configuration, 1 only experiences an “external field” generated
by nonuniform S correlations. If S manages to be a ground state of the Heisenberg model
generated by 7, and simultaneously 7 is parallel to the site-dependent field generated by S,
the state is self-consistent and stable under H,.

In the observed ground state (Fig. 8), we observe unit-period transverse ferroelectricity
in n along with doubled-period antiferromagnetism in S with both ferromagnetic and anti-
ferromagnetic correlations. The Heisenberg coupling generated by 7 along the stripe is zero.
Perpendicular to the stripes, the Heisenberg coupling is nonzero because n; —n; isn’t parallel
to a;;, and it alternates sign along with 7). This gives rise to the double-wide stripes in S, with
alternating spin-spin correlations—this is evidently the unique classical ground state of the
effective Heisenberg model generated by the configuration up to SU(2);.

Any particular site i has neighbors in the +a; directions for J = 1,2, 3, which we’ll denote
here for brevity as S;.;. H, acts linearly on its orbital pseudospin 7;, so we have

3
2ImJ, Zﬁ (ay; x (i —m))(S:-S;) = 2ImJ+ZZ(Si “(Sipy—Siy)NE xay)-m;. (E3)

(ij) i J=1

In our ground state configuration, the external field on 1; only receives contributions for bonds
J that are not in the stripe direction. Each of these is in the direction £ x a;, perpendicular to
its bond, but the signs of the spin-spin correlations are such that in total, the components of
the field perpendicular to the stripe cancel, and the ) order is stabilized self-consistently.

We must also make sure that this order isn’t strongly opposed or altered by Jy or J3_,
the other two pertinent couplings. The negative J;; would prefer an S-ferromagnet, but this
is incompatible with the energetic gains to be made from J, as discussed above, so it must
be satisfied that spin-spin correlations are ferromagnetic along two-thirds of the bonds. The
imaginary part of J}_ multiplies the term (7; x ;) - £, which is zero uniformly for the Stripe,
as the n) pattern is collinear.

AFM/FE and AFM/AFE. We will not discuss these phases in detail, as they are less phys-
ically relevant. In particular, as discussed in the main text, we found that these phases are
destabilized by quantum fluctuations. In the AFM region of the classical diagram, the J;; term
is dominant and antiferromagnetic, which leads to the overall frustrated antiferromagnetism
in S. The role of the many other terms in setting the boundaries is less clear or important.
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Figure 9: (a) The classical ground states only give good approximations to DMRG
energetics in the Stripe and FM phases. The VBS Ansatz is able to get an energy
similar to that from DMRG in the FiE-VBS, Nematic, and Zigzag regions. (b) The
VBS semiclassical Ansatz dominates the semiclassical phase diagram in all regions
except near the Stripe and FM phases.

E.3 Semiclassical optimization with a VBS Ansatz

Of the quantum phases, only Stripe and FM are directly accessible as classical configurations.
The Nematic and Zigzag phases are Luttinger-like, so they don’t support a mean-field descrip-
tion. However, the FiE-VBS phase can still be examined semiclassically by fixing a pattern of
S-S singlets and then minimizing the energy over the 1) pseudospins: from the perspective of
classical m, it is no object that the singlet correlations (Si -S j> = —3/4 are able to exceed clas-
sical bounds, and the optimization can proceed in the same way. When we do this, we see that
the VBS configuration has a lower energy than any other classical configuration in most of the
phase diagram—all of it except the Stripe and FM regions, as shown in Fig. 9. The (n) pattern
is the same as what we see in iDMRG. Note that the Helical SL phase emerges in the region of
the semi-classical phase diagram that borders Stripe, FM, FiE-VBS, and the unconverged sliver,
in line with our expectation that such a state be enabled by great frustration.

We also use this semiclassical approach to test “brick wall” VBS patterns, where the singlets
are all aligned in the same direction. Neither of the two distinct brick-wall VBS Ansétze have
a favorable energy anywhere in the diagram. This supports the conclusion that the Nematic
and Zigzag states that we see with DMRG are truly Luttinger-like, instead of just being a cat
state of translation-breaking VBS states along the short axis of the the cylinder.

F DMRG methodology and results

E1 Methods

To find the quantum phase diagram in Fig. (3), we use the infinite density-matrix renormaliza-
tion group (iDMRG) as implemented in TenPy [70], performed on a cylinder of circumference
L, = 4,6 and with U(1),-symmetric tensors of bond dimension up to y = 2560.

