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ABSTRACT

The full exploitation of the oceanographicalinformation containedin altimeter height observations
made during altimetry missions of the past (SEASAT), present(GEOSAT) and future (ERS-1,
TOPEX/Poseidon),requiresvery accuratesatellite orbits. Although the dynamicmodelsinvolved in
the orbit computation areof steadily increasingaccuracy,the strived-for accuracyof 10 cm of the
radial position componentmay not be achievedfor all thesemissionsin the nearfuture.

Severaltechniqueshavebeendevisedto apply altimeteror cross-overdatato satelliteorbit correction
and gravity model adjustment.This paperwill addresstwo methods which are currently being
developedatDeift Universityof Technology(DUT). Using analytical theory,a gravity modelmay be
adjustedwith a limited number of laser range and cross-overdifferenceobservationsby applying
constraint matrices.This techniquewas successfullyapplied to tune the GEM-Ti model. With the
same theory a new method of orbit error correction used by the so-called cross-overminimization
techniquefor restrictedareashas beendevised,which allows the recoveryof the eliminated orbit
error,and the combinationof theseerrors from severalareasinto a global error model.

INTRODUCTION

Since its launch in 1978 the SEASAT altimetry satellitehas been the subject of orbit computation
with steadily increasingaccuracy.In successionto the final SEASAT-tailoredgravity model called
PGS-S4it is currently the general-purposemodel GEM-Ti which providesthe mostaccurateorbits,
with a radial accuracyof 50 cm rms. The key to the improvedaccuracyof the orbit was indeed the
improved gravity field model, and though this is not the only sourcefor the remainingorbit error, it
is still the most importantone. Becausethe accuracyof the radial componentof the computedorbit
should be 10 cm or less in order to apply the altimeterobservationswith their full precisionto ocean
surfacemodeling,a furtherimprovementof the gravity field model is required.

For the TOPEX/Poseidonmission, which is to fly in the early 1990’s, this improvementis already
taking placeon a grand scale,and the projectedradial accuracyfor the orbit of this satellite is some
15 cm. It hasto be mentionedhere that this satellite will be using a higher orbit than SEASAT, with
a completely different inclination. Another altimetry mission plannedfor the sametimespanis the
EuropeanERS-1. This satellitewill be flying an orbit muchmoresimilar to SEASAT, but becauseof
the difference in orbital inclination, the radial error of ERS-1 orbits computedwith current gravity
models is estimatedat 1 m or more.

Deift University of Technology’s Section Orbital Mechanics (DUT/SOM) has been involved in
SEASAT preciseorbit determinationand altimeter data processing for a numberof years,and is
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currently preparing for its part in both the ERS-1 and TOPEX/Poseidonprojects.The emphasisfor
DUT/SOM in thesestudieswill lie on ERS-i orbit improvement,preferably to the samestandardas
aimed for in the TOPEX/Poseidonmission, so that the altimeter data of these satellites may be
mergedto form oneglobal set of equal precision.The contribution to the TOPEX/Poseidonmission
will be that accurate altimeter data become available at those extreme latitudes that the
TOPEX/Poseidonsatellitewill not reach.

A very useful tool in the experimentsin the preparatoryphaseof this studyis the SEASATsatellite.
The first subject in this paper is a gravity model tuning experiment,which is a test casefor a future
tailoring of a general-purposemodel to ERS-l. In this experimentthemodel was actuallytailored to
SEASAT, which is consideredto be sufficiently similar to ERS-1 for a meaningful interpretationof
the results. First of all the state-of-the-artaccuracyof SEASAT orbits is established. After some
generalremarks about estimatingthe accuracyof gravity models,a generaltheory is outlined with
which the subsetof the gravity coefficients to be adjustedis defined. Then follows a descriptionof
the model adjustmentitself and theresults,anda discussionof how this may contributeto the ERS-1
mission.

The final subject in this paper is a presentationof a new non-dynamicalorbit error correction
procedurefor regionalapplications.This procedureresemblesthe traditional tilt-and-bias local cross-
over minimization scheme.It has, however,a numberof advantages,which will be discussedin the
pertinentsections.

ACCURACY ASSESSMENTOF SEASATORBITS

The accuracyof SEASAT orbit computationhasbeenestablishedby manyauthorsover the last few
years [1,2,3],and the values most cited in literatureare the rms radial position error of 70 cm for
PGS-S4 orbits and 50 cm for GEM-TI orbits. Tables 1 and2 show some recent results by
DUT/SOM for four 3-day SEASAT arcs in the period of september15 to 27 1978. Thesetableslist
the statisticsof the laserrangeresidualsandaltimetercross-overdifferenceresiduals,from which an
estimateof the global radial orbit error is deduced. In both casesthe orbits were computedusing
Geodyn.

In the first case(Table 1) the PGS-S4gravity model, the GEM-lOB-detailedgeoidmodel [4] andthe
PGS-S4 station coordinateswere applied. This combination will be referred to as the ‘PGS-S4
model’. The ‘GEM-Ti model’ (Table2) representsthe combination: preliminary GEM-Ti gravity
field, GEM-lOB-detailed geoid and UT/CSR 8402 station coordinates.More detailed information
aboutthe applied modelsandtracking datamay be found in [3].

