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Abstract
Due to their lightweight, compact, and stiff properties, origami structures have become of
increasing importance in the field of engineering. Many applications of origami structures
have been found, ranging from deployable solar arrays to roof panel design. However, most
current methods of origami modeling assume facets to be infinitely stiff, or approximate a
folded structure using bar-hinge models, creating fast but often inaccurate simulations. To
design fast and accurate origami models, progress is being made into incorporating origami
modeling in the Finite Element Method (FEM). Folds can be incorporated in FEM either on
conforming meshes using interface elements or on non-conforming meshes using enriched
elements. When implementing an arbitrarily located fold on an existing mesh using interface
elements, re-meshing would be required. However, when using enriched elements, no re-
meshing is required, which would be an advantage in fold pattern optimization of origami
structures.

This thesis is therefore aimed at deriving foldable Kirchhoff-Love plate elements, using a
mixed/hybrid element formulation in combination with an enriched finite element formula-
tion. By using a mixed/hybrid element formulation, an enrichment function on the plate
can be greatly simplified, because the discontinuous rotation field is evaluated only at the
boundaries of the enriched elements. As a preliminary one-dimensional study, a foldable
beam element is examined, and different options for a moment field enrichment are investi-
gated with respect to accuracy and stability. Thereafter, six foldable plate elements of vary-
ing complexity are derived in detail, using constant and linear moment fields. Stability of
the elements is improved by local condensation of the enriched elements, or by applying a
precondition matrix. All enriched elements are formulated using linear folds; curved folds
are modeled by piecewise linear approximations of the curve within each enriched element.

The enriched formulation is evaluated using several benchmark tests. Foldable constant
moment elements are found to have a convergence behavior similar to the behavior found
using standard FEM on a conforming mesh. Foldable linear moment elements are found to
attain lower convergence rates than expected. In the enriched elements a trade of between
accuracy and matrix condition is observed, elements with lower errors have worse condition
numbers and vice versa.
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1
Introduction

Origami, the ancient art of paper folding, originates from fourteenth century Japan [1]. Re-
cently, more and more applications for origami in engineering have been found, for instance:
deployable solar arrays and antennas [2, 3], acoustic beam steering [4], self-folding robots
[5], design of metamaterials [6], and deployable shelters [7]. For the proper design of these
origami structures, adequate modeling tools are required to accurately predict their mechan-
ical behavior.

Current modeling tools, such as rigid foldability analysis [8] and truss-based analysis [9],
approximate kinematic and structural properties, but are limited in the accurate modeling of
deformable origami and design flexibility for structural optimization. When folds are seen as
discontinuities in the rotational field, enriched finite element methods, like the Discontinuity-
Enriched Finite Element Method (DE-FEM) [10] and the Interface-enriched Generalized Fi-
nite Element Method (IGFEM) [11], could prove to be useful in origami modeling. Using
these methods, a fold pattern and underlying finite element discretization can be decoupled,
creating an accurate and flexible method for origami modeling.

1.1. Numerical methods for origami modeling
Three main numerical approaches for origami modeling can be found in the literature, in
increasing order of complexity, they are:

• Rigid foldability analysis, as introduced in [8], is used when mechanical properties
are not important for a design, but kinematic properties are. It models rigidly foldable
structures, ignoring mechanical effects of facet deformation and torsional fold stiffness.
The model is constructed by creating constraints around fold vertices [12], and pro-
jecting the folded structure on these constraints. Although rigid origami simulations
are useful to model a folding process, the problem of introducing finite stiffness in the
simulated structures and calculating accurate stress distributions remains.

• Truss-based analysis is used when there is no interest in the minutiae of the displace-
ment and stress distributions throughout the origami structure, but there is interest
in the overall mechanical behavior of the structure, or the effects of varying stiffness
[9]. In truss-based analysis, the origami structure is modeled as a pin-joint network
where each vertex of the origami structure is modeled as a pin joint connected to the
other vertices via bar elements. Bending behavior of the fold is added by adding degrees
of freedom (DOFs) containing the fold angle to the bars along fold lines, and coupling
the fold angle to a torsional stiffness (𝐾፟፨፥፝). Bending behavior of the facets is added by
triangulating the facets and adding DOFs in a similar way as for the folds, but with a
higher torsional stiffness (𝐾፟ፚ፜፞፭ > 𝐾፟፨፥፝), as in Figure 1.1. The power in this method
lies in its simple description of the internal mechanics and kinematics, which can be
used to create a general design for an origami structure, but not for analysing detailed
designs.

1



2 1. Introduction

Figure 1.1: A pin joint representation of a simple origami structure. Facets are triangulated to add a facet stiffness, ፊᑗᑒᑔᑖᑥ. Along fold
lines the torsional stiffness ፊᑗᑠᑝᑕ is added. [9]

• The finite element method with interface elements is used in the modeling of struc-
tures with predefined fold patterns along which interface elements elements can be
placed. Simple interface elements behaving like hinges with a torsional stiffness have
been used in [13]. More complicated hinge elements include kinematic and constitutive
equations particular to folds [14]. In [13], it is found that in certain origami structures,
where membrane deformations are dominant, creating hinge elements which take into
account compression and stretching of the crease line could improve accuracy of the
solution. Although interface elements in combination with finite element analysis can
create highly accurate descriptions of displacement and stress distributions, it lacks
flexibility. Hinge elements need to be placed on the interface between two plate or shell
elements, and the mesh thus needs to be conforming to the fold-pattern. Imposing
an arbitrary fold on an existing mesh would thus require a modification of the mesh.
Modifying a mesh is not desired in problems where the fold-pattern is not known a pri-
ori, such as fold-pattern optimization, where creating a fold-conforming mesh for every
intermediate design would take considerable computational time.

In Table 1.1, based on the described literature, an overview of the capabilities of the meth-
ods is given; the methods are rated for their design flexibility and accuracy in their calculated
displacement field and stress distribution. All three methods are able to calculate the dis-

Displacement field Stress distribution Design flexibility
Rigid foldability analysis 3 7 -

Truss-based analysis - - -
Interface elements 3 3 7

Table 1.1: The three existing methods for origami modeling rated in their displacement and stress distribution accuracy, and their design
flexibility.

placement field and stress distribution to varying accuracy, but none of the methods combine
accurate solutions with design flexibility. Using interface elements in combination with the
Finite Element Method (FEM), highly detailed descriptions of the displacement and stress
distribution are achieved. However, design flexibility is limited, and needs to be improved.
Enriched Finite Element Analysis (Enriched FEM) is a method which can be used to impose
a fold on a finite element mesh, without the need for a conforming mesh. Using Enriched
FEM to model folds could result in a highly accurate and flexible modeling tool.
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1.2. Enriched finite element method
Enriched FEM is a method used to introduce discontinuities on finite elements. Since a fold
can be seen as a discontinuity in rotation, these methods show great promise in fold mod-
eling. In enriched FEM, the standard finite element approximation space is augmented with
functions reflecting a priori known information about the problem [15]. The augmentation
is based around designing adequate enrichment functions for the standard shape functions
of an element. An example of enriched FEM are the eXtended/Generalized Finite Element
Methods (X/GFEM) [16, 17]. X/GFEM allows any function Ψ(𝑥𝑥𝑥), to be added to a local finite
element space Ω, using a partition of unity, ∑፣∈ፉ 𝑁፣(x) = 1 on Ω and 0 everywhere else, as:

u፡(𝑥𝑥𝑥) =∑
።∈ፈ

u።𝑁።(𝑥𝑥𝑥) +∑
፣∈ፉ

b፣𝑁፣(𝑥𝑥𝑥)∑
፤∈ፊ

Ψ፤(𝑥𝑥𝑥), (1.1)

where u። are the standard element DOFs, 𝑁(𝑥𝑥𝑥) the standard shape functions, 𝑏𝑏𝑏፣ the enriched
DOFs (added to the standard nodes), and Ψ(𝑥𝑥𝑥) the enrichment function. In X/GFEM the
completely cracked element in Figure 1.2 is modeled by introducing the Heaviside function
as the enrichment function, Ψ(𝑥𝑥𝑥) = 𝐻(𝑥𝑥𝑥), where the enriched DOFs (𝑏𝑏𝑏፣) of the completely
cracked element are located at the circled standard element nodes. Elements containing a
crack tip are furthermore enriched using asymptotic crack tip functions. Using standard
quadrature on the enriched element, the enrichment function will not be properly integrated
because it is by definition a discontinuous function. Quadrature for the enriched element
is commonly done by partitioning the element into subdomains called integration elements,
as in Figure 1.3; on these integration elements, standard Gaussian quadrature is used for
numerical integration.

Figure 1.2: 2D cracked surface with enriched DOFs for the
completely cracked element located at the circled nodes. [16]

Figure 1.3: The cracked surface as in Figure 1.2 with the en-
riched elements divided into triangular sub-elements for nu-
merical integration. [16]

An often observed problem in enriched FEM is ill-conditioning of the stiffness matrix lead-
ing to a loss of accuracy [18]. Different methods can be used to improve conditioning, pre-
conditioning improves the matrix condition but requires extra computational steps like post-
processing and the formulation of the precondition matrix [19]. In the Stable Generalized
Finite Element Method (SGFEM) [18], the finite element space is enriched with functions
representing the a priori known solution minus the used standard shape functions. Using
this finite element space, the enrichment and standard finite element interpolation become
almost orthogonal with respect to the inner energy product, causing an improved matrix
condition [20]. The Strongly Stable Generalized Finite Element Method (SSGFEM) [21], is the
subject of ongoing research to find stable and accurate X/GFEM formulations. A X/GFEM is
an SSGFEM if it has the same order of convergence and similar matrix condition as standard
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Figure 1.4: An enriched triangular finite element divided into a triangular (1) and a quadrilateral (2) sub-element by the enriched nodes
located at the intersection of the discontinuity and element edge. The enrichment functions connected to the enriched nodes are con-
structed by combining two Lagrangian shape functions on sub-elements (1) and (2). [22]

FEM, and if the condition of the enriched part of the stiffness matrix is bound independent
of mesh and discontinuity.

The main advantage of X/GFEM is the method’s ability to model discontinuities, without
the need to create a conforming mesh for the problem. This flexibility comes at the cost of a
demanding geometric engine, which needs to detect discontinuities and subdivide elements
into integration elements. A difficulty of the method is the correspondence between the DOFs
of enriched elements and adjacent non-enriched elements. Due to the enriched DOFs being
located at the standard nodes, the standard DOFs at these nodes do not correspond to the
displacements at these nodes. The lack of a direct physical connection between displacement
and the DOFs at enriched nodes creates difficulties in physical interpretation of the results,
and the implementation of Dirichlet boundary conditions.

An alternative to X/GFEM is the Interface-enriched Generalized Finite Element Method
(IGFEM) [11]. IGFEM was initially proposed for problems with jumps in their gradient field,
also known as weak discontinuities. An example of such a problem would be the displace-
ment field of a composite material with different material phases in parts of the overall struc-
ture. The main advantage of IGFEM over X/GFEM is the location of the enriched DOFs;
instead of locating them at the standard nodes they are located at newly generated enriched
nodes, positioned at the intersections between discontinuities and element edges, as illus-
trated in Figure 1.4. In IGFEM the formulation of the enriched finite element space becomes:

𝑢𝑢𝑢፡(𝑥𝑥𝑥) =
፧

∑
።዆ኻ
𝑁።(𝑥𝑥𝑥)𝑢𝑢𝑢። +

፧ᑖᑟ
∑
።዆ኻ
𝑠።Ψ።(𝑥𝑥𝑥)𝛼𝛼𝛼። , (1.2)

where the first part represents the standard FEM formulation, 𝑛፞፧ is the number of enriched
nodes, Ψ። the enrichment functions, 𝛼𝛼𝛼። the enriched DOFs, and 𝑠። a scaling parameter for
the enrichment. To ensure continuity throughout the mesh, enriched DOFs are shared be-
tween adjacent elements. The enrichment functions are constructed by combining standard
Lagrange shape functions in integration elements created by the discontinuity, as shown
in Figure 1.4. At standard nodes, the enrichment functions vanish, allowing the standard
DOFs to retain their physical interpretation. A major advantage of IGFEM is the easy imple-
mentation of Dirichlet boundary conditions. Since standard DOFs retain their physical in-
terpretation, boundary conditions can be implemented using standard FEM procedures[11].
Enriched element stiffness matrices can become ill-conditioned when discontinuities come
arbitrarily close to standard nodes. To partially solve this problem the scaling factor 𝑠። is in-
troduced, which decreases the enrichment function for enriched nodes close to the standard
nodes. As in X/GFEM standard Gaussian integration on the enriched element can not be
performed, and sub-elements are used to define the quadrature.

Many applications and advancements of IGFEM have already been implemented and
tested. In [23] the hierarchical interface-enriched finite element method (HIFEM) is intro-
duced as an improvement upon IGFEM. HIFEM is used to model problems including many
discontinuities and multiple interfaces crossing a single element. Within the IGFEM frame-
work, curved interfaces can be modeled by piecewise linear approximations of the interface
within an element, this approximation can cause an increase in error. In [22] this error is
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decreased by increasing the number of integration elements in h-IGFEM, or by using higher
order integration elements in p-IGFEM. Due to the higher-order enrichment functions, p-
IGFEM more accurately captures the stress concentration in the vicinity of interfaces, and
it is found to be superior to h-IGFEM. Besides the application of IGFEM to 2D problems,
the method is also proven to work for 3D problems in [24, 25]. For many problems, the
convergence behavior of IGFEM with a non-matching mesh, was found to be similar to the
convergence behavior of standard FEM using a matching mesh [11, 24]. Often, equal con-
vergence rates and similar levels of accuracy are found, using IGFEM and standard FEM.

Building upon IGFEM, the Discontinuity-Enriched Finite Element Method (DE-FEM) is
introduced in [10]. The main advancement of DE-FEM over IGFEM lies in the ability to model
both weak and strong discontinuities by adding not only weak but also strong enrichment
functions. Strong enrichment functions are needed in problems where the solution field
includes a jump, an example is the modeling of a cracked surface. Using DE-FEM, the
formulation of the enriched finite element space becomes:

𝑢𝑢𝑢፡(𝑥𝑥𝑥) =
፧

∑
።዆ኻ
𝑁።(𝑥𝑥𝑥)𝑢𝑢𝑢። +

፧ᑨ
∑
።዆ኻ
𝑠።Ψ።(𝑥𝑥𝑥)𝛼𝛼𝛼። +

፧ᑤ
∑
።዆ኻ
𝑠።Χ።(𝑥𝑥𝑥)𝛽𝛽𝛽። , (1.3)

where the first two terms are the IGFEM formulation, Χ። are the strong enrichment functions
and𝛽𝛽𝛽። the enriched DOFs located at enriched nodes. Strong enrichment functions are created
similarly to the weak enrichment functions, by combining Lagrange shape functions on the
subdomains created by the discontinuity.

1.3. Enriched methods for plates
Most existing research on enriched plate elements has been focused on deriving cracked
plate or shell elements using X/GFEM. Although, the aim of this thesis is to derive foldable
plate elements, reviewing the current work on enriched plate elements for strong discon-
tinuities gives a good indication of the possibilities and difficulties in enriching plate ele-
ments. A cracked plate element using Reissner-Mindlin plate theory was first introduce in
[26]. In Reissner-Mindlin plates, the displacement and rotational fields are not directly re-
lated, and only 𝐶ኺ-continuity is required for both fields. Separate enrichment functions can
thus be defined for both fields, and completely cracked elements are enriched using simple
step functions, as commonly used in X/GFEM. In addition, elements containing a crack tip
are enriched using specialized crack tip enrichment functions for plates. The formulation
of [26] is extended to shells and crack propagation in [27]. A difficulty in modeling cracked
shell elements with large displacements is the correct representation of the crack opening.
The director, a unit vector representing the direction in which the plate displaces, is different
in the two subdomains created by a crack. For this reason, a different interpretation of the
X/GFEM enrichment is implemented in [27]. Instead of decomposing the displacement in a
standard and enriched displacement field, the director field is enriched using decomposed
degrees of freedom as:

𝑢ፊ። = 𝑢፬፭፝ፊ። + 𝐻ፊ(𝜉)𝑢∗ፊ። (1.4)
𝜃ፊ። = 𝜃፬፭፝ፊ። + 𝐻ፊ(𝜉)𝜃∗ፊ። , (1.5)

where the DOFs 𝑢ፊ። , 𝜃ፊ።, are defined using their standard part 𝑢፬፭፝ፊ። , 𝜃፬፭፝ፊ። , and their discon-
tinuous part 𝑢∗ፊ። , 𝜃∗ፊ።, and 𝐻ፊ(𝜉) is a function discontinuous over the crack. Consequently,
the displacement field is defined as:

𝑢𝑢𝑢 =
ኾ

∑
ፊ዆ኻ

𝑁ፊ(𝜉)𝑢𝑢𝑢ፊ +
ኾ

∑
ፊ዆ኻ

ℎ𝜉ኽ
2 𝑁ፊ(𝜉)Δ𝑡𝑡𝑡ፊ , (1.6)

where Δ𝑡𝑡𝑡ፊ(𝜃ፊ።) are the nodal director variables as a function of the nodal rotations 𝜃ፊ።, 𝑁ፊ
the standard shape functions, ℎ the plate thickness, and 𝜉ኽ the out of plane coordinate.
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Figure 1.5: A cracked finite element mesh, crack tip enrichmnets span the entire domain depicted by ጖Ꮃ.

In [28] the effect of crack tip enrichments in shell elements is examined. Using crack-tip
enrichments, more accurate fracture behavior can be modelled, at the expense of increased
computational time and matrix condition number. Reissner-Mindlin plate theory is known
to cause shear locking for thin plates. In [26], the enriched plate elements are based on
standard locking free Reissner-Mindlin plate elements, but in the enriched elements shear
locking is again observed. A solution for the shear locking in enriched plate elements, is the
use of Kirchhoff-Love plate elements, which generally do not suffer from shear locking.

In Kirchhoff-Love plate elements, the displacement 𝑤 and rotation 𝜙𝜙𝜙 are related through
∇𝑤 = 𝜙𝜙𝜙. This relation causes the shape function for both fields to be coupled, and requires
the displacement to be 𝐶ኻ-continuous in elements and over inter-element boundaries [29]. In
enriched Kirchhoff-Love plate elements, the enrichment functions of the displacement field
need to reflect both discontinuities in the displacement and the rotational field. In [30] a
cracked Kirchhoff-Love plate is derived using X/GFEM. Completely cracked elements are
enriched with a step function spanning one element, but crack tip enrichmnets often span
several elements, as shown in Figure 1.5. Implementing the crack tip enrichment using
X/GFEM, each node of the elements in the crack tip enriched finite element space Ωኻ is en-
riched, and many enriched DOFs are included. Generally, a lot of additional DOFs in a crack
tip area leads to a high condition number [31]. To reduce the additional DOFs connected to
the crack tip enrichment, XFEM DOF gathering with pointwise matching, as in [31], is used for
the crack tip enrichment. Using this technique, the displacement field within Ωኻ is enriched
with only four additional DOFs as:

𝑢፡ኻ = ∑
።∈ፍᎳ

𝑎።𝑁።(𝑥𝑥𝑥) + ∑
፣∈ፉᎳ

𝑏፣𝐻(𝑥𝑥𝑥)𝑁፣(𝑥𝑥𝑥) +
ኾ

∑
።዆ኻ
𝑐።𝐹።(𝑥𝑥𝑥) in Ωኻ, (1.7)

where the first two terms is the standard X/GFEM formulation, 𝑐። the four enriched DOFs,
and 𝐹። the four enrichment functions. Since the crack tip enrichments 𝐹። offend 𝐶ኻ-continuity
over the boundary between the Ωኻ and Ωኼ (Γ in Figure 1.5) integral matching is applied on the
displacement (𝑢ኻ, 𝑢ኼ) to ensure rotational continuity in the two subdomains (Ωኻ, Ωኼ), as:

∫
ጁ
𝑢ኻ𝜆𝑑Γ = ∫

ጁ
𝑢ኼ𝜆𝑑Γ ∀𝜆 ∈ Λ, (1.8)

where Λ is a space of appropriate multipliers to ensure inter-element continuity. Advancing
on [30], a cracked Kirchhoff-Love shell element is derived in [32]. As was the case in the
cracked Reissner-Mindlin plate, the director field is discontinuous along the crack and is
thus enriched. In the cracked elements a piecewise enrichment strategy is used, described
in [32] as: “ ...an independent interpolation for the displacement for both sides of a cracked
finite element.” Instead of augmenting the finite element space by adding a discontinuous
displacement enrichment to the standard displacement interpolations, a fully discontinuous
finite element space is thus used.

Not much work on enriched plate elements for fold modeling has been done, but recent
work by Barbieri et al. [33] introduces the possibility of including folds in non-linear plates
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using an enriched formulation. Instead of using a finite element setting, Barbieri et al. uses
a meshfree setting to model a plate and its discontinuities, and is thus not an enriched
FEM. A von Kármán plate is used to model flat plates that develop ridge like deformations
as a result of the applied loads, the plates are thus not used to model pre-folded structures.
Furthermore, since no fold stiffness is introduced, the model is not yet suited to accurately
model the mechanics of origami structures. The plate is based in Reissner-Mindlin theory,
and only an enrichment for the rotational field is introduced. The problem of shear locking is
solved by using a full third order polynomial basis for the shape functions, obtained using the
Reproducing Kernel Particle Method (RKPM) [34]. This method allows the accurate modeling
of plates with a thickness to length ratio of up to ፡

ፋ = 10
ዅኼ. The main aim of Barbieri et al. is

to show that it is possible to model folds, using the same methods developed for cracks, and
the results in Figure 1.6 clearly illustrate this possibility. To avoid shear locking in foldable
plates, it is suggested to use Kirchhoff-Love plates in combination with X/GFEM. To account
for the fold, Barbieri et al. proposes to introduce the discontinuities of the rotational field
directly into the derivatives of the displacement field enrichment.

Figure 1.6: A folded plate modeled using the finite strain large deformation enriched plate derived in [33].

1.4. Mixed/hybrid elements
Elements derived using a different field in their formulation than the field they calculate
in their matrix equations are called mixed/hybrid elements [35]. Using another field, be-
sides the displacement or rotational field in the finite element formulation, could simplify
enrichment functions. Generally, a mixed/hybrid element formulation is constructed by in-
troducing interpolation functions for two types of fields; the primary and the auxiliary field:

𝑢𝑢𝑢፡ = 𝐿𝐿𝐿(𝑥𝑥𝑥)𝑞𝑞𝑞, (1.9)

where 𝑢𝑢𝑢፡ is the primary field that is of main interest, 𝑞𝑞𝑞 are the primary DOFs, and 𝐿𝐿𝐿(𝑥𝑥𝑥) are
the shape functions. As auxiliary field, often the element stress is used:

𝜎𝜎𝜎፡ = 𝑃𝑃𝑃(𝑥𝑥𝑥)𝛽𝛽𝛽, (1.10)

where 𝜎𝜎𝜎፡ is the auxiliary field, 𝛽𝛽𝛽 the auxiliary DOFs, and 𝑃𝑃𝑃(𝑥𝑥𝑥) the auxiliary shape functions.
Using these fields, a problem specific energy function for a finite element can be expressed
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as [35]:

𝑈 = −12𝛽𝛽𝛽
⊺𝐴𝐴𝐴𝛽𝛽𝛽 +𝛽𝛽𝛽⊺𝐵𝐵𝐵𝑞𝑞𝑞 −𝑓𝑓𝑓⊺𝑞𝑞𝑞, (1.11)

where 𝑓𝑓𝑓 is a vector containing the applied loads, 𝐴𝐴𝐴 is a matrix connected to the energy inside
an element, and 𝐵𝐵𝐵 a matrix connecting the auxiliary and primary fields. In the energy func-
tion, kinematic relations are often enforces via Lagrange multipliers. Using virtual variations,
the final stiffness equations can be expressed as:

𝐾𝐾𝐾𝑞𝑞𝑞 = 𝐵𝐵𝐵⊺𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵𝑞𝑞𝑞 = 𝑓𝑓𝑓. (1.12)

A mixed/hybrid element formulation may simplify the enrichment functions, required for
a folded plate element. Using IGFEM or DE-FEM, 𝐶ኺ- continuous and 𝐶ዅኻ-continuous shape
functions can be added in a finite element formulation. A folded plate element has a displace-
ment field which is 𝐶ኺ-continuous and rotation field which is 𝐶ዅኻ-continuous. Furthermore,
the enrichment functions created from Lagrange shape functions in DE-FEM and IGFEM
can not be used since they would create weak discontinuities along inter-element bound-
aries, and would thus violate continuity requirements for Kirchhoff-Love plate elements. A
solution could be to use integral matching as in [30] to ensure 𝐶ኻ-continuity, but this would
increase the complexity of the shape functions and quadrature used in enriched elements.
Enriching the displacement field to model foldable Kirchhoff-Love elements thus requires
complex enrichment functions. Contrary to the displacement field, the moment field of a
folded plate is 𝐶ኺ-continuous, and no inter-element moment continuity is required in a fi-
nite element formulation. Using the moment field in a mixed/hybrid formulation could thus
greatly simplify the enrichment procedure for a folded plate.

To develop further understanding of the use of mixed/hybrid plate formulations in com-
bination with enriched FEM, some non-enriched elements are examined. Many different
mixed/hybrid plate formulations have already been proposed. A mixed/hybrid plate element
is formulated using Reissner-Mindlin plate theory in [36], where as governing equations,
a modified Hellinger-Reissner principle is used. In this governing equation, the potential
energy within an element is expressed in terms of the curvature as a function of displace-
ment, rotation, and shear strain. This allows for an independent interpolation for the shear
strain, next to the standard interpolation for the displacement and rotation. By introducing
an independent shear strain interpolation, the problem of shear locking is reduced and the
Reissner-Mindlin elements can be used for relatively thin plates. In [37] the hybrid stress
model (𝐻𝑆𝑀) element is formulated, using as governing equations a hybrid stress functional,
derived from the Hellinger-Reissner principle for Kirchhoff-Love plates. The hybrid stress
functional can be derived from the complementary potential energy for plates by relaxing the
natural boundary conditions, and assuming the geometrical boundary conditions to be sat-
isfied [37]. A more detailed derivation of the hybrid stress functional derivation can be found
in [38]. In the 𝐻𝑆𝑀-element, the only field defined on the plate’s surface is a linear moment
field. On its boundaries interpolation functions for the displacement and rotation are still
required. In a folded plate, enrichment functions for the displacement field would thus only
need to be defined on the boundary of the element, and only the moment field would require
enrichment functions on the plate’s surface.

In [39], among other elements, two Kirchhoff-Love plate elements are derived using a
mixed/hybrid formulation, much like the 𝐻𝑆𝑀 formulation. The two elements assume a
constant or a linear moment field in the element, resulting in the 𝐾𝐿0 and 𝐾𝐿1 element
respectively. The difference between the linear moment 𝐻𝑆𝑀 and 𝐾𝐿1 elements is the location
and number of DOFs used. The triangular 𝐻𝑆𝑀 element uses only 9 DOFs, located at the
element nodes, while the triangular 𝐾𝐿1 element uses 12 DOFs, located at the element nodes
and sides. As explained in [39], a linear moment plate element has 3 rigid body modes and 9
deformation modes, using less than 3+ 9 = 12 DOFs in a linear moment element, could lead
to elements which react too stiff or contain spurious energy modes.

Besides the non-enriched mixed/hybrid elements, several examples of enriched elements
using a mixed/hybrid formulation are found. A Timoshenko beam and Reissner-Mindlin
plate containing a material interface are derived in [40]. These elements have continuous
displacement and rotational fields, but a discontinuous strain field. Using X/GFEM, the
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displacement field is enriched with the enrichment function found in [41], which is a hat
function similar to the enrichment used in IGFEM. Next to the enriched displacement, an
enriched strain field is used as auxiliary field. Although the resulting enriched plate element
is based in Reissner-Mindlin plate theory, no locking behavior is observed, which is achieved
by a proper choice in strain field interpolations. In [42], the use of X/GFEM in combination
with a hybrid/mixed formulation to impose interfacial element constraints is examined. The
paper proposes a method which is able to enforce a variety of interface constraints via the use
of auxiliary variables. Instead of using virtual variations on the weak formulation to arrive
at Equation 1.12, the method defines the stiffness matrix in terms of primary and auxiliary
variables, and removes auxiliary variables using static condensation on a local element level.

1.5. Research goal
In order to use optimization algorithms for origami design, flexible modeling methods need
to be derived that are able to easily relocate fold lines independently of the mesh. Enriched
FEM in combination with a hybrid element formulation has great promise in the derivation
of folded elements. Furthermore, Kirchhoff plate theory has the preference over Reissner-
Mindlin plate theory, because origami structures are often made of thin sheet materials for
which Reissner-Mindlin plates suffer from shear locking. By deriving foldable plate elements
this thesis attempts to answer the question:

Can mixed/hybrid Kirchhoff plate elements be enriched using IGFEM to create enriched
elements for the accurate modeling of origami structures?

This question can be split into three parts:

1. Can the potential energy equation of a folded plate be expressed in terms of the moment
field within the plate?

2. What enrichment functions are required in a mixed/hybrid plate to accurately model
the behavior specific to a fold?

3. How does the matrix condition number change for a folded plate element, and how can
it be improved?

1.6. Outline
The thesis begins with an investigation into the problem by developing a foldable beam ele-
ment in Chapter 2. Two options in deriving a foldable beam element emerge from the potential
energy formulation and are investigated. Both elements are compared in matrix condition
number and accuracy of the solution. Using the lessons learned in the folded beam derivation
three plate elements are enriched with a fold in Chapter 3: the KL0 and KL1 elements [39]
and the HSM element [37]. Several enrichment techniques are implemented resulting in six
foldable elements; the 𝐾𝐿0(ኻ), 𝐾𝐿0(ኼ), 𝐾𝐿0(፜), 𝐻𝑆𝑀(ኼ), 𝐾𝐿1(ኼ), and 𝐾𝐿1(፜) elements. Appropriate
enrichment functions for the elements are derived. In Chapter 4 the three enriched plate ele-
ments are compared in accuracy and stability. The accuracy is tested for straight and curved
folds by comparing to analytical and numerical solutions. The matrix condition number is
tested for folds close to element edges and for a system with an increasingly fine mesh. Fi-
nally, in Chapter 5 the results are discussed and suggestions for further advancement of the
methods used are given.





2
Foldable Beam

Developing foldable Kirchhoff-Love plate elements using IGFEM, some problems are expected.
The displacement field enrichment in IGFEM would lead to 𝐶ኺ-continuity across neighboring
element edges, and would thus violate the continuity constraints for Kirchhoff-Love plates.
A mixed/hybrid formulation is investigated, to solve the continuity problem for IGFEM in
foldable Kirchhoff-Love plate elements. In mixed/hybrid bending elements, a moment field
interpolation is used, instead of a displacement field interpolation. Since the moment field
does not have to conform to any continuity requirements, the IGFEM enrichment functions
can be used to enrich the moment field. As a first step towards the derivation of mixed/hybrid
foldable plate elements a foldable beam element will be investigated. Since the beam element
is one-dimensional the focus will be on the enrichedmethod, without obscuring the derivation
with the tedious bookkeeping, that is required for 2D plates. The lessons learned in this
exercise will be used as an input in the 2D plate derivation.

2.1. 1D Problem definition
In Figure 2.1 a beam of length 𝐿 with a fold located at 𝑥 = 𝑥ጁ is depicted, the beam has a
displacement field 𝑤(𝑥), and rotation field 𝜙(𝑥). Standard DOFs are defined on the standard
nodes at 𝑥 = 0 and 𝑥 = 𝐿 as 𝑤ኻ,ኼ and 𝜙ኻ,ኼ, and on the enriched node at 𝑥 = 𝑥ጁ, enriched DOFs
are defined as 𝑤ጁ, 𝑤±ጁ and 𝜙±ጁ . Point loads 𝐹ኻ,ኼ and 𝑀ኻ,ኼ are applied on the standard nodes,
a distributed load, 𝑞(𝑥), is applied on the entire beam, and a force is applied on the fold 𝐹ጁ.
Compared to standard beam elements, the loads at the left node are oppositely defined. This
is done to connect positive loads to positive displacements. To account for the discontinuity,
the domain Ω is subdivided into two subdomains,

Ωኻ ∶ 0 ≤ 𝑥 < 𝑥ጁ,
Ωኼ ∶ 𝑥ጁ < 𝑥 ≤ 𝐿,

(2.1)

and the discontinuity Γ. (2.2)
The two subdomains do not include the discontinuity since different kinematic and consti-
tutive equations apply at the discontinuity; strictly speaking there are two different values
for the rotation at the discontinuity. A short hand notation is introduced to account for ap-
proaching the discontinuity form the left (to 𝑥ዅጁ ), or approaching the discontinuity from the
right (to 𝑥ዄጁ ). Functions approached from either the left or the right will be defined as:

lim
፱→፱±ᏹ

𝑓(𝑥) = 𝑓(𝑥±ጁ ) = 𝑓±ጁ . (2.3)

Standard kinematic relations are used on the two subdomains,

𝜙(𝑥) = 𝜕𝑤
𝜕𝑥 on Ω። , 𝑖 = 1, 2,

𝜅(𝑥) = 𝜕𝜙
𝜕𝑥 on Ω። ,

(2.4)
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𝐹ኻ 𝐹ኼ𝑀ኻ 𝑀ኼ

𝑞(𝑥)

𝑀ዅጁ

𝐹ኻ 𝐹ኼ𝑀ኻ 𝑀ኼ

𝑞(𝑥)𝑤ኻ 𝑤ዅጁ
𝑤ጁ, 𝐹ጁ

𝑤ዄጁ
𝑤ኼ

𝜙ኻ 𝜙ኼ𝜙ዄጁ𝜙ዅጁ

𝑥 = 𝑥ጁ 𝑥 = 𝐿𝑥 = 0

𝑤ኻ 𝑤ዅጁ
𝑤ጁ, 𝐹ጁ

𝑤ዄጁ
𝑤ኼ

𝜙ኻ 𝜙ኼ𝜙ዄጁ𝜙ዅጁ

𝑥 = 𝑥ጁ 𝑥 = 𝐿𝑥 = 0
𝑀ዄጁ

Figure 2.1: The discretized foldable beam element, with a hinge located at the fold (depicted as a cross). The DOFs located on the
enriched node at ፱ ዆ ፱ᏹ, differ from approaching the fold from either the left (ᎫᎽᏹ , ፰Ꮍᏹ ) or the right (ᎫᎼᏹ , ፰Ꮌᏹ ), with the exception of ፰ᏹ
which is located exactly at the fold. Point loads ፅᑚ and ፌᑚ are applied on the standard and enriched nodes, and a distributed force ፪(፱)
is applied on the entire element. The loads applied on the standard nodes and the force applied on the fold (ፅᏹ) will be used as the
external load application in the potential energy derivation.

where 𝜙(𝑥) is the rotational field, defined as the derivative of the displacement field 𝑤(𝑥), and
𝜅(𝑥) is the curvature field, defined as the derivative of the rotational field. At the disconti-
nuity, standard kinematic relations do not hold. Instead, to ensure displacement continuity
throughout the beam, the displacement on the discontinuity is constrained as:

𝑤ዅጁ = 𝑤ዄጁ = 𝑤ጁ on Γ. (2.5)

No extra kinematic relations for the rotational field are required, since it will be discontinuous
on the fold. As constitutive equation, the standard relation between moment and curvature
is used:

𝑀(𝑥) = 𝐸𝐼𝜅(𝑥) on Ω። , 𝑖 = 1, 2 (2.6)

where 𝐸 denotes Young’s modulus and 𝐼 the moment of inertia. In addition, it is assumed
that the fold behaves as a rotational spring, and a relation between moment and rotation is
posed:

𝑀ጁ = 𝑘፭(𝜙ዄጁ − 𝜙ዅጁ ) = 𝑘፭Δ𝜙, (2.7)

where 𝑀ጁ is the moment at the fold and 𝑘፭ the rotational stiffness at the fold in Nm radዅ1.

2.2. Foldable beam derivation
A mixed/hybrid foldable beam element is derived using shape functions for the internal mo-
ment field. Auxiliary DOFs connected to the moment field are used in the element formula-
tion, but are removed using virtual variations in the discretization. The standard non-foldable
mixed/hybrid beam element formulated in [13], will be expanded with additional terms con-
cerning the discontinuities on the fold. Firstly, the potential energy of a deformed beam is
described, and the kinematic equations are enforced by means of Lagrange multipliers. Sec-
ondly, the multipliers are interpreted via virtual variations, and the formulation is simplified
by using integration by parts.

2.2.1. 1D modified potential energy derivation
Themodified potential energy stored in a deformed folded beam, with the kinematic equations
enforced via Lagrange multipliers, is expressed as:

Π =
፱Ꮍᏹ

∫
ኺ
{12𝐸𝐼𝜅

ኼ + 𝜆ኻ(𝜙 −
𝜕𝑤
𝜕𝑥 ) + 𝜆ኼ(𝜅 −

𝜕𝜙
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +

1
2𝑘፭Δ𝜙

ኼ + 𝜆ኽ(𝑤ጁ −𝑤ዅጁ )+

𝜆ኾ(𝑤ዄጁ −𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{12𝐸𝐼𝜅
ኼ + 𝜆኿(𝜙 −

𝜕𝑤
𝜕𝑥 ) + 𝜆ዀ(𝜅 −

𝜕𝜙
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊, (2.8)
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where 𝑊, the potential energy of the externally applied loads on the system is:

𝑊 = 𝐹ኻ𝑤ኻ +𝑀ኻ𝜙ኻ − 𝐹ኼ𝑤ኼ −𝑀ኼ𝜙ኼ − 𝐹ጁ𝑤ጁ. (2.9)

The differences of sign in 𝑊 are due to the non-standard sign convention. This sign conven-
tion is used to allow for an easier interpretation of the results in the modified potential energy
derivation. In the element discretization the sign convention can be changed to the standard
convention for beams. The full derivation of the modified potential energy equation, its in-
terpretation, and simplification, can be found in Appendix A. Important results are found in
the interpretation of the Lagrange multipliers; 𝐶ኺ moment continuity within the element is
ensured when the function is varied to the rotation 𝜙:

𝑀|፱Ꮍᏹ = 𝑀|፱Ꮌᏹ = 𝑘፭(𝜙
ዄ
ጁ − 𝜙ዅጁ ) = 𝑘፭Δ𝜙 = 𝑀ጁ. (2.10)

Furthermore, if no external force is applied on the fold, the moment field within the element
becomes 𝐶ኻ-continuous:

𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

= 𝐹ጁ = 0. (2.11)

If no force is applied on the fold, the derivative of the moment field is thus constant over
the entire element, no weak moment field enrichment is needed, and standard linear shape
functions can be used in the entire element.

