<]
TUDelft

Delft University of Technology

Document Version
Final published version

Citation (APA)

Li, Y. (2026). Data-Driven and Robust Predictive Control and Optimization: With Applications to Building Energy
Management. [Dissertation (TU Delft), Delft University of Technology]. https://doi.org/10.4233/uuid:9192183f-9daf-4d93-
a870-345490e8e0f3

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright

In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.

Unless copyright is transferred by contract or statute, it remains with the copyright holder.

Sharing and reuse

Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.4233/uuid:9192183f-9daf-4d93-a870-345490e8e0f3
https://doi.org/10.4233/uuid:9192183f-9daf-4d93-a870-345490e8e0f3

Data-Driven and Robust
Predictive Control and Optimization
With Applications to Building Energy Management

Yun Li



DATA-DRIVEN AND ROBUST
PREDICTIVE CONTROL AND OPTIMIZATION

WITH APPLICATIONS TO BUILDING ENERGY MANAGEMENT






DATA-DRIVEN AND ROBUST
PREDICTIVE CONTROL AND OPTIMIZATION

WITH APPLICATIONS TO BUILDING ENERGY MANAGEMENT

Dissertation

for the purpose of obtaining the degree of doctor
at Delft University of Technology
by the authority of the Rector Magnificus,
Prof. dr. ir. H. Bijl,
chair of the Board of Doctorates
to be defended publicly on
Wednesday, May 6, 2026 at 12:30 PM.

by

Yun LI



This dissertation has been approved by the promotors.

Composition of the doctoral committee:

Rector Magnificus, chairperson

Prof. dr. T. Keviczky, Delft University of Technology, promotor

Dr. N. Yorke-Smith, Delft University of Technology, promotor

Independent members:

Prof. dr. ir. B.H.K. De Schutter, Delft University of Technology

Prof. dr. L.C.M. Itard, Delft University of Technology

Prof. dr. R. Scattolini, Politecnico di Milano, Italy

Prof. dr. S. Baldi, Southeast University, China

Dr. C.N. Jones, Ecole Polytechnique Fédérale de Lausanne, Switzerland

Delft
e t University of
Technology

Keywords: Robust optimization, model predictive control, system level synthesis,
adjustable uncertainty set, data-driven uncertainty set, building cli-
mate control, demand-side management, noise control, heat pump

Cover: Generated using ChatGPT by Y. Li

Copyright © 2026 by Y. Li
ISBN 978-94-6518-276-6

An electronic version of this dissertation is available at
http://repository.tudelft.nl/.


http://repository.tudelft.nl/

CONTENTS

Summary ix
Samenvatting xiii
Nomenclature 1
1 Introduction 3
1.1 Background. . . . . . . ... ... Lo e 4
1.1.1 Model Predictive Control Design for Building Energy Management . 5
1.1.2 Data-Driven Robust Optimization. . . . . . ... ... ... ... 6
1.1.3 Distributionally Robust Model Predictive Control . . . . . . . . .. 7
1.2 Problem Statementand Challenges. . . . . . . .. ... ... ...... 8
1.2.1 Model Predictive Control Design for Building Energy Management . 8
1.2.2 Data-Driven Robust Optimization. . . . . . . . ... ... .... 10
1.2.3 Distributionally Robust Model Predictive Control . . . . . . . . .. 11
1.3 OurContributions . . . . . .. .. . . . e 12
14 ThesisOutline . . . . . . . . . . . ... e 12

2 Robust Optimal Control for Linear Systems With Binary Adjustable Uncer-
tainties 15
2.1 Introduction . . . . . . . .. .. L e 16
2.2 ProblemFormulation. . . . . . .. ... ... L0 0o oo, 17
2.3 Robust Optimal Control Design and Robustness Analysis. . . . . . . . .. 20
2.3.1 RobustOptimal ControlDesign . . . . . ... ... ... ... .. 20
2.3.2 Robustness Analysis of the Optimal Solution. . . . . . .. ... .. 22
24 SimulationResults . . . . . .. ... . o s 23
25 Conclusions. . . . . . . . L e e e e 25
2A AppendiX . . . ... . e e e e e e e e e e e e e 26
2.A1 ProofofTheorem2.1. . . . . . . . . .. ... ... 26

3 Model Predictive Control for Unlocking Energy Flexibility of Heat Pump and
Thermal Energy Storage Systems 29
3.1 Introduction . . . . . . . . . . . . i e e e 30
3.2 Control-Oriented Modeling for HPTES System and Problem Formulation . 32
3.2.1 Modelingfor HPTESSystem . . . . . . . . . ... ... ... ... 32
3.22 System Constraints . . . . . . . . . ..o e e 36
3.3 MPC Design for Economic Operation and Demand-Side Management . . . 36
3.3.1 FlexibilityAssessment . . . . . . . . . . .. oo 38
3.3.2 FHlexibility Exploitation. . . . . . ... ... ... 0 0oL 40



CONTENTS

3.4 Numerical and ExperimentalResults . . . . . . .. .. ... ... .... 41
3.4.1 Simulation and Experiment Settings and MPC Configurations. . . . 41
3.4.2 Simulation Results of MPC Schemes. . . . . . . .. ... ... .. 43
3.4.3 Experimental Results of MPCSchemes . . . .. ... ... .... 46

35 Conclusions. . . . . . . . .. L e e 49

Model Predictive Building Climate Control for Mitigating Heat Pump Noise

Pollution 51
4.1 Introduction . . . . . . .. ... . 52
4.2 ProblemSetting. . . . . . . ... L L 53
4.2.1 Building Thermal Dynamics. . . . . . . . . ... ... ...... 53
4.2.2 Heat Pump and AmbientNoises . . . . . . . . . . ... ... ... 53
4.2.3 Control Design Objective . . . . . . .. . ... .. ... ..... 54
4.3 Model Predictive Control Design . . . . . . .. .. ... ... ...... 54
4.3.1 Model Predictive Control Formulation. . . . . . ... ... . ... 54
4.3.2 Piecewise Affine Approximation of HP Noise Pattern. . . . . . . . . 55
4.3.3 Noise CostFunctionDesign . . . . . . . . ... ... ... ..., 56
4.4 SimmulationResults . . . . . .. ... L Lo L Lo 58
4.4.1 Prediction Model of Building Thermal Dynamics . . . . . ... .. 58
4.4.2 Model Predictive Control for Noise Mitigation . . . . . . . . .. .. 59
45 Conclusions. . . . . . . ... L e 63

Machine Learning Enabled Uncertainty Set for Data-Driven Robust Opti-

mization 65
5.1 Introduction . . . . . . . . . . . . e e e 66
5.2 Data-Driven Uncertainty Set Construction and Analysis . . . . . . . . .. 68
521 DBSCAN. . . . . . o i e 68
5.2.2 Gaussian Mixture Model Clustering . . . . . . ... ... .. ... 69
5.2.3 Principal ComponentAnalysis. . . . . . . .. ... ... ..... 69
5.2.4 Uncertainty Sets Construction. . . . . . . . . ... .. ... ... 70
5.2.5 Performance Analysis and Uncertainty Sets Calibration . . . . . . . 73
5.3 Robust Optimization Design and Performance Guarantees. . . . . . . . . 74
5.4 Applications . . . . . . . . . L e e e e e e e e e 76
5.4.1 Case Study 1: Synthetic UncertaintyData . . . . .. ... ... .. 77
5.4.2 Case Study 2: Real-World WeatherData . . . . ... ... ... .. 78
5.4.3 Case Study 3: Optimization-Based Building Energy Control . . . . . 81
55 Conclusions. . . . . . . . .. L L 84
5.A AppendiX . . . . . .. e e e e e e e e e e e e e e e 86
5.A.1 ProofofTheorem.5.1 . . . . . ... .. ... ... ........ 86
5.A.2 Supplementary SimulationResults. . . . . . . ... ... .. ... 86
Data-Driven Robust Optimization with Multiple Uncertainty Subsets:
Unified Uncertainty Set Representation and Mitigating Conservatism 89
6.1 Introduction . . . . . . . . ... L e 91
6.2 Preliminaries . . . . . . . . . ... L L 93
6.3 RO-based Predictive Control With Multiple Uncertainty Subsets . . . . . . 95

6.3.1 Problem Formulation . . . . ... ... ... ... ... ..... 95



CONTENTS vii

6.3.2 Unified Uncertainty Set Representation and Computational

MethodDesign. . . . . . . . . ... .. L Lo o 96
6.4 Mitigating Conservatism via Objective Function Design . . . . . . . . .. 99
6.4.1 Problem Formulation . . . . ... ... ... ... ..... 99
6.4.2 Computational Method Design . . . . . . ... ... ... .... 101
6.5 SimulationResults . . . . . ... ... o o oo 104
6.5.1 Case Study 1: Robust Predictive Control of Building Climate. . . . . 104
6.5.2 Case Study 2: Robust Location Transportation Planning . . . . . . . 105
6.5.3 Case Study 3: Chemical Process Network Planning. . . . . . . . .. 107
6.6 Conclusions. . . . . . . . . . . L e e e 110
6.A AppendiX . . . . . .. e e e e e e e e e e e e e e 112
6.A.1 ProofofTheorem®6.1. . . . . . ... .. ... ... ........ 112
6.A.2 ProofofTheorem®6.2. . . . . . . .. .. ... ... ... ..... 112
6.A.3 Proof of the Convexity of Constraint (6.15b) . . . . . . . ... ... 113
6.A.4 Supplementary Materials for Simulation. . . . . .. . ... .. .. 114

7 Distributionally Robust System Level Synthesis With Output Feedback Affine
Control Policy 117
7.1 Introduction . . . . . . . . . . . . e e e e e e 118
7.2 Problem Formulation. . . . . . . ... .. ... ... .. 0., 120
7.3 System Level Synthesis With Output Feedback Affine Control Policy . . . . 121
7.3.1 System Level Synthesis With ExactModel . . . . . . . .. ... .. 121
7.3.2 SLS Parameterization With Model Mismatch. . . . . . .. ... .. 125
7.4 Distributionally Robust SLS Design and Tractable Reformulation. . . . . . 125
7.4.1 Distributionally Robust SLS Formulation . . . . .. ... ... .. 126
7.4.2 Characterization of Distribution Shift . . . . . . ... ... .. .. 127
7.4.3 Tractable Reformulation. . . . . . . ... ... ... .00 .. 129
7.5 SimulationResults . . . . . .. ... o L o oo 131
76 Conclusion . . . . . . . ... L e 134
7A AppendiX . . . . oL L Lo e e e e e e e e e e 135
7.A.1 ProofofTheorem7.1. . . . . . . . .. .. .. ... ... ..... 135
7.A2 ProofofTheorem7.2. . . . . . .. . ... ... ..., 135
7.A3 ProofofTheorem7.3. . . . . . . . . ... ... ... ..., 137
8 Conclusions and Recommendations 139
81 Conclusions. . . . . . . . .. L e 140
8.2 Contributionsof ThisThesis . . . . . . . . ... ... .. ... .. 141
8.3 Recommendations for Future Research. . . . . . .. ... ... ... .. 142
8.3.1 Recommendations in Terms of Applications. . . . . . .. ... .. 142
8.3.2 Recommendations in Terms of Theory. . . . . ... ... ... .. 143
Acknowledgements 145
Curriculum Vitae 163

List of Publications 165






SUMMARY

Buildings, as major global energy consumers, can help mitigate the impact of growing re-
newable energy in smart grids through demand-side management (DSM). Smart energy
management of buildings requires advanced control schemes that can cope with eco-
nomic objectives, environmental uncertainties, occupant comfort, physical constraints,
and external communication signals. Robust optimization (RO) and model predictive
control (MPC) provide systematic and effective frameworks for this purpose. Beyond
building energy management, RO and MPC methods are also fundamental to a broad
range of engineering applications, such as chemical process planning, transportation,
robotics, etc. This thesis focuses on RO and MPC design for linear systems as well as
their applications in building energy management. The research is organized into three
topics:

* MPC designs for building energy management to enable energy-flexible DSM and
improve environmental sustainability (Chapters 2—4).

* data-driven RO designs and algorithmic solutions for linear models to reduce con-
servatism and improve computational efficiency (Chapters 5 & 6).

* a distributionally robust MPC design for constrained linear systems to robus-
tify control performance against additive model uncertainties and disturbances
(Chapter 7).

Within the first topic, three key research works are carried out:

1. Animportant task in DSM is the so-called “reserve and provision” problem, which
can be formulated as a robust optimal control (ROC) problem with adjustable un-
certainty sets. Existing studies primarily address continuous uncertainties and
thus fail to capture on/off-type device behaviour. We investigate the ROC with
binary adjustable uncertainties for constrained linear systems. A new metric is in-
troduced to quantify the scope of uncertainties, together with an ROC framework
that effectively models the corresponding “reserve and provision” problem. To ad-
dress the computational challenges and balance control optimality, affine control
policies are adopted. By exploiting strong duality and big- M techniques, the ROC
problem is reformulated as a mixed-integer linear program (MILP) that can be ef-
ficiently solved. Numerical case studies on smart building DSM demonstrate the
effectiveness of the proposed approach.

2. Given its substantial share in household electricity consumption and widespread
deployment in modern buildings, the heat pump and thermal energy storage
(HPTES) system offers significant potential for providing demand response ser-
vices. The complex and nonlinear dynamics of the HPTES system preclude the

ix



SUMMARY

application of existing “reserve and provision” methods. We develop a practical
two-step DSM strategy compatible with the EU future-proof flexibility interface to
exploit the energy flexibility of HPTES systems. In the first step, a mixed-integer
economic MPC formulation is used to quantitatively assess the system’s flexibil-
ity potential. In the second step, this flexibility is utilized to respond to demand
response requests. Both numerical simulations and experimental results confirm
the feasibility and effectiveness of the proposed strategy.

3. The noise generated by heat pumps (HPs) remains an acoustic market barrier
to their widespread adoption. To mitigate this issue, an MPC-based solution is
proposed to reduce HP acoustic nuisance from a control-oriented perspective. A
piecewise linear approximation is employed to model HP noise patterns, enabling
adaptability to various operating conditions. Two cost-function formulations for
noise mitigation are investigated. Numerical results using a high-fidelity building
simulator demonstrate that the proposed MPC design can effectively reduce HP
noise without significantly increasing energy consumption.

Under the second topic, two main research studies are conducted:

1. The conservatism and computational tractability of an RO model are critically in-
fluenced by how the uncertainty set is represented. With the availability of abun-
dant data and advances in machine learning (ML) tools, we investigate the con-
struction of compact and computationally tractable uncertainty sets using ML
techniques. By combining density-based spatial clustering of applications with
noise (DBSCAN), Gaussian mixture models (GMM), and principal component
analysis (PCA), we propose an algorithm that generates data-driven uncertainty
sets that are both compact and adaptive to irregular data distributions. Detailed
parameter tuning guidelines and a Python-based toolkit are also provided. Fur-
thermore, a computationally efficient solution for linear two-stage RO models with
the proposed uncertainty set is derived. The effectiveness of the proposed ap-
proach is extensively validated on both synthetic and real-world datasets, includ-
ing a building climate control case study.

2. Representing uncertainty sets as unions of multiple basic subsets has been shown
to improve compactness and flexibility in data-driven RO. Building on this struc-
ture, two separate research problems are addressed: (i) the computational chal-
lenge for solving the corresponding RO problem when applying the uncertainty
set structure in predictive control problems, and (ii) the development of a new
RO formulation that mitigates the conservatism of RO models by exploiting the
multi-subset structure. For the first problem, a monolithic mixed-integer repre-
sentation is proposed to uniformly capture the union of multiple subsets over the
prediction horizon, enabling the computation of the worst-case scenario via a sin-
gle MILP problem. For the second, a new formulation integrating the RO and dis-
tributionally robust optimization (DRO) is proposed to mitigate the conservatism
of conventional RO formulation while avoiding the high computational burden
of the standard DRO models. For both research problems, algorithmic solutions
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based on column-and-constraint generation (CCG) are proposed to solve the cor-
responding RO problems. Simulation results from three case studies validate the
efficiency and effectiveness of the proposed methods.

Under the last topic, a distributionally robust model predictive control design for
constrained uncertain linear systems is investigated. To improve the expressiveness of
control policies and mitigate the associated computational burden in predictive control
problems, a novel system level synthesis (SLS) parameterization considering affine out-
put feedback control policies is proposed. The SLS formulation is extended to a distri-
butionally robust setting to enhance the control performance against model mismatch
and additive disturbances by optimizing the control performance against the worst-case
disturbance distribution within a Wasserstein-metric-based ambiguity set. Theoretical
analysis quantifies the effect of model errors on the distributional shift between pre-
dicted and actual closed-loop responses. A computationally efficient relaxation is de-
rived to solve the proposed distributionally robust SLS design. The effectiveness of the
proposed approach is numerically tested.

In summary, this thesis addresses the issues related to data-driven robust opti-
mization and predictive control as well as their applications in energy management of
smart buildings. The proposed frameworks enhance decision-making resilience and re-
duce conservatism for optimization and predictive control of linear systems, and enable
energy-flexible and environmentally-sustainable operation of smart buildings.






SAMENVATTING

Gebouwen behoren tot de grootste energieverbruikers wereldwijd en kunnen via vraag-
sturing (demand-side management, DSM) bijdragen aan het opvangen van de groei van
hernieuwbare energie in slimme elektriciteitsnetten. Slim energiebeheer in gebouwen
vereist geavanceerde regelstrategieén die economische doelstellingen, omgevingson-
zekerheden, bewonerscomfort, fysieke beperkingen en externe communicatiesignalen
kunnen verwerken. Robuuste optimalisatie (RO) en modelgebaseerde voorspellende re-
geltechniek (model predictive control, MPC) bieden systematische en effectieve raam-
werken voor dit doel. Naast gebouwenergiemanagement vormen RO en MPC methoden
ook de basis voor uiteenlopende ingenieurstoepassingen, zoals chemische procesplan-
ning, transport en robotica. Dit proefschrift richt zich op RO en MPC ontwerp voor li-
neaire systemen en hun toepassingen in gebouwenergiemanagement. Het onderzoek is
georganiseerd in drie thema’s:

* MPC ontwerpen voor gebouwenergiemanagement ter ondersteuning van energie-
flexibele DSM en verbetering van milieuduurzaamheid (Hoofdstukken 2-4).

» Data-gedreven RO ontwerpen en algoritmische oplossingen voor lineaire model-
len met als doel het verminderen van conservatisme en het verbeteren van reken-
kundige efficiéntie (Hoofdstukken 5 & 6).

* Een distributioneel robuust MPC ontwerp voor begrensde lineaire systemen om
de regelprestaties te versterken bij additieve modelonzekerheden en verstoringen
(Hoofdstuk 7).