The radial orbit error estimatesin Tables 1 and2 were computedas:
(1) ½~J2timesthe cross-overresidualmis.
(2) The low-frequencypart of thealtimeter residuals(f< 1.5 cpr).
(3) Combinationof model (I) andan estimateof the geographicallycorrelatederror.
This correlatederror was computedas a combinationof four Legendrefunctionsof latitude and
longitude,which werefitted throughthe altimeterresiduals,and their rms about meanis alsolisted in
Tables 1 and2. In the ideal caseestimates(2) and (3) shouldhave similar values.The low-frequency
part of the altimeter residuals (estimate (2)) shouldnot contain contributionsother than the radial
orbit error, while orbit errors with higher frequencywhich arecontainedin estimate(3) through the
cross-overresidual rms can only be very small. The occurring discrepancy,observedin Tables 1
and2, has been thoroughly investigated.In experimentsit was found that the discrepancywould
almost completely disappearif the GEM-lOB-detailedgeoid were replacedby a GEM-lOB or a
PGS-S4geoid. This leads to the conclusion that estimate (3) is the most reliable one, and that
estimate(2) is influenced by the relatively high noise level of the detailedgeoid. Another feature
discoveredin the high-frequencypart of the altimeter residualswas a latitude-dependentsignal with
a frequencyof 2 cyclesper orbital revolution, equivalentto a flattening effect. The amplitudeof this
signal of approximately1.1 m varied dependingon the applied geoid model. The major partof this
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signal is probablydueto an equatorialbulge in the oceansdueto oceandynamics features[5].

The final estimate ((3)) of the SEASAT radial orbit accuracy,of 90 cm and 60 cm for orbits,
computedwith the PGS-S4and GEM-TI modelsrespectively,are somewhathigher than the values
mentionedabove, but this is mainly due to the geographicalcorrelation of the radial orbit error for
the PGS-S4orbits, which has beenidentified as theresult of a commonz-shift of I m in the PGS-S4
station coordinates [3]. This may be demonstratedby Figure 1, which shows the geographically
correlatedpart of the radial orbit error mentionedin Tables 1 and2 andalso that of the difference
betweenthe two orbits for oneof the arcs. The geographicallycorrelatederror appearsas a latitude-
dependenterror in the PGS-S4orbit. The radial differencebetweenthe two orbits is alsorepresented
in the frequencydomain in Figure2, which showsthat thereis a significantpeeknearonecycle per
revolution, and that the differencegradually decreasesfor high frequencies.It may be assumedthat
the error for each of the gravity models is similar to this figure, becauseboth models are
representativefor SEASATorbit computation.

Becausethe major part of the remainingradial orbit error is due to errorsin the gravity field model,
extensive researchand developmentof gravity field modeling is currently being undertakenby
various groups,of which the NASA GSFCGEM-Ti model is one of the first major results [6]. Until
now DUT/SOM hasconcentratedits efforts in this area towardsthe tuning of existinggravity models
to specific satellites.Somepreliminaryresultsin this field havealreadybeenpublished[7,8],whereas
this paper addressesa new developmentin gravity model tuning, showing that SEASAT laser and
cross-overresiduals may be significantly reducedwith respect to those for GEM-TI orbits, by
adjustinga subsetof the GEM-Ti gravity modelcoefficients.

Table 1. Cross-overdifferenceresidualsand estimatedradial orbit error statisticsfor four SEASAT
arcs computedwith the ‘PGS-S4 model’, no ocean tides applied. All values are in cm. The radial
orbit error statisticswere estimatedas follows: 1) 1,442 times the mis cross-overresiduals.2) Rms
about mean of the low-frequency part of altimeter residuals.3) Combination of 1) and the 4
Legendrefunctions.

Arc Xover Legendre Rms radial orbit error
ID mis functions modell model2 model3

C2 100 65 71 130 96
C3 90 64 64 120 90
C4 125 78 88 137 118
CS 85 58 59 112 83

Table 2. Cross-overdifferenceresidualsand estimatedradial orbit error statistics for four SEASAT
arcscomputedwith the ‘GEM-Ti model’,including oceantides.All valuesare in cm.

Arc Xover Legendre Rms radial orbit error
ID tins functions modell model2 model3

C2 77 21 54 106 58
C3 71 20 50 100 54
C4 74 21 52 101 56
CS 82 19 58 101 61
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Figure 1. The geographically correlatedradial orbit error plotted as a function of latitude and
longitude. In all threecasesthe errorwas computedas acombinationof the four Legendrefunctions
of degrees0 and 1. TOP: The radial orbit error for the ‘PGS-S4 model’, estimatedfrom altimeter
residuals. CENTER: The radial orbit error for the ‘GEM-Ti model’ estimated from altimeter
residuals. BOUOM: The correlatedpart of the radial orbit differencebetweenPGS-S4andGEM-
Ti orbits.
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Figure 2. The frequencyspectrum of the differencesin the radial position componentof 3-day
SEASAT orbits,computedwith the ‘PGS-S4model’ andthe ‘GEM-Ti model’ respectively.
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Figure 3. The analytically predicted frequencyspectrumof the differencesin the radial position
componentof SEASATorbits computedwith the PGS-S4and GEM-Ti gravity models.
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GRAVITY FIELD MODEL ERRORS

