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Summary
This thesis presents the potential of solar energy to answer the increasing demand for sustainable en-
ergy. Multiple floating solar parks are installed on inland water bodies. This trend is a result of the lack
of surface for Photo Voltaic systems and a result of legislation on national and international governmen-
tal levels, for the reduction of greenhouse gasses. This inland technology is currently well established.
Still, in densely populated areas such as the Netherlands supplementary surface could be beneficial
to unlock the full potential of solar energy. Ocean and sea surfaces are a possible, but challenging
solution to this problem. These offshore water surfaces could be used for electricity or synthetic fuel
production.
Offshore locations are attractive because of the abundant availability of surface. Still, an Offshore
Floating PV-system needs to overcome multiple technical and non-technical challenges and require-
ments. This challenge demands technical solution within the constraints of a suitable business case.
Furthermore, the impact on people and ecology also needs to stay within ethical borders.
An Offshore Floating PV can be subdivided into three physical subsystems: an energy converting sys-
tem, a position monitoring or mooring system and a floating support structure. Multiple concepts were
proposed in literature or by the industry. All proposed concepts are variations of support systems that
provide a surface for conventional Photo Voltaic-technology. It also was concluded that none of the
proposed concepts is fully developed. Currently, only one system is in the testing phase. The current
state of the technology, and the high potential of an Offshore Floating PV are the drivers behind the
search for a new concept design.
In this thesis, the requirements for an Offshore Floating PV support structure were formulated, and a
brainstorm resulted in the buoy and beam concept for further research. The buoy and beam structure
is a system in which submerged beams form a triangle grid are held together by floating buoys. The
buoys support triangle platforms, by carrying the corners of the platforms. All connections between the
buoys, beams and platforms are fully hinged. Because of the hinges, the structure can move with the
waves and therefore mitigates the loads it experiences.
In the second part of this thesis, the feasibility of the buoy and beam structure was assessed. It was
concluded that the heave response is the most critical response to the feasibility of the concept. When
the platform would heave too much, the waves will slam into the platforms and the solar panels, leading
to damage and excessive loads on the structure. Consequently, the heave response and the relative
wave height seen from the moving triangle platform are researches and modelled.
The structure was identified as a hydrodynamic transparent structure. Consequently, the relevant hy-
drodynamic loads are obtained with the Morison equation and Airy wave theory. All damping terms
are linearised. A differential equation incorporated the constrains for both, the construction and the
hydromechanic loads. The mechanical equations can be linearised by assuming small angular dis-
placements of the beams.
This differential equation is implemented in a calculation tool in MATLAB. The code is verified over
multiple steps. The tool made it possible to obtain the response based on the topology and the main
dimensions of the buoys and the beams.
With this calculation tool relations between the dimensions of the buoys and beams on one side and the
frequency response, on the other hand, are identified by simulating different variations of a simplified
starting design. The following conclusions were made on the eigenfrequencies. Firstly, it was noted
that the eigenfrequencies of the system are in proximity to each other. Secondly, it was shown that the
first and second eigenfrequency could be calculated in a simplified manner. Thirdly, it was seen that
the buoy diameter to mass ratio has a positive linear correlation with respect to the eigenfrequency, i.e.
the stiffness to mass ratio of the system severely influences the eigenfrequency. Furthermore, it was
seen that an increasing beam length has a slight linear correlation with the eigenfrequency. Also, it was
concluded that a large hexagon system (for example, nineteen buoys) could be beneficial because a
hexagon structure creates a large surface with respect to the number of buoys. Moreover, in reality,
the response should be lower than the model prediction, as a result of the high number of beams that
cause damping. Additionally, a hexagon system should have a minimal change in response for differ-
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4 Summary

ent incoming wave angle.
To obtain a feasible system, the response peaks of the structure should not overlap with the wave
spectrum. Based on the additional simulation, it was concluded that it should be possible to design
a system with a low eigenfrequency resulting in a system that will only slightly move with the waves.
Additional relations between the dimensions of the buoys and beams and the response peaks were
found. The requirements to obtain a low eigenfrequency and a modest response match, which posi-
tively influences the feasibility.
Some further steps on the research of the heave response and the relative wave height are needed.
The calculation tool can still be improved. A preciser estimation of the response peaks is of significant
importance. Some further iterations must be executed to determine the full potential and feasibility of
the concept design. Furthermore, in a scientific point of view, it will be highly interesting to validate the
model on a model scale.
In the development of the buoy and beam structure, additional critical responses need to be researched.
The forces in the hinges and the response in horizontal direction need to be known for further assess-
ment of the feasibility. Next to the technical aspects, the human, ecological and economic implications
of the buoy and beam structure need to be researched.



Goal and outline of the thesis
In this thesis an extensive introduction to the topic Offshore Floating PV is written in chapter 1, 2 and
3. To better guide the reader the goal and the thesis outline will be introduced hereafter.

Goal of the thesis
The goal of this thesis is to develop a new concept design for an Offshore Floating PV support structure
and demonstrate its feasibility. First, the necessity of developing a new floating support structure for
Offshore Floating PV is argued. This necessity leads to the first subgoal of this thesis: the proposition
of a new concept. This new concept will have multiple pitfalls and responses. A second subgoal is
to identify the most critical response for the feasibility of the proposed concept. The development of
a modelling tool for the assessment of the most critical response of the proposed concept is the third
subgoal of this thesis. This modelling tool should indicate the response and should be simple and fast
so that it can be used as a design tool. Based on this tool, the influence of the design parameters, of the
new concept, on the critical response should be examined, which is a last subgoal of the thesis. This
will make it possible to assess the feasibility of the concept with respect to the most critical response.

Outline of the thesis
The first three chapters form together an introduction to the topic of Offshore Floating PV. This helps to
define the goal of this thesis. Chapter 1 gives a motivation and presents background on the need for
floating solar. Societal trends that support and push this new technology will be discussed. In chapter
2, the requirements for an Offshore Floating PV structure will be identified based on a triple bottom line
assessment. The found requirements will be grouped and are used in chapter 3 (section 5.2) to assess
the existing concepts. Later these requirements are reused to assess the concepts resulting from the
brainstorm.
In chapter 3, the state of the art of floating solar energy is discussed. Relevant literature related to
Offshore Floating PV will be discussed. And as said above, the currently existing concepts found in the
literature will be compared and assessed with the defined requirements. This chapter will conclude the
substantial introduction of this thesis and will lead up to the definition of the research goal presented in
chapter 4.
The research definition sets the goal of this thesis on finding a feasible new concept design for an
Offshore Floating PV support structure. A brainstorm and selection process is presented in chapter 5,
furthermore, the most critical response of this new concept will be identified. In section 5.4, the mod-
elling approach and requirements for the calculation tool are discussed. A more detailed description of
the outline of the modelling part of the report can be found in section 5.4. This outline is visualised by
Figure 5.10 on page 45.
The mechanical aspects of the modelling will be discussed, followed by the hydrodynamical elements,
in chapter 6 and chapter 7 respectively. Substitution of these two theoretical approaches will be ex-
ecuted in chapter 8. The implementation of the model in the MATLAB code and the procedure of
stepwise verification of the model are discussed in chapter 9 and chapter 10.
With the full model, that can be used as a design tool, variations on the design parameters will be
carried out in chapter 11. These variations will identify the influence of the design parameters on the
most critical response. This analysis will lead to a proposition of design guidelines. With these design
guidelines, a concept for low eigenfrequency is presented and simulated in section 11.3. Chapter 12
will discuss the proposed design and the calculation tool. Recommendations on the model and the
concept design will be formulated. Chapter 13 gives an overall conclusion of the presented work of this
thesis.
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1
Background on floating solar

In current society, there are many trends and pressures for carbon-free energy generation. An alterna-
tive energy form is the capture and conversion of solar irradiance by, for example, Photo Voltaic (PV)
technology. Solar power tends to be space-intensive because of the relatively low energy density per
square meter compared to conventional carbon energy. Therefore, there are multiple solutions found
to overcome this surface hunger. One of the proposed solutions is floating solar and offshore floating
solar [64].
This chapter gives an introduction to these ecological and societal trends. Furthermore, it discusses
the basic setup and the advantages and disadvantages of Floating Photo Voltaic (FPV).

1.1. Societal trends behind floating solar
The increasing world population needs an increasing amount of energy to sustain and improve living
quality. Energy is currently, for the majority, sourced by consuming fossil fuels which emit 𝐶𝑂ଶ into the
atmosphere. Not only has 𝐶𝑂ଶ a major influence on global warming, but the carbon energy resource
is also limited. [24] Global and local policies are adopted to minimise and mitigate global warming and
climate change. The Paris Agreement formulates these global intentions. At the time of writing, 185
countries have ratified the convention that set the aims to keep the global warming well under 2°C and
do efforts to lower it even further under 1.5°C [45]. In 2019, 10.9% of the global energy consumed was
coming from renewable sources [41, p.31]. [39]
On a local level, these ambitions are converted into laws and policies. The EU, China and many other
countries are actively stimulating green energy alternatives to minimise the 𝐶𝑂ଶ emission, such as solar
power, hydropower and wind energy. The EU has set targets on increasing renewable energy, reduc-
tion of greenhouse gas emission and the increase of energy efficiency for 2020 and 2030. As a long
term goal the EU wants to “cut its emissions [by 2050] substantially – by 80-95% compared to 1990
levels” [9, 10].[10, 38]
Specifically, in the Netherlands, the target is to produce 14% and 27% of all used energy from sus-
tainable sources by respectively 2020 and 2030. In 2050, all energy should come from sustainable
sources [42]. In the Netherlands and other Western European countries, the space requirements are
challenging due to the high population density.
The increasing world population needs an increasing land resource. The land is needed for agriculture
and living but also for renewable energy harvesting, which is land-intensive. Some renewable energy
systems have moved to alternative places to cope with, on the one hand, land scarcity and, on the
other hand, to be realised on large scales for maximum efficiency. Offshore wind farms and solar fields
in deserted areas are examples of this trend. In both cases, the potential of the technologies enlarges
as these locations have respectively more wind than inland installations and they have larger solar
irradiance then regions that are more frequently cloudy. [13, 56]
A second trend related to the increasing world population is the demographic shift from the countryside
towards the major cities. As cities are ever-growing, the energy need in these densely populated areas
is increasing simultaneously. Most of these cities are located in coastal areas or the proximity of large
water bodies. These water bodies are often used for several economic activities. [59]
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12 1. Background on floating solar

The storage of energy in the energy transition towards more sustainable energy poses a technical chal-
lenge. Akinyele and Rayudu [1] indicates the potential of different energy storage methods. However,
the technologies available in this instance still have multiple downsides and challenges to overcome
before they can be widely applied. Not only storage is difficult (as indicated in the paper of Akinyele
and Rayudu). Transport over longer distances is also relatively hard compared with carbon fuels. The
unpredictability and the challenges with transport create the need for diversified renewable energy
sources close to the consumer. Solar energy can be used on a sunny day, and wind energy is used
during the night for example.
The need for a fast energy transition, as indicated by the national and international goals on greenhouse
gasses, is a great opportunity for solar energy. Solar energy has a high potential due to the abundance
of solar irradiance. Solar energy provides energy during the day when energy demand is higher. Com-
bining solar energy with other renewable energy sources creates a diverse renewable energy gen-
eration system. The average solar irradiance at the earth surface varies between 60 and 250𝑊/𝑚ଶ

[20]. Certainly between a latitude of -45 to +45 °the technology is highly interesting because of the
relatively high solar irradiance [55]. “Research has shown that “black dot” areas could provide more
than the entire world’s total primary energy demand, assuming that a conversion efficiency as low as
8% is achieved” as can be observed in Figure 1.1 [20]. There are multiple solar energy converting
technologies of which concentrated solar technology and PV are the most common.

Figure 1.1: “Annual average solar irradiance distribution over the surface of the Earth” “Research has shown that “black dot”
areas could provide more than the entire world’s total primary energy demand, assuming that a conversion efficiency as low as
8% is achieved.” [20]

Contrary to what Figure 1.1 shows, is that solar energy is space-intensive. Certainly, with the pressure
of urbanisation, it is hard to provide space for solar energy in the proximity of the many end-users in
large urban areas. Large cities and densely populated countries are often located on sea or ocean
shores. Consequently, there is an opportunity to explore energy generation on the less used surface
of the seas and oceans. Over the last 20 years, offshore wind energy increased [16]. Multiple reasons
drive offshore wind energy; one of them is the space requirement [16]. The pressures mentioned
above (sustainable energy need and surface requirements) could result in an opportunity for Offshore
Floating PV (OFPV) applications. The potential of FPV is discussed by multiple sources: Hogerwaard
et al. [17], Patterson et al. [37], Solanki et al. [47], Trapani [55], Trapani and Millar [56], World Bank
[64].

1.2. Floating solar power
PV is a solar energy converting technology that, in case of FPV, is located on the water surface to
convert solar irradiance to electricity. A conceptualisation of Inland Floating PV (IFPV) will follow to in-
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troduce the concept of FPV. All IFPV installations consist of three basic parts, as can be seen in Figure
1.2. These three parts are a floating structure an anchoring system and a system that converts, com-
bines and transport the energy. The floating platform provides a surface for the PV-panels. Cabling,
combiner boxes, inverters and transformers combine the energy to add it to the electricity network or
use it in another way.

Figure 1.2: “Schematic representation of a typical large-scale [inland] FPV system with its key component”[65, p10]

In this thesis, a distinction will be made between IFPV farms and OFPV farms. IFPV are FPV’s in-
stalled on inland water bodies. These inland water bodies are all water bodies that are not classified
as oceans or seas, which are mostly freshwater. There, no violent waves will occur. OFPV is located
on seas and oceans. The division between offshore and inland is made as the loads, exerted on the
construction, in offshore installations are notably higher. Therefore significantly different solution and
design are needed.
To discuss the advantages and disadvantages of the technology Table 1.1 is made based on literature
and discussed in detail in the sequel. For some instances, there are differences between offshore and
inland application. In these situations, “i” indicates inland installations, “o” indicates offshore installa-
tions.

Table 1.1: Advantages and disadvantages of floating solar. (o): applicable on OFPV, (i): applicable on IFPV.

Advantages Disadvantages
I) Renewable energy a) Interference with ecology
II) Reduction of evaporation b) Interference with economic activities
III) Cooling of PV-panels c) Complex environment (o)
IV) Usage of obsolete surface d) Energy gain is latitude dependent
V) Less shading e) In a concept stage (o)
VI) Proven technology on short term (i)
VII) Modular character
VIII) Close to population hubs
IX) Integration in other renewable energy
X) No moving parts

These advantages and disadvantages need some more background. Therefore the number and letters
indicated in Table 1.1 is used as a cross-reference. (I) Solar energy is a renewable energy that could
contribute to the global aim for the reduction of greenhouse gasses. (II) In hot climates, FPV farms can
cover (drinking or irrigation) water reservoirs to reduce water evaporation [52, 64]. (III) At the same
time, the water can reduce the module operating temperature, which improves efficiency. The natural
cooling is especially interesting in regions with a hot climate since the PV panels tend to heat faster.
In literature and commerce, the cooling advantage (claims of 10 % efficiency increase as a result of
cooling [5, 58]) is widely used to promote the technology. These claims need some reluctance as they
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are coming from tests in hot climates. In these hot climates, the cooling effect is most probably higher
than in relative cooler climates.
(IV) In multiple cases, such as water reservoirs, hydropower lakes, offshore waters, etc. the water
surface is not used, or current activities will not be hindered by dual-use for FPV farms. Furthermore,
Folkerts et al. [14] indicates that for The Netherlands, surface for solar is a limiting factor for solar en-
ergy, and that FPV could be a potential solution. (V) In most situations, there are no obstacles on the
water surface that cause shade.
(VI) PV technology is a proven technology for land-based energy generation and has been installed
in large quantity, reaching an overall quantity of 500 GW [41]. Furthermore, the FPV farms on inland
water bodies became a proven technology over the last decade with over 1GW installed in September
2018 [64]. Due to the novelty of the technology, a longer track record is still missing so far point. (VII)
The modular character and the relatively easy installation of the technology are most probably one of
the reasons for the fast growth. The floating structure consists of components of manageable size,
similar to the size of a conventional industrial PV panel, which is easily on-site assembled. [64]
(VIII) Most megacities are located in the proximity of seas or drinking water basins. These water sur-
faces could be used to generate energy close to these cities. (IX) On the other hand, the FPV can
be integrated and combined with current renewable energy sources by installing them on hydropower
lakes or in offshore wind parks. (X) Another advantage is that the PV technology has no moving parts
for power generation, which reduces the maintenance. [64]
(a) However, a downside could be the impact on the ecological environment. There are no publica-
tions on in-depth studies of the impact on marine and other wildlife. Nevertheless, it is believed that
the reduction of the contact surface between water and air and the creation of underwater shade could
influence the ecology. FPV could, therefore, generate safe havens and breeding ground for species.
Observations of offshore wind farms have shown that some species flourish as a result of the absence
of fishing. The positive impact on the ecology is arguable since the main progress could be related
to the removal of overfishing. (b) The system competes with other water surface-related (economic)
activities. Options for mutual benefits need to be found or generated.
(c) For OFPV, the technology is less mature than for inland applications [64]. So far, only one test is
in execution on the possibilities for offshore installation. An offshore environment is challenging due to
the larger loads and the more complex and demanding environment that is involved with the offshore
operation. The wind, waves and currents exert loads on the structure, which makes it difficult. It is also
more complicated because of a higher risk of biofouling and the corrosive environment. (d) Yet, the
energy gain is for all PV technologies dependent on the specific solar irradiance at the location.

1.3. Arguments for offshore solar research
There are strong reasons to advocate research into offshore floating solar farms. There is a need for
sustainable and green energy due to the impact of greenhouse gasses on the climate. Therefore a
shift needs to be made in the coming decades. There are multiple sources of renewable and sustain-
able energy. Of these sources, solar energy is a highly interesting option because of its abundance of
solar irradiance. Currently, solar energy is mainly applied in land-based installations. Still, big steps
are necessary as defined in multiple policy documents on climate change. To meet the targets on the
reduction of greenhouse gasses interests have been growing in the use of IFPV.
Placing FPV on hydropower lakes, water reservoirs and other water bodies have significant advan-
tages. Also, here the available surface is limited. For that reason, researchers start to look at the
largest water bodies on this planet: such as oceans and seas. Placing solar power on seas and oceans
will create multiple challenges, considering the harsh environment. There is currently no dominant or
proven concept for OFPV. This makes OFPV an interesting topic for research, and it establishes the op-
portunity to come up with new concepts that can perform better in a challenging offshore environment.
Therefore the current state of the art on FPV should be researched, for OFPV and IFPV.



2
Requirements for an offshore solar

system

Offshore Floating PV (OFPV) was identified as a technology that could meet the requirements for future
sustainable energy without using the land surface. An OFPV concept needs to fulfil multiple demands
to be a success. These requirements are the result of the interaction with its context. Prerequisites
imposed by the context are identified by a “Triple Bottom Line (TBL)” analysis (People Planet Profit).
The requirements and their interconnections will be identified in this chapter. Finding a system that
meets the demands should make it possible to compete and contribute to future energy provision.

2.1. A qualitative triple bottom line analysis
“The TBL is an accounting framework that incorporates three dimensions of performance: social, envi-
ronmental and financial” Slaper [46, p.1]. TBL is known as the triple “P” which refers to People Planet
Profit. It is a procedure to assess not only the financial requirements but also includes other aspects
of sustainability. Some other procedures or assessments such as the sustainable or the millennium
development goals, do not fully/sufficiently take the economic aspects into account. [46]
In literature, some sources try to quantify the advantages and disadvantages of the three pillars [27, 54].
Accurate quantification is in all instances complex since the pillars of People and Planet can not easily
be expressed in a common (monetary) unit. Moreover, the technology of OFPV is undeveloped and
undefined. Therefore the assessment of the system itself is not yet achievable. [46]
The TBL analysis will identify the requirements for an OFPV system. These three P’s represent the
context of the system. A qualitative analysis shall be executed. Implying that the TBL analysis will be
used as a guideline and basis to find the demands imposed by the context. These requirements are
the basis and benchmark for a feasible and possible successful system. The interaction will work in
mutual directions. This means, for example, that the planet (and environment) aspect will not only be
influenced by the presence of a FPV system, but the environment will also affect the system. An OFPV
can create opportunities that have a positive impact on all aspects of the TBL assessment. When
these opportunities are utilised, and the requirements are met, a competitive and relevant design can
be obtained.
Figure 2.1 presents the system and its boundaries. The system within the boundaries is to be deter-
mined, and performance can be assessed based on the requirements. The context, or what is outside
of the system boundaries, will impose demands on the system. The figure also partly displays items
within the system. These represent subsystems of the FPV-system. There are three physical systems:
the energy converting system (A), the position keeping or monitoring system (B) and the (floating)
support system (C). Lastly, there is a management system (D).

15
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Figure 2.1: System diagram of an OFPV system including context, based on quantitative TBL-analysis

The main purpose of the system is to convert the solar irradiation to usable energy. Solar irradiance
coming from the system’s environmental context is of major influence on the system. Section 2.1 stated
that a certain amount of energy inflow per surface area would be present at a certain time and location.
Because of the small inflow of energy per square meter, the system has to cover a large surface area.
So, the system consists of three physical subsystems:

A The energy converting subsystem that will capture the energy emitted by the sun and transfer it
to usable energy. Inherent to the relatively low energy density per square meter, this means that
the subsystem most probably will extend over a large surface. The energy will be transformed
and will be emitted over the system boundaries.

B A position monitoring subsystem is needed. It does not mean that all concepts or solutions will
need to have a fixed position over time. It is still necessary to know the location of the systemwhen
the construction is not fixated on a specific location. Lastly, there is a management subsystem
required

C The need for a large surface area to collect significant energy implies that the large energy con-
verting subsystem will need some kind of support. This support system is the second subsystem.

D The management subsystem is not a physical subsystem. It includes all management steps over
its lifetime.

The TBL analysis can assess these four systems and their interaction.

People (1)
In all aspects, climate change will have a significant effect on people and society. A shift is simply a
necessity for humanity. A successful FPV concept could be part of the energy transition. Thus, a FPV
concept should contribute positively to the desired energy transition. Additionally, the new activities
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related to OFPV should have a positive socio-economic impact by creating jobs and business opportu-
nities. Contrary, the new technology also brings challenges to the people aspect. Firstly, the influence
of public opinion will have an impact. There is resistance against offshore wind farms and IFPV farms
[12, 34, 35]. A similar resistance can occur for OFPV applications. Another major requirement for the
success of the technology is the absence of failure. When during the testing period or after the instal-
lation, failure appears, it will largely impact public opinion. Not only public opinion will be impacted, but
it can also greatly affect people’s safety. Thus the technology should be safe and resist the environ-
mental conditions. Safety does not only emphasise on the integrity of the structure. It also stresses
the safety related to all aspects of the installation during its lifetime. When considering surface usage,
FPV should not compete, or it should win the competition with the current users of the space. Lastly,
there is a need for the development of new knowledge and expertise. The new developments can then
cascade to potential other new technologies.

Planet & environment (2)
The usage of space or surface of an organisation, individual, society, technology, etc. over its lifetime
is a representation of the impact on the planet[62]. Solar energy inevitably needs significant surface.
The technology creates shading underwater, and it generates a barrier for wildlife that operates on the
surface of the sea. For this reason, again, the technology needs to be compact and space-efficient.
However, the FPV can positively affect its environment by generating safe havens for fish, as discussed
in section 1.2.
The FPV generates renewable energy. This still does not make it a sustainable technology. Over the life
cycle (the production and extraction of material to the decommissioning and recycling) the technology
should have a low (environmental) impact. The material selection also needs to be done sustainably,
taking recycling into account. During the lifetime, no parts or pieces should break loose or should
dissolve (things such as microplastics, oils, etc.), and it should not harm or pollute nature in any other
way. Furthermore, the technology should minimise (underwater)noise during installation, operation and
removal as this highly impacts wildlife.
The solar irradiance does not only have benefits, but it also stresses the system due to harmful UV-
light. Other loads coming from the environment are wind, waves and currents. Depending on the
position relative to the water surface, the construction will experience more or less stresses from these
environmental loads. Finally, there is the interaction with the biological environment. The present fauna
and flora around the system can impact the construction in the form of biofouling. The installation
should be able to handle all environmental loads on the installation as waves, winds, currents, UV light,
biofouling,...

Profit (3)
The main driver for the technology will be the potential profitability. This is of major importance for the
success of a new design. Making compromises on people and planet to increase profitability should
be done with great caution and within the ethical boundaries. Subtracting the cost from the revenues
approximates the profitability. Yet, other aspects need to be taken into account, such as risk, time,
lifetime, etc. The price of energy will define revenues. The costs could be subdivided base on the
life cycle in (0)1 the development cost of the technology; (a) material, production and installation costs
of the platform; (b) the operation and maintenance cost of the platform; and (c) the recycling and
decommissioning costs. The design choices made early in the process will highly impact all these
parameters. The system aim is minimising the cost over the economic life and maximise the revenue
over the process and its lifetime, within the ethical borders stated in the people and planet sections.
The profitability depends both on the system itself and on the market and the environment in which it
operates.
In Figure 2.1 highly simplifies the profitability by indicating an investment inflow that then results in an
energy outflow in a not yet determined energy form.

Discussion
An installation that can resist the offshore conditions is vital for multiple reasons: to minimise the risk of
environmental pollution, to guarantee people’s safety and to maximise economic benefits. The surviv-
ability and risk of failure are highly related to the maintenance (cost) of the system. The system should
1Zero indicates that it does not need to be included once the technology is established.
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be cost-effective; material choice and usage is an important factor in this. Material selection and usage
affect the pressure on the environment, and it impacts the business case. The ability to survive harsh
conditions might conflict with the minimisation of material usage and needs to be balanced. Lastly,
there is a need for an installation that is easy to produce, install, maintain and manage.

2.2. Requirements for offshore solar system
When providing a new design for an OFPV system, the design should fulfil the requirements discussed
in the qualitative TBL analysis in section 2.1. The requirements will be discussed separately and refor-
mulated. These requirements will form a guideline in the assessment of current concepts and the de-
velopment of potential new concepts. Therefore the requirements will be grouped. Main requirements
can have subrequirements. Multiple requirements will be applied to multiple stages of the system’s
lifetime. The lifetime of the system is defined in Figure 2.2. The operational period should be taken
into consideration.

Raw material
production and

extraction

Production and
installation of the

system

Opperation and
maintenace of the

system

Decomissioning,
reuse and recycling

of the sytem
Development of the

technology

Figure 2.2: Timeline of an OFPV system

Produce energy conform market price
A successful system needs to be able to compete with alternative energy-producing systems. Here the
importance of the business case or economic viability comes into play. The system-boundary currently
excludes energy consumption. The business case could include an extra energy conversion or energy
need on a specific location. For example, in the paper of Patterson et al. [37], the consumption and
price of methanol should be included in the business case. This thesis excludes the consumption of
energy.
The timeline defined in Figure 2.2 will be used to structure the costs involved in the system. All costs
should be limited, taking into account the boundaries set by the other requirements.

• Development costs of the technology
In Figure 2.2, the development cost is not included. The development costs depend on the state
of the art of the technologies in cooperated in the new design.

• Minimal material costs
The material choice has a strong interconnected dependency with other requirements. As other
requirements will also determine the materials of choice.

• Production and installation costs
Depending on the complexity and the exact design of the system production and installation costs
will differ.

• Operation and maintenance costs
This cost is related to the risk of failure and its components and the complexity of the repair.

• Decommissioning and recycling
The cost of decommissioning and recycling should not be disregarded as the afterlife highly in-
fluences the performance on the TBL analysis.

On the other hand, there is the revenue side of the business case. Figure 2.1 states that the output will
be energy.

• Energy gain
The energy gain needs to be maximised and should account for the invested cost. The energy
gains both need to be maximised over the costs and surface usage.
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Environmental conditions
For multiple aspects of the TBL analysis, the installation must be able to cope with its environment.
Surviving the environmental conditions can be translated to minimising the risk of failure due to the
loads caused by the environment. Firstly, the environmental loads can be related to the wind, the
waves and currents and the response of the system. Secondly, biological interaction will exert loads.
Thirdly, the installation will age over time; this includes potential corrosion, wear, fatigue, etc. The three
main environmental conditions to be considered, are listed hereafter:

• Survive the loads related to:

– waves,
– wind and
– current.

• Minimise the negative impact of biological interaction, such as biofouling and bird dropping.

• Handle the aspects of ageing over its lifetime. This includes corrosion, fatigue and change of
material properties.

Overcoming and surviving these environmental conditions over a certain timespan is a necessity for
a valuable business case as a failing system will hold increasing maintenance costs and will limit the
revenues. Thus, it is directly related to economic validity. Furthermore, a failing installation can have a
high impact on the people and planet aspects when, for example, parts break loose.

Lifetime
As long as the system can fulfil the other requirements, there is no need to indicate a minimal or
maximum lifetime. Still, the economic factors will demand a certain lifetime. For example, a certain
production or installation cost and the energy input power by the sun is limited. Therefore a certain
lifetime is required to earn back your expenditure by your revenue for your output energy. Current
offshore projects give a reasonable indication of possible lifespan. Most offshore wind farms or ships
have an engineering lifetime of 20 years.

Minimisation of ecological impact
Regarding the TBL analyses, the urge of a systemwith minimal ecological impact can be concluded. As
mentioned in section 2.1, it is highly difficult to quantify or translate the ecological impact to a monetary
value. Therefore, it is hard to compare it with economic gain. But this should not lead to concessions
on the ecological impact. Some methods are suggested to assess the ecological impact.

• Life cycle analysis
The ISO-definition of LCA is the “compilation and evaluation of the inputs, outputs and the po-
tential environmental impacts of a product system throughout its life cycle” [15]. It is often used
to investigate the effects of materials mainly. The life cycle analysis focuses on the impact of the
used materials and the reuse and recycling after the economic lifetime.

• Ecological impact assessment
“Ecological impact assessment is the process of identifying, quantifying and evaluating the po-
tential impacts of defined actions on ecosystems or their components. If properly implemented,
it provides a scientifically defensible approach to ecosystem management.”[15]

• Additional research on legal or policy guidelines
Depending on the geographic location, the legal framework can generate some additional re-
quirements on this topic.

Minimal development time
As said before, one of the drivers of this new technology is the desire to reduce greenhouse gasses.
Therefore, there is a strong desire that the technology needs to be available within a certain time. It
should be taken into account the time needed to integrate a new technology takes multiple years. In
the early 1990s, the first offshore wind farm was installed after numerous years of research. Minimising
the complexity of the technologies and focusing on incorporating established technologies will minimise
development time. This way, it might be possible to contribute to the policy goals set for the reduction
of greenhouse gasses.
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Safe for people
People can be classified into two groups. First, the group that is actively involved during the lifetime
of the installation. These are people involved from the production till the dismantling of the installation.
Second, the people who are in the sphere of influence of the FPV installation, for example, fishermen
or other seamen. The safety of the individuals in both groups should be a priority of the system at all
times.

Other
Legal requirements should be actively regarded. specific legislation will depend on the location. The
social resistance to the new technology should be minimised. Finally, the financing of new technology
is a complicated factor in itself.

Concluding table
The requirements and the relations with the TBL analysis and the larger requirements are summarised
in Table 2.1. An Analytic Hierarchy Process (AHP) analysis will execute a prioritisation on the require-
ments in the second part of the next chapter. In the right part indicates how certain requirements are
combined under the categories cost, survivability, development time and safety. Items can only be
categorised in one category. Combining and organising these requirements is used in the assessment
of a feasible design based on the TBL assessment.

Table 2.1: Concluding table on the requirements of an OFPV system and the relations in respect to the TBL-assessment
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Development time × × ×
Survive in current × × × ×
Survive in waves × × × ×
Survive in wind × × × ×
Ageing × × × ×
Operation and maintenance costs × ×
Safety × × ×
Decommissioning and recycling costs × × ×
Production and installation costs × ×
Material costs × ×
biofouling × × × ×
Development costs × ×
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State of the art of floating solar

This chapter discusses relevant concepts to give an overview of the current state of technology. Con-
cepts and applications of Inland Floating PV (IFPV) are briefly covered first. Next, the chapter only
discusses aspects of IFPV that are relevant for Offshore Floating PV (OFPV). Second, the proposed
concepts and the current state of offshore applications will be discussed. The different concepts will
be assessed based on the requirements found in section 2.2. This will lead to a comparison between
the concepts and their advantages and disadvantages and potential. Furthermore, the most promising
concepts in the perspective of this writer of this thesis will be pointed out.

3.1. Inland floating PV
Over the last decade, the cumulative installed power of FPV platforms on inland water bodies has
been rising drastically. The first installation was deployed in 2007 in Japan for research purposes.
Afterwards, many other small installations were deployed for demonstration or research purposes.
Currently, larger commercial installations have been installed, mainly in Japan, Korea and China. A
cumulative power of 1314 MWp was reached at the end of 2018 (see Figure 3.1) according to theWorld
Bank. All of these projects were installed on inland water bodies except for some test or demonstration
projects in protected coastal waters of Norway and The Maldives [65]. On the other hand, marine (or
even offshore) application of PV is not new at all. There are solar-powered buoys for research and as
navigation aids guiding ship traffic.

Figure 3.1: Increase of cumulative installed capacity of FPV on inland waters [64]
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In the period between 2007 and 2013, the technology was in an exploratory phase. Multiple concepts
were proposed and tested by mainly research groups. The concepts introduced can be split into two
groups. Those who made use of large floaters (structures larger than two PV-panels) and those who
use modules (that are the same size as one or two PV-panels).
In the first group, some concepts made use of pontoons [67] or other floating elements such as cubes,
buoys or tubes reinforced with metal frames for the creation of a large platform. The first group was
popular in the first stage of development. Trapani [55] created an overview of all projects executed
between 2007 and 2014. Additionally, Sahu et al. [44] gives a more general overview of the different
concepts. In this first group, some concepts tried to increase energy yield. Some were tracking the
sun with rotation over one or two angels. Others were using lenses or reflectors to increase the solar
irradiance. Others were using direct water cooling of the PV-panels by placing the PV modules directly
in the water. Currently, there are still some projects executed that use larger tubular floating systems
which track the sun, but this is rather seldom. [55]
The second group contains proven technology. The project of Ferrer-Gisbert et al. [11] was the first
technology that contained small floats. A similar concept is later patented and commercialised by the
French company Ciel et Terre. The platforms are made of different plastic floating modules that can be
connected. Their construction consists of modules that hold the PV-panels, modules for walkways and
extra modules. All modules are floating. They can all be connected to obtain one large IFPV field. The
technology from Ciel et Terre (called Hydrelio) has been used for multiple projects. Chinese Sungrow
and Dutch Profloating have produced similar products. The technology can be regarded as the winning
concept for inland floating projects.
Based on the fast technology advancement of IFPV and the increasing applications, the World Bank
created overview reports for the promotion and understanding of the new technology. For the report,
they work together with the Singaporean research institute SERIS. SERIS is linked with the University
of Singapore. SERIS runs a testbed for IFPV technologies. They published an extensive market report
that gives insights for governments, policymakers, investors, etc. [64] The report contains a detailed
overview of all the current concepts inland and offshore. Furthermore, they made a special and exten-
sive handbook for practitioners. The handbook goes into detail on topics such as design, economic
and legal considerations, construction, maintenance and many more. [66]

3.2. Offshore floating PV concepts

The development of OFPV is not as advanced yet as IFPV. Some projects and concepts have been
proposed, and on an exceptional basis, the concept is tested. This section of the report will give an
overview of the proposed concepts. Figure 3.2 gives an overview. Information that can be found will
be summarised and shared. This thesis will indicate the issues or challenges of the technology that
might arise according to the author. Lastly, the concepts will be analysed and compared based on the
requirements set in section 2.2. It will indicate the potential of the different concepts.

(a) SUNdy project of DNV [22]
(b) Concept by Diendorfer et al. [7]
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(c) Swimsol OFPV [51]
(d) Concept by Moss Maritime [29]

(e) Ocean Sun concept [31]
(f) Oceans of Energy concept [30]

Figure 3.2: Current proposed concepts and concepts in testing phase for FPV

3.2.1. SUNdy project, DNV
First, there is the concept generated by DNV KENA, a part of current DNV GL focussing on energy. The
concept is called SUNdy (see Figure 3.2a). It was proposed in October 2012. It is a modular floating
2MW producing hexagon system. Twenty-five of these arrays should together form a system with a
total power of 50 MWp. One hexagon consists of multiple onshore assembled modules of flexible,
thin-film PV panel mounted onto a flexible floating mattress. The system contains all needed inverters
and converters and is located in the middle of the hexagon. The information online does not specify if
the hexagon is a stiff skeleton or a flexible line structure. The publication talks about a “tension only
design”. The “tension design only” is most probably talking about the mooring system or the flexible
PV panel mattresses in between the stiff beams. These mattresses are mounted in a spider web
fashion. The system is moored in 20 to 100m water depth. According to the image, the hexagon does
not deflect under the weight of the anchor lines suggesting that the hexagon skeleton is made of stiff
beams. [22, 43, 55]
The publication and the project did not have any follow up. The KEMA department within DNV (now
DNV GL) is not public anymore and is part of DNV GL Energy. Which suggests that they do not further
develop the concept. The extensive report of SERIS and the World Bank did not mention the concept
either. Due to the standstill and the commercial nature, not much is know about the system details.
Thus, it is hard to study the realism behind the structural design. Freely discussing the design based
on limited information, some remarks could be made. Assuming that the hexagon is made of a stiff
skeleton to maintain its shape means that there will be large loads on the mattresses and PV-panels
in heavy seas. In that case, the mattresses will operate as a parachute system in a fluid due to the
response of the structure in waves resulting in probably unrealistic large loads. Assuming, the unlikely
case of a flexible hexagon skeleton, the system has a large risk on wrinkling and folding. Yet, this
theoretical excise points out the interest for FPV from some time ago.
“The panels themselves are envisaged to be laminated and added to a flexible foam surface, which
gives the panels buoyancy and structure” [44]. Trapani [55] already executed the first test cases of
flexible PV-panels in a water environment. However, the loads on the foam mattress could be a major
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point of concern, both technologically and financially. The efficiency of flexible PV-panels is lower
then the stiff ones [55]. The absence of a suitable, flexible material for the mattress could increase
the development time drastically; especially, as result of the limited knowledge on flexible elements in
offshore conditions related to failure mechanisms such as fatigue.
Due to the flexible nature, the material quantity needed to withstand the internal forces could be lower
compared to rigid or stiff solutions, which might result in a rather cost-effective construction. Trapani
[55] mentions the intention of adding walkways to the structure. When humans need to be on board,
special safety requirements should be incorporated in the construction. Due to the position of the PV-
panels, there is a risk of green water. This could lead to the impact of breaking waves and possibilities
of biofouling on top of the panels.

3.2.2. Diendorfer et al., University of Vienna
A second project is proposed in 2013 by Diendorfer et al. at the University of Vienna in which multiple
air chambers create support by flexible skirts for concentrated solar power, as indicated in Figure 3.2b.
The flexible skirts are pulled down by weight at the bottom of the skirt. The paper focuses mainly on
the performance of concentrated solar power, taking into account the dynamic behaviour of the floating
structure in model scale. The paper concludes that the concentrated solar system on the proposed
floater has the potential to have a similar performance as inland systems. [7]
The parer does not explain the development of the floater technology. The next steps in the develop-
ment process that were suggested were further designing of the floating structure and estimation of
financial performance. The realism and concept of the technical and structural layout are not argued
in the paper presented by Diendorfer et al. [7]. No follow up has been published.
The authors of the paper doe do not discuss the realism of the concept on a large scale. Issues that
could arise are related to the skirt that should provide the buoyancy. The paper indicates a weight of
50𝑘𝑔/𝑚ଶ but does not indicate the dimensions of the system. Only from some graphs, a glimpse of
the dimensions can be deduced, indicating a side of 150 meters. Assuming four cylinders per platform
and therefore a cylinder diameter of 150/2 = 75𝑚𝑒𝑡𝑒𝑟 results in a pressure of 624𝑃𝑎 within the skirt.
[7] Assuming a flexible skirt thickness of 50𝑚𝑚 results in a stress of ௣஽ଶ௧ = 939𝑘𝑃𝑎 for static situations
(with p the pressure, D the diameter and t the skirt thickness). What seems like a reasonable and
achievable option. But most probably the issue starts to occur in dynamic conditions. Additionally, no
dimensions of the skirts are given, and the risk of the loss of pressure is not known. The structure is
model tested in specific situations and does include heave motion and does not discuss extreme wave
conditions. Yet the consequences of failure can be high. The authors think that the risk of failure of
the skirt are likely and need further investigation. Failure mechanisms that could be identified are loss
of pressure due to rupture, loss of pressure when part of the skirts comes out of the water, rupture of
the skirt as a result of stress concentration, fatigue or interaction with other floating objects, etc. An
additional issue with the skirt is the difficulty of finding and producing a material with suitable properties
for the skirt. The technology might be delayed due to the absence of technology needed for the skirt.
Lastly, the interconnection in the middle of the four platforms shown in Figure 3.2b will experience high
loads that most probably are unrealistic in most offshore conditions.
On material cost, it is hard to indicate the performance. The indication off 50𝑘𝑔/𝑚ଶ for the total weight
could mean that the quantity of material is relatively low [7]. This weight indication is rather low in the
perception of the author of this thesis. But the weight focused on the application of concentrated solar
and could be different if other solar technologies are applied.
A later instance, the University of Vienna cooperated in the research of the Swimsol concept, discussed
hereafter. Almost no similarities have been found between this concept and the concept of Swimsol. It
supports the assumption that the concept was discarded.
Improvements to the basic concept can be suggested. First, it could use PV-panels. Secondary the
number of skirts could be increased to improve redundancy. However, the challenges related to the
skirt are not covered when these improvements are included.

3.2.3. Swimsol
The company Swimsol did research together with the University of Vienna and installed multiple FPV
systems in the Maldives. Currently, they are testing a new prototype of 3.25 kWp, 1:2 scale model
that should be able to handle up to 4 meter high waves shown in Figure 3.2c. The concept that they
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developed is a rigid pontoon with a dedicated floating system. [51]
The solar farm is installed in protected waters, so it is disputable if it can be classified as a fully offshore
installation. They patented a system that consists of a truss system providing the platform for the PV-
panels. The patent focuses on the buoyancy mounted on the tubes of the trusses providing a stable
platform for the PV-panels. The system is fully rigid and has no flexible character. The system has
been installed on a small scale in protected waters. [40]
It seems to be a hard system to scale up. When scale-up was needed, an array of these small scale
systems was installed. That is not a problem if they desire to only power small holiday islands, as they
currently do. No plans or intentions for full offshore installation have been communicated. The main
risk of failure that is identified was the risk of slamming. Due to the limited freeboard, the PV-panels
may be damaged by larger waves. Therefore the author concludes that the system cannot be applied
offshore with the current design. Even though it is a system that was shown to be technically and
economically viable in protected waters.

3.2.4. MOSS Maritime
The next two concepts are coming from Norwegian companies. First, there is the concept of MOSS
Maritime, which is proposed in the summer of 2019 (see Figure 3.2d). Hence, it is the most recently
introduced concept. They designed a modular square pontoon (10m x 10m) concept. The pontoons
are flexible connected. The connections are located in the middle of the sides of the square. So, the
modules can move relatively with respect to each other. The module dimensions need to be adjusted
for every location. The system is intended for offshore and inland applications. The complete system
will be moored to the seabed. Every nine modules should have one platform that holds the electronics
for all nine modules. On their social media channel, they mention that they will test on model scale. So
far, no results have been communicated. [29]
It is unclear where they plan to install the systems. They only specify a case of a wave height of 3 to 4
meter and a period of 10 seconds resulting in a wavelength of 150 meters. In which one wavelength
should at least have ten modules. The connection is made in the middle of the sides of the square.
This is most probably done to provides a more flexible system for all incoming wave directions.
That design provokes a higher risk on slamming of the waves on the underside of the deck. As a result
of the flexible nature on, the risk of slamming will be slightly altered. Furthermore, the construction is
connected with hinges. The Space@Sea research project investigated other structures were with large
pontoons. The Space@Sea project is a triangle concept the triangle concept to provide large floating
areas at oceans and seas. The hinges connecting the triangle platforms experience unrealistically
high loads. [61] As a result of the similarity with the MOSS Maritime concept, the connection of large
pontoons with hinges is doubtful. The communicated wave height of 3 to 4 meter is relatively small for
full offshore usage. The concept visualisation does already include walkways for people increasing the
safety of people. Additionally, the system does not include complex, new technologies, except for the
multiple hinged bodies and the connections.

3.2.5. Ocean Sun
The second Norwegian project is presented by the company Ocean Sun. The concept was proposed
in 2017 and can be seen in Figure 3.2e. They developed a fully flexible system. A round-shaped
ring tensions a flexible membrane. On that membrane, the PV-panels are mounted with a cumulative
power of 200 kW or 500 kW. As far as known they are rigid PV slide in specific slots mounted on the
fabric. The system is still in development and is meant for nearshore, protected and inland waters. The
system is protected with patents. [25, 32]
The floating fish farms largely inspire the project. Some of the current fish farms are located on the
shores of Norway. One of the fish farms’ concepts also consists of round-shaped polyurethane tubes
holding the nets that are underwater (see Figure 3.3c hereafter). The structure aims to work fully
flexible to minimise and mitigate the loads. The advantage is that the knowledge of these fish farms
can be used. The fish farms are also located in protected waters. Fish farms that are further offshore
tent to use other designs. The author concludes that the flexible polyurethane tubes are not or not yet
applicable in full offshore conditions. It could be forecasted that the loads due to the membrane further
increase. One of the challenges with the concept is the strength and the loading for the membrane. It
is unclear what happens with green water as this could be a potential. As a result of the movement of
the flexible system, the change in shape can lead to large loads on the fabric. Additionally, the rigid
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PV-panels will probably apply local stress concentrations on the fabric.

3.2.6. Oceans of Energy
Lastly, there is the concept of Oceans of Energy. They are currently executing a test on the North Sea.
They want to test a 50 kWp system for one year. Currently, a 17kW system is installed. They aim to
build a system that can survive in wave heights up to 13 meters. For now, they tested with a maximum
wave height of 4 meters. [30, 60]
It is difficult to identify the risks in this concept. It is easier to focus on the unknown. Firstly, the
module size is unknown, analysing the Figure 3.2f it seems that one module has dimensions in the
range of 2 meters by 22 meters. It looks as if there is some kind of hinge between the modules.
Similarly to the Moss Maritime concept, the hinges could experience high loads when interacting with
the waves. Secondly, it is unknown how the buoyancy is arranged and what the effect is of green water
on deck. Oceans of Energy states that it helps to remove bird droppings. However, it can also imply
risks. The proximity between the PV-panels and the sea surface can bring difficulties with it. Breaking
waves could result in relatively high loads on the surface, and constant contact with salty seawater can
enhance corrosion. Moreover, regular water on deck could lead to biofouling. The limited freeboard
indicates that there is only limited residual buoyancy, which means that it might be unsafe for people
to walk on the platform. Extending the system further could mean that the middle platforms might not
be accessible anymore.

3.2.7. Other tests and literature
Lastly, there are some other related technologies discussed in the literature. Trapani [55] proposed the
use of flexible PV-panels. They specifically focus on the socio-economic case of Malta and target the
technical application of flexible PV-panels in an aquatic environment. No specific concept for the layout
and arrangement of the system is stated. According to the findings, the flexible PV-panels perform well
in these conditions.
Patterson et al. [36] proposed an offshore system for the generation of synthetic methanol powered by
the energy of OFPV. The design of the PV panel platform was based on the research done by Li [26]
in his PhD thesis. Li [26] studied the wave-induced hydroelastic response of a circular floating collar in
the context of fish farming. The research of Li [26] was then extended to FPV by Kristiansen and Borvik
[23] by model testing a circular FPV with an air cushion supported island. The topology is similar to the
Ocean Sun concept only here the PV-panels are now supported by entrapped air underneath the sail,
which is then similar to the concept of Diendorfer et al.. The skirts are way shorter, which leads to even
higher risks.

(a) Test of flexible PV-panels by Trapani
and Millar [57]

(b) Concept artist impression used by
Patterson et al. [36]

(c) Test set up for flexible fish farms exe-
cuted by Li [26]

3.3. Comparison between concepts and assessing on requirements
In section 3.2 the published concepts are introduced. First, a qualitative and quantitative comparison
will be made based on the available information. Second, these concepts will be assessed on the
requirements set in section 2.2.
It can be concluded that the systems presented have considerable similarities. The following items
need to be concluded. Firstly, all systems make use of buoyancy. This is the most logical system for
support as creating buoyancy is a material-efficient way to create support in (deep) offshore waters.
The option of bottom founded structures is not discussed or presented. Most probably due to the limited
locations with shallow waters. Even in the commercial implementation of Swimsol, which is placed in
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(shallow) atoll waters, a floating system was chosen. Secondly, the systems all consider conventional
PV technology except for the concept of Diendorfer et al.. The distinction in concepts can be detected
between flexible PV technology and more conventional rigid PV technology. The systems that are
already in the application or testing phase (Swimsol, Ocean Sun and Oceans of Energy) apply the rigid
PV-panels. PV technology is well established and is, therefore, the most logical choice. Thirdly, it is
noticed no mooring system is discussed, except for the SUNdy project and the concept researched
by Patterson et al.. The knowledge of mooring can be used from the offshore oil and gas industry.
All systems behave in a flexible nature. Some systems have fully flexible elements other are flexible
connected rigid bodies. Lastly, it must be pointed out that all concepts are still in the concept phase or
in the first parts of the testing phase. The real challenge is the scale up to full scale.
The proposed solutions are all variations on a floating support structure for conventional PV technology.
Conventional PV technology has clear advantages over other solar energy converting systems and
support via buoyancy is an effective and efficient choice for a stable platform.
The quantitative comparison in table 3.1 will discuss the year of introduction and development period,
the proposed power installation, whether the concept is tested, the level of flexibility and the modularity
of the concept. From the previous discussion on the concepts, all concepts have some kind of flexibility
introduced. Table 3.1 will subdivide the flexibility over three ranges: micro- (< 2𝑚), meso- (2𝑚−20𝑚)
en macro-level (> 20𝑚). The categorisation is based on the currently proposed concepts, both inland
and offshore. It can be concluded that multiple concepts have some kind of modularity system, which
gives the possibility of easy assembly. The modality will also be included in the comparison.