Binnen het eerste thema worden drie kernstudies uitgevoerd:

1. Een belangrijke DSM taak is het zogenaamde “reserve en voorziening” probleem,
dat kan worden geformuleerd als een robuust optimaal regelprobleem (ROC) met
aanpasbare onzekerheidsverzamelingen. Bestaande studies richten zich vooral op
continue onzekerheden en houden daardoor geen rekening met aan/uit-gedrag
van apparaten. Wij onderzoeken daarom het ROC met binaire aanpasbare onze-
kerheden voor begrensde lineaire systemen. Hiervoor wordt een nieuwe maatstaf
geintroduceerd om de omvang van onzekerheden te kwantificeren en een ROC-
raamwerk ontwikkeld dat het “reserve en voorziening” probleem accuraat model-
leert. Om de rekenlast te beperken en de regeloptimaliteit te waarborgen, worden
affine regelstrategieén toegepast. Door gebruik te maken van sterke dualiteit en
big- M-technieken wordt het ROC geherformuleerd als een mixed-integer lineair
programma (MILP). Numerieke casestudies in slimme gebouwen tonen de effec-
tiviteit van de voorgestelde aanpak.

xiii
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2. Warmtepompen in combinatie met thermische energieopslag (HPTES) vertegen-
woordigen een aanzienlijk deel van het elektriciteitsverbruik in huishoudens en
bieden grote kansen voor vraagrespons. Door hun complexe en niet-lineaire dy-
namiek zijn bestaande “reserve and provision” methoden echter niet toepasbaar.
Daarom ontwikkelen wij een praktische tweestaps DSM strategie, compatibel met
de EU future-proof flexibility interface, om de energie-flexibiliteit van HPTES sys-
temen te benutten. In de eerste stap wordt een mixed-integer economische MPC
formulering gebruikt om de flexibiliteit te kwantificeren. In de tweede stap wordt
deze flexibiliteit veilig ingezet om aan vraagresponsverzoeken te voldoen. Zowel
numerieke simulaties als experimentele resultaten bevestigen de haalbaarheid en
effectiviteit van de voorgestelde methode.

3. Geluidsoverlast door warmtepompen vormt een marktbarriere voor brede adop-
tie. Om dit te beperken wordt een MPC gebaseerde benadering ontwikkeld om
de akoestische hinder vanuit regeltechnisch perspectief te reduceren. Met be-
hulp van een stuklijnige benadering worden geluidspatronen van warmtepom-
pen gemodelleerd, zodat deze zich kunnen aanpassen aan diverse bedrijfscondi-
ties. Twee kostenfuncties voor geluidsmitigatie worden onderzocht. Numerieke
resultaten met een gedetailleerde gebouwsimulator tonen aan dat de voorgestelde
MPC-strategie het geluid van warmtepompen effectief kan verminderen zonder
een significante toename van het energieverbruik.

Binnen het tweede thema worden twee hoofdonderzoeken uitgevoerd:

1. De conservativiteit en rekenbaarheid van een RO model worden sterk beinvloed
door de representatie van de onzekerheidsverzameling. Met de beschikbaarheid
van grote hoeveelheden data en de vooruitgang in machine-learning technieken
onderzoeken wij hoe compacte en rekenkundig efficiénte onzekerheidssets kun-
nen worden geconstrueerd. Door DBSCAN clustering, Gaussiaanse mengmodel-
len (GMM) en principal component analysis (PCA) te combineren, ontwikkelen
wij een algoritme dat data-gedreven onzekerheidssets genereert die compact zijn
en zich kunnen aanpassen aan onregelmatige dataverdelingen. Richtlijnen voor
parameterafstemming en een Python-toolkit worden meegeleverd. Verder wordt
een computationeel efficiénte oplossingsmethode afgeleid voor lineaire tweefa-
sen robuuste optimalisatiemodellen met de voorgestelde onzekerheidsverzame-
ling. De effectiviteit van de methode wordt gevalideerd op zowel synthetische als
real-world datasets, waaronder een casestudy op gebouwklimaatregeling.

2. Het representeren van onzekerheidssets als een unie van meerdere deelverzame-
lingen verhoogt de compactheid en flexibiliteit in data-gedreven RO. Op basis van
deze structuur worden twee onderzoeksvragen behandeld: (i) het oplossen van
RO problemen in voorspellende regelcontext wanneer deze multi-subset struc-
tuur wordt toegepast, en (ii) de ontwikkeling van een nieuwe RO formulering die
het conservatisme vermindert door de multi-subset structuur te benutten. Voor
het eerste probleem wordt een monolithische mixed-integer representatie voor-
gesteld om de unie van subsets uniform te modelleren over de voorspellingshori-
zon, zodat het worst-case scenario met één MILP kan worden bepaald. Voor het
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tweede probleem wordt een nieuwe formulering ontwikkeld die RO en distributio-
neel robuuste optimalisatie (DRO) combineert om conservatisme te verminderen
zonder de hoge rekenlast van standaard DRO modellen. Voor beide onderzoeks-
vragen worden oplossingsmethoden gebaseerd op column-and-constraint gene-
ration (CCG) gepresenteerd. Drie casestudies tonen de efficiéntie en effectiviteit
van de voorgestelde methoden.

In het derde thema wordt een distributioneel robuust MPC ontwerp voor begrensde
lineaire systemen met onzekerheden onderzocht. Om de expressiviteit van regelstrate-
gieén te vergroten en de rekenlast te beperken, wordt een nieuwe system level synthesis
(SLS) parameterisatie ontwikkeld op basis van affine output-feedback regelaars. Deze
SLS formulering wordt uitgebreid naar een distributioneel robuuste setting, waarbij de
regelprestaties worden geoptimaliseerd tegen de slechtst mogelijke verstoringsverdeling
binnen een op de Wasserstein-maat gebaseerde ambiguiteitsset. Een theoretische ana-
lyse kwantificeert het effect van modelafwijkingen op de distributieverschuiving tussen
voorspelde en werkelijke gesloten-lusresponsen. Daarnaast wordt een rekenkundig ef-
ficiénte relaxatie afgeleid. De effectiviteit van de voorgestelde aanpak wordt numeriek
aangetoond.

Samenvattend, behandelt dit proefschrift vraagstukken rond data-gedreven ro-
buuste optimalisatie en voorspellende regeltechniek, evenals hun toepassingen in ener-
giebeheer van slimme gebouwen. De voorgestelde raamwerken vergroten de veerkracht
van besluitvorming, verminderen conservatisme in optimalisatie en voorspellende rege-
ling van lineaire systemen, en faciliteren energie-flexibel en duurzaam gebouwbeheer.
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INTRODUCTION

This chapter presents a brief overview of the topics covered in this thesis: model predictive
control design for building energy management, data-driven robust optimization, and
distributionally robust model predictive control. For each topic, the open problems and
associated challenges that motivate the research works of this thesis are discussed. The
novelty and the main contributions of this thesis are summarized. Finally, the structure of
this thesis is outlined.



4 1. INTRODUCTION

1.1. BACKGROUND

ODERN systems — ranging from industrial processes and energy networks to build-
M ing infrastructures — are becoming increasingly complex, interconnected, and
data-intensive. Efficient and reliable operation of such systems requires advanced
decision-making and control strategies capable of handling uncertainty, balancing per-
formance, safety, and sustainability objectives. Uncertainties may arise from imperfect
models, external disturbances, fluctuating resource provision and demand, or changing
environmental conditions, and they often lead to performance degradation or constraint
violations when not properly accounted for.

Among these systems, buildings represent one of the largest global consumers of en-
ergy and a major source of carbon emissions [1, 2]. On the one hand, as urbanization
accelerates and decarbonization goals intensify, improving the operational efficiency of
building energy systems has become both an economic necessity and an environmen-
tal imperative. On the other hand, the increased attention on building climate comfort
motivates more intelligent schemes for indoor climate management. Advanced control
and optimization strategies have been regarded as a crucial solution in achieving these
objectives by enabling optimal and robust energy management that balances occupant
comfort, energy cost, and sustainability objectives [3].

Furthermore, beyond the application of building energy management, designing op-
timization and control algorithms against uncertainties is itself of scientific importance,
and is prevalently exploited in solving many practical engineering problems, including
chemical process optimization, power system operation, supply chain management,
and transportation planning [4-6]. Therefore, investigating the general principles and
methodologies of optimization and control against uncertainties is not only beneficial
in building energy management but also contributes to a wide range of engineering do-
mains.

To ensure reliable decision-making against uncertainties, robust optimization (RO)
has gained increased attention and has emerged as an essential tool. Notably, robust ap-
proaches for linear systems have gathered considerable attention and have been applied
to solving real-world problems due to their theoretical tractability and computational
efficiency. Rather than optimizing for a nominal or expected scenario, robust methods
explicitly consider uncertainties within predefined sets and following unknown distri-
butions, and seek decisions that guarantee feasibility and acceptable performance for
all possible realizations [7, 8]. This worst-case formulation provides formal safety and
reliability guarantees, which are crucial in safety-critical and performance-sensitive ap-
plications. For enhancing the resilience of decisions in a dynamic environment, the
approaches developed in RO have been incorporated into predictive control design to
develop robust control schemes [9-11].

However, it should be pointed out that robust optimization methods can be overly
conservative when the uncertainty set is poorly characterized or when only limited in-
formation about the support of uncertainties is available, leading to suboptimal perfor-
mance. The increasing availability of high-resolution sensing, monitoring, and opera-
tional data has enabled the rise of data-driven robust optimization and control [12, 13].
These approaches leverage data to learn system behaviour, identify patterns, or forecast
future conditions, thereby reducing dependence on explicit physical models or expert
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knowledge. Data-driven techniques have achieved notable success in various domains,
including building energy scheduling, power system operation, etc [14-16].

While the above-mentioned research topics — smart energy management of build-
ings, robust optimization and predictive control and their data-driven variants — have
been investigated in many recent publications, there are still some important research
gaps to be bridged, and some meaningful and practical problems have been neglected
in the existing literature. In the following subsections, the above topics will be further
elaborated to present a detailed introduction for each topic.

1.1.1. MODEL PREDICTIVE CONTROL DESIGN FOR BUILDING ENERGY
MANAGEMENT

Considering the fact that the energy sector is responsible for over 75% of the European
Union’s (EU) greenhouse gas (GHG) emissions, the EU has set ambitious energy and cli-
mate targets, including reducing net GHG emissions by at least 55% and increasing the
share of renewable energy sources (RES) to at least 40% of the total energy mix by 2030
[17]. While the increasing integration of RES contributes to decarbonization and reduces
dependence on fossil fuels, it also introduces new challenges to power system opera-
tion. The intermittent and unpredictable nature of RES generation causes fluctuations in
power supply, potentially leading to supply-demand imbalances and a higher demand
for reserve or backup capacity [18, 19]. Conventional generation-side management ap-
proaches, however, often struggle to cope with such rapid and uncertain variations, as
traditional generation units typically have limited ramping capabilities.

To mitigate these issues and enhance grid stability, demand-side management
(DSM) has been proposed as a complementary solution. DSM involves adjusting or
shifting energy consumption patterns in response to grid conditions, thereby improv-
ing the power system flexibility and reliability. Unlike generation-side measures, DSM
does not require costly infrastructure upgrades, making it an economically attractive ap-
proach for balancing supply and demand. A comprehensive survey of DSM strategies
can be found in [20, 21].

Among various DSM resources, buildings play a crucial role, accounting for ap-
proximately 40% of global energy consumption, with heating, ventilation, and air-
conditioning (HVAC) systems responsible for about half of this amount [22]. Impor-
tantly, HVAC loads are often shiftable or curtailable, providing significant potential for
flexible energy usage. For example, buildings can preheat or precool thermal zones
within acceptable comfort ranges before the peak hours to avoid energy usage during
peak demand periods. Similarly, domestic hot water can also be preheated when the
electricity price is low and stored in thermal tanks for later use. Given their substantial
energy consumption and the growing deployment of automated building energy man-
agement systems, buildings represent a highly promising resource for DSM. Recent in-
ternational initiatives, such as [IEA EBC Annex 67 & 82, demonstrate the increasing inter-
est in leveraging building energy flexibility to mitigate the supply variability introduced
by high RES penetration. Detailed surveys on building-oriented DSM approaches are
available in [23, 24].

Moreover, effective control of HVAC systems in buildings not only supports DSM and
energy efficiency but also enhances occupant comfort and well-being. As people spend




6 1. INTRODUCTION

over 80% of their time indoors, maintaining comfortable thermal conditions is essential
for health, satisfaction, and productivity [25]. Hence, advanced building climate control
and energy management serve both environmental and socio-economic objectives.

To fully exploit the energy flexibility of buildings, traditional rule-based control
strategies are inadequate. These conventional methods are typically designed for static
operating conditions and fail to account for dynamic factors such as weather forecasts,
occupancy patterns, grid signals, and varying energy prices. In contrast, advanced con-
trol techniques, particularly Model Predictive Control (MPC), offer a systematic frame-
work for optimizing building operation under uncertainty and constraints, balancing
comfort and energy efficiency, and incorporating external signals for grid interaction [2,
22, 26].

While the energy-saving potential of MPC in building climate control has been exten-
sively validated in the literature, several open challenges remain. In particular, integrat-
ing MPC-based building control into DSM frameworks raises additional issues related to
uncertainty management, flexibility quantification, communication with grid operators,
and the mitigation of side effects such as acoustic pollution of HVAC devices. Address-
ing these challenges is essential for enabling MPC to serve as a practical and scalable
solution for future smart energy systems.

1.1.2. DATA-DRIVEN ROBUST OPTIMIZATION

Mathematical programming has been successfully applied across a wide range of do-
mains, including chemical processes, finance, transportation systems, and energy sys-
tems [27-31]. In practical applications, the parameters involved in optimization models
are often subject to various sources of uncertainty, such as process disturbances, mea-
surement noise, and parameter estimation errors. To ensure performance guarantees
and avoid performance degradation when applying the optimization models, uncertain-
ties need to be properly taken into consideration. To address these uncertainties, two
principal paradigms have been developed: stochastic optimization (SO) and RO.

In the stochastic setting, it is typically assumed that the probability distribution of
the uncertainties is known, and the goal is to minimize the expected value of a cost func-
tion with respect to these uncertainties [32]. While this approach can yield less conserva-
tive decisions than the so-called worst-case robust approaches, analytical solutions exist
only for limited classes of distributions and problem structures. Moreover, in many prac-
tical scenarios, the true probability distribution of uncertainties is unknown or difficult
to estimate accurately. To overcome this limitation, scenario-based approximations of
the stochastic formulation are often employed, where the uncertainty distribution is ap-
proximated by a finite set of uncertainty samples [33]. Although this relaxation broadens
applicability, ensuring a high-confidence performance guarantee requires a sufficiently
large number of samples, and accordingly a high computational burden, particularly in
multi-stage or large-scale optimization problems.

The robust optimization paradigm represents an alternative and complementary ap-
proach. In the RO setting, uncertain parameters are assumed to lie within a prescribed
uncertainty set, which captures all possible realizations [7, 34]. The objective func-
tion and constraints are then optimized and enforced against the worst-case realization
within this set. Unlike the stochastic approach, robust optimization does not require
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explicit probabilistic information about the uncertainties — only their support or range.
Moreover, RO formulations are generally computationally efficient, and their computa-
tional cost does not depend on the number of uncertainty samples.

However, a key challenge in RO lies in the construction of the uncertainty set, as it
directly determines the trade-off between robustness and conservatism [12]. Conven-
tional choices, such as box, ellipsoidal, and budget uncertainty sets, are popular due to
their analytical and computational convenience. Nonetheless, the construction and tun-
ing of these sets for practical problems often rely on domain-specific knowledge, making
their selection problem-dependent and sometimes excessively time-consuming. Be-
sides, these conventional choices might fail to generate compact uncertainty sets for
complex uncertainty distributions.

With the rapid advancement of sensing technologies, computational power, and
wireless connectivity, vast amounts of data are now being generated across diverse sec-
tors such as industrial processes, transportation networks, and the built environment.
This abundance of data opens new opportunities for data-driven decision making,
where optimization models can exploit data rather than rely solely on expert-defined
parameters. Besides, a large variety of machine learning (ML) techniques are available
to analyze data and extract useful information to facilitate decision-making effectively.

Recent progress in mathematical programming, coupled with advances in machine
learning, has sparked growing interest in ML-based data-driven optimization to enhance
model adaptability and to reduce the conservatism of the optimal decision. In particular,
data-driven RO frameworks have emerged as a promising direction. In data-driven RO,
the uncertainty sets are constructed directly from empirical data rather than predefined
geometric assumptions. This allows the data itself to characterize the variability and
dependence structure of uncertain parameters. By allowing the uncertainty set to be
informed by data, data-driven RO methods can automatically capture latent patterns for
constructing compact uncertainty sets to reduce unnecessary conservatism and lead to
more informed decision-making in uncertain environments [12, 35, 36].

1.1.3. DISTRIBUTIONALLY ROBUST MODEL PREDICTIVE CONTROL
MPC has long been an active and influential research topic within the control commu-
nity. Owing to its ability to handle multi-variable systems and explicit constraints, MPC
has been successfully applied to a wide range of practical problems, including process
control, automotive systems, power grids, and building energy management [37-40].
The core idea of MPC is to approximate an infinite-horizon optimal control problem
by repeatedly solving in a receding horizon fashion, at each control step, a finite-horizon
optimal control problem that predicts and optimizes the future behaviour of the system.
Designing an MPC scheme requires an accurate system model to predict the evolu-
tion of the system dynamics over the prediction horizon. In practice, however, the con-
trolled system inevitably suffers from various sources of uncertainties, such as unmod-
eled dynamics, external disturbances, sensor noise, and parameter estimation errors.
These uncertainties can significantly degrade the performance of MPC and even lead to
constraint violations if not properly accounted for. To address this challenge, there are
two common well-established design frameworks: robust MPC (RMPC) and stochastic
MPC (SMPC), primarily differing in how they treat uncertainty [41, 42].
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Analogously to Robust Optimization (RO), RMPC models uncertainties as elements
within a predefined bounded uncertainty set and optimizes the worst-case performance
over all possible realizations in this set. A notable advantage of RMPC is that it does not
require explicit probabilistic information about uncertainties, making it suitable for sys-
tems where only deterministic bounds are available. However, because RMPC explicitly
guards against the worst-case scenario when optimizing the objective function and en-
suring constraint satisfaction, it often leads to overly conservative control actions. More-
over, it cannot effectively handle unbounded uncertainties, which might be the case in
some practical applications.

