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ABSTRACT

The measurement of wave forces acting on marine structures is a complicated task, both during physical ex-
periments and, even more so, in the field. Force transducers adopted in laboratory experiments require a min-
imum level of structural movement, thus violating the main assumption of fully rigid structure and introducing a
dynamic response of the system. Sometimes the induced vibrations are so intense that they completely nullify the
reliability of the experiments. On-site, it is even more complex, since there are no force transducers of the size
and capacity able to measure such massive force intensity acting over the very large domain of a marine
structure. To this end, this investigation proposes a Bayesian methodology aimed to remove the undesired effects
from the directly (laboratory applications) or indirectly (field applications) measured wave forces. The paper
presents three applications of the method: i) a theoretical application on a synthetic signal for which MATLAB®
procedures are provided, ii) an experimental application on laboratory data collected during experiments aimed
to model broken wave loading on a cylinder upon a shoal and iii) a field application designed to reconstruct the
wave force that generated recorded vibrations on the Wolf Rock lighthouse during Hurricane Ophelia. The
proposed methodology allows the inclusion of existing information on breaking and broken wave forces through
the process-based informative prior distributions, while it also provides the formal framework for uncertainty
quantification of the results through the posterior distribution.

Notable findings are that the broken wave loading shows similar features for both laboratory and field data.
The load time series is characterised by an initial impulsive component constituted by two peaks and followed by
a delayed smoother one. The first two peaks are due to the initial impact of the aerated front and to the sudden
deceleration of the falling water mass previously upward accelerated by the initial impact. The third, less intense
peak, is due to the interaction between the cylinder and remaining water mass carried by the individual wave.

Finally, the method allows to properly identify the length of the impulsive loading component. The impli-
cations of this length on the use of the impulse theory for the assessment or design of marine structures are
discussed.

1. Introduction

structural one, Dermentzoglou et al. (2020). The time domain repre-
sentation of impulsive loading is characterised by sharp shapes that are
not adequate to properly highlight its particular nature and danger-

Impulsive loading due to a breaking wave or to the initial impact of a
broken wave is of great interest for the design of offshore and coastal
structures. The transient nature of this load, relatively short duration (e.
g. some 0.02 s (Goda et al., 1966)) and high intensity, makes it of great
interest not only from the hydraulic point of view but also from the

ousness. However, a frequency domain approach better serves to present
how the content of energy within an impulsive load can be dangerous for
every kind of structure. Indeed, the energy is spread among a large range
of frequencies (theoretically from 0 to oo, e.g. Fig. 1) so that the risk for
induced resonance, and consequently, amplification of the effective
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List of symbols

dg displacement of the mass or measured force
h(;_por IRF unit-impulse response functions

Fi external system perturbation

M mass (or equivalent mass) of the modelled body
k dimensional system stiffness

c the dimensional system viscous damping coefficient
Wn system natural frequency

wq system damped natural frequency

¢ system damping ratio

t time;

d recorded force response time vector

m unknown external load time vector

G Toeplitz matrix representing the convolution operation
t time vector

Cp data covariance matrix

q(m|d)  posterior distributions

p(m) prior distributions

f(dm)  conditional probability

Mprior prior distributions expected value

Cy prior distribution covariance matrix

|4 right singular vector matrices

U left singular vector matrices

S singular values matrix

1 identity matrix

Cr prior distributions correlation matrix
Cur non-diagonal prior covariance matrix

h, response of the laboratory model to the force exerted by
the impact hammer

force exerted by the impact hammer

Toeplitz matrix representing the convolution operation
when the exerted impact hammer force is known and the
system IRF is unknown

R matrix resulting from the QR decomposition

Hmo spectral significant wave height

Hpomax maximum recorded significant wave height

Tp spectral peak wave period

Tg spectral significant wave period, Ts = Tp/1.07

Ty = spectral mean wave period Ts = Tp/1.19

dp spectral peak wave direction

CH; accelerometer ith signal

Ho2100  wave height with exceedance probability equal to 0.21%

load, is significant. Fig. 1 shows, through the well-known Kronecker
delta, these phenomena wherein the upper panel presents the time series
of the Kronecker delta and the lower panel its Hilbert-Huang spectrum
(HHs) with energy spreading through all the analysed frequencies.
This is true not only for on-site conditions, where the amplification of
the effective load can be detrimental for the structure integrity (Ser-
inaldi and Cuomo, 2011), but also when the impulsive wave force has to
be measured in a hydraulic laboratory. As a result, the measurement of
wave forces acting on marine structures is a complicated task, both
during physical experiments and, even more so, in the field. Force
transducers adopted in laboratory experiments require a minimum level
of structural movement, thus violating the main assumption of fully

rigid structure and introducing a dynamic response of the system that
masks the hydrodynamic load (Dassanayake et al., 2019a). On-site, it is
even more complex, since there are no force transducers of the size and
capacity able to measure such massive force intensity acting over the
very large domain of a marine structure. Field wave pressures have been
measured to determine the overall loading, producing benchmark in-
formation for understanding the interaction between wave and struc-
tures (Bullock et al., 2007). Wave pressures have been measured with
success in several experimental campaigns (Cuomo et al., 2010; Cuomo
et al., 2007; de Almeida and Hofland, 2020; de Almeida et al., 2019;
Stagonas et al., 2016); however, the overall description of the total wave
forces is affected by several assumptions and possible inaccuracies in the

Impulsive load time series
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Fig. 1. (a) Theoretical (Kronecker delta) impulsive load and (b) its Hilbert-Huang spectrum (HHs).
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spatio-temporal integration of those pressures (Lamberti et al., 2011;
Martinelli et al., 2018). Therefore a force reconstruction method is
required with its inherent downsides due to the solution of the under-
lying inverse problem (Maes et al., 2018; Sanchez and Benaroya, 2014).