Table 3.1: Quantitative comparison of existing projects and proposed concepts

Years of activ-
ity

System pro-
posed size

Tested Flexibility level Modularity

SUNdy 2012 2 MW (50MW) No All levels Partly
University of Vienna 2013 Unknown No Not flexible No
Swimsol 2014 - today 227 kWp Protected water Not flexible No
Moss Maritime 2019 - today 9 709 kWp Model scale Macro level Yes
Ocean Sun 2016 - today 200 or 500 kWp Protected water All levels No
Oceans of Energy 2019 - today 1MW Offshore Macro level Yes

Additionally, the systems are assessed on the requirements set in section 2.2. The comparison can not
be made quantitatively. Therefore a 5 step scale will be made. The scale will indicate the influence on
the validity of the concept positively with a “++” and negatively with “−−”. This gives the following scale
from respectively positive to negative “++”, “+”, “0”, “−” and “−−”. Often there will be no indication on
the performance, which will then be indicated with a question marque. The assessment is based on
the opinion of the writer of this thesis. Table 3.2 shows the results.
It should be noted that some requirements are vital for the success of the concept based on what was
discussed in section 2.2. A concept should be both economically and technically feasible. All systems
and subsystems should survive all environmental conditions to be technically feasible. Some general
trends in the comparison in Table 3.2 can be seen. First of all, based on the author’s opinion, there
are no concepts that are expected to handle the interaction with waves in long times. Therefore, it is
believed that obtaining a support structure that has an appropriate interaction and response in waves
is highly challenging.
A feasible and appropriate floating support structure that is capable of resisting the offshore conditions
is missing in today’s market. The mooring system and the energy converting system are not in-depth
discussed by literature and are assumed to not come up as issues, according to the author. These
technologies have already experienced further development in other industries such as offshore energy
and land-based PV.
Concepts of larger platforms, connected with hinges, are expected to experience high loads on those
hinges (Oceans of Energy and Moss Maritime). This expectation is based on the conclusions of the
research of Space@Sea, where large floating triangles are hinge connected [61]. Still, these concepts
are the most promising. The Moss Maritime currently tests their system on model scale and the oceans
of energy concept is tested in North Sea conditions.
Incorporating a flexible membrane in the design for offshore conditions is expected to be difficult. The
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Table 3.2: Qualitative comparison of existing projects and proposed concepts
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Cost
Development costs – −− + − + +
Material costs ? ? + + ++ +
Production and installation costs 0 + ++ ++ ++ ++
Opperation and maintenance costs ? ? ++ ++ + +
Decomissioning and recycling costs ? ? + + − +

Surviving
Wave − − −− − −− −
Wind + − 0 − + +
Current + − + + + ?
Biofouling −− ? 0 0 ? −−
Ageing ? − 0 − −− −

Environmental impact ? ? ? ? ? ?

Development time −− −− + 0 − ++

Safety ? ? + + + −

membrane needs to have properties that are complicated to achieve with the current technological
standard. This is shown by the Ocean Sun concept, which is, so far, applied nearshore. Even in
these conditions, doubts are raised on the feasibility of the concept. Hence, the application of flexible
membranes or mattresses will need a long and/or expensive development track. Other concepts, such
as Oceans Sun and Oceans of Energy where the PV-panels are placed close to the water. It could
lead to wave impact or problems with biofouling.
Concepts such as Swimsol and Ocean Sun are designed for protected waters and will not survive
offshore conditions. For Swimsol the scale-up of the platform is not achievable. Scaling up is done by
placing multiple platforms next to each other. When scaling-up in offshore conditions, The platforms
could probably interfere and crash into each other. Fish farms inspired the Ocean Sun concept; this
fish farm concept is also not used offshore. When fish farms move offshore, they tend to use other
concepts. This raises doubts on the concept of Ocean Sun.
Cost is often positively represented in table 3.2. Which could be confusion, as a positive representation
with a “+” in this thesis, represents a relatively low cost. The positive indication does not imply that there
will be a feasible business case. Due to the unknown business cases, profitability is hard to assess.

3.4. Conclusion on comparison
In general terms, it could be said that all concepts have their specific advantages and disadvantage.
But none of the proposed concepts can overcome all its disadvantages to become a fully feasible sys-
tem. A concept needs to meet a certain threshold of technical feasibility to become a viable system.
Some tests are executed on a small scale. Still, challenges will arise when scaling up. Surviving off-
shore conditions, in particular the interaction with water and waves, is the most challenging.
The most promising concepts, concluding from the comparison, are the concepts of Moss Maritime and
the concept of Oceans of Energy. Still, they have both their specific drawbacks. In both cases, there
are worries about the loads that can occur in the hinges. Moreover, contact with the water surface
can provoke risks. For the Oceans of Energy concept, there will be almost permanent contact with the
water. This leads to breaking waves and possible biofouling. For the Moss Maritime concept, there
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is the risk of slamming on the platforms. Again, these risks are dependent on the interaction with the
waves.
It can also be concluded that all concepts are variations on floating support structures for mostly con-
ventional PV technology. There are no concepts that make use of bottom founded structures or that
are incorporating other forms of support. For the relatively low payload of PV technology, a floating
system appears to be a promising solution for reasons of cost and material use. All concepts make use
of conventional PV technology. A technology that is widely established. Except for the idea proposed
by [7] which only researched the influence of platform motion on a concentrated solar system. The lack
of an all fulfilling concept opens doors for further exploration and development of more concepts.





4
Research goal, scope and question

Deductive reasoning and analysis based on literature were executed in chapter 3. Some interesting
conclusions were drawn on both the high potential for the Offshore Floating PV (OFPV) and on the
current state. These steps identified some knowledge gaps and design deficiencies for Floating Photo
Voltaic (FPV). Based on these findings, this chapter formulates the goal of the thesis. A scope and a
research question to define the boarders on the research of this thesis will be identified. Subquestions
are formulated to approach the overall research question in a manageable way.
In chapter 1 and section 1.3, it was concluded that there is an opportunity to propose a new FPV
concept. Literature shows that for Inland Floating PV (IFPV) one particular solution is well established.
For inland installations, multiple commercial projects were executed, and the technology becomes well
established. The same trend is not yet seen for offshore applications as it has to endure a more difficult
environment. Multiple concepts were proposed, but so far, none of the concepts is fully developed as
was discussed in chapter 3. All OFPV-systems found in the literature have particular downsides that
could block the concept, according to the author of this thesis. The main problem to realise OFPV is
the lack of a feasible floating support structure.

4.1. Research goal
Based on the gaps as mentioned earlier and deficiencies the author believed that the current concepts
would not fully overcome all challenges imposed on OFPV.
The following research goal is formulated: The goal is to

Develop a new design for an OFPV support structure and demonstrate its feasibility.
A floating support structure which could perform at least as good as the concepts proposed so far should
be obtained. The concept has to meet the requirements drawn up in section 2.2 to be at least as good.
The main conclusions were: (1) that the system should be cost-efficient and (2) that the system should
survive the offshore conditions. The goal should be achieved within the ethical boundaries imposed by
the TBL assessment (section 2.1).
Section 3.3 concluded that a floating structure has high potential. After proposing a new concept design,
the main design parameters will be identified. These design parameters will influence the feasibility of
the design and are hence essential to be determined. This leads to the scope of this thesis.

4.2. Scope
In the research goal, the thesis is limited to the development of a floating support structure and assess
the feasibility. In that perspective, it is essential to identify response which is most critical for the feasi-
bility of the concept. The critical and likely reasons for the failure of the new system need to be further
researched. This research can be done by firstly assessing the system on the requirements build-up
in section 2.2.
The second part of the research goal is to identify and quantify the design drivers that influence the fea-
sibility of the system. The relations between the response and the design parameters need to be found.
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If possible, only the support structure will be considered when examining the response by theoretical
modelling. The different design parameters will be varied to see the effect on the specific response.
This will give the first indication of the viability of the concept.
Based on the literature, it was concluded that the response of the construction in waves is often the
most critical aspect in the design. The response depends on the specific design parameters of the
concept. The support structure must be simplified to identify the main design parameters. The main
loads exerted by the environment on the system are coming from the hydrodynamic interaction with the
environment. The simulation of hydrodynamics environment will be limited to regular waves with differ-
ent frequencies. The hydrodynamics lead to forces (pressures), added masses, hydrostatic stiffness
and damping. These loads will be modelled theoretically, and these loads will have lead to dynamic
response. The resulting response from the theoretical modelling will indicate the feasibility of the sys-
tem.

4.3. Research question
The scope of the research is defined. Now, a dedicated research question is formulated within the
borders of the set scope.

What is a feasible concept design for an offshore floating support structure for photovoltaics
and what are the design parameters that influence the most critical response?

The aim is to find a new design for the support subsystem of an OFPV installation. Therefore, the design
drivers that influence the most critical response must be identified. It is assumed that the interaction
with waves will lead to a critical response. Subquestions are formulated to simplify the process of
answering the research question.

1. What is a promising concept design for an offshore floating support structure for offshore
PV?
The aim is to come up with one or multiple new concept designs for support structures that have
the potential to perform at least as good as the currently available concepts. The most promising
design should be selected for further research.

2. What is the most critical response that influences the feasibility of the new concept design
of the offshore floating support structure?
The most critical response of the newly defined concept should be identified so that further re-
search can be executed. The most critical response has the strongest influence on the feasibility
of the concept.

3. How can the most critical response of the concept efficiently be modelled for design pur-
poses?
The aim is to investigate and argue which principles and theories can be used to estimate the
response. Once these theories are implemented in a model, the model should be suitable to be
used as a tool for design purposes. This requires a computational light tool that can give a first
estimation of the relation between the design parameters and the most critical response.

4. What are the important design parameters that influence the response?
After the response is modelled, the design parameters can be varied. Logic relations between
the design parameters and the critical response need to be determined. Design solutions can be
concluded using these relations.

5. What are suitable main dimensions, magnitudes and ratios, to increase the feasibility of
the concept in the perspective of the researched response?
The previous found relations will now be used to build up conclusions design parameters for a
feasible system should be suggested.

The guideline described by the research question and subquestions, and limited by the scope will
define the following research. The answers to the subquestions can be found in the following chapters:
subquestion 1, 2 and 3 in chapter 5, subquestion 4 in section 5.4 and chapter 6, 7, 8, 9 and 10 and
subquestion 5 in chapter 11 and 12.



5
New design

During chapter 3 no specific Offshore Floating PV (OFPV) design has shown to be successful based
on the set criteria. Neither does one of the concepts show hard evidence to be compliant with all the
requirements set in chapter 3. So this allows going back to the drawing board to create a new concept
for a floating support structure that is at least as good as the currently existing concepts. Some of the
concepts of the brainstorm will be selected and further discussed and designed. Then the selected
concepts will be compared with the current concepts explained in chapter 3 to examine its’ potential.
The comparison will again be made based on the set requirements of chapter 3.

5.1. Brainstorm

A brainstorm to develop new concepts for OFPV was executed. The goal of the brainstorm is to find
a floating support system that can carry a system to convert solar radiation of 60 to 250 𝑊/𝑚ଶ (on
average over 24 hours) to usable energy [20]. Figure 2.1 was adapted to illustrate the focus of the brain-
storm. By smartly displacing the ocean’s water, a stable platform could be provided that can support
the relatively low payload of the PV-panels. Conventional PV technology is a proper energy conver-
sion method for solar energy. The aim of the brainstorm is finding (new) floating support structures for
conventional PV technology.
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Figure 2.1: System diagram of an OFPV system with focus on floating support structure

(a) Buoy and beam structure

(b) Full mattress [50]

(c) Pontoon system

(d) Water lily [63]



5.1. Brainstorm 35

(e) Ten(t)sioned sheet [33]

Figure 5.1: Visualisation of concepts from brainstorm

Buoy and beam structure
The first idea is a structure that connects multiple buoys by beams and hinges, shown in Figure 5.1a.
The figure shows a system of triangles, which is favourable as three points define a plane in a 3D
space. A triangle shape is preferred over a square or other polygon layout. As the three sides of the
triangle fully define a triangle. By connecting the beams to the buoys by a hinge, the structure can
move in waves. Connecting three buoys above the water will create a platform, which will be filled with
PV-panels. The buoy and beam dimensions should be adopted to obtain a desirable behaviour in the
waves of a specific location.

Full mattress
A second outcome is to develop a system that is a large mattress similar to Figure 5.1b. The mattress
is flexible with a certain stiffness in all its directions. It follows the shape of the water surface. However,
the risk of folding or wrinkling is rather high. Dynamically changing the stiffness of the pressure system
might minimise the risk of folding. Moreover, the technical feasibility might be an issue, as there are
not materials that could handle the load.

Pontoon system
A similar system as the Moss Maritime concept explained in section 3.2 has been presented in this
brainstorm. The initial idea was inspired by the inland systems that have multiple pontoons with one
PV panel. Smaller pontoons could result in less material use than the Moss Maritime system. All
pontoons are connected with a line or rope to guide the loads (Figure 5.1c). In that way, the pontoons
mainly take the vertical loads, and the lines take the horizontal loads. As a result of choice for the lines,
the structure stays highly flexible.

Ten(t)sioned sheet
Getting inspiration from tents (see Figure 5.1e) used for camping, one could think of using a similar
construction for a floating offshore support structure. In a tent, the groundsheet is often tensioned by
the use of bend rods. Since the mattress mentioned earlier risks to fold easily, a combination with a
tent-system could be a solution. However, building the system in large dimensions might be difficult to
come up with an appropriate design.

Water lily
In nature, a water lily is an example of a structure that uses solar energy on the water surface to create
energy. The water lily is located at the surface with its leaves and is connected with long branches to
the bottom of the water. Still, this system has the disadvantage that in case of harder winds and waves,
the plant does not survive that well and will grow its leaves back. A FPV, needs to rotate the leaves,
so they to turn with the wind and waves.

Other response mitigation measures
All concepts take into account to mitigate and minimise the loads working on the system and the struc-
ture. Some additional measures could be taken to minimise the loads. These measures are applied to
multiple concepts and are mentioned hereafter.



36 5. New design

1. Porosity of platform: By introducing openings in between the PV-panels, water or air could move
through the platform so that pressure does not further build-up. It could also make that the system
could move through the wave in extreme environmental conditions, which could avoid severe
damage in extreme conditions.

2. Reduced slamming loads: Known measures to prevent slamming peak pressure should be ap-
plied. Surfaces with a risk of high slamming loads are often equipped with ribs to lower the peak
pressure.

3. Adaptive stiffness, mass or damping: If the PV panel platform is flexible, measures could be
introduced to create adaptive stiffness to optimise the behaviour in different sea states. Also, in
non-flexible solutions, it might be beneficial to adjust the dynamic properties.

4. Breakwater barriers: Thewhole structure could be placed behind a wave barrier. Yet, breakwaters
are very costly. In case of an integrated floating wave barrier, the system will probably work
suboptimally in rough seas as the barrier will not provide the needed protection.

5. Creation of buoyancy over the length of individual submerged elements to reduce the loads as
buoyancy and gravity are balanced.

5.1.1. Discussion of brainstorm
The brainstorm, resulted in multiple futuristic and some incomplete concept. Going back to the criteria
and reasoning behind the assessment of the current concept in section 3.3, some concepts of the
brainstorm can easily be disregarded. The full mattress system and the ten(t)sioned sheet will be
neglected due to the complexity, development time needed and the conversion efficiency of the flexible
PV-panels. Similar reasoning holds for the SUNdy concept, and the water lily, which is naturally too
weak to survive stronger winds. Therefore, the pontoon system and the buoy and beam structure are
left. The pontoon system has high similarities with the Moss Maritime concept. Still, the location of the
connection (at the corners) and the module size is different, and the choice for a rope-like system is
both arguable and different.

5.2. Concept selection
When including the most promising concepts of literature, a total of four key systems was found. The
outcome from the brainstorm is in a more conceptional state. Based on the AHP method, the concepts
are ranked on their potential.

5.2.1. AHP-method
The AHP is a method used for pairwise comparison. The tool is ideal to select one out of multiple
solutions when complex criteria are involved. Exclusively, the author’s opinion is taken into account
in the assessment process. The judgement is subjective and based on intuition, logic reasoning and
knowledge found in the literature. Due to the novelty of multiple technologies, there is room for discus-
sion on the choices made. Applying the AHP method should reduce the complexity of the judgement
and thereby improves the quality. The explanation on the execution of the AHP method can be found
in Appendix A. [21]
The criteria found in Table 3.2 on page 28 are based on the weighting and importance coming from the
AHP analysis (see Table 5.1). Multiple aspects can be grouped into four main requirements: Surviv-
ability, cost, development time and safety. A lower ranking of a requirement does not mean it is not
important. A concept needs to fulfil all requirements. Still, the requirement of surviving the offshore
conditions needs more focus then achieving a rather cheap system.
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Table 5.1: Prioritisation of requirements based on AHP of an OFPV system and the relations in respect to the TBL-
assessment.
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Development time X X 15% 15%
Survive in current X X X 13% 13%
Survive in waves X X X 13% 13%
Survive in wind X X X 13% 13%
Ageing X X X 7% 7%
Operation and maintenance costs X 7% 7%
Safety X X 7% 7%
Decommissioning and recycling
costs

X X 5% 5%

Production and installation costs X 5% 5%
Material costs X 5% 5%
Biofouling X X X 5% 5%
Development costs X 4% 4%

50% 28% 15% 7%

Based on these weighting, the different concepts are assessed in the next step of the AHP process,
which results in Table 5.2.

Table 5.2: Results of the selection of concept based on the AHP-method

Moss Maritime 27%

Buoy and beam 27%

Oceans of Energy 24%

Flexible connected pontoons 22%

Based on the outcomes of the AHP some conclusions can be drawn. Most importantly, there is no
clear winner in the different concepts. The accuracy of the judgement used in the AHP-method is not
accurate enough to conclude on a precise number one. One exception can be noticed: The technique to
connect pontoons still include significant uncertainties. This means that all concepts have the potential
of being at least as good as the other ones. As it is unclear how the connection could be made, the
development time could be increased.

5.2.2. Selection of the buoy and beam structure
The three most promising concepts are the concepts of Moss Maritime, Oceans of Energy and the buoy
and beam structure. The first two are currently commercially researched on their potential. The tech-
nology is pushed forward, with the support of in-house knowledge and dedicated research. According
to the AHP analysis, the buoy and beam structure still has the potential to become at least as good or
maybe even better system than the ones commercially proposed.
Going back to the requirements in section 2.2, a more elaborate indication to what extend the design
can meet the requirements is given. These requirements were the basis for the coefficients used in
the AHP analysis. Because of the hinge mechanism, the elements can move in respect to each other.
In this way, the structure can follow the shape of the waves in case of limited wave steepness. This
should minimise the contact between the water surface and the PV panel platform. Sufficient clearance
between the water surface and the platform should be maintained.
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Furthermore, there are some other novelties and interesting aspects related to the design. A triangle
layout was chosen. Three points in space always define a plane. Moreover, three defined lengths
also fully define a triangle, which means that with three beams the position of the three corners is fully
described in respect to each other. The structure can also be executed with different polygon shapes,
but the advantages of a triangle are supposed to be significant.
The rigid triangle shape and the rigid platform holding the PV-panels should avoid structural loading of
the PV-panels. The PV-panels should be able to withstand loads coming from the wind and accidental
water impact. The wave slamming can be significant and should be taken into account. The triangle
structure also provides the possibility for a modular production and assembly method. Compared to
rigidly connected pontoons, the buoyancy is created by introducing limited hydrostatic stiffness. The
lower stiffness could lead to a limited response in waves.
The criteria of limited material costs and development time are maybe harder to defend for the other
concepts. For now, it is unclear how much and what material must be used to produce the buoy and
beam structure. Forces in the structure need to be calculated to define the dimension of the design.
The development time and cost is predicted to be relatively low compared to the futuristic concepts
that use flexible PV and mattresses. However, the hinge system could block the technology due to the
large loads and a lack of solutions to hold these loads. Albeit, it could be that current technology is
unable to develop and produce hinges that can handle the loads. The same hold for the Moss Maritime
concept and the concept of Oceans of Energy. This potential drawback needs to be researched. The
loads could be lower compared to the Moss Maritime concept, and the concept of Oceans of Energy
as the hydrostatic characteristics are different.
A major difference between the buoy and beam structure and the other concepts is the hydrostatic
stiffness of the elements at the water surface. As result of the relatively small water plane area the
buoy and beam structure will behave significantly different in waves. This difference makes the buoy
and beam structure interesting to further research.
It is reasonable to design further and research the buoy and beam structure. At this early concept stage
of the design, the advantages and defaults of the system are impossible to assess fully. Therefore,
it is necessary to further design and then identify potential drawbacks within the system. Then, these
shortcomings need to be quantified to confirm or disprove the current expectations of the design.

5.3. The buoy and beam structure
An envisioning of the buoy and beam concept will introduced. This envisioning does not fix any design
choice yet. It is favourable to delay design choices as much as possible and to first fully assess the
consequences of the design options.

(a) View on the buoy and beam structure from above (b) View on the buoy and beams structure from below

Figure 5.2: Impression of a possible system layout with buoys

The chosen concept can be found in Figure 5.2b and 5.2a. It consists out of four main parts: first,
the PV and the electrical system (indicated as energy converting system with (A) in Figure 2.1); sec-
ond, the platforms that support the PV; third, the skeleton that is in the water including the buoys and
connecting beams (together indicated with (C) as a support structure in Figure 2.1). Additionally, to
these four parts, there are still other parts that are not included in the design such as the operation
and maintenance system (part of the management system in Figure 2.1), grid connection or energy
transport system, and a mooring system (indicated as position monitoring in Figure 2.1).
The beams form triangles that have the same dimensions as the platforms above. The proportions and
dimensions of the system are not defined at this stage. It could be beneficial to vary the dimensions
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and dynamic properties of the buoys or triangles depending on the position within the platform.
On the triangle platforms, walkways for maintenance and installations could be included. The buoys
could contain electrical equipment such as transformers, combiner boxes and other electrical compo-
nents. An additional energy transformation could also be integrated into the buoys or could be mounted
on the platforms. All triangles could have their dedicated transformer, so it becomes a modular plug
and play layout. Likewise, multiple triangles form an independent system, which then later will be com-
bined for transmission or transport, could be chosen. An optimum in the layout of the electrical system
must be found. This optimisation depends on the size of the triangle platforms.

(a) Buoy and beam system side view without platforms

(b) Buoy and beam system top view without platforms

Figure 5.3: System without platforms

Figure 5.3a and 5.3b illustrate the skeleton construction. The buoys are visualised by cylinders and the
beams between the buoys by tubes. The structure is fully hinged, and no restrictions on the movement
of the hinges are applied, which provides flexibility in the structure. The beams are envisioned to be
located underwater. By placing the beams underwater, damping will increases. Having the weight low
will also increase the stability of the structure.

Figure 5.4: Visualisation of the hinge in the system

The PV-panels are supported by the platform. As the PV are relatively lightweight, the dedicated
platform can be relatively light. The major loads on the platform might be: slamming of waves coming
from underneath; the aerodynamic pressure caused by the movement of the structure in waves; or the
load of the wind. The following ideas are proposed to reduce the magnitude of these loads. First, the
platform should not be continuous. The gaps in the platform prevent air or water from being entrapped,
leading to high loads, and it reduces material costs. Second, the air gap between the ocean surface
and the platform must be significantly large so that slamming can be avoided.
The buoy-platform connection and the buoy-beam connection must be freely hinged. These hinges will
most probably experience large forces, and therefore need to be calculated carefully. Due to the forces
on the hinges, they should be engineered with great care. In this thesis, no movement restriction or
stiffness or damping is envisioned on the hinges. Buoys will have up to six beams connected. Three
buoys will support each platform.
The following dimensions could be envisioned. The beams are in the range of 10 to 40 meters, with
buoys of a diameter of 1.5 meters and a draft of 5 meters. All dimensions, shapes and constrains still
need to be researched. Part of this research will be done in this thesis.
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5.3.1. Most critical response
Except for the graphical representations, the system has still many unknowns and possible unidenti-
fied infeasibilities. Multiple suggested solutions indicated in the previous section are open for debate.
Making choices in an early design stage can have a significant impact on later design steps, which
would lead to dependencies for further research. Thus, the harvesting potential is dependent on the
size, and the mooring load is dependent on the interaction with the waves and currents. Therefore, the
most critical aspects for the blockage of the technology need to be found. If these critical aspects can
be solved, a feasible system is coming closer.
The first and most prominent requirement deducted from the triple bottom line analysis and the AHP
was the survival in the offshore conditions indicated in Table 5.1. This means that the construction
can handle the loads and related responses. The loads in offshore conditions are generated by wind,
waves, currents, corrosive environment or biofouling. These environmental parameters results in static
and dynamic loads. The dynamic loads of offshore waves are crucial as they will result in the move-
ment of the structure. These loads are indicated in Figure 5.5. The loads will lead to responses. These
responses determine the feasibility of the system. The loads indicated at the bottom of the stairs are
expected to be the most complex response to overcome. All subsystems (A, B, C and D) marked in
Figure 2.1 need to be able to handle the load. For now, the floating support subsystem is the main
point of attention.

Waves

Wind

Current

Biofouling

Salt

Other

Figure 5.5: Loads on the system impacting that impact the survivability and feasibility

From all subsystems, the response in waves is a crucial part. The response in waves is dependent
on the dimensions of the structure and its components. This means that the dimensions could be op-
timised for mitigation and minimisation of the critical response. The dimensions will determine where
the range of frequencies where the response peak appears. The range is highly relevant, taking into
account that the specific place of installation has a specific wave spectrum. When the response peak of
the construction does not overlap with the peak of the wave spectrum, the response can be minimised.
The structure and its structural elements will have a response in multiple degrees of freedom. A crucial
aspect for survivability of the system is the heaving response of the construction. When part of the
structure is heaving the air gap between the platform and the water surface could disappear. Contact
with water can be violent and therefore damage the system. Additionally, in case of frequent contact
between the platform and the water, this could lead to biofouling. Finding relations between the dimen-
sions of the individual elements of the construction and their mutual proportions concerning the heave
response in the wave will be a significant step forward in the design process. It will help to assess if
the buoy and beam concept is a valid option. Therefore, the hydrodynamic environment and the heave
response need to be researched. This assessment is one of the essential steps.
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5.3.2. Estimation of weight
Optimising the dimensions of the system for a minimum response in heave direction could lead to an
unrealistic design as the water displacement of the system is insufficient to keep the system afloat.
Consequently a first weight estimation of the buoy and beam system based on the beam length is
executed. For the first estimation, multiple assumptions were made. First, it is said that the dimensions
of the individual elements over the system are equal. This means that a buoy at the centre has the same
dimensions as a buoy at the sides. The buoys at the side have fewer platforms connected compared
to the middle ones and therefore support less weight. It is assumed that ballast will be added on the
exterior buoys to compensate for this. Additionally, the weight of the mooring system is not incorporated
assuming that the mooring system is designed in a way that it is neutrally buoyant.
The weight of the PV-panels is based on literature. The total weight of the PV-panels is used to calculate
the load on the platform. Thereby the gravity and the acceleration of the water surface in waves will
be taken into account. The PV-panels weight is simplified by assuming a triangle-shaped distribution
over the sides of the triangle, as indicated in Figure 5.7. It approximates that three I-beams support
the PV-panels. The I-beams are assumed to have a height that is two times the base and the flange
thickness in one-tenth of the beam base. Calculating the stress in the beam due to the bending moment
determines the dimensions of the beam. Then the weight of the buoys is estimated. It assumes that
the buoy has a draft of three times the diameter and buoy rises one times the diameter above the
still water level, resulting in a total height of four times the diameter. The plate thickness of the buoys
is estimated at 4 centimetres on average. As all weights are known, the water displacement can be
estimated. Hereafter, the procedure described will be explained stepwise.

Figure 5.6: Visualisation of simplifications made to estimate the systems weight.

Because of these assumptions, a buoy in the middle of a larger system will be connected to six plat-
forms. The buoy will carry six times one-third of the PV-panels weight of the platforms. This results
in the equivalent weight of the PV-panels of two platforms. The platforms are approximated with three
beams. The buoys will carry half of the weight of one beam. This results in an equivalent of six full
beams.

Figure 5.7: Visualisation of simplifications made to in the platforms weight distribution.

Commercial roof-mounted PV-panels weigh 10 to 25 𝑘𝑔/𝑚ଶ [2, 48, 49]. The higher end of 25 kg/m in-
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cludes the mounting structure on the roof. The hostile offshore environment and the dynamic behaviour
of the structure demand a stronger mounting. Therefore a value of 50 𝑘𝑔/𝑚ଶ is taken into account for
the weight (𝑚∗

௉௏). This weight should also account for the additional electric components. The total
weight of the PV-panels and their mounts of one platform can be found in equation 5.1. L indicates the
length of the side of one triangle.

𝑚௉௏ =
√3
4 𝐿ଶ𝑚∗

௉௏ (5.1)

Now the weight needs to be distributed over the platform. As this calculation holds the first estimation,
the weight of the PV-panel platform will be distributed over three beams with a triangle shaped weight
distribution. The distribution simplification is indicated in Figure 5.7. The total weight on the triangle
(integration over the surface) will equal the total weight over the beams (integration over the length).
The height of the triangle (indicated with ℎ଴) can be calculated as indicated in equation 5.2.

√3
4 𝐿ଶ𝑚∗

௉௏ = 312𝐿ℎ଴ −→ ℎ଴ =
√3
6 𝐿𝑚∗ (5.2)

The value ℎ଴ is indicated in kg/m and needs to be multiplied with the acceleration to obtain the force
distribution. The acceleration, for the calculation of the force, is obtained by summing up the gravity with
the acceleration of the water surface. With an amplitude of 7.5 meters and a period of 15s causing an
acceleration of 1.32𝑚/𝑠ଶ is obtained. The acceleration assumes that the structure follows the waves.
The bending moment can be calculated, as indicated in equation 5.3. The first two terms show the
bending moment resulting from the PV-panels. The last terms account for the mass of the beam.

𝑀 = −ℎ଴(𝑔 + 𝑎)𝐿ଶ
12 − 1

8𝑚
∗
௕(𝑔 + 𝑎)𝐿ଶ (5.3)

Where the weight per meter of the beam (𝑚∗
௕) is estimated by equation 5.4. The cross sectional area

of the beam is calculated in equation 5.5.

𝑚∗
௕ = 𝐴௕𝜌௦௧ (5.4)

𝐴௕ = (2𝐵 + 𝐻 − 2𝑡)𝑡 = (2𝐵 + 2𝐵 − 2 𝐵10)
𝐵
10 = 19

50𝐵
ଶ (5.5)

With the tensile stress of steel, the bending moment and the moment of inertia the dimensions of the
I-beam (Figure 5.8) can be calculated as indicated in equation 5.6. Steel with a tensile stress of 355
Mpa and a weight of 7850 𝑘𝑔/𝑚ଷ was chosen. The dimensions of the I-beam are indicated in Figure
5.8.

Figure 5.8: Dimensional proportions of the I-beam for the weight estimation.
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𝜎23𝐵
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ସ
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12 𝐿ଶ + 1
8
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ଶ𝜌௦௧(𝑔 + 𝑎)𝐿ଶ (5.6c)
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10ቇ

ସ
൱𝐵ଷ + 1

8
19
50𝜌௦௧(𝑔 + 𝑎)𝐿ଶ𝐵ଶ + ℎ଴(𝑔 + 𝑎)

12 𝐿ଶ (5.6d)

Solving the cubic equation for the width (B) results in the dimensions of the I-beam and the beam
length. The mass of the beam can be calculated with the beam length, as indicated in equation 5.7.

𝑚௕௘௔௠ = 𝑚∗
௕𝐿 =

19
50𝐵

ଶ𝜌௦௧𝐿 (5.7)

Morover, the mass of the buoys needs to be calculated. The weight of the buoys can be calculated
based on the surface of the cylinder, as indicated in equation 5.8. As said before a thickness of 4cm,
a draft of three times the diameter and a buoy height of four times the buoy diameter was chosen. The
volume of the submerged part of the buoy should create the buoyancy for the structure, as indicated in
equation 5.10a. Substituting the masses of all elements gives a cubic equation.

𝑚௕௨௢௬ = 𝐴௕௨௢௬𝑡௕௨௢௬𝜌௦௧ = ቆ𝜋𝐷𝐻 + 2𝜋𝐷
ଶ

4 ቇ 𝑡௕௨௢௬𝜌௦௧ = ቆ𝜋𝐷4𝐷 + 𝜋𝐷ଶ

2 ቇ 𝑡௕௨௢௬𝜌௦௧ =
9𝜋𝐷ଶ

2 𝑡௕௨௢௬𝜌௦௧
(5.8)

𝑉 = 𝑇𝜋𝐷
ଶ

4 = 3𝜋𝐷ଷ

4 (5.9)

𝑉௕௨௢௬𝜌ுଶை = 𝑚௕௨௢௬ + 2𝑚௉௏ + 6𝑚௕௘௔௠ (5.10a)

3𝜋𝐷ଷ

4 𝜌ுଶை = 9𝜋𝐷ଶ

2 𝑡௕௨௢௬𝜌௦௧ + 2𝑚௉௏ + 6𝑚௕௘௔௠ (5.10b)

0 = −3𝜋𝐷
ଷ

4 𝜌ுଶ଴ +
9𝜋𝐷ଶ

2 𝑡௕௨௢௬𝜌௦௧ + 2𝑚௉௏ + 6𝑚௕௘௔௠ (5.10c)

Equation 5.10c can be solved for the buoy diameter. This relates the buoy diameter to the sides of
the triangle. The diameter was substituted in equation 5.11. The result is an estimated mass of the
system per buoy in the system. When multiplying this result with the number of buoys, the total weight
is obtained.

𝑚∗
௦௬௦ =

3𝜋𝐷ଷ

4 𝑉௕௨௢௬𝜌ுଶை (5.11)

When plotting the weight over the increasing length of the platform Figure 5.9 is obtained.
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Figure 5.9: The weight contributions in relation to an increasing beam length

For a system where the buoys are 27 meters apart, a total weight of 95778 kg per buoy is found. The
dimensions correspond with a diameter of 3.41 meters and a beamwidth of 0.16 meter. This result in
relative height weights as result of the assumptions. At the end of this thesis future improvements will
be discussed.

5.4. Modelling approach

So far, the two subquestions were answered. A new design was proposed, and the heave response
of the structure is believed to be the most critical response. In this part of the report, a start will be
made on answering the third subquestion. This was formulated as follows: “How can the response of
the concept that was identified as most critical efficiently be modelled and calculated for design pur-
poses?”. The scope (section 4.2) indicates that the structure will be simplified if possible. The main
dimensions will be taken into account and varied to identify the main design drivers that influence the
response.
The goal of the calculation tool is to find relations between dimensions of the buoy and beam structure
and the heave response. The influence of the ratio’s of the particular dimensions and the impact of
the structure size in respect to the wave characteristics, on the heave response, are highly relevant.
Therefore a model will be build up to simulate the behaviour in waves. As said in the scope, this can
be done in regular waves. The construction must be approximated where possible. Hence, the con-
struction elements will be assumed to all be cylinders. Varying the main dimensions of these cylinders
should indicate relations between the dimensions and the response.
The model will not assess the vertical balance of the system. A fixed location will be assumed. Based
on the water displacement the mass will be determined. Therefore it must be separately checked if the
water displacement is sufficient to keep the system floating.
The modelling approach and the structure of the following chapters are schematised in Figure 5.10.
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Figure 5.10: Scheme of structure report for the following chapter 6 till chapter 10

From a modelling point of view, there are two main physical aspects. First, there is a mechanical as-
pect. The mechanical part of the modelling deals with the external and internal forces and the masses.
Combining these will determine the heave response. The internal forces are coming from interconnec-
tions and constraints in the construction. The theory on the mechanics will be discussed in chapter
6. This will lead to a differential equation that describes the response of the structure depending on
the external forces. Second, the interaction of the buoy and beam structure with its hydromechanical
environment generate external loads. These loads are discussed in chapter 7.
Furthermore, there are aerodynamic aspects. The platform will heave with the support structure and
therefore move through the air. The movement will result in a force proportional to the square of the
velocity. For now, this damping force is assumed to be minor. There are three reasons for. First, the
density of air is lower than the density of water by a factor of 10ଷ. This difference in density results in
smaller forces. Second, it is assumed that the platform will not be continuous. This will further decrease
the force. It is assumed that the damping can partly be approximated by incorporating it with the gen-
eral damping that is also present in the hydrodynamic environment. Therefore only the hydrodynamic
loads are incorporated in the model. Then the obtained hydrodynamic forces can be substituted in the
mechanical model. The mass and mass distribution of the system is estimated by the underwater vol-
ume of the structure times the water density. This will slightly overestimate the moment of inertia. Still
this is an appropriate first step as the mass of the volume displaced must be the same as the total mass
of the system. Consequently, the hydrodynamic forces on the individual elements will be estimated in
the model. This is done in chapter 8.
When the theory is discussed, the physics will be implemented and coded in chapter 9. The same
steps as before will be taken. First, it will be discussed how the mechanical theory is implemented
after which the hydrodynamic theory is discussed. Chapter 9 explains the connecting pieces, and the
total calculation tool. The implementation will be verified in chapter 9. The implemented parts will be
checked. A buoy and beam structure will be build up bit by bit so that the working principles of the
program become apparent.

5.4.1. Defining the variation space of the design
When the model is composed, the design drivers (inputs of the calculation tool) must be identified.
Therefore potential design drivers must be incorporated in the calculation tool. Additionally, the desired
output to assess the performance of the design are identified. The model needs to be build up to vary
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the input and output parameters. The relation between the varying input and resulting output will lead
to an identification and quantification of the design parameters within the main dimensions.

Input variations
The elements to vary can be split into two aspects. Firstly, the dimensions and properties of the buoys
and beams. Secondly, the topology and layout of the structure. The buoys are modelled by vertically
oriented cylinders that go through the water surface, and the connecting beams are horizontal fully
submerged cylinders. The hydrostatic stiffnesses of the buoys are defined separately to extend the
practicality of the model. This gives the possibility of more complex variations as it does not depend
on the diameter of the buoy. By separating the stiffness, it is possible to have a different, but constant,
diameter at the waterline. This shortcut does not incorporate the hydrodynamic effects of the varying
diameter of the length of the buoy. Apart from the dimensions of the structure, the topology of the
buoy and beam structure will be varied. The topology describes the number of buoys and the way the
triangles are placed with respect to each other. Furthermore, the global position relative to the incoming
waves needs to be varied.
A list of main dimensions and general aspects of the design that should be included in the model for
variation are listed here:

• General:

– Size of structure: number of buoys and triangles
– Topology of structure
– Wave direction relative to the structure

• Beam:

– Length
– Diameter
– (Added) mass
– Damping
– Depth

• Buoy

– Diameter
– Draft
– (Added) Mass
– Stiffness

Moreover, the hydrodynamic environment needs to be varied. The number of variables will depend on
the selected wave theory. Therefore, it will not be discussed here. Based on the assumption of regular
waves, items such as wavelength, wave height need to be varied.

Desired output results
The following results and output should be obtained for every variation.

• Response in heave direction

• Relative wave height seen from the moving construction

• Proportions of the hydrodynamic loads

• Angles of the beams in the construction

• Eigenmodes and eigenfrequencies

The relative wave height and the angels in the construction will be calculated with the heave response
of the structure. It will be useful to give an estimation of the loads within the construction. Now the in-
and outputs of the model are clarified the model can be build up.
This modelling approach will result in a calculation tool where multiple variables can be varied. At the
end of this thesis, some of these input variables will be varied.
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Mechanical analysis of the support

structure
This chapter discusses the derivations of the differential equations that describe the response of the
structure in heave direction. The goal is to find a standard method for the derivation of the mechanical
equations for a buoy and beam structure to obtain the heave response and other desired modelling out-
puts. In this chapter, the systematic derivation of the mechanical equations will be determined based
on a relatively simple four buoy system. This will serve as an input in build up a system in section 9.1.
In this chapter, the hydrodynamic loads are represented by external loads on the mechanical system.
These will be addressed separately in chapter 7 and will then be combined into the complete models in
chapter 8. In essence, the structure consists of multiple rigid bodies that are interconnected which all
experience external forces. These interconnections can be described by constraints of the system. The
constraints and the external environment result in forces, added masses, damping terms and spring
stiffnesses. Together these form a system that can be described by multibody dynamics.
Analysing the structure can be done based on multiple theories within classical mechanics. The most
straightforward system, in this case, is Newton-Euler mechanics. This is based on Newton’s laws of
motions. This is extended by Euler theory for point particles and rigid bodies. Within classical mechan-
ics, there is a reformulation done resulting in Lagrange and Hamiltonian mechanics. Depending on the
structure and the desired outcome, a one of these methods is preferable. For the modelling of the buoy
and beam structure, classical Newton Euler theory will be used. This is a straightforward method that
is familiar to the writer and covers all needs for the simulation.
The derivation of the differential equations will be executed as follows. First the forces on the individual
elements are analysed in section 6.1. Then approximating small angular displacements of the con-
necting beams will be argued (section 6.2) after which a differential equation for a four beam system
will be presented in section 6.3.

6.1. Forces on the individual elements
Before introducing the full structure, the two building blocks of the structure will be introduced sepa-
rately. First, the beam will be discussed followed by the buoy. The aim is to discuss simplifications
and assumptions that are made and the argumentation why these are valid. Furthermore, the loads
relevant to the heave response will be identified. This introduction and conceptualisation are needed
as input for the setting up the mechanical system.

6.1.1. Modelling of the beam
The beam ismodelled as a line segment connecting the centres of two buoys. Meaning that the location,
orientation and length are represented by the endpoints of the line segment (in cartesian coordinates
𝑥, 𝑦, 𝑧). On each end, forces from neighbouring elements are present. The hydrostatic and gravitational
forces cancel out. Because it is assumed that the beam and the displaced water have the same mass.
This mass is equally distributed over the length of the beam in this model. A diameter and a length
define the beam. This results in a mass and a moment of inertia.
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In Figure 6.1, a representation of the beam in its hydrodynamic environment along with external forces
is given. No force and moment are present in the direction of the cylinder centre line as a result of
the cylindrical shape and the relatively small diameter. An alternative frame of reference (𝑜, 𝑝, 𝑧) is
used where the 𝑧-axis has the same orientation as the global 𝑧-axis. The goal is to find a response
in the 𝑧-direction. Therefore, only the relevant moment and forces are taken into account. These
are the moment and force component in respectively the 𝑝- and 𝑧-direction. The length of the beam
is calculated from the centre point to the centre point of the two connected buoys. This results in
an overestimation of the length of the beam, which consequently results in an overestimation of the
hydrodynamic forces. The figure indicates no damping or added mass. The damping and added mass
terms are within the hydrodynamic forces.

Figure 6.1: Modelling of the external forces on the beam (red: forces from connected buoys, blue: hydrodynamic loads, or-
ange: tangent unit vector, green: local axis system, dotted line: decomposition of vectors.

6.1.2. Modelling of the buoy

Point masses are used to model the buoys of the structure, i.e. all loads will act on the centre of the
buoy and no moment on the body is taken into account. The buoys are assumed to float stable and
vertical. The buoy has a specific location in space (𝑥, 𝑦, 𝑧), the diameter and draft (𝐷, 𝑇). The dimen-
sions determine the mass, and will initially determine the hydrostatic stiffness. Defining the stiffness
separately from the defined diameter excludes the effect on the hydrodynamics coming from variations
of the diameter over the buoy height. These effects are, for example, damping resulting from vertices
and vertical forces on the surfaces created by a varying diameter. The buoy experiences loads by the
hydrodynamic and hydrostatic environment, the gravity and from the connected beams.
A simple Free Body Diagram (FBD) is given in Figure 6.2a. On the left side of the figure, the FBD with
multiple external forces is shown. The gravitational and hydrostatic force cancel each other out. The
forces can be simplified, as represented in Figure 6.2b. Here the external forces are summed and the
static forces are excluded as these are equal in magnitude and opposite in direction. For the anal-
ysis of the response in the vertical direction, the forces or force components in the vertical direction
are relevant. Other forces are not taken into account. The hydrodynamic forces related to stiffness
and damping are excluded from the hydrodynamic force. The stiffness and damping are incorporated
separately represented by a spring and damper. The mass of the buoy incorporates the added mass
force. For now, these are just arbitrary linear stiffness, dampers, (added)masses and dynamic forces.
The stiffness is linear because the assumed constant diameter of buoys and the damping and added
mass is assumed linear [6].
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(a) Buoy external forces
(b) Buoy external forces with separated stiffness and damping

Figure 6.2: Modelling of the buoy.
ீ: the gravitational force, subscript ௘ଵ..௡: the external forces 1 to n from the connected elements, ு௏ and ுு: the vertical
hydromechanic force (consists of the hydrostatic and hydrodynamic force) and the horizontal hydrodynamic force, ுௌ and ு஽:
Hydrostatic and hydrodynamic part of the force.

6.1.3. Modelling of the triangle platforms
As said in section 5.4, the platforms are not separately integrated in the mechanical model. The mass
and mass distribution is estimated by the mass of the displaced water and the damping left out as it is
estimated to be minor in repect to the other elements.

6.2. Small angle approximation
Before a 3D structure is assessed, a smaller 2D structure will be examined. The 2D environment will
show some nonlinear behaviour that is present in the system. The goal is here to find to what extent
the second- and higher-order effects are relevant in the analysis and modelling of the system. First, a
FBD of a structure in 2D is shown in Figure 6.3. The moment balance, calculated in the middle of the
beam, indicates some nonlinear behaviour. This can be seen in equation 6.1.

Figure 6.3: FBD of a two buoy structure in 2D
HD: hydrodynamic load, A/B forces in respectively connection A/B

෍𝑇ଵଶ = 𝐼𝛼̈ −→ 𝑇ଵଶ − (𝐹ଵଶ஺௫ + 𝐹ଵଶ஻௫)
𝐿
2 sin(𝛼ଵଶ)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ଵ

− (𝐹ଵଶ஺௭ + 𝐹ଵଶ஻௭)
𝐿
2 cos(𝛼ଵଶ)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ଶ

= 𝐼ଵଶ𝛼̈ଵଶ (6.1)
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The force of the neighbouring buoy, respectively the 𝑥- and the 𝑧- direction which, is multiplied with,
respectively the sine and the cosine of the angle. This results in nonlinear behaviour in equation 6.1.
Both the force and the angle are time-varying elements resulting in a term that is nonlinear (equation
6.2).

1: −→ |𝐹ଵଶ஺௫ + 𝐹ଵଶ஻௫| 𝑒௜ఠ௧
𝐿
2 sin ൫|𝛼ଵଶ| 𝑒

௜ఠ௧൯ (6.2a)

2: −→ |𝐹ଵଶ஺௭ + 𝐹ଵଶ஻௭| 𝑒௜ఠ௧
𝐿
2 cos ൫|𝛼ଵଶ| 𝑒

௜ఠ௧൯ (6.2b)

Equation 6.1 could be approximated by a linear system by assuming that only small angles between
the beam and the horizontal plane will occur. First, a realistic and feasible support structure should
not have any response that has large angles. When large angles occur large forces in both horizontal
and vertical direction will arise, this could lead to the infeasibility of the concept. Secondary, when
analysing realistic waves in offshore conditions, only small steepness arises [19]. It can be assumed
that the structure will follow the waves with a relative phase angle. Therefore small angles in the con-
struction can be assumed.
The approach of assuming that sin(𝛼) = 𝛼 does not fully linearise the equation. 𝛼 and the force both
include a time-dependent part: 𝑒௜ఠ௧. Hence the nonlinearities shown in equation 6.3 are still in place.
For that reason the assumption is made that the angles can be assumed as follows: sin(𝛼) = 0 and
cos(𝛼) = 1. This results in a linear equation that should be sufficiently valid while simulating.

1: −→ |𝐹ଵଶ஺௫ + 𝐹ଵଶ஻௫| 𝑒௜ఠ௧
𝐿
2 sin ൫|𝛼ଵଶ| 𝑒

௜ఠ௧൯ ≈ |𝐹ଵଶ஺௫ + 𝐹ଵଶ஻௫| 𝑒௜ఠ௧
𝐿
2 ൫|𝛼ଵଶ| 𝑒

௜ఠ௧൯ (6.3)

1: −→≈ 0 (6.4a)

2: −→ |𝐹ଵଶ஺௭ + 𝐹ଵଶ஻௭| 𝑒௜ఠ௧
𝐿
2 (6.4b)

This approximation means for that no angles will be taken into account for the calculations of the mo-
ment on the beams resulting from the connecting the buoys. This means that forces perpendicular on
the beam apply a moment and the forces in line with the beam do not apply any moment on the beam.
It further means that no horizontal displacement of the buoys are taken into account. This will limit
the number of buoys that can be placed in line. For the goal of the research, the horizontal displace-
ment is less relevant as it is assumed that it will not affect the heave response significantly. A further
consequences of this approximation and the validity of the small angles be assessed in section 10.4.

6.3. Differential equations for a 4 buoy system
The next step is to analyse a 3D mechanical system. The theory of the multibody dynamics will be
applied to a structure existing of four buoys with five connecting beams. Only the relevant components
for the vertical response will be included.

6.3.1. Mechanical equations
Figure 6.4 gives a schematic representation of the system. A detailed FBD of every component in this
schematic can be found in Figure 6.5. It can be seen that every beam has a local coordinate system
(𝑜, 𝑝, 𝑧) with coinciding 𝑧-axis as discussed before. Let’s give some specific attention to the naming
and the orientations of the moments, forces and axis frames.

• The positive direction of the moments on the beams are always oriented in positive 𝑝-direction,

• the A-side of the beam is always in negative 𝑜-direction and the B-side is always in a positive
direction.

• The hydrodynamic forces are always in a positive direction.

• The 𝑜-axis direction is always in the horizontal plane and between [0 ∶ 120] degrees from the
𝑥-axis.
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• The connecting forces between the beam and the buoy at the B side of the beam are always
positively oriented.

• The reaction force is always pointing in the opposite direction.

• The beam is always named based on the two buoys it connects.

This methodology will be used to derive equations for larger systems. Because of the consistency in
naming a consistent methodology can be applied to all systems.

Figure 6.4: Schematising and modelling of a 4 buoy system

Figure 6.5: FBD of a 4 buoy system
Red: forces of connected elements, blue: buoy hydrodynamic forces, green: local axis system, F: forces, T: Moment, indexes
indicate the connected buoys and the location by A and B
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The dynamics of the structure is described based on the vertical motion of the buoys. The motion
of the beams can be deducted by the motion of the buoys. The FBD in Figure 6.5 only contains the
parameters relevant for the heave movement of the buoys. These parameters are the force, damping
and stiffness in the vertical direction and the moment on the beam in 𝑝-direction. The vertical dynamic
equilibrium of the buoys will be discussed first, resulting in four equations (equation 6.5). The forces
coming from the connecting beams need to be substituted in these four equations.