In contrast, SMPC, similar in spirit to SO, incorporates the probabilistic characteris-
tics of uncertainties and optimizes the expected system performance. By exploiting dis-
tributional information, SMPC can achieve less conservative results compared to RMPC.
Nevertheless, the limitations of SO also carry over to SMPC: 1) accurate distributional
knowledge of uncertainties is rarely available in practice; 2) analytical solutions exist
only for specific systems and distributions; and 3) sample-based approaches require
a large number of uncertainty realizations, leading to computational complexity that
grows exponentially with the prediction horizon.

In real-world applications, the available information about uncertainties typically
lies somewhere between these two extremes. Often, only partial or approximate sta-
tistical knowledge can be obtained, for instance, from limited historical data or expert
judgment. Furthermore, even when the uncertainty distribution can be estimated ac-
curately from historical data, distributional shifts may occur due to changes in the op-
erating environment, invalidating previous models. These challenges have motivated
the development of distributionally robust optimization (DRO), an emerging framework
that aims to balance robustness and statistical fidelity [43, 44].

Within the DRO framework, the true distribution of uncertainties is assumed to be-
long to an ambiguity set — a family of plausible distributions characterized by available
information (e.g., moments, support, or distance from empirical data). The goal is to
optimize the worst-case expected performance over all distributions in this ambiguity
set. Compared with RO, DRO can produce less conservative decisions if the ambiguity
set is properly calibrated. Compared with SO, DRO offers robustness against distribu-
tional ambiguity. Owing to these advantages, DRO has attracted substantial attention in
recent years, leading to a variety of distributionally robust MPC (DRMPC) formulations
that enhance the robustness and adaptability of MPC in the presence of uncertain and
data-dependent disturbances [45-51].

1.2. PROBLEM STATEMENT AND CHALLENGES

1.2.1. MODEL PREDICTIVE CONTROL DESIGN FOR BUILDING ENERGY
MANAGEMENT

MPC has been widely recognized as a promising advanced control strategy for optimiz-

ing indoor climate operations, and numerous studies have demonstrated its effective-

ness in balancing energy efficiency with thermal comfort [26, 40]. However, when in-

tegrated into DSM frameworks, several critical challenges remain unresolved. Most ex-

isting DSM strategies rely on price-based or incentive-based programs, where energy
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consumers are expected to voluntarily adjust their consumption patterns in response
to dynamic electricity prices or external incentives [52, 53]. While these schemes are
easy to implement and require only unidirectional communication protocols, they fail
to fully leverage the latent energy flexibility of buildings, that is, their capability to adapt
consumption in a controlled and predictable manner.

To unlock this flexibility potential, more sophisticated DSM architectures with bi-
directional communication between building management systems (BMS) and grid op-
erators are required. This enables both parties to exchange information: grid operators
or energy providers can send demand response (DR) requests, while buildings can re-
port their available flexibility reserves. In this context, the EU S2 Standard has been
introduced as a future-proof framework to standardize such communications, ensur-
ing interoperability across diverse household devices, market contracts, and privacy re-
quirements [54].

Within this bi-directional structure, the DSM task fits into the so-called “reserve and
provision” problem: first, assessing and reserving flexibility capacity, and second, real-
izing it when a DR signal is issued. The first step, referred to as flexibility assessment, is
of central importance - it quantifies how much and under what conditions a building
can adjust its energy consumption [55, 56]. This practical problem aligns with a theo-
retical framework known as robust optimization with decision-dependent uncertainties
(RO-DDU) in the operations research community [57], or robust optimal control with
adjustable uncertainty sets (ROC-AUS) in the control community [58, 59].

Unlike conventional robust optimization and control problems, where uncertain-
ties are exogenous and uncertainty sets are predefined and static, ROC-AUS considers
adjustable uncertainty sets whose size and shape depend on decision variables. This
feature naturally captures the flexibility interaction between grid requests and BMS ca-
pabilities: while the DR signal represents an external uncertainty for BMS, its admissible
range is constrained by the flexibility capacity that the BMS commits to provide. Thus,
the uncertainties are endogenous, and their admissible scopes are determined by deci-
sion makers themselves.

The introduction of decision-dependent uncertainties substantially increases com-
putational and theoretical complexity. Directly extending existing RO methods often
leads to nonconvex and computationally intractable formulations, even for linear sys-
tems with polyhedral uncertainty sets [58]. Moreover, current studies primarily focus
on continuous uncertainties modeled by polyhedral or ellipsoidal sets. While the ROC-
AUS with continuous uncertainties can cover a wide range of engineering problems, in
many practical energy systems, uncertainties may be discrete or hybrid in nature. For
example, on-off operational modes of devices such as heat pumps or chillers. In these
cases, the existing approaches developed for the continuous uncertainties are no longer
applicable. Consequently, it is of both theoretical importance and practical necessity to
consider ROC-AUS problems with non-continuous uncertainties.

Additionally, due to its theoretical and computational tractability, almost all existing
ROC-AUS frameworks assume linearity or convexity in system models and constraints,
which limits their applicability to real-world energy systems characterized by nonlinear
and nonconvex dynamics as well as operational constraints. Consequently, there is also
a pressing need to develop computationally tractable, theoretically sound, and practi-
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cally implementable DSM methodologies for assessing and exploiting the energy flexi-
bility of buildings that can accommodate the practical nonlinear system behaviors. Such
developments are essential for better exploiting building energy flexibility and enabling
scalable, intelligent DSM in future smart energy systems.

Heat pumps (HPs) have been widely deployed in modern buildings for space heat-
ing and cooling due to their high energy efficiency and ability to integrate with low-
carbon energy systems. However, as their penetration continues to grow, especially in
densely populated residential and commercial areas, a growing concern has emerged:
noise. The acoustic emissions generated during HP operation are increasingly viewed as
a market barrier that may hinder the widespread adoption of HPs [60]. Existing noise-
mitigation solutions — such as sound-absorbing enclosures, acoustic barriers, or anti-
vibration mountings — can reduce noise but often require intrusive, costly, and space-
consuming retrofits, making them impractical for many existing installations.

Most existing MPC-based building climate control strategies focus primarily on en-
ergy savings. Incorporating HP noise considerations directly into MPC design offers a
promising, control-oriented pathway to mitigate acoustic disturbances in a flexible and
economical manner. Nevertheless, formulating an MPC scheme that is scalable across
different HP systems and effective in reducing acoustic nuisance remains an underex-
plored and nontrivial challenge.

1.2.2. DATA-DRIVEN ROBUST OPTIMIZATION

With the availability of abundant historical data and the rapid development of machine
learning techniques, ML-based methods have been increasingly explored to construct
data-driven uncertainty sets for RO problems [61]. By uncovering latent structures in
uncertainty data, these approaches can yield more compact and computationally effi-
cient uncertainty sets than conventional options, such as box, ellipsoidal, or budget sets.
Moreover, instead of relying on domain-specific expertise, data-driven uncertainty sets
can be automatically generated and tailored to specific engineering applications.

Despite their potential to mitigate the conservatism of traditional RO approaches,
several open challenges remain in utilizing ML techniques for uncertainty set construc-
tion.

First, there are fundamental differences between solving ML tasks and constructing
uncertainty sets. ML models are typically evaluated by prediction or classification ac-
curacy, whereas such metrics may not exist — or may even be irrelevant - when defining
uncertainty sets. For instance, clustering algorithms (e.g., K-Means) have been adopted
to generate data-driven uncertainty sets [36, 62]. In ML contexts, these algorithms aim
to minimize classification or clustering errors. In contrast, when used for RO, the fo-
cus shifts to building uncertainty sets that are compact and computationally tractable,
which is generally not directly reflected by the minimized prediction/classification er-
rors. Besides, uncertainty data may lack any label information in practice.

Second, computational complexity poses a significant challenge. Many state-of-the-
art ML methods employ nonlinear transformations — such as kernel functions or deep
neural networks — to enhance representation capability and prediction accuracy. How-
ever, when incorporated into uncertainty set construction, these nonlinearities often in-
troduce nonconvexity and computational intractability, limiting their practical applica-
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bility in RO formulations.

Furthermore, the methodological gap between standard ML practices and the re-
quirements of RO remains underexplored. Conventional ML tuning or validation criteria
may not be appropriate for developing ML-enabled uncertainty sets. Therefore, system-
atic guidelines are needed for selecting, tuning, and validating data-driven approaches
within the RO context — an aspect that is overlooked in existing studies.

Finally, unlike classical RO formulations that typically involve a single uncertainty
set, many ML-based data-driven sets yield composite or hierarchical uncertainty sets
composed of multiple subsets. For such cases, further research is required to design
computationally-efficient solution algorithms and to exploit the structure of these sets
to reduce conservatism and enhance robust optimality.

1.2.3. DISTRIBUTIONALLY ROBUST MODEL PREDICTIVE CONTROL

Properly handling uncertainties has long been a central challenge in MPC design. To
bridge the complementary benefits of the conventional RMPC and SMPC designs, the
DRO framework has been introduced into MPC, leading to a variety of DRMPC formula-
tions, see the works in [46, 49, 63-65], and the references therein.

Existing DRMPC formulations primarily focus on mitigating the effects of additive
disturbances while assuming perfect knowledge of system dynamics and full state mea-
surements. Although these assumptions simplify the analysis and enable robustness
guarantees to some extent, they are far from realistic for practical situations. Moreover,
most DRMPC designs adopt open-loop control actions instead of closed-loop control
policies. This open-loop setting offers theoretical tractability but sacrifices the benefits
of closed-loop policies in reducing conservatism and improving performance.

In real-world systems, the assumptions of perfect modeling and full state observabil-
ity rarely hold. Due to modelling complexity, system identification errors, unmeasured
disturbances, and the trade-off between model accuracy and computational efficiency,
only approximated system models can be obtained in general for controller design. Like-
wise, because of the physical inaccessibility of certain states and sensor or cost limita-
tions, only partial state measurements are typically available. These practical constraints
also fundamentally limit the practicability of the existing DRMPC formulations. Further-
more, closed-loop feedback control policies —as opposed to open-loop action sequences
- offer more expressiveness and adaptability, allowing the controller to dynamically react
to real-time disturbances and estimation errors. However, incorporating such feedback
structures into DRMPC frameworks introduces additional challenges in both theoretical
analysis and computational tractability.

Considering the above discussion, it is more practical and meaningful to develop
DRMPC schemes that explicitly account for imperfect system models, partial state mea-
surements, and closed-loop feedback policies. Nevertheless, addressing these factors
introduces several challenges:

» Imperfect models cause biased predictions of future system evolution, degrading
the reliability of constraint satisfaction and performance guarantees.

» Feedback control policies amplify the coupling between uncertainty realizations
and decision variables, complicating the reformulation and tractability of the un-
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derlying optimization problem.

 Partial state measurements further complicate the construction of closed-loop
prediction and performance analysis.

Developing DRMPC designs that overcome these challenges is essential to enhance
the robustness, adaptability, and real-world applicability of predictive control under un-
certainty.

1.3. OUR CONTRIBUTIONS

Given the scientific challenges and open problems discussed in the above section, this
thesis will investigate the associated problems. The main contributions of this thesis are
briefly summarized as follows:

1. A novel robust optimal control formulation considering binary adjustable uncer-
tainties, along with computationally efficient solution methods, is proposed to ad-
dress the “reserve and provision” problem with on-off type control inputs. (Chap-
ter 2)

2. Motivated by grid congestion issues in the Netherlands, a practical DSM frame-
work and an associated energy-flexible MPC design for HPTES systems are devel-
oped to exploit the energy flexibility of the HPTES system, and are experimentally
validated on a real HPTES installation. (Chapter 3)

3. An MPC-based building climate control approach is proposed to mitigate acoustic
pollution induced by HP operation, representing the first control-oriented solu-
tion to alleviate HP noise issues in smart building climate control. (Chapter 4)

4. An ML-based method for constructing data-driven uncertainty sets in RO models
is proposed, together with guidelines for algorithm tuning and a Python-based
toolkit, enabling compact, adaptive, and computationally tractable uncertainty
quantification. (Chapter 5)

5. For uncertainty sets composed of multiple subsets, innovative formulations and
corresponding computational algorithms are developed to: 1) address computa-
tional challenges in applying the RO model to predictive control problems, and 2)
reduce the conservatism of RO formulations by exploiting the structure of uncer-
tainty sets. (Chapter 6)

6. Anovel distributionally robust system-level synthesis (DR-SLS) formulation, along
with a computationally tractable relaxation, is proposed for constrained linear sys-
tems to enhance the robustness of control policies against model mismatch and
additive disturbances. (Chapter 7)

1.4. THESIS OUTLINE

The overall structure of this thesis is graphically illustrated in Figure 1.1. Chapters 2-7
present a collection of works that have been published or submitted to peer-reviewed
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journals and conferences. Since each chapter addresses distinct research problems and
design frameworks, separate mathematical notations are adopted accordingly.

As discussed in Section 1.2, the main contributions of this thesis can be categorized
into three research themes: 1) MPC design for building energy management (Chapters
2-4) (Chapter 2 considers a methodological study, Chapters 3 & 4 contain different
application studies); 2) Data-driven robust optimization (Chapters 5-6); and 3) DRMPC
for uncertain linear systems (Chapter 7). Among these chapters, Chapters 2 and 5-7 deal
with robust optimization and predictive control design against uncertainties. Based
on the types of the considered uncertainties, these chapters can be classified as: i)
uncertainties induced by adjustable additive disturbances (Chapter 2), ii) uncertainties
induced by fixed additive disturbances (Chapters 5 & 6); and iii) uncertainties induced
by both fixed additive model mismatch and disturbances (Chapter 7). Furthermore,
Chapters 5, 6 & 7 all aim to mitigate the conservatism of RO designs, albeit from different
perspectives. Chapter 5 focuses on developing compact and data-informed uncertainty
sets while retaining the conventional RO formulation. Chapters 6 & 7 investigate novel
DRO formulations, which integrate RO and SO designs, and develop computationally
efficient solutions by exploiting problem structures.
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ROBUST OPTIMAL CONTROL FOR
LINEAR SYSTEMS WITH BINARY
ADJUSTABLE UNCERTAINTIES

Robust Optimal Control (ROC) with adjustable uncertainties has proven to be effective in
addressing critical challenges within modern energy networks, especially the reserve and
provision problem. However, existing research on ROC with adjustable uncertainties has
predominantly focused on the scenario of uncertainties modeled as continuous variables.
This assumption limits its applicability in many practical settings, such as the on-off op-
eration of HVAC devices and power transmission line switching, where uncertainties are
inherently discrete. In this chapter, we explore ROC with binary adjustable uncertainties,
where the uncertainties are modeled by binary decision variables, marking the first inves-
tigation of its kind. To tackle this new challenge, firstly we introduce a metric designed
to quantitatively measure the extent of binary adjustable uncertainties. Then, to balance
computational tractability and adaptability, we restrict control policies to be affine func-
tions with respect to uncertainties, and propose a general design framework for ROC with
binary adjustable uncertainties. To address the inherent computational demands of the
original ROC problem, especially in large-scale applications, we employ strong duality
(SD) and big-M-based reformulations to create a scalable and computationally efficient
Mixed-Integer Linear Programming (MILP) formulation. Numerical simulations are con-
ducted to showcase the performance of our proposed approach, demonstrating its appli-
cability and effectiveness in handling binary adjustable uncertainties within the context
of modern energy networks.

[@ This chapter is based on the paper: Li, Y., Yorke-Smith, N., & Keviczky, T. (2024, June). Robust Optimal
Control With Binary Adjustable Uncertainties. In 2024 European Control Conference (ECC) (pp. 3721-3727).
IEEE.
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2. ROBUST OPTIMAL CONTROL FOR LINEAR SYSTEMS WITH BINARY ADJUSTABLE
16 UNCERTAINTIES

2.1. INTRODUCTION

In recent years, the so-called reserve and provision problem has gained increasing at-
tention owing to its ability to characterize the demand side management issues in mod-
ern energy networks. As an efficient approach for modeling the reserve and provision
problem, a new optimal control framework called robust optimal control (ROC) with ad-
justable uncertainties was proposed [55, 57, 58, 66-68]. Unlike the conventional robust
optimal control problem, where the uncertainty sets are fixed and are determined by ex-
ogenous factors, ROC with adjustable uncertainties considers the case where the scope
of uncertainties is adjustable and is determined by decision makers.

By allowing the decision maker to actively decide the admissible scope of uncer-
tainty, the corresponding robust optimal control framework can be more versatile to
include more practical cases. However, this versatility comes with more computational
challenges. It is worth pointing out that existing research about ROC with adjustable
uncertainties all focus on the case of continuous adjustable uncertainties. In the contin-
uous case, uncertainty sets are typically represented as polyhedra or norm balls. As con-
tinuous variables yield an infinite number of uncertain scenarios within a given set, this
leads to a semi-infinite optimization problem in the ROC formulation with adjustable
uncertainties. To create a computationally tractable reformulation, strong duality theory
is employed, reducing the need to satisfy universal constraints for all uncertain scenarios
and instead focusing only on the worst-case scenario [55, 57, 58, 66-68].

Despite the success of ROC with continuous adjustable uncertainties in supporting
modern energy networks, it should be noted that it fails to deal with the case where un-
certainties can be binary. For example, in building climate control, some heating, venti-
lation and air conditioning (HVAC) devices only operate with two modes: on and off. If
such devices are considered for providing demand response services, the existing ROC
with continuous adjustable uncertainties fails to characterize this scenario. In addition,
the existing design framework for ROC with continuous adjustable uncertainties cannot
be directly generalized to deal with the binary case. On the one hand, polyhedra or norm
balls used in the continuous case to describe the scope of uncertainties is not suitable
for binary uncertainties. On the other hand, duality-based reformulation, which is built
upon the assumption of continuous uncertainties, utilized in the continuous case for
finding the worst uncertainty scenario cannot be directly applied to deal with the binary
case. Motivated by this fact, in this chapter, we investigate the problem of ROC with
binary adjustable uncertainties. Our main contributions can be summarized as follows:

* The problem of ROC with binary adjustable uncertainties is investigated for the
first time. By introducing a new metric to evaluate the scope of binary uncertain-
ties, we propose a general design formulation for ROC with binary adjustable un-
certainties.

* Due to the high computational demand and poor scalability of the orignal formu-
lation of ROC with binary adjustable uncertainties, we provide a computationally
efficient and scalable alternative together with detailed derivation procedures. In
addition, the probabilistic robustness of the optimal solution for our proposed ap-
proach is analyzed via Markov inequality.
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* We consider a practical case of reserve and provision problem: utilizing the en-
ergy flexibility of buildings to provide demand response services and show how
our proposed approach can be utilized to explore the energy flexibility potential.
Simulation results are provided to demonstrate the effectiveness of the proposed
approach.

The remaining parts of this chapter are organized as follows. Section 2.2 introduces the
control problem and proposes a novel formulation of the ROC with binary adjustable
uncertainties. For this original formulation, Section 2.3 gives a computationally efficient
alternative with detailed derivation procedures and also analyzes the probabilistic ro-
bustness of the optimal solution. Simulation results are presented in Section 2.4, and
the conclusion follows in Section 2.5.