The problem of characterising the impulsive wave loadings has
attracted researchers’ interest since 1958, when Hall performed the first
laboratory experiments aimed to characterize the breaking wave forces
on a circular pile located on a sloping beach, (Hall, 1958). Several au-
thors follow these pioneering tests and are nicely summarized by Tu
(2018) and Tu et al. (2017a). Goda et al. (1966) were the first to
formalize a mathematical model to describe breaking wave loading and
to highlight the need to consider within the description of the loading
condition the dynamic of the affected structure, at both the model and
prototype scale. Goda based his final formula on the combination of
experimental results and von Karman theory (Von Karman, 1929). Later
(Campbell, 1980), performed drop tests instead of wave impact tests, in
order to achieve a reasonably large Froude number (e.g. > 0.6) so that
the total load was mainly dominated by the slamming component.
Despite achieving high rigidity in test set-up (natural frequency around
550 Hz), the amplification due to the dynamic response was large
enough to mask the hydrodynamic load. Hence, to properly describe the
pure hydrodynamic load, the experimental system was modelled as a
lumped mass and was forced with a hyperbolic function. The goal of the
method was to identify which shape of the hyperbolic function allowed
the best match between the dynamic response of the experimental set-up
and the response of the single degree of freedom (SDoF) model. More
recently (Wienke and Oumeraci, 2005), performed a large scale test
aimed at identifying the breaking wave loading on vertical cylinder
under the action of focused wave groups. The model comprised a cyl-
inder installed in deep water and fastened at both ends. Also in this case
the transient nature of the impulsive wave loading induced dynamic
response of the experimental set-up, so they applied a similar method to
that of Campbell (1980), though removing a known quasi-static force
from the experimental dynamic response. The approach allowed the
verification of the assumed theoretical description of the impulsive load
by contrasting a SDoF model response and the measured dynamic force.
However, both Campbell (1980) and Wienke and Oumeraci (2005)
avoided the use of the inverse method, and under the hypothesis of
linear response of the experimental structures, instead verified their
formula by means of the convolution process between the developed
empirical equation and the impulse response function (IRF) of the
structure. Dynamic amplification of breaking wave loading during
experimental study was also highlighted by Choi et al. (2015), where
they quantified, and subsequently removed, this unwanted effect by
means of the combined use of the Empirical Mode Decomposition (EMD)
and Computational Fluid Dynamic model (CFD). Later, a similar
approach based on Ensemble Empirical Mode Decomposition (EEMD)
was applied by Dassanayake et al. (2019a) and Dassanayake et al.
(2019b) to remove the effects of the vibration induced by broken waves
on the experimental set-up aimed to model an offshore rock lighthouse.
Despite the EEMD approach being more accurate in removing the dy-
namic response of the structure than EMD, it still presents disadvantages
related to the overestimation of the quasi-static force component, as also
highlighted by Tu (2018).

It was only within the WaveSlam project (HYDRALAB IV framework)
that the inverse estimation of the breaking wave force acting on marine
structures has been successfully undertaken. Four different approaches
were proposed within Tu’s related PhD thesis (Tu, 2018), all of them
based on the deconvolution between the recorded wave force and the
dynamic response of the structure. The first method, called opti-
mization-based deconvolution (OBD) (Tu et al., 2015), is based on the
minimization of the Euclidean distance between the measured force and
the modelled force given by the superimposition of the scaled and
shifted hammer test responses. The other three methods are mainly
based on the deconvolution between the IRF and the measured dynamic
response of the structure under the breaking wave action. The so-called
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“horizontal approach” is a two-step approach based on the impact
hammer test results. The IRF is identified by means of conjugate gradient
technique while it is later applied to the recorded dynamic response
through a weighted eigenvector expansion method in order to obtain the
wave slamming force. The horizontal approach relies on two main pa-
rameters for the regularization of the solution, the stopping factor and
the weighting factor for the first and second steps respectively. Both are
defined by the user in order to control the noise effect in the IRF defi-
nition (first step) and to discriminate the smallest eigenvalues of the
deconvolution matrix (second step), thus reducing the risk of numerical
instability through a regularization approach (Tu et al., 2017b). The
so-called “vertical approach” uses the linear regression technique. Simi-
larly to the horizontal approach, it also reconstructs the wave impact
force at each investigated location by using the hammer impact force,
the hammer response force, and the wave response force at the same
measurement location. For each investigated location, the wave impact
force is conceived of as a result of the hammer hitting this location with
different amplitudes many times in a row, hence the interval between
every two imaginary hammer impacts is an input required from the user
and is called step factor. The step factor indirectly controls the size of the
deconvolution matrix and the accuracy of the reconstructed impact
force. The last proposed approach is the “extended vertical approach”.
Similarly to the OBD, the extended vertical approach accounts for the
contribution of the impacts at different locations into the measured force
responses, while treating each transducer simultaneously. In this
approach, the response locations and the impact locations are distin-
guished. More recently Maes et al. (2018) applied a recursive joint
input-state estimation algorithm for the inverse estimation of the
breaking wave loading on hydro-elastic model scaled wind turbine
monopile and the induced members forces at the base of the flexible
structure. The algorithm is based on the dynamic behaviour of the
flexible monopile along the incoming wave direction where the modal
parameters are experimentally identified via impact hammer tests. The
results show relatively close agreement between the measured and
reconstructed forces with an average absolute error around 27% for the
impact force and 19% for the overturning moment. However, the overall
method relies on the assumption of triangular pressure distribution for
which there is no evidence that it can be used within the whole loading
process. Despite this assumption, Maes et al.” work sets a foundation for
the inverse wave force identification through the dynamic response of
the structures. Finally, to estimate the magnitude of the slamming load
on offshore wind turbine, Paulsen et al. (2019) applied a simplified
dynamic model of the laboratory set-up to describe the transfer function
and hence partially remove the dynamic oscillation of the cylinder.
However, the methodology is not described in detail by Paulsen et al.
because of the different focus of the analysis.

