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Infinite Randomness Criticality and Localization of the Floating Phase in Arrays
of Rydberg Atoms Trapped with Nonperfect Tweezers

Jose Soto-Garcia and Natalia Chepiga
Kavli Institute of Nanoscience, Delft University of Technology, Lorentzweg 1, 2628 CJ Delft, The Netherlands

(Received 28 September 2025; accepted 5 January 2026; published 2 February 2026)

Chains of Rydberg atoms have emerged as a powerful platform for exploring low-dimensional quantum
physics. This success originates from the precise control of lattice geometries provided by optical tweezers,
which allows access to a wide range of synthetic quantum phases. Experiments on one-dimensional arrays
have stimulated tremendous progress in understanding quantum phase transitions into crystalline phases.
However, the finite width of tweezers introduces small variations in interatomic distances, leading to
quenched disorder in the interactions. In this Letter, we numerically study how such disorder alters the
nature of two critical regimes observed in experiments. First, following experimental protocols, we analyze
Kibble-Zurek dynamics and find a crossover from the clean Ising transition to the infinite-randomness fixed
point as system size and disorder strength increase. Second, we show that the floating phase—an
incommensurate Luttinger liquid phase emerging at stronger interactions—is localized by the disorder, yet
preserves short-range incommensurate correlations with the same leading wave vector. Our results clearly
reveal an additional conceptual challenge in understanding critical phenomena using Rydberg-based
quantum simulators.

DOI: 10.1103/tmyk-b1yv

Introduction—Rydberg atom arrays have emerged as a
versatile and highly controllable platform for exploring
quantum many-body physics [1–4]. By trapping individual
atoms in optical tweezers and exciting them to a Rydberg
state, experiments have realized a wide variety of interacting
systems with remarkable precision [5–10]. Despite the
apparent simplicity of the underlying models, these systems
have revealed many exotic phases and quantum phase
transitions [5,11–22]. In particular, Rydberg atoms provide
an experimentally accessible platform for commensurate-
incommensurate (C–IC) transitions [23], which arise from
the competition between incompatible lattice orders [23–25].
This competition generates a rich phase structure, including
critical floating phases and unconventional chiral transitions
[11–14,24],where competing interactions are responsible for
incommensurate correlations.
Beyond equilibrium physics, Rydberg chains have been

instrumental in probing many non-equilibrium quantum
phenomena. Notably, they have served as a testing ground
for studying quantum many-body scars [1,26–28]—atypical
eigenstates that are believed to violate the eigenstate thermal-
izationhypothesis—and for exploring the quantumversionof
the celebrated Kibble-Zurek (KZ) mechanism [2,19,29–31],

which describes the universal scaling of defects generated
when a system is driven with a constant rate through a
continuous phase transition. This theory predicts that when
quenching with a slow rate through a second order phase
transition, the density of kinks scales as a power law with the
sweep rate

nk ∼ sμ; with μ ¼ ν

1þ zν
; ð1Þ

where μ is the KZ critical exponent, which relates the critical
exponent ν and the dynamical critical exponent z.
A key advantage of these platforms is the control over

atomic positions and interaction strengths. In practice,
however, fluctuations of atomic positions inside each
tweezer—especially along the axis perpendicular to the
plane of the lattice—introduce an intrinsic level of spatial
disorder (see, for instance, the Appendix of Ref. [1]). While
typically small, such distortions can qualitatively alter
critical behavior [32,33].
The paradigmatic example demonstrating the significant

effect of disorder on quantum phase transitions in one
dimension is infinite randomness criticality. It appears as a
fixed point in the transverse-field Ising model in the
presence of disorder—random distribution either in the
interaction or in the transverse field or in both [34,35]. It
was shown that such disorder forms a relevant perturbation:
even an infinitesimal width in the random distribution of
coupling constants brings the system into a fundamentally
different universality class in the thermodynamic limit.
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This regime is governed by extremely anisotropic scaling,
with two distinct correlation length critical exponents
νtyp ¼ 1 for typical and νav ¼ 2 for average correlations,
and an infinite dynamical critical exponent, z → ∞
[34–36], forming a striking contrast to the clean Ising
transition with a single ν ¼ 1 and z ¼ 1. The crossover
between these two universality classes—clean Ising and
infinite randomness—is governed by system size, disorder
strength, and proximity to criticality [35,37–39].
These changes in universality class have profound con-

