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 A B S T R A C T

Piezo-stepper actuators enable accurate positioning through the sequential contraction and expansion of 
piezoelectric elements, generating a walking motion. The aim of this paper is to reduce velocity ripples caused 
by parasitic effects, due to hysteresis in the piezoelectric material and mechanical misalignments, through 
suitable feedforward control. The presented approach involves the integration of a rate-dependent hysteresis 
model with a position-dependent feedforward learning scheme to compensate for these effects. Experimental 
results show that this approach leads to a significant reduction in the velocity ripples, even when the target 
velocity is changed. These results enable the use of piezo-stepper actuators in applications requiring high 
positioning accuracy and stiffness over a long stroke, without requiring expensive position sensors for high-gain 
feedback.
. Introduction

Piezo-stepper actuators offer a promising solution for nano-scale po-
itioning by combining high stiffness, a long stroke, and precise motion 
ontrol. High stiffness minimizes deformation under load, while a long 
troke extends their applicability to tasks requiring significant range of 
otion [1–3]. These features make them well-suited for applications 
uch as scanning tunneling microscopy (STM) and electron microscopy 
EM) [4–6].
Multiple piezo-stepper designs are available for different purposes. 

or EM and STM, the design relies on an ingenious stacking of piezo-
lectric elements, see Fig.  1. Clamp elements expand vertically to press 
hear elements onto a central mover, while the shear elements expand 
aterally to displace the mover. When the shears reach the end of 
heir stroke, the clamps disengage, allowing a second set of clamps 
nd shears to take over, generating a walking motion over a large 
troke. Fig.  2 illustrates the idealized reference displacements for the 
ndividual piezo elements during this process.

I This work is part of the research program VIDI with project number 15698, which is (partly) financed by The Netherlands Organisation for Scientific Research 
NWO). In addition, this research has received funding from the ECSEL Joint Undertaking under grant agreement 101007311 (IMOCO4.E). The Joint Undertaking 
eceives support from the European Union’s Horizon 2020 research and innovation program.
I This paper was recommended for publication by Associate Editor Toru Namerikawa.
∗ Corresponding author.
E-mail address: m.v.meer@tue.nl (M. van Meer).

The stacking of piezo elements introduces a number of parasitic 
effects that must be compensated in high-accuracy applications: hys-
teresis and mechanical misalignments. Hysteresis, an inherent property 
of piezoelectric materials, leads to a history-dependent relationship be-
tween the applied voltage and the resulting displacement. Mechanical 
misalignments, on the other hand, arise due to manufacturing and 
assembly tolerances, causing the piezo elements to expand or retract 
in unintended directions. When left unaddressed, these misalignments 
result in velocity ripples of the mover (see Fig.  3). Both effects signif-
icantly impact positioning performance and must be addressed to be 
applicable in high-accuracy applications.

Existing solutions to mechanical misalignments have achieved no-
table improvements in performance. Position feedback control sup-
presses velocity ripples [7], improving accuracy while retaining flex-
ibility. Model-based optimization of voltage waveforms [8] further im-
proves stepping performance. Data-driven feedforward methods, such 
as Iterative Learning Control (ILC) [9], refine reference displacements 
using measured position data, achieving nearly constant velocity [10,
ttps://doi.org/10.1016/j.mechatronics.2025.103394
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11]. Despite these achievements, existing solutions introduce criti-
cal limitations. Feedback control requires high bandwidth over an 
additional, possibly expensive, position sensor to be effective, ampli-
fying noise and limiting suitability for nano-scale positioning [12]. 
Model-based approaches require costly parameter identification, and 
ILC-based methods compensate for hysteresis when not explicitly ad-
dressed, resulting in history-dependent references that reduce task 
flexibility.

Hysteresis compensation methods have also shown progress in 
improving positioning accuracy. Operator-based models, such as the 
Prandtl–Ishlinskii and Preisach models, capture the nonlinear, history-
dependent behavior of hysteresis and are widely used in feedforward 
control [13–16]. Recent research extends these operator-based mod-
els with rate-dependent formulations that take dynamic hysteresis 
effects into account [17,18]. Differential-based models, including Bouc-
Wen, Dahl, and Duhem models [19,20], as well as observer-based 
approaches [21] and direct inverse hysteresis modeling [22,23], have 
also proven effective. Piezo displacement measurements, required for 
hysteresis modeling, can even successfully be estimated from mea-
surements of the current, reducing component costs [24,25]. Despite 
their strengths, these methods face challenges when applied to feed-
forward control. Operator-based models are computationally expen-
sive, complicating real-time control, while differential-based models 
are difficult to identify reliably due to non-convexity [26,27]. Direct 
inverse modeling, although avoiding inversion steps, complicates vali-
dation against experimental data. Data-driven feedforward approaches, 
including observer-based methods, often rely on piezo element dis-
placement measurements, which are impractical in applications with 
limited space or cost constraints. While piezo displacement estimation 
from measurements of currents has proven useful for feedback control, 
literature on its application to hysteresis feedforward is sparse.

Although significant progress has been made in improving the per-
formance of piezo-stepper actuators, no existing method compensates 
for both mechanical misalignments and hysteresis without amplifying 
noise, requiring accurate models, limiting flexibility, or demanding 
high computational power. The aim of this paper is to develop a unified 
framework combining rate-dependent hysteresis compensation with 
data-driven learning for mechanical misalignments, relying solely on 
measurements of the piezo currents and mover position. The framework 
is designed for real-time hardware to achieve high positioning accuracy 
in industrial applications, and can be used in conjunction with feedback 
control. While the developed approach is demonstrated on a specific 
piezo-stepper actuator, the framework is general and can be applied to 
other piezo-stepper actuators with similar challenges.

The contributions of this paper are therefore as follows:

C1 A rate-dependent hysteresis compensation method is developed 
that relies on measurements of the currents, eliminating the need 
for direct displacement sensors. The model uses few parameters 
and supports real-time implementation.

C2 A data-driven approach is developed to address mechanical 
misalignments, incorporating iterative learning control to refine 
reference displacements. The learned compensation function is 
applicable to arbitrary reference motions.

C3 These two methods are integrated into a unified feedforward 
control framework, ensuring high positioning accuracy across 
varying reference motions without requiring separate tuning per 
task.

C4 The framework is experimentally validated on a piezo-stepper 
actuator, demonstrating its effectiveness in industrially relevant 
scenarios.

This paper is structured as follows. First, Section 2 formalizes the 
problem. Section 3 presents the rate-dependent hysteresis compensa-
tion method. Subsequently, Section 4 describes the compensation of 
mechanical misalignments and integrates both solutions into a unified 
framework. Section 5 presents experimental results, and Section 6 
concludes the paper.
2 
Fig. 1. Schematic of a piezo-stepper actuator. The clamps (𝐶1, 𝐶2) press the shear 
elements (𝑆1, 𝑆2) onto the mover. When a shear element 𝑆𝑒 is in contact with the 
mover, it expands or contracts laterally to push or pull the mover in the 𝑥1 direction.

Fig. 2. Reference displacements for piezo elements to achieve a stepping motion. The 
clamps ( , ) press the shears ( , ) onto the mover one by one, and the shears 
drag the mover along in the lateral direction.

Fig. 3. Position error of the mover against the commutation angle 𝛼, using voltage 
waveforms that scale with the references in Fig.  2, for a range of constant drive 
frequencies between 0.4 Hz ( ) and 100 Hz ( ), showing three steps per frequency. 
The data shows a direction-dependent error that remains consistent across steps, 
suggesting it is caused by 𝛼-domain disturbances. Variations across drive frequencies 
are attributed to a combination of history-dependent hysteresis effects and lowpass 
effects of the capacitive position sensor.

2. Problem formulation

This section describes the problem of accurate control of piezo-
stepper actuators with task flexibility, starting with a description of 
the experimental setup that serves as a foundation for the problems 
addressed in this paper.
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Fig. 4. Overview of the experimental setup. The lateral displacement 𝑦 of the mover 
is measured using a capacitive sensor via a parallel guide. The picture (b) shows a 
functionally identical prototype setup that uses an encoder instead of a capacitive 
sensor; the experimental results in this paper are based on the capacitive sensor setup.

2.1. Experimental setup

The experimental setup, shown in Fig.  4, consists of a piezo-stepper 
actuator provided by Thermo Fisher Scientific. The actuator achieves a 
range of 500 μm by stepping in intervals of up to 3 μm. The displacement 
𝑦 of the mover is measured using a capacitive sensor with a sampling 
rate of 10 kHz.

The actuator operates via two groups of piezo elements, each con-
taining a set of shear elements (𝑆1, 𝑆2) and a clamp element (𝐶1, 𝐶2). 
As shown in Fig.  1, the shears expand and contract laterally to move 
the central mover, while the clamps alternately press the shears onto 
the mover to enable a walking motion. The current through the piezo 
elements is recorded and available for offline estimation of the piezo 
displacements, as direct measurements of individual displacements 
are unavailable. This setup provides the platform for addressing the 
challenges of hysteresis and misalignments in piezo-stepper actuators.