This work intends to make progress in the application of the inverse
method to reconstruct wave forces exerted on marine structures. We aim
to present a new Bayesian inverse method to reconstruct both field and
laboratory forces due to breaking or broken waves. While tackling the
three main downsides of the inverse methods, i.e. solution existence,
uniqueness and stability (Aster et al., 2018), the proposed approach will
provide not only a proper framework to analyse future laboratory and
field data from offshore and coastal structures, but also a tool to account
for the prior knowledge on breaking wave forces and a formal approach
for the uncertainty quantification of the results through the posterior
distribution. Therefore, this paper is not aimed at producing a compre-
hensive description of the specific impulsive load due to the broken
waves on a cylinder upon a shoal, but instead at presenting and
describing a useful Bayesian methodology to achieve a more compre-
hensive and general result. In order to achieve this, the paper presents an
introductory overview on the experimental problems related to the
measurement of the wave forces and on the issues connected with the
inverse methodology required to solve the inevitable violation of fully
rigid model assumption, based on linear systems theory. The convolu-
tion between the input signal and the IRF is the core concept of the
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methodology, therefore, the assumption of linear elastic behaviour of
the structure is implicitly adopted. From the statistical point of view, the
main hypothesis is related to the noise affecting the data that is
considered normally distributed and independent. Through the devel-
opment of the paper, the method is applied to both laboratory and field
data. Despite the different nature of the recorded experimental and field
vibrations - one is a laboratory effect whereas the other is a real struc-
tural response - the methodology is successfully applied to reconstruct
both wave forces.

The method will be presented in the following chapter where the
main theoretical background and numerical issues will be treated in
order to provide the required background knowledge. The proposed
method will then be applied to the laboratory force measurements
(chapter 4) and field accelerations measurement (chapter 5) as illus-
trative examples of application. Finally, discussions about the main re-
sults of the applications and the resolved issues will be gathered in
chapter 6.

2. Method

The proposed solution for the inverse problem is a merger of struc-
tural and statistical models, thus it requires a proper formulation of the
fundamental hypotheses for both aspects. The approach describes the
dynamic behaviour of the investigated structure by means of damped
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instruments, the nature of the connection of the sought instruments with
additional elements (as in the case presented in this paper) could
perhaps introduce damping to a level requiring distinction of damped
and natural frequencies.

The proposed method aims to solve the inverse deconvolution
operation that will remove the dynamic effect of the structure (i.e. h_;)
in eq. (1)) and allows the reconstruction of the wave force F;). As an
illustrative example, we can assume that the measured data (d,) is the
response of a force transducer to an external load F(;) that we want to
reconstruct by removing the dynamic response due to the model set-up.
Standard laboratory force measurements rely on transducers that inte-
grate strain gauges, thus the structure must be free to move, hence
violating the hydraulic modelling assumption of a fully rigid structure.
Therefore, to reconstruct a force resulting from the dynamic response of
the system, e.g. a force transducer connected with a structure, the
required IRF should not be expressed in term of displacement per unitary
impulse (i.e. m/Ns) as in eq. (2), but in term of inertia force per unitary
impulse, (i.e. N/Ns), Fig. 2. Knowing the analytical expression of the
displacement IRF, the calculation of the force IRF is easily achievable by
means of the multiplication between the laboratory structure mass (M)
and the second time derivative of eq. (2). Eq. (3) shows the resulting
expression, in which M can be simplified as presented in eq. (5). For the
illustrative example, the numerical values of the dynamic parameters
are described in Fig. 2.

IRF =M-
M-w, M M

single degree of freedom model (SDoF) (whether it is laboratory or
prototype one), under the main structural hypothesis of linear time-
invariant behaviour. This means that the wave loading that is to be
reconstructed, cannot generate plastic deformation and also that the
structure has fully elastic behaviour under such loading. This allows the
calculation of the response (d(), e.g. displacement of the mass or
measured force) to an arbitrary time-varying external perturbation (e.g.
the wave force) by means of the superposition of a series of unit-impulse
response functions (IRF or h(,_,)) due to a series impulses composing the
external perturbation (F(;). This concept is well known within the
earthquake engineering as Duhamel’s integral (Rajasekaran, 2009) or
more generally under the mathematical concept of Fredholm integral
equation of the first kind (Aster et al., 2018) and is represented in eq. (1):

t

dy = /Fm'h(r—r)df @

0
while the displacement IRF for damped SDoF can be written as shown in
eq. (2).

