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Abstract

Wings with leading-edge (LE) tubercles have gained increasing attention over the past decade. Despite

their impressive aerodynamic performance, the underlying flow control mechanisms of tubercles remain

controversial. In this thesis, both experimental and theoretical approaches are employed to investigate the

flow patterns of a tubercled wing at pre-stall and post-stall angles of attack (AoAs).

In the experimental study, 2D Particle Image Velocimetry (PIV) was used to measure flow patterns at

cross-flow planes along the chord. At a pre-stall AoA, high-vorticity regions generated by the tubercles

appear in an alternating pattern near the LE. A quantitative comparison was conducted to examine the

similarities between a tubercle and a delta wing. The results show that tubercles cannot be regarded as

small delta wings in terms of vortex generation. The leading-edge vortex (LEV) sheets are convected

downstream, where they interact with laminar separation bubbles (LSBs), creating complex flow patterns

in the downstream regions. At a post-stall AoA, stall cells (SCs) appear along the span, with their formation

dependent on both Reynolds number (Re) and tubercle amplitude. However, the spacing of SCs is relatively
independent of AoA, Re, and amplitude, consistently ranging between 5 to 7 tubercle wavelengths.

In the theoretical study, the lifting line theory (LLT) approach was first used to predict the LEV strength

but proved ineffective due to the absence of thickness effects. A subsequent analysis using the panel

method in xflr5 showed that the Kutta condition should also be applied to the leading edge (LE) rather than

only to the trailing edge (TE). Crow’s model was adapted by taking LEVs into consideration. However, a

global description of the instability was not obtained due to difficulties in representing LEVs and related

mathematical challenges.

This thesis contributes to a further understanding of the tubercle’s role in flow control. The LEVs generated

by the tubercles are identified as key factors influencing flow evolution, yet these effects are not captured

by LLT-based models or a conventional panel method. Future reduced-order models (ROMs) should

account for the influence of LEVs to provide accurate representations of tubercled wing flow dynamics.
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1
Introduction

Biomimetics is of great interest to engineers as bio-inspired structures can provide promising solutions for

engineering problems from a perspective of nature. In recent years, airfoils with such designs have gained

increasing attention for their exceptional aerodynamic performances. Humpback whales, among other

cetaceans, are unique for their pectoral flippers whose leading edge has tubercles; those protuberances

are believed to enhance the maneuverability of the whales during feeding. A better understanding of the

related flow control mechanisms would be beneficial for wing design in the future. In this chapter, a brief

introduction to the humpback whale will be given in Section 1.1, followed by the literature review on the

bio-inspired tubercled wing in Section 1.2. Then, the research objectives and research questions are

explained in Section 1.3. In the end, the outline of the thesis is illustrated in Section 1.4.

1.1. Humpback whale (Megaptera novaeangliae)
Humpback whales can be found in oceans and seas around the world and are one of the most-observed

and well-studied whale species [1]. The reason why this species is familiar to humans could be that they

are active near the sea surface; they can leap clear of the sea and slap to make large visible sea sprays,

which makes them appealing to whale watchers [2]. Those whales have a special hump on the back,

which is the origin of their name. In addition, they feature a distinctive spindle-shaped body and paired

long pectoral fins with irregularly located protuberances along their leading edges, which can be seen in

Figure 1.1. In fact, the Latin name of the species, Megaptera novaeangliae, translates directly into ‘giant

winged New England’, which can be inferred that the humpback whale was first seen near New England

and impressed then whalers with its large pectoral fins [2]. It is thus not difficult to imagine that other body

parts should be compatible with the fins in size: an adult humpback whale can be 14-17 m in length and

its flippers are even larger than those of blue whales [3, 4]. The adult humpback whale can weigh up to

40 tons [5]. To maintain such a huge body, the humpback whale has to spend around 22 hours, which

is about 92% time of the day, foraging for 2-2.5 tons of krill and other small fish as food in the summer

feeding season. They are migratory animals and do not eat in the winter reproduction period [6].

Figure 1.1: Photograph of the humpback whale breaching. Note the tubercles along the front edge of the

pectoral fins (image credit: Whit Welles [5]).

One intriguing feeding strategy used by humpback whales is ‘bubble-net feeding’. The strategy normally

1
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requires a group of humpback whales to act cooperatively; they swim around a school of prey in an upward

spiral while exhaling air out of their blowholes to create a ‘bubble curtain’. This will form a net over time as

shown in Figure 1.2, confining the prey in a narrow tube in the center so that the whales can lunge from

the bottom to swallow the prey efficiently. The net size created is in the range of 3-30 m in diameter [7],

which is surprisingly short compared to the body length of the whale.

The agility of the whales suggests that certain structures of their body can serve as prototypes for biomimetic

designs in vehicles moving in fluids. It is widely believed that this sharp-turning ability can be attributed

to the tubercles along the front edge of pectoral fins [4]. The presence of the tubercles can modify the

flow field around the pectoral fins and thus increase their hydrodynamic efficiency. In short, the winglike

tubercled fins facilitate the high lift generation and hence provide the required centripetal force to allow a

sharp turning [8, 9, 10]. Although other structures, such as flukes of the tail, also contribute collectively

to improve the performance, the tubercles are regarded as the main underlying factor and therefore this

phenomenon is called the ’tubercle effect’.

Figure 1.2: Photograph of the bubble-net spiral; the circles of different colors represent the bubbles

created by different whales over time (image credit: Moscato et al., 2022 [11]).

1.2. Tubercled wing
Pioneering studies on the ‘tubercle effect’ have a strong biological background and the analyses are

relatively qualitative. This encourages academia and industries focusing on fluid dynamics to investigate

the phenomenon with more quantitative approaches, such as theoretical analyses, experiments, and

numerical simulations. The purpose of this section is to provide a review of the progress achieved so far.

1.2.1. Performance and geometry effect
Although the tubercled pectoral fins had been believed to improve the maneuverability of humpback whales,

it was not clear whether they could outperform ordinary ones. This doubt was solved by a series of wind

tunnel experiments on a 3D fin model resembling the pectoral fin of a humpback whale [12]. The results

showed that performance was indeed enhanced; the maximum lift coefficient CL,max increased up to 0.95

from 0.875, the stall AoA was delayed by about 40%, and the post-stall drag coefficient CD was reduced,

which are favorable for a wing working at a high AoA [12]. However, the improvement was not found to

be applicable to any airfoil with LE tubercles. To elucidate the potential causes, two types of modified

wings were used in wind tunnel tests; one was of full-span and the other was semi-span with the latter

possessing a shape similar to the fin [13]. The motivation was to examine the 2D and 3D effects in this

scenario. It was found that the 3D effect played a significant role in the performance improvement; the

full-span (i.e., 2D case) wing experienced a performance deterioration in both pre- and post-stall regions

with stall occurring earlier and the drag coefficient Cd becoming larger compared to the baseline [13]. The

semi-span wing, in contrast, performed similarly to that reported in the previous research [12]. The only

merit for the full-span wing is a softer post-stall behavior in which the lift coefficient decreases gradually

rather than dropping drastically. The Re effect is also involved due to the variant chord length along the
span and considered to be a factor contributing to the difference [13, 14].

Although the application of tubercles on a full-span wing does not enhance aerodynamic performance as
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much as for the semi-span one, the simple geometry makes it ideal as a baseline to investigate the effects

of underlying factors. A comprehensive study was conducted to investigate the influences of the tubercle

geometry by changing the amplitude A, wavelength λ, and LE curvature of tubercles along the LE of NACA

63(4)-021 airfoil, which is similar to the cross-section of humpback whale fin [15]. It was concluded that

the amplitude dominates the wing performance over other factors; a large amplitude results in an early

stall and reduced Cl,max, while a small amplitude allows the wing to reach a higher Cl,max and to have a

softer stall behavior and is thus preferred. Similar results regarding A were obtained in other research

[16]. It has been postulated that an optimal λ might exist for a certain A. Thus the parameter A
λ , which is

the ratio between the amplitude and the wavelength has been proposed as a non-dimensional similarity

parameter for the effect of tubercle geometry [16]. Therefore, despite the dominating effect of amplitude,

the wavelength should also be considered in design [17].

1.2.2. Engineering applications
Since its effectiveness was validated, the tubercled wing has emerged as a promising candidate to improve

the efficiency of artificial devices in various industries. Instead of adopting the exact shape of the front edge

of the fins, engineers choose to modify the edge into a simple sinusoidal shape for the convenience of

manufacturing. Currently, tubercled wings are primarily used in the renewable energy industry to improve

energy conversion efficiency.

Renewable energy covers a wide range of energy sources that can be replenished on a relatively short

timescale compared to the human lifetime [18]. The section focuses exclusively on wind energy, tidal

energy, and nuclear energy, as the tubercled wing can be utilized in rotating machinery which is commonly

employed in these three industries. One of the complexities of blade design for rotating machinery is that

the blades normally work under inflow conditions where an extra velocity component due to rotating motion

should be considered. This extra velocity varies radially which makes the inflow condition more difficult

to analyze. The strong unsteadiness and interaction of the wake pose other challenges for control and

operation.

Figure 1.3: Photograph of the wind turbine with a modified trailing edge (TE) inspired by humpback whale

tubercled fins in a biomimicry exhibition at the Vienna Museum of Science and Technology.

In the wind energy sector, the tubercled wing has already shown its value in power generation. A field

test on the 2-blade turbine with tubercled blades designed by the WhalePower Corporation showed that

electrical output outperformed that of an unmodified turbine [19]. It was found that the wind turbine with

the LE tubercles has an increased lift-to-drag ratio, or aerodynamic efficiency, in the post-stall region,
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which can compensate for the negative influences of the blade’s rough surface [20]. Additionally, the

load fluctuation caused by the vortex shedding was reduced, which is beneficial for stabilizing the turbine

output [20]. The LE tubercles can also reduce the hysteresis effect of a dynamic pitching blade and thus

contribute to the control of aerodynamic load [21]. In addition to modifying the LE, there is the alternative

of placing tubercles along the TE as shown in Figure 1.3. This modification was reported to be suitable for

wind turbines operating in a turbulent inflow condition. The retrofitted TE can inhibit the turbulence level at

the TE, and stabilize and improve the wind turbine output in the post-stall region [22].

Similar conclusions of enhanced conversion performance are obtained in the tidal energy and nuclear

energy sectors. Tidal turbines with LE tubercled blades were reported to have higher power output when

the tip-speed ratio (TSR) is low [23, 24]. The TSR is defined as the ratio between the rotational speed

and the axial speed felt at a specific radial location along the blade. The lower the TSR, the higher the

local AoA should be. Therefore, tidal turbine blades with tubercles operate more efficiently in post-stall

regions when the inflow AoA is high. The output power of a nuclear steam turbine working at the low-mass

rate was also improved by adopting the wavy LE blades, which again demonstrates the advantage of the

tubercled blade [25].

1.2.3. Flow control mechanisms
Despite the continuously growing application of tubercled wings in industry, the flow control mechanisms

of LE tubercles remain unclear, and a consensus is far from being reached. The most widely recognized

theory is that the tubercles are analogous to vortex generators, which can generate streamwise vortices

along the span [9, 14, 16, 26, 27]. Freestream momentum is introduced towards the wing surface by

the turbulent mixing effect, which re-energizes the flow and thus delays separation. A similar conclusion

was obtained but only for tubercles with small amplitudes [28]. This conclusion could be justified by the

argument that tubercles cannot be modeled as vortex generators as their dimensions are normally much

larger than the boundary thickness [29]. Instead, the induced AoA at each wing section was modified

by the existence of streamwise vortices which the delayed separation could be attributed to [29]. Wings

with tubercles of large amplitude were assumed to function similarly to delta wings [3, 30, 31], which can

generate high lift at high AoA on the merit of vortex lift effect [32]. Therefore, the underlying flow control

mechanisms might be dependent on the tubercle geometry [33]. In both experimental and numerical

results, the stall was found to occur first at tubercle troughs (i.e., sections with shortest chord lengths).

Based on this observation, a mechanism involving secondary flow caused by a spanwise pressure gradient

was proposed. The counter-rotating vortex pair arising at a valley section can induce early separation

of the flow behind the valley [34, 35]. Another theory conceptualized the tubercle as a wing fence. The

compartmentalization effect resulting from the attached flow behind the peak sections is reminiscent of the

wing fence, which can inhibit the spanwise extension of flow separation [14, 36]. All assumptions above

are based on the presence of streamwise counter-rotating vortices; the real mechanism might involve all of

the opinions discussed above [26]. Further studies on the pattern and evolution of the streamwise vortices

are needed to better understand the underlying control mechanisms of tubercles.

1.2.4. Similarity to a delta wing
Among the above mechanisms, a competitive argument is taking a tubercle as a small delta wing since

the flow fields around both structures are similar which can be seen in Figure 1.4. This similarity can be

instrumental in understanding the tubercle effect from the perspective of a delta wing, especially on the

vortex formation mechanism along the LE. Both tubercles and delta wings have swept LE where flow rolls

over on the suction side, resulting in a vortex. The vortex accumulated along the chord and the vorticity

calculated on a streamwise plane at the TE location would be highest. Therefore, it would be appealing to

evaluate the vorticity of a delta wing at the TE location and compare it with that of a tubercle at the first

streamwise plane.

Hemsch and Luckring propose a semi-empirical model of vortex strength estimation for a delta wing [39].

The model gives the accumulated circulation on a plane at the TE with inputs of AoA and the sweep angle

β. The formula of non-dimensionalized circulation is given below:

Γ

c0U∞
=

9.2A∗ cos(α) tan1.2(α)

tan0.8(β)
, (1.1)
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Figure 1.4: Schematics of flow patterns over (a) a delta wing (image credit: Sidorenko et al., 2013 [37]);

(b) LE tubercles (image credit: Wei et al., 2015 [38]).

where A∗ is the amplitude non-dimensionalized by the mean chord length c0, and α is the AoA in radians.

tan(β) is defined as 2A
λ/2 = 4A

λ . The 9.2 is an empirical value estimated from numerical results [39].

Traub puts forward another empirical model to predict the LEV circulation of a delta wing based on the

Kutta-Joukowski theorem [40]. The spanwise variation of lift is represented by shed vortices traveling

downstream. The strength of accumulated streamwise shed vortices at the TE location is regarded as the

LEV circulation and is modeled as:

Γ

c0U∞
=

2.212A∗π sin(α)

tan0.8(β)
, (1.2)

which has a similar form to that of Hemsch and Luckring.

Although tubercles and delta wings have similar flow patterns, a tubercled wing functions differently from

a delta wing. The vortex lift effect is a significant feature of the delta wing, while applying this concept

to a tubercled wing is problematic, as the tubercle operates under conditions that are very different

from those of a delta wing [26]. The vortices generated along the swept LE would have downwash and

upwash effects at the neighboring locations while only the former effect affects the performance of a delta

wing as there are no other delta wings nearby. Therefore, even if vortex lift exists for a tubercle, the

overall performance enhancement cannot be attributed to it. The rolling motion of vortices could lead to

performance deterioration at other locations, making the net enhancement negligible.

1.2.5. Flow pattern over the suction side
Alongside investigations of the general governing mechanisms of the flow around a tubercled airfoil,

particular attention has been put on the complicated flow phenomena on the suction side at both pre- and

post-stall AoAs.

Pre-stall case

In theRe range where the tubercled wing normally operates, a laminar separation bubble (LSB) is commonly
observed. The LSR is a flow structure that can be found on the suction side of a low-speed wing at a

pre-stall AoA. Its formation and bursting greatly change the pressure distribution and thus affect the overall

performance of the wing. The formation of a LSR is primarily determined by Re and the airfoil geometry
(i.e., pressure distribution). When the Re is moderate (i.e., at the order of magnitude of 104 − 105 [41])
and the pressure gradient is not strong, a local separation region occurs on the upper surface of the

airfoil as shown in Figure 1.6. Before the separation point, the boundary layer (BL) is laminar. At the

separation point, there is an inflection point in the local velocity profile, which indicates a disturbance that

evolves downstream and triggers transition. However, the transition is damped at the inflection point as it

is near the wall. After separation, the BL remains laminar for some distance and is gradually lifted above
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Figure 1.5: Pre-stall flow pattern of a tubercled wing (image credit: Cai el al, 2017 [41]).

the ‘dead water zone’ located at the front part of the bubble, in which the fluid elements are almost still.

The recirculating motion at the rear part of the bubble is caused by the existence of the free shear layer,

which is the result of the inflection point evolving downstream. The downstream inflection point is far

enough away from the wall and promotes transition. The mechanism for vorticity generation in the bubble

is ascribed to the Kelvin-Helmohotz instability, which is inherently an inviscid process triggered by the

difference in velocity of the two adjacent layers of flow. At the peak of the bubble, transition occurs and the

BL becomes turbulent, allowing it to gain more momentum from the energetic external flow which enhances

the BL’s ability to withstand a stronger adverse streamwise pressure gradient. The BL reattaches to the

wall because the pressure requirement for being an attached flow is satisfied due to the turbulent mixing

[42]. Since a turbulent BL is developed after reattachment while the external flow is not affected, the LSB

could be regarded as a process to facilitate transition [41]. Similarly, the LSB can also be interpreted as

a modification of the airfoil to prevent flow separation when the adverse pressure gradient is too high.

Except for the blockage effect, the existence of the LSB complicates the vortex system as vortices can be

generated inside an LSB and travel downstream like trailing vortices. This phenomenon is investigated in

a previous study using the DNS technique and the results are given in Figure 1.7.

