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Summary

T his thesis presents a theoretical and numerical investigation of how a sur-
face forward-facing step alters the stability and transition mechanisms of a
laminar incompressible swept-wing boundary layer dominated by stationary

cross
ow instabilities (CFI). The results elucidate the processes that cause signi�cant
transition advancement due to the step and, in turn, challenge the classic paradigm
in 
uid mechanics that rapid, localised surface-geometry variations are universally
detrimental to laminar 
ow. Through Direct Numerical Simulations (DNS) and new
theoretical modelling, this thesis shows that, under speci�c conditions, a forward-
facing step stabilises pre-existing stationary cross
ow vortices and thereby delays
laminar-turbulent transition.

Steady-state DNS are conducted �rst to examine the interaction mechanisms
between CFI of varying amplitude and steps of di�erent heights, corresponding to
roughness Reynolds numbers (Rehh) from 368 to 832.

Three methodological innovations underpin the analysis of stationary-perturbation
e�ects. First, a perturbation-projection framework is introduced, decomposing the
perturbation �eld relative to the local base-
ow orientation rather than the wall. This
enables the identi�cation of modal and non-modal growth mechanisms and reveals
that the lift-up e�ect governs the behaviour of the fundamental CFI as it passes over
the step. The formulation uncovers a previously unreported reverse (i.e., stabilising)
lift-up e�ect, capable of inducing a rapid local decay of kinetic perturbation energy.
Whether this reverse (stabilising) or the classic (destabilising) lift-up e�ect occurs
at the step depends, at least, on step height and free-stream evolution. Secondly,
the analysis elucidates how non-modal stationary perturbation streaks emerge as in-
herent features of swept step 
ows; it also shows that an in
ectional instability of
the step-
ow pro�les ampli�es high-order harmonic (i.e., smaller-wavelength) CFI
modes downstream of the step, as con�rmed experimentally. Finally, an extended
Reynolds-Orr energy framework quanti�es the amplitude-dependent mechanisms of
energy exchange underlying these e�ects. The resulting deformation of the near-wall
shear layer downstream of the step {beneath the crest of the pre-existing cross
ow
vortex{ plays a central role in transition advancement.

Complementary unsteady DNS and linear stability analyses reveal that early tran-
sition induced by the step (under both critical and supercritical conditions) is not
driven by classic secondary cross
ow instabilities. Instead, a new shear-layer insta-
bility developing downstream of the step is identi�ed as the key transition-promotion
mechanism. Overall, these �ndings establish a new physical and modelling basis for
understanding, predicting, and ultimately controlling laminar 
ow over relief-shaped
swept wings, o�ering a promising new direction towards robust passive laminar-
ow-
control strategies for future aircraft.

ix



Samenvatting

D it proefschrift onderzoekt theoretisch en numeriek hoe een voorwaarts gerichte
trede de stabiliteits- en transitismechanismen be��nvloedt van een laminaire,
onsamendrukbare grenslaag over een gepijlde vleugel die wordt gedomineerd

door stationaire kruisstromingsinstabiliteiten (cross
ow instabilities, CFI). De resul-
taten verduidelijken de processen die leiden tot een signi�cante vervroeging van de
transitie door de aanwezigheid van de trede en dagen het klassieke paradigma uit
dat lokale hoogtevariaties per de�nitie nadelig zijn voor laminaire stroming. Directe
Numerieke Simulaties (DNS) en nieuwe theoretische modellering tonen daarentegen
aan dat een voorwaarts gerichte trede, onder speci�eke omstandigheden, bestaande
kruisstromingswervelingen kan stabiliseren en zo de laminair-turbulente transitie kan
vertragen.

Stationaire DNS zijn uitgevoerd om de interactiemechanismen te onderzoeken
tussen CFI’s met verschillende amplitudes en tredes met uiteenlopende hoogten,
overeenkomend met ruigheid-Reynoldsgetallen (Rehh) van 368 tot 832.

Drie methodologische vernieuwingen vormen de kern van de analyse. Ten eerste
wordt een projectiekader ge��ntroduceerd waarin het verstoringsveld wordt ontbonden
ten opzichte van de lokale basisstroomori�entatie in plaats van de wand. Deze aanpak
maakt het mogelijk modale en niet-modale groeimechanismen te onderscheiden en
onthult een omgekeerd (stabiliserend) lift-up-e�ect, dat lokaal een snelle afname van
de kinetische verstoringsenergie veroorzaakt. Of dit omgekeerde of klassieke (desta-
biliserende) lift-up-e�ect optreedt, hangt af van de tredehoogte en de ontwikkeling
van de vrije stroming. Ten tweede blijken niet-modale verstoringsstrepen intrinsieke
kenmerken van stromingen over gepijlde tredes, terwijl een in
ectionele instabiliteit
hogere-orde CFI-modi stroomafwaarts versterkt. Ten slotte kwanti�ceert een uit-
gebreide Reynolds{Orr-energiebalans de amplitude-afhankelijke energie-uitwisseling.
De vervorming van de schui
aag onder de kam van de kruisstromingswerveling speelt
daarbij een centrale rol in de transitie.

Tijdafhankelijke DNS en lineaire stabiliteitsanalyses tonen aan dat de vervroeging
van transitie door de trede {zowel onder kritische als superkritische omstandigheden{
niet wordt veroorzaakt door klassieke secundaire kruisstromingsinstabiliteiten, maar
door een nieuwe schui
aaginstabiliteit stroomafwaarts van de trede. Deze bevindin-
gen vormen een nieuw kader voor het begrijpen en beheersen van laminaire stroming
over oppervlakken met reli�ef en wijzen de weg naar robuuste passieve laminar-
ow-
controlstrategie�en voor toekomstige vliegtuigen.
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1
Introduction

Abstract: This chapter introduces the engineering context, fundamental 
uid dy-
namics concepts, the theoretical foundation, and prior work assessing the e�ects of
two-dimensional surface features on boundary-layer instability. It concludes by artic-
ulating the research objective and questions addressed in this thesis.
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Figure 1.1: Visualisation (top view) of natural laminar-turbulent transition over an unswept 
at
plate at an angle of attack of 1�, with 
ow from left to right. The Reynolds number is Re = 105.
Laminar 
ow is visible on the left. ' ONERA 1980, photo by H. Werl�e.

ation. For example, �gure 1.2 (b) shows a laminar outer-wing section used in a
BLADE 
ight-test demonstrator.

At the start of the BLADE project, Airbus’ former head of central research and
technology, Axel Flaig, explained that it had not been possible to manufacture su�-
ciently smooth industrial wings to achieve and maintain laminar 
ow during regular
airline operations (Gubisch, 2017). As early as year 1938, it has been reported that
\very small imperfections of surface are su�cient to move transition points forward
and so increase drag" (Jones, 1938). More speci�cally, it is well-established that
if early transition is promoted by a surface feature, the transition-front location is
bounded between the feature itself and the transition-front location in reference (i.e.,
no-feature) conditions (Fage and Preston, 1941; Dryden, 1953; Tani, 1969). So, what
is meant by surface features or irregularities in this context?

Flaig notes that sharp two-dimensional (i.e., invariant in one spatial direction)
steps and gaps near the leading edge of transport aircraft wings, such as those arising
at panel junctions or around slats, can inhibit laminar 
ow (Gubisch, 2017). Consid-
ering business jets, it is typical to �nd a spanwise joint between skin panels forming
the leading edge part and the main wing part, which are a source of laminar 
ow
deterioration (Drake et al., 1996). Daniel Kierbel, project leader of BLADE, explains
that laminar 
ow may typically be disrupted as well by insect debris, icing-related fea-
tures, scratches, grease, surface waviness, and deformation of fastener heads (Goold,
2018). Daniel Kierbel is in fact co-inventor of the patent publication cited at the
beginning of this section. The background of the invention by Kierbel et al. (2019)
considers a wing structure composed of two spars joined by ribs, see �gure 1.2 (a) and
their claim [0002]. The skin of the wing is formed by top and bottom panels (parts
28, 30, 38, and 40 in �gure 1.2 (a)) that are attached to the structure. These panels
are typically machined metal plates (see their claim [0003]). According to Kierbel
et al. (2019), reducing their geometrical tolerances (i.e., two-dimensional steps and
gaps at the junction) carries great increase in manufacturing cost and complexity.
However, these geometrical tolerances must be as small as possible to broaden the
extent of laminar 
ow (Kierbel et al., 2019).
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(a) (b)

Figure 1.2: (a) Figures 4 and 5 from the patent publication by Kierbel et al. (2019), which describes
a method for manufacturing an aircraft leading edge panel. Figure 4 presents a perspective view of
a wing, while Figure 5 shows its cross-sectional view. As stated in the source, \panels 38 and 40 are
connected to the structure 32 [...] before or after the vertical mid plane PMV". (b) Laminar outer-
wing section of the Airbus A340 used in the BLADE test demonstrator 
ight (A340-300 MSN001)
employed to assess, among other aspects, the in
uence of step-like manufacturing tolerances on
laminarity (Fendt, 2017; Appel, 2021). ' Airbus 2017, photo by P. Pigeyre.

This thesis provides a theoretical and numerical investigation into the impact of
surface features on transition promotion in laminar swept-wing 
ows, with a particu-
lar focus on the associated instability mechanisms. The scope is placed speci�cally on
forward-facing steps. Theoretical and numerical approaches are combined to develop
physical understanding at a fundamental level and generate modelling frameworks.
At the same time, the conclusions of this thesis challenge the major claims outlined
earlier: numerical and theoretical evidence is presented showing that this surface
feature is not universally detrimental to laminar swept-wing 
ow. That is, under
certain conditions, a forward-facing step stabilises pre-existing stationary cross
ow
instability and potentially delays transition as a consequence. The latter can be
further exploited to design and optimise passive laminar 
ow control strategies.

1.2. Theoretical background
This section introduces the theoretical background supporting the analysis of results
in this thesis. It begins by establishing key concepts from instability theory, followed
by a description of the pertinent base 
ows, relevant transition routes and mecha-
nisms, and characteristic features of forward-facing-step 
ow. Finally, an overview of
traditional methods for instability modelling is presented, and the novel modelling
frameworks developed in this thesis are introduced.
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1.2.1. Introductory concepts: flow (in)stability
Perhaps one of the most thought-provoking questions posed to a researcher in 
ow in-
stability is: what is a 
ow instability? This phenomenon is the precursor to laminar-
turbulent transition in a wide range of 
ow scenarios and therefore it warrants for-
malisation.

Flow instability may be understood as the tendency of a 
uid 
ow to depart
from a reference base state. This tendency can be characterised by the increase in
kinetic energy of a perturbation �eld in the 
ow, which is the deviation of a new
(evolving) state from a reference base state. Above a certain threshold of kinetic
energy increase, an initially laminar 
uid 
ow may transition towards a new state,
see Schmid and Henningson (2001, section 1:3), for instance a turbulent state. From
the perspective of classic stability theory, the base state represents an equilibrium
condition that may be either stable or unstable to a perturbation, as determined by
its ability to return to equilibrium (Schmid and Brandt, 2014).

Flow instabilities can be characterised through stability analysis (Gregory et al.,
1955; Mack, 1984; Arnal, 1994; Huerre and Monkewitz, 1990; Reed and Saric, 1996;
Schmid and Henningson, 2001; Theo�lis, 2003). Letting NS be the non-linear Navier-
Stokes operator applied to a state-variable q vector, with suitable boundary and
initial conditions, the incompressible Navier-Stokes equations can be expressed as

_q = NS(q); (1.1)

where the overdot denotes the time derivative. The laminar base state, hereafter re-
ferred to as the unperturbed base 
ow, is the steady state of equation (1.1) satisfying
_qB = NS(qB) = 0. The stability approach decomposes the state vector q = [� p]T as

q(x; y; z; t) = qB(x; y; z) + q0(x; y; z; t); (1.2)

where q0 = [�0 p0]T is the perturbation �eld, qB = [�B pB]T, � = [u v w]T is the
velocity �eld, p indicates the static pressure, and t is the time. A Cartesian coordinate
system is here considered, that is �xed and oriented relative to the wing; that is, x and
z respectively denote the directions orthogonal and parallel to the leading edge (see
x 2.1.1), and y denotes the wall-normal coordinate. The perturbation components in
the x-, y-, and z-directions are denoted by u0, v0, and w0, respectively.

A major instability mechanism that manifests in the �eld q0 of swept-leading-
edge 
ow is the stationary cross
ow instability (CFI); see the detailed description of
the corresponding base-
ow topology (x 1.2.2) and the mechanisms of CFI growth
(x 1.2.3) below. This phenomenon was �rst observed in 
ight experiments on a F-
86 aircraft (Gray, 1952). The ampli�cation of this primary instability along the
leading-edge-orthogonal direction spatially deforms the 
ow. This e�ectively gives
rise to a new stationary (base) state, known as the steady perturbed 
ow, susceptible
to secondary unsteady instabilities that are harbingers of turbulence. To ascertain
how a surface step promotes transition, this thesis �rst characterises the stationary
step-
ow mechanisms that modify the incoming CFI; i.e., the topology of the steady
perturbed 
ow. This forms the basis to, secondly, assess the unsteady mechanisms
ultimately leading to turbulence.
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In this thesis, the spatial evolution of CFI is fully resolved by means of Direct
Numerical Simulations of the total 
ow �eld, i.e., q (1.2). Physical insight into the
perturbation behaviour is gained a posteriori through inspection of the governing
equations and analysing the DNS data. This is elaborated as follows: introducing
decomposition (1.2) into the non-dimensional form of the stationary incompressible
Navier-Stokes equations for a 
uid with constant density and constant viscosity (1.1)
and subtracting the base-
ow condition identically yields

(�0 � r)�B + (�B � r)�0 = �rp0 +
1
Re
r2�0 � (�0 � r)�0: (1.3)

The underbar here denotes non-dimensional variables, and Re is the Reynolds num-
ber. Similarly, the continuity condition expressed in perturbation form reads as

r � �0 = 0: (1.4)

Equations (1.3) and (1.4), which are commonly referred to as the perturbation equa-
tions, govern the evolution of any generic stationary perturbation. The establishment
of CFI in the �rst place is initially governed by receptivity (Morkovin, 1969), that is,
the process by which disturbances in the free stream {such as vorticity and sound{
generate boundary-layer perturbations. In this thesis, the receptivity stage is not
explicitly resolved in the numerical simulations but is instead modelled.

1.2.2. The laminar swept-wing boundary layer
The stability of laminar swept-wing 
ow is analysed by considering an idealised
representation of the wing geometry. Swept-wing 
ow refers to the 
ow over a wing
whose leading edge is angled relative to the fuselage. As is common practice in the
literature, the physical model in this thesis assumes that the chord is constant along
the span, the twist is virtually zero, and that the wing has e�ectively in�nite spanwise
extent, i.e., root and tip e�ects are disregarded. By virtue of this set of assumptions,
collectively referred to as in�nite wingspan, the unperturbed base 
ow is conceived
as a three-dimensional spanwise-invariant 
ow �eld, i.e., @qB=@z = 0.

In this model of swept-wing 
ow, the free-stream velocity vector may be con-
veniently decomposed into components parallel (spanwise) and orthogonal (chord-
wise) to the leading-edge direction (see �gure 1.3). As the 
ow approaches the wing
body, the leading-edge-orthogonal component decelerates, whereas the leading-edge-
parallel component remains essentially unchanged in inviscid 
ow. Consequently, a
dividing streamline exists in the potential-
ow region that is parallel to the leading-
edge axis and virtually separates the upper and lower sides of the wing. This so-called
attachment line at the leading edge (Pfenninger, 1965; Gaster, 1967; Cumpsty and
Head, 1969; Hall et al., 1984) is the isoline of maximum static pressure on symmetric
bodies (Arnal, 1994). The attachment line is accompanied by an attachment-line
boundary layer by virtue of no-slip at the wall. Leveraging the assumption of in�-
nite wingspan, the attachment-line boundary layer exhibits constant properties, i.e.,
thickness and wall friction, as dictated by the balance between the incoming free-
stream 
ow and out
ow cause by 
ow divergence at the attachment line (Poll, 1977).
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Figure 1.3: Sketch of swept-wing 
ow with stationary CFI. The wing is swept at angle � and
the incoming freestream velocity vector Q1 is decomposed into components parallel (Qk) and
orthogonal (Q?) to the leading edge. The cyan curve shows the trajectory of an inviscid streamline
along the wing, and the local coordinate system fx; y; zg is oriented relative to the wing, where x is
orthogonal to the leading edge, y is the wall-normal direction, and z is parallel to the leading edge.
The z-y planes of streamwise velocity on the right, which are distributed along x (see orange lines
on the wing for reference), show the modulation of the boundary layer due to the growth of the
stationary CFI: blue and green (low velocity), orange (moderate velocity), red (large velocity). The
free-stream velocity increases in x, as exempli�ed by the transition between orange and red colours
in the planes. The top circular inset (adapted from Rius-Vidales (2022)) shows the boundary-layer
organisation: the cross
ow velocity pro�le, ws(y) in black, points normal to the inviscid-streamline
direction, and the streamwise velocity pro�le, us(y) in black, points tangent to it. The three-
dimensional composite (blue) follows ws near the wall and bends to match us farther from the wall.
The marker �99 expresses the 99% boundary-layer thickness.

A cross
ow boundary layer (see �gure 1.3) forms immediately downstream of
the attachment line (Arnal, 1994), driven by the combined e�ect of sweep angle and
chordwise pressure gradient. This process can be described as follows: the free-stream

ow accelerates in the chordwise direction, as imposed by the aerofoil geometry, hence
the inviscid streamline1 in the potential-
ow region bends inboard, that is, towards
the wing root. In contrast, the velocity vectors in the boundary layer do not align with
the direction of the edge velocity (�gure 1.3); centrifugal and static pressure forces
form an equilibrium in the potential-
ow region. However, the reduced momentum
of near-wall 
ow, in conjunction with essentially invariant static pressure along the
wall-normal direction, shall be balanced by the viscous shear stress. This balance is

1The literature (see, for instance, (Haynes and Reed, 2000)) generally de�nes the local direction of
the inviscid streamline as being tangent to the boundary-layer-edge velocity. This is customary
in analyses carried out through the boundary-layer equations. However, this de�nition poses a
problem for Navier-Stokes systems due to the non-uniformity of accelerated free-stream 
ow in the
wall-normal direction. The reader is referred to x 2.1.1, where the de�nition of inviscid streamline
is unequivocally established in this thesis.
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ow vortices are depicted in planes
of instantaneous velocity u and secondary cross
ow instabilities visualised as Q-criterion isosurfaces
colour-coded by u. The velocity planes are oriented parallel to the wing’s leading edge and u1
expresses the free-stream velocity.

rotating vortices that grow in strength along the direction orthogonal to the wing’s
leading edge (see �gures 1.3 and 1.4). In addition to the cross
ow velocity pro-
�le (x 1.2.2), a set of velocity pro�les approximately aligned with the direction or-
thoghonal to the inviscid streamline also exhibit in
ectional behaviour (Bippes,
1999). According to Linear Stability Theory (LST) (x 1.2.6), the wave perturbation
associated with the CFI is oblique, i.e., it possesses a non-zero spanwise wavenum-
ber. The wavenumber vector (x 1.2.6) of the stationary CFI is nearly, though not
exactly, orthogonal to the local inviscid streamline (Arnal, 1994). In contrast, the
wavenumber vector of the travelling CFI points in di�erent directions, forming an
angle of about 85� to 89� with the inviscid streamline (Arnal, 1994), depending on
the temporal frequency under consideration (Deyhle and Bippes, 1996).

A stage of non-linear growth and saturation of the stationary CFI follows the
initial phase of exponential eigenmode growth; in turn, the non-linear growth phase
typically precedes the stage of secondary-instability ampli�cation and ultimately lam-
inar breakdown. Early experiments showed that measured perturbation growth rates
di�er from those predicted by LST when su�ciently large perturbation amplitudes
are attained (M�uller, 1990; Kachanov and Tararykin, 1990; Bippes, 1991). To mildly
relax the condition of boundary-layer homogeneity in x supporting LST (see x 1.2.6)
e�ectively enables the use of the Parabolised Stability Equations (PSE) approach
(Bertolotti et al., 1992; Herbert, 1997). The PSE is nowadays a popular method
to assess the linear (LPSE) and non-linear (NPSE) stability of slowly varying shear
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Figure 1.5: Sketch of classic secondary cross
ow instabilities. Isocontours of stability eigenmode
shapes at 40%, 60%, and 80% of their maximum value corresponding to type-I (green), type-II (red),
and type-III (blue). Solid black lines in the background indicate the stationary cross
ow vortex.


ows. The NPSE approach was proven capable of modelling the stages of strong
non-linear cross
ow-perturbation evolution (e.g., Bertolotti, 1996; Haynes and Reed,
2000; Casacuberta et al., 2022b), thereby con�rming that the primary cause of the
discrepancies between experimental observations and linear theory is the nonlinear
saturation of the cross
ow vortices.

Secondary instability
The steady perturbed 
ow, i.e., the base state deformed by the ampli�cation of
the stationary CFI, is prone to secondary instability mechanisms (see �gure 1.4),
ultimately responsible for laminar breakdown.

Secondary perturbations with high-frequency content (i.e., signi�cantly higher
than the primary travelling CFI) were initially identi�ed in swept-Hiemenz (Poll,
1985; Malik et al., 1994) and swept-wing (Kohama et al., 1991; Deyhle and Bippes,
1996) 
ow con�gurations. Considering a swept-wing boundary layer, Malik et al.
(1999) report two families of secondary instability eigenmodes (see �gure 1.5) using
Secondary Linear Stability Theory (SLST). The type-I (or z-)mode is produced most
strongly by the spanwise shear in the outer part of the upwelling region of the primary
cross
ow vortex (i.e., \on its shoulder"). The type-II (or y-)mode, on the other
hand, gains its energy primarily from the wall-normal shear and is located on top
of the cross
ow vortex. Theoretical results of Fischer and Dallmann (1991) identify
a low-frequency eigenmode dominant in the near-wall shear layer of the cross
ow
vortex, which is nowadays referred to as type-III (Koch et al., 2000), see �gure 1.5.
The type-III is commonly interpreted as the primary travelling cross
ow mechanism
distorted by the stationary cross
ow mechanism. A main di�erence between the
primary travelling and secondary type-III perturbations is that the latter modi�es
the eigenmode topology and attains a local maximum at the shear layer underneath
the cross
ow vortex (H�ogberg and Henningson, 1998).

The DNS of H�ogberg and Henningson (1998) for a Falkner-Skan-Cooke boundary
layer revealed type-I and type-III structures; however, manifestations of the type-II
eigenmode are not observed. Consistent with �ndings of H�ogberg and Henningson
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stream 
ow (i.e., under an adverse pressure gradient), the unperturbed base 
ow
becomes unstable to the TS mechanism (Arnal, 1994). It is an instability of the
streamwise velocity pro�le (see x 1.2.2 and �gure 1.3), thus the wavenumber vec-
tor points approximately in the direction of the inviscid streamline. Wassermann
and Kloker (2005) numerically investigate the interaction between incoming cross-

ow vortices and TS instability. They conclude that the TS instability acts mainly
as a source of low-frequency secondary instabilities and exhibits little in
uence on
the �nal breakdown stage.

1.2.4. Alternative transition routes: non-modal growth
The lift-up e�ect
Morkovin (1969) introduced the notion that a primary instability mechanism, such
as cross
ow, could be bypassed by \another strongly amplifying mechanism". Over
the years, the idea of bypass transition has been subject to considerable debate, par-
ticularly in relation to the in
uence of surface features2. Nonetheless, the existence
of routes towards turbulence beyond the primary modal one is now well established,
see the well-known diagram by Morkovin et al. (1994) in �gure 8.9 (x 8.1.1).

To explore the possibility of an alternative transition scenario, Lord Rayleigh’s
In
ection Point Theorem (Rayleigh, 1880) is invoked, which represents one of the
foundational results in the development of 
ow stability theory. Namely, a necessary
condition for instability (i.e., exponential growth of wave-like perturbations in the
sense described in x 1.2.6) of parallel, incompressible, inviscid, two-dimensional 
ow
is that the mean-velocity pro�le possesses an in
ection point. Despite the signi�cance
and utility of this theorem, extensive experimental evidence has repeatedly demon-
strated that perturbation growth can occur also in the absence of in
ectional mean-

ow pro�les and that laminar-turbulent transition takes place in scenarios where
linear modal stability analysis predicts stable 
ow, such as pipe 
ow.

The discovery of the so-called lift-up e�ect (Mo�att, 1967; Ellingsen and Palm,
1975; Landahl, 1975, 1980) aided to address this apparent contradiction. Localised
streaky perturbations, which initially form linearly due to the lift-up e�ect, may
subsequently experience stages of nonlinear growth and eventual breakdown. The
breakdown of a localised �nite-amplitude perturbation produces a turbulent spot
(Henningson et al., 1990; Breuer and Landahl, 1990; Henningson et al., 1993). As an
example, the lift-up e�ect has been linked to the premature transition of boundary-
layer 
ow exposed to high levels of free-stream turbulence or distorted by surface
features (Klebano�, 1971; Kendall, 1985; Westin et al., 1994; Andersson et al., 2001;
Matsubara and Alfredsson, 2001; Jacobs and Durbin, 2001; Reshotko, 2001; Brandt
et al., 2003, 2004; Zaki and Durbin, 2005; White et al., 2005; Brandt, 2007).

The work of Ellingsen and Palm (1975) and Landahl (1975, 1980), on what later
came to be known as the lift-up e�ect, essentially establishes that from the viewpoint
of perturbation kinetic energy, any parallel inviscid shear 
ow is unstable to a large set
of initial three-dimensional perturbations. This holds irrespective of the exponential

2In this thesis, the term surface feature refers to either a protrusion or a depression relative to the
reference wall, characterised by a rapid variation in wall geometry. Speci�cally, the forward-facing
step investigated here represents a sharp surface feature.
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Figure 1.6: Sketch of the lift-up e�ect in channel 
ow: at t = 0, cross-stream perturbation rolls
(b) interact with the base parabolic pro�le (a), inducing streamwise streaks of alternating low
(blue) and high (red) momentum (c) that develop over time in accordance with the underlying
velocity distribution in (a). Here, z denotes the channel-width direction and y is the inhomogeneous
(wall-normal) direction along which the base-
ow pro�le varies. The perturbation rolls in (b) were
computed using the code OptimalDisturbance.m provided by Schmid and Brandt (2014).

(or, asymptotic modal) stability of the 
ow. The physical principle of the lift-up
e�ect is illustrated typically as follows: a cross-stream perturbation of wave-like
form superimposed on a shear layer, for instance a pair of counter-rotating vortical
structures, lifts up low-momentum 
uid and pushes down high-momentum 
uid in
adjacent regions of the 
ow �eld following the wave-like distribution. By retaining
their original streamwise momentum, the displaced 
uid particles introduce regions of
streamwise-momentum de�cit and excess and therefore induce inherently streamwise
perturbation streaks that can attain very large amplitude over a short spatial or
temporal extent. Figure 1.6 exempli�es this mechanism in channel 
ow.

The foundational studies by Ellingsen and Palm (1975) and Landahl (1975, 1980)
were conducted under the assumption of inviscid 
ow, and the underlying concepts
were extended by Hultgren and Gustavsson (1981) accounting for the e�ect of vis-
cosity. By its principle, the lift-up e�ect is associated with the mechanism of optimal
(Andersson et al., 1999; Luchini, 2000) streamwise vortices (i.e., the initial pertur-
bation yielding the largest possible transient growth of kinetic perturbation energy)
relaxing into streamwise streaks following a non-modal (or, algebraic, as opposed to
exponential) growth (Butler and Farrell, 1992; Reddy and Henningson, 1993; Schmid
and Henningson, 2001; Schmid, 2007).

Non-modal stability theory
Non-modal perturbation growth arises from the non-normality of the linear oper-
ator governing the evolution of perturbations in some cases, i.e., from the non-
orthogonality of its associated eigenfunctions (Butler and Farrell, 1992; Trefethen
et al., 1993; Reddy and Henningson, 1993; Schmid and Henningson, 2001; Schmid,
2007). Although this thesis addresses the non-modal growth of perturbations in
space, it is instructive to introduce the underlying concept through a canonical ex-
ample, such as the temporal initial-value problem (Schmid and Henningson, 2001).

Consider unswept, parallel 
ow, i.e., �B = [uB(y) 0 0]T, and the linearised form
of the perturbation equations (1.3) expressed using a velocity-vorticity formulation.
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Solutions are sought in the form:

v0(x; y; z; t) = ~v(y; t) ei(�x+�z) + c.c.;

�0(x; y; z; t) = ~�(y; t) ei(�x+�z) + c.c.;
(1.5)

where �0 = @u0=@z � @w0=@x is the wall-normal perturbation vorticity and � and �
indicate the chordwise and spanwise wavenumbers, respectively. In this scenario, the
(linear) equations governing the evolution of the wall-normal perturbation velocity,
v0, and the wall-normal perturbation vorticity are

��
@
@t

+ i�uB

�
(D2 � jjkjj2)� i�

d2uB

dy2 �
1
Re

(D2 � jjkjj2)2
�

~v = 0; (1.6a)
��

@
@t

+ i�uB

�
�

1
Re

(D2 � jjkjj2)
�

~� = �i�
duB

dy
~v: (1.6b)

The boundary conditions read ~v = D~v = ~� = 0 at the wall and freestream. In (1.6),
D denotes @=@y and k = [� �]T expresses the wavenumber vector (see x 1.2.6 for
further details). Equations (1.6a) and (1.6b) are respectively the Orr-Sommerfeld
and Squire equations, which may be expressed in matrix form as

@
@t

�
jjkjj2 � D2 0

0 1

� �
~v
~�

�
+
�

LOS 0
i�( duB

dy ) LSQ

�

| {z }
LL

�
~v
~�

�
= 0; (1.7)

with LOS and LSQ indicating the Orr-Sommerfeld and Squire operators, respectively;
see Brandt (2014) for reference. The eigenvalues of a non-normal matrix system such
as (1.7) govern the dynamics in the long term, but not necessarily over a �nite time
(or �nite spatial) horizon (Reddy and Henningson, 1993; Schmid and Brandt, 2014).

At the core of the present ideas lies the realisation that the wall-normal perturba-
tion vorticity is linearly forced by the wall-normal perturbation velocity when � 6= 0
(Reddy and Henningson, 1993). This coupling arises primarily from the o�-diagonal
term in the operator LL (1.7), namely i�(duB=dy), through which the solution of
the Orr-Sommerfeld equation (1.6a) drives the solution to the Squire equation (1.6b)
(Brandt, 2014; Zaki and Durbin, 2005).

This process typically manifests as the rapid, transient development of a streaky
perturbation (Zaki and Durbin, 2005), i.e., growth of the horizontal velocity com-
ponents, followed by a stage of viscous damping (Hultgren and Gustavsson, 1981).
In contrast, a modal perturbation mechanism governs the evolution of perturbations
that evolve like the background base 
ow and experience ampli�cation of all ve-
locity components by a common growth rate (Marxen et al., 2009) in the limit of
parallel-
ow approximation. Overall, applying these concepts {originally developed
for parallel 
ows with well-de�ned wall-normal and wall-parallel components{ to the
highly deformed three-dimensional 
ow over the step presents a signi�cant challenge
and, in doing so, validates the approach introduced in the conclusion of x 1.2.6 where
novel frameworks for instability modelling are proposed.
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Figure 1.7: Elements of forward-facing-step 
ow in a channel: (a) top view (
ow from bottom to
top) showing streaky structures at the upper step corner via hydrogen bubble visualisation (St�uer
et al., 1999) and (b) side view (
ow from left to right) illustrating streamline de
ection and the
upstream recirculation region forming ahead of the step, visualised using a tracer method (Ando
and Shakouchi, 2004).

study emphasises the mechanisms through which the initially two-dimensional base

ow evolves into a strongly three-dimensional one. Wilhelm et al. (2003), and later
Marino and Luchini (2009), attribute this transition of the step-
ow topology to a
sensitive response to disturbances present in the incoming 
ow. It is noted that, in
this context, \transition" refers exclusively to changes in the laminar-
ow topology.

Speci�cally, in three-dimensional swept-wing 
ow, the recirculating-
ow regions
at the step are not a closed system, but an open helical one, due to the presence of
spanwise velocity (Tufts et al., 2017). The chordwise pressure gradient changes signif-
icantly in a very short spatial region: it switches from adverse immediately upstream
of the step, to favourable around the step apex, and back to adverse immediately
downstream of the step (Tufts et al., 2017). This rapid pressure-gradient changeover
induces a pronounced spanwise modulation of the 
ow at the step (Eppink, 2020)
and of the CFI in particular (Rius-Vidales and Kotsonis, 2021).

For unswept conditions, both experimental (St�uer et al., 1999) (�gure 1.7 (a)) and
numerical (Lanzerstorfer and Kuhlmann, 2012) studies have reported the existence of
streaky structures close downstream of the step. The mechanisms of streak formation
and growth around forward-facing steps have been subject of discussion. This feature
has been associated with the lift-up e�ect (Lanzerstorfer and Kuhlmann, 2012), as
well as with a G�ortler-type instability mechanism (Chiba et al., 1995; Pollard et al.,
1996). However, St�uer et al. (1999) indicate that their experiments do not support the
latter in that the instability at the step must be of a type stronger than the G�ortler
instability. Wilhelm et al. (2003) and Marino and Luchini (2009) further argue that
the streaks cannot originate from an absolute instability of the recirculating 
ow at
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wing span (Zoppini et al., 2023). This is common practice in academic investigations
to avoid 
ow non-uniformity (Reibert et al., 1996), given to the high receptivity of
CFI to surface micro-roughness (Deyhle and Bippes, 1996).

By virtue of the periodicity of perturbations in the leading-edge-parallel (span-
wise) direction, the stationary content of the perturbation �eld q0 (1.2) can be de-
composed into Fourier modes. Accordingly, the stationary velocity-perturbation �eld
from steady-state DNS computations is expressed as

�0(x; y; z) =
NX

j=�N

~�(0;j)(x; y) eij�0z

| {z }
�0

(0;j)

; (1.8)

where ~�(0;j) 2 C3 are the Fourier coe�cients3, N is (one half of) the number of modes,
and i2 = �1. The symmetric term �0(0;�j) is the complex conjugate of �0(0;j), which
is hereafter denoted by f�gy or c.c., �0(0;0) is the mean-
ow distortion, and �0 2 R
is the fundamental perturbation wavenumber in z. The moduli of the components
of ~�(0;j) read j~uj(0;j), j~vj(0;j), and j ~wj(0;j) and the associated phases are denoted by
’u(0;j), ’

v
(0;j), and ’w(0;j).