There are basically two ways to determinethe orbit error due to a gravity modelerror. The first has
beenusedabove, and consistsin computing the samesatellite orbit with two differentmodels,and
comparing the results.This is avery practicalapproach,but the resultsmust be interpretedwith great
care. Only if the gravity models havebeen computedusing independentdata, the errorsof the two
modelswill be uncorrelated.Becausemost of the recentgravity modelsdependheavily on the same
satellite data, there will always be some correlation.Even if this correlation is low, the difference
betweenthe two orbits mainly providesinformationaboutthe leastaccurateof thetwo models,while
onewould be more interestedin the errorof thestate-of-the-artmodel.

The alternative approach is to use the covariance matrix obtained during the gravity model
computation.This covariancematrix, however,is a formal statisticsentity computedfrom a least-
squaresminimization process,and the resulting covariancesare based solely upon measurement
noise. In other words: the uncertaintiesin the coefficients given by the covariancematrix arevalid
under the assumptionsthat the errors in the data used for the computationare uncorrelatedand that
the model is able to fully and completelydescribethe gravity field. In order to usethis matrix for a
realistic accuracyassessment,it hasfirst to be scaledby comparingit with independentdata(surface
gravity, resonanceconstraintsetc.). This approachwas used in [9] to estimatethe accuracy of the
GEM-Ti model for TOPEX orbit computation, yielding an mis value of 25 cm for the radial
component.

Gravity modelcomputationfrom only satellite tracking data is limited by the fact that the available
satellite data do not cover all relevant inclinationsand semi-majoraxes.A gravity model basedon
these data alonewill possessheavily correlatedcoefficient values, and will be unsuitable for the
computation of satellite orbits with other inclinations and semi-major axes. The most common
solutions to this uncertainty are the inclusion of additional gravity anomaly information, and
collocation,which may be describedas a way of constrainingthe coefficient values. For so-called
tailored gravity models,which are meant to be very accuratefor one satellite only, thereare some
additionalconsiderations. Using analytical theory it may be shown that many different termsin the
gravity field lead to the sameorbit perturbations,and it is thereforepossible to select a relatively
small subsetof gravity model coefficients which may be adjustedrelative to an existing gravity
model, in order to achievean improvementin the accuracyof this model for only one satellite.The
analytical theory of orbit perturbationsdue to the gravity field has beenpresentedin many forms
[9,10,11]. A somewhatalternativeappoachhas beentaken by DUT/SOM, which will be summarized
in the following.

ANALYTICAL PREDICTION OF RADIAL ORBIT ERRORSDUE TO THE GRAVITY
MODEL

Analytical computation of satellite orbit errors due to a gravity model error is usually based on
Kaula’s theory [12], with a numberof simplifying assumptionsin order to reduce the computational
effort. The perturbationsof the Keplerian orbital elementsresulting from theseanalysesare then
transformed into cross-track, radial and along-track perturbations. In this paper an alternative
approachis used.The equationsof motion aredirectly expressedin an in-orbit referencesystem,and
yield a solution with sufficient accuracy for the purposesof this study. This theory also usesa
numberof simplifying assumptions.For altimeter satellitesthe most interestingerror is that of the
radial position component.Becausethe motion inside the orbital planeandthat perpendicularto the
orbital plane areonly dynamically linked through second-ordereffects, the equationsof motion will
be written in a coordinatessystem in which there are only two components: a radial and a
circumferentialcomponent.Equationsgoverningthe perturbationsperpendicularto the planemay be
setup andsolvedseparately.

In the derivation it is assumedthat the orbital plane hasa fixed orientation in space,anda correction
is made for this to the Earth’s daily rotation velocity. The error thus introduced,causedby the fact
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that the systemof integrationis no longer inertial, will be negligible as tong as the theory is applied
to short testarcs. Now the in-planeequationsof motion aredescribedby:

•2
r—re

ar
(1)

where r is the radius, e the in-plane angleand U the total potential which determinesthe satellite
motion.Thereferencetime(t=0) is chosenat an ascendingnodepassage.

An importantapproximationmadein the following derivation is the assumptionthat the unperturbed
orbit is exactly circular, and that the investigatedperturbationis relative to this circular orbit. This
meansthatan errorproportional to the orbital eccentricityis madein modelingtheperturbing forces.
For all past and presentaltimetry satellites the orbital eccentricity is of the orderof 0.001, so also
this approximationwill not lead to major errors,againprovided that all analysesareperformedwith
relatively short arc lengths(not more than a few days). In the resulting equationsa is the semi-
major axis of the unperturbedcircular orbit and (o~the meanangularvelocity. X~Is the longitude of
the ascendingnodeand ~‘ is the earth’s daily rotation velocity correctedfor the orbital precession.
Using Kaula’s transform [12] the gravity field may be written as an infinite trigonometric series.
Insteadof the usualexpansioninto G~(e)functions, this study usesthe following expressionfor the
potentialof oneterm Ub,, of thegravity field:

= .a ~ J~~ F,,,(I) cos (f~o)0t+ ,p — f3*)

(2)

f~~=1-2p-4

where ‘b~~and f3* aregivenby:

C~,,=J:mcosI3 * j3 l—meven

= ~ l—modd (3)

Insteadof consideringthe total effect of a term of the gravity field model, one may considerthe
effect of the error in the values of the coefficients. In the following Mb,, and ~43*are the values
computed from the coefficient errors E~Cb,,and ~Sb,,using Eq.(3). After some straightforward
manipulationsit appearsthat:

= a (1—1) (..)1 ~ E F,,,,(I) — (l~l)fi,,,pnh] cos~ + m~— ~*) (4)

With the above theory it is possible to predict the effect of gravity field model errors. If an error
model has beendefined in some way (for exampleas the differencebetweentwo existing gravity
models),it is possibleto predict the Fourierseriesof the resulting radial orbit error usingEq.(4). In
that caseoneis only interestedin the amplitudesfor the given frequenciesfo~),without looking at
the phaseof the errorsignal contributions.An exampleof this applicationis given in Figure3, which
shows thepredictedradial orbit error spectrumfor SEASAT, using a simulatedgravity modelerror
equal to the difference betweenthe PGS-S4and GEM-Ti gravity models. Comparing this with
Figure2, a good correspondenceis found, exceptfor the term with exactlyone cycleper revolution,
which cannotbe estimatedusingthis theory. It shouldalsobe noted that Figure2 did not pertain to
GEM-Ti but a slightly differentpreliminary version.
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ESTIMATION OF GRAVITY COEFFICIENTSUSING CROSS-OVERDATA AND
CONSTRAINTS.

For SEASAT orbit computationthe general-purposemodel GEM-Ti is alreadyan improvementover
the tailored modelPGS-S4,but still the radial accuracyis insufficient for a direct applicationof the
SEASAT altimeterdata to oceandynamicsstudies.This is even more true for ERS-1,as Rosborough
[9] indicates that the expectedradial orbit accuracy of GEM-Ti for this satellite is noticeably
inferior. It has therefore beeninvestigatedby DUT/SOM what accuracyimprovementof GEM-Ti
could be achievedby tailoring it to ERS-i, while SEASAT was usedas a stand-in for ERS-1. As
previous experimentshave shown (7,8], a subsetof 60 coefficients is insufficient for a significant
improvement, but at the same time the laser tracking data of four 3-thy SEASAT arcs are
insufficient for the determination of a larger subset. Altimeter tracking data should not be used
globally for this purpose,as the sea surfacetopography may be aliasedinto the recoveredgravity
model. For this reasoncross-overdata were selectedto serve as tracking data in addition to the
available laser range observations,while the singularity of the normal equationswas reducedby
settingup a constraintmatrix which was to be addedto the normal equations.

From Figures 2 and3 it can be seen that orbit perturbations due to gravity model errors with
frequenciesabove two cycles per revolution may be keptout of considerationbecausetheir effect is
much smallerthan that of lower frequencies.This is dueto the attenuationfactor (i-f1,,~)seenin the
denominator in Eq.(4), which also appearsin the relations for the cross-track and along-track
perturbations.The equationsalso show that the frequenciesoccurring in the radial and along-track
perturbationsonly dependon the gravity term order m andthe parity of the degree1.

Because laser range observationsprovide a combination of cross-track, radial and along-track
information, it will not suffice to allow only improvementin the radial direction.A minimization of
laser residualsis only possibleif the orbit may be improvedin all three components.Eq.(2) shows
that every pair of coefficients producestwo frequenciesbetweenzero and two cyclesper revolution
in the radial andalong-trackperturbations.For the cross-trackperturbationsthe frequenciesare given
by:

fh,,~1—2r—i—-~. (5)

Theseare the samefrequenciesthat occur in the radial and along-trackdirections (except that they
occur at the oppositeparity of the degree,which has no influenceon the selectionprocedureused
here). The conclusion is that in order to cover all frequenciesbetween zero and two cycles per
revolution in all three direction components,a total of twelve pairs of coefficients have to be
estimatedfor eachorder of the gravity field model, six for odd degreesandsix for even degrees.