The alternating regions of upwash and downwash along the wing’s span are a primary feature of a tubercled

wing. This feature greatly changes local AoAs and thus affects the formation of LSBs. The leading edge

vortices (LEVs) generated at the LE tubercles interact with the LSB, which results in a more complicated

flow pattern on the suction side as can be seen in Figure 1.5. After generation at the LE, LEVs are in the

form of thin sheets and close to the wing surface. As they travel downstream, they are lifted by separated

regions and deform into a rounded shape. Secondary vorticity is generated underneath the primary vorticity

region and has an opposite sign to the primary one, as seen in the wake region. LSBs first occur at trough

locations due to high local AoAs and then extend to the downstream peak location. Flow reattachment is

found to occur for both trough and peak locations, but the flow at trough locations separates soon and

forms a large separation area. The flow at peak locations, in contrast, only separates near the TE.

Unlike a straight wing, where the spanwise pressure distribution is relatively uniform, the distribution of

LSB on a tubercled wing is not spanwise constant. This phenomenon can be explained by the fact that

the streamwise pressure gradient experienced by fluid elements is different from one location to another

along the span. For example, the distance between the location of maximum thickness and the LE at a

trough location would be shorter than that at a peak location, which means that the pressure peak is higher.

Besides, the induced velocity at trough locations is upward and will increase the local AoA, which further

strengthens the pressure peak. Therefore, the LSB bubble emerges earlier near the trough locations and

later near the peak locations along the chord.

Depending on the inflow condition and tubercle geometry, the LSB pattern can be either wavy or discon-

tinuous [34, 43, 44]. The pattern can be complex as shown in Figure 1.8. It can be concluded that the

tubercle geometry (i.e., A, λ, Aλ ) plays a significant part in the flow patterns [17]. Since the LEV is directly

affected by the tubercle geometry, research on the interaction between the LEV and the LSB could provide
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Figure 1.6: The side view of a laminar separation bubble (image credit: Gad el hak, 2001 [41]).

Figure 1.7: DNS results of a vortex filament generated inside an LSB; the blue region represents the

reverse flow region inside an LSB (image credit: Hosseinverdi et al., 2015 [45]).

insightful information on pre-stall flow conditions.

Post-stall case

The flow pattern in a high AoA region is believed to be relevant for improved post-stall performance of a

tubercled wing [46].

Flow evolution has been investigated in previous studies to provide detailed and precise descriptions on

flow structures. The streamwise vorticity is used as an indicator to study these flow structures. In Figure 1.9,

the result at several cross-flow planes is demonstrated. Although the AoA is high, the LEVs are still close

to the wall after generation. Then, the LEVs located at separated regions are lifted and become separated

shear layers. These layers will induce sublayers underneath, and the interaction between them leads to

the formation of a strong rolled-up vortex core next to a separated region. This structure persists until it

gradually decays further downstream. The flow structures located at separated regions are demonstrated

in Figure 1.10. Complicated vorticity patterns can be observed at trough locations and their evolution

is represented on several cross-flow planes. It is found that the interaction between the LEV, LSB, and

induced secondary vortices is important in the evolution. The flow structures can also be visualized by

using the turbulent kinetic energy which represents the velocity fluctuation. In Figure 1.11, strong shear

layers are captured due to their high unsteadiness.

A notable flow pattern of interest is the stall cell (SC), which occurs for airfoils near or in the post-stall region

[48, 49]. The stall cells are ’mushroom-like’ mean flow structures [50, 51], which are believed to be the

result of impingement of separated TE vortices on the wing surface [52]. In Figure 1.12 (a), the evolution of

TE vortex pairs and the formation of a SC is illustrated. Two vortices near the TE tend to interact with each

other, resulting in a wavy deformation of the vortex filaments. The deformed filament will impinge on the

wing surface once the disturbance is large enough and SCs form. The existence of a SC greatly modifies

the surface shear stress distribution, the SC patterns can be visualized by the oil flow visualization (OJF)

technique. The oil painted on the wing is fluorescent and accumulates at low-shear-stress locations on the



1.2. Tubercled wing 8

Figure 1.8: Schematics of flow patterns on tubercled wings at a pre-stall AoA (image credit: Wei et al.,

2019 [17]).

Figure 1.9: Evolution of streamwise vorticity at different cross-planes of a tubercled wing (image credit:

Pérez-Torró and Kim, 2017 [47]).
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Figure 1.10: Slices colored by time-averaged streamwise vorticity (image credit: Skillen et al, 2014 [35]).

Figure 1.11: Evolution of turbulent kinetic energy at different cross-planes of a tubercled wing (image

credit: Pérez-Torró and Kim, 2017 [47]).
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Figure 1.12: (a) Schematic of the vortex interaction with the wing surface and the resulting cellular

patterns in the separated flow over rectangular wings (image credit: Weihs and Katz, 1982, [52]); (b) Stall

cell patterns visualized by the OJF technique on the surface of a wing in the post-stall region (image credit:

Dell’Orso and Amitay, 2018 [55]).

Table 1.1: Summary of SC spacing in previous studies.

Reference A/c0 λ/c0 Rec0 × 105 AoA [◦] SC spacing

Custodio [30] 0.12 0.5 0.15 12, 18, 24 2λ

Dropkin et al. [56] 0.12 0.5 1.8
18 2λ

24 3λ

Cai et al. [31] 0.12 0.5 1.8
15 2λ

24 2λ

Zhao et al. [57] 0.12 0.5 2 18, 21, 23 2λ

Cai et al. [46] 0.0476 0.2381 1.8
16 4-6λ

24 4-8λ

surface. Therefore, the shear stress pattern can be indirectly visualized by the thickness distribution of the

oil, which is quantifiable by its brightness under specific illumination conditions as shown in Figure 1.12 (b),

where a bistable pattern can be observed. However, the number of stall cells on a wing surface partially

depends on the airfoil stall characteristics (e.g., post-stall lift curve slope) [53], and the wing geometry (e.g.,

aspect ratio) [54]. The scenario becomes more intricate for a tubercled wing.

The spanwise periodicity of stall cells of an airfoil with LE tubercles was first visualized by using dye

and in water tunnel tests [30]. In Figure 1.13 (a), A bi-periodic stall cell pattern, which is the alternating

appearance of the attached flow and separated flow at trough regions was observed. This was reproduced

in the later studies [23, 31]. However, this bi-periodicity does not hold for all cases as seen in Figure 1.13

(b). A tri-periodic pattern was found at AoA = 24◦, by applying 6 tubercles along the LE [56]. In the

studies where the bi-periodicity was reported, however, only 4 tubercles were placed at the LE [30, 31].

The understanding of this aspect was furthered by using different numbers of protuberances. The stall

cell distribution was found to be either periodic or aperiodic [46]. The interval (or cell size) between two

neighboring stall regions was found to vary from 4 to 8 times the wavelength of tubercles, depending on

both the AoA and the tubercle number [46]. So far, the convincing mechanism for the patterns remains a

research challenge.
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Figure 1.13: (a) Bi-periodic SC pattern visualized by the dye flow visualized technique (image credit:

Custodio, 2007, [30]); (b) Stall cell pattern visualized by the iso-surface Vx = 0; note the interaction
between the LEVs and the SCs (image credit: Cai et al., 2017 [46]).

1.2.6. Theoretical modeling approaches
Accurate predictions of flow patterns and their evolution are necessary to evaluate the pre- and post-

stall performances of the vehicles equipped with tubercled wings. In addition to experimental and CFD

approaches, theoretical modeling could also be used for this purpose. Van Nierop et al. developed an

analytical aerodynamic model to explain the increased performance and concluded that the tubercle

wavelength did not have much effect on the stall delay, which agreed with previous experimental results

[29]. Linear stability analysis was used by Owen and Frendi to investigate the relation between critical

Re and tubercle geometry [58]. Although both works are not directly related to the SC, they shed some
light on predicting the SC pattern of a tubercled wing in a theoretical way. An image vortex method was

used to empirically estimate the SC number based on aspect ratio [52]. As previously discussed, the

impingement of the TE vortex on the wing surface is the cause of the SC. This process has been modeled

by assuming a reflected image vortex of the TE vortex above the wing, mirrored around the upper surface

while disregarding the downstream wake vortex as illustrated in Figure 1.15. This is intended to capture the

flow characteristics of the suction-side [52]. The quantitative relation between the distance of two vortex

cores and the cell size can be estimated from Crow’s vortex-pair model shown in Figure 1.15 (b) [59], and

the derivation of the model is given in Appendix C.

Lifting line theory (LLT) could be another candidate for theoretical modeling because of its simplicity and

versatility. The method was developed primarily by Ludwig Prandtl in the early 20th century, and it is an

important theory in the field of incompressible aerodynamics. It provides a simplified yet effective way to

predict the lift distribution along the span of a wing with the 3D effect included. In a typical LLT model, the

finite wing is modeled by a series of horseshoe vortices. One horseshoe vortex includes one bound vortex

located at the wing location and two trailing vortices. The bound vortex is also called the ‘lifting line’ as it

represents the lift generated by the wing. Trailing vortices of the same circulation as the bound vortex, are

used to model the downwash or upwash effect on the wing. The spanwise distribution of circulation can be

represented by superimposing those horseshoe vortices with different strengths and bound vortex lengths

as shown in Figure 1.14.

In practice, a linear system of equations can be developed at pre-stall AoAs and the spanwise circulation

distribution can be obtained by solving it. If the AoA exceeds the stall AoA or the spanwise chord distribution

is not uniform, the system of equations becomes non-linear, and an iterative approach is required. Anderson

developed a nonlinear lifting line theory (NLLT) based on the iteration method to evaluate the performance

of a wing with drooped LE along the outboard part [60]. In the context of a tubercled wing, the NLLT can

be easily adapted to account for the wavy chord length. This method has been utilized to calculate the

spanwise distribution of the circulation for modified wings with a wavy distribution chord and twist AoA

respectively up to AoA = 19◦ [61]. Instead of using the wing geometry, Gross et al. utilized LLT to model

the stall cell pattern on an infinite wing and showed that the stall cell only existed when the lift curve slope
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Figure 1.14: Superposition of a finite number of horseshoe vortices along the lifting line (image credit:

Anderson, 2010 [64]).

Figure 1.15: Schematics of (a) the vortex-wing model used to estimate the stall cell size (image credit:

Weihs and Katz, 1982 [52]); (b) Schematic of the vortex pair model (image credit: Crow, 1970 [59]).

was negative [53]. The cell size could be estimated from the negative slope [53]. Rather than in a spatial

domain, the theory can also be implemented in a spectral domain. The spectral version of the NLLT

method was developed initially to prove that the multiple solutions found in the RANS results at post-stall

AoAs were caused by the intrinsic non-linearity of the problem, rather than the turbulent models used. It

has demonstrated its capability of capturing stall cell patterns [62]. This method was further extended

to a lifting surface model [63]. This 3D model utilized the vortex-lattice method together with viscous 2D

airfoil data to predict stall cells and showed better convergence performance [63]. To predict the stall cell

size of a tubercled wing, however, existing methods need some modifications to take the distinctive flow

characteristics into consideration.

1.3. Research objective and questions
By integrating knowledge from high-resolution experimental results, the details of characteristic structures

and underlying mechanisms determining the flow evolution towards stall can be captured. The effectiveness

of previous theoretical modeling approaches can be assessed by using this knowledge and an improved

model could possibly be developed. In a word, the research objectives of the thesis can be summarized

as:
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To further understand the influences of the LEV on tubercled wings in both pre- and post-stall

regions at different streamwise planes as a function of amplitude and Re, and to evaluate the

previous theoretical modeling approaches while proposing a new theoretical model based on the

experimental results.

These objectives can be answered with the following four research questions:

1. Can a tubercle be considered as a small delta wing?

LEVs emanating along the tubercled LE are a distinctive feature of tubercled wings and their gener-

ation mechanism is controversial. One competitive mechanism claims that the tubercle functions

similarly as a small delta wing. The results obtained in this study could provide insightful information

for the problem;

2. How does the LEV affect flow patterns on the suction side in pre-stall regions?

The pre-stall flow patterns on the suction side are determined primarily by the LEV-LSB interaction.

The resolution of previous experimental results, however, is not high enough to capture details of

this interaction. High-resolution 2D particle image velocimetry (PIV) results will be used to further

understand this aspect;

3. What are the influences of amplitude and Re on stall cell patterns?

The stall cell patterns are very sensitive to inflow conditions (e.g., Re) and tubercle geometry. Hence,
the influences of these factors should be investigated for phenomenon interpretation and model

development;

4. What are the limitations of current analytical approaches to model a tubercled wing?

Despite different physical mechanisms included, previous theoretical models demonstrate remarkable

simplicity and provide insights into the main factors contributing to the problem. For a tubercled wing,

however, the model should be more intricate as more flow features are involved.

1.4. Thesis outline
The experimental setup of the 2D PIV system is illustrated in Chapter 2, along with a discussion on

parameter selection and velocity measurement procedures. Then, comprehensive flow field results of

tubercled wings are provided and analyzed in Chapter 3. The effects of Re and tubercle amplitude are
evaluated, and the mechanism of LEV formation is investigated quantitatively. In Chapter 4, the insights

gained from the experimental study are applied to assess the capability of potential flow approaches

in capturing the flow features of a tubercled wing, with the adaption procedures of the Crow’s model

introduced as well. Finally, conclusions and recommendations are given in Chapter 5 and Chapter 6,

respectively.
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Experimental Study
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2
Experimental setup

2.1. Wing geometry
The wing used in this study had modified NACA 0021 profiles, as used in previous studies [16, 26, 34, 65].

Its popularity in the tubercled wing study can be explained by its application on wind turbine blades [65,

66]. There are at least 2 ways of modifying airfoil profiles for a tubercle wing. The simpler way is to scale

the chordwise coordinates by the ratio between the desired chord length and the baseline chord length.

The other is to retrofit the airfoil while preserving as many airfoil characteristics as possible. For example,

the airfoil LE radius is a critical parameter affecting the airfoil performance [15], and it would be changed

by using the former modification approach. Therefore, a nonlinear shearing transformation was applied in

this work to modify the airfoil profiles. This transformation maintains the LE radius, location of maximum

thickness, and the profile behind the maximum thickness location, while ensuring smooth transition at joint

part [38]. The rest of the section introduces the coordinate system, modified airfoils, and the tubercled

wing used in the experiments.

The coordinate system origin is defined at the nose of the baseline profile at AoA = 0◦, with x, y, z standing
for the streamwise, spanwise and wall-normal direction respectively. The y = 0 is at the right middle of the
span where a trough is located. The z direction follows the rule of the right-hand system. The sinusoidal
LE streamwise coordinate can be expressed as:

xLE = A sin

(
2π

λ
y +

π

2

)
, (2.1)

where A and λ represent the tubercle amplitude and wavelength respectively, which are defined in

Figure 2.1. In this thesis work, two cases will be studied, which are A = 0.05c0 and A = 0.1c0 with
λ = 0.25c0. The corresponding wings are denoted as A05 and A10 in the rest of the thesis. The phase shift
of tubercle distribution by π

2 enusres that x-axis is aligned with a trough location. The nonlinear shearing
transformation follows the equations [38]:

x1 =

{
x0 + 0.5xLE(1 + cos(πx0/0.3c0)), 0 ≤ x0 < 0.3c0

x0, x0 ≥ 0.3c0
, (2.2)

Figure 2.1: Definitions of the tubercle amplitude A and wavelength λ.

15
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Figure 2.2: Airfoil profiles of baseline, peak, and trough: (a) A = 0.05 c0, (b) A = 0.1 c0.

Figure 2.3: Top view of the wings: (a) baseline, (b) A05, (c) A10.

where x0 and x1 are the streamwise coordinates of the profile data points before and after transformation,
and 0.3c0 represent the maximum thickness location of the airfoil. The results of modified airfoils at peak

and trough locations of two cases are shown in Figure 2.2 in comparison with the baseline airfoil. It can be

seen that the modified airfoils still have smooth streamlined shape, and the LE radius and the part behind

the 0.3c0 are kept identical to the unmodified ones.

By applying this transformation along the span based on the LE coordinates, a tubercled wing can be

obtained. Figure 2.3 shows the top view of unmodified and modified wings. The chord length c0 of the
baseline wing is 0.1 m, and the span is 0.6 m which corresponds to 24 LE tubercles. Tubercles in the

middle of the span are painted black in order to avoid influences of lights reflected from and penetrating

through the wing. The tubercles close to both ends are left without paint as the wall effect can be strong

there, which would cause great uncertainty in measurements. In the tests, only black tubercles will be in

the field of view (FOV).



2.2. Wind tunnel 17

Figure 2.4: Photograph of the AoA mechanism. Note that the metal pad is used to fix the wing. Note that

the red point pointing to 0 on the left is the TE of the wing model.

Table 2.1: Inflow velocity and corresponding Re

Velocity [m/s] 2 5 15

Re [-] 1.3× 104 3.3× 104 1.0× 105

2.2. Wind tunnel
The tests are conducted in the W-Tunnel at the aerodynamics laboratory of TU Delft. The wind tunnel

is an open jet wind tunnel with a square 0.6 m × 0.6 m exit, operating in the velocity range from 0 to 35

m/s. The wind tunnel functions as below: the flow is entrained and driven by the a centripetal fan into the

open room with dimensions (L×W ×H) 2.0 m × 1.5 m × 2.0 m, where tracer particles are added for PIV

measurements [67]. After leaving the chamber, the flow will pass a contracted section get accelerated,

and then leave from the exit. The inflow velocity in the test section is determined by the rotating velocity

set in a computer on the control panel. By tuning the revolutions per minute (RPM) of the fan, the desired

velocity can be obtained. The turbulence level of the wind tunnel depends on the inflow speed, and is

estimated to be about 1% if the inflow velocity is 5 m/s.

In the experiments, the Re effect is investigated and three inflow velocities are used, which are summarized

in Table 2.1.