2.2. Piezo element dynamics

The rate of displacement 𝑦̇𝑒(𝑡) of a piezo element 𝑒 ∈ 𝛺 with 
𝛺 ∶= {𝑆1, 𝑆2, 𝐶1, 𝐶2}, neglecting creep, is described by [13]: 
𝑦̇𝑒(𝑡) =𝑀𝑒(𝑢̇𝑒(𝑡), 𝑢𝑒,𝑎(𝑡))𝑢̇𝑒(𝑡), (1)

where 𝑢𝑒(𝑡) is the voltage applied to element 𝑒, 𝑀𝑒 is a hysteresis 
function, and 𝑢𝑒,𝑎(𝑡) is the voltage absement, defined formally later. 
The absement captures voltage history in a single parameter, which has 
proven effective for modeling piezoelectric hysteresis [13]. The motion 
of the mover depends on the displacement of all piezo elements, as 
defined by: 
𝑦̇true(𝑡) = 𝑦̇◦(𝑡) + 𝑑̇(𝑡),

𝑦̇◦(𝑡) ∶= 𝜅
(

𝑦̇𝑆1 (𝑡), 𝑦̇𝑆2 (𝑡), 𝑦̇𝐶1 (𝑡), 𝑦̇𝐶2 (𝑡)
)

𝜅(⋅) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑦̇𝑆1 if 𝑦𝐶1 ≥ 𝑦𝐶1 ,c and 𝑦𝐶2 < 𝑦𝐶2 ,c,
𝑦̇𝑆2 if 𝑦𝐶2 ≥ 𝑦𝐶2 ,c and 𝑦𝐶1 < 𝑦𝐶1 ,c,
1
2 (𝑦̇𝑆1 + 𝑦̇𝑆2 ) if 𝑦𝐶1 ≥ 𝑦𝐶1 ,c and 𝑦𝐶2 ≥ 𝑦𝐶2 ,c,
0 otherwise.

(2)

Here, 𝑦𝐶𝑖 ,c are constants representing when clamps bring the shears into 
contact with the mover, and 𝑑̇(𝑡) accounts for velocity disturbances such 
3 
Fig. 5. Schematic depiction of feedforward control of a piezo-stepper actuator. The 
feedforward controller yields voltages based on a commutation angle 𝛼. When applied 
to the piezo elements 𝑒, their individual motions 𝑦̇𝑒 cause a displacement of the mover 
via kinematics 𝜅. Mechanical misalignments in the piezo elements lead to a velocity 
disturbance 𝑑̇.

as slip and mechanical misalignments. The measured mover position, 
sampled at intervals 𝑇𝑠 = 1∕𝐹𝑠, is expressed as: 

𝑦(𝑡𝑘) = 𝑦(𝑡0) + 𝐺(𝑞)𝑦̇true(𝑡𝑘), (3)

where 𝑞 is the forward-shift operator in discrete-time such that 𝑞𝑡𝑘 =
𝑡𝑘+1 and 𝑘 is the sample number. The sensor 𝐺(𝑞) consists of a discrete-
time integrator, a delay, and lowpass dynamics with a cutoff frequency 
around 100 Hz. Finally, it is assumed that 𝑦(𝑡0) = 𝑦̇(𝑡0) = 0. The next 
section describes the problem of compensating the first parasitic effect, 
hysteresis.

2.3. Hysteresis compensation

Piezo-stepper actuators exhibit hysteresis, causing a history-depen-
dent relationship between voltage and displacement, see (1). To com-
pensate for this, a model 𝑀̂𝑒 approximates the true hysteresis function 
𝑀𝑒 for every element and is inverted in a feedforward control law. 
When 𝑀̂𝑒 ≈𝑀𝑒, the required voltages are given by 

𝑢̇𝑒 = 𝑀̂−1
𝑒 𝑟̇𝑒, (4)

resulting in accurate tracking 𝑦̇𝑒 ≈ 𝑟̇𝑒 of the reference displacements. 
These reference displacements 𝑟̇𝑒 are defined by a waveform function 
𝝆 as 
[

𝑟̇𝑆1 𝑟̇𝑆2 𝑟̇𝐶1 𝑟̇𝐶2
]⊤ = 𝝆(𝛼, 𝑓𝛼), (5)

where 𝛼 ∈ [0, 2𝜋) represents the commutation angle governing the 
relative progression through a step of the actuator. The angle 𝛼 is 
determined by a user-defined drive frequency 𝑓𝛼(𝑡) that specifies the 
number of steps per second: 

𝛼(𝑡) = 𝛼(𝑡0) + 2𝜋mod

(

∫

𝑡

𝑡0
𝑓𝛼(𝜏)d𝜏, 1

)

. (6)

Fig.  5 illustrates this open-loop control scheme, where the feedforward 
controller determines the piezo voltages based on 𝛼. The piezo elements 
then produce individual displacements, which collectively drive the 
mover through the kinematics 𝜅. However, obtaining accurate hys-
teresis models 𝑀̂𝑒 is challenging, as they must (𝑖) be invertible, (𝑖𝑖)
allow real-time evaluation at fast sampling rates, and (𝑖𝑖𝑖) correctly 
capture rate-dependent hysteresis effects. Any imperfections in the 
hysteresis model lead to a position error of the mover, degrading 
performance. The next section describes another parasitic effect that de-
teriorates positioning performance, which is not addressed by hysteresis 
compensation.

2.4. 𝛼-Dependent disturbances

The second parasitic effect arises from 𝛼-dependent disturbances 
caused by slip and misalignments. Experimental data of the position 
error 𝜀(𝑡 ) = 𝑟(𝑡 ) − 𝑦(𝑡 ) for a range of constant drive frequencies is 
𝑘 𝑘 𝑘
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shown in Fig.  3. These experiments use simple reference displacements 
𝝆(𝛼, 𝑓𝛼), as displayed in Fig.  2, and a constant hysteresis model 
𝑀̂𝑒,const = 𝑐𝑀,𝑒, ∀𝑒 ∈ 𝛺, 𝑐𝑀,𝑒 ∈ R. (7)

Fig.  3 demonstrates that the tracking error is consistent in the 𝛼-domain 
across steps, significantly degrading positioning performance. This sug-
gests that modifying 𝝆(𝛼, 𝑓𝛼) could improve positioning accuracy, as 
𝝆(𝛼, 𝑓𝛼) governs the repeating motion of the piezoelectric elements. 
Variations over drive frequencies primarily result from lowpass effects 
of the capacitive sensor, as discussed in detail in Section 5. Moreover, 
the data indicates that the 𝛼-dependent disturbances are direction-
dependent, likely because a misalignment would cause a positive force 
in one direction, along the motion of the mover, but a negative force 
in the other direction, counteracting the motion.

2.5. Problem definition

The aim is to design a feedforward control law 
𝑢𝑒(𝑡𝑘) = 𝑢𝑒(𝑡0) + 𝑓 (𝑟(𝑡𝑘),… , 𝑟(𝑡0)), ∀𝑒 ∈ 𝛺 (8)

that minimizes the root-mean-square deviation (RMSD) of the mover 
position error 𝜀(𝑡𝑘) = 𝑟(𝑡𝑘) − 𝑦(𝑡𝑘) for arbitrary reference signals 𝑟(𝑡𝑘), 
where the RMSD is given by 

𝜀RMSD =

√

√

√

√

√

1
𝑁

𝑁
∑

𝑘=1

(

𝜀(𝑡𝑘) −
1
𝑁

𝑁
∑

𝑘=1
𝜀(𝑡𝑘)

)2

. (9)

This measure quantifies the velocity ripples of the piezo-stepper actua-
tor when the reference velocity is constant, but the formulation remains 
applicable to varying reference velocities as well. Two sub-problems are 
defined:

1. Hysteresis compensation: develop and invert hysteresis models 
𝑀̂𝑒 to ensure accurate tracking 𝑦̇𝑒 ≈ 𝑟̇𝑒 despite the absence of 
direct piezo displacement measurements.

2. Compensation of 𝛼-domain disturbances: design 𝝆(𝛼, 𝑓𝛼) to min-
imize 𝜀RMSD, independent of drive frequency 𝑓𝛼 , by leveraging 
mover position data 𝑦.

With effective feedforward compensation of hysteresis and 𝛼-domain 
disturbances, the piezo dynamics become approximately linear. This 
enables the use of a linear feedback controller to suppress external vi-
brations and unmodeled effects by adjusting the drive frequency 𝑓𝛼(𝑡𝑘)
based on the error 𝜀(𝑡𝑘). While feedback design is not addressed here, 
it is a straightforward extension, and the reduced disturbances allow 
for a low feedback bandwidth, improving robustness and minimizing 
sensor noise amplification.

The next section provides the solution to the first sub-problem, and 
Section 4 addresses the second sub-problem.

3. Rate-dependent hysteresis compensation

This section details the developed approach to rate-dependent hys-
teresis compensation in piezo elements.

3.1. Overview

First, an overview of the method is given, starting with a description 
of the control law governing the scheme in Fig.  5. To realize a desired 
movement 𝑟𝑒 of a single piezo element 𝑒, integration of (1) leads to 

𝑢𝑒(𝑡) = 𝑢𝑒(𝑡0) + ∫

𝑡

𝑡0

𝑟̇𝑒(𝜏)
𝑀𝑒(𝑢̇𝑒(𝜏), 𝑢𝑒,𝑎(𝜏))

𝑑𝜏, (10)

where 𝑢𝑒 is the voltage required to achieve 𝑦𝑒 = 𝑟𝑒, and 𝑢𝑒,𝑎(𝑡) is the 
absement [13,28], which quantifies the accumulated voltage change 
since the last reversal: 
𝑢 (𝑡) ∶= |𝑢 (𝑡) − 𝑢 (𝑡 )|, 𝑡 ≥ 𝑡 , (11)
𝑒,𝑎 𝑒 𝑒 turn turn

4 
with 𝑡turn = max𝜏{𝜏 < 𝑡 ∶ 𝑢̇𝑒(𝜏)𝑢̇𝑒(𝜏+𝜖) < 0}, where 𝜖 is an infinitesimally 
small positive number. Applying first-order discretization of (10) and 
introducing a delay in 𝑢̇𝑒(𝜏) to avoid algebraic loops leads to the 
following control law: 

𝑢𝑒(𝑡𝑘) = 𝑢𝑒(𝑡𝑘−1) +
𝑇𝑠 𝑟̇𝑒(𝑡𝑘−1)

𝑀̂𝜽𝑒

(

|𝑢𝑒(𝑡𝑘−1)−𝑢𝑒(𝑡𝑘−2)|
𝑇𝑠

, 𝑢𝑒,𝑎(𝑡𝑘−1)
) , 𝑘 ≥ 1, (12)

where 𝜽𝑒 are the hysteresis model parameters, 𝑢(𝑡𝑘) = 0 for 𝑘 ≤ 0, and 
𝑟̇𝑒(𝑡𝑘) is defined by (5). This control law comprises two contributions 
explained in the remainder of this section:

1. Identification of a hysteresis model: a model 𝑀̂𝜽𝑒  is identi-
fied from measurements of the currents to approximate 𝑀𝑒, as 
explained in Section 3.2.

