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Abstract. The mixed-size character of sediment is a necessary property to ex-

plain physical phenomena such as downstream fining or the presence of armor

layers. The active layer model was developed to model mixed-size sediment in

river morphodynamics. This model assumes that the topmost part of the bed,

the active layer, has no vertical stratification and interacts with the flow. The

substrate, below the active layer, only interacts with the active layer in case of

aggradation or degradation. The active layer model has been used in morphody-

namic modelling for more than four decades but under certain conditions it may

become mathematically ill-posed. When a model becomes ill-posed, the solu-

tion presents unphysical oscillations and its predictive capabilities are lost. We

present two alternatives to the active layer model. The first one retains the basic

concepts and guarantees well-posedness by means of an additional parameter

controlling the celerity of mixed-size sediment processes. The second solution

yields a well-posed model by means of considering the sediment transport rate

as a stochastic process rather than to adapt instantaneously to the flow. Both

models provide reasonable results when compared to measured data from a lab-

oratory experiment conducted under conditions in which the active layer model

is ill-posed.

1 Introduction

To predict changes in bed elevation due to currents, commonly a (set of) equation(s) de-

scribing the flow (i.e., the Navier-Stokes equations or a simplification of them) is solved

in combination with a (set of) equation(s) that accounts for the mass conservation of bed

sediment. The Exner [1] equation represents the mass balance of the total amount of bed

sediment. Hirano [2] developed the active layer model to account, not only for the changes in

bed elevation, but also for the changes in grain size distribution. With this model it is possi-

ble to predict mixed-size sediment processes such as downstream fining in rivers [3] and bed

surface armoring [4].

The combination of the flow and morphodynamic equations requires a closure model for

sediment fluxes. This is often done using an algebraic relation for the sediment transport

rate as a function of the bed shear stress [e.g. 5]. The use of such closure relation, however,

implies that the sediment transport rate adapts instantaneously to changes in flow. In that
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Table 1. Different morphodynamic models in terms of: (1) the equation to update the bed, (2) the form

of the equation, and (3) the type of sediment transport formulation.

Model Bed Update Eq. Eq. Form Sed. Trans. Formulation

I active layer flux capacity

II adapted active layer flux capacity

III active layer entrainment-deposition non-capacity

case, it is not possible to model processes of adaptation to capacity load [6]. Moreover, the

intrinsic variability that exists in the sediment transport rate and that provides a diffusive

character is also neglected [7].

The combination of the flow, morphodynamic, and sediment transport equations form a

system of partial differential equations. This needs to be mathematically classified as a well-

posed to be representative of the physical processes under study. To be well-posed a unique

solution must exist which does not infinitely diverge for infinitesimal perturbations in the

problem data [8]. If a problem is ill-posed it loses its predictive capabilities since an arbitrarily

small deviation in the initial or boundary conditions causes a large deviation in the solution in

an arbitrarily small time. The numerical solution of an ill-posed problem is characterized by

the appearance and growth of unphysical oscillations [9] and it is a symptom that the system

of equations lacks certain regularizing physical processes. For instance, Kelvin-Helmholtz

instabilities [10] appear in the two-phase problem when viscosity is neglected.

The model composed by the Saint-Venant equations [11] representing one-dimensional

hydrostatic flow, the active layer model representing the mass balance of sediment per size

fraction, and a local closure relation for the sediment transport rate has been used to predict

mixed-size sediment processes in river morphodynamics for half a century. For instance, it

has been used to study downstream fining in rivers [12] and bed surface armoring [13]. Yet,

it presents a severe drawback: it can become ill-posed [14, 15].

Chavarrias et al. [16] studied the conditions in which the Saint-Venant-Hirano model

becomes ill-posed. Here we study possible solutions to the problem of ill-posedness. In

Section 2 we present the active layer model and two possible alternatives and in Section 3

we compare the different models to the results of a laboratory experiment conducted under

conditions in which the active layer model is ill-posed.

