
PHYSICAL REVIEW B, VOLUME 65, 235318
Charge pumping in mesoscopic systems coupled to a superconducting lead
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We derive a general scattering-matrix formula for the pumped current through a mesoscopic region attached
to a normal and a superconducting lead. As applications of this result we calculate the current pumped through
~i! a pump in a wire,~ii ! a quantum dot in the Coulomb blockade regime, and~iii ! a ballistic double-barrier
junction, all coupled to a superconducting lead. Andreev reflection is shown to enhance the pumped current by
up to a factor of 4 in the case of equal coupling to the leads. We find that this enhancement can still be further
increased for slightly asymmetric coupling.
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I. INTRODUCTION

It is well known that the quantum transport properties o
mesoscopic system are modified in the presence of a su
conducting interface, due to interference between normal
Andreev reflections. Andreev reflection~AR!1 is the
electron-to-hole reflection process which occurs when
electron with energy slightly above the Fermi energy is in
dent on the boundary between a normal metal and a su
conductor: the electron enters the superconductor after fo
ing a Cooper pair, and leaves a hole in the normal metal w
energy slightly below the Fermi level which travels ba
along ~nearly! the same path where the electron came fro
Because of the phase-coherent character of AR, it is inter
ing to study its effect on transport in mesoscopic syste
where phase coherence plays an important role. In the
decade, this has led to the discovery of a wealth of quan
interference effects in mesoscopic normal-meta
superconductor~NS! structures,2 such as the observation of
large narrow peak in the differential conductance of a dis
dered NS junction~‘‘reflectionless tunneling’’!,3 and the dis-
covery of novel Kondo phenomena in quantum dots attac
to a normal and a superconducting lead.4 In addition, inves-
tigations of the conductance in superconductor–carb
nanotube devices have recently appeared,5 which indicate
that also in these devices resonant behavior due to AR
curs.

The purpose of this paper is to study the effects of AR
a different type of mesoscopic transport, namely adiab
quantum pumping. Quantum pumping involves the gene
tion of a dc current in the absence of a bias voltage by p
odic modulations of two or more system parameters, such
e.g., the shape of the system or a magnetic field. The
was pioneered by Thouless for electrons moving in an i
nite one-dimensional periodic potential.6 In recent years,
adiabatic quantum pumping in quantum dots has attract
lot of attention.7–9 Quantum dots are small metallic or sem
conducting islands, confined by gates and connected to e
tron reservoirs ~leads! through quantum point contact
~QPC’s!.10 In addition to investigations of pumping in quan
tum dots, theoretical ideas have been put forward for cha
pumping in carbon nanotubes,11 and for pumping of Coope
pairs.12 Here we consider a mesoscopic system consistin
an arbitrary normal-metal region, e.g., a quantum dot
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QPC, coupled to a superconductor, as schematically depi
in Fig. 1~a!. We start by deriving a general formula for th
pumped current through this NS system in terms of its sc
tering matrix~Sec. II!. This is theN-mode generalization o
the result of Wanget al. for a NS system with single-mod
leads.13 We then use this result to calculate the curre
pumped through: a simple peristaltic pump~Sec. III A!, a
quantum dot in the Coulomb blockade regime~Sec. III B!,
and a double-barrier junction~Sec. III C!, each coupled to a
superconducting lead. Comparing these with the pum
current in the corresponding systems attached to nor
leads only, shows that AR enhances quantum pumping by
to a factor of.4 in systems with~nearly! symmetric cou-
pling to the leads, while it reduces quantum pumping in
opposite situation of strongly asymmetric coupling.

II. DERIVATION OF NS PUMPING FORMULA

Consider the system in Fig. 1~a!. The normal region
~which may, e.g., be disordered, or contain a constriction! is
coupled to ideal normal leads 1 and 2 containingN modes
each. No bias voltage is applied to the system, so all re
voirs are held at the same potential. We assume a cons
pair potentialD(rW)5D0eif in the superconductor, which i
applicable for wide junctions14 and has previously been use
to derive the conductance through a NS junction.15 We also
assume that the NS interface is ideal, i.e., no specular re
tion occurs for energies 0,e,D0, with e the energy mea-
sured from the Fermi energyeF . The scattering matrixSNS
of the entire system is given by16

SNS~e!5S See~e! Seh~e!

