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Abstract

The automotive industry has developed an interest in manufacturing structural parts from continuous fibre-
reinforced polymers because legislation is becoming more strict on the permissible CO2 emission of newly pro-
duced vehicles. Additional requirements on the level of recyclability has raised the question if composite mater-
ials with a thermoplastic matrix in particular can be utilised in the body structure. From the perspective of cost
sensitivity, the conventional automotive manufacturing chain has to remain as it is and requires the body struc-
ture to pass through the automotive paint shop and subjects all structural elements to significant hygrothermal
loading. The objective of this research is to analyse the deformation behaviour of continuous fibre-reinforced
thermoplastics subjected to hygrothermal loading characteristic for the automotive painting process.

Studying the theory behind viscoelastic problems revealed that numerical solutions to the integral form of the
linear viscoelastic constitutive equations often pose a problem regarding computational memory usage because
of the importance of strain history. Utilising a recursive formulation of the constitutive equations eliminated
this problem and identified the required material parameters for the numerical model. Thermal expansion, hy-
groscopic shrinkage, polymer-chemical effects, and stress relaxation were the four phenomena that governed the
deformation. Measurements with a dilatometer, a micrometer, and an analytical scale yielded quantitative res-
ults about hygrothermal expansion. Thermogravimetric analysis provided information on the moisture diffusion
and dynamic mechanical analysis quantified the stress relaxation behaviour. Quasi-static tensile tests confirmed
the linearity of the viscoelasticity and digital image correlation supplied the major Poisson’s ratio.

A finite element model has been developed that implements hygrothermal expansion and takes into account
orthotropic linear viscoelastic behaviour by means of a material user subroutine. Adopting a sequential un-
coupled simulation approach allowed the prediction of heat transfer, moisture diffusion, and stress distribution.
A semi-numerical simulation approach enabled the calculation of the expansion of symmetric balanced lamin-
ates through classical laminate theory whilst taking into account the time- and temperature-dependency of the
mechanical properties computed with a micromechanical model created for special orthotropic laminae. Sensit-
ivity studies justified the usage of one-dimensional heat transfer- and moisture diffusion simulations. Moreover,
mesh- and time step convergence studies revealed the sensitivity of the simulation to these parameters.

Dilatometer experiments with dry- and moisture saturated multi-directional specimens confirmed the correct
calculation of hygrothermal expansion. Increasing in complexity, measuring the out-of-plane deformation of a
clamped unidirectional tensile specimen subjected to a temperature profile that resembles the most severe thermal
loading found in the automotive painting process confirmed a satisfactory agreement between the numerical res-
ults and the experimental data. Geometric compensation for the thermal expansion of the fixture and choosing
graphite as construction material kept the thermal expansion of the fixture to a minimum. Components with
the geometry of the roof bow that is currently in series production for the BMW 7 Series were manufactured
by a thermoforming method to allow validation of the simulation with complex geometry. A proper agreement
between the predicted deformation behaviour by the semi-numerical simulation and the optical measurements
of the dry- and moisture saturated roof bows with various multi-directional lay-ups validated the functioning of
the developed simulation.
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vf Fibre volume fraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

vm Matrix volume fraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

W Mass of specimen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [kg]

Wref Reference moisture content for time-moisture superposition . . . . . . . . . . . . . . . . . [−]

Greek Symbols

αT Tangential coefficient of thermal expansion . . . . . . . . . . . . . . . . . . . . . . . [1/◦C]

αkl Anisotropic tangential coefficient of thermal expansion . . . . . . . . . . . . . . . . . . [/◦C]
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γ Shear strain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

λ Thermal conductivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [W/(m ◦C)]

ν Poisson’s ratio . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [−]

ω Frequency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [Hz]

ϕ Creep function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [n.a.]
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ξ Reduced time obtained by time-temperature superposition . . . . . . . . . . . . . . . . . . [s]
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1
Introduction

This thesis presents the research project that has been carried out at the BMW Group Landshut in fulfilment
of a master degree at Delft University of Technology. The objective of the thesis is to develop a numerical
model that simulates the viscoelastic deformation behaviour of continuous fibre-reinforced thermoplastics. The
loading conditions that cause the viscoelastic deformation behaviour are chosen to be in correspondence with
the automotive painting process. This chapter outlines the context of the thesis and provides the limitations on
the scope of the research. Moreover, it informs on the significance of the research by presenting the problem
that must be solved and its impact. The last section of the introduction shows the structure of the thesis.

1.1 Motivation

Characteristic for the automotive industry are the high volume production and the consequential cost-sensitivity.
To illustrate the manufacturing numbers, BMW produced 165,377 units of the BMW X5 model in 2016. The
total number of BMW X models that were produced that year is 411,171. In combination with the high
degree of automation in the manufacturing process, adaptations to the manufacturing chain are to be avoided
whenever possible in order to ensure a profitable production. The high-end manufacturers in the automotive
industry are encouraged to innovate at all possible technical disciplines to maintain their position in the market.
Nevertheless, changes to production vehicles are implemented at a regular interval and are only accepted if they
pose a minimum risk towards raising unexpected costs.

BMW has shown successful utilisation of composite materials in series production through the BMW i3 and
BMW i8 models. Both models feature passenger cells that are fully produced with carbon-fibre reinforced
plastics, or CFRP. It is important to note that the production chain for these models has been newly established
to suit the CFRP design. Both projects served as a platform to promote the development of CFRP manufacturing
techniques and to display the possibilities of CFRP-dominated designs. Despite achieving the production of a
full CFRP passenger cell, replacing currently existing metal structural parts of series produced models with
composite structural members poses a challenge to be carried out in an economically attractive manner.

1
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In the last decade, the attention for global warming has grown significantly. Because of the large share of harmful
vehicle emissions in this environmental issue, many governmental institutions restrict the allowed average CO2
emissions of manufacturers’ fleets. The European Parliament released a regulation in 2009 that stipulates average
allowed CO2 emissions for a new car fleet of 130g/km [1]. The same regulation sets the target of an average
emission level of 95g/km CO2 for new car fleets from 2020 onwards. A further decrease in maximum allowed
average CO2 emissions is expected as a target range has been set by the Environment Committee of the European
Parliament for 2025 of 68− 78g/km [2].

These regulations effectively force car manufacturers to improve their vehicles to lower the emissions of their car
models to guarantee their existence in the future. Successful reduction in emissions are shown especially through
technological advances in the fields of propulsion, aerodynamics, and structural design. For instance, lowering
the reliance on the internal combustion engine by implementation of an electric engine, either in hybrid- or
fully electric configuration, contributes to the reduction in average fleet emissions. However, the distance range
of state-of-the-art fully electric cars remains limited and the considerably higher purchase price even of hybrid
vehicles is a reason for many consumers to keep driving cars that fully rely on fossil fuels.

The emissions of cars that only have an internal combustion engine can potentially be improved through ad-
aptations in aerodynamic design. The gradually increasing computational power of processors allows for more
detailed and comprehensive computational fluid dynamics calculations that may lead to a reduction in aerody-
namic drag. The design space for aerodynamicists is, however, limited by the practical use that a vehicle must
display. Consumer cars are most often purchased for their practical use and these models are subjected to the
requirement of providing ample occupant space and -comfort.

The last discipline where significant reductions in car emissions can be realised is structural design. Conventional
automotive vehicle design initially started with the application of steel for structural members. Aluminium has
replaced steel in many parts of the structural design due to its more lightweight character. Specific areas that
require a high energy absorption capability for crash safety reasons and are subjected to limited available space
for structural members still contain steel. The reduction in a car’s structural weight will have secondary effects in
the sense that it requires less power for equivalent driving performance. A reduction in propulsion performance
will result in an even more lightweight design when iterated appropriately.

Following the aerospace industry, employing composite materials in vehicle structural design has proven to al-
low further reductions in weight. Nevertheless, there are many more aspects that must be considered in vehicle
design than only the vehicle weight. Crash safety, manufacturing cycle times, quality assurance, and costs are a
few examples. The reduction in fleet emissions is a vital mission for a car manufacturer’s existence, but equally
important is selling vehicles. Thus, the implementation of composite materials in structural design of vehicles
that are sold to price-aware consumers must be performed in a manner that restrains the increase in cost. Fur-
thermore, the driving performance and safety of the car must not be affected in a negative way.

The gradual increase in the application of composite materials in the vehicle structure of series produced vehicles
is apparent in the design of the BMW 7 Series. The body structure features a ’Carbon Core’ and is comprised of
parts that have been manufactured from CFRP, aluminium, and high-strength steel. Selective material choice
results in a lightweight structure that is stiff, strong, and has high specific energy absorption capabilities for safety.
In contrast to the production of the BMW i3 and BMW i8 models, the manufacturing process of the BMW 7
Series has not been altered due to the original BMW 7 Series only including metal body structure parts. It is
important to note that every structural composite part features thermoset matrix material at the moment.
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Although thermoset matrix material generally enables the production of composite structures at a lower raw
material cost, recent coming into force of legislative changes on recyclability favours the use of thermoplastic
matrix material. Analogous to restrictions on vehicle emissions, the European Parliament imposes requirements
to the recyclability of end-of-life vehicles. A directive that aims to steer vehicle manufacturers towards accounting
for dismantling, reuse, and recovery of their products was released in 2000 [3]. The directive imposes that new
vehicles produced in 2015 and onwards must have a minimum of 95% weight percentage that is either reusable
or recoverable. Structures made of CFRP with a thermoset matrix material are most often only recycled in the
form of filler material and do not serve a structural purpose.

On the contrary, thermoplastic matrix materials offer recycling possibilities through thermoforming or even
complete separation of fibre- and matrix material by a melting procedure. Thermoplastic composites also have
advantages over thermoset counterparts in terms of fast processing, chemical resistance, fire-, smoke-, and toxicity
properties, and their almost indefinite shelf life. What can be of particular interest for the automotive industry is
the unique fast processing capability of thermoplastics. This type of matrix material does not require a curing step
in the manufacturing process. Instead, composites with thermoplastic matrix material only require consolidation
to have taken place at the end of the part shaping process. A thermoplastic matrix material also offers cost-
effective joining methods to be applied.

1.2 Problem statement

The mentioned advantages of thermoplastics in the previous section have lead to an interest of the automotive
industry. Application of thermoplastic matrix material for structural part helps in achieving the recyclability
requirements. The BMW Group investigates the possibility of replacing the currently existing thermoset matrix
system for structural body parts with a thermoplastic matrix system; exemplary to the present thesis work is
the BMW 7 Series. One crucial aspect of replacing the material type of structural components is to make
sure that it has no degradation in structural performance as consequence. From a cost perspective, it is given
that the conventional automotive process chain should not be subjected to adaptations. Hence, all parts that
will be manufactured with a thermoplastic matrix system experience the same processing steps as their thermoset
counterpart. The conventional automotive process chain can be coarsely divided in the following four categories:
press shop, body shop, paint shop, and final assembly.

The paint shop, of which Section 2.1 provides a detailed description, poses the largest challenge in substituting
the thermoset matrix material to a thermoplastic replacement. Although structural parts do not get painted, the
automotive process chain inherently requires structural parts to undergo various steps in the painting process. In
short, the complete body-in-white, or BIW, is subjected to a cathodic dip painting process, or CDP process, to
obtain a durable surface of the exterior. Ovens dry the BIW after the CDP process at a maximum temperature
of 190°C [4]. The material that has been investigated during the thesis research is continuous carbon-fibre
reinforced polyamide-6 that was supplied by Celanese. Laminates manufactured with unidirectional tape that
has the trading name Celstran CF60-PA6 have been utilised for the material characterisation- and validation
experiments.

It is clear that passing the thermoplastic structural parts through the ovens subjects them to temperatures well
above the glass transition temperature. Connection of thermoplastic parts to the rest of the BIW constrains the
possibility to expand freely and introduces thermal stresses and causes deformation. The problem at hand is to
assess this deformation behaviour by means of numerical simulation. A validated numerical simulation aids in
designing thermoplastic structural parts that meet specific requirements on allowable deformation during the
drying process. A viscoelastic material model is needed for this simulation that takes into account both thermal-
and hygroscopic effects.
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1.3 Conceptual design of the research

It is important for a valuable outcome of the thesis research to understand how suggested solutions or methods
can be utilised in the development process of vehicles. The significance of this research lies within the recom-
mendations that can be provided based on the research’ outcomes. Recommendations to the strategy for numer-
ical modelling of the viscoelastic deformation behaviour of thermoplastics have advantages in twofold. Firstly,
they can enhance the quantitative quality of future analyses by providing information on which strategies can
be proven to be effective and accurate for the problem at hand. Secondly, the produced knowledge concerning
modelling strategy will save time at other departments that are tasked with carrying out simulations.

This section discusses the conceptual design of the research in which the research objective and research questions
are outlined. Research questions have been posed as guidance for research activities and answering these research
questions has lead to the conclusion of this thesis. The aim and scope of the research have been defined prior to
conducting the literature review to allow a selection of relevant sources. It is noted that the context of the thesis
is practice-oriented as the conclusions of the thesis are aimed to provide information for changing a current
situation into a more desirable one.

The outcome of the research provides information on how to analyse the viscoelastic deformation of thermo-
plastic fibre-reinforced components subjected to the automotive painting process. The product of the conducted
research is a validated numerical model that accurately simulates the mentioned deformation behaviour. It is
noted that the numerical analysis of viscoelastic deformation behaviour itself is not a novelty and literary works
on this topic are readily available. However, the focus of this research lies on thermoplastic materials and the
numerical model takes into account hygrothermal loading representative for the automotive paint shop and
polymer chemical effects that occur as a result of the hygrothermal loading. The following research objective has
been formulated.

The research objective is to provide the possibility to predict the structural performance of thermoplastic composite
parts that pass through the ovens in the automotive painting process by developing a validated simulation of the
viscoelastic deformation behaviour of fibre-reinforced thermoplastics subjected to transient hygrothermal loading.

A set of research questions has been deducted from the research objective. The knowledge that was necessary
to answer the research questions was identified through the method of corroborative knowledge. Knowledge
that was critical to carrying out the research objective was obtained by answering the research questions. The
most important and first main research question concerns prescriptive knowledge and answering this question
allows making recommendations to fellow engineers on analysing viscoelastic deformation behaviour of struc-
tures within the scope set in the thesis; which is exactly the research objective. The set of research questions is
listed next.

• What is the most suitable viscoelastic theory to be applied for the numerical model?

– What are the hygrothermal loading conditions imposed by the automotive painting process?

– Is there an interaction between the hygrothermal- and mechanical loading?

– Given the automotive painting process, will the thermoplastic matrix material act linear-viscoelastic
or non-linear-viscoelastic?

– What is the required level of accuracy of the analysis?

– Can a user-subroutine provide significant value to the viscoelastic analysis?



1.4 Structure of the thesis 5

• Which methods exist to reduce the computational cost of viscoelastic analyses?

– What is the benefit in terms of run-time to apply such a method?

– To what extent do methods to reduce computational cost reduce the accuracy of the analysis?

• What are the possible combinations of building blocks in finite element software for viscoelastic analyses?
• What meshing strategy will be applied for the through-thickness representation of the laminate?
• How will the numerical model be experimentally validated?

– On what scale will the experimental validation take place?

– Which variable or variables are suitable for the experimental validation?

– What are the requirements for the experimental setup?

• Which mechanical properties are required as input for the numerical model?

– What are the associated standard test methods for these mechanical properties?

– How many tests shall be conducted in order to generate a statistically robust dataset?

This thesis research was made possible by the availability of carrying out a large variety of material characterisation
tests to analyse the deformation behaviour of the thermoplastic composite material. Obtaining test specimens
to carry out the material characterisation tests was facilitated through the budget that was available for the
overarching PhD assignment.

1.4 Structure of the thesis

The main research conducted to provide answers to the research questions can be divided into three main parts:
the material characterisation, the development of the numerical model, and the experimental validation. A
literature review is provided in Chapter 2 that has been performed to get acquainted with the technological
state of the art in the automotive paint shop, the hygrothermal behaviour of thermoplastics, and the numerical
modelling of viscoelastic material behaviour. The theoretical knowledge that was required to carry out the thesis
activities is reported in Chapter 3.

The constitutive equations described in Chapter 3 for the numerical model led to the identification of the
required material parameters for the simulation. The material characterisation carried out to obtain these material
parameters is documented in Chapter 4. The development of the numerical model is discussed in Chapter 5
and follows the material characterisation in a chronological order. The developed numerical model has been
validated against several different levels of complexity. The methods, results, and conclusions of the validation
are presented in Chapter 6. An improvement to the numerical model is described in Chapter 7 as the original
approach led to unsatisfactory results. The conclusion of the thesis research is documented in Chapter 8 and
recommendations are provided in Chapter 9.





2
State of the art

Numerical simulation of viscoelastic materials by application of the finite element method has been reported on
from 1965 and onwards. It can be concluded that the numerical analysis of viscoelastic deformation behaviour
is no novel field of research. Nevertheless, the field of application for these simulations keeps changing as
technological developments in manufacturing techniques take place. The mentioned increase in mandatory
recyclability level of automotive products has raised the interest of applying thermoplastic matrix material in
structural components. The automotive process chain dictates that these parts travel through drying ovens and
this subjects the parts to severe temperatures.

Publications on numerical simulations carried out for manufactured structural parts including thermal condi-
tions up to these temperatures are rare. A validated simulation model that assesses the structural performance of
fibre-reinforced thermoplastic automotive parts during and after the cathodic dip painting process is a leading-
edge contribution to the engineering capabilities of the automotive industry. In preparation of developing the
simulation model, studying literature on the influences of environmental conditions on the mechanical beha-
viour of fibre-reinforced polymers and findings on various viscoelastic analysis techniques provides insight to
create a modelling strategy.

A literature study also allows the reader to place the present work in a reference framework. The novelty of the
thesis can be assessed as well as its value in closing scientific gaps that exist. The literature study has been divided
into different parts that are discussed in three subsequent sections; the automotive paint shop, hygrothermal
effects on the mechanical behaviour of fibre-reinforced thermoplastics, and numerical modelling of viscoelasti-
city. It is recognised that a numerical model alone is not sufficient in switching the matrix material system for
structural parts. Economical-, environmental-, and regulatory influences, amongst others, must be taken into
account as well [5]. Nevertheless, the literature review focuses purely on mechanical viewpoints.
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2.1 The automotive paint shop

The processing steps that are generally carried out in the automotive paint shop are discussed in this section
to provide an overview of the various hygroscopic- and thermal loads subjected to the structural elements of
the car. Seven major processes comprise the automotive paint shop. Initially, a pre-treatment is applied that
includes degreasing, rinsing, activation, phosphation and passivation [4] to clean the BIW from processing
agents. Degreasing solutions are a mixture of a builder and surfactants, which typically are alkaline salts and
organic compounds, respectively [4, 6]. The builder should remove inorganic- and pigment pollutants. Oils,
lubricants or soaps, contrarily organic contaminants, should be eliminated by the surfactants.

The function of rinsing is to wash away the solution with tap- or demineralised water to prevent contamina-
tion of the next processes. The activation, phosphation and passivation steps ensure a good adherence basis for
the coating layers to come and provide corrosion protection. Aqueous alkaline dispersions of titanium ortho-
phosphate increase the number of crystallisation nuclei on metal surfaces during activation and accelerates the
phosphation process [4]. The main purpose of phosphating is the formation of a thin, insoluble and corrosion
resistant conversion layer. Lastly, passivation completes the pre-treatment by enhancing corrosion resistance
through zirconium-based solutions.

The BIW is subjected to cathodic dip painting after the pre-treatment and this constitutes the largest hygro-
thermal load. This processing step provides the BIW with a uniform coating thickness and an insoluble, high
adherence layer that protects against corrosion. Furthermore, the cathodic dip painting increases chip resistance
and ensures a smooth surface for establishing an adhesion base for succeeding coatings. To coat the entire BIW,
it is dipped into a submersion tank with epoxy based solutions and a voltage in the range of 300V to 450V is
applied. The BIW becomes a cathode for the positively charged coating particles that are attracted to the BIW as
a consequence. The newly formed layer is dried in the cathodic dip painting oven at temperatures up to 170°C
to 190°C [4, 7].

The welding seams and flanges of the BIW are sealed with polyvinyl chloride once the BIW has passed through
the cathodic dip painting oven. The sealing is required to prevent diffusion of moisture between metal sheets that
may cause corrosion and is often combined with the application of damping material for noise- and vibration
reasons. Examples of damping material are solid bituminous pads or spray-on applications. The temperature in
the sealing dryer can reach up to 165°C if the sealing is combined with spray-on damping [7].

Integrated processes are becoming the norm for modern paint shops of which a primerless integrated paint
process is the state of the art. The two base coats that are applied consecutively provide UV protection and
chip protection, and produce colouring and aesthetic effects, respectively [4]. The clear coat is also sprayed
on and is usually a two-component system consisting of acrylate resins and special isocyanate hardeners. This
coating provides chemical resistance and protection from scratches. It also improves the appearance and increases
weathering resistance. A film of wax is applied to preserve cavities in the BIW from corroding.

Parts made from continuous fibre-reinforced thermoplastics are primarily intended for structural body applica-
tions and do not have to be painted because they cannot be seen and do not corrode. As such, the polyvinyl
chloride, base- and clear coat are only sprayed on designated parts and the thermoplastic parts do not interact
with these layers. Consequently, the only chemical load occurs throughout the pre-treatment and CDP pro-
cesses as the entire BIW is immersed. On the other hand, thermal loads affect the composite parts during all
processes. Table 2.1 summarises the chemical- and thermal loads subjected to the continuous fibre-reinforced
thermoplastic parts and their respective duration throughout the automotive paint shop.
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Table 2.1 Chemical- and thermal loads imposed on structural members during the automotive painting
process [4, 6, 7].

Process Thermal load Chemical load

Pre-treatment 50 ◦C - 60 ◦C Alkaline- and acid solutions
Cathodic dip painting process 30 ◦C Epoxy based solutions
Cathodic dip painting oven 170 ◦C - 190 ◦C n.a.
Polyvinyl chloride sealing n.a. n.a.
Polyvinyl chloride oven 165 ◦C n.a.
Primerless integrated painting process 150 ◦C n.a.

It is noted that the scope of the thesis is limited to the effect of the cathodic dip painting oven and the influence of
chemical effects of the alkaline-, acid-, and epoxy based solutions on the mechanical properties of the composite
material is not accounted for in the simulation. However, the moisture content of the composite material
is assumed to be fully saturated after the pre-treatment and the cathodic dip painting process. Hence, the
hygroscopic shrinkage that occurs due to moisture egress out of the composite material during the drying process
in the cathodic dip painting oven is implemented in the simulation.

2.2 Hygrothermal response of thermoplastics

Prior to starting the development of a simulation, it is valuable to identify all significant external factors that have
an influence on the mechanical behaviour of fibre-reinforced thermoplastics. This section provides an overview
of documented research towards the influence of temperature and moisture content on the mechanical properties
of fibre-reinforced thermoplastics. The aim of this section is to identify all processes that must be captured in
the simulation to accurately predict deformation behaviour.

The inherent structure of fibre-reinforced thermoplastics results in the mechanical behaviour being completely
described by the fibre, matrix, and the interphase between the fibre and matrix. Interface failure is governed by
matrix failure between two adjacent plies and does not constitute mechanical behaviour on its own. Temperature-
and moisture influences are most apparent for matrix properties, but the interphase characteristics are also influ-
enced [8]. The mechanical properties of the matrix are lowered as a result of swelling and plasticisation [9].

Considering the simulation problem at hand, it is necessary to understand how moisture is transported in-
and out of the material and how this influences the mechanical properties. Polymeric materials absorb moisture
through three different processes. Direct diffusion of water molecules into the matrix- or sometimes fibre material
is the most common mechanism of water absorption [10]. The two other processes are moisture transport along
the interphase by a capillary effect and storing moisture in voids and microcracks that are present in the polymer.

Despite multiple moisture absorption processes, a single law has been developed in 1855 that is shown to ac-
curately capture moisture absorption for many thermoplastic polymers [11]. Equation 2.1 is known as Fick’s
law and describes moisture transport through the diffusivity of the moisture in the polymer, denoted with the
symbol D. Moisture diffusion into a composite is stated to also depend on the viscosity of the matrix material
and the fibre volume fraction [12].

δM

δt
= D

(
δ2M

δx2
+
δ2M

δy2
+
δ2M

δz2

)
2.1
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Figure 2.1 Typical Fickian moisture diffusion showing a two-stage process of moisture uptake.

Diffusivity of moisture into, or out of, the polymer is dependent on the activation energy, Ea, the gas constant,
R, and the absolute temperature, T , and can be calculated with Eq. 2.2. The symbol W in Eq. 2.1 represents
the moisture concentration and is defined as the weight of the moisture as a fraction of the weight of the dry
composite material. From Eq. 2.2, the accelerating influence of the temperature on the diffusion constant is
directly visible. However, generally speaking, the moisture concentration of the environment decreases with in-
creasing temperature. It is to be expected that the moisture content of a fibre-reinforced thermoplastic specimen
drops when subjected to elevated temperatures in air.

D = D0e
−
Ea

RT 2.2

Water transport into a polymeric material can be considered to be a two-stage process. Initially, the diffusion
of water molecules takes place at a relatively high, constant rate. As the moisture content inside the polymer
approaches saturation, the diffusion rate decreases until an equilibrium is reached with the environment. A
curve that represents a typical Fickian moisture diffusion is shown in Figure 2.1.

It has often been concluded in literature that an increase in moisture content lowers the glass transition temper-
ature of thermoplastic polymers [13, 14]. Diffusion of water molecules results in a larger separation between the
macromolecules of the polymer. The polymeric material swells and chain- and side group mobility increases. A
larger separation between the chains also decreases the secondary intermolecular bonding forces and this explains
why the polymer is softer and displays a more ductile nature at equal temperature, translating to a lower glass
transition temperature [15].

Papanicolaou states that cyclic thermal loading can cause initiation of microcracks that leads to a higher sat-
uration moisture content [16]. Although the cited work concerns thermoset matrix material, the analogue to
thermoplastic matrix material seems plausible. The simulation in this thesis does not model the initiation of
damage, but knowledge about possible initiation of microcracks during thermal loading may provide an insight
during the evaluation of the validation experiments.

In 2013, Batista [14] investigated how the mechanical- and thermal performance of carbon fibre-reinforced
polyetherimide, or PEI, is affected by environmental influences. Dynamic mechanical analysis, interlaminar
shear strength tests, and non-destructive inspections were applied before and after submitting the laminates to
hygrothermal weathering. The results show reduced glass transition temperature values and storage moduli due
to plasticisation. However, it must be noted that the weathering was carried out at a temperature of 80 ◦C,
whereas the glass transition temperature of PEI lies roughly between 216 ◦C and 220 ◦C.
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The effect of moisture absorption on the thermal- and mechanical properties of injection-moulded short glass-
fibre-reinforced polyamide-6,6 composites was investigated by Hassan in 2012 [13]. Short-fibre laminates were
prepared with fibre volume fractions of 4%, 8%, and 12%. The article documents a decrease of enthalpy as
a result of adding glass-fibre reinforcements to the polyamide-6,6. The reduction of enthalpy displays a lower
degree of crystallinity. In agreement with the work of Batista [14], the glass transition temperatures reduce
with increased moisture content. Furthermore, including the glass-fibre reinforcement is stated not to change
the glass transition temperature to a significant extent. However, it must be kept in mind that the largest fibre
volume content is only 12%.

An experimental study was carried out by Eftekhari in 2016 [17] to analyse how the tensile behaviour of ther-
moplastic composites is affected by temperature, moisture, and hygrothermal ageing. The specimens of interest
of this study have been manufactured with polyamide-6,6. The article reports that the water absorption of the
short-glass-fibre-reinforced polyamide-6,6 specimens displayed Fickian behaviour. Ageing the specimens in wa-
ter and drying them afterwards yielded increased stiffness and strength. Hygrothermal ageing at 85 ◦C damaged
the interface of the specimens. The results of tensile tests carried out at elevated temperatures show an increase
in ultimate strain and a decrease in strength and stiffness, as expected.

The degree of crystallinity for a semi-crystalline polymer affects many mechanical properties. Subjecting a semi-
crystalline polymer to elevated temperatures above the glass transition temperature leads to the growth of crys-
talline areas and the degree of crystallinity increases. A higher degree of crystallinity results in increased density,
elastic modulus, tensile strength, hardness, and heat conductivity [18]. Contrarily, the mechanical damping,
impact toughness, ultimate strain, compressibility, and thermal expansion decrease. The temperature that cor-
responds to a maximum rate of growth of the crystals in polyamide 6 is reported to be 145 ◦C [19]. In addition to
an overall higher degree of crystallinity, Dencheva [20] reports that providing oriented cable of semi-crystalline
polyamide 6 with an annealing treatment promotes a phase transition of the crystal structure from γ-form to
α-form. Both the Young’s modulus and the yield stress of the polyamide 6 were observed to have increased
drastically.

2.3 Numerical modelling of viscoelasticity

The analytical solution of viscoelastic governing equations is possible only for limited geometries and under
specific assumptions. Components that are to be designed for series production involve complex geometry and
analytical solutions do not provide the information to analyse such structures to the required level of accuracy.
The increasing availability of computational power led to an increased use in the field of engineering to address
this problem. The finite element method, or FEM, was developed as a result of this. This method enables the
analysis of structures considering their exact geometry and relevant material properties.

The most widely used version of FEM discretises a geometrical domain that must be analysed in a finite number
of elements. In FEM, the displacement field of every element is determined through interpolation of the dis-
placement values of the individual nodes of that element. A stress field is calculated through application of the
constitutive equations and utilising the displacement information of the nodes [21]. The solution of the analysis
is obtained by applying the principle of virtual work to the equilibrium equations. The system of simultaneous
equations that is obtained are solved by making use of numerical computational power.
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The application of FEM refers only to discretising the geometrical domain and solving the underlying equilib-
rium equations. It is noted that the usage of a computer is not inherently required for analysing a structure
through FEM. Nevertheless, the analysis of complex structures can only be reasonably solved with a computer
due to the sheer size of the system of equations that is obtained because of the high number of elements. Numer-
ical analyses can differ in their underlying constitutive equations and how these equations are written in finite
element formulation. Specific formulation of the constitutive equations can yield an increase in computational
efficiency. This section provides an overview of the various strategies that have been adopted to numerically
analyse viscoelasticity.

Before the introduction of composite materials, the focus of viscoelastic analysis has been on isotropic materials.
The integral formulation of the governing equations to include a viscoelastic behaviour can not be solved directly
in a numerical manner. This problem was solved by Hopkins and Hamming [22] and Lee and Rogers [23] by
applying the method that is known as finite difference, or FD. Hopkins and Hamming developed a method
to construct the creep function from a measured relaxation function. This method involves the numerical solu-
tion of the integral equation that connects the two mentioned functions. The numerical method involves the
trapezoid rule for integration, which is shown in Eq. 2.3.

f(tn+1) = f(tn) +
1

2
[ψ(tn+1) + ψ(tn)] [tn+1 − tn] where f(t) =

t∫
0

ψ(τ)dτ 2.3

The symbol ψ in Eq. 2.3 denotes the relaxation function. The creep function is introduced through the general
expression that is presented in Eq. 2.4 which was originally shown in the work by Gross [24]. The symbol ϕ is
used in Eq. 2.4 to represent the creep function.

t∫
0

ϕ(t− τ)ψ(τ)dτ = t 2.4

The symbol τ in Eq. 2.4 represents the moment in time of load application. A finite difference approximation
is made for the integral formulation shown in Eq. 2.4 and the final equation obtained through mathematical
manipulation to calculate the creep function from the measured relaxation function is displayed in Eq. 2.5.

ϕ(tn+ 1
2
) =

tn+1 −
n−1∑
i=0

ϕ(ti+ 1
2
) [f(tn+1 − ti)− f(tn+1 − ti+1)]

f(tn+1 − tn)
2.5

Lee and Rogers follow the same approach as has been demonstrated by Hopkins and Hamming. Their results
confirm the excellent agreement between the numerical method to reconstruct the creep function from relaxation
data and the analytical solution that is obtained for Maxwell behaviour. This approach requires that the results
from all previous time steps need to be stored in order to be able to progress the solution through time. This
has the inconvenient consequence that rather simple problems lead to inefficient calculations and large data
volumes.
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Elimination of the need to store all previous time steps was proposed by Zak in 1968 [25]. The developed numer-
ical method was intended to analyse the stress and deformation in solid propellant materials. The equations that
have been applied are the integral form of linear viscoelastic equations that include the effect of thermal expan-
sion on the strain. Because the viscoelastic behaviour was modelled through Dirichlet-Prony series, a recursion
relation could be established. The advantage of the recursive notation is that it allows to progress the solution
through time without the need to store all previous information of solutions that would else be necessary.

It is noted that the mentioned works do not include any FEM efforts. An early implementation of viscoelastic
behaviour adopting FEM is reported by King [26] in 1965. A finite element code was developed to analyse
viscoelastic problems that concern plane stress and -strain. The underlying equations were based on the integral
form of the constitutive equations regarding creep compliance. The method that was applied is based on the
assumption that an elastic part and a creep part comprises the creep compliance. An additional assumption was
made that the strain remains constant across a time step.

