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1
Introduction

Parallel manipulators have received more attention in the industry. Their appealing ability of high-
speed, high stiffness to weight ratio, and therefore the increase of agility, accuracy and higher payload
capacities are very desirable [1]. However, these advantages come at the cost of singularity introduc-
tions, smaller workspace and lower dexterity. These robotic manipulators are desired to move faster
and with more accuracy. When the cycle time can be lowered, more operations can be done in a
certain amount of time. When a robotic arm is actuated with more torque, its rise time will be shorter.
Although travelling at a higher speed can induce more vibrations to the base. So the desired destination
is achieved faster, but vibrations are still present. The robot must wait until the vibrations are degraded
to be within the desired boundaries of the precise location, also called settling time. These vibrations
also induce wear and fatigue in the robot. So, moving faster does not always mean the cycle time will
decrease. A way to attenuate these vibrations is to dynamically balance the manipulator. Dynamically
balancing means that the change of linear and angular momentum is equal to zero. Also called shaking
force and shaking moment balanced, respectively.

Dynamic balancing will heavily increase the movable mass and inertia [2], and if not taken into
account in the design process, it can do more harm than good with regard to controllability [3]. Most
examples of dynamically balanced parallel manipulators in literature are theoretical examples of struc-
tures that can be balanced. The manipulators that are built and experimentally verified are scarce.

To dynamic balance, a single rotatable link, gears or belts are often used on a force balanced link to
obtain a counter-rotation. A literature study that recently describes them can be found in Ref. [4]. Gears
and belts can reduce the dynamic performance of high-speed manipulators if not enough care is taken
for the backlash [5]. Another technique is to copy a structure, so a movement is done in the opposite
direction with the samemass and inertia [2]. Gosselin et al. established three reactionless four-bars that
balance themself by distributing the mass over the links [6]. These examples are inherently balanced,
meaning they balance themself in their workspace and do not need to be actively balanced. Active
balancing means a (force balanced) link is combined with active controlled elements, e.g. flywheels,
to obtain a counter-movement. This solution is heavily dependent on optimized control [7]. Active
balancing is easier for multi-DoF structures, but inherently balanced structures are favourable regarding
controllability for a single link.

To obtain multi-DoF balanced structures, a balanced link can be pasted onto another link, as it acts
as a point mass, the whole system can be balanced together [2]. Also associated with link-by-link
balancing. This necessitates placing actuators on distal links, which is primarily not wanted due to the
added movable mass. All the aforementioned balancing techniques can be used on an arbitrary link
to obtain full balancing for 2-DoF links in series. Some examples with belts and gears can be found in
Ref. [8] and [9]. Parallelogram structures can be force balanced by placing counter-masses near the
rotatable pivot point. This ensured that no mass is needed to be added to the distal links. In Ref. [10] a
copied mechanism with belts is suggested. In Ref [11], a 2-DoF copied mechanism is proposed, which
is only dynamical balanced along two perpendicular paths. The reactionless four-bars can also be
combined to obtain multi-DoF parallel structures [12]. However, using multiple reactionless four-bars
in series does heavily increase the complexity. With active counter-rotations, the following examples
can be found in Ref. [13] [14].
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2 1. Introduction

Three notable examples of fabricated balanced parallel manipulators are known in the literature.
The Hummingbird, presented in 1992, is a 2-DoF manipulator consisting of a parallelogram and has
counter-masses near the origin to force balance the manipulator. It uses an active flywheel that induces
a counter-rotation to cancel the angular momentum [15]. This manipulator was designed for the chip
industry and could reach up to 50 G of accelerations in a workspace of 13 by 13 mm. Because this
solution depends on active controlling of the flywheel, it is necessary to have optimal control otherwise,
fully balancing will not be obtained. The reduced reaction forces resulted in a 90% reduction in reac-
tion moments due to non-ideal actuators and friction. The Besi Robot [16] uses the same structure
as the Hummingbird. It was designed for a bigger workspace around 25 cm, this came at the cost of
the maximum peak accelerations reduced to 10 G. No experimental values are known that imply the
reduced reaction forces. The DUAL-V is a redundant 4-RRR planar parallel manipulator [17]. It ac-
complishes dynamic balancing by copying a force balanced mechanism around the end-effector. The
copied mechanism ensures dynamic balancing for an orthogonal trajectory through the middle of the
workspace. It has a workspace of around 17 cm and could reach up to 20 G of peak accelerations. It
has 97% lower shaking forces and up to a 96% lower shaking moment for the balanced trajectories in
its workspace. For motion throughout the workspace, it showed 93% lower shaking forces and 16%
lower shaking moment.

In Ref. [18], a study was done on the controllability of dynamic balancing techniques applicable to
a single rotatable link. This study showed that the inverted four-bar is an appropriate building block for
high dynamic performances. It obtains moment balance by distributing masses close to pivot points,
and no additional counter-rotations are needed. This was also experimentally verified in Ref. [19]. Also,
some 2-DoF structures are suggested that make use of the inverted four-bar, but most of them are
not fully balanced in their workspace because of their inconsistent angular momentum. The research
that takes balancing into account, as well as controllability for multi-DoF structures, is scarce, and
no multi-DoF manipulator exists that is inherently dynamically balanced and is applicable for higher
accelerations.

1.1. Research goals
This thesis focuses on combining controllability and dynamic balancing to develop a 2-DoF inherently
dynamically balanced manipulator, so it is applicable for high accelerations. Three papers are written,
and all can be read individually. All the papers contribute knowledge to obtain the primary goal. The
research goal of every paper is as follows:

- Obtain the design choices that have the most influence on stiffness in multi-DoF high-speed
parallel manipulators

- To develop 2-DoF fully inherently dynamically balanced structures that are applicable for
higher accelerations using a constant inertia mechanism

- Design and experimentally verify a 2-DoF inherently dynamically balanced structure with a
constant inertia mechanism

1.2. Thesis outline
In Chapter 2, a literature study is performed on high-speed parallel manipulators and what design
choices influence the stiffness in any direction. This can be seen as an intro to high-speed parallel
manipulators. For IBinv4B, a prototype of the dynamically balanced reactionless four-bar, the out-of-
plane stiffness was insufficient for the high forces, therefore reducing the eigenfrequency [19]. For
high-speed manipulators, stiffness in any direction is essential, as every mode can be activated. Even
the out-of-plane frequencies for a planar manipulator [1]. The literature study aims to obtain design
guidelines for high-speed parallel manipulators that can be applied so they can be implemented in a
later design. Chapter 3 investigates why the solution in Ref. [19] is not fully balanced in its complete
workspace and what is needed to obtain this. A constant inertia mechanism (CIM) is presented, and
design solutions that use the CIM for inherently dynamical balancing. In Chapter 4, a design solution
of Chapter 3 is designed and optimized on eigenfrequency, as well as experimentally validation on
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dynamic balancing. The focus was on manufacturing and realizing the design to prove that controlla-
bility and balancing can be combined. Chapter 5 gives an evaluation of the design and what could be
interesting for further research so higher accelerations or spatial balancing can be obtained. In the last
chapter, a conclusion is given on the work of this thesis.
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The most influential design choices on stiffness in multi-degree of
freedom high-speed parallel manipulators

D. Boere, V. van der Wijk

Abstract—Using parallel manipulators at high speed for pick-
and-place operations has recently received more attention. Mov-
ing at higher speeds means that the cycle time of a pick-and-
place operation can be decreased. Although, moving with high
accelerations will induce high forces and thus vibrations to a
manipulator. Even for planar manipulators, the out-of-plane
vibration modes can be executed. So having a manipulator that
is stiff in every direction is essential for reaching high speeds.
Many components influence the stiffness of a manipulator. Even
if the base and the movable platform, which are almost always
modeled as infinite stiff, are not rigid enough, they can have a
negative influence on the stiffness. Thus infinite stiff structures
must be ensured to be rigid. Many design choices can influence
the total stiffness in any direction. This paper investigates the
choices made in the literature for multi-DoF high-speed parallel
manipulators that have influence. Adding stiffness almost always
comes hand in hand with added mass, which has negative effects
on controllability. So solely adding stiffness does not always
mean that the manipulator will perform better. Adding more
active redundant chains from the base to the end-effector can
significantly increase the stiffness and dynamic performance of
a parallel manipulator, thus being a good option for obtaining
high speeds. Components that are in series must be stiff in every
direction. This paper also presents design guidelines for obtaining
sufficient stiffness for a high-speed parallel manipulator.

I. INTRODUCTION

The use of parallel manipulators has become more popular
in industries. Especially with their appealing ability of high-
speed, high stiffness to weight ratio, and thus increased agility,
accuracy and higher payload capacities. These abilities have
given them more appeal compared with serial manipulators
[1], [2], which have almost reached their limit [3], [4].
However, these advantages come at the cost of singularity
introductions, smaller workspace and lower dexterity.

Many parallel manipulators have been invented and built,
designed specifically for their use in the high-speed industry.
A notable manipulator is Clavel’s Delta robot, invented around
1980, which has three degrees of freedom (DoF) and can reach
up to 10 G of acceleration. This manipulator was specially
designed for the pick-and-place industry. The movable mass
was significantly reduced because of the smart design. This
made it an optimal manipulator for low mass, and high speeds
[5]. Since then many high-speed parallel manipulators have
been invented and build [6]–[27]

For the pick-and-place industry, high-speed and high preci-
sion (dynamic performance) is the key to a good manipulator.
Because of the properties of the parallel manipulator, it is
believed that they will supply the increasing demand for
faster and more precise manipulators. Stiffness is one of the
essential properties of a manipulator. It determines the external
forces it can handle and is an important factor for the natural
frequencies. The performance of a manipulator is often limited

by its first natural frequency [28]. This can be in the movable
direction but also in the constrained direction [1]. Working
close to those frequencies will trigger vibrations and decrease
the dynamic performance. The natural frequencies can be
obtained using equation (1). One can see that if the stiffness
matrix increases, the natural frequencies also increase. Hence
the stiffer the mechanism and the lower the mass, the higher
the natural frequencies. This will lead to more controllable
bandwidth and thus higher precision it can have on high speeds
[29].

ω =

√
K

M
(1)

For higher speeds, the stiffness in every direction must be
sufficient to obtain high performance. For example, if a planar
manipulator’s stiffness is low in the out-of-plane direction,
this vibration mode can still be triggered. Although, increasing
the stiffness will most likely lead to increased material and
thus more mass, leading to poorer performance. So for the
optimal design, an optimum must be found that balances the
mass and the stiffness. One can increase the stiffness in a
parallel manipulator in smart ways to increase the dynamic
performance, but one can also decrease the needed stiffness
by reducing the mass.

This literature paper will investigate what design choices
influence the stiffness in every direction for multi-DoF high-
speed macro parallel manipulators and derive the design
guidelines for obtaining sufficient stiffness.

Parallel manipulators have different appearances, although
they all have similar properties that link them together. In
Fig. 1, a standardisation of a parallel manipulator is visible.
Every manipulator exists of a base that is primarily rigid and
is connected to the world. From the base, multiple chains
are connected to the end-effector. A chain can consist of the
following: joints, either passive or active and links. Active
joints are also referred to as actuators. If two or more chains
exist from the end-effector to the base, the manipulator will be
parallel. If it is only one chain, then it is a series manipulator.

This paper will follow the structure of a parallel manipula-
tor. In chapter II, general knowledge of the stiffness and the
parallel manipulators will be given. In chapter III, the compo-
nents that are placed in series of a chain will be analysed. In
chapter IV, the chains that are in parallel with each other will
be reviewed. Chapter V studies the base and the end-effector.
Chapter VI will discuss the whole mechanism mechanically
and control-wise, and in chapter VII, a conclusion will be
given to the research goal.

1
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Figure 1. Standard design of a parallel manipulator, with chains consisting
of actuators, links and joints that connect the base to the platform. Based on
Ref. [3]

II. GENERAL

Stiffness is the ability to resist deformations caused by ex-
ternally applied forces, or in basic formula form K = F.δx−1

[30]. In parallel manipulators, the stiffness matrix that has
to be obtained is the Cartesian stiffness matrix of the end-
effector. This point endures external forces by pick-and-place
operations or needs to be tracked with the most precision.
This matrix, also revered to K or Kc, tells what kind of force
in what direction the end-effector can endure. This is a six-
by-six matrix where one diagonal term corresponds with a
direction in Cartesian space. The inverse of a stiffness matrix
is called a compliance matrix or k. There are two types of
stiffnesses. The dynamic stiffness Ds = K−ω2 ∗M where the
manipulator is in movement, and the rate of this movement
decreases its dynamic stiffness [31]. While the other is static
stiffness Ss = k where the end-effector does not move, so
ω = 0. The Static stiffness is used to determent the stiffness
of a manipulator in its entire workspace, giving an overview
of where this manipulator is stiff and where it is compliant.
Components used in manipulators can either be placed in
parallel or in series. While looking at figure 1 it can be seen
that most chain components are in series except if a loop is
added to a chain. The stiffness of components in series can be
calculated by the use of equation (2). So a chain is as weak or
strong as its weakest component. The chains connecting the
base with the end-effector are placed in parallel. Hence placing
multiple chains will increase the stiffness (see equation (3)).

1

keqSeries
=

1

kActuator
+

1

kJoints
+

1

kLinks
(2)

keqParallel = kChain#1 + kChain#n (3)

Design guideline Optimizing the weakest component first
in a chain has the most significant influence on the total
chain stiffness. Adding multiple chains will increase the total
stiffness.

A. Obtaining the stiffness

In literature, there are three main ways to thoroughly
compute the stiffness matrix for a parallel manipulator [3]. The
Finite Element Analysis (FEA), Matrix Structural Analysis
(MSA) and the Virtual Joint Analysis (VJA). The FEA has the
most computational time but is the most reliable. Its accuracy

is dependent on its computational time. Here joints and links
are modelled with their true dimensions. This method is mostly
used to validate the final design.MSA incorporates the main
ideas of FEA but uses larger flexible elements like beams.
Divining each beam into elements with two nodes gives it
a 12 by 12 stiffness matrix derived from the Euler-Bernoulli
presentation. This method gives a reasonable trade-off between
computational time and accuracy [32]. The VJM, uses virtual
joints to be modelled as springs and other structures as rigid
[33]. This method takes the least amount of computational
time, but because of the lumped models, it can deviate from
the physical values. To increase the accuracy, a beam can
be divided into smaller beams giving it more computational
time but also increase the accuracy [34]. For high-speed
manipulators, it is important to know where the first natural
frequency will arise so it can be accounted for or stiffened
if needed [28]. In Ref. [1], for a planar parallel mechanism,
the first natural frequency was calculated, giving seven times
higher with a simple Jacobian method, which did not account
for the elasticity of the links, compared to the VJM method.

Design guideline: Using a proper method to compute the
stiffness accurately in all directions so that no hidden eigenfre-
quency will be created while still having a low computational
time.

B. Singularities

Singularities are important points in the workspace of a
manipulator and can lead to bad behaviour of the end-effector.
These can be points where the end-effector gains an extra
DoF or an infinite actuation velocity that leads to no output
velocity. So these are points where the kinetostatic behaviour
of a mechanism suddenly changes [35]. Many papers have
been written about this topic, and a summary can be found in
Ref. [29].

A common way to obtain the singularities is by using Gos-
selin and Angele’s way of using the input-output velocities.
They defined three types of singularities [36]. The first two
types are the most commonly occurring. The third type is a
combination of the first and second ones. Zlatanov noted some
more ”hidden” singularities can occur for some particular
manipulators [37]. Input-output velocities can not obtain this
type (redundant passive motion). The input-output formula is
given as follows

Jqq̇ = Jxẋ (4)

Where q̇ are the velocities of the actuators or input velocities
and ẋ are the velocities of the end-effector or the output
velocities.

Type I: Occurs when Det(Jq) = 0. Also known as
redundant input singularities or serial singularities [36]. These
singularities occur when a chain either reaches a boundary of
its workspace or an internal boundary limiting different sub-
regions of the workspace. This will correspond that an actuator
can have a velocity without it having to produce motion onto
the end-effector (q̇ ̸= 0). An example can be seen in the left
picture in Fig 2.
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Figure 2. Singularities example for the 2-RRR manipulator of type I (serial)
and type II (parallel) based on Ref. [18]

Figure 3. Singularity example for redundant passive motion singularities

Type II: Occurs when Det(Jx) = 0. Also known as over-
mobilities or parallel singularities [36]. Unlike type I, these
singularities lay within the chain’s workspace. It corresponds
to the end-effector having poor stiffness in a certain direction
and is locally movable even when all the actuators are locked
(v̇ ̸= 0). An example can be seen in the right picture in Fig 2.

Type III: A combination of Type I and II. Both Det(Jq) =
0 and Det(Jx) = 0. The actuators may move while the end-
effector is locked, and vice versa.

Redundant passive motion singularities: Also called inter-
nal singularities [38]. This is a special kind of singularity that
can only occur for some mechanism with special parameters
and can not directly be distracted from Det(Jq) or Det(Jx)
[18]. An example can be an uncontrollable joint when the
actuator and end-effector are both locked. Although these will
probably not occur in a ’simple’ parallel manipulator, for
higher DoF, this can be a problem [37]. An example can be
seen in Fig 3. Having Va as input velocity and Vc as output one
can see that the singularity in the right picture using equation
(4) will not be discovered. Meanwhile, Vb can have a velocity
without having an input or output velocity.

Design guideline: Make a complete kinematic model of the
manipulator to obtain all the singularities in the workspace.

C. Design

For parallel manipulators, although many variations are
present [39], two groups can be distinguished, planar and
spatial ones. These two can again be divided into three
common types [40], the RRR, RPR, and PRR, where R stands
for a rotational joint and P for a prismatic joint. The underscore
means that this joint is an active joint. There are other types of
joint configurations, but they are not mentioned here because
they are almost not used for high-speed macro manipulators.