She~e! Shh~e!
D , ~1!

whereSee2Shh areN3N scattering matrices given by

See~e!5r 11~e!1a2t12~e!r 22* ~2e!Met21~e!, ~2a!

Seh~e!5aeift12~e!Mht21* ~2e!, ~2b!

She~e!5ae2 ift12* ~2e!Met21~e!, ~2c!

Shh~e!5r 11* ~2e!1a2t12* ~2e!r 22~e!Mht21* ~2e!. ~2d!
©2002 The American Physical Society18-1
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Here r ii (e) @ t i j (e)#, i , j 51,2, denotes the reflection@trans-
mission# amplitude for electrons at energye, with 0,e
,D0, traveling from lead i @j# to lead i, a[exp
@2i arccos(e/D0)#, Me[@12a2r 22(e)r 22* (2e)#21, andMh

[@12a2r 22* (2e)r 22(e)#21. The scattering matrix~1! is uni-
tary and satisfies the symmetry relationSNS(e,B,f) i j
5SNS(e,2B,2f) j i for time-reversal invariance. Adiabati
quantum pumping in this NS junction is obtained by slo
and periodic variations of two external parametersX1 andX2

asX1(t)5X̄11dX1 sin(vt) andX2(t)5X̄21dX2 sin(vt1f).
The frequencyv has to be such thatv!tdwell

21 , with tdwell

the time particles spend in the system, in order for equi
rium to be maintained throughout the entire pumping cyc
The net chargedQ(t) emitted into lead 1 due to the modu
lations dX1 and dX2 consists of the amount of negativ
charge carriers~electrons! minus the amount of positive
charge carriers~holes! emitted into lead 1. For infinitesima
variationsdXi , i 51,2, this charge is given by

dQ~ t !5
e

2p (
a,bP1

F ImS ]Sab
ee

]X1
Sab

ee* 2
]Sab

he

]X1
Sab

he* D dX1~ t !

1ImS ]Sab
ee

]X2
Sab

ee* 2
]Sab

he

]X2
Sab

he* D dX2~ t !G , ~3!

where the indicesa andb are summed over allN modes in
lead 1. This expression is obtained along the same line
the pumped current in a quantum dot coupled to two nor
leads7 and based on a formula derived by Bu¨ttiker et al.,17

see also Ref. 13. The total charge emitted into lead 1 du
one periodt[2p/v is found by integrating Eq.~3! over
time,

Q~t!5
e

2pE0

t

dt (
a,bP1

F ImS ]Sab
ee

]X1
Sab

ee* 2
]Sab

he

]X1
Sab

he* DdX1

dt

1ImS ]Sab
ee

]X2
Sab

ee* 2
]Sab

he

]X2
Sab

he* DdX2

dt G ,

FIG. 1. ~a! Normal-metal region~hatched! adjacent to a super
conducting lead~S!. The normal leads 1 and 2 containN modes
each.~b! NS pump in a 1D wire containing a tunnel barrierg and
an external potentialU. ~c! Quantum dot coupled via tunnelin
barriersT1 andT2 to a normal~1! and a superconducting~S! lead.
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and rewriting this as an integral over the areaA that is en-
closed in parameter space (X1 ,X2) during one period. We
then find that the total currentI NS[v/2pQ(t) pumped into
lead 1 is given by

I NS5
ve

2p2EA
dX1dX2 (

a,bP1
Pab~X1 ,X2! ~4a!

'
ve

2p
dX1dX2 sinf (

a,bP1
Pab~X1 ,X2!, ~4b!

with

Pab~X1 ,X2![ImF]Sab
ee*

]X1

]Sab
ee

]X2
2

]Sab
he*

]X1

]Sab
he

]X2
G . ~5!

Equation~4! is valid at zero temperature and to first order
the frequencyv; For N51 it reduces to the single-mod
result of Ref. 13~apart from a factor of 2 for spin degenerac
in the latter!. Equation~4b! applies for bilinear response i
the parametersX1 andX2, in which case the integral in Eq
~4a! becomes independent of the pumping contour.I NS is of
similar generality as the expression for the pumped curren
the presence of two normal-metal leads,7

I N5
ve

2p2EA
dX1dX2 (

aP1
(

bP$1,2%
ImS ]Sab*

]X1

]Sab

]X2
D . ~6!