1
M~wd

hy-r) = ce o) sin(@y - (1 — 1)), t > Tand t>0 2)

where M is the mass (or equivalent mass) of the modelled body, k and ¢
are the dimensional stiffness and viscous damping coefficient, wj is the
natural frequency calculated through the well-known equation w, =

1\%1’ ¢ is the damping ratio expressed by { = 2\5/5 and wq is the damped
natural frequency described by wg = w,-v/1 — 2.

Most often in civil engineering the damping ratio does not exceed
20%, thus the damped and natural frequencies tend to be the same (Lee
et al., 2018; Martinelli and Lamberti, 2011; Rajasekaran, 2009). How-
ever, despite the optimum laboratory set-up making use of stiff

@2-§2-eC o sin(wget)  2-w,-§el ) -cos(@at) w,,-e<"""':">-sin(wd-t)> 3)

The convolution integral in eq. (1) can be rewritten in more conve-
nient matrix notation as presented in eq. (4):

d=Gm (C))

where the symbols in bold denote a vector of values varying in time, i.e.
d is the recorded force response time series, m is the sought unknown
external load and G is a square Toeplitz matrix representing the
convolution operation. G comprises lagged IRFs, so that the rows are
time-reversed and the columns are non-time-reversed versions of the IRF
lagged by i and j as shown in eq. (5). The resulting convolution matrix
with example columns are presented in Fig. 3.

w3‘§2‘€(7“7”{'(r’7”))‘Siﬂ(a)d‘(l‘i _ t,))

Wy

At & (6> 1)

Guy = | ZowteCrr el cos( (1 -1)) -

wd,e(*wn{.(z,—tj)),Sin(a)d.([i - f]))

0 & (5<n)
(5)

The fundamental statistical hypothesis of the method is related to the
noise affecting the data (dy), that is assumed to be normally and inde-
pendently distributed with a corresponding diagonal covariance matrix
Cp. Moreover, the proposed approach relies on Bayes’ theorem as pre-
sented in eq. (6). Hence, the sought model is assumed to be a random
variable so that the final solution is a probability distribution q(m|d) for
the model parameters, often called the posterior distributions.

snk) -t

T dlm)p(m) ©
all mu\del.vf(d|m)p(m)
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Fig. 2. Analytical force IRF for a linear system having mass (M) equal to 20 kg, natural (on) and damped (wd) frequency the same and equal to 10 Hz, stiffness (k)
equal to 1000 Nm and damping ratio () 2%, sample time step (At) equal to 0.001 s.

where p(m) denotes the prior distributions and f(d|m) is the conditional
probability, that, given a particular model m, corresponding data d will
be observed.

In other words, and more specifically related to the inverse force
reconstruction, we aim to identify a probability distribution for each
instant (t;) described by the time vector (¢) that our identified model
(m;,)) might have generated the measured response (d;)). Furthermore,
we want to probabilistically describe how our model (m,)) is effective in
modelling the real unknown wave force (F(;)) that generated the
measured response d(,). The Bayesian approach allows the natural
incorporation of the prior information about the final solution that
comes from previous knowledge or experience by means of the time-
varying prior distributions p(m,). Therefore, the previously devel-

o G:column 1 G:column 3000 G:column6000

=
P
10000 —
=
=
2000 - g ]
:
3000F A
g _——
~4000 | - %
=
5000 - . %
$
Z
= 1t | =
i —
{ =
7000 . | %
|
=
s L J L J L5
005 0 005-005 0 005-005 0 0050
N/Ns NINs N/Ns

1000 2000 3000 4000 5000 6000 7000 8000

oped knowledge on wave impact (e.g. Dassanayake et al. (2019a);
Dassanayake et al. (2019b); Pappas et al. (2017); Wienke and Oumeraci
(2005)) and on the structural dynamic behaviour (e.g. Antonini et al.
(2019); Brownjohn et al. (2019); Brownjohn et al. (2018); (Pappas et al.,
2017; Pappas et al., 2021); Pappas et al. (2019) (Raby et al., 2019b)) can
be directly considered within the analysis. The prior distributions are
assumed to be normal distributions varying with time as in eq. (7), with
expected value my;,- and associated covariance matrix Cy.
plm)oce™ Hm-mer) €l (m-mpr) @)
The likelihood that given a particular model, a response vector (d)
will be observed is expressed by the likelihood function f(d|m) eq. (8).

G Convolution matrix

0.04

0.02

SN/N

-0.02

-0.04

-0.06

J

Fig. 3. Convolution matrix and example of columns for the illustrative IRF example in Fig. 2.
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Fig. 4. Singular values matrix G for the example presented in Fig. 2 and 3.
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Therefore, through the resolution of the integral in eq. (6) the prior
and posterior distribution are related in a way that makes the compu-
tation of q(m|d) possible. The final result of the method is a series of
normal distributions (i.e. one for each sampled data value), describing
the unknown wave force as shown in eq. (9).

©)]

It must be noted that q(m|d) does not provide a single value that we
can consider “the wave force”, thus to provide a single model output of
the wave force, the maximum a posteriori value (MAP), i.e. the wave force
associated with the largest value of q(m|d), is proposed as suggested by
Aster et al. (2018), leading to a simplification of eq. (9) in eq. (10) and
eq. (11), as proposed by Tarantola (1987).

q(m‘d)cxef %((Gmfd)"(!;' (Gmfd)Jr(m*m,yyW)TC;d‘ (m—mp,,(,,.))