Two final expressions for the modified potential energy are found, one derived with a force
applied on the fold, and one derived without a force applied on the fold. Using a force applied
on the fold, the final potential energy equation is:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

፱዆፱Ꮍᏹ
፱዆ኺ + 12𝑘፭Δ𝜙

ኼ+

𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ −
𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +𝑤ጁ(
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

)+

ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

ፋ
፱Ꮌᏹ
+𝑊, (2.12)

where the displacement on the fold 𝑤ጁ is still present in the expression, since it is energetically
coupled to the force on the fold. The two terms integrating the moment field over the two
subdomains ∫጖ᑚ −

ኻ
ኼፄፈ𝑀

ኼ𝑑𝑥, represent the bending energy in the beam. The term representing
the bending energy in the fold is the same as the standard potential energy equation for
springs: ኻ

ኼ𝑘፭Δ𝜙
ኼ. Lastly, the terms representing the potential energy of the reaction forces in

the beam are found as: [𝑀𝜙]፱዆፱
Ꮍ
ᏹ

፱዆ኺ + [𝑀𝜙]ፋ፱Ꮌᏹ +
Ꭷፌ
Ꭷ፱ |ኺ𝑤ኻ −

Ꭷፌ
Ꭷ፱ |ፋ 𝑤ኼ +𝑤ጁ(

Ꭷፌ
Ꭷ፱ |፱Ꮌᏹ

− Ꭷፌ
Ꭷ፱ |፱Ꮍᏹ

).
When no external load is applied on the fold, the moment field becomes linear and the

displacement on the fold (𝑤ጁ) is removed from the expression, resulting in:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

፱዆፱Ꮍᏹ
፱዆ኺ + 12𝑘፭Δ𝜙

ኼ + 𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ−

𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +
ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

ፋ
፱Ꮌᏹ
+𝑊, (2.13)
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because the displacement on the fold is removed, one DOF less will be needed in the dis-
cretization. One term has not yet been discussed (Ꭷ

Ꮄፌ
ᎧᎴ፱ − 𝑞(𝑥))𝑤, this term can be partially

omitted because only linear functions for 𝑀(𝑥) are used, 𝜕ኼ𝑀/𝜕𝑥ኼ = 0. The distributed load
term −𝑞(𝑥)𝑤, is also omitted in the discretization, and applied instead via an equivalent load
vector in Appendix B.

2.2.2. 1D discretization
Two different stiffness matrices are derived; one using the modified potential energy as shown
in Equation 2.12, resulting in the “6 DOF system”, and one using the modified potential
energy as shown in Equation 2.13, resulting in the “5 DOF system”. In all cases the equation
is discretized by evaluating three matrices: the 𝐴𝐴𝐴-matrix, which contains the potential energy
terms on the two subdomains; the 𝐵𝐵𝐵-matrix, which contains the potential energy terms on
the boundaries; and the 𝐾𝐾𝐾፭-matrix containing the terms of the fold energy. In discretized
form, the modified potential energy is written as:

Π = −12m
⊺𝐴𝐴𝐴m−m⊺𝐵𝐵𝐵u+ 12u

⊺𝐾𝐾𝐾፭u− f⊺u, (2.14)

where m is a vector containing auxiliary DOFs concerning the moment field, u is a vector
containing the displacement and rotation DOFs, and f is the vector containing the externally
applied point loads. To transform the potential energy equation to a normal stiffness relation
it is varied with respect to m:

𝜕Π = 𝜕Π
𝜕m𝛿m = {−𝐴𝐴𝐴m−𝐵𝐵𝐵u} ⋅ 𝛿m = 0. (2.15)

The equation is rewritten to find an expression for m, to allow the auxiliary DOFs to be
removed,

m = −𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵u. (2.16)

To formulate the stiffnessmatrix, themodified potential energy equation is varied with respect
to u,

𝜕Π = 𝜕Π
𝜕u𝛿u = {−m

⊺𝐵𝐵𝐵 + u⊺𝐾𝐾𝐾፭ − f⊺}𝛿u = 0. (2.17)

The expression form is inserted, and making use in advance of the fact that 𝐴𝐴𝐴 is a symmetric
matrix, the equation is rewritten as:

(𝐵𝐵𝐵⊺𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵 +𝐾𝐾𝐾⊺፭)u = f, (2.18)

resulting in the stiffness matrix:

𝐾𝐾𝐾 = 𝐵𝐵𝐵⊺𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵 +𝐾𝐾𝐾⊺፭ . (2.19)

This formulation and Equation 2.19 holds for all elements derived in this thesis, with the
difference being the details of the vectors 𝑢𝑢𝑢 and 𝑓𝑓𝑓, and the 𝐴𝐴𝐴, 𝐵𝐵𝐵 ,and 𝐾𝐾𝐾፭ matrices.

Moving on to the formulations of the 5 and 6 DOF systems, the displacement vectors are
defined as:

u⊺ዀ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ, 𝑤ጁ, Δ𝜙] for 6 DOFs,
u⊺኿ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ, Δ𝜙] for 5 DOFs,

(2.20)

where the rotation at the fold is simplified to a jump in rotation as: 𝜙ዄጁ − 𝜙ዅጁ = Δ𝜙. The 5
and 6 DOF systems have similar definitions for the 𝐴𝐴𝐴-matrix, but they differ in the auxiliary
DOFs and shape functions used in the moment interpolation:
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−12m
⊺𝐴𝐴𝐴m = −

፱Ꮍᏹ

∫
ኺ

1
2𝐸𝐼𝑀

ኼ𝑑𝑥 −
ፋ

∫
፱Ꮌᏹ

1
2𝐸𝐼𝑀

ኼ𝑑𝑥 =m(ዀ)ፓ 1
2𝑘፛

ፋ

∫
ኺ
N(ዀ)N(ዀ)ፓ𝑑𝑥m(ዀ) for 6 DOFs,

−12m
⊺𝐴𝐴𝐴m = −

፱Ꮍᏹ

∫
ኺ

1
2𝐸𝐼𝑀

ኼ𝑑𝑥 −
ፋ

∫
፱Ꮌᏹ

1
2𝐸𝐼𝑀

ኼ𝑑𝑥 =m(኿)ፓ 1
2𝑘፛

ፋ

∫
ኺ
N(኿)N(኿)ፓ𝑑𝑥m(኿) for 5 DOFs,

(2.21)

where N(኿,ዀ)ፓ andm(኿,ዀ)ፓ are the shape functions and auxiliary DOFs for the 5 and 6 DOF sys-
tem defined in Equations 2.26 and 2.27. The bending stiffness 𝑘፛ of the beam is introduced
as: 𝑘፛ = 𝐸𝐼, and is assumed to be constant throughout the entire beam. The 𝐵𝐵𝐵-matrices are
defined as:

−m⊺𝐵𝐵𝐵u = [𝑀𝜙]ፋኺ −𝑀Δ𝜙 +
𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ −
𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +𝑤ጁ(
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

) for 6 DOFs,

−m⊺𝐵𝐵𝐵u = [𝑀𝜙]ፋኺ −𝑀Δ𝜙 +
𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ −
𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ for 5 DOFs,

(2.22)

and can be written down by hand using the appropriate shape functions and auxiliary DOFs.
Finally, the 𝐾𝐾𝐾፭-matrix and force vectors are defined as

1
2u

⊺𝐾𝐾𝐾፭u =
1
2𝑘፭Δ𝜙

ኼ, (2.23)

−f⊺u = 𝐹ኻ𝑤ኻ +𝑀ኻ𝜙ኻ − 𝐹ኼ𝑤ኼ −𝑀ኼ𝜙ኼ − 𝐹ጁ𝑤ጁ for 6 DOFs, (2.24)

−f⊺u = 𝐹ኻ𝑤ኻ +𝑀ኻ𝜙ኻ − 𝐹ኼ𝑤ኼ −𝑀ኼ𝜙ኼ for 5 DOFs. (2.25)

The stiffness matrices are calculated using the symbolic toolbox in MATLAB. As an in-
terpolation field for the 6 DOF discretization, standard linear shape functions enriched with
only a weak enrichment as found in [11] are used:

𝑀ዀ(𝜉) = 𝑁ኻ(𝜉)𝑀ኻ+𝑁ኼ(𝜉)𝑀ኼ+Ψ(𝜉)𝛼 = (1−𝜉)𝑀ኻ+𝜉𝑀ኼ+𝛼 {
᎛
᎛ᏹ

0 ≤ 𝜉 ≤ 𝜉ጁ
᎛ዅኻ
᎛ᏹዅኻ

𝜉ጁ ≤ 𝜉 ≤ 1
= N(ዀ)⊺m(ዀ), (2.26)

with the auxiliary DOFs, m(ዀ)⊺ = [𝑀ኻ, 𝑀ኼ, 𝛼], the generalized coordinate 𝜉 = 𝑥/𝐿, and the
discontinuity at 𝜉ጁ = 𝑥ጁ/𝐿. The enrichment function is defined such that it has a height of
1 at the fold, coupling the enriched DOF 𝛼 to the moment added at the fold. In the 5 DOF
discretization, only linear shape functions are used:

𝑀኿(𝜉) = 𝑁ኻ(𝜉)𝑀ኻ + 𝑁ኼ(𝜉)𝑀ኼ = (1 − 𝜉)𝑀ኻ + 𝜉𝑀ኼ = N(኿)⊺m(኿), (2.27)
with the auxiliary DOFs, m(኿)⊺ = [𝑀ኻ, 𝑀ኼ].

The 6 DOF 𝐵𝐵𝐵-matrix is found as:

𝐵𝐵𝐵ዀ = 1
𝐿 [

1 𝐿 −1 0 0 −𝐿(𝜉ጁ − 1)
−1 0 1 −𝐿 0 𝐿𝜉ጁ
− ኻ
᎛ᏹ

0 ኻ
᎛ᏹዅኻ

0 − ኻ
᎛Ꮄᏹዅ᎛ᏹ

𝐿
] , (2.28)

and the 6 DOF 𝐴𝐴𝐴-matrix is calculated in MATLAB as:

𝐴𝐴𝐴ዀ = 𝐿
3𝑘፛

⎡
⎢
⎢
⎢
⎣

1 ኻ
ኼ − ᎛ᏹዅኼኼ

ኻ
ኼ 1 ᎛ᏹዄኻ

ኼ

− ᎛ᏹዅኼኼ
᎛ᏹዄኻ
ኼ 1

⎤
⎥
⎥
⎥
⎦

. (2.29)
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Note the symmetry in the 𝐴𝐴𝐴-matrix, used in the stiffness matrix formulation, originating from
the NN⊺ term. The rotational stiffness matrix 𝐾𝐾𝐾፭, is a 6 × 6 matrix consisting of mostly zeros,
except for the diagonal value with its index equal to the index of Δ𝜙 in the displacement
vector, which is equal to 𝑘፭. Using Equation 2.19, the 6 DOF stiffness matrix is calculated
as:

𝐾𝐾𝐾ዀ = 𝑘፛ ⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(ኽ᎛ᏹዄኻ)
ፋᎵ᎛Ꮅᏹ

ኽ(᎛ᏹዄኻ)
ፋᎴ᎛Ꮄᏹ

− ዃ
ፋᎵ᎛ᏹ(᎛ᏹዅኻ)

ኽ
ፋᎴ᎛ᏹ

ኽ(ኼ᎛ᏹዄኻ)
ፋᎵ᎛Ꮅᏹ (᎛ᏹዅኻ)

− ዀ
ፋᎴ᎛ᏹ

(᎛ᏹዄኽ)
ፋ᎛ᏹ

− ኽ
ፋᎴ(᎛ᏹዅኻ)

−ኻፋ
ኽ

ፋᎴ᎛Ꮄᏹ (᎛ᏹዅኻ)
−ኼፋ

ኽ(ኽ᎛ᏹዅኾ)
ፋᎵ(᎛ᏹዅኻ)Ꮅ

ኽ(᎛ᏹዅኼ)
ፋᎴ(᎛ᏹዅኻ)Ꮄ

− ኽ(ኼ᎛ᏹዅኽ)
ፋᎵ᎛ᏹ(᎛ᏹዅኻ)Ꮅ

ዀ
ፋᎴ(᎛ᏹዅኻ)

(᎛ᏹዅኾ)
ፋ(᎛ᏹዅኻ)

ኽ
ፋᎴ᎛ᏹ(᎛ᏹዅኻ)Ꮄ

ኼ
ፋ

𝑠𝑦𝑚𝑚. − ኽ
ፋᎵ᎛Ꮅᏹ (᎛ᏹዅኻ)Ꮅ

− ዀ
ፋᎴ᎛ᏹ(᎛ᏹዅኻ)
ኾ
ፋ +

፤ᑥ
፤ᑓ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.30)

Furthermore, the 5 DOF 𝐵𝐵𝐵-matrix is found as:

𝐵𝐵𝐵኿ = 1
𝐿 [

1 𝐿 −1 0 −𝐿(𝜉ጁ − 1)
−1 0 1 −𝐿 𝐿𝜉ጁ ] , (2.31)

and the 5 DOF 𝐴𝐴𝐴-matrix is calculated in MATLAB as:

𝐴𝐴𝐴኿ = 𝐿
3𝑘፛

[
1 ኻ

ኼኻ
ኼ 1] . (2.32)

It can be seen that both 𝐵𝐵𝐵኿ and 𝐴𝐴𝐴኿ are submatrices of 𝐵𝐵𝐵ዀ and 𝐴𝐴𝐴ዀ. Combining 𝐵𝐵𝐵኿ and 𝐴𝐴𝐴኿ and
using a 5 × 5 𝐾𝐾𝐾፭ matrix, the 5 DOF stiffness matrix is found as:

𝐾𝐾𝐾኿ = 𝑘፛ ⋅

⎡
⎢
⎢
⎢
⎢
⎢
⎣

ኻኼ
ፋᎵ

ዀ
ፋᎴ −ኻኼፋᎵ

ዀ
ፋᎴ −ዀ(ኼ᎛ᏹዅኻ)ፋᎴኾ

ፋ − ዀ
ፋᎴ

ኼ
ፋ −ኼ(ኽ᎛ᏹዅኼ)ፋኻኼ

ፋᎵ − ዀ
ፋᎴ

ዀ(ኼ᎛ᏹዅኻ)
ፋᎴ

𝑠𝑦𝑚𝑚. ኾ
ፋ −ኼ(ኽ᎛ᏹዅኻ)ፋ

ኾ(ኽ᎛Ꮄᏹዅኽ᎛ᏹዄኻ)
ፋ + ፤ᑥ

፤ᑓ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. (2.33)

As can be seen 𝐾𝐾𝐾኿ contains only terms bounded for 0 ≤ 𝜉ጁ ≤ 1, and is a much simpler matrix
than 𝐾𝐾𝐾ዀ. Furthermore, 𝐾𝐾𝐾ዀ contains terms divided by 𝜉ጁ or 𝜉ጁ−1, which are unbounded when
the enriched node approximates standard nodes and 𝜉ጁ ≈ 0 or 𝜉ጁ ≈ 1. These unbounded
terms are expected to cause ill-conditioning of the enriched stiffness matrix.

2.3. Numerical results and verification
Both the 5 and 6 DOF systems are verified using the test case in Figure 2.2, with the values
as in Table 2.1. In Figure 2.2, a beam of length 𝐿, with a fold at 𝑥ጁ, and constant bending
stiffness 𝐸ኻ𝐼ኻ = 𝐸ኼ𝐼ኼ = 𝑘፛ is clamped on its left side at 𝑥 = 0, and loaded on its right side at
𝑥 = 𝐿 with a force 𝐹. Only one folded beam element is used in the calculations. The right tip

𝑘፛ 𝑘፭ 𝐹 𝐿
100 Nm2 500 Nm radዅ1 10 N 1 m

Table 2.1: Values used in the beam calculations, for the problem in Figure 2.2, with the analytical solution in Equation 2.34.

displacement 𝑤ኼ, is calculated for varying fold location 𝜉ጁ = 𝑥ጁ/𝐿 and compared to the linearly
exact solution:

𝑤ኼ =
𝐹𝐿ኽ
3𝑘፛

+ 𝐹𝐿
ኼ(1 − 𝜉ጁ)ኼ
𝑘፭

. (2.34)
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𝐹

𝑥 = 𝑥ጁ 𝑥 = 𝐿
𝑥 = 0

𝐸ኻ𝐼ኻ 𝐸ኼ𝐼ኼ
𝑘፭

Figure 2.2: A beam of Length ፋ, folded at ፱ ዆ ፱ᏹ, clamped at ፱ ዆ ኺ and loaded with a force ፅ at ፱ ዆ ፋ.

In Figure 2.3, the 5 and 6 DOF system are both found to be exact under this load case; this
is due to the fact that under the applied force, the moment field within the beam is linear,
and both the 5 and 6 DOF system use linear interpolations for the moment field.

0 0.2 0.4 0.6 0.8 13

3.5

4

4.5

5

5.5 ⋅10
ዅኼ

𝜉ጁ

𝑤 ኼ

6 DOF matrix results

0 0.2 0.4 0.6 0.8 13

3.5

4

4.5

5

5.5 ⋅10
ዅኼ

𝜉ጁ

𝑤 ኼ
5 DOF matrix results

Figure 2.3: The right tip displacement፰Ꮄ of the beam in Figure 2.2, the results are calculated with the 5 and 6 DOF system and both are
exact compared to the solution in Equation 2.34.

2.4. 1D matrix condition
As an indicator of stability of the solver and numerical accuracy, often the condition number
of the stiffness matrix is computed as:

𝜒 = 𝜆፦ፚ፱
𝜆፦።፧

, (2.35)

where 𝜆፦ፚ፱ is the largest eigenvalue of the stiffness matrix and 𝜆፦።፧ is the smallest non-zero
eigenvalue. Modeling discontinuities using enriched formulations often causes ill-conditioning
of the system matrices, characterized by large condition numbers. The condition number is
calculated for the 5 and 6 DOF systems, and compared to a system of two hinged beam ele-
ments on a matching discretization. The hinged system is constructed by connecting two Eu-
ler beam elements, as found in [43]. One beam of length 𝐿𝜉ጁ with DOFs 𝑢𝑢𝑢⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ጁ, 𝜙ዅጁ ],
and another beam of length 𝐿(1 − 𝜉ጁ) with DOFs 𝑢𝑢𝑢⊺ = [𝑤ጁ, 𝜙ዄጁ , 𝑤ኼ, 𝜙ኼ], are connected via a
hinge element with stiffness matrix:

𝐾𝐾𝐾፡𝑢𝑢𝑢 = 𝑘፭ [
1 −1
−1 1 ] [

𝜙ዅጁ
𝜙ዄጁ
] . (2.36)
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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10ኽ
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10኿

10ዀ

𝜉ጁ

𝜒

Assembled Beam elements
5 DOF system
6 DOF system

Figure 2.4: The matrix condition of the assembled folded beam element and the 5 and 6 DOF system, calculated using the parameters
in Table 2.1.

The hinged beam element simulates the case when local re-meshing is applied to a beam
element to account for an arbitrary fold placement. Assembling the two beam elements and
the hinge element, a system is formulated containing the 7 DOFs: 𝑤ኻ, 𝜙ኻ, 𝜙ዅጁ , 𝑤ጁ, 𝜙ዄጁ , 𝑤ኼ, 𝜙ኼ.
The matrix condition of the 5 and 6 DOF system can be found in Figure 2.4, the 5 DOF system
performs very well with a condition number of 𝜒 ≈ 20. Furthermore its condition number is
bounded and has a maximum value of 𝜒 = 21.9 at 𝜉ጁ = 0 and 𝜉ጁ = 1. The 6 DOF system does
not achieve bounded condition numbers, and performs slightly better than the assembled
system when the fold location is not around 𝜉ጁ = 0.5, and worse when the fold is at 𝜉ጁ = 0.5.

Following standard procedure in IGFEM [11] to improve the condition number of the 6
DOF system, a scaling parameter 𝑠 is introduced as:

𝑀ዀ(𝜉) = (1 − 𝜉)𝑀ኻ + 𝜉𝑀ኼ + 𝑠 ⋅ 𝛼 {
᎛
᎛ᏹ

0 ≤ 𝜉 ≤ 𝜉ጁ
᎛ዅኻ
᎛ᏹዅኻ

𝜉ጁ ≤ 𝜉 ≤ 1
. (2.37)

Because a mixed/hybrid element formulation is used, the introduction of the scaling param-
eter in this manner has no effect on the final stiffness matrix, as explained in Appendix C.
Another method of introducing a scaling parameter, is by inserting it directly into the dis-
placement vector as: u⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ, 𝑠፰ ⋅ 𝑤ጁ, 𝑠Ꭻ ⋅ Δ𝜙]. This method is also investigated in
Appendix C, and although it improves the condition numbers of the 6 DOF system, it does not
lead to the drastic improvements needed to attain similar condition numbers as the 5 DOF
system. A common method of improving condition numbers, is by using a precondition ma-
trix. The condition number of the 6 DOF system is improved by using a jacobi preconditioner
of the form:

𝐾𝐾𝐾ᖣ = 𝑃𝑃𝑃𝐾𝐾𝐾𝑃𝑃𝑃, (2.38)

where the precondition matrix is defined as:

𝑃።፣ =
𝛿።፣
√𝐾።፣

, (2.39)

and no scaling parameter is used. The matrix condition numbers can be found for a beam
with zero fold stiffness in Figure 2.5a, and for a beam with a fold stiffness of 𝑘፭ = 500 in Figure
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2.5b. The condition number of the preconditioned 6 DOF system is drastically improved, and
decreased slightly below the 5 DOF system condition number for low 𝑘፭.
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𝜒
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5 DOF system
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Preconditioned 6 DOF system

(a) Condition numbers Ꭴ, calculated using a fold stiffness of ፤ᑥ ዆ ኺ
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(b) Condition numbers Ꭴ, calculated using a fold stiffness of ፤ᑥ ዆ ኿ኺኺ

Figure 2.5: The matrix condition for assembled, 5 DOF, 6 DOF, and preconditioned 6 DOF systems for varying the fold location ᎛ᏹ,
calculated for one element constructed using the material parameters in Table 2.1.

The 5 DOF system has the exceptional property of a condition number which does not grow
to infinity, for discontinuities located at the boundaries; 𝜉ጁ = 0 and 𝜉ጁ = 1. Furthermore, for
these discontinuities, the 5 DOF system still achieves analytically exact solutions. Using
a preconditioner on the 6 DOF system drastically improves the condition number, but the
condition number does not become bounded. For discontinuities at 𝜉ጁ = 0 and 𝜉ጁ = 1, the 6
DOF stiffness matrix has elements which grow to infinity, and the preconditioner can not be
applied to improve condition number.

2.5. Condensed foldable beam element
The number of DOFs in the 5 DOF system can be decreased one final time, resulting in
a foldable beam element with the exact same DOFs as a non-foldable beam element, and
thus no enriched DOFs. In Appendix D, the 5 DOF system is condensed using the static
condensation algorithm as described in [44]. Another way of condensing the system, in line
with the mixed/hybrid element formulation, can be defined. By splitting the displacement
vector into the standard beam element displacement vector 𝑢𝑢𝑢ኾ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ], and the
jump in rotation Δ𝜙, the discretization can be changed to:

Π = −12m
⊺𝐴𝐴𝐴m−m⊺𝐵𝐵𝐵ፒuኾ −m⊺𝐵𝐵𝐵ፄΔ𝜙 +

1
2Δ𝜙𝑘፭Δ𝜙 − f⊺uኾ, (2.40)

where the𝐵𝐵𝐵-matrix as defined for the 5 DOF system is split into the 2×4 𝐵𝐵𝐵ፒ-matrix, connected
to the DOFs in 𝑢𝑢𝑢ኾ, and the 2 × 1 𝐵𝐵𝐵ፄ-matrix, connected to Δ𝜙, as 𝐵𝐵𝐵኿ = [𝐵𝐵𝐵ፒ , 𝐵𝐵𝐵ፄ]. Using similar
steps as in the discretization in Section 2.2.2, the potential energy is firstly varied with respect
to Δ𝜙:

𝜕Π
𝜕Δ𝜙𝛿Δ𝜙 = (−𝑚𝑚𝑚

⊺𝐵𝐵𝐵ፄ + 𝑘፭Δ𝜙) 𝛿Δ𝜙 = 0, (2.41)

and rewritten to find an expression for Δ𝜙:
Δ𝜙 = 𝑘ዅኻ፭ 𝐵𝐵𝐵⊺ፄ𝑚𝑚𝑚. (2.42)

The next step is to find an expression for 𝑚𝑚𝑚, and to substitute the expression for Δ𝜙 in this
equation to remove the enriched DOF from the discretized potential energy equation. This is
done by varying with respect to 𝑚𝑚𝑚:

𝜕Π
𝜕𝑚𝑚𝑚𝛿𝑚𝑚𝑚 = (−𝐴𝐴𝐴𝑚𝑚𝑚 −𝐵𝐵𝐵ፒ𝑢𝑢𝑢ኾ −𝐵𝐵𝐵ፄΔ𝜙) ⋅ 𝛿𝑚𝑚𝑚 = (−𝐴𝐴𝐴𝑚𝑚𝑚 −𝐵𝐵𝐵ፒ𝑢𝑢𝑢ኾ −𝐵𝐵𝐵ፄ𝑘ዅኻ፭ 𝐵𝐵𝐵⊺ፄ𝑚𝑚𝑚) ⋅ 𝛿𝑚𝑚𝑚 = 0, (2.43)
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and rewriting to find an expression for 𝑚𝑚𝑚:

𝑚𝑚𝑚 = −(𝐴𝐴𝐴 +𝐵𝐵𝐵ፄ𝑘ዅኻ፭ 𝐵𝐵𝐵⊺ፄ)ዅኻ𝐵𝐵𝐵ፒ𝑢𝑢𝑢ኾ. (2.44)

To find the condensed stiffness matrix, the potential energy equation is varied with respect
to 𝑢𝑢𝑢ኾ, and the expression for 𝑚𝑚𝑚 is substituted as:

𝜕Π
𝜕𝑢𝑢𝑢ኾ 𝛿𝑢𝑢𝑢

ኾ = (−𝑚𝑚𝑚⊺𝐵𝐵𝐵ፒ −𝑓𝑓𝑓⊺) 𝛿𝑢𝑢𝑢ኾ = (𝐵𝐵𝐵⊺ፒ(𝐴𝐴𝐴 +𝐵𝐵𝐵ፄ𝑘ዅኻ፭ 𝐵𝐵𝐵⊺ፄ)ዅኻ𝐵𝐵𝐵ፒ𝑢𝑢𝑢ኾ −𝑓𝑓𝑓) ⋅ 𝛿𝑢𝑢𝑢ኾ = 0, (2.45)

resulting in the condensed stiffness matrix:

𝐾𝐾𝐾(፜) = 𝐵𝐵𝐵⊺ፒ(𝐴𝐴𝐴 +𝐵𝐵𝐵ፄ𝑘ዅኻ፭ 𝐵𝐵𝐵⊺ፄ)ዅኻ𝐵𝐵𝐵ፒ = 𝐵𝐵𝐵⊺ፒ𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፒ . (2.46)

In Equation 2.46, all terms concerning the potential energy due to the fold (𝑘ዅኻ፭ , 𝐵𝐵𝐵ፄ) are now
part of the newly formed𝐴𝐴𝐴፜-matrix. The𝐴𝐴𝐴-matrix generally contains the bending energy in the
beam. The folding energy thus becomes part of the internal deformation energy in the beam,
instead of the energy due to the reaction forces, contained in the 𝐵𝐵𝐵-matrix. Furthermore,
the condensed stiffness matrix derivation can be seen as a continuation of the mixed/hybrid
method, where Δ𝜙 is used as an auxiliary, instead of a primary DOF.
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Figure 2.6: The condition numbers of the 5 DOF and condensed 4 DOF elements for varying fold location ᎛ᏹ, calculated
using the material parameters in Table 2.1.

The condensed formulation for the 4 DOF folded beam stiffness matrix is tested using the
test case in Section 2.3, and achieves the same exact results as the 5 and 6 DOF formulations.
More interesting is the condition number of the condensed folded beam, as Found in Figure
2.6. The condition number of 𝐾𝐾𝐾(፜), has decreased with respect to the condition number of
𝐾𝐾𝐾(኿), and remains bounded for 0 ≤ 𝜉ጁ ≤ 1.

2.6. Discussion
Two methods for deriving a foldable element have been used; the 6 DOF derivation, which
implements a weak enrichment in the moment field, and the 5 DOF derivation, which uses
no enrichment function. Both systems achieve the same level of numerical accuracy. The
disadvantage of the 5 DOF system is the fact that a force cannot be straightforwardly imple-
mented on the fold, whereas using the 6 DOF system this can be easily done. To compensate
for this fact, a method is derived to implement a force on the fold for the 5 DOF system in
Appendix B. The force is applied on the fold via a work equivalent load vector, derived using
the applied moment interpolations and relations between moment, curvature, rotation, and
displacement.

The matrix condition numbers of both formulations are compared. In the 6 DOF system,
the condition numbers are unbounded for folds approximating standard element nodes, while
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the condition numbers of the 5 DOF system remain fairly constant and are bounded. The
condition numbers of the 6 DOF system can be drastically improved by using a precondition
matrix. Even though the preconditioned 6 DOF system achieves a well-conditioned stiffness
matrix, it still requires some post-processing to calculate the element DOFs, and the precon-
ditioner can not be applied for folds located at standard element nodes. The 5 DOF system
and preconditioned 6 DOF system attain similar condition numbers, but the 5 DOF system
is preferred since it is easier to implement, uses less DOFs, and requires no post-processing.
Condensing the 5 DOF system improves the matrix condition even further, and may reduce
computational time as less DOFs are needed to model a problem.

The increase in condition number of the 6 DOF system for folds approximating standard
nodes, can be explained by investigating the displacement DOFs 𝑤ጁ and 𝑤።, of the fold and
standard node respectively. When a fold approximates a standard node these DOFs should
become equal 𝑤ጁ = 𝑤።, and the stiffness matrix becomes linear with respect to these DOFs.
The 6 DOF system condition numbers can be slightly improved by introducing an optimized
scaling factor for the enriched DOFs, as shown in Appendix C. The optimal scaling factor can
be interpreted as defining an enrichment, such that it has a constant jump in derivative at
the fold. Introducing a moment field enrichment, defined by a constant jump in derivative
at the fold, connects the enrichment to the force at the fold: 𝐹ጁ =

Ꭷፌ
Ꭷ፱ |፱Ꮌᏹ −

Ꭷፌ
Ꭷ፱ |፱Ꮍᏹ , which is

energetically conjugate to 𝑤ጁ. The changed definition also forces the enrichment function to
tend to zero near the standard node locations, removing some of the linearity’s in the system.
Although the condition numbers of the 6 DOF system are improved by introducing the scaling
function, they remains worse than the 5 DOF system condition numbers.





3
Foldable Plate

Advancing on the procedure developed for a foldable beam, several foldable plate elements will
be derived. In the foldable beam formulation, a 𝐶ኻ-continuous moment field lead to improved
condition numbers, relative to a 𝐶ኺ-continuous moment field. For this reason, no load will
be applied on the fold, resulting in a 𝐶ኻ-continuous moment field in the plate, that does not
require an enrichment. Although no moment field enrichment will be required, enrichment
functions will be defined for the rotation and displacement on the element boundary. As
found in the scaled moment enrichment for the 6 DOF beam in Equation C.11, and suggested
in [33], the discontinuous rotational field will be implemented by introducing a discontinuity
directly in the derivative of the displacement field.

Based on three different standard plate elements, six foldable elements will be derived.
Besides four foldable elements containing enriched DOFs, two foldable elements containing
only standard DOFs will be derived by condensing the elements locally. Since condition
numbers of the condensed beam in Section 2.5 were improved, it is expected that condition
numbers will be improved by condensing the plate elements. The foldable elements are based
on three standard elements: the 𝐾𝐿0 and 𝐾𝐿1 elements [39] (a constant moment, and a linear
moment plate element), and the 𝐻𝑆𝑀 element [37] (another linear moment plate element).
The 𝐾𝐿0 element will be enriched using either one or two enriched DOFs, the 𝐾𝐿1 and 𝐻𝑆𝑀
elements will both be enriched using two enriched DOFs. As explained in Chapter 1, the
difference between the 𝐾𝐿1 and 𝐻𝑆𝑀 elements is the location and number of DOFs: the 𝐻𝑆𝑀
element uses only 9 DOFs, 1 displacement and 2 rotations at each node, whereas the 𝐾𝐿1
element uses 12 DOFs, 1 displacement at each node, one displacement at each side, and 2
rotations at each side.

3.1. 2D problem definition
In Figure 3.1, an arbitrarily shaped plate domain Ω in the 𝑥 − 𝑦 plane, with closed boundary
Γ = Ω ⧵ Ω, is depicted. An out of plane displacement field, 𝑤(𝑥, 𝑦), and an in plane rotational
vector field, 𝜙𝜙𝜙(𝑥, 𝑦), are defined on the plate. Because different kinematic and constitutive
equations hold on the domain and fold line, the domain Ω is divided into two subdomains
and a fold line:

Ω = Ωኻ ∪ Ωኼ ∪ Γፅ , such that,
Ωኻ ∩ Ωኼ = ∅, and,

Ωኻ ∩ Ωኼ = Γፅ .
(3.1)

The subdomain Ωኻ (Ωኼ) has a closed boundary Γኻ (Γኼ), where the subdomain boundaries are
defined as:

Γ። = Ω። ⧵ Ω። , 𝑖 = 1, 2, such that,

Γ። = Γᖣ። + Γ።ፅ ,
Γᖣኻ + Γᖣኼ = Γ,
Γኻፅ = Γኼፅ = Γፅ .

(3.2)

23
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Figure 3.1: A foldable plate element located in the ፱ ዅ፲-plane with a displacement field in the z-direction፰(፱, ፲), and a rotation field in
the ፱ ዅ ፲-plane ᎫᎫᎫ(፱, ፲). It is loaded on the boundary ጁ by a distributed force in z direction, ፅᏹ(፱, ፲), and a distributed moment vector
in the ፱ ዅ ፲-plane,፦፦፦ᏹ(፱, ፲).

Three fold lines (Γኻፅ , Γኼፅ , and Γፅ) are defined because approaching the fold from either Ωኻ or
Ωኼ, different values for the rotation are defined. A short notation for functions approaching
the fold line from either side is defined:

lim
፫፫፫→ጁᑚᐽ

𝑓(𝑟𝑟𝑟) = 𝑓።ጁ , 𝑖 = 1, 2 (3.3)

The plate is loaded on the boundary Γ by a distributed force in the z direction 𝐹ጁ(𝑥, 𝑦), and a
distributed moment in the 𝑥 − 𝑦 plane 𝑚𝑚𝑚ጁ(𝑥, 𝑦). On the plate domain Ω, a distributed load is
applied 𝑞(𝑥, 𝑦). Furthermore, the outward normal, 𝑛𝑛𝑛ኻ, 𝑛𝑛𝑛ኼ, and 𝑛𝑛𝑛 of Ωኻ, Ωኼ, and Ω respectively,
are related by:

𝑛𝑛𝑛ኻ = −𝑛𝑛𝑛ኼ on Γፅ,
𝑛𝑛𝑛ኻ = 𝑛𝑛𝑛 on Γᖣኻ,
𝑛𝑛𝑛ኼ = 𝑛𝑛𝑛 on Γᖣኼ,

(3.4)

On the two subdomains, standard kinematic equations for the rotation and the curvature of
the plate are used:

𝜙𝜙𝜙(𝑟𝑟𝑟) = ∇𝑤(𝑟𝑟𝑟) on Ωኻ ∪ Ωኼ,
𝐶𝐶𝐶(𝑟𝑟𝑟) = ∇𝜙𝜙𝜙(𝑟𝑟𝑟) on Ωኻ ∪ Ωኼ,

(3.5)

where the curvature 𝐶𝐶𝐶, is a symmetric 2 × 2 matrix which can be written in vector form:

𝜅𝜅𝜅⊺ = [𝐶ኻኻ, 𝐶ኼኼ, 2𝐶ኻኼ]. (3.6)

On the fold line, standard kinematic relations do not hold, as the rotation is discontinuous.
To ensure a 𝐶ኺ-continuous displacement field at the fold, we define:

𝑤ኻጁ = 𝑤ኼጁ = 𝑤ጁ on Γፅ. (3.7)
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Although it is possible to implement different material parameters on the subdomains created
by the fold, it is chosen to use constant parameters for simplicity, and because origami
structures are often made from one piece of sheet material. Standard linearly elastic material
properties are assumed as:

𝑚𝑚𝑚 = 𝐷𝐷𝐷𝜅𝜅𝜅 on Ωኻ ∪ Ωኼ,
𝑀𝑀𝑀 = 𝒟𝒟𝒟𝐶𝐶𝐶 on Ωኻ ∪ Ωኼ,

(3.8)

where 𝑚𝑚𝑚 is the moment vector derived from the 2 × 2 symmetric moment matrix 𝑀𝑀𝑀 as:

𝑚𝑚𝑚⊺ = [𝑀ኻኻ, 𝑀ኼኼ, 𝑀ኻኼ]. (3.9)

The constitutive matrix 𝐷𝐷𝐷, is defined on Ω። as:

𝐷𝐷𝐷 = 𝐸𝑡ኽ
12(1 − 𝜈ኼ) [

1 𝜈 0
𝜈 1 0
0 0 ኻዅ᎚

ኼ

] , (3.10)

and its counterpart, the fourth order stiffness tensor 𝒟𝒟𝒟, is defined on Ω። as:

𝒟።፣፤፥ =
𝑡ኽ
12 (𝜇 (𝛿።፣𝛿፣፥ + 𝛿።፥𝛿፣፤) +

2𝜆𝜇
𝜆 + 2𝜇𝛿።፣𝛿፤፥) where, (3.11)

𝜆 = 𝜈𝐸
(1 + 𝜈) (1 − 2𝜈) , (3.12)

𝜇 = 𝐸
2 (1 + 𝜈) , (3.13)

where 𝐸 denotes the Young’s modulus, 𝑡 the plate thickness, 𝜈 the Poisson’s ratio, and 𝛿።፣
the Kronecker delta function. In the modified potential energy derivation, the fold is modeled
as a torsional spring relating rotations and moments in the 2D 𝑥 − 𝑦 plane:

𝑇𝑇𝑇ፅ = ∫
ጁᐽ
𝐾𝐾𝐾ፓ(𝜙𝜙𝜙ኻጁ −𝜙𝜙𝜙ኼጁ)𝑑𝑆ፅ = ∫

ጁᐽ
𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙𝑑𝑆ፅ on Γፅ , (3.14)

where 𝐾𝐾𝐾ፓ is a 2 × 2 torsional stiffness matrix, which will be simplified and specified in the
element discretization.