Given a stationary mode with � = j�0; where j = 1; : : : ; N , the norm of the
perturbation vector at every point in space reads

jj�0(0;j)jj � j ~ j(0;j) =
q
j~uj2(0;j) + j~vj2(0;j) + j ~wj2(0;j): (1.9)

In turn, j ~ j(0;j) relates to the kinetic energy of mode j�0 at a given x-location as

Ej�0 =
1
2

Z 1

0
j ~ j2(0;j) dy: (1.10)

The most energetic wave component (1.8) of the stationary CFI, the so-called fun-
damental or primary CFI mode, appears in the mode jjj = 1 of decomposition (1.8).
As it will be elaborated upon in this thesis, when a surface step is present, the
fundamental CFI is contained within, but it is not exclusively the, mode jjj = 1.

The present DNS make no assumptions about the perturbation growth character
or the spatial evolution of the unperturbed base 
ow. In contrast, classic boundary-
layer instability theory is built on a framework constrained by a set of relatively
restrictive assumptions. First, the unperturbed base 
ow is taken as a parallel 
ow,
i.e., it is a one-dimensional solution of the Navier-Stokes equations. The reader is
referred to Mack (1984), Saric (1994), and Arnal (1994) for completeness in the de�ni-
tion of parallel 
ow; particularly, regarding a consistent measure of the perturbation
ampli�cation factor, which is a central concept for empirical transition-prediction
methods (Van Ingen, 1956; Smith and Gamberoni, 1956). Second, the perturbations
are assumed to be of small-amplitude su�ciently upstream of the transition region;
that is, they are the solution to the perturbation equations (1.3-1.4) linearised about
the unperturbed base 
ow.
3In this thesis, the nomenclature f�g(0;j) denotes perturbation quantities of spanwise wavenumber
j�0 and of stationary nature.
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Figure 1.8: Illustration of perturbation organisation near the leading-edge region: lines of constant
phase (solid black) and the direction of the wavenumber vector k.

Leveraging the two above-mentioned assumptions transforms the perturbation
equations (x 1.2.1) into a system of partial di�erential equations with coe�cients
that are a function of y only. This suggests solutions to be sought in wave form, i.e.,

q0(x; y; z; t) = ~q(y) ei(�x+�0z�!t) + c.c.; (1.11)

~q = ~qr + i~qi, to reduce the system to a set of ordinary di�erential equations (Saric,
1994). Here, ~q denotes the shape function, � = �r + i�i under the so-called spatial
approach, and the temporal angular frequency, !, is set to zero when perturbations
are assumed to be stationary, as in the case for CFI. Correspondingly, �i is the
perturbation growth rate and �r expresses the perturbation wavenumber in x. By
expressing ~q = j~qjei’, ’ 2 R, and recalling that (1.11) is real-valued, the magnitude
of ansatz (1.11), denoted by A, satis�es

1
A

dA
dx

= ��i: (1.12)

Mack (1977) notes that \obviously, A could have been chosen at any y and [(1.12)]
would be the same. It is this property that enables us to talk about the amplitude
of an instability wave in the same manner as the amplitude of a water wave, even
though this amplitude is a function of y." By analogy with other wave phenomena, a
wavenumber vector, k, may be de�ned (�gure 1.8) to characterise wave propagation,
with magnitude jjkjj =

p
�2
r + �2

0 , forming an angle with the x-direction equal to
 k = arctan (�0=�r).

On considering the solution ansatz (1.11) and formulating suitable boundary con-
ditions, the perturbation equations constitute an eigenvalue problem (see also x 1.2.4),
known as the Orr-Sommerfeld (OS) equation. For an unbounded 
uid system such
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as boundary-layer 
ow, the eigenvalue problem generally comprises a �nite set of
discrete eigenvalues and a continuous spectrum (Grosch and Salwen, 1978; Mack,
1984; Schmid and Henningson, 2001). Central to Linear Stability Theory (LST) is
the idea that, within the present framework and for a speci�ed base 
ow, Reynolds
number, and input stability parameters, the fundamental CFI can be traced back to
a mode, i.e., an eigenfunction associated with a discrete complex eigenvalue (�r; �i).

For the speci�ed Reynolds number and wave parameters, whether this cross
ow
mode displays a tendency to exponentially grow (i.e., the base 
ow is destabilised and
�i < 0), decay (i.e., the base 
ow is stabilised and �i > 0), or remain neutral (i.e.,
�i = 0), is dictated solely by the evolution of the pertinent local base-
ow pro�le in y.
In this context of local stability analysis, i.e., inherent to the local parallel-
ow pro�le,
a cross
ow instability is classi�ed as convective, meaning it ampli�es as it convects
away from the source of instability. In contrast, an absolute instability grows in both
upstream and downstream directions from the source (Huerre and Monkewitz, 1990).
It should be noted that the terms global, which refers to the 
ow �eld as a whole
(Huerre and Monkewitz, 1990), and local are sometimes used di�erently across the
literature (Theo�lis, 2003).

The description of stationary CFI as a single mode or wave subject to asymptotic
exponential growth (1.11) will be shown to be untenable near sharp surface features,
such as the forward-facing step investigated in this thesis. Building upon insights
obtained from the unrestricted DNS, this thesis examines perturbation behaviour
from a viewpoint di�erent than the classic analysis of eigensolutions of a linear re-
sponse equation. Speci�cally, the discussion of stationary perturbation e�ects at the
step centres on three main directions of novelty that set their foundations on classic
stability concepts, which are introduced next:

(i) Projection of the perturbation �eld onto the local base 
ow: the
perturbation �eld is decomposed relative to the local orientation of the base-

ow streamlines rather than relative to the wall. Under the classic wall-based
decomposition, the perturbation �eld of a stationary Fourier mode j (1.8) reads

�0(0;j)(x; y; z) = u0(0;j)(x; y; z){̂+ v0(0;j)(x; y; z)|̂+ w0(0;j)(x; y; z)k̂; (1.13)

where {̂ = [1 0 0]T; |̂ = [0 1 0]T; k̂ = [0 0 1]T and u0(0;j), v
0
(0;j), w

0
(0;j) are

complex-valued scalar �elds. Following the ideas of Albensoeder et al. (2001)
and Lanzerstorfer and Kuhlmann (2012), the perturbation �eld is alternatively
decomposed into a component �0t;(0;j)(x; y; z) : R3 ! C3 characterising the per-
turbation acting tangent to (i.e., in the local direction of) the base-
ow stream-
lines and a complementary vector component �0n;(0;j)(x; y; z) : R3 ! C3. The
latter characterises the perturbation acting normal to the base-
ow streamlines,
i.e., in the cross-stream direction, such that �0(0;j) = �0t;(0;j) + �0n;(0;j). Details
of the decomposition are provided in x 3.2, and chapters 4, 5, and 6 further
develop the rationale for this approach.

(ii) Structural identi�cation: �0t and �0n carry information on the main struc-
tural elements composing the CFI. Although the growth of CFI generates co-
rotating vortices modulating the boundary layer (see �gures 1.3 and 1.9 (a)),
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Figure 1.9: (a) Manifestation of the CFI in the total 
ow �eld (i.e., base 
ow plus perturbation)
and (b) at a perturbation level (i.e., when isolated from the base 
ow). In (b), the CFI is represented
following the decomposition proposed in this thesis (x 3.2): regions of streamwise momentum de�cit
(blue contour) and excess (red contour) accompanied by cross-stream rolls (white arrows in the
plane). Dashed lines segregate cross-stream perturbation upwash (UW) and downwash (DW) and
circular black arrows indicate the sense of rotation of the rolls. Here, V denotes streamwise velocity
(see xx 3.2 and 6.2.1 for details) and the subscript \B" indicates base-
ow quantity. The CFI
wavelength is denoted by �z .

when isolated from the unperturbed base 
ow, the CFI appears as a set of per-
turbation rolls. That is, streamwise-vortical structures described by �0n, that
counter-rotate with respect to each other (see white arrows in �gure 1.9 (b)).
Despite the motion by �0n having a small amplitude relative to �0t, it is e�cient
in redistributing streamwise momentum. This produces a scar or distortion in
the 
ow that appears as regions of streamwise-velocity excess and de�cit (i.e.,
�0t), see colour contours in �gure 1.9 (b), as similarly reported for the G�ortler
instability (Floryan, 1986). In swept-wing 
ow, Saric et al. (2003) correspond-
ingly describe that \the weak motion of the [stationary cross
ow] wave convects
O(1) streamwise momentum producing a strong distortion in the streamwise
boundary-layer pro�le".

Accordingly, a key advantage of the proposed perturbation projection is its
ability to identify and trace coherent perturbation structures within the com-
plex step 
ow, characterised by strong streamline curvature (Eppink, 2020;
Rius-Vidales and Kotsonis, 2021) and intense shear. The e�ectiveness of this
approach is demonstrated and analysed in chapters 4, 5, and 6.

(iii) Characterisation of the mechanisms of energy exchange: energy-balance
equations of the stationary harmonic perturbation modes (1.8) are formulated
in this thesis (x 3.1). These are used towards characterising linear and non-
linear mechanisms of energy exchange between relevant perturbation structures
and with the base 
ow. To that end, an extended formulation of the well-known
Reynolds-Orr equation is proposed, considering each perturbation mode (1.8),
individually. The Reynolds-Orr equation governs the temporal change of the
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perturbation kinetic energy in a volume V , here denoted by EV , so that

dEV
dt

= P +D: (1.14)

The D < 0 expresses viscous dissipation and P indicates production, that is,
the kinetic-energy transfer rate between the unperturbed base 
ow and the
perturbation �eld as a whole. Equation (1.14) is speci�c to the case of a
localised or spatially-periodic perturbation. In this scenario, the integration
of (1.3) leads to the vanishing of boundary terms, including the non-linear
mechanism or perturbation advection, see Schmid and Henningson (2001).

1.3. Effects of two-dimensional surface features
on instability and transition

This section reviews the state of the art on the e�ects of two-dimensional surface fea-
tures in promoting instability growth and laminar-turbulent transition in boundary-
layer 
ows. It also discusses recent experimental and numerical studies that highlight
mechanisms of transition delay induced by a surface forward-facing step.

1.3.1. Mechanisms of transition advancement
The understanding of interactions between boundary-layer instabilities and surface
features is pivotal to laminar-turbulent transition research. Early 
ight experiments
on smooth wings (Jones, 1938) showed that even very small surface features can dras-
tically shift the transition front upstream. For decades, the aerodynamics community
has devoted considerable e�orts to characterising the mechanisms by which surface
features alter the transition route. With few exceptions (Fransson et al., 2006; Fu-
jii, 2006; Saric et al., 2011), general consensus holds that rapid spatial variations in
surface geometry promote upstream movement of the transition front.

As such, the published literature on the e�ects of spanwise-invariant surface fea-
tures on transition elaborates mainly on how transition is promoted. From early
experiments on two-dimensional (i.e., unswept) 
ow, it was established that the
transition-front location is bounded between the surface feature and the transition-
front location in reference (i.e., feature-free) conditions (Fage and Preston, 1941;
Dryden, 1953; Tani, 1969). Tests performed on a 
at surface (i.e., zero-pressure-
gradient 
ow) with a two-dimensional wire mounted on it showed that increasing
either the wire height or the free-stream velocity caused a forward shift of the tran-
sition front (Fage and Preston, 1941; Tani, 1969). Much of the empirical knowledge
available at the time materialised essentially in a so-called roughness Reynolds num-
ber (or roughness-equivalent Reynolds number), which became a popular transition-
correlation parameter (Smith and Clutter, 1959; Braslow, 1960). It is de�ned as

Rehh =
uhh
�
; (1.15)

where h is the roughness height, � is the kinematic viscosity, and uh is the velocity
of the undisturbed boundary layer at the element height. The roughness Reynolds
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Figure 1.10: Step-CFI interaction model proposed by Tufts et al. (2017). (c) Schematic of step-
induced helical 
ow. (a,b) Stationary CFI perturbation pro�les immediately upstream (a) and
immediately downstream (b) of small (blue), moderate (red), and large (green and magenta) steps,
with the no-step case shown in black, reproduced from Tufts et al. (2017, cf. �gures A4 and A6).

a forward-facing step by comparing the modi�ed perturbation ampli�cation factor
with that of the reference no-step case. Among the vast literature on the e�ect
of two-dimensional surface features on the laminar-turbulent transition, pressure-
gradient e�ects have historically received little attention. The sparse literature on
this topic motivated a series of experiments involving forward-facing steps mounted
on unswept 
at plates with a prescribed favourable pressure gradient (Drake et al.,
2008, 2010). Duncan Jr. et al. (2013) extend the work of Drake et al. (2010) by adding
sweep angle to account for the instability mechanisms present in three-dimensional

ows. In a stationary-CFI-dominated scenario, Duncan Jr. et al. (2013) observe a
reduction in the critical roughness Reynolds number compared with the equivalent
two-dimensional case of Drake et al. (2010).

Tufts et al. (2017) subsequently performed numerical simulations to investigate
the interaction between a stationary cross
ow instability and forward-facing steps
of various heights under the same 
ow conditions as Duncan Jr. et al. (2014) and
Crawford et al. (2015). The critical step height, above which the steps begins to
signi�cantly a�ect transition, is linked by Tufts et al. (2017) to a strong and sudden
ampli�cation of the incoming stationary CFI at the step (see green and magenta
curves in �gure 1.10 (a) and (b)). In particular, this ampli�cation stage is attributed
to the \constructive interaction" between the incoming stationary cross
ow vortices
and the step-induced recirculating 
ow; �gure 1.10 (c) depicts the resulting helical
motion underpinning the step-CFI interaction model proposed by Tufts et al. (2017).
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Figure 1.11: Wall temperature maps displaying the e�ect of the forward-facing step (orange line) on
the transition-front pattern in swept-wing 
ow, reproduced from Rius-Vidales and Kotsonis (2021):
reference (no-step) case (a), subcritical transition (c), critical transition (d), supercritical transition
(e), and transition delay (b). Flow moves from left to right: bright regions indicate laminar 
ow,
dark regions indicate turbulent 
ow. Here, x is the coordinate orthogonal to the leading edge (with
wing chord cx = 0:9 m), while X and Z denote coordinates aligned with the wind-tunnel walls.

critical) upstream shift of the transition front induced by the step. These transition
regimes are illustrated in �gure 1.11. Here, the term abrupt indicates that the tran-
sition front shifts immediately downstream of the step.

The elucidation of the mechanisms responsible for transition advancement in this
thesis focuses on the critical and supercritical regimes. For a moderate upstream
shift of the transition front {the critical regime{ Rius-Vidales and Kotsonis (2022)
attribute early transition to the enhancement of type-I and type-II secondary cross
ow
instabilities, arising from the destabilisation of the incoming stationary CFI by the
step. This proposed mechanism of transition advancement stands in contrast to
the conclusion of Eppink (2020), who instead attributes early transition to vortex
shedding initiated at the step. The latter mechanism is associated with a shear-
layer instability of Kelvin-Helmholtz (KH) type, which is \unlikely to be related to
a secondary instability mechanism" (Eppink, 2020).

For an abrupt upstream shift of the transition front at the step {the supercritical
regime{ Rius-Vidales and Kotsonis (2022) report that the temporal 
uctuations lead-
ing to early transition do not exhibit the characteristics of classic secondary cross
ow
instabilities. Speci�cally, these temporal 
uctuations are measured on the inner side
of the upwelling (i.e., laterally upward-inclined) region of the cross
ow vortex, where
the type-III secondary instability develops under reference (no-step) conditions (see
blue isolines in �gure 1.5). However, the observed 
uctuations occur in a frequency
band distinct from that of the type-III instability.















2
Methodology

Abstract: This thesis investigates the instability and transition of swept-wing 
ow
using Direct Numerical Simulations (DNS) of the incompressible Navier-Stokes equa-
tions. This chapter outlines the employed methodology: it begins by describing the

ow problem, guided by reference wind-tunnel experiments on a 45� swept wing, along
with the main control parameters and governing equations. The modelling approaches
are then detailed, covering the setup of both DNS and linear stability methods. Fi-
nally, the chapter addresses veri�cation and cross-validation of the computed 
ow
�elds.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2021 Mechanisms of interaction between sta-
tionary cross
ow instabilities and forward-facing steps. AIAA Paper 2021-0854.

� Casacuberta, J., Groot, K. J., Hickel, S., and Kotsonis, M., 2022 Secondary instabilities in
swept-wing boundary layers: Direct Numerical Simulations and BiGlobal stability analysis.
AIAA Paper 2022-2330.

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2022 Direct numerical simulation of interaction
between a stationary cross
ow instability and forward-facing steps. J. Fluid Mech. 943:A46.

� Groot, K. J., Casacuberta, J., Hickel, S., and Kotsonis, M., 2025 Non-orthogonal plane-
marching stability equations for the secondary instability of cross
ow vortices. Accepted for
publication in Comput. Fluids.

� Casacuberta, J., Groot, K. J., Hickel, S., and Kotsonis, M., 2025 Direct numerical simulation
of swept-wing transition induced by forward-facing steps. Under consideration for publication
in J. Fluid Mech.
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Figure 2.1: (a) Sketch of the physical model of swept-wing 
ow and (b) photograph of the reference
wing model adapted from Rius-Vidales (2022). In (a): top view of the virtually in�nite swept wing
(dark grey), computational domain (light grey), two-dimensional step (solid orange line), trajectory
of the inviscid streamline (cyan line), unperturbed incoming velocity vector, Qtun

1 , and decomposi-
tion of the free-stream velocity vector at the inlet of the domain into components orthogonal (u1)
and parallel (w1) to the leading edge.

of the wing chord. Additionally, the superscript \exp" refers to experimentally mea-
sured 
ow properties at the wind-tunnel section, but associated with the 
ow over
the wing.

The aerofoil is symmetric and features a modi�ed NACA 66018 pro�le in the
chordwise direction of cx (�gure 2.2 (a)). The wing model was speci�cally designed
and extensively used for the study of the cross
ow instability (see Serpieri and Kot-
sonis (2016) and Serpieri et al. (2017)). It prevents attachment-line and G�ortler-type
instabilities by respectively featuring a small leading-edge radius (approximately 1%
of the chord) and no concave surface regions. Furthermore, it provides a large area of
free-stream 
ow acceleration (i.e., favourable pressure gradient) to promote growth
of CFI in front of TS instability. At the angle of attack at which experiments were
conducted, namely �3�, the pressure gradient is favourable until approximately 65%
of cX . The measurements were performed on the pressure side of the wing.

The physical model of swept-wing 
ow is speci�cally based on the experimen-
tal campaign of Rius-Vidales and Kotsonis (2021). Pertinent measurements were
conducted in the Low-Turbulence Tunnel (LTT) at Delft University of Technology.
Table 2.1 summarises the main properties of the experimental setup and 
ow con-
ditions. The low value of free-stream turbulence intensity, Tu = 0:03% relative to
jjQtun
1 jj, aims to produce conditions representative of the 
ight environment (Downs

and White, 2013) and ensures that the stationary CFI dominates over the travel-
ling CFI (Deyhle and Bippes, 1996; Bippes, 1999), as demonstrated by Serpieri and
Kotsonis (2016) for the present wing model.

Rius-Vidales and Kotsonis (2021) retrieved the external (i.e., outer-
ow) evolu-
tion using an array of wall-pressure taps on the wing surface, distributed along the
wind-tunnel streamwise direction, see �gure 2.1 (b). The external 
ow properties are
key inputs of the numerical simulations presented in this thesis; therefore, the pro-
cedure described by Rius-Vidales and Kotsonis (2021) for recovering them from wall
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Figure 2.2: Aerofoil shape of the experimental wing model in the direction orthogonal to the
leading edge (solid black line) and reference NACA 66018 (dotted) in (a), reproduced from Rius-
Vidales (2022). Outer-
ow velocity (2.4) as a function of the arc length of the aerofoil in (b) from:
experimental measurements (thick line), numerical �t on experimental data (circles), and limits of
the computational domain (thin vertical lines).

measurements is detailed next. First, the pressure coe�cient at the taps is computed
as

Cp =
pexp � ptun

1
1
2�jjQtun

1 jj2
; (2.1)

where � denotes density and p is the static pressure. The ptun
1 is the reference

static pressure, computed as the di�erence between the total and dynamic pressures
measured by a pitot-static tube placed upstream of the wing.

The magnitude of the external-
ow velocity vector �exp
e is evaluated as

�
jj�exp

e jj
jjQtun
1 jj

�2

= 1� Cp; (2.2)

based on the assumption of static pressure invariance in the direction normal to
the wing surface in the boundary-layer region. Equation (2.2) is derived from the
Bernoulli equation, which itself assumes steady, incompressible, and irrotational 
ow.
Rius-Vidales and Kotsonis (2021) express the external velocity vector into compo-
nents parallel to the leading-edge direction, i.e.,

wexp
e = jjQtun

1 jj sin(�); (2.3)

and orthogonal to wexp
e , i.e.,

�exp
e =

q
jj�exp

e jj2 � (wexp
e )2: (2.4)
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Figure 2.3: Sketch of the domain, including the orientation of the coordinate system and the
geometry of the forward-facing step, representative of the steady-state (a) and unsteady (b) DNS
computations. The blue area in (b) represents the forcing strip on the wall used to excite unsteady
perturbation modes. Panel (c) displays the signal modulating the wall-normal velocity over time at
the forcing strip, with xpeak denoting the centre of the strip in the chordwise direction.

(ii) The aerofoil free-stream 
ow evolution in the direction of the wing chord is
prescribed in x. To that end, a polynomial �t of logarithmic basis is applied
to the experimentally-derived external velocity �exp

e (2.4). The analysis in this
thesis is restricted to the region of favourable pressure gradient, see circles in
�gure 2.2 (b). Correspondingly, the chordwise free-stream velocity at the inlet
of the domain, x = 0, is set to u1 = 15.10 m/s and the polynomial �t reads

uexp
e =u1 = 0:0023 ln4(x+ c) + 0:0377 ln3(x+ c)

+ 0:1752 ln2(x+ c) + 0:5303 ln(x+ c) + 1:8574; (2.5)

with c = 0:0468. A static pressure distribution is ultimately prescribed at y =
ymax, see x 2.1.3, which is computed using expression (2.5) and the assumption
of irrotational 
ow. The vector of state variables in the external region is
denoted by qe = [ue ve we pe]T = [�e pe]T, where pe expresses the external
pressure and p1 equals pe at the in
ow.

The external chordwise velocity far from the wall, ue, increases along x, since
the free-stream is subject to a favourable pressure gradient. Under classic
boundary-layer approximations, invariance of pressure and free-stream velocity
along y is assumed. However, in the present full Navier-Stokes representation
with a realistic pressure distribution, ue = ue(x; y) with @ue=@x � @ue=@y.
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Figure 2.4: Horizontal de
ection of the characteristic inviscid streamline along the domain (a),
and zoom at the step (b) in the reference case (thick solid black), step case I (dotted orange), II
(dash-dotted blue), III (thin solid red). Here, xst = x � 177:62�0 denotes the chordwise position
relative to the step location.

As common in studies of swept-wing boundary layers, rigorous determination
of the cross
ow component requires a proper de�nition of the orientation of a
characteristic inviscid streamline. The velocity non-uniformity in y poses the
challenge of establishing such a de�nition.
To overcome possible ambiguities, pseudo-free-stream properties are charac-
terised, i.e., properties which are representative of the inviscid-
ow evolution
and are a function of x only. For this purpose, a numerically computed base-

ow streamline is initially seeded at y=�0 � 5 at the in
ow; the free-stream
properties measured along the computed streamline are assigned as pseudo-
free-stream properties and are denoted by a hat symbol, e.g., �̂. This approach,
and in
ow seeding point, yields matching boundary-layer properties between
the present DNS and the independent numerical solutions to the boundary-
layer equations (e.g., �gure 2.10 (d)). Other approaches in the literature used
to characterise pseudo-free-stream properties entail the wall-normal integration
of the spanwise vorticity (Spalart and Strelets, 2000).
The pseudo-free-stream chordwise velocity, ûe = ûe(x), is used to de�ne the
horizontal de
ection of the computed inviscid streamline,

�s(x) = arctan
�
w1
ûe

�
; (2.6)

that is, the angle that the inviscid streamline projected in the x-z plane forms
with x. The chordwise evolution of �s is illustrated in �gure 2.4. The base-
ow
cross
ow component, wB;s (see �gure 2.10 (e)), and the velocity component
parallel to the inviscid streamline direction, uB;s, are accordingly de�ned as

uB;s = uB cos�s + wB sin�s; (2.7a)
wB;s = wB cos�s � uB sin�s: (2.7b)

(iii) A laminar boundary layer is prescribed at the inlet, which is set to the solu-
tion of the Falkner-Skan-Cooke (FSC) equations, vFSC = [uFSC vFSC wFSC]T.
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Property Value

u1 15:10 m/s
w1 �18:74 m/s
Rex;in 4:81� 104

�H 0:4
�0 7:71� 10�4 m
�?in 2:26� 10�4 m

Table 2.2: Main quantities of the physical model of swept-wing 
ow.

The solution of the FSC equations is a self-similar pro�le, which satis�es the
boundary-layer equations under the in�nite-wingspan assumption and repre-
sents a family of wedge-type 
ows (Schlichting, 1979). The FSC equations read

f 000 + ff 00 + �H
�
1� (f 0)2� = 0; (2.8a)
g00 + fg0 = 0; (2.8b)

where f 0(�) = uFSC=u1 and g(�) = wFSC=w1 represent the velocity com-
ponents in the x- and z-directions, respectively, and the prime denotes di�er-
entiation with respect to the non-dimensional wall-normal coordinate �. The
boundary conditions are f = f 0 = g = 0 at � = 0 and f 0 ! 1, g ! 1, as
� !1. The Hartree parameter is evaluated as

�H =
2mH

mH + 1
with mH =

Sexp duexp
e =dx

uexp
e

; (2.9)

� = y
p

(uexp
e (mH + 1))=(2x�), and the velocity component in the y-direction

reads vFSC = �
p

(�uexp
e )=(2x(m+ 1)) [(m+ 1)f + (m� 1)f 0�].

Table 2.2 summarises the main properties at the domain inlet. The arclength
distance from the stagnation line is Sexp = 0:0468 m, corresponding to 5% cx,
which yields a Hartree parameter of �H = 0:4 (2.9). The in
ow Reynolds num-
ber is de�ned as Rex;in = Sexpu1=�. The boundary-layer thickness based on
the in
ow chordwise velocity, uFSC, is �0 = 7:713�10�4 m, and the correspond-
ing displacement thickness at the inlet is �?in = 2:259� 10�4 m. Throughout this
thesis, the in
ow free-stream chordwise velocity, u1, and the corresponding
boundary-layer thickness, �0, are adopted as the main characteristic quantities.

De�nition of 
ow �elds and perturbation quantities
Following classic stability analysis (xx 1.2.1 and 1.2.6), the stability of the boundary
layer is examined by decomposing the 
ow �eld into the unperturbed base 
ow, qB,
and a perturbation �eld, q0 (1.2). In the numerical procedure of this thesis, qB
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Figure 2.5: Stability diagram of the DNS base 
ow obtained from a linear local stability method.
The colour map expresses the perturbation chordwise growth rate, ��OS

i , solid white lines are
isolines of the ampli�cation factor in x, dash-dotted black lines are the neutral curve, horizontal
dashed line indicates �z = 7:5 mm, and vertical black line illustrates the virtual step location.

is �rst computed independently. It then forms the initial condition to, secondly,
numerically compute the steady perturbed 
ow, qDB; that is, the superposition of
the unperturbed base 
ow and the steady content of the perturbation �eld:

qDB = qB + q0; subject to @q0=@t = 0: (2.10)

The 
ow �eld qDB = [uDB vDB wDB pDB]T is a steady-state solution of the Navier-
Stokes equations when the in
ow boundary layer is disturbed with a stationary cross-

ow eigenmode (x 2.2.1), to which a �nite amplitude is assigned (x 2.1.2). The SFD
method (�Akervik et al., 2006; Casacuberta et al., 2018) is applied to ensure the fully
stationary nature of qDB. Upon subtraction of the pre-computed qB from qDB, the
stationary perturbation �eld is recovered, i.e., q0 subject to @q0=@t = 0. The maxima
along y of j~uj(0;j) + j~uyj(0;j) will be generally employed as the main metric to quantify
stationary-perturbation ampli�cation in x without the step present. This amplitude
metric is denoted as Au(0;j) = max

y

�
j~uj(0;j) + j~uyj(0;j)

�
.

Third, the total unsteady 
ow �eld is the instantaneous solution of the Navier-
Stokes equations when the 
ow is forced at selected temporal frequencies, continu-
ously in time (x 2.1.3), and the SFD method is switched o�. In a fashion similar to
the decomposition of the stationary perturbation �eld into spanwise Fourier modes
(1.8), the total unsteady velocity-perturbation �eld is Fourier-analysed in the span-
wise direction and in time and expressed as

�0 =
MX

k=�M

NX

j=�N

~�(k;j)(x; y) ei(j�0z�k!0t)

| {z }
�0

(k;j)

; (2.11)
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(0;1), small magenta circles) perturbation peaks, loci of base-
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ow in
ection

points (solid cyan), and base-
ow reversal uB = 0 (dotted green).

where ~�(k;j) = [~u(k;j) ~v(k;j) ~w(k;j)]T 2 C3 denotes the Fourier coe�cients, M and N
indicate (one half of) the number of temporal and spanwise modes considered, and
the parameter !0 = 2�f0 expresses the fundamental angular frequency. The moduli
of the components of ~�(k;j) read j~uj(k;j), j~vj(k;j), and j ~wj(k;j) and the associated phases
are denoted by ’u(k;j), ’

v
(k;j), and ’w(k;j). An analogous decomposition is applied to

the pressure-perturbation �eld, with ~p(k;j) 2 C indicating the Fourier coe�cients.
The width of the computational domain is set to the spanwise wavelength of the

fundamental stationary cross
ow eigenmode prescribed at the inlet, �z = 2�=�0,
and periodic boundary conditions are applied at the transverse boundaries. The
choice of wavelength of the stationary CFI in this thesis, �z = 9:73�0 = 7:5 mm, is
grounded on the criticality of the cross
ow eigenmode with respect to the (maximum)
linear ampli�cation factor achieved at the end of the computational domain. This
was quanti�ed through a linear local Orr-Sommerfeld analysis (xx 1.2.1 and 1.2.6)
performed on the DNS base 
ow, for a broad range of �z values. Linear local stability
methods su�ciently predict the most ampli�ed wavelength of stationary cross
ow
perturbations despite their inherent parallel-
ow assumption (Bippes, 1999). The
results of the Orr-Sommerfeld analysis are summarised in �gure 2.5, where the colour
map represents the local perturbation chordwise growth rate, ��OS

i , and isolines
characterise the associated ampli�cation factor in x.

In analogy with the classic LST ansatz (x 1.2.6), the spatial growth rate in x of a
perturbation feature with spanwise wavenumber j�0 and angular temporal frequency
k!0 is computed from the DNS results as

�qi;(k;j) = �
1

j~qjy=yl
(k;j)

dj~qjy=yl

(k;j)

dx
: (2.12)
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In equation (2.12), q represents a 
ow quantity, such as u or  (1.9), and yl refers
to the wall-normal location at which amplitude is measured in its corresponding
amplitude function. The wall-normal location yl is generally not constant but follows
the spatial evolution of relevant perturbation quantities, see the description below.

In CFI-dominated problems, the amplitude function of a single velocity pertur-
bation component is typically employed to quantify perturbation growth and decay.
However, previous work by Tufts et al. (2017) (see �gure 1.10) and the results of
this thesis (see x 4.2) show that the amplitude functions of the stationary CFI mode
develop an additional (secondary) peak near the wall after passing the step in x.
Monitoring growth at selected wall-normal locations is therefore deemed necessary
for the analysis in this thesis, owing to the co-existence of multiple perturbation
structures across y at the step x-location. For clarity, in the analyses of chapters 4
and 6, the amplitude measured at the upper peak (see big blue circles in �gure 2.6) is
denoted by j~qjtop

(0;1), amplitude measured at the lower peak arising downstream of the
step (see small magenta circles in �gure 2.6) is denoted by j~qjstr

(0;1), and amplitude lo-
cally measured at the largest peak for every x is denoted by j~qjmax

(0;1). The wall-normal
location of j~ujtop

(0;1) is denoted by ~yu;top
(0;1) in chapter 4 and the wall-normal location of

j ~ jstr
(0;1) is denoted by ~y ;str

(0;1) in chapter 6.

2.1.2. Control parameters and summary of cases
This section summarises and justi�es the choices of main control parameters adopted
in this thesis. In some cases, these choices have been guided by the outcomes of recent
experimental work (Eppink, 2020; Rius-Vidales and Kotsonis, 2020, 2021, 2022).

Height and location of the step and amplitude of CFI
The step height, h, stands out as a key control parameter. The values considered
in this thesis, h=�0 = 0:59; 0:76; and 0:97, correspond to subcritical, critical, and
supercritical transition, respectively (see x 8.1), in agreement with the experimental
�ndings of Rius-Vidales and Kotsonis (2021). Accordingly, these steps are hereafter
referred to as small, moderate, and large, respectively, re
ecting their respective tran-
sition behaviour in the reference experiments of Rius-Vidales and Kotsonis (2021).
However, it is emphasised that the segregation of transition regimes based on h is
contingent upon the initial amplitude of the incoming CFI, as demonstrated in this
thesis and experimentally (Eppink, 2020; Rius-Vidales and Kotsonis, 2021).

Boundary-layer metrics corresponding to the aforementioned step geometries are
summarised in table 2.3. Speci�cally, �99;h denotes the unperturbed boundary-layer
thickness at the x-location of the step and

Reh =
u1h
�

(2.13)

is the step-height-based Reynolds number. The steps, which attain approximately
between 30% and 50% of the unperturbed boundary-layer thickness, are located at
x=�0 = 177:62; an exception is made in x 8.2, where the step x-location is shifted
upstream to x=�0 = 73:90, to explore mechanisms of passive CFI stabilisation. The
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2.1.3. Governing equations and boundary conditions
The behaviour of the physical system modelling swept-wing 
ow (x 2.1.1) is mathe-
matically described by the incompressible form of the mass,

r � � = 0; (2.14)

and the momentum (1.1) conservation equations,

@�
@t

+r � (� 
 �) = �rp+ �r � (r�) ; (2.15)

with pertinent initial and boundary conditions. The density and viscosity remain con-
stant, consistent with the low Mach number conditions in the reference experiments
(Rius-Vidales, 2022). Particularly for the unperturbed base 
ow, the assumption of
in�nite wingspan (x 1.2.2) lends itself to the condition of spanwise invariance and
therefore to a simpli�ed representation of the base-
ow conservation equations, i.e.,

@uB

@x
+
@vB

@y
= 0 (2.16)

and

� uB
@uB

@x
� vB

@uB

@y
�

1
�
@pB

@x
+ �

�
@2uB

@x2 +
@2uB

@y2

�
= 0; (2.17)

� uB
@vB

@x
� vB

@vB

@y
�

1
�
@pB

@y
+ �

�
@2vB

@x2 +
@2vB

@y2

�
= 0; (2.18)

� uB
@wB

@x
� vB

@wB

@y
+ �

�
@2wB

@x2 +
@2wB

@y2

�
= 0: (2.19)

The system of equations (2.17-2.19) has been expressed in convective form, which
facilitates the analysis and interpretation presented in x 4.1. Di�erent boundary
and initial conditions are considered, depending on the case. Common choices are
summarised below, with speci�c di�erences pointed out as needed.