2.3. AoA mechanism
There is no AoA mechanism that is suitable for the wing models used coming with the test section, and thus

a AoA mechanism is customized. A photograph of the mechanism is shown in Figure 2.4. The mechanism

is essentially a protractor printed on a paper, which is modified with 5 bolt holes to fit the metal pad seen

in the photo. Besides, extra hollow parts are made on the paper in the range of AoA measured (i.e., 0 -

30◦). In this way, the AoA of the wing can be read from the location of the red ”pointer” which is the airfoil’s

rear part close to the TE. Since NACA 0021 airfoil is symmetrical, no extra calculation is needed. The

uncertainties of this mechanism would only come from the way it is installed and the way the AoA value is

read.

2.4. Imaging system
The imaging system consists of laser, camera (including lens), seeding generator and a customized laser

fence. Their basic information together with the parameters will be briefly introduced below.
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Figure 2.5: Photograph of the W-Tunnel at the aerodynamics laboratory, TU Delft.

Laser
The light source used in the PIV measurement is Quantel Evergreen 200 laser and the head of the laser is

demonstrated in Figure 2.6 (a). As its name shows, the laser produces a monochromatic visible green light

with its wavelength being 532 nm. The emitted laser beam is 6 mm in diameter and one laser pulse has 200

mJ energy at maximum, making the laser hazardous as the energy is concentrated in a narrow direction

[67]. In PIV measurements, a pair of images with short time interval in between is required to calculate

the velocity field. Therefore, the laser needs to emit twice in a short period of time. This is normally not

possible for a single laser pulse emitter as the required power is too high. Hence, two laser emitters are be

used in the laser head to ensure short repetition rate during measurements. The Quantel Evergreen 200

laser is a double pulsed Nd:YAG laser designed in this way which makes it possible to illuminate the area

of interest twice at an attainable energy level while masking the time interval short. One laser pulse would

last for 8 ns and the the laser can operate at a maximum frequency of 15 Hz, which means that at most 15

pairs of image can be created in one second and the maximum frequency can be accurately captured is

15 / 2 = 7.5 Hz according to the Nyquist sampling theorem.

The laser can be controlled by the Davis software, where the laser power, pulse separation time and

data acquisition rate (i.e., repetition rate) can be set. This information would be first processed by the

programmable time unit (PTU) connected to the computer and control signals are then sent to the laser

and camera; The role of PTU is to synchronize laser illumination and camera shooting.

Camera
A specially-designed camera is used in the test, which can overcome the harsh conditions of low illumination

and high unsteadiness in the PIV data acquisition and it can reach around the best quantum efficient

operating at the laser light wavelength [69]. The camera sensor has the highest resolution of 2560 × 2160

pixels with a 6.5 µm pixel pitch. At the highest resolution, the acquisition rate of images is 50 fps, which

means 25 pairs of images per second as the interframing time (≈ 120 ns) is negligible [69]. This allows the

camera shooting rate to be the same as the laser emitting rate as the former is higher than the latter. In

the experiments, the camera is used together with the lens of which parameters are determined by the

magnification factorM , FOV dimensions, and laser sheet thickness. A photograph of the camera with a

connected lens is shown in Figure 2.6 (b).
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Figure 2.6: Photographs of (a) Quantel Evergreen 200 laser head with dimensions (image credit:

Lumibird [68]); (b) LaVision’s Imager sCMOS CLHS camera (image credit: LaVision GmbH [69]).

Seeding generator
The camera cannot image the fluid particles in the FOV if those elements do not reflect any visible light.

To visualize the moving fluid elements in the illuminated region, the SAFEX fog generator is utilized to

create tracers, which are small droplets from the SAFEX normal power mix fluid [67]. The tracers can form

a non-toxic water-glycol based fog in the whole wind tunnel facility, and the flow inside can be visualized

even by naked eyes.

The generator needs to be heated for about 5 minutes before use, allowing the fluid inside to reach the

necessary high temperature to produce fog. The generator is operated via a remote control unit located on

the control panel. By adjusting the unit’s knob, the amount of tracers released can be regulated.

Light fence
Cross sections of the emitted laser beam are, without any manipulation, 6 mm in diameter. For the purpose

of measurements on cross-flow planes, a rectangular cross section shape is preferred for as the whole

plane can be illuminated by the laser sheet. A system of optical lenses is employed in front of the exit of

emitted laser light to convert the beam into a laser sheet. This setup, however, still has the difficulty of

controlling the laser sheet thickness, which is a important factor to determine the camera parameters. To

avoid a varying laser sheet thickness in the tests, a customized laser light fence is designed and applied to

the test section as shown in Figure 2.7. The principle of the fence is to control the laser sheet thickness

by creating slots of the same streamwise dimension (i.e., 2 mm, and the reason of choosing this value is

discussed in the next section) at different streamwise locations, which are x/c0 = [0.15, 0.25, 0.45, 0.6,
0.8, 1.0] for a wing at AoA = 0◦. To be more specific, the slot is first located at the nominal location and

then extended 1 mm on both sides horizontally. After passing the fence, the laser sheet has the same

thickness of 2 mm. Additionally, when measurements are being taken at a certain slot, other slots are

covered with black tapes to ensure that only the desired plane is illuminated, this would avoid interference

from other slots.

2.5. Parameters determination
The parameters of the laser and camera are determined based on the experimental purpose. In the PIV

experiments, detailed flow patterns on streamwise planes and stall cell patterns along the span close to

the LE are needed, which indicates two sets of parameters. In this section, three crucial PIV parameters,

which are magnification factor M , laser sheet thickness H, and laser pulse separation time ∆t, will be
introduced at first along with the principles of determining their values. The parameter values used in the

experiments are discussed and summarized at the end of this section.

Magnification factor M
One of the crucial parameters in PIV experiments is the magnification factorM , which is the ratio between

the image dimension and the actual dimension of an object. It stands for to which extent the object in the

physical space is scaled down to a pixel level. Since the pixel pitch is a constant, the larger theM , the
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Figure 2.7: Photograph of the laser light fence on the external wall surface of the test section. Note that

the slot at x/c0 = 0.15 was added after this photo was taken and thus did not shown in this photo, and a
hole is made at x/c0 = 0.25 to accommodate the bolt fixing the wing model.

more similar the object and the pixel in dimension and the smaller the object in physical space.

Laser sheet thickness H
The estimation of laser sheet thickness is based on the requirement that camera focal depth, or depth of

view, should be larger than the laser sheet thickness so that all particles illuminated in the laser sheet are

in focus. To calculate the focal depth, we should first obtain the focal ratio f#, which is the ratio between
the lens focal length and the camera aperture diameter. The parameter value can be estimated from the

particle diameter dτ in the image:

dτ =

√
(Mdp)

2
+ (ddiff)

2
, (2.3)

where the ddiff is the diameter variation caused by the diffraction effect, and it can be calculated from

ddiff = 2.44λ(1 +M)f#. The average actual tracer particle diameter dp is 1 µm [67], and the particle size in

the image should be at least 2 pixels, which is 13 µm, to avoid the ”peak-locking effect”. From these, the

f# can be calculated. Furthermore, The focal depth δz can be estimated from:

δz = 4.88λf2#

(
M + 1

M

)2

. (2.4)

The δz is essentially not equivalent to the sheet thickness H. Rather, it is the upper limit of the H if all

particles illuminated need to be imaged in focus.

Pulse separation time ∆t
There are three time scales involved in any typical PIV experiments: pulse duration δt, pulse separation
time ∆t, and the temporal resolution T , as shown in Figure 2.8. Among those scales, δt and T are mostly

determined by instruments, while the ∆t needs to be determined based on optimization rules for better
correlation.

The primary principle of choosing ∆t is preventing large displacement of any particles in an interrogation
window, which is beneficial for increasing the signal-to-noise ratio (SNR). Both in-plane displacement and

out-of-plane displacement should be considered as we would desire that a particle does not travel too

long a distance in any direction. Ideally, the displacement in the y, z direction and in the x direction during
the ∆t should be smaller than 1/4 of the actual size of the interrogation window and laser sheet thickness

respectively, and intersection of two results sets is the desirable ∆t value, which means in mathematical
terms:
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Figure 2.8: Schematic of different time scales in a typical PIV experiment.

∆t ≤ min(
1

4

Npixel × lpixel
v

,
1

4

Npixel × lpixel
w

,
1

4

H

u
), (2.5)

where Npixel is the pixel number of the interrogation window in each direction, lpixel is the pixel pitch, H is

the laser sheet thickness, v, w are in-plane velocities, and u is the out-of-plane velocity.

Parameters in the experiments
Two main measurement campaigns are in the thesis. The first is detailed measurement of flow pattern

evolution along the suction side behind a tubercle peak, and the second is about the stall cell pattern at a

plane close to the LE. The former campaign requires a largerM as one would need to zoom into a small

region for preciser data, while for the latter, a much smaller M is needed since the purpose is to know

about the interval between two separated regions.

In the first measurement campaign, the FOV is 5 mm along the span which covers 2 tubercles as shown in

Figure 2.1. In Table 2.2, the sensor parameters are given, and the corresponding number of pixel for such

a length is 2560. The magnification factor can then be calculated as:

M1 =
2560× 6.5µm

5 cm
= 0.3328, (2.6)

which is relatively a large value forM , and this means that we will focus on a small region where more

details can be revealed. The FOV dimensions are estimated to be about 5 cm × 4.22 cm. The 4.22 cm is

the length of the FOV plane in the z direction. The f# is computed to be around 7.5 based on a lens with f
= 105 mm, and the depth of view δz is estimated to be around 2.3 mm, which provides a reference for the
slot width of the light fence. In practice, the slot width is chosen to be 2 mm. The process of determining

pulse separation time ∆t is more like a trial-and-error as precise estimation of in-plane and out-of-plane
velocities is not possible in practice, and it would be time-consuming to adjust it during the measurements.

Therefore, the ∆t is determined per inflow velocity: 75 µs, 30 µs, and 10 µs are chosen for inflow velocity

2 m/s, 5 m/s, and 15 m/s respectively. The corresponding streamwise displacement of a tracer particle

moving at the inflow speed is 0.15 mm which is smaller than 1/4 of the laser sheet thickness.

In the measurement campaign of the SC pattern, 14 tubercles painted in black are in the FOV, and similarly,

the magnification factor is calculated to be:

M2 =
2560× 6.5µm

35 cm
= 0.0475, (2.7)

which is about 1/7 of the M1, but should be enough for the SC pattern. The estimated parameters are

summarized in Table 2.3. The parameters of the lenses are provided in Table 2.4. Those parameters are

tested to be effective in experiments for the setting made in the previous estimation.
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Table 2.2: Camera sensor parameters

Sensor resolution 2560 pixels × 2160 pixels

Pixel pitch 6.5 µm

Table 2.3: Estimated parameters of PIV measurements

Campaign 1 Campaign 2

M [-] 0.3328 0.0475

δz [mm] 2 2

∆tu=2 [µs] 10 20

∆tu=5 [µs] 30 60

∆tu=15 [µs] 75 150

2.6. Velocity measurements
A similar experimental setup is employed for both measurement campaigns, which is demonstrated in

Figure 2.9. The first step of measurement at a new plane is to adjust the laser to align the laser sheet with

a slot. The laser head should aim roughly at the center of the desired slot. In this process, the laser is

regulated by its internal triggering signals, and the power is set to the lowest to avoid any potential harm to

operators. Once the laser sheet is aligned with the slot, one should see a vertical green stripe flashing

on the other side of the wall. Then, the camera can be calibrated by using a reference object with known

scales. Ideally, the object face with known scales should be in the laser sheet and face the camera. Before

the calibration process, the object face should be in focus, this can be achieved by tuning the f of the
camera slightly. Once the face pattern is clear and sharp, a photo is taken and used to calibrate the length

scale in the camera sensor. After the camera calibration, the object is removed and the wing model is

put into the test section with both ends fixed at the wall at a desired AoA, which can be easily adjusted

later by loosening the bolts on one end where the AoA mechanism is located. The seeding generator and

the wind tunnel fan are turned on to create a fog. Once the seeding intensity is high enough, the seeding

generator is turned off and the wind tunnel fan RPM is specified to obtain the desired inflow velocity in the

test section. The laser is then switched to an external mode and its emitting is controlled by the PTU with

input from the Davis software.

Three important parameters need to be specified in the Davis, which are laser pulse separation time ∆t,
the number of image pairs, and the laser power. The first is explained in detail in the previous section

and the focus would be on the last two here. The number of image pairs represents the number of

instantaneous velocity fields. The number should be large enough so that the average results obtained in

the postprocessing can converge and the uncertainty from random sources is reduced. Therefore, the

number is set as 1000, which takes around 70 s to acquire at the maximum data acquisition rate of 15 Hz.

If the time of storing data is included, the total time of one measurement case would be around 5 minutes.

The laser is determined by the imaging quality; If most tracer particles are clear and sharp in the FOV,

the imaging quality can be considered as good. Otherwise, the laser power might need to be increased

to ensure that the particles are illuminated and create enough scattered light. The imaging quality can

also be improved by changing the f# and making the laser head better aligned with the slot. In practice,
the laser power is set to be above 80%, meaning 80% of the full capacity. In the second measurement

campaign where the FOV is relatively large, the laser power is increased up to 90% to ensure enough

illumination. The details of the parameters setup can be referred to in Appendix A.

The image pairs obtained are post-processed in the Davis 8 software and the defined operations are given

in Figure 2.10. The ’frame shifting’ operation is not a mandatory process for low-speed cases. However,

for measurement cases in which the inflow velocity is 15 m/s, this operation is needed as the high-speed

wind would cause strong vibration for the camera and thus the FOV is not fixed at where it should be. The

idea of the operation is to shift frames by a displacement determined by the deviation from a selected

reference point which should be located at the wing surface and reflect strongly. If all image pairs are

taken in the same FOV, then they can be processed by the ’time filter’, which subtracts the mean value

of all image pairs from each image pair. This would get rid of the influence of background in the FOV
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Table 2.4: Parameters of camera lenses

Campaign 1 Campaign 2

f [mm] 200 120

f# [-] 11 9

Figure 2.9: Schematic of the on-site setup in the wind tunnel.

and improve the imaging quality. ’PIV correlation’ involves all necessary operations to obtain a velocity

field from an image pair. A multi-pass approach is used to calculate the displacement correlation. The

last interrogation window has the size 16 × 16 in pixel and the overlap ratio is set to be 50%, meaning

that a velocity vector is determined for every 8 pixels in one direction. Therefore the size of the obtained

instantaneous velocity field is 320 × 270 in pixels. The spatial resolution is 8 × 6.5 µm = 52 µm, which is
small enough to resolve the BL to some degree. At the end of the postprocessing, the results of the mean

velocity field and standard deviation (std) are obtained in the ’vector statistics’ part, which can provide

information on mean flow patterns and corresponding unsteadiness.

2.7. Wind tunnel correction
In the wind tunnel experiments, the tubercled wing models are tested in a closed test section. The effects

of the test section wall and the model should be considered to correct the experimental data obtained.

In this section, the aspects that need to be considered are discussed and it is shown at the end that all

aspects can be ignored, and the correction is not necessary. In the tests, 2 full-span wing models are used

and thus only 2D corrections are required. Three primary aspects are considered, which are the buoyancy

effect, lift interference, and the blockage effect.

Buoyancy effect
The buoyancy effect is essentially a negative pressure gradient due to the growth of wall BL along the

test section. The effective cross-section is reduced as the BL increases in thickness, which results in a

contraction of the stream tube. The model immersed in this contraction section would experience an extra

force in the streamwise direction, which needs to be removed from the experimental data. However, in the

Figure 2.10: Flowchart of the PIV data postprocessing in Davis.
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experiments of this thesis, the test section is short, and wing models are very close to the exit of the test

section. Hence, the cross-section can be assumed to be constant at streamwise locations of the models,

and the buoyancy effect can be left out.

Lift interference
Due to the existence of test section walls, the streamlines around the wing are modified, which further

indicates that the lift obtained does not represent the real value. In other words, any lifting body tested

in a closed test section would need to correct the lift data based on its theoretical lift performance. The

tubercled wings tested, nonetheless, do not produce high lift and experience an early stall. Thus, the

correction of lift interference is assumed to be small.

Blockage effect
The blockage effect is caused by either solid bodies or low-speed regions in the test section, which modifies

the cross-section shape and flow speed along the section. The solid body in the context of the thesis

work is the tubercled wing, which takes a certain place in the test section. The flow between the model

and the test section wall would accelerate as the stream tube is reduced in diameter. This solid body

blockage effect is ignored as well as the thickness of the wing is not large. Besides, the correction requires

drag information, which is not measured in the tests. The blockage effect of the wake is considered and

the correction factor is denoted as εwb, which is defined as the ratio between the velocity variation after

correction and the un-corrected inflow velocity. It can be computed from [70]:

εwb =
π2t2

12h2
λ2D, (2.8)

where t is the airfoil thickness, h is the test section height, and λ2D is the Glauert shape factor. The Glauert

shape factor can be determined indirectly by another shape factor Λ proposed by Allen and Vincenti [71].

For a tubercled wing, the shape factor Λ is defined as:

Λ = 4
t2

c20
λ2D, (2.9)

and its value can be estimated from Figure 2.11. The thickness ratio is 21% for the tubercled wing, and

the Λ is estimated to be about 0.452. The correction factor is then calculated to be:

εwb =
π2t2

12h2
λ2D =

π2c20
48h2

Λ =
π2

48

0.1

0.6

2

0.452 ≈ 0.26%, (2.10)

which is even smaller than the turbulence level of the wind tunnel operating at 5 m/s, and can be assumed

to be negligible. Therefore, the experimental data can be used without corrections as their influences are

small.