3.2. 2D modified potential energy derivation
The modified potential energy derivation for a foldable plate, is similar to the modified poten-
tial energy derivation for a foldable beam. The full modified potential energy derivation can be
found in Appendix E; only the important results are discussed in this section. The modified
potential energy term for a deformed foldable plate, with its kinematic relations enforced by
Lagrange multipliers (𝜆𝜆𝜆ኻ, ΛΛΛኼ, 𝜆𝜆𝜆ኽ, ΛΛΛኾ, 𝜆኿, and 𝜆ዀ), is expressed as:

Π = ∫
጖ᑚ
{12𝜅𝜅𝜅

⊺𝐷𝐷𝐷𝜅𝜅𝜅 + 𝜆𝜆𝜆ኻ,ኽ ⋅ (𝜙𝜙𝜙 − ∇𝑤) +ΛΛΛኼ,ኾ ∶ (𝐶𝐶𝐶 − ∇𝜙𝜙𝜙) − 𝑞𝑤}𝑑𝐴።+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + 𝜆኿(𝑤ኻጁ −𝑤ጁ) + 𝜆ዀ(𝑤ጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (3.15)

By not including an externally applied force on the fold, a 𝐶ኻ-continuous moment field inter-
polation can be used in the elements, as in the derivation of the modified potential energy
equation it is found that:

𝑚𝑛𝑛𝑛 = 𝑚𝑚𝑚ጁ on Γ, (3.16)
(∇ ⋅𝑀𝑀𝑀ኻ

ጁ) ⋅ 𝑛𝑛𝑛ኻ = −(∇ ⋅𝑀𝑀𝑀ኼ
ጁ) ⋅ 𝑛𝑛𝑛ኼ = (∇ ⋅𝑀𝑀𝑀ኼ

ጁ) ⋅ 𝑛𝑛𝑛ኻ on Γፅ, (3.17)
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where the relation between 𝑛𝑛𝑛ኻ and 𝑛𝑛𝑛ኼ is inserted. Using integration by parts, the modified
potential energy equation is simplified, and surface integrals containing the displacement
and rotation are transformed into boundary integrals:

Π = −∫
጖ᑚ

1
2𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴። −∫
ጁ
{𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ,ኼ −𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑆+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + Δ𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛ኻ} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆 − ∫

጖
𝑞𝑤𝑑𝐴. (3.18)

3.3. 2D discretization
3.3.1. Discretized matrix definitions
As can be seen in the modified potential energy function in Equation 3.18, interpolation
functions for the displacement and rotational field at the boundaries are needed in the dis-
cretization. In addition, enrichment functions need to be defined for boundaries intersected
by the fold. Firstly, the modified potential energy equation is discretized, using the same
formulation as the discretized modified potential energy equation of the beam:

Π = −12𝛽𝛽𝛽
⊺𝐴𝐴𝐴𝛽𝛽𝛽 −𝛽𝛽𝛽⊺𝐵𝐵𝐵𝑢𝑢𝑢 + 12𝑢𝑢𝑢

⊺𝐾𝐾𝐾ፅ𝑢𝑢𝑢 −𝑓𝑓𝑓⊺𝑢𝑢𝑢, (3.19)

where the auxiliary DOFs 𝛽𝛽𝛽, are related to the moment field interpolation in the plate, and
the 𝐴𝐴𝐴-matrix is defined:

− 12𝛽𝛽𝛽
⊺𝐴𝐴𝐴𝛽𝛽𝛽 = −∫

጖ᑚ

1
2𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴። = −∫
጖

1
2𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴. (3.20)

Constant material parameters are assumed throughout the entire element, which simplifies
the two integrals over Ω።, to one integral over Ω. The 𝐵𝐵𝐵-matrix is defined by an integral over
the element boundary Γ, and the fold line Γፅ:

−𝛽𝛽𝛽⊺𝐵𝐵𝐵𝑢𝑢𝑢 = −∫
ጁ
{𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛 −𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑆 + ∫

ጁᐽ
Δ𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛ኻ𝑑𝑆ፅ , (3.21)

Additionally, the 𝐵𝐵𝐵-matrix is split into two parts as: 𝐵𝐵𝐵 = [𝐵𝐵𝐵ፒ ,𝐵𝐵𝐵ፄ], where the standard 𝐵𝐵𝐵-matrix
(𝐵𝐵𝐵ፒ) and enriched 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵ፄ) are defined:

𝛽𝛽𝛽⊺𝐵𝐵𝐵𝑢𝑢𝑢 = 𝛽𝛽𝛽⊺𝐵𝐵𝐵ፒ𝑢𝑢𝑢ፒ +𝛽𝛽𝛽⊺𝐵𝐵𝐵ፄ𝑢𝑢𝑢ፄ (3.22)

−𝛽𝛽𝛽⊺𝐵𝐵𝐵ፒ𝑢𝑢𝑢ፒ = −∫
ጁ
{𝑤ፒ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ,ኼ −𝜙𝜙𝜙ፒ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑆, (3.23)

−𝛽𝛽𝛽⊺𝐵𝐵𝐵ፄ𝑢𝑢𝑢ፄ = −∫
ጁ
{𝑤ፄ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ,ኼ −𝜙𝜙𝜙ፄ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑆 + ∫

ጁᐽ
Δ𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛ኻ𝑑𝑆ፅ . (3.24)

The displacement vector 𝑢𝑢𝑢 is split into a part containing only standard DOFs 𝑢𝑢𝑢ፒ, and a part
containing only enriched DOFs 𝑢𝑢𝑢ፄ as: 𝑢𝑢𝑢⊺ = [𝑢𝑢𝑢⊺ፒ , 𝑢𝑢𝑢⊺ፄ]. Furthermore, 𝑤ፒ and 𝜙𝜙𝜙ፒ are the dis-
placement and rotation due to the standard element interpolations only, 𝑤ፄ and 𝜙𝜙𝜙ፄ are the
displacement and rotation due to an enriched interpolation function, and Δ𝜙𝜙𝜙 is the jump in
rotation at the fold Γፅ. The torsional stiffness matrix is defined using:

1
2𝑢𝑢𝑢

⊺
ፄ𝐾𝐾𝐾፭𝑢𝑢𝑢ፄ = ∫

ጁᐽ

1
2Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙𝑑𝑆ፅ , (3.25)

where 𝐾𝐾𝐾ፅ as found in Equation 3.19, is defined as a matrix with the same size as the final
stiffness matrix 𝐾𝐾𝐾, containing mostly zeros, and with 𝐾𝐾𝐾፭ assembled in the lower right corner:

𝐾𝐾𝐾ፅ = [
∅ ∅
∅ 𝐾𝐾𝐾፭] . (3.26)
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Finally, a work equivalent load vector 𝑓𝑓𝑓, is defined using:

−𝑓𝑓𝑓⊺𝑢𝑢𝑢 = −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆 − ∫

጖
𝑞𝑤𝑑𝐴, (3.27)

where interpolation functions for 𝑤 and 𝜙 at Γ, will be introduced in the discretization, allow-
ing for a numerical evaluation of ∫ጁ[𝐹ጁ𝑤+𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆, to defined 𝑓𝑓𝑓. No interpolation functions for
the displacement field 𝑤(𝑥, 𝑦) on Ω will be introduced, making the derivation of an equivalent
load vector for a pressure 𝑞 cumbersome.

Following the same procedure as in Section 2.2.2, the final stiffness matrix is defined as

𝐾𝐾𝐾 = 𝐵𝐵𝐵⊺𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵 +𝐾𝐾𝐾ፅ . (3.28)

Furthermore, to define the two condensed plate elements, the modified potential energy equa-
tion is discretized as:

Π = −12𝛽𝛽𝛽
⊺𝐴𝐴𝐴𝛽𝛽𝛽 −𝛽𝛽𝛽⊺𝐵𝐵𝐵ፒ𝑢𝑢𝑢 −𝛽𝛽𝛽⊺𝐵𝐵𝐵ፄ𝑢𝑢𝑢ፄ +

1
2𝑢𝑢𝑢

⊺
ፄ𝐾𝐾𝐾፭𝑢𝑢𝑢ፄ −𝑓𝑓𝑓⊺𝑢𝑢𝑢, (3.29)

and following the procedure as in Section 2.5, this will result in the condensed stiffness
matrix:

𝐾𝐾𝐾(፜) = 𝐵𝐵𝐵⊺ፒ(𝐴𝐴𝐴 +𝐵𝐵𝐵ፄ𝐾𝐾𝐾ዅኻ፭ 𝐵𝐵𝐵⊺ፄ)ዅኻ𝐵𝐵𝐵ፒ (3.30)

3.3.2. Triangular element parameterization

𝐺

(𝑥ኻ, 𝑦ኻ)

(𝑥ኼ, 𝑦ኼ)

(𝑥ኽ, 𝑦ኽ)

𝑛ኽኻ

𝑛ኻኼ

𝑛ኼኽ

𝑠ኻኼ

𝑠ኼኽ

𝑠ኽኻ

𝛾ኻኼ

𝛾ኼኽ

𝛾ኽኻ

𝑥

𝑦

(𝑥ኻፅ , 𝑦ኻፅ )

(𝑥ኼፅ , 𝑦ኼፅ ) 𝛾ፅ
𝑛ፅ

𝑠ፅ

Figure 3.2: The folded reference triangle, with a coordinate system located at its centroid. Besides the standard corner nodes (depicted
as dots) two enriched nodes (depicted as cross) are added at the intersection of the fold (the dashed line) and element boundary.

In Figure 3.2, a general triangular element is defined, with the origin of the local coordinate
system at its centroid. For each of the three element sides and the fold line, the cosine and
sine (𝐶።፣, 𝑆።፣, 𝐶ፅ, and 𝑆ፅ) of the angle between the outward normal 𝑛𝑛𝑛, and the 𝑥-axis are
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calculated:

𝐶።፣ = cos(𝛾።፣) =
Δ𝑦።፣
𝑙።፣

, (3.31)

𝑆።፣ = sin(𝛾።፣) = −
Δ𝑥።፣
𝑙።፣

, (3.32)

𝐶ፅ = cos(𝛾ፅ) =
Δ𝑦ፅ
𝑙ፅ
, (3.33)

𝑆ፅ = sin(𝛾ፅ) = −
Δ𝑥ፅ
𝑙ፅ
, (3.34)

where:

Δ𝑥።፣ = 𝑥፣ − 𝑥። and Δ𝑦።፣ = 𝑦፣ − 𝑦። , (3.35)
Δ𝑥ፅ = 𝑥ኼፅ − 𝑥ኻፅ and Δ𝑦ፅ = 𝑦ኼፅ − 𝑦ኻፅ , (3.36)

(3.37)

and the lengths of the element sides and the fold line are defined as:

𝑙።፣ = √Δ𝑥ኼ።፣ + Δ𝑦ኼ።፣ , (3.38)

𝑙ፅ = √Δ𝑥ኼፅ + Δ𝑦ኼፅ . (3.39)

(3.40)

Additionally, the surface area of the element 𝑆ፚ, is calculated:

𝑎 = 𝑙ኻኼ + 𝑙ኼኽ + 𝐿ኽኻ
2 , (3.41)

𝑆ፚ = √𝑎(𝑎 − 𝑙ኻኼ)(𝑎 − 𝑙ኼኼ)(𝑎 − 𝑙ኽኻ). (3.42)

Following [37], the cosine and sine are denoted without their subscripts as 𝐶 and 𝑆, respec-
tively. Furthermore, the location of the enriched node on a folded edge 𝑠።ጁ is calculated as:

Δ𝑥ጁ።፣ = 𝑥፤ፅ − 𝑥(𝑠።፣ = 0) and Δ𝑦ጁ።፣ = 𝑦፤ፅ − 𝑦(𝑠።፣ = 0), (3.43)

𝑠።ጁ = √Δ𝑥ጁ።፣
ኼ + Δ𝑦ጁ።፣

ኼ
for 𝑖, 𝑗 ∈ {1, 2, 3}. (3.44)

Finally, using Figure 3.3, the outward normal 𝑛𝑛𝑛, and a transformation between global and
local rotations are defined:

𝑛𝑛𝑛⊺ = [𝐶 𝑆] (3.45)

𝜙𝜙𝜙 = [𝑤,፱𝑤,፲] = [
𝐶 −𝑆
𝑆 𝐶 ] [

𝑤,፧
𝑤,፬ ] (3.46)
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𝑥

𝑦

𝑤,፱

𝑤,፲

𝑠 𝑛

𝑤,፬

𝑤,፧

(𝑥። , 𝑦።), 𝑠 = 0, 𝜂 = 0

(𝑥፣ , 𝑦፣), 𝑠 = 𝑙።፣ , 𝜂 = 1

𝛾።፣𝑀፧፧

𝑀፧፬

Figure 3.3: One of the three element edges defined in the global coordinate system (፱, ፲) with local edge coordinate ፬ and generalized
edge coordinate ᎔ ዆ ᑤ

ᑝᑚᑛ
. Each boundary has two local rotations፰,ᑟ and፰,ᑤ energetically conjugate to two local reaction momentsፌᑟᑟ

and ፌᑟᑤ respectively.

3.3.3. General 𝐵𝐵𝐵-matrix definition
The main differences between standard and foldable plate elements are contained in the 𝐵𝐵𝐵-
matrix. For this reason the general 𝐵𝐵𝐵-matrix definition requires some extra attention, before
particular foldable elements are derived. As explained in Section 3.3.1, the 𝐵𝐵𝐵-matrix is split
into an enriched and non-enriched part as: 𝐵𝐵𝐵 = [𝐵𝐵𝐵ፒ , 𝐵𝐵𝐵ፄ].The standard 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵ፒ is equal
to the non folded 𝐵𝐵𝐵-matrices in [37, 39]. This matrix is related to the energy consumed by
the reaction forces at the element boundaries, and is defined:

−𝛽𝛽𝛽⊺𝐵𝐵𝐵ፒ𝑢𝑢𝑢 = −∫
ጁ
{𝑤ፒ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛 −𝜙𝜙𝜙ፒ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑠

= −∫
ጁ
{𝑤ፒ ⋅ [

𝑀𝑀𝑀፱፱,፱ +𝑀𝑀𝑀፱፲,፱
𝑀𝑀𝑀፲፲,፲ +𝑀𝑀𝑀፲፱,፲

] ⋅ [𝐶𝑆] − [
𝐶 −𝑆
𝑆 𝐶 ] [

𝑤ፒ,፧
𝑤ፒ,፬ ] ⋅ [

𝑀𝑀𝑀፱፱ 𝑀𝑀𝑀፱፲
𝑀𝑀𝑀፲፱ 𝑀𝑀𝑀፲፲

] [𝐶𝑆]} 𝑑𝑠

= −∫
ጁ
{𝑤ፒ𝑄፧ −𝑤,፧𝑀፧፧ −𝑤,፬𝑀፧፬} 𝑑𝑠. (3.47)

The rotations of an element edge as shown in Figure 3.3, are defined as derivatives of the
displacement field, 𝜙፧ = 𝜕𝑤/𝜕𝑛 = 𝑤,፧ and 𝜙፬ = 𝜕𝑤/𝜕𝑠 = 𝑤,፬. The terms concerning the moment
field are simplified to distributed reaction forces and moments defined on the boundary in
Figure 3.3 as:

𝑄፧ = 𝐶(𝑀𝑀𝑀፱፱,፱ +𝑀𝑀𝑀፱፲,፲) + 𝑆(𝑀𝑀𝑀፲፲,፲ +𝑀𝑀𝑀፱፲,፱), (3.48)
𝑀፧፧ = 𝐶𝐶𝑀𝑀𝑀፱፱ + 2𝐶𝑆𝑀𝑀𝑀፱፲ + 𝑆𝑆𝑀𝑀𝑀፲፲ , (3.49)

𝑀፧፬ = −𝑆𝐶𝑀𝑀𝑀፱፱ + (𝐶𝐶 − 𝑆𝑆)𝑀𝑀𝑀፱፲ + 𝑆𝐶𝑀𝑀𝑀፲፲ . (3.50)

Because triangular elements have three straight boundary segments, the standard 𝐵𝐵𝐵-matrix
is defined by the three sub-matrices 𝐵𝐵𝐵ኻኼ, 𝐵𝐵𝐵ኼኽ, and 𝐵𝐵𝐵ኽኻ, corresponding to each of the three
element edges. The sub-matrices 𝐵𝐵𝐵።፣ can be assembled to form the matrix 𝐵𝐵𝐵ፒ. To define the
sub-matrices, Equations 3.48 to 3.50 are written in vector format and gathered in 𝑅𝑅𝑅።፣, and



30 3. Foldable Plate

the standard element shape functions are assembled in 𝐿𝐿𝐿።፣, as:

[
𝑄፧
−𝑀፧፧
−𝑀፧፬

] = 𝑅𝑅𝑅።፣(𝑠)𝛽𝛽𝛽, (3.51)

[
𝑤ፒ
𝑤ፒ,፧
𝑤ፒ,፬

] = 𝐿𝐿𝐿።፣(𝑠)𝑢𝑢𝑢።፣ , (3.52)

where 𝑢𝑢𝑢።፣ is a vector containing the standard DOFs attached to the element edge connecting
corner nodes 𝑖 and 𝑗. To discretize Equation 3.47, the generalized coordinate 𝜂 = 𝑠/𝑙።፣ is used,
and the sub-matrices are defined:

𝐵𝐵𝐵።፣ = 𝑙።፣∫
ኻ

ኺ
𝑅𝑅𝑅።፣(𝜂)⊺𝐿𝐿𝐿።፣(𝜂)𝑑𝜂. (3.53)

𝑥

𝑦

𝑤,፱

𝑤,፲

Δ𝑤,፬።፣

Δ𝑤,፧።፣

(𝑥። , 𝑦።), 𝑠 = 0, 𝜂 = 0

(𝑥፣ , 𝑦፣), 𝑠 = 𝑙።፣ , 𝜂 = 1

𝛾።፣

Δ𝑤ፅ,፧።

𝛾ፅ

𝜃።𝑠 = 𝑠ጁ

Figure 3.4: A folded boundary of an element, where the jump in rotation along the fold line (ጂ፰ᐽ,ᑟ) is projected on the edge local coordinate
system as two jumps in rotation (ጂ፰,ᑟ and ጂ፰,ᑤ). Expressed in the edge coordinate ፬, the intersection between element edge and fold
line is located at ፬ ዆ ፬ᏹ.

Besides the standard 𝐵𝐵𝐵-matrix, the enriched 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵ፄ) is derived, defined in Equation
3.24 as:

−𝛽𝛽𝛽⊺𝐵𝐵𝐵ፄ𝑢𝑢𝑢 = −∫
ጁ
{𝑤ፄ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ,ኼ −𝜙𝜙𝜙ፄ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑠 + ∫

ጁᐽ
Δ𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛ኻ𝑑𝑠ፅ

= −∫
ጁ
{𝑤ፄ𝑄፧ −𝑤ፄ,፧𝑀፧፧ −𝑤ፄ,፬𝑀፧፬} 𝑑𝑠 + ∫

ጁᐽ
[𝐶 −𝑆
𝑆 𝐶 ] [

𝑤ኻ,፧ −𝑤ኼ,፧
𝑤ኻ,፬ −𝑤ኼ,፬ ] ⋅ [

𝑀𝑀𝑀፱፱ 𝑀𝑀𝑀፱፲
𝑀𝑀𝑀፲፱ 𝑀𝑀𝑀፲፲

] [𝐶𝑆] 𝑑𝑠ፅ

= −∫
ጁ
{𝑤ፄ𝑄፧ −𝑤ፄ,፧𝑀፧፧ −𝑤ፄ,፬𝑀፧፬} 𝑑𝑠 + ∫

ጁᐽ
{(𝑤ኻ,፧ −𝑤ኼ,፧)𝑀ፅ፧፧ + (𝑤ኻ,፬ −𝑤ኼ,፬)𝑀ፅ፧፬} 𝑑𝑠ፅ

= −∫
ጁ
{𝑤ፄ𝑄፧ −𝑤ፄ,፧𝑀፧፧ −𝑤ፄ,፬𝑀፧፬} 𝑑𝑠 − ∫

ጁᐽ
Δ𝑤ፅ,፧𝑀ፅ፧፧𝑑𝑠ፅ , (3.54)

where the first part in −𝛽𝛽𝛽⊺𝐵𝐵𝐵ፄ𝑢𝑢𝑢 is defined using only enrichment functions (𝑤ፄ). Furthermore
𝑄፧, 𝑀፧፧, and 𝑀፧፬ are the same terms as used in the 𝐵𝐵𝐵ፒ definition, found in Equations 3.48
to 3.50. If a jump in rotation perpendicular to the fold would exist, a strong discontinuity
would be introduced as: 𝑤ኻጁ − 𝑤ኼጁ = Δ𝑤 = Δ𝑤,፬𝑑𝑠, hence this jump in rotation is assumed to
be zero, Δ𝑤,፬ = 0. The jump in rotation is thus simplified to a jump in rotation along the fold
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line only, Δ𝑤ፅ,፧ as shown in Figure 3.4, this jump in rotation is energetically conjugated to a
moment along the fold:

𝑀ፅ፧፧ = 𝐶ፅ𝐶ፅ𝑀𝑀𝑀፱፱ + 2𝐶ፅ𝑆ፅ𝑀𝑀𝑀፱፲ + 𝑆ፅ𝑆ፅ𝑀𝑀𝑀፲፲ . (3.55)

Furthermore, the jump in rotation is defined as a valley fold: Δ𝑤,፧ = 𝑤ኼ,፧ − 𝑤ኻ,፧, causing the
change in sign before ∫ጁᐽ Δ𝑤

ፅ
,፧𝑀ፅ፧፧𝑑𝑠ፅ. Using the simplified jump in rotation, the 2D relation

between jump in rotation and moment along the fold,

𝑇𝑇𝑇ፅ = ∫
ጁᐽ
𝐾𝐾𝐾ፓ(𝜙𝜙𝜙ኻጁ −𝜙𝜙𝜙ኼጁ)𝑑𝑆ፅ = ∫

ጁᐽ
𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙𝑑𝑆ፅ , (3.56)

can be simplified to a 1D relation:

𝑇ፅ = ∫
ጁᐽ
𝑘፭(𝑤ኼ,፧ −𝑤ኻ,፧)𝑑𝑆ፅ = ∫

ጁᐽ
𝑘፭Δ𝑤,፧𝑑𝑆ፅ , (3.57)

where 𝑘፭ is the torsional stiffness per unit length of the fold, and 𝑇ፅ the moment along the
fold line.

In the fold local coordinate system (𝑠ፅ , 𝑛ፅ), two enriched DOFs are defined, as shown in
Figure 3.5. Since, in Equation 3.54, the first integral to define𝐵𝐵𝐵ፄ is evaluated in the edge local
coordinate system (𝑠, 𝑛), a transformation between (𝑠ፅ , 𝑛ፅ) and (𝑠, 𝑛) is needed. To transform
the jump in rotation, Δ𝑤ፅ,፧። to the edge local coordinate system, the angle 𝜃። from Δ𝑤ፅ,፧። to Δ𝑤,፬።፣
as shown in Figure 3.4 is defined as:

𝜃። =
𝜋
2 + 𝛾።፣ − 𝛾ፅ . (3.58)

The transformation of the jump in rotation is consequently defined as:

[Δ𝑤,፧።፣Δ𝑤,፬።፣ ] = [
sin(𝜃።)
cos(𝜃።)] Δ𝑤

ፅ
,፧። , (3.59)

where the cosine and sine are defined as:

cos(𝜃።) = cos(𝜋2 + 𝛾።፣ − 𝛾ፅ) = 𝑆ፅ𝐶።፣ − 𝐶ፅ𝑆።፣ = 𝐶᎕። , (3.60)

sin(𝜃።) = sin(𝜋2 + 𝛾።፣ − 𝛾ፅ) = 𝐶ፅ𝐶።፣ + 𝑆ፅ𝑆።፣ = 𝑆᎕። . (3.61)

Since a positive jump in rotation corresponds to a valley fold, the vectors representing the
jump in rotation will point outward of the element, as shown in Figure 3.5. This definition
causes the calculated angle 𝜃ᖣ። at the second enriched node (𝜃ᖣኽ in Figure 3.5), to be rotated
by 𝜋 radians with respect to 𝜃። as: 𝜃ኽ = 𝜃ᖣኽ−𝜋. To compensate for this fact the transformation
at the second enriched node (where 𝑠ፅ = 𝑙ፅ) is multiplied by -1 as:

[Δ𝑤,፧።፣Δ𝑤,፬።፣ ] = [
−𝑆᎕።
−𝐶᎕።] Δ𝑤

ፅ
,፧። , (3.62)

where Equations 3.60 and 3.61 are used to calculate 𝐶᎕። and 𝑆᎕።.
The displacement field of an edge intersected by the fold is enriched with a weak enrich-

ment function Ψ(𝜂), and the rotation field with its derivative Ψ(𝜂),፬ as:

𝑤(𝜂) = 𝑤ፒ +𝑤ፄ = 𝑁𝑁𝑁፰(𝜂)𝑢𝑢𝑢።፣ +Ψ(𝜂)Δ𝑤,፬።፣ , (3.63)
𝑤,፧(𝜂) = 𝑤ፒ,፧ +𝑤ፄ,፧ = 𝑁𝑁𝑁Ꭻᑟ(𝜂)𝑢𝑢𝑢።፣ +Ψ,፬(𝜂)Δ𝑤,፧።፣ , (3.64)
𝑤,፬(𝜂) = 𝑤ፒ,፬ +𝑤ፄ,፬ = 𝑁𝑁𝑁፰,፬(𝜂)𝑢𝑢𝑢።፣ +Ψ,፬(𝜂)Δ𝑤,፬።፣ , (3.65)

The standard interpolation functions 𝑁𝑁𝑁፰(𝜂), 𝑁𝑁𝑁፰,፬(𝜂), and 𝑁𝑁𝑁Ꭻᑟ , are used only in the standard
𝐵𝐵𝐵-matrix formulation in Equation 3.47, and not in the enriched 𝐵𝐵𝐵-matrix formulation. In the
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𝜃ኼ
𝑛ኼኽ

𝑠ፅ
(𝑥ኼፅ , 𝑦ኼፅ )

𝜃ᖣኽ

𝑛ኽኼ

Δ𝑤ፅ,፧ኼ

Δ𝑤ፅ,፧ኽ

(𝑥ኻፅ , 𝑦ኻፅ )

1
2

3

−𝜃ኽ

Ωኻ

Ωኼ
𝑛𝑛𝑛ፅ = 𝑛𝑛𝑛ኻ

Figure 3.5: An arbitrary triangular plate element with two enriched DOFs representing a jump in rotation added. Since the enriched DOFs
represent a valley fold, and integration over the boundary is performed counterclockwise, the vector representing the enriched DOF will
always be pointing outward of the element.

enriched 𝐵𝐵𝐵-matrix definition, only the weak enrichment of the displacement field is used:

𝑤ፄ(𝜂) = Ψ(𝜂)Δ𝑤,፬።፣ = Ψ(𝜂)Δ𝑤ፅ,፧።𝐶᎕። , (3.66)

𝑤ፄ,፧(𝜂) = Ψ,፬(𝜂)Δ𝑤,፧።፣ = Ψ,᎔(𝜂)
Δ𝑤ፅ,፧።𝑆᎕።
𝑙።፣

, (3.67)

𝑤ፄ,፬(𝜂) = Ψ,፬(𝜂)Δ𝑤,፬።፣ = Ψ,᎔(𝜂)
Δ𝑤ፅ,፧።𝐶᎕።
𝑙።፣

, (3.68)

The further derivation of the enriched 𝐵𝐵𝐵-matrix is similar to the standard 𝐵𝐵𝐵-matrix derivation.
Reaction forces and moments at the boundaries (𝑄፧, 𝑀፧፧, 𝑀፧፬) are discretized as in Equation
3.51, using 𝑅𝑅𝑅።፣, and the enriched displacements and its derivatives are discretized in 𝐿𝐿𝐿ፅ።፣ as:

[
𝑤ፄ
𝑤ፄ,፧
𝑤ፄ,፬

] =
⎡
⎢
⎢
⎢
⎣

𝐶᎕።Ψ(𝜂)
ፒᒍᑚጕ(᎔),ᒌ

፥ᑚᑛ
ፂᒍᑚጕ(᎔),ᒌ

፥ᑚᑛ

⎤
⎥
⎥
⎥
⎦

Δ𝑤ፅ,፧። = 𝐿𝐿𝐿ፅ።፣Δ𝑤ፅ,፧። . (3.69)

Using these definitions, the enriched 𝐵𝐵𝐵-matrix is derived by formulating and assembling
three sub-matrices; two matrices related to the enrichments on the element edges 𝐵𝐵𝐵።ፄ, and
one matrix related to an integral over the fold line 𝐵𝐵𝐵ፅፄ. Firstly, the two sub-matrices for the
two element edges intersected by the fold are defined. This corresponds to the first part of
the enriched 𝐵𝐵𝐵-matrix definition in Equation 3.54:

𝛽𝛽𝛽⊺𝐵𝐵𝐵።ፄ Δ𝑤ፅ,፧። = ∫
ጁ
{𝑤ፄ𝑄፧ −𝑤ፄ,፧𝑀፧፧ −𝑤ፄ,፬𝑀፧፬} 𝑑𝑠 = 𝛽𝛽𝛽⊺𝑙።፣∫

ኻ

ኺ
𝑅𝑅𝑅።፣(𝜂)⊺𝐿𝐿𝐿ፅ።፣(𝜂)𝑑𝜂 Δ𝑤ፅ,፧። , (3.70)

resulting in:

𝐵𝐵𝐵።ፄ = 𝑙።፣∫
ኻ

ኺ
𝑅𝑅𝑅።፣(𝜂)⊺𝐿𝐿𝐿ፅ።፣(𝜂)𝑑𝜂. (3.71)

The second part of the enriched 𝐵𝐵𝐵-matrix definition is constructed from an integral over the
fold line. An interpolation for the jump in rotation is introduced as:

Δ𝑤ፅ,፧(𝜂) = 𝑁𝑁𝑁ጂᎫ(𝜂)𝑢𝑢𝑢ፄ , (3.72)
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where 𝑢𝑢𝑢⊺ፄ = [Δ𝑤ፅ,፧። , Δ𝑤ፅ,፧፣], and a generalized fold coordinate is introduced as 𝜂 = 𝑠ፅ/𝑙ፅ. Fur-
thermore, a transformation from 𝛽𝛽𝛽 to 𝑀ፅ፧፧ is introduced as:

𝑀ፅ፧፧ = 𝑅𝑅𝑅ፅ (𝜂)𝛽𝛽𝛽, (3.73)

where the relation in Equation 3.55 is represented by𝑅𝑅𝑅ፅ (𝜂). Using these matrices, the second
part of the enriched 𝐵𝐵𝐵-matrix is defined:

𝛽𝛽𝛽⊺𝐵𝐵𝐵ፅፄ 𝑢𝑢𝑢ፄ = ∫
ጁᐽ
Δ𝑤ፅ,፧𝑀ፅ፧፧𝑑𝑠ፅ = 𝛽𝛽𝛽⊺𝑙ፅ∫

ኻ

ኺ
𝑅𝑅𝑅⊺ፅ (𝜂)𝑁𝑁𝑁ጂᎫ(𝜂)𝑑𝜂 𝑢𝑢𝑢ፄ , (3.74)

resulting in:

𝐵𝐵𝐵ፅፄ = 𝑙ፅ∫
ኻ

ኺ
𝑅𝑅𝑅⊺ፅ (𝜂)𝑁𝑁𝑁ጂᎫ(𝜂)𝑑𝜂. (3.75)

Consequently, the enriched 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵ፄ) for a foldable element is constructed by assembling
the sub-matrices as:

𝐵𝐵𝐵ፄ = [𝐵𝐵𝐵።ፄ 𝐵𝐵𝐵፣ፄ] +𝐵𝐵𝐵ፅፄ , (3.76)

where 𝐵𝐵𝐵።ፄ and 𝐵𝐵𝐵፣ፄ are connected to Δ𝑤ፅ,፧። and Δ𝑤ፅ,፧፣ respectively, and 𝐵𝐵𝐵ፅፄ is connected to both
enriched DOFs. The final 𝐵𝐵𝐵-matrix is constructed by combining 𝐵𝐵𝐵ፄ and 𝐵𝐵𝐵ፒ as:

𝐵𝐵𝐵 = [𝐵𝐵𝐵ፒ , 𝐵𝐵𝐵ፄ]. (3.77)

Additionally, the work equivalent load vector for a distributed load applied on one element
edge, can be defined using the edge displacement interpolations in Equations 3.52 and 3.69.
Inserting these displacement definitions in Equation 3.27, we attain:

𝑓𝑓𝑓⊺𝑢𝑢𝑢 = ∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆 = ∫

፥ᑚᑛ

ኺ
{[𝐹ጁ 𝑚𝑚𝑚⊺ጁ]𝐿𝐿𝐿።፣𝑢𝑢𝑢።፣ + [𝐹ጁ 𝑚𝑚𝑚⊺ጁ]𝐿𝐿𝐿ፅ።፣Δ𝑤ፅ,፧።} 𝑑𝑠።፣ , (3.78)

where 𝑚𝑚𝑚ጁ are the distributed edge moments, defined in the edge local coordinate system
𝑚𝑚𝑚⊺ጁ = [𝑚ጁ፧፧ , 𝑚ጁ፧፬], and 𝐹ጁ the distributed edge force. Furthermore, the integral is evaluated
numerically, and the second term within the integral is only used when a load is applied on
one of the enriched edges.

3.3.4. KL0 element enriched with one DOF
In this section, a one DOF enriched foldable 𝐾𝐿0 element (the 𝐾𝐿0(ኻ)-element) will be derived.
As shown in Figure 3.6, the element has only one enriched DOF, which will result in a con-
stant jump in rotation over the entire fold line. Using Figures 3.4 and 3.5, we have explained
how the jumps in rotation (Δ𝑤ፅ,፧። and Δ𝑤ፅ,፧፣) can be projected on the element edges. To project
the single jump in rotation on the element edges, we assume: Δ𝑤ፅ,፧ = Δ𝑤ፅ,፧። = Δ𝑤ፅ,፧፣.

Firstly, the 𝐴𝐴𝐴-matrix, related to the bending energy of the plate, is derived following [39].
The 𝐴𝐴𝐴-matrix does not differ for the foldable and non foldable elements, because the same
moment interpolation field can be used in the foldable and non-foldable elements. A constant
moment matrix 𝐴𝐴𝐴፜, is defined by the shape function:

𝑚𝑚𝑚 = 𝐼𝛽𝛽𝛽ኽ, (3.79)

where 𝐼 is a 3 × 3 identity matrix, 𝑚𝑚𝑚 the moment vector, and 𝛽𝛽𝛽ኽ the vector containing the
auxiliary DOFs. In the constant moment plate elements, the auxiliary DOFs are thus exactly
equal to the moment vector of the plate. Using Equation 3.20, the constant moment 𝐴𝐴𝐴-matrix
is defined by:

− 12𝛽𝛽𝛽
⊺
ኽ𝐴𝐴𝐴፜𝛽𝛽𝛽ኽ = −

1
2 ∫጖

𝑚𝑚𝑚⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴 = −12𝛽𝛽𝛽
⊺
ኽ∫
጖
𝐷𝐷𝐷ዅኻ𝑑𝐴𝛽𝛽𝛽ኽ, (3.80)

resulting in:

𝐴𝐴𝐴፜ = 𝑆ፚ𝐷𝐷𝐷ዅኻ and 𝐴𝐴𝐴ዅኻ፜ = 1
𝑆ፚ
𝐷𝐷𝐷. (3.81)
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𝑤ኻ
𝜙፧ኻ

𝑤ኼ

𝜙፧ኼ

𝑤ኽ

𝜙፧ኽ

Δ𝑤ፅ,፧

Figure 3.6: The one DOF enriched KL0 element (ፊፋኺ(Ꮃ)-element). On the fold line, one enriched DOF is added, repre-
sented by the red arrow ጂ፰,ᑟ.