2 Morphodynamic Models

In this section we first present the active layer model (Section 2.1). In Section 2.2 we in-

troduce an adapted active layer model that retains the basics concepts and it is always well-

posed. The adapted active layer model stems from a mathematical analysis and not from a

study of the physical processes the active layer model lacks. On the contrary, a physically-

based solution to the problem of ill-posedess is presented in Section 2.3 where we relax the

hypothesis that the sediment transport rate adapts instantaneously to changes in the flow.

2.1 Model I: Active Layer Model

In the active layer model [2] the bed is discretized into two layers. The uppermost layer (the

active layer) interacts with the flow. This means that the sediment transport rate depends

on the grain size distribution in the active layer, and the sediment that is deposited mixes

with that present in the active layer. A key assumption is that the active layer is vertically

homogeneous, i.e., it does not have vertical stratigraphy. Thus, for instance, when the active

2
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∂Mak

∂t
+ f I

k

∂(η − La)

∂t
+
∂qbk

∂x
= 0 , (1)

where x [m] and t [s] are the spatial and temporal coordinates, respectively, Mak = FakLa

[m] is the volume of sediment in the active layer per unit of bed area, Fak [−] is the volume

fraction content of sediment in the active layer, La m is the active layer thickness, f I
k

[−] is

the volume fraction content at the interface between the active layer and the substrate, η [m]

is the bed elevation, and qbk [m2/s] is the sediment transport per unit width including pores.

Subscript k indicates the size fraction.

The sediment transport rate is assumed at capacity (i.e., to adapt instantly to changes

in flow). The equation is said to be in flux form since changes in bed elevation and grain

size distribution are steered by gradients in the flux of the sediment transport rate. Table 1

summarizes the characteristics of this model.

2.2 Model II: Adapted Active Layer Model

Chavarrias et al. [16] obtained an analytical expression to discern whether the active layer

model is well-posed or ill-posed. This expression is obtained from the eigenvalues of the

characteristic polynomial of the system matrix representing the model. If an eigenvalue has a

complex component the model is ill-posed. We here adapt the active layer model introducing

a parameter α [−] that modifies the time scale of the mixing processes. The modified active

layer equation is:

α
∂Mak

∂t
+ f I

k

∂(η − La)

∂t
+
∂qbk

∂x
= 0 . (2)

The parameter α has a direct influence on the eigenvalues of the system such that, if the active

layer model is ill-posed, we can compute the value of α that makes all eigenvalues to be real.

Thus, the model is always well-posed.

2.3 Model III: Entrainment-Deposition Model

To obtain a physically-based solution to the problem of ill-posedness in the active layer model

we relax the assumption that the sediment transport rate responds instantaneously to the flow.

Treating the sediment transport rate as an stochastic process, Furbish et al. [18] derive an

advection-diffusion equation of the particle activity Γ [m] defined as the volume of particles

in motion per unit of bed area. We extend this concept to mixed-size sediment obtaining an

advection-diffusion for the particle activity per grain size:

∂Γk

∂t
+
∂vpkΓk

∂x
− κk
∂2
Γk

∂x2
= Ek − Dk , (3)

where vpk [m/s] is the particle velocity, κk [m2/s] is the diffusivity, and Ek [m/s] and Dk

[m/s] are the sediment entrainment and depositional rates, respectively. Equation 3 is solved

in combination with an entrainment-deposition formulation of the active layer model:

∂Mak

∂t
+ f I

k

∂ (η − La)

∂t
= Dk − Ek . (4)
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Figure 1. Initial condition of the experimental set-up. A patch of fine sediment (blue) is embed in

coarse sediment (red).

The system is closed with relations for the entrainment and depositional rates [e.g. 19].

This generalization of the particle activity concept to mixed-size sediment does not take

into consideration the interaction between particles of different grain size as regards to particle

activity, velocity and diffusivity. The fact that, for instance, small particles move in average

faster than coarse particles, gives rise to extra terms in Equation 3 that we neglect. This model

can only be seen as a first attempt to gain insight into the physical processes that cause the

active layer model to be ill-posed.