Figure 2.11: Values for Λ for several airfoil families (image credit: Barlow et al., 1999 [70]).
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Results and discussion

The experimental results of wings A05 and A10 are discussed in this chapter. The chapter starts with a

comprehensive discussion on wing 05 tested at U∞ = 5 m/s in Section 3.1 regarding its SC patterns, pre-

and post-stall mean velocity and mean vorticity results, LEV strength, and pre-stall flow structure evolution

on its suction side. In Section 3.2 and Section 3.3, the influences of the tubercle amplitude and Re are
examined on the aforementioned aspects . Lastly, the results are summarized in Section 3.4, which are

informative for the theoretical study.

3.1. Flow field results
3.1.1. Stall cell patterns
The SC patterns were captured in the second measurement campaign, where 14 tubercles are in the FOV

at three different AoAs, 5◦, 10◦, 15◦, to provide a comprehensive view of the flow field evolution before

narrowing our focus to a much smaller region on the surface.

The measurements were taken at the first slot, corresponding to the streamwise location x/c0 = 0.15. In
principle, the plane measured should be close to the LE as the SCs tend to merge downstream and thus

would be difficult to distinguish. The mean streamwise vorticity of flow fields was used to visualize regions

of strong shearing effect. This indicates the existence of SCs as a strong velocity gradient is expected to

be found at boundaries. The streamwise vorticity can be obtained by using the formula below:

ωz =
∂v

∂z
− ∂w

∂y
. (3.1)

Since the results are calculated from mean velocity fields, unsteadiness is absent. The velocity fluctuation

is reflected in the std result. Without loss of generality, the std of the wall-normal velocity component v
was used.

The results of mean vorticity fields and unsteadiness effect are shown in Figure 3.1 and Figure 3.2

respectively. At AoA = 5◦, the stall does not occur yet and the vorticity magnitude is small. It can be

observed that positive and negative ωz regions are close to trough locations and their formation can be

ascribed to the pressure gradient between peak and trough regions. However, the tubercle influence can

still be seen by positive and negative ωz regions and an upwash pattern, which both have a periodicity

that is the same as that of tubercles. A similar phenomenon is observed in the corresponding std result,

where the distribution of high std regions follows the same spatial frequency. It is also clear that those high

std regions are located within a stripe region which corresponds to the regions affected by the upwash

effect. The presence of tubercles would cause strong unsteadiness and increase the std close to the

wing. The stall occurs when the AoA is increased to 10◦, and an SC pattern can be seen in the ωx result.

Except for higher vorticity magnitude, the SC pattern changes as well; two obvious humps can be observed

at y/λ = -4 and 2, which represent the SC development at an early stage. The flow separates first at

trough locations due to the strong upwash effect which increases local AoAs. The extension of separated

regions is inhibited by tubercles due to its compartmentalization effect [36]. Hence, the flow between

two separated regions remains attached to a streamwise location further downstream and improves the

post-stall performance of the wing. Another characteristic of the post-stall result is that the wall-normal

25
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Figure 3.1: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the plane x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, showing every 3rd

vector for clarity.

Table 3.1: SC spacing of A05 (U∞ = 5 m/s).

AoA [◦] 5 10 15

SC spacing - 6λ 5λ, 6λ

velocity at the SC locations is increased even at a location far away from the wing. This can be explained

by the blockage effect of SC where the velocity is low and the flow is ’pushed’ upward. The low-speed

region inside the SC is also visualized in the std result. The regions of low unsteadiness are shown in a

brighter color and can be categorized into two types. The first type is located near the wing and it has

a half-spherical shape which is reminiscent of the SC structure seen in the vorticity result. This low-std

feature can be ascribed to the low velocity in the ’dead water zone’ inside an SC, where the velocity

fluctuation is small [72]. The low-std region of the second type is above the SC corresponding to the high

wall-normal velocity regions. The reason for the formation of the region could be that the acceleration of the

flow reduces its turbulence level, which shares a similar mechanism of decreasing turbulence intensity by

using a contraction section in a wind tunnel. It is also noted that the regions between two low-std regions

are of high std, which can be attributed to the strong shearing effect as they are near the SC boundaries.

When AoA is further increased to 15◦, the ωz magnitude continues to increase while the flow features are

very similar to the previous case.

As found in post-stall cases, the high wall-normal velocity is one of the important features and can be used

to indicate the SC locations. In Figure 3.3, the contour plots of w are given, which gives a clearer depiction

of SC locations. It is found that a slight separation occurs at a trough location between two SC at AoA

= 15◦, which is also observed in previous research [17, 46, 47]. From the w contour plot, it is easy to

calculate the SC spacing which is defined as the distance in λ between two trough regions of separated
flow. The result are summarized in Table 3.1, and show that the SC spacing does not vary much from AoA

= 10◦ to 15◦.
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Figure 3.2: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the plane

x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, showing every 3rd vector for clarity.

Figure 3.3: Contour plots of mean wall-normal velocity component of A05 wing on the plane x/c0 = 0.15,
at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, overlaid by vector fields of the mean velocity, showing every 3rd vector

for clarity.
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3.1.2. Velocity and vorticity
The results of the SC pattern demonstrate a big picture of the whole flow field and its evolution. To further

understand the detailed flow structures, the FOV is narrowed down and focuses on the cross-flow pattern

behind a peak as demonstrated in Figure 2.9. In this part, the flow patterns on different streamwise planes

at pre- and post-stall AoAs are examined first, followed by a discussion of cross-flow patterns close to the

LE (i.e., x/c0 = 0.15) which are expected to be instrumental about the tubercle effect.

Pre-stall stage

The SC pattern results show that the SCs have not emerge at AoA = 5◦. Therefore, the cases of AoA = 0◦

and 5 ◦ can be safely regarded as pre-stall stages. However, the presence of tubercles complicates the

cross-plane patterns even at such small AoAs as shown below.

Figure 3.4 shows cross-flow patterns at AoA = 0◦. On the first plane x/c0 = 0.15, which is the closest to the
LE, the high vorticity regions are confined to a narrow region close to the wall which can also be inferred

from the corresponding std result. The observation matches the results in Figure 1.5 and Figure 1.9. The

tubercle effect can be represented by the mean velocity vectors pointing outward from trough locations.

The background blue color is simply attributed to the limited number of levels for plotting the contour and

does not mean the vorticity is high in the background. If the level number is increased, the background

color should be that of ωx = 0.

On the plane of x/c0 = 0.25, the LEV sheets generated from the LE tubercles can be clearly observed,

and the vortex sheet ends close to trough locations are slightly lifted. This result should not be surprising

as the pressure gradient at trough locations is greater and thus LSBs are formed earlier behind troughs

compared to other locations. The flow pattern shown is a result of the interaction between the LEV and

LSB; the LEV sheets encounter the LSBs formed at troughs and their ends close to trough locations are

deflected upward by LSBs. As demonstrated in the following results, the interaction between the LSB

and LEV dominates the flow on the suction side and can be used to explain the observed flow pattern.

The unsteadiness of this plane is the lowest among all planes measured which could be explained by the

acceleration near the maximum thickness location (i.e., x/c0 = 0.3) and the low-speed zones inside LSBs.

The pattern on the x/c0 = 0.45 plane highlights the complexity introduced by the presence of tubercles
along the LE. The sandwich structure observed in the vorticity result is believed to result from the LEV-LSB

interaction. This feature structure is also found in Figure 1.10. However, the reason for the structure

formation is not discussed in previous research. An attempt is made to explain its formation from the

perspective of LEV-LSB interaction. As moving downstream, the LEV sheets continue to deform around

the boundaries of separated regions and extra high vorticity regions occur below the rolled-up vortex

sheets. Those newly identified regions are believed to be vortices that are generated inside LSBs. Similar

structures are observed in a DNS result as shown [45]. Vorticity in these newly identified regions is of the

same sign as the vorticity sheet above them, and thus the circulation should increase for example in a

spanwise interval from a trough location to a peak location. This circulation variation is observed and will

be discussed in the following subsection. Peculiar high vorticity regions are identified between the LEV

sheets and extra high vorticity regions and the sign of the vorticity is the opposite of the other two layers of

the sandwich. A possible explanation for this is that this middle layer is generated by the shearing effect of

the other two layers below and above it. The high unsteadiness regions are very close to these sandwich

structures, which supports the proposed explanation.

The LSBs are closed at a streamwise location between x/c0 = 0.45 and x/c0 = 0.6 as the std increases
drastically in the regions downstream of LSBs, suggesting that the flow has transitioned to turbulence.

Meanwhile, the ’sign switching phenomenon’ occurs in the regions previously occupied by sandwich

structures, as can also be observed in Figure 1.10. For instance, a large negative ωz region is observed

between y/λ = 0 and y/λ = 0.5, which is occupied by positive ωz regions in the previous plane. The

phenomenon can be explained by the shearing layer observed in the x/c0 = 0.45 plane. This secondary
layer gains energy from neighboring layers via the shearing effect and continuously grows in strength

after its formation. In the end, the shearing layer dominates the spanwise interval and persists in the

downstream.

After the transition, the turbulent BL can withstand a higher adverse pressure gradient and remain attached

until a certain location, after which the BL separates which usually happens near the TE. The vorticity on

the fifth plane x/c0 = 0.8 is hardly visible as the flow is chaotic after separation and those fluctuations
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Figure 3.4: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s, showing

every 10th vector for clarity.

are removed after taking the average. The std result, nonetheless, can provide valuable information on

the separated flow structure. The regions of higher std values in the plot are the wake regions where the

velocity fluctuations are large. As can be seen in the result, the std values of the near-wall region are high,

meaning that the flow has separated along the span.

At AoA = 5◦, the cross-flow patterns are similar to that of AoA = 0◦. However, due to the change of

streamwise pressure gradient, the flow pattern evolves faster across planes. For example, on the first

plane in Figure 3.6, the LEV sheets are observed already and are very similar to that of the second plane

in Figure 3.4. Besides, the flow tends to separate earlier. The vorticity pattern becomes noisy already

in the third plane. In short, the stronger pressure gradient makes the flow pattern develop faster and

makes separation happen earlier. Therefore, although the measured planes are fixed, the relative locations

where the velocities are measured are not the same from one AoA to another. In fact, this difference

in measurement locations could provide more complete streamwise cross-flow patterns with a proper

interpretation.

Post-stall stage

At AoA = 10◦, the wing has already stalled and an SC can be seen in Figure 3.8. The flow FOV on the

first plane is similar to that of lower AoAs, but on the second plane, the flow exhibits a clear preference;

Positive and negative regions merge, resulting in higher standard deviation in those areas, which are also

presented in the previous research [47]. On the x/c0 = 0.25 plane, the region next to a separated region
is captured. This region is well discussed by Pérez-Torró and Kim [47] due to the rolled-up vortex cores

observed. In their research, the vortex core should be of the same sign as the neighboring separated

shearing layer, whereas in the current result, the vortex has the opposite sign. Besides, the structure does

not sustain its shape and deforms further downstream. The shear layer of the SC is captured in the std

result. This SC layer becomes less distinguishable in the downstream planes where flow exhibits chaotic

and irregular patterns. Hence, the previous choice of using the first plane for measuring SC patterns is

justified by the results presented here.

Deep-stall stage

In a deep-stall region, the flow separates from the LE, and the lift is greatly reduced. Since the local stall

behavior no longer exists, the periodic pattern can be seen again in Figure 3.10. The periodic pattern on
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Figure 3.5: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.6: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s, showing

every 10th vector for clarity.
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Figure 3.7: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.8: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 10◦, U∞ = 5 m/s, showing

every 10th vector for clarity.
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Figure 3.9: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 10◦, U∞ = 5 m/s, showing every 10th vector for clarity.

the first two planes indicates that tubercles can still modulate flow patterns even at a deep-stall stage.

Flow patterns near the LE

Unlike flow patterns on other streamwise planes, the flow features on the first two planes (i.e., x/c0 =
0.15 and 0.25) can be distinguishable even at a high AoA, making them ideal for LEV formation study.

Therefore, the first two planes are measured at 7 AoAs ranging from 0◦ to 30◦ with the intervals of 5◦ to

provide more details on the cross-flow pattern evolution near the LE.

At the x/c0 = 0.15 plane, the flow patterns are periodic at all AoAs as shown in Figure 3.12. The LEV

sheets are close to the wing surface when AoA is smaller than 5◦ and remain so for the regions with SCs

up to 15◦ where the unsteadiness at trough locations becomes high. At AoA = 20◦, the flow undergoes

a seeming transition process from partial separation to full separation as the flow structures at trough

locations are not symmetrical and have certain preferences. When the AoA further increases, the flow

on the suction side is fully separated, and the spanwise dependency of the separated flow does not exist

anymore. The periodic pattern modulated by the tubercles appears again. One curious feature of averaged

flow patterns at troughs is their squared shapes, which are also observed at the cross-plane close to

the trough LE [30]. The velocity fluctuations along the upper boundaries of these deep-stall structures

are significant, likely due to the strong shearing effect. The flow patterns demonstrate a similar trend of

evolution on the next plane as shown in Figure 3.14, At AoA = 0◦ and 5◦, the high vorticity regions are

near the wing while the fluctuations are high in these regions. Further increase of AoA to 15◦ results in SC

formation at certain trough locations and an SC structure on the cross-plane is nicely captured in the case

of AoA to 15◦. The lifted shearing layer covering several tubercle wavelengths is well demonstrated by the

std result. The region below shows less uncertainty due to the low flow speed there. When the AoA is in a

deep-stall region, the periodicity shows up again but the results are not completely the same as that of

the previous plane. the flow patterns at troughs evolve from squared shapes into more rounded ones. In

addition, the periodicity in the case of AoA = 15◦ is estimated to be twice λ, which could be ascribed to the
transition to full separation as discussed previously.
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Figure 3.10: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 20◦, U∞ = 5 m/s, showing

every 10th vector for clarity.

Figure 3.11: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 20◦, U∞ = 5 m/s, showing every 10th vector for clarity.
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Figure 3.12: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of velocity magnitude of A05 wing on the plane x/c0 = 0.15, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦,

30◦], U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.13: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the plane

x/c0 = 0.15, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s, showing every 10th vector for clarity.
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Figure 3.14: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of velocity magnitude of A05 wing on the plane x/c0 = 0.25, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦,

30◦], U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.15: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the plane

x/c0 = 0.25, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s, showing every 10th vector for clarity.
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3.1.3. LEV strength
To quantify the flow behaviors close to the LE, the streamwise circulation can be a good choice as it

requires only the velocity data on the plane and can provide insights into LEV strength evolution.

There are two approaches of calculating the circulation, which are line integral and surface integral. If we

denote the circulation as Γ, the formulae would be:

Γ =

∮
~V2D · d~l =

∫∫
ωxdydz, (3.2)

where ~V2D is the velocity vector in the plane and ~l is the trajectory vector along the integration path. The
line integral approach is preferred for calculating Γ in a region close to the wall as it could provide a more

precise result by combining physical knowledge. To illustrate the advantages of line integral, a schematic of

calculating Γ near the wall is given in Figure 3.16. A box colored in blue is defined as the region of interest

and four edges are represented by black lines with arrows following the conventional counterclockwise

direction. The line in red is the bottom line and is supposed to be located on the wall in the FOV. Ideally,

by implementing integration over this domain or edges, the Γ can be estimated accurately from the wall to

a certain height. However, the red line does not always represent the bottom line on the wall. Instead, it is

way above the wall due to the imperfect masking of FOV and light reflection at the wing surface; in the

‘PIV-correlation’ part, a binary mask with its bottom edge close to the wall is applied to images to save time

in correlation operation and avoid contamination from reflected light. Therefore, a part of vorticity in the

region between the blue domain and wing surface is neglected. Since the region is very close to the wall

where the viscosity effect is strong, its contribution to the vorticity generation should not be excluded. The

line integral approach, however, can be used to solve this problem with the knowledge that the velocity at

the wall is zero due to viscosity. The non-slip boundary condition can be implemented by assuming the

velocity along the red line is zero, which means the red line is ’forced’ to be at the wall no matter what its

actual location is. The contribution from the velocity along the two dashed vertical lines aside is ignored

which can be justified by the fact the wall-normal velocity is damped strongly towards the wall and can

thus be left out.

Two boxes are defined to quantify the positive and negative vorticity magnitude on both sides of a tubercle

peak. The boxes are close to the wall and are centered in the intervals y/λ = [-0.5, 0], and y/λ = [0, 0.5]
with the size 76 × 61 in vector. The results of circulation are non-dimensionalized by c0U∞ and shown in

Figure 3.17. At the first plane, the non-dimensionalized circulation starts from a non-zero value at AoA = 0◦

and reaches about 0.06 at the maximum AoA. The non-zero circulation at the beginning can be ascribed

to the thickness effect of the wing, which results in velocity gradients in the plane. Although the general

trend is increasing, the positive circulation magnitude and negative circulation magnitude drop at AoA =

10◦ and 20 ◦ respectively. The former can be explained by the transition to a post-stall state, and the latter

could be ascribed to the transition to a full stall. The circulation evolution on the second plane is chaotic;

the circulation labeled as positive or negative even switches the sign at the AoA ranging from 10◦ to 20◦

due to strong unsteadiness. Besides, the circulation is smaller compared to that on the first plane. The

reason can be that the merging of two vorticity regions with opposite signs neutralizes the regions of high

vorticity. In addition to that, the viscosity can also play a significant role in strength diffusion and dissipation

between two planes.

The LEV strength can be used as an indicator to study the role of tubercles in the flow control. In Figure 3.18,

a comparison is made between experimental results and analytical results. The circulation predicted by the

analytical models increases as AoA becomes high, as the models are based on potential flow assumption

where the flow reattaches on the wing after separation. Therefore, non-linear effects such as separation

are not considered in the models and the circulation continues to grow even after the stall AoA is reached.