Taylor and Chang [27] published an article about the development of a thermoviscoelastic finite element code
one year later than King. The code was applicable to materials that are considered to be thermorheologically
simple, a classification that is explained in detail in Section 3.4. In a later work that was published in 1970,
Taylor et al. [28] stress the disadvantage of the step-forward finite difference integration method as it requires all
past solutions to be kept in storage. Instead, an algorithm is suggested that has a recursive nature and describes
the material behaviour through the use of Maxwell elements.

The advantage over previously developed finite element code that make use of the step-forward finite difference
method is how the computational effort is affected by the analysis’ accuracy. In finite difference methods, the
computational effort is proportional to the number of previous time steps. It follows that a longer analysis inher-
ently grows in computational effort in comparison to the results. For the approach that includes the recursive
formulation, the computational effort is determined by the amount of Maxwell elements that are used to de-
scribe the viscoelastic behaviour of the material. Hence, the computational effort does not grow relative to the
results if the simulation spans a longer time frame.

Zienkiewicz and Watson [29] included both thermal- and ageing effects in their finite element code that was
written for a two-dimensional isotropic material. Analogous to King [26], the creep compliance was separated
into an elastic- and creep part, meaning that the first part is time-independent and the latter is time-dependent.
Modelling of the time-dependent part is achieved by expression in the form of a Kelvin model. A solution
was obtained through an incremental manner during which the stresses are assumed to remain constant, this is
contrary to King’s model in which the strains are assumed to be invariable.

More documentation on the development of finite element formulations for the deformation behaviour of iso-
tropic viscoelastic materials are provided by Lynch [30], White [31], and Rashid and Rockenhauser [32]. Lynch
developed a finite element code that utilises a finite difference method to put the single integral form of the
constitutive equation into a numerical form. A finite element procedure is applied to the constitutive equations
to obtain a set of algebraic equations for the global set of elements that can be solved through Gauss-Seidel
iteration. White had included the recursive relations of Zak [25] in his model and Rashid and Rockenhauser
made use of the method that was first applied by Lee and Rogers [23].
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An interesting observation is made when investigating the starting point of all the methods that have been
applied to develop the previously mentioned finite element codes. Every method has the integral form of the
constitutive equation as basis for the finite element notation. In 1968, Zienkiewicz et al. [33] published an
article on a numerical method to evaluate viscoelastic stresses of which the constitutive equations are represented
in derivative formulation. The viscoelastic behaviour of the material is represented by multiple Kelvin models
connected in series.

It is noted that because of the Kelvin model representation, the rate of total creep can be stored separately for
each model and no problem is encountered for storing data that is encountered for an integral formulation. The
finite difference approximation that was applied for the incrementation of time was based on an initial strain
approach. Greenbaum and Rubinstein [34] developed a similar finite element code in 1968 that implements the
initial strain method to progress through time. In this initial strain method, the creep strains for an increment
in time are regarded as initial strain to update the stress field for the next time step. The end of the simulation
was either governed by a final time, or when a steady-state condition was reached.

A different approach then either the integral- or derivative form in the time domain was taken by Webber
[35] in 1969; the correspondence principle was applied. The correspondence principle entails applying the
Laplace transform to the convolution integrals of the constitutive equations which converts the integrals to
algebraic equations. The viscoelastic equations in the time domain are transformed to elastic-like equations in
the transform variable domain. Hence, the name elastic-viscoelastic correspondence principle is given to this
method.

Referring back to the works discussed, Taylor [27] and Zienkiewicz [33] made use of Maxwell or Kelvin models
respectively to represent the viscoelastic material behaviour of the considered materials. This representation
is only accurate when the viscoelastic behaviour of the material is linear. The construction of more complex
rheological models is namely based on the linear superposition of simple models. Reference is made here to the
construction of the generalised Maxwell or -Kelvin model, amongst others. Finite element codes that simulate
non-linear viscoelastic behaviour have been developed by Bazant [36], Carpenter [37], and Schapery [38].

It is noted that the mentioned written works to this point only concern isotropic materials. The development of
finite element codes taking into account the anisotropy of a material has been documented by various authors
as well. The selection of literature on the numerical modelling of anisotropic viscoelastic materials has been
limited to orthotropic materials with the research objective of the thesis in mind. An early development of a
finite element code to simulate the deformation behaviour of orthotropic viscoelastic materials is reported by
Lin and Hwang [39]. It must be noted that a plane stress assumption was applied as classical laminate theory
had been used to obtain the relaxation moduli of the laminate.

A similar approach was taken by Hilton and Yi [40] in 1993. The constitutive relations that were implemented
in the model were equal to the equations that had been used by Lin and Hwang [39] and the finite element
formulation that had to be solved was similar too. However, the strategy in solving the finite element formulation
is what distinguishes the two works. A Laplace transform was used by Hilton and Yi, whereas a reduced time
approach was applied by Lin and Hwang. Further research conducted by Yi [41] was focused on expanding the
developed finite element code to support the prediction of the onset of delamination and to analyse a free edge
response.
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A finite element code that supported a three-dimensional representation of orthotropic viscoelastic material
behaviour was written by Kennedy and Wang [42]. This finite element code was developed for constitutive
equations that were written in integral form utilising the non-linear representation of viscoelasticity that was
documented by Lou and Schapery [43]. The work of Kennedy and Wang was based on constitutive equations
that were written by creep compliances. Another three-dimensional finite element code was developed by Zocher
[44] that was analogous to the work of Kennedy and Wang. However, the work of Zocher is constructed around
relaxation moduli as opposed to creep compliances.

Additionally, Zocher implemented a recursive formulation of the constitutive equations by which the need to
store the complete strain history of the simulation could be avoided. The recursive formulation of Zocher
has been used frequently in the simulation of viscoelastic deformation behaviour and is still found in recent
literature. Ding et al. [45] have developed a more general formulation of the constitutive equations to model
the residual stresses during the curing of thermo-rheologically complex materials. The variation in thermal
expansion, chemical shrinkage, and stress relaxation are accounted for in the model.

The recursive formulation of the constitutive equations has also been used by Abouhamzeh et al. [46] in an
analysis approach of the deformation behaviour of viscoelastic composites with a thermal dependency. A set of
self-consistent equations have been used at micromechanical level to obtain the orthotropic viscoelastic material
behaviour of linear nature. Abouhamzeh et al. [47] calculated the residual stresses in strips made of glass rein-
forced aluminium, or GLARE, by means of a UserMat that was written to implement the recursive formulation
in ANSYS. The validation of the model was carried out by comparison of the predicted values and digital image
correlation, or DIC, measurements of the curvature of narrow non-symmetric strips of GLARE. The authors
report an improved accuracy of the viscoelastic model with temperature dependency over both an elastic model
with- and an elastic model without temperature dependence.





3
Viscoelastic theories

The development of a simulation to analyse the deformation behaviour of a viscoelastic material requires know-
ledge about the relation between forces and displacements. This relation is often expressed in terms of how a
specific stress leads to a specific strain, or vice versa. The reason for defining stress and strain as opposed to force
and displacement is because this allows straightforward comparison between geometries with different cross-
sectional area and lengths. The purpose of this chapter is to present the theoretical knowledge that is required
to develop the numerical model that aids in achieving the research objective outlined in Section 1.3.

An introduction to viscoelasticity is provided in Section 3.1 and the phenomena creep and relaxation are ex-
plained. The deformation behaviour of viscoelastic materials can be described by means of either integral- or dif-
ferential formulations of the constitutive equations. These two types of formulations are discussed in Section 3.2
and Section 3.3, respectively. The influence of moisture content and temperature is treated subsequently in Sec-
tion 3.4 because of the hygrothermal loading that is present due to the processing steps mentioned in Section 2.1.
The additional physical relations that must be taken into account due to the composite nature of the material are
presented in Section 3.5. The constitutive equations that have been utilised for the numerical model are derived
in Section 3.6, the concluding section of this chapter.

3.1 Introduction to viscoelasticity

The mechanical response of both elastic solids and viscous fluids are relatively well understood and can often
be simulated for engineering purposes to high accuracy. However, most polymers show characteristics of both
materials. They can neither be classified as an elastic solid or as a viscous fluid. Instantaneous tensile load applic-
ation to a polymer results in an instantaneous elastic response in the expected form of strain. If the magnitude
of the load is kept constant for the remainder of time, the strain gradually increases. This phenomenon is called
creep and is characteristic for materials that show a viscoelastic behaviour.

An other phenomenon that is displayed by viscoelastic materials is relaxation. This is essentially the inverse of
creep and is directly related to it. Relaxation is visible when a constant elongation is applied to a viscoelastic
specimen. The force that is required to achieve the displacement is initially equal to what can be expected from
the instantaneous elastic response obtained from the creep behaviour. As time passes, the required force decreases
and the specimen is said to relax. The two phenomena creep and relaxation are shown graphically in Figure 3.1,
left and right, respectively.
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Figure 3.1 The phenomena creep and relaxation, respectively left and right, represented arbitrarily.

One distinction must be made prior to modelling the deformation behaviour of viscoelastic structures. Vis-
coelasticity can be categorised as either linear or non-linear. A material that is said to be linearly viscoelastic
conforms to Boltzmann’s superposition principle. Boltzmann’s superposition principle states that the deform-
ation response of a linear viscoelastic material to a combined load is a linear superposition of the deformation
responses to the individual loads [48]. In other words, the deformation response as a result of applying an
incremental load to a specimen is independent of the load history [49].

Prior to determining an approach to model the deformation behaviour of viscoelastic materials, it is essential
to know whether a material is linearly- or non-linearly viscoelastic. Such knowledge can be obtained by exper-
imentally testing whether or not the Boltzmann principle holds for the given material. As part of preliminary
research to defining a modelling approach for the given problem, this experiment was carried out. Section 4.7
provides a description of the experiment that has been carried out to determine the linearity of the viscoelastic
material.

It is noted that the linearity of viscoelastic deformation behaviour can also be analysed by means of isochrones
obtaiend from relaxation or creep experiments. Isochrones of relaxation experiments are constructed by evalu-
ating the stress value for multiple relaxation experiments that have been carried out at different strain levels at
one particular time. Isochrones can also be constructed for creep experiments, for which a plot is made of the
strain values at one particular time for experiments that have been carried out with different stress magnitudes.
Linear viscoelastic behaviour results in linear isochrones. An example of isochrones is displayed in Figure 3.2;
the data has been taken from creep experiments of glass-fibre reinforced polyamide-6 that has the name Akulon
Ultraflow K-FHG0 [50].
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Figure 3.2 Isochrones of glass-fibre reinforced polyamide-6 as reference for non-linear viscoelastic behaviour.
Data was obtained from CAMPUSplastics [50].

The main point of attention demonstrated through the previous two phenomena is the time dependency that
is introduced for the mechanical behaviour of viscoelastic materials. As opposed to elastic engineering materials
prior to the onset of damage, the loading history of the structure becomes significant in the determination of
the deformation behaviour. The importance of the loading history has consequences for the numerical analysis
of such structures. The next section provides examples of analytical methods to model viscoelastic material
behaviour.

3.2 Integral formulations

In the examples that describe creep- and relaxation behaviour, either the applied displacement or subjected force
serves as external stimulus, whilst the other is measured as mechanical response. The relationships that connect
stress and strain are called constitutive equations and can sometimes be derived analytically. For linear viscoelastic
materials, the constitutive equations can be written in integral formulation or by linear ordinary differential
equations [49]. This section presents the derivation of the integral form and presents possible alternative forms
that may be convenient depending on the problem at hand.

It is important to note that the equations presented in this section are only valid under isothermal conditions. The
influence of thermal- and hygroscopic effects is discussed in Section 3.4. Furthermore, the presented equations
do not consider ageing of the material. Contrary to thermal- and hygroscopic effects, ageing is not treated in
this thesis as the duration of the simulation is assumed to be small enough to neglect ageing effects.

It is by definition possible to calculate a stiffness value at each moment in time for the relaxation phenomenon
displayed in Figure 3.1. The resulting stiffness value inherently decreases as time progresses and is accordingly
called the relaxation modulus, denoted with E(t). The relaxation modulus describes the stress response for a
one-dimensional bar, that is subjected to a step strain input at time t1, as shown in Eq. 3.1.

σ(t) = E(t− t1)ε for t ≥ t1 3.1
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This relationship can be extended to analyse the stress response to a combination of arbitrary loads. A continuous
strain input function may be discretised as a series of step functions. An incremental step in strain input, which
is defined as ∆εk, results in the incremental stress response through the relaxation modulus as presented in
Eq. 3.2.

∆σk(t) = E(t− tk)∆εk for t ≥ tk 3.2

The calculation of the general stress response due to the combined arbitrary strain input is equal to the summation
of the individual strain responses to the individual step strain inputs. This is only valid for linear viscoelastic
materials and is known as Boltzmann’s superposition principle that was mentioned earlier in the previous section.
The mathematical expression of Boltzmann’s superposition principle is displayed in Eq. 3.3.

σ(t) ≈
N∑
k=1

∆σk(t) =
N∑
k=1

E(t− tk)∆εk for t ≥ tk 3.3

It is noted that the stress response that is calculated from Eq. 3.3 is still an approximation because of the finite
summation that introduces discretisation errors. The strength of analytical solutions is often to provide an exact
description of the problem. Hence, the summation will now be converted to an integral. The right hand side
of Eq. 3.3 is multiplied and divided by the time interval that was used to discretise the strain input. This
mathematical restructuring is shown in Eq. 3.4 for clarity.

σ(t) ≈
N∑
k=1

E(t− tk)
∆εk
∆tk

∆tk for t ≥ tk 3.4

If the limit of the sum, N , shown in Eq. 3.4 is increased to infinity and the time interval, tk, is decreased to
zero, Eq. 3.4 is written as Eq. 3.5 as the sum becomes an integral. The time interval, which is denoted with tk,
has been replaced with the symbol τ as the time is in the continuous spectrum due to the change of the discrete
sum into a continuous integral.

σ(t) =

t∫
0+

E(t− τ)
d

dτ
ε(τ)dτ 3.5

The lower limit of the integral in Eq. 3.5 is set to 0+ as the derivative of the strain with respect to τ is undefined
at the initial time. To allow a step discontinuity from the initial time to the time 0+, Eq. 3.5 is expanded to
Eq. 3.6.

σ(t) = E(t)ε(0+) +

t∫
0+

E(t− τ)
d

dτ
ε(τ)dτ 3.6
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The left hand side of Eq. 3.6 can be taken into the integral as the relationship that is shown in Eq. 3.7 holds.

0+∫
0

E(t− τ)
d

dτ
ε(τ)dτ = E(t)

0+∫
0

d

dτ
ε(τ)dτ ≡ E(t)ε(0+) 3.7

Thus, the lower limit of the integral in Eq. 3.6 may be extended to 0. The resulting expression is shown in
Eq. 3.8 and forms the constitutive equation for an isotropic material in integral form.

σ(t) =

t∫
0

E(t− τ)
d

dτ
ε(τ)dτ 3.8

The result that is depicted in Eq. 3.8 is known as the Boltzmann integral. The complete procedure that is started
at Eq. 3.1 can also be carried out for a strain response to a stress input. Doing so yields a similar expression with
a term that is called the creep compliance. The creep compliance can be seen as the inverse of the relaxation
modulus and the two are interrelated through the expressions shown in Eq. 3.9 [49].

t∫
0

E(t− τ)
d

dτ
C(τ)dτ = H(t)

t∫
0

C(t− τ)
d

dτ
E(τ)dτ = H(t)

3.9

The symbols C andH in Eq. 3.9 denote the creep compliance and Heaviside function, respectively. It is worth
noting that the integrals displayed in Eq. 3.9 are convolution integrals. These integrals are mathematically
equivalent and the function of the relaxation modulus can be obtained once the function of the creep compliance
is known. Experimental data of creep tests can hence be used to provide information about the relaxation
behaviour.

3.3 Differential formulations

The combination of both elastic- and viscous properties is what defines a viscoelastic material. Pure elastic- and
viscous materials can be mechanically represented by springs and dashpots, respectively. It follows that linear
viscoelastic material can be described by a linear combination of springs and dashpots. The governing equations
for the linear combination are derived through the governing equations for a single spring and -dashpot. This
section presents the governing equations for springs and dashpots, and describes the linear combination of these
elements to describe viscoelastic behaviour; a characterisation method known as rheology.
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The two fundamental rheological elements required for the construction of viscoelastic models are the linear
elastic spring and linear viscous dashpot. The constitutive equation for the linear elastic spring includes force
and displacement. On the other hand, force and displacement rate govern the constitutive equation for the
linear viscous dashpot. In terms of structural engineering, it is more logical to replace force with stress and to
substitute displacement with strain. The linear elastic spring and linear viscous dashpot are shown schematically
in Figure 3.3. Their constitutive equations in stress-strain form are displayed in Eq. 3.10.

Figure 3.3 Schematic representation of the linear elastic spring and the linear viscous dashpot left and right,
respectively.

σ = E · ε Linear elastic spring

σ(t) = η · d
dt
ε(t) Linear viscous dashpot

3.10

The constant denoted with η in Eq. 3.10 is the viscosity of the dashpot. From here on, the linear elastic spring
and linear viscous dashpot are referred to as simply spring and dashpot. Since the research objective of this thesis
is strain-governed, the mechanical behaviour of the rheological elements and -models are presented as stress
responses to strain loading. The stress response of a spring element under strain loading is shown in Eq. 3.11.
Note that the strain history is irrelevant and the stress response is instantaneous.

σ(t) = Eε(t)

E(t) = E
3.11

It is noted that the relaxation modulus is equal to the constant stiffness of the spring and independent of time,
as expected. The response to strain loading of a dashpot is not as straightforward and is shown for an arbitrary
strain history in Eq. 3.12. The function f(t) is used to allow for all possibilities of strain history.

σ(t) = η
d

dt
ε(t) ≡ η

d

dt
[f(t)H(t− t1)] 3.12

Carrying out the differentiation and applying the properties of the step- and delta function results in the stress
response displayed in Eq. 3.13. Inspection of the stress response makes it clear that an instantaneous strain
loading has an infinite stress as result because of the presence of the delta function. Afterwards, the stress drops
to the size of the derivative of the strain function. The relaxation modulus of a dashpot is an impulse function,
which is shown in Eq. 3.13.

σ(t) = η

[
H(t− t1)

d

dt
f(t) + f(t1)δ(t− t1)

]
E(t) = ηδ(t)

3.13
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Viscoelastic material behaviour may be described by combining the mechanical responses of springs and dashpots.
The term rheology is generally used for the flow of matter. Viscoelastic materials show such a flow of matter
even though they are not liquid. As a result, rheological operators can be utilised to describe viscoelastic material
behaviour. A rheological operator expresses the mathematical operation on a strain history that is carried out
to obtain the stress response. This is particularly appropriate for the constitutive equations of the spring and
dashpot. Referring back to these constitutive equations, as shown in Eq. 3.10, the two fundamental rheological
operators used to describe viscoelasticity are shown in brackets in Eq. 3.14.

σ(t) = [E] ε(t)

σ(t) =

[
η
d

dt

]
ε(t)

3.14

The argument to identify rheological operators is that rheological operators can be regarded as algebraic characters
to which the rules of addition and multiplication, as well as the properties that are involved with differentiation,
for real numbers apply. In words, rheological operators are linear, commutative, associative, and distributive
[49]. The previous states that the four algebraic manipulations on rheological operators may be carried out in
any order.

Before discussing the rheological expressions for simple combinations of springs and dashpots, a small overview
is presented on the general formulation that applies to rheological operators. From the differential operator
that is present in the rheological expression of a single dashpot, shown in the bottom expression of Eq. 3.14,
it may be expected that higher-order derivatives can be the result of multiplication of two dashpots. Because
every possible combination of springs and dashpots must be able to be constructed by algebraic operations, the
general expression for any rheological model is always in the form as shown in Eq. 3.15.

p0σ + p1
d1

dt1
σ + ...+ pm

dm

dtm
σ = q0ε+ q1

d1

dt1
ε+ ...+ qn

dn

dtn
ε 3.15

The differential operators on the left hand side of Eq. 3.15 originate from the fact that the constitutive equations
can also be written in strain-stress form. Moreover, q0 can not be equal to zero for solid material behaviour as
the constitutive equation would then only contain derivatives of strain. The consequence of this would be that
the stress state is depending only on the strain rate, which violates solid material behaviour.

The expression shown in Eq. 3.15 may be shortened to the relation displayed in Eq. 3.16. The stress- and strain
operators that are present in the right hand side of Eq. 3.16, denoted with P and Q, respectively, make use
of a linear differential operator notation. It is possible to obtain the desired stress-strain relation by using the
operator that is obtained through the division of Q by P .

m∑
k=0

[
pk
dk

dtk

]
σ(t) =

n∑
j=0

[
qj
dj

dtj

]
ε(t) or [P ]σ = [Q] ε 3.16



24 3. Viscoelastic theories

Figure 3.4 Schematic representation of the Kelvin-Voigt model.

What remains is to construct rheological expressions that correspond to combinations of springs and dashpots.
This construction is carried out in three consecutive steps. The first step is to note the groups of rheological
elements that are connected in parallel or in series with each other. The constitutive equations should be written
accordingly for the individual components of every group. It is convenient to write the constitutive equations in
stress-strain form for elements that are connected in parallel. Contrary, the constitutive equations for elements
that are connected in series are written in strain-stress form.

The previous is argued by the stress- and strain resultants of the groups; for elements that are connected in
parallel, the total stress is equal to the sum of the stress in the separate elements. Furthermore, all elements
are subjected to the same strain which allows the addition of rheological operators. Hence, it makes sense to
write the constitutive equations for elements that are connected in parallel in stress-strain form. An analogous
reasoning applies to elements that are connected in series, albeit the other way around. Obeying to the outlined
strategy, the constitutive equations for the groups are shown in Eq. 3.17.

σ =
∑ Qi

Pi
ε Elements in parallel

ε =
∑ Pi

Qi
Elements in series

3.17

The second step in the construction of the rheological model is to convert all constitutive equations to either
stress-strain form or strain-stress form. The decision on which form to choose is dependent on the overall
assembly. If the groups of rheological elements are connected in parallel, all constitutive equations should be
converted to stress-strain form. Naturally, the opposite applies to a rheological model in which the groups are
connected in series. The final step is to sum the stress- or strain response after which the constitutive equation
for the rheological model has been found.

The most simple rheological model that can be constructed without being trivial contains one spring and one
dashpot. The spring and dashpot can either be placed in series or in parallel. These two models are called the
Maxwell- and Kelvin-Voigt model, respectively. To illustrate the previously outlined method for obtaining the
constitutive equations of a rheological model, the Kelvin-Voigt model is analysed next. A graphical representa-
tion of the Kelvin-Voigt model is depicted in Figure 3.4

By inspection of Figure 3.4, the constitutive equations for the spring and dashpot shall be written in stress-
strain form as the rheological elements are connected in series. These constitutive equations have already been
mentioned, but are shown in Eq. 3.18 for ease of reading. Since there is only one group of rheological elements
present for this model, there is no need to rewrite constitutive equations from one form to the other. Furthermore,
it is noted that the strain in each rheological element is equal because of the parallel construction.
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σs = E · εs with εs = ε

σd = η∂t · εd with εd = ε
3.18

Addition of the two expressions shown in Eq. 3.18 leads to the constitutive equation of the Kelvin-Voigt model,
as presented in Eq. 3.19. Comparing the constitutive equation of the Kelvin-Voigt model with the general form
for rheological models that is shown in Eq. 3.15, it is already possible to comment on the mechanical behaviour.
As q0 is not equal to zero, the Kelvin-Voigt model behaves as a solid. Additionally, because m is smaller than n,
the Kelvin-Voigt model also does not display an instantaneous response [49].

σ = (E + η∂t) ε 3.19

In the following, the stress response to strain loading of the Kelvin-Voigt model will be analysed, keeping in
mind the research objective of the thesis. The controlled variable in this analysis is strain, for which an arbitrary
input is chosen analogous to the input shown on the right hand side of Eq. 3.12. For completeness, the strain
input is displayed in Eq. 3.20.

ε(t) = f(t)H(t− t1) 3.20

Substitution of Eq. 3.20 into Eq. 3.19 produces the stress response of the Kelvin-Voigt model for an arbitrary
strain load, as shown in Eq. 3.21.

σ = E · f(t)H(t− t1) + η

[
H(t− t1)

d

dt
f(t) + f(t1)δ(t− t1)

]
3.21

The relation that is shown in Eq. 3.21 can be utilised to obtain the relaxation modulus of the Kelvin-Voigt model.
A constant strain input with unit magnitude is applied for the function f(t) in Eq. 3.21 to this extent. The
resulting expression is presented in Eq. 3.22.

E(t− t1) = E ·H(t− t1) + ηδ(t− t1) 3.22

In case the moment of applying the unit magnitude strain input is chosen to coincide with the origin of time
measurement, meaning t1 = 0, Eq. 3.22 can be simplified to Eq. 3.23.

E(t) = E ·H(t) + ηδ(t) 3.23
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Figure 3.5 Schematic representation of the Maxwell model.

A stress recovery experiment is carried out by measuring the stress response to the application of a single repetition
of a square wave strain input. In other words, a constant strain input of arbitrary magnitude is applied at a specific
time, t1. Then, the constant strain input is removed again at a specific point later in time, t2. The mathematical
expression for the strain input is given in Eq. 3.24.

ε(t) = ε0 ·H(t− t1)− ε0 ·H(t− t2) 3.24

The other most simple, non-trivial, rheological model that can be constructed with two elements is the Maxwell
model. Contrary to the Kelvin-Voigt model, the spring and dashpot are placed in series. The Maxwell model
is shown schematically in Figure 3.5. Analogous to the analysis of the Kelvin-Voigt model, the constitutive
rheological expression is derived first. Afterwards, the relaxation modulus is determined and the response to a
stress recovery experiment is inspected.

The first step in deriving the constitutive rheological expression is to write down the constitutive equations for
each element. It is noted that the individual elements are connected in series and therefore a strain-stress form
is used. The individual constitutive equations are shown in Eq. 3.25.

εs =
1

E
· σs with σs = σ 3.25

εd =
1

η∂t
· σd with σd = σ 3.26

The expressions in Eq. 3.25 are summed to obtain the strain response of the Maxwell model. The resulting
expression is provided in Eq. 3.27. For completeness, it is noted that the overall construction of the rheological
model is in series and hence no conversion is necessary of the constitutive equations.

ε =
1

E
· σ +

1

η∂t
· σ =

(E + η∂t)

E · η∂t
σ 3.27

Rewriting Eq. 3.27 into the standardised formulation, as shown in Eq. 3.15, allows commenting on the material
behaviour characteristics of the Maxwell model prior to evaluating a strain response. The standardised form for
the Maxwell model is presented in Eq. 3.28; sincem is equal to n, the Maxwell model displays an instantaneous
response. The fact that q0 is equal to zero means that the Maxwell model describes a fluid.
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(E + η∂t)σ = (E · η∂t) ε 3.28

Contrary to the constitutive equation for the Kelvin-Voigt model, the stress response to a strain input of the
Maxwell model is not calculated as easily due to the constitutive equation being an ordinary linear differential
equation. To obtain a solution, the constitutive equation is rewritten to the form shown in Eq. 3.29.

(
E

η
+ ∂t)σ = (E∂t)ε 3.29

A time parameter is introduced and the the strain input is written for an arbitrary function, f(t), resulting in
the expression that is presented in Eq. 3.30.

∂tσ +
1

τ
σ = E∂tf(t) with τ ≡ η

E
3.30

The expression in Eq. 3.30 is a first order linear ordinary differential equation (ODE) and adheres to the standard
form as shown in Eq. 3.31. Finding a solution to this problem requires rewriting the problem in terms of
differentials and introducing a continuous function to multiply with, denoted with u(t).

∂ty(t) + p(t) · y(t) = q(t) 3.31

Multiplication of the ODE with the newly introduced function results in the expression shown in Eq. 3.32. It
is noted that the left hand side of Eq. 3.32 is the exact differential for the resulting expression obtained for the
multiplication of u(t) with y(t).

u(t) · dy(t) + u(t) · p(t) · y(t) · dt = u(t) · q(t) · dt 3.32

A multiplication function u(t) must be found that complies with the expression shown in Eq. 3.33.

d [u(t) · y(t)] = u(t) · q(t) · dt 3.33

In order for the multiplication function to comply with this requirement, the left hand side of Eq. 3.33 must
be equal to the left hand side of Eq. 3.32. For ease of reading, this requirement is shown in Eq. 3.34.

d [u(t) · y(t)] = u(t) + dy(t) + u(t) · p(t) · y(t) · dt 3.34
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The left hand side of Eq. 3.34 can be expanded and similar terms can be cancelled with the right hand side.
Then, all terms that refer to the multiplication function u(t) are put on the left side. The resulting expression
from these operations is shown in the left side of Eq. 3.35. The value for the multiplication function u(t) can
be found by utilising the integral properties of the natural logarithm and the derived expression is shown on the
right side of Eq. 3.35.

du(t)

u(t)
= p(t) · dt ⇒ u(t) = e

∫
p(t)·dt 3.35

Referring back to the constitutive equation for the Maxwell model, the multiplication factor to find a solution
of stress response for the Maxwell model is determined to be as shown in Eq. 3.36.

u(t) = e
t
τ as p(t) =

1

τ
3.36

The solution for the ODE that is shown in Eq. 3.30 is obtained by integrating the expression that is presented in
Eq. 3.33. The result of the integration and the necessary dummy variable to clarify the result of the integration
are shown in Eq. 3.37. The integration is carried out over a definite range as it is assumed that the strain history
is zero for times smaller than a specific value.

u(t) · y(t)− u(t1) · y(t1) =
t∫

t1

u(s) · (s) ds 3.37

Application of the expression in Eq. 3.37 to the constitutive equation shown in Eq. 3.30, yields the relation that
is presented in Eq. 3.38.

e
t
τ · σ(t)− e

t1
τ · σ(t1) = E

t∫
t1

e
s
τ · ε̇ ds 3.38

For evaluating the stress response under strain loading, it is assumed that there is zero stress in the material at
the start of the experiment, denoted by t1. Hence, the expression in Eq. 3.38 can be rewritten to be equal to
Eq. 3.39.

σ(t) = E

t∫
t1

e−
t−s
τ · ε̇ ds 3.39
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Figure 3.6 Schematic representation of the generalised Maxwell model.

Although the simplicity of both the Maxwell- and Kelvin-Voigt model is suitable to demonstrate the usefulness
of rheological modelling, their applicability in engineering sense is limited to represent viscoelastic material
behaviour. It is readily known that usage of the Maxwell- or Kelvin-Voigt model to represent the deformation
behaviour of viscoelastic composites yields poor results. The proposed solution to accurately capture the correct
behaviour of real materials is to build more complex rheological models by combining the Maxwell- and Kelvin-
Voigt models.

The two most commonly applied examples of this principle are known as the generalised Maxwell model and
the generalised Kelvin chain. The generalised Maxwell model is constructed of an arbitrary number of Maxwell
models that are connected in parallel. An isolated spring is added in parallel to change the material behaviour
from viscous to solid. The generalised Maxwell model is shown schematically in Figure 3.6 and the mathematical
expressions for the stress contributions of every rheological submodel in the generalised Maxwell model are
shown in Eq. 3.40.

σi =
Ei · ηi∂t

(Ei + ηi∂t)
εi For the Maxwell models

σ0 = E∞ · ε0 For the isolated spring
3.40

It is noted that the terms εi and ε0 represent the individual strains for each rheological submodel. However,
these individual strains must be equal due to the fact that the submodels are connected in parallel. Hence, the
terms εi and ε0 can be replaced by the global strain term ε and the individual stress contributions can be summed
to calculate the stress response of the entire generalised Maxwell model as displayed in Eq. 3.41.

σ =

[
E∞ +

N∑
i=1

Ei · ηi∂t
(Ei + ηi∂t)

]
ε 3.41

The relaxation behaviour of the every single Maxwell model in the generalised Maxwell model may be rewritten
using the method that was described to rewrite Eq. 3.28 to Eq. 3.39. The isolated spring does not display any
relaxation behaviour and because the single Maxwell models are connected in parallel their relaxation behaviour
may be added in a linear manner. The resulting expression of the relaxation behaviour is shown in Eq. 3.42 and
constitutes the key relation to which the the constitutive equations described in Section 3.6 are founded on.
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E(t) = E∞ +
N∑
i=1

Ei · e
− t

τi 3.42

The expression on the right hand side of Eq. 3.42 is often referred to as a Prony series. Inspection of Eq. 3.42
leads to the conclusion that the generalised Maxwell model always shows an instantaneous response, regardless
of the isolated spring. The generalised Maxwell model will always be used in combination with the isolated
spring in the scope of this thesis due to the solid material behaviour of the composite material in the research
objective.

3.4 Thermal- and hygroscopic effects

Elevated temperatures accelerate the relaxation behaviour of a thermoplastic matrix constituent and this has an
influence on the deformation behaviour of the composite material as a whole. In addition to thermal effects,
hygroscopic effects on the deformation behaviour of composite materials are present as an increase in moisture
content lowers the instantaneous stiffness of the thermoplastic matrix constituent [14]. A variation in instantan-
eous stiffness also changes the magnitude of the relaxation behaviour and is thus regarded to be of significance
as well for the simulation of viscoelastic deformation behaviour. This section presents methods that have been
developed to model the thermal- and hygroscopic effects on viscoelasticity and introduces the concept of ther-
morheological complexity.