ADJUSTMENT OF GEM-Ti COEFFICIENTSFOR ORBIT ERRORIMPROVEMENT

In order to limit the numberof coefficients to be estimatedit was decidedto truncatethe numberof
orders for which coefficients were to be adjusted.Figure4, which was taken from Rosborough[91,
shows the expectedradial error of TOPEX orbits computedwith GEM-Ti as a function of the
coefficient order. This figure was deducedfrom the covariancematrix of the GEM-Ti solution. It
shows that above order 13 the remaining error is limited. Although Figure~ is not directly
applicable to SEASAT, it is assumedthat the major errors for this satellite will be due to the
coefficientswith order less than or equal 15, being onemore thanthe numberof revolutionsper day
(n’) for this satellite. With 12 coefficient pairsper order,this leadsto a total of 360 coefficients to
solve. It was also decided not to adjust any zonal harmonics.The selectedset of coefficients is
shownschematicallyin Figure5.
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Figure 4. Rms of the TOPEX radial orbit standarddeviationas a function of gravity term order m,
for the GEM-Ti gravity model,deducedfrom the variance-àovariancematrix (from Rosborough[9]).
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Figure5. Gravity coefficients selectedfor thegravity model tuning experiment.This figure represents
the complete36*36 GEM-Ti model,while the selectedcoefficientshavebeensurroundedby a heavy
border.
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FourSEASAT dataarcsof 3 dayseach were availablefor the adjustmentprocess.Some information
about these arcs is listed in Table 3, together with additional information about the adjustment
process.The arc lengths and numberof laserand cross-overobservationsbeing insufficient for a
straightforwardsolution, it was decidedto add constraintsto the system of equations,by requiring
that wherevertracking data are insufficient, the orbit should remain as close as possible to the
original GEM-Ti orbit, which representsthe bestcurrentsolution. To achievethis, state vector data
were generatedon the original GEM-Ti orbits,and normal equationswere set up for fitting the orbit
to theseobservations.Normal equationswere alsoset up for the laserandcross-overdataof the four
arcs, and the coefficients were solved by combining the matriceswith various weight ratios, using
two iterations.

It appearedthat the weight ratio had a large impact on the resulting coefficient adjustments.Of
course,if the constraintweight is infinite, all adjustmentswill be zero, and if the weight is zero the
adjustmentswill be unrealistically large. The weight was adjusted empirically, checking the
coefficient adjustmentswith Kaula’s rule of thumb.This is illustrated by Figure6. This figure shows
the rms values of the coefficient adjustmentsfor each gravity term order m, divided by the value
according to Kaula’s rule. The weight ratio for which the rms adjustmentvalues were just below 1
was chosenfor the final adjustment.In the following the adjustedGEM-Ti model after 2 iterations
will be designatedby GEM-T1CX, where the X symbolizesthe useof cross-overobservationsduring
the computation of the model. The seconditeration was performedwithout updatingthe constraint
matrix, becausethe orbit adjustmentwasonly minor.

Table 3. Summaryof the modelsand the SEASAT tracking dataapplied in the gravity model tuning
experiment.

GRAVITY • Basemodel: GEM-Ti
MODEL • 180 pairs of C,S coefficients estimated

• “Infinite” a priori standarddeviations
• Constraintsbasedon GEM-Ti a priori orbit

CONSTANTS • a~=6378.i37km; i/f=298.257;GM=398600.436km3/s2
c=299792.458km/s

TRACKING • Fournearlyconsecutive3-thy dataarcsin the 3-thy
DATA repeatorbit, containing 96 laserrangingpassesover

10 stations.Normalpoints weight: 1 m.
• SL6 station coordinatesscaledto adoptedvalueof ae.
• 2831 Cross-overdifferences,weight 1 m.
• One 3-day testarc in the 17-dayrepeatorbit.
• One 3-thy testarc in the 3-thy repeatorbit, high

solar activity.
OTHER • MSIS (1983)atmosphericdrag,daily dragcoefficients
MODELING adjusted.
INFORMATION • Solar radiationpressure,arc-dependentpressure

coefficient adjusted.
• Luni-solarattraction,solid earthtides,precession,

nutation,polar motion,UT1 andindirect moon-J2
effectsall applied.

IN’IEGRATION • 1l-th order Cowell integration,stepsize75 s.
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Table 4. Laser and cross-overdifference residuals for four 3-thy SEASAT arcs computedwith the
GEM-Ti model and with the adjustedGEM-TICX model. Values are mean/rmsin cm. In all cases
both laserandcross-overdatawere usedtogetherastracking data.

Arc Laserresiduals Cross-overresiduals
ID GEM-Ti GEM-T1CX GEM-Ti GEM-T1CX

C2 -7/65 0/45 4/63 2/42
C3 9/47 3,28 7/62 5/40
C4 -8/49 -3/30 7/60 4/37
C5 -12/62 -6/36 4/62 2/38

Table 5. Laser and cross-overdifferenceresidualsfor two 3-day SEASAT test arcs computedwith
the GEM-Ti and GEM-T1CX models. Test arcsCl and C6 lie in the 17-day and 3-thy repeat
periods respectively.Values are rms in cm. In all casesboth laserand cross-overdata were used
togetheras tracking data.

Arc Laserresiduals Cross-overresiduals
ID GEM-Ti GEM-T1CX GEM-Ti GEM-T1CX

Ci 54 52 68 57
C6 121 118 93 66

S

w=0

V

E

0.01

0.1

0
1 Orderm 15

Figure6. The influenceof theweight of the constraintmatrix on the mis adjustmentper gravity term
order m of the selectedcoefficients.Each line representsa different relativeweight. The valueshave
beendivided by Kaula’s rule of thumb.
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Table 4 shows the laserand cross-overresidual statisticsfor both the original GEM-Ti model and
GEM-T1CX, for the four arcs usedin the computationof the new model,using both laserandcross-
over observationsas tracking data. Thesearcs, designatedby C2 to C5, all lie in the period that
SEASAT was in its three-dayrepeatorbit It appearsthat a significant improvementover the GEM-
Ti statisticshas been achieved,where the improvementduring the seconditeration was marginal
though consistent.The final cross-overresidualstatisticsof 37 to 42 cm indicatesthat the remaining
radial orbit errors are probably around 30 cm mis, and this seemsa reasonablevalue, taking into
account the various restrictionsin the experiment.The laser residual rms values of 28 to 45 cm
indicate that the total position componenthas a comparableerror, at leastduring the periodsthat the
satellite was tracked. Becauseof the limited quality of the data of someof the tracking stationsin
1978,it is questionabewhether thesefiguresmayyet be improvedby much.