This could be true for a delta wing but not for a tubercle. In the experiments, however, non-linear effects

such as SC occur at an AoA between 5◦ and 10◦, which can explain the deviation between predictions and

experimental data in high AoA regions. The analytical results agree better with experimental ones when

AoA is small. However, this does not lead to the conclusion that a tubercle can be taken as a small delta

wing on the aspect of vorticity generation. The reason is that the potential flow assumption is made which

means that Re of the models is much higher than that of experiments. This difference, as will be discussed
in detail in Section 3.3, has a great influence on the LEV strength. Custodio [30] used a tubercled wing

whose amplitude is 12%c0 and wavelength is 50%c0 for LEV strength measurement. The result is given in
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Figure 3.16: Schematic of the line integral used to calculate the circulation. The grey region represents

the wing model.

Figure 3.17: Streamwise LEV strength of A05 wing on the planes x/c0 = 0.15 and 0.25, at AoA = [0◦, 5◦,

10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s.
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Figure 3.18: Results of streamwise LEV strength obtained experimental data and theoretical estimation of

A05 wing on the plane x/c0 = 0.15 at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦].

Figure 3.19, and a large difference is observed even at small AoAs. Therefore, it can be concluded that a

tubercle cannot be taken as a small delta wing, especially in terms of the LEV vortex generation.

3.1.4. Pre-stall flow patterns
The interaction of vortices and LSBs on the wing suction side at pre-stall AoAs is considered crucial for the

flow evolution leading to SC formation. Therefore, pre-stall flow patterns are investigated qualitatively and

quantitatively, aiming to offer further insights into the flow structures and vortex dynamics.

Streamwise velocity gradient

Although the velocity field results are only available on 2D cross planes at several streamwise locations,

the velocity variation in the streamwise location can be obtained by using the mass conservation law,

or continuity equation. If the flow is incompressible and the fluid density is assumed to be constant, the

continuity equation can be written as:

∇ · ~V3D =
∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (3.3)

where the ~V3D is the mean velocity in the 3D flow field. The streamwise velocity gradient can then be

expressed to be:

∂u

∂x
= −

(
∂v

∂y
+
∂w

∂z

)
. (3.4)

In Figure 3.20, the results of the non-dimensionalized streamwise velocity gradient are given. In the

case of AoA = 0◦, planes can be categorized based on their relative locations to the maximum thickness

location of the airfoil, which is x/c0 = 0.3 for all spanwise stations. For those planes located in front of the
maximum thickness location, the pressure gradient is favorable and the flow is accelerated outside BL, as

can be seen in the background where the streamwise gradient is positive. Inside BL, however, the velocity

gradient is negative as the velocity close to the wall is decreased due to viscosity. By comparing the

results on the first plane and the second plane, the growth of BL can be observed as well and is obvious

for that located at a trough location. After passing the maximum thickness location, the adverse pressure



3.1. Flow field results 39

Figure 3.19: Results of streamwise LEV strength obtained experimental data and theoretical estimation of

A12 wing tested at Re = 15000.

gradient dominates the flow outside BL and the flow is decelerated as shown in the blue regions in the

background. On the third plane, the BL is represented by the strip region in red, which is lifted by pairs of

round negative velocity gradient regions at trough locations and those deceleration regions are supposed

to be caused by vortices generated inside LSBs. In fact, the flow inside BL is not accelerated and the

positive gradient can be explained by that the planes considered are not normal to the wing surface, rather

they are perpendicular to the bottom wall of the test section. Therefore, the velocity gradient is evaluated

in a direction pointing through the BL, from a low-speed zone to a high-speed zone, making the results

positive. In the following plane, the declaration regions disappear probably due to the reattachment of BL.

The transition occurs and the flow becomes turbulent which allows the flow to withstand a higher adverse

pressure gradient without separation. The separation occurs at a location between x/c0 = 0.6 and x/c0
= 0.8 as the positive velocity gradient is lower in the last plane, meaning that the flow is in a low-speed

separated wake region.

The results are similar to the case of AoA = 5◦ as shown in Figure 3.21, except for the second plane. Unlike

the third plane in Figure 3.20, the positions of deceleration regions and acceleration regions are switched.

Due to the similarity between flow structures seen in the third plane of Figure 3.4 and the second plane

of Figure 3.6, the result difference can be attributed to the difference in locations of measurement. The

plane location could be in the rear part of the LSB, where the transition occurs and the flow experiences

significant recirculation, as the unsteadiness is strong as shown in the std result of the second plane in

Figure 3.6. The increased AoA results in a stronger adverse pressure gradient along the suction side and

the flow is inclined to early separation which can be seen on the last three planes in Figure 3.20

Streamwise circulation evolution

The pre-stall streamwise circulation evolution can provide information on the pre-stall flow patterns from

a quantitative perspective. The streamwise circulation is calculated in the same way as discussed in

Subsection 3.1.3. In Figure 3.22, the circulation evolution of positive and negative vorticity region shows

symmetrical patterns for AoA = 0◦ and AoA = 5◦, as the separation does not occur yet. The general trend

shows that circulation starts with high values on the first plane, gradually decreases to lower values, and

then remains relatively constant towards the rear part of the wing. Besides, the larger the AoA, the higher

the circulation of the first plane. At AoA = 0◦, the trend is not completely true. Despite the high circulation

observed at the first plane and the smaller circulation at the second plane, the circulation reaches another

peak that is comparable in magnitude to that of the first plane, followed by the ’sign switching’ phenomenon
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Figure 3.20: Contour plots of streamwise velocity gradient of A05 wing on the planes x/c0 = [0.15, 0.25,
0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.21: Contour plots of streamwise velocity gradient of A05 wing on the planes x/c0 = [0.15, 0.25,
0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.22: Plot of non-dimensionalized streamwise vorticity evolution behind a peak of A05 wing on the

planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = [0◦, 5◦], U∞ = 5 m/s..

at the fourth plane which is also observed in the results of velocity and vorticity. The observed increase of

circulation can be ascribed to the new vortices emanating in the LSBs demonstrated in Figure 1.7, and

the result here can be regarded as extra evidence supporting the analysis of the pre-stall flow pattern

in Subsection 3.1.2. The newly generated vortices contribute to the circulation increase, otherwise, the

circulation should gradually decrease due to viscous diffusion and dissipation as in the case of AoA = 5 ◦.

The absence of the circulation increase and ’sign switching’ phenomena could be attributed to the stronger

adverse pressure gradient and earlier flow separation.

Vortex core distribution

Previous results primarily focused on vorticity in the flow field, providing valuable insights into flow patterns

where viscous effects cannot be ignored. However, a region of high vorticity does not necessarily indicate

the presence of a vortex. While a vortex represents a region where fluid elements rotate around an axis,

vorticity quantifies the shearing effect in the flow field. For example, vorticity within the BL is high due to a

large velocity gradient, yet no vortex can be found there.

To identify vortices in the flow field, the Q-criterion is employed. This criterion is based on the principle
that, in regions where a vortex exists, rotational motion should dominate over the stretching motion of the

flow elements. For the incompressible with constant density on a 2D plane, the Q of the mean flow field

can be calculated from [73]:

Q = −1

2
(ui,juj,i) = −1

2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]
− ∂u

∂y

∂v

∂x
. (3.5)

In Figure 3.23 and Figure 3.24, the isoline of Q = 0.001 and 0.002 are overlaid with non-dimensionalized

ωx for AoA = 0◦ and 5◦ respectively. The LEV sheet generated along the LE and the vortices inside LSBs

are identified successfully, but vortices are difficult to identify when separation occurs as the concentrated

vortices become scattered and the magnitude reduces due to the unsteadiness. Vortex cores are identified

by calculating the mean locations of pixels with Q values that exceed specified thresholds in regions of high

Q separately. Results of vortex cores distribution are given in Figure 3.25 and Figure 3.26 respectively.

From the top view, it can be concluded that the vortices generated on the suction side are very close to the

wing surface. Additionally, the vortices near the LE are difficult to identify due to the small thickness of

the LEV sheet, and they tend to break down earlier at a higher AoA. In the top view results, the vortices

generated are clearly visible, along with the ’sign switching’ phenomenon. However, due to the limited

number of measured planes, the streamwise evolution of the vortices is not fully understood and current

results could only provide a rough idea. Therefore, a series of tests with higher streamwise resolution

should be considered in future studies.
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Figure 3.23: Contour plots of non-dimensionalized streamwise vorticity overlaid with iso-lines of Q =

0.001 of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.24: Contour plots of non-dimensionalized streamwise vorticity overlaid with iso-lines of Q =

0.002 of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.25: Side view of the vortex core distribution of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45,
0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.26: Top view of the vortex core distribution of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45,
0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.27: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A10 wing on the plane x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, showing every 3rd

vector for clarity.

Table 3.2: SC spacing of A10 (U∞ = 5 m/s).

AoA [◦] 5 10 15

SC spacing - 5λ, 7λ 5λ, 7λ

3.2. Amplitude effect
Increasing the tubercle amplitude while keeping the wavelength the same means that the sweep angle of

the tubercle is increased, which would generate higher LEV strength and result in stronger upwash and

downwash on the wing. In this section, the effect of the amplitude is examined. The tubercle amplitude

becomes twice that of A05 and the results are compared with those of A05.

3.2.1. Stall cell patterns
The higher sweep angle essentially means a stronger spanwise pressure gradient in the interval between a

peak and a trough. This leads to a more significant acceleration of the flow on cross-planes, which in turn

increases the magnitude of ωz as shown in Figure 3.27. In addition to the magnitude, another difference

compared to the A05 results is that the low-vorticity regions at trough locations shrink. The regions are

proposed to be occupied by a group of low-speed flow particles inside the SCs. However, the stronger

circulating motion alters the vorticity patterns at the trough locations and The high-vorticity regions on

both sides of a trough are not raised. This shift is unlikely to be caused simply by the increased upwash

AoA, as similar patterns are not observed in the A05 results when the AoA is 15◦. Instead, the circulating

motion of the LEV could be the main cause. In Figure 3.2, the unsteadiness result is given. Similar to

previous results, the unsteadiness above separated regions is low due to the acceleration effect of the

contracted stream tube. The acceleration effect is more obvious in Figure 3.29 where the SC spacing can

be determined as before and is summarized in Table 3.2. The SCs occur already at an AoA = 10◦, and the

patterns remain almost the same until AoA = 15◦. Besides the SC spacing is also very similar to that of

A05, which means that the SC spacing may not be sensitive to the tubercle amplitude under Re = 33000.
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Figure 3.28: Contour plots of non-dimensionalized std of wall-normal velocity of A10 wing on the plane

x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, showing every 3rd vector for clarity.

Figure 3.29: Contour plots of mean wall-normal velocity component of A10 wing on the plane x/c0 = 0.15,
at AoA = 5◦, 10◦, 15◦, U∞ = 5 m/s, overlaid by vector fields of the mean velocity, showing every 3rd vector

for clarity.



3.2. Amplitude effect 46

Figure 3.30: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s, showing

every 10th vector for clarity.

3.2.2. Velocity and vorticity
In the previous results of A05, the flow patterns become already chaotic at downstream planes in both

post- and deep stall states and less information can be extracted. Therefore, only the pre-stall state, where

AoAs are 0◦ and 5◦, is discussed. Flow patterns of both cases are very similar to the A05 cases, whereas

the separation occurs earlier. At AoA = 0◦, the high-vorticity regions are confined into narrow regions

near the wing and suddenly break down and unsteadiness increases drastically at the location of the third

plan, whereas in the A05 case, this happens on the x/c0 = 0.6 plane. This early separation occurs also
for high AoA case and the separated regions become larger as can be seen in Figure 3.32. Besides, the

complicated sandwich structures are not observed for the range of AoA tested, which could be attributed

to the strong LEV and early separation on the suction side.

The vorticity patterns on the planes close to the LE are greatly changed due to the increased tubercle

amplitude. On the first plane, the LEV development is at the early stage and the influences of the increased

amplitude can be identified in both Figure 3.34 and Figure 3.36. In the AoA ranging from 0◦ to 15◦, the LEV

sheets are close to the wing. Although the SCs have already formed at AoA = 10◦, the vorticity patterns in

unseparated regions are very similar to the pre-stall results, which is also true for patterns on the second

plane. At AoA = 20◦, however, a double-arch structure is observed at a trough location, and evolve into a

square-shaped arch on the second plane. When AoA further increases, the arch structures occur at all

trough locations and the shape is similar to the structure that is first observed on the plane. In other words,

the double-arch structures form on the first plane and evolve into square-like arch structures observed

on the second plane. The arch structure observed at AoA = 15◦ on the second shares a similar shape to

that observed by Custodio in the dye flow visualization of a tubercled wing with a similar tubercle sweep

angle [30]. Besides, the flow patterns of A10 on the second plane, including both vorticity and std, are

similar to A05 results of the first plane as shown in Figure 3.12. The flow patterns on the second plane of

A05 are different and a large half-spheric bubble can be observed at AoA = 15◦ in Figure 3.14. Since the

occurrence of the square-shaped arch structure for the A10 wing is one plane later than the A05 wing, it

can be inferred that the tubercle with increased amplitude could slow down the LEV sheets’ evolution due

to the high circulation magnitude. The circulation can be regarded as the rotating inertia and the higher

its magnitude is, the more resistant the LEV sheet is to changing its shape. Hence, the LE flow pattern

of both wings could be interpretable within the same framework, and the order of flow pattern evolution
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Figure 3.31: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.32: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s, showing

every 10th vector for clarity.
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Figure 3.33: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the planes

x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s, showing every 10th vector for clarity.

should be x/c0 = 0.15 of A10, A10 x/c0 = 0.25 of A10 or x/c0 = 0.15 of A05, and x/c0 = 0.25 of A05.

3.2.3. LEV strength
Vorticity strength on the first two planes of the A10 wing is quantified by using the circulation based on

the line integral approach as discussed before, and the result is given in Figure 3.38. For both planes,

the circulation magnitude starts from a non-zero value at AoA = 0◦ and increases almost linearly up to

30◦. The circulation decreases in the downstream plane due to viscosity for most AoA cases and strong

unsteady phenomena are observed at AoA larger than 15◦.

The comparison between the experimental data and analytical models is given in Figure 3.39. The results

from both sources match well, particularly in the slope at pre-stall AoAs. The SCs occur at AoAs larger

than 10◦, whereas they are not observed in the FOV as shown in Figure 3.34. This could explain why the

deviation from model predictions is not very significant at AoA = 10◦ and 15◦. However, this agreement is

still considered as a coincidence because of a huge Re gap.

3.2.4. Pre-stall flow patterns
Streamwise velocity gradient

Similar to the vorticity patterns, the results of streamwise velocity gradient is affected by the larger tubercle

amplitude as well. At AoA = 0◦, the separated flow is observed at x/c0 = 0.6, where the velocity gradient
decreases due to the large region taken by the low-speed flow above the wing surface. However, the

separation is not observed until the plane x/c0 = 0.8. For larger AoA, the transition happens more swiftly;
right after the maximum thickness location, the low-speed regions are identified. The stronger upwash

at trough locations strengthens the adverse pressure gradient at trough locations and thus facilitates the

transition to happen earlier.

Streamwise circulation evolution

The streamwise circulation evolution at AoA = 5◦ is similar for both wings except that the circulation

magnitude is nearly doubled for the A10 wing due to strong vorticity generated along the LE. Besides,

the circulation at the rear part is about 1/3 of the circulation at the first plane, while this ratio is about 1/5

for the A05 wing. The circulation of the case AoA = 0◦ differs from the previous result after the second

plane. The vorticity on both sides of a tubercle peak is close to zero and the ’sign switching’ phenomenon
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Figure 3.34: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of velocity magnitude of A05 wing on the plane x/c0 = 0.15, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦,

30◦], U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.35: Contour plots of non-dimensionalized std of wall-normal velocity of A10 wing on the plane

x/c0 = 0.15, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s, showing every 10th vector for clarity.
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Figure 3.36: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of velocity magnitude of A10 wing on the plane x/c0 = 0.25, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦,

30◦], U∞ = 5 m/s, showing every 10th vector for clarity.

Figure 3.37: Contour plots of non-dimensionalized std of wall-normal velocity of A10 wing on the plane

x/c0 = 0.25, at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s, showing every 10th vector for clarity.
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Figure 3.38: Streamwise LEV strength of A10 wing on the planes x/c0 = 0.15 and 0.25, at AoA = [0◦, 5◦,

10◦, 15◦, 20◦, 25◦, 30◦], U∞ = 5 m/s.

Figure 3.39: Results of streamwise LEV strength obtained experimental data and theoretical estimation of

A10 wing on the plane x/c0 = 0.15 at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦].
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Figure 3.40: Contour plots of streamwise velocity gradient of A10 wing on the planes x/c0 = [0.15, 0.25,
0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.41: Contour plots of streamwise velocity gradient of A05 wing on the planes x/c0 = [0.15, 0.25,
0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.42: Plot of non-dimensionalized streamwise vorticity evolution behind a peak of A10 wing on the

planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = [0◦, 5◦], U∞ = 5 m/s.

is not observed, which can be ascribed to the early separation. It could be concluded that the increased

amplitude can not only increase the circulation magnitude but also enhance its resistance to external

factors that might reduce it.

Vortex core distribution

Although the separation occurs earlier and more suddenly for the A10 wing, the vortex identified on the

third plane in Figure 3.43 shows an intermittent state of the vortex interaction. Three cores of the same

sign are identified on each side of the peak located at x/c0 = 0. Additionally, on the x/c0 = 0.45 plane in
Figure 3.44, the high-vorticity regions at trough locations form oval-shaped structures and vortex cores

are identified on those branches. This characteristic is reminiscent of vortices that undergo breakdown;

the concentrated vortex core is split while the circulation magnitude is almost unchanged as shown in

Figure 3.42. The structure can be considered as the next stage of development for the three-core structure

discussed in the case of AoA = 0◦. The side view and top view of vortex distribution are given in Figure 3.45

and Figure 3.46 respectively and the number of vortex cores increases compared to that of A05. The

strong LEV sheets could contribute to the vortex breakdown observed.