2. Implementation aspects: practical aspects of implementing the 
control law, such as a computationally efficient implementation 
and a solution to integrator drift, are addressed in Section 3.3.

3.2. Modeling rate-dependent hysteresis

The hysteresis function 𝑀𝑒 in (1) describes the relationship between 
piezo voltages and their displacements. While the voltages are known, 
being the control input, the individual piezo displacements are not 
measured directly. Instead, they are estimated from measurements of 
the current as follows. The rate of displacement of a piezoelectric 
element can be approximated [29] as 

𝑦̇𝑒(𝑡) ≈ 𝜉𝑒𝑖𝑒(𝑡), (13)

where 𝑖𝑒 is the measured current through element 𝑒 and 𝜉𝑒 is a constant 
in ms−1A−1. An estimate 𝜉𝑒 ≈ 𝜉𝑒 for the shears is easily obtained using 
an offline experiment, by comparing data of the capacitive position 
sensor to the current measurements. The value is assumed identical for 
the clamps. Any mismatch 𝜉𝑒 ≠ 𝜉𝑒 leads to a scaling of 𝑀̂𝑒, but his 
mismatch is corrected for later, as detailed in Section 3.3.2.

Approximation (13) neglects time-varying external forces and dy-
namic effects, which may affect the accuracy of the estimated piezo 
displacement. To mitigate this, the actuator is loaded with a repre-
sentative mass matching the intended application, and recalibration is 
recommended if the load changes significantly. Nonetheless, indepen-
dent measurements from the capacitive position sensor confirm that 
this approximation has minimal impact during data collection, and 
experimental results in Section 5 show that the simplification does not 
noticeably decrease performance.

The key idea is to perform experiments with varying voltage signals 
to obtain measurements of 

𝑀𝑒(𝑢̇𝑒, 𝑢𝑒,𝑎) =
|

|

|

|

|

𝜉𝑒𝑖𝑒
𝑢̇𝑒

|

|

|

|

|

. (14)

These measurements result in datasets 

𝑒 = {𝑢̇𝑒(𝑡𝑘), 𝑢𝑒,𝑎(𝑡𝑘), 𝑖𝑒(𝑡𝑘)}𝑛𝑘=1, (15)

for all 𝑒 ∈ 𝛺. To account for direction-dependent hysteresis effects, 
separate models 𝑀̂𝜃𝑒+

 and 𝑀̂𝜃𝑒−  are fit on this dataset, which are then 
used in the feedforward control law, such that 

𝑀̂𝜃𝑒 =

{

𝑀̂𝜃𝑒+
if 𝑟̇𝑒(𝑡𝑘) ≥ 0,

𝑀̂𝜃𝑒− if 𝑟̇𝑒(𝑡𝑘) < 0.
(16)

The next section explains the design of a single experiment that yields 
all datasets 𝑒. Subsequently, the chosen model structure and fitting 
method are detailed.
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Algorithm 1 Data collection for hysteresis compensation
Require: Range 𝑓𝛼,min,… , 𝑓𝛼,max of 𝐹  application-relevant drive fre-

quencies, number of steps 𝑛𝑠.
1: Initialize 𝑒 = {} for all 𝑒 ∈ 𝛺, define  as in Eq.  (17).
2: Start experiment with control law Eq.  (12) using constant hysteresis 
model Eq.  (7), 𝑓𝛼 = 0 and waveform function Eq.  (18).

3: for 𝑓𝛼,𝑖 ∈  do
4:  Update 𝑓𝛼 ← 𝑓𝛼,𝑖.
5:  Wait for 𝑡step = 𝑛𝑠

𝑓𝛼
 seconds.

6: end for
7: Stop the experiment and store all (𝑢̇𝑒(𝑡𝑘), 𝑢𝑒,𝑎(𝑡𝑘), 𝑖𝑒(𝑡𝑘)

) in 𝑒 for all 
𝑒 ∈ 𝛺.

8: return Data-sets 𝑒, ∀𝑒 ∈ 𝛺.

3.2.1. Experiment design
For the datasets 𝑒 to be useful in modeling 𝑀̂𝜃𝑒+

 and 𝑀̂𝜃𝑒− , the 
measured voltage pairs (𝑢̇𝑒(𝑡𝑘), 𝑢𝑒,𝑎(𝑡𝑘)) should cover a range relevant 
to the application. Under control law (12) with some imperfect 𝑀̂𝑒
and 𝜌𝑒 that achieve a stepping motion, albeit with parasitic effects, all 
pairs (𝑢̇𝑒(𝑡𝑘), 𝑢𝑒,𝑎(𝑡𝑘)) depend solely on the chosen drive frequency 𝑓𝛼 . 
Therefore, a grid  of 𝐹  positive and negative drive frequencies in an 
application-relevant range between 𝑓𝛼,min and 𝑓𝛼,max is defined as 

 =

⎧

⎪

⎨

⎪

⎩

±𝑓𝛼,𝑖 ∣ 𝑓𝛼,𝑖 = 𝑓𝛼,min

(𝑓𝛼,max

𝑓𝛼,min

)

𝑖−1
𝐹−1

, 𝑖 = 1,… , 𝐹

⎫

⎪

⎬

⎪

⎭

, (17)

where logarithmic spacing is used because of the potentially wide range 
of drive frequencies. Section 5 addresses the choice of 𝐹 . An experiment 
is started where the drive frequency cycles stepwise through  for 𝑛𝑠
steps per frequency, with control law (12), using a constant hysteresis 
model (7) and the following nominal waveform function 𝝆(𝛼, 𝑓𝛼) used 
in literature [10], defined as 

𝜌𝐶𝑖 (𝛼, 𝑓𝛼) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

|𝑓𝛼|
𝑟𝐶𝑖,max−𝑟𝐶𝑖,min

2𝜋∕3 (2𝑖 − 3) 0 ≤ 𝛼 < 𝜋
3 ,

0 𝜋
3 ≤ 𝛼 < 2𝜋

3 ,
−|𝑓𝛼|

𝑟𝐶𝑖,max−𝑟𝐶𝑖,min
2𝜋∕3 (2𝑖 − 3) 2𝜋

3 ≤ 𝛼 < 4𝜋
3 ,

0 4𝜋
3 ≤ 𝛼 < 5𝜋

3 ,
|𝑓𝛼|

𝑟𝐶𝑖,max−𝑟𝐶𝑖,min
2𝜋∕3 (2𝑖 − 3) 5𝜋

3 ≤ 𝛼 < 2𝜋,

𝜌𝑆1 (𝛼, 𝑓𝛼) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

|𝑓𝛼|
𝑟𝑆1 ,max−𝑟𝑆1 ,min

5𝜋∕3 0 ≤ 𝛼 < 𝜋
3 ,

−|𝑓𝛼|
𝑟𝑆1 ,max−𝑟𝑆1 ,min

𝜋∕3
𝜋
3 ≤ 𝛼 < 2𝜋

3 ,

|𝑓𝛼|
𝑟𝑆1 ,max−𝑟𝑆1 ,min

5𝜋∕3
2𝜋
3 ≤ 𝛼 < 2𝜋,

𝜌𝑆2 (𝛼, 𝑓𝛼) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

|𝑓𝛼|
𝑟𝑆2 ,max−𝑟𝑆2 ,min

5𝜋∕3 0 ≤ 𝛼 < 4𝜋
3 ,

−|𝑓𝛼|
𝑟𝑆2 ,max−𝑟𝑆2 ,min

𝜋∕3
4𝜋
3 ≤ 𝛼 < 5𝜋

3 ,

|𝑓𝛼|
𝑟𝑆2 ,max−𝑟𝑆2 ,min

5𝜋∕3
5𝜋
3 ≤ 𝛼 < 2𝜋,

(18)

where 𝑖 ∈ {1, 2} and 𝑟𝑒,max, 𝑟𝑒,min define the maximum reference stroke 
of the elements. These reference displacements, depicted in Fig.  2, 
lead to similarly shaped voltage waveforms when scaled with a scalar 
𝑀̂𝑒,const through control law (12). Hence, for every frequency 𝑓𝛼,𝑖 ∈  , 
the measurements include data of one negative voltage rate, one posi-
tive voltage rate, and a range of different voltage absements. Algorithm 
1 summarizes the data collection process, and the next section describes 
the hysteresis model structure.

3.2.2. Model structure
To capture the rate-dependent hysteresis effects, the model structure 

must account for both the voltage rate 𝑢̇𝑒 and the absement 𝑢𝑒,𝑎. The 
Ramberg–Osgood model [30], which has proven successful in modeling 
5 
hysteresis for fixed drive frequencies, does not include rate depen-
dency [13]. Therefore, an alternative structure is presented that, like 
the Ramberg–Osgood model, is smooth in the voltage absement, but 
also allows for rate-dependency. The model is parametrized linearly in 
the parameters as 
𝑀̂𝜽𝑒𝜄 (𝐱𝑒) = 𝐤⊤(𝐱𝑒)𝜽𝑒𝜄 , 𝜄 ∈ {+,−}, (19)

where the input vector is given by 
𝐱𝑒 ∶= [|𝑢̇𝑒|, 𝑢𝑒,𝑎]⊤. (20)

Here, 𝐤(𝐱𝑒) is a vector of basis functions evaluated at the input 𝐱𝑒, given 
by 
𝐤(𝐱𝑒) = [𝑘(𝐱𝑒, 𝐱𝑒,1),… , 𝑘(𝐱𝑒, 𝐱𝑒,𝑚)]⊤, (21)

where 𝐱𝑒,𝑖, 𝑖 ∈ {1,… , 𝑚}, are predefined grid points in R2, and 𝑘 ∶
R2 × R2 → R is a kernel function defining the structure of the model. 
To account for direction-dependent hysteresis effects, separate param-
eter vectors 𝜽𝑒+  and 𝜽𝑒−  are used for positive and negative velocity 
directions, see (16).