The deformation behaviour of viscoelastic polymers can be described by viscoelastic functions that define either
the modulus or compliance of the material. These functions can be visualised by means of a double logarithmic
representation of the modulus or compliance as a function of time or frequency. It is commonly known that
the viscoelastic functions of polymers show a time- and temperature dependency. These dependencies originate
from the molecular motion and -transitions that are present for the polymer.

The most significant thermoplastic molecular transition is known as the glass-transition and is often described
in literature as the α-transition. This transition is associated with the segmental motion of the main polymeric
chain. It is noted that the main polymeric chains still exhibit mobility even below the glass-transition and that
relaxation times can be defined in this region as well. Secondary transitions are denoted as β- or γ-transitions
and are related to the motion of side- or end group or restricted motion of the main polymeric chains above the
glass transition.

The contribution of every molecular transition can be described by an individual viscoelastic function. The
overall relaxation behaviour of the polymer is then obtained by addition of the individual viscoelastic functions.
A polymer that displays only one molecular transition has only one viscoelastic function to describe the overall
relaxation behaviour. The shape of the viscoelastic function for a molecular transition is independent of temper-
ature. However, a difference in temperature does result in a shift of the viscoelastic function along the time-axis.
Because the shapes of the viscoelastic functions for two temperature conditions are equal, one function can be
superposed with the other function by a shift along the time-axis[51].
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This superposition is fundamental to the time-temperature superposition principle in which a time-temperature
equivalence can be identified. However, this superposition principle is only valid if the viscoelastic functions
display an identical shape. A superposition can not be achieved with only shifting along the time-axis if the
shapes of the overall viscoelastic functions are unequal. Different molecular transitions have varying temperat-
ure dependencies as the molecular structures involved are dissimilar. This implies that the overall viscoelastic
functions of a polymer with two active molecular transitions do not have the same shape and that the principle
of time-temperature superposition does not hold.

Polymers with only one active molecular transition are said to be thermorheologically simple and the time-
temperature superposition can be applied. On the contrary, the presence of multiple molecular transitions will
cause a polymer to be thermorheologically complex and the time-temperature superposition principle fails [51].
Examples for which the application of time-temperature superposition is not valid have been documented by [52]
and [53], for polymer mixtures and block copolymers, respectively. It is also reported that the time-temperature
superposition principle does not hold when the relaxation curves span a temperature range that includes phase
transitions or polymer degradation [54].

Inspection of a Cole-Cole diagram can be utilised to conclude whether or not a polymer is thermorheologically
simple. In the context of viscoelastic material behaviour, a Cole-Cole diagram is a plot of the loss modulus as
a function of the storage modulus [53]. A Cole-Cole diagram must display a continuous line for a polymer
to be thermorheologically simple. The argumentation for this statement is derived from the requirement that
all viscoelastic functions must have the same temperature dependence for a polymer to be thermorheologically
simple [55]. A discontinuous Cole-Cole diagram indicates that the temperature-dependence of the loss modulus
shows a discrepancy with the temperature dependence of the storage modulus and indicates thermorheological
complex behaviour.

The shift factors for thermorheologically complex polymers become also a function of time. A method was
proposed by Fesko and Tschögl [56] to calculate shift factors that are required to superpose a single point of a
viscoelastic function with a corresponding point of another viscoelastic function measured at a different temper-
ature. The method was developed for polymeric materials that include two phases; which is characteristic for
block copolymers and polymer blends. However, knowledge about the viscoelastic functions of the constituent
homopolymers and the temperature dependencies must be known in advance.

The linearity of the viscoelastic behaviour also governs whether or not the principle of time-temperature super-
position will be successful. It has been stated that the successful application of time-temperature superposition
is dependent on an equal influence of temperature on the viscoelastic functions. The deformation behaviour of
non-linear viscoelastic materials depends, amongst other parameters, on the magnitude of the loading. Hence,
the viscoelastic functions must inherently also be influenced by the magnitude of the loading [57]. Hence, the
classical principle of time-temperature superposition can not be applied to non-linear viscoelastic materials.

Viscoelastic curves that have been obtained through relaxation tests under conditions of various temperatures
show a discrepancy in relaxation modulus. A continuous curve may be constructed, if the material is thermorhe-
ologically simple, by plotting the individual relaxation curves on a logarithmic time scale and shifting them
horizontally along the time axis. The resulting continuous curve is referred to as a mastercurve and the observa-
tion of this possibility has been reported by [58], [59], and [60], amongst others. The shifting of the curves is
an act of superposing and provides an explanation for the name of this principle. Vertical shift factors may be
added to account for thermal expansion effects, but these shift factors can be neglected for most polymers [61].
The principle of the time-temperature superposition is depicted schematically in Figure 3.7.
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Figure 3.7 The principle of time-temperature superposition to obtain a mastercurve from multiple vis-
coelastic functions measured at different temperature conditions.

The amount of shifting on the logarithmic time scale is indicated with a shift factor. Continuous relaxation curves
can be obtained for thermorheologically simple polymers by only applying horizontal shifting. Different shift
factors are found for tests that have been conducted under different temperature conditions. The horizontal shift
factors are denoted with aT and the subscript is included to indicate the dependence on temperature. It is noted
that the all viscoelastic functions, such as modulus and compliance, have equal shift factors for a homogeneous
isotropic material that is thermorheologically simple [55]. The time-temperature superposition principle can
therefore also be applied to the storage- and loss modulus in the frequency domain.

One experimental method to determine the shift factors as a function of temperature is to measure the zero-shear
viscosity which implies measuring the viscosity of the polymer as the shear rate approaches zero. The shift factor
aT for temperature T may then be computed with respect to the reference temperature Tref with Eq. 3.43 [54].
The symbol η0 denotes the zero-shear viscosity.

aT ≈ η0(T )

η0(Tref )
3.43

Although this experimental procedure may provide an accurate method to obtain a mastercurve, measuring
the zero-shear viscosity is often troublesome for polymers that have relatively high molecular weights. The
essence in constructing a mastercurve is that a single continuous relaxation curve is obtained. Shifting of the
individual curves may therefore also be conducted based on the experimental relaxation data alone. An algorithm
is presented in the following that proposes a method aimed to yield more accurate results in comparison to visual
inspection.

The initial mastercurve is initially only comprised of the measurements that have been conducted at the refer-
ence temperature. The initial mastercurve is fitted with an appropriate polynomial that properly describes the
curvature of the mastercurve and which is believed to show the expected behaviour for extrapolation. Data
obtained in the neighbourhood of the reference temperature is best fitted with a first order polynomial, whereas
a third order polynomial is more suited for temperatures further away from the glass transition temperature.
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The curve that represents the data of an adjacent temperature measurement is then shifted with the objective to
minimise the mean squared error between the shifted values and the previously fitted polynomial evaluated at the
time values, or frequency values for DMA measurements, that the curve has been shifted to. The mastercurve is
expanded after the minimisation to include the values of the curve that was shifted. A suitable polynomial is then
fitted to the updated mastercurve and the minimisation is carried out again for the curve that corresponds to the
next adjacent temperature. This process is repeated until all curves have been shifted and the full mastercurve
has been obtained.

It is noted that this method was developed during the thesis research and no literature research was conducted
to this approach as the results proved to be satisfactory. Nevertheless, alternative algorithms were found in
literature during the search for existing methods as comparison to the one which is previously described during
the documentation phase of the thesis. These alternative methods involve minimising the mastercurve’ arc length
[62] and the Closed-Form-Shifting technique [57]. The latter technique is in the process of standardisation
under part 6 of ISO 108. However, both mentioned algorithms from literature require overlap in the individual
curves. The previously described algorithm does not.

A finite set of experimentally determined shift factors can be utilised to obtain an expression that allows the
calculation of the shift factor for every desired temperature within the temperature range of the experiments. A
mathematical expression was determined by Williams, Landel, and Ferry by making use of the viscosity model
published by Doolittle [63]. This viscosity model was based on the assumption that the viscosity of a glassy
material is inversely related to the ratio between the entire volume of the glassy material and the free space
between the molecules. The details of this model are out of the scope of the thesis research and thus only the
final expression known as the Williams-Landel-Ferry equation is displayed in Eq. 3.44 [64].

log aT = −
C1 (T − Tref )

C2 + T − Tref
3.44

The Arrhenius equation is also a mathematical expression that can be employed to calculate the shift factors as
a function of temperature. The Arrhenius equation that describes viscosity as a temperature-dependent variable
is shown in Eq. 3.45. A similar form can be used to describe the rate of mass diffusion as shown in Eq. 2.2 in
Section 2.2. The important constants in Eq. 3.45 are Ea and R which denote the activation energy and gas
constant, respectively.

η(T ) = A · e
−
Ea

RT 3.45

The mathematical expression for a horizontal shift factor derived from Eq. 3.45 is shown in Eq. 3.46. It is noted
that the temperatures denoted with T and Tref in Eq. 3.46 must be formulated as absolute temperature since
Eq. 3.45 governs reaction rates for which absolute temperatures must be provided. It is noted that the Celsius
temperature scale can be used for the Williams-Landel-Ferry equation shown in Eq. 3.44.

log aT =
E

R

(
1

T
− 1

Tref

)
3.46
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The Arrhenius equation is often used for a temperature range that is significantly higher than the glass transition
temperature of the polymer. The Williams-Landel-Ferry is more commonly used for a wide range of temperat-
ures [54]. Choosing between using the Arrhenius- or the Williams-Landel-Ferry equation can be numerically
argumented by plotting the shift factors as a function of the reciprocal of temperature. An ideal description by
the Arrhenius model produces a straight line through the data if the relaxation behaviour agrees to the Arrhenius
model. A similar technique can be applied for the suitability of the Williams-Landel-Ferry equation by plotting
∆T/ log aT as a function of ∆T .

A similar approach exists to account for the influence of moisture content on the relaxation behaviour of com-
posite materials analogous to the influence of temperature. Conducting relaxation experiments with specimens
that only vary in moisture content at constant temperatures and -strain levels yields relaxation curves that are
only influenced by the moisture content. Maksimov had observed that it was possible to calculate a shift factor
in an analogous method to time-temperature superposition to obtain one continuous curve from the individual
relaxation measurements [65]. The equation to calculate this shift factor resembles the Williams-Landel-Ferry
equation and the computation depends on the moisture content that is denoted with W .

log aW = −
D1 (W −Wref )

D2 +W −Wref
3.47

The term Wref corresponds to the moisture content in the test specimen that is chosen as reference moisture
content. Predictions made through applying calculated moisture content shift factors were in good agreement
with control tests that had been carried out. It can thus be concluded that the influence of moisture content on
the relaxation behaviour can be accounted for through the method of time-humidity superposition.

The combined effect of temperature- and moisture content on the relaxation behaviour of the composite material
may be predicted by a linear superposition of the results that are obtained by separately carrying out time-
temperature superposition and time-humidity superposition, provided that valid mastercurves are obtained for
both principles. Two methods are described by Patankar [66] to determine a doubly-shifted mastercurve that
accounts for hygrothermal effects.

The first approach involves constructing mastercurves at constant temperature conditions and with varying
moisture contents, yielding hygroscopic shift factors depending on temperature aW (T,W ). The second step in
this approach involves shifting the constructed mastercurves for varying temperature conditions to obtain a single
grand mastercurve and thermal shift factors, aT (T,W ). The second approach applies the same principle but has
the order of time-temperature superposition and time-humidity superposition reversed. The grand mastercurve
can then be used to determine a shift factor for arbitrary temperature- and moisture content conditions.

3.5 Anisotropy and viscoelastic correspondence

Both the integral- and differential formulations that have been derived in Section 3.2 and Section 3.3, re-
spectively, concern one-dimensional viscoelasticity. This section presents the implications of utilising these
viscoelastic formulations for a three-dimensional problems. This section focuses on orthotropic materials as the
objective component is comprised of a balanced and symmetric laminate. The viscoelastic correspondence prin-
ciple is also discussed in this section as it provides a valuable tool in defining the constitutive equations from the
mathematical expressions valid for one lamina.
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The stress state in any point of the laminate in three dimensions is fully described by the second order stress
tensor that is displayed in Eq. 3.48. The principal directions denoted with the indices 1, 2, and 3 follow the
sign convention that is shown in Figure 3.8. The directions of the components of the three-dimensional stress
tensor are also indicated in Figure 3.8.

σij(t) =

σ11(t) σ12(t) σ13(t)
σ21(t) σ22(t) σ23(t)
σ31(t) σ32(t) σ33(t)

 3.48

σ11
σ12

σ13

σ21

σ23
σ22

σ31

σ33

σ32

X
Y

Z

Figure 3.8 Sign convention for the stress tensor as defined for three dimensions.

The approach to generalising one-dimensional viscoelastic formulations to three dimensions is based on the
principle of superposition. Every component of stress must have a liner relation with each component of the
strain. The previous holds for any linear material [49]. The principle of superposition within this context can
be written as shown in Eq. 3.49. The notation of σij(t)|εkl is used to indicate that the stress is induced by the
strain and nothing else.

σij(t) =
3∑

k=1

3∑
l=1

σij(t)|εkl with i, j = 1, 2, 3 3.49

It holds that every individual term in the linear summation is a one-dimensional viscoelastic constitutive equa-
tion. A fourth order tensor can be constructed that contains all scalars governing these individual constitutive
relations. It is noted that this fourth order tensor can be constructed for both the stress-strain- and the strain-
stress relationships. Only the stress-strain governing fourth order tensor is shown in Eq. 3.50 denoted withCijkl.
It is noted that the expression shown in Eq. 3.50 is the three-dimensional equivalent to Eq. 3.8.

σij(t) =

t∫
0

Cijkl(t− τ)
d

dτ
εkldτ 3.50

The fourth order tensorCijkl contains 81 elements that describe the full relaxation behaviour in three dimensions.
However, the number of elements reduces to a total of 36 because of the symmetry in the stress- and strain
tensors applicable to engineering composite materials [49]. This symmetry is found in the first- and second
pairs of indices, namely i, j and k, l. The notation that is shown in Eq. 3.50 can be rewritten by utilising the
mentioned symmetry to the expression that is shown in Eq. 3.51.
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σij =

t∫
0

Cij(t− τ)
d

dτ
εkldτ 3.51

The three-dimensional constitutive equation can be simplified to a further extend due to balanced and symmetric
laminate of the objective component. Symmetry planes exist for this type of laminate in which the direct stresses
are decoupled from the shear strain and in which the shear stresses are decoupled from the normal strain. The
directions in which this decoupling is satisfied are known as the principal directions of the laminate. A balanced
and symmetric laminate results in orthotropic material behaviour and exhibits three material symmetry planes.

The result of the three material symmetry planes is the decoupling of the three normal stresses from the three
shear strains. A total reduction of 6 independent stiffness components is obtained. The number of independent
stiffness components is further reduced by 9 as the shear stresses on a symmetry plane decouple from the shear
strains on the other symmetry planes [49]. The remaining independent stiffness components are shown in
Eq. 3.52 [67].



σ11
σ22
σ33
σ12
σ13
σ23


=



C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

 ·



ε11
ε11
ε11
γ12
γ13
γ23


3.52

Every independent relaxation component that is shown in Eq. 3.52 can be represented by means of a Prony
series analogous to the expression that is shown in Eq. 3.42. However, experimental measurements are often
conducted with unidirectional layers and the mechanical properties for a specific lay-up are constructed through a
micromechanical model. It is therefore important to have knowledge on how to construct the laminate relaxation
components from the lamina’ properties. The remainder of this section discusses the viscoelastic correspondence
principle that was used to define the relaxation components of the laminate.

Many micromechanical equations exist in elastic formulation to determine a laminate’s engineering properties
from respective constituent’ properties. The elastic-viscoelastic correspondence principle allows these equations
to be used to calculate the laminate’s engineering properties for a viscoelastic formulation. The fundamental
method of doing so is to substitute each material property and input variable in an elastic constitutive equation
by its Carson- and Laplace transform, respectively [49]. The Laplace- and Carson transform are displayed for
an arbitrary function in the upper and lower expression in Eq. 3.53, respectively.

L{f(t)} ≡
∞∫
0

e−stf(t)dt

LC{f(t)} ≡
∞∫
0

e−stf(t)dt · s

3.53
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3.6 Constitutive equations

The constitutive equations applicable to anisotropic linear viscoelasticity are derived in this section. The deriv-
ation that is presented was first introduced in combination with a recursive formulation by Zocher [44]. The
derivation of the constitutive equations begins at the definition of the constitutive relationship between stress
and strain. This relationship is expanded in an analogous fashion to the Boltzmann’ superposition principle
described by Gutierrez-Lemini [49] which yields the Boltzmann’ integral. The Boltzmann’ integral is extended
to account for anisotropy and the time-temperature superposition is included in the formulation. The last two
steps involve deriving the recursive formulation and transforming the equations to increment algebraic form for
finite element implementation.

Starting from the constitutive equation for an isotropic material, Eq. 3.54 shows how the relaxation modulus
relates an applied strain to stress. The term ε0 is provided with the subscript to indicate that the applied strain
is the only strain present and that it has a constant magnitude.

σ(t) = E(t)ε0 3.54

To allow an integral formulation of the governing stress-strain relationship as shown in Eq. 3.54, it is assumed that
the material has not undergone any deformation before an initial point in time. This is shown mathematically
in Eq. 3.55.

σ(t) = 0 for t < 0

σ(t) = E(t)ε0 for t ≥ 0
3.55

Because of the conditions shown in Eq. 3.55, Eq. 3.54 may be written to include the Heaviside function with
the step located at the initial time, which is taken zero.

σ(t) = E(t) ·H(t)ε0 3.56

Since the model is required to be able to also capture the application of strains that do not coincide with the
initial time, Eq. 3.56 is written to represent the application of the strain at an arbitrary time t1, as shown in
Eq. 3.57.

σ(t) = E(t− t1) ·H(t− t1)ε0 3.57

In addition, the structure will not only be subjected to a single strain input. Hence, it is necessary to extend the
stress response to allow multiple instances of strain input. Assuming a linear viscoelastic behaviour, Boltzmann’s
superposition principle can be employed to do so. According to the Boltzmann superposition principle, the
overall stress response to the overall strain input is identical to the linear addition of the individual stress responses
to the individual strain inputs. Equation 3.58 displays the Boltzmann superposition principle. Please note that
this introduces a discretisation of the time into time intervals that are denoted with tk.
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σ(t) ≈
N∑
k=1

E(t− tk)∆εk for t ≥ tk 3.58

Since the material of the problem at hand is a composite material, the constitutive equation, Eq. 3.8, must be
rewritten to represent an anisotropic material. It is noted that the anisotropic relaxation moduli, denoted with
Cijkl, are dependent on the temperature. The fourth order tensor can be reduced to a matrix with 6 rows and
6 columns due to the orthotropic material behaviour of the material of interest and is denoted with Cij .

In addition, the strain that actually leads to internal stresses is defined as the total strain of the material minus
the free hygrothermal strains. This portion of the strain is defined as the effective strain in the present work.
The effective strain, total strain, and free hygrothermal strain are denoted with the symbols, ε̄kl, εkl, and ε∗kl,
respectively. The constitutive equation can then be written as shown in Eq. 3.59.

σij(t) =

t∫
0

Cij(T, t− τ)
δε̄kl
δτ

dτ 3.59

The stress tensor that is shown in Eq. 3.59 contains 3 direct stresses and 3 shear stresses. The order in which
the stresses appear in the stress tensor has been chosen to be in agreement with the order that is followed by
ABAQUS [68] and the Voigt notation that is applied is displayed in Eq. 3.60.

σij =



σ11
σ22
σ33
σ12
σ13
σ23

 3.60

The concept of effective strain is shown mathematically in Eq. 3.61. Equation 3.61 also displays the definition
of the free hygrothermal strain, ε∗kl.

ε̄kl = εkl − ε∗kl where ε∗kl(xk, t) = αkl∆T + βkl∆C 3.61

To eliminate the temperature dependency in the anisotropic relaxation moduli, a time-temperature superposition
principle is applied. Without losing generality, the shift factor, aT,C , is also said to be dependent on moisture
content. Equation 3.62 shows how real time, denoted with t, can be transformed into what is called reduced
time, denoted with ξ, to simulate the effect of temperature and moisture content on the anisotropic relaxation
moduli.
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ξ(t) ≡
t∫

0

1

aT,C
dτ ξ′(τ) ≡

τ∫
0

1

aT,C
dτ 3.62

Assuming that the entire real time domain is shifted to reduced time to simulate the effect of the temperature-
and moisture content envelope on the relaxation behaviour of the anisotropic material, a change of variables is
introduced that is shown in Eq. 3.63.

t⇒ ξ

τ ⇒ ξ′
3.63

Equation 3.64 shows the constitutive equation in the reduced time domain. It is noted here that the anisotropic
relaxation moduli are now dependent only on the reference temperature that has been chosen for the time-
temperature superposition principle. The notation of this dependency is dropped from here on to save space
and ensure easier reading.

σij(ξ) =

ξ∫
0

Cij(T0, ξ − ξ′)
δε̄kl(ξ

′)

δτ
dτ 3.64

Equation Eq. 3.64 is considered valid as shown, however, it cannot be implemented for a numerical analysis.
An incremental formulation is required that allows progressing through reduced time and calculating the stress
response of the material. Such an incremental notation is obtained by defining an incremental step in reduced
time as shown in Eq. 3.65.

ξn+1 = ξn +∆ξ 3.65

Please note that ξn+1 represents the reduced time of the incremented step. The current reduced time step is
denoted with ξn and the increment in reduced time is represented by ∆ξ. Following this notation, the stress
state at the incremented time step can then be written as Eq. 3.66.

σij(ξn+1) =

ξn+1∫
0

Cij(ξn+1 − ξ′)
δε̄kl(ξ

′)

δξ′
dξ′ 3.66

The objective of how the constitutive equations are set up is to obtain a recursive incremental notation. This
means that part of the stress state is retrieved from a previously known stress state. Splitting the integral shown
in Eq. 3.66 into two distinct periods allows a recursive notation. The split in reduced time domain is made at
the moment of the previously known solution, ξn.
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σij(ξn+1) =

ξn+1∫
ξn

Cij(ξn+1 − ξ′)
δε̄kl(ξ

′)

δξ′
dξ′ +

ξn∫
0

Cij(ξn+1 − ξ′)
δε̄kl(ξ

′)

δξ′
dξ′ 3.67

The change that is experienced by the anisotropic relaxation moduli as the reduced time is incremented, is
defined as shown in Eq. 3.68.

∆Cij = Cij(ξn+1 − ξ′)− Cij(ξn − ξ′) 3.68

Defining the change in anisotropic relaxation moduli is performed to be able to rewrite the right hand side of
Eq. 3.66 to a more convenient form for when the Prony series is introduced. The difference in stress across the
reduced time step is noted with the use of the difference in anisotropic relaxation moduli in Eq. 3.69.

∆σij =

ξn+1∫
ξn

Cij(ξn+1 − ξ′)
δε̄kl(ξ

′)

δξ′
dξ′ +

ξn∫
0

∆Cij
δε̄kl(ξ

′)

δξ′
dξ′ 3.69

Up until now, it has been assumed that the anisotropic relaxation moduli are known. Carrying out the integrals
shown in Eq. 3.69 is only possible when the anisotropic relaxation moduli can be expressed explicitly. The
anisotropic relaxation moduli are assumed to be approximated well by a Prony series expansion. This assumption
allows to write the anisotropic relaxation moduli as displayed in Eq. 3.70. It is noted that there is a reduced
time independent and -dependent part to the right hand side of Eq. 3.70. The term Cij∞ is referred to as the
long term modulus. Furthermore, Cijm and τijm represent the elastic coefficients and relaxation times of the
elements in a generalised Maxwell model, respectively.

Cij(ξn+1 − ξ′) = Cij∞ +

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm 3.70

An additional requirement of evaluating the integrals of Eq. 3.69 is that the reduced time derivative of the
effective strain is known at the reduced time of interest. An approximation by linearisation is introduced here
and it is assumed that the strain at reduced time ξn is known from the previous solution. Equation 3.71 shows
how the strain at the incremented reduced time is approximated. In Eq. 3.71,Gε is defined to be the derivative
of the effective strain with respect to the reduced time.

ε̄kl(ξ
′) = ¯εkln +Gε · (ξ′ − ξn) ⇒

δε̄kl(ξ
′)

δξ′
≈ Gε 3.71

The change in orthotropic relaxation moduli between the incremented reduced time step and the known solution
can be written with implementation of the Prony series as shown in Eq. 3.72.
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∆Cijm = Cij∞ +

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm − Cij∞ −

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijm 3.72

Application of the definition of the incremental time step, as shown in Eq. 3.65, allows rewriting the expo-
nential term of the second term on the right hand side of Eq. 3.72. The result of rewriting the exponential is
straightforward, but it is shown in Eq. 3.73 for clarity and ease of reading.

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm =

Mm∑
m=1

Cijme
−(ξn+∆ξ−ξ′)/τijm 3.73

Expanding the addition of the exponent of the right hand side in Eq. 3.73 into the multiplication of two
exponential functions, allows extending the convenient notation of the second term on the right hand side of
Eq. 3.72 to the expression that is displayed in Eq. 3.74.

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm =

Mm∑
m=1

Cijm

(
e−(ξn−ξ′)/τijm · e−∆ξ/τijm

)
3.74

Substitution of the convenient form that is obtained in Eq. 3.74 back into the definition of the change in
anisotropic relaxation moduli in Eq. 3.72, results in the relation that is provided in Eq. 3.75.

∆Cijm = −
Mm∑
m=1

Cijme
−(ξn−ξ′)/τijm

(
1− e−∆ξ/τijm

)
3.75

Applying the notation that is shown in Eq. 3.75, the expression for the change in stress over the reduced time
step, displayed in Eq. 3.69, can be rewritten to Eq. 3.76. This expression clearly has one part that depends purely
on the chosen reduced time step and one part that depends purely on the history; the recursive formulation is
apparent.

∆σij =

ξn+1∫
ξn

(
Cij∞ +

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm

)
δε̄kl(ξ

′)

δξ′
dξ′

−
ξn∫
0

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijm

(
1− e−∆ξ/τijm

) δε̄kl(ξ′)
δξ′

dξ′

3.76

Applying also the linearisation approximation, as shown in Eq. 3.71, to Eq. 3.76, allows to take the differential
out of the integral. Hence, the increment in stress can be written as displayed in Eq. 3.77.
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∆σij = Gε

ξn+1∫
ξn

(
Cij∞ +

Mm∑
m=1

Cijme
−(ξn+1−ξ′)/τijm

)
dξ′

−Gε

(
1− e−∆ξ/τijm

) ξn∫
0

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijmdξ′

3.77

Prior to carrying out the integrals, a definition is presented in Eq. 3.78 that relates the relaxation time to the
damping- and elastic coefficients of the generalised Maxwell model. Please note that ηijm represents the damping
coefficients. Making use of the notation of the damping coefficients results in simpler equations after carrying
out the integrals.

ηijm = Cijm · τijm 3.78

To complete the recursive notation of the second integral in Eq. 3.77, again a time split is made. The first part
contains the entire history up to the second previously known solution. In mathematical terms, this is the period
from 0 to ξn −∆ξ. The second part is from ξn −∆ξ to ξn. Hence, the second integral of the right hand side
of Eq. 3.77 is rewritten by splitting the integral to cover the two mentioned time periods. The result of the
rewriting is shown in the upper part of Eq. 3.79, the result of the integration is displayed in the lower part.

ξn∫
0

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijmdξ′ =

ξn−∆ξ∫
0

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijmdξ′ +

ξn∫
ξn−∆ξ

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijmdξ′

=

Mm∑
m=1

ηijm

(
e−∆ξ/τijm − e−ξn/τijm

)
+

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

)
3.79

The following two integrals are defined that will allow the recursive statement on the second term in Eq. 3.77.
It is noted that the integration limits shown in Eq. 3.81 span exactly the early reduced time part of the reduced
time split. Please note that the definition of R(ξn) in Eq. 3.81 represents the left hand side of Eq. 3.79.

R(ξn) =

ξn∫
0

Mm∑
m=1

Cijme
−(ξn−ξ′)/τijmdξ′ 3.80

R(ξn−1) = R(ξn −∆ξ) =

ξn−∆ξ∫
0

Mm∑
m=1

Cijme
−(ξn−∆ξ−ξ′)/τijmdξ′ 3.81
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Usage of previously known information is possible if that information can be written to be part of the mathem-
atical formulation shown in the lower part of Eq. 3.79. Hence, the integral on the right hand side of Eq. 3.81
is carried out. The result of the integration is shown in Eq. 3.82.

ξn−∆ξ∫
0

Mm∑
m=1

Cijme
−(ξn−∆ξ−ξ′)/τijmdξ′ =

Mm∑
m=1

ηijm

(
1− e−(ξn−∆ξ)/τijm

)
3.82

The left hand side of the lower part of Eq. 3.79 is now manipulated in such a way to include the result of the
integration that is carried out in Eq. 3.82 in its formulation. The first step of the manipulation is shown in the
upper part of Eq. 3.83, further rewriting is shown in the middle part, and the bottom part shows how the result
of Eq. 3.82 fits into the rewritten expression.

Mm∑
m=1

ηijm

(
e−∆ξ/τijm − e−ξn/τijm

)
=

Mm∑
m=1

ηijme
−∆ξ/τijm

(
1− e−ξn/τijm

e∆ξ/τijm

)

= e−∆ξ/τijm

Mm∑
m=1

ηijm

(
1− e−(ξn−∆ξ)/τijm

)
= e−∆ξ/τijm ·R(ξn−1)

3.83

Substitution of the result back into Eq. 3.79 and acknowledging the definition ofR(ξn) to be the left hand side
of Eq. 3.79, yields the key equation to the recursive notation. It is noted that Eq. 3.84 only depends on the
second previous solution, corresponding to ξn −∆ξ.

R(ξn) = e−∆ξ/τijmR(ξn−1) +G−
ε

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

)
3.84

The incremental stress formulation is updated with the recursive notation. This is performed by substituting the
right hand side of Eq. 3.84 for the second integral on the right hand side of Eq. 3.77. This is valid asR(ξn) was
defined to be that exact integral; please see Eq. 3.79 and Eq. 3.80.

∆σij = G+
ε

(
∆ξCij∞ +

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

))

−
(
1− e−∆ξ/τijm

)[
e−∆ξ/τijmR(ξn−1) +G−

ε

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

)] 3.85

A distinction is made between G+
ε and G−

ε because their function is inherently different. For the recursive part
of the constitutive equation, which is the lower part of Eq. 3.85, the partial derivative of the effective strain with
respect to the reduced time is taken from the known solution for the period from ξn −∆ξ to ξn.
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The non-recursive part, which is the upper part of Eq. 3.85, adds an incremental strain to the solution to remain
in equilibrium with the recursive part and external loads, both thermally and mechanically. The corresponding
time periods to the partial derivatives are shown in Eq. 3.86.

G+
ε =

∆ε̄kl
∆ξ′

from ξn to ξn +∆ξ

G−
ε =

∆ε̄kl
∆ξ′

from ξn −∆ξ to ξn
3.86

Taking the previous comments into account,G−
ε is calculated from the previous known solution. The termG+

ε ,
on the other hand, is substituted for its definition shown in the upper part of Eq. 3.86 to introduce the strain
variable.

∆σij = ∆ε̄kl

(
Cij∞ +

1

∆ξ

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

))
︸ ︷︷ ︸

A

−
(
1− e−∆ξ/τijm

)[
e−∆ξ/τijm ·R(ξn−1) +G−

ε

Mm∑
m=1

ηijm

(
1− e−∆ξ/τijm

)]
︸ ︷︷ ︸

B

3.87

Remembering the definition of the effective strain enables splitting the effective strain into the total strain and the
free hygrothermal strain. This is required to be able to write a finite element notation for which the mechanical
strain dependent and -independent parts must be separated. The incremental stress is written for the mechanical-
and free hygrothermal strain separately as shown in Eq. 3.88 using the notation ofA andB for the incremental-
and recursive parts displayed in Eq. 3.87. It is noted that the part denoted with A in Eq. 3.87 is the exact
definition of the Jacobian and will be used for the finite element method.

∆σij = ∆εkl ·A−∆ε∗kl ·A−B 3.88

A virtual strain is defined in Eq. 3.89 with the symbol µij that is derived from the virtual displacement test
functions denoted with vi and vj .

µij ≡
1

2

(
δvi
δvj

+
δvj
δvi

)
3.89

The equilibrium equation that is required to solve the initial boundary value problem can be written in the
symmetric variational form shown in Eq. 3.90 by means of the method of weighted residuals [44].

∫
Ω

σjiµijdV =

∫
Ω

ρfividV +

∫
δΩ2

TividS 3.90
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The incrementalisation of the stress, the virtual strain, the actual displacement, and the virtual displacement are
shown in Eq. 3.91 as these are required for the incrementalisation of Eq. 3.90.

σn+1
ji = σnji +∆σji

µn+1
ij = µnij +∆µij

un+1
i = uni +∆ui

vn+1
i = vni +∆vi

3.91

The incrementalisation of Eq. 3.90 is given by the expression that is displayed by Eq. 3.92. The superscript n+1
denotes that the respective variable is evaluated for the incrementalised reduced time step.