Table 5 shows the laser and cross-overresidualstatisticsfor two test arcsthat were not usedduring
the computation of GEM-T1CX. Of these arcs the one designatedby Ci lies in the i7-day near-
repeatorbit, while arc C6 immediatelyfollows arc CS, but falls within a period of high solaractivity.
The relatively minor improvementfor arc Ci of both laserand cross-overresidualsindicatesthat the
GEM-T1CX model is also valid for the period that SEASAT was in its 17-thy repeatperiod. There
is a noticeableimprovementin arc C6, but the drag modelingproblem is probablyresponsiblefor the
still relatively largeresidualmis values.

The main questionemanatingfrom this experimentis of coursewhether the sameresultsmay be
obtainedfor ERS-1 when that satellite is in orbit. Becauseat no point in the experimentexplicit
SEASAT parameterswere used, it has to be assumedthat the sameaccuracymay be obtainedfor
ERS-1 orbits. The only differenceis that GEM-Ti is alreadya very accuratemodel for SEASAT
orbit computation,and this will not be the casefor ERS-i. Thereforethe constrainingprocedure
used in this experimentmay not be applicablethen. But at that time the state-of-the-artgravity
model GEM-Tn will be very accuratefor TOPEX/Poseidonorbit computation,and the constraint
matrix may be set up for this satellite.Especiallyif alsoERS/TOPEXcross-overdifferenceswill be
used astracking data, it mustbeavoidedthat the GEM-Tn modeldeterioratefor TOPEX/Poseidonas
a resultof the tailoring process.

A POSTERIORIORBIT ERROR CORRECTION

Whereasthe precisionof the radaraltimeter heightobservationsafter applying the necessarymedia
correctionsis well below 10 cm for current andfuture radarinstruments,the error introducedby the
orbit computationreducesthe absoluteaccuracyof the resulting sea height above the reference
ellipsoid to some 50 cm for SEASAT orbits, when state-of-the-artgeophysicalmodels are applied.
As a resultof this, the radial orbit error hasto be eliminated in someother way. Some very useful
techniquesto achievethis have beendevisedin the pastdecade,usingwhich accurateoceanographic
resultshavebeenobtained[13,14].One of thesetechniquesis commonly called the local cross-over
minimization technique,and consistsin the removal of a linear trend from altimeter residuals on
short arcs (up to 2000 km) in a restrictedarea, in such a way that that the cross-overresidualsare
minimized in a least-squaressense[15,16,171.This techniquerequiresthe subdivisionof the global
oceansinto small patches,to each of which the proceduremay be applied,after which the patches
may be combined into a global map of the mean sea surface. As a result of this, the basin-wide
topography is lost. If, by using a more realistic orbit error model, the maximum size of the area
could be increased,the loss of basin-wideinformation would be reduced.The following section will
introducea simple though effective improvementin the orbit error correctionfunction, and discuss
how it hasbeenimplementedin theDUT/SOM softwaresystem.
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AN IMPROVED ORBIT ERRORCORRECTIONPROCEDURE

As shown above (Figures2,3) a Fourier analysis of a typical radial orbit error has the highest
amplitudesnearthe frequencyof onecycle per orbital revolution.Becauseof this fact, during part of
an orbital revolution the error may very well be approximatedby a sinusoidal function with a
frequencyof one cycle per revolution.

If we write:

p(t) = c(t) cos u + s(t) sin u (6)

where p(t) representsthe actual(and unknown) radial orbit error as a function of time, andu is the
argumentof latitude, or the in-orbit angle betweenthe satellite position and the most recentpass
through an ascendingnode, then, for a typical radial orbit error signal, both c(t) and s(t) will be
slowly-varying functionsof time. As a consequencethese functionswill be almost constantduring
periodsshorterthanoneorbital revolution [18].

A useful application of this is found in the local cross-overminimization procedure.Instead of
representingan orbit error on a short arc by two parametersdefining a linear function, it may be
representedby two constantvalues~ and7, resultingin the errorfunction:

= ~cos u + rsin u (7)

This error function may be used over longer arcs than the conventionallinear function, as will be
demonstratedin the following section.

It shouldbe notedherethat the separationof the radial orbit errorsignal into two functions,as given
in Eq.(6), would seemto lead to a fundamentalproblem: for any given orbit error signal there is an
infinite numberof possibleseparationsinto functionsc(t) ands(r). This doesnot meanthat the error
correction in Eq.(7) cannotbe determined.In this relation the parameters~ and7 are imposedto be
constant,and they refer to the one separationof Eq.(6) which is smoothestaccordingto a certain
smoothnesscriterium. In otherwords: amongthe infinite numberof possibleseparationsof p(r) into
c(t) and s(t), onecombinationmay be found for which c(c) ands(t) are most nearlyconstantduring
the shortpassunderconsideration.