At the in
ow, @p=@x = 0 and the velocity vector, �in, is prescribed and assigned
to the solution of the FSC equations (2.8), i.e., �in = �FSC. No further condition at
the inlet is speci�ed in the computations of the unperturbed base 
ow. However, in
the steady perturbed and unsteady 
ows, the in
ow boundary-layer pro�le is

�in = �FSC + [u0in v
0
in w

0
in]T; (2.20)

to trigger stationary CFI growth. Here, [u0in v0in w0in]T expresses a stationary cross
ow
perturbation computed from a linear local stability analysis on the in
ow base-
ow
pro�le, see x 2.2.1 for details on the numerical implementation.

At the top boundary, the static pressure is prescribed and used to approximate
the outer-
ow evolution (x 2.1.1) from the experiments of Rius-Vidales and Kotsonis
(2021). The static pressure distribution that is ultimately imposed at y = ymax
is computed using expression (2.5) and the irrotational-
ow assumption. It should
be noted that the choices of boundary conditions at the top support in
ow. As
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quantitatively illustrated in �gure 2.10 (b) below, the accelerated free-stream 
ow
carries a condition of downwash (i.e., v < 0) far from the wall, with @jvj=@y > 0.
This trend exhibits itself in conjunction with mild upwash (i.e., v > 0) close to the
wall and near the in
ow, where the boundary layer undergoes rapid growth in x.

Similar numerical studies of swept-wing 
ow describe that the penetration con-
dition at the top can become unstable if the wall-normal velocity is \too negative"
(Chauvat, 2020). The formulation of the velocity boundary condition in the present
thesis ensures that 
uctuations are quenched. Namely, the instantaneous velocity
components are split into an instantaneous spanwise mean (i.e., spanwise-averaged)
and instantaneous 
uctuation (i.e., the deviation from the spanwise mean) compo-
nents. A Neumann-type condition is applied for the spanwise mean component, i.e.,
@2[hui hvi hwi]=@y2 = 0, whereas the 
uctuating part is arti�cially damped out, see
Hickel and Adams (2008) for further details. Here, the symbol \hi" expresses spanwise
mean operation. Periodic boundary conditions are applied at the transverse faces to
constrain the growth of the CFI in x. At the wall, the no-slip and no-penetration
conditions are applied, i.e., [u v w] = 0, and a Neumann-type condition is used for
pressure in the direction normal to the wall.

At the out
ow, a Neumann-type boundary condition is applied to the velocity
vector, i.e., @2[u v w]=@x2 = 0. The static pressure is prescribed by assigning it
the value corresponding to x = xmax from experimental outer-
ow evolution (2.5).
In addition, a damping zone is placed towards the rear of the domain to suppress
temporal 
uctuations in the unsteady 
ow computations. For the main baseline case
(table 2.5), the damping zone encompasses x=�0 � 475. In selected simulations with
the step present, the domain is shortened in x to reduce computational cost; the
damping zone is correspondingly shifted to x=�0 � 230, for the transitional-
ow case
discussed in x 8.1.1 and to x=�0 � 297 for the transitional-
ow case discussed in
x 8.1.2.

The damping approach relies on the Selective Frequency Damping (SFD) method.
That is, exclusively in the damping zone, the momentum-conservation equation (1.1)
and (2.15) is modi�ed through the addition of a linear forcing term,

_q = NS(q)� � (q � �q) ; � 2 R+; (2.21)

that drives the 
ow �eld q to �q. The 
ow �eld �q is a low-pass �ltered version of q,
whose evolution equation reads

_�q =
q � �q

�
; � 2 R+; (2.22)

and � relates to the cut-o� frequency of the �lter. The e�ectivity and e�ciency of
SFD strongly depend on the choice of model parameters � and � (�Akervik et al., 2006;
Jordi et al., 2014; Casacuberta et al., 2018), which are main inputs of the numerical
simulation. The choices � = 0:8 and � = 5 are adopted, based on the criterion
proposed by Casacuberta et al. (2018). The so-called encapsulated formulation by
Jordi et al. (2014) is used for the numerical implementation of SFD in the time-
stepping solver.
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In the computations of the unsteady 
ow, the 
ow �eld is forced at selected
temporal frequencies through a disturbance strip placed at the wall near the in
ow,
with zero net mass 
ow. The present approach is largely similar to the one employed
by Wassermann and Kloker (2002) to study the evolution of secondary cross
ow
instability: a disturbance strip is de�ned, where the wall-normal velocity is modulated
continuously in time as follows:

v(x; 0; z; t) = fs(x)
MBSX

k=1

ABS
k cos (�0z + 2�kf0t+ �k) ; (2.23)

where f0 is the fundamental temporal frequency, MBS is the number of modal com-
ponents, ABS

k and �k respectively denote the amplitude and a random phase assigned
to each modal component k, and fs(x) modulates the wall-normal velocity smoothly
in x. It reads

fs =
�

4 (x� xBS;start) (xBS;end � x)
(xBS;end � xBS;start)2

�3

; (2.24)

with xBS;start and xBS;end indicating the starting and ending positions of the distur-
bance strip in x. Generally in this thesis, xBS;start = 20�0 and xBS;end = 32�0; an
exception is made in chapter 6, where the wall blowing-suction is used to induce a
stationary Klebano� mode. The function fs is symmetric and has vanishing �rst and
second derivatives at xBS;start and xBS;end. At the beginning of the simulation, the
velocity at the disturbance strip is weighted by a smooth temporal function as well
to alleviate transient e�ects.

The input choices in equation (2.23) are f0 = 1 kHz, MBS = 14, ABS
1-2 = 0, and

ABS
3-14 = 5� 10�3u1, implying that the 
ow �eld is forced at temporal frequencies in

the range 3 to 14 kHz. Based on preliminary investigations and stability analyses,
see Casacuberta et al. (2022a) and x 2.3.3, the lower-frequency components are not
explicitly forced in the disturbance strip, but develop naturally further downstream.
This modelling choice aims to prevent an excessively strong ampli�cation of type-III
instability mechanisms upstream of the step. See H�ogberg and Henningson (1998)
and Wassermann and Kloker (2002) for a numerical discussion on the spatial growth
trends of low- and high-frequency unsteady instabilities.

The setup choices of the disturbance strip in this thesis produce a transition
scenario qualitatively consistent with the reference experiments of Rius-Vidales and
Kotsonis (2021) under no-step conditions. In particular, emphasis has been placed on
ensuring (1) a similar location of the transition front and (2) on qualitatively repro-
ducing the breakdown of stationary cross
ow vortices driven by the ampli�cation of
the type-I secondary cross
ow instability, see Casacuberta et al. (2025a) for details.

2.2. Modelling methods
The governing equations are solved using Direct Numerical Simulations (DNS). In
addition, linear and non-linear stability methods are employed to guide, complement,
and cross-validate the DNS results. This section provides a detailed description of
the DNS setup and introduces the stability approaches.
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2.2.1. Setup of Direct Numerical Simulations
The mass and the momentum-conservation equations (2.14-2.15) are discretised by
considering a formulation based on the Pressure-Poisson Equation (PPE). On taking
the divergence of (2.15) and combining it with equation (2.14), the following Poisson-
type equation is obtained:

r2p = �r � (u � ru) : (2.25)

The system of equations that is ultimately chosen to numerically describe the in-
compressible swept-wing 
ow is (2.15) and (2.25) instead of (2.14) and (2.15) see,
for instance, the discussion by Rempfer (2006) on the role of pressure in preserv-
ing the continuity condition. Equations (2.15) and (2.25) are numerically solved by
use of an adapted version of the classic fractional step method (Harlow and Welsh,
1965; Chorin, 1968) and are advanced in time with a low-storage third-order explicit
Runge-Kutta scheme (Shu, 1988). The Finite Volume (FV) method with a staggered
Cartesian grid representation (�gure 2.7) is employed for the spatial discretisation.

The computational domain is partitioned into �nite volumes, hereafter referred
to as cells, bounded by faces of area Sf . The semi-discrete form of the momentum
conservation equation (2.15) integrated over a particular volume, reads

dVV

dt
=

6X

f=1

�C � P +D

| {z }
RV

; (2.26)

where V is the velocity vector in the FV representation, and C and D respectively
denote the convection and di�usion terms evaluated at the faces by virtue of the
Gauss-Green theorem. Analogously, P expresses the pressure term.

The sequence to compute the FV 
ow �eld from time tn to a time tn+1 = tn+�t
is summarised in algorithm 1. The approach relies �rst on evaluating a preliminary
velocity �eld and, second, applying a pressure correction to ultimately produce a
divergence-free 
ow �eld. Here, the subindices V and f respectively denote quantities
evaluated in the volume or at the faces of the cells in the staggered grid arrangement.
In algorithm 1, aij expresses the coe�cients of the Runge-Kutta scheme, i indicates
the Runge-Kutta sub-step, s is the number of sub-steps, � is the discretised form of
the PPE, � is a pressure correction, and 
cor is a scaling parameter for the pressure

Algorithm 1 Fractional step method with explicit Runge-Kutta
1: for i = 1 : s do
2: V ?(i)

V = V (n)
V + �t

Pi
j=1 aijR

(j)
V . Compute preliminary velocity

3: �(i)
f  �(Sf ;V

?(i)
f ) . Solve the discretised PPE

4: V ??(i)
V = V ?(i)

V � 
cor(�t) (r�)(i)
V . Correct velocity

5: p(i)
f = p(i)

f + �(i)
f . Correct pressure

6: end for
7: V (n+1)

V = V ??(s)
V
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Figure 2.7: Control volumes for a staggered grid: mass conservation (left), x-momentum (centre),
and y-momentum (right). Reproduced verbatim from Ferziger et al. (2020).

correction. The time step, �t, is obtained by prescribing the Courant-Friedrichs-
Lewy (CFL) number to unity. As noted by D’Alessandro et al. (2018), the present
approach (algorithm 1) di�ers from the classic fractional step method in that the
convection and di�usion terms are treated explicitly. It is noted the pressure remains
implicit, thus preventing a splitting error (Sanderse and Koren, 2012). See also the
discussion by Arm�eld and Street (1999) on the variants of the fractional step method
on staggered grids.

The discretised PPE (algorithm 1) is solved through a Krylov subspace method,
namely the bi-conjugate gradient stabilised (BiCGstab) method (van der Vorst, 1992;
Sleijpen et al., 1994). The PPE is solved until a convergence criterion of �DIV = 10�9

for the steady perturbed 
ow and �DIV = 10�7 for the unsteady 
ow. Here, �DIV
expresses the L2-norm of the velocity divergence. The PPE and the di�usion term
(2.26) are discretised in space with a second-order centred scheme. For the convective
term, a �fth-order velocity reconstruction at the cell faces is employed, utilising the
coe�cients provided by Hickel (2008, Eq. 2.29). The �nal numerical 
ux is computed
as the average of U+ and U� and by the addition of a regularisation term, namely
(1=2) jvadj (U+ � U�). Here, U+ and U� respectively denote the two �fth-order
reconstructions of the solution on the same cell face and jvadj is the absolute value of
the local advection velocity. It is noted that the average of U+ and U� corresponds
identically to a sixth-order centred reconstruction with the coe�cients from Hickel
(2008, Eq. 2.29). The present spatial discretisation approach prevents the growth of
spatial dispersion errors in the staggered grid, as demonstrated in preliminary tests.
Con�dence in the numerical setups, grid topology, and grid density is established in
x 2.3, where an extensive cross-validation and veri�cation analysis of the DNS results
is presented.

Three layers of ghost cells are placed at the boundaries of the computational
domain to apply boundary conditions. As mentioned above (x 2.1.3), the in
ow
velocity pro�le in the steady-perturbed and unsteady-
ow computations is disturbed
with a stationary cross
ow perturbation (2.20). In the ghost cells, the chordwise
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velocity-perturbation component is given by

u0in = A0
�
~uin
r (y)

�
cos(�in

r x+ �0z)
	
� ~uin

i (y)
�

sin(�in
r x+ �0z)

	�
; (2.27)

where A0 2 R+ denotes the initial amplitude assigned to the cross
ow eigenmode
and ~uin = ~uin

r + i~uin
i is the normalised amplitude function, with max

�
abs(~uin)

	
= 1.

The quantity �in
r 2 R denotes the chordwise wavenumber of the cross
ow eigenmode

obtained as the solution to a linear local stability analysis on the in
ow base-
ow
pro�le. A treatment identical to (2.27) is considered for the perturbation components
v0in and w0in (2.20). For the Neumann-type boundary conditions (x 2.1.3), the ghost-
cell values are assigned such that the second derivative of the pertinent quantity is
null at the boundary.

For the initial condition, the numerically computed steady-state solutions are
employed sequentially. The procedure is as follows: �rst, the computations of the
unperturbed base 
ow, qB, prescribe as initial condition the solution of the FSC
equations (2.8). It is noted that the Hartree parameter (2.9) is evaluated individually
at every x-station, inasmuch as this renders more e�cient simulations, compared to
the use of a global Hartree parameter. The L2-norm of the temporal derivatives, �,
is used as convergence criterion for the base-
ow computations. A value of � = 10�8

is used. Next, the time-converged unperturbed base-
ow solution forms the initial
condition for the computations of the steady perturbed 
ow, qDB. The L2-norm of
the di�erence between the instantaneous solution and the low-pass �ltered solution
associated with the SFD formulation, �SFD, is used as convergence criterion for the
computations of the steady perturbed 
ow (�Akervik et al., 2006; Casacuberta et al.,
2018). A value of �SFD = 10�6 is used; �SFD > � since the computations of the
steady perturbed 
ow are signi�cantly more expensive than the base-
ow runs. The
time-converged steady-perturbed-
ow solution is subsequently employed as the initial
condition for computations of the �nal unsteady 
ow.

2.2.2. DNS data analysis
The results from DNS are Fourier analysed to recover the behaviour of steady and
unsteady perturbation modes. The analysis proceeds in two steps. First, the three-
dimensional stationary perturbation �eld obtained from simulations of the steady
perturbed 
ow (2.10), is decomposed into spanwise Fourier modes. A discrete Fourier
transform of spanwise perturbation signals is performed using a Fast Fourier Trans-
form (FFT) algorithm. Second, a collection in time of three-dimensional DNS snap-
shots is Fourier analysed in the spanwise direction and in time using a similar FFT
procedure. The Fourier coe�cients are recovered for perturbation structures with a
temporal wavenumber k!0 and spanwise wavenumber j�0, as expressed in equation
(2.11). In the reference no-step case, r.C, a total of 290 DNS snapshots are generated
per period of the fundamental temporal frequency, i.e., f0 = 1 kHz. In the transi-
tional step case, s.C, it is ensured that at least 20 snapshots are collected per period
of the frequency component most critically a�ecting transition i.e., f = 12 kHz.

The analysis of unsteady perturbation e�ects is complemented by the use of point-
wise temporal signals from numerical probes. The power spectral density (PSD) is
estimated using Welch’s method of overlapped segments with two Hamming windows
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(2025)

Figure 2.8: Formulations of the secondary cross
ow instability problem and choices of coordinate
systems in the literature, leveraging spanwise periodicity along the leading-edge direction (denoted
zk) and various complementary x-direction. Reproduced from Groot et al. (2025). The stability
analysis employed in this thesis is based on formulation (d).

with an overlap of 80%.

2.2.3. Overview of stability methods
Two main stability methods are employed in this thesis to complement the re-
sults from DNS. First, the incompressible Linear (LPSE) and Non-linear (NPSE)
Parabolised Stability Equations (Bertolotti et al., 1992) method is used to cross-
validate and complement the stationary-perturbation behaviour obtained from the
steady-state DNS results. In the linear PSE approach, the perturbation quantities
are expressed as a slowly varying shape function, ~q, and a rapidly varying wave
function, �, such that

q0(x; y; z; t) = ~q(�; y) �(x; z; t) + c.c.; (2.28)

where @�=@x = i�(�), @�=@z = i�, @�=@t = �i!, and � = x=Re is a slowly varying
streamwise scale. A normalisation condition is also imposed to close the system of
equations, preventing the shape function ~q from absorbing rapid variations of growth
and oscillation, which remain con�ned to the wave function �.

Leveraging the modi�ed character (Bertolotti et al., 1992; Herbert, 1997) of the
perturbation equations (1.3) resulting from the PSE ansatz (2.28) and its underlying
assumptions, the perturbation behaviour can be determined using a marching ap-
proach, which is computationally more e�cient than solving the full Navier-Stokes
methods. To maintain brevity, the key aspects of the LPSE and NPSE setups used
in this thesis are described in appendix B, and the reader is referred to Westerbeek
(2020) for further details. Additional background on the PSE formulation, method-
ology, and numerical aspects related to cross
ow perturbations is given by Haynes
and Reed (2000).
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Figure 2.9: Topology of the computational grid in three zoomed views around the step. The grid
density in (c) corresponds exactly to that of the main steady-state computations, i.e., case s.B in
table 2.7, while in (a,b) it is reduced by a factor 40 for visualisation purposes.

Second, two-dimensional linear and two-dimensional plane-marching (the latter is
popularly known as PSE-3D (Paredes et al., 2015)) stability approaches are employed
to cross-validate the unsteady perturbation behaviour from DNS. In this thesis, these
methods are referred to, respectively, as the linear BiGlobal and plane-marching
BiGlobal (BiG) approaches, and are formulated using a non-orthogonal coordinate
system (�gure 2.8 (d)). The (non-orthogonal) plane-marching BiG approach extends
the (non-orthogonal) local BiG approach used by Groot and Eppink (2021), which
is itself based on the framework originally introduced by Li and Choudhari (2011)
(�gure 2.8 (c)). Figure 2.8 (a,b) illustrates earlier coordinate-system choices of the
secondary cross
ow instability problem in the literature. The use of a non-orthogonal
coordinate system is required in this thesis, because the unsteady perturbations of
interest are periodic along the z-direction, i.e., parallel to the step, while the direction
of smallest gradient at a given x is not orthogonal to z. The reader is referred to
appendix B and Groot et al. (2025) for details on the method formulations, the
selection of the local direction of smallest gradient, and numerical considerations.

2.3. Verification and cross-validation
Following the discussion of the DNS setup and stability methods, this section out-
lines the grid design and presents several diagnostic plots supporting the veri�cation
and cross-validation of the unperturbed base 
ow, the steady perturbed 
ows corre-
sponding to the three initial CFI-amplitude cases considered in this thesis, and the
unsteady 
ow for the medium-amplitude CFI case (characterised by monochromatic
unsteady forcing). Finally, an overview is given of the behaviour of the reference
(no-step) unsteady 
ow under large-amplitude CFI conditions with multi-frequency
unsteady forcing, which de�nes the perturbation environment in the transitional-
ow
cases with the step present.
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Figure 2.10: Evolution of the unperturbed base 
ow obtained from DNS (solid lines) and the
boundary layer equations (symbols): (a) chordwise-, (b) wall-normal- and (c) spanwise-velocity
pro�les at x=�0 = 0 (circles), 160 (squares), 320 (diamonds), 480 (circles with a cross) and (e)
cross
ow-velocity pro�le at x=�0 = 320. Evolution in x of the boundary-layer thickness (black line
and circles) and displacement thickness (black line and squares) in (d).

grid regions and produce cells with a unit aspect ratio in the x-y plane, both near
the step and far into the free-stream (�gure 2.9).

The choices of grid density are subject to the 
ow �eld under consideration, see
table 2.7 characterising both the steady perturbed and unsteady 
ows. In addition,
three layers of ghost cells are added at the domain boundaries to apply boundary
conditions. Regarding the unperturbed base 
ow, only two spanwise grid points
(Nz = 2) are considered for its calculation, i.e., e�ectively solving for a single x-y
plane of the 
ow, leveraging the spanwise invariance of the 
ow. In table 2.7, Nx, Ny,
and Nz respectively indicate the number of grid points in the x-, y-, and z-directions
and the grid spacing expressed in wall units is based on the local friction velocity.
For an extensive discussion and justi�cation of the grid-density choices, the reader is
referred to Casacuberta et al. (2022b) and Casacuberta et al. (2025a).

2.3.2. Unperturbed base flow and steady perturbed flows
The spatial evolution of the unperturbed base 
ow is shown in �gure 2.10, which
exhibits good agreement between the DNS results (solid lines) and independent
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Figure 2.11: Chordwise evolution of the amplitude of the stationary CFI in the reference no-step
case with A0 = 1�10�4u1 (a), A0 = 3:5�10�3u1 (b), and A0 = 2:6�10�2u1 (c) from linear PSE
(blue symbols), non-linear PSE (white symbols), and DNS (solid lines): spanwise Fourier modes
j = 1-5 (thick-to-thin), j = 0 (dotted). Vertical red line indicates the virtual step location.

boundary-layer computations (symbols) (see, e.g., Rius-Vidales (2022) for details
on the numerical setup), both performed under reference (no-step) conditions. The
agreement between the two methods strengthens the validity of the numerical setup
choices and model approximations, such as the domain height.

Concerning the steady perturbed 
ow, two critical aspects arise in the numerical
resolution of the equations. First, whilst computations of the base 
ow are e�ectively
carried out in the x-y plane, the steady perturbed 
ow incorporates 
ow modula-
tion in the z-direction. Su�cient resolution in terms of spanwise perturbation modes
is necessary to accurately resolve the stages of non-linear perturbation growth and
saturation (Haynes and Reed, 2000; Wassermann and Kloker, 2002; Li et al., 2016).
Haynes and Reed (2000) perform calculations considering up to the eight spanwise
harmonic and Wassermann and Kloker (2002) indicate that \typically 12-16 span-
wise modes are considered to be su�cient" in NPSE computations. In the present
DNS, this requirement is essentially determined by the grid density in z (see Nz in
table 2.7). The validity of the choices made in this thesis is demonstrated by the
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Figure 2.12: Grid sensitivity to the steady perturbed 
ow at the step. Pro�les of the fundamental
spanwise perturbation close upstream and close downstream of the step for di�erent choices of wall-
normal grid resolution: Ny = 144 (blue extra thin), 288 (red thin), 576 (green thick), and 1152
(black extra thick) at xst=�0 = �0:8 (a), 1:5 (b), 9 (c), 17 (d). The largest step (i.e., step III in
table 2.3) and medium-amplitude CFI (i.e., A0=u1 = 3:5� 10�3 in table 2.4) cases are considered.

strong agreement between DNS and NPSE results for the amplitude curves of the
fundamental and higher-order harmonic cross
ow modes, as illustrated in �gure 2.11,
showing the small-(a), medium-(b), and large-(c) amplitude CFI cases (table 2.4).

Second, when the step is present, an additional stationary perturbation structure
is shown to form locally at the step apex (chapter 6). A grid-convergence study is
carried out in this thesis to examine the sensitivity of this highly localised structure
to the grid density (table 2.7). The solution is fully grid-converged on the production
mesh, as shown in �gure 2.12.

2.3.3. Unsteady flows
In addition to the DNS-NPSE comparison for stationary perturbations, the linear
local and linear plane-marching BiG approaches (x 2.2.3) are employed to cross-
validate the unsteady perturbation behaviour with the DNS results, as well as to
characterise the perturbation environment in the reference (no-step) scenarios, under
both medium- and large-amplitude CFI conditions. The BiG problem is solved using
the steady perturbed 
ow obtained from the steady-state DNS computations.

Medium-amplitude CFI (case r.B)
Solely for the purpose of cross-validation, monochromatic (single-frequency) unsteady
forcing is �rst applied to the steady perturbed 
ow under medium-amplitude CFI
conditions (table 2.4). Two DNS computations, each for a di�erent fundamental
frequency, namely, f0 = 1 kHz and 6 kHz, are performed and analysed independently.
The disturbance strip used to trigger unsteady perturbation growth is placed just
upstream of the neutral point for each considered frequency, as indicated by a BiG
stability analysis carried out a priori, see Casacuberta et al. (2022a) for details. The
initial forcing amplitudes in the disturbance strip (2.23) are ABS

1 =u1 = 10�5 for
f0 = 1 kHz and ABS

1 =u1 = 10�3 for f0 = 6 kHz.
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Figure 2.13: Chordwise evolution of the amplitude (a,b) and shape (c,d), evaluated asP5
j=�5 u

0
(1;j) (2.11), of monochromatic unsteady perturbations. Results are shown for the tempo-

ral frequencies f = 6 kHz (a,c) and f = 1 kHz (b,d), considering the spanwise modes j = �1 to �4
(curves top to bottom, see j labels in (a),(b)) from: DNS (thick solid black), plane-marching BiG
(thin solid green), and local BiG (dash-dotted red) under medium-amplitude CFI conditions (table
2.4). The amplitude curves of the BiG method are matched to the DNS equivalent at x=�0 = 350,
symbols in (c,d) indicate the position of perturbation phase alignment between methods, and y?
expresses the relative wall-normal location in (c,d) with dashed lines indicating the wall. The isocon-
tours of perturbation shape in (c,d) represent 30% of the in-plane maximum and grey lines illustrate
the steady perturbed 
ow at levels of 10%, 20%; : : : of the free-stream value. The y-scaling in (a)
prevents overlapping curves.
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x=
� 0 u=u1

y=� 0

u e

Figure 2.14: Instantaneous Q-criterion isosurfaces coloured by wall distance and y-z, x-y planes of
instantaneous chordwise velocity. Zoom of the breakdown region, 400 � x=�0 � 440, in the inset.
The DNS data are duplicated 4 times in z for illustration purposes.

As expected for monochromatic unsteady forcing at f = 1 kHz, the type-III
secondary instability mechanism dominates in both the DNS and the BiG results.
Figure 2.13 (d) illustrates the organisation of the unsteady perturbation �eld at
di�erent x-locations by showing

P5
j=�5 u

0
(1;j), that is, the superposition of spanwise

Fourier modes associated with the fundamental frequency f = 1 kHz. Figure 2.13 (b)
correspondingly quanti�es the perturbation ampli�cation. The structure of the per-
turbation �eld in the near-wall shear layer is in qualitative agreement with previous
numerical and theoretical studies of the type-III mechanism (Janke and Balakumar,
2000; H�ogberg and Henningson, 1998; Bon�gli and Kloker, 2007). A noticeable dis-
crepancy in the upward expansion of the perturbation shape in x is observed in the
results from the local BiG approach (�gure 2.13 (d)). The origin of this modelling
artefact and its impact on the amplitude estimation (�gure 2.13 (b)), is discussed in
detail in Groot et al. (2025).

For monochromatic unsteady forcing with f = 6 kHz, the perturbation contours
(�gure 2.13 (c)) become localised on the outer side of the upwelling region of the
stationary cross
ow vortex. This behaviour is therefore associated with the type-I
secondary instability mechanism (H�ogberg and Henningson, 1998; Malik et al., 1999;
Janke and Balakumar, 2000; Wassermann and Kloker, 2002; Bon�gli and Kloker,
2007). This association is supported by the observation that the location of maxi-
mum perturbation strength coincides with the region of the maximum spanwise shear
in the steady perturbed 
ow. The ampli�cation in x of the initially small-amplitude,
monochromatic unsteady perturbations (�gure 2.13 (a)) ultimately leads to laminar
breakdown near the end of the computational domain, as shown in �gure 2.14, which
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Figure 2.15: Neutral stability curves (a) computed with the local BiG stability approach: primary
travelling CFI and type-III secondary instability (black line with circles), type-I secondary instability
(blue line with diamonds), and type-II secondary instability (red line with squares). Dashed lines
with crosses in (a) additionally indicate plane-marching BiG results, see Groot et al. (2025) for
details; these are limited to a portion in f for simplicity. Chordwise evolution of the amplitude
(2.29) of the unsteady perturbation modes (b) with temporal frequencies f = 1-8 kHz, in steps
of 1 kHz (thin-to-thick and dark-to-bright colour illustrate increasing f value). Dash-dotted green
line indicates the virtual step location in (a,b) and dashed black line in (b) indicates the numerical
tolerance of the PPE solver (see x 2.2.1).

depicts instantaneous Q-criterion isosurfaces (Hunt et al., 1988). The reader is re-
ferred to Casacuberta et al. (2022a) for a more detailed discussion of the breakdown
mechanisms observed in the present case.

Large-amplitude CFI (case r.C)
The main discussion in this thesis of unsteady perturbation e�ects and step-induced
transition mechanisms is conducted exclusively under large-amplitude CFI conditions
(table 2.4). The DNS employs the disturbance strip (2.23) to generate perturba-
tions through multi-frequency unsteady forcing near the domain inlet (see x 2.1.3
for details). This section provides an overview of the perturbation behaviour for the
reference (no-step) case.

In this context, �gure 2.15 (b) shows the spatial evolution of the amplitude of indi-
vidual unsteady perturbation modes in the case without the step, based on the modal
decomposition (2.11) of the DNS perturbation �eld. In particular, �gure 2.15 (b)
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Mode Method f [kHz] x=�0 ���;i�0 sec � �x=�0 Nmax (xmax=�0)

Type-I BiG local 5:2� 0:2 339 0.0994 4.1 16.4 (500)
Type-I BiG marching 5:2� 0:2 350 0.1048 4.2 15.6 (500)
Type-II BiG local 9:0� 1:0 208 0.0685 2.7 11.1 (500)
Type-II BiG marching 9:0� 1:0 233 0.0692 2.7 15.2 (500)
Type-III BiG local 1:95� 0:05 199 0.0546 5.8 4.0 (251)
Type-III BiG marching 1:8� 0:2 205 0.0614 6.3 5.2 (282)

Table 2.8: Properties of secondary cross
ow instabilities in the large-amplitude CFI case with-
out the step (r.C), obtained from stability analysis: most unstable modes, i.e., those for which
maxxf���;i sec �g is largest (see appendix B), and the resulting N -factors. Plane-marching results
were stabilised by setting 
p = 0; stabilisation with 
p = 1 and non-zero s yielded similar but
slightly more stable values, see Casacuberta et al. (2025a) for details.

quanti�es the chordwise evolution of the following perturbation amplitude metric:

[Auk ] = max
y

0

@

vuut
9X

j=�9

4j~uj2(k;j)

1

A ; (2.29)

with k = 1-8 indicating the frequencies f = 1-8 kHz. The di�erences in the peak
values observed at the strip in �gure 2.15 (b) (20 � x=�0 � 32) between perturbations
at f = 1-2 kHz and f = 3-8 kHz stem from the di�erent choices of initial amplitude
described in x 2.1.3. In turn, the actual amplitude ultimately assigned to each mode
at the disturbance strip is also conditioned by the receptivity of the chordwise-velocity
perturbation to the imposed wall-normal-velocity forcing.

Downstream of the strip, the higher-frequency perturbations undergo an initial
phase of mild spatial decay before eventually amplifying. This behaviour is sup-
ported by the results of the linear stability analysis, as shown in �gure 2.15 (a),
which predicts neutral-point locations generally consistent with the DNS results (�g-
ure 2.15 (b)). Table 2.8 summarises the main properties of the secondary-instability
eigenmodes obtained from the stability analysis. It is noted that the low amplitudes
attained by certain high-frequency perturbations in the DNS {relative to the numer-
ical tolerance of the PPE solver (x 2.2.1){ may in
uence the shape and local growth
rate of corresponding unsteady modes over a limited region in x. This potential
in
uence has not been quanti�ed explicitly in this work.

The breakdown of the cross
ow vortices in the present large-amplitude CFI case
(table 2.4) is driven by the ampli�cation of the type-I secondary instability mechanism.
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Mathematical frameworks

Abstract: This chapter presents the main mathematical frameworks developed in
this thesis, with a focus on stationary perturbations. Three key formulations are in-
troduced. First, an extended version of the classic Reynolds-Orr equation is developed
to characterise the mechanisms of energy exchange for each stationary spanwise per-
turbation mode individually. Second, a generalised framework is proposed for decom-
posing perturbations relative to the local base-
ow orientation, rather than relative to
the wall. Third, the production term of the Reynolds-0rr equation is further decom-
posed using the second formulation to identify and quantify the speci�c mechanisms
governing kinetic energy transfer between stationary perturbations and the base 
ow.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2022 Direct numerical simulation of interaction
between a stationary cross
ow instability and forward-facing steps. J. Fluid Mech. 943:A46.

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2023 Laminar-turbulent transition in swept-
wing 
ows with a supercritical forward-facing step. In ERCOFTAC Workshop Direct and
Large Eddy Simulation (pp. 151-156). Cham: Springer Nature Switzerland.

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2024 Passive stabilization of cross
ow insta-
bilities by a reverse lift-up e�ect. Phys. Rev. Fluids 9:043903.

� Casacuberta, J., Westerbeek, S., Franco, J. A., Groot, K. J., Hickel, S., Hein, S. and Kotsonis,
M., 2025 Streaky perturbations in swept-wing 
ow over forward-facing step. Phys. Rev. Flu-
ids 10:023902.

� Casacuberta, J., Groot, K. J., Hickel, S., and Kotsonis, M., 2025 Direct numerical simulation
of swept-wing transition induced by forward-facing steps. Under consideration for publication
in J. Fluid Mech.
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T hree formulations are presented in this chapter, constituting the primary the-
oretical frameworks used in this thesis to analyse stationary perturbation
phenomena at the step.

3.1. Energy-balance equation for stationary span-
wise harmonic perturbation modes

The energy-balance equation for stationary spanwise-harmonic perturbation modes
presented in this section constitutes an extended formulation of the Reynolds-Orr
equation. It is employed to investigate the interaction mechanisms between the
forward-facing step and each stationary spanwise perturbation mode individually.
As such, the framework introduced below is restricted to the stationary content of
the perturbation �eld (2.10); that is, to �0 subject to @v0=@t = 0, or equivalently, to
the modes �0(0;j) (1.8). The framework capitalises on the periodicity of perturbations
in the spanwise direction, z, and is inspired by the temporal harmonic analysis of Jin
et al. (2021).

Let E denote the kinetic energy of stationary perturbations within a volume V ,
which encompasses the periodic boundaries in the z-direction of length (2�)=�0. It is
de�ned via the standard Hermitian inner product of the complex-valued stationary
perturbation velocity vector �0(0;j) = [u0(0;j) v

0
(0;j) w

0
(0;j)]

T with itself:

E =
1
2

Z

V

NX

j=�N

�0 y(0;j) �
0
(0;j)dV =

NX

n=0

Z

S
En�0 dS; (3.1)

where S denotes the x-y cross-sectional plane of V . The modal energy density En�0

corresponding to the wavenumber space n�0, n = 0; 1; : : : ; N is de�ned as

En�0 = �n
�
�0

�
j~uj2(0;n) + j~vj2(0;n) + j ~wj2(0;n)

� �
�n = 2; n > 0
�n = 1; n = 0: (3.2)

This de�nition accounts for the conjugate symmetry of the Fourier decomposition,
as the pair �0(0;n) and �0(0;�n) combine to yield a real-valued structure in physical
space. Due to the stationary nature of perturbations, dEn�0=dt = 0, indicating that
the mechanisms governing the evolution of En�0 are in temporal equilibrium.