∫
Ω

σn+1
ji µn+1

ij dV =

∫
Ω

ρfn+1
i vn+1

i dV +

∫
δΩ2

Tn+1
i vn+1

i dS 3.92

It is stated that the virtual displacements and -strains at reduced time ξn must be equal to zero for the correct
solution of the actual displacements. Hence, substitution of the expressions shown in Eq. 3.91 for the variables
in Eq. 3.92 and keeping only the incremental stress on the left hand side results in the relation depicted in
Eq. 3.93.

∫
Ω

∆σji∆µijdV =

∫
Ω

ρfn+1
i ∆VidV +

∫
δΩ2

Tn+1
i ∆VidS −

∫
Ω

σji∆µijdV 3.93

The incremental stress shown in Eq. 3.93 is now substituted by the short notation that distinguishes between
mechanical- and free hygrothermal strains as was defined in Eq. 3.88. The result of this substitution is shown
in Eq. 3.94 for which it is noted that there are both mechanical- and free hygrothermal strains on the left hand
side.

∫
Ω

[∆εkl ·A−∆ε∗kl ·A−B]∆µijdV =

∫
Ω

ρfn+1
i ∆VidV +

∫
δΩ2

Tn+1
i ∆VidS −

∫
Ω

σji∆µijdV 3.94

The solution of the finite element method must be found in the mechanical strains that are estimated by the
solver. Hence, all mechanical stress independent parts are carried over to the right hand side. The result of this
transformation is shown in Eq. 3.95.

∫
Ω

∆εkl ·A ·∆µijdV =

∫
Ω

ρfn+1
i ∆VidV +

∫
δΩ2

Tn+1
i ∆VidS +

∫
Ω

∆ε∗kl ·A ·∆µijdV

+

∫
Ω

B ·∆µijdV −
∫
Ω

σji∆µijdV

3.95
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A strain-displacement relations operator is introduced in Eq. 3.96 which is normally computed by default by
the finite element software.

∆εkl = [D] [∆u]

∆µij = [D] [∆v]
3.96

This operator is applied to convert the virtual displacements to virtual strains which allows the solver to iteratively
search for strain values that lead to convergence of the equilibrium equation. The equilibrium equation that only
contains strain values is shown in Eq. 3.97.

∫
Ω

([D] [∆v])T A [D] [∆u] =
∫
Ω

[∆v]Tρ
[
f n+1] dV +

∫
δΩ2

[∆v]T
[
T n+1] dS

+

∫
Ω

([D] [∆v])T ∆ε∗klA dV +

∫
Ω

([D] [∆v])T B dV

−
∫
Ω

([D] [∆v])T
[
σnji

]
dV

3.97

An approximate solution of the initial boundary value problem can then be posed by means of shapes functions,
indicated with ψ and trial displacements, denoted with ∆uIi and ∆vJj . The finite element interpolants for an
individual element can then be defined to be sum of the product of the trial displacement and the corresponding
shape function, as displayed in Eq. 3.98.

∆ueih(x, y, z, ξ) =

Ne∑
I=1

∆uIi (x, y, z, ξ)

∆vejh(x, y, z, ξ) =

Ne∑
J=1

∆vJj (x, y, z, ξ)

3.98

The final formulation of the finite element notation can then be written as shown in Eq. 3.99. It is noted that
[∆ve] is chosen arbitrarily and that the integral shown on the left hand side of Eq. 3.99 excluding the [∆ve]
term represents the element stiffness matrix. The integrals on the right hand side of Eq. 3.99 excluding the [∆ve]
term are defined as the contribution to the element load vector as a result of external forces, surface traction,
hygrothermal expansion, recursive stresses, and existing internal stresses.
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∫
Ω

([Be] [∆ve])T A [Be] [∆ue] =
∫
Ω

([ψe] [∆ve])T ρ
[
f n+1] dV +

∫
δΩ2

([ψe] [∆ve])T
[
T n+1] dS

+

∫
Ω

([Be] [∆ve])T ∆ε∗klA dV +

∫
Ω

([Be] [∆ve])T B dV

−
∫
Ω

([Be] [∆ve])T
[
σnji

]
dV

3.99

Obtaining the final expression of the finite element notation was made possible with the relation that is shown
in Eq. 3.100. It is noted that the constitutive equations might have a divergent character if a time step is chosen
too large. This is displayed in Figure 3.9 for an arbitrary load case of uniaxial strain calculated with MATLAB.

[D] [∆u] = [D] [∆ueh] = [D] [ψe] [∆ue] = [Be] [∆ue]

[D] [∆v] = [D] [∆veh] = [D] [ψe] [∆ve] = [Be] [∆ve]
3.100
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Figure 3.9 Influence of the time step size on the accuracy of the constitutive equations.





4
Material characterisation

A material characterisation strategy can be set up after identification of the required material parameters for the
numerical model. One of the major rules in working with finite element models is to keep in mind that the
quality of the input will inherently influence the quality of the output. Hence, the consistency and validity of
the experiments carried out for the material characterisation are significant for a successful simulation.

The first section of this chapter presents an overview of the experiments that have been carried out to charac-
terise the viscoelastic hygrothermal deformation behaviour of the carbon-fibre reinforced thermoplastic. The
subsequent sections describe one specific experiment in detail and provides the results as well as the conclusions
that can be drawn from those results. The last section covers the micromechanical model that has been utilised
to transform experimentally determined engineering parameters to laminate properties for the numerical model.

4.1 Overview of experimental characterisation

The viscoelastic deformation behaviour of the composite material subjected to the thermal loading inside the
automotive drying ovens is driven by three mechanisms: thermal expansion, hygroscopic shrinkage, and polymer-
chemical shrinkage. Please note that the changes in geometry due to diffusion is referred to as hygroscopic
shrinkage, as opposed to -expansion, because the composite material is assumed to be moisture saturated at the
beginning of the simulation and therefore moisture will diffuse out of the material. It is assumed that temper-
ature and time are the only two independent variables that influence all involved mechanisms. The qualitative
effects of temperature on these mechanisms are mentioned briefly in the next paragraph.

The influence of temperature on thermal expansion is obvious; the inter-molecular distance in the composite
material increases due to rising temperature. Hygroscopic shrinkage is the result of temperature-driven diffusion
of water molecules from the composite material into ambient air. A reduction of moisture content results in
shrinkage of the material [15]. The effect of thermal expansion and hygroscopic shrinkage on internal stresses
reduces at higher temperatures as the matrix material softens. The objective of the material characterisation is to
quantitatively capture the influence of temperature and time on the mentioned mechanisms.

49
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Thermal expansion of a material can be quantitatively described by means of a coefficient of thermal expansion,
or CTE. The thermal expansion of an orthotropic composite material can be quantitatively described through
three CTEs. Every CTE is defined as the increment in elongation along one of three principal axes of the com-
posite material resulting from the increment in temperature. Experimental determination of CTEs is generally
performed with a dilatometer. The definition of a CTE in longitudinal direction is shown in the first expression
of Eq. 4.1. It is noted that the number of independent CTEs for the composite material in question reduces to
two due to transverse isotropy.

Hygroscopic shrinkage can be described through a coefficient of moisture expansion, or CME, that is defined in
an analogous manner to CTEs. Every CME of an orthotropic composite material is defined as the increment in
elongation due to an increment in moisture concentration. It is necessary to know the time-dependent moisture
concentration in a specimen to calculate a CME. As dilatometers are not capable of performing simultaneous
weight- and length measurements, a more straightforward method of manually weighting and measuring length
was chosen to determine the hygroscopic shrinkage behaviour.

αT 11 =
∂ε11
∂T

βM 11 =
∂ε11
∂M

4.1

The cost-saving benefit of running simulations over carrying out experiments is founded on the ability to sim-
ulate a broad range of different conditions and obtain accurate results without the necessity of performing
experimental measurements specific to those conditions. It is therefore not desired to be required to measure
the moisture concentration of a component for each set of conditions in order to ensure proper input for a
simulation to calculate hygroscopic shrinkage. In other words, the material characterisation shall also capture
how moisture concentration changes in the composite material over time at the range of temperatures of interest.
This behaviour is known as mass diffusion and thermogravimetric analysis, or TGA, was chosen to determine
mass diffusion coefficients.

The first objective of the material characterisation involves only thermal- and chemical experiments independ-
ent from mechanical properties. Simulation of introduced stresses resulting from thermal expansion and hy-
groscopic shrinkage do require mechanical properties. For a viscoelastic orthotropic material, the instantaneous
mechanical response can be fully described by four engineering parameters. These constants are the longitudinal-
and transverse relaxation modulus, the major Poisson’s ratio, and the shear relaxation modulus, denoted with
E11, E22, ν12, and G12, respectively. It is noted that all engineering parameters must be considered time- and
temperature-dependent to accurately describe viscoelastic behaviour.

Inspection of the recursive formulation of the constitutive equations that are shown at the end of Section 3.6
reveals that the relaxation behaviour of the composite material must be represented through a Prony series. The
coefficients of this series represent the stiffness and relaxation times of the individual elements in the generalised
Maxwell model. Moreover, the material characterisation shall yield the required William-Landel-Ferry coeffi-
cients to model the influence of temperature on the relaxation behaviour. The linearity of the viscoelasticity
must also be validated to allow the use of time-temperature superposition without the need for introducing the
concept of pseudo-strains. The concept of pseudo-strains was introduced in 1982 by Schapery [69] and was used
by Nevière [70] as an extension to the time-temperature superposition for materials which display non-linear
viscoelasticity.
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Relaxation experiments were carried out to validate that the composite material shows linear viscoelasticity in
the strain regime and temperature range of interest. However, it is noted that the most recent version of DIN
EN ISO 6721-1 [71] on relaxation tests has been withdrawn. At the moment of carrying out this research,
there was no standard available on relaxation tests. This led to concerns regarding the validity and consistency
of relaxation tests. Consequently, the characterisation of the relaxation behaviour itself was performed through
dynamic mechanical analysis, or DMA.

The region of linear viscoelasticity in addition to the relaxation behaviour can also be determined through DMA.
The amplitude of the dynamic displacement of a specimen that is test by means of DMA is gradually increased
and the measured modulus is assessed to determine the regime of linear viscoelasticity. It is noted that this
experiment is carried out under isothermal conditions and that only one displacement frequency is applied.
The modulus of the material’ response shall display no variations if the increased amplitude of the dynamic
displacement is still within the strain regime of linear viscoelasticity [61]. Instructions by TA Instruments [72]
suggest that the linear viscoelastic strain regime extends to the strain at which the measured modulus is within
5% discrepancy in comparison to the modulus that is observed for the initially mimimum applied strain.

The required force to carry out tensile mode DMA-measurements in longitudinal direction of the composite
specimens was too large for the load measurement device to analyse. An alternative was to carry out DMA-
measurements in longitudinal direction in three-point bending mode. However, the desired characterisation
of relaxation behaviour is in tensile direction and thus obtained results would need to be transformed from
flexural moduli to tensile moduli. Although this transformation is relatively accurate at room temperature, it is
not recommended at elevated temperatures. The argumentation behind this statement is based on the different
principles of how the tensile- and flexural stiffness are governed.

The tensile stiffness in longitudinal direction is driven by the fibres that are being pulled. The flexural stiffness
is also provided by the fibres that must be bent, however, it is necessary for the matrix to stabilise the fibres
from buckling on the compressive side of curvature. The longitudinal stiffness is less affected by the elevation of
temperature as the matrix plays a minor role in this loading mode. The flexural modulus is, on the other hand,
more affected as the compressively loaded fibres are more prone to deformation. For this reason it was decided
to carry out tensile mode DMA-measurements in transverse direction to the fibres only.

DMA-measurements provide quantitative information on the stress that would be required to subject the mater-
ial to a specific strain. Inversely, this information can also be used to calculate the stress that would be the result
of a specific strain. However, there is no mode available for DMA-measurements to obtain any quantitative
relationship between the strain in one direction and the consequential strain in transverse direction. The major
Poisson’s ratio describes this transverse deformation behaviour and quasi-static tensile tests have been carried out
at various temperatures that span the temperature range of interest of the simulation to determine this parameter.

The quasi-static tensile tests displayed significant experimental scatter in the measured strains and the calculated
Poisson’s ratios showed unacceptable variation amongst tests of similar conditions. The strain measurement that
was carried out with an extensometer was pinpointed as the source of error and digital image correlation was
chosen as an alternative testing method. Nevertheless, the instantaneous tensile moduli that were obtained in
the quasi-static tensile tests provide a measure of comparison for the constructed tensile moduli through the
DMA results.

Table 4.1 provides an overview of the conducted experiments for the material characterisation. The table also
includes the standards that have been followed for each experiment to maximise the reliability of the experimental
data and to allow for repetition.
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Table 4.1 Overview of the conducted experiments for the material characterisation of the unidirectional
composite material.

Material parameter Symbol Type Experimental determination

Fibre volume fraction vf Mechanical Taken from datasheet
Poisson’s ratio νij Mechanical Digital image correlation
Instantaneous moduli Eii(t0) Mechanical Quasi-static tensile tests
Relaxation moduli Eii(t, T ) Mechanical Dynamic mechanical analysis

Coefficient of thermal expansion αT (T ) Thermal Dilatometer
Thermal conductivity λ Thermal Taken from datasheet
Specific heat Cp Thermal Taken from datasheet

Coefficient of hygroscopic expansion βC Chemical Micrometer experiments
Diffusion coefficients D(T ) Chemical Thermogravimetric analysis

Not all material properties have been determined experimentally. Mass diffusion simulations in ABAQUS re-
quire both heat conductivity and -capacity to be known. Heat conductivity of composite materials is direction-
dependent analogous to mechanical properties. In addition to the composite heat transfer parameters, mech-
anical properties concerning the carbon fibre constituent also are taken from references and serve as input for
the micromechanical model. Based on the quasi-static tensile tests, the carbon fibre of the composite material
was classified as a high tenacity fibre. Hence, mechanical properties of general high tenacity fibres have been
taken from [73]. The same source also reports that the mechanical properties of the fibre remain constant up
to a temperature of 400 ◦C. Lastly, the density of the composite material is also taken from the datasheet from
the material supplier. All material properties that have not been determined through material characterisation
experiments are shown in Table 4.2.

Table 4.2 Material parameters that have been taken from the datasheet.

Material parameter Symbol Value Unit

Density ρ 1, 447 kg/m3

Longitudinal heat conductivity λ11 5.52 W/m ·K
Longitudinal heat capacity Cp11 1, 280 J/kg/K
Longitudinal heat conductivity λ22 0.85 W/m ·K
Transverse heat capacity Cp22 1, 310 J/kg/K
Fibre volume fraction vf 0.48 −
Fibre longitudinal elastic modulus E11f 2.30 GPa
Fibre transverse elastic modulus E22f 0.28 GPa
Fibre shear modulus G12f 0.27 GPa
Fibre major in-plane Poisson’s ratio ν12f 0.256 −

4.2 Thermogravimetric analysis

The analysis of moisture transport through the composite material requires the mass diffusion coefficients to be
known. These coefficients have been determined through TGA. The main objective of this research is to analyse
the viscoelastic behaviour of the composite material at elevated temperatures. Hence, the most important analysis
concerning moisture transport is the diffusion of moisture from the specimen to the ambient air. Therefore,
specimens that had been fully saturated with moisture were examined.
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The preparation of the specimens was done in accordance with standard DIN EN ISO 11358-1 [74]. The
conditioning of the specimens is described in this standard to be carried out according to ISO 291. However,
ISO 291 only governs standard atmospheres for plastics. The aim of conditioning the specimens is to reach a
moisture content that is fully saturated. The conditioning of the specimens has been carried out according to
DIN EN ISO 1110 to reduce the necessary time for conditioning that would otherwise be required to reach a
saturated moisture content in a standardised atmosphere. In agreement to DIN EN ISO 1110, the specimens
were conditioned in an environmental chamber at a temperature of 70 ◦C and a relative air humidity of 62%.

The TGA-measurements were carried out at temperatures of 80 ◦C, 120 ◦C, 150 ◦C, and 200 ◦C to en-
sure a proper spread of experimental values across the temperature range of interest. The duration of a TGA-
measurement is dependent on the temperature at which the experiment is carried out. The reason is that a
specimen must be measured at a constant elevated temperature until all moisture has diffused to be able to calcu-
late a mass diffusion coefficient. Hence, the longest TGA-measurement took place at 80 ◦C and had a duration
of 16 hours. The cutting edges of the specimens were sealed to minimise geometrical effects and to increase the
validity of the assumption of one-dimensional diffusion.

To be able to calculate the mass diffusion coefficients, the weight loss over time must be calculated. The weight
loss over time is defined to be equal to zero at the start of the measurement as the specimen is fully saturated.
At the end of the measurement, the weight loss is defined to be equal to one as all moisture diffused from the
specimen into the ambient air. A mathematical expression for the weight loss over time, denoted with W (t) is
shown in Eq. 4.2. In this expression,W0 andW∞ represent the weight values of the specimen at the beginning
and end of the experiment, respectively.

G(t) =
W (t)−W0

W∞ −W0
4.2

The one-dimensional mass diffusion coefficient can be used as a fitting parameter for Eq. 4.3. The terms l and
N denote the length of diffusion possibility and the amount of terms included numerically for the summation,
respectively. As the one-dimensional diffusion problem of the specimen is symmetric with respect to the thick-
ness, the length of diffusion possibility is equal to half of the thickness of the specimen. The number of terms
that have been numerically included in calculation of the diffusion coefficients is 11. With this method, a mass
diffusion coefficient is obtained for each experiment.

G ≈ 1− 8

π2

N∑
k=0

1

(2k + 1)2
· e−(2k+1)2π2D·t·l−2

4.3

A plot of the weight loss factors as a function of time for the experiments at different temperatures are shown
in Figure 4.1. The respective mass diffusion coefficients that led to a least-squares optimised fit have also been
included as well as the coefficient of determination for the obtained fit. The obtained mass diffusion coefficients
are also shown in Table 4.3 for ease of reading. It must be stated that the obtained fits for the experiments of
120 ◦C, 150 ◦C, and 200 ◦C display a mass diffusion at a slightly higher rate than is actually measured.
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Figure 4.1 Diffusion coefficients obtained for the composite material.

It is required to have knowledge about the mass diffusion coefficient over the entire temperature range of interest
as opposed to only four discrete points. The Arrhenius equation is used to this extent and the four obtained
mass diffusion coefficients serve as points through which this equation shall be fitted. The Arrhenius equation
is displayed in Eq. 4.4 and comprises two fitting parameters [75]. The fitting parameters are known as the
frequency factor and the activation energy, indicated with D0 and EA in Eq. 4.4, respectively. The resulting fit
of the Arrhenius equation is shown in Figure 4.2 and the fitting parameters are shown in Table 4.4 for a clear
overview throughout the thesis.

D = D0 · e
EA

RT 4.4
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Table 4.3 Diffusion coefficients at different temperatures.

Temperature [◦C] Diffusion coefficient [m2/s]

80 5.03e− 12
120 2.73e− 11
150 1.03e− 10
200 2.62e− 10

Table 4.4 Arrhenius fit parameters.

Fit parameter Symbol Value Unit

Frequency factor D0 5.25e− 9 m2/s
Activation energy EA 4.98e3 J/mol
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Figure 4.2 Arrhenius curve describing the development of the diffusion coefficient as a function of temper-
ature.

4.3 Dilatometer experiments

The thermal expansion of the composite material must be characterised to properly simulate the changes in
size of the specimen when subjected to thermal loading. The Netzsch DIL 402 C dilatometer was used to
measure the strain of unidirectional laminates in both longitudinal- and transverse fibre orientation. Measuring
unidirectional laminates has the advantage of minimising interlaminar shear stresses from introducing errors in
the strain measurement. Moreover, the numerical model is more versatile if it can accurately predict the thermal
expansion of arbitrary lay-ups with only the input of thermal expansion of unidirectional layers. This also
eliminates the need to perform lay-up specific experiments that would else be necessary to utilise the numerical
model.
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The thermal program of the dilatometer was chosen to represent the thermal envelope to which the components
are subjected in the automotive painting ovens. However, the heating- and cooling rates were set to a fixed
magnitude of 2 ◦C per minute to exclude any variations that might be influenced by different temperature rates.
The Netzsch dilatometer detects elongations with a resolution of 0.625nm and the specimens had a size of 100
x 8 x 2 mm3. Two heat cycles were measured to evaluate the presence of eventual polymeric processes that
introduce plastic strains.

The specimens were tested in both dry- and fully moisture saturated states. The conditioning of the specimens
to a fully moisture saturated state was carried out with exactly the same method as was done for the TGA-
measurement specimens. Drying the specimens was carried out by placing the specimens in an oven at 80 ◦C.
The specimens are conditioned at a temperature that is 13 ◦ higher than the glass transition temperature 67 ◦C
and it is noted that recrystallisation is most likely present during the conditioning. However, the rate of recrys-
tallisation is assumed to be of negligible influence because of the relatively small excess of the glass transition
temperature. The specimens were considered to be fully dry in accordance with the weight measurement method
described in DIN EN ISO 1110 [76]; the variation of weight must be smaller than 0.1% between three consec-
utive weight measurements, where each measurement must be separated in time by at least one full day.

The mentioned temperature profile and the strain results of the dry- and moisture saturated specimens that are
cut transversely to the fibres are shown in Figure 4.3. Qualitatively it can be concluded from Figure 4.3 that
moisture egress out of the composite material has shrinkage as a consequence. It can additionally be stated that
polymeric reactions are visible in the strain development that presents itself during the temperature-hold period
of both heat cycles. Additionally, post-shrinkage is evident as the strain value at the end of the first cooling phase
differs with the initial strain. The post-shrinkage is accounted for by determining separate coefficients of thermal
expansion for heating and cooling. Strain variation at the temperature-hold period are not implemented in the
simulation.

A description of the polymeric effects is provided next. The degree of crystallinity of a semi-crystalline polymer
has an influence on the polymer’s density. The crystalline parts of a semi-crystalline polymer exist of oriented
molecular chains and display a higher density than the amorphous parts. The density of polyamide 6 in a
crystalline structure is reported in the book on polymer materials by Ehrenstein to be 1, 2400kg/m3 [18]. The
amorphous part of polyamide 6 is stated in the same book to have a density of 1, 080kg/m3 and the semi-
crystaline combination that has a usual degree of crystallinity in the range of 35% to 45% measures a density of
1, 140kg/m3.

The glass transition temperature of the composite material in completely dry state is 67 ◦C according to the
DSC results. Thus, heating the specimens to a temperature of 180 ◦C in the dilatometer experiments increases
the degree of crystallinity of the polyamide 6 matrix material as explained in Section 2.2. The density of the
matrix constituent increases as a result and a reduction in matrix volume is observed. This is the explanation of
the reduction in strain that is observed at the two temperature-hold periods visible in Figure 4.3. The negative
strain at the end of the dilatometer experiment is a consequence of the increase in density because of the higher
degree of crystallinity and is referred to as post-shrinkage [77]. The relatively slow cooling rate also contributes
to the clearly noticeable post-shrinkage.
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Additionally and specifically to polyamide 6, heating the polymer results in a transition of one crystalline form
to another. It is reported that polyamide 6 has been identified to show at least two crystalline forms named the
α- and γ-form [78]. The density of the α- and γ-form have been determined to be typically 1, 230kg/m3 and
1, 170kg/m3 [79], respectively. The γ-form was determined to be the preferred initial form for the crystalline
structure of the investigated polyamide 6 fibres [78]. An annealing treatment was documented to display the
conversion of crysals with an γ-form to an α-form. This conversion is also expected to be present in the dilato-
meter experiments and confirms the decrease in strain during the temperature-hold periods and the negative
strain at the end of the measurement.
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Figure 4.3 Temperature profile and resulting strain values for the dry- and moist specimens in transverse
direction in the dilatometer experiment.

The coefficients of thermal expansion have been determined by using Eq. 4.5. It is noted that this procedure
yields tangential coefficients of thermal expansion. The advantage of tangential coefficients is that they can be
used regardless of reference- or initial temperature. However, ABAQUS requires the input of coefficients of
thermal expansion to be in secant notation [68]. A possibility to use tangential coefficients would be through
the use of a user subroutine, but this option was discarded because of the significant effort involved.

αT ii =
dεii
dT

4.5

The calculation of secant coefficients of thermal expansion from the tangential coefficients has been performed
with Eq. 4.6. The tangential coefficients of thermal expansion are first integrated from the initial temperature
to the temperature at the moment of interest. The obtained strain is then divided by the difference between the
temperature at the moment of interest and the reference temperature to obtain the secant coefficient of thermal
expansion. The overline that is present in Eq. 4.6 is used to denote that the coefficient of thermal expansion is
of secant type.
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ᾱT ii(T ) =

T∫
Tref

αT iidT

T − Tref
4.6

The results of the calculation of the tangential coefficients of thermal expansion for the two heat cycles of the
90◦ dry specimen are shown in Figure 4.4. The polymeric changes are well visible by the different values that
are present for the first heating and -cooling segments. It is noted that the difference between the first cooling,
the second heating, and the second cooling is found to be negligible. Hence, only the tangential coefficients of
thermal expansion for the first heating and -cooling have been taken into account for subsequent computations.
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Figure 4.4 Calculated tangential coefficients of thermal expansion of the dry composite material in trans-
verse direction for two heat cycles.

The initial strategy of the material characterisation was to utilise the difference between the coefficient of thermal
expansion of the dry- and moisture saturated specimens to determine the coefficients of moisture expansion.
The tangential coefficients of thermal expansion for the first heat cycle of the 90◦ dry- and moisture saturated
specimens are shown in Figure 4.5. The determination of the coefficients of moisture expansion by utilising
the difference in measured expansion of the dry- and moisture saturated specimens resulted in a quadratic re-
lationship between moisture concentration and elongation. However, a linear relationship between moisture
concentration and elongation is expected as an increment of moisture content can not have a different influence
depending on the moisture content that is already present in the material.

In other words, an increase in moisture concentration must have the same resulting expansion regardless of the
current moisture concentration. Hence, the obtained quadratic relationship between moisture concentration
and elongation was discarded and micrometer- and weight measurements have been carried out to identify the
coefficients of moisture expansion instead. The results and conclusions of these measurements are documented
in Section 4.4. The failure of the initial strategy to determine the hygroscopic coefficients of expansion was
concluded to be due to polymeric changes having different influences on the measurement of the dry- and
moisture saturated specimens.
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Figure 4.5 Comparison between the tangential coefficients of thermal expansion between the dry- and
moisture saturated composite material in transverse direction for the first heat cycle.

The resulting strain of the specimens with the fibre orientation in longitudinal direction of the specimen in both
dry- and moisture saturated state of conditioning is depicted in Figure 4.6. It is noted that the chosen temperat-
ure envelope for these measurements is equal to the temperature envelope that was used for the specimens with
transverse fibre orientation shown in Figure 4.3. It can be concluded from Figure 4.6 that both the dry- and
moisture saturated specimen initially show a positive coefficient of expansion.
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Figure 4.6 Temperature profile and resulting strain values for the dry- and moist specimens in longitudinal
direction in the dilatometer experiment.

The specimens then continuously decrease in length from roughly 50 ◦C to the maximum temperature of the
dilatometer test of 200 ◦C. It is striking that the polymer-chemical effects that are visible in Figure 4.3 are not
present in longitudinal direction as the strain values remain approximately constant after reaching the maximum
temperature of the first heating segment in Figure 4.6.
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The conclusion that the thermal expansion of the unidirectional laminate in longitudinal direction remains ap-
proximately constant after the first heating segment is visible in the plots of the coefficients of thermal expansion
shown in Figure 4.7 for a dry state of conditioning. It is assumed that the differences in thermal expansion coef-
ficients for the first cooling, second heating, and second cooling can be neglected. The two sets of coefficients
for the second heating- and -cooling segments are therefore discarded for the simulation. It is noted that this is
analogous to the conclusions drawn from Figure 4.4 and implies that a total of four sets of coefficients of thermal
expansion are used as input for the numerical model.
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Figure 4.7 Calculated tangential coefficients of thermal expansion of the dry composite material in longit-
udinal direction for two heat cycles.

4.4 Micrometer measurements

The approach of utilising the dilatometer experiment data of both the dry- and moisture saturated specimens
to determine the coefficients of moisture expansion did not provide satisfactory results. The determined hygro-
scopic expansion as a function of moisture content was a parabola and was discarded as a straight line must
be obtained based on the physical argumentation provided in Section 4.3. Micrometer measurements have
been carried out in combination with consecutive weighing of mass to determine the coefficients of hygroscopic
expansion. It is noted that three specimens have been measured in length that were cut both parallel- and per-
pendicular to the fibre orientation. The specimens with dimensions of 100 x 8 x 2 mm3 were first conditioned
to a dry state in agreement with DIN EN ISO 1110 [76].

Control measurements were then carried out of the specimens to obtain a reference value for the length and
weight. The specimens were then placed in an environmental chamber at 70 ◦C with 62% relative air humidity
to allow moisture uptake. The frequency between the weight- and length measurements was chosen to account
for the declining rate of moisture uptake that was identified in the thermogravimetric measurements discussed
in Section 4.2. This implied that two measurements were taken on the first day after which the interval was
changed to once per day until moisture saturation inside the specimen was observed.
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Figure 4.8 Micrometer measurements for the determination of the coefficients of moisture expansion.

The length measurements were carried out with an Atorn Keeptronic with a resolution of 0.01 mm and the
weighing of the specimens was performed on a VWR LA Series with a resolution of 0.1 mg. The coefficient of
moisture expansion can be determined from the length- and weight measurements with the expression shown
in Eq. 4.7. The term C in Eq. 4.7 denotes the concentration of moisture in the specimen and represents the
weight percentage of moisture as a fraction of the complete specimen. The expression on the right hand side of
Eq. 4.7 displays the governing formula to calculate the concentration.

βMii =
dεii
dM

with M(t) =
W (t)−W0

W (t)
4.7

The results of the micrometer experiments are shown in Figure 4.8. A linear relation between the concentration
and the strain of the specimens that were oriented perpendicular to the fibres is clearly visible on the right hand
side of Figure 4.8. It has therefore been decided to also fit the micrometer data with a first order polynomial
that passes through the origin. The slope of the fit line represents the coefficient of moisture expansion and its
values are also provided in Table 4.5 to provide a clear overview.

The data of the specimens that were cut parallel to the fibres shows significant experimental scatter. A linear
line that passes through the origin has been fitted in an analogous manner. The relatively large amount of
experimental scatter visible in the left hand side of Figure 4.8 provides an argument to question the accuracy of
the coefficients of moisture expansion in longitudinal direction. This uncertainty was noted during the research
and its influence on the accuracy of the numerical model is commented on in the experimental validation
described in Section 7.2.

Table 4.5 Lamina coefficients of hygroscopic expansion.

Fibre orientation βM[−]

0° 5.58e− 3
90° 4.26e− 1
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4.5 Quasi-static tensile tests

Obtaining the major Poisson’s ratio of the unidirectional composite lamina was initially aimed to be performed
with quasi-static tensile tests. The method that was applied to determine the major Poisson’s ratio implied
measuring both the longitudinal- and transverse strain of the specimen under unidirectional tensile loading.
These tensile tests have been carried out on a Zwick/Roell Z250 universal testing machine with temperature
chamber at a strain rate of 2 mm/min to eliminate dynamic effects. The specimens had been provided with
strain gauges as optical measurements were not possible in combination with the temperature chamber.

The dimensions of the specimens with transverse fibre orientation were chosen in agreement with DIN EN ISO
527-4 [80] and the specimens were cut to a size of 250 x 25 x 2mm3 by means of waterjet cutting to prevent any
thermal influences to be present concerning the thermoplastic matrix material. The dimensions of the specimens
with longitudinal fibre orientation were 250 x 15 x 1 mm3 in agreement with DIN EN ISO 527-5 [81]. The
force introduction into the tensile test specimens was realised with the application of grip tabs to increase an
even stress distribution in the test specimen. A total of 5 tests have been performed for both the low- and high
temperature for testing the specimens in longitudinal- and transverse direction. It is noted that all specimens
were dried according to DIN EN ISO 1110 [76] before testing.

The upper stress-strain curves shown in Figure 4.9 are the results of the unidirectional specimens with a longit-
udinal fibre orientation that were tested at room temperature. The average values of the instantaneous stiffness
are displayed in Table 4.6 as well as the variance that was observed. The results for the quasi-static tests that were
performed at elevated temperatures with the longitudinally oriented fibre direction are shown in the bottom
part of Figure 4.9.

The results of the quasi-static tensile tests in transverse direction carried out at 23 ◦C and 180 ◦C are shown in
Figure 4.10. The larger strain and smaller stresses visible in the lower part of Figure 4.10 in comparison to the
upper part is to be expected due to softening of the matrix as a result of the increased temperature. It is concluded
that the linear strain regimes in transverse direction of the unidirectional laminate extend up to strains of 0.004
and 0.008, respectively.