An interestingaspectof the useof sinusoidalorbit error correctionsis thatthe computedvaluesof ~
and 7 for each of the tracks should form a long-wavelengthtime series. Furthermore, if the
eliminatedradial orbit error for a certain test areais only due to the gravity model error, the values
of ~Zand 7 recoveredfrom different test areas should lie on the same curves. This leads to the
following interestingpoints:
• Graphs of the values of ~ and7 as a function of time should be similar for all test areas.By
comparing thesegraphs,outliers dueto othererror sourcesmay be identified.
• By solving the values of ~ and7 for severalareas,reliable functionsc(t) ands(t) maybe computed
by interpolation,which may be interpretedas the actual (uncorrelated)radial orbit error due to the
gravity modelerror. The applicationof this function is two-fold:
• Imposing these functionsas the trackcorrectionsinsteadof the previously computedZ and7, will
automaticallylead to smooth transitionsbetweenadjacenttest areas.
• The radial orbit error p(t), restored from c(t) and s(t), yields significant information about the
remaininggravity modelerror.
This new cross-overminimization procedurehas recently beenimplementedat DUT/SOM, and the
first resultswill be discussedin thefollowing.
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APPLICATION TO AN IMPROVED CROSS-OVERMINIMIZATION PROCEDURE

The sinusoidalcross-overminimizationprocedurehasbeenset up modularly so that optimal usecan
be madeof the above-mentionedadvantagesof the error correctionmodel. This is demonstratedin
Figure7 which showsthe procedurein a simplified block diagram. Indicatedare the possibilitiesof
feedingbackthe computederror correction,andcombining thesefor several regions.The procedure
is also capableof treating data from various satellites supportingdifferent specificationsof radial
orbit accuracyand altimeternoise level. Thecross-overminimizationprocedurehasbeenapplied to
a test area in the SouthernAtlantic Ocean, from 30°W to 10°E and from 5°to 45°S. This 40°*

40°area, with an approximatesize of 3500 * 4000~2, comprisessuch topographicfeaturesas the
Mid-Atlantic Ridge and the Walvis Ridge nearAfrica. This area hasalsobeen subdividedinto four
equal sectionsof 20°* 20°(Figure8), andthe new minimizationprocedurehas beenappliedto both
the total areaandthe four sub-areas.

AREA AREA
SELECT SELECT

XOVER XOVER
GENER. GENER.

14’ ______ ~

I COMBINE

I ~ I
APPLY APPLY
CORR. CORR.

I I
GRID& GRID&
PLOT PLOT

Figure 7. The improved local cross-overminimizationprocedure. The two piles representidentical
applicationsof the procedureto different areas:selectionof altimeter datafor an area,generationof
cross-overs,minimizationof cross-overresiduals,correctionof altimeter data,gridding and plotting.
The central module combinesand adjuststhe trackcorrectionparameters.The adjustedvalues may
beusedas apriori valuesfor a new minimizationstep, or appliedinsteadof thepreviousvalues.
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Figure 8. Application of the local cross-overminimization procedureto a test area in the South
Atlantic (longitude 30°W to 10°E, latitude 5°to 45°S), which has also been subdividedinto four
20° * 20°blocks (top figure). The bottom figure shows a 3-dimensionalrepresentationof the
recoveredmean sea surfacerelative to a 12*12 truncation of the GEM- lOB geoid model, viewed
from the south-west.Clearly visible are the Mid-Atlantic ridge (center)andtheWa1ViS ridge (right).
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It is a well-known phenomenonthat a least-squarescross-overminimization proceduredoesnot have
a unique solution. In fact, if two parametersper track, defining a long-wavelengthcorrection
function, are used,four degreesof freedommay be identified, resulting in four Eigenvaluesof 0 or
almost 0 in the system of normal equations.These must be overcomein order to find a solution,
preferably the most likely solution. As part of the experimentstwo methods of overcoming the
degreesof freedom have beentested. The first of these is a Bayesianapproach,where each of the
coefficients~ and7 has an a priori valueof zeroand a non-zerostandarddeviation.The secondis a
much less stringent functional approach where the degreesof freedom are expressedas four
Legendrefunctionsof latitude and longitude, which are minimized in a least-squaressenseover the
test region. It appearedthat the latter method still left relatively ill-conditioned normal equations.
The resultsof the new procedurewere alsocomparedwith the traditional linear orbit errorcorrection
method.