One of the reasons parallel mechanisms can reach higher
dynamic performance over series is that every actuator can
be placed statically on the base [41]. Although this is not
mandatory, placing the actuator statically means that it does
not have to move for any motion, so the movable mass and
inertia are significantly reduced [6].

Design guideline: Having the actuator at the base reduces
the movable mass and inertia. Hence, making it more attractive
for high-speed.

In table I, three basic types are given, for a planar config-
uration, with their common properties. Note that these three
manipulators are divided because of how they are actuated and
where this actuator is placed. Adding an extra DoF by adding
extra chains, or by altering the platform, or altering the active
joints will still count as the same group.

The RRR group uses a rotational actuator. Hence needing,
it to have two links on both sides to create a planar 2-
DoF movement. Having two links gives it a higher reachable
workspace than the other groups, but comes the cost of the
axial stiffness and available output force [7]. The rotational
actuators can have direct drivers without transmissions. This
type is often used in pick-and-place units that carry objects
with small masses [11].

The RPR group is often referred to as a motion platform.
This design has prismatic actuated joints within a chain. This
gives it a small workspace but a high axial stiffness because the
links will mostly be placed perpendicular to the end-effector.
Here the actuators are not placed on the base so this will
increase the movable mass.

The PRR group uses prismatic joints and has specs that
are in-between the other two groups. This group can have
high axial stiffness while maintaining a higher reachable
workspace. This type is commonly used for milling operations
[42], but also for pick and place operations that are needed to
carry more mass [20].

For multi-DoF manipulators, to get a more accessible and
homogeneous insight on the stiffness, placing the actuators
symmetric around an axis is wanted for the distribution of
force and moments along the kinematic chains [19]. This will
also give a better insight into the Type II singularities [43]
as well as a symmetrical workspace and easier controllable
manipulators [44].

Design guideline Having a symmetric design will obtain a
more homogeneous insight of the stiffness.

It is task-specific on how many DoF a manipulator needs.
Pick-and-place manipulators can vary from 2T, 3T and 3T1R
being the most common. The latter is called a Schöenfield mo-
tion. While haptic devices and motion bases commonly need
6-DoF. Increasing the DoF will also increase the complexity of
the manipulator, making it harder to keep the actuators at the
base or to maintain a symmetric design. So keeping the DoF
as low as possible for the specific task will be less complex.

III. INDIVIDUAL COMPONENTS OF A CHAIN

The total stiffness in series is taken by the sum of ev-
ery component’s inverse stiffness (eq 3). Hence, marginally
smaller stiffness has a huge impact on the average stiffness of
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2 DoF parallel manipulator

Type
Structure 2-RRR 2-RPR 2-PRR
Output force Small Large Large
Actuator location Base Moving Base
Moving mass Low Large Low
Speed Very fast Dependent Fast
Rigid Poor Good Good
Workspace Large Small Large

Table I
THE THREE BASIC TYPES OF PARALLEL MANIPULATORS FOR A PLANAR

2-DOF, BASED ON REF. [40]. NOTE THAT THE PLATFORM MUST BE
CONSTRAINED HORIZONTALLY

this chain. So to improve the stiffness of a chain, the stiffness
of every component needs to be analyzed and optimized, and
it is best to improve the weakest component first.

A. Active joints and passive joints

Actuators or active joints give the manipulator the ability
to move in specific directions. They also add virtual stiffness
to the system. A more robust actuator means more virtual
stiffness can be applied [3]. Actuation can either be linear or
rotational. It is design and objective are dependent on which
actuator is more suitable. The most used joints in parallel
manipulators are revolute, prismatic, universal and ball-and-
socket joints [29].

1) Drive: Transmissions like belts and gears can be used to
convert speed to torque or vice versa. Transmissions will most
likely implement extra backlash and wear that can reduce the
stiffness [14]. Using them on oscillating links can create noise
[45]. They are also highly non-linear to model and expensive
to make precise [46]. Although some high-speed manipulators
have been produced with gears, they had to use expensive
anti-backlash gears to counter the negative effects [10], [14].
For high-speed manipulators, direct drivers are preferred [6].
Electric motors already have the full torque available upon
starting.Although they have some good applications, they suf-
fer from torque ripples. This is a periodic decrease or increase
in the output torque and is a result of the magnetic fields that
are switched. These torque ripples can induce vibrations in the
system or lead to a loss of stiffness in the movable direction
[47].

Design guideline: If the force of an actuator is sufficient,
do not use transmissions and use direct drives, this will result
in a higher performance.

2) Actuation redundancy: If a manipulator has more actua-
tors than DoF, then this manipulator has actuation redundancy.
This actuator can be placed in two places to create different
redundancy’s: 1) on a joint that is in an already existing chain
in-branch redundancy and 2) on the base creating another
chain to the end-effector additional actuated branches [20]
[6]. The latter obtained more attention because the actuator
can be placed stationary on the base, while by the first, the

actuator has to move as well, adding extra movable mass
and inertia to the system. Although this can be solved using
a parallelogram so two actuators can be stationary and in
the same chain [48]. Both can avoid type II in workspace
singularities and thus increase the stiffness in these points [49].
Using multiple actuators also increases the available force that
will be implemented in the system. Hence the complexity of
the mechanism and control will increase. Attention must be
paid to force redundancy, and the effects of internal forces [7].

Design guideline: Use actuation redundancy to counter the
type II singularities in the workspace.

3) Stiffness in joints: Joints are often modelled as fric-
tionless, and perfectly movable [50]. Although, in real life,
a joint always has play, friction and backlash. Simple joints
with lesser DoF can generally be made more precise and have
less play, and backlash [51]. Pre-loading a joint will impose a
force in the movable direction, and it can counter the effect of
backlash [34]. The elasticity of a joint can become critical in
high-speed manipulators. So these effects must be accounted
for when designing. Compliant joints get their movement
through elastic deformation by a slender structure [52]. The
integration of compliant joints can counter the harmful effects
of normal joints. Compared to normal joints, these joints are
mostly less stiff in the out-of-plane direction. Although it is
highly dependent on its design, optimizing can increase its
stiffness. However, they have limited motion in their elastic
range to ensure linear behaviour and forces are needed for
deformations. These can decrease the actuation load capacity
[53]. Because of the limited motion, compliant joints are often
used in motion stages that can reach high precision in a plane.
Some parallel manipulators exist that have a bigger workspace
with compliant joints [54] [55]. Although, they are not widely
used yet. In Ref. [56] Pashkevich et al. used the effects of
preloaded joints to increase the stiffness near singularities
and eliminate undesired buckling effects. The negative effects
are the increased control difficulty and the harder stiffness
mapping. In Ref. [57], springs were used in parallel with the
actuators to decrease the energy consumption by 68%, but this
is only suitable for specific loading and specific trajectories.

Design guideline: The use of preloaded joints can decrease
the backlash in the joints and if used well have positive effects
on the stiffness and the actuation torque.

Variable Stiffness Springs (VSS) can be used in series with
an actuator to create Variable Stiffness Actuators (VSA). Its
stiffness can be controlled and altered during motion. There are
many types of VSAs most of them are explained in Ref. [58].
the common uses of VSAs are: shock absorption, stiffness
variation with a constant load, stiffness variation at a constant
position, cyclic movements, and explosive movements [59].
The use of variable stiffness can make it safer for robotics
to operate or interact with or around humans. They are also
used to decrease energy consumption in parallel manipulators.
Although using them at high speeds, VSAs will lead to
uncontrolled robot deflections [60]. In the same paper, they
propose to use the VSS in a parallel arrangement to the
actuators. By doing this, it is possible to reduce the energy
by up to 48% while still being able to move at high speeds.
Although, the active stiffness changes create harder control.
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B. Links

Links are often rigid bodies that can withstand forces and
vibrations. Although, the elasticity of the links can become
critical for high speeds. So this must be accounted for [1]. In
general, to increase the stiffness of a link is to optimize the
material or to optimize the link geometry. In equation (5), the
components of the six-by-six compliance matrix are visible for
a cantilever beam. This matrix is the inverse of the stiffness
matrix and gives an index on how much a link deforms with a
given force. This is a symmetric matrix with the non-diagonal
terms being the coupling terms.

k11 = L
EA ; k22 = L3

3EIz
; k33 = L3

3EIy
; k44 = L

GJ ;

k55 = L
EIy

; k66 = L
EIz

; k35 = −L2

2EIy
; k26 = L2

2EIz
;

(5)

were:
E is Young’s modulus of a link. G is the Coulombs modulus
of a link. A is the area of the link. L is the length of a link.
J is the polar moment of inertia. Ii is the second moment of
inertia of a link.

1) The geometry of a link: The stiffness of a link depends
heavily on its geometry. Optimizing the geometry of a link can
increase its stiffness in the desired direction. Altering the links’
length will also significantly affect the reachable workspace.
Design-specific manipulators can have smaller link lengths and
thus obtain higher stiffness.

Design guideline Use design optimal workspace so no
stiffness will be lost due to increased link lengths.

Topology optimization is used to get a design-specific
optimization of a link. It divides the link into small elements
that are optimized using mathematical algorithms. It is based
on adding or removing material in these elements. While a stiff
structure has much material in this direction, optimizing solely
on stiffness will result in unfeasible designs with no material
removed. To obtain a feasible design, constraint equations that
counter the stiffness have to be added, like maximum volume.
Another way is to change the objective function to optimize
the mass or natural frequency. Works have proven that by
optimizing a design, the natural frequency can be increased
by 500% [46] This technique can have high computational
time while optimizing. The structure that is created for the
link is often difficult to manufacture. Attention must be paid
to the optimization method because some methods will only
give an optimum for a given point in a workspace, not the
global workspace [61].

Buckling is a non-linear phenomenon when a slender struc-
ture endures compressing loading, exceeding a critical value.
Although buckling effects are mostly unreachable in robotics
[62], when minimizing the cross-section links can become
critical. Loading the slender structures in traction will not
endure these effects.

Design guideline: Having a design that the external forces
load a link as much as possible in traction, so buckling and
bending will not be a problem.

2) Material of a link: The materials that are widely used
in parallel manipulators are aluminium and steel. While the

former is lighter and cheaper, the latter is stronger. Using
the right type of material for a manipulator can increase
the stiffness and so accuracy. Recently composites are more
often used for manipulators. They have many advantages
over metals, they are mostly lighter, have a good Young’s
modulus to density ratio and are not prone to corrosion. But
their raw material costs are expensive and labour intensive
to produce [63]. Because of the lesser material that can be
used, composites can become more prone to buckling/bending
effects if no attention is paid to those phenomena [64]. In
manipulators, heavier and stiffer materials are used near the
base on proximal links because these links are more prone
to bending. Lighter materials are used near the end-effector
because far away links induce more inertia. This is commonly
used on the distal links in delta-like robots [65].

Design guideline: Use stiffer material on the links near the
base to counter bending moments.

Design guideline: Composite materials can best be used
on distal links to decrease movable mass while still being
stiff enough. Although making them slender can introduce the
buckling effect if not accounted for.

3) Extra parallel links: Extra links can be added to the
system to constrain the platform in a specific direction. This
is most commonly done by using parallelograms in spatial
delta-like robots to constrain the rotational movement of the
platform, but it can still move translationally while staying
horizontally. Instead of one distal link, these manipulators
have four bars that compose a parallelogram. Because two or
more parallelograms are used that are not in the same plane, it
will be constrained. If rotational or spherical joints are used,
then they also implement a motion. See Fig 4. Examples are
delta-like robots as the Par4 [19], or the X4 [15]. In planar
configurations, the parallel distal links still allow a rotation of
the platform because they are in the same plane. To constrain
the rotational movement of the platform, inner distal links
must be added. For PRR and RPR configurations, these links
can be directly connected to the movable component, as can
be seen in the many examples given in Ref. [51]. For the
RRR configuration, a passive proximal link connected to the
inner distal link has to be added to obtain the right constraint.
Adding such a constraint can be done for one side, but adding
it on both sides increases the stiffness, keeps a symmetric
behaviour and can eliminate clearance in the joints. Although
the structure complexity increases. Planar manipulators that
use these inner distal links are the Diamond [27] and the
IRSBOT − 2 [21]. Using parallelograms can help to
withstand higher rotational loads. Although, it will be more
prone to bending effects [66]. Using a parallelogram will
impose a more complex structure with redundant constraints,
and the fabrication accuracy should be high enough otherwise,
the accumulation of errors will be induced. For parallelograms
this will not be a critical point as typically, only 1-DoF
joints are needed [51]. In-between links can be added to
increase the stiffness even further so the parallelogram is less
prone to bending. This way, damping and preloading can also
be introduced [49]. Although, adding extra links can over-
constrain the mechanism, which in itself can induce internal
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Figure 4. Constraining the platform for the rotational movements for a planar
2-RRR manipulator (left). A parallelogram leg can constrain the platform
horizontally if multiple parallelograms are used that are not in the same plane
for spatial manipulators (right)

stresses.
Parallelogram links are mostly used in manipulators that

apply axial forces to them. The cartesian axis Ortoglide also
uses these links for every axis point [8]. Here the stiffness
was obtained with and without the use of parallelograms.
Using them, a decrease in buckling and transverse stiffness
was perceived, and an increase in rotational stiffness [66].

For planar mechanisms where the force of the end-effector
is applied perpendicular to the plane of the manipulator (Z-
direction in Fig. 4). This structure will probably do more
wrong than good because of the perpendicular force applied
to the end-effector and, thus, to the parallelograms. It is
used in the wall-mounted parallel manipulator in Ref. [17]
to create a vertical motion (Z-direction). Although this could
also be solved using an external actuator [16]. If this is more
favourable is questionable.

Design guideline: Use parallelogram links to implement a
constraint to the platform or to increase a spatial DoF. This will
increase rotational stiffness at the cost of transverse stiffness.

IV. CHAINS IN PARALLEL

When adding joints and links together, a chain is made.
These chains connect the end-effector with the base. When
a chain is actuated, it is called an active chain; when it has
no actuation, it is called a passive chain. Redundant chains
are extra chains that do not add motion to the manipulator.
These redundant chains can be discarded, and the manipulator
still has the same workspace and motion (except for type II
singularities). Redundant chains can be added to the system
to increase stiffness in its particular direction. Hence adding
redundant chains can best be done in the direction where the
manipulator is weakest.

A. Active redundant chains

Active chains have multiple advantages when they are added
to a manipulator. Adding them will increase the stiffness (as
can be seen in equation (3)), and the available actuation force
will increase because of the added actuator in the chain [67]–
[69]. Adding multiple chains is common for milling machines
as the ARROW , which needs increased stiffness to withstand
the external forces for milling operations [42].

Figure 5. Visualization of an active and passive redundant chain for a 2-
DoF parallel manipulator. Except for type II singularity areas, removing a
redundant chain does not decrease the workspace. Note that the base is rigid
connected to the world in this drawing

The LIRMM group thinks that actuation redundancy is a
key to obtaining high speeds for parallel manipulators. The
LIRMM group has experimented with adding active redundant
chains creating the R4 and R6 delta-like manipulators [6].
Because of the redundant actuators that can deliver more
torque and the increased stiffness, these manipulators can
obtain accelerations up to 80 G [70]. Although adding more
chains can over-constrain the system, which can negatively af-
fect the system, especially at high speeds, creating vibrations.
In Ref. [68], Wu et al. tested the improvement of a second
redundant chain, and while this increased the stiffness a little,
it negatively affected the first natural frequency because of
the added mass. So adding an active redundant chain does not
always have a positive impact when also natural frequency
or other design principles are considered. Another use of
redundant actuators is the counteract the type II singularities
inside the workspace of the manipulator [71].

Design guideline: Adding active chains increases the stiff-
ness. They also positively affect type II singularities and the
available actuation forces that can be delivered. Although one
must consider the placement of the chain because of the added
mass, it can decrease the natural frequency. Attention must be
paid to over-constraining the mechanism and the increased
control difficulties.

B. Passive redundant chains

Passive chains in a manipulator will move along with the
end-effector but are not actuated by themself. This means that
they can increase the stiffness in a constrained direction, but
will not add any actuation force to the system. As mentioned
before, to sustain high accelerations, a manipulator should be
stiff enough in all directions [1]. So passive chains should
be used to increase the stiffness where it is the weakest,
mainly in a perpendicular direction to the end-effector relative
to another chain for planar mechanisms. Some theoretical
examples are given in Ref. [24], which in the end led to the
Par2 manipulator. The Par2 has ten times more stiffness and
even lighter parts in each chain than its predecessor RRRRR
without the passive chains. Although the numerical results
were quite promising, experiments gave insight into poor
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accuracy because of the uncontrolled parasitic effects added
by a metal strip that coupled the passive chains. In Ref. [21]
the Par2 was redesigned to the IRSBot−2. Here the passive
chains were removed. To keep the out-of-plane stiffness, the
parallelogram legs were set under an angle making a more
triangular shape. This change decreased the complexity and
increased the workspace while still being stiff enough for high
speeds.

Design guideline: Adding passive redundant chains can
increase the stiffness if placed well. Although, it is better to
use active redundant chains to also increase actuation forces.

V. RIGID STRUCTURES

The chains connect the base and the platform. Those two
components are mostly modelled as rigid structures because
they are very stiff compared to other components and thus
have minor effects on the precision [50].

Design guideline: If a component is modelled as infinite
stiff, it must be ensured that it is rigid enough to not have an
influence on the performance.

A. Base

The base is a rigid structure that is the beginning of a
parallel manipulator where all the chains ”grow” from. It is
mostly a thick rigid plate or a structure composed of rigid
beams. For rigid plates, the most vulnerable stiffness is the
one perpendicular to the plane [72]. To obtain higher out-of-
plane stiffness to counter moment forces, the plate’s thickness
must increase. Increasing the thickness will have a cubic term
influence on the out-of-plane stiffness. Making a structure
thicker also means more material. A sandwich structure (outer
layers stiff inner layer weak but with low mass) is an option
lower mass is obtained while still having high stiffness [73].