sequences for theKZmechanism. In clean Ising systems, the
density of topological defects (kinks) scales with the sweep
rate of the control parameter according to a universal power
law μ ¼ 0.5 [29]. In contrast, in the infinite-randomness
criticality, this scaling is dramatically modified: the defect
density no longer follows a power law, but exhibits a
logarithmic dependence on the sweep rate [38,39].
Interestingly, this anomalous scaling behavior only emerges
at sufficiently slow sweeps, while faster ramps exhibit a
crossover resembling the clean Ising regime [38,39].
In this Letter, we study how disorder in the Rydberg

interactions impacts two prominent physical phenomena
recently highlighted in the literature: (i) the KZ probe of the
Ising transition into the period-2 phase; and (ii) the
equilibrium properties of the floating phase. Our focus
on the Ising transition is motivated by the fact that, to date,
it is the only case where the effects of disorder on both
equilibrium and KZ scaling are theoretically well under-
stood [40], though the role of longer-range interactions is
still debated [41–43]. By contrast, the effect of disorder on
the chiral transitions appearing at the boundary of the
period-3 and 4 lobes [11–13,24,25,44], to the best of our
knowledge, remains unexplored. While we do not address
this problem directly, we argue that disorder can explain
systematic discrepancies between numerical simulations
and experimental results [2]. Finally, we show that disorder
has a dramatic effect on the floating phase: it destroys
quantum criticality while preserving short-range incom-
mensurate correlations with the same leading wave vector.
The model—We consider a finite one-dimensional chain

of Rydberg atoms, described in terms of hard-core bosons
with a disordered interaction potential,

H
ℏ
¼ Ω

2

X
i

�
di þ d†i

�
− Δ

X
i

ni þ
X
i<j

Vi
ninj

ði − jÞ6 ; ð2Þ

where d†i (di) creates (annihilates) a Rydberg excitation at
site i, and ni ¼ d†i di is the corresponding number operator.
The hard-core constraint enforces a single excitation per
site, i.e. d†i j1ii ¼ 0. Ω is the Rabi frequency and Δ is the
laser detuning of the coherent laser with respect to the
resonant frequency. The blockade effect prevents simulta-
neous excitation of atoms within a certain distance,

characterized by the blockade radius Rb=a ¼ ðV0=ΩÞ1=6,
with a being the interatomic distance.
We assume that tweezers form an evenly spaced lattice,

while deviations in the atomic positions are introduced
through a disorder in the interaction strength. Thus, the
potential Vi is a quenched random variable with a uniform
box distribution in the interval ½1 − δV; 1þ δV�.
Based on the typical uncertainties on the position of the

atoms [1], we study four values of disorder strength
δV ¼ 0.15, 0.25, 0.4 and 0.5. Further details can be found
in the End Matter. We also include the clean case δV ¼ 0
for the reference.
Let us first examine how the direct Ising transition in

arrays of Rydberg atoms is influenced by uncertainties in
the atomic positions, closely following the experimental
protocol of Ref. [1] within the framework of the quantum
Kibble-Zurek (KZ) mechanism. Specifically, we investi-
gate the scaling of the kink density nk—the density of
domain walls formed after a slow quench across the Ising
transition from the period-2 ordered phase—as a function
of disorder strength δV and system size L. A microscopic
definition of the kink operator employed in this Letter is
provided in the End Matter.
Deviation from the power-law scaling—First, we dem-

onstrate that disorder has a trackable impact on the critical
Kibble-Zurek scaling. Figure 1 shows the scaling of the
density of kinks nk with the sweep rate s for various values
of disorder strength δV and for a fixed system size
L ¼ 241. We present our results in a log-log scale, where