Buoy 1: ෍𝐹௭ = 𝑚𝑧̈ −→ 𝐹ଵଶ஺௭ + 𝐹ଵଷ஺௭ − 𝑏ଵ𝑧̇ଵ − 𝑘ଵ𝑧ଵ + 𝐹ଵ = (𝑚ଵ +𝑚ᇱ
ଵ)𝑧̈ଵ (6.5a)

Buoy 2: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଵଶ஻௭ + 𝐹ଶଷ஺௭ + 𝐹ଶସ஺௭ − 𝑏ଶ𝑧̇ଶ − 𝑘ଶ𝑧ଶ + 𝐹ଶ = (𝑚ଶ +𝑚ᇱ
ଶ)𝑧̈ଶ (6.5b)

Buoy 3: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଵଷ஻௭ − 𝐹ଶଷ஻௭ + 𝐹ଷସ஺௭ − 𝑏ଷ𝑧̇ଷ − 𝑘ଷ𝑧ଷ + 𝐹ଷ = (𝑚ଷ +𝑚ᇱ
ଷ)𝑧̈ଷ (6.5c)

Buoy 4: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଶସ஻௭ − 𝐹ଷସ஻௭ − 𝑏ସ𝑧̇ସ − 𝑘ସ𝑧ସ + 𝐹ସ = (𝑚ସ +𝑚ᇱ
ସ)𝑧̈ସ (6.5d)

The substitution can be done as follows. First beam 1 2 (read: “beam one, two”) will be analysed. For
this beam the dynamic equilibrium in vertical direction and the dynamic equilibrium of the moment in
𝑝-direction will be written down, taking into account the previously made assumption: sin𝛼 = 0 and
that cos𝛼 = 1 (section 6.2).

Beam 1 2: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଵଶ஺௭ + 𝐹ଵଶ஻௭ + 𝐹ଵଶ = 𝑚ଵଶ𝑧̈ଵଶ (6.6a)

෍𝑇௣ = 𝐼௣𝛼̈ −→ −(𝐹ଵଶ஺௭ + 𝐹ଵଶ஻௭)
𝐿
2 + 𝑇ଵଶ = 𝐼ଵଶ𝛼̈ଵଶ (6.6b)

Multiplying equation 6.6b by ଶ
௅ and adding or subtract this from equation 6.6a. Gives respectively

equations 6.7.

(6.6𝑏) ⋅ 2𝐿 + (6.6𝑎) −→ 𝐹ଵଶ஺௭ =
1
2𝐹ଵଶ +

𝑇ଵଶ
𝐿 − 1

2𝑚ଵଶ𝑧̈ଵଶ −
𝐼ଵଶ
𝐿 𝛼̈ଵଶ (6.7a)

(6.6𝑏) ⋅ 2𝐿 − (6.6𝑎) −→ −𝐹ଵଶ஻௭ =
1
2𝐹ଵଶ −

𝑇ଵଶ
𝐿 − 1

2𝑚ଵଶ𝑧̈ଵଶ +
𝐼ଵଶ
𝐿 𝛼̈ଵଶ (6.7b)

The same can be done for the other 4 beams resulting in the equations 6.8 𝑎 & 𝑏. Where i represents
the lower number buoy physically connected to the beam and j represents the higher number buoy
physically connected to the beam. Where 𝑖 ∶ 1..3 and 𝑗 ∶ 2..4 taking into account the topology.

𝐹௜௝஺௭ =
1
2𝐹௜௝ +

𝑇௜௝
𝐿 − 1

2𝑚௜௝ 𝑧̈௜௝ −
𝐼௜௝
𝐿 𝛼̈௜௝ (6.8a)

− 𝐹௜௝஻௭ =
1
2𝐹௜௝ −

𝑇௜௝
𝐿 − 1

2𝑚௜௝ 𝑧̈௜௝ +
𝐼௜௝
𝐿 𝛼̈௜௝ (6.8b)

Equation 6.8 𝑎 & 𝑏 can be substituted in equation 6.5 𝑎 & 𝑑. This results in 4 large equations describing
the motions based on 4 degrees of freedom. The connections of the buoys and beams of the structure
result in equations 6.9 𝑎 & 𝑏. These will be substituted for every connecting beam.

𝑧௜௝ =
𝑧௜ + 𝑧௝
2 (6.9a)

𝛼௜௝ =
𝑧௜ − 𝑧௝
𝐿 (6.9b)

The proposed substitutions based on equation 6.5 result in a linear differential equation that describes
the mechanical behaviour of the buoy and beam system. The linear differential equations can be found
in equation 6.10.

F = [M]z̈+ [B]ż+ [K]z (6.10a)

F =
⎡
⎢
⎢
⎢
⎢
⎣

𝐹ଵ +
ிభమ
ଶ + ிభయ

ଶ + భ்మ
௅ + భ்య

௅
𝐹ଶ +

ிభమ
ଶ + ிమయ

ଶ + ிమర
ଶ − భ்మ

௅ + మ்య
௅ + మ்ర

௅
𝐹ଷ +

ிభయ
ଶ + ிమయ

ଶ + ிయర
ଶ − భ்య

௅ − మ்య
௅ + య்ర

௅
𝐹ସ +

ிమర
ଶ + ிయర

ଶ − మ்ర
௅ − య்ర

௅

⎤
⎥
⎥
⎥
⎥
⎦

(6.10b)
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[M] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑚ଵ +𝑚ᇱ
ଵ +

௠భమ
ସ

+ ூభమ
௅మ + ௠భయ

ସ + ூభయ
௅మ

௠భమ
ସ − ூభమ

௅మ
௠భయ
ସ − ூభయ

௅మ 0

௠భమ
ସ − ூభమ

௅మ
𝑚ଶ +𝑚ᇱ

ଶ +
௠భమ
ସ + ூభమ

௅మ
+௠మయ

ସ + ூమయ
௅మ + ௠మర

ସ + ூమర
௅మ

௠మయ
ସ − ூమయ

௅మ
௠మర
ସ − ூమర

௅మ

௠భయ
ସ − ூభయ

௅మ
௠మయ
ସ − ூమయ

௅మ
𝑚ଷ +𝑚ᇱ

ଷ +
௠భయ
ସ + ூభయ

௅మ
+௠మయ

ସ + ூమయ
௅మ + ௠యర

ସ + ூయర
௅మ

௠యర
ସ − ூయర

௅మ

0 ௠మర
ସ − ூమర

௅మ
௠యర
ସ − ூయర

௅మ
𝑚ସ +𝑚ᇱ

ସ +
௠మర
ସ

+ ூమర
௅మ + ௠యర

ସ + ூయర
௅మ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6.10c)

[B] =
⎡
⎢
⎢
⎣

𝑏ଵ 0 0 0
0 𝑏ଶ 0 0
0 0 𝑏ଷ 0
0 0 0 𝑏ସ

⎤
⎥
⎥
⎦

(6.10d)

[K] =
⎡
⎢
⎢
⎣

𝑘ଵ 0 0 0
0 𝑘ଶ 0 0
0 0 𝑘ଷ 0
0 0 0 𝑘ସ

⎤
⎥
⎥
⎦

(6.10e)

Equation 6.10a is especially importance. This differential equation will be further constructed over the
rest of the thesis. By substituting the hydrodynamic forces and the exact numbers for the different vec-
tors and matrices the complete differential equation will be obtained. Solving this differential equation
will give the desired outputs of the model. Still the, so far, unknown hydrodynamic loads need to be
substituded.
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The loads that are incorporated in the mechanical model of chapter 6 need to be estimated. These
loads should be calculated separately and then substituted in the differential equation (equation 6.10).
The forces in the 𝑧-direction and the moment in local the 𝑝-direction on the connecting beams need
to be substituted in the differential equation. The loads on the elements depend on the pressure,
velocities and accelerations in the fluid. Therefore a suitable wave theory is identified in section 7.1.
Next, applicable theories for the estimation of the hydrodynamic loads are selected in section 7.2.
Then the selected theory needs to be applied to the individual elements to obtain the needed loads.
First, the theory is applied to the beam elements. The movement of the fluid will induce a first part of
the load, and the movement of the structure will induce a second part of the loads. These two parts
will be separated in section 7.3. After the separation, the calculations for all individual elements that
contribute to the load will be explained. Lastly, the loads on the buoy elements will be calculated in
section 7.4.

7.1. Wave theory
In the scope on page 31 it was stated that the response would be examined for regular waves. For
the first estimation of the feasibility of the construction, it will be sufficient to take into account regular
waves. Chakrabarti [4] discusses wave theories and their application. It is not the aim to check if the
construction can survive themost extreme conditions. However, the aim is finding relations between the
response of the construction in regular waves and the design parameters of the construction. Where
the response is directly related to the feasibility. A wavelength and an amplitude will define these regular
waves.
According to Chakrabarti [4], the Airy wave theory (i.e. linear wave theory) is appropriate to simulate
sea states up to the one-year storms, swells and long term statistics. For this reason, it is concluded
that Airy wave theory, is the appropriate option. The Airy wave theory does not take into account the
splash zones or are above the still water surface, and asymmetry (non-perfect sinus shaped) profile of
the wave. The aim is to develop a structure in offshore conditions. Therefore the deepwater equation
of the Airy wave theory will be used. This means that the wave can be described by wave height and
wave period. These two parameters give information on the wave steepness, wavelength, velocities
and accelerations in the fluid, etc.

7.1.1. Variation in offshore wave characteristics
The waves described by the Airy wave theory depends on the wave height and wave period. The
overall goal of the research is to find a feasible concept. This means that it survives in realistic offshore
conditions. Thus it is desirable to assess the structure on realistic wave amplitudes and frequencies,
within the limits of Airy wave theory. It should be noted that in the case of a linear system, the wave
amplitude will be linear with respect to the response. In that case, the amplitude is less relevant in the
simulation. The relevant amplitudes and wavelengths for the assessment depend on two factors. First,
there is the realism of the wave in offshore conditions. Second, the relative dimensions of the structure
with respect to the wavelength should be taken into account. Short waves relative to the structure size
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will not influence the construction. In really long waves the structure most probably moves completely
with the waves.
A more general approach is taken, and a specific spectrum is not yet incorporated. In the book of
Journée et al. [19], a table from Bales is presented that is also adopted by the 17th ITTC (1984) [19,
p5-51]. This indicates on the probability and a relation between the sea state, wave height and modal
wave period (Table 7.1).

Table 7.1: “Open Ocean Annual Sea State Occurrences” [19]

Sea state Probability of
the Sea State
(%)

Significant wave height Modal Wave Period

range mean Range Most probable

0 - 1 0 0.0 - 0.1 0.05
2 7.2 0.1 - 0.5 0.3 3.3 - 12.8 7.5
3 22.4 0.5 - 1.25 0.88 5.0 - 14.8 7.5
4 28.7 1.25 - 2.5 1.88 6.1 - 15.2 8.8
5 15.5 2.5 - 4 3.25 9.8 - 16.2 9.7
6 18.7 4 - 6 5 11.8 - 18.5 12.4
7 6.1 6 - 9 7.5 14.2 - 18.6 15
8 1.2 9 - 14 11.5 14.2 - 18.6 16.4
8+ < 0.05 > 14 > 14 18.0 - 23.7 20

For this thesis, the simulation range on wave characteristics can be based on Table 7.1. The wave pe-
riod should at least be varied between 3 seconds and 15 seconds. This corresponds with a wavelength
of 15 to 350meters and an angular frequency of 0.42 to 2.09 rad/s which includes 90% of the sea states
indicated in Table 7.1. It is not yet the aim to test the concept on the most severe condition (sea state
7 or higher). Neither can the Airy wave theory describe these conditions. The table also demonstrates
a clear relationship between the significant wave height and the most probable wave period. Although
the significant wave height is not the same as the maximum wave height, the relationship can be used
to indicate a relevant wave height. The table also confirms the small angle approximation that was
introduced in section 6.2 on page 49.
As the focus is on the heave response of the structure, the waves with a wavelength of multiple times,
the total structure length could be left out of consideration for answering the research question. The
construction will move with the wave, certainly within the Airy wave theory. Significantly shorter waves
than the individual structural elements should have no significant influence on the response of the
structure. Those extreme positions are interesting for verification purposes.

7.2. Selection of theory for estimation of hydrodynamic loads
The structure and the hydrodynamic environment as described with the Airy wave theory will interact
and will on one side result in loads on the structure and will result in a change within the water on the
other side.

7.2.1. General principles of hydrodynamics and selection of theory
It is a common assumption that hydrodynamic loads can be calculated by superposition of the loads
on structural elements in multiple directions. On each element, the force can be calculated by inte-
grating the pressure over the wetted surface. The hydrodynamic loads can be split into three parts:
The“[1] Froude-Krylov force: pressure effects due to undisturbed incident waves; [2] Hydrodynamic
mass ’added mass and potential damping force: pressure effects due to relative acceleration and
velocity between water particles and structural components in an ideal fluid; [3] viscous drag force:
pressure effect due to relative velocity between water particles and structural components” [6, p.220].
Literature makes a distinction between hydrodynamic transparent structures and hydrodynamic com-
pact structures. The first group of structures has a small dimension relative to wavelength and are said
to have minimal influence on the wave. In this case, it is assumed that the effect of the construction on
the wave can be discarded. Structures that are larger with respect to wavelength will disturb and pos-
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sibly reflect the incoming wave. For the hydrodynamic transparent cylindrical structures, the Morison
equation is applied, and for hydrodynamic compact structures (linear) diffraction theory is used. Figure
7.1 shows this relation. [4, 6]
The general framework that is visualised in Figure 7.1. With on the vertical axis the Keulegan-Carpenter
(number) (KC)-number (or the relative wave height) calculated by equation 7.2. The higher the KC-
number, the higher the contribution of the viscous damping component. In the horizontal axis relative
structure size. [4, 6]

Figure 7.1: Modelling methods selection graph for hydrodynamic (circular) structures [6]. In red the relative structure size for
the envisioned variations to find the design parameters and in blue, the envisioned buoy and beam structure as described in
section 5.3

It needs to be determined if the buoy and beams structure can be considered a hydrodynamic trans-
parent structure. This can be determined with the following approach. First, the diffraction parameter
(equation 7.1) is introduced. The diffraction parameter, also called the relative size of the construc-
tion, indicates if diffraction theory needs to be applied. In other words, if the diffraction parameter is
larger than గ

ହ , then the construction is considered hydrodynamic compact. [4, 6] Therefore, the maxi-
mum structure sizes that will be simulated, will be divided by the smallest wavelengths. These relative
structure sizes will be used to select the appropriate theory.

Diffraction parameter or relative structure size:
𝜋𝐷
𝜆 (7.1)

𝐾𝐶 = 𝑢௔𝑇
𝐷 =

𝜁௔𝜔
ଶగ
ఠ

𝐷 = 2𝜁𝜋
𝐷 (7.2)

As indicated on beforehand, the aim is estimating the influence of themain parameter (and its ratios), on
the heave response of a buoy and beam structure. When the most extreme positions (largest wave with
the smallest construction and smallest wave with the largest construction) are considered the position
in Figure 7.1 can be indicated.
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In section 5.3 an envisioning of the structure was done. There it was said on page 38 “that the sides
of the triangle are in the range of 10 to 40 meters and buoys of a diameter of 1.5 meters and a draft
of 5 meters.” This was only a first indication. Taking a diameter of 1.5 meters for the buoys and 0.75
meters for the beams as a first indication with the shortest wavelength of 15m would result in a relative
structure size of 𝜋/10 to 𝜋/20. To find relations between the design parameters and the response
multiple dimensions of the buoys and beams will be simulated. Diameters in the range of 0.5 to 9
meters could be thought off. With a wavelength of 15 meters, these dimensions would results in a
relative structure size from 𝜋/30 to 3𝜋/5. The two ranges of structure sizes are indicated in Figure 7.1.
The relative structure size indicated on the 𝑥-axis in Figure 7.1 shows that this extreme combination
is on the border area. The border area between the application of diffraction and the application of
Morison is indicated on 𝐷/𝐿 = 0.2 with D the diameter and 𝜆 the wavelength. Slightly going over
this border, when simulating higher frequencies, would only cause a small error. When simulating
significant larger relative structure sizes diffraction theory is needed and the outcomes of the modelling
without diffraction will have no relevance. This result in the conclusion that the structure can efficiently
be modelled with the Morison equation.

7.3. Morison equation
In this section, the Morison equation will be introduced. First, the most standard case of the Morison
equation will be disused i.e. the Morison equation for a fixed vertical cylinder. Then the adapted
equation for a cylinder with random orientation will be discussed. This incorporates loads for a cylinder
moving that is moving in the water.
Initially, the Morison equation was presented for the force on a vertical cylinder segment in waves in
Morison et al. [28]. The equation is used to calculate the perpendicular force on a vertical cylinder
segment. In which u is the vertical component of the fluid velocity. This equation can be found in
equation 7.3.

𝑑𝐹⃗ = 𝜌𝜋𝐷
ଶ

4 𝑑𝑧𝑢̇ᇣᇧᇧᇤᇧᇧᇥ
Froude-Krylov

+ 𝐶௔𝜌
𝜋𝐷ଶ

4 𝑑𝑧𝑢̇ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
hydrodynamic mass

+𝐶஽
𝜌
2𝐷𝑑𝑧 |𝑢| 𝑢ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
viscous drag

(7.3)

The equation contains an inertia term (or Froude-Krylov and hydrodynamic mass term) that is depend-
ing on the accelerations and it contains a damping term (or viscous drag term) that is depending on the
velocity. Figure 7.1 on page 57 indicates on the vertical axis the relevance of the inertia and damping
parts within the Morison equation. KC is an indication of the proportion of the damping and the inertia
contribution to the force calculated by the Morison equation. Based on the vertical axis, a structure with
a small relative structure size allows the Morison equation to calculate the accelerations and velocities
at the centre line and extrapolate these values over the diameter of the cylinder.
In this section, an alternative Morison equation will be presented for the randomly oriented cylinder that
is vibrating in the fluid in section 7.3.1. This will result in terms that are either depending on the fluid or
the fluid movement. All different terms will be integrated separately to obtain the relevant moment and
force components as indicated in section 7.3.5. Lastly this proposed integration is executed in section
7.3.6.

7.3.1. Morison equation for random orientation in waves
The beams of the buoy and beam structure move through the water and the elements have different
orientations. The Morison equation for the force on a randomly oriented cylinder can be found in
equation 7.4. With equation 7.4 the force on a segment with length 𝑑𝑠 can be calculated. The general
framework is presented in literature in: Chakrabarti et al. [3], Clauss et al. [6, p.255].

𝑑𝐹⃗ே = 𝜌𝜋𝐷
ଶ

4
⃗̇𝑣ே𝑑𝑠ᇣᇧᇧᇤᇧᇧᇥ

Froude-Krylov force

+ 𝐶௔𝜌
𝜋𝐷ଶ

4
⃗̇𝑢ோே𝑑𝑠ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

Hydrodynamic mass force

+𝐶ௗ
𝜌
2𝐷 |𝑢⃗ோே| 𝑢⃗ோே𝑑𝑠ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
Viscous drag force

(7.4)

In equation 7.4: 𝐷 indicates the diameter of the cylinder, 𝑣⃗ே indicates the velocity of the fluid perpen-
dicular to the cylinder centre line, 𝐶௔ and 𝐶ௗ are respectively the added mass and damping coefficients,
𝑢⃗ோே indicates the relative velocity of the fluid perpendicular to the cylinder centre line and 𝑑𝑠 indicates
the segment length of the cylinder over which the force is calculated.
This equation is presented in three parts: the Froude-Krylov part, the hydrodynamic mass part and the
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viscous drag part. The Froude-Krylov term is the force arising from the acceleration of the fluid in an
undistributed incoming wave and can be calculated with the acceleration in the fluid. The hydrodynamic
mass forces use the relative acceleration to calculate the force. The relative acceleration is the fluid
acceleration seen from the moving cylinder. The viscous drag depends on the relative velocity of the
structure. This part is in nonlinear as the velocity is multiplied with the absolute value of the velocity.
The linearized equation will be discussed later when discussing the viscous drag force.
To know the total perpendicular force on the full cylinder the force needs to be integrated over its full
length. The same method can be used to examine the moment on a cylinder. By integrating 𝑟 × 𝑑𝐹⃗ே,
with r the distance between a fixed point and the cylinder section, the moment is obtained. The desire
is to obtain the relevant forces and moments for the movement of the structure as defined in chapter
6. Therefore the forces, added masses and damping terms for the movement of a horizontal beam in
the 𝑧-direction are obtained. For the rotation of the beams, the same is done but now for the rotation
in the local 𝑝-direction.

7.3.2. Froude-Krylov part
For the calculation of the Froude-Krylov term, the acceleration of the fluid is projected on a plane
perpendicular to the centre line of the cylinder (equation 7.5).

⃗̇𝑣ே = 𝑒௧ × ቀ ⃗̇𝑣 × 𝑒௧ቁ (7.5)

The unit vector 𝑒௧ indicates the orientation of the cylinder centre line. The accelerations ቀ ⃗̇𝑣ቁ and the
velocities (𝑣⃗) of the fluid are expressed with the Airy wave theory.

7.3.3. Splitting the hydrodynamic mass part
The hydrodynamic mass part is dependent on the relative perpendicular acceleration of the fluid. This
can be calculated by projecting the relative acceleration on a plane, perpendicular to the centre line of
the cylinder as indicated in equation 7.6.

⃗̇𝑢ோே = 𝑒௧ × ቀ ⃗̇𝑢ோ × 𝑒௧ቁ (7.6)

The relative acceleration ( ⃗̇𝑢ோ ) is obtained by subtracting the acceleration of the structure from accel-
eration in the fluid.

⃗̇𝑢ோ = ⃗̇𝑣 − ⃗̇𝑢௖ (7.7)

When this is substituted in the full equation two parts can be identified in equation 7.8.

𝑑𝐹⃗ுெ = 𝐶௔𝜌
𝜋𝐷ଶ

4 ቈ𝑒௧ × ቀቀ ⃗̇𝑣 − ⃗̇𝑢௖ቁ × 𝑒௧ቁ ቉𝑑𝑠

= 𝐶௔𝜌
𝜋𝐷ଶ

4 ቈ𝑒௧ × ቀ ⃗̇𝑣 × 𝑒௧ቁ ቉𝑑𝑠 − 𝐶௔𝜌
𝜋𝐷ଶ

4 ቈ𝑒௧ × ቀ ⃗̇𝑢௖ × 𝑒௧ቁ ቉𝑑𝑠

= 𝐶௔𝜌
𝜋𝐷ଶ

4
⃗̇𝑣ே𝑑𝑠 − 𝐶௔𝜌

𝜋𝐷ଶ

4
⃗̇𝑢௖ே𝑑𝑠 (7.8)

The first part is only dependent on the acceleration of the fluid within the wave and has large simi-
larities with the previously explained Froude-Krylov part. The second part is only dependent on the
acceleration of the structure and is therefore an added mass term.

7.3.4. Linearising and splitting the viscous drag part
The viscous drag force is calculated based on the velocities of the particles in the wave and the velocity
of structure. Equation 7.9 introduces the linearised version of the viscous damping. The process of
linearisation is based on equivalent energy and is explained in Appendix B.3, or can be found in Clauss
et al. [6]. The linearised version makes use of the amplitude of the perpendicular velocity of the fluid
(𝑢ோே௔). To calculate 𝑢ோே௔, the velocity expressions in the fluid of the Airy wave theory and the velocity
of the construction are used. As the velocity of the construction is initially unknown this term should be
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iterated. The calculation of 𝑢ோே௔ will be discussed later (section 7.3.6) and the implementation of the
iteration will be discussed in chapter 9.

𝑑𝐹⃗௏஽ = 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔𝑢⃗ோே𝑑𝑠 (7.9)

The relative velocity 𝑢⃗ோே is calculated in a similar fashion as the relative acceleration for the hydrody-
namic mass force in equation 7.6. First the components perpendicular to the cylinder centre line are
calculated by equation 7.10. The relative velocity (𝑢⃗ோ) is calculated with equation 7.11.

𝑢⃗ோே = 𝑒௧ × (𝑢⃗ோ × 𝑒௧) (7.10)

𝑢⃗ோ = 𝑣⃗ − 𝑢⃗௖ (7.11)
By substituting equation 7.11 and equation 7.10 in equation 7.9, equation 7.12 is obtained.

𝑑𝐹⃗௏஽ = 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔ [𝑒௧ × ((𝑣⃗ − 𝑢⃗௖) × 𝑒௧)] 𝑑𝑠

= 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔ [𝑒௧ × (𝑣⃗ × 𝑒௧)] 𝑑𝑠 −

8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔ [𝑒௧ × (𝑢⃗௖ × 𝑒௧)] 𝑑𝑠

= 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔𝑣⃗ே𝑑𝑠 −

8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔𝑢⃗௖ே𝑑𝑠 (7.12)

This splits equation 7.9 in two independent terms: one term based on the fluid velocity and one term
based on the structure velocity.

7.3.5. Total Morison equation
The previous steps are combined in equation 7.13. Each term is named differently.

𝑑𝐹⃗ே = (1 + 𝐶௔) 𝜌
𝜋𝐷ଶ

4
⃗̇𝑣ே𝑑𝑠ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ

ௗி⃗ಿ ,ಷ಼,ಹಾ,അ

−𝐶௔𝜌
𝜋𝐷ଶ

4
⃗̇𝑢௖ே𝑑𝑠ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ௗி⃗ಿ ,ಹಾ,೎

+ 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔𝑣⃗ே𝑑𝑠ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
ௗி⃗ಿ ,ೇವ,അ

− 8
3𝜋𝐶ௗ

𝜌
2𝐷 𝑢ோே௔𝑢⃗௖ே𝑑𝑠ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
ௗி⃗ಿ ,ೇವ,೎

(7.13)

The first term is a combination of the Froude-Krylov term and part of the hydrodynamic mass force.
The first term only depends on the wave indicated by the subscript 𝜁. The second term contains the
second part of the hydrodynamic mass and is fully dependent on the structure movement, indicated by
the subscript 𝑐. This is called the added mass term. The third term is the viscous drag term dependent
on the velocities of the fluid in the waves. The last part is the damping term dependent on the velocity
of the elements in a fluid.
To obtain the full force and moment on a cylinder the Morison equation must be integrated over the
length of the cylinder. This can be done making use of equation 7.14 a & b.

𝐹⃗ெ = න
௅

଴

𝑑𝐹⃗ே
𝑑𝑠 𝑑𝑠 (7.14a)

𝑇⃗ெ = න
௅

଴
൭𝑟 × 𝑑𝐹⃗ே

𝑑𝑠 ൱𝑑𝑠 (7.14b)

Integrating the different terms of equation 7.13 results in equation 7.15 and equation 7.16.

𝐹⃗ெ = න
௅

଴

𝑑𝐹⃗ே,ி௄,ுெ,఍
𝑑𝑠 − 𝑑𝐹⃗ே,ுெ,௖

𝑑𝑠 +
𝑑𝐹⃗ே,௏஽,఍
𝑑𝑠 − 𝑑𝐹⃗ே,௏஽,௖

𝑑𝑠 𝑑𝑠 (7.15a)

𝐹⃗ெ = 𝐹⃗ி௄,ுெ,఍ − 𝐹⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝐹⃗௏஽,௖ (7.15b)

𝑇⃗ெ = න
௅

଴
൭𝑟 ×

𝑑𝐹⃗ே,ி௄,ுெ,఍
𝑑𝑠 ൱ − ൭𝑟 × 𝑑𝐹⃗ே,ுெ,௖

𝑑𝑠 ൱ + ൭𝑟 ×
𝑑𝐹⃗ே,௏஽,఍
𝑑𝑠 ൱ − ൭𝑟 × 𝑑𝐹⃗ே,௏஽,௖

𝑑𝑠 ൱𝑑𝑠 (7.16a)

𝑇⃗ெ = 𝑇⃗ி௄,ுெ,఍ − 𝑇⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝑇⃗௏஽,௖ (7.16b)
This results in a method to obtain all forces and moments on the beams. Now it is needed to obtain
the exact method to calculate the individual terms.
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7.3.6. Calculation of the Morison terms
The individual terms indicated in equation 7.15 and equation 7.16 will be integrated to obtain the forces
in the 𝑧-direction and the moment in 𝑝-direction. Next the added mass term and added moment of
inertia are deducted based on the same equations for the relevant directions. Then the same is done
for the viscous drag terms.

Froude-Krylov and hydrodynamic mass force
Substituting equation 7.5 results in the integral of equation 7.15 results in equation 7.17.

𝐹⃗ி௄ுெ,఍ = න
௅

଴
(1 + 𝐶௔)𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀ ⃗̇𝑣 × 𝑒௧ቁቃ 𝑑𝑠 (7.17)

Making use of the Airy wave theory explained in Appendix B.1 the accelerations in the fluid can be
substituted. The tangent unit vector 𝑒௧ can be calculated based on the positions of the outer points of
the cylinder.

Froude-Krylov and hydrodynamic mass torque
For the buoy and beam structure themoment is calculated for a cylinder in the horizontal plane. The aim
is to obtain the moment in 𝑝-direction. Therefore the moment is calculated by integrating the distance
in o-direction times the 𝑧-component of the Morison force. With the 𝑝-, 𝑜- and 𝑧-direction as defined
in Figure 6.1. This results in equation 7.18. In which the distance in o-direction to the middle point is
defined as (𝑟)௢ (see Figure 6.2a).

𝑇ி௄ுெ,఍,௣ = න
௅

଴
(𝑟)௢ × ቆ(1 + 𝐶௔)𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀ ⃗̇𝑣 × 𝑒௧ቁቃቇ
௭
𝑑𝑠 (7.18)

Added mass
The added mass can be obtained by integrating equation 7.13 as shown in equation 7.19.

𝐹⃗ுெ,௖ = න
௅

଴
𝐶௔𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀ ⃗̇𝑢௖ × 𝑒௧ቁቃ 𝑑𝑠 (7.19)

First equation 7.20 is substituted in equation 7.19 resulting in equation 7.21. The point of reference for
accelerations and the angular acceleration is taken in the middle of the cylinder.

⃗̇𝑢௖ = ⃗̇𝑢் + ⃗̈𝛼 × 𝑟௦ (7.20)

𝐹⃗ுெ,௖ = න
௅

଴
𝐶௔𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀቂ ⃗̇𝑢் + ⃗̈𝛼 × 𝑟௦ቃ × 𝑒௧ቁቃ 𝑑𝑠 (7.21)

From equation 7.21 it can be concluded that ⃗̈𝛼 will not contribute to the force as it is part of the solution
of the integral. This follows the logic as the point of reference is in the middle so rotation does not result
in a force.
The 𝑧-component of the result of the integration of equation 7.21 is given in equation 7.22.

𝐹ுெ,௖,௭ =
𝐶௔𝐷ଶ𝜋𝜌𝐿 ൫𝑒ଶ௧௫ + 𝑒ଶ௧௬൯

4 ቀ ⃗̇𝑢்ቁ௭ = 𝑚ᇱ
௭𝑧்̈ (7.22)

The solution of the integral generates the opportunity to introduce an added mass term (𝑚ᇱ
௭) for the

acceleration in 𝑧-direction. All motion dependent terms contain ൫𝑒ଶ௧௫ + 𝑒ଶ௧௬൯ for a motion in 𝑧-direction.
As horizontal beams are considered this equals one. the added mass term 𝑚ᇱ contains the volume of
the beam times the added mass coefficient.

𝑚ᇱ
௭ =

𝐶௔𝐷ଶ𝜋𝜌𝐿
4 (7.23)

Moment of inertia caused by added mass
A similar equation as shown in 7.19 must be integrated. The force should bemultiplied with the distance
to the middle and integrated over its length.

𝑇ுெ,௖,௢ = න
௅

଴
(𝑟)௢ × ቆ𝐶௔𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀቂ ⃗̇𝑢் + ⃗̈𝛼 × 𝑟௦ቃ × 𝑒௧ቁቃቇ
௭
𝑑𝑠 (7.24)
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When solving this integral the translation will not result in any moment. For that reason, it will not appear
in the outcome of the integral. Equation 7.25 only contains the inertia by cause of the added mass in
local 𝑝-direction of the beam as indicated in Figure 6.1.

𝑇ுெ,௖,௣ =
𝜋𝐷ଶ𝐶௔𝐿ଷ𝜌

48 ቀ ⃗̈𝛼ቁ
௣
= 𝐼ᇱ௣𝛼̈௣ (7.25)

Now the added inertia term 𝐼ᇱ௣ for a beam in the horizontal plane is introduced for rotation around the
local o-axis. This is exactly the moment of inertia of the added mass term as defined in equation 7.23.
The moment of inertia of a rod is calculated by: 𝐼 = ௠ᇲ௅మ

ଵଶ .

𝐼ᇱ௣ =
𝜋𝐷ଶ𝐶௔𝐿ଷ𝜌

48 (7.26)

Amplitude of relative velocity
Because of the linearisation of the viscous drag term the amplitude of the relative velocity (𝑢ோே௔) is
introduced in equation 7.13. Equation 7.27 till equation 7.30 are used to calculate 𝑢ோே௔.

𝑢ோே௔ = |𝑢⃗ோே| (7.27)

𝑢⃗ோே = 𝑒௧ × (𝑢⃗ோ × 𝑒௧) (7.28)

𝑢⃗ோ = 𝑣⃗ − 𝑢⃗௖ (7.29)

As the velocity amplitude varies over the beam length one average value over the length will be taken
into account. The structure is assumed to only displace in 𝑧-direction. Therefore the displacement (𝑢⃗௖)
only has a 𝑧-component. The movement over the beam is not constant over its length as it consists
out of a translation and rotation motion. Consequently equation 7.30 is expressed in the response of
the two outer parts of the beam.

𝑢௖,௭ = 𝑍ଵ
𝐿 − 𝑠
𝐿 + 𝑍ଶ

𝑠
𝐿 (7.30)

The magnitude of the velocity vector varies both over time as over the length of the beam. Therefore
the magnitude of the velocity should be iterated. The average of the real component of the velocity will
be taken over the length of the beam per time increment and then the maximum velocity over the time
will be taken. By only taking the real part into account and varying over the time the relative phase
angle between the velocities and the velocity of the construction is taken into account.

Viscous drag force matrix
The viscous drag part needs to be integrated over the length. Before this can be done the term needs
to be linearised. The linearisation is explained in Appendix B.3 for a vertical cylinder. Here the just
obtained 𝑢ோே௔ term is applied. For a cylinder with random orientation the same approach can be used.
Substituting equation 7.28 in equation 7.13 results in the integral shown in equation 7.31.

𝐹⃗௏஽,఍ = න
௅

଴

8
3𝜋𝐶ௗ

𝜌
2 𝐷 𝑢ோே௔ [𝑒௧ × (𝑣⃗ × 𝑒௧)] 𝑑𝑠 (7.31)

Again only the 𝑧-component is taken into account as the response of the structure in 𝑧-direction is
desired.

Viscous drag moment matrix
Calculating the moment is largely similar as previously applied sequences.

𝑇௏஽,఍,௣ = න
௅

଴
(𝑟)௢ × ቆ 8

3𝜋𝐶ௗ
𝜌
2 𝐷 𝑢ோே௔ [𝑒௧ × (𝑣⃗ × 𝑒௧)]ቇ

௭
𝑑𝑠 (7.32)

For the buoy and beam structure only the 𝑝-component of the moment is relevant. The 𝑝-component is
calculated by multiplying the distance in o-direction with the force component in 𝑧-direction for cylinders
in the horizontal plane.
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Viscous drag damping force matrix
A similar sequence of steps should be taken to find the damping and the angular damping of the
structure. The forces are calculated by substituting equation 7.28 and equation 7.33 in equation 7.13.
It results in equation 7.34.

𝑢⃗஼ = 𝑢்⃗ + ⃗̇𝛼 × 𝑟௦ (7.33)

𝐹⃗௏஽,௖ = න
௅

଴

8
3𝜋𝐶ௗ

𝜌
2𝐷𝑢ோே௔ ቂ𝑒௧ × ቀቂ𝑢்⃗ + ⃗̇𝛼 × 𝑟௦ቃ × 𝑒௧ቁቃ 𝑑𝑠 (7.34)

Here again the angular velocity will not play any role in the damping as result of translation. When the
integral is solved the ⃗̇𝛼 term is not part of the solution. The force in 𝑧-direction that is obtained by the
integral is found in equation 7.35. A damping term 𝑏ᇱ௭ is introduced in equation 7.36.

𝐹௏஽,௖,௭ =
8
3𝜋𝐶ௗ

𝜌
2𝐷𝑢ோே௔𝐿 ቀ

⃗̇𝑢்ቁ௭ = 𝑏ᇱ௭𝑧்̇ (7.35)

𝑏ᇱ௭ =
8
3𝜋𝐶ௗ

𝜌
2𝐷𝑢ோே௔𝐿 (7.36)

Viscous drag damping moment matrix
Lastly, the damping resulting form the angular velocity should be obtained. Equation 7.28 and equation
7.33 are substituted in equation 7.13.

𝑇⃗௏஽,௖ = න
௅

଴
(𝑟)௢ × ቆ 8

3𝜋𝐶ௗ
𝜌
2𝐷𝑢ோே௔ ቂ𝑒௧ × ቀቂ𝑢்⃗ + ⃗̇𝛼 × 𝑟௦ቃ × 𝑒௧ቁቃቇ

௭
𝑑𝑠 (7.37)

Here again the translation velocity will not play any role in the angular damping. When the integral is
solved the 𝑢் term disappears. The moment in 𝑝-direction that is obtained by the integral is found in
7.38. Here again the damping as result of rotation and the damping as result of translation have the
same relation as the added mass: 𝐵ᇱ௣ =

௕ᇲ೥௅మ
ଵଶ .

𝑇௏஽,௖,௣ =
8
3𝜋𝐶ௗ

𝜌
2𝐷𝑢ோே௔

𝐿ଷ
12 ቀ

⃗̈𝛼ቁ
௣
= 𝐵ᇱ௣𝛼̇௣ (7.38)

𝐵ᇱ௣ =
8
3𝜋𝐶ௗ

𝜌
2𝐷𝑢ோே௔

𝐿ଷ
12 (7.39)

All external forces relevant for the heave response of the beam structure are now derived.

7.4. Hydrodynamics of a heaving buoy
The buoy will experience a hydrodynamic upwards force (F௕௨௢௬ in equation 8.1b), added mass (“𝑚ᇱ

௜”
in equation 9.2), damping (“𝑏௜” in equation 6.10) and a hydrodynamic stiffness. The hydrodynamic
stiffness does not vary with the position of the buoy. This means that the buoy has an endless hight
above the water i.e. that stiffness is not lost at a certain point of submergence. These elements must
be calculated.

7.4.1. Vertical force on a having buoy
F௕௨௢௬ is the dynamic force in the vertical direction on the bottom of the buoy. This force can be cal-
culated with the Froude-Krylov part of the Morison equation. The hydrostatic force is equal but in the
opposite direction of the gravitation force and consequently cancels out. The dynamic part can be
rewritten with the Bernoulli equation to equation 7.40 [6]. The potential based on Airy wave theory can
be found in equation B.4 of Appendix B.1 is substituted to obtain the force.

𝐹⃗ = −න
(ௌ)

𝑝𝑛⃗𝑑𝑆 = 𝜌න
(ௌ)

Φ̇𝑛⃗𝑑𝑆 (7.40)

Because of the relative small buoy-diameter - wavelength proportion (i.e. hydrodynamic transparent
structure) it is reasonable to assume that the pressure variation over the bottom surface of the buoy
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will be limited. Therefore, the pressure will not be integrated over the whole surface. Alternatively, the
pressure in the centre of the buoy will be calculated and multiplied with the area of the bottom surface
of the buoy.

𝐹௕௨௢௬,௜ = 𝜌 𝜁௔𝑔𝑒௞௭𝑒ି௜௞௫
𝜋𝐷ଶ

4 𝑒௜ఠ௧ (7.41)

7.4.2. Added mass heaving buoy
The added mass is derived from Figure 7.2. The method is copied from [6, p.281]. 𝛼 needs to be
calculated, this result in a value for 𝐶௔ which is it used to calculate the added mass (𝑚௖ଷଷ in the Figure
7.2 or 𝑚ᇱ in this report).

Figure 7.2: “Added masses of vertically oscillating components of offshore structures” [6]

𝛼 = 𝜋
4
𝑅
ℎ (7.42a)

𝑚ᇱ = 𝐶௔(𝛼)
4
3𝜌𝑅

ଷ (7.42b)

7.4.3. Damping of a heaving buoy
For the damping, there is no such straight forward method found in the literature. The damping could
be calculated with for example potential theory. For this step of the design process, there is no need
for high accuracy. Also, not all details are known for an accurate estimation of the damping. Higher
accuracy will also mean longer calculation time.
Therefore an alternative way is chosen. The damping will be chosen as a percentage of the critical
damping of the buoy. The ratio or percentage is called the damping ratio. The damping can in this way
be varied for different buoy shapes or the construction above the water. Determining the percentage
of the critical damping will be done by analysing tests. One test was executed for this thesis and one
was obtained from an online lecture. The analysis and the specific tests can be found in Appendix B.2.

𝑏௖௥ = 2√𝑘𝑚 = 2ඥ𝑆𝜌𝑔 𝑆𝑇𝜌 = 2𝜌𝑆ඥ𝑔𝑇 (7.43)

The critical damping (𝑐௖௥) is depending on the hydrostatic stiffness, themass and addedmass. Because
of the cylindrical shape of the buoy, this can be rewritten. Found from the experiments in Appendix B.2
it is shown that the damping is around 0.05% and 1% of the critical damping. For the model, 0.5% will
be applied. The damping for the heaving buoy is relatively low it is most probably insignificant com-
pared to the damping of the other component of the FPV structure. If it is shown later that the heave
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damping of the buoys is significant the approach of critical damping should be reassessed.
The implementation in the code is as straight forward as the implementation of the masses and stiffness
matrices of the buoy.
Now all hydrodynamic loads on the system elements are known; they can be implemented in the me-
chanical equations from chapter 6.





8
Substitution and solution of the

differential equation
So far, the mechanical equations of the system and the hydrodynamic forces on the separate elements
were determined. First, a differential equation for the mechanical system was obtained in chapter 6.
Then, the hydrodynamic forces on randomly oriented cylinders in waves were examined, both for the
forces perpendicular on the centre line in section 7.3 (with Morison for the beams) and the forces in line
with the centre line in section 7.4 (with Froude-Krylov for the buoys). These two parts are now com-
bined in chapter 8. Furthermore, a method to find the response, eigenmodes and eigenfrequencies is
presented in section 8.2. Just like in chapter 6 this is executed for the four buoys system.
There are two options to describe the response of a system. A first option is a time-domain approach.
Thus, the response will be simulated and represented over time. This option can incorporate nonlinear
effects when present in the system. These calculations are complex and time-consuming calculations.
The second option is a frequency domain analysis. Here the calculations (of the responses) are done
over a varying harmonic frequency. The advantage of the frequency domain is that the calculations
are time-efficient. But the downside is that it can only describe the behaviour of linear systems. Some
nonlinear systems can be approximated by a linear system. This linearisations will decrease the ac-
curacy of the result but will highly speed up the calculation and simulation process. In this thesis the
differential equation obtained and all elements of the differential equation are linear. Parts that were
initially nonlinear are linearised as calculation speed is preferred over accuracy. Therefore, the calcu-
lations will be executed in a frequency domain.
To obtain the desired responses for the analysis the following steps are undertaken. The substitution of
the hydrodynamic loads in the differential equation is executed in section 8.1. The obtained differential
equation is solved in section 8.2. Next some additional responses are derived based on the solution of
the differential equation is section 8.3.

8.1. Substitution of hydrodynamic forces in differential equation
In section 6.3, the differential equation 6.10a was found. Equation 6.10a describes the response of the
buoy elements of the structure in heave direction. The matrices [M], [B] and [K] contain the hydrody-
namic mass, the hydrodynamic damping and the hydrodynamic stiffness of the buoys as indicated in
equation 6.10 on page 53.

F = [M]z̈+ [B]ż+ [K]z (6.10a)

All hydrodynamic loads i.e. forces, damping, added masses on the beams are now within the force
vector as shown in equation 8.1a. These hydrodynamic loads can now be substituted. To organise the
substitution the force vector as presented in equation 6.10b on page 52 is subdivided as presented in
8.1a. The vector 1⃗ସ indicates a vector of length 4 where every entry contains the value 1.

F = F௕௨௢௬ + ቈ[Fெ] +
[Tெ]
𝐿 ቉ 1⃗ସ (8.1a)

67



68 8. Substitution and solution of the differential equation

F௕௨௢௬ =
⎡
⎢
⎢
⎣

𝐹ଵ
𝐹ଶ
𝐹ଷ
𝐹ସ

⎤
⎥
⎥
⎦

(8.1b)

[Fெ] =
⎡
⎢
⎢
⎢
⎢
⎣

0 ிభమ
ଶ

ிభయ
ଶ 0

ிభమ
ଶ 0 ிమయ

ଶ
ிమర
ଶிభయ

ଶ
ிమయ
ଶ 0 ிయర

ଶ
0 ிమర

ଶ
ிయర
ଶ 0

⎤
⎥
⎥
⎥
⎥
⎦

(8.1c)

[Tெ]
𝐿 =

⎡
⎢
⎢
⎢
⎢
⎣

0 భ்మ
௅

భ்య
௅ 0

− భ்మ
௅ 0 మ்య

௅
మ்ర
௅

− భ்య
௅ − మ்య

௅ 0 య்ర
௅

0 − మ்ర
௅ − య்ర

௅ 0

⎤
⎥
⎥
⎥
⎥
⎦

(8.1d)

The inputs of vector F௕௨௢௬ are obtained based on section 7.4. For the other matrices the conclusions
on the Morison equation for a random oriented cylinder as discussed in section 7.3.1 and resulted in
equation 7.15 and equation 7.16 should be substituted.

𝐹⃗ெ = 𝐹⃗ி௄,ுெ,఍ − 𝐹⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝐹⃗௏஽,௖ (7.15)

𝑇⃗ெ = 𝑇⃗ி௄,ுெ,఍ − 𝑇⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝑇⃗௏஽,௖ (7.16)

Equation 7.15 and equation 7.16 indicate a force in three directions. For the heave response only
the force in heave direction on all elements and the moment in the local p-direction on the beams are
needed. For simplicity the indexes z and p are not further written as this would lead to an overkill
of indexes and therefore confusion. For the following instances only forces and moments in these
directions are described.
The added mass and damping related terms are substituted (𝑚ᇱ

௜௝-, 𝑏ᇱ௜௝-, 𝐼ᇱ௜௝-, 𝐵ᇱ௜௝ in equation 7.22, 7.25,
7.35 and 7.38) in equation 7.15 and equation 7.16. This results in equation 8.3 and equation 8.4. The
index i and j indicate a buoy number on the end of a connecting beam.

𝐹௜௝ = 𝐹ி௄,ுெ,఍,௜௝ −𝑚ᇱ
௜௝ 𝑧̈௜௝ + 𝐹௏஽,఍,௜௝ − 𝑏ᇱ௜௝ 𝑧̇௜௝ (8.3a)

𝐹௜௝ = 𝐹ி௄,ுெ,఍,௜௝ −𝑚ᇱ
௜௝
1
2 ൫𝑧̈௜ + 𝑧̈௝൯ + 𝐹௏஽,఍,௜௝ − 𝑏ᇱ௜௝

1
2 ൫𝑧̇௜ + 𝑧̇௝൯ (8.3b)

𝑇௜௝
𝐿 =

𝑇ி௄,ுெ,఍,௜௝
𝐿 − 𝐼ᇱ௜௝𝛼̈௜௝ +

𝑇௏஽,఍,௜௝
𝐿 − 𝐵ᇱ௜௝𝛼̇௜௝ (8.4a)

𝑇௜௝
𝐿 =

𝑇ி௄,ுெ,఍,௜௝
𝐿 − 𝐼ᇱ௜௝

1
𝐿 ൫𝑧̈௜ − 𝑧̈௝൯ +

𝑇௏஽,఍,௜௝
𝐿 − 𝐵ᇱ௜௝

1
𝐿 ൫𝑧̇௜ − 𝑧̇௝൯ (8.4b)

Equation 8.3 and equation 8.4 describe the force and the moment on one beam elements and can
be substituted in equation 8.1c and equation 8.1d. The added mass terms and the damping terms are
dependent on the acceleration and the velocity of the neighbouring buoys as indicated in equation 6.9.
These acceleration and velocity terms are replaced in one vector.

𝑧௜௝ =
𝑧௜ + 𝑧௝
2 (6.9a)

𝛼௜௝ =
𝑧௜ − 𝑧௝
𝐿 (6.9b)

It can be noticed that in equation 8.7a the division by the length is only valid when all lengths are equal.
When this would not be the case, the division should be executed with a point wise division (⊘).

