




Automated Fabrication

of Shape Models

of Free�form Objects

with a Sculpturing Robot





Automated Fabrication

of Shape Models

of Free�form Objects

with a Sculpturing Robot

PROEFSCHRIFT

ter verkrijging van de graad van doctor
aan de Technische Universiteit Delft�

op gezag van de Rector Magni�cus Prof�ir� K�F� Wakker�
in het openbaar te verdedigen ten overstaan van een commissie�

door het College voor Promoties aangewezen�
op dinsdag � september ���� te ���	� uur

door

Johan Wilhelmus Hendrik TANGELDER

wiskundig ingenieur
geboren te Brunssum



Dit proefschrift is goedgekeurd door de promotoren

Prof�dr� I� Horv�ath
Prof�dr� M�H� Overmars

Samenstelling promotiecommissie


Rector Magni�cus� voorzitter
Prof�dr� I� Horv�ath� Technische Universiteit Delft� promotor
Prof�dr� M�H� Overmars� Universiteit Utrecht� promotor
Prof�ir� P� de Ruwe� Technische Universiteit Delft
Prof�dr� I�T� Young� Technische Universiteit Delft
Prof�dr� F� Kimura� Universiteit van Tokio
Prof�dr� T�C� Woo� Universiteit van Washington
Dr� J�S�M� Vergeest� Technische Universiteit Delft

ISBN �������
�	��

Copyright c� ���� by J�W�H� Tangelder

Printed in the Netherlands



voor Helma en onze kinderen





Preface vii

Preface

This thesis has resulted from the research project �Rapid Prototyping using Virtual Re�
ality and Robot Milling�� which started in ���� at the Faculty of Industrial Design Engi�
neering of Delft University of Technology� The project aimed at the development of both
virtual and physical shape modeling techniques to support conceptual shape design� The
thesis focuses on the development of shape sculpturing as an advanced physical shape
modeling technique using robot milling� The technique has been implemented� evaluated
and applied on the Sculpturing Robot system at Delft University of Technology�

Chapter � is a general introduction into the di�erent disciplines the research is re�
lated to� namely industrial design engineering� physical shape modeling� and tool path
generation for sculptured surface milling�

Chapter � describes shape sculpturing as a robot motion planning problem� We discuss
the capabilities of the sculpturing process with regard to the shapes that can be machined
exactly as well as the complexity of the sculpturing process� We propose a decomposi�
tion of the sculpturing problem into the subproblem of extracting a limited number of
tool access orientations from the geometry of a free�form object� and the subproblem of
generating the milling paths given any �xed tool access orientation�

Chapter 	 presents a method to compute a limited number of tool access orientations
by accessibility analysis of the free�form object�

Chapter � shows that for a �xed tool orientation� spatial planning and Minkowski
operations can be applied to state the sculpturing problem� and to describe� implement
and compare NC machining methods�

Chapter � describes the Sculpturing Robot �SR� system and the Multiple Access Ori�
entation Sculptor �MAOS� software package to implement the methods from Chapter 	
and � with the SR system�

Chapter � evaluates the methods both from Chapter 	 and � separately� as well as the
sculpturing strategy implemented by the software package�

Chapter 
 provides conclusions drawn based upon the research described in this thesis�
Many of the results in this thesis have been published� The paper �Tangelder� Vergeest

� Overmars ����� describes the method to extract tool access orientations from the
geometry of a free�form object� The papers �Tangelder� Vergeest � Overmars ���
a� and
�Tangelder� Vergeest � Overmars ����� discuss the application of spatial planning and
Minkowski operation to NC machining� Finally� the paper �Tangelder� Vergeest� van den
Belt � Overmars ���
b� summarizes this Ph�D� thesis�



viii
Summary� Automated Fabrication of Shape Models

of Free�form Objects with a Sculpturing Robot

Summary

A physical shape model provides better feedback to the designer than the visual presen�
tation of a shape on a 	D CAD system� For automated fabrication of physical shape
models NC milling is the main competitor to systems based on incremental methods�
Completely automated NC milling has a signi�cant impact on fast automated fabrica�
tion of shape models� Compared to 	�axis milling� ��axis milling extends the class of
shapes that can be fabricated automatically� Therefore� this thesis focuses on supporting
automated fabrication of shape models by ��axis milling�

Sculpturing shapes from a stock of material is a task that involves six degrees of
freedom
 the location as well as the orientation of the milling tool is allowed to change at
any time in the milling process� To reduce the complexity of the sculpturing process the
computation of the tool orientations and the tool locations are separated� First� a limited
number of tool orientations is extracted from the geometry of the shape to be sculptured�
Next� with each of these tool orientations� one or more milling stages are performed to
obtain the shape�

The main results of the research project are

� A new method to compute a limited number of tool access orientations by accessi�
bility analysis of a free�form object has been developed and implemented�

� A new formal method to describe tool path generation� taking into account inter�
ference avoidance for both the tool and the tool holder� has been developed�

� A methodology to apply ��axis milling to the automated fabrication of shape mod�
els of free�form objects with a sculpturing robot� has been developed� This new
approach has been successfully implemented in the MAOS software package and
applied to fabricate medium sized shape models�

A series of experiments has been carried out to evaluate the MAOS software using
three free�form objects that represent typical design engineering products with increasing
complexity and with a di�erent morphological character� The evaluation has shown that
MAOS extends the shape domain of manufacturable objects signi�cantly�

J�W�H� Tangelder� Delft University of Technology



Samenvatting� Automatische fabricage van vormmodellen
van dubbelgekromde objecten met een freesrobot ix

Samenvatting

Tijdens het ontwerpproces is tussentijdse evaluatie van het ontwerp nodig� Een fysiek
vormmodel geeft een betere terugkoppeling aan de ontwerper dan een visuele presentatie
van een vorm op een 	D CAD systeem� Voor de automatische fabricage van fysieke vorm�
modellen is NC frezen het belangrijkste alternatief voor systemen die gebaseerd zijn op
incrementele methoden� Volledig geautomatiseerd NC frezen levert een belangrijke bij�
drage aan snelle fabricage van vormmodellen� Vergeleken met 	�assig frezen breidt ��assig
frezen de klasse van vormen die automatisch gemaakt kunnen worden uit� Daarom richt
dit proefschrift zich op de ondersteuning van de automatische fabricage van vormmodellen
door ��assig frezen�

Het frezen van vormen uit een blok materiaal is een taak die � vrijheidsgraden heeft

zowel de lokatie als de ori�entatie van de frees kan veranderen op elk tijdstip in het freespro�
ces� Om de complexiteit van het freesproces te reduceren zijn de berekening van de
ori�entaties en de posities van de frees gescheiden� Eerst wordt uit de geometrie van de
uit te frezen vorm een beperkt aantal ori�entaties van de frees berekend� Dan wordt voor
ieder van deze ori�entaties een of meer freesfasen uitgevoerd om de vorm te verkrijgen�

De belangrijkste resultaten van dit ondezoeksproject zijn

� Gebaseerd op bereikbaarheidsanalyse is een nieuwe methode ontwikkeld om een
beperkt aantal ori�entaties te berekenen om een frees te positioneren�

� Voor de beschrijving van freesbaangeneratie� waarbij zowel de botsing van de frees
als van de freeshouder wordt vermeden� is een nieuwe formele methode ontwikkeld�

� Een methodologie voor het ��assig frezen van vormmodellen van dubbelgekromde
objecten met een freesrobot is ontwikkeld� Deze nieuwe aanpak is succesvol ge��mple�
menteerd in het MAOS software pakket en toegepast om middelgrote vormmodellen
te fabriceren�

Een aantal experimenten is uitgevoerd om de MAOS software te evalueren voor drie
dubbelgekromde objecten� typisch voor het industrieel ontwerpen� Deze objecten hebben
een toenemende complexiteit en een verschillend morfologisch karakter� De evaluatie heeft
aangetoond dat MAOS de klasse van vormen van maakbare objecten aanzienlijk uitbreidt�

J�W�H� Tangelder� Technische Universiteit Delft
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�
Introduction

��� Industrial design engineering and physical shape

modeling

The historical development of engineering disciplines shows a diversi�cation� from military
to civil engineering� and then branching out towards separate �elds like infrastructure�
manufacturing� mining� naval and aviation technology� But the systematic development of
mass�manufactured consumer durables and professional equipment which meet the needs
of people� requires the integration of knowledge from several disciplines� This has� only
recently led to the rise of the new discipline of industrial design engineering that integrates
many aspects of the product development process
 management of product development�
product innovation� marketing� human factors� ergonomics� engineering� form�giving and
aesthetics� and so on� Industrial design engineering research has to address the trends in
the industry that change the product development process� like
 global manufacturing�
smarter products and systems� shorter time�to�market� and the demand for environmental
preservation�

Many authors have published books about methods for product development and have
presented the concept of the design cycle as a formalized description of the product
development process� In this section we focus only on the �rst phase of the design process�
the conceptual design phase� For a description of the complete design process the reader
should consult one of the books by �Ullman ����� Cross ����� Baxter ����� Roozenburg
� Eekels ����� Ulrich � Eppinger ����� Pahl � Beitz ����� Pugh ������

In this initial phase of the design process� a number of design concepts arise in the mind
of the designer�s�� During this phase product ideas are conceptualized and compared� This
conceptual design phase actually deals with much more than just the shape of a product�
but in this thesis only conceptual shape design will be addressed� Most designers draw
their 	D shape concepts using �D sketches on paper� Looking back at a sketch can
inspire a di�erent solution that would not have come to mind if the idea had not been
drawn� It is well�know that the physical activity of sketching helps in generating new ideas

�
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physical shape
modeling

virtual shape
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design intent

free-form object

approved design
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Figure ��� Supporting conceptual shape design with virtual and physical shape modeling�

�Goldschmidt ������ With sketching the designer can generate and compare a number
of 	D shape concepts quickly� Using traditional CAD systems it takes many hours or
even days of concentrated e�ort to create 	D free�form CAD models for new designs�
However� from the designer�s point of view the ease of use of an advanced CAD system
and sketching on paper by simple pen strokes should be comparable� In the past years� the
development of powerful computing hardware led to an increasing number of sophisticated
engineering applications� Especially in the area of mechanical systems design an immense
progress in the development of modeling� analysis� and simulation software has been
achieved� The new generation of 	D CAD systems provides high�level modeling operations
in combination with virtual modeling techniques� including kinematic simulation� �nite�
element analysis� and NC path generation and simulation� Also� much research is devoted
to computer support of the conceptual design phase �van Dijk ����� Chu� Dani � Gadh
���
� Dani � Gadh ���
� Eggli� Hsu� Br�uderlin � Elber ���
� Rix � Kress ���
� Tovey
���
� van Elsas ���
� Hummels� Smets � Overbeeke ����� Hummels � Stappers ������
With these new techniques the designer can quickly create a number of free�form objects
and use virtual modeling to make a �rst comparison�

This thesis� however� focuses on the fast and inexpensive fabrication of physical shape
models of free�form objects� Both virtual and physical shape modeling techniques support
conceptual shape design as depicted in Figure ���� However� physical shape models provide
feedback to the designer going beyond visual presentation� This additional feedback from
physical shape models is especially relevant for

� Evaluation
In practice designers �nd a graphical presentation of a design concept ine�cient
for a complete evaluation� Not only by looking at a physical model from all sides�
but also by feeling and stroking using the �ngertips� a number of improvements
�Lennings ���
� can often be made�
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� Veri
cation
With CAD images of complex shapes it is still very di�cult to visualize exactly
what the actual complex shape will look like� Some errors may still escape from the
review of engineers and designers� Therefore� a thorough �nal check of the design
using a physical model should not be omitted�

� Communication
For the presentation of the design concept at meetings with customers� managers�
and other members of the product development team shape models are indispens�
able�

� Manufacturing
By providing a physical product at an earlier design state� we can speed up process
planning and tooling design� In addition the model can help reduce problems in
interpreting the blue prints on the shop �oor�

� Marketing
To assist product sales� a model can be used to demonstrate the concept� design
ideas� as well as the company�s ability to produce it� Also� the model can be used
to gain feedback of customers for design modi�cations so that the �nal product will
meet the requirements of the customers�

The outline of the remainder of this introduction is as follows� In Section ��� physical
shape modeling techniques including ��axis NC milling are discussed and compared� In
Section ��	 we state the requirements on advanced milling methods for physical shape
modeling� The state�of�the�art in ��axis tool path generation for sculptured surface milling
is discussed in Section ���� The research issues that are addressed in this thesis are
described in Section ����

��� Comparison of methods for physical shape mod�

eling

In this section we provide an overview of manufacturing processes and we compare their
capabilities with respect to physical shape modeling� The books by �Kalpakjian �����
Magrab ���
� provide an extensive description of manufacturing technology by casting�
forming� welding and material�removal processes� The paper by �Kruth ����� focuses on
physical shape modeling processes by


� deforming methods
Deforming methods start from the right amount of bulk material and deform it to
the right shape� Deforming then refers to either �deforming in solid state� �forging�
stamping� drawing� extruding� etc�� or �deforming in liquid or semi�liquid state�
�casting� injection moulding� etc���
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� decremental methods
Decremental methods start from a larger amount of bulk material and gradually
remove all excess material �turning� milling� grinding� etc���

� incremental methods
Incremental methods gradually add material until the required shape is created� In�
cremental machining includes welding as well as methods based upon layer building
�selective laser sintering� laminated object manufacturing� fused deposition model�
ing� etc���

�Kruth ����� distinguishes further between traditional and non�traditional machining
processes� Kruth de�nes non�traditional machining as recently developed processes that
apply machining principles that di�er substantially from those applied in traditional ma�
chining� Non�traditional deforming basically applies laser beam energy to deform material
by inducing thermal stresses� �Thomson � Pridham ���
� have described a controlled
laser forming process combined with laser cutting to support rapid shape modeling of
sheet�type components like car door panels� Examples of non�traditional decremental
methods are water jet machining� laser beam machining� and electrical discharge machin�
ing�

A lot of non�traditional machining processes based on incremental methods have been
developed recently� For a more in�depth description of incremental methods the reader
is referred to the book by �Beaman� Barlow� Bourell� Crawford� Marcus � McAlea ���
�
and for a discussion about the open issues in incremental manufacturing the reader is
referred to the Ph�D� thesis by �de Jager ����� and the article by �Yan � Gu ������

Table ��� �adapted from �Kruth ������ presents an overview of manufacturing pro�
cesses�

The needs for fast physical shape modeling can be very di�erent and they obviously
depend on the intended purpose �evaluation� presentation� of a shape model� and on its
size� The requirements di�er with regard to geometrical accuracy� material and mechanical
properties� appearance� required dimensions� the number of copies to make� the cost of
producing them� and the time this takes� A comparison of four di�erent physical shape
modeling technologies has been made by �Wall� Ulrich � Flowers ������ They evaluated
��axis NC machining� stereolithography and rubber moulding as physical shape modeling
processes� and also included CAD solid modeling as a virtual shape modeling means�
They concluded that depending on the speci�c situation each of these methods may be
preferable�

�Yan � Gu ����� review the main incremental physical shape modeling technologies�
They identi�ed as major problems in these technologies
 part accuracy� limited material
variety and mechanical performance� They present a practical application of their own
Cubital Solider ���� system
 the fabrication of a master pattern to produce casting
moulds of poly�urethane bicycle tyres� The new incremental physical shape modeling
systems might be ideal in their ease of use� they are not suitable for fast concept evaluation
because of the delays involved� In �Lennings ���
� the co�ee break requirement is stated

Evaluation models are needed during the design process� and should be ready within
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Type of Process Traditional Manufacturing Non�Traditional Manufacturing

Deforming methods Forging Laser Forming
Stamping
Rubber molding
Deep�drawing
Bending
Extruding
Die Casting
Rolling

Decremental methods ��axis NC for CAM ��axis NC for physical shape modeling
��axis NC for CAM ��axis NC for physical shape modeling
Turning LBM� Laser Beam Machining
Sawing EDM� Electro�Discharge Machining
Grinding WJM� Water Jet Machining

Incremental methods SLS� Selective Laser Sintering
STL� Stereolithography
LOM� Laminated Object Manufacturing
BPM� Ballistic Particle Manufacturing

Table ��� Overview of manufacturing processes �not exhaustive��

a co�ee break� in order to continue the design process� The designer needs a personal
desktop modeling system� with which he can produce� if needed� even a sequence of several
shape concept models within one day� �Kleiman� de Jager � Lennings ���
� describe a
number of these personal desktop modeling systems�

In their research book on incremental physical shape modeling �Beaman et al� ���
�
state that NC milling is the main competitor to systems based on incremental methods

In comparison with these methods milling can produce parts with superior accuracy and
surface �nish� in addition� milling processes can operate on a much broader range of
materials� Completely automated NC milling would have a signi�cant impact on fast
physical shape modeling� Current NC systems� however� are not generally considered to
be fast shape modeling technologies because


� they still require skillful human intervention to help plan the operations and to
operate the equipment�

� custom �xturing and special tooling is often required�

� milling has inherent geometric limitations�

From the users point of view� to be acceptable as an aid in the conceptual design phase�
it should be possible to invoke the physical shape modeling system without assistance of
an expert in NC milling� This implies that the NC preparation methods normally of�
fered on traditional CAD�CAM systems are not adequate� These methods may demand
explicit subdivision of the geometric model into regions �e�g� regions corresponding to
surface patches created by the designer to build the model�� each of which must be sepa�
rately associated with machining parameters� Collision checks are either absent or can be
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Requirement Expensive Inexpensive Expensive Inexpensive

incremental incremental NC milling NC milling

methods methods

Shape domain No limitations No limitations No internal Part visible
structures from one direction

Size of models � ��x��x�� cm � ��x��x�� cm � 	��x	��x	�� cm � 	�x	�x	� cm

Turn around time High Low High Low

Accuracy High Low High Low

Use of models Various Concept model Various Concept model

Cost of labor operator � CNC specialist �

Cost of machine � 
 	������ � 
 	������ � 
 	������ � 
 	������

Choice of materials limited limited wide range wide range

Table ��� Comparison of existing physical shape modeling technologies�

laborious derived by graphical means� Tool path veri�cation and avoidance of machining
clashes are for the largest part or totally the responsibility of the CAD user� Details such
as approach tactics� milling tool selection and precision characteristics must be explicitly
input� For a designer� who does not want to be a CAM specialist� a di�erent type of
CAM software is needed that is easy�to�use� and needs only a small number of milling
parameters that have a default value that is suitable for fast shape modeling� �Lennings
���
� describes an example of this di�erent approach to NC milling with an inexpensive
modeling system consisting of a low�end 	�axis machine for milling foam models with a
software package supporting user friendly NC�

Apart from user interface aspects� technical issues play a crucial role� One of them
is the turn�around time for model production� Both the computation and the physical
machining process must be su�ciently fast as to make creation of several alternative
shapes within a few hours realistic� Note that this speed requirement con�icts with the
demand of full automation�

There are� on the other hand� also NC requirements which can be relaxed for shape
milling� In the conceptual design phase the gross outline of geometry is of main impor�
tance� allowing milling with moderate accuracy� Higher precision milling will be necessary
not until the milled object receives the status of mockup� For shape checks easy�to�mill
materials such as poly�urethane foam can be applied� so that no large tool force variations
occur and feed rate control may be limited to setting an absolute maximum speed�

Table ��� presents a comparison of the physical shape modeling technologies that we
have discussed above� In this table deforming methods have not be considered� because
the mould which is used to manufacture one or more models� has to be manufactured �rst
using another physical shape modeling technology� Therefore� with deforming methods
small pilot series of a product can be manufactured fast� but they are not applied to
produce only one shape model�

From Table ��� we conclude that the development of advanced milling methods for
shape modeling extends the class of mid�size and large complex free�form shapes models
that can be fabricated� Therefore� in the next section we will state requirements for the
development of this technology to support conceptual design�
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��� Requirements on advanced milling methods for

physical shape modeling

Based on our discussion of the support to conceptual design by physical shape model�
ing and our comparison of existing physical shape modeling technologies� we state the
following requirements on advanced milling methods for physical shape modeling