In the 𝐾𝐿0(ኻ)-element, the standard 𝐵𝐵𝐵-matrix is denoted 𝐵𝐵𝐵ፊፋኺ, and the enriched 𝐵𝐵𝐵-matrix
is denoted 𝐵𝐵𝐵ፅ(ኻ)፜ . Because a constant moment field is used, derivatives of the moment field
are zero, resulting in no internal reaction forces at the boundary: 𝑄፧ = 0. This causes the
term 𝑤𝑄፧ to drop from the 𝐵𝐵𝐵-matrix definition. The transformation between 𝛽𝛽𝛽ኽ and [𝑀፧፧ , 𝑀፧፬]
is defined as:

[−𝑀፧፧−𝑀፧፬ ] = [
−𝐶𝐶 −𝑆𝑆 −2𝐶𝑆
𝐶𝑆 −𝐶𝑆 −(𝐶𝐶 − 𝑆𝑆)]𝛽𝛽𝛽ኽ = 𝑅𝑅𝑅

፜
።፣𝛽𝛽𝛽ኽ, (3.82)

and on the three element edges, a linear interpolation field is used for the displacement:

𝑤(𝜂) = [1 − 𝜂 𝜂] [𝑤።𝑤፣] . (3.83)

The rotation perpendicular to the edge is defined as the derivative of the edge displacement:

𝑤,፬ =
1
𝑙 𝑤,᎔(𝜂) =

1
𝑙 [−1 1] [𝑤።𝑤፣] . (3.84)

Furthermore, no interpolation function for the rotation along the edge is needed, because it
is assumed to be constant, and since 𝑤𝑄፧ dropped from the equations, the displacement 𝑤
does not need to be included in the 𝐿𝐿𝐿።፣ matrix formulation:

[𝑤,፧𝑤,፬ ] = [
0 1 0
−ኻ፥ 0 ኻ

፥
] [
𝑤።
𝜙፧፤
𝑤፣
] = 𝐿𝐿𝐿ኺ።፣𝑢𝑢𝑢።፣ . (3.85)

Combining these matrices using Equation 3.53, results in:

𝐵𝐵𝐵ፊፋኺ።፣ = 𝑙።፣∫
ኻ

ኺ
𝑅𝑅𝑅፜።፣⊺𝐿𝐿𝐿ኺ።፣𝑑𝜂 = [

−𝐶𝑆 −𝑙።፣𝐶𝐶 𝐶𝑆
𝐶𝑆 −𝑙።፣𝑆𝑆 −𝐶𝑆

(𝐶𝐶 − 𝑆𝑆) −𝑙።፣2𝐶𝑆 −(𝐶𝐶 − 𝑆𝑆)
] , (3.86)

and the standard 𝐵𝐵𝐵-matrix 𝐵𝐵𝐵ፊፋኺ, can be constructed by assembling 𝐵𝐵𝐵ፊፋኺ።፣ .
Since the standard edge displacement uses linear shape functions, a linear enrichment

function is defined. To connect the enrichment function Ψ(𝜂), to the enriched DOF Δ𝑤ፅ,፧,
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the function should have a constant jump in derivative at the enriched node. The optimally
scaled enrichment function for the foldable beam, found in Appendix C, is such a function,
and the edges are thus enriched using:

Ψ፥(𝜂) = 𝑙።፣ {
−𝜂(1 − 𝜂ጁ) 0 ≤ 𝜂 ≤ 𝜂ጁ
−𝜂ጁ(1 − 𝜂) 𝜂ጁ ≤ 𝜂 ≤ 1 , (3.87)

with its derivative forming the strong enrichment for the edge rotation:

Ψ፥,፬(𝜂) =
Ψ,᎔(𝜂)
𝑙።፣

= { −(1 − 𝜂ጁ) 0 ≤ 𝜂 ≤ 𝜂ጁ
𝜂ጁ 𝑠ጁ ≤ 𝜂 ≤ 1 , (3.88)

where 𝜂ጁ = 𝑠ጁ/𝑙።፣ is the fold location expressed in the generalized coordinate. The displace-
ment field enrichment is zero at the standard nodes and has a jump in derivative of 1 at
the fold, it thus does not interfere with the standard element DOFs and can be coupled to
the enriched DOF. Using the enrichment function, the first part of the enriched 𝐵𝐵𝐵-matrix as
found in Equation 3.71, is calculated as:

𝐵𝐵𝐵።ፄ = −𝑙።፣∫
᎔ᏹ

ኺ
(𝑀፧፧𝑆᎕። +𝑀፧፬𝐶᎕።)Ψ፥,፬(𝜂)𝑑𝜂 − 𝑙።፣∫

ኻ

᎔ᏹ
(𝑀፧፧𝑆᎕። +𝑀፧፬𝐶᎕።)Ψ፥,፬(𝜂)𝑑𝜂

= −𝑙።፣ (𝑀፧፧𝑆᎕። +𝑀፧፬𝐶᎕።) [Ψ፥(𝜂)]᎔ᏹኺ − 𝑙።፣ (𝑀፧፧𝑆᎕። +𝑀፧፬𝐶᎕።) [Ψ፥(𝜂)]ኻ᎔ᏹ = 0. (3.89)

Due to the constant moment used in the element, the enrichment on the element edge does
not contribute to the element stiffness matrix. Nonetheless, it is still used in post processing
the solution to find the enriched node displacement 𝑤ጁ። as:

𝑤ጁ። = [1 − 𝜂ጁ 𝜂ጁ] [
𝑤።
𝑤፣] + Ψ

፥(𝜂ጁ)𝐶᎕ᑚΔ𝑤ፅ,፧። . (3.90)

The second contribution for the enriched 𝐵𝐵𝐵-matrix consists of an integral over the fold line,
where a constant jump in rotation is used Δ𝑤,፧(𝜂) = Δ𝑤,፧, and a transformation between the
moment field and 𝑀ፅ፧፧ is defined as:

𝑀ፅ፧፧ = [𝐶ፅ𝐶ፅ 𝑆ፅ𝑆ፅ 2𝐶ፅ𝑆ፅ]𝛽𝛽𝛽ኽ = 𝑅𝑅𝑅፜ፅ𝛽𝛽𝛽ኽ. (3.91)

Using these functions, the enriched 𝐵𝐵𝐵-matrix is defined as:

𝛽𝛽𝛽⊺ኽ𝐵𝐵𝐵ፅፄ𝑢𝑢𝑢ፄ = ∫
ጁᐽ
Δ𝑤ፅ,፧𝑀ፅ፧፧𝑑𝑠ፅ = 𝛽𝛽𝛽⊺ኽ𝑙ፅ∫

ኻ

ኺ
𝑅𝑅𝑅፜⊺ፅ 𝑑𝜂 Δ𝑤ፅ,፧ , (3.92)

resulting in:

𝐵𝐵𝐵ፅ(ኻ)፜ = 𝐵𝐵𝐵ፅፄ = 𝑙ፅ∫
ኻ

ኺ
[
𝐶ፅ𝐶ፅ
𝑆ፅ𝑆ፅ
2𝐶ፅ𝑆ፅ

] 𝑑𝜂 = 𝑙ፅ [
𝐶ፅ𝐶ፅ
𝑆ፅ𝑆ፅ
2𝐶ፅ𝑆ፅ

] . (3.93)

Furthermore, from the definition of the torsional stiffness matrix:

1
2𝑢𝑢𝑢

⊺
ፄፅ𝐾𝐾𝐾(ኻ)፭ 𝑢𝑢𝑢ፄ = ∫

ጁᐽ

1
2Δ𝑤

ፅ
,፧(𝑠ፅ)𝑘፭Δ𝑤ፅ,፧(𝑠ፅ)𝑑𝑆ፅ , (3.94)

we find that it is simplified to a torsional stiffness coefficient as:

𝐾(ኻ)፭ = 𝑙ፅ𝑘፭ . (3.95)

Using the defined matrices, the stiffness matrix is formulated by assembling 𝐵𝐵𝐵ፊፋኺ።፣ into 𝐵𝐵𝐵ፊፋኺ,
and assembling the final 𝐵𝐵𝐵-matrix as:

𝐵𝐵𝐵ፊፋኺ(Ꮃ) = [𝐵𝐵𝐵ፊፋኺ, 𝐵𝐵𝐵
ፅ(ኻ)
፜ ] . (3.96)
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Consequently, the stiffness matrix is formulated as:

𝐾𝐾𝐾ፊፋኺ(Ꮃ) = 𝐵𝐵𝐵⊺ፊፋኺ(Ꮃ)𝐴𝐴𝐴
ዅኻ
፜ 𝐵𝐵𝐵ፊፋኺ(Ꮃ) +𝐾𝐾𝐾

(ኻ)
ፅ , (3.97)

where 𝐾𝐾𝐾(ኻ)ፅ is constructed as a 7 × 7 matrix containing mostly zeros, but with 𝐾(ኻ)፭ assembled
in the lower right corner, at the diagonal term related to Δ𝑤ፅ,፧.

Finally, a distributed edge load is applied on the element by inserting the standard dis-
placement and rotation as found in Equations 3.83 and 3.84, and enriched interpolations
found in Equations 3.87 and 3.88, into Equation 3.78. Since no displacement field is defined
on the element domain Ω, the application of a distributed pressure 𝑞 is a bit more difficult. In
the 5 DOF beam formulation, a distributed force was applied via a relatively complex equiva-
lent load vector, as described in Appendix B. To apply a surface pressure in the foldable plate
formulation, a similar method would result in an increasingly complex equivalent load vector
computation. For this reason a constant surface pressure is applied on the 𝐾𝐿0(ኼ)-element,
using the same load vector as found for its non-enriched counterpart in [39]:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፊፋኺ(Ꮃ) =
𝑞𝑆ፚ
3 [1 0 1 0 1 0 0]𝑢𝑢𝑢ፊፋኺ(Ꮃ) , (3.98)

where the displacement vector is assembled as: 𝑢𝑢𝑢⊺ፊፋኺ(Ꮃ) = [𝑤ኻ, 𝜙፧ኻ, 𝑤ኼ, 𝜙፧ኼ, 𝑤ኽ, 𝜙፧ኽ, Δ𝑤
ፅ
,፧].

3.3.5. KL0 element enriched with 2 DOFs
The 𝐾𝐿0 element is a constant moment element, and thus only requires a constant jump in
rotation to capture the potential energy in the fold. However, in that case, enriched DOFs
cannot be shared between neighboring elements, which may cause the displacement field
across enriched element edges to become discontinuous, since neighboring elements can
have different jumps in rotation. To solve this problem, the enriched element in Figure 3.7
(the 𝐾𝐿0(ኼ)-element) is introduced. This foldable element has two enriched DOFs, resulting in
a linear interpolation for the jump in rotation along the fold. Since the two enriched DOFs are
located on the enriched nodes, they can be shared between neighboring elements, resulting
in a continuous displacement field.

𝑤ኻ
𝜙፧ኻ

𝑤ኼ

𝜙፧ኼ

𝑤ኽ

𝜙፧ኽ Δ𝑤ፅ,፧ኻ

Δ𝑤ፅ,፧ኽ

Figure 3.7: The two DOF enriched ፊፋኺ element (ፊፋኺ(Ꮄ)-element). On each enriched node (depicted as a cross) one
enriched DOF is added, represented by the red arrows ጂ፰ᐽ,ᑟᎳ and ጂ፰ᐽ,ᑟᎵ.

The first part of the 𝐾𝐿0(ኼ)-element derivation is exactly the same as the 𝐾𝐿0(ኻ)-element
derivation. The derivation diverges from the 𝐾𝐿0(ኻ) derivation at Equation 3.92, where the
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enriched 𝐵𝐵𝐵-matrix is defined. Using the two enriched DOFs, a linear interpolation for the
jump in rotation is defined as:

Δ𝑤ፅ,፧(𝜂) = 𝑁𝑁𝑁ጂᎫ(𝜂)𝑢𝑢𝑢ፄ = [1 − 𝜂 𝜂] [Δ𝑤
ፅ
,፧።

Δ𝑤ፅ,፧፣
] . (3.99)

Since the edge enrichment does not influence the stiffness matrix, the enriched 𝐵𝐵𝐵-matrix is
defined as:

𝐵𝐵𝐵ፅ(ኼ)፜ = 𝑙ፅ∫
ኻ

ኺ
𝑅𝑅𝑅፜ፅ

⊺𝑁𝑁𝑁ጂᎫ(𝜂)𝑑𝜂 = 𝑙ፅ∫
ጁ
[
𝐶ፅ𝐶ፅ
𝑆ፅ𝑆ፅ
2𝐶ፅ𝑆ፅ

] [1 − 𝜂 𝜂] 𝑑𝜂 = 𝑙ፅ
2 [

𝐶ፅ𝐶ፅ 𝐶ፅ𝐶ፅ
𝑆ፅ𝑆ፅ 𝑆ፅ𝑆ፅ
2𝐶ፅ𝑆ፅ 2𝐶ፅ𝑆ፅ

] , (3.100)

The torsional stiffness matrix is defined, using the linearly varying jump in rotation:

1
2u

⊺
ፄ𝐾𝐾𝐾(ኼ)፭ uፄ = 𝑢𝑢𝑢⊺ፄ𝑙ፅ∫

ኻ

ኺ

1
2 [
1 − 𝜂
𝜂 ] 𝑘፭ [1 − 𝜂 𝜂] 𝑑𝜂 𝑢𝑢𝑢ፄ , (3.101)

resulting in the 2 × 2 matrix:

𝐾𝐾𝐾(ኼ)፭ = 𝑙ፅ𝑘፭
1
6 [
2 1
1 2] . (3.102)

To formulate the 𝐾𝐿0(ኼ)-element, the 𝐵𝐵𝐵-matrix is assembled as:

𝐵𝐵𝐵ፊፋኺ(Ꮄ) = [𝐵𝐵𝐵ፊፋኺ, 𝐵𝐵𝐵
ፅ(ኼ)
፜ ] , (3.103)

and the stiffness matrix is defined as:

𝐾𝐾𝐾ፊፋኺ(Ꮄ) = 𝐵𝐵𝐵⊺ፊፋኺ(Ꮄ)𝐴𝐴𝐴
ዅኻ
፜ 𝐵𝐵𝐵ፊፋኺ(Ꮄ) +𝐾𝐾𝐾

(ኼ)
ፅ , (3.104)

where 𝐾𝐾𝐾(ኼ)ፅ , is constructed as an 8×8matrix containing mostly zeros, but with 𝐾𝐾𝐾(ኼ)፭ assembled
in the lower right corner.

Furthermore, an equivalent load vector for distributed edge loads is constructed similarly
as in the 𝐾𝐿0(ኻ)-element, by inserting the standard edge interpolations and enriched inter-
polation functions into Equation 3.78. Furthermore, a constant surface pressure is applied
via a similar load vector as used in the non-enriched 𝐾𝐿0-element in [39]:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፊፋኺ(Ꮄ) =
𝑞𝑆ፚ
3 [1 0 1 0 1 0 0 0]𝑢𝑢𝑢ፊፋኺ(Ꮄ) , (3.105)

where the displacement vector is assembled as: 𝑢𝑢𝑢⊺ፊፋኺ(Ꮄ) = [𝑤ኻ, 𝜙፧ኻ, 𝑤ኼ, 𝜙፧ኼ, 𝑤ኽ, 𝜙፧ኽ, Δ𝑤
ፅ
,፧። , Δ𝑤ፅ,፧፣].

3.3.6. Enriched KL1 element
A foldable 𝐾𝐿1 element (the 𝐾𝐿1(ኼ)-element) is derived using the standard and enriched DOFs
as shown in Figure 3.8. The 𝐴𝐴𝐴-matrix derivation of the enriched KL1 element is equal to the
derivation in [37]. To derive the linear moment 𝐴𝐴𝐴-matrix (𝐴𝐴𝐴፥), a linear moment field interpo-
lation field is defined:

𝑚𝑚𝑚 = [
𝑝𝑝𝑝 ∅ ∅
∅ 𝑝𝑝𝑝 ∅
∅ ∅ 𝑝𝑝𝑝

]𝛽𝛽𝛽ዃ = 𝑃𝑃𝑃𝛽𝛽𝛽ዃ, (3.106)

where the shape functions are defined using the vector 𝑝𝑝𝑝:

𝑝𝑝𝑝 = [1 𝑥 𝑦] . (3.107)

In the derivation of the constant moment 𝐴𝐴𝐴-matrix (𝐴𝐴𝐴፜), three auxiliary DOFs are introduced;
in the derivation of 𝐴𝐴𝐴፥, nine auxiliary DOFs are introduced in 𝛽𝛽𝛽ዃ. Consequently, the linear
moment 𝐴-matrix is defined using:

− 12𝛽𝛽𝛽
⊺
ዃ𝐴𝐴𝐴፥𝛽𝛽𝛽ዃ = −

1
2 ∫጖

𝑚𝑚𝑚⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴 = −12𝛽𝛽𝛽
⊺
ዃ∫
጖
𝑃𝑃𝑃⊺𝐷𝐷𝐷ዅኻ𝑃𝑃𝑃𝑑𝐴𝛽𝛽𝛽ዃ, (3.108)
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𝑤ኻ
𝑤ኼ

𝑤ኽ

𝑤ኻኼ

𝑤ኼኽ
𝑤ኽኻ

𝜙፧ኻኼ

𝜙፧ኻኽ

𝜙፧ኼኻ

𝜙፧ኼኽ

𝜙፧ኽኼ𝜙፧ኽኻ

Δ𝑤ፅ,፧ኻ

Δ𝑤ፅ,፧ኽ

Figure 3.8: The KL1 element with one displacement DOF at each of its six nodes (depicted as dots), two rotational DOFs at each edge,
and one enriched DOF at each enriched node (depicted as a cross).

resulting in:

𝐴𝐴𝐴፥ = ∫
጖
𝑃𝑃𝑃⊺𝐷𝐷𝐷ዅኻ𝑃𝑃𝑃𝑑𝐴. (3.109)

Due to the diagonal nature of 𝑃𝑃𝑃, we can simplify 𝐴𝐴𝐴፥ as in [37]:

𝐴𝐴𝐴፥ = [
𝑐ኻኻΦΦΦ 𝑐ኻኼΦΦΦ 𝑐ኻኽΦΦΦ
𝑐ኼኻΦΦΦ 𝑐ኼኼΦΦΦ 𝑐ኼኽΦΦΦ
𝑐ኽኻΦΦΦ 𝑐ኽኼΦΦΦ 𝑐ኽኽΦΦΦ

] , (3.110)

where 𝑐።፣ are the components of 𝐷𝐷𝐷ዅኻ, the inverse material stiffness matrix, and ΦΦΦ is defined
as:

ΦΦΦ = ∫
጖
𝑝𝑝𝑝⊺𝑝𝑝𝑝𝑑𝐴 = ∫

጖
[
1 𝑥 𝑦
𝑥 𝑥ኼ 𝑥𝑦
𝑦 𝑥𝑦 𝑦ኼ

] 𝑑𝐴. (3.111)

Because the origin of the local coordinate system is located at the centroid of the triangle, ΦΦΦ
can be simplified using the surface area of the element:

ΦΦΦ = [
𝑆ፚ 0 0
0 𝛼 𝜓
0 𝜓 𝛾

] , (3.112)

where 𝛼, 𝜓, and 𝛾 are defined as:

𝛼 = 𝑆ፚ
12(𝑥

ኼ
ኻ + 𝑥ኼኼ + 𝑥ኼኽ), (3.113)

𝜓 = 𝑆ፚ
12(𝑥ኻ𝑦ኻ + 𝑥ኼ𝑦ኼ + 𝑥ኽ𝑦ኽ), (3.114)

𝛾 = 𝑆ፚ
12(𝑦

ኼ
ኻ + 𝑦ኼኼ + 𝑦ኼኽ ). (3.115)

The element stiffness matrix is calculated using the inverse of 𝐴𝐴𝐴፥ [37]:

𝐴𝐴𝐴ዅኻ፥ = [
𝑑ኻኻΦΦΦዅኻ 𝑑ኻኼΦΦΦዅኻ 𝑑ኻኽΦΦΦዅኻ
𝑑ኼኻΦΦΦዅኻ 𝑑ኼኼΦΦΦዅኻ 𝑑ኼኽΦΦΦዅኻ
𝑑ኽኻΦΦΦዅኻ 𝑑ኽኼΦΦΦዅኻ 𝑑ኽኽΦΦΦዅኻ

] , (3.116)
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where 𝑑።፣ are the components of 𝐷𝐷𝐷, and the matrix ΦΦΦዅኻ is defined as:

ΦΦΦዅኻ = 1
𝑆ፚ(𝛼𝛾 − 𝜓ኼ)

[
𝛼𝛾 − 𝜓ኼ 0 0

0 𝑆ፚ𝛾 −𝑆ፚ𝜓
0 −𝑆ፚ𝜓 𝑆ፚ𝛼

] . (3.117)

From Equations 3.48 to 3.50, the transformation between 𝛽𝛽𝛽 and [𝑄፧ , −𝑀፧፧ , −𝑀፧፬], can be
constructed using the linear moment field interpolation:

[
𝑄፧
−𝑀፧፧
−𝑀፧፬

] = [
𝐶 Ꭷ
Ꭷ፱ 𝑆 Ꭷ

Ꭷ፲ 𝐶 Ꭷ
Ꭷ፲ + 𝑆

Ꭷ
Ꭷ፱

−𝐶𝐶 −𝑆𝑆 −2𝐶𝑆
𝐶𝑆 −𝐶𝑆 𝑆𝑆 − 𝐶𝐶

]𝑚𝑚𝑚 = [
𝐶 Ꭷ
Ꭷ፱ 𝑆 Ꭷ

Ꭷ፲ 𝐶 Ꭷ
Ꭷ፲ + 𝑆

Ꭷ
Ꭷ፱

−𝐶𝐶 −𝑆𝑆 −2𝐶𝑆
𝐶𝑆 −𝐶𝑆 𝑆𝑆 − 𝐶𝐶

]𝑃𝛽𝛽𝛽ዃ

[
0 𝐶 0 0 0 𝑆 0 𝑆 𝐶
−𝐶𝐶 −𝐶𝐶𝑥 −𝐶𝐶𝑦 −𝑆𝑆 −𝑆𝑆𝑥 −𝑆𝑆𝑦 −2𝐶𝑆 −2𝐶𝑆𝑥 −2𝐶𝑆𝑦
𝐶𝑆 𝐶𝑆𝑥 𝐶𝑆𝑦 −𝐶𝑆 −𝐶𝑆𝑥 −𝐶𝑆𝑦 (𝑆𝑆 − 𝐶𝐶) (𝑆𝑆 − 𝐶𝐶)𝑥 (𝑆𝑆 − 𝐶𝐶)𝑦

]𝛽𝛽𝛽ዃ = 𝑅𝑅𝑅፥።፣𝛽𝛽𝛽ዃ,

(3.118)

where the global coordinates on the element edge can be calculated using the generalized
coordinate 𝜂, as: 𝑥 = 𝑥። + 𝜂Δ𝑥።፣ and 𝑦 = 𝑦። + 𝜂Δ𝑦።፣. The standard displacement and rotation
interpolation along the edges are defined as in [39]:

𝑤(𝜂) = [(1 − 𝜂)(1 − 2𝜂) 4𝜂(1 − 𝜂) 𝜂(2𝜂 − 1)] [
𝑤።
𝑤።፣
𝑤፣
] , (3.119)

𝑤,፬(𝜂) =
1
𝑙።፣
[−3 + 4𝜂 4 − 8𝜂 −1 + 4𝜂] [

𝑤።
𝑤።፣
𝑤፣
] , (3.120)

𝑤,፧(𝜂) = [1 − 𝜂 𝜂] [𝜙፧ᑚᑛ𝜙፧ᑛᑚ
] , (3.121)

where the displacement is defined in terms of the corner node displacements (𝑤። , 𝑤፣) and the
mid node displacement (𝑤።፣), and the edge rotations 𝜙፧ᑚᑛ and 𝜙፧ᑛᑚ , are the rotation of edge 𝑖𝑗
at nodes 𝑖 and 𝑗 respectively. All interpolation functions are assembled in 𝐿𝐿𝐿ኻ።፣ as:

[
𝑤
𝑤,፧
𝑤,፬
] = [

(1 − 𝜂)(1 − 2𝜂) 0 4𝜂(1 − 𝜂) 0 𝜂(2𝜂 − 1)
0 1 − 𝜂 0 𝜂 0

ዅኽዄኾ᎔
፥ᑚᑛ

0 ኾዅዂ᎔
፥ᑚᑛ

0 ዅኻዄኾ᎔
፥ᑚᑛ

]
⎡
⎢
⎢
⎢
⎣

𝑤።
𝜙፧።፣
𝑤፦።፣
𝜙፧፣።
𝑤፣

⎤
⎥
⎥
⎥
⎦

= 𝐿𝐿𝐿ኻ።፣𝑢𝑢𝑢።፣ , (3.122)

and using Equation 3.53, the 𝐵𝐵𝐵።፣ matrix is formed as:

𝐵𝐵𝐵ፊፋኻ።፣ = 𝑙።፣∫
ኻ

ኺ
𝑅𝑅𝑅፥።፣⊺𝐿𝐿𝐿ኻ።፣𝑑𝜂, (3.123)

and the sub-matrices 𝐵𝐵𝐵።፣ can be assembled to form 𝐵𝐵𝐵ፊፋኻ.
In line with the standard edge displacement in equation 3.119, a quadratic edge en-

richment function is defined. At the enriched node, the enrichment function should be
𝐶ኺ-continuous, and have a jump in derivative equal to one. Furthermore, it is not desir-
able for the enrichment function to interfere with the standard DOFs. At the corner nodes,
the enrichment function and its derivative should thus be zero. To formulate an enrichment
function which is able to fulfill these requirements, a piecewise quadratic function is defined:

Ψ፪(𝑠) = { Ψ
ፋ 0 ≤ 𝑠 ≤ 𝑠ጁ

Ψፑ 𝑠ጁ ≤ 𝑠 ≤ 𝐿 = { 𝐶ኻ𝑠
ኼ + 𝐶ኼ𝑠 + 𝐶ኽ 0 ≤ 𝑠 ≤ 𝑠ጁ

𝐶ኾ𝑠ኼ + 𝐶኿𝑠 + 𝐶ዀ 𝑠ጁ ≤ 𝑠 ≤ 𝐿 , (3.124)
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and six requirements are defined as:

Ψፋ(0) = Ψፑ(𝐿) = 0, (3.125)
Ψፋ(𝑠ጁ) = Ψፑ(𝑠ጁ), (3.126)

𝑑Ψፋ
𝑑𝑠 (0) =

𝑑Ψፑ
𝑑𝑠 (𝐿) = 0, (3.127)

𝑑Ψፑ
𝑑𝑠 (𝑠ጁ) −

𝑑Ψፋ
𝑑𝑠 (𝑠ጁ) = 1. (3.128)

Lastly, the six parameters 𝐶።, are defined using the six requirements:

𝐶ኻ = −
𝑙።፣ − 𝑠ጁ
2𝑙።፣𝑠ጁ

, 𝐶ኼ = 𝐶ኽ = 0, (3.129)

𝐶ኾ =
𝑠ጁ

2𝑙።፣(𝑠ጁ − 𝑙።፣)
, 𝐶኿ =

𝑠ጁ
𝑙።፣ − 𝑠ጁ

and 𝐶ዀ = −
𝑙።፣𝑠ጁ

2(𝑙።፣ − 𝑠ጁ)
. (3.130)

A piecewise linear rotation enrichment as in Figure 3.10, is defined as the derivative of the
piecewise quadratic displacement enrichment Ψ፪,፬. A disadvantage of the displacement en-
richment can be found in Figure 3.9, the enrichment is not zero at the mid side node (at
𝑠 = 0.5), and will thus interfere with the mid side displacement 𝑤።፣. Another property of the
enrichment is that when the enriched node approximates the corner nodes (𝑠ጁ → 0, 𝑠ጁ → 𝑙።፣),
the entire displacement enrichment tends to zero Ψ፪(𝑠) → 0. Moreover, the rotation enrich-
ment is bounded as: −1 ≤ Ψ፪,፬(𝑠) ≤ 1 for 0 ≤ 𝑠ጁ ≤ 𝑙።፣.

0 0.2 0.4 0.6 0.8 1
−0.1

−8 ⋅ 10ዅኼ

−6 ⋅ 10ዅኼ

−4 ⋅ 10ዅኼ

−2 ⋅ 10ዅኼ

0

𝑠

Weak displacement enrichment Ψ፪

Figure 3.9: The displacement field enrichment for an edge of
length 1 with an enriched node at ፬ᏹ ዆ ኺ.ኼ኿.

0 0.2 0.4 0.6 0.8 1
−0.8

−0.6

−0.4

−0.2

0

0.2

𝑠

Strong rotation enrichment Ψ፪,፬

Figure 3.10: The rotational field enrichment for an edge of
length 1 with an enriched node at ፬ᏹ ዆ ኺ.ኼ኿.

All the enrichment functions on a boundary segment are assembled into 𝐿𝐿𝐿ፅ።፣ as:

[
𝑤
𝑤,፧
𝑤,፬
] =

⎡
⎢
⎢
⎣

𝐶᎕።Ψ፪(𝑠)
𝑆᎕።Ψ፪(𝑠),፬
𝐶᎕።Ψ፪(𝑠),፬

⎤
⎥
⎥
⎦

Δ𝑤ፅ,፧። = 𝐿𝐿𝐿ፅ።፣Δ𝑤ፅ,፧። , (3.131)

and using Equation 3.71, the contribution of the enrichment functions to the enriched 𝐵𝐵𝐵-
matrix becomes:

𝐵𝐵𝐵።፥ = 𝑙።፣ {∫
᎔ᏹ

ኺ
𝑅𝑅𝑅፥።፣⊺𝐿𝐿𝐿ፅ።፣𝑑𝜂 + ∫

ኻ

᎔ᏹ
𝑅𝑅𝑅፥።፣⊺𝐿𝐿𝐿ፅ።፣𝑑𝜂} , (3.132)
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which is evaluated numerically, and where 𝐿𝐿𝐿ፅ።፣ and 𝑅𝑅𝑅ፅ።፣ are transformed to the local coordinate
𝜂. To define the second part of the enriched 𝐵𝐵𝐵-matrix, the moment along the fold is defined
as:

𝑀ፅ፧፧ = [𝐶ኼፅ 𝐶ኼፅ𝑥 𝐶ኼፅ𝑦 𝑆ኼፅ 𝑆ኼፅ𝑥 𝑆ኼፅ𝑦 2𝐶ፅ𝑆ፅ 2𝐶ፅ𝑆ፅ𝑥 2𝐶ፅ𝑆ፅ𝑦]𝛽𝛽𝛽ዃ = 𝑅𝑅𝑅፥ፅ𝛽𝛽𝛽ዃ, (3.133)

and using a linear interpolation for Δ𝑤ፅ,፧, as in Equation 3.99, 𝐵𝐵𝐵ፅ፥ is defined as:

𝛽𝛽𝛽⊺𝐵𝐵𝐵ፅ፥ 𝑢𝑢𝑢ፄ = ∫
ጁᐽ
𝑀፧፧Δ𝑤ፅ,፧𝑑𝑠ፅ = 𝛽𝛽𝛽⊺𝑙ፅ∫

ኻ

ኺ
𝑅𝑅𝑅፥ፅ

⊺𝑁𝑁𝑁ጂᎫ𝑑𝜂𝑢𝑢𝑢ፄ = 𝛽𝛽𝛽⊺𝑙ፅ∫
ኻ

ኺ

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶ኼፅ
𝐶ኼፅ𝑥
𝐶ኼፅ𝑦
𝑆ኼፅ
𝑆ኼፅ𝑥
𝑆ኼፅ𝑦
2𝐶ፅ𝑆ፅ
2𝐶ፅ𝑆ፅ𝑥
2𝐶ፅ𝑆ፅ𝑦

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

[1 − 𝜂 𝜂] 𝑑𝜂 [Δ𝑤
ፅ
,፧።

Δ𝑤ፅ,፧፣
] , (3.134)

resulting in:

𝐵𝐵𝐵ፅ፥ = 𝑙ፅ [
𝐶ኼፅ𝐼
𝑆ኼፅ𝐼

2𝐶ፅ𝑆ፅ𝐼
]
⎡
⎢
⎢
⎢
⎣

ኻ
ኼ

ኻ
ኼ

፱ᐽᎳ
ኼ +

ጂ፱ᐽ
ዀ

፱ᐽᎳ
ኼ +

ጂ፱ᐽ
ኽ

፲ᐽᎳ
ኼ +

ጂ፲ᐽ
ዀ

፲ᐽᎳ
ኼ +

ጂ፲ᐽ
ኽ

⎤
⎥
⎥
⎥
⎦

, (3.135)

where 𝐼 is a 3 × 3 identity matrix.
The enriched 𝐵𝐵𝐵-matrix for the 𝐾𝐿1(ኼ) element is formed by assembling the two 𝐵𝐵𝐵።፥-matrices,

connected to the two enriched edges, and the 𝐵𝐵𝐵ፅ፥ -matrix, connected to the fold line:

𝐵𝐵𝐵፥ = [𝐵𝐵𝐵።፥ 𝐵𝐵𝐵፣፥ ] +𝐵𝐵𝐵ፅ፥ , (3.136)

where 𝑖 and 𝑗 are the indices of the two enriched DOFs. Finally, the 𝐵𝐵𝐵-matrix for the foldable
KL1 element is assembled as:

𝐵𝐵𝐵ፊፋኻ(Ꮄ) = [𝐵𝐵𝐵ፊፋኻ 𝐵𝐵𝐵፥] . (3.137)

Since the same linear moment interpolation for the jump in rotation (Δ𝑤,፧(𝜂) = 𝑁𝑁𝑁ጂᎫ(𝜂)𝑢𝑢𝑢ፄ)
is used in the 𝐾𝐿1(ኼ) and 𝐾𝐿0(ኼ)-element derivation, both elements use the same torsional
stiffness matrix 𝐾𝐾𝐾(ኼ)፭ , as defined in Equation 3.102. Using these definitions, the stiffness
matrix is formulated as:

𝐾𝐾𝐾ፊፋኻ(Ꮄ) = 𝐵𝐵𝐵⊺ፊፋኻ(Ꮄ)𝐴𝐴𝐴
ዅኻ
፥ 𝐵𝐵𝐵ፊፋኻ(Ꮄ) +𝐾𝐾𝐾

(ኼ)
ፅ , (3.138)

where𝐾𝐾𝐾(ኼ)ፅ is constructed as an 14×14matrix containingmostly zeros, but with𝐾𝐾𝐾(ኼ)፭ assembled
in the lower right corner.

Furthermore, to apply a constant surface pressure on the plate, ta similar load vector as
in the non-enriched 𝐾𝐿1-element in [39] is used:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፊፋኻ(Ꮄ) =
𝑞𝑆ፚ
3 [ 0 1 0 0 0 1 0 0 0 1 0 0 0 0 ]𝑢𝑢𝑢ፊፋኻ(Ꮄ) , (3.139)

where the displacement vector is assembled as:

𝑢𝑢𝑢⊺ፊፋኻ(Ꮄ) = [ 𝑤ኻ 𝑤ኼኽ 𝜙፧ኼኽ 𝜙፧ኽኼ 𝑤ኼ 𝑤ኽኻ 𝜙፧ኽኻ 𝜙፧ኻኽ 𝑤ኽ 𝑤ኻኼ 𝜙፧ኻኼ 𝜙፧ኼኻ Δ𝑤,፧። Δ𝑤,፧፣ ] .
(3.140)

Moreover, a distributed edge load is again applied by inserting the defined enriched and
standard edge interpolations into Equation 3.78.
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3.3.7. Enriched HSM element
The 𝐻𝑆𝑀 element is a linear moment element, similar to the 𝐾𝐿1 element, it is enriched using
the standard and enriched DOFs as shown in Figure 3.11, resulting in the foldable 𝐻𝑆𝑀(ኼ)-
element. Since both the 𝐻𝑆𝑀 and 𝐾𝐿1 elements use a linearly varying moment field, a large
part of their derivation is similar, and the derivation of the 𝐻𝑆𝑀(ኼ)-element diverges from the
𝐾𝐿1(ኼ) element only in the formulation of the standard 𝐵𝐵𝐵-matrix.

𝑤ኻ
𝑤ኼ

𝑤ኽ

𝜙፱ኻ

𝜙፲ኻ

𝜙፱ኼ

𝜙፱ኽ

𝜙፲ኼ

𝜙፲ኽ

Δ𝑤ፅ,፧ኻ

Δ𝑤ፅ,፧ኽ

Figure 3.11: The enriched ፇፒፌ element with one displacement DOF and two rotational DOFs at each standard node (depicted as dots),
and one enriched DOF at each enriched node (depicted as a cross).

The main differences between the 𝐻𝑆𝑀 and 𝐾𝐿1 element derivation are thus the standard
DOFs and shape functions used. The standard 𝐻𝑆𝑀-element uses one displacement (𝑤።) and
two rotational DOFs (𝜙፱። and 𝜙፲።) at each corner node, resulting in 9 standard DOFs. The
rotational DOFs are defined in the global coordinate system, and are transformed to the edge
local coordinate system using Figure 3.12:

[𝑤,፬𝑤,፧] = [
𝐶 𝑆
𝑆 −𝐶] [

𝜙፱
𝜙፲] . (3.141)

The standard displacement and rotation interpolation along the edges are defined as [37]:

𝑤(𝜂) = 𝐻ኺኻ𝑤። + 𝐻ኺኼ𝑤፣ + 𝐻ኻኻ𝑤,፬። + 𝐻ኻኼ𝑤,፬፣ , (3.142)
𝑤,፧(𝜂) = (1 − 𝜂)𝑤,፧። + 𝜂𝑤,፧፣ , (3.143)

𝑤,፬(𝜂) =
1
𝑙።፣
(𝐻ኺኻ,᎔𝑤። + 𝐻ኺኼ,᎔𝑤፣ + 𝐻ኻኻ,᎔𝑤,፬። + 𝐻ኻኼ,᎔𝑤,፬፣), (3.144)

where the shape functions are defined as:

𝐻ኺኻ = 1 − 3𝜂ኼ + 2𝜂ኽ, (3.145)
𝐻ኺኼ = 3𝜂ኼ − 2𝜂ኽ, (3.146)

𝐻ኻኻ = 𝑙።፣(𝜂 − 2𝜂ኼ + 𝜂ኽ), (3.147)
𝐻ኻኼ = 𝑙።፣(−𝜂ኼ + 𝜂ኽ), (3.148)
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𝑥

𝑦

𝜙፱

𝜙፲ 𝑠 𝑛

𝑤,፬

𝑤,፧

(𝑥። , 𝑦።), 𝑠 = 0, 𝜂 = 0

(𝑥፣ , 𝑦፣), 𝑠 = 𝑙።፣ , 𝜂 = 1

𝛾።፣𝑀፧፧

𝑀፧፬

Figure 3.12: One of the three element edges of the HSM element. The rotation defined in the global coordinate system Ꭻᑩ and Ꭻᑪ, are
transformed to the local rotations ፰,ᑟ and ፰,ᑤ, using the angle ᎐ᑚᑛ.

and their derivatives as:

𝐻ኺኻ,᎔ = −6𝜂 + 6𝜂ኼ, (3.149)
𝐻ኺኼ,᎔ = 6𝜂 − 6𝜂ኼ, (3.150)

𝐻ኻኻ,᎔ = 𝑙።፣(1 − 4𝜂 + 3𝜂ኼ), (3.151)
𝐻ኻኼ,᎔ = 𝑙።፣(−2𝜂 + 3𝜂ኼ). (3.152)

(3.153)

The global rotations are transformed to the edge local rotations using Equation 3.141, and
all standard shape functions are assembled as:

[
𝑤
𝑤,፧
𝑤,፬
] = [

𝐻ኺኻ 𝐶𝐻ኻኻ 𝑆𝐻ኻኻ 𝐻ኺኼ 𝐶𝐻ኻኼ 𝑆𝐻ኻኼ
0 𝑆(1 − 𝜂) −𝐶(1 − 𝜂) 0 𝑆𝜂 −𝐶𝜂

ፇᎲᎳ,ᒌ
፥ᑚᑛ

ፂፇᎳᎳ,ᒌ
፥ᑚᑛ

ፒፇᎳᎳ,ᒌ
፥ᑚᑛ

ፇᎲᎴ,ᒌ
፥ᑚᑛ

ፂፇᎳᎴ,ᒌ
፥ᑚᑛ

ፒፇᎳᎴ,ᒌ
፥ᑚᑛ

]

⎡
⎢
⎢
⎢
⎢
⎣

𝑤።
𝜙፱።
𝜙፲።
𝑤፣
𝜙፱፣
𝜙፲፣

⎤
⎥
⎥
⎥
⎥
⎦

= 𝐿𝐿𝐿ፇፒፌ።፣ 𝑢𝑢𝑢።፣ , (3.154)

Finally, the matrices are combined into 𝐵𝐵𝐵ፇፒፌ።፣ as:

𝐵𝐵𝐵ፇፒፌ።፣ = 𝑙።፣∫
ኻ

ኺ
𝑅𝑅𝑅፥።፣⊺𝐿𝐿𝐿ፇፒፌ።፣ 𝑑𝜂 , (3.155)

and the standard 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵ፇፒፌ) is formed by assembling the three 𝐵𝐵𝐵ፇፒፌ።፣ -matrices.
Since the 𝐾𝐿1(ኼ) and 𝐻𝑆𝑀(ኼ) elements use the same linear moment field, enriched DOFs

(Δ𝑤ፅ,፧።), edge enrichment (Ψ፪(𝑠)), and interpolation for the jump in rotation (𝑁𝑁𝑁ጂᎫ(𝜂)), the exact
same enriched 𝐵𝐵𝐵-matrix (𝐵𝐵𝐵፥) and torsional stiffness matrix (𝐾𝐾𝐾(ኼ)፭ ) are used in the 𝐻𝑆𝑀(ኼ)-
element, as in the 𝐾𝐿1(ኼ)-element. To formulate the stiffness matrix the 𝐵𝐵𝐵-matrix is thus
assembled as:

𝐵𝐵𝐵ፇፒፌ(Ꮄ) = [𝐵𝐵𝐵ፇፒፌ ,𝐵𝐵𝐵፥] , (3.156)

and the stiffness matrix is formulated as:

𝐾𝐾𝐾ፇፒፌ(Ꮄ) = 𝐵𝐵𝐵⊺ፇፒፌ(Ꮄ)𝐴𝐴𝐴፥𝐵𝐵𝐵ፇፒፌ(Ꮄ) +𝐾𝐾𝐾
(ኼ)
ፅ , (3.157)
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where 𝐾𝐾𝐾(ኼ)ፅ is constructed as an 11 × 11 matrix containing mostly zeros, with 𝐾𝐾𝐾(ኼ)፭ assembled
in the lower right corner.