The magnitude of the ultimate strains that are visible in Figure 4.10 for the unidirectional specimens that were
cut in transverse direction are lower than the ultimate strains for the specimens that have fibres in longitudinal
direction of the testing direction as shown in Figure 4.9. It would be expected at first glance that a matrix-
dominated tensile test yields higher ultimate strains because of the larger ultimate strain of the matrix constituent
in comparison to the individual fibres. Nevertheless, the fibres running parallel to the direction of the tensile
force provide a discontinuity in the matrix and decrease the effective area that is capable to be loaded. The
ultimate stress of the transverse unidirectional laminate is lower in comparison to the pure matrix because of
these imperfections [82].

The instantaneous moduli of the specimens with transverse fibre orientation that were found through the quasi-
static tensile tests have been used as reference to check the plausibility of the transverse stiffness values that
were found through the DMA measurements shown in Figure 4.21 in Section 4.8. Additionally, the measured
longitudinal stiffness of the unidirectional laminate has been used to validate the application of the classical
rules-of-mixtures for the calculation of the laminate longitudinal stiffness with the reference value of the fibre
stiffness and the determined matrix stiffness by DMA.
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Figure 4.9 Stress-strain curves of the dry composite material in longitudinal direction at 23 ◦C and
180 ◦C, shown in the upper and lower part, respectively.

Table 4.6 Instantaneous moduli of CF60-PA6 at room temperature.

Fibre orientation Temperature [◦C] Modulus [GPa] Standard deviation [GPa]

0◦ 23 106.782 4.575
0◦ 180 98.489 1.163

90◦ 23 0.429 0.140
90◦ 180 0.082 0.034
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Figure 4.10 Stress-strain curves of the dry composite material in transverse direction at 23 ◦C and 180 ◦C,
shown in the upper and lower part, respectively.

The major Poisson’s values for the unidirectional laminate that had been calculated with the strain values meas-
ured from the strain gauges showed a scatter from a minimum of 0.23 to a maximum of 0.46. An average value
that is found through this amount of scatter was evaluated to be unacceptable as material input for the numerical
simulation. The digital image correlation experiments that are discussed in Section 4.6 have been carried out to
obtain a more reliable value for the major Poisson’s ratio.
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4.6 Digital image correlation

The major Poisson’s ratio measured during the quasi-static tensile tests showed unacceptable scatter as discussed
in Section 4.5. Hence, DIC experiments have been carried out in an attempt to obtain values that have less
variance. Specimens have only been tested in longitudinal direction as micromechanical rules-of-mixtures allow
the minor Poisson’s ratio to be determined when the longitudinal- and transverse stiffness values are known.

Like the major Poisson’s ratio, the minor Poisson’s ratio will be a function of temperature. A relationship between
the temperature-dependent transverse stiffness and the major Poisson’s ratio has been found in literature and is
explained in further detail in Section 4.9. The temperature-dependent minor Poisson’s ratio will be calculated
with the temperature-dependent major Poisson’s ratio and transverse stiffness, rending experimental determina-
tion unusable.

The measurement of the Poisson’s ratio has been performed at room temperature with the use of the ARAMIS
measurement system developed by GOM. A speckled pattern had to be applied to the unidirectional specimen
to enable the ARAMIS system to track parts of the specimen under deformation. A base layer of white spray
paint is first applied to fully cover the specimen and allowed to dry for 30 minutes. Black speckles were applied
afterwards by spraying black spray paint over the specimen as opposed to directly on the specimen.

The sensor that was used is the ’Deformation 2.3M’ sensor with a measuring volume of 140 x 95 x 90 mm3 in
length-, width-, and depth direction, respectively. The calibrated camera angle was 25.492◦ and the calibration
was performed at a temperature of 23.0 ◦C. Processing of the results was carried out with the ARAMIS Profes-
sional 2017 software. Two strain regimes were used to calculate the major Poisson’s ratio of the unidirectional
lamina.

Values of 0.004 and 0.005 were chosen as the reference strains for the computation of the major Poisson’s ratio
in agreement with DIN EN ISO 527-4 [80] that stipulates a strain value higher than 0.003. The calculation
of the major Poisson’s ratio was carried with the use of Eq. 4.8. The major Poisson’s ratio calculated for each
specimen at 0.004 and 0.005 strain have been averaged and these values were taken for each specimen. The
value of the major Poisson’s ratio at room temperature for an arbitrary lamina was then computed by averaging
the values for all specimens and is displayed in Table 4.7.

ν12 = −ε22
ε11

4.8

Table 4.7 Major Poisson’s ratio at room temperature of unidirectional CF60-PA6.

Poisson’s ratio Value [−] Standard deviation[−]

ν12 0.400 0.024

It is noted that the major Poisson’s ratio has only been determined at room temperature. The value of the major
Poisson’s ratio is expected to increase at elevated temperatures as the transverse stiffness is reduced. This effect has
been taken into account in the micromechanical model that was used to calculate the engineering parameters
of multi-directional laminates from the properties of the tested unidirectional laminates. See Eq. 4.16 for the
expression that evaluates the major Poisson’s ratio as a temperature dependent parameter.
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4.7 Relaxation experiments

It is required for the composite material to be linearly viscoelastic to be able to apply the recursive formulation
of the constitutive equations that are shown in Section 3.6. Relaxation experiments have been carried out on a
Zwick/Roell Z250 at both extreme temperatures of the temperature range that is of interest for the simulation;
23 ◦C and 180 ◦C. The principle of a relaxation test is to apply a constant strain to the specimen and measure
the required force to maintain this strain as a function of time. The internal stress of the specimen can then be
calculated with the use of the cross-sectional dimensions of the specimen.

Testing of the specimens was carried out in agreement with DIN EN ISO 899-1 [83] for creep experiments as
the latest version of the standard for relaxation tests had been withdrawn at the time of conducting the research.
The specimen dimensions are stipulated in the standard to be equal to the tensile testing equivalent mentioned
in DIN EN ISO 527-2 [84]. Hence, specimen dimensions were chosen to be 250 x 15 x 1 mm3 and 250 x 25
x 2 mm3 for the tests carried out in longitudinal- and transverse fibre direction, respectively.

It is common for thermoplastics to show linear viscoelasticity up to a certain strain magnitude, after which the
viscoelasticity becomes non-linear [85], see the isochrones displayed in Figure 3.2 that have been taken from
Campusplastics [50] as argument for this statement. A deviation from linearity of an isochrone indicates the
beginning of the non-linear strain regime. Hence, the linearity of viscoelasticity must be validated for various
strain magnitudes to identify an envelope of linear viscoelasticity. Moreover, linear viscoelasticity can only be
expected in the linear stress-strain regime visible for the instantaneous response of the material. Hence, the strain
magnitudes chosen for the relaxation experiments are in agreement with the results of the quasi-static tensile tests
that are described in Section 4.5.

The specimen preparation was carried out with an analogous method to the quasi-static tensile testing; specimens
were cut with water jet cutting, glass-fibre reinforced epoxy grip tabs were applied and the specimens were
conditioned according to DIN EN ISO 1110 [76]. The load sensor indicated that forces were introduced
into the specimens after instalment into the grips. It is unlikely that the force introduction originates from
a difference in temperature between the testing clamps and the specimens as the specimens were put in the
temperature chamber prior to instalment to attain the testing temperature. Hence, it is concluded that the force
introduction is the result of a mismatch between heat conductivity and -capacity.

Validating the linearity of viscoelasticity was performed with two distinct methods. The first method is through
normalisation of the relaxation curves. A test with a material that displays a linear viscoelastic character must
yield equal normalised relaxation curves for different strain magnitudes. The second method is through testing
whether the Boltzmann superposition principle holds. This was performed by reconstructing the stress response
of a two-step strain input with the use of a single stress response to a one-step strain input.

The results of the normalisation method are shown in Figure 4.11 and Figure 4.12 for testing conditions of 23 ◦C
and 180 ◦C, respectively. A maximum allowed discrepancy of 5% was chosen for the stress magnitude at the end
of the test to still conclude that the material shows linear viscoelasticity. The results for the normalisation tests
carried out at 180 ◦C have been fitted to eliminate the disturbing effect of the oscillations that are present due
to polymer-related hysteresis. It can be concluded that all stress responses are within 5% discrepancy and thus
a linear viscoelastic character is considered to be validated within the region of investigated strain magnitudes.

These findings are in agreement with the results published in an article from Starkova [85] about the limits of
linear viscoelastic behaviour of polymers. This work displays isochrones concerning one and three hours into
the experiment of the creep compliance of polyamide-6 at room conditions. The viscoelastic behaviour can be
considered to be linear up to a stress magnitude of 20 MPa, after which the isochrones clearly display non-linear
viscoelasticity.
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Ropers reported the observation of non-linear viscoelastic deformation behaviour of continuous glass-fibre rein-
forced polyamide-6 from rheometer measurements. On the other hand, only linear viscoelasticity was observed
in the DMA measurements because of the limitation in strain imposed by the machine [86], indicating the
existence of a linear viscoelastic regime. Soós reports on ensuring that the stress values of DMA measurements
concerning injection moulded polyamide-6 reinforced with short glass fibres are inside the linear viscoelastic
range [87], which also implies partial linear viscoelasticity.
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Figure 4.11 Normalised relaxation curves of the dry composite material in transverse direction at 23 ◦C.
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Figure 4.12 Normalised relaxation curves of the dry composite material in transverse direction at 180 ◦C.
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Figure 4.13 Reconstructed relaxation curve at 23 ◦C demonstrating the Boltzmann superposition principle
of the dry composite material in transverse direction. The absolute difference between the two curves has
been indicated with the dashed line.
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Figure 4.14 Reconstructed relaxation curve at 180 ◦C demonstrating the Boltzmann superposition prin-
ciple of the dry composite material in transverse direction. The absolute difference between the two curves
has been indicated with the dashed line.

4.8 Dynamic mechanical analysis

The relaxation behaviour of the composite material was determined through dynamic mechanical analysis, or
DMA. A material is tested at various temperatures by cyclic strains of different frequencies with a relatively small
magnitude. The required cyclic force to apply these strains is measured. The force response is transformed into
a stress response in an analogous manner to the relaxation experiments. The stress response shows a delay in
comparison with the strain input due to the viscous character of the polymer. The stiffness that can be derived
from the magnitude of the stress and the delay in time therefore has a complex composition and is aptly named
the complex modulus. The complex modulus is composed of a storage- and loss modulus according to Eq. 4.9.
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E∗(ω) = E′(ω) + iE′′(ω) 4.9

The aim of the DMA measurements carried out on a Netzsch EPLEXOR 500 N during the research was to
determine the relaxation behaviour of the composite material over the entire temperature range of interest. This
was achieved through carrying out frequency-sweep measurements at a finite range of temperatures. The selec-
tion of a suitable frequency range is depending on multiple factors. A broad frequency range is ideally desired to
obtain results that show a clear overlap when shifting the curves for the construction of the mastercurve. Non-
etheless, low frequencies inherently imply long testing times and high frequencies pose the threat of damaging
the composite material which will introduce error for the measurements at a subsequent temperature level.

A frequency range of 0.3Hz to 30Hz was chosen with this trade-off in mind and in combination with advice
documented in a DMA manual from TA Instruments. A total of 8 measurements was selected per frequency
decade and a temperature range was chosen from 20 ◦C to 220 ◦C with increments of 10 ◦C. It is noted
that the degree of crystallinity is increased during the DMA measurement as the temperature exceeds the glass
transition temperature of 67 ◦C in dry state. As a result, measured mechanical properties will be higher [18]
than encountered in the cathodic dip painting oven due to relatively long duration of the DMA measurement.
The specimens that were measured had dimensions of 80 x 10 x 2 mm3 in agreement with the tensile test
fixture that was used. All specimens that were tested had been conditioned to a dry state according to DIN EN
ISO 1110 [76]. The exclusion of specimens that have been conditioned to a state of full moisture saturation is
based on the experimental challenge to contain the moisture during the measurements at elevated temperatures,
especially up to 220 ◦C.

Constructing the mastercurve has been performed by the algorithm that is mentioned in Section 3.4. This
procedure starts with fitting a polynomial of appropriate order through the curve that corresponds to the chosen
reference temperature. The curve that corresponds to the adjacent temperature is then shifted along the time axis
until the squared residual in comparison with the fit is minimised. A third order polynomial is then fitted through
the extended curve that has been obtained by the shift. The curve to the subsequent adjacent temperature is
then shifted with the same objective as before and this process is repeated until all curves have been shifted and
a mastercurve is obtained. The mathematical expression shown in Eq. 4.10 represents the optimisation problem
that is solved by shifting the curve to the fit.

minimize
aT ∈ RN

F (aT ) ≡
M∑
i=1

(
E′(ω, aT )

E′(ω)
− 1

)2

4.10

The constructed mastercurve of the storage moduli that were obtained from the DMA measurements of the
specimen in transverse fibre-direction is shown in Figure 4.15. A reference temperature of 20 ◦C has been chosen
to ensure that time acceleration is required in the time-temperature superposition for all possible temperatures in
the simulation as opposed to time deceleration. Additionally, choosing the reference temperature close to room
temperature has the consequence that the reduced time at the beginning of the simulation is approximately real
time. This allows an easier understanding of the size of the time step that is chosen in the numerical model
at the beginning of the simulation. The final reason for choosing this reference temperature is that it allows
calculation of the transverse at the same conditions of the measured Poisson’s ratio, required for Eq. 4.16 in the
micromechanical model.
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Figure 4.15 Mastercurve of the storage modulus in transverse direction of the composite material with 20
◦C taken as reference temperature.

One last reason for choosing 20 ◦C as reference temperature is that the resulting relaxation curve is inherently
valid for 20 ◦C for which experimentally less complex validation experiments can be carried out. The reference
temperature in literature is often chosen to be the glass transition temperature of the matrix constituent [47].
It is stated that the resulting determination of the relaxation behaviour will be equal independent of reference
temperature, albeit that the time shift factors and coefficients of the Williams-Landel-Ferry equation will be
different. The mastercurve constructed with 20 ◦C as reference temperature is shifted along the time-axis to the
mastercurve that was constructed with 70 ◦C to demonstrate this statement. The result of this superposition is
shown in Figure 4.16.
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Figure 4.16 Mastercurve of the storage modulus in transverse direction of the composite material with
20 ◦C taken as reference temperature superposed by means of one shift factor to the mastercurve constructed
with 70 ◦C as reference temperature.
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Application of the shift factors that were obtained for the mastercurve of the storage modulus with a reference
temperature of 20 ◦C to the measurements of the loss modulus revealed that a discontinuous mastercurve was
obtained. This discontinuity implies that the composite material can not be classified as thermorheologically
simple. Consequently, an attempt was made to apply both horizontal- and vertical shift factors to simultaneously
obtain continuous curves for both the storage- and loss modulus. It was concluded that this is possible up to a
temperature of 130 ◦C.

Discontinuous mastercurves provide evidence that the validity of time-temperature superposition is questionable
for temperatures above 130 ◦C. The conclusion that a single continuous curve for both the storage- and loss
modulus is not obtainable is reinforced by the Cole-Cole diagram that is shown in Figure 4.17. The Cole-Cole
diagram does not show a continuous curve and time-temperature superposition above 130 ◦C is thus in principle
not valid [61], see the theoretical background reported in Section 3.4 for a more detailed explanation. The DSC
experiment that was carried out with the composite material did not display significant changes in heat flux
around 130 ◦C.
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Figure 4.17 Cole-cole diagram of the DMA measurements carried out in transverse direction to the fibre-
orientation.

Nevertheless, the constructed instantaneous moduli from the DMA measurement are in good agreement with
the measured instantaneous moduli from the quasi-static tensile tests. A comparison between these values is
shown in Figure 4.21 which has been placed at the end of this section to maintain the chronological order
of research. Moreover, none of the obtained shift factors shows deviation from the expectation according to
the Williams-Landel-Ferry equation [64]. These two results provide arguments to why the obtained relaxation
moduli can still be accurately used to describe the relaxation behaviour of the composite material.

The method to obtain relaxation moduli from the constructed mastercurve of the storage moduli progresses by
fitting the generalised Maxwell model to the mastercurve of the storage moduli. The mathematical expression
of the generalised Maxwell model in the frequency domain is shown in Eq. 4.11. The frequency domain formu-
lation is utilised as the storage moduli have been measured in the frequency domain. The terms E∞ represents
the fully relaxed stiffness value of the generalised Maxwell model and the terms Ei and τi denote the individual
stiffness values and relaxation times of the Maxwell elements in the generalised model. Lastly, ω is used to
represent the frequency and the number of elements in the model is indicated by N .
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E′(ω) = E∞ +
N∑
i=1

Eiω
2 + τ2i

1 + ω2τ2i
4.11

A local optimiser IPOPT was initially used in an attempt to find optimal fitting parameters for the Maxwell
model. The fitting was carried out based on an optimisation function that is shown in Eq. 4.12. The relaxation
times were chosen to be fixed and had been selected to cover the entire frequency range of the mastercurve;
ranging from 102 to 10−32. The resulting fit for low values of N appeared to be optimal and indicated proper
implementation of the optimisation script. Nonetheless, values for N up to 12 yielded unacceptable fits as the
error was still significant.

minimize
E, τ ∈ RN

F (E, τ) ≡
M∑
i=1

(
E′(ωi)

E′ − 1

)2

4.12

Increasing the number of Maxwell elements led to the result that the local optimiser was not able to find a
solution that appeared to be the global solution. This is in agreement with findings of Costa who reports an
identical trend between the number of Maxwell elements and the satisfaction of the fit [88]. A genetic algorithm
had been adopted to solve the fitting issue and satisfactory fits had been obtained for larger numbers of Maxwell
elements. It must be noted, however, that the involved computational time is relatively large as the evolution
of the fitting parameters must be kept low to ensure that the solution utilises all stiffness terms and does not
evolve too quickly. Conclusions from this experience have had a result on the adopted modelling strategy that
is outlined in Chapter 5.

A convergence study has been carried out to assess the influence of the number of Maxwell elements in the
generalised Maxwell model on the accuracy of representing the mastercurve. The number of elements chosen
for the convergence study ranges from 4 to 64 and doubles with every next computation. Table 4.8 shows
the sum of the squared residuals for the calculated number of Maxwell elements. It is interesting to see that
the genetic algorithm was not able to find a better fit for 64 Maxwell elements in comparison to 32 Maxwell
elements. The finite number of experimental points are expected to be the cause for this behaviour. It was
concluded to continue the material characterisation with 32 Maxwell elements based on the convergence study.

Table 4.8 Convergence table for number of Prony terms for fit of storage modulus mastercurve.

No. of Prony terms RSS

4 11.833
8 1.640
16 0.373
32 0.075
64 0.099

The resulting fit of the generalised Maxwell model to the storage modulus mastercurve is depicted in Figure 4.18.
The average residual found for the fit is equal to 1.09% and the fit is thus regarded as satisfactory. Nevertheless,
it must be stated that from inspection of Figure 4.18 it is concluded to be possible to obtain a better fit by
fine-tuning the parameters of the genetic algorithm.
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Figure 4.18 Fitted Prony series with 32 terms for the mastercurve of the storage modulus of the dry composite
material in transverse direction.

The relaxation behaviour of the composite material in transverse direction to the fibres can be constructed by
applying the obtained Maxwell elements for the frequency domain in the time domain. The mathematical
expression for the generalised Maxwell model is displayed in Eq. 3.42 and is provided in Eq. 4.13 for ease of
reading. The resulting relaxation curve from the parameters of the generalised Maxwell models is shown in
Figure 4.19.

E(t) = E∞ +

N∑
i=1

Ei · e
− t

τi 4.13
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Figure 4.19 Relaxation modulus of the dry composite material in transverse direction obtained through
the fitted Prony series of the storage modulus.
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The influence of temperature on the relaxation behaviour can also be determined through the DMA measure-
ment. The coefficients C1 and C2 of the Williams-Landel-Ferry equation can be obtained by utilising them as
fitting parameters to fit the logarithmic shift factors as a function of time. The result of fitting the Williams-
Landel-Ferry function is displayed in Figure 4.20 and is concluded to have yielded satisfactory results.
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Figure 4.20 Fit of the Williams-Landel-Ferry equation of the experimentally determined shift factors.

Finally, a comparison between the moduli of the composite material in transverse direction to the fibres calculated
through the DMA measurement and the instantaneous moduli obtained from the quasi-static tensile tests is
shown in Figure 4.21. It must be noted that inherently variation exists in how the instantaneous stiffness value
is calculated from the DMA results. An instantaneous stiffness value would normally be calculated at time equal
to zero with the Prony series. However, choosing the time at which the instantaneous stiffness is evaluated to be
zero does not allow the influence of temperature to be accounted for.
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Figure 4.21 Instantaneous transverse stiffness moduli obtained by DMA and comparable values from quasi-
static tensile tests.



4.9 Micromechanical model 75

The reason for this is because the reduced time that would be calculated with the time-temperature superposition
principle to account for the effect of temperature is also zero. It then holds that all instantaneous stiffness
magnitudes for different temperature conditions would be equal to the instantaneous stiffness at the reference
temperature. The curves shown in Figure 4.21 were generated for a time period of 1E-4s to 1E-1s. This
observation is important for the improvement of the numerical model that is described in Section 7.1.

4.9 Micromechanical model

The material characterisation yielded information on the thermal expansion, hygroscopic shrinkage, and mech-
anical properties of a unidirectional laminate of the composite material. As can be observed from the constitutive
equations that are displayed in Section 3.6, the input for the numerical model must be formulated as a Prony
series for each stiffness component. The total amount of stiffness components is reduced to nine because of the
orthotropic nature of the unidirectional laminate [67]. This section presents the micromechanical model that
is used to calculate these stiffness components from the mechanical properties that have been identified in the
material characterisation. It is noted that the coefficients for thermal expansion and hygroscopic shrinkage do
not need any further processing. The applied micromechanical model makes use of rules-of-mixtures for which
the assumptions stated in the list below apply. The calculations that are carried out in the micromechanical
model are depicted schematically in Figure 4.23 after the textual discussion and equations for a clear overview.

• The matrix is linearly viscoelastic isotropic
• The matrix does not contain any voids
• The fibres are linearly elastic orthotropic
• The fibres are distributed uniformly throughout the matrix
• The matrix and fibre are perfectly bonded to each other
• The lamina is initially in a stress-free state

The required engineering parameters to fully describe the mechanical behaviour of an orthotropic unidirectional
lamina are the stiffness in longitudinal direction, the shear modulus, the stiffness in transverse direction, and
the major Poisson’s ratio. Only the latter two were experimentally determined. The two remaining engineering
parameters were calculated by means of micromechanical equations prior to calculating the orthotropic stiffness
coefficients on lamina level. All laminate-related properties have been indicated with a bar notation in the
following equations of this section.

The first engineering parameter that is calculated is the longitudinal relaxation modulus. It is assumed that the
viscoelastic behaviour of the composite material is fully attributed to the matrix constituent. The calculation of
the longitudinal modulus requires the fibre’ longitudinal elastic modulus and matrix’ relaxation modulus to be
known. Hence, the relaxation modulus of the matrix constituent, denoted with Em, is calculated with Eq. 4.14
[89].

Em = vm

(
1

Ē22
−

vf
E22f

)−1

4.14

The terms vf and vm in Eq. 4.14 represent the fibre- and matrix volume content, respectively. Moreover, the
fibre’ transverse elastic modulus and the transverse unidirectional laminate’ relaxation modulus are represented
by E22f and Ē22, respectively. The longitudinal relaxation modulus of the unidirectional laminate can be
calculated with the expression shown in Eq. 4.15.
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Ē11 = vf · E11f + vm · Em 4.15

The last engineering parameter that must be calculated is the shear modulus, represented with the symbol Ḡ12.
The calculation of the shear modulus is also carried out in a micromechanical manner and requires the shear
moduli of the fibre- and matrix constituents to be known. The value for the shear modulus of the fibre constituent
is taken from literature [73] as shown in Section 4.1 and the shear modulus of the matrix is calculated through
the isotropic relationship [89] between shear- and Young’s modulus and major Poisson’s ratio. Hence, the matrix’
major Poisson’s ratio is derived from the unidirectional laminate’ major Poisson’s ratio.

Prior to presenting this calculation it must be noted that the major Poisson’s ratio of the unidirectional laminate
was only experimentally determined at room temperature. It is reported that both the major and minor Poisson’s
ratios were often assumed to be independent of temperature throughout literature [90]. However, Pandini [91]
reports that this often leads to significant variation between simulations and experiments. Hence, the major
Poisson’s ratio is regarded as temperature-dependent in the micromechanical model.

For this temperature-dependency, it has been assumed that the longitudinal modulus of the laminate remains
constants independent of the temperature. It then follows that the change in Poisson’s ratio is fully governed by
the variation in transverse stiffness that is the result of an increased temperature. Furthermore, the volumetric
change for a material without any transverse stiffness must be equal to 0.5 per definition. An empirical relation
shown in Eq. 4.16 was defined by Giencke [92] to describe the temperature-dependent Poisson’s ratio whilst
complying to the upper limit that is bound by the previous physical argumentation on volumetric change.

ν̄12 = 0.5− (0.5− ν̃12)
Ē22

Ẽ22

4.16

The symbols ν̃12 and Ẽ22 represent the experimentally determined major Poisson’s ratio at room temperature
and the corresponding transverse instantaneous stiffness of the laminate. The major Poisson’s ratio of the matrix
is inherently also temperature-dependent and can be calculated with the classical rule-of-mixtures that is shown
in Eq. 4.17.

ν12m =
1

vm

(
ν̄12 − vf · ν21f

)
4.17

The shear modulus of the matrix constituent can then be calculated with the knowledge about the relaxation
modulus and the major Poisson’s ratio with the use of the isotropic relation shown in Eq. 4.18.

G12m =
Em

2 (1 + ν12m)
4.18

The shear modulus of the laminate can be determined as a last step to obtain all required engineering parameters
by means of the classical rule-of-mixtures that is displayed in Eq. 4.19.
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Ḡ12 =
G12m ·G12f

vm ·G12f + vf ·G12m
4.19

The transverse out-of-plane Poisson’s ratios are calculated through the Halpin-Tsai equations [93]. The polymer
bulk modulus and a auxiliary parameter, denoted with Km and Ξ, respectively, must first be calculated by
utilising the two expression that are presented in Eq. 4.20.

Km =
Em

3− 6 · ν12m

Ξ =

Km

G12m

Km

G12m
+ 2

4.20

The two transverse out-of-plane Poisson’s ratios are equal to each other due to the orthotropic character of the
unidirectional laminate. Calculation of these Poisson’s ratios is carried out with the relation shown in Eq. 4.21
that is part of the Halpin-Tsai micromechanical model.

ν̄23 = ν̄32 =
Ξ
(
3− 4 · ν̄212

)
− 1

Ξ + 1
4.21

The out-of-plane shear modulus can then be calculated with the use of the transverse out-of-plane Poisson’s ratios
with Eq. 4.22 that originates from classical isotropic rules-of-mixtures [89].

Ḡ23 =
Ē22

2 (1 + ν̄23)
4.22

The only two laminate unknowns that remain are the longitudinal out-of-plane Poisson’s ratios. These Poisson’s
ratios are equal to the transverse out-of-plane Poisson’s ratios due to the transverse isotropy. The mathematical
expressions are shown in Eq. 4.23 for completeness.

ν̄13 = ν̄12

ν̄31 = ν̄21
4.23

The last step that is performed in the micromechanical model is to calculate the nine stiffness coefficients of
the unidirectional laminate. There are only six unique stiffness components due to transverse isotropy and the
expressions that have been used for the calculation are shown in Eq. 4.24. The relations that are displayed in
Eq. 4.24 have been obtained from the elastic relationships [94] by means of the viscoelastic correspondence
principle that is explained in Section 3.5. Please note that the bar notation is dropped in Eq. 4.24 as all present
symbols are laminate properties.
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λ = 1− ν12ν21 − ν23ν32 − ν13ν31 − 2ν21ν32ν13

C11 = E11 · λ−1 (1− ν23ν32)

C12 = E11 · λ−1 (ν21 − ν31ν23)

C13 = E11 · λ−1 (ν31 − ν21ν32)

C22 = E22 · λ−1 (1− ν31ν13)

C23 = E22 · λ−1 (ν32 − ν12ν31)

C33 = E22 · λ−1 (1− ν12ν21)

C44 = G12

C55 = G23

C66 = G23

4.24

The computed stiffness coefficients can then be assembled in agreement to the Voigt notation that is applied
in ABAQUS as shown in Eq. 4.25 [68]. The nine independent stiffness coefficients shown in Eq. 4.25 are in
agreement with the stiffness matrix that is derived in the book on mechanics of anisotropic materials by Skrzypek
[67].

Cij =



C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

 4.25

It is noted that all laminate stiffness coefficients are time-dependent and that this dependency is accounted for
in the preprocessing steps for the numerical model. The resulting stiffness coefficients of the composite material
are shown in Figure 4.22. A total of six independent Prony series have been determined for the mechanical
properties of the unidirectional lamina. The relaxation times for every Prony series is kept equal for simplicity
and to prevent possible errors in input. The resulting Prony terms for the independent stiffness coefficients are
displayed in Table 4.9.
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Figure 4.22 Orthotropic stiffness coefficients of the unidirectional laminate as a function of time.
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Figure 4.23 A schematic overview of the order of calculations carried out in the micromechanical model.
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Table 4.9 Values of the relaxation times and determined Prony coefficients for the independent stiffness
components of a unidirectional layer of CF60-PA6.

i τi C11i C12i C22i C23i C44i C66i

1 1.00E-02 3.04E+08 1.18E+07 6.42E+07 2.55E+07 4.09E+07 2.83E+07
2 1.35E-01 1.00E+00 5.75E+07 1.04E+08 6.84E+06 1.49E+07 2.41E+07
3 1.81E+00 1.26E+00 9.52E+06 6.41E+07 4.20E+07 5.33E+07 4.81E+07
4 2.44E+01 1.53E+08 1.00E+00 1.95E+07 5.72E-01 1.70E+07 2.40E+07
5 3.28E+02 9.62E-01 7.45E+07 1.95E+08 5.26E+07 1.13E+07 7.75E+06
6 4.42E+03 1.00E+00 2.54E+07 8.47E+07 1.29E+06 1.26E+08 8.08E+07
7 5.95E+04 2.22E+07 1.09E+07 6.83E+07 7.20E+06 1.24E+07 1.47E+07
8 8.00E+05 1.35E-01 6.68E+07 3.64E+07 9.68E+07 4.49E+07 7.98E+06
9 1.08E+07 1.00E+00 4.66E+06 4.60E+08 7.25E+06 5.14E+06 2.11E+08
10 1.45E+08 1.00E+00 2.05E+08 1.98E+08 1.66E+08 2.93E+08 1.14E+07
11 1.95E+09 1.67E+00 3.52E+06 1.52E+08 1.00E+00 3.01E+07 1.82E+08
12 2.63E+10 1.79E+00 3.62E+08 7.18E+08 3.33E+08 1.50E+08 2.00E+07
13 3.53E+11 8.59E-01 1.11E+07 4.69E+07 3.71E+07 1.74E+08 2.97E+08
14 4.76E+12 6.72E-01 3.71E+07 5.56E+08 1.88E+08 5.97E+07 1.91E+07
15 6.40E+13 2.16E+09 3.05E+08 1.87E+08 1.36E+08 1.76E+08 1.09E+08
16 8.62E+14 1.00E+00 6.81E+06 1.63E+08 1.91E+07 3.20E+07 9.60E+07
17 1.16E+16 1.38E+00 4.22E+07 1.90E+08 2.10E+08 4.73E+07 3.05E+06
18 1.56E+17 1.09E+00 6.60E+07 9.82E+07 4.78E-01 7.24E+07 9.24E+07
19 2.10E+18 1.00E+00 7.17E+07 1.23E+08 4.15E+07 1.16E+06 8.97E+06
20 2.83E+19 1.47E+00 2.77E+07 8.21E+07 8.22E+07 4.77E+07 1.69E+07
21 3.81E+20 1.00E+00 4.62E+06 4.90E+06 1.45E+07 2.06E+07 3.78E+07
22 5.12E+21 4.78E-01 1.06E+06 1.30E+08 1.06E+07 2.40E+07 1.96E+07
23 6.90E+22 7.60E+08 9.98E+07 2.64E+07 6.84E+07 1.21E+07 2.71E-01
24 9.28E+23 1.36E+00 9.77E+06 6.63E+07 2.18E+07 1.85E+07 5.06E+07
25 1.25E+25 9.03E-01 1.21E+07 2.91E+07 1.45E-02 4.50E+05 1.12E+07
26 1.68E+26 7.78E-01 1.47E+07 9.29E+07 1.09E+08 6.60E+07 8.19E+06
27 2.26E+27 1.00E+00 1.00E+00 1.69E-01 6.95E+05 1.98E+06 0.00E+00
28 3.05E+28 2.24E-01 1.03E+08 1.55E+08 1.43E+07 1.42E+07 6.72E+07
29 4.10E+29 1.19E+00 6.28E+06 6.30E+06 6.98E+07 1.70E+07 2.20E+06
30 5.52E+30 1.00E+00 5.07E+05 5.31E+07 1.25E+06 2.43E+07 6.61E+06
31 7.43E+31 1.00E+00 6.56E+05 4.30E+06 1.38E+07 2.83E-02 1.91E+06
32 1.00E+33 1.00E+00 8.94E+06 1.00E+00 5.29E-01 0.00E+00 4.48E+06





5
Finite element modelling

Modelling the viscoelastic deformation behaviour of complex components requires the application of finite
element models to account for the geometrical non-linearity that is expected. This expectation is founded on the
degree of matrix softening that was observed in the DMA measurements described in Section 4.8. This chapter
provides a detailed overview of how the finite element simulation is carried out and discusses the arguments
that have driven specific modelling decisions. Moreover, the development of a material user subroutine to
implement anisotropic viscoelastic material behaviour is documented as well as the verification of this material
user subroutine. A mesh convergence study and an analysis of the sensitivity of the simulation to the input
parameters and modelling choices are provided as the concluding section.