FIG. 1. Density of kinks nk as a function of the sweep rate s for
disorder strengths δV ¼ 0.15, 0.25, 0.4, for a system size
L ¼ 241. The clean case (blue circles) is shown for reference.
The dashed gray line indicates the theoretical prediction for the
clean Ising transition. As disorder strength increases, the scaling
of nk progressively deviates from the clean power-law scaling.
We averaged over up to 250–330 independent samples depending
on the strength of the disorder. Inset: effective exponents μeff
extracted by fitting the slopes of sets of three consecutive points
in the main panel. In the disordered case, μeff decreases
progressively for slow sweep rates.
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the critical scaling in the clean case is linear (dashed line).
As the disorder δV increases, the slope of the scaling μeff
decreases, deviating markedly from the clean power-law
behavior. This deviation becomes even more evident in the
inset, where we track an effective exponent μeff from sets of
three consecutive data points in Fig. 1. Plotted against the
first (leftmost) point in each set, μeff decreases with
decreasing sweep rate s. This trend becomes more pro-
nounced as δV increases, leading to a systematic deviation
of the measured exponent μ from the theoretical predictions
for the Ising transition.
The crossover—In Fig. 2 we present the scaling of the

density of kinks nk versus the sweep rate s for several
system sizes at fixed disorder strength δV ¼ 0.15. By
contrast to the clean case, μ decreases with system size,
resulting in a stronger deviation from the clean Ising
prediction. Such crossover between clean and disordered
physics as a function of the system size is a documented
feature in equilibrium [37,45,46]. The inset shows μeff ,
extracted using the same method as in Fig. 1, now plotted
for each system size. As before, μeff decreases with
decreasing s, but the deviation is more pronounced for
faster sweep rates and larger system sizes. A notable
exception is the case L ¼ 51, where μeff increases instead.
This is not unexpected: for small systems and sufficiently
slow quenches, the finite energy gap at the critical point
allows for an adiabatic evolution throughout the quench
[29]. This may explain why the effect of disorder was not
observed in recent experiments probing Ising transition
with 51 Rydberg atoms [2].
Dynamical signatures of the infinite randomness—

Previous studies have shown that in the infinite randomness

universality class, the scaling of the density of kinks nk
with the sweep rate s follows a much weaker, logarithmic
form, specifically nk ∼ ½logðs−1Þ�−2, rather than a power
law typical for the clean transitions [38,39]. To test how
well the KZ mechanism can capture infinite-randomness
criticality on experimentally accessible system sizes, we
plot 1=nk versus logð1=sÞ on a log-log scale in Fig. 3. The
dashed line corresponds to the analytical prediction. As δV
increases, the data increasingly conforms to this behavior,
with the case δV ¼ 0.4 displaying an almost perfect match.
Localization of the floating phase—We study the effect

of disorder on the equilibrium floating phase using density
matrix renormalization group (DMRG) simulations. In
contrast to the Ising transition, whose critical point can
be shifted by disorder, Rydberg arrays exhibit extended
regions of floating phases [5,44]. Here, we focus on a point
deep inside one such region, between the period-4 and
period-5 ordered lobes. We characterize the floating phase
through three hallmarks: quasi-long-range incommensurate
correlations, the structure factor, and the scaling of entan-
glement entropy.
Friedel oscillations: There are known examples in the

literature of commensurate Luttinger liquids with repulsive
interactions being localized by arbitrary weak disorder
[47,48]. To probe this phenomenon in our setting, we
analyze Friedel oscillations in the local density of Rydberg
excitations, which reveal the system’s ability (or failure) to
heal and screen impurities, here represented by the chain
edges. In the critical floating phase, Friedel oscillations
follow the predictions of boundary conformal field theory,
exhibiting a slowly decaying profile, as illustrated for
the clean case in Fig. 4(a) (blue curve). By contrast,

FIG. 2. Scaling of the kink density nk with sweep rate s for
disorder strength δV ¼ 0.15 and various system sizes. Results
were averaged over up to 300 individual samples. Kibble-Zurek
exponents obtained by fitting all shown points are listed in the
legend. Inset: effective critical exponent μeff extracted from sets
of three consecutive points of the main panel. For slower sweep
rates and larger system sizes the effect of disorder becomes more
pronounced.