3 Comparison of the Model Results with Laboratory Data

In this section we compare the prediction of the three models (Section 3.2) to the results of

a laboratory experiment (Section 3.1). We numerically solve the systems of equations of the

three models using the research code Elv [20].

3.1 Laboratory Experiment

We have conducted a laboratory experiment under conditions in which the active layer model

is ill-posed. We use a 14 m long, 0.40 m wide straight flume in the Water Laboratory of the

Faculty of Civil Engineering and Geosciences of the Delft University of Technology. The

sediment mixture is composed of two size fractions (fine and coarse) with characteristic sizes

equal to 2.1 mm and 5.5 mm, respectively. The bed is initially flat and composed of the

coarse size fraction only but a 0.50 m patch of fine sediment at the center of the flume below

a layer 4 cm thick of coarse sediment (Figure 1). Coarse sediment is fed at a constant rate

and the water discharge remains constant during the experiment. The initial bed slope is in

equilibrium with the water discharge and feed rate. A lowering of the downstream water

level at a constant rate of 1 cm/h over a period of 8 h causes degradation and, eventually, the

entrainment of the fine sediment from the patch.

Sediment is transported in low bedforms (3 to 4 grain sizes in height). When the trough

of a bedform exposes fine sediment a downstream propagating erosional wave forms. The

coarse sediment load coming from upstream eventually covers the erosional pit (Figure 2a-

b). This implies that fine sediment is cyclically entrained.
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Figure 2. Bed elevation (left column) and surface volume fraction content of the coarse sediment at

the patch (right column) measured (first row), predicted using the active layer model (second row),

predicted using the regularized active layer model (third row), and predicted using the entrainment-

deposition model (fourth row). The dashed lines on the plots of the left column mark the position of the

patch with fine sediment.
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3.2 Results

The active layer model (Model I) appears to be ill-posed when the fine sediment is at the

interface between the active layer and the substrate. When this occurs, the numerical solution

presents oscillations (Figure 2c-d). These oscillations are non-physical and their growth rate

depends on the spatial discretization. The same simulation using a smaller cell size causes

oscillations to grow faster [9].

The adapted active layer model (Model II) is well-posed and does not present oscillations

(Figure 2e-f). The entrainment of fine sediment occurs in a continuous manner. The solu-

tion is representative of the average measured data, yet, it does not capture the small scale

variability and the cyclic entrainment of fine sediment.

Model III is also well-posed and the solution is stable (Figure 2g-h). Similarly to the

adapted active layer model, it does not capture the small scale variability. The predicted

volume fraction content at the bed surface is constant in time, like in Model II. The main

difference between the models II and III occur in the predicted bed elevation along the patch.

Model III predicts a bed level step not predicted by Model II. We cannot compare to the

measured data since the predicted bed level step is of the order of 2 mm which is significantly

smaller than the measured bed elevation variability (i.e., bed forms) and even smaller than

the smallest grain size.

4 Discussion and Conclusions

The active layer model used to predict river morphodynamics with mixed-size sediment be-

comes ill-posed under certain circumstances. We have studied two possible solutions to this

problem. The first solution is based on the introduction of a parameter that controls the celer-

ity of the mixing processes. Use of a suitable value of this parameter guarantees that the

active layer model is well-posed. The results of this model seem realistic when compared to

measured data of a laboratory experiment conducted in conditions in which the active layer

model is ill-posed. The adapted active layer model captures the time average results but it

does not capture the measured small scale variability. Future work will compare the outcome

of this model in reproducing other experiments.

The second solution is based on the relaxation of the assumption that the sediment trans-

port rate adapts instantly to changes in flow. We generalize the particle activity concept

developed from a stochastic view of sediment transport to mixed-size sediment conditions.

The model is well-posed and the predictions are similar to the ones of the adapted active layer

model. This second model is currently under development.
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