The contributions of the di�erent energy-transfer mechanisms within a pertur-
bation space n�0 are evaluated as follows. The decomposition of stationary per-
turbations into spanwise modes (1.8) is substituted into the perturbation equation
(1.3). By factoring out the z-dependence of terms, the perturbation equation can be
re-expressed as

0 =
NX

j=�N

 

L(0;j) + Fp(0;j) �
NX

r=�N
j�r2[�N;N ]

�
~�(0;r) � B(0;j�r)

�!

eij�0z; (3.3)

where L(0;j)(x; y) = AI
(0;j)(x; y) + AII

(0;j)(x; y) + Fv(0;j)(x; y) and Fp(0;j)(x; y) represent
the linear perturbation operators, while B(0;j)(x; y) captures the non-linear interac-
tions. The summation constraint in the non-linear term ensures that both indices r
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and j � r lie within the truncated mode range [�N;N ]. The underline notation (�)
indicates a non-dimensional variable, referenced to �0 and u1 (x 2.1), as the analysis
is conducted using the non-dimensional form of the perturbation equation (1.3). For
further details on the derivation, the reader is referred to Casacuberta et al. (2025a).
The vector coe�cients corresponding to the linear terms are given by

AI
(0;j) =

2

6666664

�~u(0;j)
@uB
@x
� ~v(0;j)

@uB
@y

�~u(0;j)
@vB
@x
� ~v(0;j)

@vB
@y

�~u(0;j)
@wB
@x
� ~v(0;j)

@wB
@y

3

7777775
; Fp(0;j) =

2

666664

�
@~p(0;j)

@x

�
@~p(0;j)

@y
�ij�0~p(0;j)

3

777775
; (3.4)

AII
(0;j) =

2

66666664

�uB
@~u(0;j)

@x
� vB

@~u(0;j)

@y
� ij�0wB~u(0;j)

�uB
@~v(0;j)

@x
� vB

@~v(0;j)

@y
� ij�0wB~v(0;j)

�uB
@ ~w(0;j)

@x
� vB

@ ~w(0;j)

@y
� ij�0wB ~w(0;j)

3

77777775

; (3.5)

Fv(0;j) =
1
Re

2

66666664

�j2�2
0~u(0;j) +

@2~u(0;j)

@x2 +
@2~u(0;j)

@y2

�j2�2
0~v(0;j) +

@2~v(0;j)

@x2 +
@2~v(0;j)

@y2

�j2�2
0 ~w(0;j) +

@2 ~w(0;j)

@x2 +
@2 ~w(0;j)

@y2

3

77777775

: (3.6)

Regarding the non-linear term, the index j � r in equation (3.3) is here denoted by
k, and

B(0;k) =

2

666664

@~uk
@x

@~vk
@x

@ ~wk
@x

@~uk
@y

@~vk
@y

@ ~wk
@y

ik�0~uk ik�0~vk ik�0 ~wk

3

777775
: (3.7)

Equation (3.3) is modally decoupled and cast into scalar energy form by taking the
standard Hermitian inner product of the amplitude coe�cient ~�(0;j) (1.8) with the
corresponding jth equation stemming from (3.3) such that

0 = Pn�0 + Tn�0 +Dn�0 +Wn�0 +Nn�0 ; n = 0; 1; : : : ; N; (3.8)
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with

Pn�0 = ~�y(0;n) AI
(0;n) + c:c:; Tn�0 = ~�y(0;n) AII

(0;n) + c:c:; (3.9a)

Dn�0 = ~�y(0;n) Fv(0;n) + c:c:; Wn�0 = ~�y(0;n) Fp(0;n) + c:c:; (3.9b)

Nn�0 = � ~�y(0;n)

� NX

r=�N
n�r2[�N;N ]

(~�(0;r) �B(0;n�r))
�

+ c:c:; (3.9c)

A factor of (2�)=�0, which arises from integrating the terms in the z-direction, has
been omitted from the energy budget in equation (3.8) for simplicity, but it may be
included for the integral quanti�cation of individual terms.

Each term in equation (3.8) characterises a distinct mechanism of kinetic-energy
transfer within the perturbation space n�0. The sign of each term indicates whether
the corresponding mechanism acts locally in a stabilising (i.e., < 0), or destabilising
(i.e., > 0), manner. The production term Pn�0(x; y) quanti�es the exchange of
kinetic energy between the unperturbed base 
ow and the perturbations n�0. The
transport term Tn�0(x; y) accounts for the advection of kinetic perturbation energy by
the unperturbed base 
ow. The term Dn�0(x; y) captures viscous e�ects, typically
decomposed into contributions from di�usion and dissipation. Finally, Wn�0(x; y)
and Nn�0(x; y) represent the work done by the perturbation pressure and the non-
linear interactions, respectively.

It follows from equation (3.3) that

0 =
NX

n=0

Pn�0 +
NX

n=0

Tn�0 +
NX

n=0

Dn�0 +
NX

n=0

Wn�0 +
NX

n=0

Nn�0 ; (3.10)

which is analogous to equation (3.8) but applies to the perturbation �eld as a whole.
Equation (3.10) reduces to the classic Reynolds-Orr equation under speci�c condi-
tions.

3.2. Decomposition of the perturbation field based
on the local orientation of the base flow

The formulation of the perturbation �eld introduced in x 2.1.1 and considered thus
far employs a classic decomposition of the perturbation of interest into components
aligned with the 
at-plate geometry, i.e., parallel and normal to the wall. A theoreti-
cal framework is developed in this thesis, which instead decomposes the perturbation
relative to the local base-
ow orientation, to provide further insight into the nature
of relevant perturbation phenomena (Marxen et al., 2009; Loiseau et al., 2016; Pi-
cella et al., 2018). The framework, building on the approaches of Albensoeder et al.
(2001) and Lanzerstorfer and Kuhlmann (2011, 2012), is applicable to generic three-
dimensional base 
ows with one invariant spatial direction. As this thesis focuses on
the stationary CFI, a stationary perturbation �eld is assumed; however, extension to
unsteady perturbations is straightforward.
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In the 
at-plate aligned coordinate system, the jth Fourier component of the
perturbation �eld, �0(0;j) (1.8), is expressed initially as

�0(0;j) = u0(0;j){̂+ v0(0;j)|̂+ w0(0;j)k̂; (3.11)

where u0(0;j); v
0
(0;j); w

0
(0;j) are the complex-valued perturbation components in the x-,

y-, and z-directions, respectively, and {̂ = [1 0 0]T, |̂ = [0 1 0]T, k̂ = [0 0 1]T, see x
2.1.1. This thesis proposes to decompose �0(0;j) as the sum

�0(0;j) = �0t;(0;j) + �0n;(0;j); (3.12)

of two vector �elds that are complex orthogonal. The �eld �0t;(0;j) is de�ned as

�0t;(0;j) = � 0(0;j)t̂; (3.13)

i.e., as a complex-valued perturbation component � 0(0;j) in the direction of the vector
t̂. The latter is the three-dimensional real-valued unit vector which points in the
local base 
ow direction:

t̂ =
�B

jj�Bjj
; (3.14)

where jj�Bjj denotes the magnitude of �B. An expression for � 0(0;j) is obtained by
evaluating the projection of �0(0;j) onto �B:

Re(� 0(0;j)) =
Re(�0(0;j)) � �B

jj�Bjj
; Im(� 0(0;j)) =

Im(�0(0;j)) � �B

jj�Bjj
; (3.15)

where the dot denotes scalar product. Introducing ansatz (1.8) into (3.15) yields

Re(� 0(0;j)) =
1
k�Bk

�

+

(0;j) cos(j�0z) + 
�(0;j) sin(j�0z)
�

(3.16a)

Im(� 0(0;j)) =
1
k�Bk

�

+

(0;j) sin(j�0z)� 
�(0;j) cos(j�0z)
�

(3.16b)

with


+
(0;j)(x; y) = uBj~uj(0;j) cos(’u(0;j)) + vBj~vj(0;j) cos(’v(0;j)) + wBj ~wj(0;j) cos(’w(0;j))

(3.17)
and


�(0;j)(x; y) = �uBj~uj(0;j) sin(’u(0;j))� vBj~vj(0;j) sin(’v(0;j))� wBj ~wj(0;j) sin(’w(0;j)):
(3.18)

Using the sum formulas for sine and cosine, (3.16) can be rewritten as

Re(� 0(0;j)) =
1
k�Bk

q
(
+

(0;j))2 + (
�(0;j))2 cos
�
j�0z + ’�(0;j)

�
(3.19a)

Im(� 0(0;j)) =
1
k�Bk

q
(
+

(0;j))2 + (
�(0;j))2 sin
�
j�0z + ’�(0;j)

�
(3.19b)
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with the phase ’�(0;j) associated with the perturbation component � 0(0;j) obtained as

tan(’�(0;j)) = �

�(0;j)


+
(0;j)

: (3.20)

From (3.16), it follows that

� 0(0;j) =
1
jj�Bjj

q
(
+

(0;j))2 + (
�(0;j))2 ei(j�0z+’�(0;j)); (3.21)

and thus

�0t;(0;j) =
1

jj�Bjj2
q

(
+
(0;j))2 + (
�(0;j))2 ei(j�0z+’�(0;j))

2

4
uB
vB
wB

3

5 ; (3.22)

which can also be written as �0t;(0;j) = (1=jj�Bjj)
h
uB� 0(0;j) vB� 0(0;j) wB� 0(0;j)

iT
or,

equivalently, as �0t;(0;j) = [~�1
t;(0;j)e

ij�0z ~�2
t;(0;j)e

ij�0z ~�3
t;(0;j)e

ij�0z]T. Following the
nomenclature of the perturbation expressions in global coordinates, the modulus (or
amplitude function) of � 0(0;j) is denoted by j~� j(0;j). Since jjt̂jj = 1, j~� j(0;j) = jj�0t;(0;j)jj
and therefore

j~� j(0;j) =

q
(
+

(0;j))2 + (
�(0;j))2

jj�Bjj
: (3.23)

As also described above in equation (1.9), the norm of the total perturbation vector,
�0(0;j), equals

q
j~uj2(0;j) + j~vj2(0;j) + j ~wj2(0;j) and is denoted by j ~ j(0;j) in this thesis.

The second vector of decomposition (3.12), �0n;(0;j), represents a perturbation
acting normal to the base-
ow-aligned perturbation component, �0t;(0;j). Whereas
the direction tangential to the base 
ow is uniquely de�ned (3.14), the direction
associated to �0n;(0;j) is, at present, inherently taken as that de�ned by the di�erence
between �0(0;j) and �0t;(0;j) (3.12). Hence

�0n;(0;j) =

2

64
j~uj(0;j)e

i(j�0z+’u(0;j))

j~vj(0;j)e
i(j�0z+’v(0;j))

j ~wj(0;j)e
i(j�0z+’w(0;j))

3

75�
1

jj�Bjj2
q

(
+
(0;j))2 + (
�(0;j))2 ei(j�0z+’�(0;j))

2

4
uB
vB
wB

3

5 :

(3.24)

The amplitude function jj�0n;(0;j)jj associated with the perturbation component
�0n;(0;j) is hereafter denoted by j~�j(0;j); it can be directly obtained by relating the
amplitude function (or moduli) of �0(0;j) and �0t;(0;j):

jj�0(0;j)jj
2 = jj�0t;(0;j)jj

2 + jj�0n;(0;j)jj
2; (3.25)

since �0t;(0;j) and �0n;(0;j) are complex orthogonal,

�0t;(0;j) � �
0
n;(0;j) = �0t;(0;j) � �

0
(0;j) � jj�

0
t;(0;j)jj

2 = 0; (3.26)
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which follows from the fact that �0t;(0;j) = (�0(0;j) � �B=jj�Bjj2)�B (3.13). Here, the
dot denotes the standard Hermitian inner product:

�0t;(0;j) � �
0
n;(0;j) =

3X

k=1

�0 yn;(0;j)(k) �0t;(0;j)(k); (3.27)

with k denoting the components of the corresponding vector �eld.
Finally, the vector components of the normal perturbation (3.24), �0n;(0;j) =

[�01n;(0;j) �
02
n;(0;j) �

03
n;(0;j)]

T, may be written more compactly as

�0kn;(0;j) =
q
j~vkj2(0;j) + (�(0;j)vkB)2 � 2�(0;j)vkBj~vkj(0;j) cos(’vk(0;j) � ’

�
(0;j))

| {z }
j~�knj(0;j)

ei(j�0z+’�
k
n;(0;j));

(3.28)
with k = 1; 2; 3, v1 = u, v2 = v, v3 = w, �(0;j) =

q
(
+

(0;j))2 + (
�(0;j))2=jj�Bjj2, and
associated phase

tan(’�
k

n;(0;j)) =
j~vkj(0;j) sin(’v

k

(0;j))� �(0;j)vkB sin(’�(0;j))

j~vkj(0;j) cos(’vk(0;j))� �(0;j)vkB cos(’�(0;j))
: (3.29)

For consistency with classic perturbation formulations, equations (3.24) and (3.28)
can be equivalently compacted as �0n;(0;j) = [~�1

n;(0;j)e
ij�0z ~�2

n;(0;j)e
ij�0z ~�3

n;(0;j)e
ij�0z]T.

A key advantage of the mathematical formulation developed in this section lies
in its ability to associate physical and structural meaning with the two vector com-
ponents de�ned by equation (3.12). The �0t characterises the regions of streamwise-
velocity excess and de�cit in the 
ow, whereas �0n represents typically the weak
cross-stream 
ow pattern that is responsible for momentum redistribution. More
speci�cally, the �eld �0n manifests structurally as perturbation rolls (i.e., streamwise-
vortical structures). It is therefore noted that, in the 
ow problems analysed in this
thesis, the streamwise-velocity perturbation component �0t is the main contribution
to the perturbation kinetic energy.

3.3. Decomposition of the production term of the
Reynolds-Orr equation

The framework introduced in the previous section (x 3.2) serves multiple analytical
purposes. Speci�cally, in various parts of this thesis, the behaviour of perturbations
is assessed by examining how they gain or lose energy through interaction with the
laminar base 
ow. To this end, the production mechanism introduced in x 3.1 is fur-
ther decomposed using the concepts developed in x 3.2. The formulation presented
below in this section considers the fundamental spanwise mode, i.e., perturbations
with � = �0, but can be directly generalised to any higher-order mode (� > �0).
Based on the analysis in x 3.1, the kinetic energy transfer rate between the unper-
turbed base 
ow and the fundamental spanwise mode in a volume V is characterised
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as

P�0 = �
Z

V
(�0(0;1) + c.c.) �

�
(�0(0;1) + c.c.) �r

�
�B dV = �

2�
�0

Z

S
��0 dxdy (3.30)

where ��0 = P�0 (see equations 3.8 and 3.9). In equation (3.30), S denotes the x-y
cross-sectional surface of a volume V that encompasses the step in x and extends
from the wall to the free-stream in y. Generally in this thesis, V extends towards
the periodic boundaries in z.

Following the approach of Albensoeder et al. (2001) and Lanzerstorfer and Kuhlmann
(2012), the production term (3.30) is decomposed into four contributions,

P�0 = I�0
1 + I�0

2 + I�0
3 + I�0

4 ; (3.31)

by introducing the decomposition of equation (3.12) into equation (3.30). Each term
I�0
m ;m = 1-4 in equation (3.31) characterises a particular mechanism contributing to

the exchange of kinetic energy between the base 
ow and the fundamental spanwise
perturbation mode.

The term I�0
2 is the lift-up e�ect (Ellingsen and Palm, 1975; Landahl, 1975, 1980),

which is a 
ow mechanism widely associated to the ampli�cation of streaky structures
in shear 
ow (Brandt, 2014). This mechanism entails the exchange of kinetic energy
between the base 
ow, �B, and streamwise perturbations, �0t;(0;1), by the action of
cross-stream perturbations, �0n;(0;1). It reads

I�0
2 = �

Z

V
(�0t;(0;1) +c.c.)�

�
(�0n;(0;1) + c.c.) �r

�
�B dV = �

2�
�0

Z

S
��0

2 dxdy; (3.32)

with

��0
2 =

�
~�1
t ~�1y

n + c.c.
� @uB

@x
+
�

~�1
t ~�2y

n + c.c.
� @uB

@y| {z }
��0

2

+
�

~�2
t ~�1y

n + c.c.
� @vB

@x

+
�

~�2
t ~�2y

n + c.c.
� @vB

@y
+
�

~�3
t ~�1y

n + c.c.
� @wB

@x
+
�

~�3
t ~�2y

n + c.c.
� @wB

@y| {z }
��0

2

;

(3.33)

where the subscript (0; 1) has been removed in equation (3.33) for conciseness. It is
emphasised that ~�kt and ~�kn, with k = 1; 2; 3, denote the amplitude coe�cients of the
vector components of the tangential, �0t, and normal, �0n, perturbations, respectively
(see x 3.2). In x 5.3, it is shown that ��0

2 and ��0
2 in equation (3.33) add the main

contribution to the lift-up e�ect at the step.
The remaining terms stemming from the decomposition of production,

I�0
1 = �

Z

V
(�0n;(0;1) + c.c.) �

�
(�0n;(0;1) + c.c.) �r

�
�B dV (3.34)
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and

I�0
4 = �

Z

V
(�0t;(0;1) + c.c.) �

�
(�0t;(0;1) + c.c.) �r

�
�B dV (3.35)

respectively characterise a self-induction mechanism of the cross-stream and stream-
wise perturbation structures. In particular, the mechanism of I4 is referred to in this
thesis as the \push-forward e�ect" in analogy to the principle of the lift-up e�ect.
Finally,

I�0
3 = �

Z

V
(�0n;(0;1) + c.c.) �

�
(�0t;(0;1) + c.c.) �r

�
�B dV; (3.36)

which is a mechanism associated to perturbation streaks evolving into perturbation
rolls (Antkowiak and Brancher, 2007). A treatment analogous to equations (3.32) and
(3.33) may be performed for I�0

1 = (�2�=�0)
R
S ��0

1 dxdy, I�0
3 = (�2�=�0)

R
S ��0

3 dxdy,
and I�0

4 = (�2�=�0)
R
S ��0

4 dxdy; by the inherent addition of the complex conjugate,
the terms I�0

m and ��0
m with m = 1-4 are real valued.





4
Stationary interaction

between crossflow
instability and

forward-facing steps

Abstract: This chapter introduces the main structures and mechanisms governing
the stationary interaction between a pre-existing stationary CFI and steps of vary-
ing heights. The fundamental spanwise CFI mode gradually lifts up as it approaches
the step and passes over it. The 
ow environment around the step is characterised
by a sudden spanwise modulation of the base 
ow streamlines. Additional station-
ary perturbation structures are induced at the step, which manifest in the form of
spanwise-aligned velocity streaks near the wall. Shortly downstream of the step, the
fundamental CFI maintains a rather constant ampli�cation for the smallest steps
studied. Surprisingly, the fundamental CFI is signi�cantly stabilised shortly down-
stream of the largest step, an observation further examined in chapter 5. Ampli�ca-
tion of the high-order harmonic cross
ow modes downstream of the step is observed
and ascribed to an in
ectional instability of the deformed step-
ow pro�les.

A note on nomenclature: This chapter focuses exclusively on stationary e�ects.
The spanwise perturbation modes are denoted by �0(0;j), where the prime marks per-
turbation, j is the spanwise modal index, and the zero indicates stationary behaviour.
Unperturbed base-
ow quantities are denoted by the subscript B, for example, �B.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2021 Mechanisms of interaction between sta-
tionary cross
ow instabilities and forward-facing steps. AIAA Paper 2021-0854.

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2022 Direct numerical simulation of interaction
between a stationary cross
ow instability and forward-facing steps. J. Fluid Mech. 943:A46.
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Figure 4.1: Base-
ow chordwise pressure gradient (colour map), @pB=@x = 0 (black dashed line),
projected base-
ow streamline seeded at x=�0 = 0, y=�0 � 0:2 (gray solid line) in step case II (a).
Static pressure along the streamline (b) in the reference (no-step) case (thick solid black), step case
I (dotted orange), II (dash-dotted blue), III (thin solid red).

the step in the near-wall region. This is not the case for wB, whose pro�le does not
display abrupt variations in x close to the surface. The latter is largely attributed to
the lack of spanwise variations in pressure, inasmuch as the step geometry is invariant
in the z-direction. Nevertheless, the wB velocity component is implicitly a�ected by
the step through the coupling of all three components in the momentum conservation
equations.

The notably di�erent relative evolution of uB and wB near the wall, a feature
which manifests in the experiments of Eppink (2020) as well, carries a signi�cant
horizontal de
ection (i.e., change of orientation in the x-z plane) of the base-
ow
streamlines, as illustrated in �gure 4.3. In absence of the step, the streamlines in
the boundary layer are practically aligned with the direction of the outer inviscid
streamlines, as commonly reported in classical literature on swept-wing boundary
layers (Bippes, 1999). However, when a step is present, the base-
ow streamlines
close to the wall signi�cantly deviate from the direction of the inviscid 
ow and
bend outboard, i.e., towards the negative z-direction, upstream of the step. Locally,
in the vicinity of the step corner, the streamlines display an abrupt inboard turn,
i.e., towards the positive z-direction. Further downstream, a relaxation towards the
inviscid streamline direction is observed. The importance of these observations will
be discussed in later sections.

The mechanisms responsible for the strong inboard/outboard motion of the base

ow near the step are further analysed. The local base-
ow direction in the x-z plane
is characterised by �B corresponding to the angle that the unit vector locally tangent
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Figure 4.2: Chordwise (top), spanwise (middle), wall-normal (bottom) base-
ow velocity pro�les
at xst=�0 = �2:49 (a,e,i), 0:05 (b,f,j), 2:54 (c,g,k), 5.02 (d,h,l). Reference (no-step) case (thin solid
black), step case I (dotted orange), II (dash-dotted blue), III (thick solid red).

to a base-
ow streamline projected in the x-z plane forms with x:

tan (�B) =
wB

uB
: (4.1)

The spatial rate of change of �B in x is

@�B

@x
=
uB

@wB
@x � wB

@uB
@x

u2
B + w2

B
(4.2)

or, alternatively, by introducing equations (2.17) and (2.19) in equation (4.2),

@�B

@x
=

1
u2

B + w2
B

(

�vB
@wB

@y| {z }
Aw

+ �
�
@2wB

@x2 +
@2wB

@y2

�

| {z }
Dw

�
�
wB

uB

� 

�vB
@uB

@y| {z }
Au

�
1
�
@pB

@x| {z }
P

+ �
�
@2uB

@x2 +
@2uB

@y2

�

| {z }
Du

!)

:

(4.3)
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Figure 4.3: Three-dimensional (a,b) and corresponding projected (c,d) base-
ow streamlines with
seeds placed at (xst; y; z)=�0 = (�6; (0; 0:4]; 4:79) and x-y planes of chordwise velocity (z > 0) and
spanwise velocity (z < 0) in step case I (a,c) and III (b,d). Dashed black line is an equivalent near-
wall streamline in the reference (no-step) case seeded at the same y position as the lower streamline
in the corresponding step case.

Equation (4.3) expresses the spatial rate of change of the angle �B in x as a func-
tion of the momentum-transport mechanisms in the x- and z-base-
ow momentum
conservation equations. Since wB < 0 everywhere, �B < 0 in the presently used
coordinate system. Considering that the current analysis is restricted to regions of
non-separated 
ow, i.e., where uB > 0, @�B=@x > 0 signi�es inboard-turning base-

ow motion, whereas @�B=@x < 0 signi�es outboard-turning base-
ow motion.

Figure 4.4 (a) portrays the chordwise evolution of @�B=@x at y = ~yu;top
(0;1) (see the

amplitude de�nitions introduced in x 2.1.1), the wall-normal location at which the
core of the fundamental CFI passes over the step, here corresponding to (y�h)=�0 �
0:5 at xst = 0. Figure 4.4 (a) highlights that at this wall-normal location, the base-

ow motion at the step is inboard-dominated. Moreover, the inboard motion appears
to be a function of the step height.

Figure 4.4 (c) and (d) additionally represents the decomposition of the rate of
change in step case III as a sum of contributions of the di�erent momentum-transport
mechanisms de�ned in equation (4.3). On the one hand, the terms �vB@uB=@y and
�vB@wB=@y act by decelerating the uB and wB boundary layer pro�les; momentum
advection in the wall-normal direction moves low-momentum 
uid towards upper
portions of the boundary layer. However, these terms yield a quasi-null total contri-
bution in �gure 4.4 (c) since they act opposite to each other and streamline bending
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Figure 4.4: Rate of change in x of the horizontal de
ection of base-
ow streamlines, @�B=@x,
at the wall-normal location y = ~yu;top

(0;1) (a) and at y=�0 = h=�0 + 0:12 (b) in the reference (no-
step) case (thin solid black), step I (dotted orange), II (dash-dotted dark blue), III (thick solid
red). Rate of change decomposition for step III (c,d corresponding to a,b, respectively) expressed
as the contributions de�ned in equation (4.3) (c,d): @�B=@x (thick solid red), Aw (magenta and
crosses), Dw (grey and triangles), Au (green and squares), P (yellow and circles), Du (light blue
and diamonds).

results from an excess of uB over wB, or vice-versa. On the other hand, the pres-
sure force accelerates uB in x since the region above the step corner displays large
@pB=@x < 0 (�gure 4.1). This causes an imbalance between uB and wB, which
manifests as inboard bending of the base-
ow streamlines at the step, far from the
wall. As earlier mentioned, wB does not explicitly react to changes of pressure in the
z-direction, as the base 
ow is spanwise invariant.

Furthermore, the e�ect of the step on the streamline bending appears to strongly
depend to the wall-normal location of interest. In the near-wall region, the motion
of the base 
ow in the x-z plane is more pronounced than in the region far from the
wall. This is illustrated in �gure 4.4 (b) characterising @�B=@x at y=�0 = h=�0 +0:12,
when compared to �gure 4.4 (a). Initially at xst = 0, the base-
ow motion is inboard-
dominated. Changing rapidly in x, it displays a sharp outboard turn, whereas the
streamlines far from the wall maintain a mild inboard motion. This creates a strong
diverging pattern of base-
ow streamlines within a short wall-normal distance.

The mechanisms leading to the sudden inboard-outboard streamline bending in
the near-wall regime are highlighted in �gure 4.4 (d) representing step case III. In
a fashion similar to the results of �gure 4.4 (c), the favourable pressure gradient
induced at the step corner �rst largely contributes to the sharp inboard turn. When
moving downstream of xst = 0, the e�ect of the pressure force reverses; the strong
adverse pressure gradient close to the wall (�gure 4.1) decelerates uB in x. This
e�ect, in combination with the imbalance between the advection momentum trans-
port mechanisms �vB@uB=@y and �vB@wB=@y, cause the base-
ow streamlines near
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Figure 4.5: Base-
ow chordwise velocity (colour map) with lines of constant streamfunction (solid
black) (a). Wall shear duB=dyjw (b,c): reference (no-step) case (thick solid black), step case I
(dotted orange), II (dash-dotted blue), III (thin solid red).

the wall to bend outboard. Further downstream, the step-induced upwash decays
and eventually, the viscous forces associated to the gradients of uB take over as the
dominant mechanism opposing the e�ect of pressure.

4.1.2. Local flow reversal and modification of the cross-
flow component

Next to the strong spanwise streamline modulation, 
ow separation (i.e., reversal of
uB) is a main feature of the base 
ow near the step. The existence of step-induced
regions of recirculating 
ow in the three-dimensional swept-wing boundary layer and
the associated connection with the development of cross
ow instabilities is a point of
debate in recent studies. Whereas 
ow reversal upstream of the step is expected and
widely reported (Tufts et al., 2017; Eppink, 2020), discrepancies arise with regard to
the downstream region. In the present DNS, 
ow reversal downstream of the step
is identi�ed in all step cases, as highlighted by the negative wall shear (duB=dyjw)
measured in this region (�gure 4.5). However, in step case I the strength of the
reverse 
ow is signi�cantly lower than in step cases II and III, see table 4.1.
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Region Property De�nition Step I Step II Step III

Upstream
Start xst=�0 �0:67 �1:39 �2:82
Height y=h 0:44 0:50 0:58
Strength �uBmin=ûe 0:19� 10�2 0:38� 10�2 0:70� 10�2

Downstream
End xst=�0 0:12 0:53 2:09
Height (y � h)=�0 a 0:03 0:07
Strength �uBmin=ûe 0:10� 10�2 1:44� 10�2 2:67� 10�2

Table 4.1: Properties of the 
ow recirculation regions at the step based on the dividing streamline.
Here, a indicates below grid resolution.
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Figure 4.6: Cross
ow velocity pro�le near the step: reference (no-step) case (thin solid black), step
case I (dotted orange), II (dash-dotted blue), III (thick solid red) at xst=�0 = �9:56 (a), �0:97 (b),
0:05 (c), 2:86 (d).

The topology of the regions of recirculating 
ow is further analysed by the use
of a streamfunction (	B) representation of the spanwise-invariant base 
ow in the
x-y plane. Figure 4.5 portrays isolines of 	B in step case III. Their organisation is
in agreement with the widely reported behaviour of two-dimensional forward-facing-
step 
ows; see Wilhelm et al. (2003) and Marino and Luchini (2009), for instance.
The region of recirculating 
ow upstream of the step reattaches at the vertical face of
the wall. A second smaller region of 
ow separation arises immediately downstream
of the step. It shall be stressed that in the present three-dimensional boundary-layer

ow, the recirculating regions extend in�nitely in the spanwise direction and the
reattachment point in �gure 4.5 ought to be conceived as an attachment line along
z. As noted by Tufts et al. (2017), the 
ow separation in three-dimensional space
represents helical 
ow that arises from the combination of recirculation motion and
spanwise velocity.

The geometrical properties of the separation regions upstream and downstream
of the step are quantitatively characterised by means of the corresponding projected
dividing streamline, i.e., the isoline of 	B that connects the separation and reattach-
ment points. A summary of properties is given in table 4.1. An increase in step height
leads to a signi�cant elongation of the separation zones in x, specially in the down-
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Figure 4.7: Organisation of the chordwise velocity of the steady perturbed 
ow (a), total pertur-
bation �eld (b), fundamental perturbation �eld (c) in step case III.

perturbed 
ow. The evolution of stationary cross
ow vortices is accompanied by
a characteristic wavy 
uid motion, i.e., a modulation of the 
ow �eld in the span-
wise and the chordwise directions. Naturally, the wavy motion is accentuated as the
perturbation ampli�es in x. A graphical representation of the developed chordwise
velocity �eld in the reference (no-step) case is shown in �gure A.1 in appendix A. It
must be noted that the isolated form of the CFI as a perturbation structure manifests
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Figure 4.8: Amplitude function j~uj(0;1) pro�les close to the step: xst=�0 = �2:04 (a), �0:45 (b),
�0:07 (c), 0:01 (d), 0:61 (e), 2 (f ), 5 (g), 8 (h). Reference (no-step) case (thin solid black), step
case I (dotted orange), II (dash-dotted blue), III (thick solid red).

itself as patches of vorticity of alternating sign in z (Bippes, 1999; Hosseinverdi and
Fasel, 2016) accompanied by spanwise-distributed regions of perturbation-velocity
excess and de�cit (see appendix A). Under reference (no-step) conditions, since the
activity of the harmonic components is weak at the x-position of the step (see �gure
2.11 (b) in x 2.3.2), the fundamental perturbation component, u0(0;1) + u0 y(0;1), is very
similar as the total perturbation �eld near the step (�gure A.1 in appendix A).

The presence of the forward-facing step and the associated changes on the under-
lying base 
ow further complicate the identi�cation of vortical structures. In partic-
ular, close to the step, it is challenging to visually identify the structure of the de-
veloped cross
ow vortices using classical vortex-identi�cation techniques such as the
Q-criterion (Hunt et al., 1988). In step case I, the characteristic spanwise-modulated
pattern in the steady perturbed 
ow is maintained rather invariant when passing the
step in x (see �gure A.2 in appendix A). This is not the case in step III, as a strong
distortion of the steady-perturbed 
ow motion is evident and the organisation of
the total perturbation �eld immediately downstream of the step is more pronounced
(�gure 4.7 (a),(b)), than in the reference (no-step) case. At the same time, the to-
tal and the fundamental perturbation �elds in step III di�er signi�cantly from each
other (�gure 4.7 (b),(c)), suggesting an enhancement of the harmonic activity at the
step. To segregate pertinent mechanisms, the analysis is commenced by describing
the evolution of the fundamental perturbation �eld, q0(0;1) = [�0(0;1) p

0
(0;1)]

T.
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Figure 4.9: Amplitude of the fundamental chordwise-velocity perturbation component from DNS
(lines) and PSE (symbols) upstream of the step: reference (no-step) case (thin solid black line and
circles), step case I (dash-dotted orange line and triangles), II (dash-dotted blue line and diamonds),
III (thick solid red line and squares). Vertical lines indicate beginning of disagreement between DNS
and PSE (1% relative error).

region, it does not surpass the primary peak in strength in any step case. Thus,
j~ujtop

(0;1) = j~ujmax
(0;1) (x 2.1.1) upstream of the step. It is emphasised that the latter

relation does not apply when considering the perturbation components w0(0;1) and
v0(0;1) since secondary peak(s) may become more prominent than the primary peak.

Lines in �gure 4.9 indicate the chordwise evolution of Au(0;1) obtained from DNS.
Based on the choice of amplitude Au(0;1), it is evident that the fundamental CFI
becomes gradually ampli�ed upstream of the step. Moreover, the overall upstream
ampli�cation with respect to the reference case appears to be proportional to the
step height.

To gain additional insight into the underlying mechanisms for the observed up-
stream ampli�cation, it is instructive to monitor reduced approximations to the in-
stability growth. A powerful technique in this context is the Parabolised Stability
Equations (PSE) approach (see x 2.2.3) applied to the DNS base 
ow. The compar-
ison between DNS and PSE exposes the e�ect of inherent PSE assumptions, such as
quasi-parallelism, on the manifestation of ampli�cation due to the step. On the other
hand, the present problem serves as an ideal platform to assess the limitations of a
classic stability method as the PSE when it is applied in the presence of a sharp geo-
metrical discontinuity. Cooke et al. (2019) report that the PSE method su�ers from
lack of numerical convergence when it is marched over the step due to the restriction
concerning the minimum marching step size.

The linear PSE (also referred to as LPSE in this thesis) are solved in the domain
xst < 0. The choice of initial (in
ow) DNS perturbation amplitude considered in the
present analysis (namely the medium-amplitude case in table 2.4 of x 2.3.2) yields a
largely linear behaviour of the CFI until reasonably close to the step (see �gure 2.11
(b) in x 2.3.2). Thus, the LPSE method has been considered for the analysis of the
upstream regime. The LPSE setup considered here is identical to that employed for
the cross-validation with the reference (no-step) DNS case in x 2.3.2. The amplitude
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Figure 4.10: Pro�les of the normalised amplitude function j~uj(0;1) from DNS (solid line) and PSE
(symbols) upstream of the step at xst=�0 = �4:5 (a), �2:5 (b), �0:5 (c).

obtained by solving the LPSE is represented by symbols in �gure 4.9. A �rst main
observation is numerical convergence of the method until the upstream vicinity of the
step; this result was unanticipated, inasmuch as the near-step region contains areas of

ow recirculation and non-negligible chordwise base-
ow derivatives and upwash, a
priori violations of the underlying assumptions of the PSE method (Herbert, 1997).
A second major result of �gure 4.9 is that the LPSE capture a main part of the
upstream ampli�cation process, as indicated by the match in amplitude evolution
between DNS and LPSE until signi�cantly close to the step. Therefore, the CFI
primarily undergoes linear growth evolution supported by the step-distorted base

ow and the strong non-parallel e�ects introduced by the step do not signi�cantly
impact the main ampli�cation process in the upstream regime.