The cross-overresidual statisticsof these casesare gatheredin Table 6. This table showsthat the
sinusoidalprocedurewith Bayesianconstraintsleavesa cross-overmis for the total area which is of
the samemagitudeas the sub-areas,while the traditional linear methodbreaksdown for the larger
area, even though theresultsfor the sub-areasare of the samequality as with the sinusoidalmethod.
Another interestingpoint is thelow valueof the cross-overresidualrms for the functionalconstraint.
This showsthat the oceanicvariability is relatively low in this area,andthat the a posterioristatistics
for the other solution methodsstill contain a residualorbit error. Although the functional constraint
leaves the lowest cross-overresiduals,the resulting mean sea surface topography is not the most
reliable. Investigationof the absoluteposition of the sub-areasrelative to the total area has indicated
that the solution is unstable. For the Bayesianconstraint there was a better correspondence,and
thereforea morereliable solution. This solution is shownin a 3-dimensionalview in Figure8, which
clearly displays the oceantopographydue to the Mid-Atlantic Ridge and the Walvis Ridge in very
fine detail.

Table 6. Cross-overresidual mis after applying a regional least-squarescross-overminimization
procedure.The total area hasa size of 40°* 40°,andhasbeensubdividedinto four quartersof 20°*
20°each. Two constrainingmethods were used for the sinusoidal correction model: a Bayesian
constraintof 1 m anda very weak functionalconstraint.Theresultsarecomparedwith thetraditional
linearmethod.

Area Size A posterioricross-overmis (cm)
(deg*deg) Sinusoidal Sinusoidal Linear

Bayesian Functional (Bayesian)

Total 40*40 11 9 15

Subl 20*20 8 5 8
Sub2 20*20 8 4 8
Sub3 20*20 11 7 13
Sub4 20*20 12 9 ii
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It was alsotestedwhether theZ and7 coefficients recoveredfrom two different oceanicregionsafter
a cross-overminimizationcould be compared.This is shown in Figure9, wherethe recoveredvalues
are plotted as a function of time for an arbitrarily selectedtime interval. The test regions lie in the
Atlantic and Pacific Oceansrespectively.It appearsthat there is both a commonsignal and a noise-
like constituent. With softwarethat is currently being developedby DUT/SOM, a common radial
orbit error signal may be deducedfrom thesedata, which then may be fed backinto the Bayesian
minimization procedureas a priori values, to obtain a second iteration. The common signal in
Figure9 showsa period of approximately14 days, which indicatesa 14-day modulation of the 1
cycle-per-revolutionradial orbit error. This would seem to indicate that a significant part of the
recovered radial orbit error may be due to tides, but becausethe arc length used in the orbit
computation in this period was 6 to 7 days, it is difficult to judge whether the effect is real or
artificial.

3 1 -

*

I

a +

L13710 ‘43720 ‘43730 ‘437110 ‘43750

TIME (MJO)

Figure 9. The recovered track correction parameters~ and 7 (in m) of a local cross-over
minimization procedure,applied to two different test areas, indicated by triangles and crosses.
Although the areaslie in different oceans,a commonsignal may be seen in both sequences.The
low-frequencycontribution to the7-coefficientsmay be an indication of a tides modelingerror.
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FThAL CONCLUSIONS

In the study describedin this paper a SEASAT-taioredversion of the GEM-TI gravity model has
been createdbased on four 3-day data arcs, and laser and cross-overtracking data. This tailored
model called GEM-T1CX does not pretendto be a very good model in the sensethat it accurately
describesthe gravity field of the Earth,but it does produceSEASAT orbits which coincide very well
with the available tracking observations.The ultimate goal of this study is to set up a processing
schemewhich is able to produce an ERS-l-tailoredgravity model after only a shortperiod of time,
and to be able to updatethe model as soon as more data becomeavailable.In order to enablethe
combinationof altimetry datafrom ERS-l andTOPEX/Poseidon,this tailoredmodel shouldnot just
be tailored to ERS-1, but should retain the quality of the then available general purposemodel
GEM-Tn whenusedfor TOPEX/Poseidonorbit computation.

The results,yielding an estimatedglobal radial orbit error of 30 cm for SEASAT, are encouraging,
but it has to be rememberedthat in the early 1990’stracking data, Station positionsandatmospheric
modelswill be more accurate,so that a further improvementshouldbe possible.If the ultimate goal
remainsthe 10 cm for the radial component,additional gravity coefficients will have to be adjusted,
the constraintfor the original ERS-l orbit has to be lessenedand TOPEX orbit constraintsshould be
added. With thesemodificationsthe effort comesmore and more close to that of the adjustmentof
an entire gravity model. The next objective is therefore to find out what is the limit of orbit
improvementby adjustingonly a subsetof the gravity modelcoefficients.

With the sinusoidalcross-overminimization procedureDUT/SOM now possessesan important tool
for altimeterdata processing.DUT/SOM is not of the opinion that the sinusoidalcorrectionby itself
is better thana quadraticerrormodel, which is the mostcommonly usedalternativeto the traditional
tilt/bias method. The main advantageis the fact that the recovered parametersallow an easy
combination of areasand the reconstructionof the global radial orbit error. This is combinedwith
generaladvantages,not due to the improvederror model, but to additional flexibility by the modular
setup,the possibility to combinedatafrom satelliteswith different accuraciesandthe possibility of
backsubstitutionof adjustedparameters.

The sea surfacevariability resultsobtainedin the South Atlantic indicate that the techniqueapplied
to overcomethe degreesof freedom inherent to the cross-overminimization process,has a strong
impacton the resulting variability maps,and that any constraintson track parametersshouldbe as
week as possible.
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