5.1 Model framework

The sequence of the simulation is derived from how the actual cathodic dip painting process introduces stresses
into the thermoplastic components. From Section 2.1 it can be concluded that the BIW is subjected only to
thermal loads in the cathodic dip painting ovens. It is therefore assumed that temperature and time are the only
independent variables in the simulation. The thermal loading to which the objective component is subjected to
governs thermal expansion, hygroscopic shrinkage, and material property changes of the matrix constituent.

There is a direct interaction between the thermal loading and the thermal expansion of the material. The ambient
air temperature is entered as input for the entire duration of the simulation to allow the numerical model to
be used as an assessment tool to analyse the influence of changing the temperature profile in the cathodic dip
painting ovens. However, the thermal expansion of the material must be calculated through the temperature of
the component as opposed to the ambient air temperature. A heat transfer analysis is required for this purpose
and this forms the first step in the model framework. It is assumed that the only mechanism of heat transfer is
convection, for which the governing expression is shown in Eq. 5.1.

qconv = hAs (Tair − Tsur) 5.1

83
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The temperature profile is entered based on the maximum air temperature that was measured during the exper-
iment. A predefined field is applied as boundary conditions with a tabular amplitude that is computed with
MATLAB to specify the temperature at a given moment in time. The initial temperature of the specimen is
retrieved from the temperature measurement of the specimen’ surface during the experiment. The heat convec-
tion is implemented in ABAQUS by means of a film condition interaction for which a convection coefficient
has been determined by measuring the air temperature and the surface temperature of the specimen.

The mesh of the heat transfer model exhibits more nodes to the outside of the specimen as large temperature
gradients are to be expected in that region. The mesh that was chosen for the heat transfer model is discussed
in Section 5.4. The output of the heat transfer simulation contains the nodal temperature of the mesh and will
be used as input for the mass diffusion simulation that is ran afterwards. Hence, the mesh of the heat transfer-
and mass diffusion simulation are equal. It was decided to carry out a one-dimensional heat transfer simulation
in through-thickness direction only. The argumentation for this decision is discussed in Section 5.4.

The rising temperature inside the component drives the diffusion of water molecules out of the component into
the ambient air. The egress of water molecules leads to hygroscopic shrinkage and has a significant effect on
the deformation behaviour according to the coefficients of hygroscopic expansion that have been determined
in Section 4.4. Hence, a mass diffusion simulation is carried out after obtaining the temperature distribution
throughout the specimen with the preceding heat transfer analysis.

The mass diffusion simulation is carried out governed by the diffusion coefficients that are entered as tabular val-
ues obtained by evaluating the fitted Arrhenius equation that was established during the material characterisation.
The coefficients of the fitted Arrhenius equation can be found in Table 4.4. Analogous to the heat transfer sim-
ulation, the mass diffusion simulation is carried out as a one-dimensional through-thickness simulation which
is argumented in Section 5.4.

The solubility of the composite material was determined during the micrometer experiments that were carried
out to determine the coefficients of moisture expansion. The concentration boundary conditions that must be
entered for the top and bottom of the specimen are based on two empirical values. It is assumed that the relative
humidity of the air at room temperature is high enough for the specimen to reach moisture saturation and the
boundary condition is set to the solubility value. The concentration boundary condition at a temperature of
100 ◦C is set to zero as moisture will only be present in gaseous form. Intermediate values for temperature in
between 23 ◦C and 100 ◦C are linearly interpolated.

The heat transfer- and mass diffusion simulation are treated as sequential simulations and the two processes
are assumed to be uncoupled. This means that the changes in moisture concentration of the specimen are
assumed to have no influence on the heat transfer physics. Coupling between the heat transfer- and mass
diffusion processes would occur if phase changes or chemical decomposition would be present for the medium
that governs the heat transfer. This is because the mentioned mass diffusion processes require latent heat that
will affect the heat transfer and hence cause coupling. The saturation moisture concentration is only 1.62% and
the heat transfer through the composite can thus be assumed to be governed by the composite material only.
The melting temperature of the matrix constituent has been determined by DSC to be 222.3 ◦C and a phase
transition of the heat transfer medium does not occur, allowing uncoupling between the heat transfer and mass
diffusion.
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A stress simulation can be carried out after identifying the temperature- and moisture distribution inside the spe-
cimen. The thermal expansion and hygroscopic shrinkage are implemented through specifying total coefficients
of expansion that are pre-calculated in MATLAB with the information from the preceding simulations. These
coefficients of expansion are entered to be dependent on a field variable that is set equal to the independent
variable time. The change in material properties due to the thermal loading is accounted for by the constitutive
equations that are outlined in Section 3.6 through a user subroutine. The development of the user subroutine
is extensively discussed in the next section.

The simulation allows the analysis of multi-directional laminates through the choice of utilising solid elements
with a composite lay-up in ABAQUS. The composite lay-up method also allows a deviating number of plies to be
analysed that does not comply with the element thickness. This is especially valuable concerning the validation
lay-ups that have been chosen due to manufacturing reasons. For the correct implementation of layer orientation
it is required to define a reference orientation to each element.

The reference orientation is chosen to correspond with the fibre-direction that a lamina of 0◦ orientation would
have. A discrete material orientation method has been adopted because of the curved geometry of the component.
This curved geometry prohibits a global material orientation from working correctly. Hence, each element is
provided its own local material orientation with one global 0◦ direction and its own specific element normal. It
is noted that the mesh stacking direction must be defined in ABAQUS to ensure a proper axis of rotation for
the ply orientation that is entered in the composite lay-up settings.

The solid mesh of the component has been generated with HyperMesh that was developed by Altair. The applied
meshing strategy involved so called solid mapping. Surfaces that are connected by sweep lines for the solid mesh
are meshed as a surface first. These meshed surfaces are then extruded along the sweep lines and the extrusion
is further divided into solid elements of dimensions that approach unity. Redundant construction lines in the
CAD model for manufacturing purposes of the component have been suppressed to ensure clearly defined cross-
sections and guiding lines for the generation of the mesh.

The boundary conditions of the coupon- and component stress simulations are shown in Figure 5.1 and Fig-
ure 5.2, respectively. It is noted that the applied temperature field has been hidden for both boundary condition
images to increase the clarity of the illustrations. The orange arrows on the left hand side of Figure 5.1 repres-
ent the initial displacement that is implemented in the simulation to create an imperfection. No out-of-plane
deformation would be simulated without the addition of the vertical displacement. The magnitude of the im-
perfection has been minimised to limit the disturbing effect on the displacement solution. This minimisation is
documented in Section 5.4.

Figure 5.1 The boundary conditions for the stress simulation of the validation coupon.

Figure 5.2 The boundary conditions for the stress simulation of the validation component.
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A list of all the assumptions that were made for the three simulations is presented next. These assumptions
have been made partly based on the material characterisation and partly based on the sensitivity studies that are
discussed in Section 5.4. The key simulation parameters that have been applied for every individual simulation
are shown in Table 5.1. The complete model framework is visualised schematically in Figure 5.3 and it is noted
that the preprocessing- and carrying out of the mass diffusion simulation is not necessary for the simulation of
dry composite material.

• The only mechanism of heat transfer is convection.
• The relaxation behaviour of the matrix is unaffected by moisture content.
• All properties of the fibre constituent remain unchanged during the CDP process.
• Three-dimensional geometrical effects can be neglected for the heat transfer- and mass diffusion.

Table 5.1 Simulation parameters in ABAQUS.

Simulation Parameter Setting

Heat transfer Element type Heat transfer element
Material input Cp, λ, ρ
Maximum temperature increment 1 ◦C
Maximum time increment 30s
Temperature input Predefined field with amplitude

Mass diffusion Element type Mass diffusion element
Material input D(t), K, ρ
Maximum time increment 30s
Maximum concentration increment 0.001
Temperature input Nodal temperatures

Stress Element type Solid fully integrated linear 3D stress
Through-thickness representation Single element with composite lay-up
Integration points per layer 1
Material input Cii∞, Ciij , τi, C1, C2

Maximum time increment 0.25s
Geometrical non-linearity On
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Figure 5.3 Flowchart of the numerical modelling workflow for a moisture saturated specimen.
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5.2 User subroutine development

The application of the constitutive equations that were derived in Section 3.6 is not implemented in ABAQUS
by standard subroutines. Hence, a user subroutine had to be written that defines the material behaviour, ef-
fectively linking stresses to strains. The user subroutine format that governs the constitutive material behaviour
in ABAQUS is called UMAT. This section describes the development of the user subroutine to implement the
anisotropic viscoelastic material behaviour necessary for the numerical model.

The two essential activities that must be carried out by a UMAT is the definition of the Jacobian and providing
the updated stresses based on the incremental strain that ABAQUS proposes [68]. The Jacobian is a 6 x 6 matrix
considering the fact that solid elements have been chosen in the model framework in Section 5.1. The stress
tensor that must be updated consists of 3 normal- and 3 shear stress components.

Material properties for a UMAT can only be passed as a single-column table in ABAQUS. This implied that
passing the material properties in a logical order allowed to apply efficient programming to allocate the proper-
ties into matrices. The number of solution dependent variables, or SDVs, must also be stated in the material
definition that is created for the UMAT. Entering an incorrect number for the amount of SDVs that should be
created during the analysis carries the risk of incorrect assignment of data.

The recursive formulation of the constitutive equations stipulates that every Prony term requires its own SDV
to store the recursive part and update it during every time increment. The strain derivative that is characteristic
for the applied constitutive equations gets calculated for every time increment, but it is not necessary to store it
for future calculations. Hence, the recursive stress contributions are the only parameters that require storage in
SDVs. The number of Prony terms for each stiffness component was determined in Section 4.8 to be 32. Hence,
a total of 192 SDVs are created in the UMAT to account for all recursive stress contributions of each Maxwell
element for all 6 stress components.

The time-temperature superposition is implemented in the user subroutine by transforming the time increment
in real time to an accelerated time increment through the time shift factor that is calculated at the beginning
of the subroutine. It holds that the two coefficients of the Williams-Landel-Ferry equation and the reference
temperature of the mastercurve for the Prony terms must also be entered in the material properties. The list of
material properties includes a total of 233 values. These values are comprised of 6 relaxed stiffness components,
32 relaxation times, 192 stiffness values of the Maxwell elements for every independent stiffness component,
and the 3 mentioned values necessary for the time-temperature superposition.

The following part describes the steps taken by the user subroutine in chronological order and provides the pieces
of code that correspond to these calculation steps. It is noted that the complete user subroutine is provided in
Appendix A to allow inspection of the code in one continuous read. The header of the user subroutine follows
the default format that is defined for a UMAT.

SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,
2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,JSTEP,KINC)

C
INCLUDE 'ABA_PARAM.INC'

C
CHARACTER*8 CMNAME
DIMENSION STRESS(NTENS),STATEV(NSTATV),

1 DDSDDE(NTENS,NTENS),
2 DDSDDT(NTENS),DRPLDE(NTENS),
3 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1),
4 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3),
5 JSTEP(4)
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The first two steps performed in the user subroutine are the definition of the natural logarithm of 10 and the
declaration of all the variables that will be used in the user subroutine. The natural logarithm of 10 is defined
to enable the usage of the EXP function in Fortran.

PARAMETER(DLNTEN=2.30258509299d0)
C

REAL*8 C(7,33),DDSN(3,3),DDSS(3,3),DSTRES(6),EXPP(32),DTIMEI,DTIMEA,STIFFA,STIFFB

The time increment is converted to a reduced time increment based on the application of the Williams-Landel-
Ferry equation as shown in Eq. 3.44. The terms C1, C2, and Tref have been placed at the end of the material
property list to avoid confusing values for the indices concerning the Prony terms and relaxation times.

DTIMEA = DTIME*EXP(DLNTEN*PROPS(231)*(TEMP-PROPS(233))/(PROPS(232)+TEMP-PROPS(233)))

The strain derivative that is required for the constitutive equations is calculated with the reduced time increment
by means of the following three lines of code. It is noted that NTENS represents the total amount of entries in
the stress tensor and is equal to 6 for a solid element.

DO I=1,NTENS
STATEV(I) = DSTRAN(I)/DTIMEA

END DO

The Prony terms and relaxation times that have to be entered through a list are reordered in a matrix to allow
the usage of loops for the subsequent computations. It is noted that the relaxation terms are entered on the first
row. The six individual series of Prony terms that are shown in Table 4.9 are allocated to rows 2 to 7.

C(1,1) = 0.
DO I=1,6

C(I+1,1) = PROPS(I)
END DO
DO I=1,32

C(1,I+1) = PROPS(I+6)
C(2,I+1) = PROPS(I+38)
C(3,I+1) = PROPS(I+70)
C(4,I+1) = PROPS(I+102)
C(5,I+1) = PROPS(I+134)
C(6,I+1) = PROPS(I+166)
C(7,I+1) = PROPS(I+198)

END DO

The formatted Prony terms and relaxation times are then used to update the recursive notation that is necessary
to calculate the stress contribution of the recursive part.

DO I=1,32
EXPP(I) = EXP(-DTIMEA/C(1,I+1))
STATEV(I+6) = EXPP(I)*STATEV(I+6) + STATEV(1)*C(2,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+38) = EXPP(I)*STATEV(I+38) + STATEV(2)*C(4,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+70) = EXPP(I)*STATEV(I+70) + STATEV(3)*C(4,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+102) = EXPP(I)*STATEV(I+102) + STATEV(4)*C(6,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+134) = EXPP(I)*STATEV(I+134) + STATEV(5)*C(6,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+166) = EXPP(I)*STATEV(I+166) + STATEV(6)*C(7,I+1)*C(1,I+1)*(1-EXPP(I))

END DO

The next step in the user subroutine is to calculate the normal stress stiffness values that are required to determine
the resulting stress from the incremental strain of the currently calculated time step. It is noted that the part of the
Jacobian that governs normal stress is symmetric. Hence, computations are only performed for the independent
components and the dependent components are simply copied for computational efficiency.

DTIMEI = 1./DTIMEA
DDSN(1,1) = C(2,1)
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DDSN(1,2) = C(3,1)
DDSN(2,2) = C(4,1)
DDSN(2,3) = C(5,1)
DO I=2,33

DDSN(1,1) = DDSN(1,1) + DTIMEI*C(2,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSN(1,2) = DDSN(1,2) + DTIMEI*C(3,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSN(2,2) = DDSN(2,2) + DTIMEI*C(4,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSN(2,3) = DDSN(2,3) + DTIMEI*C(5,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))

END DO
DDSN(1,3) = DDSN(1,2)
DDSN(2,1) = DDSN(1,2)
DDSN(3,1) = DDSN(1,2)
DDSN(3,2) = DDSN(2,3)
DDSN(3,3) = DDSN(2,2)

The components that enter the part of the Jacobian governing the shear stress are calculated afterwards. The
split in normal- and shear stress part of the Jacbian has been chosen for ease of pinpointing potential errors in
the user subroutine.

DDSS(1,1) = C(6,1)
DDSS(3,3) = C(7,1)
DO I =2,33

DDSS(1,1) = DDSS(1,1) + DTIMEI*C(6,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSS(3,3) = DDSS(3,3) + DTIMEI*C(7,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))

END DO
DDSS(2,2) = DDSS(1,1)

The Jacobian is assembled with the following loops after the individual entries have been calculated. The terms
NDI and NSHR indicating the lengths of the two loops are defined in ABAQUS as the amount of normal- and
shear stress entries in the stress tensor for the finite element, respectively.

DO I=1,NDI
DO J=1,NDI

DDSDDE(I,J) = DDSN(I,J)
END DO

END DO
DO I=1,NSHR

DDSDDE(NDI+I,NDI+I) = DDSS(I,I)
END DO

The instantaneous stresses that are a direct result of the incremental strains are then calculated by means of the
assembled Jacobian in the first loop of the following code. Additionally, the stress contributions of the recursive
part are accounted for in the second loop. This is the final step in the user subroutine as both the task of defining
the Jacobian and providing ABAQUS with the updated stresses have been fulfilled.

DO I=1,NTENS
DSTRES(I) = 0.
DO J=1,NTENS

DSTRES(I) = DSTRES(I) + DSTRAN(J)*DDSDDE(I,J)
END DO
DO J=1,32

DSTRES(I) = DSTRES(I) - (1-EXPP(J))*STATEV(6+32*(I-1)+J)
END DO
STRESS(I) = STRESS(I) + DSTRES(I)

END DO

5.3 Verification of user subroutine

An essential part that was carried out prior to generating the simulations for the validation experiments was the
verification of the UMAT. Several verification tests were performed to ensure that the calculations in the UMAT
were in perfect agreement to the intended computations. Verification of the subroutine is of crucial importance
to be able to rule out any flaws in the software when assessing the validation results.
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The verification tests were designed to increase in complexity to allow straightforward debugging if the verifica-
tion results were not in agreement with the analytical- or reference value. A total of five verification tests have
been conducted and an overview is given in the list below. Verification tests 1, 2, 4, and 5 have been carried
out with an element that has dimensions of 1 x 1 x 1. The relevance of the element dimensions has also been
investigated of which the result is shown in Section 5.4.

1. Isothermal uniaxial step strain input
2. Isothermal bi-axial step strain input
3. Verification according to an example in Zocher’s paper [44]
4. Non-isothermal uniaxial step strain input
5. Non-isothermal uniaxial single square-wave pulse strain input

The relevant material parameters that have been used as input for the verification tests are shown in Table 5.2.
The fourth and fifth verification tests include thermal boundary conditions. Hence, a start- and end temperature
are displayed in Table 5.2 and it is noted that the temperature is increasing in a linear manner for both verification
tests that include time-temperature superposition. The mechanical boundary conditions for every verification
test have been chosen to be the bare minimum that is required for the analysis to eliminate any disturbing effects.
All boundary conditions are shown in Figure 5.4 for the verification tests in logical order from left to right.

Table 5.2 Material parameters that have been used for the user subroutine verification.

Parameter Unit Test 1 Test 2 Test 3 Test 4 Test 5

E11∞ Pa 2.0E6 2.0E6 1.0E5 2.0E6 2.0E6
E111 Pa 5.5E6 5.5E6 4.0E5 5.5E6 5.5E6
τ11 s 0.25 0.25 1.00 1E11 1E7
E12∞ Pa n.a. 5.0E5 n.a. n.a. n.a.
E121 Pa n.a. 5.0E5 n.a. n.a. n.a.
τ121 s n.a. 1.00 n.a. n.a. n.a.
C1 − n.a. n.a. n.a. 69.85 69.85
C2 − n.a. n.a. n.a. 254.00 254.00
Tref °C n.a. n.a. n.a. 20 20
Tstart °C n.a. n.a. n.a. 40 40
Tend °C n.a. n.a. n.a. 85 45

Figure 5.4 Applied boundary conditions for the verification tests in order from 1 to 5 from left to right.
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The first verification test comprises the calculation of the stress response to a uniaxial step strain input. A single
Maxwell model connected in parallel is chosen for simplicity for this verification test. Hence, only the terms
E11∞, E111, and τ11 are of importance for the relaxation behaviour of the material. The magnitude of the
strain is decided to be 0.01 as this allows easy comparison between the expected- and simulated value of the
stress. The only boundary conditions for this verification test are zero displacement in longitudinal direction of
the longitudinal plane of the element and zero displacement in all directions for one node that corresponds to
the nodes of the previous boundary condition to prevent numerical problems.

The total duration of the verification test is 1 second and and a time increment of 0.01 second has been chosen
for the analysis. The instantaneous stress response is expected to be 7.5e4 Pa based on the stiffness values and
relaxation time shown in Table 5.2. The results of the simulation are shown in Figure 5.5 and agree perfectly
with the analytical solution for which the expression is provided in Eq. 5.2. The analytical solution is obtained
from the expression of the generalised Maxwell model displayed in Eq. 4.13 evaluated for one Maxwell element
and multiplied by the applied strain.
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Figure 5.5 Verification results of the uniaxial isothermal step strain input.

σ(t) =
(
E11∞ + E111 · e

− t
τ11

)
· ε0 5.2

The second verification test follows up the first verification test by adding a strain component in transverse
direction to the already applied strain. Zero displacement boundary conditions have been added in transverse
direction of the nodes on one transverse plane to ensure the modelling of a bi-axial load case. The intended
purpose of this verification test is to validate the correct calculation of the transverse stress coupling through the
Poisson’s ratio. This effect is tested by means of a single element generalised Maxwell element to describe an
arbitrary relaxation behaviour of E12, skipping any calculations involving a Poisson’s ratio.
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An analytical solution to this problem is not available without significant mathematical effort and it has been
decided to implement the recursive formulation in MATLAB to obtain a reference solution for verification. The
implementation in MATLAB is possible due to the geometrical simplicity of the problem that does not require
a finite element approach and the evaluated expression is shown in Eq. 5.3. The results of both the MATLAB
reference solution and the ABAQUS solution of the user subroutine are shown in Figure 5.6. The time step in
MATLAB was chosen relatively small to minimise discretisation errors. It can be concluded by comparison of
the two plots that the user subroutine carries out the calculations as intended.

σ(t+∆t) =σ(t) + ∆ε

(
C11∞ +

1

∆t

[
C111ρ111

(
1− e−∆t/ρ111

)
+ C121ρ121

(
1− e−∆t/ρ121

)])
−
(
1− e−∆t/ρ111

) [
e−∆t/ρ111 ·R(t−∆t) +G−

ε · ρ111
(
1− e−∆t/ρ111

)] 5.3
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Figure 5.6 Verification results of the bi-axial isothermal step strain input.

The third verification example is taken from the original paper of Zocher [44] that discusses the constitutive
equations of the numerical model that has been developed during the thesis. The verification problem treats a
long thick-walled viscoelastic cylinder that is enclosed by a rigid casing from the outside and subjected to an
internal pressure from the inside. The mesh of the viscoelastic cylinder has been chosen to be exactly similar to
the mesh that was used in the original paper.

The internal pressure, denoted with p0, is assumed to be constant throughout the simulation and has a magnitude
of 100 Pa. An analytical solution for the displacement in radial direction of the viscoelastic cylinder can be
obtained by the viscoelastic correspondence principle of which the mathematical expression is shown in Eq. 5.4.
The terms r, a, b, and ν represent the radius of interest, the inner- and outer radius, and the Poisson’s ratio of
the material, respectively.

ur =
p0a

2b (1 + ν) (1− 2ν)

a2 + (1− 2ν) b2

(
b

r
− r

b

)
D (t) 5.4
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The term D(t) in Eq. 5.4 denotes the compliance of the cylinder and can be calculated with the formula in
Eq. 5.5. The expression on the left hand side of Eq. 5.5 requires the terms D0, E0, D1, and λ1 for which the
definitions are displayed on the right hand side of Eq. 5.5.

D(t) = D0 +D1

(
1− e

−t
λ1

)
where

D0 ≡
1

E0

E0 ≡ E∞ + E1

D1 ≡
(

1

E∞
− 1

E0

)
λ1 ≡

E0 · ρ1
E∞

5.5

The results of the third verification test can be seen in Figure 5.7. It is noted that there is a growing discrepancy
between the analytical solution and the values that have been obtained through the numerical model utilising
the user subroutine. The original paper does not mention whether the problem must be treated as a plain strain
or not. Nevertheless, the ABAQUS analysis of this verification test has been modelled as a plain strain problem
because the mesh in the original paper is shown in two dimensions only and because of the description of a long
thick-walled cylinder. The previous may explain the discrepancy between the analytical solution from Figure 5.7
and the numerical results. Nevertheless, an identical relaxation behaviour is observed and it was concluded that
the user subroutine performs as intended.
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Figure 5.7 Verification results of pressurised linear viscoelastic rocket fuel under isothermal conditions.

The fourth- and fifth verification tests have been chosen to assess the implementation of the time-temperature
superposition in the user subroutine. Both verification tests concern uniaxial strain input only as the coupling
was already verified through verification test 2. Hence, the boundary conditions for these verifications tests are
identical to the boundary conditions used in verification test 1. The difference in the last two verification tests
is the shape of the strain input. The fourth verification test has a step strain input analogous to the first two
verification tests. The fifth verification test, on the other hand, analyses the stress response to a single square-wave
pulse strain input. The thermal boundary conditions have been applied to all nodes and its magnitude and the
associated reduced times are shown in the lower plot of Figure 5.8.
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Figure 5.8 Verification results and thermal boundary conditions of the non-isothermal uniaxial step strain
input.

The numerical results in both Figure 5.8 and Figure 5.9 are in excellent agreement with the reference results that
have been generated in MATLAB and indicate that the time-temperature superposition principle is also correctly
implemented. It is noted that the generated results for MATLAB have been generated by scaling the complete
real time scale to the reduced time scale as described by the shift factors obtained through time-temperature
superposition. The solution is then obtained by progressing in the reduced time scale with one constant time
step. This approach is different from the method that is implemented in the subroutine as the subroutine takes
real time steps and converts those to reduced time steps and progresses the solution in real time. This strategy
was adopted to identify possible misinterpretation of the necessary transformation from real time step to reduced
time step. If any errors would have been present in the user subroutine concerning the reduction in time step
size, this verification would have identified it.
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Figure 5.9 Verification results of the non-isothermal uniaxial single square-wave pulse strain input.

5.4 Convergence- and simplification verification studies

The heat transfer- and mass diffusion simulations are carried out in a one-dimensional manner as described
in Section 5.1. This section presents the sensitivity studies that have been carried out to justify the choice of
one-dimensional simulations for computational reasons and straightforward processing of the numerical results.
Additionally, mesh convergence studies are provided regarding the element size and magnitude of the time step
of the stress simulation.

Three dimensional heat transfer- and mass diffusion simulations have been carried out to evaluate the distribution
of temperature and moisture content in the three-dimensional case. These simulations have been carried out for a
specimen with two finite edges to ensure the largest influence of the edge effects are analysed. The temperature-
and moisture content distributions are assessed at the mid-plane of the specimen. The results of the three-
dimensional heat transfer simulation that utilises the boundary conditions of the control validation experiment
are shown in Figure 5.10.

The left hand side of Figure 5.10 shows the temperature distribution at 1150 seconds into the simulation, which
is still during the heating phase. The numerical results show a lower temperature at areas that are further away
from the edges, as expected. It is also noted that the temperature distribution is not similar in longitudinal-
and transverse direction due to the orientation dependency of the heat conductivity of the fibre-reinforced
thermoplastic material.

The simulation result on the right hand side of Figure 5.10 shows the temperature distribution of the mid-
plane of the specimen during the cooling phase at 2200 seconds, where the largest temperature difference in
the specimen was observed. It is noted that the variation in temperature distribution is larger in comparison
to the heating phase of the simulation. Nevertheless, the maximum difference that is observed is only 3.5 ◦C
and it was concluded that limiting the heat transfer simulation to one dimension has no significant effect on the
simulation of the deformation behaviour. Moreover, the through-thickness distribution of the temperature was
found to be negligible as well. Hence, the temperature at every node in the stress simulation is set equal to the
value that was calculated from the convection simulation.
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Figure 5.10 Sensitivity analysis to limiting the heat transfer simulation to one dimension.

The simulation results for the three-dimensional mass transfer simulation are shown in Figure 5.11 for equal
moments in time as provided for the temperature distributions that are shown in Figure 5.10. A significant
variation in moisture content due to the finite edges is visible during both the heating and cooling phase. It
is concluded that the finite edge effects are confined to a distance of 2.5 mm from the edges of the specimen.
Although the three-dimensional effects may be argued to have an effect on the strain in transverse direction of
the specimen, this is of little importance for the bending deformation.

The finite edge effects on the moisture content distribution in longitudinal direction can be concluded to be
of importance for 2% of the entire length of the coupon. Therefore, it was concluded that the finite edges
effects can be neglected in determining the moisture content through the thickness of the coupon. Moreover,
the affected area over the complete width at the two ends of the coupon are located inside the clamps and hence
do not influence the bending deformation behaviour.
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Figure 5.11 Sensitivity analysis to limiting the mass diffusion simulation to one dimension.
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The results of the mesh convergence study for the moisture saturated component simulation with a lay-up of
[90◦16] are shown in Figure 5.12. The mesh generation was carried out in HyperMesh with element sizes ranging
from 1 mm to 6 mm. It is noted that the amount of elements in through-thickness direction was kept to 1
for all meshes. The deformation behaviour shown in Figure 5.12 allows a clear conclusion. It is noted that the
bending deformation is hugely underestimated for the meshes with a target element size of 4 mm and 6 mm.
Moreover, reducing the element size from 2 mm to 1 mm was concluded to be of negligible difference and a
mesh with a target element size of 1 mm has been utilised for all the consecutive stress simulations.
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Figure 5.12 Results of the mesh convergence study of the stress simulation for the component validation
experiment.

The qualitative influence of the time step size is displayed in Figure 3.9 and the effect on the deformation
behaviour in the stress simulation for the moisture saturated component with a [90◦16] lay-up is presented in
Figure 5.13. It was concluded that the stress simulation results did not converge for the smallest time step
of 0.05s. Although the deformation results have not converged yet, a time step of 0.25s was chosen for the
consecutive simulations to keep the computational expenses to a comprehensible size.
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Figure 5.13 Results of the time step size convergence study of the stress simulation for the component valid-
ation experiment.







6
Experimental validation

The strength and usability of a numerical model is mainly defined by its accuracy. The main purpose of the
developed simulation is to assess the deformation behaviour of fibre reinforced thermoplastics during the auto-
motive painting process. A validated simulation could for instance be used to assess the influence of changing
the fibre orientation in a component to counteract undesired deformation during the thermal- and hygroscopic
loading which may lead to lasting deformations when the matrix system cools down.

It is therefore important that the developed simulation is validated against experimental results. This chapter
discusses the validation strategies that have been adopted and how the validation has been split into different
levels of complexity. The subsequent sections each focus on one of the validation levels. Every section presents
the chosen experimental setup, the results, and the conclusions that have been drawn from the comparison
between the simulation and the experimental data.

6.1 Validation strategies

The main focus during the definition of the validation strategies was on making sure that potential errors or
discrepancies could be effectively traced to either input parameters or modelling choices. Hence, the validation
strategies have been chosen to grow in complexity level and to eliminate specific mechanisms to allow pinpointing
of mechanisms that were not simulated correctly. The validation strategies have been carried out in the logical
order of simple experiments to more advanced. This meant that potential discrepancies could either be corrected
for or at the very least that these flaws were known before carrying out more complex experiments.

The experimental validation was divided into three separate levels. The first experimental validation was carried
out with a dilatometer and implied that the specimen was free to expand under the thermal- and hygroscopic
loads it was subjected to. The idea behind this method of validation is that it eliminates the dependence on
stiffness. This only holds for unidirectional laminates as interlaminar stresses develop if there is a variation in
fibre direction. The aim of the dilatometer validation method is to analyse if the thermal expansion, hygroscopic
shrinkage, and polymer-chemical shrinkage are predicted correctly.
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The stress relaxation behaviour could then be experimentally validated by restraining the expansion of the ma-
terial that was previously unrestricted. The second validation method is based on measuring the out-of-plane
deformation of a clamped tensile test specimen that is subjected to a specific temperature profile. The temperat-
ure profile has been chosen to resemble the thermal loads that the cathodic dip painting oven subjects the BIW to
during the actual manufacturing process of a series model. The obvious reason is to rule out any differences that
may exist on the polymer-chemical effects between an arbitrary temperature profile and the actual one which
may influence the validity of the experiments regarding its intended usage.

The last set of validation experiments were carried out in an analogous method. However, these experiments
were carried out with carbon fibre reinforced thermoplastic components that have the geometry of thermoset
components currently in series production. The difference with the second validation level is the introduced
geometric complexity. It is to be expected that the constitutive equations provide equal accuracy regardless of
geometry. Nevertheless, the usability of the numerical model can only be properly tested with components as
opposed to flat specimens. The chosen lay-ups for the components have been chosen to grow in complexity
as well. The errors that have been identified by analysing the simulations and the corresponding experimental
validation results have been used to improve the simulation prior to carrying out the simulations for the next
validation level.

6.2 Dilatometer validation

The prediction of geometric changes of the thermoplastic composite material is validated through dilatometer
experiments. The dilatometer experiments have been carried out with five different lay-ups for both dry and
moisture saturated specimens. The selection of these lay-ups and the two conditioning states is congruent with
the concept of increasing complexity. Any hygroscopic shrinkage or -expansion is eliminated when testing
specimens that are dry. Applying this elimination technique allows to validate if the coefficients of thermal
expansion have been derived correctly.

A control validation test has been carried out with a unidirectional specimen in transverse direction. This val-
idation test is exactly similar to the transverse dilatometer experiment that was performed during the material
characterisation that is described in Chapter 4. The result of the simulation is expected to be in close agreement
with the validation experiment as there are no significant sources for error other than material scatter. Table 6.1
shows the lay-ups that have been tested and provides the reasons for choosing the specific laminates.