B. End-effector

The point of interest of a manipulator is called an end-
effector. This is the point that will be controlled and has to
track motions. A gripper can be applied to this point for pick
and place operations. In some cases, a manipulator connects
all chains at one point, but in most cases, a mobile platform is
added, which can include an extra DoF (rotational). Just like
the base, the platform is mainly modelled as rigid to make
it less complex. The platform moves with the most speed
compared to the rest of the manipulator. So optimizing the
mass can reduce the applied torque. In Ref. [19], a reduction
of 30% was obtained.

For pick-and-place manipulators, a Schöenflies motion
(3T1R) is mostly desired [49]. Increasing the DoF means more
actuators and more complex designs. A way to implement
an extra rotation or translation is to add an actuator on
the movable platform. This will, however, implement extra
movable mass. The Delta manipulator solved this by adding
an extra leg from the base to the end-effector. Although, this
needed a slender prismatic joint with a low lifetime on higher
speeds. It is also possible to implement joints into the platform
creating a movable platform to increase a rotational DoF.

Attention must be paid to not using prismatic joints because of
their low service life on high speeds, and the possible internal
singularities [19]. Manipulators that use this kind of platform
are described in Ref. [15], [17]. Using this platform gives
the ability to actuate the rotation DoF from the base with an
extra chain. However, no full rotations are possible with this
concept.

Design guideline: If a rotating end-effector is wanted, use
a rotating platform instead of an extra actuator to reduce mass.
Attention needs to be paid to increased joint count and limited
reachable angle.

VI. WHOLE MECHANISM

When every part is added together, a parallel mechanism
is created. When a manipulator moves at high speed, it will
create vibrations to the base because of the accelerated mass
and inertia. These vibrations can increase wear, noise and
fatigue. These vibrations can be attenuated by balancing the
structure mechanically or by altering the control.

A. Mechanical

1) Dynamic balancing: Dynamic balancing is a way to
minimize the exerted forces to the base. Dynamically bal-
ancing means that the manipulator is shaking force balanced
and shaking moment balanced. Shaking force means that the
linear momentum stays constant or equal to zero for every
movement. This happens when the CoM stays on the same
point for every trajectory. Shaking moment is when the angular
momentum stays constant or equal to zero for every trajectory
in the workspace [45]. If a manipulator is fully dynamically
balanced, no vibrations will be exerted onto the base. This
means that the base does not need to be rightly connected to
the world, and the settling time can be improved. The primary
way of balancing is to add counter-masses and counter-inertias
to the manipulator. This will heavily increase the movable
mass, increase the needed actuation force and decrease the
natural frequencies [74]. The increase of mass can be around
500% [75]. Although other techniques are known to shaking
force or dynamically balance a structure, that is mostly ex-
plained in Ref. [45]. The DUAL-V manipulator force balanced
the structure using a parallelogram and mirrored it around
an axis, gaining dynamical balance for multiple trajectories.
This manipulator could reach accelerations up to 20 G [76].
Another high-speed dynamically balanced manipulator is the
hummingbird, which is fully shaking force balanced and uses
an active counter rotation to be dynamically balanced. It can
reach up to 50 G of acceleration. Although, it has a small
workspace of 13 by 13 mm [25].

Design guideline: Making a manipulator dynamically bal-
anced allows it to not exert vibrations onto the base, so the
base does not need to be rigidly connected to the world. This
comes at the cost of an increase in mass and inertia.

2) Internal stresses: Parallel manipulators have closed
loops that can create internal forces in the system. Internal
force elements balance each other out and do not perform
any effective work [2]. However, they have effects on the
total stiffness of the manipulator. Basically, adding an internal
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tensile force to a structure increases the stiffness, while adding
an internal compressive force will decrease its stiffness [77]. It
has low relevance on manipulators that are mainly designed to
be stiff. Although, for the balanced inverted four-bar linkage,
a planar 1-DoF manipulator has one actuation point and one
support point, connecting the manipulator to the base. The
out-of-plane stiffness was quite important because of the high
accelerations and, thus, high tensile loading that is exerted on
the link between the two connection points. This led to an
execution of the out-of-plane vibrations [78]. Although, this
is a series manipulator, this can also happen to parallel manip-
ulators. Internal stresses can also have a negative impact on
the lifetime of actuators and joints [2]. On slender structures,
internal forces have even more impact on the stiffness [79].
Wire manipulators use this effectively to increase the stiffness
and decrease the vibrations [80]. Because of the low mass of
the wires, these manipulators can obtain very high speeds. Up
to 43 G was obtained by the Falcon wire robot [81].

B. Control

Control is a huge topic, and here only the very basics that
are most talked about for high-speed manipulators are covered.
Control of a manipulator is mostly about how actuation is
planned for a trajectory. Although control can not increase
stiffness, it can attenuate vibrations so that the needed stiffness
for some motions decreases.

1) Motion profile: A motion profile generates velocities and
accelerations for a given trajectory. Optimising the motion
profile can degenerate the vibration that is induced. It will be
a trade-off between rapidity and cancellation of undesirable
vibrations [82]. A common motion profile is trapezoidal,
although the sudden jerk difference creates vibrations. Making
the corners smoother by using an ”S” curve to reduce jerk can
degenerate the vibrations [83]. Higher-order polynomials usu-
ally create less jerk. However, they are harder to implement.
The ”Bang bang” motion profiles are based on keeping the
acceleration as low as possible for the whole path [84]. Input
shaping is another motion profile that can cancel its vibrations
by creating an impulse at the right time. These input shapers
can reduce the vibrations up to 80%, although motion time
increases [85].

2) Trajectory Generation: The trajectory that the end-
effector makes from A to B can be done in infinite possible
ways. For pick and place objectives, only points A and B
are determined and require high precision. For constrained
motion, the whole path that the end-effector makes is critical
[86]. The easiest path-for-pick and place operations will be
a straight line from A to B. However, this will not always
be the path with the least amount of vibrations attenuated. By
controlling the trajectories for specific paths, one can minimise
the vibrations exerted onto the base. This can best be explained
by the dynamic stiffness, Ds = k − ω2 ∗ M. If the dynamic
stiffness becomes close to zero, vibrations will occur [87].
This will not be a problem at low speeds, but vibrations
will occur when high speeds are obtained. For standard pick
and place operations, a trajectory has mostly some 90◦edges
somewhere in the travelled path. In Fig. 6 the standard Adept

Figure 6. A visualisation of the standard Adept cycle that is used for
manipulators

cycle is visible. Going From A vertically up then horizontally
to aligning with B and then vertically down to B. These
90◦edges create discontinuities in acceleration. To overcome
these discontinuously, the actuators must generate extreme
torques, which can lead to unwanted vibrations. To overcome
this, the path’s corners can be smooth so that the vibrations
will be flattened out [88]. Design-specific trajectories are based
on having high stiffness in points A and B and between a much
lower stiffness. However, this is only suited for design-specific
manipulators and not manipulators that are built for general
cases. To decrease the vibrations, a path can be based on
the highest stiffness, so the static stiffness will be maximised
[89]. In Ref. [31], they proved that dynamic stiffness could
be increased if a singularity of type II occurs in the planned
path. So while at this specific point, the static stiffness is
zero, the dynamic stiffness can be used to cross this point and
increase the workspace [90]. Another path planning is based
on minimising the movable mass for a trajectory. Instead of
tracking the end-effector, it plans the CoM to have the shortest
path from point A to B, giving it a ”Bang-Bang” motion
profile. This will reduce the maximal acceleration value of the
CoM. It will not completely reduce the shaking forces, but it
can have a reduction of up to 70% [91], [92]. Although many
paths are possible, no clear solution has yet been given for the
minimal vibration trajectory for high-speed manipulators [84].

Design guideline: Control can minimise the vibrations that
are induced. It is task and design specific, which path and
motion profile is more advantageous. So a full model must be
made to obtain the optimised control.

VII. CONCLUSION

Stiffness is one of the most important properties of a parallel
manipulator that indicates dynamic performance. For high
speeds, stiff structures are needed not to be impaired by
vibrations. Although, increasing the stiffness will also likely
increase the mass, which decreases the dynamic performance.
So designing a manipulator solely on stiffness will not au-
tomatically mean that it will have good dynamic properties.
This literature study was carried out to determent what design
choices are used in parallel manipulators that influence the
stiffness, with the scope of high speeds and the derivation of
the design goals for obtaining sufficient stiffness.

Obtaining a sufficient model is advised to map the stiffness
and know where the singularities will be. Although this is an
obvious way of thinking, there are examples of manipulators
that optimize the stiffness in one direction but ”forget” it in
another. This will lead to a low first natural frequency hidden
in the model, thus creating poor dynamic performance. Having
a sufficient model will also give an insight into where the
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Figure 7. A visualization of a standard simplified parallel manipulator (that
can also be seen in Fig 1) converted to a spring model

stiffness can best be optimized if needed. The stiffness of
a manipulator depends on every component’s stiffness in all
directions. So if one models a component as rigid, it must be
ensured it is, so it will not become critical. For planar manip-
ulators, the out-of-plane direction can also become critical. So
when designing a high-speed manipulator, it must be stiff in
every direction. An example of a simplified manipulator that
is converted to a spring model can be seen in Fig. 7 The total
stiffness of the manipulator can be written down into equation
(6). Note that every component is a six-by-six stiffness matrix.

1

KManipulator
=

1

KBase
+

1

KChain1 + KChain2
+

1

KPlatform
(6)

In this equation, it is well visible that many components have
an influence on the total stiffness. The base and the platform
are mostly modelled as infinite stiff, so they must be ensured
to be rigid enough not to influence the performance. If this
is the case, then increasing the stiffness of the end-effector
can best be done in either two ways: 1) Adding parallel
redundant chains to the system increases the stiffness the
most to where they are applied. These redundant chains can
either be active or passive. Passive chains will theoretically
increase the stiffness, although, in practice, they can introduce
vibrations to the system. Making a redundant chain active
can solve this problem and add extra actuation forces to the
system. Making it a very good option for obtaining high speeds
and improving the stiffness. Actuation redundancy will also
have positive effects on type II singularities. Although, control
difficulties will be increased, and attention needs to be paid
to increased internal forces. A redundant chain will also add
mass to the system, which, in itself, can have negative effects
on the dynamic performance. A chain can best be placed in
the direction where the Cartesian stiffness of the end-effector
is the lowest. So attention needs to be paid to where a chain is
placed. Planar manipulators that can not rely on extra spatial
chains, and that need extra out-of-pane stiffness can make
use of extra parallel links that are placed under an angle.
2) Optimize the average stiffness of a chain by improving
the stiffness of the weakest component. The most common
ways are by altering the material of the components in a
chain or by altering the geometry of the links, giving it high
stiffness and low mass while still being stiff enough not to
endure bending or buckling phenomena. The elasticity of the
joints can also be a critical point for manipulators. The most
common materials that are used are aluminium and steel, but

composites can be used to increase stiffness and decrease
mass. Although, attention needs to be paid to making links
slender while loading them in a compressing way because
buckling effects can occur. Other things that can be done
that have an influence on the stiffness for better dynamic
performance are: placing the actuators symmetrically around
the base and using similar chains to give a homogeneous
distribution of the stiffness and the singularities. Loading the
end-effector can best be done in traction way of the links.
Some transmissions can induce vibrations, bad stiffness and
backlash, so it is better to use direct drives if the actuation
force is sufficient. Dynamically balancing a manipulator can
eliminate the vibrations on the base, so the base does not
have to be rigidly connected to the world. However, this will
increase the movable mass and inertia. Altering the control
does not need changes in the manipulator’s design but only
digitally. So it can always be altered after a manipulator has
been designed. It does not increase the stiffness by itself but
accomplices that fewer vibrations will be exposed, so some
components are still sufficient if they are less stiff. Control
can consist of the path’s geometry, and the motion profile one
follows. Abrupt direction changes will create vibrations, so
smooth paths must be generated. No general optimal path
is found for this problem, although using the ”bang-bang”
profile while generating the shortest path for the CoM can
reduce the shaking force significantly. However, this limits
the trajectory options. Every manipulator has its advantages
and disadvantages. So not one particular solution will be the
most promising. Although, these design guidelines will give a
good indication of sufficient stiffness for high-speed parallel
manipulators.
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and Performances of Trajectory Planning Methods of Flexible Axes,”
International Journal of Computers Communications Control, vol. 1,
no. 4, p. 35, 2006.

[83] R. M. Schmidt, G. Schitter, and A. Rankers, The design of high
performance mechatronics-: high-Tech functionality by multidisciplinary
system integration. Ios Press, 2020.

[84] C. J. Barnard, S. Briot, and S. Caro, “Trajectory generation for high
speed pick and place robots,” ASME 2012 11th Biennial Conference on
Engineering Systems Design and Analysis, ESDA 2012, vol. 3, no. July,
pp. 165–174, 2012.

[85] Q. C. Nguyen and H. Q. T. Ngo, “Input Shaping Control To Reduce
Residual Vibration of a Flexible Beam,” Journal of Computer Science
and Cybernetics, vol. 32, no. 1, pp. 75–90, 2016.

[86] A. Olabi, R. Bearee, E. Nyiri, and O. Gibaru, “Enhanced trajectory
planning for machining with industrial six-axis robots,” Proceedings
of the IEEE International Conference on Industrial Technology, no.
November, pp. 500–506, 2010.

[87] S. Sabin, “Understanding and using dynamic stiffness-
A Tutorial,” Orbit. Second Quarter, vol. 2, pp. 44–54,
2000. [Online]. Available: http://scholar.google.com/scholar?cluster=
3255990986989098504&hl=en&as sdt=0,22

[88] J. F. Gauthier, J. Angeles, and S. Nokleby, Optimization
of a Test Trajectory for SCARA Systems. Dordrecht:
Springer Netherlands, 2008, pp. 225–234. [Online]. Available:
https://doi.org/10.1007/978-1-4020-8600-7 24

[89] J. Aginaga, I. Zabalza, O. Altuzarra, and J. Nájera, “Improving static
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Design solutions to inherently dynamically balance a 2-DoF
parallelogram with a constant inertia mechanism

D. Boere, V. van der Wijk

Abstract—Robotic manipulators are desired to move faster and
faster. Moving with high acceleration often means that more
vibrations will occur. One of the reasons for this fact is the
forces that are induced on the base by the movable mass. A
way to attenuate these vibrations is to dynamically balance the
mechanism. Fully dynamically balanced means that the change of
angular and linear momentum is zero for every movement in the
workspace. This paper investigates using a counter-parallelogram
to obtain fully inherently dynamically balanced mechanisms for
2-DoF. The counter-parallelogram coupled to the parallelogram is
an interesting idea because it keeps the inertia around the origin
constant, making a constant inertia mechanism. Variations of this
mechanism are presented by changing the coupled angle or the
properties of the links. This will make it suitable to be balanced
by reactionless four-bars or counter-rotatable mechanisms. The
counter-parallelogram does not add mass to distal links, making
it suitable for better dynamic performance than balancing the
distal links. Seven new design solutions will be presented that
are inherently dynamically balanced, where one design solution
is numerically elaborated and confirmed to be fully dynamically
balanced.

Index Terms— Parallel manipulators, Constant inertia, Shaking
force balanced, Shaking moment balanced, Inherently dynamically
balanced

I. INTRODUCTION

Parallel manipulators are excellent candidates for good dynamic
performance because of their low moving inertia, high dexterity,
compact size, and high power-to-weight ratio [1]. However, moving
at high speed exerts high forces on the base, which can lead to fatigue,
noise and vibrations [2]. Shaking force and shaking moment balanced
structures heavily reduce the vibrations exerted on the base. Obtaining
fully balanced structures often increases mass, and inertia greatly
increases [3]. Increased mass and inertia decrease the rise time for
manipulators. However, the dynamic balancing helps eliminate the
waiting time for vibrations to die out, obtaining a lower cycle time
in general [4].

Some multi-DoF (degrees of freedom) fully dynamically balanced
parallel structures exist. Most of them rely on making the structure
force balanced and adding an active counter-rotation to make it
dynamically balanced [4]–[7]. Although active counter-rotations need
control and drives, which increases complexity and cost [8]. Also,
active balancing often does not entirely reduce the reaction forces
because of limited control.

Some structures rely on balancing links individually, as in Ref.
[9]–[12]. Although this means that masses or actuators need to be
placed on distal links, which decreases the dynamic performance
significantly [13]. Another possibility is copying a structure so the
copied links will move in the opposite direction, and therefore the
angular momentum is cancelled, making it fully balanced [14]. The
disadvantage of this solution is that these structures are overhanging
and, therefore, hard to use over a conveyor belt or something likewise
for the industry. Another way to dynamically balance a 2-DoF
structure is using a force-balanced structure and using the same or
another force-balanced structure connected with belts or gears so
that the angular momentum is cancelled for every trajectory in the
workspace [15].

So far, to the author’s knowledge, no 2-DoF structure exists that
does not balance distal links, depend on adding actuators on movable

Figure 1. (a), Zomerdijk’s proposed dynamically balanced degenerated five-
bar linkage based on a pantograph [3]. Note that this mechanism is not
dynamically balanced. (b), the proposed design solution for a fully inherently
dynamically balanced mechanism.

links, or uses an active counter-rotation to obtain a fully inherently
dynamic balanced mechanism. The goal of this paper is to find a 2-
DoF mechanism that complies with the named characteristics. In Ref.
[3], Zomerdijk proposed a structure that satisfies all the named prop-
erties. However, this structure is not yet fully dynamically balanced
because of the inconstant angular momentum in the workspace.

In chapter II the structure of Zomerdijk is analysed and explained
why it is not feasible to be fully balanced and what is needed to obtain
this. In chapter III counter-inertias are used to obtain a constant inertia
mechanism (CIM), with constant inertia around the origin, making it
a building block to be dynamically balanced. Chapter IV describes
seven design solutions to fully inherently dynamically balance a 2-
DoF parallelogram, with the use of the CIM. One design solution
is numerically evaluated. In the chapter V, the design solutions are
discussed. In the last chapter a conclusion is given.