HereSab denotes the 2N32N scattering matrix of the sys
tem. Note that the indexb in this case is summed over th
modes in both lead 1 and lead 2, since electrons can
incident from either lead. In our NS junction, the char
pumped into the right lead is converted into a supercurre

In order to illustrate the result~4!, we now proceed to
apply it to several NS configurations. Unless otherw
noted, we restrict ourselves to the linear-response reg
corresponding to weak pumping. In that regime, only t
scattering matrix at the Fermi levele50 is needed.

III. APPLICATIONS

A. Peristaltic pump in a one-dimensional wire

As a first example, consider a ‘‘peristaltic’’ pump forme
by a one-dimensional~1D! wire in contact with a supercon
ducting lead; see Fig. 1~b!. The pump is operated by period
cally opening and closing a tunnel barrier of heightg and
varying an external potentialU. Calculating the scattering
matrix ~1! from the Schro¨dinger equation with potentia
V(x)5gd(x)1UQ@x(L2x)# and substituting into Eq.~4b!
yields the current

I NS5
3A2

32

ve

pk2
dU sin2~kL!. ~7!

Comparing this with the analogous expression in the cas
two normal leads,7
8-2
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I N5
veL

8p2k
dU1

ve

16p2k2
dU@p sin2~kL!2sin~2kL!#,

~8!

we see that the presence of AR can both enhance and re
the pumped current. Maximum enhancement ofI NS/I N

53A2/2'2.1 occurs for short wires such that 2kL!1. Note
that I NS, unlike I N , has no classical contribution and is e
tirely due to quantum interference in the wire.

B. Pumped current peak heights in a nearly-isolated quantum
dot

As a second example, we study quantum pumping i
quantum dot which is coupled via two tunneling barrie
with transmission probabilitiesT1 andT2 to a normal and a
superconducting single-mode lead, see Fig. 1~c!. Pumping is
achieved by periodic variations of the strength of the t
tunneling barriersV1 andV2 @with V1,2[A(12T1,2)/T1,2 for
delta-function barriers# as V1(t)5V̄11dV1 sin(vt) and
V2(t)5V̄21dV2 sin(vt1f). We are interested in the regim
of high barriers~where transmission is low,T1 ,T2!1), and
weak pumping (dVm!V̄m ,m51,2). At low temperatures
such thatkBT!D,EC @with D the single-particle leve
spacing andEC5e2/C the charging energy of the dot,C
being the total capacitance# the quantum dot then remains
the Coulomb blockade regime during the whole pump
cycle and transport through the dot is mediated by reson
transmission through a single level.18 Substituting the appro
priate scattering matrix19,20 into Eq.~4b! yields, up to lowest
order in T1 and T2 and for thermal energies less than t
total decay widthG into the leadskBT,G!D @with G
5G11G2[\n(T11T2) and n the attempt frequency, th
inverse of the round-trip travel time between the two ba
ers#,

I NS5
ve

4p
dV1dV2 sinf

T1
7/2T2

5/2~AT11AT2!

F1

4
~T1

21T2
2!1S e2e res

\n D 2G3 . ~9!

Heree res denotes the resonance energy for a completely
lated dot (T15T250). Note that Eq.~9! is not symmetric
with respect toT1 and T2, in contrast with the conduct

ance15 GNS5(e2/h)„T1
2T2

2/†1
4 (T1

21T2
2)1@(e2e res)/\n#2

‡

2
…

through this system. This is due to the fact thatI NS depends
on ]S/]X, whereasGNS depends on the transmission eige
values, the eigenvalues of the matrixt12

† t12. Compared to the
pumped current in a dot coupled to two normal leads,19

I N5
ve

4p
dV1dV2 sinf

~T1T2!3/2~AT11AT2!~T11T2!

F1

4
~T11T2!21S e2e res

\n D 2G2 ,

~10!

we find that
23531
uce

a

g
nt

-

o-

-

I NS

I N
5

T1
2T2F1

4
~T11T2!21S e2e res

\n D 2G2

~T11T2!F1

4
~T1

21T2
2!1S e2e res

\n D 2G3 . ~11!