FIG. 3. Scaling of the inverse of the density of kinks nk with the
logarithm of the inverse of the sweep rate s−1 for various disorder
strengths on a log-log plot. The dashed gray line indicates the
theoretical prediction for infinite-randomness criticality, 1=nk ∼
log1=ψ ðs−1Þ with 1=ψ ¼ 2 [35]. Results were obtained for a chain
with L ¼ 241 sites. As the disorder strength increases, the
numerical results increasingly approach the predicted infinite-
randomness scaling behavior.
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introducing disorder typical for this regime, δV ¼ 0.5 (see
End Matter for details), dramatically alters the oscillations:
edge effects are almost entirely suppressed beyond ∼30
sites, indicating a finite localization length.
Structure factor: An alternative approach that gives

direct access to the incommensurability, both numerically
and experimentally [5,18], is to analyze the location of the
first peak in the static structure factor:

SðqÞ ¼ 1

L

X
i;j

eiqði−jÞCij; ð3Þ

with Cij ¼ hn̂in̂ji − hn̂iihn̂ji being the density-density
correlation function. In Fig. 4(b), we compare the structure
factor for clean and disordered systems for several system
sizes. Remarkably, incommensurability is not destroyed by
disorder, a phenomenon that has recently been reported in

the context of Majorana wires [46]. Surprisingly, the
leading wave vector in the clean and disordered case
deviates by no more than Oð10−3Þ.
The main qualitative difference between the two cases is

the height of the peak, which is directly related to the
correlation length: large and rapidly growing with the
system size inside the clean floating phase [49], and small
and stable in the presence of disorder [see Fig. 4(c) for a
quantitative comparison]. For comparison we also include
the results for a gapped disordered phase in the clean case.
Entanglement entropy: The localization of the floating

phase is also reflected in the behavior of the entanglement
entropy, as shown in Fig. 5. In the clean system, the floating
phase is an incommensurate Luttinger liquid. According to
conformal field theory [51,52], the entanglement entropy of
a block of size l in a finite chain with open boundary
conditions grows as

SðlÞ ¼ c
6
ln dðlÞ þ s1 þ ln g; ð4Þ

where c ¼ 1 is the central charge of the Luttinger liquid,
dðlÞ ¼ ð2L=πÞ sin ðπl=LÞ is the conformal distance, ln g
states for boundary entropy, and s1 is a nonuniversal
constant. Our clean data presented in Fig. 5 show precisely
this logarithmic growth fully consistent with the critical
nature of the floating phase.
By contrast, in the presence of quenched disorder the

entanglement entropy saturates to a finite value. In one
dimension, such saturation is characteristic of low-energy
states of gapped Hamiltonians, which obey an area law for
entanglement entropy [53–55]. Consequently, the bipartite
entanglement entropy does not grow with subsystem size

(a)

(b) (c)

FIG. 4. Numerical evidence of localization of the floating
phase. (a) Local density profile of a chain of Rydberg atoms
for a disorder strength δV ¼ 0.5 (orange) and for the clean case
(blue) deep inside the floating phase for L ¼ 121. In the
disordered case, obtained by averaging over ∼1700 disorder
configurations, the edge effects are localized within about 30
lattice sites. We present the results for Ω ¼ 1, Δ ¼ 3.5, and
Rb=a ¼ 4, deep inside the floating phase. (b) Structure factor
SðkÞ for the clean (blue) and disordered (red) systems at the
specified point. (c) Scaling of the first peak height of the structure
factor shown in (b), which defines the Luttinger liquid exponent
K. For reference, we also include results for the clean case inside
the disordered phase, exhibiting incommensurate short-range
correlations at Δ ¼ 2.5 (green).