The perturbation shape pro�les obtained by DNS and LPSE are in excellent
agreement in the region of reasonably close amplitude match, see �gure 4.10 (a),(b)
representing step case III. Figure 4.10 (c) additionally portrays the perturbation
shape at an x-station immediately upstream of the step. Major di�erences in �gure
4.10 (c) arise in the near-wall region; the secondary peak present in the results from
DNS is not captured by the linear PSE. The present results show that the PSE
method is robust in a region with non-negligible non-parallel e�ects.

It shall be noted that in the present DNS, the fundamental CFI ampli�es up-
stream of the step in a regime where the strength of the base-
ow cross
ow com-
ponent signi�cantly decrease in x (�gure 4.6). Under parallel-
ow approximations,
Mack (1984) indicates that the linear local instability characteristics are governed by
the directional pro�le, i.e., the pro�le of the three-dimensional boundary layer in the
direction of the wavenumber vector (Bippes, 1999); in a classic swept-wing bound-
ary layer without steps, the wavenumber vector is roughly parallel to the direction
of the cross
ow component (2.7). However, the present results pose the question
whether the inference of stability characteristics of the perturbation system from the
properties of the cross
ow pro�le holds valid near the step.
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4.2.3. Modal and non-modal growth of CFI at the step
The discussion on the mechanisms of interaction between the fundamental CFI and
step-induced 
ow features is next extended to the region around the step, and the
physical nature of the mechanisms that govern the perturbation evolution.

When studying the stationary three-dimensional perturbation behaviour in a two-
dimensional separated boundary layer, Marxen et al. (2009) �nd that a mixture of
modal and non-modal growth governs the perturbation evolution. Similarities with
Marxen et al. (2009) appear in the presently inspected 
ow, speci�cally, the step-
induced region of favourable-to-adverse pressure gradient and the separation bubble.
Nevertheless, a major di�erence in the present case is the existence of the modal
CFI upstream of the step, which was not considered by Marxen et al. (2009). Based
on the observations of Marxen et al. (2009), the rapid de
ection of the base 
ow
compared to the reference (no-step) case can be expected to be fertile condition for
non-modal growth in the present case. To examine potential non-modal mechanisms
near the step, the growth rate of the fundamental velocity-perturbation vector, v0(0;1),
decomposed following the base-
ow orientation (3.12) introduced in chapter x 3 is
evaluated. In the case of pure modal growth, di�erent velocity components ought
to exhibit a (reasonably) common growth rate, implying the existence of a single
growing eigenmode (Marxen et al., 2009).

The following analysis is carried out by considering the amplitude functions corre-
sponding to the modulus of the fundamental perturbation vector itself, j ~ j(0;1) (1.9),
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Figure 4.12: Growth rates associated to j ~ jtop
(0;1) (dashed) and j~� jtop

(0;1) (solid) in the reference (no-
step) case (a), step case I (b), II (c), III (d).

and to the component of the perturbation vector tangential to the base-
ow direction,
j~� j(0;1) (3.23). The former is portrayed in �gure 4.11 for the reference (no-step) case
and for the step cases. In step III (�gure 4.11 (d)), the near-wall secondary peak in
the perturbation amplitude function downstream of the step surpasses the primary
peak in strength. Similar observations apply to j~� j(0;1). Under these circumstances,
the global maxima of the perturbation amplitude function inherently measures the
growth of the near-wall secondary structures. A more representative characterisation
of the ampli�cation of the incoming perturbation is instead obtained by tracking the
evolution of the original primary peak. A similar metric can be devised considering
j ~ jtop

(0;1) and j~� jtop
(0;1) instead of j ~ jmax

(0;1) and j~� jmax
(0;1) (see x 2.1.1 for amplitude de�ni-

tions). The wall-normal locations associated with j ~ jtop
(0;1) are indicated in �gure 4.11

by solid circles. Additionally, dotted and solid lines in �gure 4.11 represent uB = 0
and the location of in
ection points in the cross
ow component, respectively.

Figure 4.12 shows the chordwise evolution of the growth rate associated to j ~ jtop
(0;1)

and j~� jtop
(0;1) computed as de�ned in equation (2.12). In the reference no-step case,

as well as su�ciently upstream and downstream of the step, the fundamental per-
turbation vector and its component parallel to the base 
ow have a similar growth
rate. Following the discussion provided by Marxen et al. (2009), this indicates that
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farther from the wall, reveals a milder impact {and even a stabilising e�ect{ caused
by the step (�gure 4.13).

In summary, the present DNS indicate that the near-step regime encompasses
a mixture of perturbation mechanisms acting simultaneously. Secondary near-wall
structures are induced at the step; their growth is not captured by the linear PSE,
despite the remarkable ability of the latter to model the amplitude and shape of
the incoming cross
ow instability up to close vicinity of the step. Additionally,
di�erences in the growth rate in di�erent directions point to non-modal e�ects feeding
growth to certain perturbation components. Finally, large di�erences in perturbation
growth rate are identi�ed, depending on the wall-normal position at which the latter
is evaluated. Previous work on forward-facing-step 
ows in absence of a cross
ow
instability (Lanzerstorfer and Kuhlmann, 2012) has identi�ed spanwise-distributed
near-wall velocity streaks, structurally similar to the secondary structures reported
here. This suggests that the near-wall vortex-like structures and streaks can exist
independently from (but possibly triggered and conditioned in wavelength and phase
by) the pre-existing CFI. Furthermore, regardless of their nature and origin, the near-
wall secondary structures decay rapidly in x and eventually merge with the primary
cross
ow vortices. Accordingly, it becomes important to characterise the impact of
the step on the incoming fundamental CFI by evaluating the stability properties of
the perturbation system in the region far from the wall, where the incoming primary
structures lift up and pass over the step.

4.2.4. Perturbation misalignment and energy-transfer mech-
anisms at the step

Based on the observations in the previous section, non-modal growth mechanisms,
in conjunction to the primary modal instability growth, likely play a role near the
step. Marxen et al. (2009) relate a modal instability in which all perturbation com-
ponents exhibit a common growth rate in x to the perturbation vector maintaining
its orientation with respect to the base 
ow. Following this reasoning, the observed
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di�erences displayed by di�erent perturbation components in �gure 4.12 suggests
a link to a local misalignment between the base-
ow vector and the perturbation
vector at the step. This misalignment can be expected in a region of strong and
sudden spanwise base-
ow modulation (�gures 4.3 and 4.4). To explore this in de-
tail, the perturbation-vector �eld �0(0;j) and its component aligned with the base-
ow
direction, �0t;(0;j), are considered (3.12). The analysis carried out next is generalised
for any Fourier component, but the subsequent discussion focuses on the fundamen-
tal mode, which is the scope of the current section. Since �0(0;j) and �0t;(0;j) are
complex-valued, the a priori complex-valued angle, �(0;j), between �0(0;j) and �0t;(0;j),
is introduced (Scharnhorst, 2001)

cos
�
�(0;j)

�
=

�0(0;j) � �
0
t;(0;j)

jj�0(0;j)jj jj�
0
t;(0;j)jj

; (4.4)

whereas the real-valued Euclidean angle, �E;(0;j), between �0(0;j) and �0t;(0;j), is de�ned
as (Scharnhorst, 2001)

cos
�
�E;(0;j)

�
=

Re
�
�0(0;j) � �

0
t;(0;j)

�

jj�0(0;j)jj jj�
0
t;(0;j)jj

: (4.5)

It must be noted that

�0(0;j) � �
0
t;(0;j) =

�
�0t;(0;j) + �0n;(0;j)

�
� �0t;(0;j) = �0t;(0;j) � �

0
t;(0;j) = jj�0t;(0;j)jj

2 (4.6)

since �0t;(0;j) and �0n;(0;j) are complex orthogonal, as demonstrated in x 3.2. As a
consequence, expressions (4.4) and (4.5) are equivalent and thus �(0;j) = �E;(0;j).
Furthermore, considering equality (4.6), expression (4.4) can be re-written as

cos
�
�(0;j)

�
=
jj�0t;(0;j)jj
jj�0(0;j)jj

=
j~� j(0;j)

j ~ j(0;j)
; (4.7)

implying that �(0;j) = �(0;j)(x; y).
The rate of change of the angle �(0;j) in x can be directly related to the relative

growth rate evolution of the perturbation components through

@
@x
�
cos
�
�(0;j)

��
=

@
@x

�
j~� j(0;j)

�
j ~ j(0;j) � @

@x

�
j ~ j(0;j)

�
j~� j(0;j)

j ~ j2(0;j)

; (4.8)

and it follows that

@
@x

�
j~� j(0;j)

�

j~� j(0;j)
6=

@
@x

�
j ~ j(0;j)

�

j ~ j(0;j)
)

@
@x
�
�(0;j)

�
6= 0: (4.9)

The condition expressed by equation (4.9) can be evaluated for a particular
Fourier component at any (x; y) location of the corresponding amplitude functions.



4

96 4. Stationary interaction between crossflow instability and steps

�U���V

�U�#�V

0:96

0:97

0:98

0:99

1
co

s� � (
0

;1
)

�

�@�e �@�9 �@�k �y �k �9 �e �3 �R�y �R�k �R�9 �R�e
�R�e�X�k�e

�R�9�X�y�d

�R�R�X�9�3

�3�X�R�R

�y

j�
(0

;1
)
j(

�/�
2�

;)

0:8

0:85

0:9

0:95

1

co
s� � (

0
;1

)

�

�@�e �@�9 �@�k �y �k �9 �e �3 �R�y �R�k �R�9 �R�e
�j�e�X�3�d

�j�R�X�d�N

�k�8�X�3�9

�R�3�X�k�y

�y

x �b�i=� 0

j�
(0

;1
)
j(

�/�
2�

;)

Figure 4.14: Chordwise evolution of the perturbation-to-base-
ow angle �(0;1) at the wall-normal
location of j~� jtop

(0;1) (a) and at y=�0 = h=�0 +0:2 (b) in the reference (no-step) case (thin solid black),
step case I (dotted orange), II (dashed-dotted blue), III (thick solid red).

From the results of �gure 4.12, the occurrence of non-modal growth at the step has
been justi�ed based on the di�erent growth rate evolution associated to j ~ jtop

(0;1) and
j~� jtop

(0;1). The wall-normal position associated to j ~ jtop
(0;1) (�gure 4.11) and j~� jtop

(0;1), ~y ;top
(0;1)

and ~y�;top
(0;1) , are reasonably close to each other in the vicinity of the step in case III,

and are almost identical in cases I and II. Under the assumption ~y ;top
(0;1) � ~y�;top

(0;1) , when
evaluated at this common wall-normal position, the condition expressed by equation
(4.9) is reduced to

��i;(0;j) 6= � i;(0;j) )
@
@x
�
�(0;j)

�
6= 0: (4.10)

Thus, di�erences in the growth rate evolution in �gure 4.12 appear to be linked to
the fundamental perturbation vector changing its orientation with respect to the
base-
ow vector.

Figure 4.14 (a) portrays the chordwise evolution of �(0;1)(x; ~y�;top
(0;1) ). In the refer-

ence (no-step) case, the angle remains constant at approximately 4:6 degrees. That
is, the fundamental perturbation vector maintains its orientation with respect to the
base-
ow vector while growing in x, as can be expected in the case of a single modal
(cross
ow) instability. Furthermore, it conforms with the results of �gure 4.12 (a),
where the perturbation vector and its tangential component are shown to follow a
common growth rate.

When considering the step cases, �(0;1)(x; ~y�;top
(0;1) ) changes signi�cantly in x in the
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Figure 4.15: Chordwise (a) and spanwise (b) fundamental perturbation-velocity �elds at y=�0 =
1:48 in step case III. In-plane base-
ow streamlines (solid lines) and perturbation wavefronts (dash-
dotted lines).

vicinity of the step, see �gure 4.14 (a). Approximately in the range xst=�0 2 [�1:5; 4],
in line with the condition expressed by equation (4.10), both large di�erences in
growth rate evolution in �gure 4.12 (b,c,d) and in the rate of change of �(0;1)(x; ~y�(0;1))
in x in �gure 4.14 (a) are evident. Signi�cant chordwise variations of �(0;1) are
captured in the near-wall region downstream of the step as well, see �gure 4.14 (b)
representing a constant wall-normal location. Figure 4.15 gives further evidence that
the CFI does not follow the base-
ow advection direction at the step. Considering
step case III, �gure 4.15 portrays x-z planes of u0(0;1) +u0 y(0;1) and w0(0;1) +w0 y(0;1) with
projected base-
ow streamlines (solid lines) and wavefronts of the perturbation �eld
in the plane (dash-dotted lines).

In classic spatial LST analysis (x 1.2.6), the wavenumber vector is typically used
to characterise the perturbation propagation direction (Mack, 1984; Arnal, 1994).
The wavenumber vector is normal to the wavefronts, hence the results of �gure 4.15
show graphical evidence that the trajectory of the wavefronts and the projected base-

ow streamlines gradually diverge upstream of the step. In line with the results of
�gure 4.14 (a), the wavenumber vector displays sudden change of orientation with
respect to the base-
ow direction immediately downstream of the step. Eppink (2020)
similarly reports that isocontours of chordwise-velocity perturbation bend vigorously
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Figure 4.16: Integrand of the Reynolds-Orr production term P�0 in the reference (no-step) case
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4.3. Perturbation evolution downstream of the
step

The analysis is next extended to the region further downstream of the step, up to
approximately xst=�0 = 30. Previous work identi�ed dominant harmonic activity in
this regime (Eppink, 2020; Rius-Vidales and Kotsonis, 2021).

The evolution of the harmonic �eld �0(0;2) (i.e., the mode with wavenumber � =
2�0 in the Fourier decomposition (1.8)) is characterised in �gure 4.17, where the
associated total amplitude function is shown. Careful inspection of the topology
of the �eld reveals similarities with that of the fundamental Fourier component,
�0(0;1). Speci�cally, secondary stationary near-wall perturbation structures develop
as well immediately downstream of the step. They manifest in the form of spanwise-
distributed regions of opposite vorticity with a spanwise wavenumber of 2�0. In the
smallest step case, the pre-existing harmonic perturbation elements remain as dom-
inant structures downstream of the step since additional near-wall ones are rather
weak. This is not the case in step III, for which the new secondary near-wall struc-
tures display rapid growth in x and eventually overtake the incoming ones as main
perturbation feature. Naturally, the u0(0;2) streaks expand accordingly, which explains
the particular behaviour of the amplitude function for step III depicted in �gure 4.17
(d). Similarly, Eppink (2020) identi�es streamwise-oriented vortices localised in the
near-step regime, which are connected to the harmonic content of the perturbation
�eld. The origin of these secondary structures is ascribed by Eppink (2020) to the
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Figure 4.17: Harmonic (0; 2) total amplitude function contour, wall-normal position of j ~ jtop
(0;2)

(circles), loci of base-
ow cross
ow in
ection points (solid cyan), base-
ow reversal uB = 0 (dotted
green) in the reference (no-step) case (a), step case I (b), II (c), III (d). Wall-normal position of
j ~ jmax

(0;2) downstream of the step in case III (triangles).

modulation of the step-induced upper separation bubble under the action of the
incoming cross
ow vortices.

A visual correlation is identi�ed between the location of the maxima of the near-
wall secondary peak in the amplitude function j ~ j(0;2) in step cases II and III and the
location of the secondary step-induced in
ection points in the cross
ow component
close to the wall (�gure 4.17 (c),(d)). Eppink (2020) postulates that stationary CFI
ampli�cation at the step corner is triggered by the destabilising e�ect of the step-
induced in
ection points. As shown in x 4.2.3 and x 4.2.4, this is not the case for
the pre-existing fundamental CFI since it is locally stabilised by a su�ciently large
step. Nonetheless, the results of �gure 4.17 suggest a local destabilising e�ect of the
near-wall step-induced in
ection points when considering the harmonic �eld �0(0;2).

To shed light on this possibility, a linear local and parallel stability analysis, based
on the Orr-Sommerfeld eigenvalue problem (see x 1.2.6), is conducted on the base-

ow pro�les in the range 4 � xst=�0 � 50:2 considering � = 2�0. In all step cases,
an eigensolution whose associated eigenvalue becomes unstable within a particular
x-range (�gure 4.18 (b-d)) is identi�ed, which remains stable in the equivalent eigen-
spectrum of the reference (no-step) case (�gure 4.18 (a)). This eigenvalue is referred
to as critical in the present analysis and denoted by �OS = �OS

r +i�OS
i . Therefore, the

step-distorted base-
ow pro�les appear to support the exponential ampli�cation of
small-amplitude perturbations with half the spanwise wavelength of the fundamental
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cross
ow mode.
Furthermore, the ampli�cation factor in x of the critical unstable Orr-Sommerfeld

eigenmode is proportional to the step height. In line with observations of Eppink
(2020), for the particular case of the �eld �0(0;2), an increase in the step height ap-
pears to increase the destabilising in
uence of the step-distorted in
ectional base-
ow
pro�les. Additionally, in results not shown here, linear local unstable eigensolutions
are also identi�ed when the analysis is repeated for higher-order harmonics. Al-
though not fully conclusive, this model suggests that near-wall perturbations with
� > �0 triggered at the step corner are ampli�ed further downstream through an
Orr-Sommerfeld type of mechanism, possibly associated to the step-induced near-
wall in
ection points.

The behaviour of the harmonic Fourier modes for the DNS at the largest step (i.e.,
step case III) is quantitatively characterised in �gure 4.19 portraying the evolution
in x of the amplitude associated to j~ujmax

(0;j), j = 0-6. As suggested by the results of
the Orr-Sommerfeld analysis, growth of the high-order harmonics is captured down-
stream of the step. Additionally, �gure 4.19 depicts the amplitude curves obtained
by solving the linear and the non-linear PSE on the DNS base 
ow downstream of
(but not at) the step.

The numerical setup of the present non-linear PSE (NPSE) simulations is identical
to that employed in previous sections (x 2.3.2), albeit a major di�erence: the initial
condition of the marching scheme is provided by the local DNS solution at a selected
x-position downstream of the step. Furthermore, for NPSE, this DNS (Fourier-
analysed) initial condition is simultaneously assigned to all modes considered in the
simulation at the common initial marching position.

It is found that a NPSE solution is able to march from xst=�0 = 8:57 and reason-
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ably match the results from DNS (see �gure 4.19). Excellent agreement is obtained
su�ciently far from the step. Therefore, NPSE initialised from DNS data is able
to resolve the perturbation evolution downstream of the step, even when an initial
condition extracted reasonably close to the step is considered. Shifting the start-
ing position of the NPSE simulation upstream of xst=�0 = 8:57 rapidly results in a
signi�cant loss of accuracy. Similarly, the solution to linear PSE (LPSE) marched
from xst=�0 = 8:57 reasonably matches the local trend displayed by the fundamen-
tal cross
ow component in the DNS and NPSE until approximately xst=�0 = 100.
Thereby, the present results show evidence that after passing the largest step, the
fundamental CFI evolves following linear perturbation mechanisms.

This �nding is contrary to the observed behaviour in the reference no-step case,
where linear and non-linear PSE start to display di�erences much closer to the virtual
location of the step (see �gure 2.11 (b) in x 2.3.2). The fundamental perturbation
experiences a signi�cant stabilisation at the largest step, as previously detailed in x
4.2.3 and illustrated in �gure 4.13. In x 4.2.4, this behaviour has been connected to
the e�ective transfer of kinetic energy between the base 
ow and the fundamental
perturbation, which is quantitatively characterised by the linear production term
in the Reynolds-Orr equation (table 4.2 and �gure 4.16 (d)). It is hypothesised
that the enhancement of this linear perturbation e�ect under the in
uence of the
step overshadows the impact of the non-linear interactions to the evolution of the
fundamental CFI. This interpretation is further reinforced by the results presented
in chapter 5, and by the rapid emergence of di�erences between linear and non-
linear PSE initialised downstream of step cases I and II using the same methodology
as employed for step case III; in step cases I and II, the behaviour of the linear
production term is closer to that exhibited by the no-step case (�gure 4.16).

It shall be noted that linear behaviour of the fundamental CFI downstream of
the largest step arises in a regime with signi�cant ampli�cation of the harmonic







5
The lift-up effect at the

step

Abstract: Building on the insights from the previous chapter regarding enhanced
production at the step, this chapter identi�es a novel mechanism by which the forward-
facing step signi�cantly stabilises a pre-existing stationary CFI. The mechanism is
termed here reverse lift-up e�ect, inasmuch as it acts reversely to the classic lift-up
e�ect; that is, kinetic energy of an already existing shear-
ow instability is transferred
to the underlying laminar 
ow through the action of cross-stream perturbations. The
framework and analysis of this chapter apply to generic three-dimensional 
ows and
surface features of arbitrary shape with one invariant spatial direction.

A note on nomenclature: This chapter focuses exclusively on stationary e�ects
and the fundamental (i.e., primary-wavelength) cross
ow perturbation. The funda-
mental spanwise perturbation mode is denoted by �0(0;1), where the prime marks per-
turbation and the zero indicates stationary behaviour. Unperturbed base-
ow quan-
tities are denoted by the subscript B, for example, �B. This chapter also analyses
model problems, where a generic perturbation is represented by �̂0.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2024 Passive stabilization of cross
ow insta-
bilities by a reverse lift-up e�ect. Phys. Rev. Fluids 9:043903.
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Figure 5.2: Spatial organisation of the integrand of I�0
1 + I�0

3 in [(a) and (d)], I�0
2 in [(b) and

(e)], I�0
4 in [(c) and (f )] in the step (top) and reference no-step (bottom) cases. Dashed black lines

indicate x-range of CFI kinetic energy decay, as indicated by the thin solid red line in �gure 4.13.

Figure 5.2 (b) shows that the dominant production term I�0
2 reverses sign shortly

downstream of the step, approximately from xst=�0 = 2:3, see red contour in �gure
5.2 (b). This thesis proposes that this phenomenon essentially corresponds to the
lift-up e�ect acting in a stabilising manner, that is, by transferring kinetic energy
from the perturbation �eld to the underlying 
ow. This mechanism is termed in this
thesis as reverse lift-up e�ect since, originally, the classic lift-up e�ect was conceived
as a mechanism responsible for actually destabilising streamwise streaks through the
action of cross-stream perturbations (Ellingsen and Palm, 1975; Landahl, 1975, 1980).
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turbation rolls �̂0 = [0 v̂0 ŵ0]T at the initial time instant (b).

a spanwise wavenumber of �0h = 2:04 and a Reynolds number of Re = u0h=� = 1000.

5.2.2. Analysis of model problem I (plane Poiseuille flow)
The Reynolds-Orr equation (1.14) is invoked next, relating the rate of change of
kinetic perturbation energy in time with the e�ect of production, P�0 , and viscous
dissipation, D�0 (see also x 3.1). The pre-imposed perturbation rolls act by redis-
tributing low- and high-momentum 
uid and thus they feed growth to streamwise
streaks; i.e., production P�0 > 0, naturally implying that the streamwise streaks grow
by extracting energy from the base-
ow shear. Concerning the overarching discussion
in this present chapter, the realisation that the lift-up e�ect {characterised by I�0

2
(x 3.3){ is the main mechanism driving here the perturbation ampli�cation (Schmid
and Henningson, 2001) follows from the fact that I�0

1 = I�0
3 = I�0

4 = 0) P�0 = I�0
2

(3.31). This is illustrated as follows: the base 
ow is a parallel 
ow (i.e., @uB=@y is
the only active base-
ow shear), thus the integrands of I�0

m ;m = 1-4 (see for example
equations 3.32 and 3.33), simplify as

��0
1 = ~�1

n ~�2y
n
@uB

@y
+ c:c:; ��0

2 = ~�1
t ~�2y

n
@uB

@y
+ c:c: (5.1a)

��0
3 = ~�1

n ~�2y
t
@uB

@y
+ c:c:; ��0

4 = ~�1
t ~�2y

t
@uB

@y
+ c:c: (5.1b)

In turn, particularly for the present 
ow problem, the perturbation components tan-
gential and normal to base-
ow streamlines may be related explicitly to the per-
turbation components tangential and normal to the wall as �0t = [u0 0 0]T and
�0n = [0 v0 w0]T. Therefore, ��0

1 = ��0
3 = ��0

4 = 0 and

P�0 = I�0
2 = �

2�
�0

Z

S
(~u ~vy

@uB

@y
+ c.c.) dS = �

4�
�0

Z

S
j~ujj~vj

@uB

@y
cos(’u � ’v) dS:

(5.2)
Equation (5.2) highlights that the sense of energy transfer between the base 
ow
and the perturbation �eld (through the lift-up e�ect) is dictated by the sign of
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Figure 5.4: Organisation of perturbations in a classic (a) and a reverse (c) scenario of the lift-up
e�ect in plane Poiseuille 
ow at a �xed time instant: cross-stream rolls (arrows) and streamwise
streaks (colour contour). Integrand of the lift-up term I�0

2 normalised with respect to its maximum
value in y, characterising the top (b) and bottom (d) cases.

cos(’u � ’v); i.e., by the phase di�erence between cross-stream rolls and stream-
wise streaks establishing their relative placement along the spanwise direction z. By
their relative phase in the present con�guration, see �gure 5.4 (a), (�2�=�0) ��0

2 > 0
for all y (�gure 5.4 (b)). The latter implies that the action of the cross-stream rolls
(�0n) acts destabilising and base-
ow kinetic energy feeds growth to the streamwise
streaks (�0t). This illustrates the typical scenario of the classic lift-up e�ect. It is
noted that in the present model problem, ��0

2 = ��0
2 (y) since both the base 
ow and

the perturbation �eld are invariant in x.
In essence, the core analysis of the present chapter revolves around the fact that

the same principle holds, but operates in a reverse fashion, if the relative spatial
placement between cross-stream rolls and streamwise streaks (i.e., their spanwise
phase) is altered. This is illustrated as follows: consider that at the time instant
depicted in �gure 5.4 (a,b), the spanwise phase of the rolls, ’v, is shifted by �
radians such that the term cos(’u � ’v) in equation (5.2) reverses its sign. In such
new perturbation environment, depicted in �gure 5.4 (c), (�2�=�0) ��0

2 < 0 for all y
(�gure 5.4 (d)). In the new scenario, I�0

2 < 0 implying that P�0 < 0 and sinceD�0 < 0
always, dEV =dt < 0 (1.14). Therefore, the perturbation �eld undergoes stabilisation
locally in time, which shall be interpreted as the 
ow exhibiting a tendency towards
recovering the original (unperturbed) laminar base state: low-momentum 
uid is
displaced towards the regions of streamwise-velocity excess (i.e., red regions in �gure
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Figure 5.5: Evolution of the streamwise-velocity perturbation in no-blowing-suction (a,b) and
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in the spanwise direction z of the perturbation rolls is identically that of the CFI
mode in the step case and equals the spanwise domain length. The dimensions of the
computational domain are 0 � x=�0 � 123 in the streamwise direction, 0 � y=�0 � 26
in the wall-normal direction, and �4:86 � z=�0 � 4:86 in the spanwise direction.
It is strengthened that both the pre-imposed in
ow rolls and the spatially-forming
streamwise streaks are stationary perturbation structures, i.e., @�̂0=@t = 0.

Corresponding 
ow �elds of this model problem are obtained numerically via DNS
in three sequential steps. First, the unperturbed base 
ow is computed. Second,
steady-state DNS generates streamwise streaks in the boundary layer by prescribing,
at the in
ow, a pair of cross-stream rolls superimposed on the laminar pro�le. Finally,
steady blowing-suction (BS) at the wall is applied: a disturbance strip modulates the
wall-normal velocity harmonically according to equation (2.23). The width of the
strip in the x-direction is kept small to produce a local e�ect, which is representative
of the 
ow environment around the step discussed in xx 5.1 and 5.3. The spanwise
phase of the wall-normal velocity in the strip, �1 = �=2 (2.23), is chosen such that the
BS strip acts by locally stabilising the incoming streamwise streaks. The amplitude
of the modulation at the strip, ABS

1 = 1�10�6u1 (2.23), yields a scenario of linearly
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Figure 5.6: Evolution in x of perturbation spatial growth rate (a) and amplitude (b) in no-blowing-
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1 + I�0

3 + I�0
4 [(e) and (f )] in no-blowing-suction (c,e) and blowing-suction

(d,f ) cases. Dashed vertical lines indicate the starting and ending positions of the blowing-suction
wall strip.

dominated perturbation evolution. To retrieve perturbation information, the full
perturbation �eld is decomposed into spanwise Fourier modes.

5.2.4. Analysis of model problem II (blowing-suction in two-
dimensional boundary-layer flow)

The spatial evolution of the streaks is illustrated in �gure 5.5 (a) depicting the
streamwise-velocity (i.e., base-
ow tangential) perturbation, � 0 (3.13). At present,
the streaks grow monotonically in x, as highlighted by the trend of their spatial
growth rate, �i, in �gure 5.6 (a) (solid black line); it is emphasised that �i < 0
here implies growth in space. By the organisation of the 
ow in the present model
problem, the representation of velocity perturbations acting tangential to the wall in
x, u0, and tangential to the base-
ow streamlines, � 0, are largely similar.

It is well known that the (classic) lift-up e�ect drives the perturbation ampli�-
cation in this scenario. For instance, Luchini (2000) describes that \perturbations
produced in this way are driven by the lift-up phenomenon, that is, by the continued
accumulation over downstream distance of longitudinal-velocity di�erences arising
from slow convection in the transverse plane." The term I�0

2 characterising the lift-
up e�ect naturally adds here the main contribution to energy production, see �gure
5.6 (c), in relation to negligible contributions by I�0

1 ; I�0
3 ; I�0

4 , see �gure 5.6 (e), and
I�0

2 > 0 for all x.
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perturbation equation, i.e.,
@û0

@t
+ v̂0

@uB

@y
= 0: (5.3)

For an x-invariant (Ellingsen and Palm, 1975) cross-stream perturbation, v̂0, the
solution to equation (5.3) between a time t = t0 and t1 is

û0 = û00 � v̂
0 @uB

@y
�t; (5.4)

where û0 expresses a streamwise-velocity perturbation, �t = t1� t0, û00 = û0(t = t0),
and v̂0 6= v̂0(t) under the present formulation (Ellingsen and Palm, 1975). Ellingsen
and Palm (1975) state that equation (5.4) \shows that û0 increases linearly with
time." While the observation of Ellingsen and Palm (1975) is that in this context û0
evolves algebraically (as opposed to exponentially) in time, in fact û0 and hence the
kinetic perturbation energy might as well decay (algebraically) in time.

This is exempli�ed as follows. Consider a wave-like perturbation ansatz; i.e.,
û0 = ~uei�0z + c.c. and v̂0 = ~vei�0z + c.c, where ~u = j~ujei’u ; ~v = j~vjei’v , z denotes the
spanwise direction, �0 indicates the perturbation wavenumber in the direction z, and
it is assumed that ’u(t) = ’u(t = t0) for t0 � t � t1. Upon introducing these
perturbation expressions into equation (5.4), two conditions are retrieved. Namely,
j~uj = j~uj0 � cos (’v � ’u) j~vj�t@uB=@y and ’v � ’u = 0; �. Therefore, the original
model of Ellingsen and Palm (1975) admits two main solutions:

j~uj = j~uj0 + j~vj
@uB

@y
�t (classic lift-up e�ect) (5.5a)

j~uj = j~uj0 � j~vj
@uB

@y
�t (reverse lift-up e�ect) (5.5b)

Ellingsen and Palm (1975) write that \we therefore deduce [from equation 5.4] that
the base 
ow uB(y) is unstable to this kind of in�nitesimal disturbance [i.e., a pre-
scribed cross-stream perturbation]." However, equations (5.5a) highlight that, locally
in time, the 
ow �eld may be actually destabilised (i.e., signifying an increase in ki-
netic perturbation energy) by a classic lift-up e�ect or stabilised (i.e., signifying a
decrease in kinetic perturbation energy) by a reverse lift-up e�ect to a cross-stream-
velocity perturbation (v̂0) if a streamwise-velocity perturbation (û0) pre-exists.

5.3. On the stabilising or destabilising contribu-
tion of the lift-up effect at the step

Following the analysis of model problems, this section refocuses the attention to the
lift-up phenomenon at the step.

5.3.1. The role of the perturbation phase
To identify the origin of the reversed action of the lift-up e�ect (I�0

2 ) at the step
described in x 5.1, the following expressions are considered:

��0
2 = 2

@uB

@y
j~�1
t j(0;1)j~�2

nj(0;1) cos
�
’�(0;1) � ’

�2

n;(0;1)

�
; (5.6)
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Figure 5.7: Spatial organisation of terms of equation (3.33): � = ��0
2 (a), ��0

2 (b), and remainder
(c). Dashed lines indicate the x-range of CFI kinetic energy decay, as marked by the thin solid
red line in �gure 4.13. Evolution of base-
ow shear duB=dy (d) and �dwB=dy (e) with isoline of
��0

2 � 0 (dash-dotted red).

��0
2 = �2

@wB

@y
j~�3
t j(0;1)j~�2

nj(0;1) cos
�
’�(0;1) � ’

�2

n;(0;1)

�
; (5.7)

namely the terms of equation (3.33) that have the largest contribution to I�0
2 (3.32)

in the step case, as quantitatively demonstrated in �gure 5.7 (a-c). From equation
(5.6), ��0

2 is conceived as the contribution to lift-up (I�0
2 ) by which the wall-normal

shear of the base-
ow uB (with @uB=@y > 0) ampli�es �t;(0;1) in the direction x.
Similarly, ��0

2 (5.7) expresses the contribution by which the wall-normal shear of the
base-
ow wB (with @wB=@y < 0) ampli�es �t;(0;1) in the direction z.

The base-
ow gradients duB=dy and dwB=dy do not change sign in the 
ow regime
dominated by the reverse lift-up e�ect. This is shown in �gure 5.7 (d,e). A small
region of 
ow reversal (i.e., duB=dy < 0) downstream at the step is localised at the
step apex and no signi�cant impact of this 
ow structure on the presently discussed
mechanism can be identi�ed. Therefore, the sign of both ��0

2 and ��0
2 , i.e., whether

they are stabilising or destabilising contributions to I�0
2 , is dictated by a unique and

common factor, namely cos(’�(0;1)�’
�2

n;(0;1)). The latter evaluates the relative phase
between the component of the cross-stream velocity perturbation in y, acting on the
wall-normal shears of the base 
ow, i.e., ’�

2

n;(0;1) (equation 3.29), and the streamwise-
velocity perturbation component, i.e., ’�(0;1) (equation 3.20). In short, the stabilising
or destabilising contribution of the lift-up e�ect at the step is established by the
relative arrangement of cross-stream- and streamwise-velocity perturbations.