3.3. Re effect
3.3.1. Stall cell pattern
In Figure 3.47, the distribution of vorticity and std on the first plane of the A05 wing at U∞ = 2 m/s are

given. It is observed that the non-dimensionalized ωz increases due to a stronger viscosity effect. The

SC patterns are affected by this effect as well. When AoA = 5◦, the sign of local separation is observed

y/λ = -4 in Figure 3.49. The SC pattern occurs at 10◦ and the SC spacing is 6λ, which is similar to the
case of U∞ = 5 m/s. Further increase of AoA to 15◦ results in a larger SC covering around 3 tubercles in

the interval of y/λ = -5 to -3, with the former SC observed in the center. Although the three separated

regions are not connected, it can be imagined they would merge and form a larger separated region

downstream. It is surprising that the separation occurs at several neighboring trough locations as the

compartmentalization is assumed to be strong based on the vorticity result; the high vorticity is proposed to

function as wing fences to prevent further expansion of separated regions [36]. The results here suggest

that the compartmentalization effect may not be fully represented by the magnitude of non-dimensionalized

ωx alone. Instead, the convection effect of the high-speed inflow could contribute to the formation of more

stable comparting lines and the free stream velocity should also be considered as a significant factor.

Opposite to the results of U∞ = 2 m/s, the non-dimensionlized ωx has a lower magnitude in the case of U∞
= 15 m/s. In addition, the weak viscosity effect modifies the SC pattern shown in Figure 3.52. At AoA = 10
◦, a flow structure similar to that observed in the deep stall case in Figure 3.47 is observed from y/λ = -2
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Figure 3.43: Contour plots of non-dimensionalized streamwise vorticity overlaid with iso-lines of Q =

0.001 of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.44: Contour plots of non-dimensionalized streamwise vorticity overlaid with iso-lines of Q =

0.002 of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.45: Side view of the vortex core distribution of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45,
0.6, 0.8], at AoA = 0◦, U∞ = 5 m/s.

Figure 3.46: Top view of the vortex core distribution of A10 wing on the planes x/c0 = [0.15, 0.25, 0.45,
0.6, 0.8], at AoA = 5◦, U∞ = 5 m/s.
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Figure 3.47: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the plane x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 2 m/s, showing every 3rd

vector for clarity.

Table 3.3: SC spacing of A05 (U∞ = 2 m/s).

AoA [◦] 5 10 15

SC spacing - 6λ -

to 0. The unsteadiness of this region is not low as can be seen in Figure 3.51, meaning that the structure

is unstable. In fact, an interesting intermittency phenomenon is found by observing the instantaneous

contour plots of w as shown in Figure 3.53. A single SC shifts from y/λ = -1 to y/λ = -2, and then moves
to the middle of the span. The phenomenon is also reported in another research [74]. The lifespan of the

SC shifting is found to be much longer than that of the vortex shedding, and the unsteadiness of the inflow

or the SC is proposed to contribute to the phenomenon [74]. The local AoAs of intermittently separated

regions should be close to the stall AoA, which is increased due to the high Re. It is also noticed that the
number of spurious points grows in the FOV over time, and this could be ascribed to high inflow velocity,

small interrogation window, or seeding intensity. At an AoA of the deep stall, the SC pattern occurs and

again the SC spacing is similar to previous cases.

3.3.2. Velocity and vorticity
Flow patterns of U∞ = 2m/s are given in Figure 3.54, which are found to be similar to the results tested at

U∞ = 5 m/s with an AoA = 10◦. In the current results, however, the thickness of the LEV sheet is increased

due to strong viscosity effects. Besides, the SC patterns form on the third plane, despite a relatively small

AoA and the flow patterns become chaotic at further downstream regions. Moreover, the unsteadiness

Table 3.4: SC spacing of A05 (U∞ = 15 m/s).

AoA [◦] 5 10 15

SC spacing - - 5λ, 6λ
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Figure 3.48: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the plane

x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 2 m/s, showing every 3rd vector for clarity.

Figure 3.49: Contour plots of mean wall-normal velocity component of A05 wing on the plane x/c0 = 0.15,
at AoA = 5◦, 10◦, 15◦, U∞ = 2 m/s, overlaid by vector fields of the mean velocity, showing every 3rd vector

for clarity.
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Figure 3.50: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the plane x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 15 m/s, showing every 3rd

vector for clarity.

Figure 3.51: Contour plots of non-dimensionalized std of wall-normal velocity of A05 wing on the plane

x/c0 = 0.15, at AoA = 5◦, 10◦, 15◦, U∞ = 15 m/s, showing every 3rd vector for clarity.
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Figure 3.52: Contour plots of mean wall-normal velocity component of A05 wing on the plane x/c0 = 0.15,
at AoA = 5◦, 10◦, 15◦, U∞ = 15 m/s, overlaid by vector fields of the mean velocity, showing every 3rd

vector for clarity.

Figure 3.53: SC shifting between y/λ = -2 and 0
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Figure 3.54: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 2 m/s, showing

every 10th vector for clarity.

in the FOV is high, especially at trough locations and shear layers. A clear Re dependency can also be
observed in Figure 3.56, where the inflow velocity is 15 m/s. The LEV sheet thickness is small and the

flow patterns are identifiable even until the last plane. The periodic distribution of the std indicates that

strong interactions are absent and the broken vortices may be confined to narrow regions.

The observations discussed above can be demonstrated in a more quantifiable way by using the streamwise

vorticity evolution as shown in Figure 3.58, with the amplitude effect included as well. Although the general

trend is that the circulation would decrease gradually from the LE to TE, the result where the wing is tested

at U∞ = 15 m/s (i.e., Re = 100000) shows a strong unsteady behavior, whereas this is not observed for
the cases with higher inflow velocity. The difference in LEV strength can be identified by comparing the

non-dimensionalized circulation at the first plane, and it is found that the lower the Re, the higher the

circulation. One possible explanation can be that the flow separation behavior around the tubercle LE of

finite thickness depends on Re. It can be concluded that the Re effect could modify the LEV strength and

thus affect the flow stability on the suction side.

3.3.3. LEV strength
Although Custodio [30] proposed that the LEV strength is not dependent on Re, a strong Re dependency of
LEV strength is found in Figure 3.59. At AoA = 5◦, LEV strength is calculated for different inflow velocities.

It is found that the LEV strength decreases as Re or inflow velocity increases. The reason can be that flow

separation behavior is different under different Re. At lower Re, the flow tends to separate earlier after

encountering tubercles, and high vorticity regions are generated close to the LE, while for a high Re flow,
the separation is postponed and is confined to smaller regions close to the wall. It is also noticed that

vortex magnitude is different already at AoA = 5◦ for the inflow velocity of 2 m/s. Despite a similar Re, the
phenomenon is not observed in Custodio’s result.

3.4. Summary
In this chapter, the experimental results of A05 and A10 at several streamwise cross-planes are presented.

The results regarding both pre-stall and post-stall flow behaviors at U∞ = 5 m/s are categorized into four

groups which are SC patterns, velocity and vorticity, LEV strength, and pre-stall flow patterns. Results of
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Figure 3.55: Contour plots of non-dimensionalized std of the wall-normal velocity of A05 wing on the

planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 2 m/s, showing every 10th vector for clarity.

Figure 3.56: Contour plots of mean non-dimensionalized vorticity overlaid by vector fields of the mean

velocity of A05 wing on the planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 15 m/s, showing

every 10th vector for clarity.
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Figure 3.57: Contour plots of non-dimensionalized std of the wall-normal velocity of A05 wing on the

planes x/c0 = [0.15, 0.25, 0.45, 0.6, 0.8], at AoA = 5◦, U∞ = 15 m/s, showing every 10th vector for clarity.

Figure 3.58: Streamwise LEV strength of A05 and A10 wings on the planes x/c0 = [0.15, 0.25, 0.45, 0.6,
0.8], at AoA = 5◦, U∞ = [2 m/s, 5 m/s, 15 m/s].
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Figure 3.59: Results of streamwise LEV strength obtained experimental data and theoretical estimation of

A05 wing on the plane x/c0 = 0.15 at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦] with Re effect assessed at
AoA = 5◦.

the first three groups of A05 tested at U∞ = 2 m/s and 5 m/s are also presented and discussed to evaluate

the Re effect.

First, the results of A05 are introduced and discussed. The SCs are found to occur on the suction side

at AoA = 10◦ and 15◦ and can be visualized by using the ωx contour plots. The regions of high ωx are

found near the locations of SCs, indicating strong shearing caused by upwash effects at trough locations.

The shearing layers separate the external flow and the flow inside SCs where the flow velocity is low and

velocity fluctuation is small. The formation of SCs decreases the cross-section area of local stream tubes

and thus the flow passing above the SCs is accelerated. This feature makes the demonstration of the SC

pattern more clearly. The spacing of SCs can then be determined by counting the number of tubercles

between two separated trough locations and it is found that the value is 5λ or 6λ which means that the SC
spacing is not sensitive to the AoA variation.

More flow details are presented by narrowing the FOV on the regions behind two tubercles in the middle of

the wing. Results of velocity and vorticity show that the flow patterns are distinguishable on most planes at

a pre-stall AoA while becoming chaotic at high AoAs. The pre-stall pattern is primarily dominated by the

interaction between the LEV and the LSB. At a pre-stall AoA, the LEV generated along the LE would form

a sheet of high vorticity and travel downstream. In this process, the sheets on both sides of a trough are

closer and would deform due to the induced velocity. The ends of the sheets close to the trough location

will be lifted and will encounter the LSB located at troughs in the further downstream. The interaction

between the LEV sheet and the LSB is hyper-intricate. It is observed that the LEV sheet would climb up to

the top of regions occupied by the LSB and contribute to the formation of a strong shearing layer together

with vortices emanating inside the LSB. The interaction process would become more complicated once

the transition occurs and the flow pattern is chaotic near the rear parts of the wing as the flow separation

occurs. In addition to the qualitative observation, the flow pattern evolution is analyzed quantitatively. The

information of streamwise flow is obtained by using the continuity law and the flow separation regions can

be identified. Besides, the streamwise circulation evolution at a peak location is obtained by applying the

line integral method which is more accurate by combining physical knowledge at the wall. The results

show that the general trend of circulation would decrease as the flow travels downstream which could be

ascribed to the viscous dissipation and diffusion. Additionally, since the vortex interaction also contributes

to the evolution, the result is informative about the interaction and supports the analysis of observed

velocity and vorticity results. For example, the increase of circulation at x/c0 = 0.45 corresponds to the
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observed vortices inside LSB on the same plane. This vortex structure is further supported by the vortex

core distribution obtained by using the Q-criterion.

LEV formation mechanism is investigated by considering flow patterns on the first two planes, which are

close to the LE. The LEV strength is used as an indicator and the circulation is calculated by using the

line integral method. The results are compared with predictions of two empirical models, which were

initially developed for estimating the LEV strength of a delta wing, and show good agreement only in the

case tested at an inflow velocity of 5 m/s. Strong Re and tubercle geometry dependency affect the LEV
circulation greatly. Therefore, despite the similarity between a tubercle and a delta wing in the flow pattern,

the underlying LEV vortex generation mechanism is not the same.

The amplitude effect is examined by testing the A10 wing whose amplitude is twice the tubercle amplitude

of A05. The increase in amplitude results in stronger circulating motion near the LE and the flow patterns

near the LE are greatly modified. However, the SC spacing is found not sensitive to the amplitude increase

and is very similar to that of the A05 wing. Due to the strong LEV and upwash effect, the flow structures on

the suction side evolve faster and many features observed before are not shown anymore. The separation

occurs earlier as well. Flow patterns near the LE share similar characteristics as A05 results. LEV sheets

generated by larger amplitude tubercles are believed to tend to maintain their shape longer and the LE flow

patterns of both wings could be interpreted within the same framework. By changing the model parameters

accordingly, the LEV strength can be predicted and compared with experimental results. Although SCs

are observed at AoA = 10◦ already in a larger FOV, the flow remains unseparated in the FOV where the

circulation is calculated, and the experimental data and model prediction match each other until AoA = 15◦.

Therefore, it can be concluded that the flow mechanism of LE tubercles is the same for both pre-stall cases

and post-stall cases as long as the flow remains unseparated behind tubercles. The main feature affecting

the streamwise flow patterns is found to be the LEV sheets of higher vorticity, which not only facilitate the

transition to happen earlier but also enhance the vortex interaction which leads to the breakdown.

The inflow condition also has influences on the flow pattern. The Re dependency is evaluated by testing
the A05 at U∞ = 2 m/s and 15 m/s, corresponding to Re = 13333 and 100000 respectively. In the results
of U∞ = 2 m/s, the non-dimensional ωx is higher due to the stronger viscosity effect. However, the SCs

start to form already at AoA = 5◦, and separated regions extend at higher AoA which is not observed in the

case where Re is higher. This difference can be explained by the weak convection effect in the low Re
flow. Hence, the result indicates that not only the circulation strength but also the inflow velocity should

be considered as the underlying factors of the compartmentalization effect. Different from the low ReT
result, the LEV strength of U∞ = 15 m/s is much lower, whereas the SC is only observed when AoA =

15◦. Besides, the streamwise flow fields are more regular which means that the high Re can enhance the
stability of the flow.
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4
Modeling approaches

The complicated flow mechanisms and wide applications of tubercles make it appealing to develop

reduced-order models (ROM) to predict the performance of vehicles equipped with tubercled wings. In

this chapter, different methods are developed and evaluated for their ability to predict both pre-stall and

post-stall characteristics of tubercled wings, together with the effectiveness evaluation of those methods.

In Section 4.1, adapted versions of the lifting line theory (LLT) approach and non-linear lifting line theory

(NLLT) for a tubercled wing are developed and pre-stall results are compared with experimental data.

Following this, conventional panel method is used to further evaluate the effectiveness of the potential-low

approaches at a pre-stall AoA. The insights obtained in previous sessions are collected and lead to the

attempt of developing a vortex interaction model in Section 4.2. The summary is given in Section 4.3

4.1. Potential flow solution
Previous experimental studies have shown that the LEV plays a significant role in flow evolution. It would

be interesting to explore whether its strength can be accurately predicted using potential flow approaches.

4.1.1. Theoretical approach: adapted Gross’s model
The original Gross’s model inspires the work of applying the NLLT approach to investigate the circulation

distribution and predict the circulation analytically. Before considering the case of a tubercled wing, the

derivation of Gross’s model is first reviewed.

To predict the size of stall cells on a straight wing with the chord c, Gross [53] assumes the spanwise
circulation distribution by using the LLT:

Γstraight(y) = Γ0 + Γ1 cos

(
2π

L
y

)
, (4.1)

where Γ0 and Γ1 are circulation magnitudes for the constant part and sinusoidal part respectively, and L is

the assumed stall cell size with its value to be determined. The induced AoA is then calculated from the

Biot-Savart law to be:

αi(y) =
π

2U∞L
Γ1 cos

(
2π

L
y

)
. (4.2)

The circulation can then be expressed in another way by using the Kutta-Joukowski theorem and assuming

a linear relationship between Cl and AoA:

Γstraight(y) =
1

2
U∞ cCl =

1

2
U∞ c (Cl,0 −

∂Cl

∂α
αi(y)), (4.3)

where Cl,0 is determined by the geometrical AoA. Since the circulation is unique, Equation (4.1) and

Equation (4.3) can be equated to find out the expression for the stall cell size L:

L

c
= −π

4

∂Cl

∂α
, (4.4)

which shows that the cell size non-dimensionalized by the chord length is proportional to the lift curve

slope, and the stall cells only exist when the slope is negative, meaning that the wing stalls.
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Following the Gross’s model, a pre-stall circulation distribution for a tubercle wing can be assumed simply

by replacing the L in Equation (4.1) with the tubercle wavelength λ, which gives:

Γtubercle(y) = Γ0 + Γ1cos(
2π

λ
y). (4.5)

The calculation of induced AoA at each section is the same as that in Gross’s model. However, the

application of the KJ theorem to obtain the circulation expression is different as the chord length depends

on the spanwise location, which means:

Γtubercle(y) =
1

2
U c(y)Cl

=
1

2
Uc(y)

(
Cl − ∂Cl

∂α

πΓ1

2Uλ
cos

(
2π

λ
y

))
.

The chord distribution should be in phase with the assumed circulation distribution, which means that

c(y) = Acos( 2πλ y) + c0 with c0 the chord length of the baseline airfoil. Rearranging the expression, we can
obtain:

Γtubercle(y) =
1

2
U Cl c0 −

∂Cl

∂α

πΓ1A

4λ
+

(
1

2
UClA− ∂Cl

∂α

πΓ1c0
4λ

)
cos

(
2π

λ
y

)
+
∂Cl

∂α

πΓ1A

4λ
cos

(
4π

λ
y

)
. (4.6)

At a pre-stall AoA, it can be imagined that the bound vortex strength is modulated by the periodicly-

distributed tubercles. Therefore, it can be assumed that the contribution from the mode of any frequency

higher than 2π
λ is negligible, the fourth term on the left-hand side can be left out. Equating Equation (4.5)

and modified Equation (4.6), the circulation magnitudes can be obtained:

Γ0 =
1

2
U Cl c0 −

∂Cl

∂α

πΓ1A

4λ
,

Γ1 =
1
2UA

1 + πc0
∂Cl/∂α

4λ

Cl.

4.1.2. Numerical approaches: NLLT and panel method
After obtaining the circulation distribution using a theoretical approach, it would be natural to compare the

result with that calculated from classical numerical approaches for validation. Both the NLLT and the panel

method are used and their formulation is introduced in the subsection.