II. INVESTIGATION OF THE DYNAMICALLY BALANCED
DEGENERATED FIVE-BAR LINKAGE

This chapter gives more background knowledge on dynamic bal-
ancing and how to obtain this for a parallelogram. In Fig. 1, the
proposed mechanism of Zomerdijk is visible. In his master thesis,
he compared different balancing methods for controllability (high
eigenfrequency) to dynamically balance a single rotatable link [3].
The inverted four-bar, which is a reactionless four-bar, became the
most optimal as regards controllability if not a full rotation is desired.
Combining two inverted four-bars (displayed in black), together with
a parallelogram (displayed in blue) was proposed by Zomerdijk.
The parallelogram can move in 2D planar space, and the added
inverted four-bars make the mechanism reactionless. Although this
mechanism is not dynamically balanced for every trajectory because
of the variable inertia for different input angles for the parallelogram.

A. Balancing conditions
To fully balance a mechanism, the change of linear momentum and

angular momentum should both be zero. A structure with constant
linear momentum is called shaking force balanced. As is shown in
the following equation

1
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P̄ =
∑

˙̄rimi = 0 (1)

With i being the element, r̄i being the position vector to the
center of mass (CoM) of an element, and mi being the mass of this
element. If a mechanism is shaking force balanced, the CoM will be
stationary for every movement. When the mechanism has constant
angular momentum see equation (2), it is called shaking moment
balanced [16].

dH̄

dt
=
∑

r̄i × (¨̄rimi) + Ii
¨̄θi = 0 (2)

With Ii, the mass moment of inertia (will be referred to as inertia)
and ¨̄θi, the angular accelerations of the element. When a mechanism
satisfies both equations, the mechanism is dynamically balanced and
will not exert reaction forces on the base.

B. Balancing a single rotatable link
A structure can balance a single rotatable link to keep the CoM

in the exact location and induce a counter-rotation so the sum of
angular momentum will be zero. Shaking force balance can be done
by adding a counter-mass to the rotatable link, which relocates the
CoM to the origin. A counter-rotation is often realized with belts or
gears that rotate a flywheel in the opposite direction [17]. Gosselin
et al. established three Cases to inherently dynamically balance four-
bar linkages [9]. Inherently balanced means they do not need any
added counter-rotations or other structures to be fully balanced, so the
mechanism balances itself. These three Cases can also dynamically
balance a single rotatable link. So if a mechanism, like a single
link, contains the same position for the CoM, the same inertia and
angular momentum around its rotation point, it will be able to be
made reactionless by one of the three Cases.

C. Original parallelogram
A parallelogram is a frequently used structure to obtain a 2-DoF

mechanism. A parallelogram has the property that the CoM stays
on the same length as the rotation point for both local frames. This
makes it an applicable structure for shaking force balancing as all
the counter-masses can be added near the base (fisher’s method)
[18]. Which is far better for the dynamic performance compared to
balancing far away links [13]. Multiple parallelograms can be added
together for obtaining shaking force balance [19]. As the inertia and
the distance to the CoM should be constant, the angular momentum
should also be constant for every movement in the workspace. In this
paper, when constant angular momentum is mentioned, a constant
velocity input for θ̇i is used. In formula form, this will be:

H̄ =
∑

r̄i × ( ˙̄rimi) + Ii
˙̄θi (3)

The angular momentum of a system can be calculated around the
CoM, or a fixed point of a system [20]. The angular momentum for
both DoF around the origin of a parallelogram for every beam will
be as followed

H̄O1 =

[
I1 +m1(p21 + q21)

0

]
.

[
θ̇1
θ̇2

]
(4)

H̄O2 =

[
0

I2 +m2(p22 + q22)

]
.

[
θ̇1
θ̇2

]
(5)

H̄O3 =

[
L1m3(p3c(θ1 − θ2) + q3s(θ1 − θ2))
L1m3(p3c(θ1 − θ2) + q3s(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
+

[
m3L

2
1

I3 +m3(p23 + q23)

]
.

[
θ̇1
θ̇2

]
(6)

Figure 2. A visualization of the movement of a parallelogram when one DoF
is actuated.

H̄O4 =

[
L2m4(p4c(θ1 − θ2)− q4s(θ1 − θ2))
L2m4(p4c(θ1 − θ2)− q4s(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
+

[
I4 +m4(p24 + q24)

m4L
2
2

]
.

[
θ̇1
θ̇2

]
(7)

With s() and c() as shorthand for sin() and cos(), respectively. Li
is the length of a beam. pi and qi are the positions of the CoM. One
can see that the angular momentum of beam 1 and 2 are constant
for any input θ1 or θ2. On the other hand, beam 3 and 4 depend on
these input angles and will not be constant in the whole workspace.
For this particular reason, a single parallelogram DoF will not act as
a rotatable beam and will, therefore, not be able to be fully balanced
by a constant counter-rotatable structure.

III. OBTAINING CONSTANT ANGULAR MOMENTUM FOR A
2-DOF PARALLELOGRAM

This chapter presents a solution for obtaining constant angular
momentum for a 2-DoF parallelogram. First, the equations will be
derived for a parallelogram and what is needed to obtain this. Later
a solution will be presented as well as the formulas for obtaining
constant angular momentum.

A. Mathematically obtaining constant angular momentum for
a single parallelogram

For obtaining the equations for constant angular momentum, one
can balance the two DoF separately, so balance firstly θ1 and
afterwards θ2 or vice versa. One can also take the DoF together,
creating two subsets of velocities that, together, can create every
movement. Doing this will better visualise what is needed to obtain
constant angular momentum in a 2-DoF workspace. The two sets are
as follows [

θ̇1
θ̇2

]
or

[
−θ̇1
θ̇2

]
(8)

When using the same arbitrary values for the first set, the end-
effector will create a rotation around the origin (as can be seen in
the first figure in Fig. 14 in appendix -A). With the second set, the
end-effector will create a vertical ellipsoidal movement from or to
the origin (second figure in Fig. 14). If this movement’s link lengths
are the same, it will be a vertical line.

In both cases, the mass of beam 1 and 2 will always be at a
constant distance to the origin and so do not have any effect on
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Figure 3. A visualisation of the movement of the two parallelograms that
make a constant inertia mechanism (CIM) around the origin

the change of the angular momentum. The second movement set
([−θ̇1, θ̇2]T ) does not have any effect on the change of angular
momentum for a parallelogram (see appendix -B for elaboration),
so only the first movement set ([θ̇1, θ̇2]T ) needs to be made constant.
The first movement set is a rotation around the origin. This means that
the inertia around the origin should be constant for obtaining constant
angular momentum for the whole workspace. Taking this movement
set and using it for adding the angular momentum of beam 3 and 4
together and discarding the constant terms that are not a function of
θ1 or θ2. This will give the following

eq1(θ1, θ2) =

(L1m3p3 + L2m4p4)cos(θ1 − θ2)+

(−L1m3q3 − L2m4q4)sin(θ1 − θ2)

= constant ∀ (θ1, θ2) (9)

One can see that for a solution, the equation should be constant
for every input angle. This will result in the terms before the cos,
and sin should be zero. This will lead to p3 = −p4 and q3 = −q4.
This can be achieved by adding counter-masses to the distal links,
but this is generally not wanted due to a decay in eigenfrequency
[13].

B. Obtaining constant inertia with a counter-inertia
To obtain constant inertia around the origin a counter-inertia has to

be added to the parallelogram that contracts when the parallelogram
expands and vice versa. A solution is to add another parallelogram
that is constrained in a way that this motion happens, as is depicted in
Fig. 3. This counter-inertia structure with the properties of a parallel-
ogram (which will now be referred to as a counter-parallelogram) will
keep the inertia and, therefore, the angular momentum constant if the
mass distribution is right. The counter-parallelogram can be rotated
around the origin with an angle (γ) and keep the inertia constant.
This is depicted in Fig. 4. By adding a counter-parallelogram, the
general solution for obtaining constant inertia can be obtained by
adding beams 3, 4, 3∗ and 4∗ together and discarding the constant
terms that are not a function of θ1 or θ2. This will give the following
equation

eq2(θ1, θ2) =

(L1m3p3 + L2m4p4 − L∗
1m

∗
3p

∗
3 − L∗

2m
∗
4p

∗
4)c(θ1 − θ2)+

(−L1m3q3 − L2m4q4 + L∗
1m

∗
3q

∗
3 + L∗

2m
∗
4q

∗
4)s(θ1 − θ2)

= constant ∀ (θ1, θ2) (10)

Figure 4. A general solution to mirror an arbitrary parallelogram around a
link to obtain constant angular momentum.

Again, for a solution, the equation should be constant for every
input angle. This will lead to two balancing conditions, as can be seen
in equations (11) and (12). In equations (13) and (14) the constraints
are given for the counter-parallelogram to be properly constrained.
The four balancing conditions can lead to infinitely many solutions
for an arbitrary parallelogram.

L1m3p3 + L2m4p4 − L∗
1m

∗
3p

∗
3 − L∗

2m
∗
4p

∗
4 = 0 (11)

− L1m3q3 − L2m4q4 + L∗
1m

∗
3q

∗
3 + L∗

2m
∗
4q

∗
4 = 0 (12)

θ∗1 = θ1 + γ + pi (13)

θ∗2 = θ2 + γ (14)

The position of the CoM for both DoF are important points for
balancing as a mass has to be in collinear to this point to obtain
force balancing. The CoM moves in the workspace but their distance
to the origin will stay the same. Their place can be written in a vector
notation [x, y]T in their local frame as

r̄θ1 =

[
(p1m1+q2m2+p4m4+(L1+q3)m3)

(m1+m2+m3+m4)

0

]
−

R̄

[
(p∗1m

∗
1−q

∗
2m

∗
2+p

∗
4m

∗
4+(L∗

1−q
∗
3 )m∗

3)

(m∗
1+m

∗
2+m

∗
3+m

∗
4)

0

]
(15)

r̄θ2 =

[
(p2m2+q1m1+p3m3+(L2+q4)m4)

(m1+m2+m3+m4)

0

]
+

R̄

[
(p∗2m

∗
2−q

∗
1m

∗
1+p

∗
3m

∗
3+(L∗

2−q
∗
4 )m∗

4)

(m∗
1+m

∗
2+m

∗
3+m

∗
4)

0

]
(16)

Where R̄ is the rotation matrix around the z-axis with angle (γ).
The reduced inertia per input angles around the origin can be obtained
from the kinetic energy as
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TOθ1 =
1

2
Iredθ1 θ̇21 (17)

TOθ2 =
1

2
Iredθ2 θ̇22 (18)

Because of a parallelogram structure, some beams only translate
without rotating, if one DoF is actuated, in the global frame. Giving
the following equations for the inertia as

Iredθ1 = I1 +m1(p21 + q21) + I∗1 +m∗
1(p∗1

2 + q∗1
2)+

m3(L1 + q3)2 +m∗
3(L∗

1 − q∗3)2+

I4 +m4(p24 + q24) + I∗4 +m∗
4(p∗4

2 + q∗4
2) (19)

Iredθ2 = I2 +m2(p22 + q22) + I∗2 +m∗
2(p∗2

2 + q∗2
2)+

m4(L2 + q4)2 +m∗
4(L∗

2 − q∗4)2+

I3 +m3(p23 + q23) + I∗3 +m∗
3(p∗3

2 + q∗3
2) (20)

C. Obtaining a specific case to always obtain constant angu-
lar momentum

Two solutions that always give a structure the same angular
momentum for constant input velocity in its workspace. The first is,
mirroring the original parallelogram across beam 1 or 2 and rotating
it further with an arbitrary angle (γ). See Fig. 4. The second is to copy
the original parallelogram and rotate it around an arbitrary angle (γ).
(See Fig. 15). For both cases, the mass of every beam should be kept
the same, and the position of these masses (qi) should be negative
for the copied structure. Both must also comply with equations (13)
and (14).

IV. 2-DOF INHERENTLY DYNAMICALLY BALANCED
DESIGN SOLUTIONS

In Fig. 4, a general 2-DoF structure is presented with constant
CoM, inertia and angular momentum around its origin for every local
DoF for the whole workspace. In this chapter, seven different 2-DoF
inherently dynamically balanced Design solutions are displayed, as
well as the numerical confirmation of the dynamic balancing of one
Design solution.

A. Seven different Design solutions
In Fig. 9 till 11 the Design solutions are shown. For every

solution, only one balancing DoF (θ1) is drawn to make the figures
clearer. Angle (γ) is drawn at 90◦ but can be chosen arbitrarily.
Every original parallelogram (always drawn in blue) and counter-
parallelogram (always drawn in orange) that is given in the examples
must comply with the balancing equations (11) till (14). The links of
L1 and L∗

1 are constrained to each other as are L2 and L∗
2. The links

that are in black are the counter-rotations. For Fig. 5 till 10 these are
the added reactionless four-bar linkages taken from [21]. In Fig. 11
it is the counter-rotation. To comply with the balancing conditions,
the perpendicular distance (qi) of every added reactionless four-bar
must be zero. Note that the given solutions are not perfectly drawn
to scale.

B. Numerical confirmation of Design solution 4 that it is
inherently dynamically balanced

An inherently dynamically balanced 2-DoF structure based on Ds4
is presented in Fig. 12. The CoM is in the middle of every link except
for the links L2θk and L3θk . k means that it is applicable for both
inverted four-bars. This structure uses a counter-parallelogram and
two inverted four-bars with the following balancing equations (11)
till (14), and CaseII in appendix -D. In Spacar [22], this structure

Figure 5. Ds1, this solution uses a Case I reactionless four-bar to be balanced.
A counter-mass is used to move the CoM in line with the first link of the
parallelogram

Figure 6. Ds2, a parallelogram dynamically balanced by a Case I reactionless
four-bar

Figure 7. Ds3, this solution uses a Case II reactionless four-bar to be balanced.
A counter-mass is used to move the CoM in line with the first link of the
parallelogram.
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Figure 8. Ds4, a parallelogram dynamically balanced by a Case II reactionless
four-bar

Figure 9. Ds5, this solution uses a Case III reactionless four-bar. A counter-
mass is used to move the CoM in line with the first link of the parallelogram.

Figure 10. Ds6, a parallelogram dynamically balanced by a Case III
reactionless four-bar

Figure 11. Ds7, a parallelogram force balanced by a counter-mass and
dynamically balanced by a counter-rotation connected with belts or gears

is simulated and validated to be completely balanced. In table I, all
the lengths, masses, CoM and moment of inertia are listed that are
used for every beam. Note that every CoM is in the middle of that
particular beam, meaning that q is zero. In Fig. 13, the results are
plotted for an arbitrary movement.

Table I
PARAMETERS OF AN INHERENTLY BALANCED STRUCTURE BASED ON

DS4, VISUALIZED IN FIG. 12

(mm) (mm) (kg) (kgm2)

L1 = 200 p1 = 100 m1 = 0.3900 I1 = 0.001300000
L2 = 100 p2 = 50 m2 = 0.1950 I2 = 0.000162500
L3 = 100 p3 = 50 m3 = 0.1950 I3 = 0.000162500
L4 = 200 p4 = 100 m4 = 0.3900 I4 = 0.001300000
L∗
1 = 50 p∗1 = 25 m∗

1 = 0.0975 I∗1 = 0.000020312
L∗
2 = 80 p∗2 = 40 m∗

2 = 0.1560 I∗2 = 0.000083200
L∗
3 = 80 p∗3 = 40 m∗

3 = 2.8275 I∗3 = 0.000083200
L∗
4 = 50 p∗4 = 25 m∗

4 = 0.0975 I∗4 = 0.000020312
L1θk = 70 p1θk = 35 m1θk = 0.1365 I1θk = 0.000055737
L2θk = 230 p2θk = 115 m2θk = 0.8970 I2θk = 0.003954275
L3θk = 70 p3θk = 35 m3θk = 0.1365 I3θk = 0.000055737
L4θk = 230
L3rθk = 2L3θk

p∗2θ1 = 150 m∗
2θ1

= 6.2066 I∗2θ1 = 0.043958399

p∗3θ1 = 10 m∗
3θ1

= 30.9965 I∗3θ1 = 0.013075564

p∗2θ2 = 150 m∗
2θ2

= 4.2624 I∗2θ2 = 0.038608256

p∗3θ2 = 5 m∗
3θ2

= 44.2411 I∗3θ2 = 0.003301417

V. DISCUSSION

This paper presents some new design solutions for inherently
balancing a 2-DoF parallelogram by using a counter-parallelogram.
The counter-parallelogram is an interesting idea because while using
constant speed, it keeps the angular momentum constant for both
DoF in its whole workspace. As this technique already exists, but
only if distal links are balanced. The counter-parallelogram uses
masses near a pivot point, which is more advantageous for better
controllability. Using a parallelogram with a counter-parallelogram
makes both DoF act as a single rotatable beam (constant CoM, inertia,
angular momentum). Therefore making the structure optimal for a
new building block that can be used to be dynamically balanced by
reactionless four-bars or counter-rotatable masses.

Two general solutions are given that always give constant inertia
for a parallelogram. It is proven that any parallelogram can be made
that it has constant inertia and thus constant angular momentum with
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Figure 12. A visualization of the movement of an inherently dynamically
balanced 2-DoF structure based on Ds4

an infinite amount of counter-parallelograms. Using such a counter-
parallelogram will increase the mass and inertia by approximately
a factor of two compared to the original parallelogram because of
the copied structure. Beam lengths and places of the mass can be
altered to increase or decrease this factor while maintaining balance
conditions.