As was done in all previous elements, a constant surface pressure is applied on the plate,
via a similar load vector as in the non-enriched 𝐻𝑆𝑀-element in [37]:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፇፒፌ(Ꮄ) =
𝑞𝑆ፚ
3 [ 1 0 0 1 0 0 1 0 0 1 0 ]𝑢𝑢𝑢ፇፒፌ(Ꮄ) , (3.158)

where the displacement vector is assembled as:

𝑢𝑢𝑢⊺ፇፒፌ(Ꮄ) = [ 𝑤ኻ 𝜙፱ኻ 𝜙፲ኻ 𝑤ኼ 𝜙፱ኼ 𝜙፲ኼ 𝑤ኽ 𝜙፱ኽ 𝜙፲ኽ Δ𝑤,፧። Δ𝑤,፧፣ ] . (3.159)

Moreover, a distributed edge load can be applied by inserting the enriched and standard
interpolation functions into Equation 3.78.

3.3.8. Two condensed foldable plate elements
Two more foldable plate elements are defined, by condensing the foldable 𝐾𝐿0 and 𝐾𝐿1 ele-
ments locally. Firstly, the 𝐾𝐿0(ኻ)-element is condensed using Equation 3.30:

𝐾𝐾𝐾ፊፋኺ(ᑔ) = 𝐵𝐵𝐵⊺ፊፋኺ (𝐴𝐴𝐴፜ +𝐵𝐵𝐵
ፅ(ኻ)
፜ 𝐾(ኻ)

ᎽᎳ
፭ 𝐵𝐵𝐵ፅ(ኻ)፜ ⊺)

ዅኻ
𝐵𝐵𝐵ፊፋኺ, (3.160)

resulting in a foldable 𝐾𝐿0(፜)-element with the exact same DOFs as the non-enriched 𝐾𝐿0
element. Investigating the condensed formulation, the only difference between the standard
non-foldable 𝐾𝐿0-element and the 𝐾𝐿0(፜)-element is found in an addition to the 𝐴𝐴𝐴፜-matrix of
𝐵𝐵𝐵ፅ(ኻ)፜ 𝐾(ኻ)

ᎽᎳ
፭ 𝐵𝐵𝐵ፅ(ኻ)፜ ⊺, where:

𝐵𝐵𝐵ፅ(ኻ)፜ 𝐾(ኻ)
ᎽᎳ

፭ 𝐵𝐵𝐵ፅ(ኻ)፜ ⊺ = 𝑙ፅ
𝑘፭
[
𝐶ኾፅ 𝐶ኼፅ𝑆ኼፅ 2𝐶ኽፅ𝑆ፅ
𝐶ኼፅ𝑆ኼፅ 𝑆ኾፅ 2𝐶ፅ𝑆ኽፅ
2𝐶ኽፅ𝑆ፅ 2𝐶ፅ𝑆ኽፅ 4𝐶ኼፅ𝑆ኼፅ

] . (3.161)

If a fold approximates a standard element node, the fold length 𝑙ፅ decreases to zero, and the
addition to the 𝐴𝐴𝐴፜-matrix will also decrease: 𝐵𝐵𝐵ፅ(ኻ)፜ 𝐾(ኻ)

ᎽᎳ
፭ 𝐵𝐵𝐵ፅ(ኻ)፜ ⊺ → ∅, causing the 𝐾𝐿0(፜)-element

to converge to a standard non-foldable 𝐾𝐿0-element. Furthermore, investigating the general
condensed formulation in Equation 3.30 and the 𝐾𝐿0(፜) formulation in Equation 3.160, it is
found that the only difference between condensed 𝐾𝐿0(ኻ) and 𝐾𝐿0(ኼ)elements would be in the
𝐵𝐵𝐵ፄ𝐾𝐾𝐾ዅኻ፭ 𝐵𝐵𝐵⊺ፄ term, for which it is found that:

𝐵𝐵𝐵ፄ𝐾𝐾𝐾ዅኻ፭ 𝐵𝐵𝐵⊺ፄ = 𝐵𝐵𝐵ፅ(ኻ)፜ 𝐾(ኻ)
ᎽᎳ

፭ 𝐵𝐵𝐵ፅ(ኻ)፜ ⊺ = 𝐵𝐵𝐵ፅ(ኼ)፜ 𝐾𝐾𝐾(ኼ)
ᎽᎳ

፭ 𝐵𝐵𝐵ፅ(ኼ)፜ ⊺. (3.162)

Condensing the 𝐾𝐿0(ኻ) and 𝐾𝐿0(ኼ) elements, thus results in the exact same 6 DOF foldable
𝐾𝐿0(፜)-element. Another foldable element is created by local condensation of the 𝐾𝐿1(ኼ)-
element, resulting in the 12 DOF foldable 𝐾𝐿1(፜)-element:

𝐾𝐾𝐾ፊፋኻ(ᑔ) = 𝐵𝐵𝐵⊺ፊፋኻ (𝐴𝐴𝐴፥ +𝐵𝐵𝐵⊺፥𝐾𝐾𝐾
(ኼ)
፭
ዅኻ
𝐵𝐵𝐵፥)

ዅኻ
𝐵𝐵𝐵ፊፋኻ. (3.163)

By condensing the 𝐾𝐿1(ኼ)-element, enriched DOFs can not be shared between neighboring
elements, which may introduce an enriched edge continuity error in the 𝐾𝐿1(፜)-element.

Since the enriched DOFs are condensed out of the elements, the calculation of the en-
riched node displacement is a bit more difficult. To calculate this displacement, firstly the
auxiliary DOFs ar computed as:

𝛽𝛽𝛽 = −(𝐴𝐴𝐴 +𝐵𝐵𝐵ፄ𝐾𝐾𝐾ዅኻ፭ 𝐵𝐵𝐵⊺ፄ)
ዅኻ𝐵𝐵𝐵፬𝑢𝑢𝑢ፒ , (3.164)

secondly the enriched DOFs can be computed as:

𝑢𝑢𝑢ፄ = 𝐾𝐾𝐾ዅኻ፭ 𝐵𝐵𝐵⊺ፄ𝛽𝛽𝛽, (3.165)
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and the edge displacement is calculated by inserting the enriched DOF into Equation 3.63.
To apply a constant surface pressure on the condensed elements, the exact same load

vectors as found in [39] can be used, as the condensed elements contain the exact same DOFs
as their non-foldable counterparts. On the 𝐾𝐿0(፜)-element a constant pressure is applied as:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፊፋኺ(ᑔ) =
𝑞𝑆ፚ
3 [1 0 1 0 1 0]𝑢𝑢𝑢ፊፋኺ(ᑔ) , (3.166)

where the displacement vector is assembled as: 𝑢𝑢𝑢⊺ፊፋኺ(ᑔ) = [𝑤ኻ, 𝜙፧ኻ, 𝑤ኼ, 𝜙፧ኼ, 𝑤ኽ, 𝜙፧ኽ], and on
the 𝐾𝐿1(፜)-element a constant pressure is applied as:

𝑓𝑓𝑓⊺𝑢𝑢𝑢ፊፋኻ(ᑔ) =
𝑞𝑆ፚ
3 [ 0 1 0 0 0 1 0 0 0 1 0 0 ]𝑢𝑢𝑢ፊፋኻ(ᑔ) , (3.167)

where the displacement vector is assembled as:

𝑢𝑢𝑢⊺ፊፋኻ(ᑔ) = [ 𝑤ኻ 𝑤ኼኽ 𝜙፧ኼኽ 𝜙፧ኽኼ 𝑤ኼ 𝑤ኽኻ 𝜙፧ኽኻ 𝜙፧ኻኽ 𝑤ኽ 𝑤ኻኼ 𝜙፧ኻኼ 𝜙፧ኼኻ ] . (3.168)

Furthermore, since the enriched DOFs are removed from the elements, a distributed edge
load is applied by only using the standard displacement and rotation interpolations:

𝑓𝑓𝑓⊺𝑢𝑢𝑢 = ∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆 = ∫

፥ᑚᑛ

ኺ
[𝐹ጁ 𝑚𝑚𝑚⊺ጁ]𝐿𝐿𝐿።፣𝑢𝑢𝑢።፣𝑑𝑠።፣ , (3.169)

where in 𝐿𝐿𝐿።፣ only the standard edge interpolation functions are present.

3.4. Overview of the enriched elements
In this chapter several different foldable elements have been derived. Based on the 𝐾𝐿0-
element the 𝐾𝐿0(ኻ), 𝐾𝐿0(፜), and 𝐾𝐿0(ኼ) elements are derived, based on the 𝐾𝐿1-element the
𝐾𝐿1(ኼ) and 𝐾𝐿1(፜)-elements are derived, and based on the 𝐻𝑆𝑀-element, the 𝐻𝑆𝑀(ኼ)-element
is derived. An overview of the different matrices used in these elements can be found in Table
3.1. Two different𝐴𝐴𝐴-matrices are defined; the constant moment𝐴𝐴𝐴፜-matrix, used in all foldable

𝐾𝐿0(ኻ) 𝐾𝐿0(ኼ) 𝐾𝐿0(፜) 𝐾𝐿1(ኼ) 𝐾𝐿1(፜) 𝐻𝑆𝑀(ኼ)

𝐴𝐴𝐴 𝐴𝐴𝐴፜ 𝐴𝐴𝐴፜ 𝐴𝐴𝐴፜ 𝐴𝐴𝐴፥ 𝐴𝐴𝐴፥ 𝐴𝐴𝐴፥
𝐾𝐾𝐾ፅ 𝐾(ኻ)፭ 𝐾𝐾𝐾(ኼ)፭ 𝐾(ኻ)፭ 𝐾𝐾𝐾(ኼ)፭ 𝐾𝐾𝐾(ኼ)፭ 𝐾𝐾𝐾(ኼ)፭
𝐵𝐵𝐵ፒ 𝐵𝐵𝐵ፊፋኺ።፣ 𝐵𝐵𝐵ፊፋኺ።፣ 𝐵𝐵𝐵ፊፋኺ።፣ 𝐵𝐵𝐵ፊፋኻ።፣ 𝐵𝐵𝐵ፊፋኻ።፣ 𝐵𝐵𝐵ፇፒፌ።፣

𝐵𝐵𝐵ፄ 𝐵𝐵𝐵ፅ(ኻ)፜ 𝐵𝐵𝐵ፅ(ኼ)፜ 𝐵𝐵𝐵ፅ(ኻ)፜ 𝐵𝐵𝐵።፥, 𝐵𝐵𝐵ፅ፥ 𝐵𝐵𝐵።፥, 𝐵𝐵𝐵ፅ፥ 𝐵𝐵𝐵።፥, 𝐵𝐵𝐵ፅ፥

Table 3.1: The matrices used in defining the six different foldable elements. Several different matrices are defined to use as ፀፀፀ and
ፊፊፊᑥ-matrices, and several different sub-matrices are defined to be assembled into the ፁፁፁᑊ and ፁፁፁᐼ-matrices.

𝐾𝐿0-elements, and the linear moment 𝐴𝐴𝐴፥-matrix, used in the foldable 𝐾𝐿1 and 𝐻𝑆𝑀-elements.
Furthermore, two different torsional stiffness matrices are defined; 𝐾(ኻ)፭ is used when only
one enriched DOF is introduced (in the 𝐾𝐿0(ኻ) and 𝐾𝐿0(፜)-elements), and 𝐾𝐾𝐾(ኼ)፭ is used when
two enriched DOFs are introduced (in the 𝐾𝐿0(ኼ), 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ)-elements). The
matrices used to assemble 𝐵𝐵𝐵ፒ (𝐵𝐵𝐵።፣), are dependent only on the base element used to create the
foldable element. The foldable 𝐾𝐿0-elements use two different enriched𝐵𝐵𝐵-matrices dependent
on the amount of enriched DOFs; the 𝐾𝐿0(ኻ) and 𝐾𝐿0(፜) elements introduce only one enriched
DOF and use 𝐵𝐵𝐵ፅ(ኻ)፜ , while the 𝐾𝐿0(ኼ)-element introduces two enriched DOFs and uses 𝐵𝐵𝐵ፅ(ኼ)፜ .
Since the 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ) elements use the exact same moment field interpolation
and edge enrichment, all three elements use the same matrices to assemble 𝐵𝐵𝐵ፄ.

An advantage of the non-enriched moment fields, is the relatively easy construction of the
𝐵𝐵𝐵ፒ and 𝐴𝐴𝐴-matrices, which are exactly the same as in the non-foldable element formulations.
Furthermore, introducing a weak enrichment in the moment field of the 𝐾𝐿0-element would
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have been illogical, since it would increase the order of the constant moment field interpo-
lation to linearly varying interpolation. Introducing a weak moment field enrichment in the
linear moment 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ) elements, would presumably lead to the introduc-
tion of more enriched DOFs, as was also found in the 6 DOF beam element. Introducing more
enriched DOFs may be disadvantageous, since generally the introduction of more enriched
DOFs, leads to worse matrix condition numbers [31].

An additional cause of error in the foldable elements may be identified. The 𝐾𝐿0(ኻ) and
𝐾𝐿0(፜)-elements introduce only one enriched DOF, and have a constant jump in rotation
along the entire internal fold line. Since neighboring enriched elements can have different
internal jumps in rotation, the edge enrichment in these neighboring elements, calculated
using Equation 3.69, may differ. On the edge between neighboring enriched elements, a local
strong discontinuity may thus be present, causing an enriched edge continuity error in the
𝐾𝐿0(ኻ) and 𝐾𝐿0(፜)-elements. The 𝐾𝐿0(ኼ)-element solves this problem by adding two enriched
DOFs, placing them on the element edges, and sharing these DOFs between neighboring
enriched elements. Contrary to the 𝐾𝐿1(ኼ)-element, enriched DOFs are not shared between
neighboring elements in the 𝐾𝐿1(፜)-element, which is expected to introduce an enriched edge
continuity error. Furthermore, since the 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ) elements use a higher
order moment field, they are expected to achieve lower errors, and higher convergence rates,
than the 𝐾𝐿0(ኻ), 𝐾𝐿0(፜), and 𝐾𝐿0(ኼ) elements.

In this chapter, 𝐶ኻ-continuous moment interpolations were used, as this was suspected to
result in well conditioned stiffness matrices, but investigating the 𝐾𝐿0(ኻ)-element, a possible
source for ill-conditioning of the stiffness matrix is found. The final stiffness matrix of the
foldable element is defined as:

𝐾𝐾𝐾ፊፋኺ(Ꮃ) = 𝐵𝐵𝐵⊺ፊፋኺ(Ꮃ)𝐴𝐴𝐴
ዅኻ
፜ 𝐵𝐵𝐵ፊፋኺ(Ꮃ) +𝐾𝐾𝐾

(ኻ)
ፓ = [

𝐵𝐵𝐵⊺ፊፋኺ
𝐵𝐵𝐵ፅ(ኻ)

⊺
፜

]𝐴𝐴𝐴ዅኻ፜ [𝐵𝐵𝐵ፊፋኺ 𝐵𝐵𝐵ፅ(ኻ)፜ ] +𝐾𝐾𝐾(ኻ)ፅ

= [
𝐵𝐵𝐵⊺ፊፋኺ𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፊፋኺ 𝐵𝐵𝐵⊺ፊፋኺ𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፅ(ኻ)፜

𝐵𝐵𝐵ፅ(ኻ)
⊺

፜ 𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፊፋኺ 𝐵𝐵𝐵ፅ(ኻ)
⊺

፜ 𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፅ(ኻ)፜ + 𝐾(ኻ)፭
] . (3.170)

When a fold approaches one of the element nodes, the length of the internal fold line decreases
𝑙ፅ → 0, which also causes 𝐵𝐵𝐵ፅ(ኻ)፜ and 𝐾(ኻ)፭ , as defined in Equations 3.93 and 3.95, to decrease,
𝐵𝐵𝐵ፅ(ኻ)፜ → ∅ and 𝐾(ኻ)፭ → 0. Due to the decrease of these sub-matrices, the stiffness matrix will
converge to:

𝐾𝐾𝐾ፊፋኺ(Ꮃ) → [
𝐵𝐵𝐵⊺ፊፋኺ𝐴𝐴𝐴ዅኻ፜ 𝐵𝐵𝐵ፊፋኺ ∅

∅ ∅
] , (3.171)

resulting in some of its eigenvalues decreasing to zero, which will result in an ill-conditioned
stiffness matrix. The condensed 𝐾𝐿0(፜)-element does not suffer from a similar problem, since
when the internal fold length decreases to zero, the condensed element converges to a stan-
dard non-foldable 𝐾𝐿0-element, as explained in Section 3.3.8. Furthermore, inspecting the
stiffness matrix definitions of the 𝐾𝐿0(ኼ), 𝐾𝐿1(ኼ), and 𝐻𝑆𝑀(ኼ) elements, they are expected to
suffer from a similar problem as the 𝐾𝐿0(ኻ)-element, when folds approach a standard element
node, but the condensed 𝐾𝐿1(፜) element is expected to remain well conditioned.
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Numerical Results

To investigate the accuracy of the 𝐾𝐿0(ኻ), 𝐾𝐿0(ኼ), 𝐾𝐿0(፜), 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ) elements,
their convergence behavior is examined for straight and curved folds. The convergence be-
havior of the elements is tested using a displacement error norm. Besides the element accu-
racies, their matrix condition numbers will be examined, as ill-conditioned stiffness matrices
are often found in enriched FEM.

In all tests, unless stated otherwise, the material parameters shown in Table 4.1 are used.

4.1. Convergence analysis on a square plate

𝐸 [Nmዅ2] 𝑘፭ [Nm radዅ1mዅ1] 𝐿 [m] 𝑡 [m] 𝜈 𝐹 [Nmዅ1] 𝑃 [Nmዅ2]
69 ⋅ 10ዃ 500 1 0.01 0.33 100 100

Table 4.1: The material parameters used in the square plate calculations throughout this chapter. Either a distributed force ፅ is applied
on side C, or a constant pressure ፏ is applied on the entire square plate surface in Figure 4.1

𝑥

𝑦

𝐴

𝐵

𝐶

𝐷
𝑁 = 3

𝑥፟

Figure 4.1: An ፋ×ፋ square plate with a horizontal fold at ፱ ዆
፱ᑗ and number of border elements N. side A is clamped con-
straining both rotation and displacement, either a distributed
force is applied on side C or a pressure is applied on its entire
surface.

To examine the foldable plate elements, an L
× L square plate as shown in Figure 4.1, with
material parameters as in Table 4.1, is analyzed.
The plate is discretized using a structured mesh
defined by 𝑁, the number of elements on one of
the plate edges, resulting in a mesh with 𝑁×𝑁×2
triangular elements. In Figure 4.1, we use 𝑁 = 3
to discretize the plate, resulting in 3 × 3 × 2 = 18
triangular elements. Furthermore, a vertical fold
is imposed at at 𝑥 = 𝑥፟, side A is clamped and
the edge rotation of sides B and D is fixed 𝜙፧ = 0.
Using these boundary conditions, displacements
can be calculated using a clamped beam approx-
imation. Two test cases are derived: in the first
test case, a distributed force 𝐹 [Nmዅ1] is applied
on side C, resulting in linear moments through-
out the plate. In the second test case, a pressure
𝑃 [Nmዅ2] is applied on the plate surface. The
convergence behavior is characterized using an
error in displacement:

e = √
∑ፈ።዆ኻ (𝑤። −𝑤፡። )

ኼ

∑ፈ።዆ኻ𝑤ኼ።
, (4.1)
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where 𝐼 is the number of corner nodes, 𝑤። the analytical corner node displacement, and 𝑤፡።
the FEM displacement. Because no interpolation field for the displacement in the elements is
derived, the error is evaluated at the corner nodes instead of integration points. To investigate
the error convergence, the logarithmic slope of the error with respect to the number of DOFs
(#𝐷), is calculated as:

𝑟𝑐፥፨፠ =
log (eኼ/eኻ)

log (#𝐷ኼ/#𝐷ኻ)
, (4.2)

where e። = e(#𝐷።).
Besides the foldable element solutions, a standard FEM solution is constructed, using

the hinged 𝐾𝐿0 elements as found in [13, 45]. This solution is used to analyze the difference
between error behavior and condition numbers, of the foldable elements and a standard
FEM solution. To implement the hinged 𝐾𝐿0 elements for arbitrarily located folds, local
re-meshing is applied in those elements cut by a fold, as illustrated in Figure 4.2. In this re-
meshing procedure, a parent element, intersected by the imposed fold, is divided into three
sub-elements on which standard 𝐾𝐿0 elements are inserted. Comparing a foldable and a
hinged 𝐾𝐿0 solution, only one foldable element needs to be inserted on the parent element,
while three 𝐾𝐿0 elements are inserted on the three partitioned elements, in the hinged 𝐾𝐿0
solution. Besides the three standard KL0 elements, a hinge element is inserted on the fold
line, with stiffness matrix [13]:

𝐾𝐾𝐾፡𝑢𝑢𝑢ፅ = 𝑘፭ [
1 −1
−1 1 ] [

𝜙ፅኻ
𝜙ፅኼ
] , (4.3)

where the DOFs (𝜙ፅኻ , 𝜙ፅኼ ) are the standard edge rotations of the 𝐾𝐿0-element, located on the
hinged edge, as shown in Figure 4.2.

Parent element Partitioned elements

(1)

(2)

(3)

𝜙ፅኻ

𝜙ፅኼ

Figure 4.2: To implement the hinged KL0 element, local re-meshing is applied in those elements intersected by the fold, to split a parent
element into three partitioned elements. On the parent element with three standard nodes (the round nodes), a fold line is introduced
(the red dashed line), which splits the parent element into a triangle and a quadrilateral, and adds two nodes (the square nodes). The
quadrilateral is triangulated by adding an element boundary (the blue line), resulting in the final three partitioned elements. On the three
partitioned elements standard ፊፋኺ elements are inserted, furthermore a hinge element is inserted on the hinged boundary created by
the fold line, to connect ᎫᐽᎳ and ᎫᐽᎴ .

4.1.1. Distributed edge load
Using a beam approximation, the displacement of the plate, loaded on edge C by a distributed
force 𝐹, is calculated as:

𝑤(ኻ)(𝑥) = 𝐹𝑥ኽ
3𝐷 + 𝐹(𝐿 − 𝑥)𝑥

ኼ

2𝐷 + {
0 0 ≤ 𝑥 ≤ 𝑥፟
ፅ(ፋዅ፱ᑗ)(፱ዅ፱ᑗ)

፤ᑥ
𝑥፟ ≤ 𝑥 ≤ 𝐿 , (4.4)

where the material parameter 𝐷 is defined as:

𝐷 = 𝐸𝑡ኽ
12(1 − 𝜈ኼ) . (4.5)
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In Figure 4.3, the error convergence of the plate folded at 𝑥፟ = 0.5 can be found. Since
this problem contains only a linear moment filed, and a linear moment field interpolation
is used in the 𝐾𝐿1(ኼ)-element derivation, it finds exact solutions for this problem. However,
the 𝐾𝐿1(፜)-element does not find exact solutions, due to the enriched edge continuity error
described in Section 3.4. Furthermore, the 𝐾𝐿1(፜)-element shows a different convergence
behavior than the other elements: it initially converges with 𝑟𝑐፥፨፠ ≈ −2, and only towards the
end converges with 𝑟𝑐፥፨፠ ≈ −1. The 𝐾𝐿0(ኼ)-element also has an initially higher convergence
rate, but the convergence stabilizes quickly to a rate of 𝑟𝑐፥፨፠ ≈ −1. All other elements have a
fairly constant convergence rate of 𝑟𝑐፥፨፠ ≈ −1. Although the 𝐻𝑆𝑀(ኼ)-element is also derived
using linear moments, it does not yield exact solutions, this will be further elaborated on in
Section 4.1.3.
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(a) The relation between displacement error and number of DOFs.
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(b) The relation between displacement error and mesh size ፡.

Figure 4.3: The displacement error convergence using the plate in Figure 4.1 with the values in Table 4.1, the plate is simplified to a
clamped beam by clamping side A and fixing the rotations of sides B and D as: Ꭻᑟ ዆ ኺ. A fold is located at ፱ᑗ ዆

Ꮃ
Ꮄ , and a distributed

force ፅ [NmᎽ1] is applied on side C.

4.1.2. Distributed surface pressure
The displacement of the plate under a surface pressure 𝑃 [Nmዅ2], is calculated as:

𝑤(ኼ)(𝑥) = 𝑃𝐿(𝐿 − 𝑥)𝑥ኽ
3𝐷 + 𝑃𝐿(𝐿 − 𝑥)

ኼ𝑥ኼ
4𝐷 + 𝑃𝑥

ኾ

8𝐷 + {
0 0 ≤ 𝑥 ≤ 𝑥፟
ፏ(ፋዅ፱ᑗ)Ꮄ(፱ዅ፱ᑗ)

ኼ፤ᑥ
𝑥፟ ≤ 𝑥 ≤ 𝐿

, (4.6)

where the material parameter 𝐷 is calculated as in Equation 4.5. The error convergence of
the plate, folded at 𝑥፟ = 0.5, can be found in Figure 4.4, all elements attain a convergence rate
of 𝑟𝑐፥፨፠ = −1. With respect to the number of DOFs used, the elements can be divided into
three groups with similar levels of accuracy, ranked from worst to best, they are: the 𝐾𝐿0(ኻ)
and 𝐾𝐿0(፜) elements, the hinged 𝐾𝐿0 and 𝐾𝐿0(ኼ) elements, and the 𝐾𝐿1(፜), 𝐾𝐿1(ኼ), and 𝐻𝑆𝑀(ኼ)
elements. Since the 𝐾𝐿0(ኻ) and 𝐾𝐿0(፜) elements use the same moment field interpolation, and
assume a constant jump in rotation, they attain the exact same errors with respect to the
element size ℎ. In Figure 4.4a, it seems like these elements attain different errors, but this
is due to the fact that the 𝐾𝐿0(፜)-element uses less DOFs than the 𝐾𝐿0(ኻ)-element.

Even though the foldable 𝐾𝐿1 and 𝐻𝑆𝑀 elements use a higher order moment field inter-
polation than the foldable 𝐾𝐿0 elements, they attain the same convergence rate of 𝑟𝑐፥፨፠ = −1.
Furthermore, a higher convergence rate is initially observed in the 𝐾𝐿1(፜)-element, as was
the case in Figure 4.3, but as the 𝐾𝐿1(፜)-error approaches the 𝐾𝐿1(ኼ)-error, the convergence
rate of the 𝐾𝐿1(፜)-element stabilizes at 𝑟𝑐፥፨፠ = −1, and the 𝐾𝐿1(ኼ) and 𝐾𝐿1(፜) elements attain
similar displacement errors.
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(a) The relation between displacement error and number of DOFs.
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(b) The relation between displacement error and mesh size ፡.

Figure 4.4: The displacement error convergence using the plate in Figure 4.1 with the values in Table 4.1, the plate is simplified to a
clamped beam by clamping side A and prescribing the rotations of sides B and D as: Ꭻᑟ ዆ ኺ. A fold is located at ፱ᑗ ዆

Ꮃ
Ꮄ , and a

distributed pressure ፏ [NmᎽ2] is applied on the plate surface.

4.1.3. 𝐻𝑆𝑀(ኼ)-element investigation
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(a) The displacement error covergence for the plate, calculated using
the several foladble element formulations. Using the reference solution
in Equation 4.4, all elements except the ፇፒፌ(Ꮄ)-element converge to
the exact solution.

(b) The visualized displacement calculated using theፇፒፌ(Ꮄ)-element.
Almost no folding behavior is observed and the solution is close to the
solution of a non-foldable plate.

Figure 4.5: The plate in Figure 4.1, with a fold imposed at ፱ᑗ ዆ ኺ.ኾ኿. A distributed force is applied on side C, side A is clamped and the
rotation of sides B and D is fixed Ꭻᑟ ዆ ኺ.

A linear moment interpolation is used in the 𝐻𝑆𝑀(ኼ)-element formulation, and only linear
moments were present in the test in Section 4.1.1. The 𝐻𝑆𝑀(ኼ)-element was thus expected to
achieve numerical accuracy in this test case, but did not. Furthermore, testing the solution
for a fold at almost any other location than 𝑥፟ = 0.5, a different behavior of the 𝐻𝑆𝑀(ኼ)-element
is found. As shown in Figure 4.5a, the 𝐻𝑆𝑀(ኼ) solution does not converge to the reference
solution for the problem in Section 4.1.1, but with a fold imposed at 𝑥፟ = 0.45. In Figure
4.5b the displacement of the plate, calculated using the 𝐻𝑆𝑀(ኼ)-element, is visualized; only
a relatively small fold angle can be found in the solution. The fold angle, calculated using
the 𝐻𝑆𝑀(ኼ)-element converges to Δ𝑤,፧ ≈ 1.1 ⋅ 10ዅኽ, while the analytically calculated jump in
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rotation is:

Δ𝑤,፧ =
𝑀ጁ
𝑘፭

=
𝐹 (𝐿 − 𝑥፟)

𝑘፭
= 100 (1 − 0.45)

500 = 0.11 [rad] . (4.7)

Folding stiffness is thus overestimated in the 𝐻𝑆𝑀(ኼ)-element.
To further investigate the 𝐻𝑆𝑀(ኼ)-element, the displacement error is calculated for several

fold locations in Figure 4.6. Using Figure 4.1, a plate is constructed using eleven border
elements (𝑁 = 11), folds are imposed between 5/11 < 𝑥፟ < 6/11, side A is clamped, and
a pressure 𝑃 [Nmዅ2] is applied on the plate surface. Only when the fold is located at the
center of the plate (𝑥፟ = 0.5) does the 𝐻𝑆𝑀(ኼ)-element achieve accurate solutions. The error
of the 𝐻𝑆𝑀(ኼ)-element could be an implementation error, to verify that this is not the case, a
non-folded plate is analyzed. The square plate in Figure 4.1 is used to test the non-foldable
𝐻𝑆𝑀-element, side A is clamped, the rotations of sides B and D are fixed, and a distributed
force 𝐹 is applied on side C, but no fold is imposed. A non-folded analytical solution is
constructed as:

𝑤(ኽ)(𝑥) = 𝐹𝑥ኽ
3𝐷 + 𝐹(𝐿 − 𝑥)𝑥

ኼ

2𝐷 , (4.8)

resulting in the error convergence in Figure 4.7, where the non-foldable standard 𝐻𝑆𝑀-
element converges as expected. Furthermore, the fault in the 𝐻𝑆𝑀(ኼ)-element can not be
attributed to the enriched implementation, since the 𝐻𝑆𝑀(ኼ) and 𝐾𝐿1(ኼ) elements use the
exact same enriched matrices and implementation, and no large errors are found in the
𝐾𝐿1(ኼ)-element. It is concluded that the fault in 𝐻𝑆𝑀(ኼ)-element is not due to a fault in its
implementation. For the remainder of this thesis the 𝐻𝑆𝑀(ኼ)-element will be omitted from the
results.
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Figure 4.6: The displacement error of the folded plate with
a pressure applied on its surface. Using Figure 4.1, a mesh
is created with 11 edge elements (ፍ ዆ ኻኻ), and folds are
imposed between Ꮇ

ᎳᎳ ጺ ፱ᑗ ጺ
Ꮈ
ᎳᎳ . Only for a fold located

at the center of the plate does the ፇፒፌ(Ꮄ)-element achieve
accurate results.
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Figure 4.7: The displacement error of the plate in Figure 4.1
with a distributed forceፅ applied on Side C, side A is clamped,
and the rotation of sides B and D are fixed Ꭻᑟ ዆ ኺ. No fold
is implemented in the plate and the convergence is calculated
using the non-foldable standard ፇፒፌ-element.

An explanation for the error in the 𝐻𝑆𝑀(ኼ)-element is found in [39]; in a non-enriched
plate element with linear moments, 9 independent generalized stresses are introduced, rep-
resented by the 9 components of 𝛽𝛽𝛽ዃ in the 𝐻𝑆𝑀(ኼ) and 𝐾𝐿1(ኼ) derivation. The 9 generalized
stresses are energetically conjugated to 9 generalized deformations. Adding the three rigid
body modes of a plate to the 9 deformations 9+ 3 = 12 DOFs are needed to accurately model
a non-folded linear moment plate. Using less DOFs than deformation modes, may lead to
overestimated element stiffness [39]. In the foldable 𝐻𝑆𝑀 and 𝐾𝐿1 elements, 2 extra modes
of deformation are imposed on the plate; a constant jump in rotation at the fold, and a lin-
early varying jump in rotation at the fold. To accurately represent a foldable linear moment
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plate, 9+2+3 = 14 DOFs are needed. The 𝐾𝐿1(ኼ)-element introduces these 14 DOFs, but the
𝐻𝑆𝑀(ኼ)-element introduces only 11 DOFs. Introducing less DOFs than needed, not all modes
of deformation can accurately be represented, and the folding stiffness is overestimated.

4.1.4. Tilted fold convergence

𝑥

𝑦

𝐴

𝐵

𝐶

𝐷
𝑁 = 3

𝑥፟

𝑟𝑐፟

Figure 4.8: A square plate, discretized using ፍ elements on
each of its edges, resulting in a total of ፍ × ፍ × ኼ triangular
elements. A tilted fold is impose on the plate at ፱ ዆ ፱ᑗዅ፫፜ᑗ ∗
፱. Side A is clamped and a distributed force ፅ is applied on
side C.

To test problems of a higher complexity, the plate
in Figure 4.8 is used, where a tilted fold is im-
posed on the plate at 𝑥፟ = 0.71 − 0.5𝑥, a dis-
tributed force 𝐹 is applied on side C, but the ro-
tation of sides B and D is not fixed 𝜙፧ ≠ 0. Pois-
son effect will be present in the plate, because
𝜙፧ ≠ 0 on sides B and D, an analytical solution
can thus not be made using a beam approxima-
tion. Since constructing an analytical solution
for a square plate with an imposed tilted fold is a
fairly cumbersome process, a reference solution
is constructed using hinged 𝐾𝐿0-elements on a
reference mesh. Figure 4.9 illustrates the con-
struction of a reference mesh, and two conver-
gence meshes, such that all corner nodes in the
convergence meshes overlap with a corner node
in the reference mesh. In the figure, two conver-
gence meshes are defined by 𝑁፜ = 1, 2, and one
reference mesh is defined by 𝑁፫፞፟ = 4, where 𝑁፜
and 𝑁፫፞፟ are the amount of elements on one of the
square plates edges. By defining the convergence
mesh and reference mesh such that 𝑁፫፞፟ = 2፩𝑁፜
is always valid for some 𝑝 ∈ {1, 2, 3, ...}, the corner
nodes overlap, and the displacement at the cor-
ner nodes in the reference mesh can be used as a
reference solution (𝑤።), to compute the displace-
ment error in Equation 4.1.

𝑁፜ = 1 𝑁፜ = 2 𝑁፫፞፟ = 4

𝑥

𝑦

Figure 4.9: An example of the construction of convergence and reference meshes. Two convergence meshes are constructed using
ፍᑔ ዆ ኻ, ኼ, and one reference mesh is constructed using ፍᑣᑖᑗ ዆ ኾ. All corner nodes of the convergence mesh, constructed using
ፍᑔ ዆ ኼ (depicted as green dots), overlap with some of the corner nodes in the reference mesh (depicted as green dots). Furthermore,
all corner nodes of the reference mesh constructed using ፍᑔ ዆ ኻ (depicted as blue dots) overlap with some of the corner nodes of the
reference mesh (the dots with blue borders).

To test the square plate in Figure 4.8, a reference mesh is defined by 𝑁፫፞፟ = 256, and con-
vergence meshes are defined by 𝑁፜ = 1, 2, 4, 8, 16, 32, 64, 128, resulting in Figure 4.10. Although
the displacement error of the 𝐾𝐿1(ኼ)-element remains lower than the error of all other fold-
able elements, the convergence rate is decreased to 𝑟𝑐፥፨፠ ≈ −0.76. All foldable 𝐾𝐿0-elements
and the 𝐾𝐿1(፜)-element are still found to converge with 𝑟𝑐፥፨፠ ≈ −1. Contrary to the previous
tests, the 𝐾𝐿0(ኼ) and hinged 𝐾𝐿0 solutions do not converge to similar errors, as the hinged
𝐾𝐿0 solution achieves a slightly lower error. A visual representation of the displacement can
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be found in Figure 4.11, most displacement in the plate is due to the jump in rotation on the
fold line. An inaccurate jump in rotation will thus lead to large errors in displacement, and
the displacement error is dominated by the calculation of the jump in rotation. In Appendix
F, several other test cases are investigated where several other straight folds are imposed on
the square plate.
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Figure 4.10: The displacement error of the folded plate in Figure 4.8 using a hinged KL0 element with ፍᑣᑖᑗ ዆ ኼ኿ዀ as reference solution.
Besides the convergence of the enriched ፊፋኺ and ፊፋኻ elements the convergence of the hinged ፊፋኺ-element to its own reference mesh
solution is calculated. As test parameters the values in Table 4.1 are used, side A is clamped and the distributed force is applied on side
C. The fold is imposed at ፱ᑗ ዆ ኺ.዁ኻ ዅ ኺ.኿፲. A visual representation of the displacement can be found in Figure 4.11.

Figure 4.11: The displacement of the plate in Figure 4.1, constructed using ፍᑔ ዆ ኽኼ. A fold is imposed at ፱ᑗ ዆ ኺ.዁ኻ ዅ ኺ.኿፱, and a
distributed force is applied on the right edge. The fold is modeled using the ፊፋኻ(Ꮄ)-element.
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4.2. 2D matrix condition
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Figure 4.12: Two plate elements, folded by a vertical crease
at varying locations ᎛.
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Figure 4.13: The matrix condition for all foldable elements.
No precondition matrix is applied to improve condition num-
ber. The condition numbers of the condensed systems are
bounded and can be evaluated at ᎛ ዆ ኺ and ᎛ ዆ ኻ, the
condition of all other foldable elements is unbounded and not
evaluated at ᎛ ዆ ኺ and ᎛ ዆ ኻ.

