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Charge pumping in mesoscopic systems coupled to a superconducting lead
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We derive a general scattering-matrix formula for the pumped current through a mesoscopic region attached
to a normal and a superconducting lead. As applications of this result we calculate the current pumped through
(i) a pump in a wire(ii) a quantum dot in the Coulomb blockade regime, &id a ballistic double-barrier
junction, all coupled to a superconducting lead. Andreev reflection is shown to enhance the pumped current by
up to a factor of 4 in the case of equal coupling to the leads. We find that this enhancement can still be further
increased for slightly asymmetric coupling.
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I. INTRODUCTION QPC, coupled to a superconductor, as schematically depicted
in Fig. 1(a). We start by deriving a general formula for the
It is well known that the quantum transport properties of apumped current through this NS system in terms of its scat-
mesoscopic system are modified in the presence of a supdering matrix(Sec. 1). This is theN-mode generalization of
conducting interface, due to interference between normal andhe result of Wanget al. for a NS system with single-mode
Andreev reflections. Andreev reflectiofAR)® is the leads™ We then use this result to calculate the current
electron-to-hole reflection process which occurs when afumped through: a simple peristaltic puri®ec. Il A), a
electron with energy slightly above the Fermi energy is inci-duantum dot in the Coulomb blockade regiit&ec. 1l B),
dent on the boundary between a normal metal and a supend a double-barrier junctiofSec. Il O, each coupled to a
conductor: the electron enters the superconductor after fornfuperconducting lead. Comparing these with the pumped
ing a Cooper pair, and leaves a hole in the normal metal witigurrent in the corresponding systems attached to normal
energy slightly below the Fermi level which travels back leads only, shows that AR enhances quantum pumping by up
along (nearly the same path where the electron came from!0 a factor of>4 in systems withinearly symmetric cou-
Because of the phase-coherent character of AR, it is intereskling to the leads, while it reduces quantum pumping in the
ing to study its effect on transport in mesoscopic systemsPPpOsite situation of strongly asymmetric coupling.
where phase coherence plays an important role. In the last
decade, this has led to the discovery of a wealth of quantum Il. DERIVATION OF NS PUMPING FORMULA
interference  effects in  mesoscopic normal-metal— ) ) ] ]
superconductofNS) structure€ such as the observation of a  Consider the system in Fig.(d. The normal region
large narrow peak in the differential conductance of a disor{Which may, e.g., be disordered, or contain a constrigtien
dered NS junctiori“reflectionless tunnelingj,® and the dis- coupled to ideal normal leads 1 and 2 containkignodes
covery of novel Kondo phenomena in quantum dots attache@ach. No bias voltage is applied to the system, so all reser-
to a normal and a superconducting 1édd. addition, inves-  VOIrs are held aE the same potential. We assume a constant
tigations of the conductance in superconductor—carbonpair potentialA(r)=Aqe'? in the superconductor, which is
nanotube devices have recently appedredhich indicate applicable for wide junctiort$ and has previously been used
that also in these devices resonant behavior due to AR odo derive the conductance through a NS junctiokive also
curs. assume that the NS interface is ideal, i.e., no specular reflec-
The purpose of this paper is to study the effects of AR ortion occurs for energiesQe<A,, with € the energy mea-
a different type of mesoscopic transport, namely adiabatisured from the Fermi energst . The scattering matri$yg
guantum pumping. Quantum pumping involves the generaef the entire system is given By
tion of a dc current in the absence of a bias voltage by peri-
odic modulations of two or more system parameters, such as, S*%e) S*M(e)
e.g., the shape of the system or a magnetic field. The idea Sns(€) = she(e) Shhie))”
was pioneered by Thouless for electrons moving in an infi-
nite one-dimensional periodic potentfaln recent years, whereSe—S"™ areNx N scattering matrices given by
adiabatic quantum pumping in quantum dots has attracted a

D

lot of attention’~® Quantum dots are small metallic or semi- S*€)=r11(€) + Pt )5 — €)Mgtr(e), (28
conducting islands, confined by gates and connected to elec-
tron reservoirs (leads through quantum point contacts S2M(€) = a€ Pt €)Mpthy(—€) (2b)