Seven inherently dynamically balanced design solutions are given
that are all dynamically balanced. Case I till III of the reactionless
four-bars are used. Case I and III have small workspaces that can
become close to singular fast. The interference of their links can
lead to an even smaller workspace. Case II, on the other hand, has
a bigger workspace and will therefore be more appropriate to use
for a manipulator. The first link of Case II and III must lay on the
opposite side of the revolute joint to the local DoF CoM to fulfil
the balancing conditions. The first link of Case I CoM can lay on
itself, and therefore it can be in the extension of the DoF CoM itself.
This can accomplish that the mechanism has no collision (except
for its origin) for the whole workspace. Counter-masses can be used
to relocate the local DoF CoM so the first link of the four-bar can
also be relocated to a more convenient position, which is done for
Ds1-3-5. However, this will heavily increase the movable mass.

All reactionless four-bars in the Ds can be mirrored around their
first link to create a slightly different orientated solution that is
still valid. All fixed points of the reactionless four-bars can also
be rotated around an angle α with respect to the origin. This can
relocate the four-bars’ singularity positions and shift, increase, or
decrease the workspace. This can also lower or increase the inertia
and eigenfrequency ratio of that position [3].

Ds7 uses a counter-mass to make the mechanism force balanced. A
counter-rotatable mass makes the mechanism dynamically balanced.
It can be attached by gears or belts, with most of the solutions on
a single rotatable link described in Ref. [23]. An example in the
literature that looks like this Ds is the invention in Ref. [11]. This
manipulator can be made more optimal for controllability to shift
the counter-masses on the distal links to the base on a counter-

parallelogram. Using a counter-rotatable mass is estimated to be less
sufficient for higher acceleration because of the lower eigenfrequency
ratios that can be obtained [3]. Using belts or gears can also induce
backlash and wear, which can reduce the balancing conditions [24].
The parallelogram and the counter-parallelogram can also be actively
balanced by a counter-rotatable drive if the counter-parallelogram
makes the control easier because the angular momentum is not
a function of position anymore, and only input velocity can be
investigated.

All Ds can also be made with a six-bar linkage, but a solution is
harder to obtain (see appendix -E). By doing this, the actuators can
be closer to the Origin of that DoF, or less interference of the links
can be achieved. Alternatively, even actuation redundancy can be used
[25]. Using a six-bar will impose an extra DoF (rotation of the added
link) which is not wanted. This can be mechanically constrained as in
Ref. [26]. If the six-bar linkage can be made to have constant inertia
with a counter-six-bar linkage and still be optimal for controllability
can be interesting research.

Ds3 and Ds4 are tested in Spacar and numerically confirmed to be
completely dynamically balanced. The results of Ds4 can be seen in
this paper. In Fig. 1 (b), a proposed design is visible that implements
the inverted four-bars as a building block, with the consideration of
controllability, but adds a counter-parallelogram to obtain a CIM and
therefore obtain a fully inherently dynamically balanced mechanism
sufficient for high acceleration applications.

VI. CONCLUSION

In this paper, a constant inertia mechanism (CIM) is proposed, con-
sisting of a parallelogram and counter-parallelogram, which obtain
constant inertia around their pivot point in their workspace. Variations
of this mechanism are presented by changing the coupled angle or
the properties of the links. Seven design solutions combine the CIM
with balancing techniques for a single rotatable link to obtain 2-DoF
structures that are inherently dynamically balanced in their entire
workspace, with no active counter-rotations. One design solution is
elaborated, and the results confirm that it is completely dynami-
cally balanced. A suggestion is made for an inherently dynamically
balanced 2-DoF parallel manipulator consisting of a CIM and two
inverted four-bars sufficient for higher acceleration applications.
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VII. APPENDICES

A. Movements of a parallelogram
Here the two movement sets that a parallelogram can make are visualised in Fig. 14. With the first being ([θ̇1, θ̇2]T ) and the second being

([θ̇1,−θ̇2]T ). Together a parallelogram can make every trajectory.

Figure 14. A visualisation of the two combined movements a parallelogram can make. First schematic is with positive θ̇1 and θ̇2 which creates a constant
radii around the origin. The second is one of either being negative. This creates an eclipse from the origin to a point in space. This will be a straight line for
equal-sided parallelograms. With a combination of these two movements, every trajectory in a plane can be made

B. Constant angular momentum for a expanding and collapsing parallelogram
Here is some more elaboration on why the second movement set of equation (8) will always be constant for a parallelogram. For an

arbitrarily chosen parallelogram, the angular momentum is given by equations (4) till (7). As has been stated, beams 1 and 2 have no
influence on the change of angular momentum. So H̄3 plus H̄4 must be constant while using the second movement set ([−θ̇1, θ̇2]T ). This
will obtain the following

H̄O3 =

[
L1m3(p3c(θ1 − θ2) + q3s(θ1 − θ2)) +m3L

2
1

L1m3(p3c(θ1 − θ2) + q3s(θ1 − θ2)) + I3 +m3(p23 + q23)

]
.

[
−θ̇1
θ̇2

]
(21)

H̄O4 =

[
L2m4(p4c(θ1 − θ2)− q4s(θ1 − θ2)) + I4 +m4(p24 + q24)

L2m4(p4c(θ1 − θ2)− q4s(θ1 − θ2)) +m4L
2
2

]
.

[
−θ̇1
θ̇2

]
(22)

Filling these in will give the following

−θ̇1(m3L
2
1 + I4 +m4(p24 + q24)) + θ̇2(I3 +m3(p23 + q23) +m4L

2
2) = constant (23)

This is true for every θ1 and θ2, and therefore an arbitrary parallelogram will always give a constant angular momentum for this movement
set.

C. General solution to obtain constant angular momentum
In Fig. 15 a general solution to obtain constant angular momentum is visible. If the original parallelogram is copied and rotated around

an angle (γ) and the perpendicular CoM position (qi) of the links is equal to −q∗i , and pi is equal to p∗i , then this will always obtain a
solution to equations (11) till (14).
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Figure 15. A second general solution to obtain constant inertia around the origin, is by adding a counter-parallelogram and rotating it around an angle (γ).

D. Reactionless four-bars

Here the three cases of Gosselin et al. [9] are further elaborated and their balancing conditions are given.

Figure 16. Case I till III of the reactionless four-bars, which are inherently dynamically balanced
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CaseI CaseII CaseIII

r2 = L2
(1 +m1r1)

(m2L1)
r2 = L2

(1−m1r1)

(m2L1)
r2 = −L2 +

m1r1
m2

r3 =
(m2r2L3)

(m3L2)
r3 =

(m2r2L3)

(m3L2)
r3 =

(m2r2L3)

(m3L2)

I2com = m2(L2r2 − r22)− Ic I2com = m2(L2r2 − r22)− Ic I2com = −m2(L2r2 + r22) + Ic

I3com = −m3(L3r3 + r23)− Ic I3com = −m3(L3r3 + r23) + Ic I3com = m3(L3r3 − r23)− Ic
Ic = I1com +m1r

2
1 −m1r1L1 Ic = I1com +m1r

2
1 +m1r1L1 Ic = I1com +m1r

2
1 +m1r1L1

E. 6-bar linkage constant angular momentum
In this appendix, the elaboration of obtaining constant angular momentum for a 6-bar linkage with a counter 6-bar is given. For a 6-bar, an

extra link is added between the third and the fourth link. This fifth link should be kept horizontal to avoid adding an extra DoF. Mechanically,
this can be done as has been done for the IRSBot-2 in Ref. [26]. The added links should also be the same length to maintain a parallel
structure, so L5=L∗

5=g. In figure (17), a schematic drawing of the mechanism is given. The angular momentum formulas for every beam
for the two DoF’s are obtained in equation (24) till (33).

H̄a1 =

[
m1p

2
1 +m1q

2
1 + I1

0

]
.

[
θ̇1
θ̇2

]
(24)

H̄a2 =

[
0

m2p
2
2 +m2q

2
2 + I2

]
.

[
θ̇1
θ̇2

]
(25)

H̄a3 =

[
L1m3(L1 + p3C(θ1 − θ2)− q3S(θ1 − θ2))

I3 +m3(p23 + q23 + gp3C(θ2) + gq3S(θ2) + L1p3C(θ1 − θ2)− L1q3S(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
(26)

H̄a4 =

[
I4 +m4(p24 + q24 − gp4C(θ1) + gq4S(θ1) + L2p4C(θ1 − θ2)− L2q4S(θ1 − θ2))

L2m4(L2 + p4C(θ1 − θ2)− q4S(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
(27)

H̄a5 =

[
L1m5(L1 − p5θ1C(θ1) + L3C(θ1 − θ2) + q5S(θ1))
L2m5(L2 + p5θ2C(θ2) + L4C(θ1 − θ2) + q5S(θ2))

]
.

[
θ̇1
θ̇2

]
(28)

H̄c1 =

[
m∗

1p
∗
1
2 +m∗

1q
∗
1
2 + I∗1

0

]
.

[
θ̇1
θ̇2

]
(29)

H̄c2 =

[
0

m∗
2p

∗
2
2 +m∗

2q
∗
2
2 + I∗2

]
.

[
θ̇1
θ̇2

]
(30)

H̄c3 =

[
L∗

1m
∗
3(L∗

1 − p∗3C(θ1 − θ2) + q∗3S(θ1 − θ2))
I∗3 +m∗

3p
∗
3
2 +m∗

3q
∗
3
2 + gm∗

3p
∗
3C(γ + θ2) + gm∗

3q
∗
3S(γ + θ2)− L∗

1m
∗
3p

∗
3C(θ1 − θ2) + L∗

1m
∗
3q

∗
3S(θ1 − θ2)

]
.

[
θ̇1
θ̇2

]
(31)

H̄c4 =

[
I∗4 +m∗

4p
∗
4
2 +m∗

4q
∗
4
2 + gm∗

4p
∗
4C(γ + θ1)− gm∗

4q
∗
4S(γ + θ1)− L∗

2m
∗
4p

∗
4C(θ1 − θ2) + L∗

2m
∗
4q

∗
4S(θ1 − θ2)

L∗
2m

∗
4(L∗

2 − p∗4C(θ1 − θ2) + q∗4S(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
(32)

H̄c5 =

[
L∗

1m
∗
5(L∗

1 + p∗5θ1C(γ + θ1)− q∗5S(γ + θ1)− L∗
3C(θ1 − θ2))

L∗
2m

∗
5(L∗

2 + p∗5θ2C(γ + θ2) + q∗5S(γ + θ2)− L∗
4C(θ1 − θ2))

]
.

[
θ̇1
θ̇2

]
(33)

To obtain constant angular momentum, every term should always be constant for a given input angle. The difference between a 6-bar
and a 5-bar is the added link, which results in the angle (γ) that influences the angular momentum change. When all the constant terms are
discarded and divided into the dependent angles, they can be written in the form of Ēq = Āx̄ with x̄ being the variable angles and Ā being
the terms that must be made zero. This will give the following equations for DoF θ1.

Ēq1 =


L1L3m5 − L∗

1L
∗
3m

∗
5 + L1m3p3 + L2m4p4 − L∗

1m
∗
3p

∗
3 − L∗

2m
∗
4p

∗
4

L∗
1m

∗
3q

∗
3 − L2m4q4 − L1m3q3 + L∗

2m
∗
4q

∗
4

−L1m5p5θ1 − gm4p4
L1m5q5 + gm4q4
L∗

1m
∗
5p

∗
5θ1

+ gm∗
4p

∗
4

−L∗
1m

∗
5q

∗
5 − gm∗

4q
∗
4

 .

cos(θ1 − θ2)
sin(θ1 − θ2)
cos(θ1)
sin(θ1)

cos(γ + θ1)
sin(γ + θ1)

 (34)
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Figure 17. Schematic drawing of a 6-bar linkage with a counter-6-bar linkage to obtain constant angular momentum for every DoF

For the DoF θ2 this will give the following equations.

Ēq2 =


L2L4m5 − L∗

2L
∗
4m

∗
5 + L1m3p3 + L2m4p4 − L∗

1m
∗
3p

∗
3 − L∗

2m
∗
4p

∗
4

L∗
1m

∗
3q

∗
3 − L2m4q4 − L1m3q3 + L∗

2m
∗
4q

∗
4

L2m5p5θ2 + gm3p3
L2m5q5 + gm3q3
L∗

2m
∗
5p

∗
5θ2

+ gm∗
3p

∗
3

L∗
2m

∗
5q

∗
5 + gm∗

3q
∗
3

 .

cos(θ1 − θ2)
sin(θ1 − θ2)
cos(θ2)
sin(θ2)

cos(γ + θ2)
sin(γ + θ2)

 (35)

These formulas are more tedious to solve then a five-bar linkage.

F. Design solution 2-DoF inherently balanced constant inertia tensor mechanism
In Fig. 18 a schematic drawing of a mechanism is visible that is a 2-DoF inherently balanced mechanism which has a constant inertia

tensor, it is based on Ref: [9]. Here only one balanced DoF is drawn to make the figure clearer. Using two inverted four-bars for 1-DoF will
heavily increase the complexity and crossings of the mechanism. Instead of an inverted four-bar, a Case I or III can also be used to obtain
a 2-DoF inherently balanced constant inertia tensor mechanism.
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Figure 18. 2-DoF inherently balanced constant inertia tensor mechanism around its pivot point
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Design, optimization and experimental evaluation of a high speed
2-DoF inherently dynamically balanced parallel manipulator with a

constant inertia mechanism
D. Boere, V. van der Wijk

Abstract—It is desired to keep the settling time as low as
possible for the pick-and-place industry. If the settling time
is lower, more cycles can be made, increasing productivity.
For high-speed parallel manipulators, a significant vibration
cause that increases the settling time is the movable mass and
inertia. By dynamic balancing the manipulator, these vibrations
can be eliminated. However, balancing a structure relies on
adding masses and inertia to movable links, which decreases
controllability. In this paper, a 2-DoF, dynamically balanced
parallel manipulator (Super-B) is designed and optimized for con-
trollability. It is experimentally verified to be a structure suitable
for high-acceleration applications. The lowest eigenfrequency of
the Super-B is measured at 90 Hz. The robot obtained a 93.6%
and 88.9% reduction in shaking force and shaking moment,
respectively, for the first degree of freedom, compared to the
unbalanced case and a 97.2% and 93.4%, for the second degree
of freedom. The Super-B could reach up to 8 G of accelerations
in a workspace of 20 by 20 cm. The results look promising for the
high-speed industry and conclude that fully inherently dynamic
balancing can be combined with high accelerations.

I. INTRODUCTION

The use of parallel manipulators has become more popular
in the industry. Especially with their appealing ability of high-
speed, high stiffness to weight ratio, and therefore the increase
of agility, accuracy and higher payload capacities [1]. The
ability to move at high speed can reduce the cycle time of a
pick-and-place operation, which increases the production rate.
Although moving at high speed means high peak accelerations,
it exerts high forces on the base, leading to fatigue, noise and
vibrations. These vibrations themselves can increase the set-
tling time (the time elapsed to stay within a certain boundary
of the objective). A way to attenuate these vibrations is to
balance the manipulator dynamically. Dynamically balancing
means that the change of linear momentum (shaking force
balanced) and the change of angular momentum (shaking
moment balanced) is zero for every trajectory in the workspace
[2]. Shaking moment balance also means that the centre of
mass (CoM) stays in the same position for every movement.
After it is designed, dynamic balancing of a manipulator will
heavily increase the movable mass and inertia and therefore
decrease the dynamic performance. If the balancing conditions
are considered when designing a manipulator, it is more
applicable for higher accelerations and will be more optimised.

Most examples of balanced manipulators only consider the
force balancing and not the moment balance, as it is much
harder to fulfil [3]. Few examples in the literature exist on
dynamic balancing robots that are experimentally evaluated.
Some manipulators that do include the moment balance are
the Hummingbird, Besi robot, and the DUAL-V [4]–[6].

The Hummingbird and Besi robot both consist of the same
balancing principles. Namely, using a parallelogram, using
counter-masses to force balance the structure near the base,
and using a flywheel that induces a counter-rotation to be
dynamically balanced. This solution depends on active control
of the flywheel, making it necessary to have optimal control.
The Hummingbird had a workspace of 13 by 13 mm and
could reach up to 50 G of accelerations. The reaction moments
were only reduced by 90% because of the limited control.
The Besi robot was designed for a much larger workspace
(around 25 cm), but this came at the cost of accelerations
being reduced to 10 G. No experimental values imply the
reduced reaction forces. The DUAL-V balances itself because
it relies on symmetric copying of a six-bar linkage. Structures
that rely not on active balancing but on links that balance
themself are called inherently balanced. The DUAL-V had
a workspace of around 17 cm and could reach up to 20 G
of accelerations. It had 97% lower shaking forces and up to
a 96% lower shaking moment. In Ref. [7] some mechanisms
for inherently dynamically balanced 2-DoF manipulators were
proposed. Inverted four-bars are used to dynamically balance
a parallelogram. The inherently dynamically balanced inverted
four-bar is an appropriate building block for high dynamic per-
formances. It obtains moment balance by distributing masses
close to pivot points, and no additional counter-rotations are
needed. This gives it the ability to obtain high controllability
and an appropriate building block for high accelerations. In
Ref. [8] it was concluded that the designs proposed were not
fully balanced because of the variable inertia around the pivot
point for the parallelogram in their workspace. A design with
an added counter-parallelogram to obtain constant inertia was
proposed. This counter-parallelogram does not add mass to
distal links, which is terrible for the dynamic performance
[9]. No experimental validation exists on this design. The goal
of this paper is to evaluate the theory and to experimentally
verify the proposed design of a 2-DoF inherently dynamically
balanced manipulator.

In section II all the kinematics and balancing conditions of
the Super-B are elaborated. Section III presents the mechanical
design and design process of the Super-B. Section IV intro-
duces the setup and the executed experiments. In section V
the results are shown of the experiments. Section VI and VII
give an elaborate discussion on the results and a conclusion,
respectively.