For symmetric coupling (T15T2) close to resonance, (e
2e res)!\nT1,2[G1,2, AR enhances the pumped current b
a factor of 4.21 In case of strongly asymmetric coupling clos
to resonance, on the other hand, AR reduces the pum
amplitude: I NS/I N;(T1 /T2)2!1 for T1!T2, and I NS/I N
;T2 /T1!1 for T2!T1. The enhancement by a factor of
for symmetric barriers consists of two contributions of a fa
tor of 2: one factor of 2 is due to the contribution of bo
electrons and holes to the current, which is also respons
for the doubling of conductanceGNS/GN52 in this NS
structure.15 A second factor of 2 comes from the asymme
of the NS dot with respect to injection of charge carriers in
the leads, since electrons can only leave the system thro
the left, normal lead. This leads to an extra doubling of
pumped current compared to the normal case where elect
are injected into both the left and the right leads. This ex
factor of 2 does not occur in the presence of an applied b
as for conductance, since the bias causes charge carrie
flow from one side to the other in both the normal and t
NS system. Note that due to the asymmetry of Eq.~11! with
respect toT1 andT2 the maximum attainable enhancement
even larger than 4: for a slightly asymmetric junction~with
T1 /T2;1.26) one obtainsI NS/I N;4.23. In this case quan
tum interference between electrons and holes in the NS
tem is maximal. If the barrier asymmetry is further increas
I NS/I N decreases and eventually becomes less than 1
strongly asymmetric coupling, when pumping is dominat
by one barrier only.

At temperatures higher than the decay width,G!kBT
!D, the pumped current exhibits Coulomb oscill
tions as a function of an applied gate voltage.19 The
peak heights of these oscillations can be obtained by t
mally averaging Eq. ~9! as I NS,peak[2*de I NS f 8(e,T)

'(1/4kBT)*
eres2(1/2)\nAT1

2
1T2

2

eres de I NS, where f (e,T)[@1

1exp(e/kBT)#21 denotes the Fermi function. We obtain

I NS,peak5
ve~813p!\n

16pkBT
dV1dV2 sinf

T1
7/2T2

5/2~T1
1/21T2

1/2!

~T1
21T2

2!5/2
.

~12!

This thermal average does not explicitly include the effect
the charging energyEC on the pumped current. A full linea
response theory for Coulomb blockade conductance osc
tions including charging energy was developed in Ref.
There it was shown that for temperatureskBT!D only one
level Nmin participates in the transport@Nmin is defined as the
level which minimizes the energyEN1U(N)2U(N21)
2eF, with EN the energy of theNth level of the dot, and
U(N) the electrostatic energy of a dot containingN elec-
trons#, and the oscillation peaks are well described by
thermal average. One can show that for the same reason
pumped current peaks in this temperature range are well
8-3
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scribed by the thermal average~12!, with the understanding
that T1,2 in Eq. ~12! refer to the levelNmin . From Eq.~12!
and the analogous normal-state result,19

I N,peak5
ve~21p!\n

16pkBT
dV1dV2 sinf

~T1T2!3/2~T1
1/21T2

1/2!

~T11T2!2
,

~13!

we obtain

I NS, peak

I N, peak
5S 813p

21p DT1
2T2~T11T2!2

~T1
21T2

2!5/2
. ~14!

Also here, AR enhances the pumped current in case of s
metric tunnel barriers, while a reduction occurs for asymm
ric barriers. Maximum enhancement ofI NS, peak/I N, peak
;2.55 is reached forT1 /T2;1.292. This factor is less tha
4, because the average over energye from which the peak
heights~12! are obtained also involves contributions ofI NS
@Eq. ~9!# further away from resonance, for whichI NS/I N is
much less than 4@consider, e.g., Eq.~11! for e2e res

5 1
2 \nAT1

21T2
2#. This results in lower maximal enhance

ment of the pumped current peaks~14! at higher tempera-
tureskBT@G.

Another interesting result is obtained in this system
relaxing the assumption of weak pumping and consider
quantum pumping by varying the two tunneling barriers
such a way that the loop which describes the pumping cy
in parameter space encircles the entire resonance line.
normal-metal contacts this problem has recently b
studied20 and led to the prediction that at zero temperat
the charge transferred during one pumping cycle is qu
tized,Q5e ~for spinless electrons!. The transferred charge i
our NS system is obtained by substituting the scattering
trix of a 1D double-barrier junction given in Ref. 19 into E
~4a! and integrating over the resonance lineV1

211V2
21

5u(e2e res)/\nu!1, with Vi
21[ATi /(12Ti) for i 51, 2.