T —
= Sm—muap) "€ (m—myap)

Rewriting C,;! and C,)! in terms of matrix square root by means of, for
example the Singular Value Decomposition (SVD), the MAP solution can
be now calculated by the minimization of the exponent in eq. (9)
resulting in a standard linear least-squares problem presented in eq.

(12).
2
c,'’G c,'d
—1/2 m— —1/2
CM CM mpn'or s

where the multiplication of C,;l/ % with d and of C;,l/ % and m can be seen
as a transformation that makes the data (affected by random noise) and
the unknown models (intrinsically stochastic due to the Bayesian nature
of the methodology) independent with a normalised standard deviation
for both the data and model space respectively.

min 12)

q(m|d)xe (10) 3. Theoretical example
Cy = (GTC—I G+ C—l)’l an Usually the convolution matrix as given by eq. (5) and shown in
b M Fig. 3 is mildly to severely ill-conditioned, hence the inverse problem is
80 T T - T T 40
—Noisy force measurment
---Theorethical expected measurmentt 35

60 —Unknown wave force
£ 130
(]
+= 40
g 125
z 3
S20f 120
: S
(o) T
o 115
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o 110

-20 -

15
_40 1 1 | | | | | o
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t[s]

Fig. 5. Theoretical example: input force (black), theoretical measurement (red dotted) and noisy measurement (blue).

in this figure legend, the reader is referred to the Web version of this article.)

(For interpretation of the references to colour
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Fig. 6. Application examples of the truncated Fourier transform and least square method and SVD for the reconstruction of the incident force: a) theoretical data; b)

noisy data; c) noisy data, truncated SVD and truncated Fourier transform.

not straightforward because we can anticipate a severe amplification of
the noise contained within the real data. In the example proposed above
the condition number of the matrix G is slightly larger than 88’800 due
to its wide range of singular values between 24 and 2.7 x 10~*, Fig. 4.
Therefore, even assuming optimistically the recording signal is affected
by a 0.01% noise level, the results of the inverse process will be domi-
nated by the amplified noise.

For explanation purposes, we can conceive the reconstruction of an
impulsive wave force (black line in Fig. 5) acting on the laboratory set-
up characterised by the force IRF in Fig. 2 and that the force measure-
ment (i.e. the system response) is affected by some white noise (blue line
in Fig. 5). A standard approach to tackle this inverse problem would be
through the application of the least-squares method with the support of
the Singular Value Decomposition (SVD). Indeed, the system presented
in eq. (4) (i.e.d = Gm) can be solved for m once the inverse of the matrix
G is obtained via the SVD decomposition as presented in eq. (13).

m=VS'U'd (13)

where V and U are the right and left singular vector matrices respec-
tively and S is the singular values matrix. The reconstruction of the
impulsive wave force from the theoretical measurement (i.e. the noise-
less red dotted line in Fig. 5) fits its noiseless data perfectly, being
essentially identical to the original impulsive force (Fig. 6a). If the same
procedure is applied to more realistic white noise data (i.e. the blue line
in Fig. 5, Cp = 0.65-I) the solution is meaningless. The information
about the original impulsive wave force is overwhelmed by the noise,
enormously amplified by the inversion process (Fig. 6b).

To control the unstable character of the proposed inverse problem, a
first preliminary method can rely on the property of the Fourier trans-
form. Indeed, the Fourier transform of a convolution between two ele-
ments is equal to the product of the two Fourier transforms, so that the
solution is trivial within the frequency domain. However, the solution of
the inverse problem remains extremely sensitive to small changes in the
records (d) and requires a regularization process that can be achieved by
imposing equal to zero the smallest elements of the Fourier transform of
the records, hence obtaining a sort of truncated Fourier transform. Even
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Fig. 7. Trapezoidal shaped zero-covariance prior distribution.
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Fig. 8. Application examples of Bayesian inverse method with informative trapezoidal shaped zero-covariance prior distribution.

though this method is rather effective in term of computational time,
does not come without downside aspects. The threshold that defines the
level of the “smallness” of the Fourier transform elements to be zeroed is
unknown and depends on the noise realisation, therefore for each case it
should be properly defined introducing a subjective selection of this
fundamental parameter. The result of this simplified method is pre-
sented in Fig. 6.c with the cyan colour.

To overcome the instability issue due to the ill-conditioning of the
convolution matrix a truncated SVD (i.e. the inverse of the matrix G is
obtained by using only the largest singular values) can be applied in
order to reconstruct a reasonable estimation of the original force and
avoid the subjective selection of the above mentioned threshold. Fig. 6.c
shows the reconstructed force obtained using the L-curve criterion
(Hansen, 1992; Hansen, 2007) as a guide for selecting the Tikhonov
regularization parameter (Tikhonov and Goncharsky, 1987) where only
the first 168 singular vectors of the matrix V are used within the inverse
process. The SVD truncated approach allows the detection of the
essential features of the original impulsive force; however, this tech-
nique, as well as the truncated Fourier transform, introduces some
spurious oscillations and loss of resolution generating a wider impulse
and reduced amplitude as shown in the zoomed box in Fig. 6.c.