Notation: Bold-face letters are used to denote the stacked time sequences of related
signals; the operator | - | for a given set of indices denotes the cardinality of the set; sub-
script i of a given vector/matrix represents the i-th element/row of the corresponding
vector/matrix; N 4 denotes the set of nonnegative integers less than equal to a; max or
min for a given vector implies row-wise maximization/minimization. ) j x; denotes the
summation of all terms xi, 1 denotes the N-dimensional all 1 vector.

2.2. PROBLEM FORMULATION

In this section, we will introduce the problem of robust optimal control with binary ad-
justable uncertainties. The considered system is

x(t+1) = Ax(¥) + Br(t) + Du(t) + Ev(¢t) (2.1)

where the x(¢) € R" are system states, () € B" are reference control inputs, u(t) € R”
and v(t) € B? are continuous and binary recourse control variables, respectively. For
system (2.1), we assume that the following linear state and input constraints should be
satisfied

Gxx(t) < gx, (2.2a)
Gy r(t) + Guu(t) + Gyv(r) < gy, (2.2b)

where (G, Gr, Gy, Gy) and (gy, g-) are matrices and vectors with approximate dimen-
sions, respectively.

In our design framework, the reference control input is assumed to be predetermined
but suffers from adjustable uncertainties, which is equivalent to the case that the system
is subject to additive uncertainties.

Within the context of the reserve and provision problem, system (2.1) can model the
dynamics of several utilities in energy systems, such as building thermal dynamics or
energy storage devices. For example, for building climate control, system (2.1) can model
the thermal dynamics of buildings that draw power from both main power grid r(?),
which is usually determined according to the day-ahead electricity market, and local
renewable energy sources (RES) (u(t) and v(#)), which can be flexibly scheduled in real
time.
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Based on (2.1), the predicted state evolution over N time steps is
x = Fyx(0) + F;r + Fyu+ F,v, (2.3)

where x = [x()T,---,x(WNTT € R™N, r = [r@7F,---,r(N-DTT € B™N, u =
w07, uN-1T1 e RPN, and v = [v(0)T,---, v(N - 1)T]T € BTN, and x° is the initial
state vector. The detailed format of the matrixes Fy, F;, F;, and F, can be found in [69].

Correspondingly, constraints (2.2) within the prediction horizon can be compactly
denoted as

XV = x|Gex < g, (2.4a)
uV.= {(w,v)|Ger + Guu + GyV < g}, (2.4b)

where Gx = diag(Gy,---,Gy), Gy = diag(G,,---,G;), Gy = diag(Gy,---,Gy), Gy =
diag(Gy,---,Gy), g&x=1ny® gy, and gr =1Ny® g;.

In the reserve and provision framework, the reference control signal suffers from un-
known external manipulations to provide services for external entities, and the design
objective is to optimally quantify how much uncertainty (also called flexibility) can be
reserved while guaranteeing system constraints. For the case of continuous adjustable
uncertainties, the scope of flexibility is denoted as adjustable polyhedrons or norm balls,
and the volume of uncertainty sets are adopted as metrics to measure the scope of un-
certainties [58]. However, in the case of binary uncertainty, this definition of uncertainty
set is not applicable because polyhedron/norm balls cannot accurately characterize un-
certain binary variables, and their volumes also cannot truly reflect the scope of uncer-
tainties.

In the following, we introduce a new metric to deal with binary adjustable uncertain-
ties. The indices k € Njg,;n—-1] for ry within the prediction horizon are partitioned into
two disjunctive groups € and % . For all k € %, the corresponding reference inputs ry are
allowed to be adjusted flexibly. For all k € €6, the reference inputs ry are not influenced
by uncertainties and are fixed to their nominal values 1.

However, due to system constraints, not all reference inputs r (k € %) can be flexibly
adjusted without violating (2.2). Here, we define . < % as the index set in which the
corresponding ry (k € %) is adjusted from ¥j to a new value, denoted as ¥y with ¥y # ¥,
without violating system constraints. Based on the above definition, the values of ry
within the prediction horizon can be represented as

¥y, ke
e =1._ (2.5)
ry, keuU\SF

A schematic diagram of flexible input signals with m = 1 is given in Fig. 2.1. Similarly to
the case of continuous adjustable uncertainty, ¥y = 0 and ¥ = 1 means up-ward flexibil-
ity, and 1y = 1 and ¥ = 0 means down-ward flexibility.

In contrast to the continuous case, where the volume of the uncertainty set is
adopted to measure the scope of reserved flexibility, according to the definition (2.5), a
new variable I' is defined as the largest cardinality of . that can be freely selected among
%, to measure the scope of the reserved uncertainty/flexibility. An admissible I" implies
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Downward Nominal Input

Flexibility -=- Flexible Input

On -
Off I

]
u Time

Figure 2.1: Schemetic diagram of flexible reference input signal r.

that there exist feasible recourse inputs (u, v) to ensure system constraint satisfaction for
any possible reference input adjustment as long as |.#| < T'. Clearly, a larger value of I'
implies that the controlled system can reserve more flexibility for providing services.

For the problem of ROC with adjustable uncertainties, a general control objective is
to balance the minimization of operational cost and the maximization of the scope of re-
served flexibility, while guaranteeing constraint satisfaction under all possible scenarios
of uncertainties/flexibilities [58, 66]. Accordingly, the design objective for our considered
problem takes the form

{ln‘}llg {rnyax{](x, u,v)} —AI'} (2.6a)

s.t. x= Fyx® + F,r+ Fyu+ Fyv (2.6b)

xe XV, @m,v) eV, (2.6¢)

ry=~;, VkeCUU\ S, (2.6d)

rx =Fr, VkeS, (2.6€)

V&L <T, (2.6f)

where J(x,u,v) := Zgzo lx(x,u,v) is the summation of linear stage cost functions

Ix(x,u,v), A > 0 is a user-selected weighting parameter.

The objective function (2.6a) aims at minimizing the worst-case operational cost
given I', namely maxy J(x,u,v), w.r.t. the input uncertainties determined by .# and in
the meanwhile maximizing the scope of flexibility I'. If the worst-case operational cost
function max ¢ J(x,u,Vv) is removed, optimization problem (2.6) is to find out the largest
feasible I'. Namely, the largest cardinality of . that can be freely selected without vi-
olating system constraints. For example, in Fig. 2.1, four inputs among {ry : Vk € %}
are adjusted, if the optimal I'* computed in (2.6) satisfies I'* = 4, we are still capable of
ensuring system constraints for this scenario of flexible inputs.

To ensure the feasibility of (2.6), it is assumed that for the predefined reference input
I, there exists at least one input sequence (u,v) such that the state and input constraints
(2.6¢) are satisfied.

Remark 2.1. We refer to the optimal control problem (2.6), similarly to its continuous
counterparts: ROC with continuous adjustable uncertainties [58, 66], as ROC with bi-
nary adjustable uncertainties. The main difference between ROC with adjustable un-
certainties and conventional ROC problem lies in the uncertainty set. For conventional
ROC problems, the uncertainty sets are predetermined and fixed. But for the ROC with
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adjustable uncertainties, the shape/size of uncertainty sets are not fixed but will be op-
timally determined by decision variables, such as I in (2.6).

Remark 2.2. We highlight that the problem formulation proposed in (2.6) can be applied
to several important issues in modern energy systems. For example, similarly to [55, 67],
formulation (2.6) can model the reserve and provision problem of buildings with on-
off types of HVAC devices for providing demand response services. Besides, as shown
in [70], it is also possible to extend the formulation (2.6) to analyze and design resilient
control strategies for power grid networks to mitigate faults or cyberattacks.

2.3. ROBUST OPTIMAL CONTROL DESIGN AND ROBUSTNESS

ANALYSIS

This section is devoted to solving the problem of ROC with binary adjustable uncertain-
ties formulated in (2.6), and to analyzing the robustness of the derived solution.

2.3.1. ROBUST OPTIMAL CONTROL DESIGN

Considering the system dynamics (2.1), state and input constraints (2.4), and the linear
property of the objective function, the optimization problem in (2.6) can be rewritten in
the following compacted form

B{Il}yiliylvg — AT (2.7a)
s.t. Or+Pu+Qv<h, (2.7b)
rpy=7t, VkEeGCUU\F, (2.7¢)

ry =%, Vke &, (2.7d)
VS | LI <T, (2.7e)

where matrixes O, P, Q and h are constructed according to system dynamics, constraints
and problem data, 0 is introduced for the epigraph reformulation of the worst-case oper-
ational cost in (2.6) as robust constraints J(x,u,v) <0 V. : |.#| < T, which are compactly
included in (2.7b). Similar reformulation can be found in [58].

Unlike the continuous case, in which the original formulation of ROC with adjustable
uncertainties is semi-infinite and is computationally intractable, the optimization prob-
lem (2.7) can be solved directly without further reformulation since it only entails a finite
number of uncertainties ¥; and . given a fixed I'. By trying out all possible I and con-
sidering all corresponding uncertain scenarios, the optimal solution can be found by
exhaustive search. However, it should be noted that given a fixed I', the number of con-
straints that need to be considered in (2.7) is proportional to ZLO (|02i/|) - N, which can
result in a large scale MILP that is computationally demanding. In the following, we will
propose a novel reformulation for (2.7) such that the resulting problem is scalable and
computationally efficient.

For the recourse control inputs u and v, we will design closed-loop control policies
instead of open-loop control actions since it has been demonstrated in many works that
closed-loop control policies can tolerate more uncertainties than open-loop control ac-
tions [8, 71, 72]. Because considering arbitrary control policies can make the problem
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computationally intractable, we consider the following affine control policies to balance
robustness, optimality, and computational effort for our proposed scheme

we =Y Miri+1ng, (2.8a)
€U

Vi = Z Lyiri +€p, (2.8b)
ieu

where My; € R,y € R, Ly; € Z and €y € Z are control policy parameters to be optimized.
Since the exact value of the flexible inputs ¥ (k € %) is not determined when solving
(2.7), the control policy (2.8) will adapt inputs uy and vy once r;(i € %) are revealed,
which can increase the robustness of the controlled system so that more flexibility can
be reserved. Note that binary restriction for v can be imposed by a linear constraint
0 < vi < 1 since the control policy (2.8b) will only generate integer outputs when Ly; € Z
and e € Z.

Theorem 2.1. Considering the system dynamics (2.1), the binary adjustable input uncer-
tainties (2.5) and the control policies (2.8), the robust optimal control problem in (2.7)
can be reformulated as the following MILP problem

min 6-1) 6k (2.9a)
0,6k,1ij,bij,YijBij» kew
Mpj,Lijmi-€k

st ) Hijt ) ﬁt]+¢l+Zsz77k+Zsz€k+ Y 0;;fj<h;, (2.9b)

jeu jewu Jje€

Mij+Ti= E(Oij"'zpikMkj +ZQikij+}’ij)+
3 3

(Oij+zpikMkj+ZQikij)fjr (2.9¢)
k k
= Yij Soij+zpikMkj+ZQikij <VYij (2.9d)
k k
EDY (O”+ZP,kMk]+ZQ,kLk]) P, (2.9¢)
jeu
0<pij<=Mbj, (2.9
OSﬂi—ﬂijSM(l—6j), (2.99)
5j€[EB, Kij =0, 7; =0, y;j =0, (2.9h)
ied, jeu, (2.91)

where .# is the set of row indices of constraints (2.7b), and the optimal solution ;; satis-
fies Y jea 5;. =T".

Proof: The proof is presented in the Appendix 2.A.1.

Remark 2.3. For the original formulation in (2.7), given a fixed I', in order to guarantee
constraint satisfaction robustly, the number of constraints considered is proportional
to Z (I%) N. In contrast, the number of constraints in the reformulated optimiza-
tion problem in (2.9) is only proportional to |%| - N, which is more favourable when

ZLO(W;') > |%|. In addition, the constraint (2.22a) has nonconvex term I'w; since
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I' € Njg,j%|) is a decision variable. While this nonconvexity in (2.22a) can be dealt with
by several solvers, e.g. Gurobi, with the big-M based reformulation in (2.23), the final
optimization problem (2.9), which is an MILP, can be solved more efficiently by more
off-the-shelf solvers, such as Gurobi, CPLEX, and GLPK.

2.3.2. ROBUSTNESS ANALYSIS OF THE OPTIMAL SOLUTION
The obtained optimal control strategy, namely (MZ j,n’,"c,Lz ].,e}’;), is able to guarantee
constraint satisfaction if no more than I of the flexible reference inputs r; (j € %) are
changed. In practice, however, it is possible that in some cases more than I' number
of reference inputs ry are subjected to uncertainties, e.g., in case of device faults. As a
result, it is of interest and importance to analyze the robustness of the derived solution
for such cases. In the following, we will investigate the possibility of constraint viola-
tion with the derived optimal solution when more than I' number of r; (j € %) might be
changed.

In our analysis, r; (j € %) are regarded as random variables (r.v.). Consequently, the
left-hand side of constraint (2.7b) are also r.v. For the i-th row of the constraint (2.7b), its
probability of violation is

Puio =Pr(0;r+ Y 1; Y PieMy;+ 3 ;) QukLy;+ 3 P+ Qurex = hy).  (2.10)
jew % jew % 3 3

For notational brevity, we define

aij =0+ PiMi;+3 QikLy;, (2.11a)
k k
bi:=h;— ) O;jr; =) Py — ) Qixey. (2.11b)
JjE€ k k

Proposition 2.1. Assuming thatr; € B (j € %) are independent random variables, then
the probability of violation for the i-th constraint (2.10) satisfies

- [jea E(exp(a;jr;j))

Pyio < PR (2.12)

Proof: Based on the definitions of a;; and b; in (2.11), the probability of violation
(2.10) can be rewritten as

Pvio = Pr[ Y aijrj= bi] (2.13a)
jeu
= Pr{exp( Y ajjrj) = exp(bi)}. (2.13b)
jewx

Then, it follows from the Markov inequality [73] and the independence property of r;
that
ITjeu E(exp(aijr)))
vio =
exp(b;)

(2.14)

This completes the proof. O
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It should be noted that the bound of the probability of violation in (2.12) relies on
system information in a;; and b;. In the following, we give a probability bound that does
not rely on system information and is easy to compute.

Proposition 2.2. Assuming that r; (j € %) are independent random variables with
Pr(r; #1;) =€, Then, we have Py;o < @

Proof: Define random variables z; as the indicator functions of the eventsr; #t; (j €
%). Then, it is readily concluded that Pyio = Pr(}¥jeq 2z; = I'). By applying Markov in-
equality and the independence of r;, it yields

EQX jew %)
vio < —’;% : (2.15)
Yiewl(zj)  Xjew€j
] St ) ST (2.15b)
r r
This completes the proof. O

While the bound of probability violation in Proposition 2.2 is independent of system
information and is easy to compute, it is very conservative when I'is small or ¥ jeq € is
large.

2.4. SIMULATION RESULTS

- - =~ power from grid
= === power from RES

Figure 2.2: Diagram of energy consumption options.

The effectiveness of our proposed approach is illustrated via a numerical case study
about the reserve and provision problem for a smart building system. A schematic di-
agram of the considered building system is depicted in Fig. 2.2. In our simulation, it is
assumed that the thermal energy of the building is provided by three heat pumps (HP)
that draw electricity from two sectors: power grid and local renewable energy sources
(a solar panel). The HP powered by the grid has only two operation modes: on and off,
which is denoted as r, and the nominal operation status r is predetermined according to
day-ahead electricity price. For the remaining two HPs drawing power from local RES,
their control signals (u, v) are available for adjusting in real-time. One HP has only on-off
operational modes, and the other can operate continuously, e.g., PWM based operation.
A solar panel is equipped to provide RES.

As ubiquitous storage devices of energy flexibility, buildings are utilized to provide
demand response (DR) services to the power grid. During demand response period, the
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building management system is asked to adjust its electricity consumption, namely the
operational pattern of r, according to the requests of the grid operator.

In our simulation, the sampling period is selected as 30 min and the prediction hori-
zon is set as N = 48, i.e., one day. The starting time instant of flexibility assessment pe-
riod % is selected as 22 (11am). A solar panel with a maximal 2000W electricity output
is included to provide RES. The initial indoor temperature is selected as x(0) = 21°C, and
the indoor temperature bound is [20°C, 24°C].
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Figure 2.3: Computation time and optimal I'* for all schemes.
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Figure 2.4: Indoor temperature envelopes for all schemes.

The objective for the optimization problem (2.7) is selected to maximize I'. Namely,
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we want to assess the largest flexibility potential of the considered building system
within the period of % . Three schemes are adopted in our simulation:

* Scheme 1: our proposed formulation (2.9).
* Scheme 2: original formulation (2.7) solved via exhaustive search.

* Scheme 3: our proposed formulation (2.9) but only considering open-loop control
actions (My; =0, Li; =0in (2.8)).

All simulations are carried out using Gurobi 9.5.1 [74] on an Intel Xeon W-2223 CPU at
3.60GHz with 16G RAM. Optimization problems are modeled via the Python package
Pyomo [75].

Fig. 2.3 gives the computation time and the optimal T'*, i.e., the largest number of
flexible switches of r; (j € %), for all schemes with an increasing size of |%|. Clearly,
it can be observed from Fig. 2.3a that the computation time of Scheme 2 (exhaustive
search) increases exponentially with |%/|. On the contrary, our proposed approach is
much more computationally efficient, and its computation time increases linearly with
|%|. Compared with Scheme 1, Scheme 3, which only considers open-loop control ac-
tions instead of closed-loop control policies as in Scheme 1, is computationally less de-
manding due to its smaller number of decision variables. Obviously, the downside of
Scheme 3 is its suboptimality, as shown in Fig. 2.3b. In addition, we can also conclude
from Fig. 2.3b that, for this case study, the affine control policy (2.8) restricted in our pro-
posed approach (Scheme 1) does not compromise the optimality of the solution and can
find the optimal I'* as with Scheme 2.

Fig. 2.4 depicts the indoor temperature envelopes with all 3 schemes under all pos-
sible uncertain scenarios of r given |%| = 8 and I' = 5. According to the computation
results in Fig. 2.3b, it it shown that Schemes 1 and 2 are both able to tolerate all possible
uncertainties but Scheme 3 can only ensure robust constraint satisfaction with I' = 3.
Clearly, as can be seen from Fig. 2.4, Scheme 3 is unable to robustly guarantee indoor
comfort constraints, which validates the conclusion that open-loop control actions are
less robust than closed-loop control policies.