[Fெ] 1⃗ସ = ൣFி௄,ுெ,఍൧ 1⃗ସ + ൣF௏஽,఍൧ 1⃗ସ − [mᇱ] z̈− [bᇱ] ż (8.6a)
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ൣFி௄,ுெ,఍൧ 1⃗ସ =
1
2
⎡
⎢
⎢
⎣

0 𝐹ଵଶ,ி௄,ுெ,఍ 𝐹ଵଷ,ி௄,ுெ,఍ 0
𝐹ଵଶ,ி௄,ுெ,఍ 0 𝐹ଶଷ,ி௄,ுெ,఍ 𝐹ଶସ,ி௄,ுெ,఍
𝐹ଵଷ,ி௄,ுெ,఍ 𝐹ଶଷ,ி௄,ுெ,఍ 0 𝐹ଷସ,ி௄,ுெ,఍

0 𝐹ଶସ,ி௄,ுெ,఍ 𝐹ଷସ,ி௄,ுெ,఍ 0

⎤
⎥
⎥
⎦
1⃗ସ (8.6b)

ൣF௏஽,఍൧ 1⃗ସ =
1
2
⎡
⎢
⎢
⎣

0 𝐹ଵଶ,௏஽,఍ 𝐹ଵଷ,௏஽,఍ 0
𝐹ଵଶ,௏஽,఍ 0 𝐹ଶଷ,௏஽,఍ 𝐹ଶସ,௏஽,఍
𝐹ଵଷ,௏஽,఍ 𝐹ଶଷ,௏஽,఍ 0 𝐹ଷସ,௏஽,఍

0 𝐹ଶସ,௏஽,఍ 𝐹ଷସ,௏஽,఍ 0

⎤
⎥
⎥
⎦
1⃗ସ (8.6c)

[mᇱ] = 1
4
⎡
⎢
⎢
⎣

𝑚ᇱ
ଵଶ +𝑚ᇱ

ଵଷ 𝑚ᇱ
ଵଶ 𝑚ᇱ

ଵଷ 0
𝑚ᇱ
ଵଶ 𝑚ᇱ

ଵଶ +𝑚ᇱ
ଶଷ +𝑚ᇱ

ଶସ 𝑚ᇱ
ଶଷ 𝑚ᇱ

ଶସ
𝑚ᇱ
ଵଷ 𝑚ᇱ

ଶଷ 𝑚ᇱ
ଵଷ +𝑚ᇱ

ଶଷ +𝑚ᇱ
ଷସ 𝑚ᇱ

ଷସ
0 𝑚ᇱ

ଶସ 𝑚ᇱ
ଷସ 𝑚ᇱ

ଶସ +𝑚ᇱ
ଷସ

⎤
⎥
⎥
⎦

(8.6d)

[bᇱ] = 1
4
⎡
⎢
⎢
⎣

𝑏ᇱଵଶ + 𝑏ᇱଵଷ 𝑏ᇱଵଶ 𝑏ᇱଵଷ 0
𝑏ᇱଵଶ 𝑏ᇱଵଶ + 𝑏ᇱଶଷ + 𝑏ᇱଶସ 𝑏ᇱଶଷ 𝑏ᇱଶସ
𝑏ᇱଵଷ 𝑏ᇱଶଷ 𝑏ᇱଵଷ + 𝑏ᇱଶଷ + 𝑏ᇱଷସ 𝑏ᇱଷସ
0 𝑏ᇱଶସ 𝑏ᇱଷସ 𝑏ᇱଶସ + 𝑏ᇱଷସ

⎤
⎥
⎥
⎦

(8.6e)

[Tெ]
𝐿 1⃗ସ =

ൣTி௄,ுெ,఍൧
𝐿 1⃗ସ +

ൣT௏஽,఍൧
𝐿 1⃗ସ −

[Iᇱ]
𝐿 z̈−

[Bᇱ]
𝐿 ż (8.7a)

ൣTி௄,ுெ,఍൧
𝐿 1⃗ସ =

1
𝐿
⎡
⎢
⎢
⎣

0 𝑇ଵଶ,ி௄,ுெ,఍ 𝑇ଵଷ,ி௄,ுெ,఍ 0
𝑇ଵଶ,ி௄,ுெ,఍ 0 𝑇ଶଷ,ி௄,ுெ,఍ 𝑇ଶସ,ி௄,ுெ,఍
𝑇ଵଷ,ி௄,ுெ,఍ 𝑇ଶଷ,ி௄,ுெ,఍ 0 𝑇ଷସ,ி௄,ுெ,఍

0 𝑇ଶସ,ி௄,ுெ,఍ 𝑇ଷସ,ி௄,ுெ,఍ 0

⎤
⎥
⎥
⎦
1⃗ସ (8.7b)

ൣT௏஽,఍൧
𝐿 1⃗ସ =

1
𝐿
⎡
⎢
⎢
⎣

0 𝑇ଵଶ,௏஽,఍ 𝑇ଵଷ,௏஽,఍ 0
𝑇ଵଶ,௏஽,఍ 0 𝑇ଶଷ,௏஽,఍ 𝑇ଶସ,௏஽,఍
𝑇ଵଷ,௏஽,఍ 𝑇ଶଷ,௏஽,఍ 0 𝑇ଷସ,௏஽,఍

0 𝑇ଶସ,௏஽,఍ 𝑇ଷସ,௏஽,఍ 0

⎤
⎥
⎥
⎦
1⃗ସ (8.7c)

[Iᇱ]
𝐿 = 1

𝐿ଶ
⎡
⎢
⎢
⎣

𝐼ᇱଵଶ + 𝐼ᇱଵଷ −𝐼ᇱଵଶ −𝐼ᇱଵଷ 0
−𝐼ᇱଵଶ 𝐼ᇱଵଶ + 𝐼ᇱଶଷ + 𝐼ᇱଶସ −𝐼ᇱଶଷ −𝐼ᇱଶସ
−𝐼ᇱଵଷ −𝐼ᇱଶଷ 𝐼ᇱଵଷ + 𝐼ᇱଶଷ + 𝐼ᇱଷସ −𝐼ᇱଷସ
0 −𝐼ᇱଶସ −𝐼ᇱଷସ 𝐼ᇱଶସ + 𝐼ᇱଷସ

⎤
⎥
⎥
⎦

(8.7d)

[Bᇱ]
𝐿 = 1

𝐿ଶ
⎡
⎢
⎢
⎣

𝐵ᇱଵଶ + 𝐵ᇱଵଷ −𝐵ᇱଵଶ −𝐵ᇱଵଷ 0
−𝐵ᇱଵଶ 𝐵ᇱଵଶ + 𝐵ᇱଶଷ + 𝐵ᇱଶସ −𝐵ᇱଶଷ −𝐵ᇱଶସ
−𝐵ᇱଵଷ −𝐵ᇱଶଷ 𝐵ᇱଵଷ + 𝐵ᇱଶଷ + 𝐵ᇱଷସ −𝐵ᇱଷସ
0 −𝐵ᇱଶସ −𝐵ᇱଷସ 𝐵ᇱଶସ + 𝐵ᇱଷସ

⎤
⎥
⎥
⎦

(8.7e)

Substituting equation 8.6a and equation 8.7a in equation 6.10a and replacing all acceleration, velocity
and position dependent terms on the right side of the equation and keeping all motion independent
terms on the left side of the equation, results in equation 8.8.

F௕௨௢௬ + ቆൣFி௄,ுெ,఍൧ + ൣF௏஽,఍൧ +
ൣTி௄,ுெ,఍൧

𝐿 +
ൣT௏஽,఍൧

𝐿 ቇ 1⃗ସ

= ቆ[M] + [mᇱ] +
[Iᇱ]
𝐿 ቇ z̈+ ቆ[B] + [bᇱ] +

[Bᇱ]
𝐿 ቇ ż+ [K]z (8.8)

Equation 8.8 is a fully defined differential equation that describes the heave motion of the beam and
buoy structure. It should be pointed out that the differential equation is fully linear as indicated in the
introduction of this chapter. The heave motion of the construction is described by the motion of the
buoys. The number of buoys determines the number of degrees of freedom of the system.
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8.2. Solving differential equation
The two main results from the differential equation that are desired in this thesis are the frequency
response and the eigenfrequencies of the system, as these describe the most critical response. These
can be found by solving the differential equation. First, the solution method for the eigenmodes and
eigenfrequencies will be explained, then the method for obtaining the frequency response is discussed.
The eigenfrequencies and eigenmodes can be calculated by rewriting the differential equation as an
eigenvalue problem. The damping and excitation force are excluded when solving the eigenvalue
problem as seen in equation 8.9. An eigenvalue problem is obtained by substituting equation 8.10
resulting in equation 8.11b. In equation 8.10 the system response is indicated with A. Equation 8.11b
can be solved with 𝜔ଶ = 𝜆. Where the eigenvalues are obtained, the square of the eigenfrequencies
and the eigenvectors represent the corresponding eigenmodes.

ቆ[M] + [mᇱ] +
[Iᇱ]
𝐿 ቇ z̈+ [K]z = 0 (8.9)

𝑧 = 𝑍𝑒௜ఠ௧ (8.10)

[K]Z− 𝜔ଶ ቆ[M] + [mᇱ] +
[Iᇱ]
𝐿 ቇZ = 0 (8.11a)

൥ቆ[M] + [mᇱ] +
[Iᇱ]
𝐿 ቇ

ିଵ
[K] − 𝜔ଶ[In]൩Z = 0 (8.11b)

Furthermore, the frequency response, indicated by A, should be obtained. To obtain the frequency
response the following steps can be taken. First the previously used equation 8.10 will be substitute in
equation 6.10 this results in equation 8.13. This can now be solved as shown in equation 8.14.

F = [M]z̈+ [B]ż+ [K]z (8.12)

F = −𝜔ଶ[M]Z+ 𝑖𝜔[B]Z+ [K]Z (8.13)

Z = F ⋅ ൣ−𝜔ଶ[M] + 𝑖𝜔[B] + [K]൧ିଵ (8.14)

The response for every buoy can be obtained for varying values of 𝜔. Since the differential equation
is fully linear, a fixed wave amplitude is used to obtain the F vector. These solution methods for the
eigenfrequencies, eigenmodes and frequency response result in the following results for the 4 buoy
system as shown in Figure 8.1.
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Figure 8.1: Example of a response of a four buoy system (a more in depth analysis will follow in chapter 10 and chapter 11,
then items such as dimensions and orientation will be discussed.)

8.3. Theoretical derivations for the analysis
To analyse the structure and the most critical response of the structure, some small steps are still
necessary. The most critical response of the system was indicated to be the heave motion. This
heave motion determines the relative wave height of the structure. The relative wave height gives an
indication on the needed distance between the still water surface and the bottom of the triangle PV-
panel platforms considering regular waves and a linear system. Another interesting parameter is the
dissipated damping energy per element over one period of the system.

8.3.1. Relative wave height
The relative wave height at the buoys can be calculated by subtracting the wave height from the re-
sponse of the structure as indicated in equation 8.15. The relative wave height does not take into
account the free board of the construction nor the air gap between the still water surface and the tri-
angle platforms of the buoy and beam structure. The magnitude of the complex vector indicates the
minimally needed air gap considering a linear system and regular waves.

ห𝑧௜ − 𝜁𝑒ି௜௫೔௞ห (8.15)

The relative wave height will differ over the triangle platform. So far only regular waves are considered
and the platform is considered to be fully flat and rigid. Therefore, the maximum relative wave height
will appear at the sides of the triangle platforms. Consequently only the sides of the platform needs to
be studied. The response of the sides of the platform are a linear combination of the response of the
two related buoys. The maximum relative wave height over the length can be calculated as indicated
in equation 8.16. 𝑠 expresses the length and is varied from zero to one in hundred equal steps.

𝑀𝑎𝑥s ൬ฬ𝑧௜(1 − 𝑠) + 𝑧௝𝑠 − 𝜁𝑒ି௜ቀ௫೔(ଵି௦)ା௫ೕ௦ቁ௞ฬ൰ with s:[0 − 1] (8.16)

By taking the maximum values of the magnitude over the wave length, the most extreme situation is
considered and indicates the needed airgap.
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8.3.2. Energy dissipation by damping
In the system damping is caused by translation of the buoys and the beams and by the rotation of
the beams. For both the dissipating damping energy is calculated by integrating the power over one
period. The power is calculated by multiplying the force times the velocity. The force is determined
by multiplying the damping coefficient by velocity. The velocity is calculated by the derivation of the
response over the time. In case of damping caused by a rotation, the damping moment is used.

Δ𝑊௕௨௢௬ = න
థ೔ା்

థ೔
𝐹ℜ( ̇𝑧௜)𝑑𝑡 = න

థ೔ା்

థ೔
𝑏 (ℜ( ̇𝑧௜))

ଶ 𝑑𝑡 = න
థ೔ା்

థ೔
𝑏 (ℜ(𝑖𝜔𝑍௜))

ଶ 𝑑𝑡 (8.17)

In this section, the damping energy caused by the buoy is calculated. Then damping caused by the
translating movement of the beam and lastly the damping caused by the rotational movement caused
by the beam is calculated.
When calculating the damping, only the real part of the response over the time is taken into account.
The real part of the velocity of the buoy with respect to time is expressed in equation 8.18.

ℜ(𝑖𝜔𝑍௜𝑒௜ఠ௧) = ℜ(𝑖𝜔|𝑍௜|𝑒௜ఠ௧𝑒௜థ೔) = ℜ (|𝑍௜|𝑖𝜔 [cos(𝜔𝑡 + 𝜙௜) + 𝑖 sin(𝜔𝑡 + 𝜙௜)]) = −𝜔|𝑍௜| sin(𝜔𝑡 + 𝜙௜)
(8.18)

In equation 8.19 the real part of the velocity is substituted in equation 8.17. Due to the linearity, the
starting point of the integration does not matter as long as a full period is taken into account. Therefore,
the phase angle is disregarded. The integral of a sinଶ(𝑡) over one period equals that period divided by
two times the amplitude. 𝑇 = ଶగ

ఠ obtains the dissipated damping energy.

Δ𝑊௕௨௢௬ = න
థ೔ା்

థ೔
𝑏௜ (−𝜔|𝑍௜| sin(𝜔𝑡 + 𝜙௜))

ଶ 𝑑𝑡 = න
்

଴
𝑏௜𝜔ଶ|𝑍௜|

ଶ sinଶ(𝜔𝑡)𝑑𝑡 = 𝑏௜𝜔ଶ|𝑍௜|
ଶ𝑇
2 = 𝑏௜𝜋𝜔|𝑍௜|

ଶ

(8.19)
The damping, as result of the beams’ translating movement, can be calculated with the response of
the two outer buoys. As defined before (equation 6.9b), the response is the average of the response
of the two outer buoys. This average again has a magnitude and a phase angle. The real part is used
to calculate the dampings energy.

ℜ(𝑖𝜔𝑍௜௝𝑒௜ఠ௧) = ℜቆ𝑖𝜔
𝑍௜ + 𝑍௝

2 𝑒௜ఠ௧ቇ

= ℜ൫ห𝑍௜௝ห𝑖𝜔 ൣcos൫𝜔𝑡 + 𝜙௜௝൯ + 𝑖 sin൫𝜔𝑡 + 𝜙௜௝൯൧൯ = −𝜔ห𝑍௜௝ห sin൫𝜔𝑡 + 𝜙௜௝൯ (8.20)

Now the damping can be calculated similar to equation 8.19 resulting in equation 8.21.

Δ𝑊௕௘௔௠ = 𝑏௜௝𝜋𝜔ቤ
𝑍௜ + 𝑍௝

2 ቤ
ଶ

(8.21)

Computing the damping as result of a rotational movement is slightly different as the moment times the
angular velocity is integrated over one period. Therefor, the angular velocity needs to be determined.
This is again based on the constraints that were set in equation 6.9a.

ℜ( ̇𝛼௜௝) = ℜ(𝑖𝜔𝛼௜௝𝑒௜ఠ௧) = ℜቆ𝑖𝜔
𝑍௜ − 𝑍௝

𝐿 𝑒௜ఠ௧ቇ

= ℜ൫ห𝛼௜௝ห𝑖𝜔 ൣcos൫𝜔𝑡 + 𝜙௜௝൯ + 𝑖 sin൫𝜔𝑡 + 𝜙௜௝൯൧൯ = −𝜔ห𝛼௜௝ห sin൫𝜔𝑡 + 𝜙௜௝൯ (8.22)

Based on the previously used methodology, the dissipated damping energy for the rotation of the beam
can be calculated.

Δ𝑊 = න
థ೔ା்

థ೔
𝑀௜௝ ൫ℜ( ̇𝛼௜௝)൯ 𝑑𝑡 = න

థ೔ା்

థ೔
𝐵௜௝ ൫ℜ( ̇𝛼௜௝)൯

ଶ 𝑑𝑡 = 𝐵௜௝𝜋𝜔ቤ
𝑍௜ − 𝑍௝

𝐿 ቤ
ଶ

(8.23)

This results in three equations to compute the dissipated damping energy for the buoy and beam
structure’s elements.
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Implementation

Chapter 6 and chapter 7 explained the theory to obtain the frequency response of a four buoy system.
In chapter 8 a fully linear differential equation was obtained for a four buoy system. As result of the
linearity, the frequency response can be obtained in a frequency domain. Therefore, the frequency
dependent parts of the differential equation will be obtained for the desired frequencies.
In chapter 4, it was argued that other topologies and variations must be assessed. The desired input
and output variables in section 5.4.1 further defined the aims of the calculation tool that is developed.
In this chapter, the method to derive the differential equations of the four buoy structure is extrapolated
to assess variations of the layout (section 9.1). Additionally, the implementation and coding of the hy-
drodynamic loads on the individual elements is discussed in section 9.2. The basic code can be found
in Appendix D so results can be reproduced for engineering or educational purposes. Therefore, the
theory explained in chapter 6, chapter 7 and chapter 8 will be used. This is all combined in a calculation
tool or program written in MATLAB. The general composition and additional functions in the MATLAB
code are explained in section 9.3.
Figure 9.1 indicates the program layout. It reads from top to bottom. The inputs are defined at the
top. Based on these inputs, one vector and three matrices of the differential equation, i.e. equation
of motion, are composed. The individual matrix entries are calculated by functions that include the
hydrodynamic calculation. These functions are the red, purple, green and black boxes. The matrices
are then substituted in the equation of motion, and the differential equation is solved to obtain the fre-
quency response, eigenmodes and eigenfrequencies. The right side of the figure indicates the iterative
process with a dotted line. This calculates all components that are indicated with an asterisk (*). This
loop is executed until the calculation tool obtains a certain accuracy.

73
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Figure 9.1: Program layout
Red: force contributions, Purple: mass contributions, Green: damping contributions, Black: stiffness contributions. (*) indicate
an iterative process dependent on ௨ೃಿೌ

Additionally to the inputs indicated in Figure 9.1, a wave amplitude of 1 meter, frequency range, added
mass and damping coefficients, the gravitational acceleration and the density of seawater are used
throughout the program.

9.1. Matrix build-up for an arbitrary topology
A full differential equation for a four buoy structure was obtained and shown in equation 8.8 on page
69. The matrices in this differential equation are shown in equation 6.10 on page 53 and in equation
8.6a and 8.7a on page 68. When analysing the obtained matrices, a logic and a system are found in
relation to the topology matrix as shown in equation 9.1. The goal is to generalise the used method so
that the differential equation of a structure can be obtained based on the topology matrix. The topology
matrix describes which buoys are connected by a beam.

1 2 3 4

൮ ൲
1 . 1 1 0
2 -1 . 1 1
3 −1 −1 . 1
4 0 −1 −1 .

(9.1)

The topology matrix in equation 9.1 can be interpreted as follows. All buoys are numbered as indicated
above and on the left side of the matrix in equation 9.1. The bold written “1” in equation 9.1 indicates
that buoy 1 and buoy 2 are connected. On the other hand, the bolt “0” indicates that buoy 1 and 4
are not connected. No entries have been indicated on the diagonal of the matrix. In the program, the
diagonal terms are all 1, these are replaced by zero’s when needed for the build of the matrices. The
lower triangle of the connections is decided to have negative numbers. The negative numbers will
turn out useful when composing the matrices that contain terms coming from bending moments on the
beams.
Based on this topologymatrix, an interconnectionsmatrix and correspondingmatrices with the positions
and responses can be generated. This only rearranges the predefined information that was stated at
the program input. This is necessary for the creation of the matrix. The exact working principle of this
rearrangement will be presented later.
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9.1.1. Matrix generation
The matrix build-up will be explained based on the part of the mass matrix. To find a methodology, the
mass matrix [M], found in equation 9.2, will be analysed (recalled from equation 6.10c). Parts of the
methods used to build up the mass matrix will be used to build up the other matrices. Based on this
found logic, a methodology explained in different steps and a block diagram is build up. This is then
reformulated in a code. Lastly, the similarities with other matrices are presented.
The matrix is first reformulated in a summation of different matrices in equation 9.2.

[M] =
⎡
⎢
⎢
⎣

𝑚ଵ +𝑚ᇱ
ଵ 0 0 0

0 𝑚ଶ +𝑚ᇱ
ଶ 0 0

0 0 𝑚ଷ +𝑚ᇱ
ଷ 0

0 0 0 𝑚ସ +𝑚ᇱ
ସ

⎤
⎥
⎥
⎦ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

Part A

+
⎡
⎢
⎢
⎢
⎣

0 ௠భమ
ସ

௠భయ
ସ 0

௠భమ
ସ 0 ௠మయ

ସ
௠మర
ସ௠భయ

ସ
௠మయ
ସ 0 ௠యర

ସ
0 ௠మర

ସ
௠యర
ସ 0

⎤
⎥
⎥
⎥
⎦ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ

Part B:

+
⎡
⎢
⎢
⎢
⎢
⎣

0 − ூభమ
௅మ − ூభయ

௅మ 0
− ூభమ

௅మ 0 − ூమయ
௅మ − ூమర

௅మ
− ூభయ

௅మ − ூమయ
௅మ 0 − ூయర

௅మ
0 − ூమర

௅మ − ூయర
௅మ 0

⎤
⎥
⎥
⎥
⎥
⎦ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ

Part C

+Diag

⎛
⎜
⎜
⎜
⎜

⎝

⎡
⎢
⎢
⎢
⎢
⎣

௠భమ
ସ + ூభమ

௅మ + ௠భయ
ସ + ூభయ

௅మ௠భమ
ସ + ூభమ

௅మ + ௠మయ
ସ + ூమయ

௅మ + ௠మర
ସ + ூమర

௅మ௠భయ
ସ + ூభయ

௅మ + ௠మయ
ସ + ூమయ

௅మ + ௠యర
ସ + ூయర

௅మ௠మర
ସ + ூమర

௅మ + ௠యర
ସ + ூయర

௅మ

⎤
⎥
⎥
⎥
⎥
⎦ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

Part D

⎞
⎟
⎟
⎟
⎟

⎠

(9.2)

In equation 9.2 four different parts are identified. The following logic can be recognised.

• Part A is a diagonal matrix that contains the masses of the buoys and the added masses of the
coresponding buoys.

• Part B is a matrix that contains all the masses of the beams divided by 4. It is directly related
to the interconnecting beams, and therefore it has entries on the same position as the topology
matrix.

• Part C is a matrix containing all moments of inertia of the connecting beams divided by the square
of the lengths of these beams. This has entries on the same position as the topology matrix. In
this case, all entries are negative.

• Part D is a diagonal matrix. Every element on the diagonal is the summation or subtraction of
row elements that are obtained from the matrices in part C and part B. When the matrix that will
be summed over a row that contains elements related to a rotation (I, T or B’) these it should
multiplied with −1 so the minus disappears.

This knowledge can now be used to build the mass matrix for other topologies. The matrix is an (n x
n) matrix where n equals the number of buoys and consequently the degrees of freedom. In the code
(Listing 9.1) the following steps are undertaken. These steps are also visualised in Figure 9.2.

• Part A: A diagonal matrix is build up. For every diagonal element, the mass of the buoy is calcu-
lated based on the water displacement. The function AddemassFK.m calculates the added mass
per buoy.

• Part B (**): The dimensions of the beam elements and topology matrix are used to calculate the
different entries of the matrix. These are divided by four. All entries are positive.

• Part C (**): The same method is used, but now the moment of inertia is calculated. This is divided
by the length of the beam squared. All entries are negative. The matrix elements are negative
when it is related to a rotation: I, B’ or T and are positive when they contain elements related to
translation: F, 𝑚ᇱ

௜௝ or 𝑏ᇱ௜௝.

• Part D: This part is simply derived from part B and C as indicated before. The summation of the
rows of part C is subtracted from the summation of the rows of part B. In case of terms that are
related to translation (𝑚ᇱ

௜௝ or 𝑏ᇱ௜௝), these two parts are added up. This results in all positive terms.
The obtained terms are placed on the diagonal of the matrix.
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• (**): When building up matrices with the Morison terms an additional sequence is executed indi-
cated with (**). In the complete mass matrix, the parts [mᇱ] and ൣIᇲ൧

௅ are determined with the use
of Morison. The sequence to build up these matrices is explained in Figure 9.3. In Listing 9.2 the
exact implementation in the code for such a sequence can be found.

– The entries of the upper triangle are calculated in a for loop over the different connecting
beam. This is done making use of the rearranged inputs per connecting beam. This rear-
rangement is explained later in section 9.3.1.

– The upper triangle is transpose and then added to the matrix resulting in the full matrix.

Figure 9.2: Block diagram on the build-up of the mass matrix

Listing 9.1: First part of BuildupMassMatrix.m code which builds up the mass matrix of the system
5 %% Masses and added masses from buoys ( Par t A)
6 Mbuoy=rho * p i * ( DiameterBuoy . ^ 2 ) / 4 . * abs (Z) ; %Vector o f masses of the buoys
7 Mbuoyadded=AddedmassFK( abs (Z ) , DiameterBuoy ) ; %Vector o f added masses of the buoys
8 M1a_buoy=diag (Mbuoy+Mbuoyadded ) ; %Summation and make diagonal mat r i x
9
10 %% Masses and moment o f i n e r t i a ’ s from beams ( Par t B and pa r t C)
11 M1b_beam_dv4=p i * rho . * ( DiameterBeam . ^ 2 / 4 ) . * LengthBeam / 4 ; %Mass mat r i x o f beams
12
13 M1c=ି1/12.* p i * rho . * ( DiameterBeam . ^ 2 / 4 ) . * LengthBeam ; %Moment o f i n e r t i a
14 %% Diagonal en t r i e s ( Par t D)
15 M1d=diag (sum(M1b_beam_dv4 ) ) ; %Summation o f rows mass mat r i x
16
17 M1e=diag (sum(ିM1c) ) ; %Summation o f rows i n e r t i a mat r i x t imes ି1
18
19 M1=M1a_buoy+M1b_beam_dv4+M1c+M1d+M1e; %Tota l mass mat r i x exc lud ing Morison

con t r i b u t i o n
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Figure 9.3: (**) Block diagram on the build-up of a matrix with Morison

Listing 9.2: (**) Second part of BuildupMassMatrix.m code which is applied to the Morison contributions to the mass matrix
21 %% Bui ld up of added mass from Morison
22 M2=zeros (DimSystem , DimSystem ) ; %i n i t i a l i s i n g a zero mat r i x f o r the added

masses
23 M3=zeros (DimSystem , DimSystem ) ;
24
25 f o r n=1: s ize (BuoyCon , 1 )
26 % the f o r loop ca l cu l a t es the values per connect ing beam.
27 M2a=MorisonAddedHM (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ) ;
28 M2(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =1/4*M2a; %f i r s t the added mass i s ca l cu la ted f o r one

connect ing beam,
29 % then they are d iv ided by fou r and placed on the r i g h t pos i t i o n based
30 % on the connect ing buoys (making use of the connect ion mat r i x t ha t i s
31 % based on the topo logy mat r i x .
32
33 M3a=MorisonAddedHMTorque (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ) ;
34 M3(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =M3a/ LengthBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ^2 ;
35 % the same sequence i s not executed f o r the moment o f i n e r t i a due to
36 % added mass .
37 end
38 % the fou r loop only r e s u l t s i n a mat r i x w i th the top t r i a n g l e f i l l e d
39 M2=M2+permute (M2, [ 2 1 3 ] ) ; % the mat r i x i s mi r ro red over i t s d iagonal
40 M2_sum=sum(M2, 2 ) ; % the rows are summed
41 M2_diag=diag (M2_sum) ;
42 M2_tot=M2+M2_diag ; % and are added to the mat r i x
43
44 M3=M3+permute (M3, [ 2 1 3 ] ) ; % the same i s done f o r the moment i n e r t i a pa r t

o f the mass mat r i x
45 M3_sum=ିsum(M3, 2 ) ;
46 M3_diag=diag (M3_sum) ;
47 M3_tot=M3+M3_diag ;

This method results in the full mass matrix, as indicated in equation 6.10a. Similar methods are used for
the other matrices indicated in equation 8.8. The main difference is that the calculation of the individual
terms indicated with (**) in Figure 9.2 is sometimes calculated as indicated in Figure 9.3 and Listing
9.2. The implementation of this sequence for [mᇱ] and ൣIᇲ൧

௅ is shown.
In Table 9.1, an overview of the implementation method of the different matrices is given. It shows
with which method the matrix is build-up. Additionally, a reference to Appendix D indicates where the
corresponding code can be found. All terms marked with (**) make use of the sequence stated in 9.3.
In the second row, the build-up of the mass matrix is included. Based on the build-up of the mass
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matrix, the method of the other matrices can be determined. For example, the added mass matrix [𝑚ᇱ]
is build up by utilising the topology matrix and the function that calculates the added mass. Then a
summation of all elements in the individual rows is executed. The result is substituted on the diagonal.
“-X(ଵ)” indicates that the dedicated part of the matrix needs to be multiplied with minus one.

Table 9.1: Overview of the different methods to build up the matrix and vector. The columns show which particular method is
used by referring back to the explanation of the mass matrix build up. (భ) indicates that the obtained diagonal matrix needs to
be multiplied with -1.

Script name in Ap-
pendix D

Diagonal elements
related to buoys

Topology matrix
related to beams

Sum of rows of
toplogy matrix

[M] BuildupMassMatrix.m Part A:
[𝑚௜ +𝑚ᇱ

௜]
Part B & D:[௠೔ೕ]
ସ , − [ூ೔ೕ]

௅మ

Part C:
[௠೔ೕ]
ସ , [ூ೔ೕ]௅మ

(ଵ)

[F௕௨௢௬] BuildupForceVector.m X

ൣFி௄,ுெ,఍൧ BuildupForceVector.m X (*)

ൣF௏஽,఍൧ BuildupForceVector.m X (*)
ൣTಷ಼,ಹಾ,അ൧

௅ BuildupForceVector.m X (*)
ൣTೇವ,അ൧

௅ BuildupForceVector.m X (*)

[mᇱ] BuildupMassMatrix.m X (*) X
ൣIᇲ൧
௅ BuildupMassMatrix.m -X(ଵ) (*) -X(ଵ)

[B] BuildupDampingsMatrix.m X

[bᇱ] BuildupDampingsMatrix.m X (*) X
ൣBᇲ൧
௅ BuildupDampingsMatrix.m -X(ଵ) (*) -X(ଵ)

[K] BuildupStiffnessMatrix.m X

With this method, all matrices needed for the differential equation can be build-up for any arbitrary
triangle buoy and beam structure.

9.2. Implementation of the hydrodynamic loads
The obtained formulas in chapter 7 are now implemented in the code. As indicated in Figure 9.1, the
calculation of some entries of the matrix are done in isolated functions. The code that builds up the
matrices calls the function based on the needed variables as was indicated in Figure 9.3. Then the
dedicated function calculates the entries.
The implementation of these separate parts will be presented in this section. First, the implementation
of the force contribution resulting from the wave will be presented in section 9.2.1. Then the added
mass and damping functions will be shown 9.2.2. For these parts, the amplitude of the relative velocity
over the beam is used. The implementation the amplitude of the relative velocity is presented in 9.2.3.
Lastly, the calculation of the heave force, the added mass and the damping related to the buoy will be
presented. For all cases, repetition in the explanation is avoided. One example will be presented, and
the similarities and differences with the other cases will be explained.

9.2.1. Implementation of the wave dependent terms
The 𝐹⃗ி௄,ுெ,఍ term will be presented in detail then the similarities and differences with 𝐹⃗௏஽,఍, 𝑇⃗ி௄,ுெ,఍ and
𝐹⃗௏஽,఍ will be presented.
In section 7.3.6 equation 7.17 is derived and recalled. The implementation is done making use of the
symbolic toolbox for the integration over the length of the beam. The code is found in Listing 9.3 and
is schematised in Figure 9.4. First, the accelerations, as defined in the Airy wave theory, are defined in
the code. This can be seen in Figure 9.4. Then the projection on a plane perpendicular to the centre
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line is executed making use of the tangent unit vector 𝑒௧.

𝐹⃗ி௄ுெ,఍ = න
௅

଴
(1 + 𝐶௔)𝜌

𝜋𝐷ଶ

4 ቂ𝑒௧ × ቀ ⃗̇𝑣 × 𝑒௧ቁቃ 𝑑𝑠 (7.17)

The tangent unit vector can be calculated base on the positions of these outer points (A & B) as shown
in equation 9.3. These are the positions of the buoys at both ends of the beam.

𝑒௧ = ቎
𝑒௧௫
𝑒௧௬
𝑒௧௭

቏ = 1
𝐿 ቎

𝑥஻ − 𝑥஺
𝑦஻ − 𝑦஺
𝑧஻ − 𝑧஺

቏ (9.3)

When substituting equation 9.4, the force in the 𝑧-direction can be obtained by integration over s. s is
a coordinate over the beam length and is indicated in Figure 6.1.

𝑥 = 𝑥஺ + 𝑠 ⋅ 𝑒௧௫
𝑦 = 𝑦஺ + 𝑠 ⋅ 𝑒௧௬
𝑧 = 𝑧஺ + 𝑠 ⋅ 𝑒௧௭

(9.4)

The obtained formula is integrated over the length of the beam from 0 to L. This result is multiplied with
the constants indicated in equation 7.17 (𝑓(𝐶௔ , 𝜋, 𝐷, 𝜌)). For every desired frequency, the frequency and
the wavenumber are substituted in the 𝑧-component of the force. The result in one vector, containing
all 𝑧-components for the desired frequencies. This is then outputted to the matrix build-up script.

Figure 9.4: Block diagram on the implementation of the Froude-Krylov and hydrodynamic mass force

Listing 9.3: MorisonFKHM function which calculates the Froude-Krylov and Hydrodynamic mass force.
1 f unc t i on [ Force ] = MorisonFKHM(Pos1 , Pos2 ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary o f t h i s f unc t i on
4 % Inpor ted g loba ls : rho , k , ampletude , omega and c_a
5 % Pos1 : pos i t i o n o f one end of on end of the cy l i n de r ( x , y , z ) ’
6 % Pos2 pos i t i o n o ther end of cy l i nde r ,
7 % D; diameter o f cy l i nde r ,
8 % Force : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
9 % A l l un i t s are i n meter , newton , rad / s
10 % The t ime vary ing pa r t ( exp ( i *omega* t ) ) i s not inc luded
11
12 g loba l rho k Ampletude omega c_a
13
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14 syms s x y z a a_n t Omega K
15 % s , coord ina te along cy l i n de r ax is
16 % x y z g loba l coord ina te system
17 % e_t un i t vec to r along cy l i n de r ax is w i th coord ina tes ex ey ez i n g loba l
18 % system
19 % a pa r t i c l e acce le ra t i on i n f l u i d
20 % t t ime
21 % Omega, angular frequegncy
22 % K wavenumber
23
24 a = [1 j *Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ; . . . %d e f i n i t i o n o f acce le ra t i on i n

f l u i d by A i r y wave theory w i thou t t ime vary ing pa r t
25 0 ; . . .
26 ି Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ] ;
27
28 L=norm (Pos2ିPos1 ) ; %ca l c u l a t i o n o f beam leng th
29 e_t =(Pos2ିPos1 ) / L ; %ca l c u l a t i o n o f tanguent u n i t vec to r
30
31 a_n=cross ( e_t , cross ( a , e_t ) ) ; %perpend icu la r acce le ra t i on
32
33 a_n=subs ( a_n , [ x , y , z ] , [ Pos1 (1 ) +s . * e_t ( 1 ) , Pos1 (2 ) +s . * e_t ( 2 ) , Pos1 (3 ) +s . * e_t ( 3 ) ] ) ; %sub s t i t u t i o n

before acce le ra t i on
34
35 a_n_in t= i n t ( a_n , s ,0 , L ) ; %i n t e g r a t i o n o f equ ia t i on
36
37 F_n_FK=(1+c_a ) * rho * p i *D^2/4* a_n_in t ; %ca l c u l a t i o n o f t o t a l fo rce
38
39 Force=zeros (1 , leng th (omega) ) ;
40 f o r v = 1 : leng th (omega)
41 Force ( v )=eval ( subs (F_n_FK (3 ) , [Omega, K ] , [ omega( v ) , k ( v ) ] ) ) ; % sub s t i t u t i o n o f omega and k of

symbol ic too lbox f o r a l l des i red omega ’ s
42 end
43
44 end

A similar process is executed for 𝐹⃗௏஽,఍, 𝑇⃗ி௄,ுெ,఍ and 𝑇⃗௏஽,఍. For the viscous damping force and moment,
the velocity as defined by the Airy wave theory is used in stead of the acceleration. As result of the
linearisation in these terms another script that calculates 𝑢ோே௔ is used. The implementation for the
calculation of the 𝑢ோே௔ will be explained later in section 9.2.3.
The moment is calculated by multiplying the 𝑧-component of the perpendicular acceleration with the
arm in local 𝑜-direction. This is a simplification that results from the assumption that the beams will only
experience small angles. For the other terms, the same procedure is used.
Table 9.2 indicates which function calculates which part of the force.

Table 9.2: Reference to Appendix D where the code for the specific Morison contributions are indicated.

𝐹⃗ி௄,ுெ,఍ MorisonFKHM.m

𝐹⃗௏஽,఍ MorisonFKRMTorque.m

𝑇⃗ி௄,ுெ,఍ MorisonVD.m

𝐹⃗௏஽,఍ MorisonVDTorque.m

9.2.2. Implementation of the added mass and damping terms
The difference with the previous explained function is that the outcome of the integration is implemented
directly. Therefore, the function only fills in the input values in a fixed and predefined formula, so no
integration is executed. This is indicated in Figure 9.5 and Listing 9.4. The added mass and damping
terms that need to be calculated coming from equation 8.8 are: 𝑚ᇱ, 𝐼ᇱ, 𝑏ᇱ and 𝐵ᇱ. The system will be
explained based on the added mass term 𝑚ᇱ. The similarities and differences with the other parts will
be presented. Equation 7.23 is recalled.

𝑚ᇱ
௭ =

𝐶௔𝐷ଶ𝜋𝜌𝐿
4 (7.23)

The positions of the connected buoys are imported in the function. From these positions, the length of
the beam is calculated. Based on this information the added mass can be calculated.
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Figure 9.5: Block diagram implementation of added mass with Morison

Listing 9.4: MorisonAddedHM function, code that calculates the added mass part coming from the Morison equation.
1 f unc t i on [ addedmass ] = MorisonAddedHM (Pos1 , Pos2 ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary o f t h i s f unc t i on
4 % Imported g loba ls : rho and c_a
5 % Pos1 : pos i t i o n o f one end of on end of the cy l i n de r ( x , y , z ) ’
6 % Pos2 pos i t i o n o ther end of cy l i nde r ,
7 % D; diameter o f cy l i nde r ,
8 % addedmass : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
9 % A l l un i t s are i n meter , newton , rad / s
10 % The t ime vary ing pa r t i s not inc luded
11
12 g loba l rho c_a
13 L=norm (Pos2ିPos1 ) ;
14 e_t =(Pos2ିPos1 ) / L ;
15
16 addedmass=c_a * rho * p i * D ^ 2 * L * ( e_t ( 1 ) ^ 2 + e_t ( 2 ) ^ 2) / 4 ;
17 end

The same is done for the other terms. For the calculation of the damping terms, 𝑢ோே௔ is used which is
explained subsequently. The exact implementation in the code can be found according to Table 9.3 in
Appendix D.

Table 9.3: Reference to the code in Appendix D, where the code for the specific Morison contributions are indicated

𝑚ᇱ MorisonAddedFKHM.m

𝐼ᇱ MorisonAdddedFKRMTorque.m

𝑏ᇱ MorisonAddedVD.m

𝐵ᇱ MorisonAddedVDTorque.m

9.2.3. Calculation of the magnitude of the relative velocity

As said on page 62, equations were proposed to calculate the magnitude of the relative velocity (𝑢ோே௔)
over the beam length. Therefore, an iterative process has been used, which is indicated in Figure 9.6a.
The velocity vector that is calculated is illustrated by the red vector in Figure 9.6b.
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(a) Block diagram on the iteration of the magnitude of the relative velocity

(b) Vector diagram for the calculation of the relative perpendicu-
lar velocity

Figure 9.6: Calculation of the magnitude of the relative velocity

In the function programmed in MATLAB, the position and the response of the end of the beam is
imported. In a for loop, a matrix is built that calculates the velocity amplitude of the real part on ten
different positions at ten time steps on one period. When the for loop is executed, the average is taken
over the length of the beam for every time step. Of these averages, the maximum is selected. The
maximum should indicate the amplitude over time.
This is implemented in the code as indicated in Listing 9.5. The full function can be found in Appendix
D Listing D.10.

Listing 9.5: part from MorisonMagentudeUra.m code to calculate the relative magnitude of the relative velocity.
24 f o r S=1: leng th ( s )
25 f o r TT=1: leng th (T )
26 urn1a (S, TT , : ) = reshape ( sq r t ( r ea l (1 j * Ampletude * omega . * exp ( k * Pos1 (3 ) ) . * exp(ି1 j * k * (

s (S) * L * e_t ( 1 ) + Pos1 (1 ) ) ) * exp ( 1 j * T(TT) ) ି 1 j * Resp1 * ( 1 ି s (S) ) . * omega *
exp ( 1 j * T(TT) ) ି 1 j * s (S) * Resp2 . * omega * exp ( 1 j *T(TT) ) ) . ^2 + rea l ( Ampletude *
omega . * exp ( k * Pos1 (3 ) ) . * exp(ି1 j * k * ( s (S) * L * e_t ( 1 ) + Pos1 (1 ) ) ) * exp ( 1 j * T(
TT) ) ) . ^ 2 ) , [ 1 , 1 , leng th (omega) ] ) ;

27 end
28 end
29 urn1b=reshape (max(mean( urn1a , 1 ) , [ ] , 2 ) , [ 1 , leng th (omega) ] ) ;
30 end

The subdivision of the beam in ten steps was based on a convergence study. This conversion study
was executed by comparing different results obtained with difference division numbers to the result
of obtained with a division number of hundred. A division number of hundred means that the velocity
was checked on hundred different locations on the beam and on hundred time steps within one wave
period. The convergent study was based on an arbitrary beam with a length of 27 meter which has an
angle of 45°on the wave propagating direction and assessed over a frequency range of 0 to 3 rad/s.
Figure 9.7a shows that with a division number of ten, an accuracy of more then two percent is obtain
with this example.

Error compared to division number 100 = ห∑௡
௡ୀ௜ 𝑢ோே௔,௠(𝜔௜) − ∑௡

௡ୀ௜ 𝑢ோே௔,ଵ଴଴(𝜔௜)ห
∑௡
௡ୀ௜ 𝑢ோே௔,ଵ଴଴(𝜔௜)

(9.5)
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Figure 9.7: Convergence study for the calculation of the magnitude of the relative velocity

9.2.4. Implementation of the hydrodynamic loads on the heaving buoys
The hydrodynamic loads on the buoy has three different parts. First, there is the force on the buoy.
Then the added mass needs to be determined and lastly the damping needs to be calculated.
The heave force on the buoy is determined by making use of equation 7.41. This equation is substituted
in the matrix build-up script, as indicated. Thus, no separate function is written. The time-dependent
part 𝑒௜ఠ௧ is excluded from the code.

𝐹௕௨௢௬,௜ = 𝜌 𝜁௔𝑔𝑒௞௭𝑒ି௜௞௫
𝜋𝐷ଶ

4 𝑒௜ఠ௧ (7.41)

Function (addedmassFK.m) calculates the added mass of a heaving buoy. This is implemented in
the code, as shown in Listing 9.6. The values for 𝛼 are obtained with the equation indicated on the
horizontal axis of Figure 7.2 [6, p.281]. The data of Figure 7.2 on page 64 was inserted using 15 points
on the curve. The values of the horizontal axis were inputted in one column, and the values on the
vertical axis in a second column. Based on this data, the value on the vertical axis of the graph was
found by interpolation. Then the added mass was calculated using equation 9.6. The function, as
indicated in Listing 9.6, outputs the added masses of the buoys.

𝑚ᇱ
௜ = 𝐶௔

4
3𝜌 ቆ

𝐷
2 ቇ

ଷ
(9.6)

Listing 9.6: AddemassFK function for a heaving buoy
1 f unc t i on [MaddedFK ] = AddedmassFK( Dra f t ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary of t h i s f unc t i on
4 % re tu rns added masses f o r column based on graph in Clauss et a l based on
5 % d r a f t and diameter .
6 % Dra f t : column vec to r con ta in ing the d r a f t f o r the d i f f e r e n t buoys
7 % D: column vec to r con ta in ing the diameter o f d i f f e r e n t buoys
8 % MaddedFK : added mass i n kg f o r the heave motion o f the buoy
9
10 g loba l rho %g loba l water dens i t y
11
12 R=D/ 2 ;
13 alpha=p i /4*R. * ( D ra f t .^ି1) ; % inpu t f o r the graph ( x ax is )
14 alphaclauss =[0 0.2 0.5 1 1.5 2 2.5 3 4 5 6 7 8 9 10 ] ’ ; % Values on x ax is o f graph
15 Caclauss =[2 2 1.7 1.52 1.42 1.35 1.32 1.28 1.25 1.21 1.18 1.16 1.15 1.145 1 . 1 4 ] ’ ; %values of yିax is o f

graph
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16 Ca = in t e rp1 ( alphaclauss , Caclauss , alpha , ’ sp l i ne ’ ) ; %output o f the graph ( y ax is )
based on i n t e r p o l a t i o n

17 MaddedFK=4/3* rho . *Ca . * (R. ^ 3 ) ; % added mass ca l c u l a t i o n based
on Ca

18 end

The damping was calculated as discussed in section 7.4.3. There, a simple equation based on the
calculation of the critical damping was proposed (equation B.2). This formula is written out in the script
BuildupDampingsMatrix.m and multiplied with the percentage of the critical damping.

6 %% Damping due to buoys determined wi th c r i t i c a l damping
7 Kbuoy=p i * rho *g . * ( DiameterBuoy . ^ 2 ) / 4 ;
8 bBuoy=percentCritDamp *2* sq r t ( Kbuoy . *Mbuoy ) ; %ca l c u l a t i o n damping based on c r i t i c a l

damping tak ing i n t o account the hardcoded s t i f f n e s s and mass
9 B1=diag ( bBuoy ) ;

9.3. Program layout and additional functions
Multiple parts of the program were presented. In the introduction of this chapter, the layout of the
program was illustrated in Figure 9.1. The same sequence indicated in the layout will be followed to
elaborate on the program. First, the inputs needed in the calculation tool will be introduced. Some of
these inputs are reformulated or are recalculated (section 9.3.1). The force vector, the mass, damp-
ing, and stiffness matrix are build up. This is then used to solve the differential equation leading to a
response. With the response, the damping terms in the equation are iterated.
This sequence of calling the different scripts is fixed in Run.m, which can be seen in Appendix D. Firstly,
the inputs are loaded. After which the respectively mass, damping, stiffness and force matrix or vector
are build up. The response is obtained from the differential equation. Then the outcome is used for
recalculating the damping and force as these are dependent on the amplitude of the relative velocity
(𝑢ோே௔). This iterates the response of the structure based on the changing linearised damping.

9.3.1. Inputs
Initially some basic constants are defined in the program. These constants are defined in Table 9.4.
The frequency range cam be changed depending on the region of interest. These inputs (except of
the critical damping ratio) are defined globally over the program and are therefore available over all
functions and scripts.

Table 9.4: Inputs and constants in the code

𝜌 1025 𝑘𝑔/𝑚ଷ

g 9.81 𝑚/𝑠ଶ
𝜁 1 m
𝜔 0 − 3(7) 𝑟𝑎𝑑/𝑠
k ఠమ

௚ hz
𝐶௔ 1 [\]
𝐶ௗ 1.2 [\]
Critical damping ratio 0.005 [\]

In Table 9.4 the added mass and the dampingscoefficient of the Morison equation, indicated as 𝐶௔ and
𝐶ௗ respectively. These were chosen based on Clauss et al. [6, p.264].
Based on the desired variations of the structure identified in section 5.4.1 on page 46 the inputs seen
in Table 9.5 are identified.
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Table 9.5: Input variables for variation of the calculation tool

Inputs MATLAB
name

Description

Topology matrix C Indicates the topology of the structure
by the topology matrix

Beam length BeamLength Indicates the beam length of all beams
Beam diameter BeamDiameter Indicates the beam diameter
Beam depth BeamDepth Indicates the depth of all beams
Buoy diameter BuoyDiameter Indicate the diameter of all buoys
Buoy draft BuoyDraft Indicates the buoy draft of all buoys
X position buoys Xini Indicates the x position of all buoys
Y position buoys Yini Indicates the y position of all buoys
Z position buoys Zini Indicates the z position of all buoys
Rotation angle structure alpha The structure is described based on

x,y and z positions of the buoys. These
can be rotated around the 𝑧-axis indi-
cated by angle alpha

Initial response InitialResp Indicates the initial response of the
structure used for the start of the iter-
ation

These inputs can still be overwritten if it is desired to simulate varying dimensions over the different
construction elements such as buoy diameter or buoy draft. To use the inputs in the program, they are
rewritten resulting in the following items shown in Table 9.6. The coordinates of the buoys are rewritten
based on the rotation angle indicated with alpha. In this way the construction can change orientation
in respect to the wave direction. This means that in the calculations the wave propagating direction
always follows the 𝑥-axis and the orientation of the construction can be set.

Table 9.6: Rewritten and recalculated inputs

Inputs Matlab name Discription
X position buoys X X position after rotation
Y position buoys Y Y position after rotation
Z position buoys Z Z position after rotation
Diameter buoy vector DiameterBuoy The buoy diameter placed in a vector
Length beam matrix LengthBeam Matrix containing the lengths of the beams taking into ac-

count the topology
Diameter beam matrix DiameterBeam Matrix containing the diameters of the beams taking into

account the topology
Depth beam matrix DepthBeam Matrix containing the depth of the beams taking into ac-

count the topology
Depth beam vector DepthBeamVec Vector with beam depth (same information as previous)
Connected buoy matrix BuoyCon Matrix containing on every row the numbers of two con-

necting buoys
Position buoy A matrix Pos1 Position of the buoy at the A side of the beam for every

beam
Position buoy B matrix Pos2 Position of the buoy at the B side of the beam for every

beam
Response of connected
buoys

Resp_BuoyCon A matrix with two rows containing the response of previ-
ous iteration

Triangle matrix TriangleMatrix Based on the topology matrix a matrix is composed where
very row contains the buoys that form one triangle

The connected buoy matrix has one row per connecting beam. On every row, the two buoy numbers
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that are on each side are inserted. Based on this information the coordinates of the different buoys
are reorganised. This information is now used to calculate different matrix entries. An example of
an interconnection matrix can be found in equation 9.7. Similar matrices are obtained containing the
position in 𝑥, 𝑦, and 𝑧-direction and the response of the specific buoy. The exact code can be found in
Listing 9.7.

Connections:

⎡
⎢
⎢
⎢
⎣

1 2
1 3
2 3
2 4
3 4

⎤
⎥
⎥
⎥
⎦

; Position buoy A:

⎡
⎢
⎢
⎢
⎣

𝑥ଵ 𝑦ଵ 𝑧ଵ
𝑥ଵ 𝑦ଵ 𝑧ଵ
𝑥ଶ 𝑦ଶ 𝑧ଶ
𝑥ଶ 𝑦ଶ 𝑧ଶ
𝑥ଷ 𝑦ଷ 𝑧ଷ

⎤
⎥
⎥
⎥
⎦

; Position buoy B:

⎡
⎢
⎢
⎢
⎣

𝑥ଶ 𝑦ଶ 𝑧ଶ
𝑥ଷ 𝑦ଷ 𝑧ଷ
𝑥ଷ 𝑦ଷ 𝑧ଷ
𝑥ସ 𝑦ସ 𝑧ସ
𝑥ସ 𝑦ସ 𝑧ସ

⎤
⎥
⎥
⎥
⎦

;

Response buoy A:

⎡
⎢
⎢
⎢
⎣

𝑍ଵ
𝑍ଵ
𝑍ଶ
𝑍ଶ
𝑍ଷ

⎤
⎥
⎥
⎥
⎦

; Response buoy B:

⎡
⎢
⎢
⎢
⎣

𝑍ଶ
𝑍ଷ
𝑍ଷ
𝑍ସ
𝑍ସ

⎤
⎥
⎥
⎥
⎦

(9.7)

Listing 9.7: Connections.m code
1 f unc t i on [ Combinaties , Pos1 , Pos2 , Responcecombinatie ] = Connections ( Topology ,X,Y, DeptConnection , Responces )
2 % Funct ion : Converts the topo logy to a mat r i x w i th every row two values of
3 % the X, Y, Response f o r a beam.
4 % inpu ts : X and Y l o ca t i o n o f the buoys . Z : vec to r o f the depth o f the beams
5 % Response of the system of prev ious i t e r a t i o n , topo logy mat r i x o f the system .
6
7 ddd= t r i u ( Topology , 1 ) ;% pos i t i v e t r i a n g l e w i thou t d iagonal
8
9 l _ i nds = f i n d ( ddd ) ; % f i n d ind i ces o f non zero i tems
10 [ row , co l ] = ind2sub ( s ize ( Topology ) , l _ i nds ) ; %conver t i nd i ces to coord ina tes r e s u l t i n g i n a mat r i x w i th on

every row two buoys t ha t are d i r e c t l y connected . This i s used to rearrange the pos i t i o n i n fo rma t i on
o f a l l connect buoys

11
12 Combinaties = [ row co l ] ;
13 Xcom=X( Combinaties ) ’ ;
14 Ycom=Y( Combinaties ) ’ ;
15 Zcom=DeptConnection ( Combinaties ) ’ ;
16
17 Responcecombinatie=zeros ( [ s i ze ( Combinaties ) leng th ( Responces ) ] ) ; % The same reo rgan i sa t i on i s done f o r the

response
18
19 f o r n=1: s ize ( Combinaties , 1 )
20 Responcecombinatie ( n , 1 , : ) =Responces ( Combinaties ( n , 1 ) , : ) ;
21 Responcecombinatie ( n , 2 , : ) =Responces ( Combinaties ( n , 2 ) , : ) ;
22 end
23
24 Pos1=[Xcom( : , 1 ) Ycom( : , 1 ) Zcom ( : , 1 ) ] ; % combining these coord ina tes f o r pos i t i o ns used in Morison

ca l c u l a t i o n s
25 Pos2=[Xcom( : , 2 ) Ycom( : , 2 ) Zcom ( : , 1 ) ] ;
26 end

Lastly, the the triangles in the construction are found based on the triangle matrix. Based on graph
theory the triangles in the construction are recognised and listed by Listing 9.8.