FIG. 5. Scaling of the entanglement entropyS as a function of the
conformal distance dðlÞ for three system sizes for a clean system
(δV ¼ 0.0) and a disordered systemwith δV ¼ 0.5 deep inside the
floating phase. The clean system shows a semilog scaling of the
entanglement entropy with the conformal distance, consistent with
c ¼ 1, indicating a floating phase, while the disordered case
saturates to a constant value, indicating a gapped phase. The
specific point in the phase diagram is Ω ¼ 1, Δ ¼ 3.5, Rb=a ¼ 4.
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but instead levels off once the subsystem exceeds the
localization length [48]. The saturation of the entanglement
SðlÞ therefore provides a direct and unambiguous signature
of the disorder-induced localization of the floating phase.
Discussion—We have demonstrated that disorder in the

interaction potential caused by the finite width of optical
tweezers has a significant impact on the measurable
Kibble-Zurek (KZ) critical exponent μ. This provides the
first consistent explanation for the systematic overestima-
tion of the KZ exponent in numerical simulations compared
to experimental data [2]. We show that deviations from the
clean physics will be even more visible on larger system
sizes, slower sweep rates and for smaller interatomic
distances. Our results highlight practical constraints on
scaling Rydberg-based quantum simulators, as accessing
comparable regimes in longer chains will require either
improved trapping or higher Rydberg states to maintain
sufficient interaction strength while increasing the inter-
atomic distances.
We expect our results to underestimate the actual impact

of disorder. First, for numerical efficiency we introduced
disorder only through the coupling constant Vi, thereby
underestimating lattice distortions by relying on a first-
order error propagation. Second, in experiments, the
trapping potential is typically switched off before meas-
urement, which further enhances the distortion.
We perform numerical simulations with long-range

interactions and, remarkably, the results shown in Fig. 3
are consistent with Fisher’s infinite-randomness fixed point
of the random Ising model with only nearest-neighbor
interactions. In this regard, our findings differ from the
predictions of strong-disorder renormalization group stud-
ies of the ferromagnetic Ising chain with random long-
range interactions and random fields [42], which predict a
transition characterized by a finite dynamical critical
exponent z that depends on the decay exponent of the
interaction strength. We hope this Letter will stimulate
further theoretical progress in understanding the role of
long-range couplings in disordered systems.
Furthermore, we have shown that the floating phase is

highly sensitive to disorder and exhibits striking signatures
of localization, including saturated entanglement entropy
and a finite correlation length. At the same time, and quite
unexpectedly, we find that the dominant wave vector q
remains unchanged. This observation raises several funda-
mental questions. Is there a disorder version of the Z3- and
Z4-chiral transitions [11,12,24,25]? Do commensurate-
incommensurate transitions [56–58] persist in the presence
of disorder, and with what characteristics? And if the
floating phase is indeed localized, how is the Pokrovsky-
Talapov transition [59], which in the clean system separates
the ordered and floating phases, modified?
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End Matter

Estimation of the disorder strength—Our analysis is
based on the experimental setup of Ref. [1] and its
follow-up work [2]. In these experiments, the authors
work with 87Rb atoms trapped in optical tweezers with a
wavelength of 808 nm, a beam waist of w0 ≈ 0.9 μm,
and a trap depth of about U0 ≈ kB × 1 mK. The atoms
are cooled to a temperature of T ≈ 12 μK, which leads
to positional fluctuations of approximately δx ≈ 0.12 μm
in the radial direction and δy ≈ 0.6 μm along the
longitudinal axis [1]. Such uncertainties can significantly
affect the interaction strength between atoms. This is not
the only source of error, as it is well documented in
Ref. [1]. However, as far as we understand, the
uncertainty in the location of the atoms is the only
relevant source of disorder that alters the nature of the
transition, while other imperfections can only add

marginal contributions, making the results only worse,
but not healing the system back to the clean case.
To quantify this effect, we apply linear error propagation.