NLLT

The NLLT was first developed to solve the non-linear problem encountered in the post-stall or complicated

geometry. The term ’non-linear’ in NLLT indicates that an iterative approach is used to obtain a solution,

and the NLLT is essentially applicable to pre-stall conditions. Two types of NLLT are formulated for a

tubercled wing case, which are spatila NLLT and spectral NLLT.

The spatial NLLT method is the most commonly used approach, where the wing is discretized into several

stations. An initial circulation is first specified for each station to represent the strength of the bound vortex.

By definition of the horseshow vortex system, the difference of strength between neighboring stations is

the trailing vortex strength which determines the upwash or downwash velocity at stations. The local AoAs

at stations are modified by total induced velocity and the bound vortex strength is changed due to the

upwash/downwash effect. The new circulation distribution is calculated from the KJ theorem:

Γtemp =
1

2
U∞cnCl,n, (4.7)

where cn is the local chord length, and Cl,n is the local lift coefficient determined from the modified AoA.

Then, a new system of trailing vortices is generated, which again modifies the AoAs experienced at different

stations. In practice, to ensure the calculation stability, a damping coefficient ε is used to update the

circulation distribution:
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Figure 4.1: Flowchart of the spectral NLLT method.

Γnew = Γold + ε(Γold − Γtemp). (4.8)

When the difference between Γnew and Γold is smaller than the specified threshold, the calculation converges
and the Γnew is the final circulation distribution.

While the spatial NLLT provides a straightforward approach to iterating the circulation distribution in physical

space, it is also possible to solve the problem using a spectral method. The spectral NLLT, proposed by

Spalart [62] to predict the SC size, assumes that the circulation distribution is composed of N sinusoidal

modes with wavelengths that are integer multiples of the tubercle wavelength. Instead of prescribing the

circulation at each station, the amplitude is assigned to modes and iterated to find the final amplitude result.

The result is used to reconstruct the circulation distribution in the physical space. The procedure is similar

to the spatial NLLT and is summarized in Figure 4.1. More details of the code is given in Appendix B.

Panel method

Different from the LLT, the panel method allows the wing to preserve its geometry. The surface of the wing

is discretized by panels with each panel assigned two locations for flow singularity and control point; both

locations can be the same. To solve the flow field, the singularity strength needs to be obtained. This can

be achieved by specifying the boundary condition on the control point and normally it is the no-penetration

condition in the context of an inviscid flow. However, it is possible that infinite solutions exist and the unique

solution is determined by applying the Kutta condition at the TE. The flow field can then be calculated from

the singularity distribution and strength.

There are two types of flow singularities to choose from, one is the vortex and the other is the source/sink.

In xflr5, the latter one is used, and source and doublets (i.e., a pair of source and sink very close to each

other) are applied on the surface. This selection is based on the developer’s experience, and the method

is described in detail in early study [75]. The advantage of the choice is that it can represent the thickness

effect, which matches the need. The weakness is that the viscosity is completely ignored as the circulation

around a source/sink singularity is zero. The viscous effects are incorporated into the method by simply

interpolating the inviscid results with viscous data. In addition, the circulatory motion of the flow is not

presented in the result. The Kutta condition is implemented at the TE with the help of a wake model.
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Figure 4.2: Results of streamwise LEV strength obtained experimental data and theoretical estimation of

A05 wing on the plane x/c0 = 0.15 at AoA = [0◦, 5◦, 10◦, 15◦, 20◦, 25◦, 30◦].

4.1.3. Model’s capability of predicting LEV strength
The Γ1 obtained in the previous session represents the amplitude of spanwise circulation distribution.

Therefore, themaximum circulation difference along the span should be 2Γ1, corresponding to the circulation

difference between a peak location and a trough location. Since the variation in circulation along the

lifting line is reflected in the strength of trailing vortices oriented in the streamwise direction, the 2Γ1 at a

pre-stall AoA can be interpreted as the LEV strength as discussed in Subsection 3.1.3. By using the thin

airfoil theory, the LEV strength predicted by the LLT combined with the KJ theorem is given in Figure 4.2

and is compared with the experimental data and empirical model prediction. The result of the LLT-KJ

model is found to underestimate the LEV in both pre-stall AoAs and post-stall AoAs. The predicted LEV

strength is significantly lower than the experimental data, which suggests some flow mechanisms crucial for

tubercled wings are not captured in the LLT-type model. In Figure 4.3, a comparison is made to evaluate

the performances of LLT-based methods on the A05 wing. Note again that the ’NLLT’ here does not

mean a post-stall case, rather it refers to the iteration used in the method. The spectral ‘NLLT (cos)’

result is derived from the spectral ‘NLLT (K-J)’ result by filtering out high-frequency components. The

predicted wavelengths and amplitudes are similar across all LLT-based methods used, indicating that they

perform comparably in predicting LEV strength in the pre-stall region. This fact, together with the previous

comparison with the experimental result reduces the effectiveness of LLT-based approaches to model flow

features of a tubercled wing even at a small AoA.

More factors should be included to develop a ROM for the tubercled wing and one direction to explore is

the effect of finite airfoil thickness. In LLT-type models, the effect is ignored by using the 2D airfoil lift polar,

and detailed geometry and related flow interaction are not considered. Therefore, it can be expected that

by introducing the real geometry of tubercles, the flow pattern should be more similar to that in reality. The

panel method can be chosen for this purpose as the whole wing geometry is discretized by panels. In this

way, the geometry details, such as the airfoil thickness, and LE curvature, could contribute to the flow field

results, which might result in more accurate predictions.

The numerical simulation is conducted in the open-source software xflr5 by using the 3D panel method. Due

to the tip effect enforced by default, the wing span is specified as long as possible to mitigate the downwash

effect in the middle part of the wing. The circulation distribution is calculated by using the KJ theorem and

the result near the wing root is shown in Figure 4.4. The difference between the extreme values labeled

can be regarded as the strength of the shed trailing vortex and is calculated to be around 0.0041. The

strength estimated from the LLT-KJ model is around 0.0013, which is lower than the panel method result.
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Figure 4.3: Comparison of spanwise circulation distribution predicted by LLT-KJ model, spatial NLLT and

spectral NLLT at AoA = 5◦.

Therefore, the geometry effect indeed is a contributing factor and should not be ignored in the pre-stall

LEV strength estimation. However, the improved result is still much lower than the experimental result.

The main cause is proposed to be the numerical setting of boundary conditions in the software. The Kutta

condition, which is a dispensable condition for a unique converged result, is only applied along the TE of

the wing. Considering the flow near the tubercles, the condition should also be implemented along the

LE. This modification would allow the wing to generate stronger streamwise vortices near LE, which is

expected to enhance the capability of the panel method to predict the LEV strength.

The primary finding of this part not only evaluates the effectiveness of methods used in previous studies

but also provides insights into the flow patterns near the LE. The wing geometry plays a crucial role in

generating strong LEV and standard numerical settings may not be sufficient to accurately capture the

flow patterns near the leading edge. Overall, the failure of LLT-type models and the panel method puts an

emphasis on the significance of the vortices generated near the LE, which should not be ignored in future

development of ROM.

4.2. Adaption attempt of Crow’s model
In the adapted Crow’s model, leading-edge vortices are assumed to extend infinitely in the streamwise

direction, both downstream and upstream. The schematic of the vortex system is given in Figure 4.5,

where the locations of two LE vortices and the control point of the perturbed vortex segment, marked with

red crosses and a red point respectively, are denoted in the figure. The analysis is on the y − z plane as
the LE vortex filament is infinitely long in the x direction and thus the displacement of the vortex segment
will not change the induced velocity on itself.

If we only consider the velocity in the w direction, the velocities induced on the perturbed vortex segment

located at y = yn by 2 vortex filaments are:

w1 = −ΓLE

2π

yn − y1

(yn − y1)2 + ( b2 − h
2 +∆z)2

;

w2 = −ΓLE

2π

yn − y2

(yn − y2)2 + ( b2 − h
2 +∆z)2

.
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Figure 4.4: Circulation distribution of the A05 with the span of 10c0 tested at AoA = 5◦. The extreme

values near the root are labeled.

Figure 4.5: Schematic of the vortex system with only 2 leading edge vortices generated from 2

neighboring tubercles considered.
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Then, we consider more LE vortices, The LE vortices can be classified into 2 categories: those that are

located to the left of the control point (i.e., y < yn), and those that are located to the right of the control
point (i.e., y > yn). Therefore, the velocities induced by those LE vortices are:

wj,L = −ΓLE

2π

∆xL

(∆yL)2 + ( b2 − h
2 +∆z)2

, ∆yL = yn − yj + (j − 1)λ, j = 1, 2, 3, ...

wj,R = −ΓLE

2π

∆yR

∆y2R + ( b2 − h
2 +∆z)2

, ∆yR = yn − yj − jλ, j = 1, 2, 3, ....

The total induced velocity is obtained by summing them up:

w =

∞∑
j=1

(wj,L + wj,R)

=

∞∑
j=1

−ΓLE

2π

(
∆yL

(∆yL)2 + ( b2 − h
2 +∆z)2

+
∆yR

(∆yR)2 + ( b2 − h
2 +∆z)2

)

Before further analysis, the equation should be linearized. Take the wj,R for example: if the displacement

∆z is very small, we have:

(wj,R(∆z))linearized = wj.R(0) +
∂wj,R

∂y

∣∣∣∣
∆z=0

∆z

=
∆yR

(∆yR)2 + ( b2 − h
2 )

2
− ∆yR(b− h)

(∆yR)2 + ( b2 − h
2 )

2
∆z.

The first term can be regarded as the baseflow and the second term is for the perturbation Therefore, after

subtracting the baseflow, the equation can be linearized as:

wlinearized =

∞∑
j=1

−ΓLE

2π

(
∆yL

(∆yL)2 + ( b2 − h
2 )

2
+

∆yR

(∆yR)2 + ( b2 − h
2 )

2

)
∆z (4.9)

Now, we turn to the case where quadruplexes are considered. The vortex system is shown in Figure 4.6.

Note that the spacing between two vortices in the x direction is denoted as s, and the vorticity strength of
the counter-rotating LE vortex is −ΓLE .

The induced velocity expression can be written out for each pair of LE vortices by considering the sign

change of both coordinates and the strength. If we define a function form as:

φj(c1, c2, c3) = −Γ

π

(
yn + c3 + (j − 1)λ

((yn + c3 + (j − 1)λ)2 + (c1 + c2)2)
2 +

yn + c3 − jλ

((yn + c3 − (jλ)2 + (c1 + c2)2)
2

)

The contribution of each LE vortex in the quadruplex can be obtained:

vj,up−left = φj(
b

2
,−h

2
,
s

2
)∆z, vj,up−right = φj(−

b

2
,
h

2
,−s

2
)∆z,

vj,low−left = φj(−
b

2
,−h

2
,
s

2
)∆z, vj,low−right = φj(

b

2
,
h

2
,−s

2
)∆z.

The final result for the induced velocity is:



Figure 4.6: Schematic of the vortex system with 4 leading edge vortices generated from 2 neighboring

tubercles considered.

w =

∞∑
j=1

(wj,up−left + wj,up−right + wj,low−left + wj,low−right). (4.10)

In practice, parameters b, s, h,ΓLE are to be determined by experimental results, and λ is obtained from
tubercle geometry. The ratio v

∆y is named as ”growth factor”. If ”growth factor” is denoted as f(yn). Since

the induced velocity is essentially the first time derivation of the displacement ∆z, Equation (4.10) can be
re-written into:

∂(∆z(yn, t))

∂t
= f(yn)∆z(yn, t). (4.11)

The above equation implies that the displacement should grow or decay exponentially. However, the

growth rate depends on the spanwise location which means that only the evolution of local perturbation,

rather than a global one, can be obtained. Therefore, the system stability is not possible to analyze, and

post-stall results cannot be obtained.

4.3. Summary
Theoretical modeling methods are applied to a tubercled wing and their effects are evaluated in the chapter.

The LLT provides a natural approach to depict the circulation distribution with spanwise variation. The

sinusoidal variation of chord length is reflected in the circulation calculation using the KJ theorem and

the trailing vortices in the horseshow vortex system can be interpreted as the model of downwash and

upwash effects. Besides, the trailing vortex strength between a peak location and a trough location can be

considered as the LEV strength discussed before, which allows the comparison with the previous results.

The LLT-type models and conventional panel method are found not capable of predicting the flow char-

acteristics even at a pre-stall AoA, due to the absence of strong LEV. This fact further emphasizes the

significance and necessity of including the LEV in theoretical modeling. Therefore, the original Crow’s

model is adapted for a tubercled wing case with LEV considered. However, the stability of the TE vortices is

difficult to analyze as the perturbation evolution can only be conducted at a certain local spanwise location,

rather than on a global mode. Thus, this modeling approach might not be appropriate as it cannot give any

insight into post-stall SC patterns. However, the failure of the model does not mean that the LEV effect

sould be omitted in the analysis. Instead, it is one of the main characteristics dominating the flow pattern

over the wing and should always be considered to develop any ROM.
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5
Conclusion

Since their remarkable performance was discovered, tubercled wings have attracted significant attention

from both industry and academia. Their exceptional stall behavior makes them an appealing choice in

the wind energy field. However, the underlying flow mechanisms remain unclear and continue to interest

researchers in fluid dynamics. The goal of this thesis work is to contribute to the collective understanding

of the pre- and post-stall flow patterns over the suction side of a tubercled wing, as well as to examine

previous ROM approaches used in academia. For those purposes, the following four research questions

were explored and answered:

Can a tubercle be considered as a small delta wing?

The LEV generated by spanwise pressure difference along the LE is a distinctive feature of tubercled

wings. Although it is widely considered to modify the AoA variation along the span, the generation process

is controversial. The tubercles are believed to function similarly to vortex generators, small delta wings, or

wing fences. To the author’s best knowledge, the discussion on the flow mechanisms is primarily from a

qualitative perspective. Even if some arguments are based on previous experimental or numerical results,

they are used to oppose, rather than directly support, any opinion regarding the LEV formation mechanism.

One challenge facing researchers on this aspect could be that it is difficult to select an indicator of a certain

flow control mechanism, which makes it hard to determine the primary contributing factor of LEV. For

example, the claim of similarity to vortex generators is refuted due to the latter’s large dimension compared

to the BL thickness.

In the current thesis work, the LEV circulation is used as an indicator to quantitatively investigate the

similarity between a tubercle and a small delta wing. The comparison is made between experimental data

and predictions of models for delta wings. The results agree well until SCs are observed in the domain

used to calculate circulation. When AoA further increases and the stall occurs, the models’ predictions

overestimate the strength as the potential flow assumption made in such models is violated. However,

this similarity in magnitude and trend in pre-stall and post-stall regions respectively does not mean that

the tubercle functions similarly as a small delta wing. The good agreement is regarded as a coincidence

after examining the results for the wings tested at different Re and the tubercled wing with a different

geometry. Therefore, it can be concluded that a tubercle does not share a similar mechanism as a delta

wing regarding the LEV formation. The current thesis work can be viewed as an exploration to study the

flow control mechanism of tubercles from a quantitative perspective.

How does the LEV affect flow patterns on the suction side in pre-stall regions?

Wing of moderate Re features LSBs when the AoA is not high. The interaction between the LEV and the

LSB is believed to dominate the flow patterns on the suction side of the wing. Although previous numerical

studies have demonstrated close-ups of the structures formed in the interaction, the process details are

not explained.

Despite limited streamwise resolution, the overall flow evolution is captured in the current thesis work. At

pre-stall AoAs, the LEVs are generated along the LE due to the spanwise pressure gradient. Rather than

a concentrated vortex core, the LEV is in the form of a vortex sheet, meaning that its degree of freedom is

high and the interaction with LSB or other LEV sheets can be complicated. Three elements are identified

in the interaction, which are the LEV sheet, the shear layer of the LSB, and vortices generated inside the
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LSB. After encountering the LSB, the LEV sheet is lifted and interacts with the LSB shear layer. At a further

downstream location, new vortices emanating inside the LSB join the interaction and generate a region of

strong shearing together with the LEV, forming a ’sandwich structure’. The new shear layer continues to

gain energy from neighboring vortices while growing in size and finally takes over the region occupied by

the LEV sheet and LSB vortex before. This pattern shift is accompanied by a ’sign switching’ phenomenon

observed in the vorticity contour plot as the induced vortex has the opposite sign to neighboring vortices.

The discussion above regarding the LEV-LSB interaction can be regarded as a framework in which the

flow evolution observed at other pre-stall AoAs can be explained.

What are the influences of amplitude and Re on stall cell patterns?

The formation of SCs along the span at a post-stall AoA is one of the intriguing characteristics of a tubercled

wing. In previous studies, the SC size varies from case to case and is very sensitive to experimental or

numerical setup.

Both the amplitude and Re dependency are investigated in the thesis work. The effect of amplitude is
analyzed by testing the A10 wing while keeping the wavelength the same as the A05 wing. This increase

in amplitude leads to stronger circulatory motion near the LE and significantly alters the flow patterns there.

Although some structures of the SC disappear, the SC size is found to be not sensitive to the increased

amplitude and remains similar to that observed with the A05 wing. Additionally, the SC size remains the

same when AoA is increased from 10◦ to 15◦ in the post-stall region. The Re dependency is evaluated
by testing the A05 at Re = 13333 and 100000 respectively. Regardless of the strong viscosity effect and
the higher non-dimensional ωx observed, the wing experiences an earlier stall, and SCs even extend to

neighboring regions. The compartmentalization effect is weak which suggests that not only the streamwise

vorticity strength but also the inflow velocity should be considered to understand the effect. When Re is
high, the SC pattern is observed at a higher AoA of 15◦. The SC sizes of all Re cases are similar, showing
their independence on Re. This conclusion can be favorable for ROM development as the Re effect is
hard to model theoretically.

What are the limitations of current analytical approaches to model a tubercled wing?