II. MECHANISM

In this chapter, all the kinematics of the Super-B are
explained and investigated, why it is dynamically balanced
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and what the balance conditions are. The Super-B is an
inherently dynamic balanced parallel manipulator with two
translating degrees of freedom. The architecture consists of
a parallelogram, a counter-inertia with parallelogram charac-
teristics (referred to as counter-parallelogram, that extracts
when the parallelogram expands and vice versa), to obtain
constant inertia around the origin and two inverted four-bars
to inherently dynamically balance the two parallelograms.
The complete mechanism is depicted in Fig. 4. Inverted-four
bars are used because they are a closed-loop system with
masses divided near pivot points, which gives it a high natural
frequency compared to other balancing methods [7]. They also
have a bigger workspace and become less rapidly singular
compared to other inherently balanced four-bars [10].

A. Architecture

An inverted four-bar can dynamically balance a structure
if the local CoM and angular momentum with constant input
speed are both constant for the whole workspace. Alternatively
said, it behaves like a rigid rotating beam. To obtain constant
angular momentum, constant inertia around the origin is
needed. A counter-parallelogram is used to obtain this, so
balancing masses can be placed near the origin, and distal
links do not need added mass, which is harmful to the natural
frequency [11]. The parallelogram and counter-parallelogram
(displayed in Fig. 1, in blue and orange, respectively), must
comply with the balancing conditions in equations (1) and (2)
to be able to be balanced by an inverted four-bar as they are
obtained in Ref. [8].

L1m3p3 + L2m4p4 − L∗
1m

∗
3p

∗
3 − L∗

2m
∗
4p

∗
4 = 0 (1)

θ∗1 =θ1 +
3

2
π

θ∗2 =θ2 +
1

2
π

(2)

With Liθk , piθk and miθk the length, distance to the
CoM and the mass, respectively. Because of the counter-
parallelogram and its balancing conditions, the two parallel-
ograms can be described as two beams with constant mass,
distance to the CoM and constant inertia, as displayed in Fig.
1. The distance to the CoM of these imaginary beams can be
obtained using vector calculations. All the beams’ masses are
in the middle of their width. With this in mind, the following
equations can be made in [x, y]T .

p̄jθ1 = R̄jθ1

[−(L1m3+p1m1+p4m4)
mjθ1

(L∗
1m

∗
3+p

∗
1m

∗
1+p

∗
4m

∗
4)

mjθ1

]
(3)

p̄jθ2 = R̄jθ2

[
(L2m4+p2m2+p3m3)

mjθ2
−(L∗

2m
∗
4+p

∗
2m

∗
2+p

∗
3m

∗
3)

mjθ2

]
(4)

With R̄jθk the rotation matrix of angle θ1 and θ2. mjθ1 and
mjθ2 being the total mass of that DoF with the parallelogram
and counter-parallelogram included as

Figure 1: Transforming two parallelograms, that together are a
constant inertia mechanism, to beams with the same properties
for both DoF. With blue, the original parallelogram, and with
orange, the counter-parallelogram

mjθ1 = mL1 +mL3 +mL4 +mL∗
1 +mL∗

3 +mL∗
4 (5)

mjθ2 = mL2 +mL3 +mL4 +mL∗
2 +mL∗

3 +mL∗
4 (6)

The angle that these imaginary beams make can be obtained
by taking the arc-tangent of the coordinates (x,y) of equations
(3) and (4). The following equations can obtain the moment
of inertia of both DoF of the imaginary beams

Ijθ1 = I1 +m1p
2
1 + I∗1 +m∗

1p
∗
1
2 +m3L

2
1 +m∗

3L
∗
1
2+

I4 +m4p
2
4 + I∗4 +m∗

4p
∗
4
2 −mjθ1p

2
jθ1 (7)

Ijθ2 = I2 +m2p
2
2 + I∗2 +m∗

2p
∗
2
2 +m4L

2
2 +m∗

4L
∗
2
2+

I3 +m3p
2
3 + I∗3 +m∗

3p
∗
3
2 −mjθ2p

2
jθ2 (8)

B. Dynamic balancing

When the parallelogram and counter-parallelogram act as
a beam together, it can be balanced by an inverted four-bar.
Gosselin et al. established the balancing conditions in Ref. [10]
can be applied to obtain a fully dynamic balanced structure.
These conditions are given in the formulas (9-18) and the
parameters are depicted in Fig. 1, and 2.

p2θk = L2θk

(1−mgθkpgθk)

(m2θkL1θk)
(9)

p3θk =
(m2θkp2θkL3θk)

(m3θkL2θk)
(10)

I2θk = m2θk(L2θkp2θk − p22θk)− Icθk (11)
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I3θk = −m3θk(L3θkp3θk + p23θk) + Icθk (12)

Icθk = Igθk +mgθkp
2
gθk

+mgθkpgθkL1θk (13)

With:
L1θk = L3θk (14)

L2θk = L4θk (15)

and
mgθk = mjθk +m1θk (16)

pgθk =
(pjθkmjθk + p1θkm1θk)

mgθk

(17)

Igθk = Ijθk + I1θk +mjθkp
2
jθk

+m1θkp
2
1θk

−mgθkp
2
gθk

(18)

With beam i for DoF k. Note that Icθk is not the moment
of inertia of a beam. Although it has the same units, it is
more a conversion term [2]. The first two equations (9,10) are
for force balance while the latter three (11-13) are for moment
balance. L1θk of the inverted-four bar must lay in collinear and
opposite site with pjθk . Angle γθk can be varied to increase
or decrease the workspace. If the angle becomes too small or
too big, the links can become close to singular fast. For the
biggest workspace clockwise and anti-clockwise, beam L1θk

and L3θk must be parallel. This will give around 70 degrees of
workspace in both directions, not including mechanical stops.
Although this optimum will most likely collide with the other
inverted four-bar in the same plane. The angle of this optimum
can be calculated with the following equation

γoptθk = tan−1(
L1θkcos(θkc)− sin(θkc)(L

2
4θk

− L2
1θk

)1/2

L1θksin(θkc) + cos(θkc)(L2
4θk

− L2
1θk

)1/2
)

+pi/2
(19)

C. Inverse kinematics

Till this point on, the used coordinates as input were θ1
and θ2, as those angles are used to balance the manipulator
and the primary balancing technique is to balance from the
parallelogram to the counter-parallelogram, as last the inverted
four-bar. For the inverse kinematics angle, ψ3θ1 and ψ3θ2

are taken as generalised coordinates because this is the place
where the actuators are placed for the Super-B. These are the
actuators’ output angles and, therefore, the system’s input. The
generalised coordinates are

q1 = ψ3θ1

q2 = ψ3θ2 (20)

First, all the angles of the inverted four-bar will be described
as is done in Ref. [12].

ψ2θk = gk + γθk + 2π − acos(Dk/(2
√
BkL1θk))−

atan(Ak/(L2θk − L1θkcos(gk)))

ψ1θk = ψ2θk − gk − π
(21)

Figure 2: Adding inverted four-bars to the imaginary beams
made in Fig. 1 to inherently balance the whole workspace.

With

g1 = q1 − γθ1

g2 = π − q2 − γθ2

Kk = 2L2
1θk

Ak = L1θksin(gk)

Bk = L2
1θk

− 2cos(gk)L1θkL2θk + L2
2θk

Dk = Kk − 2L2θkcos(gk)L1θk

(22)

and

θ1 = θm1 + ψ1θ1 − π

θ2 = θm2 − ψ1θ2 + 2π (23)

Where θm is the angle between the imaginary beam in Fig.
2, and the link of the original parallelogram (L1 or L2) that
it is corresponding with.

θm1 = tan−1(
(L∗

1m
∗
3 + p∗1m

∗
1 + p∗4m

∗
4)

(L1m3 + p1m1 + p4m4)
)

θm2 = −tan−1(
(L∗

2m
∗
4 + p∗2m

∗
2 + p∗3m

∗
3)

(L2m4 + p2m2 + p3m3)
)

(24)

When the conversion is known from ψ3θk to θk, the end-
effector can be described with the following equation[

Xe

Ye

]
=

[
−cos(θ1)L1 − cos(θ2)L2

−sin(θ1)L1 − sin(θ2)L2

]
(25)
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Writing this in the full length to obtain the coordinates
described in the generalised coordinates and constants will
give

Xe = L2c(θm2 − γθ2 + t−1((L1θ2s(q2 + γθ2))/

(L2θ2 + L1θ2c(q2 + γθ2)))+

c−1((L1θ2 + L2θ2c(q2 + γθ2))/

(L2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)
1/2))−

L1c(θm1 + γθ1 − c−1((L1θ1 − L2θ1c(q1 − γθ1))/

(L2
1θ1 − 2c(q1 − γθ1)L1θ1L2θ1 + L2

2θ1)
1/2)−

t−1((L1θ1s(q1 − γθ1))/(L2θ1 − L1θ1c(q1 − γθ1))))

(26)

Ye = L2s(θm2 − γθ2 + t−1((L1θ2s(q2 + γθ2))/

(L2θ2 + L1θ2c(q2 + γθ2)))+

c−1((L1θ2 + L2θ2c(q2 + γθ2))/

(L2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)
1/2))−

L1s(θm1 + γθ1 − c−1((L1θ1 − L2θ1c(q1 − γθ1))/

(L2
1θ1 − 2c(q1 − γθ1)L1θ1L2θ1 + L2

2θ1)
1/2)−

t−1((L1θ1s(q1 − γθ1))/(L2θ1 − L1θ1c(q1 − γθ1))))

(27)

With t(), s() and c() as shorthand for tan(), sin() and cos(),
respectively. With the inverse kinematics the velocity matrix
of the end-effector can be obtained as is done in equation (34)
and (35) in appendix -D.

The inertia of an inverted four-bar at the actuator can be
calculated by using the velocity transformations as in Ref.
[13], as the input and output are related by a conversion
formula as can be seen in the following equations

ψ̇2θk = ψ̇1θkk12k (28)

ψ̇3θk = ψ̇1θkk13k (29)

With the transformations being

k12θk − (L1θksin(−ψ1θk + gk + γθk))

(L2θksin(ψ1θk − γθk))
(30)

k13θk =
(L1θksin(gk))

(L3θksin(ψ1θk − γθk))
(31)

Using the system’s total kinetic energy, the inertia of a
DoF can be calculated, so the torque needed to accelerate an
actuator by an angle ψ3θk can be obtained. Berkof formulated
the total kinetic energy for a four-bar linkage in Ref. [14].
By using equations (30) and (31) to transform the angular
velocities from beam 2 and 3 to an angular velocity of beam
1 will give the following equation

IOθk = (2L1θkr2θkm2θkcos(gk))k12θk + L2
1θk
m2θk+

(Igθk +m1θkr
2
1θk

) + (I2θk +m2θkr
2
2θk

)k212θk+
(I3θk +m3θkr

2
3θk

)k213θk
(32)

To obtain the inertia at the place of the actuator, formula
(33) has to be multiplied by the inverse of equation (31), this
will give

Iψ3θk
= IOθkk

−2
13θk

(33)

Figure 3: A 3D view of the CAD of the Super-B (patented).
With the constant inertia mechanism consisting of the Parallel-
ogram and counter-parallelogram. The two inverted four-bars
obtain moment balance that are driven by direct drives.

III. DESIGN

In this chapter, the design of the Super-B (patented) will be
discussed. The whole design is visible in Fig. 3.

A. Mechanism design

For the Super-B, most beams are laser-cut stainless steel
(AISI 304) plates, and TIG welded to each other. This will
keep the cost low and an option to create holes to reduce the
mass. Laser-cutting also has a viable precision suitable for its
cost. Stainless steel does not need filler material to be TIG
welded, so the mass will be kept the same when welded. The
beams that will be welded have overhanging structures near
their shafts, so other beams connected via an axis inside of
them will not collide. Some stiffeners are added to increase the
stiffness near the axis of the overhanging beams. These can
be seen in Fig. 5. The holes in L1 and L2 (see fig 4) reduce
the eigenfrequencies by 5%. Although the lowered mass far
away from the origin makes the 5% up by rearranging the
place of mgθk . This ensures θmk to be in a more optimal
position in the workspace as in equation (24). Beams L3 and
L4 are made of carbon tubes. This will greatly reduce the
mass while still keeping high stiffness. Because of the reduced
mass, the total inertia of a DoF will be reduced by around
30%. Masses placed far away from a fixed point greatly reduce
the eigenfrequency, so these have to be made with the least
amount of possible mass [11]. All the connection pieces for
the carbon tubes are made of aluminium and are glued together
with Araldite 2015. All the shafts, except the shaft between
L∗
3 and L∗

4, are made of aluminium also to reduce the mass.
The shaft between link L∗

3 and L∗
4 is made of stainless steel, as

there has to be added mass on these links anyway. All bearings
and bearing tensioners are made of high-end polymers. The
bearing tensioners are used to remove play in the bearings.
A trade-off must be made between friction and the play of
the mechanism. On the end-effector, a mass is added near the
mass of a small solenoid.
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Figure 4: Top view of the Super-B, and all its parameters.
With the bottom sketch, a close-up of the circle in the upper
sketch depicting the counter-parallelogram

Table I: Parameters of the Super-B

(mm) (mm) (g) (kgm2)

pp = 300 mp = 12.44 Ip = 0.0000001503
L1 = 300 p1 = 153.76 m1 = 695.94 I1 = 0.0057666176
L2 = 300 p2 = 144.69 m2 = 781.04 I2 = 0.0064139761
L3 = 300 p3 = 88.88 m3 = 102.18 I3 = 0.0012285762
L4 = 300 p4 = 110.93 m4 = 107.31 I4 = 0.0020132935
L∗
1 = 100 p∗1 = 63.19 m∗

1 = 358.44 I∗1 = 0.0003699159
L∗
2 = 100 p∗2 = 63.08 m∗

2 = 323.16 I∗2 = 0.0003437013
L∗
3 = 100 p∗3 = 55.31 m∗

3 = 546.13 I∗3 = 0.0006775521
L∗
4 = 100 p∗4 = 62.53 m∗

4 = 702.81 I∗4 = 0.0009680726
L1θ1 = 155 p1θ1 = 72.81 m1θ1 = 561.49 I1θ1 = 0.0021473852
L2θ1 = 450 p2θ1 = 223.86 m2θ1 = 1575.66 I2θ1 = 0.0319837846
L3θ1 = 155 p3θ1 = 16.26 m3θ1 = 2286.42 I3θ1 = 0.0184049301
L4θ1 = 450
L1θ2 = 155 p1θ2 = 84.59 m1θ2 = 494.12 I1θ2 = 0.0016473731
L2θ2 = 450 p2θ2 = 223.88 m2θ2 = 1586.20 I2θ2 = 0.0319564449
L3θ2 = 155 p3θ2 = 16.29 m3θ2 = 2290.83 I3θ2 = 0.0185019230
L4θ2 = 450

p∗2θ1 = 319 m∗
2θ1

= 705.04 I∗2θ1 = 0.0017802812

p∗3θ1 = 109 m∗
3θ1

= 725.14 I∗3θ1 = 0.0029795983

p∗2θ2 = 312 m∗
2θ2

= 1484.27 I∗2θ2 = 0.0046212003

p∗3θ2 = 110 m∗
3θ2

= 1481.17 I∗3θ2 = 0.0051546398

La = 380 Iactuator = 0.00336

The origin of the Super-B is a tedious point to manufacture.
Six beams come together at this point and have to cross
each other. To solve this, one can stack the beams onto each
other, creating a height difference, as is also done for the
Besi robot [5]. If the CoM of all the beams does not lay
in the same coordinates of the z-axis, it is challenging to
obtain the inverted four-bars in the same plane. The Super-B
lets the beams run through each other like the Hummingbird
[4]. This way, the stiffness will be compromised by having
the CoM of every beam on the same z-coordinate, making it
easier for manufacturing. For the first bit of the first beams of
the parallelogram and counter-parallelogram (L2 and L∗

2), this
will create overhanging flat beams which cannot be connected
in the middle, resulting in a loss in out-of-plane stiffness. A
close-up can be seen in Fig. 5. The rigidity of the base of
a manipulator is essential to keep in mind while designing.
Having a base that is not rigid enough can induce a frequency
drop on the manipulator. In Ref. [15], it was reviewed that
the elasticity of the base lowered the frequency, making the
base more rigid, which increased it by 55%. For this reason,
a connection on the upside is made between the actuators and
the origin (see Fig. 3). Making the structure a closed loop
and, therefore, more rigid. The base is made of laser-cut steel
plates to fix the actuators in good positions relative to the
middle point. Steel I-profiles are welded, so it makes the base
rigid for a relatively low cost.

All the parameters are obtained by iterating the optimization
process of the Super-B on eigenfrequency. Together with a
MSA model [16] in Matlab [17] and a Spacar model [18],
link lengths, masses and the CoM for the parallelogram and
counter-parallelogram are obtained. With this information, a
sufficient CAD model is acquired, so the inverted four-bars
could be optimized and confirmed with Comsol [19] a finite
element analysis. All the main parameters of every beam are
visible in table I and II. Every part is weighted on a hundredth
of a gram and assembled in Solidworks [20] to obtain the
moment of inertia.
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Figure 5: The middle point of the Super-B where six links
come together

Table II:
Dimensions of the links, with Th as thickness.
Note that the first part of beam L1 and L2

are the same as L∗
1 and L∗

2, respectively.

Link Height (mm) Width (mm) Th height (mm) Th width (mm)
1 30 30 2 2
2 30 30 2 2
3 25 ∅ - 1 -
4 25 ∅ - 1 -
1∗ 26 30 6 2
2∗ 42 30 6 -
3∗ 32 28 2 2
4∗ 26 28 2 2
1θ1 26 30 6 2
2θ1 50 40 3 2
3θ1 30 50 3 2
1θ2 42 30 6 -
2θ2 50 40 3 2
3θ2 30 50 3 2

The length of 0.3 m is chosen for the parallelogram links,
as the workspace will be able to make a standard Adept cycle.
Before the design process, estimated guesses of the Super-B
were made to obtain sufficient workspace. Material choices,
link width, and height are optimized to increase the in and
out-of-plane frequency of the parallelogram.