The condition number of the assembled 𝐾𝐿0 hinge, enriched, and condensed 𝐾𝐿0 and 𝐾𝐿1
elements, are evaluated using the problem in Figure 4.12, and the parameters in Table 4.1.
The condition number is computed as:

𝜒 = 𝜆፦ፚ፱
𝜆፦።፧

, (4.9)

where 𝜆፦ፚ፱ is the highest eigenvalue and 𝜆፦።፧ the lowest non-zero eigenvalue of the stiffness
matrix. As can be seen in Figure 4.13, the matrix condition number of the condensed systems
remains fairly constant for folds in the entire element domain. In fact, the condition number
of the condensed elements is bounded, and at 𝜉 = 0 and 𝜉 = 1, the condition numbers of the
𝐾𝐿0(፜) and 𝐾𝐿1(፜) elements are 86.3 and 17051 respectively. In all other element formulations,
the matrix condition number is unbounded for folds approaching 𝜉 = 0 or 𝜉 = 1. The 𝐾𝐿1(ኼ)
element has the highest condition number over the largest part of the element domain, but
the condition number for folds close to element boundaries is of main concern, as it is un-
bounded. Investigating the condition close to 𝜉 = 0 the hinged KL0 solution performs worst,
followed by the 𝐾𝐿1(ኼ), 𝐾𝐿0(ኼ), 𝐾𝐿0(ኻ), 𝐾𝐿1(፜) and 𝐾𝐿0(፜) elements.

The hinged KL0 solution is basically a standard FEM solution, where a fold is imposed on
the mesh by partitioning elements into sub-elements, as described in Figure 4.2. Following
this procedure, relatively small standard 𝐾𝐿0 elements will be inserted in the mesh for folds
approaching 𝜉 = 0 or 𝜉 = 1, causing an ill-conditioned stiffness matrix. Furthermore, inves-
tigating the cause of ill-conditioning in the 𝐾𝐿1(ኼ), 𝐾𝐿0(ኼ), and 𝐾𝐿0(ኻ) elements, their highest
eigenvalues are found to remain fairly constant, while their lowest eigenvalues are found to
rapidly decrease, causing the increase in condition number. The decreased eigenvalues may
be caused by the enriched 𝐵𝐵𝐵-matrices converging to zero 𝐵𝐵𝐵ፄ → ∅, as anticipated in Section
3.4. Inspecting the enriched 𝐵𝐵𝐵-matrix of the two elements in Figure 4.12, it is found that the
enriched 𝐵𝐵𝐵-matrix of the upper right triangle decreases to zero for 𝜉 → 0, and the enriched
𝐵𝐵𝐵-matrix of the lower left triangle converges to zero for 𝜉 → 1. In both elements, the enriched
𝐵𝐵𝐵-matrix thus decreases when the fold approaches one standard element node, causing an
increase in matrix condition number due to a decrease of the lowest non-zero eigenvalue.
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To improve the matrix condition of the foldable elements, a preconditioner is used as:

𝐾𝐾𝐾ᖣ = 𝑃𝑃𝑃𝐾𝐾𝐾𝑃𝑃𝑃, (4.10)

where the precondition matrix is defined as:

𝑃።፣ =
𝛿።፣
√𝐾።፣

. (4.11)

Using the this preconditioner, condition numbers are found as in Figure 4.14, the condition
of the non-condensed foldable elements is significantly improved. On the non-condensed
elements, no preconditioner can be applied for folds crossing standard nodes at 𝜉 = 0 or
𝜉 = 1. For these folds, diagonal terms related to the enriched DOFs became zero, and the
preconditioner could not be computed. The condition number of the condensed elements is
also improved, but since the condensed elements already have bounded condition numbers,
using a preconditioner is not strictly necessary.
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Figure 4.14: The matrix condition calculated using Figure 4.12, improved using the preconditioner in Equation 4.11. The
condition number of the condensed systems is bounded and evaluated at ᎛ ዆ ኺ and ᎛ ዆ ኻ, the condition of all other
foldable elements is unbounded and could not be evaluated at ᎛ ዆ ኺ and ᎛ ዆ ኻ.

To calculate the condition numbers upon mesh refinement, the plate as shown in Figure
4.1 is used with a fold located at 𝑥፟ = 0.5, where the mesh is refined by increasing 𝑁, the
number of elements located on an edge. In Figure 4.15, all elements are found to have a fairly
constant increase in condition number. In this test, the mesh and fold line are constructed
such that the enriched elements achieve their optimal condition number (as found at 𝜉 = 0.5
in Figure 4.13), Figure 4.15 is thus used as a base-line for folds causing ill-conditioning.



56 4. Numerical Results

10ኻ 10ኼ 10ኽ 10ኾ
10ኻ

10ኽ

10኿

10዁

10ዃ

1
2

DOFs

𝜒
ᑂᑃᎲ(Ꮄ)

ᑂᑃᎲ(Ꮃ)

ᑂᑃᎲ(ᑔ)

ᑂᑃᎳ(Ꮄ)

ᑂᑃᎳ(ᑔ)

KL0/Hinge

10ኺ 10ኻ
10ኻ

10ኽ

10኿

10዁

10ዃ

ℎዅኻ

𝜒

Figure 4.15: The matrix condition upon increasing ፍ, the number of edge elements in the problem in Figure 4.1. A fold is located
at ፱ᑗ ዆ ኺ.኿, this causes the fold to intersect all elements at the optimal location for condition number (᎛ ዆ ኺ.኿ in Figure 4.12). No
preconditioner is applied to improve matrix condition.

To introduce ill-conditioned elements to the mesh refinement, the plate in Figure 4.8 is used,
where no boundary conditions are applied, and a fold is introduced at:

𝑥፟ = 0.41 + 0.2𝑦, (4.12)

which results in Figure 4.16. Upon mesh refinement, the tilted fold may approximate stan-
dard nodes in certain elements, resulting in an ill-conditioned stiffness matrix. The hinged
𝐾𝐿0 solution is the first to attain a significant increase in condition number with respect
to Figure 4.15, while in all foldable elements, only a slight increase of condition number is
found.
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Figure 4.16: The matrix condition upon increasing ፍ, the number of edge elements in the problem in Figure 4.8. The fold is located at
፱ᑗ ዆ ኺ.ኾኻ ዄ ኺ.ኼ፲, and no preconditioner is applied to improve matrix condition.

To introduce a further increase in condition number, on the plate in Figure 4.8, a fold is
imposed at:

𝑥፟ = 0.334 + 0.333𝑦, (4.13)

which results in Figure 4.17. Almost all stiffness matrices rapidly become ill-conditioned,
and only the condensed elements remain well-conditioned. As expected from Figure 4.13,
the hinged 𝐾𝐿0 solution attains the highest condition numbers.
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Figure 4.17: The matrix condition upon increasing ፍ, the number of edge elements in the problem in Figure 4.8. The fold is located at
፱ᑗ ዆ ኺ.ኽኽኾ ዄ ኺ.ኽኽኽ፲, and no preconditioner is applied to improve condition numbers.

To improve the condition numbers of the problem in Figure 4.17, the preconditioner as in
Equation 4.11 is applied, resulting in Figure 4.18. The condition number of all foldable
formulations is improved, and while the largest improvements can be found for the hinged
𝐾𝐿0, 𝐾𝐿0(ኼ), 𝐾𝐿0(ኻ), and 𝐾𝐿1(ኼ) elements, a slight improvement is also found for the condition
numbers of the 𝐾𝐿0(፜) and 𝐾𝐿1(፜) elements.
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Figure 4.18: The matrix condition upon increasing ፍ, the number of edge elements in the problem in Figure 4.8. The fold is located at
፱ᑗ ዆ ኺ.ኽኽኾ ዄ ኺ.ኽኽኽ፲ and the condition is improved using the preconditioner as defined in Equation 4.11.

4.3. Curved fold convergence

𝐸 [Nmዅ2] 𝑘፭ [Nm radዅ1mዅ1] ℎ [m] 𝜈 𝑅 [m] 𝑅ፅ [m] 𝑞 [Nmዅ2]
69 ⋅ 10ዃ 500 0.01 0.33 2 1.5 -100

Table 4.2: Parameters used for the plate in Figure 4.19, and to derive the analytical solution in Equations 4.14, ??.

Via a similar approach as in [22], curved folds can be modeled by making piecewise linear
approximations of the fold; within each element, a linear fold segment is created between
the two enriched nodes, located at the intersections of the element edge and fold. Using no
addition to the folded element formulation, it should thus be possible to model curved folds.
A test for modeling curved folds is described in Figure 4.19. The test consists of a plate of
radius 𝑅 = 2 m, which is clamped at its outer edge, on which a pressure 𝑞 = −100 Nmዅ2 is
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applied, and a circular fold with a radius 𝑅ፅ = 1.5 m is imposed.

𝑅ፅ

𝑅

𝑦

𝑥𝑟

Figure 4.19: A circular plate with radius ፑ on which a circular fold with radius ፑᐽ is imposed. The plate is clamped on its outer edge, a
pressure is applied on its entire surface, and the material parameters in Table 4.2 are used.

Starting from the equations found in [46], an exact analytical solution is derived in Appendix
G. The symbolic expression for the displacement function is quite lengthy, and thus not
displayed in this thesis. Using the material parameter in Table 4.2, the exact solution for the
displacement field is found as:

𝑤ዅ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

0.01057𝑟ኼ
4 − 0.00525, 0 ≤ 𝑟 ≤ 𝑅ፅ , (4.14)

𝑤ዄ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

0.00923𝑟ኼ
4 + −0.00297 ln 𝑟 − 0.00330, 𝑅ፅ < 𝑟 ≤ 𝑅 (4.15)

Figures 4.20 and 4.21, show the deformed circular plate, in the outer ring, where 𝑅ፅ < 𝑟 <
𝑅, relatively small displacement is found. Furthermore, in Figure 4.20, a jump in rotation
can clearly be seen at the fold, causing relatively large displacements in the inner folded circle
where 𝑟 < 𝑅ፅ.

Figure 4.20: The scaled displacement of the circular folded plate in Figure 4.19, calculated using the ፊፋኻ(Ꮄ)-element on a mesh defined
by mesh size ፡ ዆ ኺ.ኻኼ኿.

In Figure 4.22, the displacement error convergence for curved folds is shown, the foldable
𝐾𝐿0 elements perform quite well with a relatively constant convergence rate of 𝑟𝑐፥፨፠ = −1.
Although the foldable 𝐾𝐿1 elements achieve the lowest error, their convergence rate is not
stable; the 𝐾𝐿1(፜)-element initially converges with a rate of 𝑟𝑐፥፨፠ ≈ −1, but the rate slowly
decreases when more DOFs are used. Furthermore, the 𝐾𝐿1(ኼ)-element has an initial slow
convergence rate, which increases when the 𝐾𝐿1(ኼ)-error approaches the 𝐾𝐿1(፜)-error, but
decreases again when more DOFs are used.
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Figure 4.21: The displacement of the circular folded plate in Figure 4.19, calculated using the ፊፋኻ(Ꮄ)-element on a mesh defined by
mesh size ፡ ዆ ኺ.ኻኼ኿.
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Figure 4.22: The displacement error of the circular plate in Figure 4.2 with the material parameters in Table 4.2, the foldableፊፋኺ elements
achieve relatively stable convergence rates, while the convergence rate of the foldable ፊፋኻ elements slowly decreases.

An explanation for the convergence behavior of the foldable 𝐾𝐿1 elements, is found using
Figure 4.23, where: a curved fold, the linear approximation of the curved fold, the vectors
representing the enriched DOFs (Δ𝑤ፅ(ኻ),፧ , Δ𝑤ፅ(ኼ),፧ ) and their orientation (𝜃(ኻ), 𝜃(ኼ)), and the actual
jump in rotation Δ𝑤ፅ,፧ are displayed. Since the linear fold segments are not aligned, the
enriched DOFs (Δ𝑤ፅ(ኻ),፧ , Δ𝑤ፅ(ኼ),፧ ) are not aligned with the actual jump in rotation Δ𝑤ፅ,፧, which
introduces an enriched edge continuity error. When the two elements are assembled, we
impose Δ𝑤(ኻ),፧ = Δ𝑤(ኼ),፧ = Δ𝑤(ፀ),፧ , and the edge enrichment in the two neighboring elements is
calculated as:

𝑤(ኻ)ፄ (𝜂) = Δ𝑤(ፀ),፧ cos (𝜃(ኻ))Ψ(𝜂) ≠ Δ𝑤(ፀ),፧ cos (𝜃(ኼ))Ψ(𝜂) = 𝑤(ኼ)ፄ (𝜂). (4.16)
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Due to the two different orientation of the linear fold segments (𝜃(ኻ) ≠ 𝜃(ኼ)), the displacement
enrichment of the two neighboring elements is not equal, causing an additional continuity
error. Furthermore, since there is no contribution of the edge enrichment to the stiffness
matrix in the foldable 𝐾𝐿0-element formulations, they are not influenced by this error.

Δ𝑤ፅ(ኻ),፧
Δ𝑤ፅ(ኼ),፧

(1)
(2)

Δ𝑤ፅ,፧
Δ𝑤ፅ(ኻ),፧

Δ𝑤ፅ(ኼ),፧

𝜃(ኻ)𝜃(ኼ)
𝑛𝑛𝑛ኻ𝑛𝑛𝑛ኼ

Figure 4.23: Two triangular elements cut by a curved fold (red) which is interpolated as two linear fold segments (dashed). At the shared
boundary of the two elements, the DOFs representing the jump in rotation in the two elements (ጂ፰ᐽ(Ꮃ),ᑟ , ጂ፰ᐽ(Ꮄ),ᑟ ) are not aligned with the
real tangential vector representing the jump in rotation (ጂ፰ᐽ,ᑟ).



5
Discussion and conclusions

This thesis was aimed at developing methods for accurate and flexible origami modeling.
Adopting an enriched mixed/hybrid formulation, interpolation functions for the moment field
were used, which imposed less continuity constraints in Kirchhoff-Love plate elements. Six
foldable plate elements were derived; three foldable constant moment elements (𝐾𝐿0(ኻ), 𝐾𝐿0(፜),
𝐾𝐿0(ኼ)), and three foldable linear moment elements (𝐾𝐿1(ኼ), 𝐾𝐿1(፜), 𝐻𝑆𝑀(ኼ)). This work should
be seen as a first step towards enriched origami modeling. However, in realistic origami
problems, changes in director field and membrane stresses will be present. Since the foldable
elements, derived in this thesis, do not take these effects into account, they are not yet suited
for origami modeling.

5.1. Discussion
5.1.1. Foldable beam derivation
In Chapter 2, enriched mixed/hybrid FEM was investigated in the context of origami mod-
eling, by deriving foldable beam elements. A modified potential energy equation was formu-
lated, where kinematic equations were imposed on a potential energy equation via Lagrange
multipliers. Subsequently, the Lagrange multipliers were interpreted via virtual variations
of the potential energy equation. Besides the standard Euler-Bernoulli kinematic relations,
imposed on the subdomains of the beam, kinematic relations were imposed on the fold to
guarantee 𝐶ኺ-continuity. In the derivation, either an externally applied force at the fold 𝐹ጁ
could be introduced, resulting in an enriched 𝐶ኺ continuous moment field, or 𝐹ጁ could be
excluded from the derivation, resulting in an unenriched 𝐶ኻ-continuous moment field. Im-
plementing a weak moment field enrichment in the discretization, a DOF representing the
displacement at the fold 𝑤ጁ needed to be added to the foldable element. Two foldable beam
elements were thus derived; the 6 DOF beam, including 𝑤ጁ and an enriched moment field,
and the 5 DOF beam, excluding 𝑤ጁ and using no moment field enrichment.

Both the 5 and 6 DOF beam elements achieved exact results for a linear reference solu-
tion. Furthermore, the 6 DOF beam was found to have significantly worse condition numbers
than the 5 DOF beam. Whereas the 5 DOF beam achieved relatively constant and bounded
condition numbers, the condition numbers for the 6 DOF beam were unbounded for folds
approaching standard element nodes. Following the IGFEM procedure to improve matrix
condition [11], a scaling parameter was introduced to the moment field enrichment in the 6
DOF beam element. Unfortunately, this did not change matrix condition numbers. Imple-
menting a Jacobi preconditioner, the 6 DOF beam condition numbers could be significantly
improved, and similar condition numbers as in the 5 DOF beam element were observed. To
reduce the amount of DOFs and further improve matrix condition of the 5 DOF foldable beam,
it was condensed to a 4 DOF foldable beam; the condensation may be seen as an extension of
the mixed/hybrid formulation where, besides a moment field, a folded rotational field is im-
posed on the system. The 4DOF beam had better condition numbers than the 5 DOF beam,
and the 5 DOF beam had better condition numbers than the 6 DOF beam, which indicates
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that using less enriched DOFs may cause improved condition numbers, as also found for the
cracked plates in [31].

An advantage of the 6 DOF beam over the 5 DOF beam, was the fact that using the 6 DOF
beam a force 𝐹ጁ could easily be applied at the fold, while this was more challenging in the 5
DOF beam. 𝐹ጁ was applied on the 5 DOF beam via the relatively complex work-equivalent load
vector, derived in Appendix B, and both the 5 and 6 DOF foldable elements, were found to
achieve accurate results, when loaded by a force at the fold. An advantage of the 5 DOF beam
over the 6 DOF beam, is its ability to accurately model problems where a fold is located exactly
at a standard element node, whereas in the 6 DOF beam, certain terms of the stiffness matrix
grow to infinity for these folds, and the stiffness matrix becomes uninvertible. As the 5 DOF
beam element used less DOFs and had excellent condition numbers, it was chosen to derive
the foldable plate elements using a 𝐶ኻ-continuous non-enriched moment field interpolation,
by foregoing the application of a force on the fold in the modified potential energy derivation.

5.1.2. Constant moment plates
Firstly, two non-condensed foldable elements were defined; the 𝐾𝐿0(ኻ)-element, which adds
only one enriched DOF, and the 𝐾𝐿0(ኼ)-element, which adds two enriched DOFs. Since a
constant moment field was used, the bending energy in the fold could be evaluated using
a constant jump in rotation, resulting in only one enriched DOF located at the center of
the internal fold line. However, this DOF could not be shared between neighboring enriched
elements, causing a difference of the jump in rotation on the shared folded element edges, and
thus an enriched edge continuity error. To fix the enriched edge continuity error, the 𝐾𝐿0(ኼ)-
element was derived which adds two DOFs to the 𝐾𝐿0-element, one per enriched node, such
that enriched DOFs could be shared between neighboring elements. Although an enrichment
function for the displacement field was defined on the element edge of both elements, it did not
contribute to the stiffness matrix, due to the constant moment in the plate. To improve matrix
condition number, the 𝐾𝐿0(ኻ)-element was condensed locally, before assembly into the global
stiffness matrix, resulting in the 𝐾𝐿0(፜)-element. Since the 𝐾𝐿0(ኻ)-element contained the
enriched edge continuity error, it is assumed that the 𝐾𝐿0(፜)-element would also contain this
error. Moreover, as condensing the 𝐾𝐿0(ኼ) and 𝐾𝐿0(ኻ) elements resulted in the same 𝐾𝐿0(፜)-
element, local condensation thus introduced an enriched edge continuity error, when applied
on the 𝐾𝐿0(ኼ)-element. To allow a comparison with a standard FEM solution, the hinged 𝐾𝐿0
solution was constructed by local re-meshing of parent elements into sub-elements, and
implementing hinged 𝐾𝐿0 elements as in [13, 45].

As shown in Chapter 4, all foldable 𝐾𝐿0 elements, and the hinged 𝐾𝐿0 solution, were found
to achieve an error convergence of 𝑟𝑐፥፨፠ = −1, for all tests including straight or curved folds.
The 𝐾𝐿0(ኻ) and 𝐾𝐿0(፜) elements achieved the exact same errors with respect to the mesh size,
due to both elements having an enriched edge continuity error. Since the 𝐾𝐿0ኼ-element does
not contain this error, it achieved slightly lower errors. In the simple test cases in Sections
4.1.1 and 4.1.2, where a beam approximation could be used as a reference solution, the
𝐾𝐿0(ኼ)-element converged to similar errors as the hinged 𝐾𝐿0 solution. However, in the more
complex test cases for a tilted fold in Section 4.1.4 and for a curved fold in Section 4.1.4,
the hinged 𝐾𝐿0 solution achieved slightly lower errors than the 𝐾𝐿0(ኼ) solution. Since the
hinged 𝐾𝐿0 solution implemented three partitioned elements, with separate moment fields,
around the fold, it was able to accurately capture the complex moment field around the
fold. Contrarily, the foldable 𝐾𝐿0 solutions only implemented one element with one constant
moment on the fold, and could thus less accurately capture the moment field around the
fold, resulting in a slightly higher error.

Whereas, in terms of error, the hinged 𝐾𝐿0 solution performed best of all constant moment
elements, it attained the highest and unbounded condition numbers, as shown in Figure
4.13. The 𝐾𝐿0(ኻ) and 𝐾𝐿0(ኼ) elements performed better in terms of condition, but also had
unbounded condition numbers. A great improvement in condition number was found in
the 𝐾𝐿0(፜)-element, which had the lowest and bounded condition numbers. As explained
in Section 3.3.8, the only change in the 𝐾𝐿0(፜)-element with respect to the standard 𝐾𝐿0
element, is an addition to the𝐴𝐴𝐴-matrix. Furthermore, when a fold approximated one standard
node, this addition converged to zero, and the condensed element became a standard well
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conditioned non-foldable 𝐾𝐿0-element, resulting in the bounded condition numbers of the
𝐾𝐿0(፜)-element. Using a simple Jacobi precondition matrix, the condition numbers of the
hinged 𝐾𝐿0 solution, the 𝐾𝐿0(ኻ), and the 𝐾𝐿0(ኼ) elements could be greatly improved, as shown
in Figure 4.14. The condition numbers of the 𝐾𝐿0(፜)-element were also improved by applying
the precondition matrix, but as the element already achieved low and bounded condition
numbers, an improvement is not necessary.

5.1.3. Linear moment plates
Besides the three foldable constant moment elements, three foldable linear moment elements
have been derived: the 𝐾𝐿1(ኼ), 𝐾𝐿1(፜), and 𝐻𝑆𝑀(ኼ) elements. An enrichment function for the
displacement field on the element boundaries was constructed, such that it contained a
constant jump in derivative at the discontinuity. Due to the linear moment field used in
these elements, the displacement field enrichment did contribute to the stiffness matrix. The
𝐾𝐿1(፜)-element was constructed by local condensation of the 𝐾𝐿1(ኼ)-element, which intro-
duced an enriched edge continuity error in the 𝐾𝐿1(፜)-element, as enriched DOFs could not
be shared between neighboring elements. The enrichment procedure was mostly dependent
on the moment field interpolation, and since the standard 𝐾𝐿1 and 𝐻𝑆𝑀 elements used the
same moment field interpolations, the enrichment procedures of the 𝐾𝐿1 and 𝐻𝑆𝑀 elements
were exactly the same.

It was expected that the linear moment elements would have better convergence behavior
than the constant moment elements. However, this was not the case. When a distributed
pressure was applied on the plate in Section 4.1.2, the displacement error of all foldable
linear moment elements was found to converge with the same rate as the constant moment
elements. After close investigation of the 𝐻𝑆𝑀(ኼ)-element in Section 4.1.3, it was found to be
completely inaccurate, because it overestimated fold stiffness, as it did not contain enough
DOFs to accurately capture all modes of deformation. Since most displacement in a folded
plate is due to its folding deformation, the error in fold angle caused a large error in dis-
placement field. Furthermore, the error in 𝐻𝑆𝑀(ኼ)-element could already be found in the
standard element; in Figure 4.7, the standard 𝐻𝑆𝑀-element was found to have a relatively
small displacement error in a test were only a linear moment field would be present, and the
linear moment 𝐻𝑆𝑀-element could be expected to achieve exact results. The small error in
the standard 𝐻𝑆𝑀-element is thus magnified when folding deformations are introduced, and
the 𝐻𝑆𝑀(ኼ)-element was not further investigated.

The 𝐾𝐿1(፜)-element was found to attain higher errors than the 𝐾𝐿1(ኼ)-element, due to
the enriched edge continuity error, introduced by the local condensation. When the mesh
increased and element size decreased, the enriched edge length also decreased, generally
causing the enriched edge continuity error to decrease, and the 𝐾𝐿1(፜)-error to approximate
the 𝐾𝐿1(ኼ)-error. Furthermore, the foldable 𝐾𝐿1 elements were found to have unstable con-
vergence behavior; when a tilted straight fold was imposed on a square plate in Section 4.1.4,
the convergence rate of the elements decreased. An explanation for the lowered convergence
rate could be over-constraining of the moment field. Since the enriched DOF Δ𝑤,፧ is directly
coupled to the moment field at the fold, sharing enriched DOFs between elements may cause
𝐶ኺ moment continuity to be imposed between enriched elements, and due to this extra con-
straint the elements may be less good at describing the complex moment field around the
fold. Besides the lowered convergence rate for tilted straight folds, the convergence rate of
the 𝐾𝐿1(ኼ)-element was found to be unstable and to decrease for curved folds in Section 4.3.
Due to the linear approximation of a curved fold, a mismatch is introduced in the mapping of
the enriched DOF on the enriched edges of neighboring elements. The mismatch in mapping
caused an enriched edge displacement field discontinuity, and introduced an extra error in
the 𝐾𝐿1(ኼ)-element.

Investigating the matrix condition numbers of the 𝐾𝐿1(ኼ) and 𝐾𝐿1(፜) elements, similar re-
sults as for the constant moment elements were found. The 𝐾𝐿1(ኼ)-element had relatively
bad unbounded condition numbers, while the 𝐾𝐿1(፜)-element attained bounded condition
numbers. As seen in Figure 4.13, the condition numbers of the foldable 𝐾𝐿1 element were
generally worse than those of the foldable 𝐾𝐿0-elements. As shown in Figure 4.14, the con-
dition numbers could again be greatly improved using a Jacobi preconditioner.
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5.1.4. Achievements and limitations
Whereas most existing numerical origami modeling techniques are either flexible or able to
accurately calculate facet deformations, as described in Section 1.1, the methods presented
in this thesis combined flexibility and accuracy. Even though folded origami structures can
not yet be modeled with the foldable plate elements in this thesis, the methods presented
may be expanded to create folded shell elements suited for modeling origami structures.
In comparison to the enriched plate elements, described in Section 1.3, the advantage of
the mixed/hybrid formulation with a 𝐶ኻ-continuous moment field was that no enrichment
needed to be defined on the element domain Ω, which simplified the formulation of enrich-
ment functions and integration elements. Only on the boundary segments intersected by
the fold, enrichment functions were defined, and 1D integration elements were created. By
implementing a displacement enrichment defined by a constant jump in derivative, as pro-
posed in [33], no scaling of the displacement enrichment function is needed as it naturally
decreases to zero for folds approximating standard nodes, and the rotational enrichment is
bounded by ±1.

In [26], known locking-free elements were used to create cracked plate elements, but after
enrichment of the elements, some locking behavior was again observed. Similarly, the 𝐾𝐿1
element showed decreased convergence rates, after an enrichment was applied, while the
foldable 𝐾𝐿0 elements did not show decreased convergence rates. Since the main difference
between the 𝐾𝐿0 and 𝐾𝐿1 enrichment procedure, is the contribution of an edge enrichment
function to the element, the decreased convergence rates may be caused by introducing these
enrichment functions.

𝐾𝐿0(ኼ) 𝐾𝐿0(ኻ) 𝐾𝐿0(፜) 𝐾𝐿1(ኼ) 𝐾𝐿1(፜) hinged 𝐾𝐿0
Condition number ++ ++ +++ + +++ +

Error convergence +++ +++ +++ ++ + +++
Absolute error + + + +++ +++ ++

Enriched edge continuity 3 7 7 3 7 3

Table 5.1: The six different foldable element formulations rated in their condition number, error convergence, and absolute error. Addi-
tionally their insurance of enriched-edge continuity is summarized, and a relation between error, condition numbers, and enriched-edge
continuity can be found.

Between all elements, the 𝐾𝐿0(፜)-element achieved the best overall results, as it had: con-
vergence behavior similar to the standard FEM hinged 𝐾𝐿0 solution, bounded condition num-
bers, and no enriched DOFs. In [21], a GFEM is a Stable GFEM (SGFEM), if it yields optimal
order of convergence and the conditioning of the GFEM is not worse than that of the standard
FEM, i.e. there exists a constant 𝐿 > 0, independent of the mesh, such that:

𝜒ፆፅፄፌ
𝜒ፅፄፌ

≤ 𝐿 < ∞. (5.1)

where 𝜒ፆፅፄፌ and 𝜒ፅፄፌ are the condition numbers of the enriched part of the stiffness matrix
and standard standard part of the stiffness matrix respectively. Following this definition,
the 𝐾𝐿0(፜)-element can be said to be a stable enriched element. The 𝐾𝐿1(፜)-element can
not be said to be stable, as it does not yield optimal order of convergence. The condition
numbers of all other elements were not bounded, but could be greatly improved using a
Jacobi preconditioner. In Table 5.1, all elements are compared in convergence behavior,
condition number, and enriched edge continuity. Generally, elements which do not ensure
enriched edge continuity, attain worse errors but better condition numbers, than elements
which do ensure enriched-edge continuity. For example, condensing the elements introduces
the enriched edge continuity error, and the condensed elements thus attain better condition
numbers, but worse errors than their uncondensed counterparts. Furthermore, the lower
order 𝐾𝐿0(ኻ) and 𝐾𝐿0(ኼ) elements attain worse absolute errors and better condition numbers,
than the higher order 𝐾𝐿1(ኼ)-element.
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5.2. Conclusion
In this thesis a mixed/hybrid formulation was successfully used to create foldable Kirchhoff-
Love plate elements. Furthermore, all three sub-questions in Section 1 have been answered:

1. A modified potential energy equation in a foldable plate can be formulated in terms of
the moment field, by imposing kinematic relations particular to a foldable structure on
a potential energy equation via Lagrange multipliers.

2. To accurately model foldable plate elements, no enrichment for the moment field is
required. In foldable linear moment plate elements, displacement enrichments are re-
quired on folded element edges, while in constant moment plate elements, the edge
enrichment functions do not contribute to the stiffness matrix. By defining a displace-
ment enrichment, such that it has a constant jump in derivative at the fold, the enriched
DOF is connected to the jump in rotation, rather than the displacement at the fold.

3. Matrix condition numbers of non-condensed foldable elements are unbounded for folds
approximating standard element nodes, due to the enriched 𝐵𝐵𝐵-matrix converging to a
null matrix, causing enriched parts of the global stiffness matrix to also converge to
a null matrix. Furthermore, linear moment elements attain worse condition numbers,
than constant moment elements. The matrix condition can be improved using two
methods; either a Jacobi preconditioner, or a local element condensation can be used.

Even though folded shell elements have not yet been defined, this thesis proves that using a
mixed/hybrid formulation, discontinuities can be modeled in plate elements, and advancing
on the elements in this thesis, folded shell elements may be formulated. Additionally, many
more discontinuous problems, such as elements containing cracks or material interfaces,
may be modeled using similar methods as the mixed/hybrid enriched formulation presented
in this thesis.

5.3. Outlook and recommendations
Several recommendations for the advancement of the presented foldable plate elements, and
further development of the enriched mixed/hybrid methods used can be made:

• Some challenges were encountered in the foldable 𝐾𝐿1 elements, as they did not achieve
optimal convergence. Furthermore, convergence rates decreased, due to an error in
the mapping of enriched DOFs, when curved folds were analyzed. As illustrated in
Figure 4.23, the linear approximation of the curved fold resulted in an enriched edge
continuity error. To remove this error, instead of using the orientation of the linear
approximations of the fold, the orientation of the actual curved fold (𝜃 in Figure 5.1)
could be computed, and used to project the enriched DOF on the enriched edge of
neighboring elements. Using these globally defined angles, should result in enriched
edge continuity and remove the error. Furthermore, the foldable 𝐾𝐿1 elements were
found to converge with lower rates than the non-foldable 𝐾𝐿1 element. Since no concrete
cause for this behavior was found, further research is required into the causes and
solutions for the lowered convergence rate.

• In this thesis, only elements containing a single fold were examined, since origami struc-
tures often contain many intersecting folds, future work could extend the elements to
multiple folds. Multiple non-intersecting folds, may be introduced in an element by in-
troducing multiple enriched𝐵𝐵𝐵-matrices as: 𝐵𝐵𝐵 = [𝐵𝐵𝐵ፒ , 𝐵𝐵𝐵ፄኻ, 𝐵𝐵𝐵ፄኼ], and multiple𝐾𝐾𝐾፭-matrices,
without changing any of the sub-matrix definitions. Elements containing intersecting
folds may require more attention; on vertices where folds intersect, a fold can change
from a ridge to a valley fold, creating a strong discontinuity in fold angle. This problem
may be addressed by introducing constraint equations, as in rigid foldability analysis
[12], around the fold vertex. These constraints may be added into the modified potential
energy equation via Lagrange multipliers, and the fold can be enriched using a strong
enrichment inspired by DE-FEM [10].
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Δ𝑤ፅ(ኻ),፧
Δ𝑤ፅ(ኼ),፧

(1)
(2)

Δ𝑤ፅ,፧

Δ𝑤ፅ(ኻ),፧
Δ𝑤ፅ(ኼ),፧

𝜃(ኻ)𝜃(ኼ)
𝑛𝑛𝑛ኻ𝑛𝑛𝑛ኼ 𝜃
Δ𝑤ፅ,፧

Figure 5.1: Two triangular elements cut by a curved fold (red) which is interpolated as two linear fold segments (dashed). At the shared
boundary of the two elements, the DOFs representing the jump in rotation in the two elements (ጂ፰ᐽ(Ꮃ),ᑟ , ጂ፰ᐽ(Ꮄ),ᑟ ) are not aligned with
the real tangential vector representing the jump in rotation (ጂ፰ᐽ,ᑟ). Instead of using the orientation of the linear approximation of the fold
line (᎕(Ꮃ) and ᎕(Ꮃ)) the actual orientation of the fold line ᎕ may be used to project the jump in rotation on the element edge, removing
the enriched edge continuity error.

• Another limitation of the current work is that only foldable plate elements were derived;
elements which form ridge-like structures from a flat configuration. This formulation
only allows for structures developing small fold angles to be modeled. In [33], a foldable
shell derivation in a mesh free setting is used to model folded structures, by incremen-
tally increasing the fold angle via a non-linear analysis. Shell elements are needed, as
in these folded structures membrane stresses are present. Extending the formulation
in this thesis to shell elements, this method could also be used in combination with the
presented methods to model small fold angles, in foldable origami structures.

• Future work may be done on developing folded shell elements, in which the folds con-
tain large fold angles a priori of deformation, such that the deformation of complicated
folded origami structures could be precisely examined. In these folded elements, weak
discontinuities in the moment field may be introduced across the fold line. Adding weak
enrichments to the moment field of a constant moment element would be illogical, as
adding a weak enrichment would increase the order of the moment interpolation. Al-
though no moment field enrichment may be needed in these elements, the a priori fold
angle would still cause a discontinuity in director field. A director field discontinu-
ity, may be introduced via a director field enrichment, coupled to the fold angle, using
similar methods as in the cracked plate in [27]. In a linear moment element, a weak
moment field enrichment may be needed. Furthermore, in an a priori folded element,
the weak discontinuity may depend on the fold angle and force applied on the element
only. If shell elements are used to model the folded structure, auxiliary DOFs con-
cerning membrane stresses/forces may be introduced, when the elements are derived
via a mixed/hybrid formulation. Since the a priori fold angle and stresses/forces in
the system may be known, a weak moment enrichment could be formulated, without
adding enriched auxiliary DOFs, but using the auxiliary DOFs concerning the mem-
brane stresses/forces. The suggestion is thus to extract a weak moment field enrich-
ment from the a priori known fold angle in the element, instead of introducing it using
extra auxiliary DOFs.