An example basis function that is useful in modeling functions when 
the nonlinear structure is smooth but not fully known, popularized by 
Gaussian Process regression [31], is given by 

𝑘(𝐱𝑒, 𝐱′𝑒) = 𝜎2𝑓 exp
(

−1
2
(

𝐱𝑒 − 𝐱′𝑒
)⊤ 𝜮−1 (𝐱𝑒 − 𝐱′𝑒

)

)

. (22)

Here, 𝜮 = diag(𝓁1,𝓁2), 𝓁1,𝓁2 ∈ R are tuning parameters that gov-
ern the smoothness of the basis functions in the direction of 𝑢̇𝑒 and 
𝑢𝑒,𝑎, respectively. The parameter 𝜎2𝑓  scales the overall magnitude of 
the basis functions. A convenient choice is to set 𝜎2𝑓  to the sample 
variance of the observations of 𝑀𝑒. In this paper, parameters 𝓁1,2 and 
𝜎2𝑓  are tuned manually for a good fit to the data. Alternatively, this 
tuning process can be automated, e.g., by optimization of the marginal 
likelihood, as explained in [31]. Finally, to avoid the need to evaluate 
these kernel functions online, Section 3.3 presents a resource-efficient 
implementation.

3.2.3. Obtaining the model
The parameters 𝜽𝑒𝜄  in (19) are obtained by solving the following 

linear least-squares problem for each velocity direction 𝜄 ∈ {+,−}: 
min
𝜽𝑒𝜄

‖𝐊(𝐗𝜄𝑒)𝜽𝑒𝜄 −𝐦𝜄
𝑒‖

2
2, (23)

where the data matrices are constructed separately for positive and 
negative velocity directions: 
𝐗+
𝑒 = {𝐱𝑒(𝑡𝑘) ∣ 𝑢̇𝑒(𝑡𝑘) ≥ 0, 𝐱𝑒(𝑡𝑘), 𝑢̇𝑒(𝑡𝑘) ∈ 𝑒}, (24a)

𝐗−
𝑒 = {𝐱𝑒(𝑡𝑘) ∣ 𝑢̇𝑒(𝑡𝑘) < 0, 𝐱𝑒(𝑡𝑘), 𝑢̇𝑒(𝑡𝑘) ∈ 𝑒}. (24b)

The corresponding kernel matrices and measurement vectors are:
𝐊(𝐗𝜄𝑒) =

[

𝐤(𝐱𝜄𝑒,1),… ,𝐤(𝐱𝜄𝑒,𝑛𝜄 )
]⊤ ∈ R𝑛𝜄×𝑚, (25)

𝐦𝜄
𝑒 =

[

|

|

|

|

𝜉𝑒𝑖𝑒(𝑡1)
𝑢̇𝑒(𝑡1)

|

|

|

|

…
|

|

|

|

𝜉𝑒𝑖𝑒(𝑡𝑛𝜄 )
𝑢̇𝑒(𝑡𝑛𝜄 )

|

|

|

|

]⊤
. (26)

The least-squares solution for each direction is then given by 
𝜽̂𝑒𝜄 =

(

𝐊⊤(𝐗𝜄𝑒)𝐊(𝐗𝜄𝑒)
)−1𝐊⊤(𝐗𝜄𝑒)𝐦

𝜄
𝑒. (27)

This solution is valid as long as 𝐊⊤(𝐗𝜄𝑒)𝐊(𝐗𝜄𝑒) is full rank, which is 
typically satisfied since 𝑚 ≪ 𝑛𝜄.

Thus, the obtained model 𝑀̂𝜽̂𝑒
 captures rate-dependent and ui 

direction-dependent hysteresis effects and enables online compensa-
tion. The next section addresses implementation aspects.

3.3. Implementation aspects

This section covers some implementation aspects, starting with a 
resource-efficient implementation of the hysteresis model.
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3.3.1. Resource-efficient implementation
The control law (12) requires the evaluation of the hysteresis model 

𝑀̂𝜽𝑒𝜄  at high sampling rates, which is computationally challenging 
because of the nonlinear terms in (22). Therefore, 𝑀̂𝜽𝑒𝜄  is used to fill 
a lookup table 𝑀̂LUT

𝑒𝜄 (𝐱𝑒) offline. This renders the approach feasible for 
numerous embedded hardware platforms featuring large memory but 
limited computational capabilities, only requiring simple computations 
for linear interpolation: 

𝑀̂LUT
𝑒𝜄 (𝐱𝑒) =

[

1 − 𝜏1 𝜏1
]

𝐘𝜄
[

1 − 𝜏2
𝜏2

]

,

𝜏1 =
𝑥1 − 𝑥

(𝑖)
1

𝑥(𝑖+1)1 − 𝑥(𝑖)1
, 𝜏2 =

𝑥2 − 𝑥
(𝑗)
2

𝑥(𝑗+1)2 − 𝑥(𝑗)2

,

𝐘𝜄 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑀̂𝜽𝑒𝜄

([

𝑥(𝑖)1
𝑥(𝑗)2

])

𝑀̂𝜽𝑒𝜄

([

𝑥(𝑖)1
𝑥(𝑗+1)2

])

𝑀̂𝜽𝑒𝜄

([

𝑥(𝑖+1)1

𝑥(𝑗)2

])

𝑀̂𝜽𝑒𝜄

([

𝑥(𝑖+1)1

𝑥(𝑗+1)2

])

⎤

⎥

⎥

⎥

⎥

⎥

⎦

.

(28)

Here, (𝑥(𝑖)1 , 𝑥
(𝑗)
2 , 𝑥

(𝑖+1)
1 , 𝑥(𝑗+1)2 ) are grid points surrounding 𝐱𝑒, satisfying 

𝑥(𝑖)1 ≤ 𝑥1 ≤ 𝑥(𝑖+1)1 , 𝑥(𝑗)2 ≤ 𝑥2 ≤ 𝑥(𝑗+1)2 , (29)

and 𝐘𝜄 is computed offline for both 𝜄 ∈ {+,−}. Since this method 
requires only several lookup-operations and linear interpolation be-
tween four points at every time-step, it is computationally cheaper than 
alternatives such as operator-based hysteresis compensation, which 
require many more operations [18,27]. The next section addresses the 
issue of integrator drift in the control law.

3.3.2. Integrator drift
While reference displacement rates (18) are zero-mean, the division 

of these references by rate-dependent hysteresis model 𝑀̂𝑒 in (12) 
may lead to a voltage rate that is not zero-mean, leading to drift in 
the voltage 𝑢𝑒. In the worst case, this could lead to the clamps not 
fully extending to press the shears onto the mover, impairing stepping 
performance.

To mitigate the accumulation of this integrator drift over time, 
an anti-windup mechanism is introduced by constraining the output 
whenever the piezo voltages exceed user-defined bounds 𝑢𝑒,min and 
𝑢𝑒,max. These artificial bounds are defined for the purpose of drift com-
pensation only and are stricter than the amplifier limits, i.e., 𝑢𝑒,min >
𝑢𝑒,min,amp and 𝑢𝑒,max < 𝑢𝑒,max,amp. Hence, the final control law is given 
by 

𝑢𝑒(𝑡𝑘) =

⎧

⎪

⎨

⎪

⎩

𝑢𝑒,min if 𝜐 < 𝑢𝑒,min,
𝑢𝑒,max if 𝜐 > 𝑢𝑒,max,
𝜐 otherwise.

𝜐 =𝑢𝑒(𝑡𝑘−1) +
𝑇𝑠 𝑟̇𝑒(𝛼(𝑡𝑘−1))

𝑀̂LUT
𝑒

(

[

|𝑢𝑒(𝑡𝑘−1)−𝑢𝑒(𝑡𝑘−2)|
𝑇𝑠

, 𝑢𝑒,𝑎(𝑡𝑘−1)
]⊤

) .

(30)

As long as the piezo voltages remain within the bounds 𝑢𝑒,min and 𝑢𝑒,max, 
the drift compensation is inactive, and integrator drift can still oc-
cur, deteriorating stepping performance. On the other hand, when the 
bounds are reached, the control law saturates the output, preventing 
further drift but also limiting the achievable stroke. Therefore, it is 
desired that the voltage waveforms exceed the bounds at least once 
per cycle of the drive frequency. This condition is formally expressed 
as: 
𝑢𝑒(𝑡top) > 𝑢𝑒,max, ∀𝑡top ∈ top(𝑓𝛼),

𝑢𝑒(𝑡bot) < 𝑢𝑒,min, ∀𝑡bot ∈ bot(𝑓𝛼),
(31)

where the sets top(𝑓𝛼) and bot(𝑓𝛼) identify the time instances at which 
𝑢  reaches its maximum and minimum values within one period 𝑇 =
𝑒

6 
1∕𝑓𝛼 : 

top(𝑓𝛼) =
{

𝑡 ∈ [0, 𝑇 ] ∶ 𝑢𝑒(𝑡) = max
𝑡∈[0,𝑇 ]

𝑢𝑒(𝑡)
}

,

bot(𝑓𝛼) =
{

𝑡 ∈ [0, 𝑇 ] ∶ 𝑢𝑒(𝑡) = min
𝑡∈[0,𝑇 ]

𝑢𝑒(𝑡)
}

.
(32)

This condition is satisfied by appropriate selection of reference strokes 
𝑟𝑒,max and 𝑟𝑒,min in (18). These bounds are determined offline through 
optimization, once after Algorithm 1, ensuring that for each selected 
𝑓𝛼 , the voltage 𝑢𝑒(𝑡) exceeds the artificial limits at least once per cycle. 
The optimization problem is given by 

min
𝑟𝑒,max ,𝑟𝑒,min

𝐽𝑒,𝑓𝛼 (𝑟𝑒,max, 𝑟𝑒,min)

=
∑

𝑡top∈top,2(𝑓𝛼 )
‖𝑢𝑒(𝑡top) − 𝑢𝑒,max‖

2
2

+
∑

𝑡bot∈bot,2(𝑓𝛼 )
‖𝑢𝑒(𝑡bot) − 𝑢𝑒,min‖

2
2,

subject to hysteresis model (19),  waveforms (18),
 control law (30),
𝛼(𝑡𝑘) = 2𝜋mod

(

𝛼(𝑡𝑘−1) + 𝑇𝑠𝑓𝛼
)

, ∀𝑘 ∈ sim,

𝑢𝑒(𝑡0) = 𝛼(𝑡0) = 0,

(⋅),2(𝑓𝛼) = (⋅)(𝑓𝛼∕2) ∩ {𝑡 ∣ 𝑡 ≤ 1∕𝑓𝛼}.