(QPC'9.2% In addition to investigations of pumping in quan-
tum dots, theoretical ideas have been put forward for charge
pumping in carbon nanotub&sand for pumping of Cooper
pairs1? Here we consider a mesoscopic system consisting of hh . box .
an arbitrary normal-metal region, e.g., a quantum dot or S (€)=rTy(—€)+ati(—€e)r(e)Mptzy(—€). (2d)

S"(€)=ae i — ) Mety(€), (20
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FIG. 1. (a) Normal-metal regior(thatched adjacent to a super-
conducting leadS). The normal leads 1 and 2 contdi modes
each.(b) NS pump in a 1D wire containing a tunnel barrigrand
an external potentiall. (c) Quantum dot coupled via tunneling
barriersT,; andT, to a normal(1) and a superconductin@) lead.

Herer;(e) [tij(e)], i,j=1,2, denotes the reflectidtrans-
missionl amplitude for electrons at energy, with 0<e
<A, traveling from leadi [j] to lead i, a=exp
[—iarccos€/Ag)], M=[1—a’r(€)rs(—e)] "1, andM,,
=[1—a’r},(—€)r (€)1 . The scattering matrikl) is uni-
tary and satisfies the symmetry relatioBys(e,B,®);;
=Sus(€, —B,— ¢);; for time-reversal invariance. Adiabatic

guantum pumping in this NS junction is obtained by slow

and period_ic variations of two externai parametérsaand X,
ale(t) = X1+ 5X1 S|n((1)t) andXZ(t) = X2+ 5X2 Sln(a)t+ (]5)
The frequencyw has to be such thab< 7, With Tgyer
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and rewriting this as an integral over the areahat is en-
closed in parameter spac&(,X,) during one period. We
then find that the total curremfs= w/27Q(7) pumped into
lead 1 is given by

we
INS:2_772fAdX1dX2 ; 1 ]-_-[aﬁ(x]_lXZ) (4@
we .
~5—%18X; i > Ta(X1,X0), (4b)
o a,Bel
with
IS 9See GSheF HShe
T (X1, Xp) =Im| —of e ZZaf ZeBl (s

Equation(4) is valid at zero temperature and to first order in
the frequencyw; For N=1 it reduces to the single-mode
result of Ref. 13apart from a factor of 2 for spin degeneracy
in the lattej. Equation(4b) applies for bilinear response in
the parameterX; andX,, in which case the integral in Eq.
(48 becomes independent of the pumping contby.is of
similar generality as the expression for the pumped current in

the presence of two normal-metal ledds,

K
IS S,
Iy 9%,

S S l oo

= weJ dX,dX
NTom2la Y s

HereS,; denotes the RX 2N scattering matrix of the sys-
tem. Note that the indeg in this case is summed over the

the time particles spend in the system, in order for equilib-modes in both lead 1 and lead 2, since electrons can be
rium to be maintained throughout the entire pumping cycleincident from either lead. In our NS junction, the charge

The net chargedQ(t) emitted into lead 1 due to the modu-
lations 6X; and 6X, consists of the amount of negative
charge carriergelectron$ minus the amount of positive
charge carriergholes emitted into lead 1. For infinitesimal

variationsX;, i =1,2, this charge is given by
e 9S8 ashe
_ @B ceex TP chex
Q=5 3 Im( 7%, o8~ g%, v | a(V)
| 7S See 7S5 She | 85X 3
+Iim (9X2 af3 - &XZ af3 Z(t) ’ ( )

where the indicesr and 8 are summed over all modes in
lead 1. This expression is obtained along the same lines
the pumped current in a quantum dot coupled to two norm
lead$ and based on a formula derived by tBker et al.l’

see also Ref. 13. The total charge emitted into lead 1 durin

one periodr=2x/w is found by integrating Eq(3) over
time,

e ( 9see ashe dX
- o ceex _ " TaB chex | M
Qin=5 odta%‘gl[lm( 9X, Sep aX, “eb | dt
ee he
+1m (?Saﬁ e*_[?saﬁ hex %
X, "B gX, TeB | dt |’

pumped into the right lead is converted into a supercurrent.