Table 6.1 Lay-up selection for dilatometer validation experiments.

Lay-up Reason for selection

[90◦16] Calculation method for coefficient of thermal expansion
[+30◦4/− 30◦4]s Correct prediction for interlaminate interaction in fibre-dominated direction
[+60◦4/− 60◦4]s Correct prediction for interlaminate interaction in matrix-dominated direction
[0◦4/90

◦
4]s Correct prediction of interlaminate interaction for largest stiffness variation

[+45◦/− 45◦/05]s Correct prediction for objective lay-up of series production component

The simulation of hygroscopic shrinkage can be validated with the moisture saturated specimens when the
thermal expansion has been validated with the dry specimens. Hence, all presented lay-ups were tested for
specimens in both dry and moisture saturated conditions. The conditioning of the specimens was carried out
according to DIN EN ISO 1110 [76] in analogous manner to the conditioning of the specimens for the material
characterisation, see Section 4.7. The specimen dimensions were also chosen similar to the material character-
isation experiments and were prepared by waterjet cutting to be 100 x 8 x 2 mm3.
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The simulations of the dilatometer experiments require a temperature envelope as input. For these simulations
it was assumed that the temperature distribution throughout the specimen is equal to the ambient temperature.
This assumption had to be made due to inability to measure the surface temperature of the specimen inside
the dilatometer. The ambient atmosphere inside the dilatometer consists of helium. The thermal conductivity
of Helium at 167 ◦C is 202.5mW/(m K) [95] and roughly 5.5 times as high in comparison to the thermal
conductivity of air at that temperature. The excellent thermal conductivity of helium provides an argument for
the validity of the mentioned assumption. The temperature envelope of the dilatometer validation experiments
is shown in Figure 6.1.
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Figure 6.1 The temperature envelope used for the validation dilatometer experiments.

The experimental results of the dilatometer experiments are shown in chronological order of testing. The sim-
ulation results are also depicted in the figures for comparison and to draw conclusions on the accuracy of the
prediction. The drawn conclusions are stated in between the figures for a convenient reading style. As mentioned,
the first dilatometer validation experiment that was carried out concerned the dry unidirectional laminate meas-
ured in transverse direction. The results of this experiment are shown in Figure 6.2.
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Figure 6.2 Experimental data and simulation of validation dilatometer experiment with a dry specimen
with a [90◦16] lay-up.
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From comparison of the experimental data and the simulation of the dry specimen with the [90◦16] lay-up that is
shown in Figure 6.2 it can be concluded that the derivation of the coefficients of thermal expansion was carried
out correctly. The maximum error found between the simulation and the experimental data is situated at the
end of the hold period after the second heating. The constant discrepancy during the second heating indicates
that the coefficients of thermal expansion are accurate. The offset between the two lines can be attributed to the
inability to capture the shrinkage during the first hold period. This shrinkage occurs due to the change from
γ-form into α-form of the crystals which has not been accounted for. The results of the dilatometer experiment
that was carried out with the specimen that had a lay-up of [+30◦4/ − 30◦4]s are shown in Figure 6.3 together
with the predicted according to the simulation.
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Figure 6.3 Experimental data and simulation of validation dilatometer experiment with a dry specimen
with a [+30◦4/− 30◦4]s lay-up.

By comparing the two plots in Figure 6.3 it can be stated that both the qualitative and quantitative prediction is
in proper agreement with the experimental results. The maximum error is found at the lowest temperature after
the first heating cycle, contrary to the location of maximum error for the [90◦16] lay-up. The predicted value at
the maximum temperature shows marginal discrepancies from which it can be concluded that possible sources
of error are the coefficients of thermal expansion for the cooling segment in longitudinal direction.
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Figure 6.4 Experimental data and simulation of validation dilatometer experiment with a dry specimen
with a [+60◦4/− 60◦4]s lay-up.
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The simulation of the [+60◦4/ − 60◦4]s lay-up was intended to analyse how well the expansion of a multi-
directional laminate in matrix-dominated direction could be predicted. The two plots in Figure 6.4 show
excellent qualitative agreement. However, the quantitative differences are larger in comparison to the results
that are shown in Figure 6.2 for the unidirectional laminate in transverse direction. Interlaminar stresses that
are formed because of stiffness jumps between the two sets of laminae are concluded to be the reason for this
observation. The suspicion of possible sources of error in the cooling coefficients of the lamina in longitudinal
direction is reinforced by the results for the [0◦4/90◦4]s lay-up, shown in Figure 6.5. Please note that the scale of
the strain has been adjusted in comparison to the previous figures to allow proper inspection.
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Figure 6.5 Experimental data and simulation of validation dilatometer experiment with a dry specimen
with a [0◦4/90

◦
4]s lay-up.

It can be concluded that the predicted strain values shown in Figure 6.5 are too small in comparison to the
measured values. The proper agreement between the simulation and the experimental values for the [90◦16]
lay-up in Figure 6.2 rules out that this behaviour can be attributed to the coefficients of thermal expansion in
transverse direction. Hence, it is concluded that the poor agreement shown in Figure 6.5 could be attributed to
three individual mechanisms.

The first possibility is that the predicted shrinkage of the laminae with a 0◦ orientation is too small. The other
two possibilities are that the shrinkage of the layers with a 0◦ orientation is contributing too little to the overall
deformation or that the expansion of the 90◦ orientation laminae are contributing too much. It is expected
that the predicted shrinkage of the layers with a 0◦ orientation is too small as this was also concluded from the
results shown in Figure 6.3. Another reason for this expectation is the extreme stiffness difference in longitudinal
direction between the 0◦ and 90◦ layers. A miscalculation in matrix stiffness does not cause large discrepancies
in laminate strain as the difference in longitudinal stiffness of the two distinct layers is already factor 10.
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Figure 6.6 Experimental data and simulation of validation dilatometer experiment with a dry specimen
with a [+45◦/− 45◦/05]s lay-up.

The results for the laminate with the lay-up [+45◦/ − 45◦/05]s are shown in Figure 6.6 and show a similar
behaviour in terms of discrepancy in comparison to Figure 6.5 that displays the experimental data and simulation
of the [0◦4/90◦4]s lay-up. The simulated strain is in general lower than the experimentally measured strain. This
specific lay-up has only four layers in total that are not aligned in longitudinal direction of the laminate. This
reinforces the argumentation for why it is believed that the coefficients of thermal expansion in longitudinal
direction of the laminae are not fully correct. However, it must be stated that the strain scale in Figures 6.5 and
6.6 are almost a complete order of magnitude lower and that the qualitative prediction is in proper agreement.

The experimentally measured strain and the corresponding predicted values for the specimens that had been
conditioned to saturation moisture content are shown in the same order as the dry specimens throughout Fig-
ures 6.7 to 6.11. The results of these dilatometer experiments will be discussed concerning the accuracy of the
coefficients of hygroscopic expansion derived in Section 4.4 and the diffusion coefficients that have been determ-
ined in Section 4.2. The findings for the coefficients of thermal expansion based on Figures 6.2 to 6.6 will be
accounted for in the evaluation of the data. Figure 6.7 provides the results for the moisture saturated laminate
with a [90◦16] lay-up.
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Figure 6.7 Experimental data and simulation of validation dilatometer experiment with a specimen con-
ditioned to full moisture saturation with a [90◦16] lay-up.
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It was concluded that any discrepancies visible in Figure 6.7 can be fully attributed to the coefficients of hy-
groscopic expansion and the diffusion coefficients due to the excellent agreement of the predicted maximum
strain with the measured value after the first heating for the dry specimen with similar lay-up. Moisture that
is leaving the specimen has hygroscopic shrinkage of the matrix constituent as a consequence. The overshoot
that is visible in Figure 6.7 after reaching the maximum temperature can thus be explained by either too low
diffusion coefficients or too low coefficients of hygroscopic expansion in transverse direction.

However, the excellent agreement during the second cooling segment confirms the correct values of hygroscopic
expansion in transverse direction. Higher simulated strain values are to be expected at every moment in time if
the diffusion coefficients are too low in general. Yet, the simulated strain values are lower than the measurement
for the first heating. It is therefore concluded that the moisture egress at the relatively low temperatures is
simulated to be too fast. It then holds that the diffusion behaviour at elevated temperatures is predicted to be
too slow, resulting in the overshoot.
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Figure 6.8 Experimental data and simulation of validation dilatometer experiment with a specimen con-
ditioned to full moisture saturation with a [+30◦4/− 30◦4]s lay-up.

Figures 6.3 and 6.8 display the simulations and the measured strain values for the [+30◦4/ − 30◦4]s in dry and
moisture saturated condition, respectively. The high level of agreement between the predicted values and the
measurements at the hold period that is visible for the dry specimen is not found for the specimen conditioned
to saturation moisture content. Shrinkage of the lamina in transverse direction leads to a decrease in strain in
longitudinal direction for the [+30◦4/− 30◦4]s lay-up.

It must be concluded by inspection of Figure 6.8 that the moisture content is simulated to be too low in compar-
ison to the actual moisture content. This conclusion is based on the proper agreement that is found in Figure 6.3
and the assumption that the coefficients of hygrothermal expansion are correct based on the excellent agreement
at the end of the dilatometer experiment with the moisture saturated specimen with the [90◦16] lay-up. It is noted
that this conclusion is in conflict with the reasoning provided for the unidirectional moisture saturated lay-up
shown in Figure 6.7.
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Figure 6.9 Experimental data and simulation of validation dilatometer experiment with a specimen con-
ditioned to full moisture saturation with a [+60◦4/− 60◦4]s lay-up.

The discrepancy between the simulated strain values and the experimental data from the dilatometer experiments
of the moisture saturated laminate with a lay-up of [+60◦4/ − 60◦4]s depicted in Figure 6.9 show an identical
trend to that of the comparable specimen with the [90◦16] lay-up. It is therefore stated that the calculation of the
effective coefficient of expansion, necessary due to the different orientation of the plies, is carried out correctly.

The qualitative agreement between the simulated strain and the experimentally measured strain for the laminate
that was chosen for the largest jump in stiffness between the plies is of satisfactory level. The quantitative values
shown in Figure 6.10 are only in good agreement for the low temperature range after the first- and second cooling
periods. The discrepancy that is visible at elevated temperatures is expected to be due to the moisture diffusion
being simulated to be too quick. This reasoning was also mentioned for the results of the laminate with the
[+30◦4/− 30◦4]s lay-up of which the results are shown in Figure 6.8.
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Figure 6.10 Experimental data and simulation of validation dilatometer experiment with a specimen
conditioned to full moisture saturation with a [0◦4/90

◦
4]s lay-up.
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The results for the laminate with the [+45◦/−45◦/05]s lay-up are shown in Figure 6.11. It can be stated that the
discrepancies are larger for the moisture saturated specimen in comparison with the results of the corresponding
dry laminate that is shown in Figure 6.6. As the magnitude of the coefficients of hygroscopic expansion have
been validated by the comparison for the [+60◦4/−60◦4]s lay-up in Figure 6.9, this mismatch between simulation
and measurement has been attributed to the exaggerated rate of moisture egress.
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Figure 6.11 Experimental data and simulation of validation dilatometer experiment with a specimen
conditioned to full moisture saturation with a [+45◦/− 45◦/05]s lay-up.

It is noted in conclusion of this section that the magnitudes of both the coefficients of thermal- and -hygroscopic
expansion have been successfully determined during the material characterisation tests. However, comparisons
between the simulations and the measured values for the moisture saturated strains have yielded conflicting
trends for the rate at which moisture diffuses out of the matrix material. These remarks have been taken into
account during the assessment of both the coupon- and component level of validation. The discrepancies of all
simulations and the experimental dilatometer data at the moment of reaching the maximum temperature and
at the end of the experiment are displayed in Table 6.2. Please note that the error at the end of the simulation is
calculated as the difference in strain at the end of the measurement divided by the measured value at maximum
temperature. This allows comparison between the quality of the prediction for both moments in time.

Table 6.2 Discrepancies between simulation and experimental data for the dilatometer validation experi-
ments.

Laminate Conditioning Error at max T Error at max t Graph

[90◦16] Dry -0.6% 2.1% Figure 6.2
[+30◦4/− 30◦4]s Dry -3.4% -15.1% Figure 6.3
[+60◦4/− 60◦4]s Dry 6.6% 11.2% Figure 6.4
[0◦4/90

◦
4]s Dry 9.9% 21.6% Figure 6.5

[+45◦/− 45◦/05]s Dry -22.8% -9.3% Figure 6.6

[90◦16] Moist 7.5% -4.1% Figure 6.7
[+30◦4/− 30◦4]s Moist 40.1% -17.3% Figure 6.8
[+60◦4/− 60◦4]s Moist 21.2% 5.2% Figure 6.9
[0◦4/90

◦
4]s Moist 127.3% 27.8% Figure 6.10

[+45◦/− 45◦/05]s Moist -39.4% -30.9% Figure 6.11
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6.3 Coupon level validation

The level of accuracy of the relaxation behaviour of the composite material was aimed to be validated by conduct-
ing the coupon level validation experiments. These experiments were carried out after the dilatometer validation
experiments to already have knowledge about the validity of the thermal expansion, hygroscopic shrinkage,
polymer-chemical shrinkage, and diffusion behaviour of the carbon fibre-reinforced thermoplastic. This section
describes how the coupon level validation experiment was defined and displays the results of both the experi-
mental measurements and the predicted values that were generated through simulations. The conclusions that
were be carried over to the component level validation are mentioned as concluding part to this section.

The necessity to measure a stiffness related parameter was derived inherently from the goal of this validation
level. The ultimate goal of the numerical model that was developed is to predict the deformation behaviour of
a clamped series component subjected to the thermal envelope equivalent to a drying oven after the cathodic
dip painting process. Hence, it was decided to measure the out-of-plane bending deformation of a tensile test
specimen as this parameter is also of interest for the overall objective of the numerical model.

In determining the experimental setup of the coupon level validation experiments it had to be taken into account
that measuring the bending deformation of the tensile test specimen had to be performed through a glass panel
of the test oven. The usage of a distance measuring device relying on a laser was discarded because of this. There
are proximity sensors that operate through glass, but the detection naturally only works for one particular spot
only. Utilising optical measurement systems allow measurements to be made through glass as well and they
provide the opportunity to measure more than one location on the specimen.

The measurements of the out-of-plane deformation during the coupon level validation experiments were carried
out with the PONTOS tracking system by GOM. The method of tracking the deformation was chosen to
be point tracking and reflective markers to infrared light had to be placed on the tensile test specimen. The
diameter of the markers was larger than the thickness of the test specimen and for this reason reinforcing strips
of aluminium have been applied to create a larger contact area for the markers. The aluminium has only been
applied on the side area of the tensile test specimen to limit the increase in bending stiffness of the test specimen
by the metal.

Additional measurements have been carried out with an ARAMIS system by GOM to obtain a strain field at
the center of the test specimen. This measurement was performed to validate the prediction of the strain field
at the center of the test specimen during the out-of-plane displacement. The application of the speckled pattern
required for the ARAMIS system has been carried out in an analogous method to the ARAMIS measurements
that were used for the determination of the major Poisson’s ratio, as described in Section 4.6.

A fixture has been designed to clamp the test specimen during the validation experiments. A list of requirements
for this fixture was defined to come up with design concepts after which the final design was realised. This list
of requirements is shown below.

• The thermal expansion of the experimental setup must be minimised.
• The material of the experimental setup must be resistant to the temperature profile.
• The experimental setup must facilitate clamped boundary conditions as close as possible.
• The specimen must be visible from the side to allow proper measuring of midplane deformation.
• The experimental setup is subjected to a feasible cost budget.
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The fixture has been designed to compensate thermal expansion of the material that is utilised. Geometrical
compensation for the thermal expansion is only possible when parts of the fixture are manufactured from at
least two materials that have a variation in coefficient of thermal expansion. The principle of geometrical com-
pensation has been applied to the conceptual geometry shown in Figure 6.12. The conceptual geometry that is
displayed in Figure 6.12 has been chosen to keep the calculations and manufacturing of the fixture as simple as
possible. The symbolic definitions of the different lengths and the only independent angle of the geometry are
also indicated in Figure 6.12.

L1

L2

L3

Figure 6.12 Geometrical concept to incorporate geometric compensation for the thermal expansion of the
fixture.

The distance between the boundary conditions of the test specimen is 200 mm. The objective in defining
the lengths that are shown in Figure 6.12 is to maintain a constant length between the boundary conditions
irrespective of temperature. This is achieved when the displacement of the variable x, as defined in Figure 6.12,
remains equal to zero. The mathematical expression for this variable is shown in Eq. 6.1. It is noted that the end
of segment L1 must be chosen to be exactly above the end of length segment L3 for Eq. 6.1 to be valid. The
angle β can be chosen arbitrarily, but does influence the size of the fixture.

x(T ) = L1α1∆T + L2α2∆T · cosβ − L3α3∆T 6.1

The term ∆T is used in Eq. 6.1 to indicate the change in temperature that the fixture is subjected to. Further-
more, the relation shown in Eq. 6.1 contains three individual lengths of which L2 can be fully expressed by
means of L3 and β. The expression shown in Eq. 6.2 allows substitution back into Eq. 6.1 to eliminate the
occurence of L2.

L2 =
L3

cosβ
6.2

The result of the mentioned substitution is shown in Eq. 6.3 after factoring out the change in temperature. It
is mentioned that the part inside the parentheses must be equal to zero to obtain a non-trivial solution to the
displacement of point x.

x(T ) = ∆T (L1α1 + L3α2 − L3α3) 6.3
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It is then decided that the material of segments 1 and 2 are identical. The material of segment 3 must have a
larger coefficient of expansion than segments 1 and 2 in order for a geometric compensation to be possible. A
constant of proportionality between the coefficients of thermal expansion is defined with the symbol k. The
mathematical implications of the previous are shown in Eq. 6.4.

α3 = k · α1

α2 = α1
6.4

Substitution of the relations shown in Eq. 6.4 into the expression of Eq. 6.3 results in a governing formula that
only consists of one coefficient of expansion and the constant of proportionality, as shown in Eq. 6.5.

x(T ) = ∆T (L1α1 + L3α1 − L3k · α1) 6.5

The required proportions between segments 1 and 3 that ensure zero movement of the location of the boundary
conditions can be expressed as displayed in Eq. 6.6.

x(T ) = 0 ⇒ L3 =
L1

k − 1
(or ∆T = 0) 6.6

The material of the fixture for the coupon level validation experiments was chosen to be graphite due to its low
coefficient of thermal expansion. Two types of graphite material had been selected and the manufacturing of the
fixture was ordered at SGL Group. Measurements of the coefficients of thermal expansion have been performed
on the blocks that were used for the manufacturing of the fixture in order to adjust the dimensions of the fixture
specifically to the material prior to manufacturing. The results of these measurements are shown in Figure 6.13.
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Figure 6.13 Coefficients of thermal expansion of the two types of graphite material that were used for the
fixture of the coupon level validation experiments.
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The length of segment L3 was calculated to be 206.11 mm, based on the values of the coefficients of thermal
expansion that were provided by SGL Group. The finalised fixture for the coupon level validation is shown in
Figure 6.14 and the corresponding technical drawings are shown in Appendix B in Figure B.1 and Figure B.2.
The manufacturing tolerances were set lower for the surfaces of the parts that were in contact with each other.
This has been decided to increase the precision of the fit of the test specimen between the two clamping arms.
A precise fit is necessary to realise clamped boundary conditions throughout the entire validation experiment.

Figure 6.14 The fixture for clamping the tensile test specimen during the coupon level validation experi-
ments.

A control experiment without test specimen in the fixture has been performed to measure the deformation of the
fixture to see if the geometric compensation yielded the intended result. Additionally, both the air temperature
inside the oven and the surface temperature of a suspended specimen were measured to allow the determination
of a convection coefficient. The convection coefficient is specific to different ovens as it depends on the volume
inside the oven and the circulation of air [96]. It is noted that the same oven was used for all coupon- and
component level validation experiments.

The heating- and cooling rate of the oven were determined to be roughly 4 ◦C/min and 50 ◦C/min, respect-
ively. The maximum temperature of the ambient air and of the surface are not equal due to the reduction
in circulation as the ambient air reaches a constant temperature. This has been included in the heat transfer
simulation for the coupon- and component level models. The convection coefficient was determined to be
25W/(m2 K) and a comparison between the simulated- and measured surface temperature of the specimen is
given in Figure 6.15.
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Figure 6.15 Simulated surface temperature by means of convection in comparison to the measured air- and
measured surface temperature of the suspended specimen.

The predicted values of the center out-of-plane deformation for the dry- and moisture saturated that were ob-
tained by means of simulation are shown in comparison with the obtained values from the optical measurements
in Figure 6.17. An image of the experimental setup during the measurement is shown in Figure 6.16. The upper
part of Figure 6.17 shows the comparison for the dry coupon with a unidirectional lay-up of [90◦16] and it is
concluded that the agreement between simulation and experiment are satisfactory. The maximum deflection is
captured at both the right moment and with the right magnitude. Furthermore, the prediction that the compon-
ent does not show zero deflection at the end of the experiment is also correct. It is noted that the deformation
during the heating segment is overestimated.

It is concluded by inspection of the lower part of Figure 6.17 that the magnitude of deflection for the mois-
ture saturated component with a lay-up of [90◦16] has also been correctly predicted. However, the moment in
time of maximum deflection is significantly later for the simulation in comparison with the measurement. The
deflection during the heating segment is underestimated contrary to the simulation for the dry component. Nev-
ertheless, the agreement between simulation and experiment is concluded to be satisfactory as the discrepancies
at maximum deflection are equal to 0.9% and 1.5% for the dry- and moisture saturated coupons, respectively.

Figure 6.16 The utilised experimental setup to measure the deflection of the coupons and components.
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Figure 6.17 Experimental data and simulation of the center out-of-plane deformation of a dry- and mois-
ture saturated tensile test specimen with [90◦16] lay-up subjected to the cathodic dip painting temperature
profile.

It is noted that the fixture displayed bending deformation in the two oblique arms due to the force that is intro-
duced by the thermal expansion of the coupon. The variation in clamping length of the specimen has a significant
effect on the out-of-plane deformation during the experiment. It is therefore suggested as a recommendation
for further research to include the variation in clamping length in the numerical model to analyse the effect of
this disturbance. A varying clamping length of the roof bow is also found in the actual manufacturing process
because of the thermal expansion of the metal roof supports it is clamped to. Hence, validating the numerical
model to include varying boundary conditions will improve its usefulness for design purposes.
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6.4 Component level validation

A similar approach as described in Section 6.3 was taken for the component level validation. The components
were clamped on both ends by means of clamping pressure and bolts that pass through the component. Again,
a temperature profile was selected for the experiment similar to the one utilised in the cathodic dip painting
oven found in the industrial process. However, the geometric compensation of thermal expansion of the fixture
that was adopted for the coupon level validation experiments could not be implemented for the fixture of the
component due to size constraints imposed by the oven used during the measurements. The fixture that was
used for the component level validation experiments is shown in Figure 6.18. The technical drawings of the
fixture used for the component level validation can be found in Appendix B.

Figure 6.18 The fixture for clamping the component during the component level validation experiments.

The results of the validation experiment for the roof bow that was manufactured with a lay-up of [90◦16] are
shown in Figure 6.19. The optical measurement of the dry component with the [90◦16] lay-up was not usable
for comparison due to loss of the tracking points during the early stage of the measurement. It is noted that the
sharp variation in the measured out-of-plane deflection at the center of the component visible in Figure 6.19 is
due to failure of the laminate close to one of the clamped sides. This occurred at roughly 57 minutes and an
annotation has been added in the plot for clarity.
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Figure 6.19 Experimental data and results of the initial simulation approach of the center out-of-plane
deformation of a dry reference component with [90◦16] lay-up subjected to the cathodic dip painting tem-
perature profile.
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The level of agreement between the simulation and the measured deflection is slightly lower than found for the
[90◦16] coupon, shown in Figure 6.17. The discrepancy of the maximum deflection between the measurement
and the predicted value by the numerical model is roughly 6.2%. The prediction that the maximum deflection
decreases during the temperature-hold period because of moisture diffusing out of the composite material is
correctly simulated. The moment in time at which the maximum deflection occurs is precisely simulated and
also the simulated negative deflection at the end of the experiment is correct.

The rate of decrease in the deflection of the component with the [90◦16] lay-up is underestimated which may
indicate that the moisture egress is simulated to be too slow. Conflicting conclusions were drawn about the rate
of mass diffusion for the dilatometer validation experiments and this result provides an argument in favour of
the conclusion that the mass diffusion is simulated too slowly. Nevertheless, the maximum positive deflection is
conservatively simulated and could be used for initial design purposes. It must be stated, however, that a lay-up
of [90◦16] is not realistic for series production.
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Figure 6.20 Experimental data and results of the initial simulation approach of the center out-of-plane
deformation of a dry reference component with [0/ + 45◦/− 45◦/04]s lay-up subjected to the cathodic
dip painting temperature profile.



118 6. Experimental validation

The objective lay-up for the roof bow of the 7 Series is equal to [0/+ 45◦/− 45◦/04]s and both measurements
and simulations were carried out with this lay-up to assess the accuracy of the simulation for a realistic composite
lay-up plausible for industrial application. The results of both the experiment and the simulation are shown in
Figure 6.20. The upper part of Figure 6.20 applies to the dry component, whereas the lower part displays the
results of the moisture saturated component. By inspection of Figure 6.20 it can be concluded that the general
deformation behaviour of the component is simulated correctly. The out-of-plane deformation behaviour during
the heating phase of the measurement is downwards because of the many plies in the lay-up with fibres parallel
to the longitudinal direction of the component.

From the results of the dilatometer experiments carried out with unidirectional laminates in longitudinal dir-
ection, shown in Figure 4.6, it is known that a contraction of the laminate is observed under thermal loading.
A contraction of the [0/ + 45◦/ − 45◦/04]s lay-up is also to be expected and implies that the center of the
component must move downwards for the component to become shorter. The simulation results indicate that
the initial out-of-plane deformation of the center of the component is upwards. This is not in agreement with
the experimental measurements and thus questions the validity of the simulation. Moreover, the decline in
simulated deflection that is shown at approximately 25 minutes in the upper part of Figure 6.20 is not to be
expected because the component is dry and the expansion behaviour of 0◦ plies shown in Figure 4.6 provide no
indication for this decline.

A component in both dry- and moisture saturated conditions with a lay-up of [(+60◦/− 60◦)3/0
◦]s was both

measured and simulated in addition to the two previous lay-ups to include a component with a multi-directional
laminate with a large fraction of matrix-dominant plies. The results of the experiment and simulation for this
lay-up are shown in Figure 6.21 and have revealed erroneous calculations in the simulation approach as presented
in Chapter 5.

It is noted that the experimental measurement shown in the lower part of Figure 6.21 is believed to be incorrect.
The maximum measured deflection is already reached at 5 minutes into the experiment which is clearly in
error compared to all other experimental measurements. This error was attributed to improper clamping which
prevents the component by deforming in out-of-plane direction as the movement in longitudinal direction is
not fully constrained.

Nevertheless, the level of agreement between the simulation and the experimental measurement of the dry com-
ponent with a lay-up of [(+60◦/ − 60◦)3/0

◦]s are highly unsatisfactory. The initial upward deflection is
simulated correctly. However, the magnitude of the simulated deflection decreases again after approximately 2
minutes. This behaviour represents the expectation for a component with a unidirectional laminate with fibres
parallel to longitudinal direction, based on the thermal expansion shown in the dilatometer results, as depicted
in Figure 4.6.

It was concluded that the geometric changes of the laminate as a whole, regardless due to either thermal- or
hygroscopic loading, was not simulated correctly. Incorrect simulation of expansion and shrinkage of the com-
posite laminate is the only reason that could be found for the erroneous results. It was suspected that the
incorrect calculation of changes in dimensions of the laminate resulted from an incompatibility of the material
user subroutine with the normal subroutine in ABAQUS that is used to determine thermal strains in combina-
tion with the composite lay-up option in ABAQUS. The initial simulation approach, including the composite
lay-up property, has shown to yield satisfactory results for a unidirectional laminate, as shown in Figure 6.19.
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Figure 6.21 Experimental data and results of the initial simulation approach of the center out-of-plane
deformation of a dry reference component with [(+60◦/ − 60◦)3/0

◦]s lay-up subjected to the cathodic
dip painting temperature profile.

However, introducing different orientations introduces unacceptable error. Solving this problem was believed
to be possible by two approaches. The first approach was to implement hygrothermal expansion directly into
the material user subroutine. However, the time- and temperature-dependent coefficients of thermal expansion
as a result of polymer-chemical effects implied the need to include table look-ups into the material user sub-
routine which was not favourable due to its numerical complexity. The second approach was to carry out the
hygrothermal expansion in an analytical manner by means of classical laminate theory and then input the results
into ABAQUS for a solid element. The second approach was opted for and the implementation as well as the
corresponding results are documented in Chapter 7.





7
Improvement of the simulation

The unsatisfactory numerical results that were obtained through the initial simulation approach were identi-
fied to be caused by improper calculation of geometric changes due to hygrothermal loading especially for
multi-directional laminates. Hence, an analytical approach was adopted to carry out this calculation outside
of ABAQUS and eliminate the possible incompatibility of the user material subroutine with the composite
lay-up method performed as a standard subroutine in ABAQUS. The analytical approach is based on classical
laminate theory and assesses the hygrothermal response of all individual plies to the laminate as a whole.

Section 7.1 discusses the analytical procedure that was adopted to calculate the expansion and shrinkage of
multi-directional laminates whilst taking into account the influence of temperature. The results of the adap-
ted simulation approach are presented in comparison to the initial simulation approach and the experimental
measurements in Section 7.2. Finally, the sensitivity of the adopted simulation approach to physical effects
such as time-temperature superposition, hygroscopic shrinkage, and polymer-chemical effects are analysed in
Section 7.3. Additionally, the influence of fibre orientation on the simulation results are assessed in this section.

7.1 Analytical hygrothermal expansion of multi-directional laminates

Classical laminate theory was applied to calculate the hygrothermal expansion of the multi-directional laminates
by assessing the influence of the individual plies. It is assumed that every ply is initially in a stress-free condition
and has zero strain. Furthermore, it is assumed that the laminate is in plane stress conditions. This assumption
is justified by the relatively small thickness of the laminate of approximately 1.75 mm. It is noted that the
effect of interlaminar stresses is not accounted for by means of classical laminate theory and that the viscoelastic
stress relaxation in between plies is therefore not included. The following iterative procedure was followed to
determine the free expansion and -shrinkage of the laminate subjected to hygrothermal loading.

• Incremental temperature and concentration are obtained from heat transfer- and mass diffusion.
• Hygrothermal strains of all plies are determined with the increments in temperature and moisture content.
• Hygrothermal resultants are calculated with temperature-dependent stiffness values of the plies.
• Global hygrothermal resultant is calculated to determine the load on the laminate.
• Resulting global strain is calculated with the temperature-dependent stiffness values of the laminate.
• The current global strain is updated with the incremental global strain.

121
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The calculation of the hygrothermal strains of the individual plies is straightforward as the coefficients of thermal-
and -hygroscopic expansion are known. The hygrothermal resultants that are a consequence of the individual
plies being connected to each other requires the reduced stiffness matrix for every ply to be known. This calcu-
lation starts with the stiffness matrix that is equal for every ply as it is defined in the ply’ local coordinate system.
The ply’ stiffness matrix is denoted with Q and the corresponding expression is shown in Eq. 7.1 [97]. It is
noted that the stiffness matrix shown in Eq. 7.1 is valid for an orthotropic lamina only.

Q =

Q11 Q12 0
Q12 Q22 0
0 0 Q66

 where

Q11 =
E11

1− ν12ν21

Q12 =
ν12E22

1− ν12ν21

Q22 =
E22

1− ν12ν21
Q66 = G12

7.1

It is important to note that the ply’ stiffness matrix is calculated to be dependent on temperature. This is
achieved by means of the micromechanical model that is described in Section 4.9. The instantaneous modulus
in transverse direction, denoted with E22, is calculated with the Prony series shown in Figure 4.19 at a time
equal to 1e-2s. The effect of temperature on the softening of the matrix and its consequential reduction of
transverse stiffness is accounted for by applying the time-temperature superposition to the evaluation time of 1e-
2s. The Williams-Landel-Ferry equation is used for the time-temperature superposition and the corresponding
coefficients determined in Figure 4.20.

The calculation of the other mechanical properties shown on the right hand side of Eq. 7.1 follows as outlined
in the micromechanical model and thus all include temperature dependency as they are calculated through the
temperature-dependent E22. The ply’ stiffness matrix must be rotated in order to assess the thermal resultant
of the ply in the global coordinate system. The two rotation matrices that are required for this transformation
are displayed in Eq. 7.2 [97]. It is noted that every ply has its own transformation matrix and will have its own
reduced stiffness matrix based on the orientation with respect to the global coordinate system, θi. The subscript
i has been used to indicate the relevance to the ith ply.

T1(θi) =

 c2 s2 2cs
s2 c2 −2cs
−cs cs c2 − s2


T2(θi) =

 c2 s2 cs
s2 c2 −cs

−2cs 2cs c2 − s2

 where
c = cos θi
s = sin θi

7.2

The reduced lamina stiffness matrix can then be calculated for the ith ply with Eq. 7.3. Please note that the bar
notation applied to the symbol on the left hand side of Eq. 7.3 has been used to indicate the transformation of
the stiffness matrix to the global coordinate system of the laminate.