To provide a conceptual model of CFI stabilisation by the step, the organisa-
tion of the �elds �0t;(0;1) and �0n;(0;1) is examined in relation to the identi�ed dom-
inant factor, cos(’�(0;1) � ’�

2

n;(0;1)), in equations (5.6) and (5.7). Figure 5.8 shows
streamwise-velocity perturbation � 0(0;1) (equation 3.13) represented by colour con-
tour with white arrows illustrating the organisation of the counter-rotating cross-
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Figure 5.8: Streamwise-velocity perturbation (colour map) in y-z planes for the step (top) and
reference no-step (bottom) cases at xst=�0 = �10 [(a) and (d)], 5 [(b) and (e)], 20 [(c) and (f )].
In-plane organisation of the cross-stream-velocity perturbation (�0n;(0;1)) depicted as white arrows.
Dashed black segregates regions of perturbation upwash and downwash (�02n;(0;1) = �0n;(0;1)(2) = 0).

stream perturbation (�0n;(0;1)) in y-z planes for the step case and the reference no-
step case. Upstream of the step (�gure 5.8 (a)), the perturbation behaviour qual-
itatively resembles reference (no-step) conditions (�gure 5.8 (d-f )); that is, the ac-
tion of perturbation upwash (i.e., �02n;(0;1) = �0n;(0;1)(2) > 0) dominates in regions of
streamwise-velocity de�cit (i.e., � 0(0;1) < 0) and vice-versa. This interplay between
perturbation components highlights the essence of the classic lift-up e�ect, namely
the cross-stream velocity perturbations redistribute base-
ow momentum by displac-
ing low-momentum 
uid upward and high-momentum 
uid downward. Therefore,
regions of streamwise-momentum de�cit and excess are enhanced spatially. In such
scenario, the cross-stream- and streamwise-velocity perturbation structures act out-
of-phase, i.e., j’t;(0;1)�’v

2

n;(0;1)j > �=2, resulting in perturbation growth (as indicated
by the thick solid black line in �gure 4.13).

In the close vicinity of the step (�gure 5.8 (b)), the perturbation organisation
is altered signi�cantly, as compared to reference (no-step) conditions at the same
x-location (�gure 5.8 (e)). At �rst glance, vigorous perturbation ampli�cation in
x is captured near the wall (region labelled as \B"). This behaviour is ascribed to
the inception of newly-formed streaks close to the wall. The origin and governing
mechanisms of these step-localised streaks {�rst reported in chapter 4 and qualita-
tively characterised in x 4.2.1{ are examined in detail in chapter 6. Their relevance
to advancing the laminar-turbulent transition is discussed in chapters 7 and 8. This
present chapter focuses on the behaviour of the original CFI that develops farther
from the wall (region labelled as \A").

In region \A" in �gure 5.8 (b), perturbation upwash (i.e., �02n;(0;1) = �0n;(0;1)(2) >
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Figure 5.9: Spatial organisation of the integrand of I�0
2 in additional steps, namely step case I (a)

and II (c) (see table 2.3). Corresponding behaviour of the streamwise-velocity perturbation (colour
map) and in-plane organisation of the cross-stream-velocity perturbation (white arrows) at x=�0 = 5
(indicated by dashed cyan line) for step case I (b) and II (d).

0) dominates in regions of streamwise-velocity excess (i.e., � 0(0;1) > 0) and vice-versa.
Thus, the action of the cross-stream velocity perturbation (�0n;(0;1)) now weakens
the incoming regions of streamwise-momentum de�cit and excess and hence reduces
the amplitude of �0t;(0;1). Following the discussion provided in xx 5.2.2 and 5.2.4 re-
garding the model problems, the cross-stream- and streamwise-velocity perturbation
structures now act in-phase, i.e., j’�(0;1) � ’

v2

n;(0;1)j < �=2, and I�0
2 < 0. Therefore,

the process is locally stabilising and a decay of the perturbation energy in x is con-
sequently monitored (see thin solid red line in �gure 4.13). Eventually when moving
further downstream of the step, the cross-stream- and streamwise-velocity perturba-
tion structures re-organise towards undisturbed (i.e., no-step) conditions and they
act out-of-phase again (�gure 5.8 (c)).

The new near-wall perturbation rolls induced and enhanced in the step 
ow (white
arrows in �gure 5.8 (b)) take over the incoming cross-stream perturbation motion and
induce locally a reverse lift-up e�ect by acting against (i.e., dampening) the incoming
CFI. Based on the current analysis, these near-wall rolls accompanying the streaks at
the step appear to be the main step-
ow feature responsible for the CFI stabilisation
reported in chapter 4.

5.3.2. Effects of step height
The model of perturbation interaction described above is applicable to steps of dif-
ferent height and shape. At present, this is exempli�ed by considering additional
steps with h=�0 = 0:59 and 0:76, i.e., step cases I and II in this thesis (see table
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Figure 5.10: Spatial evolution of the integrand of I�0
2 (left). Streamwise-velocity perturbation

(colour contour) in y-z planes at xst=�0 = �10 (b), 1 (c), 5 (d) with in-plane organisation of cross-
stream-velocity perturbation (white arrows). Top to bottom illustrates cases jw1=u1j = 1:24, 0:99,
0:75, 0:50, 0:25 following table 2.5 (cases labelled as Test). Dotted green lines indicate xst=�0 = �10,
1, 5 and the coordinate z� denotes spanwise shift corresponding to centered low-speed streak.

and the integrand of I�0
2 adds a positive (i.e., destabilising) contribution only. That

is, for decreasing jw1=u1j, cross-stream perturbation downwash only dominates in
regions of perturbation excess and vice-versa (�gure 5.10 (II-V )). As a consequence,
in cases with low jw1=u1j, the regions of momentum excess and de�cit become
more ampli�ed than in cases with high jw1=u1j, see �gure 5.10 (d). In summary,
for the current �xed step height, reversal of the sign of I�0

2 sets in when a particular
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A novel step-flow

structure: near-wall
streaks

Abstract: Chapter 4 identi�ed novel stationary velocity-perturbation streaks form-
ing locally at the step. The present chapter explores the mechanisms of growth of
these stationary streaks at the step and provides insight into their origin, nature, and
spatial organisation. Stationary streaks are found to be a universal feature of swept
forward-facing-step 
ow subjected to three-dimensional perturbations in the incoming
boundary layer. The streaks at the step are primarily ascribed to the lift-up e�ect.
They arise as a linear perturbation response of the highly sheared step 
ow to the
cross-stream pattern of incoming perturbations. A mechanism of base-
ow decelera-
tion additionally contributes to feeding growth to the streaks. Linear stability analysis
carried out through the Harmonic Navier-Stokes method con�rms that the streaks are
a linear perturbation phenomenon. E�ects of spanwise perturbation wavelength and
e�ective sweep angle on the mechanisms of the streaks are also assessed.

A note on nomenclature: This chapter focuses exclusively on stationary e�ects.
The spanwise perturbation modes are denoted by �0(0;j), where the prime marks per-
turbation, j is the spanwise modal index, and the zero indicates stationary behaviour.
Unperturbed base-
ow quantities are denoted by the subscript B, for example, �B.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2021 Mechanisms of interaction between sta-
tionary cross
ow instabilities and forward-facing steps. AIAA Paper 2021-0854.

� Casacuberta, J., Westerbeek, S., Franco, J. A., Groot, K. J., Hickel, S., Hein, S. and Kotsonis,
M., 2025 Streaky perturbations in swept-wing 
ow over forward-facing step. Phys. Rev. Flu-
ids 10:023902.
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Figure 6.1: Organisation of the chordwise (a), spanwise (b), and wall-normal (c) fundamental
velocity-perturbation �elds (� = �0). Note the di�erent scale in plot (c).

table 2.4, the amplitude of near-wall streaks forming at the step decays downstream
in x, with the streaks ultimately vanishing (�gure 6.1 (a)). It is noted that near-wall
velocity-perturbation streaks form as well in the upstream vicinity of the step, see
�gure 6.1. However, they appear to originate independently from the streaks down-
stream of the step, as they mainly reside in the locally separating 
ow upstream of
the step. The focus of this present chapter is speci�cally placed on the streaky struc-
tures forming downstream of the step, where premature laminar-turbulent transition
originates, as will be seen in chapter 8.
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Figure 6.3: Amplitude function of (a) streamwise, j~� j(0;1), and (b) cross-stream, j~�j(0;1), velocity
perturbations, both considering fundamental perturbations with � = �0.

The streaks are generated locally at the upper step corner, develop spatially
very close to the wall, and co-exist in y with the incoming CFI, which makes their
quantitative characterisation particularly challenging. Moreover, as shown in x 4.2.3,
the di�erent velocity-perturbation components exhibit di�erent growth rates in x in
the vicinity of the step. Therefore, to assess streak ampli�cation at the step in a
global exploratory sense, perturbation growth is �rst evaluated based on the norm of
the total perturbation vector, i.e., j ~ j(0;1) (1.9). Figure 2.6 in x 2.1.1 illustrates the
evolution of j ~ j(0;1) alongside key step-
ow features, including the recirculating-
ow
regions and the loci of base-
ow cross
ow in
ection points.

Tufts et al. (2017) report that the perturbation shape (i.e., the pro�le along y)
develops a secondary peak after passing the step in x. This feature is also observed in
the results of this thesis, both in the chordwise-velocity perturbation (�gure 4.8 in x
4.2) and in the total perturbation (see �gure 2.6 in x 2.1.1). This thesis interprets the
near-wall secondary peak as the manifestation of the streaks in the spanwise Fourier
coe�cient (1.8). Following the discussion in x 4.2, to distinguish streak ampli�cation
from the evolution of the original CFI, amplitudes are monitored at two wall-normal
locations: the lower (near-wall) peak quanti�es streak growth, while the upper peak
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Figure 6.4: Chordwise evolution of production terms (3.31) at the wall-normal location of the core
of streaks: ��0
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Figure 6.5: Spatial evolution of (�2�=�0)��0
2 (3.33) with streamlines of the base 
ow (a) and chord-

wise evolution of individual terms of equation (3.33) at the wall-normal location of the core of the
streaks (b): (�2�=�0)��0

2 (solid, see equation (5.6)), remainder (dotted), global term (�2�=�0)��0
2

(dashed). All curves are normalised relative to maximum ��0
2 .

downstream of the step, while regime \B" is mainly linked to the ampli�cation of
the incoming CFI as it approaches the step, a feature quantitatively characterised in
x 4.2.2.

In regime \A" of �gure 6.5 (a), the term ��0
2 in equation (3.33) {further expanded

in equation (5.6){ is the main contribution to ��0
2 and thus drives the action of the lift-

up e�ect. This is quantitatively demonstrated in �gure 6.5 (b) evaluating individual
terms of equation (3.33) at y = ~y ;str

(0;1) . The term ��0
2 (5.6) may be interpreted

as the vertical (i.e., pointing in y) perturbation by the cross-stream pattern (�0n)
acting on the base-
ow shear @uB=@y and feeding growth to the streamwise-velocity
perturbation (�0t) in x. The dominant in
uence of ��0

2 at the step reconciles with the
perturbation behaviour illustrated in �gure 6.1 above, when it is examined through a
classic wall-oriented perturbation decomposition, as characterised by equation (1.13).
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Figure 6.6: Streamwise-velocity perturbation (colour contour) in y-z planes for the step (top) and
reference no-step (bottom) cases at xst=�0 = �0:02 [(a) and (d)], 0:04 [(b) and (e)], 0:52 [(c) and
(f )]. In-plane organisation of the cross-stream-velocity perturbation (white arrows). Dashed lines
segregate cross-stream-perturbation upwash (label UW ) and downwash (label DW ).

That is, the perturbation component parallel to the wall and aligned with x, u0(0;1),
manifests more prominently than the component aligned with z, w0(0;1) (�gure 6.1).
The resulting streaks at the step are initially aligned with the x-direction, because
the lift-up e�ect favours the ampli�cation of the streamwise-oriented perturbation
component (Marxen et al., 2009) and the base-
ow streamlines at the step bend
vigorously towards the x-direction, see �gure 4.3 (b,d).

Finally, it is instructive to visualise the arrangement of streaks at the step induced
by the lift-up e�ect as shown in �gure 6.6. Speci�cally, �gure 6.6 illustrates the
perturbation organisation in y-z planes in the step (top) and no-step (bottom) cases
at same (increasing) x-positions. Figure 6.7 complements �gure 6.6 by adding the
unperturbed base 
ow; i.e., jjvBjj + (� 0(0;1) + � 0 y(0;1)), where jjvBjj is the modulus of
the local base-
ow vector. In short, �gure 6.7 expresses the velocity of the steady
perturbed 
ow (2.10) in the local streamline direction. In the presence of the step,
the incoming cross
ow vortices lift o� the wall as they approach the step in x. In a
perturbation sense, the highly-energetic �0t-structures correspondingly shift upward
signi�cantly in the upstream vicinity of the step, see colour contours in �gure 6.6 (a)
representing xst=�0 = �0:02, when compared to reference conditions (�gure 6.6 (d)).
It is noted that �gure 6.6 illustrates the scalar perturbation associated to �0t;(0;1),
namely � 0(0;1) (3.13).
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Figure 6.7: Steady total streamwise 
ow (colour contour), in y-z planes for the step (top) and
reference no-step (bottom) cases at xst=�0 = �0:02 [(a) and (d)], 0:04 [(b) and (e)], 0:52 [(c) and
(f )]. Dashed lines segregate cross-stream-perturbation upwash (label UW ) and downwash (label
DW ), see �gure 6.6.

However, the cross-stream perturbation pattern �0n;(0;1) maintains a dominant
contribution at a similar location to reference (no-step) conditions, i.e., at approx-
imately y=�0 � 1. The strength of �0n;(0;1) is characterised by the length of white
arrows in �gure 6.6. At the same time, the base 
ow at the step is highly sheared,
see �gure 4.2. This combination of e�ects sets the conditions for the weak cross-
stream perturbation to e�ectively displace low-momentum 
uid upward and high-
momentum 
uid downward at the upper step corner and thus give rise to rapidly-
ampli�ed streamwise streaks of alternating sign in z (�gure 6.6 (b,c)). Speci�cally
in unswept (i.e., two-dimensional) forward-facing-step 
ow in a channel, Wilhelm
et al. (2003) similarly report that even very small incoming perturbations, namely
less than 1% of the mean-
ow velocity, produce noticeable streaky structures at the
step. The multiple similarities between both studies suggests that the streaks are a
linear perturbation of forward-facing-step 
ow that develops as a \sensitive reaction
to incoming perturbations" (Wilhelm et al., 2003).

6.2.2. The role of the push-forward effect
The lift-up e�ect plays a pivotal role in the inception of streaks at the step. However,
the results of �gure 6.4 indicate that the push-forward mechanism, I�0

4 (3.35), con-
tributes as well to energy production, P�0 (3.30), at the streaks location. Even more
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Figure 6.8: Spatial evolution of (�2�=�0)��0
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(a) and chordwise evolution of individual terms of equation (6.1) at the wall-normal location of the
core of the streaks (b): (�2�=�0)��0

4 (solid), sum of remainder (dashed), global term (�2�=�0)��0
4

(dotted). All curves are normalised relative to max(��0
4 ).

so, the contribution of I�0
4 (dotted blue in �gure 6.4) surpasses that of I�0

2 (dashed
red in �gure 6.4) eventually in x. As previously mentioned, the mechanism of I�0

4
may be understood as a self-induction e�ect of the �eld �0t onto itself. That is, the
streamwise-velocity perturbation displaces base-
ow momentum in the direction of
the perturbation and hence inherits some of its energy.

This is expanded upon in the following manner: �gure 6.8 (a) depicts the spatial
evolution of the integrand of I�0

4 (3.35), (�2�=�0)��0
4 , with

��0
4 =

�
~�1
t ~�1y

t + c.c.
� @uB

@x
+
�

~�1
t ~�2y

t + c.c.
� @uB

@y
+
�

~�2
t ~�1y

t + c.c.
� @vB

@x

+
�

~�2
t ~�2y

t + c.c.
� @vB

@y
+
�

~�3
t ~�1y

t + c.c.
� @wB

@x
+
�

~�3
t ~�2y

t + c.c.
� @wB

@y
;

(6.1)

where the subscript (0; 1) has been removed for conciseness. A prominent region of
(�2�=�0) ��0

4 > 0 develops close downstream of the step, see �gure 6.8 (a), and
�gure 6.8 (b) quantitatively demonstrates that the term

��0
4 =

�
~�1
t;(0;1)~�1y

t;(0;1) + c.c.
� @uB

@x
= 2j~�1

t;(0;1)j
2 @uB

@x
(6.2)

in equation (6.1) has the largest contribution to I�0
4 in this region. Based on the

main criterion followed above, �gure 6.8 (b) evaluates individual terms of equation
(6.1) at the wall-normal location of the streaks, i.e., at y = ~y ;str

(0;1) (x 2.1.3).
From equation (6.2) and the results of �gure 6.8 (b), it may be concluded that

the stabilising or destabilising contribution of I�0
4 at the step is dictated essentially

by whether the base-
ow velocity uB accelerates or decelerates in x. If the base

ow decelerates, i.e., @uB=@x < 0, then ��0

4 < 0) I�0
4 > 0, implying that kinetic

energy is transferred from the base 
ow to the perturbation �eld and the process
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Figure 6.9: Spatial growth rates of the total, j ~ j(0;1) (triangles), and streamwise, j~� j(0;1) (circles),
perturbations at the wall-normal location of streaks, y = ~y ;str

(0;1) , in the ranges 0 � xst=�0 � 2 (a)
and 0:5 � xst=�0 � 4:5 (b).

inasmuch as the di�erent velocity components corresponding to a modal instabil-
ity mechanisms display minor di�erences, see Saric (1975), Bertolotti et al. (1992,
cf. x 4:1), and Gaster (2000). However, in the case of non-modal growth by the
lift-up e�ect, the ampli�cation of the streamwise-aligned perturbation component is
signi�cantly favored over its cross-stream counterpart and the growth rate of one
component can be an order of magnitude larger than another, or even of opposite
sign (i.e., one component growing while the other component decays).

The evolution of perturbation growth rates in x {evaluated following the de�nition
given in equation (2.12){ in the near-wall step 
ow is illustrated in �gure 6.9. Red cir-
cles characterise the growth rate of the streamwise-velocity perturbation, �0t;(0;1), i.e.,
based on the amplitude function j~� j(0;1) (3.23), and black triangles characterise the
growth rate of the perturbation vector itself, �0(0;1), i.e., based on the amplitude func-
tion j ~ j(0;1) (1.9). Both amplitude functions are measured at a common wall-normal
position associated to the streaks, y = ~y ;str

(0;1) (x 2.1.3). Initially from xst = 0 (repre-
senting the step corner where the streaks are �rst incepted), the evolution of growth
rates in �gure 6.9 di�ers considerably. The signi�cantly larger spatial growth rate (in
absolute value) of �0t;(0;1), when compared to �0(0;1), implies that growth of streamwise
perturbations is favored over cross-stream perturbations. Following the discussion of
Marxen et al. (2009), this is an imprint of spatial non-modal growth produced by
the convection of streamwise momentum in the cross-stream plane through lift-up (x
6.2.1), which cannot be described by an individual perturbation eigenmode inherent
to the step-
ow pro�les in this case. The growth rate of the streamwise-velocity
perturbation being larger than that of the perturbation itself in turn implies that
the cross-stream perturbation locally decays in space while inducing the streamwise
streaks at the step.

6.2.4. Co-existence of high-order harmonic streaks at the
step

The main discussion thus far has revolved around mechanisms of the fundamental,
� = �0, streaks. However, as mentioned above, the streaks of fundamental wavenum-
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Figure 6.10: Organisation of the chordwise velocity-perturbation �eld with � = 2�0.

ber co-exist at the step with streaks of higher-order harmonic wavenumber, � > �0.
The origin of the latter is the focus in this section.

In the numerical procedure of this thesis, a stationary cross
ow eigenmode with
� = �0 is prescribed at the in
ow (xx 2.1.1 and 2.2.1). Gradually in x, high-order
harmonic components of the CFI with � = j�0; j = 2; : : : ; N amplify spatially due to
non-linear perturbation interactions. When approaching the step in x, all incoming
harmonics lift o� the wall and pass over the step. Near-wall velocity-perturbation
streaks are induced locally at the upper step corner, which manifest at spanwise
perturbation wavenumbers of � = j�0; j = 2; : : : ; N , hence they are contained in
each spanwise perturbation mode (1.8). This organisation of streaks was illustrated
in �gure 6.1 (a) above for mode � = �0 and it is here depicted for mode � = 2�0
in �gure 6.10; the latter is representative of the behaviour of perturbations with
� > 2�0.

Next, the methodology of x 6.2.1 characterising the lift-up e�ect is reproduced for
streaks with � > �0. It is found that the production terms Ij�0

2 add the dominant
energy contribution (versus Ij�0

1 , Ij�0
3 , Ij�0

4 ) for all high-order harmonic perturbation
�elds, �0(0;j) with j � 2. Inspection of the 
ow organisation reveals that, similarly
to the fundamental spanwise perturbation mode, the cross-stream pattern �0n;(0;j)
of each incoming high-order spanwise perturbation mode displaces low-momentum

uid upward and high-momentum 
uid downward on interaction with the step 
ow.
Consequently, spanwise-alternating regions of streamwise-momentum de�cit and ex-
cess form near the wall in a short span of space, which manifest as rapidly-formed
streamwise streaks in the corresponding �eld �0t;(0;j).

In conclusion, if multiple harmonic stationary perturbations co-exist upstream of
the step, then corresponding streaky structures will be induced at the step at respec-
tive spanwise wavelengths. The streak formation appears to be governed linearly
for each incoming mode, individually; to be noted, the initial spanwise phase of the
newly-formed streaks is inherently set by the modal non-linear arrangement of har-
monic modes upstream of the step. Chapter 7 elaborates upon the fact that, when
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see Test A in table 2.5, and bottom row shows w1=u1 = 0 conditions, see Test F in table 2.5.

Stokes equations with one or more directions of harmonic perturbation evolution, i.e.,
the z-direction in the present 
ow problem. Considering the outcomes of xx 4.2.3 and
6.2.3, HNS allows for the modelling of both non-modal and non-parallel e�ects at
the step without pre-imposed assumptions on the class of growth mechanisms that
develop. Moreover, the computational cost of HNS is signi�cantly reduced compared
to DNS, which is key to produce a large data-set of perturbation �elds. Two dif-
ferent HNS frameworks are employed in this chapter, namely the Delft Harmonic
Navier-Stokes Solver, DeHNSSo (Westerbeek et al., 2024), and the Adaptive Har-
monic Linearized Navier-Stokes, AHLNS (Franco and Hein, 2018). Henceforth, they
are jointly referred to as (AL)HNS for convenience. Both frameworks solve the linear
Harmonic Navier-Stokes equations, but feature implementation di�erences, see the
discussion in Casacuberta et al. (2025b).

The results from DNS and (AL)HNS are compared in this section; the goal of
this comparison is threefold: �rst, to cross-validate the results of x 6.2.7. Second, to
strengthen that the streaks are a linear perturbation of the step 
ow, as elaborated
upon in xx 6.2.1 and 6.2.3. Third, to demonstrate the accuracy of novel (AL)HNS
methods for stability calculations in highly non-parallel (step) 
ows.

Figure 6.12 portrays pro�les of the fundamental chordwise-velocity perturbation
amplitude function, i.e., j~uj(0;1), at di�erent x-locations obtained from AHLNS (dash-
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dotted green), DeHNSSo (dashed red), and DNS (solid black). It is noted that �gure
6.12 (a-e) represents max (jw1=u1j) conditions (i.e., Test A in table 2.5) and �gure
6.12 (f -j) represents w1=u1 = 0 conditions (i.e., Test F in table 2.5). The present
calculations consider a spanwise perturbation wavelength of �z = 7:5 mm. The
growth and further decay in x of near-wall perturbation streaks close downstream
of the step is well captured by (AL)HNS. Minor di�erences between DeHNSSo and
AHLNS are noted in the amplitude of the streaks just after their point of inception.
It is emphasisd that a match between methods in �gure 6.12 is obtained despite the
inherent assumption of linearity in (AL)HNS. That is, the (AL)HNS methods seek
numerical solutions to the linearised form of the perturbation equations; the streak
evolution is fully captured, hence the streaks at the step are a linear perturbation
phenomenon. The present match of DNS with linear methods further downstream
of the step is likely contingent upon the use of a moderate amplitude of the incoming
CFI (table 2.5) in the analysis in this present chapter.

6.2.7. Effect of spanwise wavenumber
The choice of spanwise perturbation wavelength in this thesis, �z = 2�=�0 = 7:5
mm (x 2.1.1), yields the largest (linear) ampli�cation factor of the stationary CFI at
the end of the domain in reference (no-step) conditions. However, there is no reason
to assume, a priori, that this value yields as well the largest ampli�cation factor of
streaks at the step. This section analyses the e�ect of spanwise wavelength on the
spatial ampli�cation of streaks at the step.

A parametric study using linear stability analysis on the swept base 
ow with
w1=u1 = �1:241 (table 2.5) has been carried out with (AL)HNS (x 6.2.6) to identify
most critically ampli�ed streaks in relation to the wavelength of upstream-existing
perturbation modes. A range of input perturbation wavelengths is tested, namely
�z 2 [4:5; 7:5] mm, in steps of ��z = 0:5 mm. Figure 6.13 depicts perturbation
ampli�cation factors in x evaluated as

N(x; �z) = N?(x; �z)�N?(xstr; �z) (6.3)

with

N?(x; �z) = ln

 
j~ujmax

(0;1)(x; �z)
j~ujmax

(0;1)(0; �z)

!

(6.4)

and xstr denoting the x-position where the amplitude of near-wall streaks surpasses
that of CFI developing above. Considering the discussion of x 2.1.1 on amplitude
de�nitions, amplitude of the near-wall streaks in �gure 6.13 (a) is monitored ap-
proximately in the range 0 � xst � 4. Downstream of it, the measure of amplitude
characterises CFI.

The results of �gure 6.13 (a) indicate that the maximum ampli�cation factor of
streaks is attained for �z = 5 mm. For reference, this value is more than six times
the step height. Following the main discussion above, the di�erences in ampli�cation
factor of streaks at the step (�gure 6.13 (a)) can be linked to a measure of growth
e�ciency of the incoming perturbation pattern. Here, the term growth e�ciency
expresses the sense of correlation between the pro�les (i.e., the shape along y) of
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Figure 6.13: Evolution in x of the perturbation ampli�cation factor (6.3) computed with AHLNS
(x 6.2.6) on the swept base 
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(b). Evolution in x of the maximum along y of the correlation between j~�2

nj and @uB=@y (c). Solid
vertical lines in (a) indicate 1:3 � xst=�0 � 1:35.

the incoming cross-stream perturbation component, �0n;(0;j) (3.12), and the base-

ow shears; the most e�cient interaction between these two agents will induce the
largest spatial transient growth of kinetic perturbation energy locally downstream of
the step. This concept shares the same foundations as optimal perturbations (B�oberg
and Br�osa, 1988; Butler and Farrell, 1992; Andersson et al., 1999; Luchini, 2000).
However, in the present case, the set of possible initial perturbations is bounded
and given by the shape of each considered spanwise wavelength of the pre-existing
perturbation in the incoming stream.

This e�ect is here quanti�ed through the term ��0
2 (5.6), which was shown above

to add the main contribution to the lift-up e�ect in the region dominated by the
near-wall streaks (�gure 6.5 (b)). Following the mathematical de�nition of ��0

2 (3.3)
and its physical interpretation in step 
ow (x 6.2.1), it is identi�ed that the normal
perturbation shape j~�2

nj (3.28) and the base-
ow shear @uB=@y yield maximum cor-
relation for �z = 5 mm. This implies that, the product between the pro�les of j~�2

nj
and @uB=@y (see �gure 6.13 (b)) at a representative x-position produces a pro�le
whose peak attains maximum strength for �z = 5 mm. The latter is quantitatively
characterised in �gure 6.13 (c) considering xst=�0 � 1:3, i.e., close upstream of the
point of maximum ampli�cation of the smaller-wavelength streaks.
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Influence of amplitude on

the mechanisms of
stationary interaction

Abstract: This chapter assesses the e�ect of incoming-CFI amplitude on the key
stationary-perturbation mechanisms elucidated in previous chapters. The interaction
between a su�ciently ampli�ed CFI and the step induces a pronounced deformation
of the near-wall shear layer, a feature that plays a key role in promoting transition
(chapter 8). To elucidate the origin of this deformation, the energy-balance equations
introduced in chapter 3 are examined for varying CFI amplitudes. The analysis
reveals that the shear-layer deformation arises through two primary mechanisms: (1)
an in
ectional instability of the base-
ow pro�les downstream of the step (chapter
4) and (2) a non-linear interaction between spanwise perturbation modes within the
region dominated by the perturbation streaks (chapter 6).

A note on nomenclature: This chapter focuses exclusively on stationary e�ects.
The spanwise perturbation modes are denoted by �0(0;j), where the prime marks per-
turbation, j is the spanwise modal index, and the zero indicates stationary behaviour.
Unperturbed base-
ow quantities are denoted by the subscript B, for example, �B,
whereas steady perturbed-
ow quantities are denoted by the subscript DB, for exam-
ple, �DB. The steady perturbed 
ow results from the superposition of the unperturbed
base 
ow and the stationary perturbation �eld.

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2023 Laminar-turbulent transition in swept-
wing 
ows with a supercritical forward-facing step. In ERCOFTAC Workshop Direct and
Large Eddy Simulation (pp. 151-156). Cham: Springer Nature Switzerland.

� Casacuberta, J., Groot, K. J., Hickel, S., and Kotsonis, M., 2025 Direct numerical simulation
of swept-wing transition induced by forward-facing steps. Under consideration for publication
in J. Fluid Mech.
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T he previous chapters have examined the mechanisms governing the stationary
interaction between the incoming CFI and the step. The present chapter eval-
uates how variations in incoming-CFI amplitude a�ect these key mechanisms.

While chapters 4, 5, and 6 focus exclusively on the medium-amplitude CFI case (table
2.4), the analysis is now extended to the small- and large-amplitude CFI cases (table
2.4), for a �xed step height (step III in table 2.3). The main emphasis is placed on
the large-amplitude CFI case, which corresponds to the 
ow conditions under which
laminar-turbulent transition mechanisms are analysed in this thesis (chapter 8).

Since this chapter provides the foundation for the characterisation of unsteady
perturbation e�ects discussed in chapter 8, the analysis centres on the response of
the steady perturbed 
ow, qDB, to varying CFI amplitudes; that is, the 
ow resulting
from the superposition of the unperturbed base 
ow, qB, and the stationary pertur-
bation �eld, q0, as given in equation (2.10). The xx 7.1 and 7.2 analyse, respectively,
the impact of CFI amplitude on the organisation of the steady perturbed 
ow and
the evolution stationary perturbations at the step. Finally, x 7.3 interprets these
results by scrutinising the associated kinetic energy transfer mechanisms at the step,
following the framework developed in x 3.1.

7.1. Topology of steady perturbed flows
Under reference (no-step) conditions, the stationary co-rotating cross
ow vortices
(see x 1.2.3), are the main 
ow structure of the steady perturbed 
ow. These vor-
tices modulate the boundary layer in both the chordwise and spanwise directions.
Naturally, this modulation is enhanced as the CFI amplitude is increased, as evident
in �gure 7.1 (b) and (c), which compares the topology of the stationary cross
ow
vortex for cases r.B and r.C at xst=�0 = 9:4. As expected, in the small-amplitude
case r.A (�gure 7.1 (a)), the structure of the steady perturbed 
ow remains largely
similar to that of the unperturbed base 
ow. All planes in �gure 7.1 are shown at
xst=�0 = 9:4, a position representative of the 
ow organisation close downstream of
the step, but beyond the reattachment point; see �gure 7.2 for reference. Speci�cally,
�gure 7.1 depicts z-y planes of

uDB;s = uDB cos(�s) + wDB sin(�s); (7.1)

the velocity component in the steady perturbed 
ow which points in the direction
of the inviscid streamline (2.6). It is to be noted that equation (2.7) expresses the
representation of the unperturbed base 
ow (i.e., qB) oriented relative to the inviscid
streamline, whereas the analysis in this chapter applies the same concept to the
steady perturbed 
ow (i.e., qDB), see equation (2.10). Additionally, black arrows in
�gure 7.1 illustrate the in-plane velocity components normal to the wall, vDB, and
normal to the direction of the inviscid streamline,

wDB;s = wDB cos(�s)� uDB sin(�s): (7.2)

When the step is present, the organisation of the steady perturbed 
ow undergoes
signi�cant local deformation around the step. This e�ect is evident in the medium-
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Figure 7.1: Topology of the steady perturbed 
ow illustrated by z-y planes of velocity uDB;s at
xst=�0 = 9:4. No-step cases r.A, r.B, r.C (a-c) and step cases s.A, s.B, s.C (d-f ), see table 2.4. The
black arrows illustrate the in-plane organisation of the steady perturbed 
ow (wDB;s and vDB).

and large-amplitude cases, s.B and s.C, compared to their amplitude-equivalent no-
step counterparts, r.B and r.C, see �gure 7.1 (e,f ) versus �gure 7.1 (b,c).

The step modi�es the steady perturbed 
ow primarily through deformation of
the near-wall shear layer. In case s.C, this deformation leads to the formation of
a streamwise-momentum de�cit region beneath the cross
ow-vortex crest (�gure 7.1
(f )) eventually in x, a 
ow feature that has also been observed in time-averaged exper-
imental measurements (Rius-Vidales and Kotsonis, 2022). Here, the term streamwise-
momentum de�cit refers to a de�cit in the component uDB;s (7.1). Simultaneously,
the main structure of the original cross
ow vortex is altered by its interaction with
the step: see the base, (y; z)=�0 � (1:5; 2), and part of the shoulder of the cross
ow
vortex, (y; z)=�0 � (2:5; 2) (�gure 7.1 (f )), compared with the corresponding no-step
case (�gure 7.1 (c)). In chapter 8, the near-wall shear-layer deformation downstream
of the step will be shown to play a key role in the mechanisms of laminar breakdown,
both in the supercritical (x 8.1.1) and the critical (x 8.1.2) transition regimes. The
present results demonstrate that this deformation arises purely from the stationary
interaction between the incoming CFI and the step; that is, it constitutes an inherent
feature of the steady perturbed 
ow.
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The organisation of the steady perturbed 
ow downstream of the step {speci�cally,
past the region of recirculating 
ow{ qualitatively resembles the 
ow organisation de-
scribed by Wassermann and Kloker (2005) in the context of a swept-wing boundary-
layer subject to a pressure-gradient changeover. In the analysis presented in this
thesis, the presence of the step induces a localised region of adverse pressure gradient
downstream of the step (see �gure 4.1 and x 4.1.1), and reversal of the cross
ow-
velocity pro�le (see �gure 4.6 and x 4.1.2). Wassermann and Kloker (2005) report
that the reversal of the cross
ow-velocity pro�le induces a redistribution of the span-
wise shear and promotes the ampli�cation of additional CFI modes, which may rotate
in the sense opposite to the pre-existing ones.