2.5. CONCLUSIONS

This chapter investigated a class of ROC problems with binary adjustable uncertainties,
that offers a framework for addressing the reserve and provision problem for energy sys-
tems with on-off type devices. In contrast to the existing methods for ROC with con-
tinuous adjustable uncertainties, a novel metric is introduced to measure the extent of
binary uncertainties, and a general design framework for ROC with binary adjustable
uncertainties is formulated. Subsequently, we reformulated and relaxed the ROC for-
mulation by introducing auxiliary variables and applying strong duality, transforming it
into a MILP problem amenable to efficient numerical solvers. This innovative approach
empowers us to quantitively evaluate the flexibility potential inherent in modern en-
ergy systems with on-off type equipment. The efficacy of our proposed methodology is
demonstrated through numerical experiments.

Future extensions include considering nonlinear constraints and nonaffine control
policies, as well as hybrid types of adjustable uncertainties.
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2.A. APPENDIX

2.A.1. PROOF OF THEOREM 2.1

Proof: Given a fixed I, system constraint (2.7b) has to be satisfied for all possible ¥; and
&% such that k € & and || < T'. To ensure constraint satisfaction for all possible un-
certainties, which entails the order of erzo ['g}fl) uncertainty scenarios, we alternatively
design a control scheme to guarantee constraint satisfaction under the worst case sce-
nario of uncertainty, which can be represented as

m;x{0r+ Pu+Qv: || <T,r;satisfies (2.5)} <h, (2.16)

where the maximization and inequality in (2.16) is computed and hold row-wise, re-
spectively. The i-th row of constraints (2.16), combining the control policies (2.8) and
the reference input pattern (2.5) can be expressed as

max {Or{r+ZPik( Z Mkjrj+nk)+ZQik( Z ijrj+€k)} <h;,
k

LA I<T k jeu jeu

which can be further reformulated as

y{}lyaér{ > (Oij + zk:PikMkj + Xk:Qikij)fj

jes
+ ) (Oij+ZPikMkj+ZQikij)fj}+ZPiknk+ZQik€k+ Y 0;jFj<h;.
jeus k k k k jee
(2.17)
As explained in [76], it can be verified that
N 1
0ij+ZPikMkj+ZQikij)l‘j—5 0;j+ ) PitMyj+) QicLij+
k k k k 2.18)

‘Oij +2 PicMy; +ZQikij‘)-
k 3

Accordingly, by following a similar line as in [77] and introducing additional decision
variables z; € R (j € %), the maximization problem in (2.17) is relaxed as

Z:
max Z ?j'(Oij+zpikMkj+ZQikij+yoij"'zpikMkj"'ZQikij))"' (2.19a)
j k k k k
(I_Zj)'(Oij+ZPikMkj+ZQikij)i'j
k k

st.0szj<1l, ) z;j<I. (2.19b)
Jjeu



2.A. APPENDIX 27

Since (2.19) is a linear program (LP) w.r.t. z;, according to strong duality theory of LP, see
[78], the objective value of (2.19) coincides with that of the following dual problem:

min Z Wij+Imi+¢; (2.20a)
HijmiPi o

0;j+ ) PitMyj+) QixLyj + ‘Oij +) PicMy; +ZQikij‘) -
3 3 3 3

1
St pij+m;= E

(Oij+ZPikMkj +ZQikij)i‘j, (2.20b)
k k

IEDY (Oij"'zpikMkj""ZQikij)i’jr (2.20¢)
Jjewu k k

Hij 20, w20, VjeU, (2.20d)

where p;; and 7; are Lagrange multipliers.

Optimization problem (2.20) is nonlinear because it contains the absolute function,
which will incur increased computational effort. By introducing auxiliary decision vari-
ables y;; = 0, optimization problem (2.20) can be further relaxed as the following linear
optimization problem

min Y pj+Tw+¢; (2.21a)
HijTiPi jeqy

0ij+ Xk PikMij+ Xk QikLij+ Vij

Stopij+m;=

2
—(Oij+ZPikMkj+ZQikij)-fj, (2.21b)
k k
~¥ij <0+ PitMyj+) QixLij < yij, (2.21¢)
k k
IEDY (Oij+ZpikMkj+ZQikij)‘f'j, (2.21d)
jewu k k

pij=0,m;=0, y;j=0,Vjeu«. (2.21e)

For the inequality (2.17), the maximization problem can be relaxed by a feasible solution
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of the above LP problem to yield the following alternative constraints

Y pij+Tmi+di+Y Pune+ Y Qicec+ Y, 0% <hy, 2.22a)
jeu % % <€

1
Mij+7i = E(Oij +) PikMgj + ) QixLj +J/ij)
K 3

- (Oij + 2 PikMy; +ZQikij) “Ej, (2.22b)
k k
—Yij<0ij+) PitMyj+) QikLij < yij, 2.22¢)
k k
$iz ) (Oij+ZPikMkj+ZQikij)-fj, (2.22d)
Jjeu k k
K1ijz0,7m; 20, y;j =20, Vje%«. (2.22¢)

Furthermore, introducing 6; € B (j € %) and §;; € R (i € .#, j € %) and defining " :=
Y jea 0, the term I'zw; in (2.22a) can be further relaxed via big-M formulation as

Imi= ) Bij (2.23a)
Jjeu

0=<pBij<Mdj, (2.23b)

OSﬂi—ﬁijSM(l—(sj), (2.23¢)

5 €, (2.23d)

where M > 0 is a sufficiently large constant. Finally, constraints (2.7b)—(2.7¢e) can be
replaced by (2.22) and (2.23), which result in the optimization problem (2.9). This com-
pletes the proof. O



MODEL PREDICTIVE CONTROL FOR
UNLOCKING ENERGY FLEXIBILITY
OF HEAT PUMP AND THERMAL
ENERGY STORAGE SYSTEMS

Increasing penetration of renewable energy sources (RES) and electrification of energy sys-
tems necessitates the engagement of demand-side management (DSM) to help alleviate
congestion in the electricity grid. Heat pump and thermal energy storage (HPTES) sys-
tems, being energy-efficient solutions, are becoming popular in modern buildings and are
promising to contribute to demand-side management (DSM) due to their significant share
in household electricity consumption. For typical HPTES systems serving domestic hot
tap water demand, this chapter presents a practical energy-flexible model predictive con-
trol (MPC) design for exploiting the energy flexibility of the HPTES system. The proposed
MPC-based DSM strategy offers an innovative solution for efficient DSM by following a
two-step DSM framework. In the first step, flexibility assessment is performed to quanti-
tatively evaluate the flexibility potential of the HPTES system by solving a mixed-integer
economic MPC problem. In the second step, flexibility exploitation is achieved through
reacting to feasible demand response (DR) requests while respecting system constraints.
Both numerical simulations and real-world experiments are performed based on a real
HPTES installation to showcase the viability and effectiveness of the proposed design.

[ This chapter is based on the paper: Tang, W.l, Li, Y.l, Walker, S., & Keviczky, T. (2025). Model Predictive
Control for Unlocking Energy Flexibility of Heat Pump and Thermal Energy Storage Systems: Experimental
Results. arXiv preprint arXiv:2507.17552. (1: These authors contributed equally to this work.)
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3.1. INTRODUCTION

In pursuit of carbon neutrality and energy sustainability, all economies have set to im-
prove the utilization of renewable energy sources (RES), such as solar energy, wind en-
ergy, etc. For example, the European Union (EU) has set an ambitious target to increase
the share of RES to at least 27% by 2030 [79]. It should be highlighted that the inter-
mittency and volatility of RES pose significant challenges for maintaining a real-time
balance between electricity supplement and consumption in power grids. With the aim
of reducing congestion, the concept of demand-side management (DSM) has been pro-
posed. Unlike conventional supply-side management, DSM involves strategic adjust-
ments of the energy consumption of end users in response to the need of power grids
[55, 80].

Buildings, as major energy consumers, contribute to about 40% of total energy con-
sumption. The heating, ventilation, and air conditioning (HVAC) devices consume more
than half of the total household energy consumption. Due to the significant energy con-
sumption of HVAC systems in buildings, there has been growing interest in leveraging
their energy flexibility to deliver DSM services. As energy-efficient heating/cooling de-
vices, heat pumps (HPs) have gained increasing popularity. The EU’s directive on renew-
ables identified heat pumps as a vital technology for exploiting renewable energy [81]. In
recent years, HPs are widely adopted across Europe to provide thermal energy for various
building applications, such as domestic hot water usage and floor heating. Currently, 60
million heat pumps are installed in Europe, and the number of HP installations is expe-
riencing a sharp rise. In 2022 alone, there were about 3 million HPs installed, and it is
expected that at least 10 million additional heat pumps will be installed by 2027 [82]. A
typical application of HP is its integration with thermal energy storage (TES) tanks, re-
ferred to as heat pump and thermal energy storage (HPTES) systems. By buffering hot
water in water tanks, the integration of TES allows HP to operate flexibly for improving
energy efficiency and reducing energy costs without sacrificing the required hot water
supply [83]. Given the high power demands created by HPs, it is promising to explore the
possibility of exploiting the energy flexibility emanating from HPTES systems to achieve
DSM.

In practice, the majority of the HPTES systems operate using rule-based control
strategies. For example, HP is turned on when the TES temperature drops below a
specified threshold and turned off when it exceeds that threshold. While rule-based ap-
proaches are easy to implement, they fail to properly exploit the energy flexibility of the
system. It is commonly accepted that advanced control strategies are necessary to har-
ness the energy flexibility of HPTES systems. As an advanced control technique, MPC
has become a promising approach in operating HPs and TES systems in building sectors
due to its versatility in dealing with system constraints and in incorporating economic
factors and predicted system behaviors, see [55, 84-89] and the references therein.

For implementing MPC schemes, prediction models of HP and TES systems are nec-
essary. While there are many existing works developing white-box models of HP and
TES systems to give high approximation accuracy, see [90-92] and the references therein,
these models are generally too complex to be considered in MPC design. We introduce
simplified models for MPC design to balance the approximation accuracy and compu-
tational cost. In general, HP models can be simplified as COP functions to bridge the
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relationship between the HP’s thermal generation and electricity consumption [67, 89,
93, 94]. As for TES systems, they are typically modeled as either a single thermal node,
assuming the water within the tank is properly mixed, or as multiple thermal nodes, ne-
glecting the temperature gradient along radial directions [52, 88].

Although the existing literature extensively investigated the viability and effective-
ness of MPC in controlling HVAC devices in building sectors, including HP and TES sys-
tems, there is still room for improvement, particularly in the context of DSM. For the
MPC-based DSM design within the context of TES systems, most of the existing ap-
proaches adopt either the price-based or incentive-based programs, in which HVAC de-
vices are incentivized by some price signals to voluntarily adjust their operation patterns
in line with power grid requirements [40, 52, 53], relying only on unidirectional commu-
nication from the grid operator to the resource manager. However, as noted in [95-97],
these approaches, despite being relatively straightforward and easy to implement, often
fail to fully exploit the energy flexibility of the system and may not meet the grid’s energy
reduction goals. This is largely due to insufficient information exchange regarding the
system’s flexibility potential and expected energy consumption patterns between BMS
and grid operators.

The increased penetration of distributed energy sources as well as the electrifica-
tion of smart building systems enable more advanced DSM strategies to better harness
the energy flexibility of energy consumers by establishing privacy-secured information
sharing among energy consumers and producers. In order to cater to diverse household
devices and different markets and contractual constraints, the European Commission’s
M/490 mandate has introduced a future-proof energy flexibility interface (EFI) — the S2
standard - for leveraging energy flexibility in the built environment [96, 97]. Within the
S2 standard, a bi-directional communication flow between the customer energy man-
ager and the resource manager is developed to facilitate the exchange of information on
flexibility capabilities and deployment, which paves the way to a versatile and privacy-
secured energy flexibility exploitation architecture.

While there are some recent approaches compatible with the S2 protocol for bet-
ter exploiting the energy flexibility of HVAC in buildings (e.g., [55, 95, 98]), these re-
sults can hardly be generalized to ON-OFF type HPs with nonlinear system dynamics,
which is the case investigated in this chapter. Another limitation hindering the practi-
cal application of MPC in HPTES systems is the lack of general modeling approaches to
develop control-oriented models for typical HPTES systems with balanced model com-
plexity and approximation accuracy. Only specific HPTES configurations with tailored
control-oriented models are usually considered in most of the existing literature.

Motivated by the above discussion, this chapter presents a comprehensive approach
of MPC design, including system modeling, control algorithm design, numerical simu-
lation and real-world experiments, for HPTES systems to harness the energy flexibility
of HPTES systems to mitigate grid congestion issues without degrading system perfor-
mance. Our key contributions are as follows.

* A practical energy-flexible MPC design is proposed for the HPTES system. Notably,
based on classical economic MPC formulations, a two-step DSM scheme is intro-
duced to better harness the energy flexibility of the system. By imposing a set of
mixed-integer linear constraints, our proposed approach can quantitatively eval-
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uate the energy flexibility of the HPTES system regardless of the explicit system
model. The energy flexibility can also be safely exploited via DR request mecha-
nisms.

* Both numerical simulation and real experiments are conducted based on a real-
world HPTES installation to validate the viability and effectiveness of the proposed
approach. Practical solutions for improving the computational efficiency of MPC
are discussed. The results show that adopting the proposed MPC schemes not
only leads to reduced energy cost, but also enables a reliable assessment and ex-
ploitation of the energy flexibility of the HPTES system while respecting system
constraints.

The remaining parts of this chapter are organized as follows. Section 3.2 briefly in-
troduces the control-oriented models of the HPTES system. Section 3.3 discussed the
MPC design framework for both the economic operation and DSM of the HPTES sys-
tem. Numerical and experimental results are detailed in Section 3.4. Finally, Section 3.5
concludes the chapter.

3.2. CONTROL-ORIENTED MODELING FOR HPTES SYSTEM

AND PROBLEM FORMULATION

As stated in the introduction, an MPC-based DSM scheme will be designed for the
HPTES system, where a prediction model for the HPTES system is required. In this sec-
tion, a general control-oriented model of HPTES systems will be introduced, accompa-
nied with the system constraints.

3.2.1. MODELING FOR HPTES SYSTEM

Based on a real HPTES installation in an office building in the Netherlands, Fig. 3.1 de-
picts a general configuration of an HPTES system, where red lines denote hot water cir-
culation, and blue lines denote cold water circulation with arrows indicating the direc-
tion of water flows. In this system, hot water from the top of Tank 1 is circulated at a mass
flow rate i1, through connected taps to meet hot water usage demands. The real-time
hot water consumption, denoted by s, is assumed to be predictable with sufficient ac-
curacy based on historical data. Whenever hot water is consumed, an equal amount of
cold water ri7; will be simultaneously supplied to the bottom of Tank 2, ensuring that the
total water volume within the HPTES system remains constant. If the HP is off, the cold
water is directly injected into the bottom of Tank 2. Conversely, when the HP is on, water
from the bottom of Tank 2 with a mass flow rate 7z, will be transmitted to the top of Tank
1 after being heated through the heat exchanger.

Such an HPTES system has two major components: heat pump and thermal energy
tanks, which are important in designing an MPC-based DSM scheme. In the following
subsections, we will provide general control-oriented models for the HP and the thermal
tank, respectively, which will be utilized for our MPC design in Section 3.3.
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Figure 3.1: Diagram of the considered general HPTES system.

MODELING FOR HEAT PUMP
HPs are responsible for providing thermal energy to the HPTES system by consuming
electricity. Accurately modeling the relationship between electricity consumption and
thermal energy generation is crucial for designing control strategies to improve the sys-
tem’s energy efficiency and safety. However, a detailed and precise white-box HP model
can be complicated and also requires an extensive understanding of the interval work-
ing principles of each component of HPs, which demands expert knowledge and will also
make the control problem computationally intractable [99]. To balance the system com-
plexity and computational burden, we adopt a grey-box model - coefficient of perfor-
mance — to build the relationship between the thermal energy output and the electricity
consumption of HPs.

The coefficient of performance (COP) is defined as the ratio of heat output to work
input [100]. Mathematically, it is expressed as:

cop= 2w 3.1)
P

hp

where Qpp denotes the heat output of the HP and Py, its power input. Since the COP
generally varies with different operation conditions in a nonlinear relationship, it is ap-
proximated with a function fcop(-) in MPC design. Besides, the HP in our HPTES system
is assumed to operate in two modes: on and off, which is common in many practical
installations, so that the HP power input is Py, = Pru with P, as the rated HP power and
u € {0,1} the on/off HP control signal. Consequently, the thermal energy generated by
the HP can be represented as:

Qnp = fecor() Pru, (3.2)

where fcop(+) is an function approximating the COP values under different operation
conditions.

The COP is influenced by HP’s working conditions, and two main factors are the sup-
ply water temperature (condenser outlet) and the ambient heat source temperature [89].
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To balance the trade-off between approximation accuracy of the model and the compu-
tational complexity of the resulting MPC problem, the following bilinear COP model is
utilized

fCOP(Tin,hp» Tamb) := a1 + az Tin,hp + a3 Tamp + aa Tin,hp Tamb» (3.3)
where Tjy p is the inlet water temperature of HB, Ty is the ambient air temperature of
HP, and (a,, a», as, a4) are parameters to be identified. Similar COP approximation can
also be found in [89, 101].

Compared with the constant COP model, which is widely utilized in existing litera-
ture [102], the bilinear model in (3.3) captures the major factors of COP - the heat source
(ambient air) and the heat consumer (inlet water to be heated) — that influence the HP
performance to provide a more practical and accurate model without demanding high
computational burden.

MODELING FOR THERMAL ENERGY STORAGE

For the HPTES system, thermal tanks can improve the system’s energy efficiency and
flexibility by storing hot water. By buffering hot water, the HP can operate more flexi-
bly regardless of the real-time hot water consumption. There are various approaches for
modeling the dynamics of thermal storage tanks, with different emphases on model ac-
curacy and simplicity. A three-dimensional model, which is generally based on compu-
tational fluid dynamics to capture the detailed internal thermal behaviors, can achieve
high approximation accuracy but is computationally expensive [92]. By using a fully
mixed tank model or lumped parameter model, the entire water tank is simplified as
a single thermal node without considering any internal dynamics [55]. While this mixed
tank model is computationally simple, the prediction accuracy is unsatisfactory, espe-
cially for large water tanks where internal dynamics cannot be neglected. To balance
model fidelity with computational efficiency, one-dimensional models are developed to
only consider the vertical internal thermal interactions within the water tank [103, 104].
In our work, a one-dimensional stratified water tank model is adopted to approximate

Qj—l,j Qconv
Qj+1,j

Figure 3.2: Heat flow diagram of a single layer of TES.

the thermal dynamics of water tanks. We divide each water tank into several stratified
layers with each layer being modeled as a single thermal node with a uniform temper-
ature. For adjacent water layers, the thermal interactions are considered. The general
thermal behavior of each layer is illustrated in Fig. 3.2. For each thermal layer j, its ther-
mal dynamics are driven by three components:

°Q j+1,j and Q j-1,j: thermal conduction between layer j and its adjacent layers j+1
and j—1.
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* Qconv: thermal convection due to water flows r1; in/out of j-th layer from/to ad-
jacent layers.

o Qwau, j: thermal loss through the tank wall in layer j.