Listing 9.8: Part from count_triangle.m code to find triangles based on topology matrix.
11 N_nodes = s ize (G. Nodes , 1 ) ; % wi th G the graph i n d i c a t i n g the topo logy
12 TL = [ ] ;
13 f o r i = 1 :N_nodes %i t e r a t e over a l l nodes
14
15 % f i n d neighbors N2 of po in t under i n v e s t i g a t i o n N1
16 N2 = G. neighbors ( i ) ;
17
18 % f i n d neighbors N3 of N2
19 f o r j =1: leng th (N2)
20 N3 = G. neighbors (N2( j ) ) ;
21 N3 = N3(N3~= i ) ; %remove N1 from l i s t
22 over laps = i n t e r s e c t (N3,G. neighbors ( i ) ) ; %check i f N3 was also a neighbor o f N1 .
23 % add t r i a n g l e s to l i s t ( mu l t i p l e may be added at the same t ime )
24 N_overlaps = leng th ( over laps ) ;
25 mat = repmat ( [ i N2( j ) ] , [ N_overlaps 1 ] ) ;
26 mat2 = [ mat over laps ] ;
27 TL = [ TL ; mat2 ] ;
28 end
29 end
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30 TL2 = so r t (TL , 2 ) ; %so r t h o r i z o n t a l l y from low node number to high
31 T = unique (TL2 , ’ rows ’ ) ; %remove double en t r i e s

9.3.2. Obtaining the response of the structure
Now that all the matrices are build up the solution method for the differential equation must be imple-
mented. The eigenmodes and eigenfrequencies are obtained after which the frequency response is
calculated in a for loop. The code can be found in Listing 9.9.

Listing 9.9: Calculations.m script
1 %% Calcu la t i ons :
2 % so lv i ng the d i f f e r e n t i a l equat ion
3 g loba l omega
4 % obta in ing the eigenmodes and the e igenf requenc ies
5 [ Evecs , Evals ]= e ig (K,M) ;
6 omega1=sq r t ( Evals ) ;
7 Evecnorm=Evecs . * (max( abs ( Evecs ) , [ ] , 1 ) .^ି1) ;
8
9 % obta in ing the frequency response per frequency
10 Qc=zeros (DimSystem , leng th (omega) ) ;
11
12 f o r a=1: leng th (omega)
13 Zdyn= Mି* (omega( a ) ) .^2+1 j *B ( : , : , a ) . *omega( a )+K;
14 Qc ( : , a )=Zdyn \ F ( : , a ) ;
15 end
16
17 Qa=abs (Qc) ;
18 Qtheta=angle (Qc) ;

9.3.3. Iteration
To obtain the response, an iterative process based on the calculations of 𝑢ோே௔ (see section 9.2.3) is
implemented. The iteration process is continued till the criteria shown in equation 9.8 is met. Equation
9.8 calculates the difference of summation of absolute value of the response over all frequencies (m)
and buoys (n) of this iteration is within one percent of that of the previous iteration.

𝑎௡ − 𝑎௡ିଵ
𝑎௡

≤ 0.01 for 𝑎 =
௡

෍
௡ୀ௜

௠

෍
௝ୀ଴

ห𝑅𝑒𝑠𝑝(𝜔௝)௜ห (9.8)

Iterating the solution based on previous found result does not lead to an conversion. This can be seen
in Figure 9.8. The thick line shows the response based on an alternative method with ten iterations,
which is verified later in this thesis and therefore is believed to be accurate. The thinner lines show ten
steps of iterations (a to j) based on the response found in previous iteration.
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Figure 9.8: Iteration based on previously found response, thin lines indicate iteration steps thick line indicates final solution.
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The response next to the eigenfrequencies (indicated with the vertical lines) converges after one or two
iterations. For the lower eigenfrequency, it can be seen that convergence is reached after 6 iterations.
For the second eigenfrequency convergence is not found. By analysing the process that lead to Figure
9.8, it can be noted that the damping is over- and underestimated in an alternating way.
By using a linear combination of the last two obtained responses (Z), a converging solution is achieved.
An optimisation was executed to find an appropriate linear combination. The value of A in equation 9.9
indicates the ratio of the linear combination. For the first iterations, the initial response is used. This
initial response was arbitrarily set on “1” for all frequencies.

𝑍 = 𝐴 𝑍௡ିଶ + (𝐴 − 1) 𝑍௡ିଵ (9.9)
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Figure 9.9: Number of iterations needed to obtain the desired accuracy depending on the ratio of previously obtained solu-
tions.

𝐴 is varied with steps of 0.05. 𝐴 equals 0.15 works best as can be seen in Figure 9.9. Two structures
were varied. Firstly, a two buoy structure with a beam of 27-meters length and 1-meter diameter, which
is oriented 45 degrees on the wave propagating direction. Second, a two buoy structure where the
beam is oriented in the wave propagating direction with a length of 20 meters and a diameter of 1
meter.
This systematic is implemented in Listing D.1 in Appendix D. This results in a fully implemented code
as it was theoretically described in chapter 6, 7 and 8 and was visualised in Figure 9.1.
The code can be found in Appendix D. With this code the variations indicated in section 5.4.1 can be
simulated in the calculation tool. Before this is done, it needs to be shown that the implementation of
theory was executed correctly.



10
Verification

First the implementation of the mechanical system will be verified then the individual functions and
methods related to hydrodynamics and mechanics will be verified (section 10.1 and section 10.2).
Next, a system will be composed to verify the total program in section 10.3. This will be done starting
with one buoy and building up to a five buoys system. Lastly the small angle approximation is tested
based on a five buoys inline system in section 10.4.

10.1. Verification of the matrices in the differential equation

The methodology identified to compose the differential equation as shown in section 9.1 should be
verified. This section will verify the methodology for the matrix build-up will be verified. The verification
of the total program will be done at the end of this chapter (section 10.3). The verification will be done
by excluding the hydrodynamic forces that were derived in chapter 7. This simplification is valid as the
hydrodynamic matrices are obtained via substitution in these matrices, therefore the methodology to
compose the matrices is still tested.
The verification of the matrix build-up will be done in two steps. First, the matrices of a larger structure
of six buoys will be build based on the method explained in section 9.1. Then the differential equations
for three individual buoys of the six buoys system are derived with the same method as indicated in
chapter 6. This will lead to the verification of the method. Second, an inline structure of five buoys
will be analysed. The frequency response, eigenfrequencies and eigenmodes of the inline structure
based on the methodology will be compared with a separately derived hardcoded system for the same
structure.

10.1.1. Six buoys structure

Figure 10.1 displays the system that will be used for verification. The matrix build-up is based on
the forces indicated in Figure 6.1 and 6.2a on respectively page 48 and page 49 of chapter 6. By
substituting the values indicated in Table 10.1 the entries as indicated in chapter 6 can be derived. To
verify if these matrices are correct the differential equations for buoy 1, 2 and 3 will be derived manually.

89
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Figure 10.1: Visualisation of structure consisting of six buoys

Table 10.1: Substitution for the verification of the matrix build-up.

F௜,௕௨௢௬ F௜,௕௨௢௬
F௜௝,ி௄,ுெ,఍ F௜௝
F௜௝௏஽,఍ 0
T೔ೕ,ಷ಼,ಹಾ,അ

௅
T೔ೕ
௅

T೔ೕ,ೇವ,അ
௅ 0

mᇱ
௜௝ 0

Iᇲ೔ೕ
௅ 0

B௜ B௜
bᇱ௜௝ 0
Bᇲ೔ೕ
௅ 0

K௜ K௜

First the topology matrix C of the structure is created based on Figure 10.1.

𝐶 =

1 2 3 4 5 6

⎛
⎜⎜

⎝

⎞
⎟⎟

⎠

1 . 1 0 1 0 0
2 −1 . 1 1 1 0
3 0 −1 . 0 1 0
4 −1 −1 0 . 1 1
5 0 −1 −1 −1 . 1
6 0 0 0 −1 −1 .

(10.1)

Using the methodology explained in section 9.1 and the proposed substitution the following differential
equation is obtained.

F௕௨௢௬ + ቈ[Fெ] +
[Tெ]
𝐿 ቉ 1⃗଺ = ([MA] + [MB] + [MC] + [MD]) z̈+ [B]ż+ [K]z (10.2a)
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F௕௨௢௬ =

⎡
⎢
⎢
⎢
⎢
⎣

𝐹ଵ
𝐹ଶ
𝐹ଷ
𝐹ସ
𝐹ହ
𝐹଺

⎤
⎥
⎥
⎥
⎥
⎦

(10.2b)

[Fெ] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ிభమ
ଶ 0 ிభర

ଶ 0 0
ிభమ
ଶ 0 ிమయ

ଶ
ிమర
ଶ

ிమఱ
ଶ 0

0 ிమయ
ଶ 0 0 ிయఱ

ଶ 0
ிభర
ଶ

ிమర
ଶ 0 0 ிరఱ

ଶ
ிరల
ଶ

0 ிమఱ
ଶ

ிయఱ
ଶ

ிరఱ
ଶ 0 ிఱల

ଶ
0 0 0 ிరల

ଶ
ிఱల
ଶ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(10.2c)

[Tெ]
𝐿 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 భ்మ
௅ 0 భ்ర

௅ 0 0
− భ்మ

௅ 0 మ்య
௅

మ்ర
௅

మ்ఱ
௅ 0

0 − మ்య
௅ 0 0 య்ఱ

௅ 0
− భ்ర

௅ − మ்ర
௅ 0 0 ర்ఱ

௅
ర்ల
௅

0 − మ்ఱ
௅ − య்ఱ

௅ − ర்ఱ
௅ 0 ఱ்ల

௅
0 0 0 − ర்ల

௅ − ఱ்ల
௅ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(10.2d)

[MA] =

⎡
⎢
⎢
⎢
⎢
⎣

𝑚ଵ +𝑚ᇱ
ଵ 0 0 0 0 0

0 𝑚ଶ +𝑚ᇱ
ଶ 0 0 0 0

0 0 𝑚ଷ +𝑚ᇱ
ଷ 0 0 0

0 0 0 𝑚ସ +𝑚ᇱ
ସ 0 0

0 0 0 0 𝑚ହ +𝑚ᇱ
ହ 0

0 0 0 0 0 𝑚଺ +𝑚ᇱ
଺

⎤
⎥
⎥
⎥
⎥
⎦

(10.2e)

[MB] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ௠భమ
ସ 0 ௠భర

ସ 0 0
௠భమ
ସ 0 ௠మయ

ସ
௠మర
ସ

௠మఱ
ସ 0

0 ௠మయ
ସ 0 0 ௠యఱ

ସ 0
௠భర
ସ

௠మర
ସ 0 0 ௠రఱ

ସ
௠రల
ସ

0 ௠మఱ
ସ

௠యఱ
ସ

௠రఱ
ସ 0 ௠ఱల

ସ
0 0 0 ௠రల

ସ
௠ఱల
ସ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(10.2f)

[MC] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 − ூభమ
௅మ 0 − ூభర

௅మ 0 0
− ூభమ

௅మ 0 − ூమయ
௅మ − ூమర

௅మ − ூమఱ
௅మ 0

0 − ூమయ
௅మ 0 0 − ூయఱ

௅మ 0
− ூభర

௅మ − ூమర
௅మ 0 0 − ூరఱ

௅మ − ூరల
௅మ

0 − ூమఱ
௅మ − ூయఱ

௅మ − ூరఱ
௅మ 0 − ூఱల

௅మ
0 0 0 − ூరల

௅మ − ூఱల
௅మ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(10.2g)

[MD] = Diag

⎛
⎜
⎜
⎜
⎜

⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

௠భమ
ସ + ௠భర

ସ + ூభమ
௅మ + ூభర

௅మ௠భమ
ସ + ௠మయ

ସ + ௠మర
ସ + ௠మఱ

ସ + ூభమ
௅మ + ூమయ

௅మ + ூమర
௅మ + ூమఱ

௅మ௠మయ
ସ + ௠యఱ

ସ + ூమయ
௅మ + ூయఱ

௅మ௠భర
ସ + ௠మర

ସ + ௠రఱ
ସ + ௠రల

ସ + ூభర
௅మ + ூమర

௅మ + ூరఱ
௅మ + ூరల

௅మ௠మఱ
ସ + ௠యఱ

ସ + ௠రఱ
ସ + ௠ఱల

ସ + ூమఱ
௅మ + ூయఱ

௅మ + ூరఱ
௅మ + ூఱల

௅మ௠రల
ସ + ௠ఱల

ସ + ூరల
௅మ + ூఱల

௅మ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎟

⎠

(10.2h)
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[B] =

⎡
⎢
⎢
⎢
⎢
⎣

𝑏ଵ 0 0 0 0 0
0 𝑏ଶ 0 0 0 0
0 0 𝑏ଷ 0 0 0
0 0 0 𝑏ସ 0 0
0 0 0 0 𝑏ହ 0
0 0 0 0 0 𝑏଺

⎤
⎥
⎥
⎥
⎥
⎦

(10.2i)

[K] =

⎡
⎢
⎢
⎢
⎢
⎣

𝑘ଵ 0 0 0 0 0
0 𝑘ଶ 0 0 0 0
0 0 𝑘ଷ 0 0 0
0 0 0 𝑘ସ 0 0
0 0 0 0 𝑘ହ 0
0 0 0 0 0 𝑘଺

⎤
⎥
⎥
⎥
⎥
⎦

(10.2j)

Now the differential equations for buoy 1, 2 and 3 will be derived with Newton Euler mechanics as was
done in chapter 6. Buoy 1 of the four buoys structure has the same connections as buoy 1 of the six
buoys structure. The difference is that buoy 3 in the four buoys structure is named buoy 4 in the six
buoys structure. When this is taken into account it can be seen that the first line of equation 6.10a on
page 52 and the first line of equation 10.2 are identical.

(a) Free Body Diagram (FBD) of buoy number 2 of a six buoys structure (b) FBD of buoy number 3 of a six buoys structure

Figure 10.2: FBD of six buoys structure

Buoy number 2 and 3 of the six buoys system have no similarities with one of the buoys of the previously
discussed structure. The same system to name the different forces is used as explained on page 50.
The free body diagrams are shown in Figure 10.2a and Figure 10.2b. First the force balance in vertical
direction is calculated in equation 10.3a and equation 10.3b.

Buoy 2: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଵଶ஻௭ + 𝐹ଶଷ஺௭ + 𝐹ଶସ஺௭ + 𝐹ଶହ஺௭ − 𝑏ଶ𝑧̇ଶ − 𝑘ଶ𝑧ଶ + 𝐹ଶ = (𝑚ଶ +𝑚ᇱ
ଶ) ̈𝑧ଶ (10.3a)

Buoy 3: ෍𝐹௭ = 𝑚𝑧̈ −→ −𝐹ଶଷ஻௭ + 𝐹ଷହ஺௭ − 𝑏ଷ𝑧̇ଷ − 𝑘ଷ𝑧ଷ + 𝐹ଷ = (𝑚ଷ +𝑚ᇱ
ଷ) ̈𝑧ଷ (10.3b)

Then equation 6.8a and equation 6.8b are used to substituted in equation 10.3a and equation 10.3b.
“i” and “j” are the buoy numbers (at the end of the beam) where 𝑖 < 𝑗.

𝐹௜௝஺௭ =
1
2𝐹௜௝ +

𝑇௜௝
𝐿 − 1

2𝑚௜௝ 𝑧̈௜௝ −
𝐼௜௝
𝐿 𝛼̈௜௝ (6.8a)

− 𝐹௜௝஻௭ =
1
2𝐹௜௝ −

𝑇௜௝
𝐿 − 1

2𝑚௜௝ 𝑧̈௜௝ +
𝐼௜௝
𝐿 𝛼̈௜௝ (6.8b)
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This results in equation 10.5 and equation 10.6.

𝐹ଶ +
𝐹ଵଶ
2 + 𝐹ଶଷ

2 + 𝐹ଶସ
2 + 𝐹ଶହ

2 − 𝑇ଵଶ
𝐿 + 𝑇ଶଷ

𝐿 + 𝑇ଶସ
𝐿 + 𝑇ଶହ

𝐿
= (𝑚ଶ +𝑚ᇱ

ଶ) ̈𝑧ଶ +
𝑚ଵଶ
4 ̈𝑧ଵ + ൬𝑚ଵଶ

4 + 𝑚ଶଷ
4 + 𝑚ଶସ

4 + 𝑚ଶହ
4 ൰ ̈𝑧ଶ +

𝑚ଶଷ
4 ̈𝑧ଷ +

𝑚ଶସ
4 ̈𝑧ସ +

𝑚ଶହ
4 ̈𝑧ହ

− 𝐼ଵଶ
𝐿ଶ ̈𝑧ଵ + ቆ𝐼ଵଶ𝐿ଶ + 𝐼ଶଷ

𝐿ଶ + 𝐼ଶସ
𝐿ଶ + 𝐼ଶହ

𝐿ଶ ቇ ̈𝑧ଶ −
𝐼ଶଷ
𝐿ଶ ̈𝑧ଷ −

𝐼ଶସ
𝐿ଶ ̈𝑧ସ −

𝐼ଶହ
𝐿ଶ ̈𝑧ହ + 𝑏ଶ ̇𝑧ଶ + 𝑘ଶ𝑧ଶ (10.5)

𝐹ଷ +
𝐹ଶଷ
2 + 𝐹ଷହ

2 − 𝑇ଶଷ
𝐿 + 𝑇ଷହ

𝐿
= (𝑚ଷ +𝑚ᇱ

ଷ) ̈𝑧ଷ +
𝑚ଶଷ
4 ̈𝑧ଶ + ൬𝑚ଶଷ

4 + 𝑚ଷହ
4 ൰ ̈𝑧ଷ +

𝑚ଷହ
4 ̈𝑧ହ

− 𝐼ଶଷ
𝐿ଶ ̈𝑧ଶ + ቆ𝐼ଶଷ𝐿ଶ + 𝐼ଷହ

𝐿ଶ ቇ ̈𝑧ଷ −
𝐼ଷହ
𝐿ଶ ̈𝑧ହ + 𝑏ଷ ̇𝑧ଷ + 𝑘ଷ𝑧ଷ (10.6)

It can be seen that this results in the same equations that can be found on line 2 and 3 of equation
10.2. This demonstrates that the method to build up the matrices works correctly.

10.1.2. Five buoys in line structure
Now that the system has proven some redundancy for building up the matrices and vectors for a four
buoys and six buoys structure an additional verification step is executed. The five buoys in line structure
that is simulated is visualised in figure 10.3. First the system can be build up with the method that was
identified in section 9.1. Because this is a simpler structure it can also be calculated by hand. The
matrices of the differential equation of the structure derived by hand were hardcoded. For both ways of
implementation, the response, eigenmodes and eigenfrequencies can be calculated. It should be noted
that this verification step does not include any hydrodynamics. The values in Table 10.2 are arbitrarily
chosen and substituted in the equations. The response and the eigenmodes are found based on the
method explained in section 8.2.

Figure 10.3: Visualisation of the five buoys inline system.

Table 10.2: Values used for inline verification step

𝐿௕௘௔௠ 15 m

𝑚௕௨௢௬ 1 kg

𝑚௕௘௔௠ 1 kg

𝑏௕௨௢௬ 0.15 kg/s

𝑘௕௨௢௬ 20 N/m

𝐹௕௨௢௬ 10 N

𝐹௕௘௔௠ 10 N
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The response of both structure and the eigenfrequencies can be found in Figure 10.4a and in Figure
10.4b for respectively the structure that was hardcoded and the structure build up with the topology
matrix. It can clearly be seen that the response is identical and that the eigenfrequencies coincide.
The same is done for the eigenmodes as can be seen in Figure 10.5a and Figure 10.5b.
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(b) Response of a five buoys inline structure based on methodology

Figure 10.4: Response of a five buoys inline structure
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(a) Eigen modes of a five buoys inline structure hardcoded
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(b) Response of a five buoys inline structure based on methodology

Figure 10.5: Eigen modes of a five buoys inline structure

This demonstrates that the method to build up the matrices works correctly. Next, the hydrodynamics
that were substituted in the mechanical equations needs to be verified before the complete system can
be verified.

10.2. Verification of the hydrodynamic loads
In this section the verification is done for the individual forces and the moments of equation 7.15 and
equation 7.16, which is recalled here. To show the procedure the verification for 𝐹⃗ி௄,ுெ,఍ and for 𝐹⃗ுெ,௖
is written out in this section. For the other parts, an outcome of the verification is shown in Appendix
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C.1. The exact steps of the verification in the Appendix are not discussed as the method used is
highly similar. The calculations that were executed in the verification process in Maple can be found in
Appendix C.1. The force was calculated by MATLAB and Maple in 𝑥, 𝑦 and 𝑧-direction. This helps to
improve confidence in the verification. For the moments only the moment in 𝑝-direction was verified as
this is the only part that is relevant for the heave response of the structure.

𝐹⃗ெ = න
௅

଴

𝑑𝐹⃗ே,ி௄,ுெ,఍
𝑑𝑠 − 𝑑𝐹⃗ே,ுெ,௖

𝑑𝑠 +
𝑑𝐹⃗ே,௏஽,఍
𝑑𝑠 − 𝑑𝐹⃗ே,௏஽,௖

𝑑𝑠 𝑑𝑠 (7.15a)

𝐹⃗ெ = 𝐹⃗ி௄,ுெ,఍ − 𝐹⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝐹⃗௏஽,௖ (7.15b)

𝑇⃗ெ = න
௅

଴
൭𝑟 ×

𝑑𝐹⃗ே,ி௄,ுெ,఍
𝑑𝑠 ൱ − ൭𝑟 × 𝑑𝐹⃗ே,ுெ,௖

𝑑𝑠 ൱ + ൭𝑟 ×
𝑑𝐹⃗ே,௏஽,఍
𝑑𝑠 ൱ − ൭𝑟 × 𝑑𝐹⃗ே,௏஽,௖

𝑑𝑠 ൱𝑑𝑠 (7.16a)

𝑇⃗ெ = 𝑇⃗ி௄,ுெ,఍ − 𝑇⃗ுெ,௖ + 𝐹⃗௏஽,఍ − 𝑇⃗௏஽,௖ (7.16b)

10.2.1. Verification of Froude-Krylov and hydrodynamic mass force
Base on the code discussed in section 9.2, the forces for different orientations can be obtained. To
verify if the implementation is correct, the result of the calculation tool is compared to the result from
alternative calculations made in Maple. The verification of the Froude-Krylov and hydrodynamic mass
force is indicated in Table 10.3 on page 96. For every verification step a discussion and explanation is
added in the table. The first two columns of the table contain the coordinates of two outer positions of
the cylinder. The third column gives the resulting length of the cylinder. The fourth and the fifth column
contain respectively the MATLAB output and the output of the verification method. Lastly, there is a
reference to the calculation in Maple in Appendix B where the calculation for verification is executed.

𝐹௭ = (1 + 𝐶௔)𝜌
𝜋𝐷ଶ

4
⃗̇𝑣ே𝑑𝑠 (10.9)

𝜕𝑤
𝜕𝑡 = −𝜁௔𝜔ଶ𝑒௞௭ 𝑒ି௜௞௫ ⋅ [𝑒௜ఠ௧] (10.10)

Next a variation in wave and diameter is made to further verify the outputs (Table 10.4 on page 97). The
same logic as applied before can be recognised. On the verification’s steps taken in Table 10.10 and
Table 10.3 it can be concluded that the coding calculate the force correctly. Additionally, in Appendix C.1
the same steps were executed for the other force components. The samemethodology and conclusions
are applied. Therefore it is demonstrated that the implementation works correctly.

10.2.2. Verification of the added mass term
The added mass equals the mass of the displaced volume of the cylinder times an added mass con-
stant as can be seen in equation 7.23. The added mass term resulting from the rotation (𝐼ᇱ) seen in
equation 7.26 can also be derived by calculating the moment of inertia of the added mass ൬𝐼 = ௠ᇲ௅మ

ଵଶ ൰.
The damping term does not have such a straight forward method, but a clear logic between equation
7.36 and equation B.20 can be found. The equation for the damping resulting from rotation can also
be obtained with 𝐵ᇱ௣ =

௕ᇲ೥௅మ
ଵଶ . This increases the confidence in the found equations.

The implementation of the added mass and damping terms is verified by comparing the result of MAT-
LAB with the result by simple equations for a beam located between (0,0,0) and (-10,-10,0) with a
diameter of 1 meter. For the damping terms 𝑢ோே௔ is needed, for now the value of 1 is substituted. The
results are shown in Table 10.5 on page 97.
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Table 10.3: Verification of Froude-Krylov and hydrodynamic mass force

𝜔=1.5; 𝜁=1; 𝑐௔=1; 𝜆=27.5; D=0.1;
Pos 1 Pos 2 Length MATLAB (N) Verification (N) Reference

(0,0,0) (-0.1,0,0) 0.1 0.0000 + 0.0000i
0.0000 + 0.0000i
-3.6223 - 0.0415i

-3.62 Appendix C.2
part 1.2.A equa-
tion 2.2.1.2

A segment of 0.1 meter located at the axis origin is simulated where the centre line of the cylinder is
oriented along the 𝑥-axis. The force can be calculate by using equation 10.9 and substituting the ac-
celeration of equation 10.10 as defined by the Airy wave theory. The magnitudes of both calculation
methods are the same. In the verification the orientation is not included. As result of the orientation
of the segment and the orientation of the acceleration in the fluid it can be concluded that the force
vector should be real and in the negative 𝑧-direction. This matches the found result in MATLAB.
(0,0,0) (0,-0.1,0) 0.1 0.0000 + 3.6226i

0.0000 + 0.0000i
-3.6226 +0.0000i

Appendix C.2
part 1.2.A equa-
tion 2.2.1.2

(0,0,0) (0,0,-0.1) 0.1 0.0000 + 3.5814i
0.0000 + 0.0000i
0.0000 + 0.0000i

Appendix C.2
part 1.2.A equa-
tion 2.2.1.2

The length and position of the segments is identical as the previously discussed situation. Only the
orientation is now in 𝑦 and 𝑧-direction. Therefore the magnitude of the force is identical. The orienta-
tion of the forces matches with what can be expected from the Airy wave theory.

(0,0,0) 𝜆,0,0) 𝜆 0
0
0.6993 * 1.0e-06

0

A segment with the length equal to the wavelength is simulated. The segment is oriented in the wave
propagating direction. The magnitude of the force should therefor be zero.

(0,0,0) (-10,-10,-10) 10√3 -38.29+149.37i
97.28 - 6.90i
-58.99 - 142.47i

-38.26+149.29i
97.28 - 6.897i
-58.96 - 142.39i

Appendix C.2
part 1.2.B equa-
tion 2.2.2.1

(ఒସ ,
ఒ
ସ , 0) (ఒସ − 10, ఒସ − 10,−10) 10√3 149.37 + 38.29i

-6.90 - 97.28i
-142.47+58.99i

149.4 +37.67i
-7.28 - 97.20i
-142.2+59.53i

Appendix C.2
part 1.2.B equa-
tion 2.2.2.2

For this more complex orientation an alternative derivation is done in Maple (see reference to Ap-
pendix C.1). The values obtained in with both methods should be the same. In the second situation
the cylinder is moved one fourth of a wave length in the direction of the propagating wave. Therefore
the magnitude of the complex parts and the magnitude the real parts of the force should be switched.
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Table 10.4: Verification of Froude-Krylov and hydrodynamic mass force (2)

𝜔=0.5; 𝜁=5; 𝑐௔=1; 𝜆=247; D=1
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-0.1,0,0) 0.1 0.0000 + 0.0000i
0.0000 + 0.0000i
-201.26 - 0.26i

-201.2 Appendix C.2
part 1.2.B equa-
tion 2.2.1.3

(0,0,0) (-10,-10,-10) 10√3 7664 + 21552i
11399 - 8909i
-19062 - 12644i

7659 + 21541i
11392 - 8904i
-19052 - 12637i

Appendix C.2
part 1.2.B equa-
tion 2.2.2.3

(0,0,0) (−√ଷ
ଶ 27,

√ଷ
ଶ 27, 0) 27 -6480 + 26111i

-6480 + 26111i
-52221 - 12961i

-6477+26097i
-6477+26097i
-52195-12954i

Appendix C.2
part 1.2.B equa-
tion 2.2.2.4

Table 10.5: Verification of added mass and damping implementation

MATLAB outcome Manual calculation

𝑚ᇱ 11385 kg ஼ೌ஽మగఘ௅
ସ = 11385 kg

𝐼ᇱ 189750 𝑘𝑔𝑚ଶ 𝐼ᇱ = ௠ᇲ௅మ
ଵଶ = 189750 𝑘𝑔𝑚ଶ

𝑏ᇱ 6152 𝑘𝑔/𝑠 ଼
ଷగ𝐶ௗ

ఘ
ଶ𝐷𝑢ோே௔𝐿 = 6152 kg/s

𝐵ᇱ 102540 𝑘𝑔𝑚ଶ/𝑠 𝐵ᇱ = ௕ᇲ௅మ
ଵଶ = 102540 𝑘𝑔𝑚ଶ/𝑠

10.2.3. Verification of the hydrodynamic loads on a buoy
The implementation of the vertical hydrodynamic loads on a vertical cylinder are discussed in section
9.2.4. These methods need to be verified to prove its accuracy. The method for the calculation and the
implementation of the Froude-Krylov force, the added mass and damping will be verified.
The added mass term will be verified by checking the outcome of the function with hand calculations
that are both based on the samemethod. This will be done for 5 different situations as indicated in Table
10.6. The calculations are done for cylinders with the same displacement but varying diameter. In the
last column of Table 10.6 the difference between the result of the MATLAB function and the manual
calculations. This indicates a trustworthy result.

Table 10.6: Verification of added mass of a heaving buoy for different dimensions

D (m) Volume (𝑚ଷ) Draft (m) 𝛼 Ca m’ (kg)
Manual

m’ (kg)
MATLAB

Difference

5 6 0.31 6.43 1.18 25198 24994 1%
4 6 0.48 5.26 1.2 13120 13838 5%
3 6 0.85 2.22 1.37 6319 6657 5%
2 6 1.91 0.66 1.75 2392 2447 2%
1 6 7.64 0.08 2 342 347 2%
3 53.0 7.5 0.25 1.95 8994 9337 4%

For the verification of the damping term two steps should be made. First, the calculation of the critical
damping needs to be checked. Second, the realism of the percentage of the critical damping should
be assessed. The first part will be done here. The second part will be assessed in next section. For
this verification a percentage of 0.5% is taken into account. As can be seen in Table 10.7.
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Table 10.7: Verification of the damping on a heaving buoy

D (m) Volume
(m3)

Draft (m) Mass (kg) Stiffness
(n/m)

b (kg/s)
Manual

b (kg/s)
MATLAB

Difference

5 6 0.306 6150 197434 348 348 0%
4 6 0.477 6150 126358 279 279 0%
3 6 0.849 6150 71076 209 209 0%
2 6 1.910 6150 31589 139 139 0%
1 6 7.639 6150 7897 70 70 0%

10.2.4. Verification of the magnitude of velocity
In the verification of the damping forces a fixed value was taken for 𝑢ோே௔ to simplify the verification
procedure. Therefore the verification of the magnitude of the relative velocity is executed hereafter.
When creating the function in MATLAB this was done step wise. Figure 9.6b is recalled for clarity on
the steps that are taken.

1. The first step takes into account the average response of the two buoys and only the vertical
movement of the beam.

2. Next the difference in response of the two ends of the beamswas taken into account and assessed
on ten equally distributed places on the beam. The result of this step is indicated with 𝑢ோே௔∗ in
Table 10.8.

3. Lastly the horizontal velocity of the fluid was taken into account. Therefore the method discussed
in section 9.2.3 on page 9.2.3 was used.

This helped to create confident in the code. As the build up of the tool proved to follow the logic. Still
a step wise verification for beams with a relative simple orientation is executed.

Figure 9.6b: Vector diagram for the calculation of the relative perpendicular velocity
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Table 10.8: Verification of the magnitude of velocity indicating the position and response. Additionally the simplified relative
velocity, the maximum velocity and the average maximum velocity are shown.

𝜔=1 rad/s; 𝜁=1 m ; 𝜆=61.63 m
Pos 1 Pos 2 Resp 1 Resp 2 uRNa∗ max uRNa

1 (0,0,0) (0,0.1,0) 0 0 1 1 1
2 (0,0,0) (0,0.1,0) 1 1 0 1 1
3 (0,0,0) (0,0.1,0) -1 -1 2 2 2
4 (0,0,0) (0,0.1,0) 1j 1j 1.39 1.61 1.61
5 (0,0,0) (0,0.1,0) -1j -1j 1.39 1.61 1.61
6 (0,0,0) (0,0.1,0) -1j 1j 1 1.61 1.17
7 (0,0,0) (𝜆,0,0) 1 1 0.91 2 0.91
8 (0,0,0) (0,𝜆,0) 1 1 1 1 1

Table 10.8 indicates the steps that are taken. For all rows a rather simple and short beam is chosen.
Only the last part indicates a beam length that equals the wave length. The first four columns indicate
the location and the response of the cylinder. The fifth column indicates the outcome form the function
when the motion of the fluid in horizontal direction is eliminated (u in Figure 9.6b). The sixth column
indicates the maximum velocity obtained over the beam length and over time. The last column indicates
the outcome of the function as implemented in the code.
The following conclusions can be drawn from Table 10.8. The verification is mainly based on logic
thinking and by comparing the build up stages of the derivation. The numbers refer back to Table 10.8.

1. Considering a fixed beam the wave amplitude times the angular frequency is given by the function.

2. When a beam follows the wave in vertical direction, there is only relative velocity in horizontal
direction that equals the wave amplitude times the angular frequency. The simplified calculation
method (𝑢ோே௔*) indicates no amplitude as the fluid velocity in horizontal direction is not taken into
account.

3. The structure velocity is in anti phase with respect to the wave velocity and therefore results in
an amplitude of 2.

4. When the construction moves with a phase angle of 90 degrees a value a bit bigger then √2 is
obtained.

5. The same logic as previous point holds also for this case.

6. When considering a fixed beam over its beam length the average velocity should be 1. Then this
beam is moving with the fluid in vertical direction it should be slightly lower. (Be aware of the
orientation difference)

7. The same beam is now oriented in 𝑦-direction. Consequently, the value obtained should be the
same as the second step of the iteration.

The function is hereby tested in a select number of situations and has shown to return the correct value.

10.3. Verification of total system
To verify the total system the structure will be build up in several steps. First, a single buoy will be
analysed. Then two independent buoys will be analysed, the hydrodynamic loads will be build up step
wise. Then the system will be scaled up to a three and five buoys system. In this build up it can be
assessed if the obtained response follows a logic pattern.

10.3.1. Response of a heaving buoy
Themost simplified layout of the system exists of one buoy. In section 10.2.3 all separate loads involved
in the heaving buoy were verified. This is now combined to obtain the response of a heaving buoy. As
the calculation tool is not made to test one individual buoy parts of the program are exactly copied
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and reconfigured to obtain the response of one buoy. As a verification step some variations on the
characteristics of the buoy have been executed.
A buoy with a diameter of 3 meters, a draft of 9 meters (Table 10.10) and a critical damping ratio of
0.005 is taken as starting point of the variation. The buoy is located in to origin (0,0,0). The draft (Z),
the diameter (D) and the critical damping ration (𝐶𝑅) are respectively varied from the starting point.
For these specific variations the eigenfrequency will be calculated in a simplified way as indicated in
equation 10.11.

𝜔௡ = ඨ 𝐾
𝑚 +𝑚ᇱ (10.11)

In Figure 10.6 the result can be seen and the following remarks can be made. The initial buoy is each
time indicated with the bolt black line.

• The variation of the buoy draft is shown in Figure 10.6a and Figure 10.6d. An estimation of the
eigenfrequency is made with equation 10.11 and this is compared with the results of the code
that was obtained by an eigenvalue solution and indicated in Table 10.11. For this calculation the
added mass was estimated to be 9.3 metric tons with the method indicated in section 7.4.2.

Table 10.9: Eigenfrequencies of a buoy related to the draft

Draft Estimated eigenfrequency based on equation 10.11 Obtained eigenfrequency

15 0.78 0.78
11 0.89 0.89
9 0.98 0.98
7 1.09 1.09
5 1.25 1.25
3 1.51 1.54

The obtained eigenfrequencies of the third column of Table 10.9 are indicated with the red dotted
line in the Figure 10.6. Both calculations are give in highly similar results.

• By varying the diameter in Figure 10.6b and Figure 10.6e are obtained. Only the added mass has
an influences on the eigenfrequency because the stiffness and the mass of the displaced water
have the same proportion. The proportion of the added mass in respect to the total mass (added
and actual mass) is respectively 27%, 19%, 13%, 4.6% and 2.3%. Therefore the variation of the
eigenfrequency is small and reduces over the variations.

• From Figure 10.6c and 10.6f the effect of the chosen damping ratio can be seen. Comparing
the response with a damping ration of 0.005 with graphs found in [18] an damping ratio of 0.005
is a reasonable choice. As similar frequency responses were seen in the simulations shown in
Journée and Massie [18].

• In Figure 10.6a and Figure 10.6b it can be seen that the damping is related to the mass and the
spring stiffness of the system. As the mass of the buoy increases with the draft or the diameter or
when the stiffness increases by an increase of diameter the damping peak turns out to be lower.
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Figure 10.6: Frequency response of a heaving buoy for varying characteristics where the doted lines indicated the eigenfre-
quencies.

10.3.2. Two buoy system
The next step is to simulate two buoys that are connected with one beam. First, two independent buoys
will be simulated. Then a system where the two buoys are connected with a beam. Both systems have
the same displacement. The extra water displacement of the submerged beam will be compensated
by reducing the draft of the buoys. The Morison contributions indicated in differential equation 8.8 will
first be excluded and then they will be added step wise to the solution. The first buoy is located at the
origin. The second buoy is located at 𝑥 = 27√ଶଶ m and 𝑦 = 27√ଶଶ m giving an overall length of 27 meters.
This system is visualised in Figure 10.7 and the dimensions are indicated in table 10.10.

Figure 10.7: Visualisation of the two buoy system
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Table 10.10: Dimensions of the two buoy systems

Unconnected
system

Connected
system

Diameter buoy (m) 3 3
Draft buoy (m) 9 7.5
Position buoy 1 (0, 0, 0) (0, 0, 0)
Position buoy 2 (27√ଶଶ , 27

√ଶ
ଶ , 0) (27√ଶଶ , 27

√ଶ
ଶ , 0)

Diameter beam (m) 0 1
Length beam (m) 0 27

Draft centre line beam (m) 0 2
Volume total system (𝑚ଷ) 127 127

Mass total system (metric ton) 130 130

Comparing a one and a two buoy system

First two buoys are simulated that have the same dimensions as in the previous section. The simulation
of two independent buoys is indicated with the black line in Figure 10.8a. The frequency response does
not depend on the position. Only the phase depends on the location (Figure 10.8c). Then a second
system of two connected buoys is simulated. This connected system has a beam in between the
two buoys. The hydrodynamic loads on the beam due to the hydrodynamic environment are not yet
incorporated. Only the mass and the buoyancy is taken into account in Figure 10.8a and Figure 10.8c.
Secondary, the moment of inertia of the beam is added, indicated with the red line in Figure 10.8d and
Figure 10.8b.
For the two buoy system the eigenfrequencies were obtained with the eigenvalue method explained in
section 8.2 by the calculation tool. The eigenvectors indicated two corresponding eigenmodes. The
first eigenmode corresponds with a heave motion of the buoys where both buoys move in phase.
The second eigenmode indicates that the buoys move with opposite phase. This corresponds with a
pitch movement. In Figure 10.8c and Figure 10.8d the phase difference at the second frequency is
approximately 𝜋 this also indicates the pitch motion.
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Figure 10.8: Analysis of two buoys, unconnected (black), connected excl moment of inertia (blue), connected incl moment of
inertia (red).

In Figure 10.8a it can be seen that the lowest of the two eigenfrequencies of the connected buoys (i.e.
the eigenfrequency corresponding with the coupled eigenmode) is exactly the same as the unconnected
system. This is because the mass of the system is equal and the diameter of the buoy is equal as the
Morison contributions are not yet taken into account. Therefore the added mass of the buoys is equal
and the stiffness in heave direction is equal. In Figure 10.8a, the system is simulated excluding the
moment of inertia. When the inertia of the connecting beam is added in Figure 10.8b, the second
eigenfrequency is lowered because of the addition of the inertia. The system could be compared with a
system where the beam is located above the water as no damping and added mass on the connecting
beam is taken into account. Still it is assumed that the beam contributes to the buoyancy of the system.
As result of the known eigenmode the eigenfrequency can be estimated. In Figure 10.9 only the rotation
around point “O” is allowed. This motion will be called the pitch motion of the connecting beam.

Figure 10.9: FBD indicating pitch motion

For this simplified system in Figure 10.9 the eigenfrequency can be calculated. Based on this figure the
moment balance (differential equation) around point “O” is presented in equation 10.12 this will lead to
the eigenfrequency when substituting equation 8.10 on page 70.

𝐼𝛼̈ =෍𝑀 (10.12)

𝐼𝛼̈ = −2𝑘𝛼 ቆ𝐿௕௘௔௠2 ቇ
ଶ

(10.13)
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− 𝐼𝜔ଶ𝐴 = −2𝑘𝐴ቆ𝐿௕௘௔௠2 ቇ
ଶ

(10.14)

𝜔ଶ =
2𝑘 ቀ ௅್೐ೌ೘ଶ ቁ

ଶ

𝐼௕௘௔௠ + 2𝐼௕௨௢௬
=

𝑘 ௅మ್೐ೌ೘
ଶ

ଵ
ଵଶ𝑚௕௘௔௠𝐿ଶ௕௘௔௠ + ଵ

ଶ𝑚௕௨௢௬𝐿ଶ௕௘௔௠
(10.15)

The eigenfrequency that was obtained included the same added mass of 9.3 metric tons as discussed
before. This results in an eigenfrequency of 1.0277 rad/s compared to an eigenfrequency of 1.03 rad/s
obtained by the MATLAB code and shown in Figure 10.8.

Substitution of the Morison terms in the two buoy system
At this point the terms related to the hydrodynamics of the connecting beam in equation 8.8 need to be
substituted in the derivation of the response.

F௕௨௢௬ + ቆൣFி௄,ுெ,఍൧ + ൣF௏஽,఍൧ +
ൣTி௄,ுெ,఍൧

𝐿 +
ൣT௏஽,఍൧

𝐿 ቇ 1⃗௡

= ቆ[M] + [mᇱ] +
[Iᇱ]
𝐿 ቇ z̈+ ቆ[B] + [bᇱ] +

[Bᇱ]
𝐿 ቇ ż+ [K]z (8.8)

Firstly, the right side of the equation 8.8 will be composed. This will be done stepwise starting with the
added mass ([mᇱ]). Secondly the left side of equation 8.8 will be taken into account.
The result of these first steps can be found in Figure 10.10. Figure 10.10a indicates in red the outcome
as it was given in Figure 10.8b. Therefore the same colour is used. The green line in the Figure 10.10a
includes the effect of the added mass ([mᇱ]). In Figure 10.10b the same green line is plotted to indicate
the difference with the magenta line which include both the added mass and the moment of inertia of
the added mass ([mᇱ] and [Iᇱ]). Consequently the evolution and differences are visualised by using
the same colour in the following graph.
By step wise building up the right side of the differential equation the following conclusions can be
drawn. The numbers herafter refer to the numbers in brackets in the legend of the figure and the
captions of the figures.

1. F௕௨௢௬ = ([M] + [mᇱ]) z̈ + [B]ż + [K]z: Because off the added mass term for translation the
first eigenfrequency peak related to the combined heave motion, which is in this case the lower
frequency, is shifted to a lower frequency. The eigenfrequency peak related to the pitch motion
is unchanged.

2. F௕௨௢௬ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈ + [B]ż + [K]z: The moment of inertia resulting from the added

mass of the beam is added to the equation. This results in a shift of the second eigenfrequency
peak to a lower frequency.

3. F௕௨௢௬ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈ + ([B] + [bᇱ]) ż + [K]z: The damping for translation in 𝑧-direction

is added. This results in a lower response on the eigenfrequency related to the heave motion.

4. F௕௨௢௬ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈ + ൬[B] + [bᇱ] + ൣBᇲ൧

௅ ൰ ż + [K]z: Lastly the damping for the pitch
motion is added. This reduces the response peak at the second eigenfrequency significantly.

The phase difference at the first and the second eigenfrequency still indicate respectively the found
eigenmode.
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(c) Phase angle excluding and including added mass of the beam (1)
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Figure 10.10: Composition of the right side of equation 8.8 for the analysis of a two buoy system.

At this point the response got significantly lower due to the damping. Therefore, in the following figures,
the axis limits are changed. For adding the terms of the right side of the differential equation the same
sequence is applied.

5. F௕௨௢௬ + ൫ൣFி௄,ுெ,఍൧൯ 1⃗ଶ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈+ ൬[B] + [bᇱ] + ൣBᇲ൧

௅ ൰ ż+ [K]z

6. F௕௨௢௬ + ൫ൣFி௄,ுெ,఍൧ + ൣF௏஽,఍൧൯ 1⃗ଶ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈+ ൬[B] + [bᇱ] + ൣBᇲ൧

௅ ൰ ż+ [K]z

7. F௕௨௢௬+൬ൣFி௄,ுெ,఍൧ + ൣF௏஽,఍൧ +
ൣTಷ಼,ಹಾ,അ൧

௅ ൰ 1⃗ଶ = ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈+൬[B] + [bᇱ] + ൣBᇲ൧

௅ ൰ ż+[K]z

8. F௕௨௢௬ + ൬ൣFி௄,ுெ,఍൧ + ൣF௏஽,఍൧ +
ൣTಷ಼,ಹಾ,അ൧

௅ + ൣTೇವ,അ൧
௅ ൰ 1⃗ଶ

= ൬[M] + [mᇱ] + ൣIᇲ൧
௅ ൰ z̈+ ൬[B] + [bᇱ] + ൣBᇲ൧

௅ ൰ ż+ [K]z

Adding the forces caused by the wave on the beam only slightly influence the response of the structure.
It can be concluded that response is mainly cased by the forces on the buoys.
In general the following items can be conclude. First there is a peak related to the heave motion and
a more significant one to the pitch motion for this particular system. At the pitch eigenfrequency it can
be seen that the phase difference between the buoys highers to 𝜋.
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Figure 10.11: Composition of the left side of equation 8.8 for the analysis of a two buoy system.
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Figure 10.12: Force contribution on the two buoy system, F: force, T: moment, u: velocity

The force contributions that lead to the previously discussed response can be found in Figure 10.12.
When building up the force vector equation 10.16 is found for the first entry of the force vector of the
differential equation.

[F]ଵ = 𝐹ଵ +
𝐹ଵଶ,ி௄,ுெ,఍

2 +
𝐹ଵଶ,௏஽,఍

2 +
𝑇ଵଶ,ி௄,ுெ,఍

𝐿 +
𝑇ଵଶ,௏஽,఍

𝐿 (10.16)

In the first graph of Figure 10.12 the force contribution that act on the buoysmultiplied with the constants
as indicated in equation 10.16 can be found. It must be noted that the force on the buoys is also divided
by ten in the first and the second graph for the readability of the graph. The second graph of Figure
10.12 indicates the magnitude of the moment and forces on the beam and buoys. Also, the moment
due to the Froude-Krylov and Hydrodynamic mass force is divided by ten for the readability of the graph.
In both graph 𝑢ோே௔ ∗ 10ହ is shown. The last graph shown in Figure 10.12 indicate the phase angle of
the different forces and moments. The following items could be noticed:

• For lower frequencies the force on the buoys is significantly higher than the force on the cylinders.
The force on the buoys as shown in the graph is divided by ten. Therefore it can be concluded
that the force on the buoy is a factor 10 bigger in the range of 0.5 to 1 rad/s. This is also the
range in which the eigenfrequencies of the system appear. The force magnitude on the buoy
depends on the wave number which is inverse proportional with the angular frequency. The
magnitude of forces on the beams are dependent on the velocity and acceleration in the fluid
which increases over the frequency and depends on the response of the system which decreases
over the frequency.

• The other forces are in the same order of magnitude. The forces related to the Froude-Krylov
and the hydrodynamic mass force are significantly more important than the viscous drag forces.
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• The viscous drag force and moment is strongly related to the magnitude of the velocity term 𝑢ோே௔
in the lower frequencies.

• All forces contributions on the beam have the tendency to decrease to zero at certain frequencies.
This happens when the beam length projected on the wave propagation direction (the 𝑥-axis)
equals a number of wave lengths. For the beam that was tested the projected beam length was
ଶ଻
√ଶ = 19.09meter. This corresponds with 1.80 rad/s. This the value can also be seen in the graph.
When two wave lengths fit in the projected beam length a frequency of 2.54 rad/s is obtained. At
this frequency the Froude-Krylov and Hydordynamic mass force is again zero.

• For the torque contribution it is more complicated to find the frequencies where the torque con-
tribution is minimal. As far as the response plot gives insights the response does not become
zero with the accuracy over which the simulation is executed. But this could be a result from
the angular frequency steps. Finding the minimum in the following formula would lead to these
specific points:

𝑚𝑖𝑛ቌන
்

଴
න
ି௅/ଶ

௅/ଶ
sinቌ2𝜋𝜆 𝑥 − ඨ𝑔2𝜋

𝜆 ቍቆ𝑥 − 𝐿
2ቇ𝑑𝑥𝑑𝑡ቍ with 𝑇 = 2𝜋

𝜔 (10.17)

The analysis of the equation was not executed in this thesis. The following ratio of the projected
beam length and wave length have found to lead to a minimum in the moment. ௅೛ೝ೚ೕ

ఒ : 1.43, 2.48,
3.51.