We then obtain

Q5
3A2e

2 E
21

1

dz
~11z!2~12z2!3

@116z21z4#5/2
5e, ~15!

so AR neither enhances nor reduces quantum pumping.
occurs because charge is effectively transferred by a sh
mechanism~first through one barrier and then through t
next!, which is unaffected by Andreev interference effec
and fixed by the pumping loop. Since only pairs of electro
can enter the superconductor, but the strong Coulomb in
action ~charging energy! forbids simultaneous pumping o
two electrons with opposite spin, this pumping process isnot
allowed in a nearly closed NS quantum dot. As pointed o
in Ref. 22 it can, however, occur in a double-barrier juncti
in which electron-electron interactions may be neglect
Both in case of two normal and in case of one normal a
one superconducting single-mode lead a quantized amou
charge of 2e is then transferred during each pumpin
cycle.22
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C. Ballistic double-barrier junction

Finally, we compare the pumped currentI N in a NI1NI2N
junction vs I NS in a NI1NI2S junction, whereI 1,2 denote
tunnel barriers with transmission probability per modeT1,2;
see the inset of Fig. 2. In linear response, assumingN-mode
leads and ballistic transport between the barriers, the pum
currents are given by

I N5I CT1
3/2T2

3/2(
n51

N
AN1BN cosfn1CN sinfn

~DN1EN cosfn!2
, ~16!

and

I NS54I CT1
3T2

5/2(
n51

N
ANS1BNScosfn1CNSsinfn

~DNS1ENScosfn!3
.

~17!

Here I C[(ve/2p)dV1dV2 sinf,23 and AN , . . . ,ENS are
given by AN[AR1T21AR2T1, BN[2AR1R2(AR1T2

1AR2T1), CN[211R1R22AR1R2T1T2, DN[11R1R2 ,
EN[22AR1R2, ANS[2AR2, BNS[AR2T1T22AR1(2
2T2), CNS[2(AT1(22T2)1AR1R2T2), DNS[(11R1)
(11R2), and ENS[24AR1R2. For L@lF , with lF the
Fermi wavelength andNTi@1 the current is not dominate
by a single resonance and the phasesfn are uniformly dis-
tributed from 0 to 2p. Replacing the sums in Eqs.~16! and
~17! by integrals overfn then yields the average pumpe
currents

^I N&5I C

T1
3/2T2

3/2

p~12R1R2!2
@2~211R1R21AR1R2T1T2!

2p~AR1T21AR2T1!#, ~18!

and

FIG. 2. Ratio of the average pumped currents^I NS& and^I N& in
ballistic NININ and NINIS junctions as a function ofT2 for T1

51, 0.5, and 0.1. The inset shows the double-barrier junction c
sidered.
8-4
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^I NS&54I C

T1
3T2

5/2

p~DNS
2 2ENS

2 !5/2
@2CNSDNS~DNS

2 2ENS
2 !1/2

2ANS~ENS
2 12DNS

2 !/213BNSDNSENS/2#, ~19!

whose ratio is plotted in Fig. 2. As for a nearly isolat
quantum dot,̂ I NS&/^I N& is largest in case of nearly symme
ric coupling. Only forT151 is the maximum enhanceme
by a factor of.4 obtained, since forT1,1 fewer electrons
reach the NS interface due to normal reflections at the ba
ers, which in the absence of resonances reduces the effe
Andreev reflection.

IV. CONCLUSION

In conclusion, we have studied adiabatic quantum pum
ing in mesoscopic NS systems. Compared to the conduct
in these systems we predict two striking differences:~i! For a
nearly isolated quantum dot with symmetric (T15T2) tun-
neling barriers, and a transparent (T15T251) double-
P

n

d,

s.

.

rd

L
n-
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barrier NS junction, AR enhances the pumped current b
factor of 4, which is twice the maximum enhancement of t
conductance in these systems.~ii ! In the case of quantum
pumping this enhancement is not an absolute maxim
whereas in the case of conductance it is. These differen
are due to, respectively, the absence of an external bias
the asymmetric dependence on the tunnel barriers in cas
quantum pumping. We hope that these fascinating effect
Andreev reflection on quantum pumping will find expe
mental confirmation, e.g., in present-day available nea
closed quantum dots.24
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