In the case of the step, the streamwise-momentum de�cit region that develops
beneath the pre-existing stationary cross
ow vortex (see colour contours in �gure 7.1
(f )) structurally resembles a cross
ow vortex rotating in the opposite sense to the
incoming one (see black arrows in �gure 7.1 (f )). Notwithstanding the structural
similarities between the present step 
ow and the 
ow environment of Wassermann
and Kloker (2005), the origin of the streamwise-momentum de�cit region is attributed
to a di�erent set of mechanisms, as elaborated in x 7.3.

The deformation of the shear layer past the step increases in strength with the
amplitude of the incoming CFI. This appears evident in �gure 7.1 (d-f ). To quantify
this e�ect, the wall-shear �eld

�w(x; z) =

s�
@uDB

@y

�2

+
�
@wDB

@y

�2
�����
wall

(7.3)

is evaluated for the step cases, namely s.A-s.C, and portrayed in �gure 7.2 (a-c) in the
range �5 � xst=�0 � 25. Additionally, �gure 7.2 (d-f ) quantitatively characterises
the x-evolution of the root-mean-square of �w along z (solid black line), denoted
by rmsjz. For reference, the same wall-shear metric for the unperturbed base 
ow
is included and represented by dashed grey line. In the small-amplitude case s.A,
the steady perturbed 
ow contains regions of reverse 
ow both upstream of and
downstream of the step, as indicated by the cyan isoline marking @uDB=@y = 0 at
the wall in �gure 7.2 (a).

In case s.B, the reverse-
ow region extends further in x and becomes modulated
at the fundamental spanwise wavelength. This is evident in the similar z-evolution
of low- and high-wall-shear regions and the shape of the cyan isoline in �gure 7.2
(b). Tufts et al. (2017) similarly report that the deformation of the recirculating-

ow region follows a pattern dictated by the (fundamental) spanwise wavenumber of
the incoming CFI. When the amplitude of the incoming CFI is further increased in
case s.C (�gure 7.2 (c)), the reverse-
ow regions fragment into individual irregular
patches. Eppink (2020) also observes the emergence of isolated recirculating-
ow
patches \in some cases" (i.e., for particular combinations of the step height and
incoming perturbation amplitude).

The red circles in �gure 4.7 represent Infrared (IR) thermal measurements from
Rius-Vidales and Kotsonis (2021). In their experiments, the heated wing surface
exhibits z-distributed regions of high and low temperature, corresponding to areas



7.2. Overview of perturbation evolution

7

145

-5 0 5 10 15 20 25

� 4
� 2

0
2
4

z=
� 0

1:2 1:3 1:4 1:5 1:6 1:7 1:8

� w � 0=u1

0 5 10 15 20 25
1

2

3

rm
s(

� w
� 0

=
u 1

)j
z

-5 0 5 10 15 20 25

� 4
� 2

0
2
4

z=
� 0

1:2 1:4 1:6 1:8 2 2:2

0 5 10 15 20 25
1:4
1:5
1:6
1:7
1:8

rm
s(

� w
� 0

=
u 1

)j
z

-5 0 5 10 15 20 25

� 4
� 2

0
2
4

xst =� 0

z=
� 0

1:2 2:2 3:2 4:2 5:2 6:2 7:2 8:2

2:6

3:6

4:6

5:6
rm

s(
� w

� 0
=

u 1
)j

z

0 5 10 15 20 25
3

23

43

63

xst =� 0

P
=

P 0

(a)

(b)

(c)

(d)

(e)

(f )

Figure 7.2: Wall shear (�w) contour with cyan isoline indicating @uDB=@y = 0 at the wall (a-c).
Evolution in x of the rms along z of wall shear (d-f ) in cases s.A (a,d), s.B (b,d), s.C (c,f ): steady
perturbed 
ow from DNS (solid black line), unperturbed base 
ow from DNS (dashed grey line),
and spatial Power Spectral Density (PSD) of infrared thermal measurements from Rius-Vidales and
Kotsonis (2021) extracted at the CFI wavelength (red circles).

of weaker and stronger wall-shear stress. A spatial Power Spectral Density (PSD)
analysis of the wall-temperature measurements is performed along the z-direction.
The normalised PSD of the fundamental spanwise wavenumber, which dominates
the wall-shear evolution, serves as key metric. It is depicted in �gure 7.2 (f ) as red
circles and denoted as P=P0. Overall, very good qualitative agreement is observed
between the near-wall 
ow behaviour obtained from DNS (case s.C ) and experiments
(Rius-Vidales and Kotsonis, 2021), as shown by the solid black line and red circles
in �gure 7.2 (f ).

7.2. Overview of perturbation evolution
The mechanisms governing the stationary modulation of the shear layer at the step
are scrutinised in this section. The main focus of the analysis is on the medium-
(s.B) and large-amplitude (s.C ) cases since the behaviour of the small-amplitude
(s.A) case at the step is qualitatively similar to s.B.
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Figure 7.3: Organisation of stationary spanwise perturbation modes in the medium-, s.B (a,c),
and large-amplitude, s.C (b,d), CFI cases: � = �0 (a,b) and 3�0 (c,d). The incoming modes in (c)
are invisible due to their small amplitude compared to modes downstream of the step.
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Figure 7.4: Evolution in x of the kinetic energy of spanwise-harmonic perturbation spaces,R
En�0 dy: n = 0 (dotted), 1 (thick solid), 2 (thin solid), 3 (thick dashed), 4 (thin dashed), 5 (thick

dash-dotted), 6 (thin dash-dotted) for medium-amplitude r.B (a), s.B (c) and large-amplitude r.C
(b), s.C (d) cases. Vertical dashed line indicates the step location.

Figure 7.3 compares the stationary perturbation �eld at the step under medium-
(a,c) and large-amplitude (b,d) CFI conditions. Sub-plots (a,b) correspond to the
fundamental spanwise mode, � = �0, while sub-plots (c,d) correspond to the third
harmonic, � = 3�0. Thus, �gure 7.3 (a) is identical to �gure 4.7 (c) in x 4.2. In this
chapter, the spanwise mode � = 3�0 is generally used to illustrate the behaviour of
the higher-order spanwise modes, � > �0. This choice is made in particular because
mode � = 2�0 exhibits perturbation e�ects at the step that di�er from those of the
other harmonic modes under large-amplitude CFI conditions, see x 7.3.

Initially around the step the organisation of the stationary perturbation �eld is
qualitatively similar in all amplitude cases investigated in this thesis: the fundamental
stationary CFI gradually lifts o� the surface as it approaches the step in x (�gure 7.3
(a,b)) and passes over it (chapter 4). Upon interacting with the step 
ow, it produces
stationary velocity-perturbation streaks of alternating sign in z just downstream
of the upper step corner (chapter 6); the spanwise wavenumber of the streaks is
identically � = �0, thus they appear within the fundamental spanwise perturbation
mode in �gure 7.3 (a,b), together with the CFI. When moving downstream of the
step the perturbation behaviour in the medium-amplitude case s.B is qualitatively
identical to that of the small-amplitude case s.A. However, a signi�cant di�erence
arises in the large-amplitude case s.C : while in s.A and s.B the near-wall streaks
rapidly decay in x (�gure 7.3 (a)), in case s.C, they undergo a second phase of growth
in x after decaying initially (�gure 7.3 (b)). The observed similarities between the
spatial evolution of near-wall streaks (�gure 7.3 (b)) and wall shear (�gure 7.2 (c,f ))
suggest that wall-shear measurements at the step do not explicitly characterise the
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Figure 7.5: Spatial evolution of budget terms of equation (3.8) for n = 1 in cases r.B (top) and r.C
(bottom): energy production (a,d), viscous e�ects and energy advection (b,e), work of non-linear
interactions (c,f ). Loci of cross
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ection points in the unperturbed base 
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ow distortion (dashed black line) in (a,d).

extended to large-amplitude CFI conditions.
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Figure 7.6: Spatial evolution of budget terms of equation (3.8) for n = 3 in cases r.B (top) and r.C
(bottom): energy production (a,d), viscous e�ects and energy advection (b,e), work of non-linear
interactions (c,f ). Loci of cross
ow in
ection points in the unperturbed base 
ow (solid cyan line)
and by the addition of the mean-
ow distortion (dashed black line) in (a,d).

First, consider the fundamental space n = 1, corresponding to perturbations
with � = �0 and reference (no-step) conditions. The spatial evolution of the terms
of equation (3.8) is shown in �gure 7.5 (a-c). Production adds the dominant positive





7.3. Mechanisms of energy transfer

7

151

0

1

2

3
y=

� 0
P� 0

0

1

2

3

D� 0 + T� 0

0

1

2

3

N � 0

� 1

0

1
� 10� 3

-20 -10 0 10 20 30
0

1

2

3

xst =�0

y=
� 0

-20 -10 0 10 20 30
0

1

2

3

xst =�0

-20 -10 0 10 20 30
0

1

2

3

xst =�0

� 1

0

1
� 10� 2

(a) (b) (c)

(d) (e) (f )

Figure 7.7: Spatial evolution of budget terms of equation (3.8) for n = 1 in cases s.B (top) and s.C
(bottom): energy production (a,d), viscous e�ects and energy advection (b,e), work of non-linear
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ow reversal uB = 0
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Figure 7.8: Spatial evolution of budget terms of equation (3.8) for n = 3 in cases s.B (top) and s.C
(bottom): energy production (a,d), viscous e�ects and energy advection (b,e), work of non-linear
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ow reversal uB = 0
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energy production drives the ampli�cation of the fundamental CFI mode (� = �0,
�gure 7.9 (g)), while non-linear interactions drive the ampli�cation of high-order
harmonic CFI modes (� > �0, �gure 7.9 (h-j)). However, as expected for a stronger



7

152 7. Effects of perturbation amplitude

P D T N
� 4
� 2

0
2
4

� = 0

(� 104)
P D T N

� 1:2
� 0:6

0
0:6
1:2

� = � 0

(� 102)
P D T N

� 1:4
� 0:7

0
0:7
1:4

� = 2 � 0

(� 104)
P D T N

� 6
� 3

0
3
6

� = 3 � 0

(� 106)
P D T N

� 2
� 1

0
1
2

� = 4 � 0

(� 107)

P D T N
� 2
� 1

0
1
2

(� 102)
P D T N

� 9
� 4:5

0
4:5

9

(� 102)
P D T N

� 1
� 0:5

0
0:5

1

(� 102)
P D T N

� 6
� 3

0
3
6

(� 103)
P D T N

� 2
� 1

0
1
2

(� 103)

(a) (b) (c) (d) (e)

(f ) (g) (h) (i ) (j )

Figure 7.9: Integral contribution over the domain S of budget terms of equation (3.8) in no-step
conditions: case r.B (top) and r.C (bottom) for n = 0 (a,f ), 1 (b,g), 2 (c,h), 3 (d,i), 4 (e,j).
Blackboard bold symbols denotes quantities integrated over S.

stationary cross
ow vortex, the non-linear interactions acting on individual modes
are overall more pronounced in case r.C compared to r.B (�gure 7.9).
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Figure 7.10: Integral contribution over the domain S of budget terms of equation (3.8) in step
conditions: case s.B (top) and s.C (bottom) for n = 0 (a,f ), 1 (b,g), 2 (c,h), 3 (d,i), 4 (e,j).
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With the step present, high-order perturbation modes destabilised analogously
by the in
ectional instability at the step (x 4.3) exhibit a similar rate of growth



7.3. Mechanisms of energy transfer

7

153

� 4 � 2 0 2 4
0

1

2

3

4

z=� 0

y=
� 0

total 
ow

� 4 � 2 0 2 4
0

1

2

3

4

z=� 0

� B + � 0
(0 ;0) + � 0

(0 ;1)

� 4 � 2 0 2 4
0

1

2

3

4

z=� 0

� B + � 0
(0 ;0) +

P 10
j =3 � 0

(0 ;j )

0

0:5

1

1:5

2

u?
DB ;s =u1

(a) (b) (c)
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ow, �B, and di�erent numbers of spanwise modes, j: total 
ow uDB;s (a),
modes j = 0; 1 (b), modes j = 0; 3-10 (c).

in �gure 7.4 (c); i.e., representing the medium-amplitude case s.B. While the same
in
ectional mechanism is also present in the large-amplitude case s.C, it is observed
that the spanwise mode � = 2�0 undergoes signi�cant stabilisation in x downstream
of the step (�gure 7.4 (d)). The present energy-balance analysis enlightens that the
mechanism of production at the step (i.e., re
ecting the imprint of the in
ectional
instability) is notably weaker in the perturbation space n = 2, compared to n > 2,
under large-amplitude CFI conditions.

In addition to this linear e�ect, a key result of the present chapter is that a non-
linear mechanism signi�cantly in
uences the perturbation evolution in case s.C. To
illustrate this, consider �rst the perturbation space n = 1. An elongated contour
of N�0 > 0, i.e., signifying a destabilising contribution of non-linear interactions,
emerges near the wall from xst=�0 = 10 (see arrow in �gure 7.7 (f )). This feature is
absent in cases s.A and s.B. In case s.C, the elongated contour of N�0 > 0 spatially
coincides with the location where the near-wall streaks of fundamental wavelength
{initially generated at the upper step corner{ amplify in x following a brief phase
of spatial stabilisation (�gure 7.3 (b)). By contrast, in case s.B, the corresponding
streaks vanish rapidly in x (�gure 7.3 (a)). In results not shown here, a structurally
similar elongated contour of the non-linear mechanism is found to manifests also in
the perturbation space n = 0, i.e., the non-oscillatory component � = 0, and in the
higher-order perturbation spaces such as n = 3; 4; 5. The strength of N0 > 0 in this
region is comparable to that of N�0 > 0 and exceeds that of the higher harmonics.

The spatial ampli�cation of near-wall streaks in the high-order perturbation
modes correlates spatially with regions where Nn�0 > 0, n > 2, near the wall. This
is illustrated in �gures 7.3 (d) and 7.8 (f ) for n = 3. Con�rmation of a signi�cant
growth of the mean-
ow distortion at the step in case s.C is provided by the pro-
nounced alteration of the underlying 
ow topology near the wall. This is apparent
when comparing the �elds �B and �B + �0(0;0), as illustrated by the di�erent organ-
isation of solid cyan and dashed black lines in �gure 7.8 (d). These lines represent,
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Mechanisms of

laminar-turbulent
transition

Abstract: This chapter assesses laminar-turbulent transition in the presence of the
forward-facing step. The analysis begins by examining transition advancement and
elucidating the mechanisms leading to either supercritical or critical transition. In
both cases, transition advancement arises from a novel shear-layer instability at the
step. The most critically ampli�ed instability eigenmode feeds growth from the near-
wall shear-layer deformed by the interaction between the incoming CFI and the step
(chapter 7). In the critical case, the onset of key transitional-
ow structures is spa-
tially delayed, thereby positioning the transition front between the supercritical and
reference (no-step) scenarios. In the second part, this chapter explores the possibility
of transition delay induced by the step, building on the insights from chapters 4 and
5 regarding the potential of the step for stabilising the pre-existing CFI.

A note on nomenclature: This chapter discusses both stationary and unsteady
e�ects. The perturbation modes are denoted by �0(k;j), where the prime marks per-
turbation, k is the temporal modal index, and j is the spanwise modal index. Steady
perturbed-
ow quantities are denoted by the subscript DB, for example, �DB. The
steady perturbed 
ow results from the superposition of the unperturbed base 
ow and
the stationary perturbation �eld. Results from two-dimensional linear stability analy-
sis performed on the steady perturbed 
ow obtained from DNS are denoted as \BiG".

Parts of this chapter are published in:

� Casacuberta, J., Hickel, S., and Kotsonis, M., 2023 Laminar-turbulent transition in swept-
wing 
ows with a supercritical forward-facing step. In ERCOFTAC Workshop Direct and
Large Eddy Simulation (pp. 151-156). Cham: Springer Nature Switzerland.

� Casacuberta, J., Groot, K. J., Hickel, S., and Kotsonis, M., 2025 Direct numerical simulation
of swept-wing transition induced by forward-facing steps. Under consideration for publication
in J. Fluid Mech.
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B uilding on the analysis of stationary perturbation e�ects, this chapter inves-
tigates the mechanisms of laminar-turbulent transition in the presence of the
forward-facing step. The �rst part of the chapter focuses on transition ad-

vancement; speci�cally, x 8.1.1 and x 8.1.2 address supercritical transition (i.e., an
abrupt shift of the transition front upstream) and critical transition (i.e., a moderate
shift of the transition front upstream), respectively. Both sections include analyses
of unsteady perturbation phenomena, instantaneous 
ow organisation, and the re-
sulting modi�cation of the transition path. Two-dimensional linear stability analysis
(see x 2.2.3 and x B.2 in appendix B for details) is employed in all cases to assess the
behaviour of unsteady instability modes at the step. The second part of this chapter
(x 8.2) explores the potential for transition delay induced by the step.

In the �rst part of this chapter (x 8.1), the 
ow problems investigated correspond
to step case III (supercritical transition) and case II (critical transition), see table
2.3. Consistent with the analysis thus far in this thesis, the step is located at x=�0 =
177:62. The in
uence of the incoming CFI amplitude (table 2.4) on conditioning
supercritical transition at the step is assessed. In the second part of this chapter
(x 8.2), the step location is shifted to x=�0 = 73:90, see table 2.6. This modi�cation
of the step location is exclusive to x 8.2 within the scope of the thesis. The analyses of
both the critical transition and transition delay are conducted under large-amplitude
CFI conditions (table 2.4).

8.1. Transition advancement by the step
8.1.1. Supercritical transition
Mean skin friction
First, an overview of the cases is provided using mean-
ow metrics. More speci�cally,
the time- and spanwise-averaged skin-friction coe�cient is used to segregate between
laminar and turbulent regimes. It is evaluated as

hCf i = h
�w

1
2�u2

1
i; (8.1)

where �w denotes the time-averaged wall-shear stress and h�i expresses spanwise-
averaging operation. The chordwise evolution of hCf i(x) (8.1) is illustrated in �gure
8.1. Table 2.4 de�nes the amplitude cases considered in this chapter. The height of
the step is �xed (see step case III in table 2.3). Black empty circles in �gure 8.1 char-
acterise the large-amplitude reference (no-step) case, r.C. The signi�cant increase of
hCf i towards the end of the domain signi�es the breakdown of the stationary cross-

ow vortices. In case r.C, the laminar-turbulent transition front is approximately
located at 40% of the chord of the wing model used to guide the DNS set-up (see
x 2.1.1), i.e., at x=�0 � 400. When the step is present for identical amplitude of
the incoming stationary CFI, i.e., case s.C, the transition front moves drastically to
the downstream vicinity of the step (see red empty squares in �gure 8.1). However,
this does not hold for the medium-amplitude CFI case, s.B (see red squares with a
cross in �gure 8.1), indicating that the mechanisms of supercritical transition do not
manifest at a moderate amplitude of the incoming CFI. For reference, black circles
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Figure 8.1: Chordwise evolution of the spanwise- and time-averaged skin friction coe�cient in the
medium-amplitude cases r.B (black circles with a cross) and s.B (red squares with a cross) and
large-amplitude cases r.C (black empty circles) and s.C (red empty squares). Vertical line indicates
the step location, and the top inset provides a zoomed view over the range 170 � x=�0 � 184.

with a cross represent the amplitude-equivalent no-step case, r.B.
With regard to the overarching discussion in this thesis, experimental work has

shown that subcritical (i.e., small), critical (i.e., moderate), and supercritical (i.e.,
abrupt) movement of the transition front upstream correlate with increasing step
height for a �xed amplitude of incoming stationary CFI (Rius-Vidales and Kotsonis,
2021). The present DNS results illustrate that the categorisation of transition regimes
in swept-wing 
ow due to a forward-facing step is not uniquely set by the step
height alone, as also observed experimentally (Eppink, 2020). The amplitude of the
incoming CFI plays a key role as well; this point is further explored below, building
on the insights presented in chapter 7. The remainder of the analysis in x 8.1.1 focuses
on large-amplitude CFI conditions, under which advancement of laminar-turbulent
transition is observed.

Mechanisms of unsteady perturbation at the step
The mechanisms of unsteady perturbation at the step are �rst assessed quantitatively
through temporal probe data, i.e., point-wise measurements of instantaneous velocity.
As mentioned above, the present analysis is restricted to the step case s.C that
exhibits supercritical transition; the reader is referred to x 2.3.3 for an overview of
unsteady perturbation evolution in the amplitude-equivalent no-step case, r.C.

The deformation of the near-wall shear-layer beneath the cross
ow vortex’s crest
(�gure 7.1 (f )), is a primary source of unsteady activity. This deformation was
identi�ed in chapter 7 as a feature inherent to the steady perturbed 
ow (x 7.1)
that eventually develops in x into a region of streamwise-momentum de�cit. This is
�rst evaluated through power spectral density (PSD) analysis of time-resolved probe
data (�gure 8.2 (b,c)) at three x-locations immediately downstream of the step, but
upstream of laminar breakdown. Additionally, perturbation growth is assessed via
the modal decomposition of the perturbation �eld in the spanwise direction and in
time, as de�ned in equation (2.11).

Unsteady perturbation content at the step appears in both a low-frequency band,
peaking at f � 1 kHz, and a high-frequency band, with peaks at f � 9 kHz and
f � 12 kHz. Perturbations with f � 12 kHz primarily develop along the inclined
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Figure 8.2: Topology of the steady perturbed 
ow in case s.C (a) and power spectral density, �,
of temporal probe data (b,c) identi�ed by same colour of a corresponding probe in (a) at xst=�0 = 5
(I ), 8 (II ), 10 (III ). Contours in (a) are isolines of uDB;s (2.7) ranging from 0 to 1:5u1. The
coordinate z? indicates a spanwise shift relative to the intersection between the stationary cross
ow
vortex and the streamwise-momentum de�cit region at the step.

lateral shear layer of the streamwise-momentum de�cit region at the step (see dark
blue probe in �gure 8.2), whereas those at f � 9 kHz are concentrated along the
shear layer adjacent to the streamwise-momentum de�cit region on the left side (see
orange probe in �gure 8.2). While low-frequency perturbations initially dominate
around the step corner (�gure 8.2 (I )), high-frequency perturbations progressively
become dominant when moving downstream of the step (�gure 8.2 (II,III )). This
trend is further illustrated by the amplitude function of unsteady perturbation modes
at individual frequencies of f = 1 kHz (a) and 12 kHz (b), respectively expressed
as
qP13

j=�13 j~uj
2
(k;j); k = 1; 12 in �gure 8.3. Consistent with the probe analysis,

�gure 8.3 shows that higher-frequency perturbations exhibit greater spatial growth
rates. Overall, perturbations at f = 12 kHz ultimately reach the largest amplitude
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Figure 8.3: Amplitude functions of unsteady perturbation modes: 1 kHz (a), 12 kHz (b), where

AM =
qP13

j=�13 j~uj
2
(k;j). Flow reversal (uDB = 0) in planes of the steady perturbed 
ow at

z=�0 = �1:7 (yellow solid line) and z=�0 = 4:8 (red dotted line).

downstream of the step.
It may be postulated that the low-frequency unsteadiness at the step represents a

manifestation of classic type-III secondary cross
ow instability, ampli�ed by the de-
formation of the stationary cross
ow vortex at the step. This hypothesis is supported
by the organisation of the perturbation shape of the f = 1 kHz component around
the base (see �gure 7.1 (f )) of the stationary cross
ow vortex, which corresponds to
the typical location of type-III secondary cross
ow instability in no-step conditions
(Koch et al., 2000). A potential mechanism involving 
apping or breathing of the
shear layer at the step (Eppink, 2020), which could contribute to the low-frequency
unsteadiness, is not evident in the DNS.

In parallel, the high-frequency perturbations at the step appear to originate
from a shear-layer instability, as proposed by Eppink (2020). First and foremost,
a correlation is observed between the spatial organisation of major unsteady per-
turbation structures and the pronounced deformation of the near-wall shear layer
downstream of the step. This is illustrated in �gure 8.4 (a) depicting the instan-
taneous organisation of the f = 12 kHz unsteady perturbation �eld (expressed asP13
j=�13 ~u(12;j)ei(j�0z) + ~u(�12;j)ei(j�0z)) in relation to the embedding 
ow. As the

streamwise-momentum de�cit region develops in the chordwise direction, the un-
steady perturbation gradually shifts towards its laterally inclined shear layer (see
�gure 8.4 (II.a,III.a). It will be shown below that large-scale vortex shedding em-
anates from this upwelling region of the streamwise-momentum de�cit region.

Second, linear stability analysis (see x 2.2.3 and x B.2 in appendix B for details)
of the steady perturbed 
ow identi�es three eigenmodes that are explosively unsta-
ble at high frequencies (9-12 kHz), and do not manifest under reference (no-step)
conditions. These modes are henceforth referred to as step modes. Perturbation
shapes corresponding to the most unstable instances are shown in �gure 8.5, with
further characteristics reported in table 8.1. Initially in x, the step modes are located
above the reverse-
ow region and can be distinguised by the presence of one, two,
or three local regions of large j~uBiGj in z, corresponding to their mode index. They
are therefore denoted step-mode1, step-mode2, and step-mode3, respectively. The
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(III ). Topology of the steady perturbed 
ow portrayed as isocontours of uDB=u1 (ranging from 0
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step modes’ growth rates (���;i�0 sec � in table 8.1) are quali�ed as explosive upon
noting that they are a factor 35 larger than the maximum growth rates achieved by
the classic secondary cross
ow instabilities reported in table 2.8 in x 2.3.3 for no-step
conditions. Table 8.1 furthermore speci�es the perturbations’ wavelength, �x� , phase
speed cph, and group speed cg, all in the direction of the cross
ow vortex (i.e., in the
non-orthogonal x�-direction), which are de�ned as

�x� =
2�
��;r

; cph =
!r
��;r

; cg =
@!r
@��;r

����
��;i

; (8.2)

where the subscripts r and i here denote the real and imaginary parts, respectively.
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Figure 8.5: Perturbation shape in case s.C obtained from the local and plane-marching BiG
approaches depicted as j~uBiGj-isocontours (1/8, 2/8, ... 7/8 of maxz;y j~uBiGj), corresponding to
the most unstable instances (xst=�0-location corresponding to maxxf���;i sec �g) of CS-modes 1-3
for the frequencies that result in the largest N -factors at xst=� = 10 (see details in table 8.1).
Isocontours of uDB=u1 (solid black: 10%, 20%, ... 90%; dashed red: 0, i.e., 
ow reversal).

Step-mode Method f (kHz) xst=�0 ���;i�0 sec � �x�=�0 cph=u1 cg=u1

1 BiG local 12 1.19 3.44 1.14 0.70 0.42
1 BiG marching 12 1.19 3.64 1.13 0.69 0.38
2 BiG local 11 2.19 1.78 1.33 0.75 0.58
3 BiG local 9 2.49 1.21 1.74 0.80 0.64

Table 8.1: Most unstable (maxxf���;i sec �g) step mode characteristics for the frequencies that
yield the largest N -factors at xst=�0 = 10, obtained using the local or plane-marching BiG ap-
proaches (marching step size s = 0:5�0, see x B.2 in appendix B) in case s.C.

Step-mode 1 Step-mode 2 Step-mode 3

Method s=�0 f (kHz) 11 12 13 9 11 12 9 12

BiG local { N 17.35 17.68 17.32 8.79 9.56 9.53 5.64 4.63

BiG marching
0.5 N 17.01 17.39 16.94
1.0 N 17.16
2.0 N 16.91

Table 8.2: Linear ampli�cation N -factors at xst = 10:38�0 of unsteady instability eigenmodes using
the local or plane-marching BiG approaches in case s.C.

Large N -factors are computed for all step modes (table 8.2), at a location up-
stream of the neutral point of classic type-I and type-II secondary cross
ow instabili-
ties (x=�0 = 188:4; plane-marching results for type-II, see �gure 2.15 in x 2.3.3). How-
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Figure 8.6: Chordwise evolution of the (a) growth rate and (b) wavelength of step-mode1 at 12 kHz
as computed with local (green circles) and plane-marching (blue pluses: s=�0 = 0:5; red crosses: 1;
black dotted: 2) BiG approaches in case s.C. Maximum extent of reverse 
ow (black dashed line).
Panels (I-VI): j~uBiGj-isocontours (1=8, 2=8, ... 7=8 of maxz;y j~uBiGj) corresponding to step-mode1
at 12 kHz at x-positions indicated in (a,b) as computed with the local (�lled contours) and plane-
marching (blue isolines: s=�0 = 0:5) approach. Isocontours of uDB=u1 (solid black: 10%, 20%, ...
90%; dashed red: 0, i.e., reverse 
ow).

ever, theN -factor achieved by step-mode1 is so much larger than those for step-mode2
(its relative amplitude is e9:53�17:68 = 10�3:5) and step-mode3 (e4:63�17:68 = 10�5:7),
that the remaining analysis focuses on step-mode1.

The largest ampli�cation factor computed from stability analysis is attained at
f = 12 kHz (table 8.2). This result is conform with the results from the DNS probe
analysis (�gure 8.2), which indicates that this frequency component dominates in the
DNS at similar x-positions. The shape function of this critical (i.e., most integrally
ampli�ed) stability eigenmode, step-mode1 in table 8.2, is ultimately concentrated
in x along the shear layers of the streamwise-momentum de�cit region that forms
downstream of the step (�gure 7.1 (f )). This is illustrated in �gure 8.4 (b), which
compares the chordwise evolution of the eigenmode, as obtained from the local BiG
stability approach, with the perturbation �eld from DNS. The associated growth
rates (a) and chordwise perturbation wavelengths (b) of step-mode1 from stability
analysis are given in �gure 8.6. This provides evidence that step-mode1 is initially
signi�cantly destabilised by the local deformation of the shear layer at the upper step
corner, where regions of 
ow recirculation are present (see �gure 8.6 (a) in the range
0 � xst=�0 � 5). Further downstream, as it ampli�es on the deformed near-wall
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shear layer, the shape of step-mode1 resembles the perturbation recovered from DNS
(�gure 8.4 (III.a)), albeit notable di�erences in perturbation shape between DNS and
the local stability approach are observed during the early stages of the eigenmode
development (�gure 8.4 (I,II )).

Instantaneous 
ow organisation
The spatial ampli�cation of high-frequency instabilities in the deformed near-wall
shear layer downstream of the step precedes the onset of large-scale vortex shed-
ding. Unsteady vortical structures are observed directly at the step only in case s.C,
while in case s.B, no signi�cant unsteadiness is present. In case s.C, the onset of
laminar-turbulent transition is marked by spanwise-periodic wedges of unsteady con-
tamination inclined along the cross
ow-vortex direction. This is illustrated in �gures
8.7 and 8.8, which depict isosurfaces of Q-criterion (Hunt et al., 1988) at the step.

Three main families of unsteady vortical structures are identi�ed in the instanta-
neous 
ow. First, large-scale hairpin vortices shed from the streamwise-momentum
de�cit region, labelled vortex1 in �gure 8.7. Speci�cally, the inception region of
vortex1 spatially correlates with the shape of the critical unsteady perturbation
{namely, step-mode1 at f = 12 kHz{ on the de�cit region, as computed by linear
stability analysis. Second, vortical structures of a rather amorphous shape emerge
from the shear layer adjacent to the streamwise-momentum de�cit region on the left
side, developing spatially very close to the wall. These are labelled vortex2 in �gure
8.7. Third, a second family of large-scale hairpin vortices form along the shear layer
of the distorted base (see �gure 7.1 (f )) of the stationary cross
ow vortex. These
are labelled vortex3 in �gure 8.7. The fully developed form of vortex3 appears sig-
ni�cantly farther downstream (xst=�0 > 20) compared to vortex1 (xst=�0 � 10) as
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shown in �gures 8.7 and 8.8.
The rapid upward shift of vortex1 and vortex3 in x is a key feature of the vortical

evolution at the step. This is elaborated as follows: the primary hairpin vortices
induced at the streamwise-momentum de�cit region, vortex1, ascend in x towards
the upper shear layer of the stationary cross
ow vortex. Under reference (no-step)
conditions, this upper region is typically associated with the type-II secondary cross-

ow instability (Malik et al., 1999). Similarly, for xst=�0 > 40, the secondary hairpin
vortices, vortex3, shift upward in x and become immersed in the upper inclined shear
layer within the upwelling region of the stationary cross
ow vortex (see region la-
belled as shoulder in �gure 7.1 (f )). This shear layer typically feeds growth to the
type-I secondary cross
ow instability, see x 2.3.3. This e�ect provides a plausible
explanation for the signi�cant unsteady activity measured by Rius-Vidales and Kot-
sonis (2021) in the boundary-layer region traditionally linked to the classic type-I
secondary cross
ow instability, albeit the type-I mechanism does not appear in the
transitional 
ow from DNS in this x-region.

The power spectral density of temporal probe signals from DNS 
attens, signifying
turbulence inception, from approximately xst=�0 = 15. This trend is quanti�ed in
probe measurements taken near the interaction between vortex1 and vortex2, to which
the inception of turbulence is attributed in the �rst place. Probe measurements near
vortex3 exhibit spectral 
attening at a more downstream location. Therefore, both
the DNS and experimental work (Rius-Vidales and Kotsonis, 2022) indicate that
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Figure 8.9: Paths to turbulence in boundary-layer 
ow as a function of: (a) the external distur-
bance level (Morkovin et al., 1994) and (b) the surface-induced 
ow distortion in a low-disturbance
environment (Crouch, 2022). Thick (dotted and solid) red arrows in (b) indicate the model of super-
critical transition due to the step proposed in this thesis. Diagrams reproduced after (a) Morkovin
et al. (1994) and (b) Crouch (2022). The dashed arrows in (b) for routes \B", \C", and \D" indicate
the original claim by Crouch (2022) that transient-growth e�ects do not alter the transition route.

step, partially sets the conditions for secondary instability growth. Second, this
non-modal growth originates from the growth of primary eigenmodes, namely the
incoming CFI. This contribution is represented by the red solid arrows in �gure 8.9
(b). At the same time, the growth of non-modal streaks contributes only partially
to establishing the conditions for breakdown; the local destabilisation, through an
in
ectional mechanism, of the high-order harmonic modes accompanying the funda-
mental CFI also plays a role in this process (x 7.3). The dual contribution to the
secondary mechanisms is represented by the red dotted arrow in �gure 8.9 (b).