• On higher frequencies all forces tend to decrease to zero. This leads to a lower response as can
be seen in the frequency response plots in Figure 10.10.

• In the graph with the phase angles it can be seen that there is a relative phase difference between
the Froude-Krylov and the viscous drag forces of గ

ଶ or ଷగ
ଶ . Which corresponds with the phase

angle between the acceleration and the velocity in the fluid.

• When a force contribution related to the Morison equation passes a minimum there is phase shift
noticeable in the force.

In Figure 10.13 the dissipated damping energy of the different elements over one period can be seen.
The dissipated damping energy is calculated as was indicated in section 8.3.2.
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Figure 10.13: Dissipated damping energy on the two buoy system over one period.



110 10. Verification

The following things can be noticed:

• In the lower frequency range the buoy induces the biggest damping contribution.

• At the eigenfrequency related to the heave motion the dissipated dampings energy related to the
translation of the connecting beams increases.

• In the region of the pitch eigenfrequency the damping due to rotation of the beams increases.

The contributions to the mass matrix can be found in Figure 10.14. These are represented in a pie
chard as the mass is not dependent on the frequency. First the absolute values of the mass and inertia
are displayed respectively in the first and second pie chard. With the differential equation build up as
explained in section 9.1 the equation 10.18 is obtained for the first buoy. Based on the constants related
to the specific mass contributions the third pie chard of Figure 10.14 is generated.

[M]ଵ + [m]ଵ + [I]ᇱଵ = 𝑚ଵ ̈𝑧ଵ +𝑚ᇱ
ଵ ̈𝑧ଵ + ቆ𝑚ଵଶ

4 + 𝑚ᇱ
ଵଶ
4 + 𝐼ଵଶ

𝐿ଶ + 𝐼ᇱଵଶ
𝐿ଶ ቇ ̈𝑧ଵ + ቆ𝑚ଵଶ

4 + 𝑚ᇱ
ଵଶ
4 + 𝐼ଵଶ

𝐿ଶ + 𝐼ᇱଵଶ
𝐿ଶ ቇ ̈𝑧ଶ
(10.18)
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Figure 10.14: Mass contribution on the two buoy system.

10.3.3. Three buoys system
Next a system with three buoys will be simulated. The buoys and beams have the same dimensions
as the two buoy system. The coordinates of the buoys can be found in Table 10.11. A visualisation
of the system can be seen in Figure 10.15. The beam that connects buoy one and two is exactly the
same as the beam of the two buoy system and can therefore be used to compare the results.
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Table 10.11: Dimensions of the two buoy systems

three buoys
system

Diameter buoy (m) 3
Draft buoy (m) 7.5
Position buoy 1 (0, 0, 0)
Position buoy 2 (27√ଶଶ , 27

√ଶ
ଶ , 0)

Position buoy 3 (6.98, 26.08, 0)
Diameter beam (m) 1
Length beam (m) 27

Draft centre line beam (m) 2
Volume total system (𝑚ଷ) 127

Mass total system (metric ton) 130

Figure 10.15: Visualisation of the three buoys system

First the eigenmodes and eigenfrequencies were determined and shown in Figure 10.16 and equation
10.19. The first eigenfrequency and eigenmode indicate again a heavemotion. The second eigenmode
corresponds with a pitch motion where on corner of the triangle moves in opposite direction as the other
two corners. In the third eigenmode two corners move in opposite direction where the third corner does
not move.

𝜔ଵ = 0.6633𝑟𝑎𝑑/𝑠 ቎
0.5774
0.5774
0.5774

቏ , 𝜔ଶ = 𝜔ଷ = 0.8322𝑟𝑎𝑑/𝑠 ቎
−0.4082
−0.4082
0.8165

቏ & ቎
0.7071
−0.7071

0
቏ , (10.19)
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Figure 10.16: Eigenmodes of the three buoys system ఠభ ୀ ଴.଼ଵସହ rad/s, ఠమ ୀ ఠయ ୀ ଴.଼ହଽଶ (1)
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The frequency response of the three buoys system can be found in figure 10.17.
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Figure 10.17: Frequency response of the three buoys system

The force contributions on the buoys and the beams are shown in Figure 10.18, Figure 10.19 and
Figure 10.20. The results of the two buoy system of section 10.3.2 are indicated in grey. In Figure
10.18 the force and moments due to the Froude-Krylov and hydrodynamic mass terms of the Morison
equation are shown. In the first graph the forces as they contribute to the response of the buoy are
shown. In the second graph actual value is shown. In the third part the phase angle is shown. As
the beam12 has exactly the same orientation and dimensions for the two buoy system and the three
buoys system the forces and moment should be identical. When looking at the points where the force
curves get zero it can be seen that first 𝐹ଶଷ,ி௄,ுெ, then 𝐹ଵଶ,ி௄,ுெ and lastly 𝐹ଵଷ,ி௄,ுெ. When the beams
are ranged from longest to shortest based on the length projected on the wave propagating direction
the same order is seen. This is what can be expected as the force cancels itself out when the wave
length equals the beam length projected on the wave propagating direction.
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Figure 10.18: Froude-Krylov and hydrodynamic mass forces and moment of the three buoys system in respect to the two buoy
system (2BS: grey)

In Figure 10.19 the viscous drag force and moment are shown. The results of the two buoy system
are shown in grey. The viscous drag forces is not identical as it is dependent on the relative velocity
of the construction in the water. As the response of the three buoys system is slightly lower then the
response of the two buoy system the magnitude of the relative velocity should be slightly lower. This
can be seen in figure 10.20. As their relative velocity is lower the viscous drag force and torque are
slightly lower. The difference in viscous drag force can be seen in Figure 10.19. Here again the beams
with the longest projected length on the wave propagating direction tend to go to zero the fastest.
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Figure 10.19: Viscous drag forces and moment of the three buoys system in respect to the two buoy system (2BS: grey)

Figure 10.20 indicates the force on the buoy and the relative velocity that is experienced by the beams.
As the buoys have the same dimensions the force has the same magnitude. The phase angles of the
first buoy is the same and the phase angle of the third buoy diverges down as it is located in negative
𝑥-direction.
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Figure 10.20: Froude-Krylov forces on the buoys and the magnitude of the relative velocity of the three buoys system in re-
spect to the two buoy system (2BS: grey)

Figure 10.21 indicate the dissipated damping energy for translation and rotation of the buoys and the
beams of the construction over one period. The rotational damping is more significant then for the two
buoy system. This is the result of a relative high number of beams in respect to the number of buoys.
Therefore they cause more damping
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Figure 10.21: Dissipated damping energy on the three buoys system.

10.3.4. Five buoys system
A visualisation of the system can be found in Figure 10.22. Buoy 1, 2 and 4 have the same locations
and dimensions as buoys 1, 2 and 3 in the three buoys system. All beams and buoys have the same
dimensions throughout the structure and as previous simulations. Due to the orientation the forces
magnitude on beam 14 in respect to beam 25 should be the same only the phase angle should be
different. The same holds for beams 12, 23 and 45 and for beams 24 and 35.
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Figure 10.22: Visualisation of the five buoys system

Based on the simulations similar conclusion can be drawn as those that were drawn from the three
buoys system. Therefore the detailed analysis can be found in Appendix C.3 on page 174. The con-
clusions that are relevant for the verification and further analyses are summarised hereafter:

• The first eigenmode indicates a heave motion. The second and third eigenmode indicate a pitch
and roll motion.

• The Froude-Krylov and hydrodynamic mass force of the beams with the same location as the
three buoys system are identical. The magnitude of the Froude-Krylov and hydrodynamic mass
force of the beams with the same orientation is also identical.

• The viscous draft force follows the same trend as seen in the three buoys system but the magni-
tude is again lower as the response reduces.

• It can be noted that again the response of the system is lower than the three buoys system.
Again the relative proportion of beams in respect to buoys did rise. Therefore the damping in the
construction has increased.

10.4. Verification of the small angle approximation
With the steps undertaken so far the small angle approximation that was introduced in section 6.2 can
be examined. Therefore a five buoys inline system, as indicated in Figure 10.23, is analysed. The
angles are indicated in Figure 10.24.

Figure 10.23: Visualisation of the five buoys inline system.



10.4. Verification of the small angle approximation 117

0 0.5 1 1.5 2 2.5 3

Angular frequency (rad/s)

0

5

10

15

20

A
n

g
e

l 
(d

e
g

)

Figure 10.24: Angles appearing in a five buoys inline system

It can be seen that in the range of the eigenfrequencies relatively large angles appear. This means
that some caution is needed when interpreting systems with high response. As this is an inline system
the ration of beams in respect to buoys is relatively low therefore large responses occur. When larger
systems will be simulated this angle will reduce.
It can be concluded that an effective design tool for the estimation of the heave response was devel-
oped and verified. The tool makes use of a topology matrix that defines the connections within the
structure and makes use of the dimensions of the individual elements to determine the loads. With this
information the frequency response of the system can be obtained.
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Analysis

The research question demands to find a feasible set of design parameters of a buoy and beam struc-
ture and to identify the parameters that predominantly minimise the heave response and the relative
wave height of the structure. At this point, a calculation tool to obtain the response has been developed
and verified. This tool will be used to identify the design parameters that predominantly influence the
response in heave direction and the air gap between the triangle platform and the water surface.
When designing the buoy and beam structure for a specific location, the structure’s frequency response
should be adapted to avoid violent interaction between the triangle platform and the waves. Therefore,
two main principles can be applied. In the first place, the system’s eigenfrequency should not overlap
with the spectrum of the waves. When the response peak overlaps with part of the wave spectrum,
resonance will occur. Hence, the eigenfrequencies of the system are ideally higher or lower than the
wave spectrum. When lowering the structure’s eigenfrequencies with respect to the wave spectrum,
the construction will not or only move slightly with the waves. When the eigenfrequencies shift to higher
frequencies concerning the wave spectrum, the structure will follow the waves. This means that flexible
behaviour will occur.
In chapter 3 multiple flexible designs were discussed. It was believed that a flexible design should be
able to change shape to reduce the loads on the structure [36]. Based on this reasoning, the structure
needs a high eigenfrequency.
In addition to the avoidance of resonance, the response peaks of the structure should be minimised. A
lower response should further reduce the risk of slamming, high loads and violent resonance. The tool
developed in this thesis is not ideal for assessing the absolute value of the response peaks due to the
linearised viscous damping. The calculation tool underestimates the damping at velocities, i.e. at the
eigenfrequency. This results in an overestimation of the response. Still, the response peaks can be
compared with respect to each other because the linearisation of the damping results in a proportional
equal overestimation of the response.

Design conclusions based on the verification process
Chapter 10 explained the steps that were taken to verify the calculation tool. Based on the verification
process, multiple conclusions can already be drawn. As these are relevant for the analysis, these will
be summarised here.

• By building up the differential equation in section 10.3.2 on page 101, it could be noted that the
damping on the buoy is significantly smaller than the damping on the beam. The resonance
peaks strongly decrease when the viscous damping terms of the Morison equation are added
to the equation (Figure 10.10e and Figure 10.10f). This finding was confirmed by analysing the
energy dissipated of the structural elements, shown in Figure 10.13 and Figure 10.21. Only
for low frequencies, the dissipated energy of the damping on the buoys is proportionally bigger.
Therefore, the variation of damping on the buoys will not be analysed in this chapter.

• The Froude-Krylov force on the buoys has a significant contribution to the total force acting on the
system in the frequency range of the eigenfrequencies. Hence, this force is highly contributing to

119
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the response.

• The first and second eigenfrequencies are, as expected, a heave motion and pitch motion, re-
spectively.

• With an increasing number of buoys, the response decreases. This decline is presumably related
to the damping on the beams. When the relative proportion of the number of beams with respect
to the number of buoys increases, the damping in the construction increases too. This expansion
in damping will lead to lower resonance peaks for larger systems. This conclusion is based on
the comparison of Figure 10.11, Figure 10.17 and Figure C.2.

In this chapter, multiple parameters will be varied. With these variations, the influence on both, the
eigenfrequency and the response peaks are analysed. The parameters are varied based on a starting
design parameter set, as explained in 11.1. The influence of the various design parameters on the
relative wave height and the eigenfrequencies will be analysed from section 11.1.1 until section 11.1.3.
Next, section 11.1.4 covers conclusions. An alternative and simplified calculation method for the eigen-
frequency is suggested in section 11.2. This simplified method is then used to identify additional design
parameters.
Based on the relations between the design parameters and the frequency response, four designs are
proposed in section 11.3. Two designs are created for a high eigenfrequency, and two for a low eigen-
frequency.

11.1. Variation of a five buoys inline system
The design parameters of a system comprising five buoys inline will be varied to find the relations be-
tween the frequency response of the system and the design parameters incorporated in the model.
This simple system is not realistic as it has no triangle platforms to support the PV-panels. However,
such a simple system can serve to identify the influence of the design parameters on the frequency
response.
The calculation tool incorporates multiple design parameters, as listed on page 46. The logical hypoth-
esis was that a change in the design parameters will influence both, the amplitude and the frequency
of the response peak. The variations will be executed from one specific starting design. Figure 11.1
visualises this starting point. The dimensions of this system can be found in Table 11.1. The variations
for the cylinders will be analysed as follows:

1. Variation of the cylinder length with constant diameter. Thereby the mass varies as well.

2. Variation of the cylinder diameter with constant length. Thereby the mass varies as well.

3. Variation of the cylinder diameter and length. The diameter and length are coupled to obtain a
constant mass.

4. Variation of additional parameters.

Table 11.1: Dimensions that form the starting point of the variation of the five buoys inline system.

Standard system

Diameter buoy (m) 4
Draft buoy (m) 7.5

Diameter beam (m) 1
Length beam (m) 27

Draft centre line beam (m) 2
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Figure 11.1: Visualisation of the five buoys inline system.

First the dimensions of the buoys will be varied, subsequently the design parameters of the beam are
assessed and lastly, the incoming wave angle is varied. The variations do not all account for the re-
quired mass to support the PV-panels due to the changing dimensions. The buoys are assumed to
provide buoyancy and beams are assumed to be neutrally buoyant. The damping on the buoys is
assumed to be 0.5% of the critical damping. A constant diameter determines the stiffness and the
mass of the buoys. The incoming wave is always oriented along the 𝑥-axis. The graphs in this chapter
indicates the two coupled parameters that are varied. The first parameter is displayed on the 𝑥-axis,
and the second one on the secondary 𝑦-axis. Extreme designs with unrealistic proportions are also
assessed. This is relevant to indicate the general trend between the response and the dimensions.
The calculation tool obtains the frequency response, the eigenmodes and the corresponding eigenfre-
quency for every variation. This can be used to calculate multiple parameters in the design. Conse-
quently, the calculation tool can provide much more information than will be used in this chapter. In
this chapter, the response peaks of the relative wave height per beam and the eigenfrequencies are
assessed. These will be plotted with respect to the varying dimension. The relative wave height is
displayed because it was indicated as the most critical response. The black lines in the bottom graphs
of the figures show an estimation of the first and second eigenfrequency based on a simplified method.
This method and the relevance of the black line in the graph will be explained in section 11.2.

11.1.1. Variation of the buoy dimensions

Figure 11.2 illustrates the following: Themass, indicated with a blue line on the secondary 𝑦-axis, grows
with an increase of the draft. In the top graph of Figure 11.2 the response peak of the relative wave
height is plotted in respect to a varying buoy draft. When varying the buoy draft, the relative wave
height does not change extremely. Still, the response follows a positive linear trend with increasing
the draft. At significant lower drafts, the relative wave height is remarkably lower. Multiple factors
could explain this result. First, this could be the result of increasing amplitude of the Froude-Krylov
force at low depths in combination with a significantly lower mass, causing the structure to follow the
waves. Second, it could be the result of the increasing eigenfrequency, where the wavelength of the
eigenfrequency matches with the length between the buoys.
The bottom graph of Figure 11.2 shows the eigenfrequency. With an increase of the draft, i.e. an
increase of mass, the eigenfrequency decreases. Additionally, it can be seen that the eigenfrequencies
converge with an increasing draft.
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Figure 11.2: Relative wave height of the five buoys inline system and the eigenfrequency with respect to a varying buoy draft.
The displacement of the system on the secondary ௬-axis

An increasing buoy diameter, presented in Figure 11.3, results in a linear upwards trend in the re-
sponse peaks of the relative wave height. In the second graph, it can be seen that for large diameters
the eigenfrequency stabilises. At smaller diameters, the added mass has a relatively larger proportion
in the mass. When the added mass becomes insignificant regarding the mass of the buoys, the eigen-
frequencies stabilise. This stabilisation is a result of an increase with the same factor of the stiffness
and the mass. It can also be seen that the eigenfrequencies converge.
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Figure 11.3: Relative wave height of the five buoys inline system and the eigenfrequency for a varying buoy diameter. With the
displacement of the system on the secondary ௬-axis

Figure 11.4 was generated by varying the buoy diameter and compensating the buoy draft so that the
water displacement of the system stays the same. The 𝑥-axis indicates the buoy diameter, and the
secondary 𝑦-axis indicates the buoy draft. A maximum in the relative wave height can be seen at a
draft of 5.5 meters. The response with smaller diameters and larger draft results in a significantly lower
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response. It can be seen that the proportion between the buoy draft and diameter has a significant
influence on the eigenfrequency. Consequently, this is a method to influence the eigenfrequency of the
system.
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Figure 11.4: Relative wave height of the five buoys inline system and the eigenfrequency with respect to a varying buoy diam-
eter and constant mass of the system. With the reducing buoy draft on the secondary ௬-axis.

It can be seen in Figure 11.2 and Figure 11.3 that the eigenfrequencies of a heavier system are closer
together. When the mass is kept constant, the eigenfrequencies stay at a constant distance from each
other.

11.1.2. Variation of beam dimensions

Next, multiple buoy dimensions of the beams tested. First, Figure 11.5 shows the variation of the beam
length. Over the increasing beam length, the displacements increases, and the diameter of the beams
is kept constant. The maximum response over the system decreases significantly between a beam
length of 40 and 60 meters. Nevertheless, the eigenfrequencies reduce and diverge slightly over an
increasing beam length.
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Figure 11.5: Relative wave height of the five buoys inline system and the eigenfrequency with respect to a varying beam
length. With the displacement of the system on the secondary ௬-axis

Next the beam diameter is varied in Figure 11.6. As the beam length is kept constant, the mass in-
creases with the beam diameter. A clear but marginal downwards trend is visible in the response peaks
of the relative wave height. Also here the eigenfrequencies are close together but diverge slightly over
an increasing beam diameter.
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Figure 11.6: Relative wave height of the five buoys inline system and the eigenfrequency for a varying beam diameter. With
the displacement of the system on the secondary ௬-axis

Figure 11.7 is obtained by varying the beam length and compensating the beam diameter so that the
volume of the beam stays constant. The relative wave height varies over the different beam length with
a significantly lower point around 55 to 75 meters. The second graph of Figure 11.7 shows that the
eigenfrequency stays constant over the different beam length and beam diameter.
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Figure 11.7: Relative wave height of the five buoys inline system and the eigenfrequency for a varying beam length and con-
stant mass of the system. With the reducing beam diameter on the secondary ௬-axis.

In Figure 11.8 it can be seen that varying the depth at which the beam is installed does not significantly
influence the relative wave height. When the beam is mounted closer to the surface, the structure
moves more with the waves. Therefore the relative wave height reduces. The same was seen with
a decreasing buoy draft, i.e. the bottom of the buoy closer to the surface. The eigenfrequency is not
influenced by the depth of the beam as both, the stiffness and the mass do not change.
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Figure 11.8: Relative wave height of the five buoys inline system and the eigenfrequency for a varying beam depth.

11.1.3. Variation of incoming wave angle
When analysing the change in incoming wave direction with respect to the structure orientation, Figure
11.9 is obtained. 𝛼 = 0∘ means that the incoming wave is inline with the beams. It can be seen that for
an inline system, the orientation is an important factor in the maximum relative wave height. An inline
systemwhere the incoming wave angle is 90 degree on the direction of the beams results in significantly
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less response. As could be expected, the system’s orientation did not influence the eigenfrequency.
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Figure 11.9: Response and relative wave height of the five buoys inline system for a varying incoming wave angle, when the
incoming wave is inline with the beams ఈ ୀ ଴∘.

11.1.4. Conclusions based on a five buoys inline system
The shown figures identified multiple trends. The conclusions are grouped here based on the change of
eigenfrequencies and those based on themaximum response. By analysing these trends, the feasibility
of the currently presented design will be assessed.

Conclusions on the eigenfrequencies
Based on the found eigenfrequencies of the variations, it can be concluded that all eigenfrequencies
are close together. In some variation, a slight divergence or convergence is noted on the most extreme
positions of the dimensions. The effects of the variation on the eigenfrequencies are summarised in
Table 11.2.

Table 11.2: Summary of trends of the eigenfrequencies visible in the variation of a five inline buoy system based on the buoys
and beams. (*) Length indicates first the buoy draft (absolute value) and second the beam length. Cte. means that the vari-
able stays constant.

Diameter Length (*) mass Depth 𝜔௡

Bu
oy

Cte ↘ ↘ / Cte, ↗, Divergence
↗ Cte ↗ / ↗, Cte, Convergence
↗ ↘ Cte / ↗ ↗

Be
am

Cte ↗ ↗ Cte ↘/Cte, Divergence
↗ Cte ↗ Cte ↘/Cte, Divergence
↗ ↘ Cte Cte Cte
Cte Cte Cte ↗ Cte

Small changes in eigenfrequencies can be seen in the analysis. Only the draft to diameter ratio of the
buoys does influence the eigenfrequency significantly. This means that a variation in the parameters
that do not influence the eigenfrequency can be use to optimise other parameters in the design process
such as the response peak. Table 7.1 on page 56 indicate that the most of the wave frequencies in
the Northern Atlantic are in the range between 0.4 and 2.1 rad/s. With the currently found relations
it might not be possible to shift the eigenfrequency away from the frequencies present in the wave
spectrum. As the largest range of eigenfrequencies is found in Figure 11.4 and range from 0.5 to 1.5
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rad/s. Consequently, more opportunities to optimise the eigenfrequencies need to be found as it does
not influence the eigenfrequency sufficient.

Conclusions on the response peaks
First, it is seen that the relative wave height reduces if the bottom of the elements are closer to the
surface. Due to the relatively higher amplitude of the loads, the structure moves more with the waves.
Contrary, an increasing buoy diameter does increase the relative wave height. This relation confirmed
the finding of chapter 10 that the Froude-Krylov force has relatively a substantial contribution to the force
in the region of the eigenfrequencies. A second clear trend indicates that with a beam length longer
then 50 meters the relative wave height reduces significantly and that an increasing beam diameter
decreases the relative wave height slightly. A relation between the beam length and the wavelength
of the eigenfrequency could be a path for further research. The obtained absolute values need some
caution as they could be related to the specific start case defined at the beginning of this chapter. Still,
the buoy draft, the buoy diameter, the beam length and the total mass of the system can be used to
minimise the response.
The trends found between the dimensions and the response height require more variations to be further
iterated from other starting points. It might be possible that the discovered trends are only applicable
for designs that are similar to the starting point of the variations; For example the beam length is fixed
on 27 meters for almost all variations. A starting point with another beam length will interfere differently
with the wavelength.
The response of the system is significantly higher than what is acceptable in the range of the wave
spectrum. A realistic amplification factor should be at least lower than two and preferably close to one,
in the perspective of the writer of this thesis. An amplification factor of two would indicate that the
relative wave height would be double the wave height. Therefore, the previously mentioned desire to
avoid an eigenfrequency that overlaps with the wave spectrum is even more important to avoid high
resonance. From chapter 10 it was concluded that a larger system with a higher number of beams
relative to the number of buoys has a significantly lower response. A more realistic design where the
structure forms triangles instead of an inline design implies that the relative number of beams in respect
to the number of buoys increases. Consequently, a larger system is simulated in Figure 11.10. A five
buoys system is simulated and shown in the top graph, and on the bottom, a hexagon nineteen buoy
system is simulated (for the layout see Figure 11.13). The structural elements have, for both cases, the
dimensions indicated in Table 11.1. A clear difference in response peak can be noted. The nineteen
buoy system has 42 beams. A higher beam to buoy proportion results in higher damping.
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Figure 11.10: The top graph shows the response of the base case five buoys inline system of the analysis. The bottom graph
shows the frequency response of a nineteen buoy hexagon system where the individual elements have the same dimensions
as the five buoys inline system.
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11.2. Identification of additional design parameters
In the previous section, it was concluded that additional design parameters to influence the eigenfre-
quency should be identified. In order to do so, a simplified method to find the eigenfrequencies will be
presented. This method will be verified with the simulation presented so far in this chapter. With this
method, the relations between the design parameters and the eigenfrequency should become more
apparent, and additional design parameters should be found.

11.2.1. Simplified method to estimate the first two eigenfrequencies
The stiffness of a particular eigenmode and the mass distribution of the system influence the eigen-
frequency. It must be noted that within the current design parameters, it is difficult to independently
influence the mass or the moment of inertia without changing the stiffness with a similar proportion. To
further influence the eigenfrequencies, the stiffness and the mass need to be uncoupled. The imple-
mentation of this uncoupling in themodel will be discussed in the following chapter as recommendations
for future work. For now, an alternative method is introduced.
To sum up, the eigenfrequencies of the system are relatively close together. The eigenfrequencies
follow the same trend over the variation. It is known that the first eigenfrequency is a heave motion
and the second eigenfrequency is always a pitch or roll motion. Knowing this, the previously found
trends in the eigenfrequencies can be determined. For the verification of the calculation tool, the first
and second eigenfrequency of a two buoy system was calculated based on the stiffness, as shown on
page 100 till page 104.
The eigenfrequency of the heave motion can be found as follows. The first eigenfrequency is calculated
in a simplified manner, as indicated in equation 10.11.

𝜔௡ = ඨ ∑𝐾
∑𝑚 + ∑𝑚ᇱ (10.11)

Equation 10.11 can be rewritten in terms that were varied in the buoy and beam structure. This is done
in equation 11.1. The summation is executed over all buoys, which are indicated with subscript “𝑖”,
and over all beams, indicated with “𝑗”. The summation of all water crossing surfaces is summed and
multiplied with the density and the gravitational force of the water. And the mass of the total displaced
water is calculated to find the total weight of the system.

𝜔௡ = ඨ
∑𝐴௜,௕௨௢௬𝜌𝑔

∑ቀ𝑚௜,௕௨௢௬ +𝑚ᇱ
௜,௕௨௢௬ቁ + ∑ቀ𝑚௝,௕௘௔௠ +𝑚ᇱ

௝,௕௘௔௠ቁ
(11.1)

Next, the masses and the stiffness of the individual elements are rewritten by substituting the design
parameters. This directly indicates the dimensions of the buoys and beams and their influence on the
first eigenfrequency, which can be seen in equation 11.2.

𝜔௡ = ඪ
∑ గ஽మ೔,್ೠ೚೤

ସ 𝜌𝑔

∑ቆగ஽మ೔,್ೠ೚೤
ସ 𝑇௜𝜌 +𝑚ᇱ

௜,௕௨௢௬ቇ + ∑ቆగ஽మೕ,್೐ೌ೘
ସ 𝐿௝𝜌(1 + 𝐶௔)ቇ

(11.2)

The same can be done for the pitch motion. The eigenfrequency can be calculated based on equation
10.12.

𝐼௧௢௧𝛼̈ = ෍𝑀 (10.12)

On page 103 equation 10.12 was introduced to find the second eigenfrequency of the two buoy system.
The moment of inertia is expressed by the mass of the individual elements. This moment of inertia is
calculated around the geometrical centre of the construction and the moment is calculated with the
stiffness of the buoys. Here 𝑟௜ and 𝑟௝ indicated the distance of the middle of the cylinder to the middle
point of the construction. Therefore, 𝑟௜ and 𝑟௝ are directly related to the beam length.

൬෍ቂቀ𝑚௜,௕௨௢௬ +𝑚ᇱ
௜,௕௨௢௬ቁ 𝑟ଶ௜ ቃ +෍𝐼௝,௕௘௔௠(1 + 𝐶௔) +෍(𝑚௝,௕௘௔௠(1 + 𝐶௔)𝑟ଶ௝ )൰ 𝛼̈ = −෍ቆ𝐾 ൬𝑟௜2 ൰

ଶ
𝑔ቇ𝛼
(11.3)
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Now themasses and themoments of inertia are further substituted in the equation. Hereby the influence
of the dimensions of the buoy and beam elements become visible.

൭෍൥ቆ
𝜋𝐷ଶ

௜,௕௨௢௬
4 𝑇௜𝜌 +𝑚ᇱ

௜,௕௨௢௬ቇ 𝑟ଶ௜ ൩ +෍
𝐿ଶ௝,௕௘௔௠𝑚௝,௕௘௔௠(1 + 𝐶௔)

12 +෍൥
𝜋𝐷ଶ

௝,௕௘௔௠
4 𝐿௝𝜌(1 + 𝐶௔)𝑟ଶ௝ ൩൱ 𝛼̈

= −෍ቆ𝜋𝐷
ଶ
௜

4 𝜌 ൬𝑟௜2 ൰
ଶ
ቇ𝛼 (11.4)

The differential equation is solved to find the eigenfrequency where only the positive answer is taken
into account. To further indicate that 𝑟௜ and 𝑟௝ are related to the beam length the following substitution
is executed: 𝑟௜ = 𝑟ᇱ௜ 𝐿 and 𝑟௝ = 𝑟ᇱ௝𝐿.

𝜔௡ =

ለ⃓
⃓⃓
⃓⃓
⃓⃓
⃓⃓
⎷

∑ቆగ஽మ೔
ସ 𝜌 ൬ ௥

ᇲ
೔ ௅ೕ
ଶ ൰

ଶ
ቇ𝑔

∑ ቈቆగ஽మ೔,್ೠ೚೤
ସ 𝑇௜𝜌 +𝑚ᇱ

௜,௕௨௢௬ቇ (𝑟ᇱ௜ 𝐿௝)ଶ቉ + ∑ ௅యೕ
ഏವమೕ,್೐ೌ೘

ర ఘ(ଵା஼ೌ)
ଵଶ + ∑ቆగ஽మೕ,್೐ೌ೘

ସ 𝐿௝𝜌(1 + 𝐶௔)(𝑟ᇱ௝𝐿௝)ଶቇ
(11.5)

To mutually test, the accuracy of this simplified method and to further verify the calculation tool, the
eigenfrequencies of the systems in this chapter are calculated. This resulted in the black lines in
Figures 11.2 until 11.8. A high accuracy is reached with this method. However, this technique can
now be used to identify and quantify other design parameters. With equation 11.2 and equation 11.5
the same basic relations between the dimensions and the impact on the eigenfrequency can be found
as indicated in Table 11.2.

11.2.2. Finding additional design parameters

Additional design parameters that could influence the eigenfrequency will be tested based on the sim-
plified method. Based on equations 11.2 and 11.5 some suggestions for other design parameters can
be indicated.

Reduction of the water surface

The first and most obvious method would be to uncouple the mass of the buoy and the hydrostatic
stiffness of the buoy by two separate diameters. Hereby the numerator and denominator of equation
11.2 and equation 11.5 can be influenced independently. Therefore, the mass and the stiffness in the
equations are incorporated in a slightly different way. The stiffness is calculated with a diameter “𝑑”
at the water surface and the mass is determined by that same diameter, and height of both parts as
indicated in Figure 11.11.
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Figure 11.11: Visualisation of the uncoupling of the water displacement and hydrostatic stiffness of the buoy.

The introduction of the additional diameter in the system is incorporated in equation 11.6 and 11.7.
The added mass due to the top and the bottom surface of the larger diameter cylinder is indicated by
𝑚”௜,௕௨௢௬, i.e. (𝑚”௜,௕௨௢௬ = 𝑚ᇱ

௜,௕௨௢௬,௕௢௧௧௢௠ +𝑚ᇱ
௜,௕௨௢௬,௥௜௠).

𝜔௡ = ඪ
∑ గௗమ೔,್ೠ೚೤

ସ 𝜌𝑔

∑ቆగ஽మ೔,್ೠ೚೤
ସ 𝑇௜𝜌 +

గௗమ೔,್ೠ೚೤
ସ 𝑡௜𝜌 +𝑚ᇱ

௜,௕௨௢௬ቇ + ∑ቆగ஽మೕ,್೐ೌ೘
ସ 𝐿௝𝜌(1 + 𝐶௔)𝜌ቇ

(11.6)

𝜔௡ =
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ଶ
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∑ ቈቆగ஽మ೔,್ೠ೚೤
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Based on this equation, an additional analysis on different dimensions of the five buoys inline system
can be executed. This is executed in Figure 11.11. The same base case, as indicated in Table 11.1,
is used. To incorporate this system in the calculation tool, the force on the top surface and the extra
added mass should be incorporated. This will be formulated as a recommendation in the next chapter.
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Figure 11.12: Eigenfrequencies when reducing the water surface of the buoy including the effect of the reduction of water dis-
placement.
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This extra design parameter largely influences the behaviour of the system and is therefore highly
relevant.

Estimation of the weight
In this thesis it was assumed that the beams do not contribute to the buoyancy of the system, i.e.
they are neutrally buoyant. This is be seen in section 5.3.2. The mass of the beam still influences the
dynamic behaviour. To reduce the mass of the system, it might be necessary to let the beams contribute
to the buoyancy of the system. This will also reduce the required size of the buoys. Consequently, it
impacts the dynamic behaviour of the system.
The beams contributed to the buoyancy, this means that the dimensions of the buoys can be reduced.
The analysis showed that a reduction of buoy diameter leads to a decrease of the eigenfrequency and
that a decrease of draft leads to an increase of eigenfrequency. This means that there is extra room for
variations. The mass estimation shown in section 5.3.2 needs to be updated for this. The calculation
tool can stay unchanged. As the displaced water volume equals the total mass of the system and is a
good approximation for the mass distribution.

11.3. Optimising eigenfrequency of the buoy and beam structure
The aim is to find suitable dimensions for the buoy and beam structure. Twomain strategies are defined.
Firstly, the aim should be that the response peak and the wave spectrum do not overlap. Therefore the
eigenfrequencies should be higher or lower than the wave spectrum. Secondly, the response peaks of
the structure should be minimised.
Form the verification in chapter 10 it was concluded that the proportion of beams with respect to the
number of buoys should be maximised in order to reduce the response peak. In the variation of the
incoming wave angle, it was concluded that the orientation of the structure influences the response
peaks. Consequently, a 19 buoy hexagon system is proposed in Figure 11.13. This layout maximises
the number of beams and maximises the number of triangle platforms over the number of buoys. The
change in incoming wave angle will not lead to large changes in the response as the system approaches
point symmetry around the centre. Furthermore, it provides a surface for a large quantity of PV-panels
which influences the profit aspect of the TBL-assessment, as discussed in chapter 2.

Figure 11.13: Visualisation of the layout of a 19 buoy hexagon system

In section 7.1.1, a wave spectrum was introduced. It was concluded that the main part of the waves
is within the range of 0.42 to 2.09 rad/s. Based on the trends found in Table 11.2 and the additional
trends found in section 11.2.2, the design parameters can be used to obtain a design with a high or low
eigenfrequency.
The four designs indicated in Table 11.3 will be analysed in the calculation tool. Design one and two
should result in a high eigenfrequency, and design three and four should result in a low eigenfrequency.
The dimensions of the design are based on the effect of the design parameters on the eigenfrequency.
A new weight and buoyancy estimation will be executed to incorporate the buoyancy generated by the
beams.
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Table 11.3: Dimensions, total mass and buoyancy of the four suggested designs for an 19 buoy system.

Design 1 2 3 4

Bu
oy

Total draft (m) 5 7 10 15
Reduced diameter (m) 7.5 5.5 1.5 1
Diameter (m) 7.5 5.5 2.5 2

Be
am

Length (m) 20 25 40 50
Diameter (m) 1 1.5 1.75 3
Depth (m) 1 1.5 7 8

Total mass (1000 kg) 4358 4666 9054 12984

Total water displacement (1000 kg) 4978 5141 11184 16133

The weight of one platform is calculated based on the length between the interconnecting beams.
This method is explained in section 5.3.2 on page 41. Then the weight of the beams and buoys are
estimated. Hence the surface is calculated and multiplied with a plate thickness of four centimetres.
This volume is multiplied with the density of steel (7850 𝑘𝑔/𝑚ଷ) to obtain the mass. The total mass
of the structure is obtained in equation 11.8 by assuming that every buoy has to carry two full triangle
platforms and three full beams. This calculation method again assumes that the buoys at the side of
the platforms should be ballasted as they support fewer platforms then the buoys in the middle of the
structure. Less ballast will be needed with respect to the system where the beams do not contribute to
the buoyancy, as shown in section 5.3.2.

Total Mass = 19 × (3 ×Mass Beam+ 2 ×Mass Platform+Mass buoy) (11.8)

The water displacement of the structure is calculated by the volume of the buoys times the number of
buoys (19) and the volume of the beams times the number of beams (42). The weight and the water
displacement of the total system is shown in Table 11.3. As can be seen, the mass and displacement
can be balanced out by adding water ballast to the system. The displacement is higher than the buoy-
ancy. Therefore they are realistic and can be used to assess the feasibility of the system.
Currently, the calculation tool is not set up to calculate the frequency response of the system because
the added mass, damping and forces, as result of the extra rim on the buoy, are not taken into account.
This leads to an unrealistic response of the structure. Still, the eigenvalue problem, as explained in
section 8.2, can be used to obtain an estimation of the eigenfrequencies of the 19 buoy system. Hence,
the hydrostatic stiffness of the buoys is incorporated as follows. The stiffness matrix, as introduced in
equation 6.10 on page 53 and implemented as indicated in Table 9.1, is overwritten with another stiff-
ness matrix that was obtained with the reduced diameter. This results in the eigenfrequencies indicated
in Figure 11.14.
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Figure 11.14: Distribution of the eigenfrequencies represented in a box plot. These eigenfrequencies correspond with the de-
signs indicated in Table 11.3

It can be concluded from the eigenfrequencies of design one and two, shown in Figure 11.14, that
it will not result in a realistic system. The eigenfrequencies are in the range of most wave spectra.
Therefore, it will not support any activity that needs a stable basis. By reassessing the mass estimation
to obtain a lower mass of the system, a further increase of the eigenfrequency could be obtained.
Still, this will not be significant in the perspective of the author of this thesis. On the other hand, the
eigenfrequencies of design three and four are significantly lower than most of the waves indicated in
Table 7.1. Furthermore, these larger designs could have a smaller response as the response decreased
with a larger beam length and with an increasing beam diameter. As a result of the larger beam length,
a higher filling rate (surface filled with PV-panels divided by the total used surface of the system) could
be achieved. This higher filling rate would result in a better performance of the profitability indicated by
the TBL-assessment.
Finally, the conclusion of this chapter is that the diameter to draft ratio is the main criteria for the design
of a buoy and beam structure. More specifically, the water cross-section with respect to the water
displacement has a big influence on the eigenfrequency. A small diameter with respect to the draft
leads to a realistic design concerning the eigenfrequency. The low eigenfrequency means that the
system does not move much with the waves. The buoy and beam structure has in all cases a relatively
small water plane area. Therefore the stiffness is rather small regarding the displaced mass, which
automatically leads to a relatively low eigenfrequency. This high mass does mean that more material is
needed than in a systemwith high eigenfrequencies. Although the eigenfrequency is in a realistic range,
the responses obtained in this chapter are high and need further research to estimate the absolute
value. Furthermore, the response peak needs to be further minimised. Still more research and further
development on the calculation tool need to be executed to obtain the frequency response.
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Discussion and recommendations

This chapter firstly assesses the limitations, the assumptions and the simplifications of the calculation
tool. The assumptions and the consequences of these assumptions on the results are discussed in
section 12.1. In the current calculation tool, additional improvements can be made. The validity and
accuracy of the calculation tool could be further refined, and more information than is currently used
can be analysed. These improvements and further simulations will be proposed in section 12.2. Lastly,
the design parameters and the feasibility of the system will be discussed in a broader context in section
12.3. This discussion will suggest further design steps on the path to a possible feasible buoy and
beam structure.

12.1. Limitations of the calculation tool
In the calculation tool simplifications and assumptions were incorporated as shown in chapter 6 and
chapter 7. The simplifications and assumptions impact the outcome of the calculation tool. These
consequences will be assessed in this section. First, the assumptions in the mechanical analysis will
be evaluated then the assumption in the hydrodynamic modelling will be evaluated.

12.1.1. Mechanical
The main assumptions that were made are the small-angle approximation and the incorporation of the
triangle platforms.

Small angle approximation

In section 6.2, the small-angle approximation was introduced. The validity of the small-angle approxi-
mation was verified in section 10.4. In some situations, such as structures with shorter beam lengths,
the angles become relatively large in the resonance peak. In this extreme case, this assumption is
broken. This can be seen in Figure 12.1. This violation only occurs when a high response occurs. The
structure should be optimised for a realistic design, i.e. for a relatively low response. In these cases,
the approximation of small angles will not be violated, and therefore the assumption is valid.
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Figure 12.1: Maximum angles of the buoys relative to the horizontal plane of a five buoy inline system in respect with a chang-
ing beam length

The assumption of small angles also implies that no horizontal displacement of the buoys is taken into
account. Even with small angles, a small horizontal displacement will appear. Based on the response
of the structure and the beam length, the horizontal displacement is calculated, for the system that
formed the starting point of the variations as presented in section 11.1. In the top part of Figure 12.2,
the maximum horizontal difference in distance between two neighbouring buoys can be seen. In the
bottom graph, the displacement relative to the first buoy can be seen for the standard situation shown
in Table 11.1. The effect of these displacements on the structure should be further researched.
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Figure 12.2: Horizontal displacement of a five buoy inline system with a beam length of 27 as shown in Table 11.1 in respect
with the original position based on the vertical response of the buoys.

Incorporation of the triangle platforms in the calculation tool
In the proposed calculation tool, the mass of the triangle platforms was not directly included. In section
5.3.2, an estimation of the weight in the function of the beam length was proposed. This estimation de-
termines the required water displacement of the buoys, assuming that the beams are neutrally buoyant
and therefore, they do not support the platforms. Then the mass of the displaced water of the sub-
merged elements, i.e. the buoys and the beams, is determined by the dimensions of the cylinder times
the water density. This mass, together with the added mass, is incorporated in the mechanical model.
This way of incorporating the triangle platforms’ mass means that the weight of the platform is as-
sumed to be fully concentrated in the buoys. This overestimates the moment of inertia of the platform
and consequently overestimates the eigenfrequency. Chapter 11 concluded that it could be benefi-
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cial to obtain high eigenfrequencies if the beams also provide buoyancy. During the calculation of the
eigenfrequency, the mass and mass distribution was calculated based on the volume of the displaced
water. The damping caused by the moving triangle platforms is left out of the model but could also be
incorporated. The intention of incorporating the damping of the platform in the linear damping of the
buoys was described in section 5.4. So far, this intention was not executed. For high velocities, this
damping could be relevant. Further research is needed to incorporate this effect.

12.1.2. Hydromechanical

On the hydromechanical aspect, multiple simplifications are introduced. First, it is assumed that the
structure size was smaller than one-fifth of the wavelength. This allowed assessing the loads with the
Morison equation. As this calculation tool serves as a first assessment, the damping was linearised.
This lead to an overestimation of the response peak.

Hydromechanical transparent structure and wave theory

In chapter 7, the structure was predicted to be hydromechanical transparent. In the analysis in chapter
11 design parameters were varied, and the response over a frequency range was assessed. There are
three approaches to assess if the simulated systems are hydrodynamic transparent. (1) Based on the
frequency range maximum diameter can be set, (2) based on the maximum dimensions a maximum
frequency can be set or (3) based on the region of interest the requirements can be checked. In this
region of interest, the requirements must be met, though small errors could be allowed. Based on the
eigenfrequency range, a maximal relevant structure size could be identified. The appropriate structure
size is the diameter of the cylinders. The frequency range of zero to three radians per second was
based on Table 7.1. With a frequency of three radians per second structures with structural elements
of maximum 1.36 meter could be assessed. Assessing slightly bigger structural elements would only
lead to small errors and can, therefore, be justified. The accuracy would decrease when simulating
too big diameters. The dimensions of the structure that were assessed in the analysis in section 10.6
varied between 0.57m and 9m. These dimensions would imply that the structure can be assessed up
to a maximum frequency of 4.65 rad/s and 1.17 rad/s, respectively. For these large diameters, the
maximum frequency is relatively low. As said before, analysing a slightly larger relative structure size
would only cause small errors. Additionally, these large dimensions were mainly simulated to assess
the general trends of the structure size on the response. These extreme proportions in the dimensions,
such as diameter to draft ratio, are unrealistic in the vision of the author of this thesis. The main point
of interest, in the analysis, is the behaviour of the structure in the range of the eigenfrequencies. The
eigenfrequency influences the feasibility of the design. The eigenfrequencies range from 0.3 rad/s to
1.6 rad/s in the analysis. These frequencies correspond to a maximum structure size of 137 meters to
4.86 meters, respectively. This means that only for the two largest variations and for design one and
two of the shown in Table 11.3 the buoy diameter causes small errors by not taking into account the
diffraction according to Figure 7.1. For the structures analysed in section 11.3 only the added mass
coming from the Morison equation is incorporated to obtain the eigenfrequency. Consequently, the
possible error is minimised. The same reasoning for the relative structure size could also be applied to
the motion of the structure, according to this author. When the structure moves with an amplitude larger
then one-fifth of the structure size, diffraction becomes relevant. In the analysis, significant responses
are seen. The response should be minimised, and result in a lower response than one-fifth of the
wavelength. Therefore the calculation tool is valid. It can be concluded that most of the designs that
were tested in section 10.6 are hydrodynamic structures. Only for more extremes in frequencies and
dimensions, small errors can occur due to omission of diffraction.
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Figure 7.1: Modelling methods selection graph for hydrodynamic (circular) structures [6].

Morison and Froude-Krylov
The classification of the structure as a hydromechanical transparent structure makes that the Morison
equation was selected to assess the loads on the cylinders. For the vertical force on the buoys, the
Froude-Krylov force was used. This is a part of the Morison equation. Just before, it was discussed that
the response should be minimal to obtain a realistic system and an accurate result where diffraction
is irrelevant. Here it becomes apparent why this is necessary. The loads are calculated based on
acceleration, velocity and pressure in the fluid. These loads are calculated on an exact and fixed
location. For the beams, the centre of the cylinder in still water conditions is taken, and for the buoys,
the position of the centre of the bottom surface in still water conditions is taken. In this specific location,
the hydrodynamic characteristics such as acceleration, velocity and pressure are determined to assess
the load. As a result of the small relative structure size andmodest response, this specific position gives
a sufficiently accurate answer. Consequently, it is necessary that the displacements also stay within
the range of one-fifth of the wavelength.

Linearisation of damping and damping on buoys
The physical phenomena modelled in the calculation tool were fully linearised, as mentioned at the
beginning of this section. First, the damping of the viscous drag term in the Morison equations was
linearised, and second, the simplified linear assessment of the damping on the buoys was incorporated.
These approximations are probably part of the explanation of the relatively high response peaks. The
relative wave height as defined on the 𝑦-axis in Figure 7.1 indicates the proportion of inertia force
with respect with the damping force perpendicular on a cylinder depending on the wave height and
the diameter. For a relative wave height of “20” in deep water, the inertia force equals double the
damping force, and for a relative wave height, ± 40 the inertia force equals the damping force. The
more significant the proportion of the damping, the more impact the linearisation gets. ”𝜋𝐻/𝐷 < 20 the
maximum value of horizontal force corresponds to the maximum inertia force. Drag effects are only
relevant for larger values of 𝜋𝐻/𝐷, and dominate at values greater than 40” according to Clauss et al.
[6]. In the in-between region, it is acceptable to linearise the drag force. The response of the system is
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normalised by the wave height. Therefore, the response is where possible indicated in meter per meter
(𝑚/𝑚). In other cases, the response is indicated per meter wave height. This does not mean that the
KC-number or relative wave height should be based on a one-meter wave. In Table 12.1 the relative
wave height is calculated based on two extreme and one average wave heights based on Table 7.1 and
based on the variation of the beam diameter in section 11. This analysis assumes a fixed construction
in a wave. When the construction moves in antiphase, the KC-number will increase. Only in the most
extreme case of Table 12.1 a too high relative wave height is found. This extreme case of 0.57 meter
over a length of 27 meters is structurally unrealistic.

Table 12.1: Different relative wave heights over a realistic spectrum based on Table 7.1 and on the beam diameters analysed
in chapter 11.

Diameter (m)
Wave height (m) 0.57 1 1.5

1 5.51 3.14 2.09
5 27.6 15.7 10.5
10 55.1 31.4 20.9

As discussed in section 7.4, a linear approach was suggested based on a percentage of the critical
damping. This method was based on two experiments. Therefore, it needs further research. Tarik and
Sander [53] discusses an alternative and improved way for incorporating the damping.

12.2. Recommendations on the calculation tool
The calculation tool was composed to obtain the heave response of a buoy and beam structure. With
this tool, some calculations were performed. In this chapter further improvements on the calculation
tool, and additional simulations, analyses and calculations that might be interesting for the hydrody-
namic behaviour will be suggested.

• Section 11.2.2 indicated that the calculation tool should also be able to simulate the behaviour of
a system with a reduced buoy diameter at the water surface. The effect of the reduced diameter
on the eigenfrequency was already estimated in section 11.2.2. Still, the force, added mass and
damping due to the change of diameter should be incorporated in the model to obtain the full
frequency response.

• The response peaks need to be assessed more in detail as they highly influence the feasibility
of the structure. Most probably this must be done separately to take into account the nonlinear
damping.

• The system presented in Table 12.2 should be used to create a new starting point for further
iteration. The newly found relation can then help to further understand the relations between the
response and to iterate the construction. Also, with the suggestions incorporated in this section,
better insight can be generated.
For now, the response peaks and relation with the dimensions were not used as an input for the
proposed dimensions in Table 12.2. Because, there is, so far, no proof that the trends that were
found for the response peaks are also applicable when another starting point for the variations
were chosen. Consequently, more variations need to be checked from different starting points or
specifically starting from the designs proposed in Table 12.2.

• The program, at this moment, does need a rather long calculation time. There are multiple op-
portunities to improve the computational cost of the calculation tool. The first and most important
factor would be to remove the eval()-function out of the Morison functions that are used to
create the force vector. In this function, the integral is calculated for every frequency and every
iteration. The eval()-function in MATLAB is a computationally expensive function and can be
replaced by the direct solution of the integral. Only for the case where the beam is oriented in
𝑦-direction an if statement could avoid a division by zero.