The thermal dynamics of each thermal node can be expressed by the following equa-
tions:

m; Cn% = —Qwall,j +Qj+1,j+Qj-1,j + Qconv, (3.4a)
) mgc,(Ti_1—T;), m, flows from j—1to j

Qeonv= { mth(Tj-H - Tj'), ri; flows from j’+1 to j (3.4b)

Qj+1,j=Rjjs1(Tj1 - Tj), (3.4¢)
Qj-1j=Rj-1,j (Tj-1 - T}), (3.4d)

Qwatl,j = Ru,j (Tj — Tamb) » (3.4e)

where m; is the mass of the j-th node, ¢, is the specific heat capacity of water, ri1, is
the water mass flow rate between adjacent tank layers, R; ;.1 and Ry, j are thermal resis-
tances between the j-th layer and the (j +1)-th layer as well as the tank wall, respectively.

Equation (3.4) describes the general thermal behavior of a water layer. Special con-
sideration is needed for layers with hot water extraction, i.e., the top layer of Tank 1, and
cold water supply, i.e., the bottom layer of Tank 2. For the top layer of Tank 1, which does
not have an upper layer, the thermal conduction term Q j-1,j is zero, and the thermal
convection from the upper layer can be computed as Qcony = 7i2:¢p(Tj-1 — T}) with T4
as the temperature of the inlet hot water entering Tank 1 from the heat exchanger, and
the water mass flow rate ri1; as the water circulation mass flow rate ri,. A similar analysis
applies to the bottom layer of Tank 2, where no lower layer exists but with a cold water
supplement. In addition, for our HPTES system, since the direction of water circulation
changes with HP operation status (indicated by the control signal u), the internal mass
flow rate of water convection i, is a function of the HP control signal u as well as the
mass flow rate of hot water consumption ;.

Furthermore, the water pumps driving the water flow of cold water supply rz; and
water circulation within tanks 71, in (3.4) are assumed uncontrollable in our design,
which is the case for many practical HPTES installations. It is worth pointing out that
the control-oriented model (3.4) can be extended to consider these variables as con-
trollable terms, which can then be optimized in the MPC design of Section 3.3, without
changing the model structures. This can be expected to improve system efficiency, but
would also increase the computational cost for solving the corresponding MPC problem
by inducing extra nonconvex terms. Consequently, this choice should be made based on
the hardware availability and the trade-off between expected control performance and
computational cost.

Remark 3.1. The HPTES configuration along with the control-oriented model intro-
duced in this section is sufficiently general to cover a wide range of HPTES systems and
is flexible enough to be adjusted to cater to other alternative configurations with only
minor modifications. For instance, the positions of the hot water extraction and the cold
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water supplement, as well as the internal water circulation directions can be flexibly ad-
justed without breaking the structure of the control-oriented model. Furthermore, this
model is computationally tractable to be incorporated into MPC design as a prediction
model.

3.2.2. SYSTEM CONSTRAINTS
To ensure operational efficiency and safety, the HPTES system has to respect several
physical constraints. In this subsection, several typical constraints will be introduced
for the HPTES system.

Firstly, the water temperature in the water tanks should be maintained within an
admissible range to ensure safety and to provide qualified hot water. The water temper-
ature constraint can be reformulated as the following linear constraint

xl<x<x¥, (3.5)
where x denotes the temperature vector of different water layers and pipelines, x! and
x" are the corresponding temperature lower bound vector and upper bound vector, re-
spectively. It should be highlighted that, among all water layers within the water tanks,
the water temperature at the top layer of Tank 1 is of more importance since it is more
related to the water to be supplied to the buildings.

Furthermore, frequent on-off switching of the HP should be prevented as it can lead
to excessive wear and tear, reducing the HP’s operational lifespan. Consequently, the
number of on-off switches within a time period should not exceed a threshold. The con-
straints for the number of switches can be formulated as the following quadratic con-
straint

m
Y (Wrks1 = Ur-)* < New, 3.6)
k=1
where N is the maximal number of switches that is allowed during m time steps, and
u;_ denotes the control input at the time instant ¢ — k (i.e., k time steps prior to the
current time instant #). Since u; € B, the left-hand side of (3.6) computes the number of
switches that occur during the most recent m time steps. For instance, setting m = 8 and
N¢y1 = 1 implies that, only one switch is allowed within an 8-step time window.

3.3. MPC DESIGN FOR EcoNOMIC OPERATION AND

DEMAND-SIDE MANAGEMENT
In this section, based on the two-step DSM protocol, which is introduced in [95, 98]
aligning with the S2 standard introduced by the European Commission for exploiting
energy flexibility in the built environment [96], an energy-flexible MPC design frame-
work is proposed for the HPTES system to achieve economical operation and DSM. In
the S2 protocal, eight types of distinct flexibility patterns are defined. Our work mainly
focuses on “pause a task” for mitigating the grid congestion issue.

Fig. 3.3 provides a comprehensive workflow for our proposed MPC framework to
achieve economic operation and DSM with HPTES systems, which consists of two main
strategies: 1) economic MPC, and 2) DSM-based MPC. When no DR requests are re-
ceived to activate DSM, the HPTES system is operated with the economic MPC strategy
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for reducing the energy cost. Once the DR requests are detected, the DSM-based MPC
strategy will be deployed to provide energy flexibility services. Once the DR request is fin-
ished and no further DR requests are in the queue, the control scheme will be switched
back to the economic MPC strategy.

Initializing

. Retrieve electricity price.
* Obtain predicted water demand.

/ MPC Loop \

[ Fetch temperature measurements of HPTES system ]

h‘ILO YES
Economic MPC MPC-based DSM
. Conduct flexibility assessment by
. Solve the economic MPC problem solving Eq. (3.9).
Eq. (3.7). . Communicate with power grid for
DR requests.
. Optimize HP control signals to meet
DR requests.

l

[ Send optimized control signals to HP ]

N , J

YES End Time? NO

Figure 3.3: Workflow for implementing the proposed MPC schemes.

For the HPTES system, the economic MPC formulation aiming at reducing the en-
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ergy cost of the HPTES system is expressed as the following optimization problem

nliin Jo (3.7a)
t
s.t. Xt+1 = f(xt) Ug, dl‘)) (37b)
(x4, uy) satisty (3.5) & (3.6), (3.7¢)
fort=0,1,---,N (3.7d)

where J, := thvzo I(x, uy) is the total operational cost function with I(x;, u,) as the stage
cost and N the length of the prediction horizon, x; denotes the system states composed
of the temperature vector of different water layers and pipelines, u; € B is the HP binary
control signal with u; = 1 indicating on status, f(x;, u,, d;) is the control-oriented model
introduced in (3.2) and (3.4). In our design settings, the operational cost for the HPTES
system mainly comes from electricity consumption. Consequently, the operational cost
function is defined as J, := th\io e;- Py - uy, where e; is the electricity price signal and P;
is the rated power of HP.

Based on the above economic MPC formulation, in the following, we will show how
to further enable energy use flexibility in a DSM scheme. Current mainstream DSM de-
sign follows the so-called price-based or incentive-based programs, which are one-step
programs and can be inefficient in exploiting the energy flexibility of the system. Instead
of following the conventional design framework, our work considers a novel DSM frame-
work based on a bidirectional communication protocol between the building manage-
ment system (BMS) and the grid operator to achieve better utilization of energy flexibil-
ity. Fig. 3.4 shows the diagram of the DSM framework, which consists of two steps. At
Step 1, called Flexibility Assessment, the energy flexibility potential of the HPTES system
is quantitatively assessed, and the information of the flexibility potential & is shared
with the power grid. At Step 2, called Flexibility Exploitation, based on the flexibility po-
tential &, the grid operator will generate a feasible DR request & to exploit the energy
flexibility.

Power Grid

i

F (step 1)

R (step 2)

A

Figure 3.4: Diagram of the two-step DSM scheme.

3.3.1. FLEXIBILITY ASSESSMENT

For this two-step design framework, the main difficulty lies in the first step: quantita-
tively characterizing and computing the flexibility potential of the system. Our work
mainly focuses on solving grid congestion, which is a challenging issue for the power
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grid in the Netherlands. Hence, the DSM design mainly aims at reducing energy con-
sumption during critical hours.

While there is no standard definition of energy flexibility, the flexibility potential of a
system can be measured mainly based on three factors that describe the shift in energy
use: magnitude, time duration, and cost [105, 106]. In this work, we focus on solving the
grid congestion issue by adopting the flexibility pattern “pause a task’, i.e., turning off
the HP. In our problem setup, the HP can only operate in two modes: on and off, which
implies the magnitude of the flexibility reduction at each time instant is constant, the
capacity of energy flexibility is thus proportional to the time duration that HP remains
off. Consequently, we measure the flexibility capacity of the HPTES system as the time
duration during which the HP can remain off without violating system constraints.

Here we denote I := {t5,---, If,}, called flexibility assessment period, as the set of
consecutive time indices during which the flexibility of the HPTES system is assessed.
Then, given a flexibility period, the time instants within 9~ can be classified into three
categories: the time instant before the flexibility period, at which the corresponding HP
control input can be freely adjusted; the time instant within the flexibility period, during
which the HP is off; and the time instant after the flexibility period, during which the HP
control signal is free to be adjusted. To express the above logic and perform flexibility
assessment, two sets of auxiliary decision variables are introduced: #5 := {s;,t € T}
and Zg = {z;, t € I }. where s; € B and z, € B are binary decision variables. Based on s;
and z;, the following logic follows

* s; =0and z; = 0: the time instant ¢ is before the flexibility period, and u, € B.
* s;=1and z; = 0: the time instant ¢ is within the flexibility period, and u; = 0.
* s; =0and z; = 1: the time instant ¢ is after the flexibility period, and u; € B.

The above logic is illustrated by a diagram in Fig. 3.5, and can be expressed as the follow-
ing mixed-integer linear constraints

Ur<1-sy, (3.8a)
St+1 = St — 241, (3.8b)
stz <1, (3.8¢c)
241 = 2t (3.8d)

Based on the definition of flexibility, the flexibility capacity is proportional to ) ;c g s;.
Namely, the longer the period that the HP can remain off without violating system con-
straints, the larger the flexibility capacity. Combining the flexibility assessment with the
economic MPC problem (3.7) leads to the following flexibility assessment formulation

u%icgk Jo—J¢ (3.9a)
S.t. Xpp1 = f (g, Uy, dy), (3.9b)

x; satisfy (3.5), u; satisfy (3.6), (3.9¢0)
forr=0,1,2,--- ,N—1, (3.9d)

(ug, Sk, zx) satisty (3.8),Vke I (3.9¢e)



3. MODEL PREDICTIVE CONTROL FOR UNLOCKING ENERGY FLEXIBILITY OF HEAT PUMP

40 AND THERMAL ENERGY STORAGE SYSTEMS
flexibility period
flexibility assessment period
1
N
0
z 1 —

' r

Figure 3.5: Schematic of the logic in (3.8) indicating flexibility periods.

t

where J¢:= 1Y ;g s; is the revenue of exploiting the energy flexibility for DSM services,
and A > 0 is a weighting parameter. By solving this optimization problem, the optimal
flexibility period, which is defined as % := {t|s; = 1}, can be computed. This informa-
tion will be subsequently used in the Flexibility Exploitation stage. The optimization
problem (3.9) computes the optimal flexibility commitment by balancing the profits of
flexibility provision J and the incurred operational cost J,. Once J, is omitted, the op-
timal solution of this optimization problem quantifies the largest flexibility capacity of
the system regardless of the incurred increase of operational cost. It should be pointed
out that in this work the revenue of flexibility J is defined to be proportional to the du-
ration of flexibility, in order to demonstrate the effectiveness of the proposed two-step
DSM framework. The objective function in (3.9a) can be modified to consider different
revenue formulations depending on different market choices and contractual options,
such as maximal demand contract and interruptible load contract.

3.3.2. FLEXIBILITY EXPLOITATION

After finishing the flexibility assessment, the information of the flexibility capacity & :=
{t|s; = 1} will be shared with the power grid. Based on %, a feasible DR request Z =
{tlt € #} < & will be generated by the grid operator to specify the time instants that the
HP needs to be off to provide DSM services. Namely,

u;=0, VteZ. (3.10)

To achieve this DR request, a classical economic MPC problem with extra constraints
(3.10) can be formulated to compute the HP control signals. Since the DR request & is
feasible w.r.t. the flexibility capacity &, there is always an admissible control input se-
quence, i.e., a solution of the optimization problem (3.9), to meet the DR request without
violating system constraints.

Remark 3.2. By solving (3.9), the optimal flexibility period, which is defined as & :=
{t|s; = 1}, will be computed. If the operational cost J, is omitted from the objective func-
tion, the largest flexibility capacity of the system, i.e., the longest period during which the
HP can remain off without violating constraints, is obtained. It should be highlighted
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(a) Air-to-water HP. (b) Two 500L water tanks.

Figure 3.6: The HPTES system used in our numerical and experimental case studies.

that the formulation of flexibility assessment in (3.9) is independent of the system dy-
namics as well as the economic MPC formulation, which means that the proposed DSM
design framework is feasible to any economic MPC design by only considering extra lin-
ear constraints (3.8). Hence, this design framework can be easily incorporated into other
MPC formulations without inducing high design complexity and computational burden.

3.4. NUMERICAL AND EXPERIMENTAL RESULTS

In this section, the proposed MPC-based DSM strategy will be numerically and experi-
mentally tested. The investigated HPTES system is based on a real installation, as shown
in Fig. 3.6, that is designed to provide domestic hot water for fitness rooms and dining
rooms in an office building in the Netherlands. This HPTES system consists of two 500-
liter water tanks and an air-to-water heat pump. The HP is only operated during working
hours from 7:00 to 17:30 on weekdays.

Since the main emphasis of this work is on the development of MPC methodolo-
gies, we omit detailed system-modeling results, including the models of HP’s COP, water
tanks, and hot water prediction. The modeling procedures, results, and parameter val-
ues adopted in our simulations and experiments are provided in [107, 108].

The numerical and experimental results are presented in two subsections including
the simulation results of the proposed MPC schemes, and real-world experiments of the
proposed MPC schemes. All MPC problems for simulations and experiments are mod-
eled using the Python package Pyomo [109] and are solved using Gurobi 10.0.1 [74] on a
2.3 GHz 8-Core Intel Core i9 CPU with 32 GB 2667 MHz DDR4 RAM.

3.4.1. SIMULATION AND EXPERIMENT SETTINGS AND MPC CONFIGURA-
TIONS

Fig. 3.7 depicts the diagram for implementing our simulation and experiment of the pro-

posed MPC strategies. At the beginning of the simulation or implementation, electricity

price signals and hot water consumption predictions are updated. Then, the MPC solu-

tion is computed every 5 minutes. At each sampling instant, the real water tank temper-

ature and water flow rates are used to update the control-oriented model. For each MPC
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Figure 3.7: Simulation and experiment diagram.

update, if a new DSM request is detected and no existing DR request is being served, the
DSM scheme will be activated to meet the requirement of the power grid. Otherwise, the
economic MPC scheme will control the HP to optimize system operation.

In our system, the temperature of the hot water supplied to the building is required
to be within 55°C - 75°C to mitigate the risk of legionella bacteria and to ensure system
safety. Besides, it is preferred to keep the temperature above 60°C for most of the oper-
ational time to provide qualified hot water. For the real-time implementation of MPC, it
is essential to ensure that the MPC problems in (3.7) and (3.9) are always feasible. Due to
the existence of uncertainties, the hard constraints (3.5) and (3.6) might result in infeasi-
ble optimization problems. To address this issue, we alternatively consider the following
soft constraints

55-01<T1<75+0; (3.11a)
T1=60—-0> (3.11b)

where 6; > 0 and >, > 0 are slack variables to relax the hard constraints and are penalized
in the objective function J,. The operational cost function J, then becomes

N
Jo:=)_ e/Prus+ M6, + M5, (3.12)
t=1

where e; is the electricity price, M; = 0 and M, = 0 are large constants to penalize the
slack variables (61,82). The electricity price used in our simulation is depicted in Fig. 3.8,
which is a typical electricity price pattern in the Dutch electricity market.

For our proposed MPC strategies, the prediction horizon is selected as 6 hours for the
economic MPC scheme (3.7), and 4 hours for flexibility assessment (3.9). This choice is
adopted to balance the computational costs and control performance, considering the
fact that the HP is operated for about 10 hours per day. In addition, practical DR request
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Figure 3.8: Electricity price used in tests.

periods for solving peak hour grid congestion last generally for less than an hour, and
the real-time control update period of our MPC schemes is 5 minutes.

One practical challenge in implementing MPC is ensuring that the corresponding
optimization problems can be solved efficiently for real-time implementation. Good
control performance of MPC generally requires considering a relatively long prediction
horizon, which will increase the computational burden. To balance the computational
efficiency and control performance, the move blocking strategy is utilized in our MPC
implementation. Unlike the conventional MPC design, where fixed time steps are ap-
plied within the whole prediction horizon, the moving blocking strategy involves seg-
menting the prediction horizon into time windows with different lengths of time steps
[110]. For the blocks that are closer to the current time instant, the corresponding time
step is smaller. This strategy is based on the premise that the necessity for precise pre-
diction and control diminishes for further predictions in the future since only the first
MPC input signal is applied and the control signal at the next time step is recomputed
with updated information.

Fig. 3.9 gives a graphical illustration of the standard MPC and move blocking MPC. It
can be seen that the standard MPC keeps a fixed time step within the prediction horizon.
In contrast, move blocking MPC has varying-sized time steps. With the same prediction
horizon length, moving blocking MPC entails fewer decision variables than the standard
MPC, and hence can consider a longer prediction horizon with reduced computational
burden for solving the corresponding MPC problem. As shown in Fig. 3.9, in our simula-
tions and experiments, the prediction horizon for the economic MPC formulation (3.7)
is 6 hours with 3 blocks. The first block has 6 time steps with each time step 20 mins.
The second and the third blocks have 4 and 3 steps with corresponding time steps as 30
mins and 40 mins, respectively. As shown in Table 3.1, with the move-blocking strategy,
the average computational time for solving the economic MPC problem (3.7) over a sim-
ulation day is reduced from 72.96s to 25.77s, highlighting the improved computational
efficiency.