Q̄i = T1
−1(θi) ·Q · T2(θi) 7.3
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The incremental thermal- and hygroscopic resultants can then be calculated for every ply with Eq. 7.4. It is
noted that the coefficient of thermal expansion, denoted with αT (t, T ), has been indicated with both a time-
and temperature-dependency as the polymer-chemical effects are accounted for by using different coefficients
of thermal expansion during the heating- and cooling phase of the simulation. The incremental thermal- and
hygroscopic resultants of the individual plies are indicated with ∆NT i and ∆NMi, respectively.

∆NT i = [z(i+ 1)− z(i)]∆T · Q̄i · αT (t, T )

∆NMi = [z(i+ 1)− z(i)]∆M · Q̄i · βM
7.4

The letter z has been applied to indicate the through-thickness coordinates at the edges of each ply. The calcula-
tion shown in Eq. 7.4 is effectively a multiplication by the thickness of the respective ply. The total incremental
hygrothermal resultant that acts on the laminate as a whole can be determined through the summation of the
thermal- and hygroscopic resultants of the individual plies. This calculation step is shown mathematically in
Eq. 7.5. Please note that the symbol I is used to represent the total number of plies in the laminate.

∆N =

I∑
i=1

NT i +

I∑
i=1

NMi 7.5

It is necessary to determine the in-plane compliance matrix of the laminate to calculate the increment in global
strain that is the result of the incremental total hygrothermal resultant. The in-plane compliance matrix is the
inverse of the in-plane stiffness matrix, denoted with A, as all laminates are both symmetric and balanced. The
in-plane stiffness matrix is calculated with the expression shown in Eq. 7.6 [97].

A =

I∑
i=1

Q̄i · [z(i+ 1)− z(i)] 7.6

The increment in global strain is calculated by multiplication of the in-plane compliance matrix by the incre-
mental total hygrothermal resultant. Keeping in mind that the in-plane compliance matrix is the inverse of the
in-plane stiffness matrix due to special orthotropy, the expression shown in Eq. 7.7 can be used to determine
the increment in global strain.

∆ε(∆t) = A−1 ·∆N 7.7

The total global strain of the laminate is determined by adding the incremental global strain to the previous
known condition. For completeness, this final step is shown in Eq. 7.8.

ε(t+∆T ) = ε(t) + ∆ε(∆t) 7.8
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It is stated that the outlined incremental procedure takes into account the effect of temperature on the stiffness
values of the individual plies as the ply’ laminate stiffness matrix is calculated for each increment in time through
the temperature-dependent mechanical properties obtained from the micromechanical model as described in
Section 4.9. The finite element implication for the semi-numerical approach does not utilise a composite lay-
up anymore as this was suspected to be the source of the unacceptable discrepancies in combination with the
material user subroutine. The use of solid elements has a consequence on the input of the mechanical properties
in the simulation.

Whereas the fully numerical approach allowed one set of Prony coefficients to be used for arbitrary lay-ups, the
semi-numerical approach requires a set of Prony coefficients to be determined for every specific lay-up that is
simulated. Hence, sets of Prony coefficients were determined for the specific lay-ups that have been simulated.
The stiffness coefficients of a specific global laminate have been taken from the in-plane stiffness matrix as calcu-
lated with Eq. 7.6 for the reference temperature of 20◦C. The time-temperature superposition and mechanical
stress relaxation is still carried out by the material user subroutine that has remained unchanged.

a = A−1 =

a11 a12 0
a12 a22 0
0 0 a66

 where

C11 = a11

C12 = a12

C22 = a22

C44 = a66

7.9

The expressions in Eq. 7.9 show which coefficients have been used for the material user subroutine. The terms
a16 and a26 are equal to zero as there is no extension-shear coupling for a symmetric and balanced laminate. It
is noted that the values taken for the out-of-plane stiffness coefficients C13 and C33 are equal to C12 and C22,
respectively, as the material user subroutine was developed with a transversely orthotropic laminate in mind,
based on the initial simulation approach. The stiffness coefficients for C23, C55, and C66 are taken from the
unidirectional laminate shown in Table 4.9 as these can not be determined by means of classical laminate theory.
Nevertheless, the disturbing effect of these coefficients will be marginal due to the finite element representation
of only one element in thickness direction.

7.2 Results of improved simulation

This section presents the results of the semi-numerical simulation approach for the component level validation.
The results are displayed in the same order as adopted in Section 6.4. An overview of the magnitudes of the dis-
crepancies between experimentally measured- and simulated maximum deflection values are shown in Table 7.1
at the end of this section to provide a quantitative indication of the accuracy of the semi-numerical approach.
The numerical result for the moisture saturated component with a [90◦16] lay-up is shown in Figure 7.1. Please
note that the first approach has also been included for comparison. Furthermore, all simulations have been
carried out with equal meshes and maximum time step sizes.

In comparison to the fully numerical approach, the simulated maximum deflection of the component has im-
proved slightly. A difference is found at the end of the simulation as the fully numerical simulation underestim-
ates the negative deflection and the semi-numerical approach displays a negative deflection that is larger than
was measured. It is noted that overestimating the negative deflection at the end of the simulation will most likely
yield a conservative lay-up choice if the final deflection is chosen to be a design driver. The discrepancy between
the maximum deflection of the semi-numerical simulation and the experimental measurement is 4.0%.
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Figure 7.1 Numerical results of the improved simulation approach of the center out-of-plane deformation
of a dry reference component with [90◦16] lay-up subjected to the cathodic dip painting temperature profile.

A comparable level of agreement is found for the simulations that were carried out for the dry component
with a lay-up of [0/ + 45◦/ − 45◦/04]s. The comparison between the experimental measurements and the
predicted values by the semi-numerical analysis is shown in Figure 7.2. The maximum negative deflection of
the dry specimen is captured with high accuracy and also the rate of deflection is simulated in proper agreement
with the measurements. Contrarily, the upward rate of deflection during the cooling phase of the experiment is
simulated to be significantly too quick and too much. However, it must be stated that the simulation results of
the semi-numerical approach are in better agreement with the experimental measurement than the simulations
results of the fully numerical approach. The effect of recrystallisation and γ- toα-form transition of the crystals is
simulated to be more significant than was measured. This is concluded from the overestimation of the remaining
deflection after the cooling phase.

The simulation of the moisture saturated component with a [0/ + 45◦/ − 45◦/04]s lay-up is qualitatively in
good agreement with the experimental measurement. The initial simulated rate of downward deformation dis-
plays a slight delay in comparison with the measurement of the component. The measurement shows a constant
magnitude of deflection for the temperature-hold period that roughly starts at 25 minutes. However, both the
semi- and fully numerical simulations predict that moisture still egresses from the composite material and an
overestimation of the maximum negative deflection is observed. The discrepancies between the maximum neg-
ative deflections of the semi-numerical and experimental measurement for both the dry- and moisture saturated
components are -4.2% and 31%, respectively.

The experimental measurement of the moisture saturated component with the [90◦16] lay-up, however, clearly
shows that moisture must still be diffusing out of the composite material during the temperature-hold period.
The constant deflection that is visible in the measurement is not in line with the expectation. Nevertheless,
the large material scatter found in the micrometer experiments carried out with unidirectional laminates in
longitudinal direction explains the high likelihood of discrepancies between both numerical simulations and the
optical measurements. This is because the large amount of plies with a 0◦ orientation has the logical consequence
that this simulation is highly sensitive to the coefficient of hygroscopic expansion in longitudinal direction.
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Figure 7.2 Numerical results of the improved simulation approach of the center out-of-plane deformation
of a dry reference component with [0/ + 45◦/− 45◦/04]s lay-up subjected to the cathodic dip painting
temperature profile.

Similar comparisons between experimental measurements and simulations are provided in Figure 7.3 for both
dry- and moisture saturated components manufactured with a [(+60◦/ − 60◦)3/0

◦]s lay-up. There is a good
qualitative agreement between the semi-numerical model and the experimental results that are shown in the
upper part of Figure 7.3. The rate of deformation during the heating phase of the experiment carried out
with the dry component is simulated to an excellent degree. However, a growing discrepancy is visible from
approximately 20 minutes until the end of the temperature-hold period. The discrepancy at the end of the
temperature-hold period between the semi-numerical simulation and the measured deflection is 18.8%. The
maximum deflection is simulated with a better agreement as the discrepancy has a value of 7.3%.

No valuable conclusions can be drawn from the lower part of Figure 7.3 as the experimental measurement was
found to be highly unreliable. The hygroscopic shrinkage of the composite material during heating is evident
in the semi-numerical simulation in comparison to the upper part of Figure 7.3 as the predicted maximum
deflection was observed to be lower. The negative deformation at the end of the simulation is also significantly
larger for the simulation of the moisture saturated component in comparison to the dry component.
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Figure 7.3 Numerical results of the improved simulation approach of the center out-of-plane deformation
of a dry reference component with [(+60◦/ − 60◦)3/0

◦]s lay-up subjected to the cathodic dip painting
temperature profile.

All simulation results that could be compared to experimental measurements are found to be in satisfactory agree-
ment and the discrepancies between the maximum deflection as predicted in comparison to the measurements
are shown in Table 7.1.

Table 7.1 Discrepancy between improved simulation result and experimental measurement at maximum
deflection.

Lay-up Moisture content Discrepancy

[90◦16] Moist 4.0%
[0/ + 45◦/− 45◦/04]s Dry -4.2%
[0/ + 45◦/− 45◦/04]s Moist 31.0%
[(+60◦/− 60◦)3/0

◦]s Dry 7.3%
[(+60◦/− 60◦)3/0

◦]s Moist n.a.
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7.3 Sensitivity to physical effects and fibre orientation

The sensitivity of the semi-numerical simulation approach to various input parameters is assessed in this section.
The scenarios that have been assessed can be divided into either accounting for physical effects or describing an
influence that is concerned with the fibre orientation of the component. The effect of excluding specific physical
effects are presented first. The simulations for all lay-ups used in the validation experiments have been assessed
for the excluding time-temperature superposition and neglecting the effect of recrystallisation. Additionally, the
simulations for the components that were moisture saturated have also been assessed whilst neglecting hygro-
scopic shrinkage to assess the effect of moisture on the predicted deflection.

The influence of the mentioned physical effects on the deformation behaviour of the moisture saturated com-
ponent with a lay-up of [90◦16] are shown in Figure 7.4. It is concluded that hygroscopic shrinkage has the most
significant effect on both the maximum deflection and the remaining deflection. It can also be concluded that
the effect of hygroscopic shrinkage can be neglected for approximately the first 10 minutes of the cathodic dip
drying process. This provides an argument to discard the validation measurement that was carried out for the
moisture saturated component with a [(+60◦/− 60◦)3/0

◦]s lay-up shown in Figure 7.3.
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Figure 7.4 Results of the sensitivity study for the component with a [90◦16] lay-up to the influence of time-
temperature superposition, hygroscopic shrinkage, and polymer-chemical effects.

Inspection of Figure 7.4 reveals that the effect of excluding time-temperature-superposition and the effect of
excluding polymer-chemical effects on the maximum deflection of the moisture saturated component with the
[90◦16] lay-up are roughly similar. However, neglecting time-temperature superposition yields a larger negative
remaining deflection in comparison to the default simulation and not taking into account polymer-chemical
effects results in a smaller negative remaining deflection in comparison to the default simulation. It is noted that
neglecting time-temperature superposition also means that the analytical calculation of the global strain does
not take into account matrix softening. Lastly, it is important to note that all physical effects have a significant
contribution to the deformation behaviour of the unidirectional component.



7.3 Sensitivity to physical effects and fibre orientation 129

A similar analysis has been made for the dry- and moisture saturated components that were manufactured with
a lay-up that is equal to [0/ + 45◦/− 45◦/04]s. The results of this analysis are shown in Figure 7.5 for the dry-
and moisture saturated component in the lower and upper part, respectively. From inspection of Figure 7.5 it
is concluded that excluding time-temperature superposition increases the magnitude of the predicted negative
deflection of the component. The difference in remaining deflection at the end of the simulation is, however,
negligibly affected.

Not taking into account the polymer-chemical effects has the most significant effect on the outcome of the
semi-numerical simulation. The predicted and measured positive remaining deflection at the end of the cath-
odic dip drying process is not correctly simulated when polymer-chemical effects are not implemented in the
simulation. Even more so, the simulation without polymer-chemical effects provides the wrong prediction that
a negative deflection remains at the end of the process. Lastly, disregarding the hygroscopic shrinkage of the
moisture saturated composite material lowers the maximum negative deflection and increases the remaining pos-
itive deflection, diverging more from the experimentally measured value. In agreement with the simulation of
the component with the [90◦16] lay-up, it must be noted that all physical effects significantly contribute to the
deformation behaviour and can not be neglected.
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Figure 7.5 Results of the sensitivity study for the component with a [0/ + 45◦/− 45◦/04]s lay-up to the
influence of time-temperature superposition, hygroscopic shrinkage, and polymer-chemical effects.
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By inspection of Figure 7.6 it can be argued that neglecting the polymer-chemical effects for the component
with a lay-up of [(+60◦/ − 60◦)3/0

◦]s does not significantly affect the maximum deflection. Nevertheless,
the differences in coefficients of thermal expansion during cooling in both longitudinal and transverse direction
of the individual plies have a significant effect on the remaining deflection that is observed after the cooling
phase. Excluding time-temperature superposition from the simulation has the most significant influence on
both the maximum deflection during the temperature-hold period and the permanent deflection after cooling
the component down.

Neglecting hygroscopic shrinkage in the simulation of the moisture saturated component with a [(+60◦/ −
60◦)3/0

◦]s lay-up also has a significant effect on both assessed values at the temperature-hold period and after
cooling. However, it is stated that the effect of neglecting the hygroscopic content is significantly less harmful
for the [(+60◦/ − 60◦)3/0

◦]s lay-up in comparison to the [90◦16]- and [0/ + 45◦/ − 45◦/04]s lay-ups. Also,
if the maximum deflection is driving the choice of lay-up and determines if a lay-up is fit for manufacturing,
excluding the hygroscopic content yields conservative lay-up choices.
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Figure 7.6 Results of the sensitivity study for the component with a [(+60◦/− 60◦)3/0
◦]s lay-up to the

influence of time-temperature superposition, hygroscopic shrinkage, and polymer-chemical effects.
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The influence of fibre orientation has been evaluated by means of simulations carried out for three possible
scenarios. The components that were measured during the validation experiments had been manufactured by
manually inserting the lay-ups in a wet compression moulding machine that was used to effectively thermoform
the thermoplastic composite material. Hence, the first scenario assumes that the composite lay-up was inserted
with an erroneous rotation of 5◦ with respect to the correct orientation. The two other scenarios assess the
influence of a 5◦ shear rotation of the fibres during the thermoforming process, both when subjected to tension
and compression during the process. The 0◦ plies in the simulated lay-ups are assumed to be unaffected by the
shear rotation. Table 7.2 shows the lay-ups that have been simulated for each scenario.

The effect of fibre orientation on the predicted deformation behaviour of the dry- and moisture saturated com-
ponents with a target lay-up of [0/ + 45◦/− 45◦/04]s are shown in Figure 7.7. It is striking that rotating the
lay-up with 5◦ has a less significant effect than the effect of the change in orientation of the fibres due to shearing
either through tensile or compressive forces. It is noted that a 5◦ angle already has a significant influence on the
maximum deformation. It is also observed that the remaining deflection at the end of the simulation is much less
affected by a change in fibre orientation, albeit that the moisture saturated component displays a larger variation
at the end of the cathodic dip drying process.
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Figure 7.7 Results of the sensitivity study for the component with a [0/ + 45◦/− 45◦/04]s lay-up to the
influence of imperfections in fibre orientation.
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Table 7.2 Simulated lay-ups to assess the influence of fibre orientation on the out-of-plane deformation
behaviour.

Ideal lay-up Rotated Tensile sheared Compressive sheared

[0/ + 45◦/− 45◦/04]s [5/ + 50◦/− 40◦/54]s [0/ + 40◦/− 40◦/04]s [0/ + 50◦/− 50◦/04]s
[(+60◦/− 60◦)3/0

◦]s [(+65◦/− 55◦)3/5
◦]s [(+55◦/− 55◦)3/0

◦]s [(+65◦/− 65◦)3/0
◦]s

Subjecting a laminate to longitudinal tensile forces during the thermoforming will lead to a reduction of the
observed angle between the fibres of the angled plies and the longitudinal axis of the component. Hence, tensile
shearing results in a laminate that is more fibre-dominant in longitudinal direction as compared to the ideal
laminate that does not undergo shearing. A more fibre-dominant lay-up will display a more negative deflection.
In case of the tensile shearing for the [(+60◦/−60◦)3/0

◦]s laminate, this translates to a less positive deflection,
as shown in Figure 7.8.

Analogous to the [0/+45◦/−45◦/04]s lay-up, shearing the laminate with either tensile- or compressive forces
during the thermoforming has a more significant impact on the deformation behaviour than rotating it. The
reason for this is logical as in the case of rotation the turning away from the longitudinal of one ply is partly
counteracted by the turning towards the longitudinal by its neighbouring angled ply. This counteracting effect
of balancing a more fibre-dominant ply with a more matrix-dominant ply is not present when the laminate is
sheared. In this situation, both the plies with positive- and negative orientation either turn towards or -away
from the longitudinal.

An interesting observation is made when the deflections of the rotated, tensile sheared, and compressive sheared
moisture saturated laminates are compared, shown in the bottom part of Figure 7.8. The deflection of the
rotated laminate is roughly equal to the deflection of the compressive sheared at the end of the temperature-
hold period. Remarkably, the deflection of the rotated laminate then appears to transition to the deflection
of the tensile sheared laminate which it closely approaches at the end of the simulation. Contrarily to the
[0/ + 45◦/− 45◦/04]s lay-up, rotating or shearing the [(+60◦/− 60◦)3/0

◦]s laminate has a significant effect
on the remaining deflection if the laminate is moisture saturated.
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Figure 7.8 Results of the sensitivity study for the component with a [(+60◦/− 60◦)3/0
◦]s lay-up to the

influence of imperfections in fibre orientation.
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Conclusion

The conducted thesis research had the objective to provide the possibility to predict the structural performance
of thermoplastic composite parts that are subjected to hygrothermal loading when passing through the auto-
motive painting process. This objective was achieved by developing a numerical simulation of the viscoelastic
deformation behaviour of fibre-reinforced thermoplastics that are subjected to transient hygrothermal loading.

The effects of hygrothermal loading to the deformation behaviour of thermoplastics have been identified during
a literature review in the early stages of the research. Thermal loading leads to a softening of the matrix and will
accelerate the stress relaxation behaviour as a result. Heating a unidirectional carbon-fibre reinforced thermo-
plastic laminate causes shrinkage in longitudinal direction and expansion in transverse direction because of the
negative- and positive coefficients of thermal expansion of the fibre and matrix, respectively.

The linear viscoelastic material behaviour that was observed for the fibre-reinforced thermoplastic material with
the trading name Celstran CF60-PA6 was accounted for in the numerical simulation. The implementation of
a recursive formulation of the integral constitutive equations for linear viscoelastic material behaviour led to a
numerical model that does not require the entire strain history to be stored. This proved to be beneficial in terms
of memory usage as the duration of the drying phase in the cathodic dip painting process is over 45 minutes.

All tests that have been carried out during the material characterisation of the thesis research were derived from
the material input stipulated by the constitutive equations and the framework of the numerical model. Success-
ful identification of the expansion behaviour of unidirectional laminates under the influence of hygrothermal
loading was performed with dilatometer- and micrometer experiments. Polymer-chemical effects in the form
of recrystallisation and transition of the crystal form were discovered and have been included in the simulation.
The linearity of the viscoelastic material behaviour was confirmed with relaxation tests as deviation from this
would invalidate the choice of constitutive model.

Furthermore, the rate of mass diffusion was measured by thermogravimetric analysis and dynamic mechanical
analysis was used to quantify the viscoelastic mechanical behaviour. DIC was applied to determine the interac-
tion between the in-plane strains in the two principal directions of the unidirectional laminate. The computation
of relaxation moduli through the results of the dynamic mechanical analysis was validated by comparison with
the instantaneous stiffness values obtained by quasi-static testing at the two extreme temperatures of interest. A
micromechanical model was defined to calculate the remaining temperature-dependent mechanical properties
of a unidirectional layer that had not been experimentally determined.
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The finite element software ABAQUS was utilised to accommodate the simulation workflow that was comprised
of three sequential analyses. One-dimensional heat transfer- and mass diffusion simulations were carried out to
determine the temperature- and moisture content distribution through the thickness of the composite material.
A third simulation was carried out to compute the stresses and strains in the clamped component as it was
subjected to the temperature envelope that represents the cathodic dip painting oven. Taking advantage of
symmetry in the simulation reduced the computational expenses.

Multi-directional lay-ups were simulated with the use of the composite lay-ups possibility in ABAQUS and the
thickness direction of the component was represented by single solid elements. A material user subroutine was
written and verified against multiple load cases to achieve orthotropic viscoelastic material behaviour with the
application of time-temperature superposition in the finite element software. Convergence studies have been
carried out for the element size utilised for the mesh generation and for the magnitude of the time step in the
stress simulation. Although a mesh convergence was observed at an element size of 2 mm, the deformation of
the mid-plane did not yet converge at a time step of 0.05s and a time step of 0.25s was taken because of the
significant reduction in runtime that is beneficial to iterative design usage.

The sensitivity studies that were conducted to assess the influence of limiting the heat transfer- and mass dif-
fusion simulation to a single through-thickness dimension provided proof that the temperature- and moisture
content distribution are not significantly affected. The temperature distribution throughout the specimen in
all directions was concluded to show negligible differences. As such, the stress simulation was carried out with
equal temperature values for all elements. The moisture content distribution displayed significant variation due
to finite edge effects. However, the affected area is limited up to only 2.5 mm away from the edges and the
significance on the deformation behaviour as predicted by the simulation was assumed to be negligible.

Validation of the numerical model was carried out in three levels that grew in complexity. The correct prediction
of moisture diffusion and hygrothermal expansion was validated by conducting dilatometer experiments with
specimens of various multi-directional lay-ups. The quantified coefficients of thermal- and -moisture expansion
were proven to be correctly determined. However, conflicting conclusions were drawn about the rate of moisture
diffusion. Comparisons between measurement and simulation of two different lay-ups indicated the simulation
of too slow moisture diffusion, whereas the comparison for a third different lay-up provided arguments for the
simulation of too quick moisture diffusion.

The second level of validation was carried out with tensile test specimens clamped on the two longitudinal ends
that were subjected to a temperature envelope chosen to be similar to the actual cathodic dip painting oven.
The clamping fixture was designed to display minimum thermal expansion by selecting graphite as material and
implementing geometrical compensation by utilising two types of graphite. Clamping the specimens meant that
an out-of-plane bending deformation was present as thermal buckling occurred. Measuring the displacement of
the center of the specimens allowed to compare the experimental values with the predicted displacement from
the simulations. The maximum deflections that were simulated for both dry- and moisture saturated specimens
are in good agreement with the experimental data. Also the moment in time of maximum deflection is captured
accurately and the remaining displacement after cooling was simulated correctly.
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The last validation experiments were carried out with components manufactured with the geometry of the roof
header currently in series production of the 7 Series and with unidirectional as well as multi-directional laminates.
The simulation of the moisture saturated component with a unidirectional lay-up in transverse direction showed
agreement of 6.2% discrepancy for the maximum deflection. Also the permanent out-of-plane deformation and
the moments in time of the displacement were accurately captured. It was concluded that the moisture egress
was simulated to be too slowly. The simulations that were carried out for the lay-ups [0/ + 45◦/ − 45◦/04]s
and [(+60◦/− 60◦)3/0

◦]s produced unacceptable discrepancies with the experiments and also the qualitative
behaviour was incorrect.

The change from a unidirectional laminate to a multi-directional lay-up was believed to be the source of the
error and there was evidence to suspect that the calculation of the expansion of the laminate was not carried
out as intended. Hence, an analytical approach was adopted to compute the strains of the laminate based
on the strains and temperature-dependent stiffness values of the individual plies. This analytical method was
based on classical laminate theory and was implemented in an incremental method that progresses through
time and determines the global strain of the laminate. The semi-numerical simulation approach yielded a higher
accuracy for the unidirectional component and the measurements and simulations of the [0/+45◦/−45◦/04]s
and [(+60◦/− 60◦)3/0

◦]s laminates were mostly within 8% discrepancy; which is generally considered to be
accurate for continuous fibre-reinforced composites.

From sensitivity studies carried out with the semi-numerical simulations it can be concluded that all physical
effects that are taken into account are significant towards the predictions of the deformation behaviour of the
component. Excluding the mentioned polymer chemical effects has the largest influence for the component
with a [0/ + 45◦/ − 45◦/04]s lay-up, whereas neglecting the effect of temperature on the softening of the
matrix affects the deformation behaviour of the [(+60◦/− 60◦)3/0

◦]s the most. Additionally, an alteration of
5◦ in fibre orientation was discovered to already have a significant effect for both mentioned lay-ups on both
the maximum deflection and the remaining deflection after cooling. Rotating the entire lay-up was concluded
to have less influence than a change in fibre orientation potentially caused by shearing the fibres due to the
thermoforming manufacturing.

The semi-numerical approach requires that the through-thickness representation of the geometry in ABAQUS
is carried out with single solid elements. Therefore, Prony series must be constructed for the stiffness coeffi-
cients of every unique laminate that shall be simulated. This can be considered to be a disadvantage and limit
the usability of the simulation approach. On the other hand, the analytical calculation of the hygrothermal
expansion behaviour of the multi-directional laminate occurs relatively quick and provides a thorough insight in
how the component will deform during the drying process. Ideally, the semi-numerical approach is used with
coarse stiffness coefficients to obtain a first indication of how the component will deform. The fully numerical
simulation approach can then be used to compute the deformation behaviour of the laminate after it has been
altered based on the first indication. It is noted, however, that the fully numerical simulation can not be used
in its current state.

Reflecting on the gained experience and findings, it can be stated that relatively little effort is required in determ-
ining the viscoelastic material behaviour to carry out simulations because of the micromechanical model that was
set up in combination with dynamic mechanical analysis. Theoretically speaking, all mechanical characterisa-
tion with the exception of the Poisson’s ratio can be performed with dynamic mechanical analysis. Although the
principle of time-temperature superposition was strictly speaking not valid for the entire temperature range of
interest, the results of the semi-numerical simulations are in proper agreement with the validation experiments.
It is finally concluded that the recursive formulation of the integral linear viscoelastic constitutive equations
effectively eliminates the necessity of storing much data, especially for long simulations as was the case in the
thesis research.
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Recommendations

The conducted material characterisation and the developed semi-numerical simulation are concluded yield satis-
factory results. Nevertheless, specific parts have been identified that require either further investigation or could
have been carried out in a manner that is expected to produce better results. Recommendations are presented
below that are believed to contribute to an improvement of the thesis research.

The effective coefficient of expansion for a multi-directional lay-up was identified to be sensitive for the shear
modulus of the unidirectional lamina it is comprised of. The shear modulus of the matrix is currently calculated
by means of an isotropic rule-of-mixtures. The matrix’ shear modulus is then used to compute the shear modulus
of the composite unidirectional ply. It is recommended that the calculation of the shear modulus is analysed
for its correctness and that the predicted temperature-dependence holds. This validation can be carried out by
dynamic mechanical analysis of a laminate with a symmetric and balanced +/- 45◦ orientation.

An improved design of the fixture for the small coupon validation experiment would have reduced the bending
of the fixture’ arms due to the thermal expansion of the specimen. A reduction in bending deformation of the
fixture leads to a more accurate implementation of the stationary boundary conditions. More reliable validation
data is obtained if the movement of the boundary conditions can be reduced. An improved design would be
to have the connecting structure on both sides of the specimen and this can be achieved with a fully symmetric
structure. However, this would impose the requirement to be able to measure the center deflection from the top
side of the coupon. This was unfortunately not possible with the used experimental setup. On the other hand,
the implementation of moving boundary conditions and the validation thereof increases the usefulness of the
simulation in the sense that the tool can be used to more realistically simulate industrial processes.

Only one measurement with dynamic mechanical analysis is performed in the current thesis work. Carrying
out the material characterisation to identify the relaxation behaviour multiple times will provide information
on the material scatter shown by the investigated material. This knowledge allows to draw conclusions with
more confidence about the deformation of thermoplastic components when they pass through the cathodic dip
painting oven. After conducting the material characterisation tests it is believed that the entire identification
of material parameters with the exception of the major Poisson’s ratio can be carried out with a machine suit-
able for dynamic mechanical analysis that supports thermogravimetric analysis. This is considered to be worth
investigating as it significantly reduces the required experimental setups for material characterisation.
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Appendix A: UMAT user subroutine

SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,
1 RPL,DDSDDT,DRPLDE,DRPLDT,
2 STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME,
3 NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT,
4 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,JSTEP,KINC)

C
INCLUDE 'ABA_PARAM.INC'

C
CHARACTER*8 CMNAME
DIMENSION STRESS(NTENS),STATEV(NSTATV),

1 DDSDDE(NTENS,NTENS),
2 DDSDDT(NTENS),DRPLDE(NTENS),
3 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1),
4 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3),
5 JSTEP(4)

C
PARAMETER(DLNTEN=2.30258509299d0)

C
REAL*8 C(7,33),DDSN(3,3),DDSS(3,3),DSTRES(6),EXPP(32),DTIMEI,DTIMEA,STIFFA,STIFFB

C
DTIMEA = DTIME*EXP(DLNTEN*PROPS(231)*(TEMP-PROPS(233))/(PROPS(232)+TEMP-PROPS(233)))

C
DO I=1,NTENS

STATEV(I) = DSTRAN(I)/DTIMEA
END DO

C
C(1,1) = 0.
DO I=1,6

C(I+1,1) = PROPS(I)
END DO
DO I=1,32

C(1,I+1) = PROPS(I+6)
C(2,I+1) = PROPS(I+38)
C(3,I+1) = PROPS(I+70)
C(4,I+1) = PROPS(I+102)
C(5,I+1) = PROPS(I+134)
C(6,I+1) = PROPS(I+166)
C(7,I+1) = PROPS(I+198)

END DO
C

DO I=1,32
EXPP(I) = EXP(-DTIMEA/C(1,I+1))
STATEV(I+6) = EXPP(I)*STATEV(I+6) + STATEV(1)*C(2,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+38) = EXPP(I)*STATEV(I+38) + STATEV(2)*C(4,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+70) = EXPP(I)*STATEV(I+70) + STATEV(3)*C(4,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+102) = EXPP(I)*STATEV(I+102) + STATEV(4)*C(6,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+134) = EXPP(I)*STATEV(I+134) + STATEV(5)*C(6,I+1)*C(1,I+1)*(1-EXPP(I))
STATEV(I+166) = EXPP(I)*STATEV(I+166) + STATEV(6)*C(7,I+1)*C(1,I+1)*(1-EXPP(I))

END DO
C

DTIMEI = 1./DTIMEA
DDSN(1,1) = C(2,1)
DDSN(1,2) = C(3,1)
DDSN(2,2) = C(4,1)
DDSN(2,3) = C(5,1)

DO I=2,33
DDSN(1,1) = DDSN(1,1) + DTIMEI*C(2,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSN(1,2) = DDSN(1,2) + DTIMEI*C(3,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSN(2,2) = DDSN(2,2) + DTIMEI*C(4,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
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DDSN(2,3) = DDSN(2,3) + DTIMEI*C(5,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
END DO
DDSN(1,3) = DDSN(1,2)
DDSN(2,1) = DDSN(1,2)
DDSN(3,1) = DDSN(1,2)
DDSN(3,2) = DDSN(2,3)
DDSN(3,3) = DDSN(2,2)

C
DDSS(1,1) = C(6,1)
DDSS(3,3) = C(7,1)
DO I =2,33

DDSS(1,1) = DDSS(1,1) + DTIMEI*C(6,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))
DDSS(3,3) = DDSS(3,3) + DTIMEI*C(7,I)*C(1,I)*(1-EXP(-DTIMEA/C(1,I)))

END DO
DDSS(2,2) = DDSS(1,1)

C
DO I=1,NDI

DO J=1,NDI
DDSDDE(I,J) = DDSN(I,J)

END DO
END DO
DO I=1,NSHR

DDSDDE(NDI+I,NDI+I) = DDSS(I,I)
END DO

C
DO I=1,NTENS

DSTRES(I) = 0.
DO J=1,NTENS

DSTRES(I) = DSTRES(I) + DSTRAN(J)*DDSDDE(I,J)
END DO
DO J=1,32

DSTRES(I) = DSTRES(I) - (1-EXPP(J))*STATEV(6+32*(I-1)+J)
END DO
STRESS(I) = STRESS(I) + DSTRES(I)

END DO



Appendix B: Technical drawings
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Figure B.1 Technical drawing of the main part of the fixture for the coupon level validation experiments.
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Figure B.2 Technical drawing of the parts used for clamping the coupon in the fixture for the coupon level
validation experiments.
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Figure B.3 Technical drawings of the fixture for the component level validation experiments.
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