Analytical models are well-suited for predicting the performance of a tubercled wing, as they can rapidly

produce results while elucidating the underlying contributing factors. The thesis work focuses on two key

features: the LEV strength and the SC size.

The exploration of analytical approaches starts from the LLT-type models where the adaptation for a

tubercled wing is relatively simple. By replacing the constant chord length with a sinusoidal chord length

distribution, the wavy LE characteristic can be well captured. The derivation based on the idea of the LLT

and the KJ theorem gives an analytical formula to estimate the shed trailing vortices and is regarded as the

LEV strength in the thesis context. The predictions of the formula match the numerical results produced by

spatial and spectral NLLT methods but turn out to greatly underestimate the LEV circulation measured

in the experiment. The difference is reduced by applying the panel method, which takes the actual wing

geometry into account. However, the discrepancy remains significant and is attributed to the absence

of the Kutta condition along the leading edge, which is not accounted for in the simulation tool. If the

condition is applied along the LE, strong streamwise vortices can be expected just as the spanwise vortex

is enhanced near the TE after introducing the kutta condition at the TE. In summary, the results highlight

the limitations of LLT-type models as well as the conventional panel method in dealing with a tubercled

wing.

Crow’s model is used to model the interaction within the vortex system of a tubercled wing, aiming to

provide an analytical way of predicting the SC size based on the wing geometry and viscous flow features.

The problem is approached by modeling each pair of LEV sheets behind a tubercle peak as a quadruplex

with the wall effect considered. Those quadruplexes are then added between two parallel infinitely long

vortex filaments as a modification to the original model. The induced velocity on the vortex filaments is

considered to be a perturbation involving modes of various wavelengths and a characteristic wavelength

can be identified for SC distribution. However, this modification introduces discrete vortex quadruplexes

into the stability analysis. The perturbation is found to depend on the spanwise location and only the

evolution of local disturbances can be obtained. Consequently, this modeling approach may be unsuitable

because it cannot provide insights into post-stall SC patterns. However, the model’s limitations do not

suggest that the LEV effect should be ignored in the analysis. On the contrary, the LEV effect is a key
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factor that significantly influences the flow pattern and must always be considered when developing any

ROM in the future.



6
Recommendations

Despite insightful results obtained in the experimental and theoretical studies, there remain questions to

answer regarding the flow complexity of a tubercled wing. This chapter will reflect on the methods and

results of the current thesis work and provide suggestions for future relevant research.

Measuremnt of all velocity components
While the streamwise velocity gradient is obtained by using the mass conservation law, the obtained results

are not instrumental as expected to understand the flow acceleration and deceleration behaviors. Besides,

the recirculating region inside an LSB is difficult to confirm. These consequences are caused by that the

gradient is calculated in an Eulerian grid rather than the Lagrangian grid following the wing surface. To

accurately reconstruct the velocity along the surface, the stereo-PIV can be an appealing choice as the

out-of-plane velocity is also measured at each grid point.

Enhancement of streamwise resolution
High-resolution flow fields are achieved only in the cross-sectional planes, while the streamwise resolution

remains inadequate due to the limited number of cross-sectional planes. Only five planes are measured

in the tests, and this low streamwise resolution significantly hampers the ability to discern the detailed

evolution processes, making it impossible to accurately characterize the flow pattern on the suction side.

To alleviate the effect, a straightforward approach is to use the same 2D PIV setup while measuring much

more crossflow planes. Considering the difficulty of creating the light fence and changing measurement

planes, a more promising way would be adopting the 3D PIV, which allows measurements in the whole

flow field.

Quantification of LEV strength in other theoretical approaches
By comparing the non-dimensional streamwise vorticity generated by a tubercle and a delta wing of the

same size, the tubercle is proposed to not function like a small delta wing in vortex generation. This

quantitative way of evaluating the tubercle effect can be extended to examine its similarity to other flow

control devices, such as the vortex generator and wing fence. Future comparisons are expected to offer

more perspectives to understand the flow control mechanism of tubercles.

Systematic study of Re dependency
The Re tested in the experiments is at the order of magnitude of 104 to 105, and the Re effect plays an
important role in the SC pattern and LEV formation. Previous research focuses more on the Re of 105 and
a strong Re dependency is neglected. Considering the flow complexity at a low Re regime, it would be
meaningful to investigate the Re effect on the flow patterns systematically in the future study.

ROM development with the LEV effect involved
It has been shown that the strong LEV is not reflected in the results of either LLT-type models or the panel

method. An attempt to predict the SC spacing is made to incorporate the LEV effect into Crow’s model.

Although the attempt is not successful, the importance of LEV is clearly conveyed by the theoretical study

and the LEV effect should always be considered in future ROM development.
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1 0 5 33333 30 85
2 5 5 33333 30 85
3 5 2 13333 75 85
4 5 15 100000 10 85
5 10 5 33333 30 85
6 15 5 33333 30 85
7 20 5 33333 30 85
8 25 5 33333 30 85
9 30 5 33333 30 85

10 0 5 33333 30 85
11 5 5 33333 30 85
12 5 2 13333 75 85
13 5 15 100000 10 85
14 10 5 33333 30 85
15 15 5 33333 30 85
16 20 5 33333 30 85
17 25 5 33333 30 85
18 30 5 33333 30 85

19 0 5 33333 30 80
20 5 5 33333 30 80
21 10 5 33333 30 80
22 15 5 33333 30 80
23 20 5 33333 30 80
24 25 5 33333 30 80
25 30 5 33333 30 80
26 5 2 13333 30 80
27 5 15 100000 30 80
28 5 15 100000 20 80
29 5 2 13333 75 80
30 5 15 100000 10 80

31 0 5 33333 30 80
32 5 5 33333 30 80
33 5 2 13333 75 80
34 5 15 100000 10 80
35 10 5 33333 30 80
36 15 5 33333 30 80
37 20 5 33333 30 80
38 25 5 33333 30 80
39 30 5 33333 30 80

40 0 5 33333 30 85
41 5 5 33333 30 85
42 5 2 13333 75 85

Block 2: A10L25, x/c = 0.15

Block 3: A05L25, x/c = 0.25

Block 4: A10L25, x/c = 0.25

Block 5: A05L25, x/c = 0.45

# AoA [deg]
Inflow

velocity [m/s]
dt [us] Power [%]Re

Main Campaign

Block 1: A05L25, x/c = 0.15



43 5 15 100000 10 85
44 10 5 33333 30 85
45 20 5 33333 30 85

46 0 5 33333 30 85
47 5 5 33333 30 85
48 5 2 13333 75 85
49 5 15 100000 10 85

50 0 5 33333 30 80
51 5 5 33333 30 80
52 5 2 13333 75 80
53 5 15 100000 10 80
54 10 5 33333 30 80
55 20 5 33333 30 80

56 0 5 33333 30 80
57 5 5 33333 30 80
58 5 2 13333 75 80
59 5 15 100000 10 80

60 0 5 33333 30 80
61 5 5 33333 30 80
62 5 2 13333 75 80
63 5 15 100000 10 80
64 10 5 33333 30 80
65 20 5 33333 30 80

66 0 5 33333 30 80
67 5 5 33333 30 80
68 5 2 13333 75 80
69 5 15 100000 10 80

70 0 5 33333 30 80
71 5 5 33333 30 80
72 5 2 13333 75 80
73 5 15 100000 10 80
74 10 5 33333 30 80
75 20 5 33333 30 80

76 0 5 33333 30 80
77 5 5 33333 30 80
78 5 2 13333 75 80
79 5 15 100000 10 80

Block 11: A05L25, x/c = 1.0

Block 12: A10L25, x/c = 1.0

Extra Campaign
Block 13: A05L25, x/c = 0.15

Block 6: A10L25, x/c = 0.45

Block 7: A05L25, x/c = 0.6

Block 8: A10L25, x/c = 0.6

Block 9: A05L25, x/c = 0.8

Block 10: A10L25, x/c = 0.8



80 5 2 13333 150 90
81 5 5 33333 60 90
82 5 15 100000 20 90
83 10 2 13333 150 90
84 10 5 33333 60 90
85 10 15 100000 20 90
86 15 2 13333 150 90
87 15 5 33333 60 90
88 15 15 100000 20 90

89 5 2 13333 150 90
90 5 5 33333 60 90
91 5 15 100000 20 90
92 10 2 13333 150 90
93 10 5 33333 60 90
94 10 15 100000 20 90
95 15 2 13333 150 90
96 15 5 33333 60 90
97 15 15 100000 20 90

Block 14: A010L25, x/c = 0.15



B
Spectral NLLT Algorithm

A pseudo-code of the spectral NLLT algorithm is given below. Note that the main difference from the spatial

NLLT is that the quantity to iterate is changed from the bound vortex circulation to the mode amplitude.

Algorithm 1: Spectral NLLT pseudo code

Data: input airfoil Cl-AoA data, wing geometry, spatial basis frequency, number of modes N , initial

amplitudes of modes, wind tunnel width, parameters for spanwise discretization, parameters

for iteration, etc.

Result: Γ(x), Cl(x), αi(x), converged amplitudes of different modes, etc.
initialization;

while error < convergence criterion do

Update amplitudes A(N) = old A(N) + damping factor * (new A(N) - old A(N));
Calculate induced velocity w(x);
Calculate effective AoA a(x);
Calculate circulation Γ(x) and Cl(x);
Conduct the Fourier transform on Γ(x) to obtain new amplitude A(N) of each mode, with the
filter applied on amplitudes of high-frequency components;

end

87



C
Crow’s model derivation

The vortex system used by Crow is a pair of counter-rotating vortices of the same strength. The setup is

shown in Figure 1.15. The Biot-Savart law is applied to calculate the induced velocity at a segment on the

nth vortex filament:

Un =

2∑
m=1

Γm

∫
Rmn × dLm

4π|Rmn|3
. (C.1)

The Rmn is a distance vector, in the direction from the segment where the induced velocity is calculated,

to the vortex segment inducing the velocity and it can be computed from:

Rmn = ex(x
′
m − xn) + ey(sm − sn) + (r′m − rn), (C.2)

where the first two terms represent the distance in x and y direction when there is no perturbation, and
the last term stands for the distance in y and z direction caused by the radial displacement perturbations,
and it is in the form of rn = eyyn(xn, t) + ezzn(xn, t), which is a function of the position on the x axis and
time. The prime symbol is used to avoid confusion when both vortex segments under consideration are on

the same vortex filament. s is a fixed value, which can be either b/2 or −b/2, representing the nominal
(without perturbations) position of the filament in the y direction.

The dLm in Equation (C.1) is the length vector of a vortex segment, which is illustrated in Figure C.1, and it

can calculated from:

dLn = (ex + ∂rn/∂xn)dxn. (C.3)

Figure C.1: Relation between an arc-length dLm and a displacement down the longitudinal axis.

So far, we have obtained three equations for four unknowns: Un, Rmn, rn, and dLn. To close the system

of equations, the vorticity-transport theorem is used, which means the vortex segment moves with fluid

particles in an inviscid and neutrally buoyant fluid. Mathematically, it means:
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Drn/Dt = ∂rn/∂t+ un(∂rn/∂xn) = eyvn + ezwn. (C.4)

The convection terms in y and z directions have no contributions as the radial displacement is a function of
x and t.

Substituting Equation (C.2), Equation (C.3), and Equation (C.4) into Equation (C.1), we can obtain:

Un =

2∑
m=1

Γm

4π

{
ex

∫ ∞

−∞

(sm − sn)(∂z
′
m/∂x′m)dx′m

[(x′m − xn)2 + (sm − sn)2]3/2
+

ey

∫ ∞

−∞

[(z′m − zn)− (x′m − xn)(∂z
′
m/∂x′m)]

[(x′m − xn)2 + (sm − sn)2]3/2
dx′m+

ez

∫ ∞

−∞

[(x′m − xn)(∂y
′
m/∂x′m)− (sm − sn + y′m − yn)]

[(x′m − xn)2 + (sm − sn)2]3/2
dx′m

} (C.5)

The expression can be linearized by assuming the radial displacement is small enough compared to the

spacing b and the vortex segment slope is much smaller than 1, meaning: |rn|/b� 1 and |∂rn/∂xn| � 1.

The linearization process will be given below by taking the last term in Equation (C.5) as an example. The

coefficient of the ez can be written as:

f(y, z) =
x(∂y′m/∂x′m)− (s+ y)

[x2 + (s+ y)2 + z2]3/2
, (C.6)

where x = x′m − xn, y = y′m − yn, z = z′m − zn, and s = sm − sn. f(y, z) is a multiple-variable function and
it can linearized in the following way by assuming y, z are both small quantities:

fL(y, z) = f(0, 0) +
∂f

∂y

∣∣∣
(0,0)

y +
∂f

∂z

∣∣∣
(0,0)

z. (C.7)

After expansion and simplication, Equation (C.7) gives:

fL(y, z) =
x(∂y′m/∂x′m)− s

(x2 + s2)3/2
+ [

x(∂2y′m/∂x′m∂y)− 1

(x2 + s2)3/2
− 3s(x∂y′m/∂x′m − s)

(x2 + s2)5/2
] · y

+ 0 · z
(C.8)

Since the perturbation should be continuous, the second derivative term (∂2y′m/∂x′m∂y) can be rewritten
to be (∂2y′m/∂y∂x′m), which is zero. If the second-order small terms are left out:

fL(y, z) =
x(∂y′m/∂x′m)− (s+ y)

(x2 + s2)3/2
− 3s2y

(x2 + s2)5/2
. (C.9)

The linearization process can be applied to the ex and ey terms in Equation (C.5) as well and the linearized

expression for Un is:

Un =

2∑
m=1

Γm

4π

{
− ez

∫ ∞

−∞

(sm − sn)dxm
[(x′m − xn)2 + (sm − sn)2]3/2

+

ex

∫ ∞

−∞

(sm − sn)(∂z
′
m/∂x′m)dx′m

[(x′m − xn)2 + (sm − sn)2]3/2
+

ey

∫ ∞

−∞

[(z′m − zn)− (x′m − xn)(∂z
′
m/∂x′m)]

[(x′m − xn)2 + (sm − sn)2]3/2
dx′m+

ez

∫ ∞

−∞

(
3(sm − sn)

2(y′m − yn)

[(x′m − xn)2 + (sm − sn)2]5/2
−

[(y′m − yn)− (x′m − xn)(∂y
′
m/∂x′m)]

[(x′m − xn)2 + (sm − sn)2]3/2

}
dx′m

(C.10)
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Substitute Equation (C.10) into the Equation (C.4), and ignore the second-order effect (i.e., longitudinal

convection), the kinematic relation becomes:

∂rn
∂t

=

2∑
m=1

Γm

4π
×{

ey

∫ ∞

−∞

[(zm
′ − zn)− (xn

′ − xn)(∂zm
′/∂xm

′)]

[(xm′ − xn)2 + (sm − sn)2]3/2
dxm

′+

ez

∫ ∞

−∞

(
3(sm − sn)

2(ym
′ − yn)

[(xm′ − xn)2 + (sm − sn)2]5/2
−

[(ym
′ − yn)− (xm

′ − xn)(∂ym
′/∂xm

′)]

[(xm′ − xn)2 + (sm − sn)2]3/2

)}
dxm

′

(C.11)

.

The above equation admits a solution in the exponential form: rn = r̂ne
at+ikxn = (ey ŷn + ez ẑn)e

at+ikxn ,

and the k = 2π
λ , where λ is the wavelength of the perturbation. We can feed the solution in such a form

into the dynamic system to examine its evolution. Plugging the solution into the system would transform

the integro-differential equation into a system of algebraic equations for the perturbation vector r̂n. Take r̂1
for example:

aŷ1 = −Γ2

2π
ˆ̂z1

∫ ∞

0

dx

(x2 + b2)3/2
+

Γ2

2π
ẑ2

∫ ∞

0

coskx+ kxsinkx

(x2 + b2)3/2
dx+

Γ1

2π
ẑ1

∫ ∞

d

coskx+ kxsinkx− 1

x3
dx

(C.12)

aẑ1 = −Γ2

2π
ŷ1

∫ ∞

0

dx

(x2 + b2)3/2
+

Γ2

2π
ŷ2

∫ ∞

0

coskx

(x2 + b2)3/2
dx−

Γ1

2π
ŷ1

∫ ∞

d

coskx+ kxsinkx− 1

x3
dx

(C.13)

d is the distance of cut-off, which represents the influence of vortex core: anything happens within the
sphere with radius being cut-off distance is ignored. Similar results for r̂2 can be obtained by changing

the subscript and sign of each term. In the end, the dynamic system of the perturbation vector r̂n can be

established using dimensionless quantities:

αŷ1 = −ẑ1 + ψẑ2 − β2ωẑ1

αẑ1 = −ŷ1 + χŷ2 + β2ωŷ1

αŷ2 = ẑ2 − ψẑ1 + β2ωẑ2

αẑ2 = ŷ2 − χŷ1 − β2ωŷ2,

(C.14)

where:
χ(β) = βK1(β), ψ(β) = β2K0(β) + βK1(β),

ω(δ) =
1

2
[(cosδ − 1)/δ2 + sinδ/δ − Ci(δ)].

(C.15)

K1 and K2 are the Bessel functions of the second type, Ci is the integral cosine. All of these can be

calculated conveniently using MATLAB. β is the non-dimensionalized wavenumber (i.e., kb), and δ is the
dimensionless cut-off distance (i.e., kd).
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The dynamic system can be decomposed into symmetric and anti-symmetric modes as below, which can

simplify the stability analysis as the eigenvalues can be easily obtained.

ŷS = ŷ2 − ŷ1, zS = ẑ2 + ẑ1

ŷA = ŷ2 + ŷ1, ẑA = ẑ2 − ẑ1
(C.16)

Now, both modes are fully decoupled. The mode can be regarded as a stand-alone dynamic problem,

which can capture certain aspects of the original problem.
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