In order to illustrate the resul4), we now proceed to
apply it to several NS configurations. Unless otherwise
noted, we restrict ourselves to the linear-response regime
corresponding to weak pumping. In that regime, only the
scattering matrix at the Fermi level=0 is needed.

[1l. APPLICATIONS
A. Peristaltic pump in a one-dimensional wire

As a first example, consider a “peristaltic” pump formed
by a one-dimensiond[LD) wire in contact with a supercon-

éisucting lead; see Fig.(h). The pump is operated by periodi-
aﬁcally opening and closing a tunnel barrier of heightand

varying an external potentidl. Calculating the scattering
atrix (1) from the Schrdinger equation with potential
(X)=7y8(x) +UO[x(L—x)] and substituting into Eq4b)
yields the current

Bﬁw—ezau Si(kL).

|Ns:§ py (7)

Comparing this with the analogous expression in the case of
two normal leads,
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212
wel we o |1 o | € €res
InN= sU+ SU[ sir?(kL) —sin(2kL)], T1T2{_(T1+T2) + ) }
N U UL sirf (kL) —sin(2kL)] e T % w
8 In 1 2, =2 E_ereszsl
(1 To)| (T TD+ |

we see that the presence of AR can both enhance and reduce
the pumped current. Maximum enhancement IQk/Iy For symmetric coupling T;=T,) close to resonance,e(
=3./2/2=~2.1 occurs for short wires such thatl2<1. Note  — €ed<7ivT,,=I;,, AR enhances the pumped current by
that s, unlike Iy, has no classical contribution and is en- a factor of 42%n case of strongly asymmetric coupling close
tirely due to quantum interference in the wire. to resonance, on the other hand, AR reduces the pumped
amplitude: I NS/I N~(Tl /T2)2<1 fOI‘ T1< T2, a.nd | NS/I N
~T,/T,<1 for T,<T;. The enhancement by a factor of 4
for symmetric barriers consists of two contributions of a fac-
tor of 2: one factor of 2 is due to the contribution of both
As a second example, we study quantum pumping in &lectrons and holes to the current, which is also responsible
quantum dot which is coupled via two tunneling barriersfor the doubling of conductanc&ys/Gy=2 in this NS
with transmission probabilitie¥; andT, to a normal and a  structure® A second factor of 2 comes from the asymmetry
superconducting single-mode lead, see Fig).lPumping is  of the NS dot with respect to injection of charge carriers into
achieved by periodic variations of the strength of the twothe leads, since electrons can only leave the system through
tunneling barrierd/; andV, [with V; ,=\(1—T;)/T,,for  the left, normal lead. This leads to an extra doubling of the
delta-function barrieds as V,(t)=V,+ 8V, sin(wt) and pum_p_ed current compared to the normal case where _electrons
V,(t)=V,+ 8V, sin(wt+ ¢). We are interested in the regime ?re |nje;:t2e<; into both the I_eft r?nd the right Ifeads. Tr|1_|sdeé<_tra
of high barriers(where transmission is low;,T,<1), and actor o oes not occur In the presence of an applied bias,
. — as for conductance, since the bias causes charge carriers to
weak pumping 6V, <V,,,m=1,2). At low temperatures

| i ! flow from one side to the other in both the normal and the
such thatkgT<A<Ec [with A the single-particle level pg system. Note that due to the asymmetry of @4) with
spacing andEc=e?/C the charging energy of the dof

c - % respecttdlr; andT, the maximum attainable enhancement is
being the total capacitantthe quantum dot then remains in g,/an larger than 4: for a slightly asymmetric junctiamith

the Coulomb blockade regime during the whole pumpin9T1/T2~1.26) one obtaingys/l y~4.23. In this case quan-

cycle and transport through the dot is mediated by resonanfm interference between electrons and holes in the NS sys-
transmission through a single levéISubstituting the appro- e is maximal. If the barrier asymmetry is further increased,
priate scattering matrix**into Eq. (4b) yields, up to lowest Ins/ly decreases and eventually becomes less than 1 for

order in T, anq T, ar_1d for thermal energies less _than thestrongly asymmetric coupling, when pumping is dominated
total decay widthI" into the leadskgT<I'<<A [with T by one barrier only.