(33)

Here, the simulated indices are sim = {1,… , 2⌊𝐹𝑠∕𝑓𝛼⌋}, with flooring 
operator ⌊⋅⌋, consisting of two periods to account for transients. The 
problem is solved using interior-point optimization with approximate 
gradients [32].

The resulting optimal bounds 𝑟⋆𝑒,max and 𝑟⋆𝑒,min are precomputed for 
different drive frequencies and stored in lookup tables: 
𝑟⋆𝑒,max = 𝑔LUT𝑒,max(𝑓𝛼),

𝑟⋆𝑒,min = 𝑔LUT𝑒,min(𝑓𝛼).
(34)

The reference movements (18), combined with control law (30) and 
these optimized bounds, ensure continuous and repeatable motion of 
the mover despite hysteresis, while preventing drift due to modeling 
errors.

An advantageous side effect of optimizing the reference strokes is 
that it renders any mismatch 𝜉𝑒 ≠ 𝜉𝑒 in (13) inconsequential. Indeed, 
such a mismatch results in a scaling error in 𝑀̂𝑒, which affects the 
denominator in control law (30). However, since the reference strokes 
are optimized to achieve predefined voltage limits for this imperfect 
𝑀̂𝑒, affecting the numerator of (30), the scaling factors cancel out. The 
voltage waveforms are always scaled to the voltage limits 𝑢𝑒,max and 
𝑢𝑒,min due to the cost function in (33).

4. Compensation of 𝜶-dependent disturbances

The control law (30) enables accurate tracking of reference move-
ments 𝑟̇𝑒(𝑡) of individual piezo elements by compensating hysteresis, 
which is the first parasitic effect. The second parasitic effect, consisting 
of mechanical misalignments and slip, introduces velocity ripples that 
are repetitive in the 𝛼-domain. This section introduces a data-driven 
approach to compensate for these 𝛼-dependent disturbances, starting 
with an overview of the method.

4.1. Overview

The developed approach compensates for 𝛼-domain disturbances by 
iteratively learning a compensation function that modifies the shear 
waveforms. These disturbances, shown in Fig.  3, are repetitive in the 
𝛼-domain and can therefore be mitigated effectively using Iterative 
Learning Control (ILC) [10]. Only the shear waveforms are modified as 
these directly affect the mover displacement through (2). The approach 
is summarized in Algorithm 2 and involves three contributions:
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Algorithm 2 Compensation of 𝛼-domain disturbances
Require: Hysteresis models 𝑀̂LUT

𝑒 , 𝑒 ∈ 𝛺, functions 
𝑔LUT𝑒,max(𝑓𝛼), 𝑔

LUT
𝑒,min(𝑓𝛼), LTI model 𝐺̂(𝑞), drive frequency 𝑓𝛼 .

1: Design filters 𝐿(𝑞), 𝑄(𝑞), see Section 4.4.2.
2: Initialize 𝜸0 = 𝟎.
3: for 𝑗 ∈ [0,… , 𝑛tr − 1] do
4:  Conduct an experiment with control law Eq.  (30), using 
reference Eq.  (35). Store 𝑦𝑗 .

5:  Compute ̇𝑓𝑗+1(𝑡𝑘) with Eq.  (40).
6:  Compute 𝜸𝑗+1 with Eq.  (43).
7: end for
8: return the final compensation function ̇𝑓proj𝜸𝑛tr−1

(𝛼).

1. A compensation function ̇𝑓proj𝜸 (𝛼) is parametrized to modify the 
shear waveforms. This function is updated iteratively using ILC 
to minimize the effects of 𝛼-domain disturbances, as detailed in 
Section 4.2.

2. Monotonic convergence of Algorithm 2 is analyzed in Sec-
tion 4.3.

3. Implementation aspects such as design of the learning filter 
and direction-dependency of the compensation function are de-
scribed in Section 4.4.

In contrast to [10], the approach presented in this paper integrates com-
pensation of 𝛼-dependent disturbances with rate-dependent hysteresis 
compensation of all piezo elements, such that the learned compensa-
tion function is applicable to arbitrary drive frequencies and does not 
require relearning when the task changes.

4.2. Learning a compensation function

The compensation function ̇𝑓proj𝜸 (𝛼) modifies the shear reference 
displacements to counteract the parasitic effects in the 𝛼-domain, as 
given by: 
̇̃𝑟𝑆𝑖 (𝛼) = 𝑟̇𝑆𝑖 (𝛼) + ̇𝑓proj𝜸 (𝛼), (35)

where 𝑟̇𝑆𝑖 (𝛼) is the nominal reference defined in (18), and ̇𝑓proj𝜸 (𝛼)
is a compensation function with parameters 𝜸. When these modified 
references ̇̃𝑟𝑆𝑖 (𝛼) are used in control law (30) with 𝑀̂𝑒 ≈ 𝑀𝑒, this 
results in 𝑦𝑒 ≈ 𝑟̃𝑒, i.e., the motion of the shears approximately equals 
the modified references. The goal of the compensation function is then 
to minimize the tracking error of the mover: 
𝜀𝑗 (𝑡𝑘) ∶= 𝑟(𝑡𝑘) − 𝑦𝑗 (𝑡𝑘), (36)

where 𝑗 is a trial number, and the reference is defined as 
𝑟(𝑡𝑘) ∶= 𝐺̂(𝑞)𝑟̇𝑆𝑖 (𝑡𝑘), (37)

with 𝐺̂(𝑞) ≈ 𝐺(𝑞) a model detailed in Section 4.4.1. The next sections 
detail how the compensation function ̇𝑓proj𝜸 (𝛼) is constructed from data 
over several trials to minimize ‖𝜀𝑗‖2, starting with the parametrization 
of ̇𝑓proj𝜸 (𝛼).

4.2.1. Parametrization of the compensation function
The compensation function ̇𝑓proj𝜸 (𝛼) is parametrized as a piecewise-

linear function to accommodate for the limited computational resources 
available on control hardware. First, define a grid of 𝑛𝛾 points 𝛼𝑐 ∈
[0, 2𝜋), each equidistantly spaced 𝛥𝛾 apart. Next, define 
̇𝑓proj𝜸 (𝛼) = 𝝍⊤(𝛼)𝜸, (38)

where 𝝍(𝛼) ∈ R𝑛𝛾  is a vector with only two nonzero elements, namely 
elements 𝑐 and 𝑐 + 1, the two elements on the grid that surround 𝛼. 
These two elements of 𝝍(𝛼) are given by the linear interpolation 
𝜓𝑐 (𝛼) =

𝛼𝑐+1 − 𝛼 , 𝜓𝑐+1(𝛼) =
𝛼 − 𝛼𝑐 . (39)
𝛥𝛾 𝛥𝛾
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The next section describes how the model parameters are iteratively 
updated from data.

4.2.2. Iteratively learning 𝜸 from data
The disturbance 𝑑̇(𝛼) is unknown, so the parameters 𝜸 cannot be 

determined directly. Instead, the repetitive nature of 𝛼-domain distur-
bances is leveraged, updating 𝜸 iteratively using measurements of the 
mover position to reduce the tracking error.

First, at trial 𝑗 = 0 with 𝜸0 = 𝟎 and zero initial conditions, an 
experiment is carried out with control law (30) and reference (35). 
Next, the system is reset to its initial state and the following update 
law is applied: 
̇𝑓𝑗+1(𝑡𝑘) = 𝑄(𝑞)( ̇𝑓proj𝜸𝑗 (𝑡𝑘) + 𝐿(𝑞)𝜀𝑗 (𝑡𝑘)), (40)

where 𝑄 and 𝐿 are LTI filters detailed in Section 4.4.2. To facilitate 
the projection of this feedforward signal to the basis 𝝍(𝛼), a lifted 
notation is introduced. The model 𝐺̂(𝑞) is represented in finite-time 
lifted notation by its impulse response matrix 𝐆̂. This matrix captures 
the input–output relationship over 𝑁 samples, assuming zero initial 
conditions, and is constructed from the impulse response coefficients 
𝑔̂𝑘 as: 

𝐆̂ =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑔̂0 0 ⋯ 0
𝑔̂1 𝑔̂0 ⋯ 0
𝑔̂2 𝑔̂1 ⋯ 0
⋮ ⋮ ⋱ ⋮

𝑔̂𝑁−1 𝑔̂𝑁−2 ⋯ 𝑔̂0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

. (41)

This structure generalizes to any linear time-invariant (LTI) system 
but is here used specifically for 𝐺̂(𝑞). Using this notation, the time-
domain signal ̇𝑓𝜸𝑗+1 (𝑡𝑘) obtained from (40) is projected to the low-order 
basis (38) by minimizing 
𝐽𝜸𝑗+1 = ‖𝐆̂(𝐟̇𝑗+1 − 𝐟̇proj𝜸𝑗+1 )‖

2
2, (42)

where 𝐟̇𝑗+1 ∈ R𝑁  stacks ̇𝑓𝑗+1(𝑡𝑘) for all samples 𝑡𝑘, 𝑘 ∈ {1,… , 𝑁} and 
the premultiplication with 𝐆̂ reflects the desire to match the projected 
error to the predicted error rather than the compensation signal itself. 
The solution to (42) is then given by: 
𝜸𝑗+1 = (𝜳⊤𝐆̂⊤𝐆̂𝜳 )−1𝜳⊤𝐆̂⊤𝐆̂𝐟̇𝑗+1, (43)

with 𝜳 = [𝝍(𝛼(𝑡1)),… ,𝝍(𝛼(𝑡𝑁 ))]⊤.
Update law (40) and projection (43) are the two main components 

to compensating for 𝛼-domain disturbances, shown in Algorithm 2. The 
next section proves that Algorithm 2 leads to monotonic convergence 
of the compensation signal.