With the advent of non-modal stability theory, the 
ow stability community de-
bated how to reconcile classic concepts of non-linearity and secondary instability
mechanisms with moderate-amplitude non-modal perturbations (see, for instance,
Henningson et al. (1990), Breuer and Landahl (1990), and Henningson et al. (1993)).
For further discussion on the transient role of stationary perturbations induced by
the surface feature itself, the reader is referred to White et al. (2005). Building
on the insights from chapter 6 and x 7.3, a parallel can be drawn between super-
critical transition due to the step and the description of localised perturbations in
boundary-layer 
ow by Breuer and Landahl (1990): \even a modest spanwise struc-
ture [here the cross-stream pattern of the incoming CFI, characterised by �n in equa-
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Figure 8.10: Wind tunnel measurements of cross
ow vortices in reference no-step conditions (left)
and step conditions (right) at the same location of wing chord downstream of the step. Colour
contours of wall-normal (top) and spanwise (bottom) gradients of time-averaged velocity, �Q, and
isolines of �Q, where Q indicates velocity measured through a hot wire probe. The z? is the direction
of wing span, �?Q is a metric of displacement thickness, and �z;D is the wavelength of CFI. Solid
grey and orange areas respectively depict the surface without and with the step present and dashed
grey area indicates no data. Arrows indicate the deformation of the near-wall shear layer on the
inner side of the cross
ow vortex, as identi�ed in the DNS. Adapted from Rius-Vidales and Kotsonis
(2022) with permission.

tion (3.12)] can, in the presence of a strong mean shear [here the highly sheared step

ow], produce large-amplitude horizontal perturbations [here the near-wall stream-
wise streaks]. Despite the initial linear character of the disturbance, non-linear e�ects
are quick to establish themselves and we see both the distortion of the ‘mean’ pro�le
and the growth of secondary instabilities as the disturbance evolves."

Transition advancement due to the step entails a modi�cation of the transition
path, relative to the reference (no-step) scenario (�gure 8.9 (b)). Key elements sup-
porting this alteration of the transition path are consistent with wind-tunnel experi-
ments. First, a pronounced deformation of the near-wall shear layer on the inner side
of the cross
ow vortex, is con�rmed in the time-averaged 
ow measurements of Rius-
Vidales and Kotsonis (2022) (see �gure 8.10 adapted from their work). Rius-Vidales
and Kotsonis (2022) further note that the pronounced deformation of the near-wall
shear layer beneath the cross
ow vortex’s crest is speci�c to the set of experiments
exhibiting supercritical transition (cf. their �gure 5). This observation aligns with
the identi�cation that critical unsteady 
uctuations {leading to laminar breakdown{
develop spatially in this portion of the near-wall shear layer (Rius-Vidales and Kotso-
nis, 2022). Second, Eppink (2020) attributes laminar breakdown at the step to vortex
shedding downstream of the reattachment point of the recirculating-
ow region, a
mechanism also identi�ed by the DNS (�gures 8.7 and 8.8).

Notwithstanding the joint identi�cation of major 
ow structures between exper-
imental reports and DNS, the nature of the unsteady perturbations that initiate
vortex shedding at the step remains an open question. Eppink (2020) attributes the
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Figure 8.11: Chordwise evolution of the spanwise- and time-averaged skin friction coe�cient
under large-amplitude CFI conditions: reference (no-step) case (black circles), step cases I (orange
diamonds), II (blue triangles), and III (red squares). Vertical line indicates the step location.

origin of the higher-frequency perturbations to a shear layer instability, a view sup-
ported by the results of this chapter. Moreover, the �ndings in this chapter further
align with the primary observations of Rius-Vidales and Kotsonis (2022) that the fre-
quency content and spatial organisation of critical unsteady 
uctuations downstream
of the step do not reconcile with those of classic secondary cross
ow instabilities. This
discrepancy implies the presence of a novel unsteady mechanism introduced by the
step, as con�rmed by the analysis in this chapter.

8.1.2. Critical transition
Mean skin friction and topology of the steady perturbed 
ows
Figure 8.11 con�rms that the three step heights investigated in this thesis (see ta-
ble 2.3) induce subcritical (h=�0 = 0:59), critical (h=�0 = 0:76), and supercritical
(h=�0 = 0:97) transition, as anticipated. This classi�cation is based on the upstream
shift of the transition front, see Rius-Vidales and Kotsonis (2021) for reference, here
assessed through the evolution of the mean skin-friction coe�cient along the chord-
wise direction (8.1). Building on the insights from x 8.1.1, it should be emphasised
that the regime classi�cation based on step height depends on the selected amplitude
of the incoming stationary CFI. The present section focuses on the mechanisms of
critical transition under large-amplitude CFI conditions (see table 2.6); that is, under
the same amplitude conditions as the supercritical case analysed in x 8.1.1.

First, �gure 8.12 presents the topology of the steady perturbed 
ow past the step.
In particular, planes of 
ow at xst=�0 = 9:4 are shown, i.e., replicating the layout
of �gure 7.1 illustrating the supercritical scenario. Data from the subcritical case
are also included for reference (�gures 8.11 and 8.12), although a detailed analysis of
the associated transition mechanisms falls beyond the scope of this section. Overall,
�gure 8.12 (a-c) illustrates the progressive development of the near-wall shear-layer
deformation with increasing step height. Ultimately, this deformation attains its most
pronounced form in the case with the largest step tested, where the development of
a streamwise-momentum de�cit region becomes evident (�gure 7.1 (f )).
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Figure 8.12: Topology of the steady perturbed 
ow illustrated by z-y planes of velocity uDB;s at
xst=�0 = 9:4 considering large-amplitude CFI conditions: no-step case (a), step case I (b), step case
II (c). The black arrows illustrate the in-plane organisation of the steady perturbed 
ow (wDB;s
and vDB).

Mechanisms of unsteady perturbation at the step
The two-dimensional linear stability analysis introduced in x 8.1.1 to examine the
mechanisms of supercritical transition is extended in the present section. Speci�cally,
the stability problem is at present solved using the steady perturbed 
ow correspond-
ing to the critical step case. The analysis carried out in this section employs the local
approach to BiG, see x 2.2.3.

The results of the stability analysis con�rm the existence of (at least one) unsteady
instability eigenmode, supported by the near-wall shear layer downstream of the step.
The behaviour of this eigenmode closely resembles that of step-mode1, previously
identi�ed as a main agent driving supercritical transition (see x 8.1.1). Speci�cally,
the eigenmode shape is concentrated within the region of low momentum beneath the
crest of the stationary cross
ow vortex (�gure 8.12 (c)). Furthermore, the eigenmode
is quali�ed as explosive, in that it attains a very large N -factor in a short x-distance.
Considering the multiple similarities, the newly identi�ed unsteady instability arising
under critical step conditions is hereafter also referred to as step-mode1. Following
the analysis in x 8.1.1, the subscript ‘1’ denotes the most ampli�ed eigensolution of
the local family of step modes introduced by the step.

Selected results of the stability analysis are summarised in �gure 8.13, which com-
pares the critical and the reference (no-step) cases; results from the subcritical case
are additionally included for completeness. In particular, �gure 8.13 (a) quanti�es the
ampli�cation factor of two main families of eigensolutions. Namely, the newly iden-
ti�ed step-mode1, represented by the curves concentrated near the step x-location
(denoted with closed symbols) and the classic type-I secondary cross
ow instability,
represented by the curves situated farther downstream (denoted with open symbols).
For clarity, type-II and type-III eigenmodes are omitted from �gure 8.13, as there is



8

170 8. Mechanisms of laminar-turbulent transition

(a)

4
5

6
7 200

300
400

500
0

5

10

15

f (kHz) x=� 0

N

0 2 4 6 8 10 12 14
0
5

10
15
20

f (kHz)

N
m

ax

(b)

Figure 8.13: (a) Ampli�cation factor of the type-I instability (curves far from the step with
open symbols) and the step-mode1 (curves near the step with �lled symbols) as a function of
the perturbation frequency and chordwise position: reference no-step (black circles), subcritical
(red downward-pointing triangles), and critical (blue upward-pointing triangles) conditions. Large-
amplitude CFI conditions are considered (table 2.4). The orange line indicates the step x-location.
(b) Maximum ampli�cation factor over all x as a function of perturbation frequency for type-I
(open symbols) and step-mode1 (�lled symbols): reference no-step (black circles), subcritical (red
downward-pointing triangles), and critical (blue and upward-pointing triangles) conditions. Vertical
lines indicate peak locations for type-I (thin) and step-mode1 (thick).

no evidence suggesting their signi�cant contribution to the transition process in the
critical case.

Under critical conditions, the step-mode1 remains spatially con�ned to the region
immediately downstream of the step (�gure 8.13 (a)), i.e., it forms an unstable eigen-
solution exclusively for xst � x � 230�0. It exhibits a very large ampli�cation factor,
which is greater than that of subcritical conditions (�gure 8.13 (a)), but lower than
supercritical conditions (x 8.1.1). Unlike the type-I instability, the (maximum) fre-
quency response of the step-mode1 is sensitive to the step height. That is, the largest
ampli�cation factor of the step-mode1 shifts from approximately 4 kHz in the subcrit-
ical case to around 7 kHz in the critical case. This behaviour is illustrated in �gure
8.13 (b), which summarises the in
uence of perturbation frequency on the maximum
ampli�cation factor attained (i.e., the peak N -factor across all x-positions).

Finally, �gure 8.13 also shows that the type-I instability is actually stabilised (in
an integral sense) by the presence of the step. This observation forms the basis for
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Figure 8.14: Instantaneous 
ow organisation at the step under large-amplitude CFI conditions
(table 2.4) characterised by Q-criterion (Q) isosurface, coloured with chordwise velocity in the
critical ((a), Q�0=u1 = 0:1) and supercritical ((b), Q�0=u1 = 0:8) cases. The data are duplicated
four times in z for illustration purposes. Panel (b) here is identically �gure 8.8 above.

the discussion in x 8.2, which explores transition delay induced by the step.
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Discussion on the laminar-turbulent transition path
In the reference (no-step) case at large-amplitude CFI conditions, transition is driven
by the ampli�cation of the type-I secondary cross
ow instability (see x 2.3.3). Under
supercritical step conditions, the growth of classic secondary cross
ow eigenmodes
is bypassed by the novel unsteady mechanism originating at the step (x 8.1.1). The
present DNS results reveal that the critical and supercritical scenarios essentially
follow the same transition path. Nonetheless, the spatial growth rate of the key
perturbation structures is reduced in the critical case, which e�ectively results in a
downstream shift of the turbulence onset region, compared to the supercritical case.

The comparative features of the critical and supercritical cases are elaborated as
follows: in the supercritical case, the pronounced deformation of the near-wall shear
layer sustains the ampli�cation of secondary instability eigenmodes developing locally
at the step. Following the stage of linear eigenmode growth and the subsequent vortex
shedding, turbulence inception is �rst observed near the interaction of two dominant
vortical structures: the vortex1 and vortex2 (see �gures 8.7 and 8.8). In the critical
case, a near-wall deformation of the shear layer {structurally resembling that of the
supercritical case introduced in chapter 7{ also emerges (�gure 8.12 (c)). However,
it exhibits smaller spatial extent, relative to the supercritical case; consequently, the
stability analysis �nds that step-mode1 is less unstable in the critical case. In the
DNS, the vortex1 is still identi�able in the instantaneous organisation of the critical
step 
ow, but its formation is delayed compared to the supercritical case, and its
spatial development spans a broader chordwise region (�gure 8.15).

In addition, vortex2 is either absent or signi�cantly weakened under critical con-
ditions. Correspondingly, inspection of the instantaneous 
ow organisation reveals
that, in contrast to the supercritical case, the pronounced spanwise spreading of
the unsteady contamination wedges forming downstream of the step does not origi-







8.2. Transition delay by the step

8

175

0 50 100 150 200 250 300 350 400 450
� 0:03

� 0:02

� 0:01

0

0:01

x=� 0

�
u i;

(0
;1

)
� 0

� 4 � 2 0 2 4

2

4

y=
� 0

No-step

� 0:25

0

0:25

@uDB ;s =@z �0=u1

� 4 � 2 0 2 4

2

4

Step

� 4 � 2 0 2 4

2

4

y=
� 0

� 0:8

0

0:8

� 4 � 2 0 2 4

2

4

� 4 � 2 0 2 4

2

4

z=� 0

y=
� 0

� 1

0

1

� 4 � 2 0 2 4

2

4

z=� 0

0 50 100 150 200 250 300 350 400 450 500
0

0:5

1

1:5

2

x=� 0

hC
f
i�

10
2

(a)

(b) (c)

(d) (e)

(f ) (g)

(h)

stable

unstable

step

no-step

st
epno

-s
te

p

x=� 0 = 123:5 x=� 0 = 123:5

x=� 0 = 268 x=� 0 = 268

x=� 0 = 386:5 x=� 0 = 386:5
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Figure 9.1: Thermal maps demonstrating transition delay of swept-wing 
ow using a surface hump
(right) compared to the reference wing without the hump (left), reproduced from Rius-Vidales et al.
(2025). Flow moves from left to right: bright regions indicate laminar 
ow, dark regions indicate
turbulent 
ow. The solid orange line and shaded orange region mark the hump apex and its width.
Here, x is the coordinate orthogonal to the leading edge (with wing chord cx = 0:9 m), while X and
Z denote coordinates aligned with the wind-tunnel walls.

9.2. Outlook: potential for passive flow control
This thesis primarily focused on examining the instability mechanisms inducing early
transition when a forward-facing step is present. However, a series of unexpected
�ndings revealed that, under certain conditions, the step passively controls the in-
coming CFI (chapters 4 and 5); as a consequence, transition delay may potentially
be achieved. With few exceptions (Fransson et al., 2006; Fujii, 2006; Saric et al.,
2011), the dominant view among 
uid dynamicists holds that rapid spatial varia-
tions in surface geometry advance laminar-turbulent transition. The results of this
thesis, however, support a possible exception in the context of low-speed 
ows domi-
nated by the stationary CFI, thereby challenging the universality of this proposition.
The objective of this section is to strengthen this view and propose future research
directions for exploring passive 
ow-control strategies.

The numerical and theoretical �ndings of this thesis are supported by experi-
mental evidence of transition delay induced by a forward-facing step (Rius-Vidales
and Kotsonis, 2021). Transition delay is also reported when using a surface relief
composed of surface strips (Ustinov and Ivanov, 2018; Ivanov and Mischenko, 2019).
In addition, the author of this thesis is a co-author of related research conducted
within the same group at Delft University of Technology (TU Delft), which demon-
strates the potential of a smooth surface hump for passive 
ow control. Speci�cally,
experimental results (see �gure 9.1) show that a surface hump delays CFI-driven
transition under certain conditions (Rius-Vidales et al., 2025), with its e�ectiveness
being contingent upon the incoming CFI amplitude (Westerbeek et al., 2025). This
body of work on transition delay using a smooth surface hump has materialised into
an international patent application (Kotsonis et al., 2024).

The growing variety of surface-feature geometries integrated into swept wings that
have recently demonstrated transition delay under subsonic 
ow conditions suggests
that these are not isolated exceptions, but indications of an unexplored design space.
Speci�cally, it appears feasible to passively control the stationary CFI of swept-wing

ow through a surface relief, provided it matches the relevant instability speci�ca-
tions, i.e., Reynolds number or receptivity conditions, in order to prevent transi-
tion advancement. Accordingly, this thesis concludes by proposing Surface Methods
for Aerodynamic Relief Technology (SMART) 
ow control. Two preliminary design
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Figure 9.2: Sketch of the physical model of swept-wing 
ow adapted from �gure 2.1, illustrating
the 
ow control method denoted as destructive wave-like interaction. (a) Wing model with orange
lines indicating the orientation of the surface relief features. (b) Cross-sectional view of the surface
relief along the direction orthogonal to the leading edge.

strategies can be envisioned, which are outlined next.

SMART 
ow control through destructive wave-like interaction
This method builds upon the identi�cation of the reverse lift-up e�ect presented in
this thesis. As described above (chapter 5), this e�ect is of the (linear inviscid)
algebraic-growth type and has the potential to induce a local decay of perturbation
kinetic energy, either in space or in time. Two main considerations associated with
the present surface method are summarised as follows:

� Theoretical foundation
In contrast to the main working principles proposed in this thesis, Ustinov and
Ivanov (2018) attribute CFI stabilisation induced by surface strips to a reduc-
tion in the cross
ow velocity within the boundary layer, thereby decreasing the
CFI ampli�cation factor in an Orr-Sommerfeld sense. However, the validity of
linear local stability methods near sharp surface features remains questionable,
particularly since this thesis suggests that con�ned non-modal-growth mech-
anisms may dominate in this context. Future research should examine the
conditions under which either modal or non-modal e�ects dominate the inter-
action between surface features and pre-existing boundary-layer perturbations.

� Design
The perturbation stabilisation associated with the reverse lift-up e�ect does not
require prior knowledge of the wavelength or the perturbation phase upstream
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This appendix provides additional plots of stationary perturbation organisation
at the step with regard to chapter 4 (�gures A.1 and A.2) and chapter 6 (�gures A.3
and A.4).
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Figure A.1: Organisation of the chordwise velocity of the steady perturbed 
ow (a), total pertur-
bation �eld (b), fundamental perturbation �eld (c) in the reference (no-step) case under medium-
amplitude CFI conditions.
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Figure A.2: Organisation of the chordwise velocity of the steady perturbed 
ow (a), total per-
turbation �eld (b), fundamental perturbation �eld (c) in step case I under medium-amplitude CFI
conditions.
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Figure A.3: Organisation of the streamwise-velocity perturbation for � = �0 in cases Test A (a),
B (b), and C (c) of table 2.5.



A

213

(a)

(b)

(c)

-10 -5 0 5 10 15 20 25 30

� 4
0

4

0

2

4

y=
� 0

� 1

� 0:5

0

0:5

1

�
� 0

(0 ;1) + � 0 y
(0 ;1)

�
=u1 (� 104)

-10 -5 0 5 10 15 20 25 30

� 4
0

4

0

2

4

y=
� 0

� 1

� 0:5

0

0:5

1

-10 -5 0 5 10 15 20 25 30

� 4
0

4

0

2

4

xst =� 0

z=� 0

y=
� 0

� 1

� 0:5

0

0:5

1
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B.1. Linear and non-linear Parabolised Stability
Equations

T he NPSE are solved on the unperturbed DNS base 
ow considering a grid
containing 500 equispaced streamwise stations and 80 Chebyshev collocation
points in the wall-normal direction. The �rst-order backward Euler scheme

is used for the discretisation of chordwise derivatives and eleven stationary spanwise
Fourier modes (including the mean-
ow distortion) are considered for the represen-
tation of perturbations. The simulations are initialised with a stationary cross
ow
eigenmode obtained from LST on the in
ow base-
ow pro�le, to which a �nite am-
plitude is assigned.

The high-order perturbation harmonics are introduced in the chordwise-marching
scheme, successively in space, once their strength surpasses the threshold of 10�8 in
units of u1; the measure of strength is based on the order of magnitude of the
associated non-linear forcing term. When a new harmonic component is added,
its amplitude is assumed to be zero in the grid point immediately upstream of it.
Strong initial growth is therefore perceived immediately downstream of it. Finally,
inherent to the PSE approximations, the complex streamwise wavenumber of each
mode is iteratively updated at each streamwise station to a threshold of 10�6=Re
(where Re is the Reynolds number), ensuring slow chordwise changes in the pertur-
bation shape function. By considering only a single fundamental mode and disabling
non-linear interactions, the procedure provides solutions to the Linear Parabolised
Stability Equations (LPSE). In this case, the solutions are independent of the initial
mode amplitude, which is arbitrarily matched to the NPSE and DNS amplitude at
a selected x-position.

B.2. Two-dimensional spanwise BiGlobal
Two-dimensional linear stability analysis is additionally employed in this thesis to
assess mechanisms of unsteady instability of the steady perturbed 
ow downstream of
the step1. A two-dimensional plane-marching stability approach has been considered,
popularly known as PSE-3D (Paredes et al., 2015), which is here formulated using a
non-orthogonal coordinate system. The 
ow case investigated in this thesis requires
the use of a non-orthogonal coordinate system because it is periodic in the z-direction,
i.e., parallel to the step, while the smallest gradients are encountered in a direction,
that is approximately aligned with the cross
ow vortex. The latter direction, denoted
x�, is non-orthogonal versus the y-z plane. The angle between the leading-edge-
orthogonal x- and non-orthogonal x�-directions is denoted by �.

The plane-marching stability approach is derived in three steps. First, the Navier-
Stokes equations are linearised about the steady perturbed 
ow, qDB (2.10). To
this end, the instantaneous 
ow is decomposed into the steady perturbed 
ow and
unsteady perturbations with in�nitesimal amplitude, q0BiG. Substituting this de-
composition into the Navier-Stokes equations, cancelling the terms that form the
governing equations for qDB, and dropping the nonlinear terms in q0BiG produces

1The method description is derived from a publication by the author (see Groot et al. (2025)).
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the linearised Navier-Stokes equations. Second, the linearised Navier-Stokes equa-
tions are transformed to the non-orthogonal coordinate system. Third, the following
stability ansatz, that leverages slow evolution in the x�-direction, is imposed:

q0BiG(x�; y; z�; t) = ~qBiG(x�; y; z�) exp

"

i

 Z x�

x�;0
��(�x�) d�x� � !t

!#

+ c.c.; (B.1)

where ~qBiG = [~uBiG ~vBiG ~wBiG ~pBiG]T contains the perturbation shape functions, ��
is the wavenumber in the x�-direction, ! is the angular frequency, x�;0 is initialization
location, and �x� indicates the integration-variable equivalent of x�.

Substituting ansatz (B.1) into the linearised Navier-Stokes equations and drop-
ping the second-order x�-derivatives of ~qBiG yields the plane-marching stability equa-
tions. Upon dropping the x�-dependence of ~qBiG and ��, the stability problem re-
duces to a two-dimensional (i.e., in the z(�)-y plane) eigenvalue problem, that is
referred in this thesis to as the local approach. The reader is referred to Groot
et al. (2025) for all relevant details of the non-orthogonal transformation and the
full system of stability equations. In the 
-nomenclature of Groot et al. (2025) that
precisely disambiguates the assumptions made in the stability approaches, the plane-
marching approach deployed here corresponds to: 
2 = 0, 
1 = 
b = 1, while the
local approach sets: 
2 = 
1 = 0 and 
b = 1.

The systems of partial di�erential equations are closed with boundary, initial,
and auxiliary conditions. Periodic boundary conditions are imposed at the spanwise
boundaries and no-slip conditions are imposed at the wall and free stream boundaries;
the y-momentum equation is used as a compatibility condition for the pressure at
wall and free-stream boundaries. The local, spatial eigenvalue problem is solved
with the Arnoldi algorithm (for complex ��, upon specifying a value of !) in order
to obtain the initial condition at a location immediately downstream of the step,
namely x = 178�0. Ansatz (B.1) in itself does not guarantee that the x�-derivative of
the perturbation shape functions ~qBiG are small; the x�-dependence of both �� and
~qBiG in ansatz (B.1) is leveraged for this purpose. Given a reasonable initial guessed
solution for a given x-station, the x�-derivative of the shape functions is iteratively
minimised by updating �� with the following auxiliary condition:

�k+1
� = �k� � i

ZZ
~qH

BiGM
@~qBiG

@x�
dy dz�

ZZ
~qH

BiGM~qBiG dy dz�
; M =

2

664

1 0
1

1
0 0

3

775 ; (B.2)

where ~qH
BiG = [~uH

BiG ~vH
BiG ~wH

BiG ~pH
BiG] and the superscript H indicates Hermitian trans-

position. The perturbation-pressure contribution is dropped, because it is directly
linked to the velocity perturbations for incompressible conditions. This condition
was deemed satis�ed when relative ��-di�erences were recorded to drop below a
threshold: j�k+1

� � �k� j=j�
k+1
� j � 2:2� 10�10.
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Perturbation ampli�cation is quanti�ed with N -factors, calculated as follows:

N(x) = �
Z x

x0

��;i(x�(�x)) sec �(�x) d�x+
1
2

ln
EBiG(x)
EBiG(x0)

; (B.3)

where: EBiG(x) =
ZZ �

j~uBiG(x�(x); y; z�)j2 + j~vBiGj2 + j ~wBiGj2
�

dy dz�;

�x is the integration-variable equivalent of the orthogonal x-coordinate, and x0 is here
taken to correspond to the initialisation location near the step.

The stabilisation procedure proposed by Andersson et al. (1998) enables the use
of a high resolution in the streamwise direction immediately downstream of the step,
without having to drop any potentially relevant terms to eliminate the residual el-
lipticity (Herbert, 1997). In the 
-nomenclature of Groot et al. (2025), 
p = 1 is set
here. A small, constant value of the stabilisation length scale s = O(�0) renders the
plane-marching approach e�ective for the most-ampli�ed perturbation immediately
behind the step. Solution convergence is demonstrated as s is reduced (see table 8.2).
For more details on the stabilisation approach, see Groot et al. (2025).

The plane-marching BiG equations and boundary conditions are discretised by
using �nite di�erences. Central di�erences are used in z (tenth order) and y (sixth
order), while �xing the stencil width and moving the evaluation point for derivatives
toward a given boundary when necessary. A BiQuadratic mapping (Groot et al., 2018,
x 3.1.4) is used in z to produce an approximately uniform distribution ((zi1; zi2)=�z =
(�1; 1)=6, with z=�z 2 [�1=2; 1=2]). Another BiQuadratic mapping is used in y
to highly cluster the grid around the shear layer of interest ((yi1; yi2; ymax)=�0 =
(0:5; 2; 24:92)).

Upon using a Chebyshev Gauss-Lobatto node-distribution in the computational
�-domain with � 2 [�1; 1] (Groot et al., 2018, x 3.1.1), nodes are clustered toward the
boundaries to avoid the Runge phenomenon. The wall-normal mapping parameters
were chosen to maximise the resolution for the most unstable x-instance of the most
ampli�ed mode as computed with the local approach (with maximal ���;i sec � in
x for f = 12 kHz; j���;i=��;ij = 3:0 � 10�7 or less, upon reducing the number
of nodes by 10% in each direction), see �gure B.1 (a) for an example grid. The
number of nodes (Nz = 300, Ny = 200) yields an negligible error in ��;i (speci�cally:
j���;i=��;ij = 8:0 � 10�5 or less) at a location where the same mode is less-well
resolved based on the mapping setting, see �gure B.1 (b). Second-order backward
di�erences (backward Euler) are used in x�. Steps of �x=�0 = 0:1 are taken from
the step up to xst=�0 = 7:38, whereafter a larger stride of �x=�0 = 1 is used. All
integrals over spatial coordinates are computed using numerical approaches with
similar or higher orders of accuracy as the �nite di�erences in the corresponding
directions.

Finally, the angle � = �min which forms between the x�-coordinate and the
leading-edge-orthogonal x-coordinate in the large-amplitude step case s.C, is iter-
atively found at every considered x-station by minimising the quantity

vuut
ZZ (�

@uDB

@x�

�2

+
�
@vDB

@x�

�2

+
�
@wDB

@x�

�2
)

dydz; (B.4)
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Figure B.1: Grid resolving step-mode1 as computed with the local BiG approach at xst=�0 = 1:18
(a) and 10.38 (b) at 12 kHz. Grid (gray lines), isolevels of j~uBiGj (�lled contours; 1/8, 2/8,... 7/8 of
maximum) and uDB (solid lines: 10%, 20%,... 90% of maximum; dashed line: reverse 
ow).

Figure B.2: (a) Chordwise evolution of � = �min (that minimises expression (B.4), green squares)
and the direction of the inviscid streamline (black circles) corresponding to case s.C . (b) Chordwise
evolution of the maximum (red lines) and root-mean-square (e.g., equation (B.4); green lines) in the
z-y plane of the x- (dashed lines) and x�-derivatives (solid lines) and the y-derivative of the velocity
in the direction of the inviscid streamline (black line, independent of the choice for �). The vertical
red line indicates the step location.

that is, the root-mean-square of the relevant @qDB=@x�-derivatives in the z-y plane.
The angle � = �min is shown alongside the inviscid streamline angle for case s.C in
�gure B.2 (a). It is furthermore demonstrated in �gure B.2 (b), how the x�-derivatives
are about an order of magnitude smaller than the x-derivatives (comparing solid
coloured versus dashed lines) and how these x�-derivatives are more than an order
of magnitude smaller than the principal shear associated to the velocity in direction
of the inviscid streamline.





Biographical Note

Jordi Casacuberta Puig
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J ordi came into the world as an \Olympic baby", born in Barcelona during the
summer of 1992 while the city celebrated the Olympic Games. He grew up
between the volcanoes of Olot and the sea of Mallorca, nourished by the love

and support of his parents Maria Teresa and Carles, his extended family, and Joke,
who hailed from the Netherlands and made him discover the Stroopwafels early in
his life. I joined the family some years later {I was lucky to be the younger sibling,
as it endowed me with the great gift of never having spent a day in my life without
having Jordi by my side.

Jordi was always the best student in the class, graduating with honors throughout
the school years. He also found time to become a phenomenal basketball player, a
passion of his that continues to this day, and to win literary contests that were per-
formed in Barcelona’s Opera House (El Liceu). His love for 
uid mechanics became
evident early on: his high school thesis, which earned him numerous awards, studied
Gaussian processes on viscous 
ows. I can still remember Jordi dropping shampoo
down a surface of porous volcanic rock with our father in our living room. Jordi en-
rolled in Universitat Polit�ecnica de Catalunya and earned a Bachelors in Aerospace
Engineering, where his interest in 
uid mechanics solidi�ed. His Bachelors thesis was
really two full theses in one: Jordi produced a study of the wall shear stress in the
aorta in collaboration with Hospital Sant Pau as well as an open access guide to
learn OpenFOAM (under the great motto: let your dreams 
ow).

His passion for 
uid mechanics brought him to Delft, and in the summer of 2014
we all drove there together from Barcelona to settle Jordi into his new adventure.
Jordi completed an MSc in Aerospace Engineering from TU Delft, while also doing
an internship in Germany on industrial CFD. Jordi found a home in the research
group that he would then stay on for his PhD, joining the dedicated supervision of
Prof. Marios Kostonis & Prof. Stefan Hickel. Jordi’s research on laminar-turbulent
transition has taken him to conferences all around the globe, as well as to the world
of entrepreneurship through his aircraft-wing patent (and even to the worlds of Ni-
etzsche and of Greek philosophy).

During his years at Delft, Jordi has also taught and mentored many students,
guiding them through the journey of research. I have always admired the spark in
his eyes when he tells us about his students over the dinner table, and how clearly
he loves sharing his enthusiasm for his �eld with others. I understand how fortunate
these students are {I, too, had Jordi as my role model and teacher growing up. I
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still remember how he helped me with my high-school physics homework. He would
even calculate the projectile motion of an olive stone under air resistance, then test
his results by launching them down our hallway while preparing for Olot’s annual
longest-throw contest.

Jordi has certainly let his dreams 
ow, and they have carried him to the enormous
milestone of this PhD thesis. In the way, his motion through life {a perfect balance
between the patience of laminar order and the spark of turbulence when curiosity
takes hold{ has touched everyone fortunate enough to share his current.
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Philosophical Note:
laminar-turbulent
transition and the

striving of the
human spirit
(back cover)

O ne of Friedrich Nietzsche’s most provocative claims is that \only as an aes-
thetic phenomenon is existence and the world eternally justi�ed." Building on
this proposition, the present essay contends that conducting a PhD thesis in

science may be conceived as an artistic practice: one that enacts the tragic aesthetics
of Greek culture and thereby constitutes a form of existential justi�cation. At the
same time, it warns against the progressive Apollonisation of scienti�c theses: the
privileging of structure and quanti�able deliverables within narrowly de�ned time
horizons at the expense of their Dionysian dimensions, which distorts the balance
of scienti�c-artistic creation. What, then, might Nietzsche’s interpretation of classi-
cal aesthetics, the dynamics of 
uid 
ows, the form of the scienti�c thesis, and the
striving of the human spirit have in common?

Nietzsche’s proposition is situated within the polarity of two artistic drives that,
while apparently opposed, are in fact complementary within Greek culture: the Apol-
lonian and the Dionysian. The Apollonian, named after Apollo {the god of light,
dream, and prophecy{ represents order, structure, clarity, rational knowledge, and
moderation. The Dionysian, named after Dionysus {the god of intoxication and
ecstasy{ embodies chaos, the dissolution of boundaries, formless 
ux, instinct, and
excess (Smith, 2000).

Psychologically, the Apollonian may be understood as the human necessity for
conscious control, rational planning, and the maintenance of order (comparable to
Freud’s ego and superego), while the Dionysian corresponds to unconscious impulses
and emotional release. Taken in isolation, the Apollonian reduces life to sterile ra-
tionalism; the Dionysian, left unchecked, collapses into destructive excess.

According to Nietzsche, the Greek tragedy of the �fth century BC (exempli�ed
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realise that the Socratic promise of poetic justice through knowledge (with its custom-
ary deus ex machina2) does not apply here. Computer simulations and experiments
fail despite rigorous preparation; hypotheses do not yield conclusive results despite
accurate execution; articles are rejected despite months of careful labour. The initial
Apollonian structure is thus rapidly confronted by one of the two faces3 of Dionysus,
namely, bitterness and destruction. Like Oedipus’s fate4, the Apollonian tragic hero
par excellence, the researcher does not always hesitate because of moral failing or
negligence, but because of what could not be known in advance. Yet it is precisely
when the initial plan trembles and the Will is embodied, that the second face of
Dionysus unexpectedly reveals itself: creativity and joy. Out of the collapse of cer-
tainty emerges the possibility of novelty: an a�rmation not in spite of the failure,
but through it.

A scienti�c thesis, therefore, cannot be understood without the Dionysian ele-
ments that make novelty possible, for a thesis is not only the execution of prede�ned
goals, but also a canvas upon which the researcher expresses himself. Novelty, by
de�nition, lies beyond pre-established objectives; it is never fully contained within
the Apollonian plan. In this sense, the discovery at the heart of a thesis is also
an aesthetic event: the trans�guration of doubt and failure into the joy of insight
through creation and receptivity to the unexpected. Fear not to welcome Dionysus
into one’s research, and into one’s life, for even the smallest step may redirect the
course of inquiry in unforeseen and beautiful ways.

2The expression deus ex machina (literally, \god from the machine") originates in classical Greek
tragedy, where a god would be lowered onto the stage by a mechanical crane (m�echan�e) to resolve a
seemingly unsolvable plot. In a broader sense, it designates any arti�cial or improbable intervention
that abruptly resolves a dramatic or intellectual problem. Nietzsche criticises this device, insofar
as it replaces the tragic confrontation by an Apollonian illusion of resolution.

3In Greek mythology, Dionysus embodies a dual nature: he is both the bringer of ecstasy, fertility,
and communal joy, and the force of frenzy, destruction, and dissolution. This ambivalence is often
analogised to wine, his sacred drink, which can uplift the heart and inspire creativity in moderation,
yet intoxicate and ruin when taken to excess.

4Oedipus is the mythical king of Thebes in Sophocles’ tragedy Oedipus Tyrannus. Despite his
intelligence and determination to save his city, he fails because he is unaware of his true parentage:
in trying to avoid the oracle’s prophecy, he unknowingly kills his father and marries his mother.
His downfall arises not from moral corruption, but from circumstances hidden from his knowledge.
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