=1+ 1=hv(T,+T,) and v the attempt frequency, the ~ At temperatures higher than the decay widfhekgT
inverse of the round-trip travel time between the two barri-< A the pumped current exhibits Coulomb oscilla-

ers, tions as a function of an applied gate voltdgeThe
peak heights of these oscillations can be obtained by ther-

TI/ZTS’Z(\/T—ﬁ— JT)) © mally averaging Ed.(9) as Iyspeac —Jdelysf'(€,T)
e— Eres)2 3 %(1/4kBT)fe,e§(1/z)m\/?§+_T§d€INS’ where f(e,T)=[1
hv +exp(eksT)] * denotes the Fermi function. We obtain

B. Pumped current peak heights in a nearly-isolated quantum
dot

we
| NS:E 5V15V2 S|n ¢

Z(T§+T§)+(

Here €,.c denotes the resonance energy for a completely iso- we(8+3mhv O TIPTATYA TR
lated dot [T,=T,=0). Note that Eq(9) is not symmetric |NS,peak:W oV16V;ysing (T2+ T2
with respect toT, and T,, in contrast with the conduct- 1772
ance® Gys=(e¥/h)(TiTH/[(Ti+T3) +[(e— €red/hv]*PP)

through this system. This is due to the fact thg¢ depends  This thermal average does not explicitly include the effect of
on dS/9X, whereasGys depends on the transmission eigen-the charging energi. on the pumped current. A full linear
values, the eigenvalues of the matrktlz. Compared to the response theory for Coulomb blockade conductance oscilla-

(12

pumped current in a dot coupled to two normal le&ts, tions including charging energy was developed in Ref. 18.
There it was shown that for temperatulgsT <A only one
312 " n level Nmin_ participates in the transpdm ,;, is defined as the
|N:w_e5vlgvzsin¢(TlT2) (Tt VTo) (T 21—22), level which minimizes the energfy+U(N)—U(N-1)
4m F(T +T,)2+ € €res } — ep, With Ey the energy of theNth level of the dot, and
4t 1772 hv U(N) the electrostatic energy of a dot containiNgelec-

(100 trong), and the oscillation peaks are well described by the
thermal average. One can show that for the same reason the
we find that pumped current peaks in this temperature range are well de-
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scribed by the thermal averag#?), with the understanding i T, T,
that T, , in Eq. (12) refer to the leveN,,. From Eq.(12) 4+
and the analogous normal-state result, N[ N | N/S
3_ < >
wetmhy o (TiTo) (T T 22 o L
———— Sin Y =t T =1
N.peak™ 1l T 16V sing (T1+T,)2 x| A ;\\ . ) !
(13 7 N I
[ v
we obtain 1_/' '.\'\
' AN
.
| « [ 843w\ TaT,(T1+T,)? o e pmm L
| S| (14) % 02 04 . 06 03 i
N, peak ™ (T{+T3) T,

Also here, AR enhances the pumped current in case of sym- FIG. 2. Ratio of the average pumped currefltgs) and({l) in

metric tunnel barriers, while a reduction occurs for asymmetballistic NININ and NINIS junctions as a function of, for T,

ric barriers. Maximum enhancement df\s peal|n, peak =1+ 0.5, and 0.1. The inset shows the double-barrier junction con-

~2.55 is reached fof, /T,~ 1.292. This factor is less than sidered.