4.3. Convergence

The following lemma states the conditions under which the com-
pensation signal converges monotonically. 

Lemma 4.1.  Using update law (40) with 𝐿(𝑞) and 𝑄(𝑞) causal and 
stable, followed by projection (43), the compensation signal ̇𝑓 proj𝜸𝑗 (𝛼(𝑡𝑘)) is 
monotonically convergent in the two-norm as 𝑗 → ∞ if and only if 
𝜎
(

𝜳 (𝜳⊤𝐆̂⊤𝐆̂𝜳 )−1𝜳⊤𝐆̂⊤𝐆̂𝐐(𝐈 − 𝐋𝐆)
)

< 1, (44)

where 𝜎 denotes the maximum singular value and 𝐆, 𝐐, and 𝐋 are the 
impulse response matrices of 𝐺(𝑞), 𝑄(𝑞), and 𝐿(𝑞), respectively, in the form 
of (41).

Proof ([33]). See Appendix  A. ■

This convergence condition hinges upon the design of 𝐿(𝑞) and 
𝑄(𝑞). The following theorem provides a frequency-domain convergence 
condition that facilitates the design of these filters later. Note that 
neither Lemma  4.1 nor Theorem  1 rely on the drive frequency 𝑓𝛼 used 
for data collection to prove convergence.
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Algorithm 3 Unified framework: flexible feedforward control of 
piezo-stepper actuators
Require: Initial waveforms Eq.  (18), constant hysteresis models Eq. 

(7), range  of application-relevant drive frequencies Eq.  (17).
1: Perform Algorithm 1 to collect datasets 𝑒.
2: Obtain hysteresis models 𝑀̂𝜽𝑒𝜄  from Eq.  (27).
3: Solve Eq.  (33) for each 𝑓𝛼 ∈  to obtain 𝑔LUT𝑒,max(𝑓𝛼) and 𝑔LUT𝑒,min(𝑓𝛼)
in Eq.  (34).

4: Obtain a model 𝐺̂ ≈ 𝐺 using Eq.  (47).
5: Perform Algorithm 2 in both directions to obtain modified shear 
references ̇̃𝑟𝑆𝑖 (𝛼) in Eq.  (49).

6: return Control law Eq.  (30) with models 𝑀̂𝜽𝑒𝜄  and modified shear 
references ̇̃𝑟𝑆𝑖 (𝛼), with Eq.  (18) and Eq.  (34).

Theorem 1.  Using update law (40) with 𝐿(𝑞) and 𝑄(𝑞) causal and 
stable, followed by projection (43), the compensation signal ̇𝑓 proj𝜸𝑗 (𝛼(𝑡𝑘)) is 
monotonically convergent in the two-norm as 𝑗 → ∞ if 

sup
𝜔∈[0,𝜋]

|𝑄(𝑒𝑗𝜔)(1 − 𝐿(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔))| < 1. (45)

Proof ([33]). See Appendix  B. ■

In contrast to [33], which addresses convergence of compensation 
functions for single-input single-output (SISO) systems in a closed loop 
setting, Lemma  4.1 and Theorem  1 apply to the open-loop feedforward 
scheme depicted in Fig.  5, where the two shear references are simulta-
neously updated by a single compensation function through (35).

The next section provides some guidelines for designing filters 𝐿(𝑞)
and 𝑄(𝑞) that satisfy Theorem  1, among other implementation aspects. 
Moreover, Algorithm 3 summarizes the unified framework of feedfor-
ward control for piezo-stepper actuators, combining the compensation 
of 𝛼-domain disturbances with rate-dependent hysteresis compensation.

4.4. Implementation aspects

This section discusses practical considerations for the implementa-
tion of Algorithm 2, starting with obtaining 𝐺̂(𝑞).

4.4.1. Identification of 𝐺̂(𝑞) ≈ 𝐺(𝑞)
To obtain a model 𝐺̂(𝑞) ≈ 𝐺(𝑞), which is a prerequisite for Al-

gorithm 2, the first step is to measure a frequency response function 
𝐺(𝑒𝑗𝜔) ∶= 𝑦(𝑒𝑗𝜔)∕𝑦true(𝑒𝑗𝜔). This cannot be done directly as 𝑦true is 
unknown. Instead, an indirect approach is taken, where 𝐺𝑆1  and 𝐺𝑆2
are measured, defined as 

𝐺𝑆𝑖 (𝑒
𝑗𝜔) ∶=

𝑦(𝑒𝑗𝜔)
𝑢𝑆𝑖 (𝑒

𝑗𝜔)
. (46)

These systems are measured using standard open-loop system identifi-
cation, where 𝑢𝑆𝑖  is excited by a random-phase multisine signal while 
in contact with the mover, and the mover position 𝑦 is recorded, in a 
separate experiment per shear. The data is averaged out over multiple 
realizations of the random-phase multisines to obtain Best Linear Ap-
proximations (BLAs) 𝐺̂𝑆1 ,BLA(𝑒𝑗𝜔) and 𝐺𝑆2 ,BLA(𝑒𝑗𝜔), see [34] for details. 
The frequency response function of the sensor is then approximated as 
the scaled average 

𝐺̂(𝑒𝑗𝜔) =
𝑇𝑠

𝑒𝑗𝜔 − 1
⋅

1
2𝑐𝐺

(

𝐺̂𝑆1 ,BLA(𝑒
𝑗𝜔) + 𝐺̂𝑆2 ,BLA(𝑒

𝑗𝜔)
)

, (47)

where the first term represents a discrete-time integrator and 𝑐𝐺 is a 
scaling factor defined as 

𝑐𝐺 = 1 (

𝐺̂𝑆 ,BLA(𝑒𝑗𝜔0 ) + 𝐺̂𝑆 ,BLA(𝑒𝑗𝜔0 )
)

, (48)

2 1 2
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with 𝜔0 the lowest measured frequency. This approximation assumes 
that the sensor 𝐺(𝑞) behaves as a discrete-time integrator at low fre-
quencies. Section 5.4 discusses the limitations of this approximation. 
Finally, a low-order parametric fit 𝐺̂(𝑞) is made of 𝐺̂(𝑒𝑗𝜔).

4.4.2. Design of 𝐿(𝑞) and 𝑄(𝑞)
The learning filter 𝐿(𝑞) and the robustness filter 𝑄(𝑞) must satisfy 

condition (45) and be causal and stable. First, define 𝐿(𝑞) = 𝛽𝑞−𝑑𝐺̂−1(𝑞), 
where 𝛽 ∈ (0, 1] is a learning gain and 𝑑 is the relative degree of 𝐺̂(𝑞). 
Lower values of 𝛽 lead to better mitigation of trial-varying disturbances 
at the cost of slower convergence, see [35]. Secondly, design 𝑄(𝑞) such 
that condition (45) holds, e.g., by parametrizing 𝑄(𝑞) as a lowpass filter.

4.4.3. Direction-dependent compensation functions
Mechanical misalignments lead to a disturbance that is repeatable 

in the 𝛼-domain, but is dependent on the direction of motion. Indeed, 
when the clamps push the shears onto the mover at an angle, this 
results in a different force depending on whether the shear is expanding 
or contracting. Therefore, Algorithm 2 is performed twice: once using 
a positive drive frequency 𝑓𝛼 and once using −𝑓𝛼 . This results in 
two compensation functions, 𝑓proj𝜸,+  and 𝑓proj𝜸,− . The reference for control 
law (30) then becomes 

̇̃𝑟𝑆𝑖 (𝛼) =

⎧

⎪

⎨

⎪

⎩

𝑟̇𝑆𝑖 (𝛼) + ̇𝑓proj𝜸,+ (𝛼) if 𝑓𝛼 ≥ 0,

𝑟̇𝑆𝑖 (𝛼) + ̇𝑓proj𝜸,− (𝛼) if 𝑓𝛼 < 0.
(49)

5. Experimental results

This section shows experimentally that the developed approach 
achieves high positioning performance for piezo-stepper actuators de-
spite hysteresis and mechanical misalignments. The experimental setup 
is described in Section 2.1.

First, the implementation of the hysteresis compensation method 
of Section 3 is explained, before the compensation of mechanical 
misalignments of Section 4 is addressed.