3.1. Informative prior distributions

In order to properly apply the previously developed Bayesian

08 b
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0 L L L | L L L
0
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Fig. 9. A correlation function for the prior distribution. Cg’s 4000th column (i
= 4000).

method, the prior distributions need to be defined. Having described the
dynamics of the system, this information can be incorporated into the
process by means of informative priors. It is reasonable to believe that
the force shown in Fig. 5 should have been applied to the system at least
some instants before the change of its status (i.e. t = 0.5 s). After that, it
is reasonable to assume that the maximum force value (calculated, for
example, using the Wienke and Oumeraci (2005) approach) should have
been applied to the structure at least a short time after the maximum
response value (i.e. t = 0.57 s) after which the incident force should have
dropped to 0. Moreover, assuming that the incident force is an impulsive
wave force there is enough knowledge (e.g. Cuomo et al. (2010); Cuomo
et al. (2007); Wienke and Oumeraci (2005)) to believe that the rising
slope is steeper than the decreasing one. Hence we can assume a
trapezoidal-shaped zero-covariance prior distribution that preferentially
concentrates the model structure around the instant of the maximum
response by imposing a zero prior with small standard deviation far from
the maximum system response (Fig. 7).

Fig. 8 shows the comparison of the Bayesian inverse approach and
the least square method approach. It is evident that the Bayesian solu-
tion is still severely affected by some noisy oscillation and large un-
certainties around the reconstructed force. Because the prior
distribution has zero covariance, the resulting model realisations are
quite rough.

Therefore, the prior distributions can be designed to enforce a
smoothness constraint on the realisation of the posterior distribution by
specifying a non-diagonal prior correlation matrix (Cg). The positive
definiteness of Cg can be guaranteed by constructing the matrix so that
each column is the autocorrelation of a pre-selected function in which
the zero-lag (unit) maximum is centred on the diagonal of Cg. Due to the
particular shape of the impulsive wave loading, i.e. close to a triangle
with the highest corner corresponding to the peak force, the autocor-
relation of a triangle function that produces a cubic approximation to a
Gaussian function is selected. Moreover, we can base the correlation
time scale on the previously developed knowledge of the impulsive wave
force duration (Cuomo et al., 2010; Goda et al., 1966; Wienke and
Oumeraci, 2005) so that the prior correlation function falls off with a
time scale of 0.05 s, i.e. the zero-lag (unit) maximum of the correlation
sequence is centred on the element i and zero at approximately i + 0.05 s
(Fig. 9). Hence, given the non-uniform diagonal elements of the
covariance matrix Cy and the correlation matrix Cg, the non-diagonal
prior covariance matrix Cy y is defined as in eq. (14):

CM,R :dtag(CM)CR (14)
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Fig. 10. Application examples of Bayesian inverse method with informative trapezoidal shaped zero-covariance prior distribution.

Fig. 10 shows the final result of the developed Bayesian inverse
method, in which full use of the previous knowledge about both the
dynamic behaviour of the system and the physical knowledge about the
breaking wave loading have been incorporated within the prior distri-
butions and therefore within the inverse process. The obtained solution
is, not surprisingly, considerably improved by the more restrictive prior
model. This is because the true model is highly restricted and thus
consistent with the prior distributions. Moreover, it can be recognised
that, despite the restrictive prior model, the information carried by the
data is not overwhelmed by the prior distribution. The zoomed box in
Fig. 10 clearly depicts a smaller credible interval for the rising part of the
impulsive force (i.e. 0.5 < t < 0.538) than for the falling one (i.e. 0.38 <
t < 0.8) even if the assumed prior variance is the same. Thus, it can be
argued that the slope of the original signal can be interpreted as an index
of the relative importance or strength, within the Bayesian process,

between the information carried by the data and that carried by the prior
model. The 95% credible interval is not the standard 95% confidence
interval, rather it is the 95% probability interval calculated from the
posterior distributions, so that there is 95% probability that each m,)
value lies within the corresponding symmetric interval around the MAP
value.

In this chapter, three different methods to solve the inverse problem
aimed to reconstruct the incident wave force from a noisy signal
recorded on a, or from a structure have been presented. The first and
more simplified method makes use of the Fourier transform properties
and the subjective selection of the threshold to solve the instability issue
due to the noise affecting the records. The second is based on the SVD
decomposition of the convolution matrix, the Tikhonov regularization
criterion and the L-curve technique for the selection of the threshold
aimed to identify the largest singular values to consider within the

Fig. 11. Overall laboratory set-up.
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Fig. 12. Shoal (1:5)-cylinder set-up details.

resolution of the deconvolution process. The third, and most compre-
hensive one, is based on the Bayes theorem, it provides the framework to
inherently quantify the uncertainty in the final solution and to account
for the prior knowledge about impulsive wave loading and structural
dynamic. All the proposed methods allow a reasonable reconstruction of
the incident force, each of them with its own downsides, but still all of
them applicable to further case studies involving coastal and offshore
structures under impulsive wave loadings.

The above theoretical example, as well as the following laboratory
and field applications, have been entirely developed within the MAT-
LAB® environment. The entire procedure chain adopted to complete the
theoretical example is also released as additional material to this
document, aiming for a straightforward easy application to different
case studies.