4, because the average over eneegfrom which the peak

heights(12) are obtained also involves contributions Igk C. Ballistic double-barrier junction

[Eq. (9)] further away from resonance, for whidRs/ly is Finally, we compare the pumped currégtin aNi;NI,N

mlfCh less than 4consider, e.g., Eq(1D) for €—€ws jynction vslyg in a NI;NI,S junction, wherel , , denote

=zhv\Ti+T3]. This results in lower maximal enhance- ynnel barriers with transmission probability per mdtie;

ment of the pumped current peakis4) at higher tempera-  gee the inset of Fig. 2. In linear response, assurhimgode

tureskgT>1". _ _ _ o leads and ballistic transport between the barriers, the pumped
Another interesting result is obtained in this system bycyrents are given by

relaxing the assumption of weak pumping and considering

guantum pumping by varying the two tunneling barriers in N _
such a way that the loop which describes the pumping cycle || T332 Ant By cosé,+ Cysing, (16)
in parameter space encircles the entire resonance line. For NTlelr T2 < 2 '

n=1 (Dn+Encosy)

normal-metal contacts this problem has recently been
studied® and led to the prediction that at zero temperature
the charge transferred during one pumping cycle is quan"Emd
tized,Q=e (for spinless electronsThe transferred charge in

our NS system is obtained by substituting the scattering ma-
trix of a 1D double-barrier junction given in Ref. 19 into Eq. Ins=41cT3TS2Y,
(48 and integrating over the resonance livg'+V;?! =t
=|(e— eed/fiv|<1, with Vi '={T;/(1-T)) for i=1,2.

We then obtain

N .
Anst BnsCOSo,+ ChsSin g,

(Dns+Enscose,)?

17

Here | c=(wel/2m)8V,6V,sing,?® and Ay, ... Ens are
3\/§e 1 (1+ 2)2(1_ 22)3 g'Ven by IA\NE \ R1T2+ Rle, BNE Y Rle( \ Rsz
Q: 2 f dZ 1 6 > 4-5/2 :e, (15) + \ RZT]_)y CNE - l+ RlRZ_ \ RleTsz, DNE]."_ Rle,
o [1+6z4z En=—2VR(Ry, ANSEZ\/R_a Bns= VR2T1T2— \/R—1(2
so AR neither enhances nor reduces quantum pumping. This T2): Cns= ~(VT1(2= T+ VRiR,T), DNS_E(1+ Ry)
occurs because charge is effectively transferred by a shuttfel + R2), and Exs=—4VR;Rp. For L>Ag, with g the
mechanism(first through one barrier and then through the Fermi yvavelength antT;>1 the current is n(_)t dommgted
nexb, which is unaffected by Andreev interference effectsby @ single resonance and the phaggsare uniformly dis-
and fixed by the pumping loop. Since only pairs of electrongributed from 0 to 2r. Replacing the sums in Eq&l6) and
can enter the superconductor, but the strong Coulomb intef17) by integrals overg, then yields the average pumped
action (charging energy forbids simultaneous pumping of currents
two electrons with opposite spin, this pumping procesmis

allowedin a nearly closed NS quantum dot. As pointed out 327312

in Ref. 22 it can, however, occur in a double-barrier junction (| N>:|Cl—2[2(_ 1+ R;R,+ YRR, T, T,)

in which electron-electron interactions may be neglected. m(1-R1R,)?2

Both in case of two normal and in case of one normal and

one superconducting single-mode lead a quantized amount of —m(VRTo+ VR Ty ], (18
charge of 2 is then transferred during each pumping

cycle?? and
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31512 barrier NS junction, AR enhances the pumped current by a
(Ing=4lc—— L2 5 5/2[2CNSD,\“.:,(D§|S— E2o)Y? factor of 4, which is twice the maximum enhancement of the
m(DNs— Eng) conductance in these systenis) In the case of quantum

_ 2 2 pumping this enhancement is not an absolute maximum,
+ + . L :
Ans(Enst 2Dng)/2+ 3BnsDsEng/2], (19 whereas in the case of conductance it is. These differences

whose ratio is plotted in Fig. 2. As for a nearly isolated are due to, respectively, the absence of an external bias and
quantum dot{lyg)/(l) is largest in case of nearly symmet- the asymmetric dependence on the tunnel barriers in case of
ric coupling. Only forT;=1 is the maximum enhancement quantum pumping. We hope that these fascinating effects of
by a factor of>4 obtained, since fof ;<1 fewer electrons Andreev reflection on quantum pumping will find experi-
reach the NS interface due to normal reflections at the barrimental confirmation, e.g., in present-day available nearly
ers, which in the absence of resonances reduces the effect @dbsed quantum dofs.

Andreev reflection.
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