5.1. Hysteresis compensation

Following the procedure in Section 3, hysteresis models 𝑀̂𝑒,LUT are 
created using measurements of the currents. A total of 𝐹 = 52 drive fre-
quencies between 0.3 and 100 Hz are chosen. This choice for 𝐹  is based 
on empirical assessment of the smoothness of the resulting hysteresis 
data in the |𝑢̇𝑒|-direction, see Fig.  6. This figure displays the measured 
data and the fitted model 𝑀̂𝑆1 ,LUT for shear 𝑆1, demonstrating a very 
good match between the data and the model for all measured voltage 
rates and absements. For comparison, the rate-independent Ramberg–
Osgood model presented in [13] is also shown, drawn in red for several 
voltage rates. This alternative model is given by 
𝑀̂𝑆1 ,RO(𝑢𝑆1 ,𝑎,𝐡) = ℎ1 + ℎ2𝑢

ℎ3
𝑆1 ,𝑎

, (50)

with parameters 𝐡 = [ℎ1, ℎ2, ℎ3]⊤ given by the unique solution to the 
separable least-squares problem 

𝐡 = argmin
𝐡

𝑛
∑

𝑖=1

(

𝑀̂𝑆1 ,RO(𝑢𝑆1 ,𝑎,𝑖,𝐡) − 𝑚𝑆1 ,𝑖
)2
, (51)

see [13] for details. Since the Ramberg–Osgood model is rate-indep-
endent, it does not accurately reflect the hysteresis behavior at low 
or high voltage rates, whereas the rate-dependent model presented 
in this paper does, as clearly seen in Fig.  6. To be precise, the root-
mean-square (RMS) error between the developed hysteresis model and 
the data is 0.022A sV−1, while the Ramberg–Osgood model has an 
RMS prediction error of 0.076A sV−1. This is a considerable difference, 
relative to the mean of the observations, which is 0.75A sV−1.

The hysteresis measurements of the first clamp and the first shear 
are displayed in Fig.  7, which shows a clear direction-dependency in the 
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Fig. 6. Measurements of the hysteresis function for the first shear ( ), with the fitted 
rate-dependent model 𝑀̂𝑆1 ,LUT ( ). A rate-independent Ramberg–Osgood model [13] 
( ), fitted on all data and plotted along four voltage rates, does not accurately reflect 
the measurements at high or low voltage rates, whereas the developed rate-dependent 
model matches the recorded data quite well. The data, sub-sampled for visibility, 
results from a single experiment described by Algorithm 1 with 𝐹 = 52 different drive 
frequencies between 0.3 Hz and 100 Hz in either direction.

Fig. 7. Hysteresis measurements of forwards ( ) and backwards ( ) motions for all 
measured voltage rates together. (a) The first clamp shows much more significant 
direction-dependency than (b) the first shear. Note that (b) is a side-view of the data 
in Fig.  6.

clamp. Similar direction-dependent hysteresis behavior is seen in the 
second clamp, but only to a limited extent in either of the shears. The 
direction-dependency is accounted for by separately modeling 𝑀̂𝜽𝑒+
and 𝑀̂𝜽𝑒− , see (16) and (19).

Finally, these models are used to create lookup tables (34) as ex-
plained in Section 3.3.2 to mitigate integrator drift. From these tables, 
it follows that the reference stroke required to reach the voltage bounds 
gradually decreases from 3.8 μm to 3 μm between drive frequencies of 
1 and 100 Hz. With these elements in place, control law (30) allows 
compensation of hysteresis in the piezo-stepper actuator.

5.2. Compensation of 𝛼-dependent disturbances

With hysteresis compensated through control law (30), the next step 
is compensating 𝛼-dependent disturbances. First, the LTI model 𝐺̂(𝑞) is 
identified as described in Section 4.4.1, see Fig.  8. Subsequently, 𝐿(𝑞)
and 𝑄(𝑞) are designed as described in Section 4.4.2, with 𝛽 = 0.2 and 
𝑄(𝑞) a 2nd order lowpass filter with 500 Hz cutoff frequency.

Finally, Algorithm 2 is followed with drive frequency 𝑓𝛼 = 2 Hz. 
This drive frequency is chosen arbitrarily; other drive frequencies up to 
50 Hz have also been tested and yield similar results to those presented 
here. The convergence condition from Theorem  1 is visualized in Fig.  9, 
showing that the designed 𝑄 and 𝐿 filter together lead to a convergent 
ILC scheme. The next section presents the results.

5.3. Results

This section compares the performance of three different feedfor-
ward control strategies:
9 
Fig. 8. Bode plots of the shear BLAs 𝐺̂𝑆1 ,BLA(𝑒
𝑗𝜔) ( ) and 𝐺̂𝑆2 ,BLA(𝑒

𝑗𝜔) ( ), used to 
approximate the scaled sensor dynamics 𝑐𝐺𝐺̂(𝑒𝑗𝜔) ( ).

Fig. 9. Magnitude plot of 𝑄(𝑒𝑗𝜔)(1 − 𝐿(𝑒𝑗𝜔)𝐺̂(𝑒𝑗𝜔)). The condition for convergence of 
ILC in Theorem  1 holds since this magnitude is below 0 dB for all frequencies.

S1: Traditional feedforward control: control law (30) with reference 
displacements 𝜌𝑒(𝛼, 𝑓𝛼) and constant hysteresis models 𝑀̂𝑒 =
𝑐𝑀,𝑒.

S2: Rate-dependent hysteresis compensation: control law (30) with 
reference displacements 𝜌𝑒(𝛼, 𝑓𝛼) and rate-dependent hysteresis 
models (19).

S3: Rate-dependent hysteresis compensation in conjunction with 𝛼-
domain disturbance compensation: control law (30) with clamp 
reference displacements 𝜌𝐶𝑖 (𝛼, 𝑓𝛼), and modified shear refer-
ence displacements ̇̃𝑟𝑆𝑖  from Algorithm 2, and rate-dependent 
hysteresis models (19).

The performance of traditional strategy S1 is shown in Fig.  3 and 
discussed in Section 2.4. The following section presents the results of 
strategies S2 and S3 for a single drive frequency 𝑓𝛼 = 2 Hz, after which 
all three strategies are compared for a range of drive frequencies.

5.3.1. Performance at 𝑓𝛼 = 2 Hz
Fig.  10 shows the reduction in root-mean-square deviation (RMSD) 

of the tracking error over twenty iterations of Algorithm 2, showing 
a reduction from 40 nm to 8.7 nm over the iterations. The first and 
last iterations correspond to control strategies S2 and S3, respectively. 
Fig.  11 compares their tracking errors, confirming that the learned 
compensation function effectively eliminates the disturbance.

The remaining error is dominated by an oscillation around 3250 Hz, 
as seen in the reverse cumulative amplitude spectrum in Fig.  12, likely 
due to flexible dynamics. Since this oscillation does not repeat in the 
𝛼-domain, it remains uncorrected by ILC, contributing approximately 
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Fig. 10. Convergence of the root-mean-square deviation of the tracking error during 
Algorithm 2, over the course of twenty trials. Note that hysteresis compensation is 
active in all trials through control law (30).

Fig. 11. Experimentally measured tracking error of the first ( , S2) and twentieth 
( , S3) iteration of Algorithm 2, with hysteresis compensation active in both 
experiments. The six forwards steps are displayed separately, each with different color 
saturation and their mean set to zero.

Fig. 12. Reverse cumulative amplitude spectrum of the tracking error 𝜀 in the first 
( ) and last ( ) iteration of Algorithm 2 at 𝑓𝛼 = 2 Hz. As most of the remaining 
error appears below the drive frequency ( ), which exceeds the 𝛼-domain, or at very 
high frequencies, the 𝛼-domain disturbances are considered eliminated.

3.5 nm to the RMSD error. Additionally, frequencies below 𝑓𝛼 exceed the 
𝛼-domain and are not addressed by the compensation. The next section 
shows that these performance improvements generalize to other drive 
frequencies as well.

5.3.2. Performance across different drive frequencies
To assess the flexibility of the approach, the performance is com-

pared for drive frequencies ranging from 0.4 to 100 Hz, see Fig.  13. 
When using traditional feedforward strategy S1, the error remains 
high across all frequencies, see also Fig.  3. Although rate-dependent 
hysteresis compensation (S2) improves the performance according to 
Fig.  13, it does not address the 𝛼-dependent disturbances. Utilizing 
the compensation function ̇𝑓proj(𝛼) obtained from Algorithm 2 (S3) 
yields a significant improvement for all drive frequencies: a fifteenfold 
improvement at 𝑓 = 2 Hz, when compared to S1. These conclusions 
𝛼

10 
Fig. 13. Root-mean-square deviation of the position error, averaged over three subse-
quent steps, for different drive frequencies. Traditional feedforward control ( , S1) 
leads to consistently large error. Hysteresis compensation ( , S2) by itself results 
in a performance increase, but more importantly, it is a prerequisite for Algorithm 2 
( , S3), which reduces the error for all drive frequencies after converging solely with 
𝑓𝛼 = 2 Hz ( ). Shaded areas reflect two standard deviations.

Fig. 14. Position error of the mover against the commutation angle 𝛼, after hysteresis 
compensation (S2, top) and after hysteresis compensation in conjunction with compen-
sation of mechanical misalignments (S3, bottom). The data reflects a range of constant 
drive frequencies between 0.4 Hz ( ) and 100 Hz ( ), showing three steps per 
frequency. These plots complement the results of the uncompensated situation S1 in 
Fig.  3, showing that the developed approach effectively reduces the tracking error for 
all drive frequencies.

are supported by Fig.  14, showing the same data in the 𝛼-domain for a 
smaller range of drive frequencies.

Moreover, an interesting difference between forwards and back-
wards stepping is observed in Fig.  13. With traditional feedforward, the 
performance is better in the backwards direction, but when only hys-
teresis is compensated, the performance is better in the forwards direc-
tion. This suggests that the effect of 𝛼-dependent disturbances is higher 
in the backwards direction, but that hysteresis is less pronounced in this 
direction. The compensation of 𝛼-dependent disturbances in conjunc-
tion with hysteresis compensation (S3) leads to a similar performance 
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in both directions, showing that the developed approach effectively 
removes both direction-dependency and rate-dependency in the system.

5.4. Discussion

This section addresses several further observations drawn from the 
experimental results, as well as limitations and further opportunities.