The counter-parallelogram is made smaller, so it will less
likely have a collision with the inverted four-bars. Making
the length smaller will increase the needed mass of these
links to obtain constant inertia (see formula (1)). Making the
length smaller also increases the eigenfrequencies compared
to making them longer. As was also reviewed in Ref. [7] and
in appendix -C.

Changing the thickness of L1θk , L2θk and L3θk will con-
clude in changing the maximum limit of the length for both as
the mass per unit length changes. The mass can not transcend a
specific value as the balancing conditions become unsolvable.
Making L1θk , and therefore L3θk too short, will result in a
smaller workspace or even collision between the inverted four-
bars and the counter-parallelogram. Having the counter-masses
of the two beams of L∗

3 and L∗
4 in places where it is positive for

the stiffness instead of dead weight will have positive effects
on the eigenfrequencies.

For the inverted four-bars, the initial lengths of L2θk and
L3θk were 160 mm and 465 mm, respectively. For this
configuration, 2 mm thickness of L2θk and L3θk was used. For

those link lengths, the out-of-plane frequency was lower than
the lowest frequency of the parallelogram. So the thickness of
the height was changed to 3 mm, resulting in a non-existent
solution. The lengths were altered to 155 mm and 450 mm,
so the solution was sufficient, resulting in a reduction in the
workspace, so the Super-B could not make a full Adept cycle.
Link 1θk is a weak link for the out-of-plane frequency of
the inverted four-bar as it is overhanging and has no sides.
To increase the eigenfrequency, side panels are welded to the
sides, which increases it by 63%. This also increased the mass
too much for a feasible solution, so triangular cut-outs were
made to reduce the mass again, resulting in a frequency drop
of 29%.

The counter-masses of the inverted four-bars have to be
placed on the links themselves. p∗2θk and p∗3θk heavily influence
the counter-masses’ mass and inertia. The place of p∗3θk is
chosen, so the counter-masses fit inside Link 3θk , so it will
increase the stiffness. For Link 2θk , it is impossible to place
the masses on the inside as it would collide with Link 3θk . The
total mass will increase by a factor of 9.9 times the original
parallelogram. The inertia will increase roughly 4 times for
both DoF. This means that the torques that the actuators need
to deliver also increase.

B. Finite Element Analysis

The eigenfrequencies are one of the essential properties of
a high-speed manipulator. Briot et al. warned the community
that when high dynamic performance is wanted, the lowest
eigenfrequency in any direction can be the threshold for that
manipulator [1]. So to get a good insight into the system, the
in-plane and out-of-plane frequencies must be obtained with
a more complex vibration model.

To obtain better knowledge of the Super-B, a Finite Element
Analysis is done in Comsol [19] to obtain the out-of-plane
eigenfrequencies. Beams are modelled as rigid beams instead
of point welded plates, and the bolts and bearing tensioners are
modelled as point masses to obtain a simplified model with a
lower computational time. The mounting points at the origin
and the actuators are modelled as clamped. The frequencies are
calculated for θ1 = 45◦ and θ2 = 135◦ as this will be around
the middle of the workspace. In Fig.6, the first three out-of-
plane mode shapes are visualized. With frequencies being 117
Hz, 157 Hz and 203 Hz. The lowest out-of-plane frequency
will be located at the parallelogram as this structure is the
furthest away from a clamped support. The mass placed on the
end-effector has much influence on the out-of-plane frequency.
Inducing a frequency drop of an estimated 0.8 Hz per gram
added on the end-effector, see Appendix -A.

The in-plane eigenfrequencies are modelled with a multi-
body simulation in Spacar [18], with assumed infinite actuator
stiffness. For any point in the workspace, the eigenfrequencies
will change, with lower in-plane frequencies near the border
of the workspace due to coming closer to singularity positions.
However, mechanical stops will prevent the Super-B from
becoming singular in the workspace. The first two frequencies
in Fig.7, are close to each other. The first will be the in-plane
frequency of θ1, and the second will be the same for θ2 as this
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((a)) First frequency at 117Hz ((b)) Second frequency at 157Hz ((c)) Third frequency at 203Hz

Figure 6: Out-of-plane eigenfrequencies of the Super-B at θ1=45◦and θ2=135◦, with the purple colour being the place where
that frequency is the most exerted

has a slightly different mass distribution. This phenomenon
that the following frequencies are close to each other for both
DoF will carry through to at least the 10th eigenfrequency,
as long as the structure is symmetrical. The lowest in-plane
eigenfrequency will be 195 Hz, slightly higher than the lowest
out-of-plane frequency.

IV. EXPERIMENTAL SETUP

The Super-B is placed in an experimental setup to obtain the
measured reaction forces on the base. The robot is suspended
vertically from four wires to a rigid welded steel base, see Fig.
8. These wires are suspended with a length of approximately
two meters. The length of these wires influences the eigenfre-
quency of the system; therefore, the wires are longer, so they
intervene less with the measurements. Three Futek load cells,
with a max force of 44.5 N and a precision of ±0.1%, are
attached to the Super-B and the base via threaded rods. The
load cells are sampled at a rate of 10 kHz. The rods are pre-
tensioned, so the system has no play. They have high stiffness
in the axial direction and can move in the transverse direction,
so the Super-B is perfectly constrained in its plane. One load
cell is used to measure the forces in the y-direction, and two
load cells are used to measure the forces in the x-direction.
Multiplying the measured forces of the two sensors in the x-
direction with the distance placed of the CoM will obtain the
moment around the z-axis. These two load cells are placed
at equal distances from the CoM by 13 cm. Attention must
be paid to the vibrations off the suspension of the sensors, as
these can intervene with the force analysis of the system, as
has been encountered in Ref. [15]. The rod’s length is 100
mm and has a thickness of 3 mm.

To obtain the reduced reaction forces and moments, a
motion profile visible in Fig. 9 is imposed on the actuator
to compare the balanced and unbalanced reaction forces. If
one actuator moves, the other actuator is mechanically locked.
Otherwise, the PID of the locked actuator would intervene
with the measurements. In this figure the movement of ψ2 is
visible that starts at θ1 is 45◦and θ2 is 150◦. For ψ1 the same
motion profile is used but anti-clockwise. The starting position
is θ1 is 30◦and θ2 is 135◦. For both motions, the end-effector
will move through the middle of its workspace, obtaining a
valid value of the reduced reaction forces and moments. The
unbalanced case is the Super-B without the added counter-
masses, and inertia’s off m∗

2θk
and m∗

3θk
, and without links L∗

3

and L∗
4. The reaction forces will be calculated by obtaining the

maximum of
√
(F 2
x + F 2

y ). The moment balance is calculated
with the maximum moment measured (Mz).

The theoretical tip accelerations will be calculated with
forward kinematics, with the theoretical displacements of the
actuator as input. The actuators are two ETEL RTMBi140-100
direct drive motors, which both can deliver a maximum torque
of 131 Nm. These actuators are controlled by an ETEL motion
controller with PID. A frequency sweep for one DoF obtains
the in-plane eigenfrequencies. This is done in the middle of
the workspace at θ1 is 45◦, and θ2 is 135◦.

V. EXPERIMENTAL RESULTS

In this chapter, the experimental results are presented. First,
the reaction forces induced on the base are plotted for different
maximum tip accelerations. Secondly, the frequency sweep
and its results are given.

A. Balance quality when comparing the balanced and unbal-
anced manipulator

The measured values of the force sensors are plotted in
a time-related graph for the balanced and unbalanced cases.
The motion profile in Fig. 9 is used for both DoF. In Fig.
10, the reaction forces and moments are visible for the
balanced and unbalanced cases, as are the simulated values.
The shaking force and shaking moment reduction is 93.6%
and 88.9%, respectively, for θ1 and 97.2% and 93.4% for θ2,
both compared to the unbalanced case.

B. Reaction forces when dynamically balanced

For higher accelerations, the unbalanced case exceeds the
force sensors’ values and is inappropriate to use. The maxi-
mum value of acceleration that is still measurable is near 3.1
G for the unbalanced case. This is plotted in Fig. 11 for both
actuations and both the balanced and unbalanced cases, as well
as the simulated values in Spacar. For 8 G, only the balanced
case is presented in Fig. 12.

C. Eigenfrequency analyse

The values of the frequency sweep for both actuators can
be seen in table III and are compared to the FEA. The bode
plot of both sweeps is visible in appendix -F. The measured
results are lower compared to the FEA. An explanation can
be that all the beams are point welded, and in the FEA, these
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((a)) First frequency at 195Hz ((b)) Second frequency at 197Hz ((c)) Third frequency at 390Hz

Figure 7: The first three in-plane eigenfrequencies of the Super-B at location θ1=45◦and θ2=135◦

Figure 8: The Super-B suspended from four wires. The load
cells are pointed out with arrows. A close up can be seen in
the bottom picture of a load cell

Table III: Eigenfrequencies compared with the FEA

Eigenfreq 1 Eigenfreq 2 Eigenfreq 3
FEA θ1 195 Hz 392 Hz 466 Hz
FEA θ2 197 Hz 395 Hz 482 Hz
Frequency sweep θ1 108 Hz 146 Hz 159 Hz
Frequency sweep θ2 91 Hz 122 Hz 154 Hz

beams are modelled as rigid beams gaining some stiffness.
In the experimental setup, it is not known what effects the
stiffness has on the elasticity. While the actuator is modelled
as infinite stiff, it has a finite stiffness in reality. As long as the
actuator’s stiffness is high enough, it will have minor effects
on the in-plane frequencies; see appendix -B for calculations.

Figure 9: The motion profile used to obtain the reduced
reaction forces with 1.5 G of tip acceleration for ψ2

VI. DISCUSSION

This paper presents a way to dynamically balance a 2-DoF
parallelogram and the design and experimental verification
of the fabricated prototype. The main focus was to obtain
a feasible design sufficient for high acceleration applications
while still holding a reasonable workspace. Experimentally,
the shaking force and shaking moment are reduced by around
90% for θ1 and 95% for θ2, compared to the unbalanced
case. In the plots of Fig 10 till 12 it can be seen that the
reaction forces of θ1 are higher than θ2 for the measured and
simulated values because the counter-masses added to this DoF
were too light. Recalculating the balancing conditions and
adding extra counter-masses can reduce the reaction forces
even further. The reaction moment values are comparable
to the simulated cases. However, a small distance from the
sensors to the CoM is used to calculate the reaction moments.
Increasing this distance can lead to less error in the mea-
surements. The measured values are higher for the reaction
forces than the simulated ones. For the simulated values, the
theoretical accelerations are used to calculate the forces. The
poor PID resulted in a vibrating displacement development,
concluding in not-so-accurate comparability of the simulated
and measured values. Slowed videos also reviewed that the rise
time was accomplished in one-third of the simulated value (for
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Figure 10: The shaking force and shaking moment of the balanced and unbalanced case with the motion profile in Fig. 9
obtaining 1.6 G tip acceleration. With the blue line representing θ1 and the red line representing θ2

8 G), concluding that the peak accelerations are higher than
estimated, resulting in higher measured forces. Sensors were
close to the ground, and the base was minimally damped. So
vibrations from the surroundings were also measured, which
gave an estimated error of 0.4 N.

The poor PID also results in an overshoot at the desired
destination. Creating vibrations that are measured and visible.
The base does not dampen these vibrations well, so the
whole Super-B will vibrate after the movement is succeeded.
This can conclude the sinusoidal waves at the end of every
measurement plot, which depletes slowly over time. For future
measurements, more damping is strongly advised. The poor
PID also resulted in a theoretical maximum of 8 G as of
higher accelerations the overshoot resulted in a mechanical
stop being hit. Feedforward can be an excellent solution to
obtain higher accelerations as all the parts are designed to be
strong enough to withstand the forces induced by moving at 21
G. In appendix -E more information is given on the theoretical
max accelerations.

The measured values for the unbalanced case follow the
simulated values for the direction they first move in. For
the balanced case, the measured values are often mirrored
or do not follow simulated values. Concluding that the mass
deviation is different for the balanced case than the simulated
one. This mass deviation also concludes in a force reduction
of less than 100%. A few possible can cause these to differ
could be the following. Both θj are slightly off by 0.2◦ because
of manufacturing errors. However, this could be compensated
for by adding masses to L∗

1 and L∗
2, which do not influence

having constant inertia. However, this will alter the counter-
masses and inertia needed on the inverted four-bars, which can
more easily be added than making the middle again where this

manufacturing error occurred (see Link 1θk in Fig. 5). All the
individual parts were weighted and imported into Solidworks.
Although after assembling, the links were sanded, altering
their mass by a small percentage. While this mass loss was
accounted for, the place where this mass was altered, was
chosen to be equally distributed on the outside. So a different
mass deviation is plausible, and therefore, the mass moment
of inertia can be off by an estimated maximum of 0.6%. The
mass moment of inertia can also be obtained on different
experimental methods, but if this is better than the estimated
value in Solidworks is discussable [21]. The supplier’s given
inertia value of the actuators can also be off, as it is not tested.
The most influence on the moment balancing is, in the end,
the kinematic errors [15].

The measured eigenfrequencies of the Super-B are lower
than the FEA model. However, if this will be the threshold for
this manipulator must still be investigated as the first peaks
in the gain plots are not high, concluding that the system
is well damped for these frequencies. A reason for lower
eigenfrequencies can be that the cut-outs of beams L1θk are
not considered reducing the stiffness. Also, the beams are
TIG welded on spots and do not consist of one rigid part.
This can lower the stiffness. Although the welded beams can
also increase internal stresses, increasing the frequency [22].
Welding induces heat; therefore, warping can occur as has
happened for L∗

2, which curved a little outwards. This warping
can make the axis have a little slope to a side, inducing tension
in the closed system. A little tension on the axis can be good
because it increases the in-plane frequency, but too much and
the friction becomes too high, and the system cannot move
correctly. A way to make the beams and not use welding is
to laser cut squared tubes, so the axle holes are in a fixed
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Figure 11: Measured and simulated values of the balanced and unbalanced cases shaking force and shaking moment, obtaining
3.1 G of tip acceleration. The blue line represents θ1 and the red line represents θ2. Note that at around 0.07 and 0.13 s at the
’Measured forces in the x-direction for the unbalanced case, the graph has little dents, not running smooth. This is because
the maximum value of the load cell is being exceeded

location with low error, and for this technique, cut-outs can
still be made. However, no different-sized wall thicknesses
can be used for different beams to increase the stiffness
in that direction. A less cost-efficient way is to design and
use milling operations to fabricate beams. Alternatively, use
topology optimization to increase the eigenfrequency further,
as has been done in Ref. [23], [24]. Changing the material
of beam L1 and L2 to carbon can significantly reduce the
total mass and inertia of the system, roughly estimated at 25%
and 65%, respectively. However, the origin will be even more
tedious to design and manufacture. Reducing the mass too
much of the parallelogram can make the balancing conditions
unsolvable, as L1θk becomes too heavy. So reducing the mass
or changing the material to carbon is required for this link if
the same kinematics have to hold. Carbon can also be used
for the inverted four-bars and not for the parallelogram so that
the mass will reduce, and the lengths of these beams can be
made longer, so the workspace can increase as there is less
collision between the counter-parallelogram and the inverted
four-bars. If this will be positive for the controllability must
still be investigated. Instead of placing the actuators at links
3θk , they can also be placed at the origin. This will increase the
difficulty of manufacturing the origin. However, it can alter the
in-plane frequencies. For the Super-B, the origin is a revolute
joint that is not fixed. The closest fixed point for the mode-
shape at the parallelogram is the rigid point at 3θk . Using the
actuators in the origin will ”split” the structure in half so it will
be decoupled. This will heavily increase the in-plane frequency
at the parallelogram, with an estimated value of 50%. For
the inverted four-bar, placing the actuators at the origin will

decrease their in-plane frequency heavily as beams L2θk and
L3θk have notably higher inertia than other beams. A quick
calculation was made, and the frequency dropped below the
lowest out-of-plane frequency that can be seen in (a) in Fig. 7.
For the Super-B, the inverse kinematics will be easier to solve
if the actuators are placed at the origin. However, the drop in
eigenfrequency makes it not advisable to change the location.
Actuation redundancy can also be added, so less torque is
needed per actuator, and higher accelerations can be obtained.
This will also increase the in-plane frequencies. However,
the system’s control will become more difficult [25]. How
beneficial it is to add extra actuators must still be researched.

In this study, multiple programs are used to deter the
eigenfrequencies. The out-of-plane frequencies were obtained
with another program than the in-plane frequencies. This lead
to inconsistency. For future work, it is advised to use a
program for later stages in the design process that can calculate
the in and out-of-plane frequencies simultaneously, be close
to the real manipulator’s shapes and properties, and have a
reasonable computation time for fast adaptation.

Out-of-plane frequencies will become smaller for the par-
allelogram as it reaches further away from the origin (see
Appendix -A). So pick-and-place trajectories should be as
close to the origin to obtain a higher controllable path. No
measurements were done to obtain the out-of-plane frequen-
cies, but the simulations pointed out that the lowest will be
in this direction. For high-speed manipulators, this can be the
threshold of its controllability [1]. Increasing the out-of-plane
frequency at the parallelogram will be challenging. Multiple
links connected to the end-effector can increase its stiffness
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Figure 12: Shaking force and shaking moment of the balanced and unbalanced case obtaining 8 G of tip acceleration. With
the blue line representing θ1 and the red line representing θ2

[26]. Multiple solutions can be done to accomplish this, adding
an extra arm that is stiff in the out-of-plane direction but can
move in the other directions. The problem is that the extra
arm must also be dynamically balanced, which in itself can be
hard to accomplish as spatial terms are harder to balance. The
whole Super-B can also be copied around the end-effector,
creating a DUAL-V-like manipulator [6], which doubles the
links connected to the end-effector and increases the stiffness.