&RDVWDO (QJLQHHULQJ
4. Laboratory application
4.1. Laboratory setup

A series of physical model tests on a vertical cylinder upon a variety
of 2D shoals was performed within the STORMLAMP (STructural
behaviour Of Rock Mounted Lighthouses At the Mercy of imPulsive
waves) research project framework in the wave flume of the COAST
Laboratory, University of Plymouth. The flume is 35 m long, 0.6 m wide
and 1.2 m high. A lighthouse is modelled as a vertical aluminium cyl-
inder (weight 9.88 kg) installed at the middle of the shoal, while the
adopted foreshore steepness for the test reported here is 1:5. The water
surface is measured by means of 16 wave gauges (WG), spread before
and after the shoal, while two cameras, standard and high-speed ones,
are used to capture the wave development along the foreshore (standard
ones) and at the cylinder (high speed one) (Fig. 11 and Fig. 12). The high
speed camera records were also used to evaluate the runup along the
cylinder by means of the methodology presented by Dassanayake et al.
(2019a). The offshore flume bed is flat and the mean free surface is
coincident with the upper part of the shoal, i.e. 0.5 m (Fig. 11). The
cylinder diameter (D) is 0.12 m, while the width of the upper shoal
platform is 0.36 m. The 0.5 m high cylinder is suspended from its top and
behaves as a vertical cantilever, leaving a minimal gap (i.e. 0.7 mm)
between the cylinder bottom surface and the shoal. The top of the cyl-
inder is connected to a 6 degrees of freedom load cell (mod-
el:6A40B-500/20 — weight 0.4 kg (Interface, 2019),), that in turn is
connected to a beam which is part of the main supporting structure
(Fig. 12). The height of the force transducer is 40 mm, while the origin of
the coordinate system is located 32 mm above the cylinder top surface,
so that the cylinder bottom surface is at 532 mm from the origin. The
load cell is equipped with 6 temperature-compensated bridges providing
output for each of the 6 degree of freedom. Therefore the output signals
have to be post-processed by means of a 6 x 6 calibration matrix in order
to extract the force and moment values. The set-up enables force mea-
surements along three perpendicular axes with three simultaneous

Fig. 13. Raw recorded force (upper panel) and induced moment (middle panel) together with their HHs, the colour palettes indicating the instantaneous energy.
Lower panel shows the measured runup and measured surface elevation at 0.5 m from the lighthouse, WG11 in Fig. 11. This example refers to a regular wave case
characterised by H=0.18 m and T = 1.5s. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)
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moments. The sample frequency is 5120 Hz, but all the signals have been
decimated to 1000 Hz in order to reduce the computational effort of the
inverse process. Regular, irregular and focused waves were run; how-
ever, this investigation considers the applied methodology to recon-
struct the wave force, hence results from regular waves only are
presented. The assumption of 2D model is valid for the present test,
hence, the wave force is acting along the negative y-direction and the
induced moment is positive around the x-direction, Fig. 11.

The cantilever scheme leads to a versatile set-up but also to an un-
avoidable reduction in the overall system stiffness, requiring the need to
properly address the wave-induced vibrations. Fig. 13 upper and middle
panels show the typical recorded force and moment patterns for a reg-
ular wave case characterised by wave height (H) equal to 0.14 m
measured at WG11 on the shoal (water depth 0.1 m and distance from
the cylinder 0.5 m) and period (T) equal to 1.5 s (Fig. 13 dotted line
lower panel). A similar vibration pattern is present for all the wave
states, highlighting the overwhelming effects of the structural dynamic
response on the recorded force. Fig. 13 also shows the raw records and
the Hilbert-Huang spectrum (HHs) presenting a clear pattern due to the
natural frequency of the laboratory set-up which becomes the dominant
feature of the records. Between 3.0 and 3.2 s a sudden jump in the
instantaneous frequency and energy is detectable which is likely to
indicate the instant at which the wave impacted the structure, as
confirmed by the measured runup (lower panel solid line). Proceeding
along the signal development, the natural frequency of the structure
becomes dominant as shown by the instantaneous energy concentration
between 12 and 12.5 Hz. Less energetic intrinsic mode functions (IMFs)
are also grouped around the lower frequencies close to the incoming
wave frequency equal to 0.66 Hz, however due to the large difference in
instantaneous energy they are barely discernible. Overall, it is evident
that the recorded force is not the wave force but the response of the
model to an external perturbation. Finally, we want to stress that,
although in this example the dynamic response is particularly effective
in corrupting the measurement, any impulsive wave force measure-
ments should be properly post-processed with different deconvolution
techniques in order to extract real features and intensity of the incident
force, regardless of whether the laboratory model is relatively stiff.

4.2. Laboratory Bayesian inverse method application

As for any dynamic system, the first step is the identification of the
dynamic behaviour. In order to properly describe the dynamic response
of the laboratory model, impact hammer tests have been performed with
the aim to experimentally reconstruct the force IRF. The impact hammer
tests made use of a piezoelectric impact hammer equipped with a rubber
head (Fig. 14) which was used to hit the dry cylinder, i.e. without any
surrounding water, 3 times around a lower location where the wave
impact is expected (Fig. 15). By using the dry IRF within the inverse
process, we are implicitly assuming that the dynamic parameters of the
laboratory model remain the same during the interaction with the wave.
From the preliminary results of wet IRFs, we identified that the damping
ratio increases and the natural frequency decreases due to the additional
viscous damping and added mass due to the surrounding water. How-
ever, the uncertainty in the level of the water that should have been
considered to properly reproduce the wave impact conditions do not
allow the use of the wet IRF within the inverse process and therefore the
dry IRF has been used through the entire paper. The final adopted IRF is
the time average of 3 IRFs each of them calculated, as will be described,
by dividing the signals shown in Fig. 15 in shorter and equally spaced
segments with a length equal to 2.06 s and highlighted by the red dotted
lines.