3.4.2. SIMULATION RESULTS OF MPC SCHEMES

SIMULATION RESULTS OF MPC FOR ECONOMIC OPERATION

For the proposed MPC strategies, the performance of the economic MPC formulation
(3.7) without considering DSM is tested first. To show the efficacy of the proposed MPC
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Figure 3.9: Standard MPC and move blocking MPC in a 6-hour prediction horizon.

Table 3.1: Computation time of standard MPC and move blocking MPC.

Standard MPC  Move Blocking MPC

Minimal computation time (s) 11.74 10.81
Maximal computation time (s) 301.19 56.58
Average computation time (s) 72.96 25.77

approach, the results of the Rule-Based Approach that is currently used to operate the
real HPTES system are also presented. With the Rule-Based Approach, the HP is turned
on if the water temperature at the top layer of Tank 1 is lower than 62°C and is turned off
until the water temperature at the bottom layer of Tank 2 is higher than 62°C.

Simulation results are shown in Fig. 3.10 and are summarized in Table 3.2. From
Fig. 3.10, it is clear that the MPC approach can maintain the supply water temperature
within the admissible range [55°C,75°C]. It can be seen from Table 3.2 that compared
with the rule-based approach, the energy cost of MPC is reduced by about 14% and the
energy consumption by 13% while also leading to less constraint violations (defined as
the violation of the desired lower bound of water temperature 60°C).

Table 3.2: Simulation results of MPC and rule-based schemes for Economic Operation.

Rule-Based Approach MPC
Average Water Temperature (°C) 65.53 63.11
Maximal Constraint Violation (°C) 4.43 1.94
Energy Consumption (kWh) 64.17 (100%) 55.83 (87.00%)

Energy Cost (Euro) 8.69 (100%) 7.45 (85.73%)
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Figure 3.10: Simulation results for Economic Operation: (top) water temperature at the top layer of Tank 1,
(middle) HP status with rule-based scheme, (bottom) HP status with MPC.

Table 3.3: Simulation results of MPC and rule-based schemes for DSM.

Rule-Based Approach MPC
Average Water Temperature (°C) 65.53 64.85
Maximal Constraint Violation (°C) 4.43 4.12
Energy Consumption (kWh) 64.17 (100%) 62.50 (97.40%)
Energy Cost (Euro) 8.69 (100%) 8.41 (96.78%)

SIMULATION RESULTS OF MPC FOR DSM

Based on the economic MPC formulation, we augment the design to further consider
DSM. The data for electricity price and water consumption used are the same as for the
economic MPC implementation. For the flexibility assessment problem (3.9), the pre-
diction horizon is selected as 4 hours, and the first 3 hours are defined as the flexibility
assessment period. This time interval is chosen to ensure that the flexibility potential of
the system can be fully explored while leaving sufficient time to prepare for the next flexi-
bility task. In our simulation and experiments, synthetic DR requests are generated from
the power grid every 3 hours so that the flexibility assessment and exploitation tasks
are performed (3 tasks in total per day). The objective function for (3.9) is selected as
Jf = X1eq s¢ without considering the operational cost J,, which implies that the largest
flexibility potential of the HPTES system, i.e., the longest time period that the HP can be
off without violating system constraints, is computed. For flexibility exploitation, virtual
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Figure 3.11: Simulation results for DSM: (top) water temperature at the top layer of Tank 1, (middle) HP status
with rule-based scheme, (bottom) HP status with MPC.

DRrequests are set as 2 = %, which request the largest possible energy reduction during
the flexibility period. This extreme scenario is selected for testing the robustness of our
proposed approach.

Simulation results for DSM are shown in Fig. 3.11 and Table 3.3. In Fig. 3.11, the
starting and ending times of flexibility assessment are indicated via dashed red lines,
and the flexibility periods as green shaded areas. Within all flexibility periods, the HP is
required to remain off to meet the DR requests. It is clear that all DR requests are satis-
fied while respecting system constraints. Furthermore, as shown in Table 3.3, compared
with the rule-based control approach, which is incapable of implementing DSM with
safety guarantee, our proposed MPC approach can not only achieve DSM but also lead
to less energy consumption. This result highlights the benefits of the proposed MPC-
based approach in cost saving, even with the provision of DSM services, which will force
the operation of HP to deviate from its economically optimal pattern, and sacrifice eco-
nomic operational performance.

3.4.3. EXPERIMENTAL RESULTS OF MPC SCHEMES
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Figure 3.13: Experimental results of MPC for economic operation: (top) water temperature at the top layer of
Tank 1; (bottom) HP status.

EXPERIMENTAL RESULTS OF MPC FOR ECONOMIC OPERATION

In order to validate the practical viability of our proposed schemes, experiments are
conducted in a real-world HPTES installation as shown in Fig. 3.6. The real hot water
consumption and its predictions during the experiment are shown in Fig. 3.12, from
which we can conclude that the prediction reflects the real usage reasonably well but
with non-negligible prediction error, especially during peak hours. Fig. 3.13 depicts the
water temperature of the supplied hot water and the HP control signals. It is clear that
the proposed MPC approach successfully maintains the water temperature within the
admissible range regardless of the non-negligible prediction error of water usage. In ad-
dition, based on our computation, the MPC approach results in an operational cost of
8.64 euros, which is lower than the 9.63 euros achieved by the existing rule-based ap-
proach with similar hot water consumption profile.
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Figure 3.15: Experimental results of MPC for DSM: (top) water temperature at the top layer of Tank 1; (bottom)
HP status.

EXPERIMENTAL RESULTS OF MPC FOR DSM

This section presents the experimental results of our proposed approach for DSM in Sec-
tion 3.3. Fig. 3.14 depicts the real and predicted hot water consumption during the ex-
periment day. For this specific day, an abnormal real hot water consumption happened.
Specifically, it can be seen from Fig. 3.14 that the peak hour started earlier than usual so
that a relatively larger prediction error occurred compared to our previous case. While
the prediction performance of water consumption is unsatisfactory, this scenario pro-
vided a good case to test the robustness of our proposed approach. The supplied hot wa-
ter temperature and the HP control signals are plotted in Fig. 3.14. It can be seen that de-
spite the large water usage prediction error, our proposed approach still performs well.
The promised DR services were achieved while keeping the water temperature within
the admissible range during almost the entire experiment. The only exception occurred
around 14:00, at which the water temperature was slightly below the admissible lower
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bound due to the large prediction error of water usage.

3.5. CONCLUSIONS

This chapter proposed an energy-flexible MPC design framework that leverages the en-
ergy flexibility of HPTES systems for DSM. Notably, our proposed MPC strategy can
quantitatively assess the energy flexibility of HPTES systems by solving a typical eco-
nomic MPC problem with additional mixed-integer linear constraints, ensuring that
any admissible DR requests can be achieved while respecting system constraints. The
proposed approach offers a systematic framework for operating HPTES systems using
an advanced control strategy to achieve economic operation and DSM. The efficacy of
our proposed approach is validated through both numerical and experimental results
based on a real-world HPTES installation. The results demonstrate that the proposed
MPC schemes are effective in achieving economical operation and energy-flexible DSM.
Moreover, they provide a motivating example to confirm the practical viability of the
future-proof S2 standard, enabling versatile exploitation of energy flexibility in the built
environment.







MODEL PREDICTIVE BUILDING
CLIMATE CONTROL FOR
MITIGATING HEAT PUMP NOISE
POLLUTION

Noise pollution from heat pumps (HPs) has been an emerging concern to their broader
adoption, especially in densely populated areas. This chapter explores a model predictive
control (MPC) approach for climate control of buildings, aimed at minimizing the per-
ceived noise nuisance from HPs by optimally scheduling their operation to hide HP noise
in ambient noise. By exploiting a piecewise linear approximation of HP noise patterns
and assuming linear building thermal dynamics, the proposed design can be generalized
to handle various HP acoustic patterns with mixed-integer linear programming (MILP).
Additionally, two computationally efficient options for defining the noise cost function in
the proposed MPC design are discussed. Numerical experiments on a high-fidelity build-
ing simulator are performed to demonstrate the viability and effectiveness of the proposed
design. Simulation results show that minimizing the excess of HP noise over ambient noise
is effective in mitigating the HP noise nuisance. Further, compared with the conventional
MPC-based building climate control scheme, the proposed approach can effectively reduce
the HP noise pollution with only a minor energy cost increase.

@ This chapter is based on the paper: Li, Y., Shi, J., Jones, C. N., Yorke-Smith, N., & Keviczky, T. (2025). Model
predictive building climate control for mitigating heat pump noise pollution. European Journal of Control,
101323.
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4.1. INTRODUCTION

As an energy-efficient heating/cooling device, heat pumps (HPs) have gained
widespread adoption across Europe, driven by the goal of reducing fossil fuel usage and
carbon emissions. Currently, approximately 24 million HPs are installed in European
buildings, and this number is expected to reach 60 million by 2030 [111]. This growing
adoption of HPs to move away from fossil fuels could reduce Europe’s gas demand for
heating by at least 21 billion cubic meters in 2030, and potentially cut CO2 emissions by
46% [112, 113]. However, despite the benefits of flexible and efficient renewable heating
and carbon reduction, a new concern about HPs has been raised: noise.

Noise can induce stress and impact both psychological and physiological well-being.
Noise generated by HPs, particularly air source heat pumps (ASHPs) commonly installed
in residential areas, has emerged as a primary concern hindering their broader accep-
tance in these settings [60, 114]. Consequently, HP installation and operation must ac-
count for acoustic impacts on the surrounding environment, especially in residential
zones where noise levels are subject to legislative noise directives. For example, in the
UK, the noise pressure level must be below 42 dB at a distance of one meter from a neigh-
bour’s door or window [113, 114]. Similar regulations also apply in other countries as
outlined in [115]. Addressing HP noise pollution is thus essential for maintaining acous-
tic health and fostering the acceptance of HPs, which can further support carbon emis-
sions reduction. Recent initiatives, such as IEA HPT Annex 51 and Annex 63 underscore
the growing attention on HP noise concerns [116, 117].

Various solutions for reducing HP noise have been explored, including adding
sound-absorbing materials or insulation enclosures, using flexible mountings to
dampen vibrations, and implementing active noise cancellation techniques [60, 118,
119]. While these measures can reduce HP noise, they often require intrusive modifica-
tions, making it costly or even impractical to retrofit existing HPs for improved acoustic
performance.

With advancements in smart metering, computing technology, and building man-
agement systems, an alternative approach to reducing HP noise without invasive mod-
ifications is to design optimal HP control strategies. The primary noise sources of air
source heat pumps are the compressors and, especially, the fans in the outside units
of HPs, which significantly contribute to ambient noise [60, 120]. Modern inverter HPs
allow for modulation of compressor and fan speeds, enabling noise level adjustments
based on thermal output requirements. Thus, it is possible to adjust the HP power in-
puts to mitigate noise while maintaining a comfortable indoor thermal climate.

Model predictive control (MPC) has shown promise as an advanced control strat-
egy for HP and building climate control, owing to its flexibility in handling system con-
straints, economic considerations, and predicted weather conditions [26, 121]. The ef-
fectiveness of the MPC-based heat pump and building climate control in improving sys-
tem performance, such as reducing economic cost, increasing indoor comfort, and en-
gaging demand-side management, has been experimentally demonstrated in existing
works, see [107, 122] and references therein.

Motivated by the above discussion, this chapter investigates an MPC design to miti-
gate HP noise within the context of building climate control. The main contributions of
this chapter are summarized as:
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* The reduction of HP noise pollution is investigated for the first time in optimal
building climate control. A general MPC formulation that considers both HP noise
pollution reduction and energy cost savings is proposed.

» Leveraging piecewise linear approximation, the proposed design is adaptable to
various HP noise patterns through a mixed-integer linear programming (MILP)
formulation. Two options for the noise cost function in the MPC design are dis-
cussed.

° Numerical experiments using a high-fidelity building simulator are performed to
demonstrate the viability and effectiveness of the proposed approach.

The remaining parts of this chapter are organized as follows. Section 4.2 presents the
problem setting about building thermal dynamics, HP noise patterns, and our design
objective. Section 4.3 delves into the details of the proposed MPC design. The viability
and effectiveness of the proposed approach are numerically tested in Section 4.4. Finally,
Section 4.5 concludes this chapter.

4.2. PROBLEM SETTING

This work aims to mitigate the noise pollution caused by the operation of HPs while
maintaining indoor thermal comfort by redesigning indoor climate control strategies.
In the following, we will illustrate our problem setting about indoor thermal dynamics,
heat pump noise and ambient noise, as well as the control design objective.

4.,2.1. BUILDING THERMAL DYNAMICS
Without loss of generality, the indoor thermal dynamics are assumed to be approxi-
mately modeled as the following linear system

Vi1 =AYy, + Buy g, + EVyg, (4.1)

where ;.1 € R" is the predicted indoor temperature vector at time instant ¢ +1, y;, ky €

R™%y is the stacked historical indoor temperature measurements during time period
[t — ky +1,1], which is defined as y; ¢, := [y, y;_;," - ’sz—ky+1]T; similarly, u, r, € R"ku

andv,, € RPkv are the stacked HP power input and ambient climate conditions during
time intervals [t —k, + 1, t] and [t —k, + 1, t], respectively; A, B and E are system matrices
describing the evolution of indoor temperature at time instant ¢+ 1 driven by past indoor
temperature, HP control input and ambient climate conditions. The above linear model
encompasses a wide range of the prediction models for indoor thermal dynamics devel-
oped by black-box approaches, e.g., Auto Regressive with eXogeneous inputs (ARX), and
gray-box approaches, e.g., RC-network [26, 123, 124].

4,2.2, HEAT PUMP AND AMBIENT NOISES

For HP noise concerns, our primary focus is on the noise generated by the fan in the
outside unit. In residential settings, HP fan noise generally ranges from 40-60 decibels,
and is typically the main source of HP noise disturbance for nearby residents. As shown
in [60, 125], the noise generated by HPs is a nonlinear and nonconvex function of the HP
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power, and roughly follows a logarithm-like or sigmoid-like function. However, due to
the lack of definitive studies showing that all ASHPs adhere to such a noise pattern, we
impose no explicit assumption about the relationship between the HP noise level and
power consumption.

In our control scheme design, we only assume the existence of a general noise pat-
tern as defined in (4.2), which can be derived through theoretical analysis or experimen-
tal data:

L' = f(u) 4.2)

where LPP is the HP noise level in decibels, u is the HP power input, and f(-) is a function
representing the HP noise pattern. The implicit assumption behind the above analysis is
that the noise generated by HPs varies with their electrical power consumption, i.e., ther-
mal output, and follows a certain predictable pattern. This assumption requires that the
considered HPs should be inverter HPs, whose fan speed can be modulated and power
input is adjustable, since the fan speed and power input for ON/OFF controlled HPs are
generally fixed to certain nominal values and can not be modulated to adjust the corre-
sponding noise level.

When defining the acoustic nuisance caused by a HP, another factor that should be
considered is ambient noise (background noise), which might be caused by traffic noise,
alarms, extraneous speech, animal noise, and more. In this work, we impose no spe-
cific pattern for ambient noise, assuming only that the predicted ambient noise levels
are accessible. This is a practical assumption, and there are many works available that
focus on developing ambient noise prediction algorithms, see [126, 127] and references
therein. Thus, without loss of generality, in our upcoming MPC design, we assume that
the predicted ambient noise level L™ within the MPC prediction horizon is available.

4.2.3. CONTROL DESIGN OBJECTIVE

The main control objective is to mitigate the acoustic nuisance caused by HP operation
in the surrounding environment. It should be noted that reducing the acoustic nuisance
of HPs does not equate to minimizing absolute HP noise, which would typically mean
shutting down HPs. Instead, it involves reducing the relative impact of HP noise com-
pared to ambient noise levels. Through appropriate HP control, the combined noise
from the HP and its surroundings should be dominated by the ambient noise, effectively
concealing HP noise within it and thereby mitigating acoustic pollution. In addition to
reducing noise pollution, the control objective should also consider indoor comfort and
energy costs.

For simplicity in MPC design, our approach does not account for the spectral char-
acteristics of noise signals. Future studies incorporating human factors determining the
human-perceived noise nuisance associated with different noise frequencies are war-
ranted.

4.3. MODEL PREDICTIVE CONTROL DESIGN

4.3.1. MODEL PREDICTIVE CONTROL FORMULATION
In this subsection, a general MPC problem is formulated to adaptively reduce the effect
of HP noise on the environment. An MPC problem achieving our design objective can
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be formulated as follows

min % Lug, yo) +1 % h(LIP, 12m) (4.3a)
=0 =0
Jo Jn
S.t. Yre1 = AYI,ky +Buy ., + Evy g, (4.3b)
L = fuy), (4.30)
yie® and u; €%, vVtei{0,---,N}, (4.3d)

where N is the length of prediction horizon, J, is total operational cost with I(u;, y;)
as the stage cost at sampling instant ¢, J, is the total noise cost within the prediction
horizon with h(L};p , L3mb) a5 the stage noise cost defined based on HP noise Ll;p and am-
bient noise L‘;mb, 1 = 0 is a user-defined weighting factor for balancing the operational
cost and noise nuisance, constraint (4.3b) is the building thermal dynamics defined in
(4.1), constraint (4.3c) defines the noise pattern of the HP in (4.2), % and % in (4.3d)
are admissible regions of indoor temperature and heat pump power input. This opti-
mization problem defines a general control task to minimize the weighted sum of HP
operational cost and HP noise cost while ensuring indoor comfort constraints and HP
input constraints. Within the context of the building climate control, the operational
cost function J, is generally defined as the energy cost during the prediction horizon,
which is formulated as a linear (convex) function of HP power consumption and will not
influence the computational tractability of the proposed scheme, see [121]. Besides, the
formulation of hard constraints for indoor comfort requirements (4.3d) can be relaxed
as soft constraints by introducing slack variables to ensure the feasibility of the MPC
problem in practical implementation.

Remark 4.1. Tt should be highlighted that the design objective is to mitigate the HP noise
nuisance w.r.t. the environment noise. Consequently, the definition of the noise cost
function J, in (4.3a) should reflect the relative noise nuisance of the HP, rather than its
absolute value. For example, intuitively, when the ambient environment is noisy, the
HP can operate with louder noise, possibly to achieve higher energy efficiency or lower
energy bills, without incurring a high acoustic nuisance. Similarly, when the ambient en-
vironment is quiet, even a moderate noise level of HP can lead to more nuisance because
the HP noise plays a dominating role in the total noise.

4.3.2. PIECEWISE AFFINE APPROXIMATION OF HP NOISE PATTERN
Assuming a general HP noise pattern, this subsection presents a piecewise linear approx-
imation of the HP noise pattern and develops a computationally tractable formulation.

As explained in Section 4.2.2, since the specific noise pattern might vary depending
on the individual HP system, we make no explicit assumption about the HP noise pat-
tern, and aim at developing methods that are adaptable to a broader range of HP noise
patterns for enhancing the applicability of the proposed approach.