• The tool, as presented in this thesis, can assess multiple responses. So far, the relative wave
height is used as this was indicated as the most critical response. This response is derived from
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the response of the structure. The individual force contributions used to calculate the response
can be checked separately, and the forces on the hinges can be calculated with equations used in
chapter 6. Furthermore, all aspects that depend on the response can be determined, i.e. forces
between the elements. These responses can be used to give a first estimation of the forces on the
hinges. These forces on the hinges highly influence the feasibility of the buoy and beam concept.

• As discussed in section 12.1, the mass and mass distribution of the triangle platforms can be im-
proved. First, the estimation of the mass of the platforms should be improved. Second, the mass
distribution of the structural elements should be changed. The mass is currently incorporated
with the mass of the displaced system. This simplification could be improved with the mass and
mass distribution of the individual elements.

• The calculation tool uses multiple times the Morison equation to calculate the forces on the cylin-
ders. This equation can also be used to calculate the forces in the horizontal plane. Before this
can be done, multiple steps need to be undertaken before the horizontal forces could be approx-
imated. It is valuable to know these forces in order to further estimate the forces in the hinges,
the mooring and on the individual elements.

• A design procedure needs to be developed. A suggestion based on the current calculation tool
for a possible procedure is described hereafter: First, the desired beam length could be identified.
With this beam length, an appropriate draft to diameter, or still waterplane area to displacement
proportion, of the buoys could be obtained by iteration. Next, the diameter and height of the beam
could be optimised. This will result in a design that could be used for further optimisation.

• All simulations that were done for the analysis in chapter 11 assume constant dimensions over the
construction. There is no reason to apply this further. It should be possible to change the draft,
diameter and depth of the buoys and beams over the construction. It should even be possible
to slit a triangle on specific locations in smaller triangles. The changes of dimensions over the
constructions would make it possible to influence specific eigenfrequencies and eigenmodes.
Additionally, it could influence the response peak of individual buoys.

• The desired topology of the structure needs further research. A nineteen buoy or larger system
in a hexagon shape seems promising as a result of its symmetry, but other or more complex
topologies could be interesting.

• On page 44 it was indicated that the triangle platforms and the hinges were not taken into ac-
count. This simplification assumed that the hinges do not incorporate any damping, mass or
stiffness. This could be reconsidered. Adding damping or stiffness to the hinges will lead to
different frequency responses. Still, the technical feasibility of these more complicated hinges
remains questionable.

In this thesis, a validation of the build model is missing. Before the results of the model can be fully
trusted, a system should be tested in real life to determine the accuracy of the presented calculation tool.
The validation could indicate if the assumption to discard diffraction is fully valid when multiple buoys
heave in the proximity of each other. The principles used in the calculation tool such as the Morison
equation and the Froude-Krylov force on the buoys are well-established theory. Still, a validation step
would indicate to what extent these principles are fully applicable in the simulation of a buoy and beam
structure.

12.3. Discussion on a feasible design
Based on the conclusions of the analysis in section 5.4.1 four designs shown in Table 11.3 were iden-
tified and proposed in section 11.3. The outcomes indicated that a system with low eigenfrequency is
favourable to avoid interference with the wave spectrum. Therefore the two designs depicted in Ta-
ble 12.2 were suggested to obtain a low eigenfrequency. The tends that were found in the response
peaks were not used to obtain the design. Still the same tends to obtain a modes response and a low
eigenfrequency are complimentary.
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Table 12.2: Possible dimensions, total mass and buoyancy of the suggested designs for a 19 buoy system.

Design 3 4

Bu
oy

Total draft (m) 10 15
Reduced diameter (m) 1.5 1
Diameter (m) 2.5 2

Be
am

Length (m) 40 50
Diameter (m) 1.75 3
Depth (m) 7 8

Total mass (1000 kg) 9054 12984

Total water displacement (1000 kg) 11184 16133

When designing, all aspects discussed in chapter 2 must be taken into account. The heave response
and the relative wave height of the system have a significant impact on the feasibility of the system.
Therefore, these factors where considered the main points of interest in this thesis. Secondary other
aspects should be taken into account, as a buoy and beam system for offshore solar should meet
all requirements to become feasible. When reassessing the parameters based on the outcomes of
the Triple Bottom Line (TBL)-assessment the following can be noted. First, the diameter is probably
rather small. This would mean that an accurate weight estimation of the system needs to be made
to obtain the design draft. Also, over time additional weight can accumulate on the construction. This
additional weight will reduce the air gap and increase the draft. The same holds for maintenance where
people and equipment need to be brought on board. It also generates only limited redundancy in case
one of the cylinders loses its buoyancy. The possible loss of buoyancy advocate for a larger buoy
diameter and sufficient air gap. If the diameter is increased for one of these reasons, the mass should
be reduced to maintain the low eigenfrequency. The beam draft should be investigated further. It might
be more efficient to have a slightly larger diameter if the beam does not interact with the water surface
in waves. The depth to which the reduced diameter continues needs to be determined based on the
response in the specific spectrum of the desired location. A considerable beam length is suggested.
This beam length implies that significant bending moments will appear in both the triangle platforms and
the connecting beams. It will be a structural and technical challenge to design and produce platforms
in this size. Due to the large overhang, the material cost could become high. It also means that the
forces on the hinges would be substantial. The advantage of the long beams is that the filling rate of
the PV-panels is probably higher. Next, it was suggested that the system has a hexagon layout with
19 buoys. This system will behave rather constant over varying incoming wave angles. Most locations
will not have an evenly distributed wave field over the incoming wave angles. The topology and the
variation of the dimensions in the system could be optimised for this incoming wave angle. Lastly,
the buoy and beam structure still needs to be developed in a broader context. Multiple requirements
were indicated with the TBL-assessment in chapter 2. In this thesis, the main focus point was the
heave response and the relative wave height as this was identified as most critical. At this point, the
main conclusions are based on the eigenfrequency of the frequency response, whereby the critical
heave response is avoided by shifting the eigenfrequency to a lower frequency and out of the wave
spectrum. The response of the tested structures appears to be rather high. If this resonance can be
avoided, a realistic design could be obtained on the matter of heave response. As this appears to be
possible, it can be concluded that on the matter of possible interaction between the waves and the
platforms a feasible system could be obtained. It is now necessary to again oversee the larger picture
and identify the potential of the concept. Additional pitfalls and critical responses must be identified
and analysed. Special attention should go to the forces in the hinges, the response in the horizontal
direction in respect of the mooring. Moreover the second order effect such as folding of the structure
should be a point of concern. In the larger picture, the ecological impact and economic feasibility of
Offshore Floating PV (OFPV) in general and for the buoy and beam structure desire more research to
unlock the potential.
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Conclusion

At the beginning of this thesis, offshore floating energy was identified as a promising energy solution
to answer the increasing demand for sustainable energy. Multiple concepts for Offshore Floating PV
support structures were proposed in literature or by the industry. Currently, these solutions are in con-
cept or testing phase. Due to the requirements coming from the complex environment, the feasibility of
all concepts is still debatable. Therefore, the research goal was to develop a new design for an OFPV
support structure and, in addition, demonstrate its feasibility.

Proposing the buoy and beam structure and the identification of the most critical response
A brainstorm and selection based on predefined requirements led to the proposition of the buoy and
beam structure. The buoy and beam structure is a structure in which submerged beams are mounted
between floating buoys. These beams form a triangle grid. The top of the buoys support triangle
platforms. These platforms have the same dimensions as the triangles created by the beams. Every
corner of a triangle platform is connected to one buoy. All connections between the buoys, beams and
platforms are hinged. This composition creates a flexible structure that can move with the waves and
therefore mitigates the external loads coming from the environment. In respect to other concepts this
concept has a rather modest waterplane area.
The flexibility in combination with the relatively small waterplane area should work as an advantage to
mitigate the external loads. As a result of the relatively small waterplane area, the forces on the hinges
should stay modest and a reasonable response should be obtained.
Many pitfalls for the feasibility of the concept were identified. The heave response is seen as the
most critical response. High heave responses would imply that the platforms and the PV-panels will
experience slamming by the waves leading to damage. Hence, the heave response is modelled.

Description of the chosen modelling method
The heave response of a buoy and beam structure is modelled to give a first estimation on the feasibility.
Only regular waves were taken into account. The damping resulting from the movement of the triangle
platform trough the air is not taken into account. The mass and mass distribution of the system is
estimated with the mass of the displaced water. This simplification means that the submerged part of
the construction determines the mass distribution. The buoy and beam elements are approximated by
cylinders. The masses and interconnections of the individual cylinders are described by a differential
equation. To obtain a feasible structure, the response of the structure should be modest and thereby
only small angles in the beams could appear for a realistic design. Therefore the differential equation
is based on the assumption of small angular displacements of the beams.
The structure was identified as a hydrodynamic transparent structure which means that the diffraction
can be neglected. The relevant hydrodynamic loads for the heave response are obtained with the Airy
wave theory. The loads on the beams are obtained with the Morison equation. The vertical loads on
the cylinders are estimated with the Froude-Krylov. In the model, all damping terms could be linearised.
The damping on the buoys was modelled as a percentage of the critical damping. The obtained linear
differential equation is solved in a frequency domain to find the frequency response, eigenfrequencies
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and eigenmodes.
This differential equation is implemented in a calculation tool in MATLAB. The individual building blocks
of the program are first verified and the total code is verified by stepwise connecting the building blocks.
Simplified systems are modelled for verification. The developed calculation tool makes it possible to
obtain the frequency response by inserting (1) the topology matrix, which fixes the number of buoys
and beams and the interconnection, and (2) inserting the main dimensions of the buoys and the beams.

Identification of the design parameters and proposition of a design direction for further devel-
opment
With this calculation tool, variations in the dimensions of the buoys and beams for a five buoys inline
system were executed. A specific starting design was chosen. The relations, between the changing di-
mensions on the one hand and on the other hand the eigenfrequency and the maximum response, are
analysed. The following conclusions were made on the found eigenfrequencies. Firstly, it was noted
that the eigenfrequencies are always within the same range. Secondly, it was shown that the first and
second eigenfrequency could be calculated with a simplified method. Thirdly, it was seen that an in-
creasing buoy diameter to mass ratio, has a strong positive linear coloration, with the eigenfrequency,
i.e. a higher stiffens to mass ratio of the system results in a higher eigenfrequency. Furthermore, it was
shown that the eigenfrequency could even be more reduced by lowering the buoy diameter around the
water surface. Next, the executed variations indicate that an increasing beam length has a moderate
negative linear correlation with the eigenfrequency.
Based on the outcome of the analysis a nineteen buoys hexagon system was suggested and analysed.
A hexagon system is beneficial for multiple reasons. First, a hexagon system has a high number of
triangle platforms in respect to the number of buoys which is determines for the number of solar pan-
els. Second, it was concluded that the response is lower as a result of the high number of beams that
cause damping. Thirdly, a hexagon system should have minimal change in response with a change in
incoming wave angles.
Four different nineteen buoys hexagon designs were proposed and modelled. Based on the previ-
ously found relations, the response of two designs for high eigenfrequencies, and two designs for low
eigenfrequencies were obtained. The eigenfrequencies should not overlap with the wave spectrum
and should, therefore, the eigenfrequency should be higher or lower. A high eigenfrequency results
in a structure that moves flexibly with the waves. A low eigenfrequency would mean that the structure
does not move with the waves. Based on the simulation of the nineteen-buoy system, it was concluded
that within the set of design parameters, a buoy and beam structure that has a sufficiently high eigen-
frequency, with respect to the wave spectrum, was not found. Contrary, it was concluded that it should
be possible to design a system with a low eigenfrequency resulting in a system that will only slightly
move with the waves.
In the analysis of the five buoys inline system, it was seen that a relatively long beam length, a large
beam diameter, a small buoy diameter and an appropriate incoming wave angle result in a lower re-
sponse for a five buoy inline system. It was not tested if these trends are identical when a variation
would have been executed, starting from another starting point.
Consequently, some additional iterations and research are needed. For the variations executed in this
thesis, unfeasible high responses were obtained. Still, the requirements to obtain a low eigenfrequency
and a modest response match. Consequently it should be possible to design a structure that has mod-
est response in a realistic wave spectrum.
However, some additional steps on the research of the heave response and the relative wave height
are needed to further identify the feasibility in respect to the heave response. The two main points
of improvement of the calculation tool are firstly the modelling and implementation of reduced buoy
diameter at the water surface to obtain an even low eigenfrequency. And secondly, the improvement
of the modelling of the damping on the different elements so that the response peaks can be estimated
with higher accuracy as the response peaks profoundly influence the feasibility.
It is concluded that violent and extreme heave responses and resonance can be avoided by a set of
design parameters that result in an eigenfrequency which is sufficiently lower than the wave spectrum.
Therefore, a feasible system could be obtained with respect to the heave response. A suggestion for
the design parameters that should result in a feasible eigenfrequencies of system can be obtained with
the relations shown by this thesis. The thesis provide and presented a simple but efficient design tool
that can estimate the frequency response and RAO for a set of design parameters. It would be inter-
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esting to validate the theory and the implementation of the theory with model test. This would indicate
to what extend the used assumptions are fully valid.
Still, some further iterations in a slightly improved calculation tool must be executed to determine the
precise dimensions of a feasible design. Together with this next iteration, a possible location with cor-
responding wave spectrum should be identified so that location and response can be matched. The
obtained dimensions should be assessed in the perspective of the feasibility of the total system. Ad-
ditional critical responses need to be researched, such as forces in the hinges and response in the
horizontal direction to design the hinges and the mooring system. Next to the technical aspects, the
human, ecological and economic aspects and feasibility needs to be researched for all Offshore Float-
ing PV systems to unlock the potential of offshore solar energy.





Abbreviations

List of Acronyms
AHP Analytic Hierarchy Process
PV Photo Voltaic
FPV Floating Photo Voltaic
IFPV Inland Floating PV
OFPV Offshore Floating PV
KC Keulegan-Carpenter (number)
TBL Triple Bottom Line
FBD Free Body Diagram
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Nomenclature
Greek and other symbols
𝛼 Angle with x-axis, angle with horisontal plane

̈ Second derivative to time

Φ̇ Velocity potential

̇ First derivative to time

𝜆 Wavelength

𝜔 Angular frequency

𝜔௡ Eigenfrequency

𝜙 Phase angle

ℜ Real part of number

𝜌 Density water

𝜌௦௧ Density steel

𝜎 Tensile strength

Θ Phase angle

𝜁 Wave amplitude

(*) Indication of the dependency on the relative velocity and therefore the need for itteration

Latin symbols
[B] Damping matrix

[K] Stiffness matrix

[M] Mass matrix

𝑧̈, 𝑦̈, 𝑧̈ Respectively acceleration in 𝑥−, 𝑦−, 𝑧− direction

𝑢்̇ Velocity as result of translation

𝑢̇ோே, 𝑢ோே Relative perpendicular acceleration, relative perpendicular velocity

𝑧̇, 𝑦̇, 𝑧̇ Respectively velocity in 𝑥−, 𝑦−, 𝑧− direction

[In] (n x n) unit matrix

bᇱ Damping matrix due to translation coming from the Morison equation

B Damping matrix due to rotation coming from the Morison equation

F Force vector

Iᇱ Inertia matrix due to added mass coming form the Morison equation

K Stiffness matrix

mᇱ Added mass matrix coming from the Morison equation

T Torque matrix

z Vector containing 𝑧-positions

1⃗௡ A (n x 1) vector with every entry equal to one

𝑒௧ tangent unit vector
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𝐵 With

𝑏 Linear damping

𝐵ᇱ Damping due to rotation of the beam

𝑏ᇱ Damping due to translation of the beam

𝑏௖௥ Critical damping

𝐶௔ Added mass coefficient

𝐶ௗ Drag coefficient

𝐹 Force

𝐻 Height

𝐼 Moment of inertia

𝑖 Complex number

𝐼ᇱ Moment of inertia of added mass

𝑘 Linear spring stiffness

𝐿 Beam length, i.e. distance between two buoys, i.e. platform side

𝑚 Mass

𝑚ᇱ Added mass

𝑜, 𝑝, 𝑞 alternative axis system where o is in the direction of the beam centre line

𝑟 Position vector for bending moment or torque

𝑟௦ Distance to centre

𝑇 Bending moment or torque

𝑡 Thickness

𝑢, 𝑣, 𝑤 Fluid velocity in 𝑥-, 𝑦-, 𝑧-direction
𝑢௖, 𝑢̇௖ Acceleration of construction

𝑢ோே, 𝑢ோே Magnitude of the relative velocity

𝑉 Volume

𝑊 Work

𝑧, 𝑦, 𝑧 Respectively 𝑥−, 𝑦−, 𝑧− position

C Topology matrix

D Diameter

g Acceleration due to gravity g=9.81 𝑚/𝑠ଶ

k Wavenumber, spring stiffness

KC Keulegan–Carpenter

R Radius

S Surface

s Integration constant for Morison equation

T Draft, Period

T Translation

u, 𝑢̇ Velocity, acceleration

Z Response
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Subscripts
𝜁 Due to the wave

𝐴, 𝐵 Indicating respectively of the A or B end of beam

𝑒 External

𝐺 Gravity

𝐻𝐷 Hydrodynamic

𝐻𝑆 Hydro static

𝑖𝑗 Item related to the connecting beam between buoy i and j

𝑜, 𝑝, 𝑞 Respectively 𝑜−, 𝑝−, 𝑞−component
𝑥, 𝑦, 𝑧 Respectively 𝑥-, 𝑦-, 𝑧-component
a Ampletude

c construction

FK Froude-Krylov

FKHM Froude-Krylov hydrodynamic mass

HM Hydrodynamic mass

M Morison

N Normal direction

R Relative

VD Viscous drag
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A
AHP decision process

To select a concept for further research, the AHP method was used. The selection is executed in two
steps. First, a prioritisation on the requirements is made, and then this is used for the selection of the
concept.

A.1. Pairwise comparison of criteria
The requirements are pairwise compared. For example, development cost over material cost is given
0.8, meaning that development cost is slightly more important. This is done for all requirements. Addi-
tionally, the matrix obtained is made cardinal-consistent and is solved as an eigenvalue problem. The
normalised principal eigenvector associated with the dominant eigenvalue indicates the prioritisation
of the requirements. The eigenvalues are normalised to obtain the percentages, which is resulting in
the values indicated in Table 5.1 on page 37.
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Material costs 1.25 1.00 1.00 0.75 1.00 0.44 0.44 0.44 1.13 0.75 0.38 0.75
Production and installation costs 1.25 1.00 1.00 0.75 1.00 0.44 0.44 0.44 1.13 0.75 0.38 0.75
Operation and maintenance costs 1.67 1.33 1.33 1.00 1.33 0.58 0.58 0.58 1.50 1.00 0.50 1.00
Decomissioning and recycling costs 1.25 1.00 1.00 0.75 1.00 0.44 0.44 0.44 1.13 0.75 0.38 0.75
Survive in Waves 2.86 2.29 2.29 1.71 2.29 1.00 1.00 1.00 2.57 1.71 0.86 1.71
Survive in wind 2.86 2.29 2.29 1.71 2.29 1.00 1.00 1.00 2.57 1.71 0.86 1.71
Survive in curent 2.86 2.29 2.29 1.71 2.29 1.00 1.00 1.00 2.57 1.71 0.86 1.71
Biofouling 1.11 0.89 0.89 0.67 0.89 0.39 0.39 0.39 1.00 0.67 0.33 0.67
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Safety 1.67 1.33 1.33 1.00 1.33 0.58 0.58 0.58 1.50 1.00 0.50 1.00

Figure A.1: AHP input for the requirements

A.2. Concept selection
This can now be used for a further selection of the concepts. Based on every requirement, the concepts
are compared as can be seen in Figure A.2. Again all these matrices are made cardinal-consistent.
Then the principal eigenvectors were obtained.
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Figure A.2: AHP input for the concept

To obtain the total result seen in Table 5.2 on page 37, a matrix was created by combining all con-
cept eigenvectors in a matrix and multiplying this matrix with the requirements weightings normalised
eigenvector.



B
Appendix on basic ydrodynamics

B.1. Airy wave theory
The Airy wave theory was selected. In which the amplitude 𝜁 is small relative to the wave length and
waterdepth. Airy wave theory is developed by Laplace and Airy and is base on the Laplace differential
equation B.1 and the linearised boundary conditions of the seabed (equation B.2) and the water surface
(equation B.3).

𝜕ଶΦ
𝜕𝑥ଶ = 𝜕ଶΦ

𝜕𝑧ଶ = 0 (B.1)

𝑤 = 𝜕Φ
𝜕𝑥 = 0 𝑎𝑡 𝑧 = −𝑑 (B.2)

𝜕𝜁
𝜕𝑡 −

𝜕Φ
𝜕 = 0 (B.3a)

𝜕Φ
𝜕𝑡 + 𝑔𝜁 = 0 𝑎𝑡 𝑧 = 𝜁 = 0 (B.3b)

Using Laplace equation and the boundary conditions have some implications. The fluid is assumed
incompressible and homogeneous in the continuity equation. From the continuity equation the Laplace
equation is obtained. The use of these theories imply that an irrational and inviscous fluid is assumed.
Additionally Airy wave theory is only applicable for waves with a small amplitude relative to wave length.
From the Laplace equations and the boundary conditions a velocity potential for deep water is derived
( equation B.4). This potential can be used to determine the velocities, accelerations and pressure in
the fluid.

Φ = 𝑖 𝜁௔
𝑔
𝜔𝑒

௞௭𝑒ି௜௞௫𝑒௜ఠ௧ (B.4)

This results in the following equations for the speed and acceleration in both the x and z direction.

𝑢 = 𝜕Φ
𝜕𝑥 = 𝜁௔𝜔𝑒௞௭ 𝑒ି௜௞௫ ⋅ [𝑒௜ఠ௧] (B.5)

𝜕𝑢
𝜕𝑡 = 𝜕ଶΦ

𝜕𝑥𝜕𝑡 = 𝑖𝜁௔𝜔ଶ𝑒௞௭ 𝑒ି௜௞௫ ⋅ [𝑒௜ఠ௧] (B.6)

𝑤 = 𝜕Φ
𝜕𝑧 = 𝑖 𝜁௔𝜔𝑒௞௭ 𝑒ି௜௞௫ ⋅ [𝑒௜ఠ௧] (B.7)

𝜕𝑤
𝜕𝑡 = 𝜕ଶΦ

𝜕𝑧𝜕𝑡 = −𝜁௔𝜔ଶ𝑒௞௭ 𝑒ି௜௞௫ ⋅ [𝑒௜ఠ௧] (B.8)

To obtain the equation for the pressure the linearised Bernoulli equation is used:

𝑝 = −𝜌𝜕Φ𝜕𝑡 − 𝜌𝑔𝑧 = 𝜌 𝜁௔𝑔𝑒௞௭𝑒ି௜௞௫𝑒௜ఠ௧ − 𝜌𝑔𝑧 (B.9)

These velocity, acceleration an pressure will operate as the input to calculate the hydrodynamic forces
on the system.

B.2. The estimation of a damping coefficient from experiments
Two test with heaving cylinders were analysed. The first test was executed and recorded by Peter
Naaijen for educational purposes. It was executed with high accuracy and dedicated equipment. The
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second test was a free floating tube. Table B.1 was made based on the hereafter following equations.

Table B.1: Damping of heaving buoy

Test 1 Test 2

Diameter 0.2 0.11
Draft 0.42 0.313575
natural frequency 4.5 5.09
mass 13.19469 2.98
added mass 2 0.61
Critical damping 1287.67 36.5889
damping 0.5 0.368232
damping ratio 0.04% 1.01%
Logaritmic decrament 0.00244 0.063237
surface 0.031416 0.009503

𝑐௖௥ = 2√𝑘𝑚 (B.10)

𝜔௡ = ඨ 𝐾
𝑚 + 𝑎 (B.11)

𝛿 = 1
𝑛 𝑙𝑛

𝑥(𝑡)
𝑥(𝑡 + 𝑛𝑇) (B.12)

𝜁 = 1

ට1 + (ଶగఋ )
ଶ

(B.13)

B.3. Linearisation of the damping term in Morison
The forces acting on the system will be calculated with the Morison equation. The difficulty of this
is the nonlinear damping term that is present in the equation. For that reason the damping will be
linearised. The linearisation will be done making use of an equivalent energy assumption. Meaning
that the energy (dissipation) over one period of the non-linear system is equal to the energy (dissipation)
over one period of the linear system.

𝐸𝑛𝑒𝑟𝑔𝑦
𝑇 = 1

𝑇 න
்

଴
𝐹௠𝑢𝑑𝑡 =>

1
𝑇 න

்

଴
𝑏{௘௤}𝑑𝑧𝑢 𝑢𝑑𝑡 = 1

𝑇 න
்

଴

𝜌
2𝐶஽𝐷𝑑𝑧 |𝑢| 𝑢 ⋅ 𝑢𝑑𝑡 (B.14)

inserting:
𝑢 = −𝜁𝜔 sin (𝜔 𝑡 + 𝜖) (B.15)

results in:

1
𝑇 න

்

଴
𝑏{௘௤} 𝑑𝑧 𝜁ଶ𝜔ଶ sinଶ (𝜔 𝑡 + 𝜖) 𝑑𝑡 = 1

𝑇 න
்

଴

𝜌
2𝐶஽𝐷𝑑𝑧 |𝜁𝜔 sin (𝜔 𝑡 + 𝜖)| 𝜁ଶ𝜔ଶ sinଶ (𝜔 𝑡 + 𝜖) 𝑑𝑡

(B.16)
The following result can be obtained.

1
2 b

{eq} 𝜁ଶ𝜔ଶ = ∫்଴ 1/2 𝜌CD 𝐷 |𝜁 𝜔 sin (𝜔 𝑡 + 𝜖)| 𝜁ଶ𝜔ଶ (sin (𝜔 𝑡 + 𝜖))ଶ d𝑡
𝑇 (B.17)

=> b{eq} =
𝜌CD 𝐷 ∫்଴ |𝜁 𝜔 sin (𝜔 𝑡 + 𝜖)| (sin (𝜔 𝑡 + 𝜖))ଶ d𝑡

𝑇 (B.18)

Now the integral over the absolute value should be solved by splitting the integral over the negative
and positive part within |𝜁 𝜔 sin (𝜔 𝑡 + 𝜖)|.

𝑏{௘௤} =
𝜌C_D𝐷 ∫்/ଶ଴ 𝜁𝜔 (sin (𝜔 𝑡 + 𝜖))ଷ d𝑡

𝑇 −
𝜌C_D𝐷 ∫்்/ଶ𝜁𝜔 (sin (𝜔 𝑡 + 𝜖))ଷ d𝑡

𝑇 (B.19)
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Integrating the right hand side of the equation separately for its positive and negative part within the
absolute and solving it for 𝑏{௘௤} results in the following expression:

𝑏{௘௤} = 4𝜌CD 𝐷 |𝑢 − 𝑥̇|௔
3𝜋 (B.20)

To find the amplitude of the relative movement of the structure: |𝑢 − 𝑥̇|௔ some iteration is necessary.
This equivalent damping results in the following adapted Morison equation:

𝑑𝐹ெ = 𝜌𝑑𝑉 𝑢̇ + 𝜌 𝑐௠ 𝑑𝑉 𝑢̇ − 𝜌 𝑐௠ 𝑑𝑉 𝑥̈ + 𝑏{௘௤}(𝑢 − 𝑥̇) 𝑑𝑙 (B.21)

With dl indicating a segment corresponding with the same orientation as the cnetre line of the construc-
tion.
As seen in formula B.21 the damping depends on the relative velocity of the fluid to the moving struc-
ture. In that way the linearised damping obtained so far for a non moving structure could also be used
for a moving structure. So it is fair to assume that:

1
2𝜌 𝐶஽ 𝐷 𝑑𝑙(𝑢 − 𝑥̇) |𝑢 − 𝑥̇|௔ ≈ 𝑏{௘௤}(𝑢 − 𝑥̇) 𝑑𝑙 (B.22)

It could appear that this linearisation forgets the 2𝑎𝑏 term in the solution of (𝑎 + 𝑏)ଶ. As taking the
absolute value means the same as taking the magnitude of vector 𝑢 − 𝑣 it is actually a scalar vector
product.





C
Verification

C.1. Verification of Morison terms
Verification of Froude-Krylov and hydrodynamic mass torque

Table C.1: Verification of Froude-Krylov and hydrodynamic mass torque

𝜔=1.5; 𝜁=1; 𝑐௔=1; 𝜆=27.5; D=0.1;
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-10,0,0) 10 -551.9 + 249.12i -551.6+249.0i Appendix C.2
part 1.4 equation
2.4.1

(0,0,0) (0,-10,0) 10 0 0

(0,0,0) (WL,0,0) WL 0 + 4326.9i 42.88+4324i Appendix C.2
part 1.4 equation
2.4.3

(ௐ௅
ସ , 0, 0) (ହௐ௅

ସ , 0, 0) WL 4326.9 + 0i -4324-21.44i Appendix C.2
part 1.4 equation
2.4.4

(0,0,0) (-10,-10,0) 10√2 -1103.8 + 498.2i -1103+498.0i Appendix C.2
part 1.4 equation
2.4.5

Table C.2: Verification of Froude-Krylov and hydrodynamic mass torque (2)

𝜔=0.5; 𝜁=5; 𝐶௔=1; 𝜆=247; D=1
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-10,0,0) 10 -542.3 + 4232i -542.0+4230i Appendix C.2
part 1.4 equation
2.4.6

(0,0,0) (-10,-10,0) 10√2 -1084.5 + 8465.1i -1084+8461i Appendix C.2
part 1.4 equation
2.4.7

(0,0,0) (−√ଶ
ଶ 27,

√ଶ
ଶ 27, 0) 27 -14244 + 57394i -14237+57365i Appendix C.2

part 1.4 equation
2.4.8
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Verification of viscous drag force

Table C.3: Verification of viscous drag force

𝜔=1.5; 𝜁=1; 𝐶ௗ=1; 𝜆=27.5; D=0.1; 𝑢RNa=√2, 𝜁, 𝑢௖=0
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-0.1,0,0) 0.1 0.0000 + 0.0000i
0.0000 + 0.0000i
-0.1058 + 9.2274i

9.233i Appendix C.2
part 2.3 equation
3.3.2

(0,0,0) (0,-0.1,0) 0.1 9.2282 + 0.0000i
0.0000 + 0.0000i
0.0000 + 9.2282i

Appendix C.2
part 2.3 equation
3.3.2

(0,0,0) (0,0,-0.1) 0.1 9.1232
0
0

Appendix C.2
part 2.3 equation
3.3.2

(0,0,0) (WL,0,0) WL 0 + 0i
0 + 0i
0 - 0.1781i * e-05

0

(0,0,0) (-10,-10,-10) 10√3 380.49 + 97.53i
-17.58 - 247.80i
-362.91 +
150.27i

380.68 + 97.58i
-17.58 - 247.9i
-362.1 + 150.3i

Appendix C.2
part 2.3 equation
3.3.3

(ௐ௅
ସ , ௐ௅

ସ , 0) (ௐ௅
ସ − 10, ௐ௅

ସ − 10,−10) 10√3 97.53 - 380.49i
-247.80 + 17.58i
150.27 + 362.91i

95.69-381.2i
-247.9+18.82i
152.1+362.3i

Appendix C.2
part 2.3 equation
3.3.4

Table C.4: Verification of viscous drag force (2)

𝜔=0.5; 𝜁=5; 𝐶௔=1; 𝜆=247; D=1; 𝑢RNa=√2𝜁, 𝑢௖=0
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-0.1,0,0) 0.1 0.0000 + 0.0000i
0.0000 + 0.0000i
-0.98 + 76.90i

76.94i Appendix C.2
part 2.3 equation
3.3.5

(0,0,0) (-10,-10,-10) 10√3 82352 - 29283i
-34040 - 43554i
-48312 + 72837i

82393 - 29297i
-34057 - 43576i
-48336 + 72874i

Appendix C.2
part 2.3 equation
3.3.6

(0,0,0) (−√ଶ
ଶ 27,

√ଶ
ଶ 27, 0) 27 99770 + 24760i

99770 + 24760i
-49520 + 199540i

99821+24774i
99821+24774i
-49548+199641i

Appendix C.2
part 2.3 equation
3.3.7
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Verification of viscous drag torque

Table C.5: Verification of viscous drag torque

𝜔=1.5; 𝜁=1; 𝐶ௗ=1; 𝜆=27.5; D=0.1; 𝑢RNa=√2𝜁, 𝑢௖=0
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-10,0,0) 10 634.60 + 1405.9i 634.9+1406i Appendix C.2
part 2.5 equation
3.5.1

(0,0,0) (0,-10,0) 10 0 0

(0,0,0) (WL,0,0) WL 11022 + 2.4 e-05i 11027-109.3i Appendix C.2
part 2.5 equation
3.5.2

(ௐ௅
ସ , 0, 0) (ହௐ௅

ସ , 0, 0) WL 3.02e-05 - 11022i -164.0 - 11026i Appendix C.2
part 2.5 equation
3.5.3

(0,0,0) (-10,-10,0) 10√2 1269.2 + 2811.8i 1270 + 2813i Appendix C.2
part 2.5 equation
3.5.4

Table C.6: Verification of viscous drag torque (2)

𝜔=0.5; 𝜁=5; 𝐶௔=1; 𝜆=247; D=1; 𝑢RNa=𝑠𝑞𝑟𝑡(2)𝜁, 𝑢௖=0
Pos 1 Pos 2 Length MATLAB Verification Reference

(0,0,0) (-10,0,0) 10 16173 + 2072i 16181 + 2073i Appendix C.2
part 2.5 equation
3.5.5

(0,0,0) (-10,-10,0) 10√2 32346 + 4144i 32362 + 4146i Appendix C.2
part 2.5 equation
3.5.6

(0,0,0) (−√ଶ
ଶ 27,

√ଶ
ଶ 27, 0) 27 219310 + 54429 219418 + 54457i Appendix C.2

part C.2 part 2.5
equation 3.5.7

C.2. Verification of the Morison terms (maple code)
see next page
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Maple script for verification
This appendix is is generated in Maple 2018 by Andreas Feys for his master Thesis. It explains the application of the Morison equation for the 
calculation of the force on a cylinder with random orientation. These calculations contain an exact solution on the integration of the forces in vertical 
direction. The maple language will be transfered to MATLAB language.

u and w indicate velocities, when a "_d" is indicated this means the derivitive with respect to time. Other subscripts indicated in the formulas comming 
from clauss et al are represeted with "_" and the same letters as indicated in the coppy pasted formulas. The beams have a local axis frame (o,p,z) with 
o-axis in the direction of the beam and the z-axis the vertical direction. From time to timp multiplications of two parts are indicated by attaching the two 
parts with an underscore
For the calculation of the force on a random oriented beam the following formula is used as difined in Clauss et al

It consists of three parts. Each part will be calculated individualy

0. Maple toolbox, Airy wave theory and tanguent vector
The velocity of the water (u, 0, w) and the unit vector for the orientation of the beam: e_t

restart;
with LinearAlgebra

&x, Add, Adjoint, BackwardSubstitute, BandMatrix, Basis, BezoutMatrix, BidiagonalForm, BilinearForm, CARE, CharacteristicMatrix,
CharacteristicPolynomial, Column, ColumnDimension, ColumnOperation, ColumnSpace, CompanionMatrix, CompressedSparseForm,
ConditionNumber, ConstantMatrix, ConstantVector, Copy, CreatePermutation, CrossProduct, DARE, DeleteColumn, DeleteRow,
Determinant, Diagonal, DiagonalMatrix, Dimension, Dimensions, DotProduct, EigenConditionNumbers, Eigenvalues, Eigenvectors,
Equal, ForwardSubstitute, FrobeniusForm, FromCompressedSparseForm, FromSplitForm, GaussianElimination, GenerateEquations,
GenerateMatrix, Generic, GetResultDataType, GetResultShape, GivensRotationMatrix, GramSchmidt, HankelMatrix, HermiteForm,
HermitianTranspose, HessenbergForm, HilbertMatrix, HouseholderMatrix, IdentityMatrix, IntersectionBasis, IsDefinite, IsOrthogonal,
IsSimilar, IsUnitary, JordanBlockMatrix, JordanForm, KroneckerProduct, LA_Main, LUDecomposition, LeastSquares, LinearSolve,
LyapunovSolve, Map, Map2, MatrixAdd, MatrixExponential, MatrixFunction, MatrixInverse, MatrixMatrixMultiply, MatrixNorm,
MatrixPower, MatrixScalarMultiply, MatrixVectorMultiply, MinimalPolynomial, Minor, Modular, Multiply, NoUserValue, Norm,
Normalize, NullSpace, OuterProductMatrix, Permanent, Pivot, PopovForm, ProjectionMatrix, QRDecomposition, RandomMatrix,
RandomVector, Rank, RationalCanonicalForm, ReducedRowEchelonForm, Row, RowDimension, RowOperation, RowSpace,
ScalarMatrix, ScalarMultiply, ScalarVector, SchurForm, SingularValues, SmithForm, SplitForm, StronglyConnectedBlocks, SubMatrix,
SubVector, SumBasis, SylvesterMatrix, SylvesterSolve, ToeplitzMatrix, Trace, Transpose, TridiagonalForm, UnitVector,
VandermondeMatrix, VectorAdd, VectorAngle, VectorMatrixMultiply, VectorNorm, VectorScalarMultiply, ZeroMatrix, ZeroVector, Zip

ud z$omega$exp k$z $exp KI$k$x $exp I$omega$t ;

ud z w ek z eKI k x eI w t

wd I$z$omega$exp k$z $exp KI$k$x $exp I$omega$t ;

wd I z w ek z eKI k x eI w t

vd Vector u, 0, w ;

vd

z w ek z eKI k x eI w t

0

I z w ek z eKI k x eI w t

v_dd diff v, t ;

v_dd

I z w
2
 ek z eKI k x eI w t

0

Kz w
2
 ek z eKI k x eI w t

e_td Vector e_tx, e_ty, e_tz ;

e_td

e_tx

e_ty

e_tz

Omegad Vector 0, Omega_p$exp I$omega$t , 0 ; r_sd Vector  r_so, 0, 0 ; Omega_x_rsd simplify CrossProduct Omega, r_s ;

Wd

0

Omega_p eI w t
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> > 

(2.4.1)(2.4.1)

> > 

(2.4.6)(2.4.6)

> > 

(1.9)(1.9)

(2.4.4)(2.4.4)

(2.4.3)(2.4.3)

> > 

(2.4.2)(2.4.2)

> > 

(2.4.5)(2.4.5)

> > 

(1.8)(1.8)

(1.7)(1.7)

> > 

(1.10)(1.10)

> > 

> > 

r_sd

r_so

0

0

Omega_x_rsd

0

0

KOmega_p eI w t r_so

u_cd Vector 0, 0, c_z$exp I$omega $t COmega_x_rs;

u_cd

0

0

c_z eI w tKOmega_p eI w t r_so

Omega_dd Vector 0, Omega_d_p$exp I$omega$t , 0 ; Omega_d_x_rsd simplify CrossProduct Omega_d, r_s ;

Omega_dd

0

Omega_d_p eI w t

0

Omega_d_x_rsd

0

0

KOmega_d_p eI w t r_so

u_dcd Vector 0, 0, c_dz$exp I$omega $t COmega_d_x_rs;

u_dcd

0

0

c_dz eI w tKOmega_d_p eI w t r_so

1. Froude-Krylov & hydrodynamic mass part due to wave

 1.1 Froude-Krylov & hydrodynamic mass force due to waves

1.2 Verification matlab based on Froude-Krylov & hydrodynamic mass force due to waves

1.3 Froude-Krylov & hydrodynamic mass torque due to waves for horizontal orientation

1.4 Verification matlab based on Froude-Krylov & hydrodynamic mass torque due to waves

simplify subs c_a = 1, D = 0.1, rho = 1025, L = 10, z= 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =K1, e_ty = 0, e_tz = 0 ,

M_sperpendicular_FKHM_horizontal ;

K551.6173152C248.9932689 I

WLd 9.84
2$3.1419

1.52
;

WLd 27.48115200

simplify subs c_a = 1, D = 0.1, rho = 1025, L =WL , z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx= 1, e_ty= 0, e_tz = 0 ,

M_sperpendicular_FKHM_horizontal ;

42.87948309C4324.303204 I

 simplify subs c_a = 1, D = 0.1, rho = 1025, L =WL , z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 =

WL
4

, z_1 = 0, e_tx=K1, e_ty= 0, e_tz

= 0 , M_sperpendicular_FKHM_horizontal ;

K4324.462647K21.44000384 I

simplify subs c_a = 1, D = 0.1, rho = 1025, L = sqrt 2 $10, z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=

K1
sqrt 2

, e_ty

=
K1

sqrt 2
, e_tz = 0 , M_sperpendicular_FKHM_horizontal ;

K1103.234631C497.9865380 I

simplify subs c_a = 1, D = 1, rho = 1025, L = 10, z= 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =K1, e_ty = 0, e_tz = 0 ,

M_sperpendicular_FKHM_horizontal ;

K541.9794183C4230.413299 I
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(3.2.3)(3.2.3)

(3.1.3)(3.1.3)

> > 

(3.1.1)(3.1.1)

> > 

(3.1.4)(3.1.4)

(2.4.8)(2.4.8)

> > 

> > 

> > 

(2.4.7)(2.4.7)

> > 

(3.1.2)(3.1.2)

> > 

(3.2.2)(3.2.2)

> > 

> > 

> > 

(3.2.1)(3.2.1)

> > 

> > 

simplify subs c_a = 1, D = 1, rho = 1025, L = sqrt 2 $10, z = 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=

K1
sqrt 2

, e_ty

=
K1

sqrt 2
, e_tz = 0 , M_sperpendicular_FKHM_horizontal ;

K1083.959766C8460.826596 I

simplify subs c_a = 1, D = 1, rho = 1025, L = 27, z= 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =

K1
sqrt 2

, e_ty =
C1

sqrt 2
,

e_tz = 0 , M_sperpendicular_FKHM_horizontal ;

K14237.20982C57365.06724 I

2. Viscous drag part due to wave

2.1 Ampletude

As the assumption is made that the construction will only move in vertical direction only this angular velocity (arround the local p-axis) is taken 
into account. for the distance vector only the distance till the middel is taken into account in the direction of the local p-axis. This results in a 
movement only in the z direction. this matches with what was expected.

u_c;

0

0

c_z eI w tKOmega_p eI w t r_so

So the relative velocity is calculated: , with v the perviously defined velocity in the fluid

u_Rd vKu_c;

u_Rd

z w ek z eKI k x eI w t

0

I z w ek z eKI k x eI w tKc_z eI w tCOmega_p eI w t r_so

Then the velocity is decomposed in perpendicular direction to the cylinder centre line 

u_RNd simplify CrossProduct e_t, CrossProduct u_R, e_t ;

u_RNd

K I e_tx e_tzKe_ty2Ke_tz2  z w e zK I x  kC I w tKeI w t e_tx e_tz Omega_p r_soKc_z

K e_txCI e_tz  z w eKk I xKz Ce_tz Omega_p r_soKc_z  eI w t e_ty

z w I e_tx2CI e_ty2Ke_tx e_tz  e zK I x  kC I w tCeI w t e_tx2Ce_ty2  Omega_p r_soKc_z

To find the linearised drag force the ampletude of the relative perpendicular velocity need to be calculated. 

u_RN_ad simplify abs
u_RN 1, 1

exp  I omega t

2

C
u_RN 2, 1

exp  I omega t

2

C
u_RN 3, 1

exp  I omega t

2

u_RN_ad

2  Kz Omega_p r_soKc_z  w I e_tx2CI e_ty2Ke_tx e_tz  eKk I xKz Cz
2
 w

2
 I e_tx e_tzC

e_tx2

2
K

e_tz2

2
 eK2 k I xKz

K
e_tx2Ce_ty2  Omega_p r_soKc_z 2

2
 e_tx2Ce_ty2Ce_tz2

1/2

2.2 Viscous drag Force
v;

z w ek z eKI k x eI w t

0

I z w ek z eKI k x eI w t

v_RNd simplify CrossProduct e_t, CrossProduct v, e_t ;

v_RNd

K I e_tx e_tzKe_ty2Ke_tz2  z w e zK I x  kC I w t

Ke zK I x  kC I w t z e_ty w e_txCI e_tz

z w I e_tx2CI e_ty2Ke_tx e_tz  e zK I x  kC I w t

v_RNd simplify subs z = z_1Cs$e_tz, subs x = x_1Cs$e_tx, v_RN ;
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(3.2.3)(3.2.3)

(3.2.4)(3.2.4)

(3.3.6)(3.3.6)

> > 

> > 

(3.3.5)(3.3.5)

(3.3.4)(3.3.4)

(3.3.3)(3.3.3)

(3.3.2)(3.3.2)

> > 

> > 

> > 

(3.3.1)(3.3.1)

(3.2.5)(3.2.5)

> > 

> > 

> > 

> > 

v_RNd

K I e_tx e_tzKe_ty2Ke_tz2  z w e KI e_txCe_tz  sK I x_1Cz_1  kC I w t

Ke KI e_txCe_tz  sK I x_1Cz_1  kC I w t z e_ty w e_txCI e_tz

z w I e_tx2CI e_ty2Ke_tx e_tz  e KI e_txCe_tz  sK I x_1C z_1  kC I w t

v_RN_dsd simplify Vector
0

L
v_RN 1, 1  

exp I omega t
 ds, 

0

L
v_RN 2, 1

exp I omega t
  ds, 

0

L
v_RN 3, 1

exp I omega t
  ds ;

v_RN_dsd

w z I e_tx e_tzKe_ty2Ke_tz2  eKk I e_txKe_tz  LC I x_1K z_1 KeKk I x_1Kz_1

I e_txKe_tz  k

e_txCI e_tz  z e_ty w eKk I e_txKe_tz  LC I x_1Kz_1 KeKk I x_1K z_1

I e_txKe_tz  k

I e_tx2CI e_ty2Ke_tx e_tz  z w eKk I x_1Kz_1 KeKk I e_txKe_tz  LC I x_1Kz_1

I e_txKe_tz  k

F_n_VD d simplify
8

3$pi
 c_dl$ 

rho
2

  D u_RN_A$~v_RN_ds  ;

F_n_VDd

K
4 c_dl r D u_RN_A w z I e_tx e_tzKe_ty2Ke_tz2  eKk I x_1K z_1 KeKk I e_txKe_tz  LC I x_1K z_1

3 p I e_txKe_tz  k

K
4 c_dl r D u_RN_A e_txCI e_tz  z e_ty w eKk I x_1Kz_1 KeKk I e_txKe_tz  LC I x_1Kz_1

3 p I e_txKe_tz  k

4 c_dl r D u_RN_A I e_tx2CI e_ty2Ke_tx e_tz  z w eKk I x_1Kz_1 KeKk I e_txKe_tz  LC I x_1Kz_1

3 p I e_txKe_tz  k

2.3 Viscous drag Force Verification
8

3$pi
 c_dl$ 

rho
2

  D u_RN_A$I z w ek z eKI k x$L

4 I
3

 c_dl r D u_RN_A z w ek z eKI k x L

p

simplify subs c_dl = 1, D = 0.1, rho = 1025, L = 0.1, z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x = 0, z = 0, u_RN_A = sqrt 2 , (3.3.1) ;

9.232922933 I

simplify subs c_dl = 1, D = 0.1, rho = 1025, L = sqrt 3 $10, z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=

K1
sqrt 3

, e_ty

=
K1

sqrt 3
, e_tz =

K1
sqrt 3

, u_RN_A = sqrt 2 , (3.2.5) ;

380.6864532C97.58191766 I

K17.58814006K247.9282556 I

K363.0983134C150.3463379 I

WL; simplify subs c_dl = 1, D = 0.1, rho = 1025, L = sqrt 3 $10, z= 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 =

WL
4

, z_1 = 0, e_tx

=
K1

sqrt 3
, e_ty=

K1
sqrt 3

, e_tz =
K1

sqrt 3
, u_RN_A = sqrt 2 , (3.2.5) ;

27.48115200

95.69335798K381.1655648 I

K247.8380105C18.81709821 I

152.1446524C362.3484665 I

simplify subs c_dl = 1, D = 0.1, rho = 1025, L = 0.1, z = 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x = 0, z = 0, u_RN_A = 5 sqrt 2 , (3.3.1) ;

76.94102444 I

simplify subs c_dl = 1, D = 1, rho = 1025, L = sqrt 3 $10, z = 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=

K1
sqrt 3

, e_ty

=
K1

sqrt 3
, e_tz =

K1
sqrt 3

, u_RN_A = 5$ sqrt 2 , (3.2.5) ;

82393.49851K29297.61420 I

K34057.26823K43576.57631 I

K48336.23029C72874.19041 I

simplify subs c_dl = 1, D = 1, rho = 1025, L = 27, z= 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =

K1
sqrt 2

, e_ty =
C1

sqrt 2
,

e_tz = 0 , u_RN_A = 5$ sqrt 2 , (3.2.5) ;

169



(3.5.5)(3.5.5)

> > 

> > 

> > 

(4.1.1)(4.1.1)

(3.5.3)(3.5.3)

> > 

> > 

(3.4.1)(3.4.1)

> > 

> > 

(3.3.7)(3.3.7)

> > 

> > 

(3.5.6)(3.5.6)

(3.5.1)(3.5.1)

(3.5.7)(3.5.7)

(3.5.4)(3.5.4)

> > 

> > 

(3.5.2)(3.5.2)

> > 

99820.53973C24774.06471 I

99820.53973C24774.06471 I

K49548.1294C199641.0795 I

2.4 Viscous drag Torque

simplify
8

3$pi
 u_rn_A$ c_d$

rho
2

 D$
0

L

K K
L
2
Cs $

v_RN 3, 1
exp I omega t

 ds ;

1

3 p k2 K3 e_tx2 e_tzCI e_tx3K3 I e_tx e_tz2Ce_tz3
2 c_d w z u_rn_A r D I L e_tx4 kC K3 k L e_tzC2  e_tx3C I e_ty2 L k

K3 I e_tz2 L kC4 I e_tz  e_tx2C K2 L e_ty2 e_tz kCL e_tz3 kC2 e_ty2K2 e_tz2  e_txKI k L e_tzK2  e_tz e_ty2

 eKk I e_txKe_tz  LC I x_1Kz_1 C I L e_tx4 kC K3 k L e_tzK2  e_tx3C I e_ty2 L kK3 I e_tz2 L kK4 I e_tz  e_tx2C

K2 L e_ty2 e_tz kCL e_tz3 kK2 e_ty2C2 e_tz2  e_txKI e_tz k L e_tzC2  e_ty2  eKk I x_1K z_1

2.5 Viscous drag Torque verification

simplify subs c_d = 1, D = 0.1, rho = 1025, L = 10, z= 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =K1, e_ty = 0, e_tz = 0 ,

u_rn_A = sqrt 2 , (3.4.1) ;

634.9225936C1406.601463 I

WL; simplify subs c_d = 1, D = 0.1, rho = 1025, L =WL, z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx= 1, e_ty = 0, e_tz = 0 ,

u_rn_A = sqrt 2 , (3.4.1) ;

27.48115200
11026.79530K109.3409184 I

simplify subs c_d = 1, D = 0.1, rho = 1025, L =WL, z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 =

WL
4

, z_1 = 0, e_tx= 1, e_ty= 0, e_tz = 0 ,

u_rn_A = sqrt 2 , (3.4.1) ;

K164.0080149K11026.11769 I

simplify subs c_d = 1, D = 0.1, rho = 1025, L = 10$sqrt 2 , z = 1, w = 1.5, k =
1.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=K

1
sqrt 2

, e_ty=

K
1

sqrt 2
, e_tz = 0 , u_rn_A = sqrt 2 , (3.4.1) ;

1269.845187C2813.202926 I

simplify subs c_d = 1, D = 1, rho = 1025, L = 10, z= 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =K1, e_ty = 0, e_tz = 0 ,

u_rn_A = 5$ sqrt 2 , (3.4.1) ;

16181.06998C2073.036057 I

simplify subs c_d = 1, D = 1, rho = 1025, L = 10$sqrt 2 , z = 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx=K

1
sqrt 2

, e_ty=

K
1

sqrt 2
, e_tz = 0 , u_rn_A = 5 sqrt 2 , (3.4.1) ;

32362.13994C4146.079223 I

evalf simplify subs c_d = 1, D = 1, rho = 1025, L = 27, z= 5, w = 0.5, k =
0.52

9.81
, pi = 3.14, x_1 = 0, z_1 = 0, e_tx =K

1
sqrt 2

, e_ty

=
1

sqrt 2
, e_tz = 0 , u_rn_A = 5 sqrt 2 , (3.4.1) ;

219417.85C54456.448 I

3. Added mass

3.1 Added mass translation

Now the relevant acceleration perpendicular to the centre line of the cylinder needs to be decomposed: 

u_dc;

0

0

c_dz eI w tKOmega_d_p eI w t r_so
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> > 

> > 

(4.1.7)(4.1.7)

(4.1.3)(4.1.3)

(4.1.6)(4.1.6)

> > 

(4.1.2)(4.1.2)

> > 

(4.2.1)(4.2.1)

(4.1.4)(4.1.4)

> > 

> > 

(4.1.5)(4.1.5)

> > 

u_dcNd simplify CrossProduct e_t, CrossProduct u_dc, e_t ;

u_dcNd

Ke_tz eI w t Kr_so Omega_d_pCc_dz  e_tx

Ke_tz eI w t Kr_so Omega_d_pCc_dz  e_ty

eI w t e_tx2Ce_ty2  Kr_so Omega_d_pCc_dz

To find the total force the cylinder needs to be integrated over its length. only the varying parts over the length will be integrated. This is only 
u_dRN. To do that an axis system (s) will be defined following the centre line of the cylinder. This is simularly as before. What is different is 

that the distance form position "s" to the centre point need to be calculated: r_so = sK
L
2

_so =K
L
2
Cs

u_dcNd simplify subs r_so = sK
L
2

, subs z = z_1Cs$e_tz, subs x = x_1Cs$e_tx, u_dcN ;

u_dcNd

K
e_tx eI w t LK2 s  Omega_d_pC2 c_dz  e_tz

2

K
e_ty eI w t LK2 s  Omega_d_pC2 c_dz  e_tz

2

eI w t LK2 s  Omega_d_pC2 c_dz  e_tx2Ce_ty2

2

u_dcNdsd simplify Vector
0

L

u_dcN 1, 1  ds, 
0

L

u_dRN 2, 1  ds, 
0

L

u_dcN 3, 1  ds ;

u_dcNdsd

KL eI w t c_dz e_tx e_tz

u_dRN 2, 1  L

L eI w t c_dz e_tx2Ce_ty2

This results in the total force vector.