For a general function fðx; yÞ with uncertainties δx and δy,
the propagated uncertainty is

δfðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
∂f
∂x

�
2

ðδxÞ2 þ
�
∂f
∂y

�
2

ðδyÞ2
s

: ðA1Þ

In our case, the relevant dependence arises from the
interatomic spacing a entering the van der Waals inter-
action,

V ¼ V0

a6
X
i<j

1

ji − jj6 n̂in̂j: ðA2Þ
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Propagating the uncertainty in a gives

δV ¼ 6
V0

a7
δa
X
i<j

1

ji − jj6 n̂in̂j ⇒
δV
V

¼ 6
δa
a
: ðA3Þ

To leading order, the uncertainty in the relative displace-
ment is

δa ¼ Δx ¼
ffiffiffi
2

p
δx ≈ 0.12

ffiffiffi
2

p
μm: ðA4Þ

This estimate underestimates the true uncertainty in VðrÞ,
as it neglects longitudinal fluctuations of the interatomic
distance when evaluated at y ¼ 0. Nonetheless, we adopt it
as a conservative lower bound.
For completeness, including second-order perturbative

corrections would yield

δa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔxÞ2 þ ðΔyÞ4

2x2

s
: ðA5Þ

Finally, we neglect fluctuations in the Rabi frequency Ω,
which would further increase the total uncertainty. Hence,
the values reported here should be regarded as conservative
lower bounds on the disorder strength in experiments.
Typical interatomic distances observed in experiments

are [1] a ≈ 8.7–4.3 μm for the period-2 phase, a ≈
4.3–2.9 μm for the period-3 phase, and a ≈ 2.9–2.2 μm
for the period-4 phase.
Based on these distance ranges, we select four represen-

tative disorder strengths using first-order error propagation at
characteristic points of the phase diagram: the Ising transition
(a ≈ 5.74 μm, δV=V ≈ 0.17), the Potts point in the period-3
phase [44] (a ≈ 3.95 μm, δV=V ≈ 0.26), Ashkin–Teller
point in the period-4 phase [44] (a ≈ 2.7 μm,
δV=V ≈ 0.38), and the floating phase between periods 4
and 5 (a ≈ 2.17 μm, δV=V ≈ 0.47).
In our simulations, we therefore consider four levels of

disorder reflecting these estimates: δV=V ¼ 0.15,
δV=V ¼ 0.25, δV=V ¼ 0.40, and δV=V ¼ 0.50.
As a final remark, the van der Waals interaction is

intrinsically asymmetric with respect to atomic displace-
ments. For example, for an interatomic spacing of
a ¼ 2.17 μm—the value used in our Letter of the floating
phase—the interaction strength varies between δV−=V ≈
0.36 and δVþ=V ≈ 0.67. The effective half width,
ðδV− þ δVþÞ=2V ≈ 0.5, coincides with our estimate, but
the distribution is skewed toward stronger interactions,
resulting in a shifted mean. This mean shift primarily leads
to a small displacement of the critical point in parameter
space, without altering the universal critical behavior.

Ground state calculations—The microscopic model
of Rydberg atoms was simulated using two-sites density
matrix renormalization group (DMRG) [60,61] in
the matrix product state (MPS) formalism [61]. The

many-body system Hamiltonian was expressed as a matrix
product operator (MPO) [62], and the algebraically
decaying 2-sites interactions were approximated by a sum
of 6 exponentials [61,63] 1=r6 ¼ P

6
i¼1 ciλ

r
i , where ci and

λi are parameters determined by minimizing the cost
function, defined as

XL
r¼1

���� 1r6 −
X6
i¼1

ciλri

����: ðB1Þ

This approximation provides an almost perfect fitting for
the interaction of ∼20 atoms distance and a cost function
error of ∼3.5 × 10−18 for L ¼ 241. Ground state
convergence was assumed when the variation in the total
energy after two consecutive sweeps <10−12.