The sought IRF can be seen as the time domain image of the fre-
quency response function (FRF) of the system, so that the IRF can be
calculated as the inverse Fourier transform of the ratio between the
Fourier transform of the system output (lower panel in Fig. 15) and the
Fourier transform of the system input (upper panel in Fig. 15) or simply

11
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the time domain deconvolution of the two. Under the hypothesis of fully
rigid cylinder and supporting structure the overall laboratory set-up can
be approximated by a single degree of freedom system with a strict
relation between the rotation at the force transducer and the displace-
ment at the tip of the cylinder so that the same IRF can be used for both
force and moment. Appendix A presents the derivation of the IRF and the
comparison between the IRF, calculated under the above-mentioned
hypothesis and by explicitly taking into account both the force and
the moment. However, despite the robust theoretical basis, the opera-
tion as described above in the case of noisy discrete measurements is ill-
conditioned, so that a regularization procedure needs to be applied also
at this stage. Here, the issue is tackled by means of the least-squares
solution supported by the QR decomposition. Each of the three experi-
mental IRFs, calculated by means of the three signal segments identified
in Fig. 15, is calculated as the solution of the linear system presented in
eq. (15):

Fig. 14. Impact hammer tests and impact location.
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Fig. 15. Impact hammer tests records and the used three segments (red dotted lines). (For interpretation of the references to colour in this figure legend, the reader is

referred to the Web version of this article.)

=Gy, IRF (15)

hl’

f hh dt
where h, is one of the three segments representing the response of the
laboratory model to the impulsive force exerted by the impact hammer
(i.e. hy) that in turn is divided by the time integral of the impulsive force
recorded by the impact hammer, i.e. hj. Gy, is a matrix defined using the
same method of matrix G (eq. (4)) with the main difference that, in this
case, each column is defined as a lagged hammer force, i.e. hj. There-
fore, the sought solution is the IRF that minimises both the norms in eq.
(16).

Gy, IRF —

min

Fical
[ h, dt (16)

min||IRF||

The applied regularization approach is aimed at treating the smallest
elements along the diagonal of the matrix R (obtained from the QR
decomposition of the matrix G;,) as zeros, so that the effect of the noise in
the impact hammer records does not play a major role in the final so-
lution. Plotting the elements along R’s diagonal is enough to identify a
reasonable regularization threshold that in this example is set to 0.5;
however this value should be evaluated for each case. Fig. 16 shows the
calculated average IRF that has been adopted for all the following
analysis. The clear presence of multiple components with their own
frequency (13, 90, 475 and 535 Hz, see Appendix A) might be related to
the quasi-rigid rotation of the cylinder around the transducer (13 Hz), to
the second flexural mode of the cylinder, having the centre of mass
moving in phase opposition relative to the tip (90 Hz), to the first natural
mode of a cylindrical cantilever element (475 Hz) and to the supporting
structure vibrations (535 Hz).

Fig. 16. The identified IRFs for both horizontal force and moment.
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Fig. 17. Recorded signals and normal prior distributions (mean and standard deviation).

Finally, in order to identify the intrinsic noise within the data, and
then define the covariance matrix (Cp) associated with the data, the
signal is assumed to comprise a smoothly varying function plus additive
Gaussian noise with zero mean and variance to be estimated; the
methodology described by D’Errico (2007) is applied here, for the
estimation of the signal noise variance. The identified variance values
are 0.0015 N2 and 2.5 x 10°° (Nm)2 for the force and moment,
respectively, and are assigned to the elements along Cp’s principal
diagonals.

4.3. Laboratory informative prior distributions

As presented in the theoretical example, the definition of the prior
distributions is based on the previous knowledge on the impulsive wave
loading on cylindrical structures (Goda et al., 1966; Tanimoto et al.,
1987; Von Karman, 1929; Wienke and Oumeraci, 2005). Despite alter-
native approaches being available, recently the work of Wienke and
Oumeraci has been successfully applied in preliminarily investigations
of wave loading on offshore rock lighthouses (Trinh et al., 2016), hence
it is used as reference for the definition of the prior distribution. How-
ever, a large proportion of the waves that interact with the lighthouse,
and accordingly, also in the present laboratory experiments, rarely

Fig. 18. Example result for regular wave T = 1.5s and wave height around the breaking point 0.14 m. a) water surface elevation recorded at WG11 (0.1 m water
depth and 0.5 m from the cylinder) and Runup, b, d) the identified incident wave force and moment and c, e) the Hilbert-Huang spectrum.
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Fig. 19. Detailed results of the laboratory data analysis. a) the identified incident wave force together with a zoom on the posterior distribution for the maximum
value and, b) the incident wave force Hilbert-Huang spectrum. c) the measured runup and the identified application point for the wave force and related posterior

distribution.

break directly onto the structure, instead they mostly reach the structure
already broken with an initial aerated and turbulent front (Bressan et al.,
2018). Therefore a modification is applied to the standard Wienke and
Oumeraci approach and the wave celerity (Cp) is calculated according to
the method of Bonneton (2004) for broken waves in the surf zone,
resulting in a value 1.5 m/s. Hence, the maximum value for the prior

distribution is kept equal to the maximum force calculated according to
the modified Wienke’s method, i.e. 31 N and is approximately applied at
0.06 m from the bottom of the cylinder (i.e. 0.47 m from the origin of the
axis). These dimensions are associated with a curling factor of 0.46 and
wave crest of 0.08 m at the breaking point (Fig. 13 upper panel).
Finally, due to the large uncertainties on the multitude of phenom-

Fig. 20. Wolf Rock lighthouse from the helicopter during the field campaign (courtesy of Trinity House) and the vertica