The Super-B is a planar manipulator, while standard pick-
and-place manipulators have mainly three or more DoF. The
Super-B can be used as a building block to be extended to three
dimensions. Although balancing in three dimensions is much
more complicated than in a plane, as three angular velocities
must be made constant instead of one. More investigation
is needed if the structure of the Super-B can be used to
obtain dynamic balancing in three-dimensional space and to
be sufficient for high acceleration purposes.

VII. CONCLUSION

In this paper, the Super-B, an inherently dynamically bal-
anced parallel manipulator, is designed, optimized and tested
to prove that this design can be made in reality as well,
as it is suitable for high accelerations. The added counter-
parallelogram ensures that, together with the original parallel-
ogram, they act together as a beam. Meaning that the distance
to the CoM, the mass and inertia all stay the same in its
local frame. Adding inverted four bars creates a fully balanced
2-DoF manipulator.Adding all the balancing structures will
increase the mass and inertia, with around a 9.9 and 4 times
increase, respectively, compared to the original parallelogram.
The balancing quality of the Super-B were experimentally
obtained. Gaining a 93.6% and 88.9% reduction in shaking

force and shaking moment, respectively for θ1, and a 97.2%
and 93.4% respectively, for θ2. Tip accelerations of over 8 G
are achieved for both DoF. The lowest in-plane eigenfrequency
is measured with a frequency sweep at 91 Hz. The Super-
B is manufactured with relative low-cost productions and
an appropriate design for the high-speed industry. So fully
inherently dynamic balancing can be combined with high
accelerations.
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VIII. APPENDICES

A. Out-of-plane eigenfrequency for in the workspace

In Fig. 13(a), the out-of-plane eigenfrequencies are visible in the estimated workspace. This is calculated with a MSA. The
minimum angle is estimated at 20◦and the maximum at 70◦.

((a)) ((b))

Figure 13: (a) The out-of-plane eigenfrequency of the parallelogram in its workspace. (b) The effects of the mass of the
end-effector on the out-of-plane eigenfrequencies of the parallelogram

The mass of the end-effector has a huge impact on the out-of-plane eigenfrequencies. Because it is a point far from a
fixed point, creating a moment with every gram of mass added. In Fig. 13(b), this effect is plotted. θ1 and θ2 are taken at
45◦and 135◦respectively. The lengths and masses are taken from table I. With the slightest mass increase, the out-of-plane
eigenfrequency shows a fast decay. This can be estimated at around 0.8 Hz per gram. It is advised to keep the mass off the
end-effector as low as possible.

B. Eigenfrequency of a beam that depends on actuator stiffness

It is important that the stiffness of an actuator is high enough so that the lowest eigenfrequency, or rigid body mode, will
not be reduced by it. In Fig. 14, the dependency on the eigenfrequency of the actuator stiffness is plotted. A steel beam of
30x30x2 mm with a length of 600 mm and an actuator at the base is used. The yellow line will be representing a clamped
beam (infinite actuator stiffness). The blue line is the same beam, but with a torsion spring with variable stiffness, instead of
it being clamped. This line will neglect the beam frequency. The red line will be the situation that is obtained from Spacar, so
both frequencies are included. It can be seen that at low actuator stiffness the first eigenfrequency will be heavily dependent
on the stiffness of the actuator. At high actuator stiffness, the lowest eigenfrequency will be the same as that of a clamped
beam (blue). This example is not representative of the Super-B, although it gives an insight into the importance of the actuator
stiffness, that it can have huge effects on the eigenfrequency. Note that this examples does not take into account the coupling
or decoupling of a beam or mass that continuous behind the described beam. which is the case for the Super-B.

Figure 14: The effects on eigenfrequency with variable actuator stiffness compared to a clamped beam
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C. Influence of the counter-masses that are placed on the counter-parallelogram on the out-of-plane eigenfrequency

In the Super-B, counter-masses on the counter-parallelogram are used to obtain constant inertia. The place of the counter-
masses affects the out-of-plane frequency of the counter-parallelogram. If the mass of L∗

3 or L∗
4 is further away from the

origin, it needs less mass to obtain constant inertia, as is stated in formula (1). Oversimplified situations are used to simulate
what the place of the counter-masses can have on the out-of-plane eigenfrequency. In Fig. 15, the effects on the place of the
counter-mass and its weight are visible. The mass is calculated by using the parameters of the parallelogram and counter-
parallelogram, without the counter-masses, that are displayed in table I. If the counter-mass is further away, it creates a more
significant moment and, thus, needs less mass to balance. Two simple examples are worked out to see the effects of relocating
the counter-mass. Example1 uses squared tubes for L12 and L34 to obtain a parallelogram. Example2, instead of using squared
tubes for L12, it uses two solid flat beams parallel to each other, creating a more realistic model compared to the Super-B.
Both parameters are listed in table IV. In Fig. 16, both the eigenfrequencies of the examples are plotted. Both have a different
optimum, and both also show decay in eigenfrequency in the increased distance. So placing the counter-masses at the proper
distance can have fewer negative effects on the out-of-plane eigenfrequency. The Super-B will likely look like Example2 as it
also has two flat parallel beams. Checking the place in an FEA is advised because the models only clarify that the optimum
can differ.

Table IV

Example1 (mm) h12 = 6 b12 = 30 h34 = 15 b34 = 15 t34 = 2
Example2 (mm) h12 = 20 b12 = 20 t12 = 2 h34 = 15 b34 = 15 t34 = 2

Figure 15: The distance of the counter-mass and the
effects on its mass

Figure 16: The distance of the counter-mass and the
effects on the out-of-plane eigenfrequency

D. Kinematics elaboration of the Super-B

The velocity of the end-effector in ([X,Y]) coordinates with the actuator angle and speed as input can be obtained by taking
the Jacobian with respect to the generalized coordinates of equations (26) and (27), and multiplying it with the derivative of
the generalized coordinate. This will give

Ẋe = L1q̇1s(θm1 + γθ1 − ac((L1θ1 − L2θ1c(γθ2 − γθ1))/(L
2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1)
1/2)−

at((L1θ1s(γθ2 − γθ1))/(L2θ1 − L1θ1c(γθ2 − γθ1))))

((s(γθ2 − γθ1)L
3
2θ1 − (L1θ1s(2γθ2 − 2γθ1)L

2
2θ1)/2)/((L

2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1)
3/2

(−(L2
2θ1(c(γθ2 − γθ1)

2 − 1))/(L2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1))
1/2)+

(L1θ1(L1θ1 − L2θ1c(γθ2 − γθ1)))/(L
2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1))−
L2q̇2s(θm2 − γθ2 + at((L1θ2s(q2 + γθ2))/(L2θ2 + L1θ2c(q2 + γθ2)))+

ac((L1θ2 + L2θ2c(q2 + γθ2))/(L
2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)
1/2))

((L1θ2(L1θ2 + L2θ2c(q2 + γθ2)))/(L
2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)+

(L2
2θ2(L1θ2s(2q2 + 2γθ2) + 2L2θ2s(q2 + γθ2)))/

(2(−(L2
2θ2(c(q2 + γθ2)

2 − 1))/(L2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2))
1/2

(L2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)
3/2))

(34)
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Ẏe = L2q̇2c(θm2 − γθ2 + at((L1θ2s(q2 + γθ2))/(L2θ2 + L1θ2c(q2 + γθ2)))+

ac((L1θ2 + L2θ2c(q2 + γθ2))/(L
2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)
1/2))

((L1θ2(L1θ2 + L2θ2c(q2 + γθ2)))/(L
2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2)+

(L2
2θ2(L1θ2s(2q2 + 2γθ2) + 2L2θ2s(q2 + γθ2)))/(2(−(L2

2θ2(c(q2 + γθ2)
2 − 1))/

(L2
1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2

2θ2))
1/2(L2

1θ2 + 2c(q2 + γθ2)L1θ2L2θ2 + L2
2θ2)

3/2))−
L1q̇1c(θm1 + γθ1 − ac((L1θ1 − L2θ1c(γθ2 − γθ1))/

(L2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1)
1/2)−

at((L1θ1s(γθ2 − γθ1))/(L2θ1 − L1θ1c(γθ2 − γθ1))))

((s(γθ2 − γθ1)L
3
2θ1 − (L1θ1s(2γθ2 − 2γθ1)L

2
2θ1)/2)/

((L2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1)
3/2

(−(L2
2θ1(c(γθ2 − γθ1)

2 − 1))/(L2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1))
1/2)+

(L1θ1(L1θ1 − L2θ1c(γθ2 − γθ1)))/(L
2
1θ1 − 2c(γθ2 − γθ1)L1θ1L2θ1 + L2

2θ1))L
2
2θ1))

(35)

E. Theoretical maximum acceleration and its reaction force reduction

In this appendix, the Super-B is evaluated on the theoretical accelerations it can obtain if the PID controller is not the limiting
factor. Also, the simulated reaction forces and moments compared to its unbalanced variations are plotted. The Super-B is
highly non-linear, so its inertia will differ in its workspace. In Fig. 17(a) and 17(b) the inertia’s are plotted for the theoretical
workspace for both DoF.

((a)) ((b))

Figure 17: The inertia differences of the Super-B of both DoF in the workspace. With DoF θ1 in (a) and with DoF θ2 in (b)

For the movement, an s-curves is implemented on the actuator ψ1. The starting position is in the middle for both DoF at the
corner of the workspace at θ1 = 30 and θ2 = 135. In this trajectory, the max inertia will be estimated at 0.13 kgm2. The motion
profile that is used is visible in the leftmost plots in Fig. 18. In this situation the peak torque will not exceed the maximum
given value of 131 Nm with an estimated friction factor of 30%. It could reach up to 21 G of acceleration with this motion
profile. All the critical parts are used in a FEM analyse and can withstand the forces that will be released at 21 G. If both
actuators are used in a bigger piece of the workspace, even higher peak acceleration can be obtained. However, if the parts can
withstand the forces must first be investigated. Comparing the balanced and unbalanced cases will give a theoretical reduction
of 99.1% reaction forces and a reduction of 98.4% reaction moments at high accelerations. The simulated forces can be seen
in the middle and the right of Fig. 18.

F. Bode plots of both actuators

In this appendix, the bode plots of the frequency sweeps are visible for both DoF. In Fig. 19 the frequency sweep of actuator
ψ1 is depicted. In Fig. 20 the frequency sweep of actuator ψ2 is visible.
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Figure 18: Simulated motion, reaction forces, and moments for a movement with peak tip accelerations of over 21 G

Figure 19: Bode plot of the frequency sweep of actuator ψ1

Figure 20: Bode plot of the frequency sweep of actuator ψ2
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5
Discussion

This thesis aimed to build a dynamically balanced manipulator sufficient for higher acceleration pur-
poses, with a constant inertia mechanism. In this discussion, some notable points, as well as future
research possibilities, are discussed.

5.1. Model improvements
Chapter 2 focused on the design choices made for high-speed manipulators and their effects on stiff-
ness. The design guidelines were used in the design process of Chapter 3 and 4. Almost every design
choice influences stiffness. So it is essential to obtain a sufficient model, so every design choice can
be evaluated. For this project, multiple tools and programs were used to obtain the eigenfrequency.
Spacar [20] in Matlab to obtain the in-plane eigenfrequencies. A self-written MSA program [21] to ob-
tain the out-of-plane eigenfrequencies in the early stages, with low computation time, and Comsol [22]
to obtain the eigenfrequencies for the final design. For future projects, it is advised to use a program
with low computation time that can simultaneously identify the in-plane and out-of-plane frequencies
while still being fateful to the design so the error will not be too big. This will give the option to optimise
the manipulator better and faster and obtain the effects of every design choice. While simultaneously
having the objective function be the in- and out-of-plane frequencies.

The actuator stiffness is assumed as infinite, creating decoupling between the counter-masses of
the third link of the inverted four-bars and the rest of the mechanism. For further research, it is advised
to obtain the actuator’s stiffness experimentally and use this value in the simulations. Gaining a more
realistic value of the in-plane eigenfrequencies.

5.2. Increase of controllability
To achieve 20 G or even 50 G with good dynamic characteristics, the eigenfrequencies must become
higher. As seen in chapter 4, the out-of-plane frequencies are the lowest. In chapter 2, multiple sug-
gestions are given that can help to increase the stiffness. A promising solution can be adding one or
multiple redundant chains to the end-effector, which can also be actuated to add extra torque to the
system, leading to very high accelerations. An example of active redundant chains is the NINJA robot
which can reach 100 G of acceleration [23]. An easy way is to add a structure that moves in the same
plane and is connected to the end-effector, as no spatial balancing must be done. The kinematics of
the Super-B can be copied around the end-effector with an angle (𝛼), creating a structure as is de-
picted in Fig.5.1. Although such a structure is very complicated, and when it is completely mirrored
(𝛼 is 180∘), it can better be depicted as a 4-RRR manipulator [17]. This will be dynamically balanced
in a perpendicular path through the middle and have a lower mass and inertia ratio compared to the
doubled Super-B structure. Adding a structure in the same plane to the end-effector will increase the
stiffness but can also negatively affect the out-of-plane frequencies because of the added mass [24].
So attention must be paid to the controllability of the added links.

To achieve higher out-of-plane frequencies, stiffness needs to be added spatially. So ideally, adding
a redundant spatial chain. However, this will increase the difficulty of balancing. What can be done is
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Figure 5.1: The Super-B and a copied version around the end-effector, to increase stiffness at the end-effector

doing the link-by-link balancing and adding an already balanced link. A suggestion can be seen in Fig.
5.2. This extra link is on a rotatable platform (which can also be an inverted four-bar), increasing the
movable mass and inertia significantly. Using an extra redundant chain to the end-effector to increase
out-of-plane stiffness is a good topic for further research.

Figure 5.2: The Super-B with an added active balanced redundant chain to the end-effector

5.3. Dynamic balancing toward spatial structures
For the pick-and-place industry, mostly three or more DoF are wanted. Obtaining a spatial DoF can be
done in multiple ways. A way is to use the Super-B as a building block and add a third spatial DoF on
the origin. This is drawn in grey in Fig. 5.3. This way, the spatial actuator can be placed at the base.
To obtain constant inertia for this spatial DoF, it will need a counter-structure that moves in the opposite
direction. Although doing this will create a structure that messes up the original balancing conditions of
the Super-B because of the spatial movement, making it unbalanced. This needs more investigation on
how to use a counter-parallelogram structure to obtain constant inertia for spatial terms. As the spatial
terms are much harder to balance and if it is even possible to obtain constant inertia in spatial is even
questionable. Doing research on constant inertia mechanisms with, e.g. (compliant) mechanisms or
foldable mechanism, can be an exciting topic. As in the end, it is just the correct mass placement on
the right location.
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Figure 5.3: A proposed spatial mechanism that might be dynamically balanceable. The grey links depict the spatial beams. Note
that a spatial reactionless four-bar still has to be added in the origin. This structure can not yet be balanced as the spatial inertias
are not constant around the origin.

Another way to insert a spatial DoF is to imitate the R4 manipulator [25]. Suppose the 6-Bar linkage
is possible to be dynamically balanced easily by a counter-6-bar as is explained in chapter (see Fig.
5.4a). In that case, it might be possible to add two of them perpendicular together (see Fig. 5.4b),
creating a manipulator that looks like the R4 or even the Delta-robot [26]. The distal links of the six-bar
should be doubled to obtain an extra DoF spatially, as is explained in Ref. [27]. The reactionless four-
bars that should dynamically balance the entire structure are not drawn as it would make the figure
unclear. If it is even possible to obtain a balanced spatial structure that is feasible for high-acceleration
purposes should be further researched. So for spatial balancing, firstly, a structure must be found that
can be balanced spatially. Suppose the structure does not balance distal links, and the actuators can
be placed at the base. In that case, it has a good chance of being a proper structure for the high-speed
industry if the controllability and balancing equations are included in the optimisation steps.

(a) A six-bar linkage uses a counter-six-bar linkage to ob-
tain constant angular momentum for both DoF around their
actuation point. The platform should be constrained hori-
zontally as can be done as in Ref. [28]

(b) A spatial mechanism that might be balanceable by four
reactionless four-bars. The reactionless four-bars are not
drawn to make the structure clearer.

Figure 5.4: The use of a six-bar linkage with a counter-six-bar linkage and its balancing possibilities





6
Conclusion

The objective of this thesis is to combine controllability and dynamic balancing to develop a 2-DoF
inherently dynamically balanced manipulator, applicable for high accelerations. In the literature study
design guidelines for obtaining sufficient stiffness are presented. Stiffness in any direction is important
to obtain high controllabillety and almost all design choices influence the stiffness.

A 2-DoF constant inertia mechanism (CIM) with the aim of controllabillety is developed. It consists
of two coupled parallelograms that obtain constant inertia around their pivot point in their workspace.
Variations of this mechanism are presented by changing the coupled angle, either-or the properties of
the links. Using the CIM, seven design solutions are given that are inherently dynamically balanced in
their full workspace.

A design solution, consisting of a CIM and two inverted four-bars, optimal for controllability, was de-
signed and optimized in a demonstrating prototype (Super-B). The kinematics and optimization process
is elaborated. The Super-B consists mainly of laser-cut RVS plates that are TIG welded together. This
showed that the manipulator could be manufactured with low-cost production methods. Experimentally
a reduction of 93.6% and 88.9% in shaking force and shaking moment compared to the unbalanced
case, respectively, is obtained for the first DoF and a 97.2% and 93.4% reduction, respectively, for the
second DoF. The manipulator had a measured lowest eigenfrequency of 91 Hz and a workspace of
around 20 cm. Up to 8 G of tip acceleration was achieved. So fully inherently dynamic balancing can
be combined with high accelerations.

Structures that use the theory introduced, are speculated for obtaining spatial dynamic balancing.
The research in this thesis gives a good step toward dynamically balancing multi-DoF with the aim of
controllability, eventually obtaining a high-speed, inherently dynamically balanced multi-DoF manipu-
lator.
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