F_n_HMd simplify c_a$rho$
pi$D2

4
$~u_dcNds ;

F_n_HMd

K
c_a r p D2 L eI w t c_dz e_tx e_tz

4

c_a r p D2 u_dRN 2, 1  L
4

c_a r p D2 L eI w t c_dz e_tx2Ce_ty2

4

for this calculation only the time independent z-component is relevant

simplify
subs e_tx2Ce_ty2 = 1, F_n_HM 3, 1

exp I omega t
; simplify

subs e_tx2Ce_ty2 = 1, F_n_HM 3, 1
exp I omega t $c_dz

;

c_a r p D2 L c_dz
4

c_a r p D2 L
4

3.2 Added innertia 

aaad CrossProduct e_t$ K
L
2
Cs , u_dcN

aaad
K
L
2
Cs  e_ty eI w t LK2 s  Omega_d_pC2 c_dz  e_tx2Ce_ty2

2

C
K
L
2
Cs  e_tz2 e_ty eI w t LK2 s  Omega_d_pC2 c_dz

2
, 

K
K
L
2
Cs  e_tx eI w t LK2 s  Omega_d_pC2 c_dz  e_tx2Ce_ty2

2

K
K
L
2
Cs  e_tz2 e_tx eI w t LK2 s  Omega_d_pC2 c_dz

2
, 

0

bbbd Vector simplify c_a$rho 
pi$D2

4
0

L
aaa 1, 1

exp I$omega$t
ds , simplify c_a$rho 

pi$D2

4
0

L
aaa 2, 1

exp I$omega$t
ds , simplify c_a
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(5.1.4)(5.1.4)

(4.2.5)(4.2.5)

> > 

> > 

> > 

> > 

> > 

(4.2.2)(4.2.2)

> > 

> > 

(4.2.4)(4.2.4)

> > 

(4.2.3)(4.2.3)

(5.1.2)(5.1.2)

> > 

(5.1.3)(5.1.3)

(5.1.1)(5.1.1)

$rho 
pi$D2

4
0

L
aaa 3, 1

exp I$omega$t
ds

bbbd

K
c_a r p D2 e_ty Omega_d_p e_tx2Ce_ty2Ce_tz2  L3

48

c_a r p D2 e_tx Omega_d_p e_tx2Ce_ty2Ce_tz2  L3

48

0

Vector 0, simplify c_a$rho 
pi$D2

4
0

L

K K
L
2
Cs $

u_dcN 2, 1
exp I$omega$t

ds , simplify c_a$rho 
pi$D2

4
0

L

K K
L
2
Cs $

u_dcN 3, 1
exp I$omega$t

ds

0

K
c_a r p D2 e_ty Omega_d_p e_tz L3

48

c_a r p D2 Omega_d_p e_tx2Ce_ty2  L3

48

simplify c_a$rho 
pi$D2

4
0

L

K K
L
2
Cs

subs e_tx2Ce_ty2 = 1, u_dcN 3, 1
exp I$omega$t

ds

c_a r p D2 Omega_d_p L3

48

(4.2.4)
Omega_d_p

c_a r p D2 L3

48

4. Damping

4.1 Translation

u_c;

0

0

c_z eI w tKOmega_p eI w t r_so

The velocity is decomposed in perpendicular direction to the cylinder centre line 

u_cNd simplify CrossProduct e_t, CrossProduct u_c, e_t ;

u_cNd

Ke_tz eI w t KOmega_p r_soCc_z  e_tx

Ke_tz eI w t KOmega_p r_soCc_z  e_ty

eI w t e_tx2Ce_ty2  KOmega_p r_soCc_z

u_cNd simplify subs r_so = sK
L
2

, subs z = z_1Cs$e_tz, subs x = x_1Cs$e_tx, u_cN ;

u_cNd

K
e_tx eI w t LK2 s  Omega_pC2 c_z  e_tz

2

K
e_ty eI w t LK2 s  Omega_pC2 c_z  e_tz

2

eI w t LK2 s  Omega_pC2 c_z  e_tx2Ce_ty2

2

 

u_cN_dsd simplify Vector
0

L
u_cN 1, 1  

exp I omega t
 ds, 

0

L
u_cN 2, 1

exp I omega t
  ds, 

0

L
u_cN 3, 1

exp I omega t
  ds ;

u_cN_dsd

KL c_z e_tx e_tz

KL c_z e_ty e_tz

L c_z e_tx2Ce_ty2
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(5.2.1)(5.2.1)

(5.1.5)(5.1.5)

> > 

(5.1.6)(5.1.6)

> > 

> > 

> > 

> > 

> > 

(5.2.2)(5.2.2)

F_VD_cd
8

3$pi
 u_rn_A$ c_d$

rho
2

 D$~u_cN_ds 3, 1

F_VD_cd
4 u_rn_A c_d r D L c_z e_tx2Ce_ty2

3 p

subs e_tx2Ce_ty2 = 1, F_VD_c
c_z

4 u_rn_A c_d r D L

3 p

4.2 Rotation

F_VD_c_omegad simplify
8

3$pi
 u_rn_A$ c_d$

rho
2

 D$
0

L

K K
L
2
Cs $

u_cN 3, 1
exp I omega t

 ds

F_VD_c_omegad
u_rn_A c_d r D Omega_p e_tx2Ce_ty2  L3

9 p

subs e_tx2Ce_ty2 = 1, F_VD_c_omega
Omega_p

u_rn_A c_d r D L3

9 p
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174 C. Verification

C.3. Verification based on a five buoys system

When this system is analysed the following eigenmodes and eigenvalues shown in equation C.1 and
figure C.1 can be found. The first eigenmode refers to a coupled heave motion. It can be seen that
the middle buoy has the most extreme displacement. The second and third eigenmode resemble a
pitch motion. With the second eigenfrequency buoys 1, 2 and 3 move in opposite direction as buoy 4
and 5. With third eigenfrequency buoy 1 and 4 move in opposite direction as buoy 3 and 5. The fourth
eigenfrequency resembles a flying movement where buoy 1 and 3 move in opposite direction as the
other three buoys.

𝜔ଵ = 0.7316 rad/s
⎡
⎢
⎢
⎣

−0.2110
−0.7793
−0.2110
−0.3897
−0.3897

⎤
⎥
⎥
⎦
, 𝜔ଶ = 0.8145 rad/s

⎡
⎢
⎢
⎣

0.0000
0.5774
−0.0000
−0.5774
−0.5774

⎤
⎥
⎥
⎦
𝜔ଷ = 0.8252 rad/s

⎡
⎢
⎢
⎣

0.3717
−0.0000
−0.3717
0.6015
−0.6015

⎤
⎥
⎥
⎦
,

𝜔ସ = 0.8950 rad/s
⎡
⎢
⎢
⎣

0.6749
−0.2436
0.6749
−0.1218
−0.1218

⎤
⎥
⎥
⎦
𝜔ହ = 0.8978 rad/s

⎡
⎢
⎢
⎣

0.6015
0.0000
−0.6015
−0.3717
0.3717

⎤
⎥
⎥
⎦
, (C.1)

0-1

-0.5

0

x (m)

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0.5

50

1

-20

y(m)
0

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0-1

-0.5

0

x (m)

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0.5

50

1

-20

y(m)
0

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0-1

-0.5

0

x (m)

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0.5

50

1

-20

y(m)
0

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0-1

-0.5

0

x (m)

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0.5

50

1

-20

y(m)
0

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0-1

-0.5

0

x (m)

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

0.5

50

1

-20

y(m)
0

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

N
o
rm

a
lis

e
d
 e

ig
e
n
v
e
c
to

r

Figure C.1: Eigenmodes of a five buoys system

In figure C.2 the response of a five buoys system can be found. The vertical red dotted lines indicate
the eigenfrequencies as shown in equation C.1. In the eigenmodes corresponding with the two lower
eigenfrequencies an high motion of buoy 2 was indicated. This is also seen in the lower lower angular
frequencies of the response plot. In the eigenmodes corresponding with the two higher eigenfrequen-
cies an high motion of buoy 5 was indicated. This is again seen in figure C.2.
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Figure C.3: Comparison of Froude-Krylov and hydrodynamic mass force between the three buoy (3BS) and five buoys system.

0 0.5 1 1.5 2 2.5 3

Response (m/m)

0

1

2

3

A
n

g
u

la
r 

fr
e

q
u

e
n

c
y
 (

ra
d

/s
)

Buoy1

Buoy2

Buoy3

Buoy4

Buoy5

0 0.5 1 1.5 2 2.5 3

Phase angle (rad)

-10

0

10

20

A
n

g
u

la
r 

fr
e

q
u

e
n

c
y
 (

ra
d

/s
)

Buoy1

Buoy2

Buoy3

Buoy4

Buoy5

Figure C.2: Response of a five buoys system

Figure C.3 and Figure C.4 the Froude-Krylov and hydrodynamic mass force are shown. This indicates
that the forces and moments have the same magnitude for the beams with the same orientation. The
phase angle is different. Figure C.5 and Figure C.6 indicated the viscous drag force and moment on
the different beams. These forces and moments do mainly depend on the magnitude of the relative
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Figure C.4: Comparison of Froude-Krylov and hydrodynamic mass moment between the three buoy (3BS) and five buoys
system.
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Figure C.5: Comparison of viscous drag force between the three buoy (3BS) and five buoys system.

velocity. This can be found in Figure C.7. The relative velocities, the force and the torque are in the
same order of magnitude. Lastly, in Figure C.7 the Froude-Krylov forces on the bottom of the buoys.
These are each time the same. Only the phase angle differs due to their position in 𝑥-direction.
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Figure C.6: Comparison of viscous drag moment between the three buoy and five buoys system.
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buoys system.



D
Appendix: MATLAB code

This appendix contains the essential code that was necessary to obtain the results shown in this thesis.
To speed up the process of simulations this code was further implemented in a bigger code so that
multiple topologies and variations can be executed. Furthermore, code was written to easily assess
the obtained data. The larger code can be obtained by contacting the author Andreas Feys or the
supervisor of this thesis Dr.-Ing. S. Schreier.

Listing D.1: run.m code
1
2 c l ea r ;
3 % close a l l
4 t =1;
5 t i c
6 I npu t
7 [ BuoyCon , Pos1 , Pos2 , Resp_BuoyCon ]= Connections (C,X,Y, DeptBeamVec , Respin i ) ; % Find ing coord ina tes and

responce of s t a r t and end of beam
8 t ime ( t ) = toc ;
9 t = t +1;
10 t i c
11 Bui ldupMassMatr ix
12 t ime ( t ) = toc ;
13 t = t +1;
14 t i c
15 Bu i l dupS t i f f nessMa t r i x
16 t ime ( t ) = toc ;
17 t = t +1;
18 t i c
19 Bui ldupForceVectorFixed
20 t ime ( t ) = toc ;
21 t = t +1;
22 % Qcc=zeros ( NumIt , DimSystem , leng th (omega) ) ;
23 aa=0;
24 bb=2;
25 whi le bb>0.01 && aa<20
26 % t i c
27 aa=aa+1;
28 i f aa < 2
29 [ BuoyCon , Pos1 , Pos2 , Resp_BuoyCon ]= Connections (C,X,Y, DeptBeamVec , Respin i ) ;
30 e l s e i f aa <= 2
31 aaa1=A. * Respin i +(1ିA) . * permute (Qcc ( 1 , : , : ) , [ 2 3 1 ] ) ;
32 [ BuoyCon , Pos1 , Pos2 , Resp_BuoyCon ]= Connections (C,X,Y, DeptBeamVec , aaa1 ) ;
33 else
34 aaa2=permute ( A. *Qcc ( aaି2 , : , : ) +(1ିA) . *Qcc ( aaି1 , : , : ) , [ 2 3 1 ] ) ;
35 [ BuoyCon , Pos1 , Pos2 , Resp_BuoyCon ]= Connections (C,X,Y, DeptBeamVec , aaa2 ) ; % Find ing coord ina tes

and responce of s t a r t and end of beam
36 end
37 % time ( t ) = toc ;
38 % t= t +1;
39 t i c
40 BuildupDampingsMatr ix
41 t ime ( t ) = toc ;
42 t = t +1;
43 t i c
44 BuildupForceVectorDamping
45 t ime ( t ) = toc ;
46 t = t +1;
47 t i c
48 Ca lcu la t i ons
49 t ime ( t ) = toc ;
50 t = t +1;
51 t i c
52 t ime ( t ) = toc ;
53 t = t +1;
54 t i c
55 Qcc ( aa , : , : ) =permute (Resp , [ 3 , 1 , 2 ] ) ;
56 t ime ( t ) = toc ;
57 t = t +1;
58 i f aa > 1
59 bb=sum( abs (sum( permute ( abs (Qcc ( aaି1 , : , : )ିQcc ( aa , : , : ) ) , [ 2 3 1 ] ) ,2 ) ) . / abs (sum( permute ( abs (Qcc ( aaି1 , : , : ) )

, [ 2 3 1 ] ) ,2 ) ) ) ;
60 end

179
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61 end
62 aa
63 bb
64 sum( t ime )
65 load ch i r p
66 sound ( y , Fs )

Listing D.2: input.m code
1 %% Wr i t ten by Andreas Feys f o r Graduation
2 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
3 % in regu la r waves i n a frequency domain .
4
5 %% This s c r i p t de f ines the inpu t va r i ab l es o f the whole program
6 % Here the inpu ts w i l l be expla ined
7 % Omegax : the frequency range f o r the ca l cu l a t i ons ,
8 % C: topo logy matr ix ,
9 % Tr iang leMa t r i x de f ines the t r i a n g l e s
10 % X: x pos i t i ons o f the d i f f e r e n t buoys
11 % Y: y coord inates ,
12 % D: buoy diameter mat r i x
13 % Dra f t : buoy d r a f t matr ix ,
14 % l : beam length ,
15 % L : beam leng th mat r i x
16
17 %% General i npu ts
18 g loba l rho g omega Ampletude k c_d c_a
19 rho =1025;
20 g=9.81;
21 Ampletude=1; % Ampli tude of incoming wave
22 omega= [ 0 : 0 . 0 1 : 3 ] ; %Va r i a t i on o f omega to asses over .
23 k=omega . ^ 2 . / g ; %k va r i a t i o n d i r e c t connect ion wi th omega
24 c_d =1.2 ;
25 c_a=1;
26 A=0.15;
27
28 % NumIt=10;
29 %% St ruc tu re inpu ts
30
31 BeamLength=27;
32 BeamDept=ି2;
33 BeamDiameter=1;
34 BuoyDiameter =3;
35 BuoyDraft =ି7.5;
36
37 %% 2 buoy system f o r v e r i f i c a t i o n
38 C=[ 1 1 1 0 0 ; . . .
39 ି1 1 1 1 1 ; . . .
40 ି1 ି1 1 1 0 ; . . .
41 0 ି1 ି1 1 1 ; . . .
42 0 ି1 0 ି1 1 ] ;
43 DimSystem= leng th (C) ; %Dimension cons t r uc t i on : #buoys
44
45 X in i =[0 0 0 sq r t ( 3 ) /2*27 sq r t ( 3 ) / 2 *27 ] ’ ; % coord ina tes i n r e l a t i v e g r i d w i th d is tance between buoys 1
46 Y in i =[0 27 27*2 27*0.5 27 *1 . 5 ] ’ ;
47 Z i n i =BuoyDraft *ones ( leng th ( X i n i ) ,1 ) ;
48 alpha =45;
49 Buoypos i t ionmat r i x=transpose ( r o t z ( alpha ) * [ X in i ’ ; Y in i ’ ; Z in i ’ ] ) ;
50 X=Buoypos i t ionmat r i x ( : , 1 ) ;
51 Y=Buoypos i t ionmat r i x ( : , 2 ) ;
52 Z=Buoypos i t ionmat r i x ( : , 3 ) ;
53
54 Respin i =1*ones ( leng th (X) , leng th (omega) ) ; % I n i t i a l responce f o r the buoys per omega
55 DiameterBuoy=BuoyDiameter*ones (DimSystem , 1 ) ;%[ 3 ; 3];%
56
57 percentCritDamp =0.005; %Percentage of c r i t i c a l damping app l ied on

buoy
58 LengthBeam=abs (BeamLength * (Cି eye (DimSystem ) ) ) ; %leng th mat r i x beam
59 DiameterBeam=abs ( BeamDiameter * (Cି eye (DimSystem ) ) ) ; %rad ius mat r i x beam
60 DeptBeam=BeamDept*abs (Cି eye (DimSystem ) ) ; %Dra f t Vector buoy
61 DeptBeamVec=BeamDept*ones (DimSystem , 1 ) ;
62
63 Tr iang leMat i x =[1 2 3 ] ;

Listing D.3: Connections.m code
1 f unc t i on [ Combinaties , Pos1 , Pos2 , Responcecombinatie ] = Connections ( Topology ,X,Y, DeptConnection , Responces )
2 % Funct ion : Converts the topo logy to a mat r i x w i th every row two values of
3 % the X, Y, Responce f o r a beam.
4 % inpu ts : X and Y l o ca t i o n o f the buoys . Z : vec to r o f the depth o f the beams
5 % Response of the system of prev ious i t e r a t i o n , topo logy mat r i x o f the system .
6
7 ddd= t r i u ( Topology , 1 ) ;% pos i t i v e t r i a n g l e w i thou t d iagonal
8
9 l _ i nds = f i n d ( ddd ) ; % f i n d ind i ces o f non zero i tems
10 [ row , co l ] = ind2sub ( s ize ( Topology ) , l _ i nds ) ; %conver t i nd i ces to coord ina tes r e s u l t i n g i n a mat r i x w i th on

every row two buoys t ha t are d i r e c t l y connected . This i s used to rearrange the pos i t i o n i n fo rma t i on
o f a l l connect buoys

11
12 Combinaties = [ row co l ] ;
13 Xcom=X( Combinaties ) ; %f o r a 2 buoy system the vec to r must be transposed
14 Ycom=Y( Combinaties ) ; %f o r a 2 buoy system the vec to r must be transposed
15 Zcom=DeptConnection ( Combinaties ) ; %f o r a 2 buoy system the vec to r must be transposed
16
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17 Responcecombinatie=zeros ( [ s i ze ( Combinaties ) leng th ( Responces ) ] ) ; % The same reo rgan i sa t i on i s done f o r the
response

18
19 f o r n=1: s ize ( Combinaties , 1 )
20 Responcecombinatie ( n , 1 , : ) =Responces ( Combinaties ( n , 1 ) , : ) ;
21 Responcecombinatie ( n , 2 , : ) =Responces ( Combinaties ( n , 2 ) , : ) ;
22 end
23
24 Pos1=[Xcom( : , 1 ) Ycom( : , 1 ) Zcom ( : , 1 ) ] ; % combining these coord ina tes f o r pos i t i ons used in Morison

ca l c u l a t i o n s
25 Pos2=[Xcom( : , 2 ) Ycom( : , 2 ) Zcom ( : , 1 ) ] ;
26 end

Listing D.4: BuildupMassMatrix.m code
1 %% Wr i t ten by Andreas Feys f o r Graduat ion
2 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
3 % in regu la r waves i n a frequency domain .
4
5 %% Masses and added masses from buoys ( Par t A)
6 Mbuoy=rho * p i * ( DiameterBuoy . ^ 2 ) / 4 . * abs (Z) ; %Vector o f masses of the buoys
7 Mbuoyadded=AddedmassFK( abs (Z ) , DiameterBuoy ) ; %Vector o f added masses of the buoys
8 M1a_buoy=diag (Mbuoy+Mbuoyadded ) ; %Sumation and make diagonal mat r i x
9
10 %% Masses and moment o f i n e r t i a s from beams ( Par t B and pa r t C)
11 M1b_beam_dv4=p i * rho . * ( DiameterBeam . ^ 2 / 4 ) . * LengthBeam / 4 ; %Mass mat r i x o f beams
12
13 M1c=ି1/12.* p i * rho . * ( DiameterBeam . ^ 2 / 4 ) . * LengthBeam ; % Moment o f i n e r t i a
14
15 M1d=diag (sum(M1b_beam_dv4 ) ) ; %summation o f rows mass mat r i x
16
17 M1e=diag (sum(ିM1c) ) ; %summation o f rows i n e r t i a mat r i x t imes ି1
18
19 M1=M1a_buoy+M1b_beam_dv4+M1c+M1d+M1e; %t o t a l mass mat r i x exc lud ing Morison

con t r i b u t i o n
20
21 % M1=M1a_buoy+M1b_beam_dv4+M1d; %t o t a l mass mat r i x exc lud ing Morison con t r i b u t i o n
22
23 %% Bui ld up of added mass from Morison
24
25 M2=zeros (DimSystem , DimSystem ) ; %i n i t i a l i s i n g a zero mat r i x f o r the added

masses
26 M3=zeros (DimSystem , DimSystem ) ;
27
28 f o r n=1: s ize (BuoyCon , 1 )
29 % the f o r loop ca l cu l a t es the values per connect ing beam.
30 M2a=MorisonAddedHM (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ) ;
31 M2(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =1/4*M2a; %f i r s t the added mass i s ca l cu la ted f o r one

connect ing beam,
32 % then they are d i v i de by fou r and placed on the r i g h t pos i t i o n based
33 % on the connect ing buoys (making use of the connect ion mat r i x t ha t i s
34 % based on the topo logy mat r i x .
35
36 M3a=MorisonAddedHMTorque (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ) ;
37 M3(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =ିM3a/ LengthBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ^2 ;
38 % the same sequence i s not executed f o r the moment o f i n e r t i a due to
39 % added mass .
40 end
41 % the fou r loop only r e s u l t s i n a mat r i x w i th the top t r i a n g l e f i l l e d
42 M2=M2+permute (M2, [ 2 1 3 ] ) ; % the mat r i x i s mi r ro red over i t s d iagonal
43 M2_sum=sum(M2, 2 ) ; % the rows are summed
44 M2_diag=diag (M2_sum) ;
45 M2_tot=M2+M2_diag ; % and are added to the mat r i x
46
47 M3=M3+permute (M3, [ 2 1 3 ] ) ; % the same i s done f o r the moment i n e r t i a pa r t

o f the mass mat r i x
48 M3_sum=ିsum(M3, 2 ) ;
49 M3_diag=diag (M3_sum) ;
50 M3_tot=M3+M3_diag ;
51
52 %% summation
53
54 % M=M1+M2_tot+M3_tot ;
55 M=M1+M2_tot+M3_tot ; % now a l l sub matr ices are added toge ther

r e s u l t i n g i n the t o t a l mass mat r i x

Listing D.5: MorisonAddedHM.m code (2)
1 f unc t i on [ addedmass ] = MorisonAddedHM (Pos1 , Pos2 ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary o f t h i s f unc t i on
4 % Imported g loba ls : rho and c_a
5 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
6 % Pos2 pos i t i o n o ther end of cy l i nde r ,
7 % D; diameter o f cy l i nde r ,
8 % addemass : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
9 % A l l un i t s are i n meter , newton , rad / s
10 % The t ime vary ing pa r t i s not inc luded
11
12 g loba l rho c_a
13 L=norm (Pos2ିPos1 ) ;
14 e_t =(Pos2ିPos1 ) / L ;
15
16 addedmass=c_a * rho * p i * D ^ 2 * L * ( e_t ( 1 ) ^ 2 + e_t ( 2 ) ^ 2) / 4 ;
17 end
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Listing D.6: MorisonAddedHMTorque.m code
1 f unc t i on [ addedmass ] = MorisonAddedHMTorque (Pos1 , Pos2 ,D)
2 % Writen by Andreas Feys f o r graduat ion process
3 % Summary of t h i s f unc t i on
4 % Inpor ted g loba ls :
5 % rho , k , ampletude , omega and c_a
6 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
7 % Pos2 pos i t i o n o ther end of cy l i nde r ,
8 % D; diameter o f cy l i nde r ,
9 % Moment o f i n n e r t i a due to added mass : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
10 % A l l un i t s are i n meter , newton , rad / s
11 % The t ime vary ing pa r t i s not inc luded
12
13 g loba l rho c_a
14 L=norm (Pos2ିPos1 ) ;
15 e_t =(Pos2ିPos1 ) / L ;
16
17 addedmass=c_a * rho * p i * D ^ 2 * ( e_t ( 1 ) ^2+e_t ( 2 ) ^2) * L ^ 3 / 48;
18
19
20 end

Listing D.7: BuildupStiffnessMatrix.m code
1 %% Wr i t ten by Andreas Feys f o r Graduation
2 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
3 % in regu la r waves i n a frequency domain .
4 % This pa r t o f the program def ines the s t i f f n e s s mat r i x
5
6
7 Kbuoy=p i * rho *g * ( DiameterBuoy . ^ 2 ) / 4 ; %S t i f f n e s s vec to r o f the buoys
8 K=diag (Kbuoy ) ;

Listing D.8: BuildupDampingsMatrix.m code
1 %% Wr i t ten by Andreas Feys f o r Graduation
2 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
3 % in regu la r waves i n a frequency domain .
4 % In t h i s pa r t the damping mat r i x w i l l be determined
5
6 %% Damping due to buoys determined wi th c r i t i c a l damping
7 Kbuoy=p i * rho *g . * ( DiameterBuoy . ^ 2 ) / 4 ;
8 bBuoy=percentCritDamp *2* sq r t ( Kbuoy . *Mbuoy ) ; %ca l c u l a t i o n damping based on c r i t i c a l

damping tak ing i n t o account the hard coded s t i f f n e s s and mass
9 B1=diag ( bBuoy ) ;
10 B1_omega=repmat (B1,1 ,1 , leng th (omega) ) ; % f o r the ca l c u l a t i o n s we need t h i s i n a 3D mat r i x
11
12
13 %% Damping due to VD fo rce and Torque
14 B2=zeros (1 , leng th (omega) ) ;
15 B2_omega=zeros (DimSystem , DimSystem , leng th (omega) ) ;
16 B3=zeros (1 , leng th (omega) ) ;
17 B3_omega=zeros (DimSystem , DimSystem , leng th (omega) ) ;
18
19 f o r n=1: s ize (BuoyCon , 1 )
20 Resp1=reshape (Resp_BuoyCon (n , 1 , : ) ,1 , leng th (omega) ) ; %reshape to r i g h t i npu t f o r

the Morison func t i ons
21 Resp2=reshape (Resp_BuoyCon (n , 2 , : ) ,1 , leng th (omega) ) ;
22 B2=MorisonAddedVD (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ,Resp1 , Resp2 ) ;
23 B2_omega(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =1/4*B2 ;
24
25 B3=MorisonAddedVDTorque (Pos1 (n , : ) ,Pos2 (n , : ) ,DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ,Resp1 , Resp2 ) ;
26 B3_omega(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =ିB3 / LengthBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ^2 ;
27 end
28 B2_omega=B2_omega+permute (B2_omega , [ 2 1 3 ] ) ;
29 B2_omega_sum=sum(B2_omega , 2 ) ;
30 B2_omega_diag=bsxfun (@times , eye ( s ize (B2_omega ( : , : , 1 ) ) ) , B2_omega_sum) ;
31 B2_omega_tot=B2_omega+B2_omega_diag ;
32
33 B3_omega=B3_omega+permute (B3_omega , [ 2 1 3 ] ) ;
34 B3_omega_sum=ିsum(B3_omega , 2 ) ; % be aware o f the minus here
35 B3_omega_diag=bsxfun (@times , eye ( s ize (B3_omega ( : , : , 1 ) ) ) , B3_omega_sum) ;
36 B3_omega_tot=B3_omega+B3_omega_diag ;
37
38 % B=B1_omega+B2_omega_tot+B3_omega_tot ;
39 B=B1_omega+B2_omega_tot+B3_omega_tot ;

Listing D.9: MorisonAddedVD.m code
1 f unc t i on [ addedmass ] = MorisonAddedVD (Pos1 , Pos2 ,D, Resp1 , Resp2 )
2 %% Wr i t ten by Andreas Feys f o r Graduation
3 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
4 % in regu la r waves i n a frequency domain .
5
6 % In t h i s pa r t the VD damping fo rce c o e f f i c i e n t due to the movement o f the
7 % cons t ruc t i on w i l l be determined . Mu l t i p l y i n g the c o e f f i c i e n t t ha t i s
8 % outpu t ted by t h i s f unc t i on wi th the v e l o c i t y o f the element w i l l g ive the fo rce
9
10 g loba l rho c_d
11 L=norm (Pos2ିPos1 ) ;
12 e_t =(Pos2ିPos1 ) / L ;
13
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14 u_rn_A=MorisonMagnetudeUra (Pos1 , Pos2 , Resp1 , Resp2 ) ;
15
16 addedmass=8/3 / p i *c_d* rho /2*D*u_rn_A*L * ( e_t ( 1 ) ^2+e_t ( 2 ) ^2) ;
17 end

Listing D.10: MorisonMagnetudeUra.m code
1 f unc t i on [ urn1b ] = MorisonMagnetudeUra (Pos1 , Pos2 , Resp1 , Resp2 )
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary o f t h i s f unc t i on
4 % Imported g loba ls :
5 % rho , k , ampletude , omega and c_a
6 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
7 % Pos2 pos i t i o n o ther end of cy l i nde r ,
8 % Resp1 i s the found response over prev ious i t e r a t i o n o f buoy 1
9 % Resp2 i s the found response over prev ious i t e r a t i o n o f buoy 2
10 % D; diameter o f cy l i nde r ,
11 % Force : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
12 % A l l un i t s are i n meter , newton , rad / s
13 % The t ime vary ing pa r t i s not inc luded
14
15 g loba l k Ampletude omega
16
17 L=norm (Pos2ିPos1 ) ; %ca l c u l a t i o n o f beam leng th
18 e_t =(Pos2ିPos1 ) / L ; %ca l c u l a t i o n o f tangent u n i t vec to r
19
20 s = [ 0 : 1 / 1 2 : 1 ] ;
21 T=[0 :2 /12* p i :2* p i ] ;
22 urn1a=zeros ( leng th ( s ) , leng th (T ) , leng th (omega) ) ;
23
24 f o r S=1: leng th ( s )
25 f o r TT=1: leng th (T )
26 urn1a (S, TT , : ) = reshape ( sq r t ( r ea l ( Ampletude * omega . * exp ( k * Pos1 (3 ) ) . * exp(ି1 j * k * ( s (S) * L

* e_t ( 1 ) + Pos1 (1 ) ) ) * exp ( 1 j * T(TT) ) * e_t ( 2 ) ) . ^2 + rea l (1 j * Ampletude * omega . * exp ( k *Pos1 (3 ) ) . * exp(ି1 j * k * ( s (S) * L * e_t ( 1 ) + Pos1 (1 ) ) ) * exp ( 1 j * T(TT) ) ି 1 j * Resp1 * (
1 ି s (S) ) . * omega * exp ( 1 j * T(TT) ) ି 1 j * s (S) * Resp2 . * omega * exp ( 1 j *T(TT) ) ) . ^2 )
, [ 1 , 1 , leng th (omega) ] ) ;

27 % urn1a (S, TT , : ) = reshape (

abs (1 j * Ampletude * omega . * exp ( k * Pos1 (3 ) ) . * exp(ି1 j * k * ( s (S) * L * e_t ( 1 ) + Pos1 (1 ) ) ) * exp (
1 j * T(TT) ) ି 1 j * Resp1 * ( 1 ି s (S) ) . * omega * exp ( 1 j * T(TT) ) ି 1 j * s (S) * Resp2 . * omega *exp ( 1 j *T(TT) ) ) , [ 1 , 1 , leng th (omega) ] ) ;

28
29 end
30 end
31 % urn1a
32 % max(max( urn1a ) )
33 urn1b=reshape (max(mean( urn1a , 1 ) , [ ] , 2 ) , [ 1 , leng th (omega) ] ) ;
34 end

Listing D.11: MorisonAddedVDTorque.m code
1 f unc t i on [ addedmass ] = MorisonAddedVDTorque (Pos1 , Pos2 ,D, Resp1 , Resp2 )
2 %UNTITLED2 Summary o f t h i s f unc t i on goes here
3 % Deta i led exp lana t ion goes here
4
5 g loba l rho c_d
6 L=norm (Pos2ିPos1 ) ;
7 e_t =(Pos2ିPos1 ) / L ;
8
9 u_rn_A=MorisonMagnetudeUra (Pos1 , Pos2 , Resp1 , Resp2 ) ;
10
11 addedmass=8/3 / p i *c_d* rho /2*D*u_rn_A*L^3* ( e_t ( 1 ) ^2+e_t ( 2 ) ^2) / 12 ;
12 end

Listing D.12: BuildupForceVector.m code
1 %% Bui ld up fo rce mat r i x
2 % Wr i t ten by Andreas Feys f o r Graduation
3 % Program i s bu i l d up to assess the response of a buoy and beam s t r u c t u r e
4 % in regu la r waves i n a frequency domain .
5
6 g loba l rho g k Ampletude omega
7
8 %% Froude Kry lov Forces on buoys
9 Froude_KrylovVec=rho *g*Ampletude*exp (Z*k ) . * exp(ି1 i *X*k ) * p i . * DiameterBuoy . ^ 2 / 4 ;
10 Froude_KrylovVec2=rho *Z* p i . * DiameterBuoy .^2/4*ିAmpletude*omega . ^ 2 . * exp (Z*k ) . * exp(ି1 i *X*k ) ;
11 F1=Froude_KrylovVec ;
12
13 %% Morison FK and HM
14
15 F2a_FKHM=zeros (DimSystem , DimSystem , leng th (omega) ) ;
16 T2b_FKHM=zeros (DimSystem , DimSystem , leng th (omega) ) ;
17
18 f o r n=1: s ize (BuoyCon , 1 )
19 F2a_FKHM(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =MorisonFKHM(Pos1 (n , : ) ’ , Pos2 (n , : ) ’ , DiameterBeam (BuoyCon (n , 1 ) ,

BuoyCon (n , 2 ) ) ) / 2 ; %c a l l f unc t i on
20 T2b_FKHM(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =MorisonFKHMTorque (Pos1 (n , : ) ’ , Pos2 (n , : ) ’ , DiameterBeam (BuoyCon (n

, 1 ) ,BuoyCon (n , 2 ) ) ) / LengthBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ;
21 end
22 F2a_FKHM=F2a_FKHM+permute (F2a_FKHM, [ 2 1 3 ] ) ;
23 T2b_FKHM=T2b_FKHM+permute (T2b_FKHM, [ 2 1 3 ] ) ;
24
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25
26 %% Morison VD
27
28 F3a_VD=zeros (DimSystem , DimSystem , leng th (omega) ) ;
29 T3b_VD=zeros (DimSystem , DimSystem , leng th (omega) ) ;
30
31 f o r n=1: s ize (BuoyCon , 1 )
32 Resp1=reshape (Resp_BuoyCon (n , 1 , : ) ,1 , leng th (omega) ) ; %reshape to r i g h t imput f o r

the morison func t i ons
33 Resp2=reshape (Resp_BuoyCon (n , 2 , : ) ,1 , leng th (omega) ) ;
34 F3a_VD(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =MorisonVD (Pos1 (n , : ) ’ , Pos2 (n , : ) ’ , DiameterBeam (BuoyCon (n , 1 ) ,BuoyCon (

n , 2 ) ) ,Resp1 , Resp2 ) / 2 ; %c a l l f unc t i on
35 T3b_VD(BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) , : ) =MorisonVDTorque (Pos1 (n , : ) ’ , Pos2 (n , : ) ’ , DiameterBeam (BuoyCon (n , 1 ) ,

BuoyCon (n , 2 ) ) ,Resp1 , Resp2 ) / LengthBeam (BuoyCon (n , 1 ) ,BuoyCon (n , 2 ) ) ;
36 end
37 F3a_VD=F3a_VD+permute (F3a_VD , [ 2 1 3 ] ) ;
38 T3a_VD=T3b_VD+permute (T3b_VD , [ 2 1 3 ] ) ;
39
40 % F=F1+sum(F2a_FKHM+T2b_FKHM+F3a_VD+F3a_VD, 2 ) ;
41 F=F1+sum(F2a_FKHM+T2b_FKHM+F3a_VD+T3a_VD, 2 ) ;

Listing D.13: MorisonFKHM.m code (2)
1 f unc t i on [ Force ] = MorisonFKHM(Pos1 , Pos2 ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary of t h i s f unc t i on
4 % Inpor ted g loba ls :
5 % rho , k , ampletude , omega and c_a
6 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
7 % Pos2 pos i t i o n o ther end of cy l i nde r ,
8 % D; diameter o f cy l i nde r ,
9 % Force : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
10 % A l l un i t s are i n meter , newton , rad / s
11 % The t ime vary ing pa r t i s not inc luded
12
13 g loba l rho k Ampletude omega c_a
14
15 % ampl i=Ampletude
16 syms s x y z a a_n t Omega K
17 % s , coord ina te along cy l i n de r ax is
18 % x y z g loba l coord ina te system
19 % e_t un i t vec to r along cy l i n de r ax is w i th coord ina tes ex ey ez i n g loba l
20 % system
21 % a pa r t i c l e acce le ra t i on i n f l u i d
22 % t t ime
23 % Omega, angular frequency
24 % K wavenumber
25
26 a = [1 j *Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ; . . . %d e f i n i t i o n o f acce le ra t i on i n

f l u i d by A i r y wave theory w i thou t t ime vary ing pa r t
27 0 ; . . .
28 ି Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ] ;
29
30 L=norm (Pos2ିPos1 ) ; %ca l c u l a t i o n o f beam leng th
31 e_t =(Pos2ିPos1 ) / L ; %ca l c u l a t i o n o f tangent u n i t vec to r
32
33 a_n=cross ( e_t , cross ( a , e_t ) ) ; %perpend icu la r acce le ra t i on
34
35 a_n=subs ( a_n , [ x , y , z ] , [ Pos1 (1 ) +s . * e_t ( 1 ) , Pos1 (2 ) +s . * e_t ( 2 ) , Pos1 (3 ) +s . * e_t ( 3 ) ] ) ; %sub s t i t u t i o n

before acce le ra t i on
36
37 a_n_in t= i n t ( a_n , s ,0 , L ) ; %i n t e g r a t i o n o f equat ion
38
39 F_n_FK=(1+c_a ) * rho * p i *D^2/4* a_n_in t ; %ca l c u l a t i o n o f t o t a l fo rce
40
41 Force=zeros (1 , leng th (omega) ) ;
42 f o r v = 1 : leng th (omega)
43 Force ( v )=eval ( subs (F_n_FK (3 ) , [Omega, K ] , [ omega( v ) , k ( v ) ] ) ) ; % sub s t i t u t i o n o f omega and k of

symbol ic too lbox f o r a l l des i red omega ’ s
44 end
45
46 end

Listing D.14: MorisonFKHMTorque.m code
1 f unc t i on [Moment ] = MorisonFKHMTorque (Pos1 , Pos2 ,D)
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary of t h i s f unc t i on
4 % Inpor ted g loba ls :
5 % rho , k , ampletude , omega and c_a
6 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
7 % Pos2 pos i t i o n o ther end of cy l i nde r ,
8 % D; diameter o f cy l i nde r ,
9 % Force : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
10 % A l l un i t s are i n meter , newton , rad / s
11 % The t ime vary ing pa r t i s not inc luded
12
13 g loba l rho k Ampletude omega c_a
14
15 syms s x y z a a_n t Omega K r
16 % s , coord ina te along cy l i n de r ax is
17 % x y z g loba l coord ina te system
18 % e_t un i t vec to r along cy l i n de r ax is w i th coord ina tes ex ey ez i n g loba l
19 % system
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20 % a pa r t i c l e acce le ra t i on i n f l u i d
21 % t t ime
22 % Omega, angular frequency
23 % K wavenumber
24
25 a = [1 j *Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ; . . . %d e f i n i t i o n o f acce le ra t i on i n

f l u i d by A i r y wave theory w i thou t t ime vary ing pa r t
26 0 ; . . .
27 ି Ampletude . * Omega^2 . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ] ;
28
29 L=norm (Pos2ିPos1 ) ; %ca l c u l a t i o n o f beam leng th
30 e_t =(Pos2ିPos1 ) / L ; %ca l c u l a t i o n o f tangent u n i t vec to r
31
32 a_n=cross ( e_t , cross ( a , e_t ) ) ; %perpend icu la r acce le ra t i on
33 a_n=subs ( a_n , [ x , y , z ] , [ Pos1 (1 ) +s . * e_t ( 1 ) , Pos1 (2 ) +s . * e_t ( 2 ) , Pos1 (3 ) +s . * e_t ( 3 ) ] ) ; %sub s t i t u t i o n

before acce le ra t i on
34
35 a_n_r=ି(ିL/2+s ) *a_n (3 ) ;
36 a_n_r_ in t= i n t ( a_n_r , s , 0 , L ) ;
37 M_FKHM=(1+c_a ) * rho * p i *D^2/4* a_n_r_ in t ;
38 Moment=zeros (1 , leng th (omega) ) ;
39 f o r v = 1 : leng th (omega)
40 Moment ( : , v )=eval ( subs (M_FKHM, [Omega, K ] , [ omega( v ) , k ( v ) ] ) ) ; % sub s t i t u t i o n o f omega and k of

symbol ic too lbox f o r a l l des i red omega ’ s
41 end
42
43
44 end

Listing D.15: MorisonVD.m code
1 f unc t i on [ Force ] = MorisonVD (Pos1 , Pos2 ,D, Resp1 , Resp2 )
2 % Wr i t ten by Andreas Feys f o r graduat ion process
3 % Summary o f t h i s f unc t i on
4 % Inpor ted g loba ls :
5 % rho , k , ampletude , omega and c_a
6 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
7 % Pos2 pos i t i o n o ther end of cy l i nde r ,
8 % Resp1 i s the found response over prev ious i t e r a t i o n o f buoy 1
9 % Resp2 i s the found response over prev ious i t e r a t i o n o f buoy 2
10 % D; diameter o f cy l i nde r ,
11 % Force : output the fo rce vec to r i n v e r t i c a l d i r e c t i o n per given omega
12 % A l l un i t s are i n meter , newton , rad / s
13 % The t ime vary ing pa r t i s not inc luded
14
15 g loba l rho k Ampletude omega c_d
16
17 syms s x y z a a_n t Omega K
18 % s , coord ina te along cy l i n de r ax is
19 % x y z g loba l coord ina te system
20 % e_t un i t vec to r along cy l i n de r ax is w i th coord ina tes ex ey ez i n g loba l
21 % system
22 % a pa r t i c l e acce le ra t i on i n f l u i d
23 % t t ime
24 % Omega, angular frequegncy
25 % K wavenumber
26
27 v = [ Ampletude . * Omega . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ; . . . %d e f i n i t i o n o f acce le ra t i on i n

f l u i d by A i r y wave theory w i thou t t ime vary ing pa r t
28 0 ; . . .
29 1 j * Ampletude . * Omega . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ] ;
30
31 L=norm (Pos2ିPos1 ) ; %ca l c u l a t i o n o f beam leng th
32 e_t =(Pos2ିPos1 ) / L ; %ca l c u l a t i o n o f tangent u n i t vec to r
33
34 u_rn_A=MorisonMagnetudeUra (Pos1 , Pos2 , Resp1 , Resp2 ) ;
35
36 v_n=cross ( e_t , cross ( v , e_t ) ) ;
37
38 v_n=subs ( v_n , [ x , y , z ] , [ Pos1 (1 ) +s . * e_t ( 1 ) , Pos1 (2 ) +s . * e_t ( 2 ) , Pos1 (3 ) +s . * e_t ( 3 ) ] ) ;
39
40 v_n_ in t= i n t ( v_n , s ,0 , L ) ;
41
42 F_n_VD=8/3 / p i *c_d* rho /2*D*u_rn_A* v_n_ in t ( 3 ) ;
43
44 Force=zeros (1 , leng th (omega) ) ;
45 f o r v = 1 : leng th (omega)
46 Force ( v )=eval ( subs (F_n_VD( v ) , [Omega, K ] , [ omega( v ) , k ( v ) ] ) ) ;
47 end
48
49 end

Listing D.16: MorisonVDTorque.m code
1 f unc t i on [Moment ] = MorisonVDTorque (Pos1 , Pos2 ,D, Resp1 , Resp2 )
2 %UNTITLED2 Summary o f t h i s f unc t i on goes here
3 % Ampletude of the wave t h i s i s most probably 1 i n meter ,
4 % omega : vec to r w i th the dedicated f requenc ies to ca l cu la te ,
5 % Pos1 : pos i t i o n o f one end of on end of th c y l i n de r ( x , y , z ) ’
6 % Pos2 pos i t i o n o ther end of cy l i nde r ,
7 % D; diameter o f cy l i nde r ,
8 % Resp1 response of one end of c y l i n de r ( x , y , z ) ’ per frequency ,
9 % Resp2 response of second of c y l i n de r
10 % I t ca l cu l a t es the moment around the t h i r d ax is o f the beam or ien ted
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11 % axis system
12
13 g loba l rho k Ampletude omega c_d
14
15 syms s x y z a a_n t Omega K r
16 % s , coord ina te along cy l i n de r ax is
17 % x y z g loba l coord ina te system
18 % e_t un i t veco t r along cy l i n de r ax is w i th coord ina tes ex ey ez i n g loba l
19 % system
20 % v pa r t i c l e speed in f l u i d
21 % a pa r t i c l e acce le ra t i on i n f l u i d
22 % t t ime
23 % Omega, angular frequency
24 % K wavenumber
25 % r i n d i c a t i n g the d is tance t i l l the middle o f the beam in s d i r e c t i o n
26
27
28 v = [ Ampletude . * Omega . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ; . . .
29 0 ; . . .
30 1 j * Ampletude . * Omega . * exp (K . * z ) . * exp(ି1 j . * K . * x ) ] ;
31
32 L=norm (Pos2ିPos1 ) ;
33 e_t =(Pos2ିPos1 ) / L ;
34
35 u_rn_A=MorisonMagnetudeUra (Pos1 , Pos2 , Resp1 , Resp2 ) ;
36 v_n=cross ( e_t , cross ( v , e_t ) ) ;
37 v_n=subs ( v_n , [ x , y , z ] , [ Pos1 (1 ) +s . * e_t ( 1 ) , Pos1 (2 ) +s . * e_t ( 2 ) , Pos1 (3 ) +s . * e_t ( 3 ) ] ) ;
38
39 v_n_r=ି(ିL/2+s ) *v_n (3 ) ;
40 v_n_r_ in t= i n t ( v_n_r , s , 0 , L ) ;
41 M_VD=8/3 / p i *c_d* rho /2*D*u_rn_A* v_n_r_ in t ;
42 Moment=zeros (1 , leng th (omega) ) ;
43 f o r v = 1 : leng th (omega)
44 Moment ( v )=eval ( subs (M_VD( v ) , [Omega, K ] , [ omega( v ) , k ( v ) ] ) ) ;
45 end
46 end

Listing D.17: Calculations.m code
1 %% Calcu la t i ons :
2 % so lv i ng the d i f f e r e n t i a l equat ion
3 g loba l omega
4 % obta in ing the eigenmodes and the e igenf requenc ies
5 [ Evecs , Evals ]= e ig (K,M) ;
6 omega1=sq r t ( Evals ) ;
7 Evecnorm=Evecs . * (max( abs ( Evecs ) , [ ] , 1 ) .^ି1) ;
8
9 % obta in ing the frequency response per frequency
10 Resp=zeros (DimSystem , leng th (omega) ) ;
11 F=Ff i xed+FDamp;
12
13 f o r a=1: leng th (omega)
14 Zdyn= Mି* (omega( a ) ) .^2+1 j *B ( : , : , a ) . *omega( a )+K;
15 Resp ( : , a )=Zdyn \ F ( : , a ) ;
16 end
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