�� The system must be safe� No injury to personnel� or damage to devices or workpieces
is allowed to occur�

�� There must be no limit on the complexity of the input free�form object� Any shape
that could be realized by some tool at some location with some orientation must be
actually manufacturable� However� it would be acceptable that some portion of a
shape cannot be realized due to physical inaccessibility of it by any tool�

	� The input data may be as inaccurate as the user�selected geometric accuracy� or
resolution� of the physical shape model� This is an essential requirement since
the system must be applicable for conceptual� initial design� where the product
geometry is possibly only roughly speci�ed� and is perhaps even incomplete� The
system should adequately process such initial product geometry�

�� The process of data generation must be completely automatic� The user should
not be concerned with any technical problem that occurs or could occur during
machining� such as collisions or instability of the part�in�progress� The only selection
the designer needs to make is the geometric accuracy and possibly a scaling factor�

�� The system must be able to manufacture models with dimensions up to � � � � �
metre without the need of re�xturing the workpiece�

�� Depending on the application� the size� and the complexity of the models� a turn�
around time between half an hour �co�ee break requirement� and a few days is
required�


� Each milling process must be performed in such a way that a subsequent� more
accurate machining process can be made� This implies that at no time material is
removed from the �nal model� not even a fraction of the current accuracy�

Requirement � on the complexity of the shape model cannot be satis�ed by a 	�axis NC
milling machine� Requirement � on the size of the models cannot be satis�ed by a desk
top milling machine� Hence� at least the capabilities of a ��axis NC milling machine are
needed for shape modeling of mid�range and large complex free�from objects� Therefore�
we review in the next section the state�of�the�art in ��axis NC tool path generation�
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Figure ��� Comparison of 	�axis and 
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��� State�of�the�art in ��axis NC tool path genera�

tion for sculptured surface milling

Several methods are in use in which free�form shape models are realized using milling
machines� In 	�axis C�NC�� milling a tool is positioned with three degrees of freedom�
i�e� a 	�axis NC milling machine can move a milling tool with a �xed orientation to any
point in its workspace �See Figure ����a��� This means that only those parts of a model
can be milled that are visible from a particular direction� Inaccessible regions �under
cuts� cannot be removed from the model� One way to generalize 	�axis milling is to add
rotational degrees of freedom to the tool� The tool can now not only be positioned at a
speci�c location� but can also be arbitrarily oriented� This milling mode is know as ��axis
milling� because of the �ve degrees of freedom provided� In general the use of a ��axis
milling machine results in much smaller inaccessible regions and thus in a better shape
model �See Figure ����b���

Often the milling process is split into a roughing and a �nishing stage� To produce
a physical shape model e�ciently from a stock of material� the bulk waste material is
removed during the roughing stage by a cutting tool with a large radius� The stock is
shrunk to a rough model� In the �nishing stage the rough model is shrunk to the physical
shape model by a cutting tool with a smaller radius� In this stage the cutting tool may
follow a surface of the model� In most CAD systems the model surfaces are represented
by a B�spline representation� For an introduction on B�spline representations the reader

�During the last years� the concept of 
numerical control� has been gradually replaced by a concept
making more directly use of a computer� 
computerized numerical control� �CNC�� In this thesis� we do
not distinguish between them� Rather� we use the term 
NC� synonymously for any of the two concept�
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Figure ��� Comparison of Cartesian paths and isoparametric paths�

is referred to �Farin ������
The tool path pattern is critical to the e�ciency of the milling process� In general�

methods for machining free�form shapes generate zigzag paths� As illustrated by Fig�
ure ��	�a� a zigzag path is either formed from parallel sweeps in Cartesian space or from
sweeps across surfaces that are parallel parametrically� In the former case the paths are
called Cartesian and in the latter case the paths are called isoparametric�

Since the late �����s there has been an enormous amount of work published on NC
tool path generation� We refer the reader to a number of recent surveys and reviews on
NC tool path literature and we describe a number of interesting new papers that have
been published recently�

�Dragomatz � Mann ���
� have provided an extensive bibliography of the literature
on NC tool path generation� They have grouped ��� papers into the following cate�
gories
 surveys� issues� systems� isoparametric paths� Cartesian paths� planar pocketing
paths� sculptured surface pocketing paths� roughing paths� tool positioning� o�set surface
method� ��axis methods� mesh models� pixel and point models� simulation and veri�ca�
tion� space��lling curve based tool paths� cleanup cut tool paths� point�based roughing
paths� and region decomposition� �Jensen � Anderson ����� present a mathematical re�
view of methods and algorithms used to compute milling cutter placement for multi�axis
�nished�surface milling� The survey by �Marshall � Gri�ths ����� focuses on path con�
struction as classi�ed by pocketing� surface�at�a�time� and whole model methods� �Choi�
Chung � Park ����� provide a comprehensive overview of the application of the Z�map
model to various �elds including tool path generation� A Z�map or height grid is an ap�
proximation of a surface by a number of height values at grid elements on the xy�plane
that are stored as a �D array Z�i� j �

In recent years a lot of papers have been published on issues in path generation for
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Figure ��� Examples of gouging�

��axis NC milling� In the remainder of this section we classify a number of these papers
according to the main aspect they cover�

� Systems
�Ko� Kim� Park � Kim ����� describe a method to sculpture models of human faces
and its implementation on a ��axis robot� �Tangelder � Vergeest ����� describe a
milling method for physical shape modeling and its implementation on a seven�
degree�of�freedom sculpturing robot system consisting of a ��axis robot and a turn
table� By this method a shape model is milled with �ve �xed tool orientations
perpendicular either to the upper face or to any of the four side faces of the initial
stock containing the shape model�

� Tool interference avoidance using accessibility analysis
A point of a shape is accessible by a milling tool if the tool can be positioned so
that it touches the point and does not intersect the surface� Hence� by determining
accessibility of a surface part� tool interference can be avoided and tool access di�
rections can be found with which the surface part can be machined� �Elber �����
presents an approach that reduces the accessibility problem of ��axis milling using
a �at end tool to a 	�axis accessibility problem� For a shape whose boundary is rep�
resented by B�spline surfaces� �Lee � Chang ����� apply the convex hull property
for B�spline surfaces to �nd a conservative approximation of the allowed tool access
orientations�

� Tool interference avoidance per tool position
Since an NC program for sculptured surface machining consists of a �nite sequence
of interpolated tool positions� a number of methods are based on the modi�cation
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or computation of individual tool positions� In sculptured surface machining inter�
ference between the tool and the surface to be machined is a serious problem� In the
literature this kind of interference is called gouging� Gouging is often encountered
when the tool size is too large relatively to the concave radius of curvature or if
models are machined that are composed of multiple surfaces �see Figure ����� �Li
� Jerard ����� describe research on algorithms for the generation of gouge�free�
Cartesian ��axis tool paths across composite surface patches� In �Elber � Cohen
����� the use of a symbolic approach to detect tool gouging in ��axis milling is
investigated and a heuristic approach to eliminate gouging is presented� �Lee ���
�
proposes a method to �nd the allowed tool orientations by considering both local
and global surface shapes� Based on the evaluation of local surface shape� a geomet�
ric analysis method is developed to �rst �nd a feasible tool orientation for gouging
avoidance� Adjacent geometry is then taken into consideration for detecting possi�
ble side gouging� �Morishige� Kase � Takeuchi ���
� present a method that selects
a feasible tool orientation from a ��dimensional map representing the relationship
between all tool attitudes and the existence of collision� �Cho� Lee � Kim ���
�
present an algorithm for generating collision�free tool paths for ��axis milling using
the potential energy method� By virtually charging the tool and the surface to be
machined with static electricity� global tool collision as well as local interference
is eliminated� Moreover� machining e�ciency is simultaneously improved by min�
imizing the curvature di�erence between the machined surface and the tool swept
surface� In all these works it is assumed that the tool�end is used to obtain a shape�
i�e� the tool�end is positioned on the surface to be milled� It is also possible to
obtain a shape with the tool side� �Liu ����� describes tool interference avoidance
for this ��axis side milling technique�

� Accuracy
If paths are generated in a zigzag fashion scallops �ridges� will be left between
adjacent tool paths� �Choi� Park � Jun ���	� present a method that minimizes
scallop height for ��axis milling by the selection of an optimal tool orientation per
tool position�

� Set�up orientations
In ��axis machining the unit sphere is used to represent the directions with which
the milling tool can be positioned� Due to limitations on the motion ranges of the
rotational axes of a ��axis milling machine� the directions with which a tool can be
positioned are limited to a proper subset of the unit sphere �Kang � Suh ���
��
Therefore� it is often needed to set�up the stock several times� The time to dis�
mount� recalibrate� and remount the stock can be considerable in comparison to the
actual milling time� Unfortunately� the problem of computing the minimal number
of set�ups is NP�hard�� i�e� probably it is not possible to solve this problem within a
polynomial running time� So attention has focused on obtaining e�cient algorithms
that approximate closely the minimum number of set�ups� �Gupta� Janardan� Majhi

�NP is an abbrevation for Nondeterministic Polynomial�
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� Woo ����� apply computational geometry algorithms to approximate the min�
imal number of set�ups within a logarithmic factor� �Kang � Suh ���
� describe
algorithms� that given a ��axis machine and a surface� determine the machinability
of the surface and a set�up giving the smallest rotational range of the tool�

� Free�form shape analysis
Saddle�like and concave regions of a shape can be milled using a ball�end tool� but
convex regions can be machined faster and with a smaller scallop using a �at�end
tool� Therefore� �Elber ����� applies curvature analysis to dichotomize a free�form
surface into a region that can be milled with a ball�end tool and a region that can
be milled with a �at�end tool�

� Tool path veri
cation
�You � Chu ���
� present a scheme to automatically detect tool interference for
tool paths that have been generated for ��axis machining of sculptured surfaces�

Most of the research that we have reviewed in this section� deals with tool interference
avoidance� But for machining models of mid�range and large sizes� it is necessary to take
also tool holder collision avoidance into account� In these cases the machining path con�
tains often more than ��� tool positions� Therefore� it is not straightforward to develop
e�cient methods� that take� for each individual tool position� also tool holder interference
avoidance into account� The methods that use accessibility analysis to avoid tool colli�
sion are more promising� but accessibility analysis for the tool only� does not avoid tool
holder collision� Hence� new research should address the need for e�cient collision�free
machining�

Furthermore� reduction of the number of set�ups to machine a model would save time
to dismount and remount the stock� Adding a sixth rotational axis to a milling device
eliminates the need to use more than one set�up� With such a device it is possible to
position the tool with every direction� Hence� all material outside the shape model can
be reached� It is only necessary to keep a support structure for the shape model� Only� if
one wants to machine away this support structure an extra set�up is needed�

Also� with a ��axis machining device the tool holder can rotate around the milling
tool� Figure ��� shows that with help of this extra rotational degree of freedom interfer�
ence between the tool holder and the stock�in�progress� can often be avoided� Therefore�
adding a sixth rotational axis to a ��axis milling machine improves the collision avoidance
capabilities of that machine further� However� to the best knowledge of the author� in the
literature there is little attention given to the topic of ��axis milling�

��� Scope of the research

Since ��axis milling extends the capabilities of ��axis milling� this thesis addresses the fol�
lowing research question
 how can we support physical shape modeling by ��axis milling
processes! From the requirements on advanced milling methods for physical shape mod�
eling from Section ��	 we derive the following research issues
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Figure ��� Comparison of 
�axis and ��axis milling� The sixth axis of the milling machine
can be used to avoid collision of the tool holder�

� Interference avoidance between stock�in�progress and the tool holder
To meet requirement � and �� collision avoidance between the tool holder and the
stock�in�progress is indispensable� In the literature about ��axis NC tool path gen�
eration� little consideration is paid to this topic�

� Interference avoidance between the shape model and the milling tool
To meet requirement 
 the milling tool should never interfere with the shape model�

� Extension of the shape domain of manufacturable objects
To meet requirement �� advanced machining algorithms should make full use of the
capabilities of ��axis milling�

� Fabrication of shape models of initial free�form objects
In conceptual design the product geometry may be only roughly speci�ed� The
software has to be able to process such initial free�form objects in order to meet
requirement 	�

� Machining large models
In order to meet the requirements � and �� both the computation of the machining
process and the machining process itself should be fast�

Since the time available for a Ph�D� project is limited we could not take into account
some other issues� These include

� Cutting o� large chunks of foam
Faster manufacturing might be possible by cutting o� large chunks of foam� e�g�
with a hot wire or a hot knife�
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� Selecting milling tools by analysis of the geometry of the free�form object�
Given the geometry of an initial free�form object� the result of the machining process
can be improved by selecting one or more milling tools� In our approach it is assumed
that the milling tool is given beforehand�

� Deviations of positioning and orientation of the milling device
We neglect the errors due to the limited accuracy of the milling device in positioning
and orienting a tool�

� Vibrations in the stock�in�progress
In practice sometimes vibrations of the stock�in�progress� due to cutting forces�
result in a less accurate model�

� Possible breakage of the desired shape
Due to the cutting forces very thin parts of the shape will probably break�

In Chapter � we will present our approach to the problem of sculpturing shapes by
��axis milling� We propose a decomposition of the problem into the problem of extracting
a limited number of tool access orientations from the free�form object geometry� and the
problem of generating the milling paths given a �xed tool access orientation� The former
problem is addressed in Chapter 	 and an algorithm to extract tool access orientations
is described� The latter problem is addressed in Chapter � and a robust algorithm to
generate tool paths is presented� In Chapter � a software implementation of our method
for the Sculpturing Robot system is described� Chapter � provides an application and
feasibility evaluation� Finally� in Chapter 
 conclusions are drawn with respect to the
research issues and the requirements�



�
Shape sculpturing using ��axis milling

In this chapter we focus on the problem of sculpturing shapes from a stock of material
using ��axis milling� In Section ��� we describe shape sculpturing as a robot motion
planning problem� In Section ��� we discuss the capabilities of the sculpturing process
with regard to the shapes that can be machined exactly� as well as with regard to the
complexity of the sculpturing process� Finally in Section ��	� we propose a decomposition
of the sculpturing problem into the problem of extracting a limited number of tool access
orientations from the geometry of a free�form object� and the problem of generating the
milling paths given a �xed tool access orientation�

��� Sculpturing as a robot motion planning problem

In this section� sculpturing is described as a robot motion planning problem in a geometric
fashion� Before describing the sculpturing problem� we discuss two simpler problems

planning a path to move from a given start point to a goal point and planning a path to
mow a lawn� For a thorough introdution on robot motion planning� we refer the reader
to the book by �Latombe ������ and the book by �de Berg� van Kreveld� Overmars �
Schwarzkopf ���
�� that describes the application of computational geometry algorithms
to several �elds� including robot motion planning�

To be able to perform a task by a robot� a motion plan for that robot has to be
computed� To be able to plan a motion� some knowledge about the environment in which
the robot is moving� has to be taken into account� For example� a mobile robot moving
around in a factory must know where obstacles are located� In the �eld of robot motion
planning most of the research deals with the basic motion planning problem
 planning
a path for a robot from a given start position to a given goal position without colliding
with any of the obstacles� A more di�cult problem is the lawn�mower problem in which
a path is planned for a robot to mow a lawn completely� A path has to be planned such
that the volume of the robot sweeps out the complete lawn� Figure ��� illustrates both
motion planning problems�

In general there exists a multitude of paths with which the same task can be performed�

��



�� � Shape sculpturing using ��axis milling

g

s

robot

�a� A path from a given start point s to a given
goal point g�

robot

�b� A path for cutting a lawn�

Figure ��� Problems in robot motion planning� It is assumed that the robot consists of a
square� Paths along which to move the centre of the square are shown�

The time to follow the path is a good criterion to compare paths� Often� the length of the
path is not a good criterion� For example� some robots can only move in a straight line�
they have to slow down� stop� and rotate� before they can start moving into a di�erent
directions� so any turn along the path causes some delay� For these robots not only the
path length� but also the number of turns on the path has to be taken into account�
Often a path is computed in two phases� In the �rst planning phase a collision�free path
is computed and in the second smoothing phase the collision�free path is replaced by
another collision�free path that can be followed by the robot much faster� But smoothing
lawn�mower paths using a naive method does not work
 Figure ��� shows that the robot�
when following the smoothed path� will not completely mow the lawn� Since smoothing
cannot be applied straightforward� we consider in this thesis only the generation of paths
that consist of straight line segments�

An extension of the �D lawn�mower problem is the 	D sculpturing problem� In the
sculpturing problem a 	D free�form shape F should be carved� starting with a stock of
material S by a milling tool T attached to a tool holder H� This task involves six degrees
of freedom
 three to position a tool reference point relative to the stock�in�progress and
three to orient the tool and the tool holder� Hence� any point on a tool path should be
speci�ed by six values� three denoting a location and three denoting an orientation� In
this chapter we describe the sculpturing process as general as possible without taking into
account practical limitations� yet�

For every position on a path for which the tool intersects the stock� the stock is
shrunken
 the intersection of the tool with the stock is removed from the stock� To
emphasis this dynamic change of the stock we often use the phrase �stock�in�progress� to
denote the stock�
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Figure ��� In the sculpturing problem both gouging between the tool and the shape to
be sculptured
 and interference between the tool holder and the stock�in�progress must be
avoided�

This sculpturing process has to satisfy the following conditions �see also Figure ��	�


�� The milling tool T should never gouge the shape F �

�� The tool holder H should never interfere with the stock�in�progress S�

The tasks in the lawn�mower problem and the sculpturing problem are similar
 the
lawn�mower has to sweep out the lawn and the milling tool T has to sweep out SnF � i�e�
the set di�erence of S and F � The important di�erence between the lawn�mower problem
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Figure ��� �D example of the TH�hull of a free�form shape F �

and the sculpturing problem is the dynamic e�ect of the volume removal process
 the
stock�in�progress is a shrinking obstacle for the tool holder� Hence� the existence of
collision at a point on the path depends heavily on the path followed up to that point�
Given a tool holder H� a milling tool T and a free�form shape F we describe in the next
section a minimal shape enclosing F that can be obtained without violating condition �
and ��

��� On the capabilities of the sculpturing process

Due to the conditions � and � described in the previous section� it is not possible to
obtain every free�form shape exactly� Often� depending on the shape of T and H� only a
so�called TH�hull� containing the free�from shape F � can be sculptured �Figure ����� In
this section we will de�ne this hull as the result of a sculpturing process in which as much
material as possible is removed from a stock S without violating condition � and �� A
similar concept has been introduced by �Edelsbrunner � M�ucke �����
 they de�ne the
��hull of a set of points F as the material that cannot be removed by a spherical eraser
with radius � without intersecting F � i�e� without violating condition ��

In practice� it may be impossible to obtain the TH�hull exactly� but instead a shape
that contains the TH�hull is obtained� in other words� some material is not removed due
to constraints di�erent from condition � and �� Additional constraints may be due to the
particular mechanism used to perform the sculpturing process� For example� if the stock
of material S is mounted on a turn table� the stock should include a support structure
below S� No material from this support structure may be removed� This may inhibit the
removal of other signi�cant parts of S� In this chapter these constraints are not taken
into account�

The TH�hull concept is a generalization of the ��hull concept� If H is the empty
set and T is a sphere of radius �� then the TH�hull of F is equal to the ��hull of F �
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Figure ��� The tool T and the tool holder H are de�neded in the same Cartesian coordinate
system�

�Edelsbrunner � M�ucke ����� describe the ��hull of a set of points F as follows
 Think of
IR� �lled with foam and the points of F made of more solid material� such as rock� Now
imagine a free��ying spherical eraser with radius �� It is omnipresent in the sense that
it carves out foam at all positions where it does not intersect with any of the sprinkled
rocks� that is� points of F � The resulting object is called the ��hull of F �

We want to generalize this concept to describe the best result of machining with a
free��ying milling device consisting of a tool holder H and a milling tool T attached to it�

Assume the shape is carved by removing material from a stock of foam� Since the tool
holder may not interfere with the stock�in�progress� the description of this carving process
is more complex then the carving process to obtain the ��hull� Since the stock�in�progress
shrinks� the set of positions at which the tool can be positioned may grow� Hence� we
cannot describe the carving process by only considering tool positions for which the tool
holder does not interfere with the stock�in�progress� Instead� we assume that the tool
may follow any �nite tool path�

To represent the tool and tool holder volume we attach a Cartesian coordinate system
to the tool as illustrated by Figure ���� The origin of this Cartesian coordinate system
coincides with a point on the tool boundary volume� This point is called the tool reference
point� The z�axis of this coordinate system denotes the tool direction� Further� the x�axis
and y�axis are perpendicular to the z�axis� It is assumed that the tool holder is above the
xy�plane� i�e� for all �x� y� z� � H holds z � ��

Before we de�ne the TH�hull� we show �rst that the convex hull of a shape F � de�ned
as the intersection of all half�spaces enclosing F � can always be sculptured exactly�

Let Hl " MINfz j �x� y� z� � Hg� Let a free�form shape F be given� Assume that
an initial stock of material S contains the convex hull of F � Since Hl � �� it is always
possible to remove the material outside a half�space enclosing F layer by layer with layer
thickness Hl by a process in which the holder is always outside the stock�in�progress and
the z�direction of the tool is perpendicular to the half�space� Proceeding in this way for



�� � Shape sculpturing using ��axis milling

all half planes that de�ne the convex hull of F � we obtain this convex hull�
So� for the de�nition of the TH�hull we can assume that S equals the convex hull of

F � Now we de�ne the TH�hull as follows


De
nition ��� �TH�hull� Given a shape F � a tool T and a tool holder H� the TH�hull
of F is de�ned as follows�

Let the initial stock of material be the convex hull of F � Let the tool be omnipresent
in the sense that it can follow every �nite interference�free tool path� We de�ne the TH�
hull of F as the intersection of all shapes that can be sculptured with one of these �nite
interference�free tool paths�

Since� in general the number of interference�free tool paths will be in�nite this de�nition
does not provide a practical method to obtain the TH�hull� It is an open question whether
the TH�hull can be obtained by a �nite interference�free tool path� Even if the TH�hull
of a shape can be obtained by a �nite tool path� its computation may take a long running
time due to the relative large number of degrees of freedom involved �six�� In general�
see e�g�� �Latombe ������ the time complexity of path planning increases exponentially
with the number of the degrees of freedom� Therefore� performing a direct search for
collision�free milling paths in a ��dimensional space is computationally expensive� Also�
the sculpturing process should contain paths to insert the tool and the tool holder into
a complex cavity� The problem of computing such paths has been widely studied in
robotics� where it is referred to as the peg�in�hole problem� For example� �Joskowicz �
Taylor ����� describe research on e�ciently computing an interference�free insertion path
of a body into a cavity� In the worst case� the peg �the tool and the tool holder� and
the hole �the cavity� are tightly �t� so that the clearance between the peg and the hole is
small� Therefore� the computation of a single insertion path is already computationally
expensive� Hence� a direct search in a ��dimensional space as well as the peg�in�hole
problem should be avoided in a computationally inexpensive sculpturing algorithm�

��� On the selected approach to the sculpturing prob�

lem

Sculpturing is a task that involves six degrees of freedom
 it is allowed that the location
as well as the orientation of the tool changes at any time in the milling process� To reduce
the complexity of the sculpturing process the computation of the tool orientations and
the tool locations is separated� First� from the geometry of the shape to be sculptured
a limited number of tool orientations is extracted� Next� a number of milling stages is
performed to obtain the shape� At each stage the principle of 	�axis milling is applied

one of the computed tool orientations is used as a �xed tool orientation and milling paths
are generated to remove as much material as possible�

Given a tool orientation� we can use visibility and accessibility analysis to compute the
region of a shape that can be accessed by the milling tool with that orientation� With this
approach we neglect the peg�in�hole problem� because only visible regions of the shape
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TH

Figure ��� To access the cavity with the tool T and the tool holder H an insertion path has
to be planned�

will be machined� Figure ��� shows a cavity that cannot be machined by our approach�
because the planning of insertion paths would be necessary in that case� So we loose
some of the power of the sculpturing system� but this is the price to pay for e�cient
computation�

Since �xing the tool orientation reduces the complexity of sculpturing� we decompose
the sculpturing problem into an accessibility problem and a path planning problem


Problem ��� �accessibility of a free�form shape� Given a free�form shape F � a tool
T � and a tool holder H� extract from F �s geometry a limited number of tool orientations
oi to access F �s boundary�

Problem ��� �path planning� Given a free�form shape F � a tool T � a tool holder H�
the stock�in�progress S and a tool access orientation oi� generate tool paths to remove as
much material as possible with orientation oi satisfying the conditions�

�� The milling tool T should never gouge the shape F �

	� The tool holder H should never interfere with the stock�in�progress S�

Hence� the complexity of the problem of sculpturing with six degrees of freedom is
reduced such that computational feasibility is reached� By solving the two problems
independently� a fully automated method for sculpturing shape models of free�form objects
is obtained� These two problems will be addressed in Chapters 	 and �� respectively�
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�
Computation of tool access orientations by

approximate accessibility analysis

In the previous chapter an approach to sculpturing based on a limited number of tool
access orientations has been indicated� In this chapter we present a method to compute
such a limited set of tool access orientations for the sculpturing task� It is assumed
that the shape F to be sculptured is given by an initial free�form object consisting of a
set of B�spline surfaces enclosing a volume� We allow the B�spline surface data to be as
inaccurate as the user�speci�ed geometric accuracy of the initial free�form object� Globally
the approach we used works as follows� We transform the B�spline surface representation
into a voxel representation� This voxel representation consists of a 	D array of unit cubes
�called voxels�� For each B�spline surface a number of sample points are generated� Each
voxel that contains a sample point is identi�ed as a boundary voxel� For each of these
boundary voxels a visibility map is computed� This visibility map of a voxel v contains
a set of directions from which the part of F �s boundary enclosed by v is visible� For
each voxel v its visibility map is transformed to an accessibility map that contains a set
of directions to access the part of F �s boundary enclosed by v� From these accessibility
maps a limited number of tool access directions are extracted to sculpture the shape�
Finally� each tool access direction is extended to a tool access orientation� The details of
the approach will be worked out in the following sections�

��� Previous work

�Gan ����� applies visibility analysis to determine a range of set�up directions� that allows
a given surface to be manufactured by a 	�axis NC machine without having to redirect the
stock�in�progress� Such a range of directions can be represented by the �global� visibility
map� abbreviated to V�map� of the surface� Any point in a V�map represents a direction
such that the entire surface is visible from in�nity� Each direction can be represented by
a vector of length �� Therefore� a V�map is a subset of the unit sphere� i�e� the sphere of
radius �� A two�stage approach is proposed for �nding the V�map of a surface� An initial

�	
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range of directions� termed the local V�map� is �rst obtained by considering only the local
geometry of the shape boundary� The �global� V�map is then obtained by removing from
the local V�map every direction that interferes with other parts of the shape� �Spyridi �
Requicha ����� use local and global visibility cones and a similar two�stage approach to
determine accessibility of surface features for coordinate measuring machines� �Woo �����
applies the concept of V�maps to a wide range of manufacturing processes� �Chen� Chou
� Woo ���	� Gupta et al� ����� Tang� Woo � Gan ����� present geometric algorithms
that can be used to select a direction maximizing the number of surfaces that are visible
with that direction� �Elber � Cohen ����� present a method to compute the local V�map
of a surface exactly� �Elber ����� considers the accessibility problem for ��axis milling of a
convex surface S positioning a �at�end perpendicular to S� He presents an approach that
reduces this ��axis milling accessibility problem to a 	�axis milling accessibility problem
taking into consideration other surfaces that limit the accessibility of F �

In all references above� the V�maps are stored per surface� Hence� accessibility for a
given tool access direction can be determined only per surface or for a surface set and
not for regions� whose boundaries in general do not coincide with surface boundaries�
Furthermore� to access surfaces like spheres and cylinders� more than one tool direction is
needed� So� for such a surface its visibility map is empty� Also� the V�maps are computed
exactly as subsets of the unit sphere� Therefore� a computationally expensive procedure
is required to compute them�

Our approach embeds the shape in a voxel data structure and computes a V�map for
each voxel that intersects the shape boundary� Since this approach requires the compu�
tation of many V�maps� an e�cient procedure to compute V�maps is needed� Therefore�
we replace the exact computation of V�maps by an approximate computation� We do not
select tool access directions from the unit sphere� but from a �nite set of directions that
are distributed almost uniformly on the unit sphere�

To the best of our knowledge there is only one reference in the literature on tool acces�
sibility computations using an approximate approach
 �Kang � Suh ���
� decompose the
unit sphere as well as each surface into a �nite number of triangular patches� For each sur�
face they compute a binary spherical map BSM � such that the Boolean value BSM�i� j�
denotes whether the ith surface patch is accessible from the jth spherical patch�

��� Mathematical background

����� On the shape model obtained by the milling process

A ball�end milling tool T can be modelled as a cylinder holding a spherical eraser� both
with radius �� In this subsection we temporarily neglect interference between the tool
cylinder and the shape F � i�e� we assume that� wherever the spherical eraser does not
intersect F � also a global tool access direction exists such that the cylinder holding the
spherical eraser does not intersect F � Since interference between the spherical eraser and
the shape has to be avoided� in general it will be impossible to physical reproduce the
shape F exactly� Recall from Chapter �� that it is only possible to carve out the ��hull
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Figure ��� An example of a violation of accessibility condition � �top� and two examples
�bottom� of a violation of accessibility condition �� In the left bottom example the curvature
exceeds ��� at q
 where �F is locally concave� In the right bottom example the curvature of
the concave surface intersection at q is � �violation of condition ��
 and the curvature of the
convex surface intersection at r it is �� �no violation��

H��F � of F � F " H��F � if the spherical eraser can touch every point on F �s boundary
�F without intersecting F � i�e� if the following two accessibility conditions hold�

�� If the spherical eraser intersects the interior of F � then the intersection of �F and
the spherical eraser is homeomorphic to an open disk in IR��

�� The curvature at each point of �F is at most ���� where we de�ne the curvature of
a point of �F negative if the boundary at that point is locally convex and positive
if the boundary is locally concave�

Figure 	�� illustrates cases for which F �" H��F �� Condition � is violated if F contains
small holes� Condition � in the case of a strongly curved surface and in the case of two
intersecting surfaces that de�ne a concave part of the boundary� Later in this chapter we
show that our data structure cannot distinguish convex and concave surfaces intersection�
Therefore� we must assume that the boundary in the neighborhood of a surface intersection
is never accessible�

����� De�nitions

From Chapter � we recall the accessibility problem
 Given a complex three�dimensional
shape F � IR� to be machined� provide a limited set of tool access directions to access
F �s boundary�

We present a number of de�nitions to formalize the accessibility concept�
Let F � IR� be a three�dimensional shape de�ned by a surface set F � For our pre�

sentation it is convenient to assume that F emits rays� Further� we consider only those
normal vectors on �F that point outwards F �



�� 	 Computation of tool access orientations by approximate accessibility analysis

F

V

V

g

l
p S

n

(p,S)

(p,S)

p

�a� V�maps for a point� Vl�p� S� denotes the
hemisphereH�np�� where np denotes the normal
at point p on the surface S�

F

V

V(S)

(S)

S

g
is empty

n
n

p

p

q q

l

�b� V�maps for a surface� Vl�S� consists of the
intersection of all hemispheres H�np�� for each
p � S� Note that the global V �map is empty�

F

V

V

g

v

(v)

(v)

l

L(v)

�c� V �maps for a voxel� Vl�v� consists of the
intersection of all hemispheres H�np�� for each
S � F � p � v � S� The light map L�v� consists
of the union of all hemispheres H�np� for each
S � F � p � v � S�

Figure ��� �D examples of V�maps�

Figure 	�� illustrates the visibility de�nitions given below� A global visibility map will
be de�ned for a single point p on a surface S� for the set of all points on a surface S and
for all surface points contained in a voxel v�

For a surface point p on a surface S� the global visibility map Vg�p� S� represents the
directions of rays that start at p and do not intersect F �

For a surface S� the global visibility map Vg�S� represents the directions for which
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every ray starting at a surface point on S does not intersect F � i�e�

Vg�S� "
�
p�S

Vg�p� S��

For a boundary voxel v� Vg�v� represents the directions for which every ray starting at
a surface point contained in v does not intersect F � i�e�

Vg�v� "
�

S�F �p�v�S

Vg�p� S��

To de�ne local visibility maps we consider the local geometry of a surface rather than
the whole shape F � The normal np at a point p on a surface gives one direction in which
the point is visible from in�nity if the ray has no intersection with F � However� the same
point may be visible from many other directions� up to a hemisphere H�np� of directions
bounded by the tangent plane at p� Therefore� we de�ne the local visibility map Vl�p� S�
of a point p on a surface S with normal np by Vl�p� S� " H�np�� Note that for an
intersection point of multiple surfaces di�erent local visibility maps may exist�

Analogous to the global visibility maps we de�ne the local visibility maps of surfaces
and boundary voxels as

Vl�S� "
�
p�S

Vl�p� S�

and
Vl�v� "

�
S�F �p�v�S

Vl�p� S��

For a boundary voxel v let the light map L�v� represent all directions of rays starting
at any surface point contained in v� i�e�

L�v� "
�

S�F �p�v�S

Vl�p� S��

We de�ne accessibility of a point on �F as follows


De
nition ��� A shape F is accessible at a point q on �F by a ball�end milling tool T
from direction d if and only if

� the spherical eraser can touch q� i�e� q � �H��F �� and

� the tool cylinder does not intersect the shape F �

Figure 	�	 illustrates this de�nition� It can be generalized to voxels as follows


De
nition ��� A voxel v containing a part of the boundary of the shape �F is accessible
by a ball�end milling tool T from direction d if F is accessible at every point on �F 	 v
by T from direction d�
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Figure ��� F is accessible at q by T from direction d ��D example��

��� Validity of the initial B�spline model

In the conceptual design phase the initial shape geometry may be only roughly speci�ed�
We consider the approach in which� with help of a B�spline modeler� a free�form shape F
is de�ned as the volume enclosed by a set of B�spline surfaces� For this initial model we
allow the B�spline surface data to be as inaccurate as a user�selected geometric accuracy�
The surfaces may be self�intersecting or intersect each other� and parts of the surfaces
may be no part of the boundary of F � If a surface is part of the boundary� it need not
be speci�ed which side of the surface is the outside of the object� Also surfaces that are
intended to be adjacent� are allowed to be separated by narrow gaps as long as these gaps
are smaller than the user�selected geometric accuracy�

Our notion of a B�spline surface set is less restrictive than the notion of a boundary
model� A boundary model represents a solid as a union of faces� bounded by edges� which
in turn are bounded by vertices� In the general boundary model the shape of a face is
represented by a free�form surface and the shape of an edge by a 	D curve� For an extensive
description of a boundary model we refer the reader to the textbook by �Mortenson ���
��
Since a boundary representation does not support the representation of roughly speci�ed
shape geometries we selected a representation that extends the B�spline surface set with
a voxel representation�

We assume that the initial object represents a shape F by a B�spline surface set that
approximately encloses a volume within a user�speci�ed spatial accuracy d� First� we
transform the B�spline surface set into a voxel representation� We use the colors white�
grey and black to distinguish exterior� boundary and interior voxels� All voxels that
intersect one of the B�spline surfaces are colored grey� The voxels that are enclosed by
the grey voxels are colored black� The remaining voxels are colored white�

We state the following requirements on the validity of an initial free�form object�

�� The grey voxels represent one boundary� i�e� they are connected�
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�a� Initial model with overlapping B�spline sur�
faces�

�b� Voxel representation with a low resolution�

Figure ��� Initial CAD model and voxel representation for a dust buster�

�� The grey voxels enclose at least one volume� i�e� there are black voxels� Since we
allow part of the B�spline surfaces to be in the interior of an initial free�form object�
it is possible that these surfaces divide the interior in more than one volume�

	� Exactly one side of a surface should de�ne the outside of the free�form object� i�e�
only at one side of a surface the normal vectors should point outwards�

The voxel representation and the procedure to check these conditions are described in
the remainder of this section�

A 	D array of voxels is generated that encloses the shape F � Surface sampling is used
to identify the boundary voxels that contain parts of the boundary �F of F � The voxels
that are not boundary voxels are either exterior voxels or interior voxels� F encloses the
interior voxels� Figure 	�� shows an example of a voxel model of an initial CAD model�
The user�selected geometric accuracy of the physical shape model is taken as the voxel
resolution d �i�e� the voxel edge length��

We use a triple �i� j� k�� where i� j� k � ZZ� to identify a voxel ��i� ����d� �i# ����d �
��j � ����d� �j # ����d � ��k � ����d� �k # ����d �

A distinction is made between the di�erent kinds of neighbor of a voxel� Two voxels can
share either a common vertex� a common edge� or a common face as shown in Figure 	���
A line can be approximated by voxels� such that neighbors share at least one vertex�
A surface can be approximated by voxels� such that neighbors share at least one edge�
A volume can be approximated by voxels� such that neighbors share at least one face�
Thus� two voxels �i�� j�� k�� and �i�� j�� k�� are called vertex�neighbors if and only if the
absolute di�erence in three corresponding coordinates is �� Two voxels are called edge�
neighbors if and only if the absolute di�erence in two of the corresponding coordinates is
� while the di�erence in the other coordinate is �� Two voxels are called face�neighbors
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A

B

C

D

Figure ��� A and B are face neighbors
 B and C are edge neighbors and C and D are vertex
neighbors�

if and only if the absolute di�erence in one of the corresponding coordinates is � while
the di�erence in the other two coordinates is �� Two voxels are vertex�adjacent if they
are vertex�� edge� or face�neighbors� Two voxels are edge�adjacent if they are edge� or
face�neighbors� Two voxels are face�adjacent if the are face�neighbors� A face�� edge��
vertex�path from voxel v� to voxel vm is a sequence of voxels �v�� v�� � � � � vm��� vm� where
vi is adjacent to vi��� i " �� � � � � m � � according to the corresponding adjacency� Two
voxels are connected if and only if they have the same color and there is at least one path
from one to the other� where every element of the path has the same color as the given
voxels� A maximal set of face�connected voxels is a face�component� A maximal set of
edge�connected voxels is a edge�component� Note that an edge component consist of
one or more face�components� each connected by an edge�

By de�nition a voxel representation represents a valid volume if its boundary is repre�
sented by one grey edge�connected component GEC and its volume is represented by one
black face�connected component BFC� We compute these components with help of the
paint�spreading Algorithm 	�� from �Dijkstra ������ This algorithm determines� given a
voxel v� a color c and an adjacency a� the a�component containing v� and paints all voxels
of the component with the color c�

We assume that the voxels and their colors are given by a 	D array V �i� j� k�� where
i " imin � � � imax� j " jmin � � � jmax� and k " kmin � � � kmax� V �i� j� k� has as color WHITE�
GRAY or BLACK� f�i� j� k� j imin 
 i 
 imax � jmin 
 j 
 jmax� kmin 
 k 
 kmax�g is
called the raster� The raster border is the set
R " f�i� j� k� �Rj i " imin � i " imax � j " jmin � j " jmax � k " kmin � k " kmaxg�

We require that voxels on the raster boundary do not contain surface points� The
following procedure obtains a volume representation from a B�spline surface set�

�� Determine the raster sizes
Since a B�spline surface is contained in the convex hull of its control points� the
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Algorithm ��� Dijkstra�s paint�spreading algorithm
Given a voxel v� an adjacency a and a color c� Dijkstra�s paint�spreading algorithm de�
termines the a�component that contains v and paints all voxels in that component with
color c� This algorithm starts with painting v with the color c� Next the color is spread
out over the component� If a voxel is painted it is added to a list of voxels L� If the
voxel is removed from L� its paint is spread to its neighbors� Hence� L denotes the border
between the painted and unpainted part of the component� Because each voxel is colored
at most once� the running time of Dijkstra�s algorithm is linear in the number of voxels
that change color�

Initialize L 
" �v� and paint v with color c�
while L �" 
 do

Select an element e from L�
Remove e from L�
Add all a�neighbors of e to L and paint these neighbors with color c�

end while

raster sizes can be derived from the minimal and maximal x� y and z values of the
control points� such that the raster boundary does not contain surface points�

�� Initialize the raster as black

	� Sample the B�spline surfaces with a resolution d
Paint each voxel that contains a sample point grey�

�� Paint the outside voxels white
Select a voxel v on the raster boundary� Paint with Algorithm 	�� the face�component
containing v white�

�� Determine the number of GEC�s and BFC�s
Now� the volume of the B�spline model is represented by all black voxels and the
boundary of the volume is represented by all grey voxels� Next in Algorithm 	��
we apply Dijkstra�s paint spreading algorithm to count the number of grey edge
components �GEC�s� and black face components �BFC�s�� Because each voxel is
colored at most once� the running time of the algorithm is linear with the number
of voxels in the raster�

Requirement � on the validity of the initial object is satis�ed if we �nd exactly one
GEC and requirement � is satis�ed if we �nd at least one BFC� Requirement 	 is tested
as follows� The normal vectors on a B�spline surface S�u� v� are given by n�u� v� "

SIGN�u� v� �S�u�v�
�u

� �S�u�v�
�v

� where either SIGN�u� v� " �� or SIGN�u� v� " �� such

that n�u� v� points outwards� We use surface sampling to compute �S�u�v�
�u

� �S�u�v�
�v

at a
number of sample points� We implemented a robust method to obtain a su�ciently dense
set of surface points� For details about this method we refer the reader to �Vergeest�
Broek� Schierbeek � Tangelder ������ For SIGN�u� v� " � and for SIGN�u� v� " �� we
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Algorithm ��� Algorithm for counting the number of GEC�s and BFC�s
Let GECCounter denote the number of GEC�s found�
Let BFCCounter denote the number of BFC�s found�
Let V oxRep denote a copy of the voxel representation�

GECCounter 
" ��
while V oxRep contains grey voxels do

Select a grey voxel v from V oxRep�
Paint with Dijkstra�s algorithm the face�component containing v white�
GECCounter 
" GECCounter # ��

end while
BFCCounter 
" ��
while V oxRep contains black voxels do

Select a black voxel v from V oxRep�
Paint with Dijkstra�s algorithm the face�component containing v white�
BFCCounter 
" BFCCounter # ��

end while

compute the number of normal vectors pointing towards a white voxel� If both numbers
are more than zero� requirement 	 is violated� because at both sides of the surface normal
vectors that point outwards are found�

In the next section our method to determine accessibility is described�

��� Method to determine accessibility

In this section we assume that a B�spline surface set F of an initial model of a shape F
is given� Furthermore� we assume that a valid voxel representation with a user de�ned
resolution d of F has been obtained with the method that has been described in the
previous section� In this section we present a method to compute for each voxel its global
voxel accessibility map� and we describe an algorithm to extract a limited number of tool
access directions from these maps to sculpture the shape F � The method consists of the
steps below� Step �� 	 and � will be described in a subsection in more detail� To obtain
precise results a much smaller sample distance is used than for the validation method of
the previous section� Therefore� it is also necessary to compute the boundary� interior
and exterior voxels again�

�� Apply surface sampling with a sample distance d� � d to determine the boundary
voxels and to compute at each boundary voxel v� an approximate local V�map V �

l �v�
and an approximate light map L��v�� Let F � denote the obtained voxel representa�
tion of the shape F � Use a tessellation of the unit sphere as described in Section 	����
to record these maps� Also record at each boundary voxel v the maximal curvature
and maintain an index to the surface from which v contains sample points� Set
this index to null if v contains sample points from more than one surface� Recall
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from Section 	���� that a boundary voxel v is considered to be inaccessible if the
curvature is too large or if it contains more than one surface�

�� Determine the interior� boundary and exterior voxels with Algorithm 	���

	� Compute for each voxel v� the approximate global visibility map V �
g�v� using the

approximate local visibility map V �
l �v� and the approximate light maps L��w� for

all boundary voxels w �" v�

�� Transform for each voxel� its approximate global visibility maps to an approximate
map containing global tool access directions�

����� Applying surface sampling to store the local V�maps and

light maps using a tessellation of the unit sphere

In �Gan ����� it is proposed to derive the local V�map of a surface from the Gaussian map
�G�map�� which is a map of the surface normals on the unit sphere U � The local V�map
can be constructed by the intersection of hemispheres� each having as its pole a point on
the G�map� This V�map can be computed as a subset of U in time O�n log n�� where n is
the number of normals on the spherical convex hull of the G�map �Gan ����� Woo ������
First a surface is sampled and its G�map is built� next its V�map is built from the G�map�
�nally its G�map can be deleted�

Because we build a V�map per voxel� it would be necessary to store a G�map per voxel�
To avoid storing the G�maps we integrate surface sampling with building the V�maps�
This is possible if we represent V�maps and light maps as subsets of a set N containing
a �nite number of unit vectors from U following the scheme presented below� Let �V� T �
denote a tessellation of U � where V � U is a set of vertices and T is a set of tessels� A
tessel �v��v��v�� is a triangular surface patch on U between the vertices v�� v� and v��
Let N " fn � U j ��v��v��v�� � T 
 n�v� � v� � n�v� � v�g� Hence� N is a �nite
subset of U � that contains per tessel exactly one vector� This vector points outwards the
unit sphere and is perpendicular to the triangle �v�v�v��

When a sphere is tessellated� ideally we would like the tessels to be symmetrical� be
identical in shape� and possess equal areas� Such a tessellation can only be obtained with
help of one of the �ve Platonic polyhedra �Pugh ��
��� The icosahedron �see Figure 	��
left� is the Platonic polyhedron with the maximal number of identical faces� It contains
�� triangular faces� In order to obtain smaller cell resolutions with triangular tessels that
are approximately equal in area and shape� q�frequency polyhedra can be generated using
the �alternate method� �see e�g� �Pugh ��
���� The �alternate method� divides each face
of the icosahedron in q� triangular faces by lines running parallel to the original edges
of the triangles� Each triangle �v�v�v� of the q�frequency icosahedron is projected on
the unit sphere to the tessel between v��jv�j� v��jv�j and v��jv�j� where jvj denotes the
length of the vector v� Hence� we obtain a �nite set N � U containing ��q� vectors which
are almost uniformly distributed on the unit sphere� �Chen � Kak ����� have described
and applied this method in the development and implementation of a robot vision system
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Figure ��� Three tessellations of the unit sphere obtained with an icosahedron �left�
 a
two�frequency icosahedron �middle� and a four�frequency icosahedron �right��

for recognizing 	D objects� Figure 	�� shows a one�� two� and four�frequency icosahedron
tessellation of the unit sphere� Given a vector n � U � the tessel that contains n can be
determined in O��� running time��

We approximate local V�maps and light maps of voxels v and hemispheres of tessels t
by subsets V �

l �v�� L��v� and H ��t� of N � For each vertex v � V we compute the hemisphere
with pole v as a subset of N by H ��v� " fp � N j p � v � �g� where ��� denotes the dot
product�

For each tessel t " �v��v��v�� we approximate its visibility hemisphere by H �
V �t�

de�ned as

H �

V �t� " H ��v�� 	H
��v�� 	H

��v��

and its light hemisphere by H �
L�t� de�ned as

H �

L�t� " H ��v�� �H
��v�� �H

��v���

Note that the sets H �
V �t� and H �

L�t� can be preprocessed�
The local visibility map of a voxel v should only contain vectors for which the boundary

of a voxel v is completely visible� Since these voxel visibility maps are obtained as the
intersection of a number of approximate visibility hemispheres� we require that for a tessel
t and a vector n � t� H �

V �t� is a subset of its local visibility map H ��n�� This property is
proved in the following lemma�

Lemma ��� Let t " �v��v��v�� denote a tessel� Let n � t� Then H �
V �t� � H ��n��

Proof� Let wn " �n with � � � denote the point at which �v�v�v� and �n intersect�
Since wn is contained in the triangle with vertices v�� v� and v� we can write
wn " �v� # 	v� # 
v�� where �� 	� 
 � �� � # 	 # 
 " ��
Hence� n " ���v� # 	��v� # 
��v�� Therefore�

H ��n� " fp � N j p � n � �g

" fp � N j ���p � v� # 	��p � v� # 
��p � v� � �g�

�See �van den Belt � Tangelder 	���a��
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From
p � H �

V �t� " H ��v�� 	H
��v�� 	H

��v��

follows
p � v� � � � p � v� � � � p � v� � ��

Hence� ���p � v� # 	��p � v� # 
��p � v� � � and p � H ��n��
End of proof

The local light map of a voxel v should contain vectors for which part of the boundary
of a voxel v is visible� Since these voxel light maps are obtained as the union of a number
of approximate light hemispheres� we require that for a tessel t and the vector n � t� H �

L�t�
is a superset of its local visibility map H ��n�� This property is proved in the following
lemma�

Lemma ��� Let t " �v��v��v�� denote a tessel� Let n � t� Then H �
L�t� � H ��n��

Proof� Let p � H ��n�� In the proof of lemma 	�� we have shown that there exists
�� 	� 
 � � and � � � such that

n " ���v� # 	��v� # 
��v��

From p � H ��n� follows

���p � v� # 	��p � v� # 
��p � v� � ��

Therefore�
p � v� � � � p � v� � � � p � v� � �

holds� Hence� p � H ��v�� �H
��v�� �H

��v�� " H �
L�t��

End of proof

The approximate local V�maps V �
l �v� and the approximate light maps L��v� are com�

puted as follows


� Initialize for each voxel v� V �
l �v� with N and L��v� with 
�

� Perform surface sampling with sample distance d� � d� For each sample point
determine the voxel v containing it� Determine the normal n at the sample point
as described at the end of this subsection and the tessel t whose patch contains n�
Intersect V �

l �v� with HV �t� and unify L��v� with HL�t�� If v contains sample points
from only one surface then record an identi�er of this surface� If v contains sample
points from multiple surfaces then set the identi�er to null� Also record at each
voxel v the maximal curvature� which is computed as described at the end of this
subsection�
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Note that with this scheme subsets of N � like visibility maps� light maps and hemi�
spheres� can be implemented by variables that require k bits storage� where k " jN j� For
N " fn��n�� � � �nkg� the ith bit of such a variable indicates whether the subset contains
ni� Intersection and union can be implemented with the bitwise AND operation and the
bitwise OR operation� respectively� Hence� this step has O�kn� running time� where n is
the number of sampled points�

Computation of normal vectors and curvature

The surfaces are sampled and the sample points are stored in a �D array p�i� j�� From
these sample points we derive the partial u�� v�� uu�� uv� and vv�derivative at p�i� j�� The
normal vector is computed as the cross�product of the u� and v�derivative value at p�i� j��
The partial u�� v�� uu�� uv� and vv�derivatives values at p�i� j� are used to compute the
maximal surface curvature at p�i� j� with the method described by �Boehm ������ Since
for some situations partial derivatives computed analytically are vanishing� we prefer this
geometrical approach above an analytical approach�

����� Obtain the global V�maps

The algorithm to obtain for each voxel v its global visibility map Vg�v� is based upon the
following observation�

Observation ��� Let n " �q � p��jq � pj be a ray that leaves the voxel representation
of the shape F � at a point p � v and intersects F � again at a point q � w� where v and w
denote boundary voxels� Then n � Vl�v� and �n � L�w��

Given k directions and a voxel resolution d� Algorithm 	�	 obtains an approximate
global V�map V �

g�v� for all boundary voxels v� In this algorithm a beam of rays starting
at v with directions n is used to denote the set of half lines starting in the voxel v and
leaving v in the direction of n� The running time is O�km�m��� where m� is the number
of boundary voxels of F � and m� is the average number of voxels intersected by a beam
of rays� Figure 	�
 illustrates this algorithm�

����� Obtain a voxel map containing tool access directions

Let the milling tool T be positioned with access direction n� Let �Tn denote the boundary
of the spherical eraser outside the tool cylinder� Hence� �Tn is a hemisphere with pole
��n� If T is positioned anywhere such that �Tn intersects a voxel v� it may intersect
also other voxels� Let En�v� be the set consisting of the voxel v and all the other voxels
that �Tn may intersect� If d � ��� where d denotes the user de�ned voxel resolution and
� the tool radius� then En�v� consists of the voxels that share at least a vertex with v�
Selecting an appropriate value for d o�ers a trade�o� between the cubic growth in storage
against the accuracy of the tool access computations�

Algorithm 	�� computes for each boundary voxel v an accessibility map A��v� containing
suitable tool access directions� This algorithm has O�km�� running time� where m� is
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Algorithm ��� Algorithm to compute global accessibility of the boundary voxels
for all boundary voxels v do
V �
g�v�
"V �

l �v��
for all directions n � V �

g�v� do
compute the beam b of rays starting at v with direction n�
for all voxel w intersected by b do
if w is an interior voxel or w is a boundary voxel with �n � L��w� then
V �
g�v� 
" V �

g�v��fng�
end if

end for
end for

end for
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Figure ��	 Obtaining the global V�maps� The local visibility map of v contains normal
vectors n�
 n� and n�� The light map of w� contains �n�� The beam of rays c� with direction
n� intersects w�� Hence
 n� is deleted from the global visibility map of v� The light maps
of w�
 w�
 w� and w	 do not contain �n�� Although the beam of rays c� with direction n�
intersects these voxels
 n� is not deleted from the global visibility map of v�

the number of boundary voxels� Figure 	�� illustrates cases for which the algorithm
decides that F is locally inaccessible� i�e� at least one boundary voxel with an empty
accessibility map will be found� Since the algorithm does not distinguish convex from
concave surface intersections� it is always assumed that a voxel v is not accessible with
direction n� if En�v� contains more than one surface� Figure 	�� illustrates a violation
�concave surface intersection at a voxel v� of accessibility condition �� and a case �convex
surface intersection at a voxel v� that does not violate this condition� But in the latter
case the algorithm decides that F is locally inaccessible�
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Algorithm ��� Algorithm to compute the accessibility maps of the boundary voxels

Initialize for each boundary voxel v of F �� A��v� with 
� For each boundary voxel v of F �

and for each direction n � V �
g�v� check the following three conditions


�� All approximated global visibility maps of the voxels in En�v� contain n� i�e�

n �
�

w�En�v�

V �

g�w��

�� The maximal surface curvature does not exceed ��� at En�v��

	� En�v� contains only one surface�

Add n to A��v�� if these conditions are met�

A2

A

B

B

B
1

Figure ��
 If accessibility condition � �location A� and A�� or accessibility condition �
�location B� of Section 	���� is violated
 it is assumed that F is not accessible at these
locations�

����� Selecting a limited number of tool access directions

Let VA denote the set of boundary voxels with accessibility maps that contain at least one
tool access direction� Let DA denote the directions contained by any of the voxels from
VA� Our goal is to select a limited number of tool access directions from DA with which
all voxels from VA can be accessed�

Selecting a minimal number NA of tool access directions is NP�hard �Tang et al� �����
Chen et al� ���	�� NA can be found by testing VA�s accessibility for all subsets from DA

with n elements� This exhaustive search process would be started with n " � and halted
if a subset of n directions is found with which all voxels of VA are accessible� In this case a
minimal set of tool access directions is found� Otherwise n is increased with one and the
process is repeated until a set of directions is found with which VA is accessible and NA
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Figure ��� The visibility map of a voxel cannot distinguish convex from concave surface
intersections
 because this map contains only the directions with which the surfaces in that
voxel are visible�

is set to n� Hence� for large values of NA� it is impossible to compute a minimal number
of tool access directions within a reasonable running time�

Therefore� we implement an algorithm that �rst tries to determine the minimal number
of tool access directions NA by exhaustive search until n " nmax� where nmax denotes a
small number� If all sets containing nmax tool directions have been generated without
�nding a set of directions with which VA is accessible� then as an intermediate result the
set with which the largest number of voxels from VA can be accessed� is selected� This set
is extended using the �greedy� approach from �Tang et al� ����� Chen et al� ���	� Janardan
� Woo ���
� to approximate the minimal number of set�ups within a logarithmic factor�
The direction that extends the accessible part of VA with the maximum number of voxels
is selected� This process is repeated until all voxels from VA are accessible�

In the implementation of our sculpturing method the computing time as well as the
machining time grows with the number of tool access directions� Therefore� we o�er
the user a trade�o� between the accessibility of the boundary voxels and the number of
selected tool access directions� If the user speci�es a percentage of the voxels from VA�
that should be at least accessible� less tool access directions are selected�

��� Extending tool access directions to tool access

orientations

To apply machining with a �xed tool orientation as described in Chapter � each tool
direction has to be extended to a tool orientation� This can be done as follows� In
Chapter � we have attached to the tool holder a coordinate system� such that the tool
axis coincides with the z�axis of that coordinate system� The x�axis and the y�axis of
this coordinate system still can rotate around the z�axis� To obtain a �xed orientation a
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twist angle around the z�axis has to be selected that speci�es the rotation of the x�axis
and the y�axis around the z�axis� Each of the computed tool access directions has to be
extended to a tool access orientation in this way� taking into account the limitations of
the device to position the tool holder� E�g� in ��axis milling there exists only one way to
extend these tool access direction� because the tool can be positioned only with � degrees
of freedom� If in ��axis milling no constraints have to be taken into account� then a tool
orientation can be selected such that the accessibility of the CAD shape model is optimal�
Chapter � contains a description of the extension of the tool access directions taken into
account the limitations of our Sculpturing Robot system�

��	 Conclusions

We have presented a method to extract a limited number of tool access orientations from
the shape F of an initial free�form object� First� F �s shape� given by a set of B�spline
surfaces� is transformed into a voxel map� We allow that the B�spline surface data are as
inaccurate as the user�speci�ed geometric accuracy of the initial free�form object� Each
voxel is classi�ed either as an exterior� boundary or interior voxel� Next� at each boundary
voxel v a number of global tool access directions to access �F 	 v is computed� From
these tool access directions a limited number of tool access directions are extracted� with
which all boundary voxels can be accessed� Finally� each of these tool access directions is
extended to a tool access orientation�

The face octrees described in �Brunet� Navazo � Vinacua ���	� may provide a good
alternative to represent the spatial coherence of B�spline surfaces in an explicit way�
because the size of the face nodes is based on the local surface curvature� With this data
structure also concave and convex surface intersections can be distinguished�

Another alternative may be provided by converting initial shape models� that are
roughly speci�ed by a B�spline surface geometry� into a voxel map with a relatively low
resolution� For each voxel v from this voxel map a normal vector can be estimated from
the geometry of v and the voxels in its neighborhood as described in �Yagel� Cohen �
Kaufman ������ Because the number of voxels is larger than with our scheme� computing
a global V�map from the local V�map would though require more computing time�



�
Description of sculpturing using spatial

planning and Minkowski operations

Path planning for sculpturing a shape involves the description of the erosion of a stock of
material by the milling tool� During this process we must avoid interference between the
tool holder and the stock� and between the tool and the shape model to be obtained� We
show in this chapter� that for a �xed tool orientation� spatial planning and Minkowski
operations can be applied to state the sculpturing problem� and to describe� implement
and compare NC machining methods� In spatial planning an object is placed or moved
among one or more obstacles without interfering them� The object is shrunk to a point
o and the obstacles are dilated with the object� The dilated obstacles then represent
the forbidden region as the complement of the free space in which o can be positioned�
Interference avoidance for NC machining involves both a tool holder spatial planning
problem and a tool spatial planning problem� In the case of the tool holder spatial
planning problem� the tool holder is the object and the stock is the single obstacle� In
the case of the tool spatial planning problem� the tool is the object and the shape to be
obtained is the single obstacle� In both cases the tool holder and the tool are shrunk to
the same point o� Then the forbidden region for positioning o is the union of the dilated
stock and the dilated model and the tool path is extracted from the boundary between
the forbidden region and the free space�

In the �rst part of this chapter we give an overview of related work� we formally
describe Minkowski operations on sets and spatial planning� and we describe sculpturing
using Minkowski operations on sets� In the second part of this chapter we apply the
Minkowski formalism to machining methods based on height grid maps� To this end
we formally describe Minkowski operations on these height grid maps� Next� we use
Minkowski operations on these height grid maps to describe interference�free machining
strategies�

��



�� � Description of sculpturing using spatial planning and Minkowski operations

��� Previous work

Researchers in the �eld of mathematical morphology� e�g� �Serra ����� Giardina �
Dougherty ������ have studied the Minkowski addition and subtraction extensively� In
this �eld� image�processing operations are de�ned by the Minkowski addition and subtrac�
tion as dilations and erosions of sets in ��dimensional space� respectively� Although math�
ematical morphology has initially been applied to digital image processing� the Minkowski
addition and subtraction are de�ned generally for n�dimensional space� Therefore� with
the Minkowski operations also volume processing can be described� For example� �Menon�
Marisa � Zagajac ����� describe blending of solids by using Minkowski operations�
Minkowski operations have also been applied in spatial planning to compute the free
space for placing an object amidst a set of obstacles �see e�g� the paper by �Lozano�P�erez
���	�� that by �Ghosh ����� or the book by Latombe �Latombe ������� The object� which
is modelled as a subset of an n�dimensional space� is allowed to translate freely without
rotation� A reference point is attached to the object� The region in which the reference
point can move without interference with one of the obstacles is called the free space� If
the obstacles are dilated by the object and the object is shrunk to its reference point�
the free space consists of the points for which the shrunken object does not intersect the
dilated objects� i�e� the complement of the union of the dilated obstacles constitutes the
free space� �Jonker � Vermeij ����� apply Minkowski operations to real�time robot path
planning using a massively parallel implementation�

A lot of machining methods employ grid maps �often called Z�maps� as the data struc�
ture to represent shapes� These methods are based on discretizing a planar area� say
a region in the plane perpendicular to the tool approach orientation� into a regular �D
array of squares� called grid elements� One grid map is used to record a height �eld of
the model surface by storing one height value per grid element� Other grid maps are
used to store height �elds of the stock� the tool and the tool holder� From these height
�elds� tool paths can be computed� The simplicity of grid methods is very appealing but
the major de�ciency of this approach is the low accuracy that can be expected� A grid
of size ��	 � ��	 can yield an accuracy of ��� mm in a � m � � m machining working
space� However� this example requires ��
 cells� a large amount of memory space even
for top�of�the�line computing systems� This accuracy is not su�cient for high�precision
metal cutting� but su�cient for fast milling of foam shape models�

Each of the following authors describes aspects of the relation between NC machin�
ing� image�processing and Minkowski operations� As far as we know no NC machining
strategies that avoid tool interference as well as tool holder interference using Minkowski
operations� have been described� �Saito � Takahashi ����� focus on the generation of
NC machining paths using image�processing operations� but they do not use Minkowski
operations to describe their NC tool path generation algorithm� �Veps�al�ainen ����� de�
scribes in a short paper tool interference avoidance for NC machining� He discusses the
principle of describing image�processing operations for NC tool path generation� however
he does not describe machining strategies and does not discuss tool holder interference�
�Kaul ����� provides a survey of applications of the Minkowski addition� For the NC
tool interference problem he generates the tool path from the free space boundary� which
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is computed by the Minkowski addition of the surface to be machined and a sphere�
that models the ball�end of a milling tool� �Head� Kedem � Prisant ����� describe a
Minkowski procedure to compute a molecular contact surface via one Minkowski addition
and one Minkowski subtraction� �Menon et al� ����� describe algorithms and a ray�rep
representation with which the Minkowski addition and subtraction can be implemented
e�ciently for volume processing operations like blending solids�

In a recent paper �Choi� Kim � Jerard ���
� propose a formal approach to 	�axis NC
tool path generation� Taking into account tool interference they distinguish the following
three disjoint spaces and the two boundaries between these spaces as con�guration�space
elements


� A free space in which the tool reference point is positioned such that the tool does
not interfere with the stock�

� A machining space in which the tool reference point is positioned such that the tool
interferes with the stock but does not interfere with the shape to be sculptured�

� A gouging space in which the tool reference point is positioned such that tool inter�
feres with the shape to be sculptured�

� The boundary between the free space and the machining space�

� The boundary between the machining space and the gouging space�

From a given con�guration a speci�c pattern of machining operations can be derived
and a number of these patterns are employed to machine a shape� �Choi et al� ���
�
recommend future research on the mathematical foundation of their approach and on its
implementation by a grid map data structure� Minkowski operations are not mentioned
in their paper� In the remainder of this chapter we show that Minkowski operations
provide a mathematical foundation to specify the sculpturing problem and to describe
NC machining methods using grid maps�

��� Mathematical background

����� Minkowski operations

We have found in the literature several conventions to de�ne Minkowski operations� Chap�
ter 
 of the book by �Ritter � Wilson ����� provides a short introduction to Minkowski
operations and lists a number of conventions used in the literature� We adopt the conven�
tion used by �Serra ����� for the de�nition of the Minkowski addition and subtraction�
Our de�nition of dilation and erosion follows �Kaul ����� instead of �Serra ������ because
Kaul�s de�nitions are more appropriate for describing machining�

The Minkowski addition of two sets A and B� each consisting of vectors in IRn� the
Euclidean space of dimension n� is constructed by translating A by each element of B and
taking the union of all the resulting translates� as illustrated in Figure ���� Intuitively�
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A B

A

B o

Figure ��� The Minkowski addition A�B is constructed by translating A by each element
of B and taking the union of all the resulting translates� The triangles denote translates of
the vertices of A�

the Minkowski addition can be considered as a dilation process where one set is expanded
by the other� In more formal terms� the Minkowski addition is de�ned as

A� B " �b�B A # b�

where A# b " fa# b j a � Ag denotes a translation of A by a vector b� The Minkowski
addition is commutative� i�e�

A�B " B � A�

The Minkowski subtraction of two sets A and B is constructed by translating A by each
element of B and taking the intersection of all the resulting translates as illustrated in
Figure ���� Intuitively� the Minkowski subtraction can be considered as an erosion process
where one set is eroded by the other� In more formal terms� the Minkowski subtraction
is de�ned as

A� B " 	b�B A # b�

The Minkowski addition and subtraction are dual operations� i�e� dilating �eroding�
a set A by a set B is equivalent with eroding �dilating� its complement Ac by B� where
Ac " IRnnA� In more formal terms�

A�B " �Ac �B�c

and
A� B " �Ac � B�c�

If B models a milling tool� in our convention the erosion of A by B� i�e� A � B is the
volume that is left of A after the origin of the coordinate system� in which B is de�ned�
has been positioned everywhere outside A� �In mathematical morphology the erosion with
a volume B corresponds with shape removal by �B� which is not an appropriate model
for machining��

Next� we use the Minkowski operations to de�ne the spatial planning problem�
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Figure ��� The Minkowski subtraction A�B is constructed by translating A by each element
of B and taking the intersection of all the resulting translates�

����� Spatial planning

Below� we give a short description of the spatial planning problem� For an introduction on
spatial planning we refer the reader to �Lozano�P�erez ���	� Ghosh ����� Latombe ������

Let an object be given as a subset V of an n�dimensional space IRn� Let one or more
obstacles be given as a subset O of IRn� Assume that a Cartesian coordinate system V is
attached to V and a Cartesian coordinate system O is attached to O� The origin of V is
a reference point for the object V � Assume that V is a free�translating object in O� i�e�
V can translate but cannot rotate in O� Furthermore� assume that the orientations of the
x� y and z�axes of O are identical to those of V�

O interferes with V � if and only if the origin of V is positioned at a point p for which
O interferes with V # p� Hence� the forbidden region for position the origin of V is

fp j O 	 �V # p� �" 
g

" fp j � o � O�v � V 
 o " v # pg

" fo� v j o � O � v � V g

" O � ��V �

Hence� O���V � is the forbidden region and �O���V ��c the free space for positioning
the origin of V relative to O �see also Figure ��	��

��� Description of the sculpturing problem

In this section we describe the sculpturing process� the computation of the free space
for positioning the tool� accounting for tool interference and tool holder interference�
and the computation of the stock�in�progress� that would be left if the tool is positioned
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Figure ��� V and O intersect
 if o � O � ��V ��

everywhere in the free space� Note that in our approach the free space includes the
machining space described by �Choi et al� ���
�� An NC machining process obtains a
shape model R of a shape F � which is given as a solid model� by removing material from
an initial stock that encloses F � Grid height methods are often applied for rough NC
machining as described by You and Chu �You � Chu ������ Requirement 
 from Chapter
� states that each milling process must be performed in such a way that a subsequent�
more accurate machining process can be made� Therefore� we require that the tool never
penetrates F during machining� although we allow that the tool touches the boundary
of F � So� R will enclose the interior of F � Hence� interference between the tool and the
interior of F is not allowed� The stock S is a volume that shrinks from the initial stock to
the shape model R due to the milling tool T � Also we require that the tool holder never
collides with the stock�in�progress during machining� We allow the tool holder to touch
the boundary of S� but interference between the tool holder and the interior of S is not
allowed�

Suppose that� in a particular process� the tool path follows the boundary of the free
space� If the tool reference point o is positioned on this boundary� the tool might touch
F � i�e� it can intersect the boundary �F of the free�form shape F � but it cannot intersect
the interior F o of F � Also the tool holder H can intersect the stock boundary �S� but it
cannot intersect its interior So�

Typically� an NC machining process consists of a number of stages� At each stage a
milling path is generated which consists of one or more movements of the milling tool to
shrink the stock�in�progress� One machining stage can be described as follows�

� Compute the forbidden space for positioning the milling tool�

� Generate a milling path outside the forbidden space�

� Update the stock�in�progress�
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Below we describe interference�free NC machining as a spatial planning problem con�
sisting of a tool interference avoidance problem and a tool holder interference avoidance
problem� These two problems can be solved separately� because the forbidden region for
positioning the milling tool is obtained as the union of the forbidden regions of both
interference avoidance problems�

Problem ��� Interference avoidance for NC machining
Let a shape F and a stock�in�progress S be given in the same Cartesian coordinate system
S� Let the tool T and its tool holder H be given in the Cartesian coordinate system T �
Assume that the tool reference point of T coincides with the origin o of T � Assume that
T � H is a free�translating object in S� i�e� T can translate but T cannot rotate in S�
Further� assume that the orientations of the x� y and z�axes of S are identical to those of
T � Compute the forbidden region D for positioning the milling tool� such that both tool
interference and tool holder interference are avoided�

The tool interference avoidance problem is now a spatial planning problem� where the
tool T is the object that cannot intersect the interior F o of the shape F � which is the single
obstacle� The tool holder interference avoidance problem is a similar spatial planning
problem� where the tool holder H is the object that cannot intersect the interior So of the
stock�in�progress S� which is the single obstacle� Positioning the origin o of T at a point
p in S is allowed if and only if p is outside the union of the forbidden regions of both
interference avoidance problems� The forbidden region for the tool interference problem is
F o���T � and the forbidden region for the tool holder interference problem is So���H��
Hence� the forbidden region D for positioning the milling tool is �F o���T ����So���H��
and Dc is the free space�

In general� less material will be removed if the origin o of T follows some �nite milling
path outside the forbidden region instead of being positioned everywhere outside the
forbidden region� which is impossible in practice� However� we will show later in this
chapter that for representations based on grid maps the following assumption is valid�

Assumption ��� The free space boundary contains a machining path with �nite length
for positioning the origin o of T that removes the same material as would have been
removed if o is positioned everywhere outside the forbidden region�

Next� we describe updating the stock�in�progress S as a volume removal problem�

Problem ��� Assume that the origin o of T is positioned at every point p inside the free
space Dc� Determine the volume that will be left in the stock�in�progress S�

The volume swept by T is

�p�Dc T # p " T �Dc " Dc � T�

The volume not swept by T is �Dc�T �c " D�T � Hence� S 	 �D�T � is left of the stock�
in�progress S� If no tool holder collision avoidance is necessary� i�e� if �So � ��H�� �
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Figure ��� First step of the milling process
 where P� is the boundary of D� " �F o���T ���
�So

� � ��H�� and S� " S� 	 �D� � T ��

�F o� ��T ��� then �F o� ��T ���T will be obtained by the milling process� In the �eld of
mathematical morphology �F o� ��T ���T denotes the closing of F o with the structuring
element �T � i�e� the closing of F o is obtained by �rst dilating F o with �T and then
eroding the result with �T � using A� ��B� instead of A� B to denote the erosion of a
set A by a structuring element B�

The theory presented above� can be applied straightforwardly to generate interference�
free tool paths iteratively� such that per iteration a milling path in the free space boundary
is generated and the stock�in�progress is updated� This is expressed by Algorithm ����

Algorithm ��� Free space boundary algorithm
Let S� � F denote the initial stock�in�progress� Let Sk denote the stock�in�progress before
machining stage k� Let Dk denote the forbidden region for positioning the milling tool in
machining stage k� Let R denote the shape to be obtained by the milling process� Let n
denote the number of milling stages�

k 
" ��
repeat
Dk 
" �F o � ��T �� � �So

k � ��H���
Generate a �nite machining path Pk in the free space boundary Dc

k for positioning
o of T that removes the same material as would have been removed if o of T is
positioned everywhere outside Dk�
Sk�� 
" Sk 	 �Dk � T ��
k 
" k # ��

until �Sk�� " Sk�
n 
" k � �� R 
" Sn� D 
" Dn�

Figure ��� illustrates the �rst step of this algorithm�
Algorithm ��� generates machining paths that follow the free�space boundary repeat�
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edly� Hence� as much material as possible is removed� In NC machining often paths are
generated that remove material slice by slice� Next� we present an algorithm that extracts
from the �nal free space boundary �Dc paths for machining in a sliced fashion� In the
description of the algorithm we restrict ourselves to cutting tools that consist of a cylin�
drical part and a rotation�symmetric part� In the case of a ball�end tool the remaining
part is a hemisphere with the same radius as the cylindrical part and in the case of a
�at�end tool the remaining part is empty�

We assume that the tool consists of a cylindrical part with height hc and a rotation�
symmetric remaining part with height hr� Without loss of generality� let the tool direction
be in the �z direction and the tooltip be positioned at the origin o of T as indicated in
Figure ���� Further we assume that T rotates around the z�axis of T � Let the boundary
of the forbidden region be given as a height function d� with domain Dxy " f�x� y� j �z 

�x� y� z� � Dg such that for all �x� y� � Dxy it holds that d�x� y� " supfz j �x� y� z� �
Dg� Then with Algorithm ��� machining paths� that remove material from the stock�in�
progress slice by slice� are computed�

Algorithm ��� Algorithm to compute the milling paths slice by slice
Compute D with Algorithm ����
smax
" the maximal height of S��
smin
" the minimal height of S��
to 
" smax� from 
" to� hc�
l 
" d�smax � �smin # hr���hc�e�
for k 
" � to l do

�$ S and R are identical for z � to $�
�$ Obtain the �nal result between from and to $�
Generate a machining path Pk that follows
f�x� y� z� j �x� y� � Dxy � d�x� y� � to � z " max�from� hr� d�x� y��g�
�$ S and R are identical for z � from $��
to 
" from� from 
" to� hc�

end for

Each machining path Pk removes a slice of material by partially following a plane
parallel to the xy�plane at height from � hr and by partially following the free space
boundary between from and to� If the kth slice is being machined� the stock�in�progress
S is always identical to R above the height to and upon completion of milling this slice�
S is identical to R above the height from� Since the tool holder H can hit S only above
the kth slice� where S is identical with R� interference between S and H is avoided if the
machining path follows or is above the free space boundary �Dc�

Next we de�ne Minkowski operations on grid maps and we describe the implementation
of the two interference�free NC machining algorithms using grid maps�



�� � Description of sculpturing using spatial planning and Minkowski operations

��� Minkowski operations on numerical functions

In grey�scale morphology �Giardina � Dougherty ����� Serra ����� the de�nitions of
Minkowski operations on sets are modi�ed to real�valued functions de�ned on �nite subsets
of IRn� the Euclidean space of dimension n� and on ZZn� the Euclidean grid of dimension
n� These functions are called numerical functions� We will use numerical functions as a
formalism to describe grid height �elds� Using numerical functions on ZZ� and Minkowski
operations we will describe the implementation of the two machining algorithms that we
have presented�

Let Df � IR� denote the domain of the function f � Let the translation of f by a point
�s� t� be denoted by fs�t� fs�t is de�ned as

Dfs�t " f�x� y� j �x� s� y � t� � Dfg

and for all �x� y� � Dfs�t

fs�t�x� y� " f�x� s� y � t��

Given a set S� the re�ected set %S " f�x� y��z� j �x� y� z� � Sg is symmetrical to S
with respect to the xy�plane�

The maximum of a �nite collection F of numerical functions is de�ned on
S
f�F Df by

MAX�F ��x� y� " maxff�x� y� j f � F � �x� y� � Dfg�
The minimum of a �nite collection F of numerical functions is de�ned on

T
f�F Df by

MIN�F ��x� y� " minff�x� y� j f � Fg�
The volume represented by a numerical function f on IR� is called its umbra U�f��

This is the set of all points that lie below f � i�e�

U�f� " f�x� y� z� j �x� y� � Df � z 
 f�x� y�g�

In mathematical morphology the Minkowski addition f � g of two numerical functions f
and g on IR� is de�ned as a dilation of f with g such that U�f � g� " U�f�� U�g�� i�e�

Df�g " Df �Dg

and for all �x� y� � Df�g

�f � g��x� y� " sup
�s�t��Dg

ffs�t�x� y� # g�s� t�g�

Similarly� the Minkowski subtraction f � g of two numerical functions is de�ned as an
erosion of f with g such that U�f � g� " U�f�� %U�g�� i�e�

Df�g " Df �Dg

and for all �x� y� � Df�g

�f � g��x� y� " inf
�s�t��Dg

ffs�t�x� y�� g�s� t�g�
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Note that for numerical functions on ZZ� with �nite domains� sup and inf are identical
to max and min� respectively�

Given two numerical function f and g on ZZ� with �nite domains containing m and
n elements� respectively� f � g can be computed straightforwardly in O�mn� time� Also
f � g can be computed straightforwardly in O�mn� time� In the �eld of mathematical
morphology there have been a number of publications �Young� Peverini� Verbeek � van
Otterloo ����� van Vliet � Verwer ����� Vincent ����� that present much faster algorithms
based on contour processing to compute the Minkowski addition and subtraction�

Given a grid size d� we associate with a numerical function f on ZZ� a height map as
follows� Let the mapping M from numerical functions on ZZ� to numerical functions on
IR� be given by

M�f��x� y� " f�bx�dc� by�dc��

where DM�f� "

f�x� y� � IR� j � �i� j� � Df 
 id 
 x � �i # ��d � jd 
 y � �j # ��dg�

With a numerical function f on ZZ� the volume U�M�f�� is associated�
Now f represents the boundary of the volume U�M�f�� as a height �eld� We will

use numerical functions to represent the stock�in�progress� the shape to be machined� the
boundary of the forbidden region� the tool and the tool holder� We need a representation
for the volume swept as well as for the volume left by the numerical function representing
the tool� Also� we need a representation for the volume swept by the numerical func�
tion representing the tool holder� The following property describes the volume swept by
U�M�g�� and the volume left by %U�M�g�� for a numerical function g on ZZ� if the origin
of its coordinate system follows the boundary M�f� of another numerical function f on
ZZ� in another coordinate system�

Property ��� Let the numerical function f and g be given on ZZ� in the Cartesian
coordinate systems S and T � respectively� Let Swept�g� " MAX�g� g���� g���� g�����
Then�

M�f��M�g� " M�f � Swept�g��

and
M�f��M�g� " M�f � Swept�g���

Proof� From the de�nition of the Minkowski addition follows

U�M�f��M�g�� " U�M�f��� U�M�g���

If the origin o of T sweeps the square between ��� �� ��� �d� �� ��� ��� d� �� and �d� d� �� in
S� then the volume swept by U�M�g�� is U�M�Swept�g���� If o is positioned everywhere
at the boundary of �M�f�� then the volume swept by U�M�g�� is U�M�f � Swept�g����
The same volume is swept if o is positioned everywhere at U�M�f�� instead� Hence�

U�M�f��� U�M�g�� " U�M�f � Swept�g����
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From

U�M�f��M�g�� " U�M�f��� U�M�g�� " U�M�f � Swept�g���

follows

M�f��M�g� " M�f � Swept�g���

From the de�nition of the Minkowski subtraction follows

U�M�f��M�g�� " U�M�f��� %U�M�g���

If the origin o of T sweeps the square between ��� �� ��� �d� �� ��� ��� d� �� and �d� d� �� in S�
then the volume swept by � %U�M�g�� is � %U�M�Swept�g���� If o is positioned everywhere
at the boundary of M�f� then U�M�f � Swept�g��� is not swept by %U�M�g��� Hence�

U�M�f��� %U�M�g�� " U�M�f � Swept�g����

From

U�M�f��M�g�� " U�M�f��� %U�M�g�� " U�M�f � Swept�g���

follows

M�f��M�g� " M�f � Swept�g���

End of proof

If the origin o of T is positioned only at the corner points ��� �� ��� �d� �� ��� ��� d� ��
and �d� d� �� of a square in S then a numerical function on ZZ� sweeps the same volume
as when the origin o of T were positioned everywhere on the square� Similarly� if o is
positioned everywhere at the boundary of f it is su�cient to position o for each �i� j� � Df

at the points �di� dj� f�i� j��� �d�i# ��� dj� f�i� j��� �di� d�j # ��� f�i� j�� and �d�i# ��� d�j #
��� f�i� j���

Therefore� we require that for a numerical function f in S� its tool path connects the
points from the set

�
�i�j��Df

f�di� dj� f�i� j��� �d�i#��� dj� f�i� j��� �di� d�j#��� f�i� j��� �d�i#��� d�j#��� f�i� j��g

using line segments that do not intersect the interior of f �s umbra� Hence� Assumption
���� which stated that the free space boundary contains a �nite machining path� is valid
if the numerical function that represents the free space boundary has a �nite domain�

Next� we apply this theory to describe the implementation of the two machining algo�
rithms presented before with numerical functions on ZZ� with �nite domains� We do not
compute tool paths� but we compute numerical functions from which �nite tool paths can
be extracted as indicated above�
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Figure ��� The milling tool T is represented by the minimal numerical function te such that
the umbra of M�te� encloses �T and by the maximal numerical function ti such that the
umbra of M�ti� is enclosed by �T � �H is represented by the minimal numerical function he

such that the umbra of M�he� encloses �H� �minfti�j� j j � Dtig approximates hr and

maxfhe�j� j j � Dheg �minfti�j� j j � Dtig approximates hc�

��� Tool path computation

Given a �xed tool orientation and a grid size d� we will use numerical functions f 
 Df �
IR� where Df � ZZ� is a �nite set� to approximate the stock�in�progress S� the shape
F � the tool holder H and the milling tool T � We also use numerical functions on ZZ� to
describe the free space boundary from which tool paths are extracted�

Since the obtained shape model should always enclose F � we represent the actual stock�
in�progress S by a minimal numerical function se such that the umbra of M�se� encloses
S� Since collision between F and T should be avoided we also represent F and �T by
such enclosing numerical functions f e and te� We can choose the maximal value of te to
be equal to zero� Also collision between S and H should be avoided� Hence� we use a
minimal enclosing numerical function he to represent �H� We assume that the maximal
value of he is equal to ��hr # hc� as indicated in �gure ���� i�e� he�x� y� 
 ��hr # hc� for
all �x� y� � Dte � Because se must be updated such that it encloses the actual stock�in�
progress� we need also a maximal numerical function ti such that the umbra of M�ti� is
enclosed by �T � Since T is rotation�symmetric around the z�axis of T � �ti approximates
T and we can write %T " �T � Figure ��� illustrates these representations of T and H�
Also we use a numerical function p to represent the free space boundary� from which the
tool path is extracted� We have shown that the Minkowski addition and subtraction of
these functions can be computed straightforwardly�

With these numerical functions the �free space boundary following� machining strategy
is described by Algorithm ��	 which computes the shape r obtained by the machining
process and a set of free space boundaries pi� from which tool paths can be extracted�

Algorithm ��� extracts numerical functions qk from the �nal free space boundary path
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Algorithm ��� Algorithm to compute free space boundary following paths
Let n denote the number of milling stages� Let p denote the tool path with which the
�nal result is obtained� Let the upper bound of the initial stock be given by the numerical
function se��

k 
" ��
�$ Use Swept�te� to compute F � ��T � $�
f d 
" f e � Swept�te��
repeat

�$ Use Swept�he� to avoid interference $�
pk 
" MAX�f d� sek � Swept�he���
�$ Use Swept�ti� to update the stock�in�progress $�
sek�� 
" MIN�sek� pk � Swept�tk���
k 
" k # ��
�$ Stop if no more material can be removed $�

until �sek�� " sek��
�$ sek�� is the �nal result of the machining process $�
n 
" k � �� r 
" sen� p 
" pn�

p� These numerical functions qk represent sliced tool paths� With these tool paths the
same �nal result r is obtained� In this algorithm we use the following SLI operation on a
numerical function on ZZ� to extract sliced tool paths�

SLI tofrom�f��x� y� "

���
��

smax if f�x� y� � to
f�x� y� if from 
 f�x� y� � to
from if f�x� y� � from

Algorithm ��� computes �sliced� tool paths directly instead of extracting them from
the free space boundary� With these tool path surfaces the same �nal result r is obtained�
If a tool path surface pi is contained in a slice� the tool holder can hit the stock�in�progress
only above that slice� Therefore� with Algorithm ��� the tool path surfaces are computed
e�ciently�

The most CPU�intensive part of Algorithm ��� is the computation of q by the inner
loop

for all �i� j� � Dse�ti do
q�i� j�
"MAX�q� s� he��i� j��

end for

where s " SLICEto
from�se�� This computation can be optimized using a Z�pyramid repre�

sentation �Laur � Hanrahan ����� for q� s and he� The basic idea of the Z�pyramid is to
use the original numerical function as �nest level of the pyramid and then combine four z
values at each level into one z value at the next coarser level by choosing the maximal z
value� At the coarsest level of the pyramid there is one single z value which is the maximal
value of the numerical function� Let a minimal Z�pyramid be de�ned by choosing at the
next coarser level the minimal Z�value instead of the maximal Z�value�
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Algorithm ��� Algorithm that extracts sliced tool paths from the �nal free space bound�
ary path p
Let the upper bound of the initial stock be given by the numerical function se� and its
lower bound as a rectangle with a constant minimal height� such the shape F is enclosed
by the initial stock�

Compute p with Algorithm ��	�
smin
"the minimal height of the initial stock�
smax
"the maximal height of se��
to 
" smax� from 
" to� hc�
l 
" d�smax � �smin # hr���hce�
for k 
" � to l do

�$ If we extract a tool path from qi in the next slice� the tool holder does not collide
with the stock�in�progress for z � to $�
�$ extract the tool path surface qk from p $�
qk 
" SLI tofrom�hr�p��
to 
" from� from 
" to� hc�

end for

In order to facilitate to read the description of a Z�pyramid below we de�ne its numer�
ical functions on the set of integer rectangles
f�x�� x� � �y�� y� j x�� x�� y�� y� � ZZ � x� 
 x� � y� 
 y�g�

De
nition ��� Let� for a numerical function f � its maximal Z�pyramid be given by k
numerical functions fi� i " � � � �k� where f� is a numerical function having one single value
which is the maximal value of f and fk corresponds with f � The Z�pyramid is derived
from the original function as follows� Let V �t� i� denote the integer interval starting at t
that contains �k�i elements� i�e� V �t� i� " �t� t # �k�i � � �

fk is de�ned as� fk��x� x � �y� y � " f�x� y� for all �x� y� � Df �
fi� i " � � � �k � � is de�ned as

fi�V ��k�ix� i�� V ��k�iy� i�� "

max�fi���V ��k�ix� i # ��� V ��k�iy� i# ����

fi���V ��k�ix # �k��i���� i # ��� V ��k�iy� i# ����

fi���V ��k�ix� i # ��� V ��k�iy # �k��i���� i # ����

fi���V ��k�ix # �k��i���� i # ��� V ��k�iy # �k��i���� i # ����

Minimal Z�pyramids can be de�ned analogously� Let � denote the usual partial or�
dering relation for numerical functions on ZZ�� Hence� for two numerical functions fi��
and fi in a maximal Z�pyramid holds fi 
 fi�� and for two numerical functions fi�� and
fi in a minimal Z�pyramid holds fi � fi���

Let a Z�pyramid representation for s and he be given� We assume that all these Z�
pyramids have the same level �this can be achieved by adding levels with the same single
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Algorithm ��� Algorithm to compute sliced tool paths
Let smax denote the maximal height of the initial stock se�� let fmin denote the
minimal height of f e� Let Dfe " Dse and for all �x� y� � Dfe let f e�x� y� 

smax� Let SLICEto

from�f��x� y� " f�x� y�� if from 
 f�x� y� 
 to� Otherwise let
SLICEto

from�f��x� y� be unde�ned�

k
"�� se
"�the initial stock�� f d 
" f e � te�
�$ l denotes the number of slices $�
l 
" d�smax � �fmin # hr���hce�
�$ compute the boundaries of the �rst slice and compute F � ��T � $�
to 
" smax� from 
" to� hc� q 
" f d�
�$ the top slice can be milled without any tool holder collision check $�
�$ extract the tool path surface p� from q " f d $�
p� 
" SLI tofrom�hr�q��
�$ update the stock�in�progress $�
se 
" MIN�se� p� � ti��
for k 
" � to l � � do
for all �i� j� � Dse�ti do
q�i� j�
"MAX�q� SLICEto

from�se�� he��i� j��
end for
�$ If we follow the tool path surface q in the next slice� the tool holder does not collide
with the stock�in�progress above that slice $�
to 
" from� from 
" to� hc�
�$ extract the tool path surface pk�� from q $�
pi�� 
" SLI to�hrfrom�hr

�q��
�$update the stock�in�progress $�
se 
" MIN�se� pk�� � ti��

end for
r 
" se�

Z value�� From the Z�pyramid de�nition it follows that si 
 si�� and hei 
 hei��� From the
de�nition of Minkowski addition follows si � hei 
 si�� � hei��� Let a minimal Z�pyramid
be given for q with the same level as the Z�pyramids for s and he� From the de�nition
of minimal Z�pyramid follows qi � qi��� Hence� q and its minimal Z�pyramid can be
computed by the recursive Algorithm ����

��	 Conclusions

In this chapter we have shown that Minkowski operations form a powerful tool to specify
the sculpturing problem and to describe and compare freeform shape machining algo�
rithms that use �xed tool orientations� We have decomposed the interference avoidance
problem into a tool holder spatial problem and a tool spatial problem� In the tool spatial
planning problem the tool is the object and the shape to be obtained is the single obstacle�
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Algorithm ��� Recursive algorithm to compute a minimal Z�pyramid
The minimal Z�pyramid is updated by calling the recursive procedure Update Q at level �
with appropriate values for x�� x�� y� and y��

procedure Update Q�x��x��y��y��l�
�$ l denotes the Z�pyramid level $�
begin
w 
" sl � hel ��x�� x� � �y�� y� ��
if w � ql��x�� x� � �y�� y� �� l � k then

�$ updating q and its Z�pyramid is not necessary $�
NULL�

else
�$ update ql and re�ne the computation of q $�
ql��x�� x� � �y�� y� � 
" w�
�$ Let 
�� denote integer division� e�g� 
�	�	 $�
Update Q�x���x�#x�����y���y�#y�����l#���
Update Q��x�#x����#��x��y���y�#y�����l#���
Update Q�x���x�#x������y�#y����#��y��l#���
Update Q��x�#x����#��x���y�#y����#��y��l#���

end if �
end Update Q�

In both problems the tool holder and the tool are shrunk to the same point o� We have
described the forbidden region for positioning o as the union of the dilated stock and the
dilated model� Finally� we have described a �free space boundary following� machining
strategy and a slicing machining strategy that both extract tool paths from the boundary
between the forbidden region and the free space� Both strategies are implemented as part
of the software package that is described in Chapter �� In Chapter � we will compare the
machining time of both strategies�



�� � Description of sculpturing using spatial planning and Minkowski operations
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Software implementation for the sculpturing

robot system

As a testbed for the evaluation of new NC machining methods� a Sculpturing Robot �SR�
system has been installed at the Subfaculty of Industrial Design Engineering� The Mul�
tiple Access Orientation Sculptor �MAOS� software package has been written to evaluate
the methods from Chapter 	 and � on the SR system� In this chapter we will describe
the SR system and the MAOS software package�

��� The sculpturing robot system

In ���� the Sculpturing Robot Project was initiated for the purpose of automated fabrica�
tion of complex shapes �Vergeest ������ A Sculpturing Robot �SR� system� consisting of a
Siemens Manutec R�� robot and a turn table� has been installed� Figure ����a� shows the
SR system� The SR system was designed to manufacture foam models of size up to one
cubic metre� Therefore� a turn table rotatable around a vertical axis has been positioned
in front of the robot� The physical shape model is obtained from a stock of foam� placed
on the turn table� The milling process shrinks the stock to a shape model of a free�form
object� Two safe con�gurations have been de�ned to which the tool can be retracted in
the milling process�

Most industrial robots belong to the wrist�partitioned class of mechanisms that is
sketched in Figure ����b�� Also the Manutec R�� robot is an example of a �R wrist�
partitioned manipulator� Such a manipulator consists of � links which are connected with
� revolute joints providing six rotational degrees of freedom� The �rst three joints are
called the primary joints and the last three the minor joints� The latter orient the tool
and the tool holder and have axes that intersect at the wrist point� The �rst three joints
position this wrist point� Manipulators with this design could be said to be composed of
a positioning structure followed by an orientating structure or wrist� The volume of space
that the tool tip can reach is the workspace of the manipulator� A tool con�guration is
speci�ed by both its position and orientation� For �R wrist�partitioned robots the inverse

��
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�a� The SR system�
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Figure ��� The SR system consists of a �R wrist�partitioned manipulator in conjunction with
a turn table on which a stock of foam is mounted�
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kinematics algorithm from the book by �Craig ����� can be used to check whether a tool
con�guration can be reached by the robot and to compute the robot joint angles with
which that tool con�guration can be reached�




�� Overview of the MAOS software ��

Algorithm ��� Round�robin sculpturing algorithm
Let a limited number n of tool access orientations be computed�
Let � 
 k � n�
Let sk and fk denote the part of the boundary of the stock�in�progress and the free�form
shape� respectively� that can be accessed with the kth tool access orientation�
Let IndexLastUpdate denote the index of the last part of the boundary sIndexLastUpdate
that has been updated� The algorithm halts if no more material can be removed� i�e� if
each sk� � 
 k � n in succession is not updated


Compute the model boundaries fk� k " � � � �n� ��
Compute the stock boundaries sk� k " � � � �n� ��
k 
" �� IndexLastUpdate " n� �� Ready 
" FALSE�
repeat

Compute the new stock boundary snew� that can be obtained
by removing as much material as possible with the kth orientation
avoiding tool and tool holder interference�
if snew " sk then
Ready 
" �IndexLastUpdate " k��

else
Generate sliced tool paths with which snew is obtained�
sk 
" snew�
IndexLastUpdate 
" k�
for � 
 l � n � l �" k do

Update sl taking into account the updated stock grid sk�
end for�

end if �
k 
" �k # ��MODn�

until Ready�

��� Overview of the MAOS software

Figure ��� presents an overview of the MAOS software modules� Note that the direction
selector module and the Minkowski based path planner module do not depend on the
SR system model� This model contains kinematic and geometric information about the
Sculpturing Robot system�� Only the orientation selector and the path �le generator take
the SR system model into account�

The direction selector module computes a limited number of tool access directions
based on the method from Chapter 	� With these directions at least a user�speci�ed
percentage of the boundary of the initial shape model can be accessed�

The orientation selector module extends each of these directions into an orientation
taking into account the limitations of the Sculpturing Robot system� The orientation
selector checks for collision between the tool holder and the turn table� as well as for

�For a detailed discussion of the SR system model we refer the reader to �Vergeest 	�����
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collision between the tool holder and the initial stock� when the tool holder changes it�s
orientation� The orientation selector is described in Section ����

The path planner module implements the path generation method based on Minkowski
operations as described in Chapter �� For each tool orientation one or more sculpturing
tool paths are generated in a round�robin fashion as described by Algorithm ����

For each tool access orientation the path planner generates one or more �path �les��
Each path �le contains a list of tool positions� that together with the given orientation
speci�es the tool path�

Finally� the path �le generator translates each �path� into a robot path �le� In the
remaining part of this chapter� these modules are discussed in more detail�

��� The direction selector module

Given a shape described by a set of B�spline surfaces and the radius r of a ball�end
milling tool� the direction selector computes a limited number of tool access directions�
The direction selector� implements the method described in Chapter 	� However� the
curvature computation has been dropped� because we assume that in practice the number
of voxels not accessible due to large surface curvatures� is negligible� To represent a shape�
its visibility and its accessibility� the direction selector builds a 	D voxel map� Each voxel
v in this map contains a variable that indicates whether a voxel is an exterior� boundary or
interior voxel� Each boundary voxel contains a visibility map� a light map� an accessibility
map� and a surface identi�er� denoting the surface that the boundary voxel intersects� If
a boundary voxel intersects more than one surface� this identi�er is set to null� Recall
from Chapter 	� that in this case the voxel is always marked as inaccessible� Visibility
maps� light maps and accessibility maps are approximated by �nite subsets of the unit
sphere as described in Section 	�����

��� The orientation selector module

The orientation selector extends a given tool access direction to a tool holder orienta�
tion�� In this section we only give a summary of the issues that are relevant for the
implementation�

A direction is extended to an orientation by including a twist angle value with the
direction� In the implementation the twist angle value is selected from a set of values
f�i�n��
 j � 
 i � ng� where the value of n is de�ned by a parameter� In the tests
described in the next chapter we have used �� as value for n� Using the algorithm
from �Craig ������ the orientation given by a direction d and the candidate twist angle
is converted to a rotation matrix �Rx�Ry�Rz� with Rz " d� Furthermore� for each

�For a more detailed discussion of the implementation of the direction selector we refer the reader to
�van den Belt � Tangelder 	���a��

�For an extensive discussion of the implementation of the orientation selector we refer the reader to
�van den Belt � Tangelder 	���b��




�� The orientation selector module ��

tool path space

orientation

Rz

Rx

Ry

Figure ��� In �D the tool path space is bounded by the three dashed lines and the dotted
curve that represents the top of the model to be machined as shown in the �gure� In 	D the
tool path space is bounded by 
 faces and the surface that represents the top of the model to
be machined�

orientation the following data is computed


� A turn table angle value� such that the tool paths will be in the workspace of the
robot� The turn table can be rotated around its vertical axis in eight positions with
�� degrees of di�erence�

� A safe con�guration to which the tool can retract without collision�

The orientation selector takes into account the following conditions� based upon the
limitations of the SR system� in checking whether a tool orientation is valid or not� For
at least one of the eight turn table angle values the following three conditions should be
satis�ed for the same tool orientation


� The tool paths should be generated in the workspace of the robot� To check this� a
box enclosing the shape model is generated� Each face of this box is perpendicular to
one of the column vectors of �Rx�Ry�Rz� as indicated in Figure ��	� It is assumed
that the tool paths are generated in the space between the top of the shape model
and the top of the box� A number of sample points are generated� Using the inverse
kinematics algorithm for �R wrist�partitioned robots from �Craig ����� for each
sample point it is tested whether the tool is in the workspace at that sample point�

� If the tool is positioned anywhere in the box B enclosing the shape model� no
collision between the tool holder and the turn table should occur� To check this a
number of sample points on the faces of the box B are generated� It is assumed that
the tool tip is positioned at each sample point and it is tested whether the bounding
box BH of the tool holder is not below the turn table� It is not necessary to sample
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the interior of B
 if for a tool position p � B BH is below the turn table� then also
for a tool position q on one of B�s faces� BH will be below the turn table�

� It should be possible to retract the tool from the stock�in�progress to at least one of
the two safe con�gurations without collision between the stock and the tool holder�
To check this a number of sample points are generated on the retraction path� For
each sample point it is tested whether the bounding box of the tool holder and the
stock intersect� or not�

One of the orientations that satisfy the conditions above� should be selected� Therefore�
for each of the valid orientations the largest free space for positioning the tool is selected�
In the free space computation only interference between the tool holder and the shape
model is taken into account�

��� The path planner

The Minkowski based path planner supports path generation using the method described
in Chapter �� It also contains the grid map data structure to implement numerical
functions on ZZ� that have been de�ned in Chapter �� and it contains sets of grid maps
to represent the object volume including a support structure and the stock�in�progress�

����� Path generation

The path planner implements Algorithm ��	 that computes the free space boundary sur�
face as a grid map h� To save programming time we have implemented the Minkowski
addition and subtraction straightforwardly instead of using a method based on contour
processing�

The Minkowki path planner also implements Algorithm ��� that extracts sliced tool
paths with a zigzag pattern from the �nal free space boundary� For each tool access
orientation o " �Rx�Ry�Rz� the tool paths are generated in a Cartesian coordinate
system O� Its unit vectors are parallel to Rx� Ry and Rz� There are two options to
generate the zigzag paths connecting points �x� y� z� in O� A zigzag path consists of a
number of tracks� Either tracks are generated for which the x�coordinate is constant or
tracks for which the y�coordinate is constant� In the �rst case the tracks are extracted
from a tool path surface h�i� j�� with domain f�i� j� j imin 
 i 
 imax � jmin 
 j 
 jmaxg
as follows�
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Let d denote the grid size� Let &i " imax � imin # � and let &j " jmax � jmin # �� Let
the tracks be numbered j " jmin � � � jmax� The jth track contains the points

�dimin� dj� h�imin� j��� �d�imin # ��� dj� h�imin� j���

�d�imin # ��� dj� h�imin # �� j��� �d�imin # ��� dj� h�imin # �� j���

� � �

�d�imax � ��� dj� h�imax� j��� �dimax� dj� h�imax� j���

The tool path consists of straight line segments that connect these points� If j � jmin

is an even number� the tool follows this track in the same order as its points are listed
above� If j � jmin is an odd number� the tool follows these points in reverse order�

If j�jmin is an even number� a move from the last point in a track �dimax� dj� h�imax� j��
to the �rst point �dimax� d�j # ��� h�imax� j # ��� in the next track is performed via the
point �dimax� d�j # ��� h�imax� j���

If j� jmin is an odd number� a move from the last point in a track �dimin� dj� h�imin� j��
to the �rst point �dimin� d�j # ��� h�imin� j # ��� in the next track is performed via the
point �dimin� d�j # ��� h�imin� j���

In the case of a constant y�coordinate� tracks numbered i " imin � � � imax� are generated
analogously� Note that the zigzag tool path contains &i&j�� line segments with length
d and &i&j�� other line segments� The software combines line segments if the height in
a track does not change for a number of successive line segments� i�e� if for some k � �
holds h�i� j� " h�i# �� j� " � � � " �h�i# k� j�� In this case the �k�� line segments between
the points �di� dj� h�i� j�� and �d�i # k # ��� dj� h�i # k� j�� are replaced by a single line
segment connecting these two points�

To save machining time� the best out of the two zigzag directions is selected by esti�
mating the machining time for both options� We used the following model to estimate the
machining time of a tool path� A tool path consists of a number of line segments� If robot
follows a line segment� �rst it waits D seconds at the start point of the line segment� next
accelerates from speed zero with a constant acceleration A until the maximum speed S
is reached� decelerates with a constant deceleration A until speed zero is reached at the
endpoint of the line segment� It can be derived that following a line segment with length

L requires time D # �
q
L�A� if L 
 S��A and time D # L�S # S�A if L � S��A� An

estimate of the total machining time is obtained by adding the estimates per line segment�
For the sculpturing robot the parameter values are D " ����
 seconds� S " ���� mm�sec
and A " ���� mm�sec��

Finally� we derive from the tool path pattern a lower bound on the machining time�
If we assume that there are no successive line segments connecting points with the same
height� following a line segment takes at least D seconds and following a line segment

with length d requires time D#�
q
d�A � Therefore� a lower bound on the machining time

for the zigzag tool path is

�&i&j � ���D # �
q
d�A� # �&i&j � ��D " ��&i&j � ���D #

q
d�A��
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�b� For each tool access orientation o three grid
maps are built� One grid map 	bold lines� rep�
resents the top of the free�form object� One
grid map 	dashed lines� represents the top of the
stock�in�progress and one grid map represents the
bottom of the stock�in�progress 	thin lines��

Figure ��� Representation of the stock�in�progress and the free�form object with help of grid
maps ��D example��

����� Data structures for grid maps

Grid maps and sets of grid maps are used to represent volumes� Recall from Chapter ��
that the tool is represented by two numerical functions� one included by the tool� and one
containing the tool� Two grid maps are used to implement these two numerical functions�
Also� one grid map is used to implement a numerical function representing the tool holder�

Let n tool access orientations be computed by the orientation selector with which a
shape model of a free�form object must be obtained from the stock�in�progress� The
path planner uses surface sampling to build the n grid maps that enclose the volume
of that shape� including the support structure below the shape �see Figure ����a��� For
each of the tool access orientations one grid map is generated to represent the boundary
of the shape model� For each tool access orientation o a grid map f is computed that
represents the top of the free�form object relatively to the orientation o as illustrated by
Figure ����b�� We used the robust surface sampling method from �Vergeest et al� �����
to compute a su�ciently dense set of sample points relatively to o�s frame� f �s domain
Df consists of all grid elements �i� j� containing at least one sample point� For each grid
element �i� j� � Df f�i� j� is set to the maximal z�value of the sample points at �i� j��
The stock�in�progress is represented by �n grid maps� For each tool access orientation
one grid map represents the top of the stock�in�progress and one represents the bottom
of the stock�in�progress �see Figure ����b��� Note� that these grid maps are given in the
same Cartesian coordinate system as the grid map that represents the boundary of the
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�a� View from the front� �b� View from the back�

Figure ��� Graphical representation with a � mm resolution of a shape model
 which can be
fabricated with the SR system�

shape model�
The milling paths are generated in a number of milling stages� At each milling stage

a constant tool access orientation oi� �i " �� �� � � � n�� is used for which tool paths are
generated using the method from Chapter �� Also� oi�s top grid map representing the top
of the stock�in�progress is updated� Machining of volume that has already been removed
with tool access orientation o�� should be avoided� Since the volume between oi�s bottom
grid map and oi�s updated top grid map encloses the stock�in�progress� all other top stock
height grids should also be updated� For each of the orientations oj� �j " �� �� � � � n� j �" i��
oj�s top grid map is updated by intersecting it with the volume enclosed by oi�s bottom
and top grid map�

The path planner generates a graphical representation of the shape model to be fab�
ricated� To obtain this graphical representation we have implemented an algorithm that
approximates the volume V enclosed by a set of height maps with help of a voxel map�
Each voxel is classi�ed as In or Out by testing whether its centre point is an element
of V � We have implemented an algorithm that generates the boundary representation of
this voxel map in an Inventor �le that can be visualized on a Silicon Graphics Worksta�
tion� The algorithm writes all the faces that are shared by an In and Out voxel to this
�le� For an introduction on the Inventor Toolkit we refer the reader to �Wernecke ������
Figure ��� shows a graphical representation of a shape model of a car mirror housing�
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��	 The path 
le generator

The path �le generator implements a robot speci�c translation of the path data� It
transforms a list of path points given in a coordinate system O to a path �le� The path
�le is a sequence of ASCII encoded command lines� each causing either a linear movement
of the milling tool through work space� or a rotation of the turn table or an instruction
to start or stop the milling engine	� The syntax of the path �le is not robot speci�c and
not directly suited to control a robot� The path �le is straightforwardly translated into
robot speci�c forms such as �for the SR system� the IRDATA format �VDI ���
���

Also� the path �le generator implements a procedure to improve the positioning accu�
racy of the robot� For sculpturing shapes it is required that the absolute position of tool
relative to the turn table is accurately known� A positioning error of more than about ���
mm results in unwanted ridges on the shape model at places where milling from one side
ends and milling from another side starts� The deviation of a �R industrial robot from
its nominal kinematic model varies typically from ��� to ��� mm� A signi�cant part of
this deviation can be compensated by replacing the nominal kinematic model by a kine�
matic model derived from the actual placements of the robot rotation axes relative to the
turn table �Broek � Vergeest ������ These actual placements have been obtained from
calibration measurements� In addition the calibration resulted in a vector map� over the
work space� of the deviation of measured end�e�ector position from the position predicted
by the calibrated kinematic model� With help of this vector map the path �le generator
corrects the path coordinates� With the calibration and this correction procedure the po�
sitioning accuracy has been improved to ��	 mm for large sized objects �Broek � Vergeest
������ This accuracy is acceptable for physical shape modeling�

�For a description of the syntax of the path �le we refer the reader to �Tangelder 	�����
�This translation and the partitioning of the path �le� which may consists of over 	������ commands�

into portions which are fed into the robot controller� is performed by the SRPOST software �Kooijman
	�����
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Evaluation of the developed sculpturing

method

In the previous chapters we have described a new approach to sculpturing free�form shapes
using ��axis milling� In Chapter � the MAOS software� that implements this approach
for the Sculpturing Robot system� has been described� This chapter evaluates both the
methods from Chapter 	 and � separately and the sculpturing strategy implemented by
MAOS� First� the validity check of the free�form geometry of the free�form object described
in Chapter 	� is illustrated� Next� the free space boundary following strategy and the
slicing strategy from Chapter � for machining with a single tool access orientation are
compared� Then� the test results that have been achieved by MAOS for three free�form
shape geometries with di�erent morphological character� are presented and evaluated�
Finally� current research is described and extensions to MAOS are recommended�

The tests were performed on a Silicon Graphics Indigo� workstation with an R�����
processor running at ��� MHZ� rated with ���	 SPECfp�� and ��� SPECint��� This
machine can be considered as a medium performance workstation� We used the model
from Section ����� to estimate machining times� We will compare machining times with
the lower bound described in Section ������ Since this lower bound is based on the zigzag
tool path pattern from Section ������ it provides only a yardstick with which the MAOS
machining time can be compared� It is not a lower bound for other tool patterns� The
lower bound is also not valid for an object� that contains a fragment with a constant grid
height� Since in this case successive line segments are replaced by one line segment� the
machining time can be lower than the �lower bound��

	�� The validity check of the free�form object

As described in Chapter 	� MAOS accepts a free�form object if �a� the boundary voxels
are connected� �b� there are interior voxels� and �c� for each surface exactly one of its two
sides de�nes the outside of the object� Next� we present two examples of free�form objects
that are not valid�

��
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Figure A�� in Appendix A shows a free�form object of a bear with a displaced nose�
This free�form object is not accepted by MAOS� because its boundary consists of two
parts� The geometry of the bear is de�ned by a set of B�spline surfaces� Some of these
surfaces intersect each other� For instance� surfaces� that de�ne the legs and the arms
of the bear� intersect the surface� that de�nes the body of the bear� Since MAOS allows
that surfaces intersect� this bear will be accepted by MAOS after the nose of the bear is
put in its proper place�

The bear object had been modelled erroneously on purpose� We expected� that the
free�form object from the next example �Figure A�� in Appendix A�� would be valid�
Surprisingly� MAOS did not accept this dust buster object� because in two cases both sides
of a surface de�ne the outside of the object� This is detected if MAOS identi�es normals
that point outwards at both surface sides� In the �rst case� the surface� that models the
body of the dust buster� contains normals pointing outwards in opposite directions� In
Figure A���a� the body surface normals pointing in one direction are colored green and
the normals pointing in the opposite direction are colored red� An investigation of the
model showed that the parameterization of this surface is irregular� i�e� the isoparametric
lines in the u and the v direction are tangent to each other� Therefore the direction of the
normal vectors gets inverted if tangent isoparametric lines are passed� From the discussion
in Section 	�	� it follows that the other side of the surface is the outside after passing an
isoparametric line� Hence� both sides of a surface de�ne the outside of a model� For an
introduction on irregular parameterizations we refer to �Farin ������ In the case of the
dust buster the parameterization of the body surface can be made regular by adapting
the coordinates of the control points of this surface� In the second case� the green and
the orange normals shown in Figure A���b� point in opposite directions� In this case an
error is detected because the surfaces that should de�ne the dust buster handle do not
properly enclose a volume� The free�form object modeling a dust buster will be accepted
by MAOS after the parameterization of the surface of the body is made regular and the
handle of the dust buster is closed by adding a surface�

	�� Comparison of free space boundary following

strategy and slicing strategy

Before we integrated machining with a �xed tool access orientation in the MAOS software
package� we compared the free space boundary following strategy to the slicing strategy�
We selected a small and a large test model� each containing one surface that is accessible
with one �xed tool orientation� The small test model was a B�spline model of a human
face with length ��� mm� width ��� mm and height ��� mm� The large test model was
a B�spline model of a seat of a push chair for motor disabled children �see Figure ����
with length ��� mm� width ��� mm and height ��� mm� We have simulated the ma�
chining process of the human face and the seat of the push chair model� Figure A�	 in
Appendix A� that has been generated by MAOS using the Inventor tool kit� provides a
graphical presentation of the machining process� Also� using sliced tool paths� we have



��� Comparison of free space boundary following
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�a� Use of the push chair in practice�
�b� The shape model of the push chair seat is
strengthened with a polyester 
ber structure�

Figure ��� A hand�made prototype of the push chair for motor disabled children�

machined a rough shape model and an accurate shape model of the human face as shown
in Figure ���� We have extracted zigzag tool paths straightforwardly from the numerical
functions as described in Section ������ In the software version with which this compari�
son has been made� no selection of the best zigzag direction� as described in the previous
chapter� had been implemented yet�

The most important aspect in the evaluation of the free space boundary following
strategy and the slicing strategy is the comparison of the machining time� We have
estimated the machining time with the model from Section ������ Also� we have computed
the lower bound on the machining time for tool paths that are extracted from a single grid
map� Figure ��� shows that the face model contains fragments with a constant height�
Therefore� the lower bound on the machining time is not valid� because successive line
segments connecting points with the same height are replaced by one line segment�

Table ��� gives an overview of some practical results� From the table we can make the
following observations and conclusions


� Although the length of the sliced paths is almost the length of the �free space
boundary following� paths� machining with the sliced paths is almost four times
faster� because the sliced paths consist of fewer line segments� Therefore� we decided
to generate only sliced tool paths in the experiments described in Section ��	�




� � Evaluation of the developed sculpturing method

Figure ��� The rough face model machined with a grid resolution of � mm �left� and a more
accurate face model machined with a grid resolution of � mm �right��

� For a grid size larger than one millimetre machining takes much more time than
computing� Hence� reducing the machining time is more important than reducing
the computing time�

� For the push chair the lower bound on the machining time is not much lower than
the estimated machining time� Therefore� the machining time can only be reduced
signi�cantly� if the zigzag machining pattern described in Section ����� is replaced
by another machining pattern�

� Halving the grid resolution from ��� mm to ��� mm increases the computing time
for the human face model by a factor ��� and for the push chair model by a factor
���� From a theoretical analysis it follows that the computing time of the tool
path generation algorithm from Chapter � is dominated by the computation of
the Minkowski sum of the numerical functions that represent the CAD model and
the tool holder model� Computing this Minkowski sum with a straightforward
implementation requires O�mn�� where m and n denote the number of grid elements
of the CAD model and the tool holder model� respectively� Therefore� halving the
grid resolution� increases the number of grid elements of both numerical functions
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Shape Human face Human face Push chair Push chair

Size �mm� 	�������		� 	�������		� �	��������� �	���������

Grid size �mm� � 	 � �

Milling tool small small large large

Computing time �min� � �� 	 �

Required memory �Mb� ���� 	��� ���� ����

Free space boundary paths

Path length �mm� 	��	�� ������ ����	� ���	��

Number of line segments ����� ������ ����� ������

Mean segment length �mm� ���� 	���	 ���	 ����

Estimated machining time �min� ��� ��� ��� ���

Measured machining time �min� � � � �

Sliced paths

Path length �mm� 	����� ������ ��	��� ����	�

Number of line segments 	���� ����� 	���� �����

Mean segment length �mm� ���� ���� ����� 	����

Estimated machining time �min� �	 ��	 �	 ���
Measured machining time �min� �� ��� � �

Lower bound machining time �min� �� ��� �� ���

Table ��� Overview of practical results� The small milling tool is a ball�end tool with tool
length �� mm and tool radius 	 mm� The large milling tool is a ball�end tool with tool length

� mm and tool radius �� mm� The size of the tool holder is �	� mm � �
� mm � ��� mm�

with a factor � and increases the computing time of the Minkowski sum with a factor
��� Hence� for smaller grid sizes� it is also necessary to optimize the computing
time� e�g� by implementing the Z�pyramid algorithm described in Chapter � or
an algorithm based on contour processing �Young et al� ����� van Vliet � Verwer
����� Vincent ������

To study the volume removal rate against the time we plotted in �gure ��	 the volume
removed as a function of time� The volume removal rate decreases with the time� because
at the end of the milling process the shape boundary is followed� Since in general these
paths contain of lot of short line segments� the milling process is slowed down� Therefore�
following the shape boundary is the bottle�neck in the machining process�

	�� The evaluation test of the MAOS method

	���� Free�form objects used in the evaluation

We evaluated the computation of a limited set of tool access orientations as well as the
path generation process with these tool access orientations� For this evaluation we used
three free�form objects that de�ne typical design engineering products with increasing
complexity and with di�erent morphological character
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Figure ��� Graph of volume removal against time�

�a� The side of the iron object� �b� The front of the iron object�

Figure ��� The iron object seen from two viewpoints�

� An iron �see Figure ���� with length ��� mm� width ��� mm and height ��� mm� that
has been modelled by J�M� van der Made� Since the accessibility of the boundary
of the iron shape is not limited severely� the complete boundary will be accessible
with a few directions�

� A car mirror housing �see Figure ���� with length ��� mm� width �� mm and height
��� mm� that has been modelled by S� Strassburger� The tunnel in the shape limits
the accessibility of the boundary severely� Still� each part of the boundary will be
accessible� Therefore� we expect that many directions will be needed to access the
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�a� View from the side� �b� View from above�

�c� Looking through the tunnel in the model� �d� Looking at the other side of the tunnel�

Figure ��� The car mirror housing object seen from four viewpoints�

boundary completely�

� A pump �see Figure ���� with length ��� mm� width 

 mm and height ��� mm�
that has been modelled by A� Valkenho� and that has been improved further by
L� Lennings� The pump contains a big internal cavity� Some part of the boundary
inside the cavity is not accessible� The accessibility of other parts of the boundary
is limited severely� Therefore� we expect that many directions will be needed to
access the accessible part of the boundary�
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�a� The side of the model� �b� The hollow pump has a big cavity�

Figure ��� The pump object seen from two viewpoints�

Because a new tool holder has been mounted on the sculpturing robot� the experiments
in this section have been performed with another tool holder than the experiments in the
previous section� Also an extra cylinder with length ��� mm and radius ��� mm is added
to the tool holder object� This cylinder is not a part of the physical tool holder� Since this
extra cylinder is modelled such that it always encloses the last two robot links� collision
between these links and the stock�in�progress is avoided� The size of this new tool holder
object is 	�� mm � ��� mm � �	� mm� The milling tool is a ball�end tool with tool
length �� mm and tool radius 	 mm�

In the remainder of this section we show for each object the computed tool access di�
rections� the computed tool access orientations� and the �nal result of the milling process�
Also� we used the SRSIM software �Walstra � Vergeest ����� to check the machining
process as well to compute an accurate voxel model of the shape model�

	���� Computation of the tool access directions

We used the algorithm from Section 	���� to computed a limited set of tool access direc�
tions as follows� First� the accessibility for every pair of tool access directions is computed�
The two tool access directions� with which the maximal number of voxels is accessible�
are selected� Next tool access directions are selected one by one� until at least �� ' of
the boundary voxels is accessible� Computing the tool access directions for the iron� the
car mirror housing and the pump required ���� ��� and �	� minutes of computing time�
respectively�

The tool access directions are shown in the Figures A�� and A�� in Appendix A in
conjunction with a color coded voxel model� A voxel that has the same color as a tool
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Figure ��	 Percentage of accessible boundary voxels as function of the number of selected
tool orientations�

access direction is accessible with that tool access direction� The blue voxels are accessible
with the �rst tool access direction� the yellow voxels are accessible with the second tool
access direction� Purple� light green� light blue� orange� pink� brown� light brown and light
yellow voxels are accessible with the third� fourth� �fth� sixth� seventh� eight� ninth and
tenth tool access direction� respectively� The boundary voxels for which no tool access
orientations are computed� are colored dark green� Red voxels are not accessible with any
tool access direction�

We have decided to use a ��frequency icosahedron to select tool access directions�
As described in Section 	���� this icosahedron provides a set of 
�� almost uniformly
distributed normals on the unit sphere� from which the tool access directions are selected�
We have set the voxel resolution to � mm�

Figure ��
 shows� the percentage of accessible boundary voxels as a function of the
number of selected tool access directions� Also� the percentage of the boundary voxels�
which are not accessible by any tool access direction� is indicated�

Figure A�� and Figure A�� show that the selection of tool access directions takes into
account the morphological character of the test objects� For the car mirror housing most
of the directions access the channel and for the pump most of the orientations access its
big internal cavity� The large percentage of inaccessible voxels for the pump and the car
mirror housing are due to thin parts in these models� If a voxel contains two parts of the
boundary of a thin part and the normals of these parts are approximately opposite to
each other� then always an empty accessibility map will be computed and the voxel will
be marked as inaccessible�

	���� Computation of the tool access orientations

With the method from Section ��� the tool access directions have been extended to tool
access orientations as shown by Figure A�� in Appendix A� The best twist angle value
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has been selected from �� values uniformly distributed between � and 	�� degrees� The
iron and the car mirror housing have been computed with a support structure height from
	�� mm� Since the direction selector selected two direction from below to machine the
pump� the support structure height has been set to ��� mm to avoid collision between
the tool holder and the turn table� Computing the tool access orientations for the iron�
the car mirror housing and the pump required �
� �
 and ��	 minutes of computing time�
respectively�

	���� Path generation

With the SR system we have machined a shape model of the iron� With the SRSIM
simulator we have simulated the milling process for the car mirror housing and the pump�
Also we have computed and displayed the car mirror housing and the pump shape models
that can be fabricated with the SR system� We have used the model from Section �����
to estimate the machining time�

Figure A�
 in Appendix A shows the iron shape model� A comparison of this shape
model with the geometry of the iron object from Figure ��� shows clearly that an amount
of foam could not be removed� This foam is not accessible with the tool access directions
from Figure A���a� due to collision avoidance between the stock�in�progress and the tool
holder� The upper photo shows one side of the iron� which has been machined accurately
with the blue direction from Figure A��� The lower photo shows the opposite side� which
has been machined more roughly with the yellow and green directions from Figure A���
The side of the iron machined with the blue direction is almost perpendicular to that
direction� The side of the iron machined with the green and yellow directions are almost
parallel to these directions� The big di�erence in the surface quality at di�erent sides
of the iron model is explained as follows� For the zigzag tool path pattern the grid size
d denotes the distance between the projections of two adjacent tool paths in a plane
perpendicular to the tool access orientation� The distance of these tool paths on a surface
is equal to d�cos���� where � denotes the angle between the surface normal and the tool
access direction� Unwanted ridges will be higher if the distance between the tool paths is
larger� Therefore� machining with tool access directions� that are almost parallel to the
machined surface� provides a poor surface quality�

Figure A�� in Appendix A shows shape model of the car mirror housing� Also� Fig�
ure A�� in Appendix A the pump shape model that has been computed by SRSIM� A
comparison of the shape model with the car mirror housing object from Figure A�� shows
that almost all foam could be removed�

The simulation of the machining process of the pump revealed a shortcoming in the im�
plementation of the MAOS path planner� Figure ��� shows that for a tool access direction
from below the tool holder can still collide with the turn table� In the implementation
of the path planner and the orientation selector it has been assumed that the tool can
be positioned always such that the tool tip touches a face of the box enclosing the shape
model� But the path planner generates the path in a box� that encloses the shape model
as well as the support structure� For a machining direction from below the path planner
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Figure ��
 SRSIM shows a collision between the tool holder and the turn table�

positions the tool tip erroneously at a face of this box� If we would use a box that encloses
the shape model only� then we may introduce collisions between the tool holder and the
support structure� Therefore� solving this shortcoming is part of the ongoing research
that will be discussed in Section ����

Figure ��� shows the pump shape model that has been computed by SRSIM� Because
of the collision between the tool holder and the turn table this model cannot be fabricated
with the SR system�

Table ��� provides an overview of the practical results� All machining times with ex�
ception of �the measured machining time� have been estimated with the model described
in Chapter �� �CPU time for stock update� denotes the time that is required to up�
date the grid maps representing the stock�in�progress as described in Section ������ The
�Machining time after �rst round� denotes the total machining time after for each tool
access orientation milling paths have been generated exactly once by the round�robin
Algorithm ���� The �Worst case machining time� denotes the time that is required for
machining if the path planner always takes the worst option to generate zigzag paths as
described in Section ������ Because� the stock�in�progress is shrunk� it may be possible to
remove some more material by repeating the milling process� Therefore� Algorithm ���
repeats the milling process and generates milling paths for only those tool access orien�
tations with which material is removed� The lower bound on the machining time is the
sum of the lower bounds for the machining time for each tool orientation from the �rst
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Figure ��� SRSIM displays with a � mm voxel resolution the pump shape model�



��	 The evaluation test of the MAOS method ��

Shape Iron Car mirror housing Pump

Model size �mm� ����	���		� �������	�� �������	��

Height of support structure �mm� ��� ��� ���

Number of tool access directions � � 	�

CPU time for direction selector �min� 		� 	�� 	��

CPU time for orientation selector �min� �� �� ���
CPU time for path planning �min� ��	 	��� ���	

CPU time for stock update ��� �� �� ��

Total CPU time ��� 	��� ����

Lower bound machining time �min� ��	 ��� ���

Worst case machining time �min� ��� �		� ����

Total machining time �min� ��� 	��� ����

Measured machining time �min� ��� � �

Material removed �mm�� �����	�� �����	�� �����	��

Machining time after �rst round �min� ��� ��� 	���

Material removed after �rst round ��� ���� ���� ����

Table ��� Overview of practical results� All models have been obtained with a grid resolution
of � mm�
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Figure ���� volume removal against time for the iron �thin line�
 the car mirror housing
�dashed line� and the pump �solid line�� For the iron
 the car mirror housing and the pump
���� �
 ���� � and ���� � of the material
 respectively was removed after the �rst round of
the milling process�

round�
From Table ��� and Figure ���� we can draw the following observations and conclusions


� Table ��� shows that in the �rst round almost all material is removed in about �� '
of the machining time� Since the result after the �rst round is almost the same as
the �nal result� a lot of machining time as well as computing time can be saved by
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machining only the �rst round�

� The lower bound on the machining time is about two third the machining time of
the parts from the �rst round� We conclude that with our zigzag tool path pattern
it is not possible to machine much faster�

� Compared to the �worst case� the selection of the best option to generate zigzag
paths saves about �� ' machining time�

� The bottleneck in the computation of the milling process is the time needed to
update the grid maps representing the stock�in�progress�

� A shape model of a simple model like the iron can be fabricated in one day� Due to
the high computation time and the machining time it takes a few days to obtain a
complex shape model like the car mirror housing model or the pump model�

	�� Ongoing research

Especially for machining models from below and machining large model� it is mandatory
to detect and avoid collisions between the robot links and the various obstacles� including
the shrinking stock�in�progress� The example of the pump showed that for a tool access
orientation from below it is not su�cient to represent the free space boundary by a single
grid map� One grid map is needed to avoid collision between the tool holder and the
stock�in�progress and one to avoid collision between the tool holder and the turn table�

�Kov�acs ����� and �Kuczogi ����� have recently developed a method to avoid collision
between �a� the robot links and the shrinking stock�in�progress� �b� the robot links and
the obstacles including the turn table and �c� the tool holder and the obstacles including
the turn table� Given a tool access orientation they enclose� the free space by an upper and
a lower grid map� To implement collision avoidance e�ciently� they approximate the tool
holder� the stock�in�progress� the turn table� and each of the robot links� by a collection of
spheres as shown in Figure ����� Given a tool access orientation o� their method shrinks
a box� that encloses the initial object and the support structure� to the free space� The
upper and lower grid map represent two faces of this box that are perpendicular to o� A
large number of points are sampled in this box and it is tested whether the tool tip can
be positioned with orientation o without any collision� The results of these tests are used
to adapt the lower and upper grid map� such that these maps enclose the free space� It
is planned to integrate this method into the MAOS software�

	�� Recommended extensions to MAOS

Based on the evaluation we recommend the following extensions to MAOS

The shape model of the iron shows� that machining with directions that are almost

parallel to the machined surface� produces unwanted ridges� Such tool access directions
can be selected� because the local visibility map at a point p with normal vector np
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Figure ���� Spherical approximation of the stock�in�progress
 the robot
 the tool holder and
the turn table�

contains directions from a hemisphere� bounded by the tangent plane at p� Therefore
the selection of tool access directions should be limited to a visibility cone� Such a cone
should contain only vectors v� for which the angle between v and np is smaller than e�g��
�� degrees�

In the example of the iron� more material would be removed with other tool access
directions than with the selected tool access directions� Our method did not select good
tool access orientations� because it performs only accessibility analysis for the milling
tool� A method� that performs accessibility analysis for the tool holder will select tool
orientations with which more material can be removed�

In the current implementation� MAOS �nishes the machining process if no more ma�
terial can be removed� Since about �� ' of the material is removed in about �� ' of the
machining time� a lot of computation and machining time can be saved by �nishing the
machining process earlier� Instead of repeating the machining process for the same tool
access orientations� it would be more e�ective to add a few new tool access orientations�

The machining time can be further reduced if paths that do not remove material are
avoided as much as possible� To support this the Minkowski algorithm should divide the
free space into a machining space in which material is removed and a �out of material
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space��
The lower bound on the machining time shows that a signi�cant reduction of the

machining time cannot be obtained with the zigzag pattern from Section ������ Therefore�
methods to smooth machining paths should be investigated� A smoothed path can be
followed at much higher speed� but collision avoidance is more di�cult� Moreover� a
smoothed path may not remove the same material as the original path would� If a big
and a small milling tool is available a roughing stage by the big milling tool using the
Minkowski method and a �nishing stage by the small milling tool with smoothed tool
paths may save a lot machining time

The bottleneck in the computation of the milling process is the time needed to update
the grid maps representing the top of the stock�in�progress for each tool access orienta�
tion� In the MAOS implementation� after the modi�cation of one of these grid maps� it is
necessary to update all other grid maps� A representation of the stock�in�progress inde�
pendent on the selected tool access orientations� like a spherical approximation� would not
require this computational expensive update procedure� To apply the Minkowski based
machining method� it would be necessary to develop also conversion methods between
grid representations and spherical representations� In combination with this spherical
representation� collision detection methods based on a hierarchy of spheres enclosing the
volume swept by the robot links and the tool holder �Verwer ����� can be applied�



�
Conclusions

With the new generation of 	D CAD systems the designer can quickly create a number of
free�form objects and use virtual modeling to make a �rst comparison� Both virtual and
physical shape modeling techniques support conceptual shape design� but physical shape
models provide feedback to the designer going beyond visual presentation� For physical
shape modeling� NC milling is the main competitor to systems based on incremental
methods� Completely automated NC milling would have a signi�cant impact on fast
physical shape modeling� The implementation of ��axis or ��axis milling methods extends
the class of mid�size and large complex shape models that can be fabricated automatically�
Compared to ��axis milling ��axis milling o�ers the following two bene�ts
 �a� with help of
a sixth rotational axis often interference between the tool holder and the stock�in�progress
can be avoided� and �b� with ��axis milling only one set�up is needed to machine a shape
model� Therefore� in Chapter � we stated the main research question in this thesis
 how
can we support physical shape modeling by ��axis milling processes!

Our research aimed at solutions for the issues given below


� Interference avoidance between stock�in�progress and the tool holder
The tool holder should never interfere with the stock�in�progress�

� Interference avoidance between the shape model and the milling tool
The milling tool should never interfere with the shape model�

� Extension of the shape domain of manufacturable objects
Advanced machining algorithms should make full use of the capabilities of ��axis
milling�

� Fabrication of shape models of initial free�form objects
In conceptual design the product geometry may be only roughly speci�ed� There�
fore� the software has to be able to process initial free�form objects� that are roughly
speci�ed�

��
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� Machining large models
To obtain a large model within a few days� both the computation of the machining
process and the machining process itself should be fast�

In Chapter � we have investigated the problem of sculpturing shape models taking
into account six degrees of freedom
 three degrees to position the milling tool and three
to orient the milling tool� To reduce the complexity we decomposed this problem into
a tool accessibility problem and a tool path generation problem� In the case of the tool
accessibility problem a limited number of tool access orientations are extracted from the
geometry of a free�form shape� The tool path generation problem is simpli�ed� because
for each of these tool access orientations tool paths are generated separately� With these
tool paths as much material as possible is removed� while avoiding interference between
the tool and the shape model� as well as between the tool holder and the stock�in�progress�

In Chapter 	 we have described a new approach to the tool accessibility problem�
Given the shape F of an initial free�form object� represented by a set of B�spline surfaces�
our method determines a limited number of tool access orientations� We have developed
and implemented a new method that transforms F �s shape into a voxel representation�
Each voxel is classi�ed either as an exterior� boundary or interior voxel� For each voxel
containing part of F �s boundary� an accessibility map is computed� recording a �nite
number of tool access directions� From these accessibility maps a limited number of tool
access directions are selected and extended to tool access orientations� In the literature
we found only references to methods� that store accessibility maps per surface� These
accessibility maps contain only directions with which the complete surface is accessible�
To access surfaces like spheres and cylinders completely� more than one tool direction is
needed� So� for such a surface an empty accessibility map will be computed� Therefore� we
developed a method� that computes accessibility maps for each boundary voxel� Since this
requires the computation of many accessibility maps� an e�cient procedure to compute
these maps was needed� Hence� we developed and implemented an approximate method
to compute accessibility maps� The evaluation presented in Chapter � showed that the
computed tool access orientations take into account the morphological character of the
initial free�form object�

In Chapter � we have shown that Minkowski operations and spatial planning provide
powerful tools to describe tool path generation� taking into account interference avoidance
between the tool and the shape model� and between the tool holder and the stock�in�
progress� We have described and compared freeform shape machining algorithms that
use �xed tool orientations� We have decomposed the interference avoidance problem into
a tool holder spatial problem and a tool spatial problem� In spatial planning an object
is placed or moved among one or more obstacles without interfering them� In the case
of the tool holder spatial planning problem� the tool holder is the object and the stock�
in�progress is the single obstacle� In the case of the tool spatial planning problem� the
tool is the object and the shape to be obtained is the single obstacle� In both cases
the tool holder and the tool are shrunk to the same point o� We have described the
forbidden region for positioning o as the union of the dilated stock and the dilated model�
Finally� we have described a �free space boundary following� machining strategy and a



�


slicing machining strategy that both extract tool paths from the boundary between the
forbidden region and the free space� Although tool path generation with a �xed tool
orientation is very well�know in the literature� this formal approach� including tool and
tool holder interference avoidance� has not been described before�

In Chapter � we have described the multiple access orientation sculptor �MAOS� soft�
ware that implements our method for the Sculpturing Robot system at Delft University
of Technology�

In Chapter � we have evaluated the MAOS software package for three typical design
engineering products with a di�erent morphological character�

In summary� our contributions to the research issues stated at the beginning of this
chapter are


� The MAOS path planner avoids interference between the tool and the shape model�
and between the tool holder and the stock�in�progress� Due to the limited scale
implementation of the path planner� collision both between the tool holder and the
turn table and between the robot links and the stock�in�progress is not avoided�
Solving this issue is a part of the ongoing research that has been described in the
previous chapter�

� MAOS extends the shape domain of manufacturable objects signi�cantly� Free�form
objects like the iron and the car mirror housing from Section ��	�� can be machined
properly� because the complete boundary of these models is accessible with a limited
number of tool orientations� A shape like the pump from Section ��	�� cannot be
machined completely� because it contains an internal cavity�

� The examples from Section ��� show that MAOS can process initial free�form ob�
jects that are roughly speci�ed� MAOS checks whether free�form objects properly
represent a shape within a user�de�ned accuracy� For the two presented examples
MAOS detected the errors in their shape representation properly� After a simple
correction of these errors MAOS accepted these free�form objects�

� Due to the high computation time and the high machining time� it takes about
two days to machine a medium sized shape model like the car mirror housing with
length ��� mm� width �� mm and height ��� mm� To obtain medium sized models
faster and to obtain large models within a few days both the machining time and
the computation time should be reduced further as described in Section ����

The research described in this thesis has led to �a� a new method to compute a limited
number of tool access orientations by accessibility analysis of a free�form object� �b� a new
formal method to describe tool path generation taking into account interference avoidance
for both the tool and the tool holder� and �c� the development of a new approach to ��axis
milling of shape models of free�form objects with a sculpturing robot� This new approach
has been successfully implemented and applied to machine medium sized shape models
with the sculpturing robot�
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The most serious restrictions of the present SR system are �a� the inherent partial inac�
cessibility of free�form objects that have a very complex shape or contain inner structures�
and �b� the limitations on the size of the shape models that can be machined� To cope
with this� it will be necessary to automatically decompose the free�form object into fully
accessible portions� which can hence be machined and �nally recomposed� One current
approach to this so�called hybrid rapid prototyping is the fast fabrication of thick slices
using �exible blade cutting �Horv�ath� Vergeest� Broek � de Smit ������



AppendixA
Color Figures

This appendix contains the color �gures belonging to the evaluation described in Chap�
ter ��

��



	� Appendix A Color Figures

�a� Free�form object representing a bear� The
nose of the bear is separated from its head by
a gap broader then the user�selected geometric
accuracy�

�b� The voxel representation of the bear� The in�
terior volume of the bear is represented by � sep�
arate face�components colored green� blue� pink�
yellow and light blue� The boundary volume of
the bear is represented by � separate grey edge�
components�

Figure A�� Example of an erroneous free�form object consisting of two separate parts�

�a� The green and the red normals point in op�
posite directions�

�b� The green and the orange normals point out�
wards at both surface sides�

Figure A�� Example of an erroneous free�form object with normals pointing outwards at
both surface sides�
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�a� Shape model of the seat of the push chair
shown with tool holder model�

�b� Paths in stage ��

�c� Paths in stage 
� �d� Paths in stage ��

Figure A�� Simulation of the machining process of the shape model of the push chair�



	� Appendix A Color Figures

�a� The four tool access directions for the iron�

�b� The nine tool access directions for the car mirror housing�

Figure A�� Selected tool access directions for the iron and the car mirror housing with which
at least �
 � of the boundary voxels is accessible�
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�a� The ten tool access orientations for the pump�

�b� Color coded voxel model of the pump� The color of a voxel is the
same as the color of the direction with which it is accessible�

Figure A�� Selected tool access directions for the pump with which at least �
 � of the
boundary voxels is accessible�



	� Appendix A Color Figures

�a� The four tool access orientations for the iron�

�b� The nine tool access orientations for the car
mirror housing�

�c� The ten tool access orientations for the pump�

Figure A�� Selected tool access orientations� For each tool access orientation the color of
the tool holder denotes one of the eight possible turn table angles�
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Figure A�	 The iron shape model�



	� Appendix A Color Figures

Figure A�
 The shape model of the car mirror housing�



	


Figure A�� SRSIM displays with a ��
 mm voxel resolution the car mirror housing shape
model�



	� Appendix A Color Figures
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