5.4.1. Limitations of the capacitive position sensor
The capacitive sensor 𝐺(𝑞) has a cutoff frequency of approximately 

100 Hz, significantly impacting the phase and magnitude of the mea-
sured mover position at higher drive frequencies. This sensor is used in 
Algorithm 2 and to assess performance. In Algorithm 2, the measured 
mover position is filtered with 𝐿 ≈ 𝐺−1 before projecting the compen-
sation signal to the 𝛼-domain, essentially correcting for these sensor 
dynamics.

However, the sensor dynamics are not corrected for in the perfor-
mance assessment, leading to a discrepancy between the measured and 
actual performance. The result is that Figs.  3 and 14 display more 
variation over frequencies than what can be explained by hysteresis 
only. Similarly, Fig.  13 shows a reduced RMSD error for high drive 
frequencies when using traditional feedforward. This is explained by 
the sensor dynamics as well, since lowpass effects in the sensor reduce 
the measured error ripples at high drive frequencies.

5.4.2. Artifacts in the identified sensor model
The identified sensor model in Fig.  8 suggests the presence of 

flexible dynamics at high frequencies. These dynamics do not reflect 
the sensor itself but are rather an artifact from the approximation (47). 
By constructing 𝐺̂(𝑞) from the BLAs of the shears where voltage is the 
input, flexible dynamics of the piezo element may end up in 𝐺̂(𝑞). This 
does not pose a problem for the approach: as long as the magnitude of 
1 −𝑄(𝑒𝑗𝜔)(1 − 𝐿(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔)) in Fig.  9 remains robustly below 0 dB, the 
ILC scheme converges.

5.4.3. Systematic effects in the hysteresis model
Finally, the identified hysteresis models 𝑀̂𝑒(𝑢̇𝑒, 𝑢𝑒,𝑎) are obtained 

from measurements where the hysteresis of the piezo elements is un-
avoidably coupled with systematic contributions from contact dynamics 
and linear dynamics. Such systematic effects, impacting the piezo dis-
placements while being dependent on voltage rate or absement, end up 
in 𝑀̂𝑒(𝑢̇𝑒, 𝑢𝑒,𝑎) and are also compensated for by the inversion in control 
law (30). This improves performance, and any residual, unmodeled 𝛼-
dependent effects are subsequently targeted by Algorithm 2. Therefore, 
although 𝑀̂𝑒 captures more than just hysteresis, the total framework 
robustly compensates for all these effects, ensuring accurate positioning 
for arbitrary drive frequencies.

5.4.4. Industrial applicability
While the developed approach is demonstrated on a specific piezo-

stepper actuator, see Fig.  4, it is broadly applicable. The main hard-
ware requirements for Algorithm 3 are threefold. First, a piezo-stepper 
actuator with a voltage amplifier is required.

Second, a real-time control platform with sufficient memory and 
computational power is needed. The lookup tables for hysteresis, refer-
ence strokes and compensation of 𝛼-domain disturbances, as configured 
in the experiments presented in this section, require approximately 
52 kB of storage when using single-precision floating-point numbers. 
This size may be reduced at marginal performance costs by increasing 
the coarseness of the lookup tables; no such optimizations have been 
done in this paper. Moreover, the implementation of control law (30), 
including reference generation and linear interpolation of the lookup 
tables, requires a total of approximately 140 floating-point operations 
(FLOP), leading to 1.4⋅106 FLOP/s at 𝐹𝑠 = 104 Hz.

Third, sensors for offline measurement of piezo currents and mover 
position are needed only during calibration or recalibration. After 
11 
calibration with Algorithm 3, the feedforward control law operates 
without sensors, hence avoiding the use of additional hardware with 
associated maintenance costs. If hysteresis or misalignments change 
over time, recalibration is possible by reinstalling the sensors and 
repeating Algorithm 3.

6. Conclusion

The developed control framework for piezo-stepper actuators
achieves accurate and flexible positioning by compensating hystere-
sis and misalignments. The framework is validated on one specific 
type of piezo-stepper actuator. It is directly applicable to other piezo 
and piezo-stepper designs that suffer from hysteresis or mechanical 
misalignments. First, a rate-dependent hysteresis function is modeled 
from data and used in a feedforward control law that decouples the 
piezo input signals from their history. Next, iterative learning control 
(ILC) is applied to learn a compensation function added to the shear 
waveforms, ensuring a constant mover velocity even when the piezo 
elements are imperfectly aligned.

The approach relies on lookup tables and a low number of arith-
metic operations during real-time evaluation, facilitating implementa-
tion on embedded control platforms. Moreover, as this is a feedforward 
approach, its improvements in positioning accuracy enable the reduc-
tion of the feedback gain in closed loop piezo-stepper control, reducing 
the amplification of measurement noise. In some cases, this may allow 
for cost savings on high-precision position sensors or even eliminate the 
need for a position sensor entirely.

Finally, experimental results confirm that the improvement in posi-
tioning accuracy is robust to changes in the reference velocities, further 
increasing the industrial applicability of the method. These results show 
that the developed feedforward approach achieves accurate position-
ing of piezo-stepper actuators, enabling their use in applications that 
require high precision, stiffness, and task flexibility, without expensive 
position sensors.
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Appendix A. Proof of Lemma  4.1

First, the projection (43) is substituted in 𝐟̇proj𝜸𝑗+1 = 𝜳𝜸𝑗+1 to obtain 

𝐟̇proj𝜸𝑗+1 = 𝜳 (𝜳⊤𝐆̂⊤𝐆̂𝜳 )−1𝜳⊤𝐆̂⊤𝐆̂𝐟̇𝑗+1. (A.1)

With update law (40), this becomes 

𝐟̇proj𝜸𝑗+1 = 𝜳 (𝜳⊤𝐆̂⊤𝐆̂𝜳 )−1𝜳⊤𝐆̂⊤𝐆̂𝐐(𝐟̇proj𝑗 + 𝐋𝜺𝑗 ). (A.2)

Next, express the error (36) as 

𝜺 = (𝐆̂ −𝐆)𝐫̇ −𝐆𝐟̇proj − 𝐝 , (A.3)
𝑗 𝑆𝑖 𝜸𝑗 𝑗
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and substitute it into (A.2) to obtain 
𝐟̇proj𝜸𝑗+1 =𝜳 (𝜳⊤𝐆̂⊤𝐆̂𝜳 )−1𝜳⊤𝐆̂⊤𝐆̂𝐐

⋅
(

(𝐈 − 𝐋𝐆)𝐟̇proj𝑗 + 𝐋
(

(𝐆̂ −𝐆)𝐫̇𝑆𝑖 − 𝐝𝑗
))

.
(A.4)

Define the matrix 
𝐀 = 𝐃𝐐 (𝐈 − 𝐋𝐆) , (A.5)

and the vector 
𝐛𝑗 = 𝐃𝐐𝐋

(

(𝐆̂ −𝐆)𝐫̇𝑆𝑖 − 𝐝𝑗
)

, (A.6)

where 

𝐃 ∶= 𝜳
(

𝜳⊤𝐆̂⊤𝐆̂𝜳
)−1

𝜳⊤𝐆̂⊤𝐆̂. (A.7)

Then, the update equation (A.4) simplifies to 
𝐟̇proj𝜸𝑗+1 = 𝐀𝐟̇proj𝑗 + 𝐛𝑗 . (A.8)

Since 𝐫̇𝑆𝑖 , 𝐝𝑗 , and (𝐆̂ − 𝐆) are bounded, the vector 𝐛𝑗 is bounded. 
Moreover, when 𝜎(𝐀) < 1, it follows that ‖𝐀𝑗‖2 → 0 as 𝑗 → ∞. By 
iterating the update equation, this becomes 

𝐟̇proj𝑗 = 𝐀𝑗 𝐟̇proj0 +
𝑗−1
∑

𝑘=0
𝐀𝑗−1−𝑘𝐛𝑘. (A.9)

The term 𝐀𝑗 𝐟̇proj0  tends to zero because ‖𝐀𝑗‖2 → 0. Since 𝐛𝑘 is bounded 
and ‖𝐀𝑗−1−𝑘‖2 decreases with each iteration, the summation converges 
to a finite limit. Therefore, when the condition in (44) holds, the 
sequence ‖𝐟̇proj𝑗 ‖2 decreases monotonically and converges in the two-
norm as 𝑗 → ∞.  ■

Appendix B. Proof of Theorem  1

The condition (44) of Lemma  4.1 is bounded by 
𝜎 (𝐃𝐐(𝐈 − 𝐋𝐆)) ≤ 𝜎 (𝐃) 𝜎 (𝐐(𝐈 − 𝐋𝐆)) , (B.1)

with 𝐃 defined in (A.7). Hence, condition (44) is satisfied if 𝜎
(𝐃) 𝜎 (𝐐(𝐈 − 𝐋𝐆)) ≤ 1. This is the case if (45) holds and 𝜎 (𝐃) = 1. To 
see that 𝜎 (𝐃) = 1, note that 𝐃 is idempotent, i.e., 𝐃2 = 𝐃. Since all 
eigenvalues 𝜆𝑖 of an idempotent matrix are either 0 or 1, and 𝐃 is not 
a zero matrix, 𝐃 has a largest eigenvalue 𝜆 = 1, and hence, 𝜎(𝐃) = 1. 
As such, condition (44) reduces to 
𝜎 (𝐐(𝐈 − 𝐋𝐆)) ≤ 1. (B.2)

Finally, it follows directly from [36, Theorem 8] that when 𝐿(𝑞) and 
𝑄(𝑞) are stable and causal, it holds that 
sup

𝜔∈[0,𝜋]
|𝑄(𝑒𝑗𝜔)(1 − 𝐿(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔))| < 1 ⟹ 𝜎 (𝐐(𝐈 − 𝐋𝐆)) ≤ 1. (B.3)

Hence, (45) is a sufficient condition for convergence. ■
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