Simulation of dynamics—Time evolution was
performed using a 2-sites time-dependent variational
algorithm (TDVP) [64–66]. In this case, the algebraically
decaying 2-sites interactions were approximated by a sum
of 4 exponentials. This approximation provides almost
perfect fitting for ∼10 atoms. For each time step,
convergence of the Lanczos algorithm was assumed when
the difference on the energy after two consecutive
iterations was <10−7.

Kibble-Zurek mechanism protocol—The starting point
for the Kibble-Zurek (KZ) mechanism was set at a
distance of 15 ×

ffiffiffi
s

p
normalized by the interatomic

strength constant V0 to ensure the system started in the
adiabatic regime. This choice is motivated because for an
Ising transition, adiabaticity breaks down when the
distance to the critical point reaches jεj ∼ ffiffiffi

s
p

. The van
der Waals interaction strength for each site was held fixed
Vi ¼ 1� δVi and Δ and Ω were swept around the phase
transition in a direction perpendicular to the critical line
identified in the phase diagram of Fig. 1 (right) in
Ref. [13]. The quench was terminated at Ω ¼ 0.
The number of kinks was quantified as the density of

domain walls, following the definition proposed in
Ref. [31]. Specifically, for a period-2 structure, two types
of domains—A and B—can be distinguished based on
whether the Rydberg excitation occupies odd or even lattice
sites. A kink is then defined as a domain wall where the
excitation pattern switches between domains A and B.
Comparable results were obtained using the non-order
parameter introduced in the same reference. In this alter-
native approach, a kink is identified through the local
pattern . While both methods yield similar
results, notable differences exist. For example, the con-
figuration is not counted as a kink using the
domain-wall method but is counted as two kinks under
the non-order parameter definition. For a more detailed
discussion of kink definitions and their influence on KZ
scaling (see Ref. [67]). All quench protocols crossed the
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critical point at ðΩ=V0;Δ=V0Þ ≈ ð0.494; 1Þ, corresponding
to the estimated transition point of the clean model [13].
For each sweep rate, the slow quench process was

repeated between 20 and 300 times, depending on the
specific sweep rate and system size, and the resulting kink
densities were averaged. The uncertainty in the mean was
estimated as 1.96× the standard error, corresponding to a
95% confidence interval for the estimated mean.

Finite-size effects of Kibble-Zurek mechanism in the
presence of disorder—We further discuss finite-size
effects in the deviation from the clean Ising scaling in
KZ dynamics. In Fig. 6(a) we display the extracted
values of μ as a function of δV for various system sizes.
The results confirm that the measureble KZ exponent
μeff decreases with increasing disorder and also with
system size. Additionally, the error bars on the fitted
exponents grow with δV, reflecting a growing deviation
from simple power-law scaling.
To probe the dynamical fingerprints of the infinite–

randomness critical point, we investigate how the kink–
density distribution evolves with system size at a fixed
sweep rate. As illustrated in Fig. 6(b), the histogram of
log nk remains centered on a clear average value, while
its overall spread becomes progressively narrower for
larger chains. A qualitatively similar trend was reported
for disordered quantum Ising chains driven through the
transition in the KZ regime (see Ref. [39]). The observed
reduction of sample-to-sample fluctuations reflects the
increasing number of effectively independent domains

that form once the dynamics freezes out, yielding a
postquench observable that is self-averaging even
though equilibrium quantities at the underlying infin-
ite-randomness fixed point itself remain non-self-
averaging.

(a) (b)

FIG. 6. Additional results on finite-size effects in Kibble-Zurek
scaling. (a) The critical exponent μeff is shown as a function of
disorder strength δV for various system sizes. The effect of
disorder slowly increases with system size, but due to large error
bars it would be challenging to quantify the effect. (b) Probability
distribution of kink density after a slow quench. We show the
distribution of logðnkÞ for L ¼ 121, 241, 481 averaged over 430,
250, and 200 independent samples correspondingly. Histograms
were computed using 11 fixed bins. As the system size increases,
the distribution narrows, reflecting reduced fluctuations in larger
systems. Solid lines correspond to a Gaussian fit.
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