Cylinder geometry. We wrap the triangular lattice such that the +a; direction runs along
the cylinder and the a3 direction wraps around it: a translation of &L a; carries a site back
to where it started. We use a matrix product state unit cell of of L, L, independent tensors,
where (Ly,L,) = (2,4) or (1,6). This cylinder geometry breaks Cs,, of course, but it actually
preserves the mirror that maps a; — —as, which we will notate as M5. We run DMRG on all
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Figure 10: (a) Two-point spin-spin correlation function for (ay;, €,) = (9.0 nm, 5.0)
for a L, = 4 cylinder. We observe that the system exhibits correlations that decay ex-
tremely slowly with distance r. Further, the decay of correlations is suppressed as the
bond dimension y increases (see inset). (b) Extracted spin-spin correlation length
& measured along the cylinder, as a function of bond dimension y. We explicitly
observe an increasing correlation length with increasing bond dimension, strongly
indicating that spin-rotation symmetry is broken in the thermodynamic limit.

points for L, = 4, but we make additional runs at L, = 6 for points near phase boundaries
and to make sure that our phases are not being “trapped” by the finite cylinder size, which lets
us get a better handle on the physical picture in the thermodynamic limit.

Pinning fields. The Mermin-Wagner theorem forbids spontaneous breaking of a continu-
ous symmetry in a classical two-dimensional statistical model at finite temperature [56].
By the quantum-to-classical mapping, it can be shown that the quantum path integral that
generates the ground-state properties of our model on a finite-circumference infinite-length
cylinder is equivalent to a classical thermal path integral for a two-dimensional system at
finite temperature—under a Wick rotation, the finite circumference is goes to a Euclidean
time/inverse temperature 3, and the infinite time dimension becomes an infinite spatial di-
mension. Therefore, we should not expect to observe states that break SU(2), in DMRG,
even if they would actually be symmetry-broken in the thermodynamic limit of a fully two-
dimensional quantum system with infinite extent.

This is relevant to our work only in the Stripe and Helical SL phases, both of which break
SU(2),. While FM breaks SU(2),, we are able to see this directly by using tensors that fix the
overall S® sector to be fully-polarized. The difference is that while Stripe and Helical SL break
SU(2),, their order parameters do not themselves generate a symmetry of the Hamiltonian,
so they do not generate suitable conserved quantities for quantum number-conserving DMRG.
One possible solution is to use a pinning field (e.g., as done in Ref. [103] to see AFM order):
we add a term to the Hamiltonian which couples directly to the order parameter that we are
interested in, which allows us to measure its susceptibility. In a disordered state, we would
expect the susceptibility to be finite and analytic as the field is swept through zero. If the
susceptibility diverges near zero applied field, we have a state with long-range order, even if
DMRG is not able to resolve that order in a quasi-one-dimensional setting.
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E2 Results by phase

E2.1 Ferromagnet (FM)

The FM phase breaks time-reversal 7 and spin-rotation SU(2), while preserving the space
group. In the sector with total spin S* = 0, the iDMRG wavefunction is unable to express
a nonzero local expectation value (S”) since S is an operator without definite U(1) charge.
Nevertheless, the FM order will be manifest in the present of long-range spin-spin correla-
tions, (S3S* +S())/ SY) [Fig. 10(a)]. However, one must be careful—the iDMRG formally defines
an effective one dimensional quantum problem that cannot, via the Mermim-Wagner theo-
rem, exhibit long-range order when breaking a continuous symmetry. Indeed, we observe that
the correlation length of the system remains finite and grows with increasing bond dimen-
sion [Fig. 10(b)]. These are known signatures of continuous symmetry breaking in iDMRG.
With respect to the orbital degrees of freedom, we observe almost complete polarization along
the orbital pseudospin quantization axis, with (n*) = 0.97294.