• Another future research direction could be the more general application of the mixed/
hybrid enriched methods, presented in this thesis. Via these methods, the minimum
amount of enriched DOFs may be introduced in problems containing discontinuities.
Furthermore, local condensation may be used to greatly improve matrix condition and
decrease the size of the enriched stiffness matrix, although this may come at the cost
of a loss of accuracy. A possible application could be the enrichment of constant
stress/strain triangles including weak discontinuities, due to a material interface. In
such an element, a weak discontinuity in displacement field would lead to a strong dis-
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continuity in strain field, but when a stress field interpolation is used in combination
with a mixed/hybrid formulation, no strong discontinuity may be added, as this would
result in a loss of equilibrium at the material interface. Even if no stress field enrichment
would be needed, additional terms may be required to account for energy consumed on
the discontinuity, or a weak displacement enrichment located on the element boundary.
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A
Potential energy formulation for a folded

beam
In this appendix, the full potential energy derivation for a folded beam will be discussed. We
use the conventions used in Section 2.1. In the potential energy function we include the
bending stiffness of the beam, the torsional stiffness of the fold, and potential energy of the
loads. It is assumed no external moments are applied at the fold, resulting in the following
potential energy equation:

Π =
፱Ꮍᏹ

∫
ኺ
{12𝐸𝐼𝜅

ኼ − 𝑞(𝑥)𝑤}𝑑𝑥 + 12𝑘፭Δ𝜙
ኼ +

ፋ

∫
፱Ꮌᏹ

{12𝐸𝐼𝜅
ኼ − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊, (A.1)

where W, the potential energy due to the loading of the beam, is defined as:

𝑊 = 𝐹ኻ𝑤ኻ +𝑀ኻ𝜙ኻ − 𝐹ኼ𝑤ኼ −𝑀ኼ𝜙ኼ − 𝐹ጁ𝑤ጁ. (A.2)

In Equation A.1 there is an opportunity to introduce different Young’s moduli or moment of
inertia for both subdomains. It is chosen to keep both values constant since most origami
structures are made from a single sheet of material and will have constant Young’s modulus
and moment of inertia. Because we will be looking at different fields for 𝑢(𝑥), 𝜙(𝑥), and 𝜅(𝑥)
their kinematic relations are enforced via Lagrange multipliers, as will the relation between
𝑤ዅጁ , 𝑤ዄጁ and 𝑤ጁ:

Π =
፱Ꮍᏹ

∫
ኺ
{12𝐸𝐼𝜅

ኼ + 𝜆ኻ(𝜙 −
𝜕𝑤
𝜕𝑥 ) + 𝜆ኼ(𝜅 −

𝜕𝜙
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +

1
2𝑘፭Δ𝜙

ኼ + 𝜆ኽ(𝑤ጁ −𝑤ዅጁ )+

𝜆ኾ(𝑤ዄጁ −𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{12𝐸𝐼𝜅
ኼ + 𝜆኿(𝜙 −

𝜕𝑤
𝜕𝑥 ) + 𝜆ዀ(𝜅 −

𝜕𝜙
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊. (A.3)

A.1. Interpretation of Lagrange multipliers
Physical meaning is given to the six Lagrange multipliers by means of virtual variations.
First, the modified potential energy function is varied with respect to 𝜅 as:

𝜕Π = 𝜕Π
𝜕𝜅 𝛿𝜅 =

፱Ꮍᏹ

∫
ኺ

{𝐸𝐼𝜅 + 𝜆ኼ} 𝛿𝜅𝑑𝑥 +
ፋ

∫
፱Ꮌᏹ

{𝐸𝐼𝜅 + 𝜆ዀ} 𝛿𝜅𝑑𝑥 = 0, (A.4)
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resulting in,

𝜆ኼ = −𝐸𝐼𝜅 = −𝑀 𝑜𝑛 Ωኻ, (A.5)
𝜆ዀ = −𝐸𝐼𝜅 = −𝑀 𝑜𝑛 Ωኼ. (A.6)

Inserting Equations A.5, A.6, and the relation between moment and curvature in Equation
2.6, into Equation A.3, results in a new modified potential energy function, where 𝜅, 𝜆ኼ and
𝜆ዀ are removed:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 + 𝜆ኻ(𝜙 −
𝜕𝑤
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +

1
2𝑘፭Δ𝜙

ኼ + 𝜆ኽ(𝑤ጁ −𝑤ዅጁ )+

𝜆ኾ(𝑤ዄጁ −𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 + 𝜆኿(𝜙 −
𝜕𝑤
𝜕𝑥 ) − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊. (A.7)

Secondly, the new modified potential energy function is now varied with respect to 𝜙:

𝜕Π = 𝜕Π
𝜕𝜙𝛿𝜙 =

፱Ꮍᏹ

∫
ኺ
{𝑀 𝜕
𝜕𝑥 + 𝜆ኻ} 𝛿𝜙𝑑𝑥 + 𝑘፭(𝜙

ዄ
ጁ − 𝜙ዅጁ )(𝛿𝜙ዄጁ − 𝛿𝜙ዅጁ )

+
ፋ

∫
፱Ꮌᏹ

{𝑀 𝜕
𝜕𝑥 + 𝜆኿} 𝛿𝜙𝑑𝑥 +𝑀ኻ𝛿𝜙ኻ −𝑀ኼ𝛿𝜙ኼ = 0. (A.8)

The moments applied at the ends of the beam, entered into the equation. To eliminate these
terms, the moment field is moved from the domain integrals to boundary evaluations, using:

𝑀𝜕𝛿𝜙𝜕𝑥 = 𝑑
𝑑𝑥 (𝑀𝛿𝜙) −

𝜕𝑀
𝜕𝑥 𝛿𝜙. (A.9)

Inserting this into the varied functional results in:

𝜕Π =
፱Ꮍᏹ

∫
ኺ
{𝜆ኻ −

𝜕𝑀
𝜕𝑥 } 𝛿𝜙𝑑𝑥 + [𝑀𝛿𝜙]

፱዆፱Ꮍᏹ
፱዆ኺ + 𝑘፭(𝜙ዄጁ − 𝜙ዅጁ )(𝛿𝜙ዄጁ − 𝛿𝜙ዅጁ )

+
ፋ

∫
፱Ꮌᏹ

{𝜆኿ −
𝜕𝑀
𝜕𝑥 } 𝛿𝜙𝑑𝑥 + [𝑀𝛿𝜙]

፱዆ፋ
፱዆፱Ꮌᏹ

+𝑀ኻ𝛿𝜙ኻ −𝑀ኼ𝛿𝜙ኼ = 0, (A.10)

and we conclude for the Lagrange multipliers that:

𝜆ኻ =
𝜕𝑀
𝜕𝑥 on Ωኻ, (A.11)

𝜆኿ =
𝜕𝑀
𝜕𝑥 on Ωኼ. (A.12)

Only the terms within the integral in Equation A.10 are interpreted. To interpret the other
results, they are grouped together as:

[𝑀𝛿𝜙]፱዆፱
Ꮍ
ᏹ

፱዆ኺ +𝑘፭(𝜙ዄጁ −𝜙ዅጁ )(𝛿𝜙ዄጁ −𝛿𝜙ዅጁ )+[𝑀𝛿𝜙]፱዆ፋ፱዆፱Ꮌᏹ
+𝑀ኻ𝛿𝜙ኻ−𝑀ኼ𝛿𝜙ኼ = (𝑀|፱Ꮍᏹ −𝑘፭(𝜙

ዄ
ጁ −𝜙ዅጁ ))𝛿𝜙ዅጁ+

(𝑀ኻ −𝑀|ኺ)𝛿𝜙ኻ + (𝑀|ፋ −𝑀ኼ)𝛿𝜙ኼ + (𝑘፭(𝜙ዄጁ − 𝜙ዅጁ ) − 𝑀|፱Ꮌᏹ )𝛿𝜙
ዄ
ጁ = 0. (A.13)

Rewriting the equations, moment continuity within the element is achieved as:

𝑀|፱Ꮍᏹ = 𝑀|፱Ꮌᏹ = 𝑘፭(𝜙
ዄ
ጁ − 𝜙ዅጁ ) = 𝑘፭Δ𝜙 = 𝑀ጁ. (A.14)
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Back-substituting the Lagrange multipliers into the modified potential energy equation only
two multipliers remain:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 +
𝜕𝑀
𝜕𝑥 𝜙 −

𝜕𝑀
𝜕𝑥

𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥

+ 12𝑘፭Δ𝜙
ኼ + 𝜆ኽ(𝑤ጁ −𝑤ዅጁ ) + 𝜆ኾ(𝑤ዄጁ −𝑤ጁ)

+
ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 +
𝜕𝑀
𝜕𝑥 𝜙 −

𝜕𝑀
𝜕𝑥

𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊. (A.15)

The last Lagrange multipliers are given physical meaning by varying with respect to 𝑤 as:

𝜕Π = 𝜕Π
𝜕𝑤𝛿𝑤 =

፱Ꮍᏹ

∫
ኺ
{−𝑞(𝑥) − 𝜕𝑀𝜕𝑥

𝜕
𝜕𝑥} 𝛿𝑤𝑑𝑥 + 𝜆ኽ(𝛿𝑤ጁ − 𝛿𝑤

ዅ
ጁ )

+ 𝜆ኾ(𝛿𝑤ዄጁ − 𝛿𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{−𝑞(𝑥) − 𝜕𝑀𝜕𝑥
𝜕
𝜕𝑥} 𝛿𝑤𝑑𝑥

+ 𝐹ኻ𝛿𝑤ኻ − 𝐹ኼ𝛿𝑤ኼ − 𝐹ጁ𝛿𝑤ጁ. (A.16)

The term within the integral is simplified using:

𝜕𝑀
𝜕𝑥

𝛿𝑤
𝜕𝑥 =

𝑑
𝑑𝑥 (

𝜕𝑀
𝜕𝑥 𝛿𝑤) −

𝜕ኼ𝑀
𝜕𝑥ኼ 𝛿𝑤, (A.17)

resulting in the varied functional:

፱Ꮍᏹ

∫
ኺ
{−𝑓(𝑥) + 𝜕

ኼ𝑀
𝜕ኼ𝑥 } 𝛿𝑤𝑑𝑥 − [

𝜕𝑀
𝜕𝑥 𝛿𝑤]

፱዆፱Ꮍᏹ

፱዆ኺ
+ 𝜆ኽ(𝛿𝑤ጁ − 𝛿𝑤ዅጁ )+

𝜆ኾ(𝛿𝑤ዄጁ − 𝛿𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{−𝑓(𝑥) + 𝜕
ኼ𝑀
𝜕ኼ𝑥 } 𝛿𝑤𝑑𝑥 − [

𝜕𝑀
𝜕𝑥 𝛿𝑤]

፱዆ፋ

፱዆፱Ꮌᏹ
+ 𝐹ኻ𝛿𝑤ኻ − 𝐹ኼ𝛿𝑤ኼ − 𝐹ጁ𝛿𝑤ጁ. (A.18)

The functional is simplified and relevant terms are grouped together as:

፱Ꮍᏹ

∫
ኺ
{𝜕

ኼ𝑀
𝜕ኼ𝑥 − 𝑓(𝑥)} 𝛿𝑤𝑑𝑥 +

ፋ

∫
፱Ꮌᏹ

{𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑓(𝑥)} 𝛿𝑤𝑑𝑥 + (

𝜕𝑀
𝜕𝑥 |ኺ

+ 𝐹ኻ)𝛿𝑤ኻ

− ( 𝜕𝑀𝜕𝑥 |ፋ
+ 𝐹ኼ)𝛿𝑤ኼ + (𝜆ኽ − 𝜆ኾ − 𝐹ጁ)𝛿𝑤ጁ − (

𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

+ 𝜆ኽ)𝛿𝑤ዅጁ

+ ( 𝜕𝑀𝜕𝑥 |፱Ꮌᏹ
+ 𝜆ኾ)𝛿𝑤ዄጁ . (A.19)

From these equations, we conclude for the Lagrange multipliers that:

𝜆ኽ = −
𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

, (A.20)

𝜆ኾ = −
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

. (A.21)
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Furthermore, we retrieve that:

𝐹ኻ = −
𝜕𝑀
𝜕𝑥 |ኺ

, (A.22)

𝐹ኼ = −
𝜕𝑀
𝜕𝑥 |ፋ

. (A.23)

Looking at the leftover terms within the integrals, we can conclude in a weak sense for both
subdomains Ωኻ and Ωኼ that:

∫{𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥)} 𝑑𝑥 = 0. (A.24)

In a strong sense this implies that:

𝑞(𝑥) = 𝜕ኼ𝑀
𝜕ኼ𝑥 and, (A.25)

𝑄(𝑥) = 𝜕𝑀
𝜕𝑥 . (A.26)

Equation A.22, A.23, and A.26 contain the generally known equilibrium condition for beams
where:

− 𝑄(𝑥) = 𝐹(𝑥) = −𝜕𝑀𝜕𝑥 , (A.27)

A final conclusion which can be drawn from the variation with respect to 𝑤 is,

𝜆ኽ − 𝜆ኾ =
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

= 𝐹ጁ. (A.28)

If no force would be applied at the fold this would mean that 𝜆ኽ = 𝜆ኾ, resulting in:

𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

= 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

. (A.29)

Assuming no force is applied on the fold simplifies the moment field in the element, which
can be one linear function over the entire element. If the application of a force on the fold
is to be maintained, standard linear interpolations with a weak enrichment should be used
in the discretization. Finally, back substituting Equation A.20 and A.21 into the potential
energy equation, all Lagrange multipliers are interpreted as:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 +
𝜕𝑀
𝜕𝑥 𝜙 −

𝜕𝑀
𝜕𝑥

𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥 +

1
2𝑘፭Δ𝜙

ኼ−

𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

(𝑤ጁ −𝑤ዅጁ ) −
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

(𝑤ዄጁ −𝑤ጁ)+

ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ +𝑀𝜕𝜙𝜕𝑥 +
𝜕𝑀
𝜕𝑥 𝜙 −

𝜕𝑀
𝜕𝑥

𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥 +𝑊. (A.30)

A.2. Simplification of the potential energy function
Terms from the integral are moved to the boundaries to remove the need for interpolating
functions for 𝜙(𝑥) and𝑤(𝑥) on the beam. This is done by applying twomathematical relations.
Firstly we use:

𝑀𝜕𝜙𝜕𝑥 =
𝑑
𝑑𝑥 (𝑀𝜙) −

𝜕𝑀
𝜕𝑥 𝜙, (A.31)
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and insert it into the modified potential energy function to remove 𝜙(𝑥) from the integral:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ − 𝜕𝑀𝜕𝑥
𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥 + [𝑀𝜙]

፱Ꮍᏹ
ኺ + 12𝑘፭Δ𝜙

ኼ−

𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

(𝑤ጁ −𝑤ዅጁ ) −
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

(𝑤ዄጁ −𝑤ጁ)+

ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ − 𝜕𝑀𝜕𝑥
𝜕𝑤
𝜕𝑥 − 𝑞(𝑥)𝑤}𝑑𝑥 + [𝑀𝜙]

ፋ
፱Ꮌᏹ +𝑊. (A.32)

Secondly we use:

− 𝜕𝑀𝜕𝑥
𝜕𝑤
𝜕𝑥 = −

𝑑
𝑑𝑥 (

𝜕𝑀
𝜕𝑥 𝑤) +

𝜕ኼ𝑀
𝜕𝑥ኼ 𝑤, (A.33)

and insert it into the modified potential energy function to remove 𝜕𝑀/𝜕𝑥 from the integral:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 − [

𝜕𝑀
𝜕𝑥 𝑤]

፱Ꮍᏹ

ኺ
+ [𝑀𝜙]፱

Ꮍ
ᏹ
ኺ + 12𝑘፭Δ𝜙

ኼ−

𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

(𝑤ጁ −𝑤ዅጁ ) −
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

(𝑤ዄጁ −𝑤ጁ) +
ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥−

[𝜕𝑀𝜕𝑥 𝑤]
ፋ

፱Ꮌᏹ
+ [𝑀𝜙]ፋ፱Ꮌᏹ +𝑊. (A.34)

Different terms concerning the displacement are present in the potential energy function.
The terms containing 𝑤ዅጁ and 𝑤ዄጁ are removed by using:

− [𝜕𝑀𝜕𝑥 𝑤]
፱Ꮍᏹ

ኺ
− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

(𝑤ጁ −𝑤ዅጁ ) −
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

(𝑤ዄጁ −𝑤ጁ) − [
𝜕𝑀
𝜕𝑥 𝑤]

ፋ

፱Ꮌᏹ
=

𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ −
𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +𝑤ጁ(
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

), (A.35)

resulting in the modified potential energy function:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

፱዆፱Ꮍᏹ
፱዆ኺ + 12𝑘፭Δ𝜙

ኼ+

𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ −
𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +𝑤ጁ(
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

)+

ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

ፋ
፱Ꮌᏹ
+𝑊. (A.36)
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Assuming no external force is applied on the fold and Equation A.29 to hold, we simplify the
potential energy formulation one final time to:

Π =
፱Ꮍᏹ

∫
ኺ
{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

፱዆፱Ꮍᏹ
፱዆ኺ + 12𝑘፭Δ𝜙

ኼ + 𝜕𝑀
𝜕𝑥 |ኺ

𝑤ኻ−

𝜕𝑀
𝜕𝑥 |ፋ

𝑤ኼ +
ፋ

∫
፱Ꮌᏹ

{− 1
2𝐸𝐼𝑀

ኼ + (𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥))𝑤}𝑑𝑥 + [𝑀𝜙]

ፋ
፱Ꮌᏹ
+𝑊. (A.37)

Two potential energy equations are derived, and will be used to discretize the folded beam.
Equation A.36 contains 𝑤ጁ and will lead to a 6 DOF beam element, while Equation A.37 does
not contain 𝑤ጁ which will lead to a 5 DOF foldable beam element.



B
Load application foldable beam

B.1. Equivalent load vector derivation
No interpolation field for the displacement is used in deriving the folded beam elements. This
causes the application of a distributed force through an equivalent load vector to become
difficult. In this section, it will be shown that with some extra calculations it is possible to
apply a distributed load, and even a point load at the fold. All calculations are done using
the 5 DOF system. A constant distributed load is applied to the system as:

𝑞(𝑥) = 𝑐. (B.1)

In reality, this would lead to a quadratic shape of the moment field in the beam, since:

𝑀(𝑥) = ∫𝑞(𝑥)𝑑𝑥𝑑𝑥 = 𝑂(𝑥ኼ), (B.2)

we thus expect a residual error when calculating the displacements of the beam under a dis-
tributed load. The equivalent load vector is computed by discretizing the part in the potential
energy term concerning distributed loads,

፱Ꮍᏹ

∫
ኺ
{𝜕

ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥)}𝑤𝑑𝑥 +

ፋ

∫
፱Ꮌᏹ

{𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑞(𝑥)}𝑤𝑑𝑥. (B.3)

Since linear shape functions are used for the moment field, 𝜕ኼ𝑀/𝜕𝑥ኼ = 0, and this term
can be removed from the equation. Only functions for the moment 𝑀(𝑥) are used in the
discretization, and interpolations for the displacement field 𝑤(𝑥) need to be defined to con-
struct an equivalent load vector. Combining Equation 2.6, the relation between moment and
curvature, and the relation between rotation and curvature in Equation 2.4, we find:

𝜙(𝜉) = 𝐿
𝑘፛ኻ

᎛Ꮍᏹ

∫
ኺ
𝑀(𝜉)𝑑𝜉 + 𝐿

𝑘፛ኼ

ኻ

∫
᎛Ꮌᏹ

𝑀(𝜉)𝑑𝜉. (B.4)

Using the interpolation field as in Equation 2.27, the rotational field is calculated as:

𝜙ፋ(𝜉) = 𝐿
𝑘፛ኻ

{(𝜉 − 12𝜉
ኼ)𝑀ኻ +

1
2𝜉

ኼ𝑀ኼ + 𝐶ፋኻ} on Ωኻ, (B.5)

𝜙ፑ(𝜉) = 𝐿
𝑘፛ኼ

{(𝜉 − 12𝜉
ኼ)𝑀ኻ +

1
2𝜉

ኼ𝑀ኼ + 𝐶ፑኻ } on Ωኼ. (B.6)
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Integrating once more, an expression for the displacement field is found as:

𝑤ፋ(𝜉) = 𝐿ኼ
𝑘፛ኻ

{(12𝜉
ኼ − 16𝜉

ኽ)𝑀ኻ +
1
6𝜉

ኽ𝑀ኼ + 𝐶ፋኻ𝜉 + 𝐶ፋኼ} on Ωኻ, (B.7)

𝑤ፑ(𝜉) = 𝐿ኼ
𝑘፛ኼ

{(12𝜉
ኼ − 16𝜉

ኽ)𝑀ኻ +
1
6𝜉

ኽ𝑀ኼ + 𝐶ፑኻ 𝜉 + 𝐶ፑኼ } on Ωኼ. (B.8)

Four boundary conditions are needed to calculate the four different integration constants:

𝜙(0) = 𝜙ኻ and 𝜙(1) = 𝜙ኼ, (B.9)
𝑤(0) = 𝑤ኻ and 𝑤(1) = 𝑤ኼ. (B.10)

Inserting these conditions in the displacement function, results in the integration constants
of:

𝐶ፋኻ =
𝜙ኻ𝑘፛ኻ
𝐿 and 𝐶ፋኼ =

𝑤ኻ𝑘፛ኻ
𝐿ኼ , (B.11)

𝐶ፑኻ =
𝜙ኼ𝑘፛ኼ
𝐿 − 12(𝑀ኻ +𝑀ኼ) and (B.12)

𝐶ፑኼ =
𝑤ኼ𝑘፛ኼ
𝐿ኼ − 16(2𝑀ኻ +𝑀ኼ) − 𝐶

ፑ
ኻ =

𝑤ኼ𝑘፛ኼ
𝐿ኼ − 𝜙ኼ𝑘፛ኼ𝐿 + 16(𝑀ኻ + 2𝑀ኼ). (B.13)

The displacement function, 𝑤(𝜉), contains both auxiliary DOFs from the vector 𝑚𝑚𝑚, and pri-
mary DOFs from the vector 𝑢𝑢𝑢. It follows that the discretized form of Equation B.3 will contain
both auxiliary and primary DOFs. writing the left and right displacements in matrix form,
we find:

𝑤ፋ(𝜉) = 𝑁𝑁𝑁ፋ(𝜉)m+𝑊𝑊𝑊ፋ(𝜉)u, (B.14)
𝑤ፑ(𝜉) = 𝑁𝑁𝑁ፑ(𝜉)m+𝑊𝑊𝑊ፑ(𝜉)u, (B.15)

𝑁𝑁𝑁ፋ(𝜉) = 𝐿ኼ
𝑘፛ኻ

[12𝜉
ኼ − 16𝜉

ኽ, 16𝜉
ኽ], (B.16)

𝑁𝑁𝑁ፑ(𝜉) = 𝐿ኼ
𝑘፛ኼ

[−16𝜉
ኽ + 12𝜉

ኼ − 12𝜉 +
1
6 ,
1
6𝜉

ኽ − 12𝜉 +
1
3], (B.17)

𝑊𝑊𝑊ፋ(𝜉) = [1, 𝐿𝜉, 0, 0, 0], (B.18)
𝑊𝑊𝑊ፑ(𝜉) = [0, 0, 1, 𝐿(𝜉 − 1), 0]. (B.19)

Inserting 𝑤(𝜉) and 𝑞(𝑥) into Equation B.3, simplified using 𝜕ኼ𝑀/𝜕𝑥ኼ = 0, we find:

− 𝑐𝐿
᎛Ꮍᏹ

∫
ኺ
𝑤(𝜉)𝑑𝜉 − 𝑐𝐿

ኻ

∫
᎛Ꮌᏹ

𝑤(𝜉)𝑑𝜉 = −𝑐𝐿
᎛Ꮍᏹ

∫
ኺ
{𝑁𝑁𝑁ፋ(𝜉)m+𝑊𝑊𝑊ፋ(𝜉)u} 𝑑𝜉

− 𝑐𝐿
ኻ

∫
᎛Ꮌᏹ

{𝑁𝑁𝑁ፑ(𝜉)m+𝑊𝑊𝑊ፑ(𝜉)u} 𝑑𝜉 = −𝐿𝐿𝐿ፓm− fፓ፜u, (B.20)

where the equivalent load vector will be defined using:

𝐿𝐿𝐿ፓ = 𝑐𝐿
᎛Ꮍᏹ

∫
ኺ
𝑁𝑁𝑁ፋ(𝜉)𝑑𝜉 + 𝑐𝐿

ኻ

∫
᎛Ꮌᏹ

𝑁𝑁𝑁ፑ(𝜉)𝑑𝜉, (B.21)

fፓ፜ = 𝑐𝐿
᎛Ꮍᏹ

∫
ኺ
𝑊𝑊𝑊ፋ(𝜉)𝑑𝜉 + 𝑐𝐿

ኻ

∫
᎛Ꮌᏹ

𝑊𝑊𝑊ፑ(𝜉)𝑑𝜉. (B.22)
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In Equation B.21 there is an integration over a cubic function. In the stiffness matrix calcula-
tion, only quadratic terms are evaluated. Performing these calculations analytically, results
in:

𝐿𝐿𝐿 = 𝐿ኽ𝑐
24𝑘ኻ𝑘ኼ

[𝑘ኻ(6𝜉
ኼ
ጁ − 4𝜉ጁ + 1) + (𝑘ኼ − 𝑘ኻ)(4𝜉ኽጁ − 𝜉ኾጁ)
𝑘ኻ(6𝜉ኼጁ − 8𝜉ጁ + 3) + (𝑘ኼ − 𝑘ኻ)𝜉ኾጁ

]and (B.23)

f፜ = 𝐿𝑐

⎡
⎢
⎢
⎢
⎢
⎣

𝜉ጁ
ፋ᎛Ꮄᏹ
ኼ

1 − 𝜉ጁ
ፋ(᎛ᏹዅኻ)Ꮄ

ኼ
0

⎤
⎥
⎥
⎥
⎥
⎦

. (B.24)

Inserting these terms in the potential energy derivation causes it to take a shape of:

Π = −12m
ፓ𝐴𝐴𝐴m−mፓ𝐵𝐵𝐵u+ 12u

ፓ𝐾𝐾𝐾፭u− fፓu−𝐿𝐿𝐿ፓm− fፓ፜u. (B.25)

Following the known procedure to formulate the stiffness matrix, the equivalent load vector
is calculated. Firstly, we vary with respect to m:

𝜕Π = 𝜕Π
𝜕m𝛿m = {−𝐴𝐴𝐴m−𝐵𝐵𝐵u−𝐿𝐿𝐿}𝛿m = 0, (B.26)

and rewrite to find the expression for m,

m = −𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵u−𝐴𝐴𝐴ዅኻ𝐿𝐿𝐿. (B.27)

Secondly, we vary with respect to u:

𝜕Π = 𝜕Π
𝜕u𝛿u = {−m

ፓ𝐵𝐵𝐵 + uፓ𝐾𝐾𝐾፭ − fፓ − fፓ፜ }𝛿u = 0, (B.28)

and insert the term for m, making use of the fact that 𝐴𝐴𝐴 is a symmetric matrix:

(𝐵𝐵𝐵ፓ𝐴𝐴𝐴ዅኻ𝐵𝐵𝐵 +𝐾𝐾𝐾ፓ፭ )u = f+ f፜ −𝐵𝐵𝐵ፓ𝐴𝐴𝐴ዅኻ𝐿𝐿𝐿, (B.29)

an equivalent load vector is found of the form:

f፞፥ = f፜ −𝐵𝐵𝐵ፓ𝐴𝐴𝐴ዅኻ𝐿𝐿𝐿. (B.30)

B.2. Testing the equivalent load vector

𝐹

𝑥 = 𝑥ጁ 𝑥 = 𝐿
𝑥 = 0

𝐸ኻ𝐼ኻ 𝐸ኼ𝐼ኼ
𝑘፭

𝑞(𝑥)

Figure B.1: A clamped folded beam loaded with a distributed force and an moment and force on the right end.

To test the application of the distributed forces on the beam, the test case as shown in
Figure B.1 is used, with parameters as in Table B.1. A constant load is applied on the entire
element. The 5 DOF system is compared to the assembled system, containing the 7 DOFs:
uፓ = [𝑤ኻ, 𝜙ኻ, 𝜙ዅጁ , 𝑤ጁ, 𝜙ዄጁ , 𝑤ኼ, 𝜙ኼ]. In the 7 DOF system, to account for the distributed force,
an equivalent load vector is added as:

𝐹ፓ፜ = [ ፜ፋᑒኼ
፜ፋᎴᑒ
ኻኼ − ፜ፋ

Ꮄᑒ
ኻኼ

፜ፋ
ኼ

፜ፋᎴᑓ
ኻኼ

፜ፋᑓ
ኼ − ፜ፋ

Ꮄ
ᑓ

ኻኼ
] where, (B.31)



82 B. Load application foldable beam

EI [Nm2] k፭[Nm F [N] q(x) [Nmዅ1] 𝜉ጁ
100 500 10 1 0.5

Table B.1: Values used in testing distributed force formulation.

𝐿ፚ = 𝐿𝜉ጁ and 𝐿፛ = 𝐿(𝜉ጁ − 1). (B.32)

As exact solution for the tip displacement at 𝑥 = 𝐿, we use:

𝑤ኼ = 𝑤(𝑥 = 𝐿) =
𝐹𝐿ኽ
3𝐸𝐼 +

𝑐𝐿ኾ
8𝐸𝐼 +

𝐿፛ (𝐿፛𝐹 +
ኻ
ኼ𝑐𝐿

ኼ
፛)

𝑘፭
(B.33)

Both systems aThe defined equivalent load vector is thus sufficiently accurate to capture the
behavior of the system when a constant distributed load is applied.

B.3. Applying a force on the fold
One possibility lacking in the 5 DOF system, which the 6 DOF system has, is the ability to
add a force on the fold. Using the functions in Equations B.15 for the displacement of the
beam, it is possible to apply a force on the fold in the 5 DOF system. In the potential energy
derivation of the 5 DOF system, it is assumed that 𝐹ጁ = 0 and Equation A.29 should still hold
resulting in a 𝐶ኻ-continuous moment field. After the discretization, 𝐹ጁ is again introduced
into the modified potential energy dfunction:

𝑊 = 𝐹ኻ𝑤ኼ +𝑀1𝜙ኻ − 𝐹ኼ𝑤ኼ −𝑀ኼ𝜙ኼ − 𝐹ጁ𝑤ጁ. (B.34)

Doing this is not much different than how the distributed load is added. While discretizing,
the distributed load is ignored, and we assume:

∫{𝜕
ኼ𝑀
𝜕ኼ𝑥 − 𝑓(𝑥)} 𝑑𝑥 = 0, (B.35)

but it is added when computing the equivalent load vector. In adding 𝐹ጁ we ignore it’s exis-
tence in the modified potential energy formulation, and we assume:

𝜆ኽ − 𝜆ኾ = 𝐹ጁ = 0, (B.36)

and apply it after discretization, using an equivalent load vector. Either the left or right equa-
tion for the displacement field ,𝑤ፋ(𝜉) or 𝑤ፑ(𝜉), can be used to calculate the fold displacement.
The fold displacement is calculated using the left displacement field as shown in Equation
B.15, resulting in:

𝑤ፋ(𝜉ጁ) = 𝑁𝑁𝑁ፋ(𝜉ጁ)m+𝑊𝑊𝑊ፋ(𝜉ጁ)u, (B.37)

𝑁𝑁𝑁ፋ(𝜉ጁ) =
𝐿ኼ
𝑘፛ኻ

[12𝜉
ኼ
ጁ −

1
6𝜉

ኽ
ጁ ,
1
6𝜉

ኽ
ጁ], (B.38)

𝑊𝑊𝑊ፋ(𝜉ጁ) = [1, 𝐿𝜉ጁ, 0, 0, 0]. (B.39)

As in Equation B.20, the potential energy due to the load is expressed using the vectors 𝐿𝐿𝐿
and f፜. No integration is required to represent −𝐹ጁ𝑤ጁ, we find:

− 𝐹ጁ𝑤ጁ = −𝐿𝐿𝐿⊺𝑚𝑚𝑚 −𝑓𝑓𝑓⊺፜𝑢𝑢𝑢, (B.40)

where the different terms are defined as:

𝐿ፓ(𝜉ጁ) = 𝐹ጁ ⋅ 𝑁𝑁𝑁ፋ(𝜉ጁ) and f፜(𝜉ጁ) = 𝐹ጁ ⋅𝑊𝑊𝑊ፋ(𝜉ጁ). (B.41)

The further derivation is equal to the derivation for the equivalent load vector for a distributed
force, again resulting in Equation B.30. Using this equivalent load vector, the test case in
Figure B.2 is used to compare the 6 and 5 DOF system, loaded by a force on the fold. As test
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parameters the values in Table B.1 are used, with an additional load on the fold of 𝐹ጁ = 10N.
As analytical solution for the right tip displacement, we use:

𝑤(𝑥 = 𝐿) = 𝑤ኼ =
𝐿፛𝐹𝐿ኼፚ
2𝐸𝐼 + (𝐹 + 𝐹ጁ)𝐿

ኽ
ፚ

3𝐸𝐼 + 𝐿፛(𝐿፛ ∗ 𝐹 + 𝑘፭𝜙
ዅ
ጁ )

𝑘፭
+ 𝐹𝐿

ኽ
፛

3𝐸𝐼 , (B.42)

where,

𝜙ዅጁ =
𝐿፛𝐹𝐿ፚ
𝐸𝐼 + (𝐹 + 𝐹ጁ)𝐿

ኼ
ፚ

2𝐸𝐼 . (B.43)

Both the 5 and 6 DOF system are found to achieve numerical accuracy when a force is applied
on the fold.

𝐹

𝑥 = 𝑥ጁ 𝑥 = 𝐿
𝑥 = 0

𝐸ኻ𝐼ኻ 𝐸ኼ𝐼ኼ
𝑘፭

𝐹ጁ

Figure B.2: A clamped folded beam loaded with by a force on the fold and a force at its free end. The parameters as in Table B.1 are
used with an addition of a fold force of ፅᏹ ዆ ኻኺ





C
Scaling of the 6 DOF system

In this appendix we investigate the possibility of improving the matrix condition of the 6 DOF
beam system by introducing the scaling paramter 𝑠. Firstly, we introduce 𝑠 using the method
of IG-FEM [11] as:

𝑀ዀ(𝜂) = (1 − 𝜂)𝑀ኻ + 𝜂𝑀ኼ + 𝑠 ⋅ 𝛼 {
᎔
᎔ᏹ

0 ≤ 𝜂 ≤ 𝜂ጁ
᎔ዅኻ
᎔ᏹዅኻ

𝜂ጁ ≤ 𝜂 ≤ 1
. (C.1)

We look at the matrices used in formulating the stiffness matrix, and notice on which loca-
tions the scaling parameter will multiply the values. For the 𝐵𝐵𝐵-matrix, we find that it will be
scaled by:

𝐵𝐵𝐵ዀ፬ = [
1 1 1 1 1 1
1 1 1 1 1 1
𝑠 𝑠 𝑠 𝑠 𝑠 𝑠

] ,

and the 𝐴𝐴𝐴-matrix is scaled by:

𝐴𝐴𝐴ዀ፬ = [
1 1 𝑠
1 1 𝑠
𝑠 𝑠 𝑠ኼ

] .

Resulting in the scaling of the stiffness matrix:

𝐾𝐾𝐾ዀ፬ = 𝐵𝐵𝐵ዀ፬
ፓ𝐴𝐴𝐴ዀ፬

ዅኻ𝐵𝐵𝐵ዀ፬ =

⎡
⎢
⎢
⎢
⎢
⎣

1 1 𝑠
1 1 𝑠
1 1 𝑠
1 1 𝑠
1 1 𝑠
1 1 𝑠

⎤
⎥
⎥
⎥
⎥
⎦

[
1 1 ኻ

፬
1 1 ኻ

፬ኻ
፬

ኻ
፬

ኻ
፬Ꮄ

] [
1 1 1 1 1 1
1 1 1 1 1 1
𝑠 𝑠 𝑠 𝑠 𝑠 𝑠

]

=

⎡
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1

⎤
⎥
⎥
⎥
⎥
⎦

. (C.4)

We thus conclude that straightforward scaling of the enrichment function will not change
the stiffness matrix and its conditioning.

Since introducing a scaling parameter as commonly done in IGFEM has no effect on the
matrix condtion number, other methods of introducing a scaling parameter to improve the

85
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6 DOF condition number are investigated. A way of introducing the scaling parameter is by
inserting it directly into the displacement vector as: u⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ, 𝑠፰ ⋅ 𝑤ጁ, 𝑠Ꭻ ⋅ Δ𝜙].
Firstly only scaling 𝑤ጁ causes the elements in the 𝐵𝐵𝐵-matrix to be scaled with:

𝐵𝐵𝐵ዀ፰ᏹ፬ =
⎡
⎢
⎢
⎢
⎣

1 1 1 1 ኻ
፬ᑨ

1
1 1 1 1 ኻ

፬ᑨ
1

1 1 1 1 ኻ
፬ᑨ

1

⎤
⎥
⎥
⎥
⎦

, (C.5)

and no change in the 𝐴 matrix, resulting in the scaled stiffness matrix:

𝐾𝐾𝐾ዀ፰ᏹ፬ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 ኻ
፬ᑨ

1
1 1 1 1 ኻ

፬ᑨ
1

1 1 1 1 ኻ
፬ᑨ

1
1 1 1 1 ኻ

፬ᑨ
1

ኻ
፬ᑨ

ኻ
፬ᑨ

ኻ
፬ᑨ

ኻ
፬ᑨ

ኻ
፬Ꮄᑨ

ኻ
፬ᑨ

1 1 1 1 ኻ
፬ᑨ

1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (C.6)

Scaling Δ𝜙 has similar effects, and results in the scaled stiffness matrix:

𝐾𝐾𝐾ዀጂᎫ፬ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 ኻ
፬ᒣ

1 1 1 1 1 ኻ
፬ᒣ

1 1 1 1 1 ኻ
፬ᒣ

1 1 1 1 1 ኻ
፬ᒣ

1 1 1 1 1 ኻ
፬ᒣ

ኻ
፬ᒣ

ኻ
፬ᒣ

ኻ
፬ᒣ

ኻ
፬ᒣ

ኻ
፬ᒣ

ኻ
፬Ꮄᒣ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (C.7)

Calculating the matrix condition number as a function of the scaling at 𝜉ጁ = 0.1, and using
zero rotational stiffness in the fold, results in Figure C.1 and C.2. The optimal scaling factor
for 𝑤ጁ lies at infinity, but the condition number does not change significantly after a scaling
of 𝑠 ≈ 10. The optimal scaling factor of Δ𝜙 is slightly below 𝑠 = 0.1. Both scaling methods
have a minimum condition number of 𝜒 ≈ 1 ⋅ 10ኽ.
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10ዅኼ 10ዅኻ 10ኺ 10ኻ 10ኼ
10ኽ

10ኾ

10኿

10ዀ

10዁

𝑠፰

𝜒
Matrix condition for scaled 𝑤ጁ

Figure C.1: The matrix condition of the 6 DOF system for
varying the scaling ፬ of ፰ᏹ for a beam with a fold located at
᎛ᏹ ዆ ኺ.ኻ and the material parameters as in Table 2.1, using
zero fold stiffness

10ዅኽ 10ዅኼ 10ዅኻ 10ኺ 10ኻ 10ኼ 10ኽ
10ኽ

10ኾ

10኿

𝑠Ꭻ

𝜒

Matrix condition for scaled Δ𝜙

Figure C.2: The matrix condition of the 6 DOF system for
varying the scaling ፬ of ጂᎫ for a beam with a fold located at
᎛ᏹ ዆ ኺ.ኻ and the material parameters as in Table 2.1, using
zero fold stiffness

To optimize the condition number, the scaling of 𝑤ጁ and Δ𝜙 is combined. By dividing 𝑤ጁ by
𝑠፰ instead of multiplying, the condition plot is flipped along the vertical axis causing the two
optima in Figure C.1 and C.2 to overlap. Using a scaling of u⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ,

፰ᏹ
፬ , Δ𝜙⋅𝑠], the

condition numbers as shown in Figure C.3 are found. The condition numbers are calculated
using the material parameters found in Table 2.1, but with zero fold stiffness, the effects
of the rotational stiffness are later examined. The optimal condition number decreased to

10ዅኽ 10ዅኼ 10ዅኻ 10ኺ 10ኻ

10ኽ

10ኾ

10኿

10ዀ

𝑠

𝜒

Matrix condition for scaled u⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ,
፰ᏹ
፬ , Δ𝜙 ⋅ 𝑠]

Figure C.3: The matrix condition of the 6 DOF system for varying the scaling ፬ of u⊺ ዆ [፰Ꮃ , ᎫᎳ , ፰Ꮄ , ᎫᎴ ,
ᑨᏹ
ᑤ , ጂᎫ ⋅ ፬] for

a beam with a fold located at ᎛ᏹ ዆ ኺ.ኻ and the material parameters as in Table 2.1, but using zero fold stiffness.

𝜒 ≈ 558, and can be found at 𝑠∗ ≈ 0.1. The beam stiffness 𝑘፛ does not influence the condition
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number because it is used as a pre-multiplier of the stiffness matrix, although it is expected
that choosing different 𝑘ኻ and 𝑘ኼ on the two subdomains of the beamwill change the condition
number. Adding higher values of 𝑘፭ causes the matrix condition number to worsen and the
optimal value of 𝑠 to increase. It is noted that for ፤ᑥ

፤ᑓ
< 50 the optimizer does not change

significantly, and only the optimal condition increases.
To improve the 6 DOF beam element, the optimal scaling 𝑠∗ as a function of 𝜉ጁ is found in

MATLAB using the optimizer fminbnd(). The DOFs are scaled using u⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ,
፰ᏹ
፬ , Δ𝜙⋅

𝑠], and the problem is simplified by assuming no rotational stiffness at the fold, 𝑘፭ = 0. Opti-
mizing for a minimal matrix condition number results in the scaling in Figure C.4a, accom-
panied by the optimal condition in Figure C.4b. An estimate for the optimizer 𝑠∗ is found
as:

𝑠(𝜉ጁ) = (1 − 𝜉ጁ)𝜉ጁ, (C.8)
this function approximates the optimal scaling well at the borders of the domain but does
not fit the optimal scaling well around 𝜉ጁ = 0.5. As can be seen in Figure C.4b, this does not
matter much for the final condition number.