E2.2 Stripe

The Stripe phase has a four-site unit cell, breaking the point group Cs,,, time-reversal 7, and
spin rotation SU(2),. Our Stripe ordering is around the cylinder in the d; direction. The
antiferroelectric order parameter is almost classical at (45 - n) = £0.983. Because the Stripe
phase breaks the continuous symmetry SU(2),, we observe the symmetry breaking by applying
a straightforward pinning field of the form

Hstripe = Bstripe Z O'(i)Sl.Z = Bstripe Z (COS(Ti ’ Qs) + Sin(ri ' Qs))slz 5 (E1)
i i

T 2 T 7S

where r; is the position of the ith lattice point and Q, = 7(2 x a3)/(1/§a12w) = 20y X~ 3
M

This favors the Stripe order on S. We extrapolate on truncation error to estimate the Stripe

order parameter at infinite bond dimension. These results are presented in Fig. 11, which

o eqe (o (i)s?
demonstrates that the susceptibility yyipe = (g(;(? )
stripe

computed for L, = 4, but we expect the curve to become a step function in the thermodynamic
limit as L, goes to infinity.

is very large at zero field. This data is

E2.3 Ferrielectric valence bond solid (FiE-VBS)

The FiE-VBS state breaks only space group symmetries, maintaining time-reversal 7 and spin-
rotation SU(2),. We measure the spin correlations between bonded sites as <Sl~ -S j> =—0.568,
reduced in magnitude from the —3/4 of an ideal singlet. The state is ferrielectric because it
has a net average moment per site of (n); = 0.1524,. The residual antiferroelectricity after
this moment is subtracted off is close to a four-sublattice 90° pattern [Fig. 12].

E2.4 Helical spin liquid (HSL)

The Helical SL phase also breaks SU(2),, but we do not see the susceptibility diverge as cleanly
as we do in the Stripe. The HSL pinning field is

Hyg), = Bysy, Z C}; =BusL Z(Si xS;)7, (E2)
(i) (i)

which is notably different form Hgyip in that the terms on different bonds in the external field
Hamiltonian don’t commute with each other. This means that we don’t have a clear picture
of a mean-field Hamiltonian with a simple, unentangled ground state, as we do in most cases
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Figure 11: Stripe order parameter as a function of pinning field at parameters
(ay,€,) = (7.0 nm, 5.0), with o(i) = cos(r; - Q,) + sin(r; - Q,) as in Eq. E1. Under
a pinning field Bgyjy, the susceptibility diverges, indicating spontaneous symmetry
breaking, even for a continuous symmetry of a quasi-one-dimensional system. The
values in (b) are linear extrapolations to zero truncation error of the measured data
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Figure 12: After subtracting off the net ferroelectric moment, the remaining <n||> of
the FiE-VBS state approaches a four-sublattice 90° ordering pattern, with the unit
cell and direction of chirality shown.

of spontaneous symmetry breaking. That being said, we can still check the dependence of the
order parameter on the field to check for signs of symmetry-breaking.

The results are shown in Fig. 13. At moderate fields, the helical order parameter converges
cleanly in truncation error to a finite extrapolant, as is the case for the Stripe. At smaller fields,
the approach is more nonlinear, so we cannot be as confident about our extrapolation. For the
fields down to Byg; = 0.0025 that we have investigated, though, the order parameter seems
to converge, and above all else it is clear that the value of the order parameter is significantly
higher for L, = 6 than L, = 4. This supports our claim that the operator Cl.zj orders sponta-
neously in the full L, — oo thermodynamic limit.

The cylinder geometry explicitly breaks the point group symmetry Cs,,, but it preserves the
a; — —as mirror M3, as discussed above. Due to this finite-size effect, that our DMRG results
display a small in-plane pseudospin expectation value <'n||> which is approximately propor-
tional to a;. The Mj-breaking component perpendicular to a; goes to zero with truncation
error, and the magnitude of this vector goes to zero as the cylinder circumference goes to in-
finity and full C3,, is restored. For L, = 6 at y = 2560 in particular, the average M3-preserving
component <n||> - @y is 2.1 x 1072, and the average M;-breaking component |<n||> X d3)| is
1.9 x 1074, where 45 = as/ay,.
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Figure 13: Similarly to the Stripe case, the HSL order at (ay;,€,) = (8.0 nm,7.0)
can be stabilized by adding a pinning field Byg;. In (a), the measured order param-

eter <Clzj> is plotted as a function of truncation error for various pinning fields at

L, =4,5, and 6, and the extrapolant at zero truncation error is plotted as a function
of bond dimension in (b). The approach to zero is not as linear as in the Stripe, but
it is still clear that the extrapolated order parameter increases with increasing L,,.
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