0 0.2 0.4 0.6 0.8 1

5 ⋅ 10ዅኼ

0.1

0.15

0.2

0.25

𝜉ጁ

𝑠∗

Optimizer ᑤ∗

Approximate optimizer ᑤ∗

(a) The optimizer ፬∗ for varying ᎛ᏹ.

0 0.2 0.4 0.6 0.8 1
10ኻ

10ኼ

10ኽ

𝜉ጁ

𝜒

Optimized ᒜ
Approximate optimal ᒜ

(b) The optimal Ꭴ for varying ᎛ᏹ

Figure C.4: The optimal scaling factor ፬∗ ,introduced as u⊺ ዆ [፰Ꮃ , ᎫᎳ , ፰Ꮄ , ᎫᎴ ,
ᑨᏹ
ᑤ , ጂᎫ⋅፬], and optimal matrix condition for a beam with

varying fold location ᎛ᏹ using the material parameters as in Table 2.1. The optimized values are calculated in MATLAB and approximated
with a scaling factor of ፬(᎛ᏹ) ዆ (ኻ ዅ ᎛ᏹ)᎛ᏹ.

An interpretation of the physical effect of the scaling function can be given by examining its
effect on the enrichment function. In the 6 DOF B-matrix formulation, 𝑤ጁ is only multiplied
by the enriched auxiliary DOF 𝛼 at 𝐵኿ኽ, and not by the other auxiliary DOFs 𝑀ኻ and 𝑀ኼ. In
Equation 2.22, 𝐵኿ኽ represents the term:

𝐵኿ኽ =
𝜕𝑀
𝜕𝑥 |፱Ꮌᏹ

− 𝜕𝑀
𝜕𝑥 |፱Ꮍᏹ

= 1
𝐿 (

𝜕Ψ
𝜕𝜉 |᎛ጁᎼ

− 𝜕Ψ
𝜕𝜉 |᎛Ꮍᏹ

) , (C.9)

which only includes derivatives of the enrichment function. Multiplying the enrichment func-
tion with the introduced scaling for 𝑤ጁ results in:

𝑠(𝜉ጁ) ⋅ {
᎛
᎛ᏹ

0 ≤ 𝜉 ≤ 𝜉ጁ
᎛ዅኻ
᎛ᏹዅኻ

𝜉ጁ ≤ 𝜉 ≤ 1
= (1 − 𝜉ጁ)𝜉ጁ ⋅ {

᎛
᎛ᏹ

0 ≤ 𝜉 ≤ 𝜉ጁ
᎛ዅኻ
᎛ᏹዅኻ

𝜉ጁ ≤ 𝜉 ≤ 1
= { 𝜉(1 − 𝜉ጁ) 0 ≤ 𝜉 ≤ 𝜉ጁ

𝜉ጁ(1 − 𝜉) 𝜉ጁ ≤ 𝜉 ≤ 1 , (C.10)

which has a jump in derivative at the fold of:

𝜕Ψ
𝜕𝜉 |᎛ጁᎼ

− 𝜕Ψ
𝜕𝜉 |᎛Ꮍᏹ

= −𝜉ጁ − (1 − 𝜉ጁ) = −1, (C.11)
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ensuring a constant jump in derivative independent of fold location. As can be seen in Equa-
tion 2.11, the jump in derivative of the moment field at the fold is equal to the force at the
fold. By introducing this scaling factor the auxiliary DOF 𝛼 is thus connected to the force at
the fold and multiplied by the displacement at the fold in the 𝐵𝐵𝐵-matrix. A possibility is that
because the force and displacement at the fold are energetically conjugated, this results in
better condition number.





D
5 DOF static beam condensation

Using the static condensation algorithm as described in [44], the 5 DOF folded beam element
is condensed to a 4 DOF system. The stiffness matrix is split into a standard and an enriched
part by defining the sub matrices:

𝐾𝐾𝐾኿ ⋅ 𝑢𝑢𝑢 = [𝐾𝐾𝐾ኻኻ 𝐾𝐾𝐾ኻኼ
𝐾𝐾𝐾ኼኻ 𝐾𝐾𝐾ኼኼ] ⋅ [

𝑢𝑢𝑢ኾ
Δ𝜙] =

⎡
⎢
⎢
⎢
⎣

𝐹ኻ
𝑀ኻ
𝐹ኼ
𝑀ኼ
0

⎤
⎥
⎥
⎥
⎦

= [𝑓𝑓𝑓
ኾ

0 ] (D.1)

where 𝑢𝑢𝑢ኾ⊺ = [𝑤ኻ, 𝜙ኻ, 𝑤ኼ, 𝜙ኼ] is the standard displacement vector of a beam element, 𝐾𝐾𝐾ኻኻ the
standard stiffness matrix of an Euler beam, 𝐾𝐾𝐾ኻኼ the 4 × 5 upper right part of 𝐾𝐾𝐾኿ as,

𝐾𝐾𝐾ኻኼ =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

−ዀ፤ᑓ(ኼ᎛ᏹዅኻ)ፋᎴ

−ኼ፤ᑓ(ኽ᎛ᏹዅኼ)ፋ
ዀ፤ᑓ(ኼ᎛ᏹዅኻ)

ፋᎴ

−ኼ፤ᑓ(ኽ᎛ᏹዅኻ)ፋ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(D.2)

and 𝐾𝐾𝐾ኼኼ is the lower right part of 𝐾𝐾𝐾኿ as:

𝐾𝐾𝐾ኼኼ =
4𝑘፛(3𝜉ኼጁ − 3𝜉ጁ + 1)

𝐿 + 𝑘፭ . (D.3)

Due to the matrix symmetry, it is know that 𝐾𝐾𝐾⊺ኻኼ = 𝐾𝐾𝐾ኼኻ. The lower part of the system of
equations is found as:

𝐾𝐾𝐾ኼኻ𝑢𝑢𝑢ኾ +𝐾𝐾𝐾ኼኼΔ𝜙 = 0, (D.4)
and rewritten to find an expression for the jump in rotation:

Δ𝜙 = −𝐾𝐾𝐾ዅኻኼኼ𝐾𝐾𝐾ኼኻ𝑢𝑢𝑢ኾ. (D.5)

To remove the jump in rotation from the equation, the expression for Δ𝜙 is substituted into
the upper part of the system of equations to find:

𝐾𝐾𝐾ኻኻ𝑢𝑢𝑢ኾ +𝐾𝐾𝐾ኻኼΔ𝜙 = (𝐾𝐾𝐾ኻኻ −𝐾𝐾𝐾ኻኼ𝐾𝐾𝐾ዅኻኼኼ𝐾𝐾𝐾ኼኻ)𝑢𝑢𝑢ኾ = 𝑓𝑓𝑓ኾ, (D.6)

resulting in the new enriched 4 × 4 stiffness matrix:

𝐾𝐾𝐾ኾ = 𝐾𝐾𝐾ኻኻ −𝐾𝐾𝐾ኻኼ𝐾𝐾𝐾ዅኻኼኼ𝐾𝐾𝐾ኼኻ, (D.7)

which is a symmetric stiffness matrix constructed from the standard Euler beam stiffness
matrix, 𝐾𝐾𝐾ኻኻ, with an enrichment representing energy terms of the jump in rotation. The for-
mulated condensed stiffness matrix attained the same conditioning and numerical accuracy
as the condensed stiffness matrix in Section 2.5.
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E
Potential energy formulation for a folded

plate

In this appendix, the full modified potential energy derivation for a foldable plate is discussed.
The standard potential energy equation is derived including the bending stiffness, torsional
stiffness in the fold, and the potential energy due to the applied loads as:

Π = ∫
጖ᑚ
{12𝜅𝜅𝜅

⊺𝐷𝐷𝐷𝜅𝜅𝜅 − 𝑞𝑤}𝑑𝐴። +∫
ጁᐽ

1
2𝜙𝜙𝜙

ፓ ⊺ 𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆, (E.1)

where the inegral over Ω። represents the two integrals overr sub domains Ωኻ and Ωኼ. The
kinematic equations are added via Lagrange multipliers:

Π = ∫
጖ᑚ
{12𝜅𝜅𝜅

⊺𝐷𝐷𝐷𝜅𝜅𝜅 + 𝜆𝜆𝜆ኻ,ኽ ⋅ (𝜙𝜙𝜙 − ∇𝑤) +ΛΛΛኼ,ኾ ∶ (𝐶𝐶𝐶 − ∇𝜙𝜙𝜙) − 𝑞𝑤}𝑑𝐴።

+∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + 𝜆኿(𝑤ኻጁ −𝑤ጁ) + 𝜆ዀ(𝑤ጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆, (E.2)

where 𝜆ኻ𝜆ኻ𝜆ኻ and ΛΛΛኼ are the Lagrange multipliers in sub-domain Ωኻ, and 𝜆ኽ𝜆ኽ𝜆ኽ and ΛΛΛኾ are the La-
grange multipliers in sub-domain Ωኼ. 𝜆ኻ𝜆ኻ𝜆ኻ and 𝜆ኽ𝜆ኽ𝜆ኽ are vectors and ΛΛΛኼ and ΛΛΛኾ are matrices.
During the derivation the Lagrange multipliers will switch between vector and matrix nota-
tion, when the curvature switches between notations as:

𝜆𝜆𝜆 = [ΛΛΛኻኻ ΛΛΛኼኼ ΛΛΛኻኼ] , (E.3)

where we assume the Lagrange multipliers to be symmetric, ΛΛΛኻኼ = ΛΛΛኼኻ.

E.1. Interpretation of Lagrange multipliers
The Lagrange multipliers are interpreted by means of virtual variations. We firstly vary with
respect to 𝜅𝜅𝜅:

𝜕Π = 𝜕Π
𝜕𝜅𝜅𝜅 𝛿𝜅𝜅𝜅 = ∫጖ᑚ

{𝐷𝐷𝐷𝜅𝜅𝜅 + 𝜆𝜆𝜆ኼ,ኾ} 𝛿𝜅𝜅𝜅𝑑𝐴። = 0, (E.4)

resulting in the Lagrange multipliers:

𝜆𝜆𝜆ኼ,ኾ = −𝐷𝜅𝜅𝜅 = −𝑚𝑚𝑚 on Ωኻ,ኼ or, (E.5)
ΛΛΛኼ,ኾ =𝑀𝑀𝑀. (E.6)
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Back substituting Equation E.5, and substituting the relation between moment and curva-
ture in Equation 3.8, we find:

Π = ∫
጖ᑚ
{−12𝑚𝑚𝑚

⊺𝐷ዅኻ𝑚𝑚𝑚 +𝜆𝜆𝜆ኻ,ኽ ⋅ (𝜙𝜙𝜙 − ∇𝑤) +𝑀𝑀𝑀 ∶ ∇𝜙𝜙𝜙 − 𝑞𝑤}𝑑𝐴።+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

ፓ = ⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + 𝜆኿(𝑤ኻጁ −𝑤ጁ) + 𝜆ዀ(𝑤ጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.7)

To interpret 𝜆𝜆𝜆ኻ,ኽ the function is varied with respect to 𝜙𝜙𝜙:

𝜕Π = 𝜕Π
𝜕𝜙𝜙𝜙𝛿𝜙𝜙𝜙 = ∫጖ᑚ

{𝜆𝜆𝜆ኻ,ኽ𝛿𝜙𝜙𝜙 +𝑀𝑀𝑀 ∶ ∇𝛿𝜙𝜙𝜙} 𝑑𝐴። +∫
ጁᐽ
Δ𝜙𝜙𝜙⊺𝐾𝐾𝐾ፓΔ𝛿𝜙𝜙𝜙𝑑𝑆ፅ −∫

ጁ
𝑚𝑚𝑚ጁ ⋅ 𝛿𝜙𝜙𝜙ጁ𝑑𝑆 = 0 (E.8)

The divergence within the first integration is simplified using integration by parts:

∫
጖ᑚ
𝑀𝑀𝑀 ∶ ∇𝛿𝜙𝜙𝜙𝑑𝐴። = −∫

጖ᑚ
𝛿𝜙𝜙𝜙 ⋅ (∇ ⋅𝑀𝑀𝑀)𝑑𝐴። +∫

ጁᑚ
𝛿𝜙𝜙𝜙ጁ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛𝑑𝑆, (E.9)

where 𝑛𝑛𝑛 is the vector normal to the boundary in the 𝑥 −𝑦 plane. Substituting the integration
by parts into the varied potential energy function:

𝜕Π = 𝜕Π
𝜕𝜙𝜙𝜙𝛿𝜙𝜙𝜙 = ∫጖ᑚ

{𝜆𝜆𝜆ኻ,ኽ ⋅ 𝛿𝜙𝜙𝜙 − 𝛿𝜙𝜙𝜙 ⋅ (∇ ⋅𝑀𝑀𝑀)} 𝑑𝐴። +∫
ጁᑚ
𝛿𝜙𝜙𝜙ጁ ⋅ 𝑀𝑀𝑀𝑛𝑛𝑛𝑑𝑆

+ ∫
ጁᐽ
Δ𝜙𝜙𝜙⊺𝐾𝐾𝐾ፓΔ𝛿𝜙𝜙𝜙𝑑𝑆ፅ −∫

ጁ
𝑚𝑚𝑚ጁ ⋅ 𝛿𝜙𝜙𝜙ጁ𝑑𝑆 = 0. (E.10)

The Lagrange multipliers can now be interpreted as:

𝜆𝜆𝜆ኻ,ኽ = ∇ ⋅𝑀𝑀𝑀 on Ωኻ,ኼ. (E.11)

Splitting the sub-domain boundaries Γ። into Γᖣኻ + Γᖣኼ = Γ, and Γፅ, we find on the boundaries:

∫
ጁᐽ
{Δ𝜙𝜙𝜙⊺𝐾𝐾𝐾ፓΔ𝛿𝜙𝜙𝜙 +𝑀𝑀𝑀ኻ

ጁ𝑛𝑛𝑛ኻ𝛿𝜙𝜙𝜙ኻ +𝑀𝑀𝑀ኼ
ጁ𝑛𝑛𝑛ኼ𝛿𝜙𝜙𝜙ኼ} 𝑑𝑆ፅ +∫

ጁ
(𝑀𝑀𝑀𝑛𝑛𝑛 −𝑚𝑚𝑚ጁ) ⋅ 𝛿𝜙𝜙𝜙ጁ𝑑𝑆 = 0, (E.12)

and we conclude that on the outer element boundary:

𝑀𝑀𝑀𝑛𝑛𝑛 = 𝑚𝑚𝑚ጁ on Γ. (E.13)

Furthermore inserting the variational relation for the jump in rotation Δ𝛿𝜙𝜙𝜙 = 𝛿𝜙𝜙𝜙ኻ − 𝛿𝜙𝜙𝜙ኼ, we
find on the fold line that:

∫
ጁᐽ
{Δ𝜙𝜙𝜙⊺𝐾𝐾𝐾ፓ(𝛿𝜙𝜙𝜙ኻ − 𝛿𝜙𝜙𝜙ኼ) +𝑀𝑀𝑀ኻ

ጁ𝑛𝑛𝑛ኻ ⋅ 𝛿𝜙𝜙𝜙ኻ +𝑀𝑀𝑀ኼ
ጁ𝑛𝑛𝑛ኼ ⋅ 𝛿𝜙𝜙𝜙ኼ} 𝑑𝑆ፅ

= ∫
ጁᐽ
{(𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 +𝑀𝑀𝑀ኻ

ጁ𝑛𝑛𝑛ኻ) ⋅ 𝛿𝜙𝜙𝜙ኻ − (𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 −𝑀𝑀𝑀ኼ
ጁ𝑛𝑛𝑛ኼ) ⋅ 𝛿𝜙𝜙𝜙ኼ} 𝑑𝑆ፅ , (E.14)

resulting in moment continuity at the fold as:

𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 = −𝑀𝑀𝑀ኻ
ጁ𝑛𝑛𝑛ኻ, (E.15)

𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 =𝑀𝑀𝑀ኼ
ጁ𝑛𝑛𝑛ኼ = −𝑀𝑀𝑀ኼ

ጁ𝑛𝑛𝑛ኻ, (E.16)
𝑀𝑀𝑀ኻ
ጁ𝑛𝑛𝑛ኻ =𝑀𝑀𝑀ኼ

ጁ𝑛𝑛𝑛ኻ. (E.17)

Back substituting the Lagrange multipliers into the modified potential energy function all
multipliers are removed from the domain integral:

Π = ∫
጖ᑚ
{−12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + ∇ ⋅𝑀𝑀𝑀 ⋅𝜙𝜙𝜙 − ∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝑤 +𝑀𝑀𝑀 ∶ ∇𝜙𝜙𝜙 − 𝑞𝑤}𝑑𝐴።+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾ፓΔ𝜙𝜙𝜙 + 𝜆኿(𝑤ኻጁ −𝑤ጁ) + 𝜆ዀ(𝑤ጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.18)
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To interpret the last multipliers, the function is varied with respect to 𝑤 as:

𝜕Π = 𝜕Π
𝜕𝑤𝛿𝑤 = ∫጖ᑚ

{−∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝛿𝑤 − 𝑞𝛿𝑤} 𝑑𝐴። +∫
ጁᐽ
{𝜆኿(𝛿𝑤ኻጁ − 𝛿𝑤ጁ) + 𝜆ዀ(𝛿𝑤ጁ − 𝛿𝑤ኼጁ)} 𝑑𝑆ፅ

−∫
ጁ
𝐹ጁ𝛿𝑤 = 0. (E.19)

Integration by parts is again used to simplify the term within the domain integral:

−∫
጖ᑚ
∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝛿𝑤𝑑𝐴። = ∫

጖ᑚ
𝛿𝑤 ⋅ (∇ ⋅ (∇ ⋅𝑀𝑀𝑀))𝑑𝐴። −∫

ጁᑚ
𝛿𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆።

= −∫
ጁᑚ
𝛿𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆። , (E.20)

where we use the fact that no quadratic shape functions for mwill be used causing: ∇⋅(∇⋅𝑀𝑀𝑀)) =
0. Substituting the integration by parts into the varied functional we attain:

𝜕Π = 𝜕Π
𝜕𝑤𝛿𝑤 = −∫጖ᑚ

𝑞𝛿𝑤𝑑𝐴። −∫
ጁᑚ
𝛿𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆።

+∫
ጁᐽ
{𝜆኿(𝛿𝑤ኻጁ − 𝛿𝑤ጁ) + 𝜆ዀ(𝛿𝑤ጁ − 𝛿𝑤ኼጁ)} 𝑑𝑆ፅ −∫

ጁ
𝐹ጁ𝛿𝑤𝑑𝑆 = 0. (E.21)

Splitting Γ። into Γፅ and Γᖣ። , and combining Γᖣ። into Γ = Γᖣኻ + Γᖣኼ results in:

∫
ጁᐽ
{𝛿𝑤ኻጁ(𝜆኿ − (∇ ⋅𝑀𝑀𝑀ኻ

ጁ) ⋅ 𝑛𝑛𝑛ኻ) − 𝛿𝑤ኼጁ(𝜆ዀ + (∇ ⋅𝑀𝑀𝑀ኼ
ጁ) ⋅ 𝑛𝑛𝑛ኼ) + 𝛿𝑤ጁ(𝜆ዀ − 𝜆኿)} 𝑑𝑆ፅ

−∫
጖ᑚ
𝑞𝛿𝑤𝑑𝐴። −∫

ጁ
𝛿𝑤 {𝐹ጁ + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛} 𝑑𝑆ፅ = 0. (E.22)

We conclude for the Lagrange multipliers that:

𝜆኿ = (∇ ⋅𝑀𝑀𝑀ኻ
ጁ) ⋅ 𝑛𝑛𝑛ኻ on Γፅ, (E.23)

𝜆ዀ = −(∇ ⋅𝑀𝑀𝑀ኼ
ጁ) ⋅ 𝑛𝑛𝑛ኼ on Γፅ, (E.24)

𝜆኿ = 𝜆ዀ on Γፅ , (E.25)

Where we note the effect of not applying a force on the fold, as was the case for the beam,
this results in a 𝐶ኻ-continuous moment field throughout the plate. Furthermore, a relation
between the moment and the force on the boundary is retrieved as:

𝐹ጁ = −(∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛 on Γ. (E.26)

One term error term remains: ∫጖ᑚ 𝑞𝛿𝑤𝑑𝐴።, which is the potential energy term due to the
applied surface pressure, and will be applied via an equivalent load vector after element dis-
cretization. Back substituting the Lagrange multipliers, a modified potential energy equation
is found as:

Π = ∫
጖ᑚ
{−12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + ∇ ⋅𝑀𝑀𝑀 ⋅𝜙𝜙𝜙 − ∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝑤 +𝑀𝑀𝑀 ∶ ∇𝜙𝜙𝜙) − 𝑞𝑤}𝑑𝐴።+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ(𝑤ኻጁ −𝑤ጁ) − (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኼ(𝑤ጁ −𝑤ኼጁ)} 𝑑𝑆ፅ

−∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.27)
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E.2. Simplification of the potential energy equation
Terms concerning 𝑤 and 𝜙𝜙𝜙 are still present in the surface integral. Since we only want to
use a moment field interpolation on the surface, these terms need to be removed. We start
by inserting the relation 𝑛𝑛𝑛ኻ = −𝑛𝑛𝑛ኼ on Γፅ:

Π = ∫
጖ᑚ
{−12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + ∇ ⋅𝑀𝑀𝑀 ⋅𝜙𝜙𝜙 − ∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝑤 +𝑀𝑀𝑀 ∶ ∇𝜙𝜙𝜙 − 𝑞𝑤}𝑑𝐴።+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ(𝑤ኻጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.28)

Secondly, the formulation is simplified by using integration by parts as:

∫
጖ᑚ
𝜙𝜙𝜙 ⋅ (∇ ⋅𝑀𝑀𝑀)𝑑𝐴። = −∫

጖ᑚ
∇𝜙𝜙𝜙 ∶ 𝑀𝑀𝑀𝑑𝐴። +∫

ጁᑚ
𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛።𝑑𝑆። , (E.29)

and substituting it into the modified potential energy function:

Π = ∫
጖ᑚ
{−12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 − ∇ ⋅𝑀𝑀𝑀 ⋅ ∇𝑤 − 𝑞𝑤}𝑑𝐴። +∫
ጁᑚ
𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛።𝑑𝑆።

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ(𝑤ኻጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.30)

To remove ∇𝑤 from the integration over the sub-domains, integration by parts is again used:

∫
጖ᑚ
∇𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀)𝑑𝐴። = −∫

጖ᑚ
𝑤 ⋅ (∇ ⋅ (∇ ⋅𝑀𝑀𝑀))𝑑𝐴። +∫

ጁᑚ
𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆።

= ∫
ጁᑚ
𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆። , (E.31)

where we again assume no quadratic or higher order shape functions will be used for 𝑀𝑀𝑀.
Substituting the equation in the modified potential energy function, we find:

Π = −∫
጖ᑚ
{12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + 𝑞𝑤}𝑑𝐴። −∫
ጁᑚ
𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆። +∫

ጁᑚ
𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛።𝑑𝑆።

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

ፓ𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ(𝑤ኻጁ −𝑤ኼጁ)} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.32)

Again splitting Γ። into Γᖣ። and Γፅ, and combining Γᖣ። into Γ = Γᖣኻ + Γᖣኼ we attain:

Π = −∫
጖ᑚ
{12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + 𝑞𝑤}𝑑𝐴። −∫
ጁ
𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛𝑑𝑆 + ∫

ጁᑚ
𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛።𝑑𝑆

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ(𝑤ኻጁ −𝑤ኼጁ) − 𝑤ኻጁ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኻ −𝑤ኼጁ ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛ኼ} 𝑑𝑆ፅ

−∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.33)

To remove 𝑤ጁ completely from the equation, the relation between 𝑛𝑛𝑛ኻ and 𝑛𝑛𝑛ኼ is inserted:

Π = −∫
጖ᑚ
{12𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚 + 𝑞𝑤}𝑑𝐴። −∫
ጁ
𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛።𝑑𝑆። +∫

ጁᑚ
𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛።𝑑𝑆።

∫
ጁᐽ

1
2Δ𝜙𝜙𝜙

⊺𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆. (E.34)
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Finally we again split boundaries Γ። and use the relation between 𝑛𝑛𝑛ኻ and 𝑛𝑛𝑛ኼ on Γፅ to combine
𝜙𝜙𝜙ኻ and 𝜙𝜙𝜙ኼ into Δ𝜙𝜙𝜙 = 𝜙𝜙𝜙ኻ −𝜙𝜙𝜙ኼ and find:

Π = −∫
጖ᑚ

1
2𝑚𝑚𝑚

⊺𝐷𝐷𝐷ዅኻ𝑚𝑚𝑚𝑑𝐴። −∫
ጁ
{𝑤 ⋅ (∇ ⋅𝑀𝑀𝑀) ⋅ 𝑛𝑛𝑛 −𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛} 𝑑𝑆+

∫
ጁᐽ
{12Δ𝜙𝜙𝜙

ፓ𝐾𝐾𝐾ፓΔ𝜙𝜙𝜙 + Δ𝜙𝜙𝜙 ⋅𝑀𝑀𝑀𝑛𝑛𝑛ኻ} 𝑑𝑆ፅ −∫
ጁ
[𝐹ጁ𝑤 +𝑚𝑚𝑚ጁ𝜙𝜙𝜙ጁ]𝑑𝑆 − ∫

጖ᑚ
𝑞𝑤𝑑𝐴። . (E.35)

The modified potential energy equation for foldable plates is very similar to the modified
potential energy equation for foldable beams. The functional contains four evaluations:

1. An integral over the element domain, which evaluates the bending energy in the element,
and will be related to the 𝐴𝐴𝐴-matrix

2. An evaluation on the outer element boundary Γ, which considers the energy due to the
reaction forces of the element, and will be related to the 𝐵𝐵𝐵ፒ-matrix

3. An evaluation on the fold Γፅ, which considers the torsional spring and the reaction forces
of the element, and will be related to the 𝐾𝐾𝐾፭-matrix and 𝐵𝐵𝐵ፄ-matrix

4. An evaluation of the energy due to applied loads on the surface Ω and boundary Γ, which
will be related to the load vector 𝑓𝑓𝑓.
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Further convergence analysis results on

a square plate
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Figure F.1: A square plate discretized using ፍ elements on each of its edges, resulting in a total of ፍ × ፍ triangular elements. Either
a tilted fold is impose on the plate at ፱ ዆ ፱ᑗ ዅ ፫፜ᑗ ∗ ፱, Side A is clamped and a distributed force ፅ is applied on side C, or no fold is
imposed on the plate side A is clamped, the rotation of sides B and D is fixed, and a constant pressure is applied on the pate’s surface.

In Chapter 4, the convergence behavior of the square plate in Figure F.1 was investigated.
Besides the results presented in Section 4.1, other results were generated which illustrate
the degradation of the 𝐾𝐿1(ኼ)-element convergence rate. Firstly, to illustrate the already
low convergence rate of the foldable 𝐾𝐿1 and 𝐻𝑆𝑀 elements, a non-folded square plate is
examined. The plate in Figure F.1 is used without imposing a fold, and thus only standard
elements are used, side A is clamped, the rotation of sides B and D are fixed 𝜙፧ = 0, and a
pressure is applied on the plate’s surface. Using the material parameters in Table 4.1, an
analytical solution is derived as:

𝑤(ኾ)(𝑥) = 𝑃𝐿(𝐿 − 𝑥)𝑥ኽ
3𝐷 + 𝑃𝐿(𝐿 − 𝑥)

ኼ𝑥ኼ
4𝐷 + 𝑃𝑥

ኾ

8𝐷 (F.1)

resulting in the standard element convergence behavior found in Figure F.2. Due to the
higher order moment field interpolation, the standard 𝐾𝐿1-element achieved a convergence
rate of 𝑟𝑐፥፨፠ ≈ −2. Contrary to the convergence of 𝑟𝑐፥፨፠ ≈ −2 found in Figure 4.7, the standard
𝐻𝑆𝑀-element only achieves a convergence rate of 𝑟𝑐፥፨፠ = −1. Investigating the results for the
standard 𝐻𝑆𝑀 elements is [37], the 𝐻𝑆𝑀 element is also found to have varying convergence
rates, for different test cases.
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Figure F.2: The displacement error convergence of the folded plate in Figure F.1 where no fold is imposed on the system. Side A is
clamped, the rotation of sides B and D is fixed Ꭻᑟ ዆ ኺ, and a constant pressure is applied on the plate’s surface. Since no fold is
imposed only standard elements are used and the linear moment ፇፒፌ and ፊፋኻ elements are found to attain higher convergence rates.

Secondly, some more tilted folds are examined, using the plate in Figure F.1, but with
an imposed tilted fold. All further results in this Appendix are computed using a hinged
𝐾𝐿0 element solution as a reference solution, following the method as described in Section
4.1. Subsequently, the displacement error is calculated using Equation 4.1. Firstly, a fold
is inserted at 𝑥፟ = 0.51− 0.1𝑦, resulting in Figure F.3. All foldable 𝐾𝐿0 formulations converge
as expected, the 𝐾𝐿1(ኼ)-element converges slightly slower with a convergence rate of 𝑟𝑐፥፨፠ ≈
−0.95. The 𝐾𝐿1(፜)-element converges slightly faster, this is due to the decrease in enriched
edge continuity error. Increasing the complexity of the problem, a fold is inserted at 𝑥፟ =
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Figure F.3: The displacement error convergence of the folded plate in Figure F.1 using a hinged KL0 element on a reference mesh defined
by ፍᑣᑖᑗ ዆ ኼ኿ዀ. As test parameters the values in Table 4.1 are used, side A is clamped and the distributed force is applied on side C. A
fold is implemented at ፱ᑗ ዆ ኺ.኿ኻ ዅ ኺ.ኻ፲.

0.61−0.3𝑦, resulting in Figure F.4. The convergence rate of the 𝐾𝐿1(ኼ)-element decreased even
further to 𝑟𝑐፥፨፠ ≈ −0.82. The convergence rate of the 𝐾𝐿1(፜)-element begins relatively high.
Since the 𝐾𝐿1(፜)-element has an enriched edge continuity error, and the 𝐾𝐿1(ኼ) element does
not, the 𝐾𝐿1(፜) error can not be lower than the 𝐾𝐿1(ኼ) error. When the 𝐾𝐿1(፜) error approached
the 𝐾𝐿1(ኼ) error, the 𝐾𝐿1(፜) convergence rate decreases, and the 𝐾𝐿1(፜) error remains higher
than the 𝐾𝐿1(ኼ) error. Finally, Figure F.5 shows the convergence rate when a fold is applied
at 𝑥፟ = 0.21+0.5𝑦, in this figure it can clearly be seen that the convergence rates of the 𝐾𝐿1(ኼ)
and 𝐾𝐿1(𝑐) elements has degraded.
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Figure F.4: The displacement error convergence of the folded plate in Figure F.1 using a hinged KL0 element on a reference mesh defined
by ፍᑣᑖᑗ ዆ ኼ኿ዀ. As test parameters the values in Table 4.1 are used, side A is clamped and the distributed force is applied on side C. A
fold is implemented at ፱ᑗ ዆ ኺ.ዀኻ ዅ ኺ.ኽ፲.
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Figure F.5: The displacement error convergence of the folded plate in Figure F.1 using a hinged KL0 element on a reference mesh defined
by ፍᑣᑖᑗ ዆ ኼ኿ዀ. As test parameters the values in Table 4.1 are used, side A is clamped and the distributed force is applied on side C. A
fold is implemented at ፱ᑗ ዆ ኺ.ኼኻ ዄ ኺ.኿፲.
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Analytical solution circular fold
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Figure G.1: A circular plate with radius ፑ and a circular fold at radius ፑᐽ ጺ ፑ. The plate is simply supported on its outer edge, and a
pressure is applied on its entire surface.

To analyze curved folds, an analytical solution is derived for the problem in Figure G.1.
The problem consists of a circular plate of radius 𝑅 = 2 m, clamped on its outer edge. A
circular fold with radius 𝑅ፅ = 1.5 m is imposed on the plate, and a pressure of 𝑞 = −100 Nmዅ2

is applied on its entire surface. Furthermore, the material parameters as in Table G.1 are
used. The polar coordinate 𝑟 is defined as the distance from the center of the plate. For a
circular plate, loaded by a pressure on its surface a general solution is found in [46]:

𝜙(𝑟) = −𝑑𝑤𝑑𝑟 = −
𝑞𝑟ኽ
16𝐷 −

𝐶ኻ𝑟
2 − 𝐶ኼ𝑟 , (G.1)

𝑤(𝑟) = 𝑞𝑟ኾ
64𝐷 +

𝐶ኻ𝑟ኼ
4 + 𝐶ኼ ln 𝑟 + 𝐶ኽ, (G.2)

where the material parameter 𝐷 is defined as:

𝐷 = 𝐸ℎኽ
12(1 − 𝜈ኼ) . (G.3)

Furthermore, the moment per unit length tangential to 𝑟 is defined as:

𝑀፫ = 𝐷 (
𝑑𝜙
𝑑𝑟 +

𝜈
𝑟𝜙) = −

(3 + 𝜈)𝑞𝑟ኼ
16 − 𝐶ኻ𝐷(1 + 𝜈)2 + 𝐶ኼ𝐷(1 − 𝜈)𝑟ኼ (G.4)
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𝐸 [Nmዅ2] 𝑘፭ [Nm radዅ1mዅ1] ℎ [m] 𝜈 𝑅 [m] 𝑅ፅ [m] 𝑞 [Nmዅ2]
69 ⋅ 10ዃ 500 0.01 0.33 2 1.5 100

Table G.1: Values used in the circular plate calculations.

The problem is split into two domains:

Ωዅ = {𝑟 ∶ 0 ≤ 𝑟 < 𝑅ፅ}, (G.5)
Ωዄ = {𝑟 ∶ 𝑅ፅ < 𝑟 < 𝑅}. (G.6)

On the two domains, two solutions are defined:

𝜙ዅ(𝑟) = −𝑑𝑤𝑑𝑟 = −
𝑞𝑟ኽ
16𝐷 −

𝐶ዅኻ 𝑟
2 − 𝐶

ዅ
ኼ
𝑟 , (G.7)

𝑤ዅ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

𝐶ዅኻ 𝑟ኼ
4 + 𝐶ዅኼ ln 𝑟 + 𝐶ዅኽ , (G.8)

on Ωዅ, and

𝜙ዄ(𝑟) = −𝑑𝑤𝑑𝑟 = −
𝑞𝑟ኽ
16𝐷 −

𝐶ዄኻ 𝑟
2 − 𝐶

ዄ
ኼ
𝑟 , (G.9)

𝑤ዄ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

𝐶ዄኻ 𝑟ኼ
4 + 𝐶ዄኼ ln 𝑟 + 𝐶ዄኽ , (G.10)

on Ωዄ. To interpret the constants six integration constants, 𝐶ዅኻ , 𝐶ዅኼ , 𝐶ዅኽ , 𝐶ዄኻ , 𝐶ዄኼ , 𝐶ዄኽ , six bound-
ary conditions are defined. Firstly, due to the clamped outer edge, the rotation and displace-
ment at 𝑟 = 𝑅 are 0:

𝑤ዄ(𝑅) = 0, (G.11)
𝜙ዄ(𝑅) = 0. (G.12)

Furthermore, the displacement field at 𝑟 = 𝑅ፅ should be continuous:

𝑤ዄ(𝑅ፅ) − 𝑤ዅ(𝑅ፅ) = 0. (G.13)

Because the circular plate is a symetric problem, it can be assumed that there is no rotation
at the center of the plate:

𝜙ዅ(0) = 0. (G.14)
The final two boundary conditions are constructed by imposing moment continuity at the
fold. The moment per unit length at the fold due to the two displacement fields are defined:

𝑀ዅ፫ = −
(3 + 𝜈)𝑞𝑟ኼ

16 − 𝐶
ዅ
ኻ 𝐷(1 + 𝜈)

2 + 𝐶
ዅ
ኼ 𝐷(1 − 𝜈)
𝑟ኼ , (G.15)

𝑀ዄ፫ = −
(3 + 𝜈)𝑞𝑟ኼ

16 − 𝐶
ዄ
ኻ 𝐷(1 + 𝜈)

2 + 𝐶
ዄ
ኼ 𝐷(1 − 𝜈)
𝑟ኼ , (G.16)

and the moment in the fold is defined as:

𝑀ፅ = 𝑘፭ (𝜙ዄ(𝑅ፅ) − 𝜙ዅ(𝑅ፅ)) . (G.17)

Using these definitions the final two boundary conditions are defined as:

𝑀ፅ −𝑀ዅ፫ (𝑅ፅ) = 0, (G.18)
𝑀ፅ −𝑀ዄ፫ (𝑅ፅ) = 0. (G.19)

Using the symbolic toolbox in MatLab, the six integration constants are interpreted. As the
found symbolic solution is quite lengthy, it is not displayed in this thesis. For the material
parameters in Table G.1, the solution becomes:

𝑤ዅ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

0.01057𝑟ኼ
4 − 0.00525, (G.20)

𝑤ዄ(𝑟) = 𝑞𝑟ኾ
64𝐷 +

0.00923ዄ𝑟ኼ
4 + −0.00297 ln 𝑟 + −0.00330. (G.21)


	Introduction
	Numerical methods for origami modeling
	Enriched finite element method
	Enriched methods for plates
	Mixed/hybrid elements
	Research goal
	Outline

	Foldable Beam
	1D Problem definition
	Foldable beam derivation
	1D modified potential energy derivation
	1D discretization

	Numerical results and verification
	1D matrix condition
	Condensed foldable beam element
	Discussion

	Foldable Plate
	2D problem definition
	2D modified potential energy derivation
	2D discretization
	Discretized matrix definitions
	Triangular element parameterization
	General B-.4-matrix definition
	KL0 element enriched with one DOF
	KL0 element enriched with 2 DOFs
	Enriched KL1 element
	Enriched HSM element
	Two condensed foldable plate elements

	Overview of the enriched elements

	Numerical Results
	Convergence analysis on a square plate
	Distributed edge load
	Distributed surface pressure
	HSM(2)-element investigation
	Tilted fold convergence

	2D matrix condition
	Curved fold convergence

	Discussion and conclusions
	Discussion
	Foldable beam derivation
	Constant moment plates
	Linear moment plates
	Achievements and limitations

	Conclusion
	Outlook and recommendations

	Bibliography
	Potential energy formulation for a folded beam
	Interpretation of Lagrange multipliers
	Simplification of the potential energy function

	Load application foldable beam
	Equivalent load vector derivation
	Testing the equivalent load vector
	Applying a force on the fold

	Scaling of the 6 DOF system
	5 DOF static beam condensation
	Potential energy formulation for a folded plate
	Interpretation of Lagrange multipliers
	Simplification of the potential energy equation

	Further convergence analysis results on a square plate
	Analytical solution circular fold