In this work, piecewise affine functions are utilized to approximate the HP noise pat-
tern, which might be nonlinear and nonconvex. Fig. 4.1 shows an example of using three
pieces of affine functions to approximate a sigmoid-like noise pattern. To provide a gen-
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eral approximation scheme, we assume that affine functions comprising k pieces are
used in HP noise approximation. The admissible scope of HP control input is partitioned
into k intervals that are defined by a = [ay, - -- ,ak]T with [a;,a;41] (i=0,---,k—1) repre-
senting one interval, where the HP noise pattern is approximated via a piecewise affine
function. Correspondingly, the vector :=[Bo,-: -, Bkl is defined with ; as the HP noise
level when its power input u = @;. Then, for any HP power input u € [a;, a;+1], there
exist real-valued parameters A; and 1;,; such that

u=2Aia;+2Ai1ain (4.4)

with0 < A; =1 and A; + 1;4; = 1. Correspondingly, the value of the approximated HP
noise level [P is
LM = A8 + As1Bin (4.5)

To denote the approximated noise pattern within the whole admissible input range
[ao, @], binary variables z; € {0,1} (i = 1,:--, k) are introduced with z; = 1 indicating
u € [aj-1,a;]. Finally, the piecewise-affine approximated HP noise pattern can be ex-
pressed as the following mixed-integer linear constraints

u=Y"5 Mia (4.6)
ihp — ZZ‘C:O /Iliﬁi, (4.6b)
Aisi+Ai<z;, Vie{l,---,k} (4.6¢0)
Aiz0,Yie(l, -,k (4.6d)
Yhzi=1, 2 €00,1). (4.60)

The above mixed-integer linear constraints can replace the HP noise pattern constraint
in (4.3¢), which might be nonlinear and nonconvex, and enable a universal approxima-
tion for various HP noise patterns. It should be noted that approximation accuracy is
determined by the number of affine functions utilized in (4.6). Adopting more affine
functions leads to a more accurate approximation, but will also introduce more con-
straints and decision variables in (4.6). Consequently, the number of affine functions k
considered in (4.6) should balance the approximation accuracy of HP noise pattern and
the corresponding computational overhead.

4.3.3. NOISE COST FUNCTION DESIGN

This subsection presents several possible options for defining the noise cost function Jj,
in (4.3). Recall that our control objective is to mitigate the relative acoustic nuisance in
comparison to ambient noise, rather than minimizing the absolute HP noise level, so
that the HP noise is hidden in the ambient noise. Accordingly, the design of the noise
cost J,, should emphasize relative noise mitigation.

OPTION 1
The first option of the noise cost is defined as

Jni= Y oo LyP/L3mP 4.7)
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Figure 4.1: Nonlinear heat pump noise pattern and its piecewise affine approximation.

The above cost function penalizes HP noise according to the ambient noise level. Higher
ambient noise imposes less penalty on HP noise. Consequently, this cost function incen-
tivizes HP to work at a higher load when the ambient environment is noisy and at a lower
load in quieter settings.

OPTION 2

While the cost function defined in (4.7) is straightforward and easy to implement, it fails
to impose direct regulation on the mixed noise and may not prevent HP noise from dom-
inating the ambient noise. According to the acoustic properties of combined sounds, the
sound level of the mixed noise from HP and ambient sources can be calculated as

mix amb e
L™ =10-log;y (10 ™ +10 ™

(4.8)
The above nonlinear function can be used to impose direct constraints on the mixed
noise. However, it introduces nonlinear constraints, which might be computationally
challenging for certain numerical solvers.

The definition of the mixed noise level in (4.8) suggests that when the ambient noise
level exceeds the HP noise, the mixed noise level will be primarily dominated by the am-
bient noise, due to the power function applied to each noise level. Thus, an alternative
approach is to penalize instances when the HP noise exceeds the ambient noise, result-
ing in the following noise cost function definition

Jn=Y N 8, P <1345, 4.9)

with §; = 0. The above cost function is equivalent to the nonlinear noise cost function
Jn = N (LM - [3mb)* where x* is defined as x* = x if x = 0 and otherwise x* = 0.
This cost function incentivizes that HP noise does not exceed ambient noise, allowing
the mixed noise to be predominantly influenced by ambient sounds, thereby masking
HP noise within the background noise.

Remark 4.2. 1Tt is worth noting that the mixed-integer linear formulations in (4.6) and

(4.9) are designed to enhance the applicability and computational feasibility of our ap-
proaches for a variety of HP noise patterns and for compatibility with most numerical
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solvers. However, if the available solvers are capable of handling the specific, possibly
nonlinear and nonconvex, HP noise pattern in (4.2) and the mixed noise pressure level
definition in (4.8), this nonlinear relationship could be directly incorporated into (4.3),
potentially improving control performance.

4.4. SIMMULATION RESULTS

This section presents numerical simulation results to demonstrate the viabil-
ity and effectiveness of our proposed design framework. The building model
bestest_hydronic_heat_pump in the building control test platform boptest [128] is
utilized as a high-fidelity simulator to test our design. The considered building model
is a residential building with a rectangular floor plan 12mx16m, a height of 2.7m, and
an air-to-water HP of 15 kW nominal heating capacity for floor heating. See [128] for
more details about this building control test platform. The diagram of our simulation is
shown in Fig. 4.2. At each sampling instant, the HP control input signal u; is computed
by solving (4.3). With the computed HP control input, the building simulator updates
its internal states and returns the updated indoor temperature y;.;. All simulations are
performed on an Intel Xeon W-2223 CPU at 3.60GHz with 16G RAM. MPC problems are
modeled via the Python package gurobipy and solved using Gurobi 11.0 [74].

Control Input u

v Weather Forecast
@ ® (O
MPC Problem (4.3) Boptest Simulator
A
pR— Electricity Price

Indoor Temperature y

Figure 4.2: Diagram of closed-loop simulation with Boptest simulator.

In our simulation, the sampling period is set as 15-min for both prediction model
development and MPC design. An ARX model is identified using randomly generated
open-loop control signals. Fig. 4.3 depicts the real indoor temperature profiles and their
open-loop predicted values using the ARX model, showing that the ARX model provides
satisfactory prediction performance for subsequent MPC design. Due to the limitation
of space, the detailed information of the ARX model is provided in the extended version
of this paper [129].

4.4.1. PREDICTION MODEL OF BUILDING THERMAL DYNAMICS

In our simulation, the sampling period is selected as 15 minutes for both prediction
model development and MPC design. An ARX model is identified using randomly gen-
erated open-loop control signals to approximate the thermal dynamics of the building.
Notably, the control signals are forced to be off (on) when the building is overheated
(overcooled). The boptest simulator utilized in our simulation also involves the inter-
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Figure 4.3: Open-loop prediction performance of ARX model: (a) training set (MAE = 0.16°C), (b) test set (MAE
=0.19°C).

nal thermal gains from 5 occupants, but they are not forecast and therefore neglected in
our ARX model. The ARX model has the following structure

Na ny N ngq
V=2 axVi-k+ 3 brup+ Y ek T+ Y diSi
k=1 k=1 k=1 k=1

where y; is the indoor temperature at time instant ¢, T; denotes the ambient tempera-
ture, S; denotes the solar irradiation. The prediction horizon is set as 8 hours. In our
model the parameters (n,, ny, n¢, ng) are set as (4,1,2,2). The parameters (ay, by, ¢, di)
are identified by minimizing the sum of the squares of the indoor temperature predic-
tion error via scipy.optimize.least_squares [130]. For training and testing the ARX
model, two independent 7-day of datasets (16th Jan — 22nd Jan, 24th Jan — 30th Jan ) are
utilized, i.e., 7*24*4 = 672 data points, in both training and test datasets.

Fig. 4.3 depicts the real indoor temperature profiles and their open-loop predicted
values using the ARX model for both the training and test datasets. The mean absolute
errors (MAEs) for both training and test sets are 0.16 °C and 0.19°C, respectively, which
implies that the ARX model provides satisfactory prediction performance for subsequent
MPC design.

4.4.2. MODEL PREDICTIVE CONTROL FOR NOISE MITIGATION

For design simplicity, the admissible range of HP power input is scaled to such that
u; € [0,1]. The indoor comfort constraint is set as 19°C < y; < 24°C. For the HP noise
pattern, its real value is assumed to be identical with the piece-wise affine approximated
value, that are defined with the vectors a¢ and f used in (4.6) as ¢ = [0,0.2,0.7,1] and
B =10,40,60,60].
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Figure 4.4: Ambient noise profile used in simulation.

The operational cost function, also referred as energy cost, in the MPC design (4.3) is
defined as the electricity cost within the prediction horizon, i.e., J, := Pmax_ e; U;, where
Prax is the maximal HP power input, e; is the day-ahead electricity price. The prediction
horizon N = 32, i.e., 8 hours. The ambient noise pattern used in our simulation is shown
in Fig. 4.4, which is generated based on the results in [126, 131]. It can be seen that the
environment is quiet during the early morning, evening and night hours, and is noisy in
the noon and afternoon, which is consistent with our everyday experience.
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Figure 4.5: Simulation results for noise cost in (4.7): (a) Pareto curves of energy cost and noise cost,
(b) Lgen, (€) Lquiet and domination time, (d) energy cost.

In our case studies, the proposed two options of noise cost J;, defined in (4.7) and
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Figure 4.6: Simulation results for noise cost in (4.9): (a) Pareto curves of energy cost and noise cost,
(b) Lgen, (€) Lquiet and domination time, (d) energy cost.

(4.9) are tested for the MPC design, respectively.
The explicit MILP formulations for (4.3) with HP noise pattern approximation (4.6),
and the noise cost function (4.9) are formulated as follows:

. N N
min - Prax- ) p€ille+1-) 001 (4.11a)
ug,Ai 1z
5,1
S.t. Y1 = AYt,ky + Bll,;’ku + Evt,k,,r (4.11b)
k ~h k
wr=y i oAin@i, Li* =Y AiiBis (4.11¢)
A’i—],t‘*'ﬂ’i,tszi,tr Vie{]-v"')k}) (41]-d)
A =0, Viel0,- Kk}, (4.11e)
Y zii=1 zi €01, (@110
195y, <24, Osu <1, 4.11g)
phP<pambis, 5,20, (4.11h)
Vte{0,---,N}. (4.111)

where the operation cost J, is defined as the HP electricity cost Pmaletvzo e:u;. In case
of the noise cost function defined in (4.7), the term er\io 0, in the above cost function is

replaced by ¥V thlp/ L3mP and constraint (4.11h) is removed.
In the simulation, different values of 7 in (4.3a) are tested. For each value of 1), seven
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days of closed-loop simulation are performed. Based on the simulation results, the total
noise cost that is defined in (4.7) and (4.9), and energy cost (defined as the electricity cost
Jo) during the simulation period are computed. Besides, since the noise costs defined in
(4.7) and (4.9) are the convex approximations of the desired noise penalty, which is to
ensure that the mixed noise is primarily dominated by ambient noise, we introduce a
common metric:

real noise cost :=y_ L™ — [2mP (4.12)

to evaluate different approaches. In addition, the daily-averaged values of the following
metrics are also evaluated:

° Lgen of mixed noise: the day-evening-night noise level. Lqe, is used to measure the
overall sound exposure over 24 hours. It is defined as the equivalent sound level
with different penalties over different time periods in day, evening and night [132].

* Lguiet of mixed noise: Lqyje; is defined as the equivalent sound level during quiet
time (10:00 pm - 7:00 am).

* domination time: the total time over 24 hours that the mixed-noise level is domi-
nated by the HP noise.

Furthermore, the baseline approach, in which the HP is operated to minimize the en-
ergy cost while complying with Switzerland’s day-night noise regulation, i.e., 60 dB limit
during daytime and 50 dB limit at night [115], is also considered in our case study.

Table 4.1: Performance summary with different noise cost functions.

noise costin (4.7) | noise costin (4.9)
noise cost J, reduction percentage (%) 24.09 84.48
real noise cost reduction percentage (%) 30.43 39.38
energy cost increase percentage (%) 8.89 3.50
Lgen reduction (dB) 0.74 2.60
Lquiet reduction (dB) 1.51 6.15
domination time reduction (h) 1.54 3.39
average MPC computation time (s) 2.17 0.87

Simulation results are plotted in Figs. 4.5 and 4.6. Table 4.1 summarizes the results in
terms of the maximal noise cost reduction percentage and the corresponding real noise
cost reduction percentage, energy cost increase percentage, Lgen reduction, Lgujer and
domination time reduction, and energy cost increase for all considered values of n with
both noise cost definitions in (4.7) and (4.9), respectively.

Fig. 4.5 presents the simulation results using the noise cost function J, defined in
(4.7). The Pareto curves of the real noise cost in (4.12) and the noise cost J, in (4.7) w.r.t.
energy cost in Fig. 4.5(a), along with Table 4.1, indicates that noise cost J,, can be reduced
by 24.09% with an 8.89% increase in energy cost. In the meanwhile, the real noise cost
is reduced by 30.47%. Fig. 4.5(b) illustrates the variations in L;,., and noise cost as 7 in
(4.3a) increases. It is observed that while both Lge, and noise cost J, generally follow a
downward trend, their patterns are not entirely consistent, implying that a reduction in
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noise cost does not necessarily correlate with decreased noise nuisance in Lgep, as also
discussed in Section 4.3.3. Similarly, the inconsistency for Lqyjet and domination time is
also visible in Fig. 4.5(c). Fig. 4.5(d) shows that the total energy cost is within 3.

In Fig. 4.6(a), the Pareto curves illustrate the trade-off between noise and energy costs
for the noise cost function in (4.9). Together with Table 4.1, it can be observed that the
noise cost J,, and the real noise cost are reduced by 84.48% and 39.38%, respectively, with
only a 3.50% increase in energy cost. Fig. 4.6(b) presents the values of L4en and noise
cost J, across various values of r. Similarly, as depicted in Fig. 4.6(c), both Lqyjer and
domination time decreases as 7 increases, achieving a notable 6 dB reduction in Lqyiet
and 3.39 h reduction in domination time, which are much larger than the case with J,
defined in (4.7), where a reduction of 1.51 dB in Lgyjet and 1.54 h in domination time are
achieved. Notably, Fig. 4.6 shows a much more consistent pattern among the noise cost
Jn in (4.9), real noise cost, Lgen, Lquiet and domination time than in Fig. 4.5 where the
noise cost (4.7) is considered. In addition, the energy cost increase shown in Fig. 4.6(d)
is also less than the case of Fig. 4.5(d). These results imply that the noise cost in (4.9)
is more effective in penalizing the mixed noise level and ensuring the mixed noise is
dominated by the ambient noise.

In addition, as shown in Fig. 4.5(a) and Fig. 4.6(a), the baseline approach mainly
aims at reducing the energy cost and cannot consider the ambient noise profile, which
leads to large noise costs. Besides, one might notice that in Fig. 4.5(a) and Fig. 4.6(a)
the energy cost does not always increase as the noise cost decreases, which is possibly
due to modeling errors causing the HP to deviate from the predicted optimal value for
maintaining indoor comfort. This issue could be mitigated by using stochastic or robust
optimization-based approaches to enhance the robustness of the MPC solution.

4.5. CONCLUSIONS

This chapter presents the first investigation into HP noise mitigation within the con-
text of building climate control. The proposed approach extends the standard economic
MPC design for building climate control to incorporate HP noise reduction. By adopting
a piecewise linear approximation, the proposed approach can accommodate diverse HP
noise patterns while maintaining computational efficiency by solving MILP problems.
The proposed noise cost functions ensure that the HP noise does not dominate the am-
bient noise, thereby reducing its acoustic impact on surrounding environments. Simu-
lation results using a high-fidelity building simulator show that, with the proposed MPC
design, HP noise can be mitigated with only a minor increase in energy costs.
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The way how the uncertainties are represented by sets plays a vital role in the performance
of robust optimization (RO). This chapter presents a novel approach leveraging machine
learning (ML) techniques to construct data-driven uncertainty sets from historical uncer-
tainty data for RO problems. The proposed method integrates Density-Based Spatial Clus-
tering of Applications with Noise (DBSCAN), Gaussian Mixture Model (GMM), and Prin-
cipal Component Analysis (PCA) systematically to eliminate the influence of uncertainty
scenarios with low occurrence probability and generate a nonconvex uncertainty set that
is a union of multiple basic subsets (box or ellipsoid) without sacrificing its computational
tractability. In addition to presenting a comprehensive algorithm for uncertainty set de-
velopment, this work offers detailed guidelines for parameter tuning and performance
analysis. By harnessing the well-established ML packages scikit-learn, a Python-based
toolkit for implementing the proposed approach is also provided. Furthermore, a compu-
tationally efficient solution for a two-stage linear RO problem with the proposed data-
driven uncertainty set is derived, alongside establishing a probabilistic guarantee of con-
straint satisfaction for out-of-sample uncertainties. Extensive numerical experiments,
conducted on both synthetic and real-world datasets as well as an optimization-based
control problem, are performed to demonstrate the efficacy of the proposed methodology.

[ This chapter is based on the paper: Li, Y., Yorke-Smith, N., & Keviczky, T. (2024). Machine learning enabled
uncertainty set for data-driven robust optimization. Journal of Process Control, 144, 103339.
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5.1. INTRODUCTION

Optimization under uncertainties is ubiquitous in real-world engineering problems
and has attracted significant research attention. There are two primary approaches —
stochastic optimization and robust optimization — to enhance the robustness and reli-
ability of deterministic optimization models amidst uncertainties [6-8, 32]. Within the
framework of stochastic optimization, the exact distributional information about un-
certainties is deployed, and the expected performance towards the uncertainty distri-
bution is optimized. In reality, however, the distributional information of uncertainties
is usually not available, and obtaining this information is also a non-trivial task. One
popular solution to solve the implementation difficulty of stochastic optimization is the
scenario-based approach [133, 134]. However, to ensure constraint satisfaction with a
high confidence level, the scenario-based approach entails a large number of scenario-
induced hard constraints, which leads to computational challenges. As an effective al-
ternative, robust optimization (RO) models uncertainties via uncertainty sets without
the distributional information of uncertainties and focuses on optimizing the worst-case
performance [6-8]. Due to its effectiveness in constraint satisfaction and computational
tractability, RO has gained increased popularity.

A crucial component of RO problems is the uncertainty set, which significantly in-
fluences both the computational complexity and conservatism of the corresponding RO
problems. Common types of uncertain sets include box, ellipsoid, polyhedral and inter-
sections or unions of these basic sets [6, 8, 77, 135, 136]. These conventional methods for
constructing uncertainty sets are straightforward to implement and allow for some re-
duction in the conservatism of the optimal solution through careful adjustment of the set
coefficients. However, the selection of these coefficients typically depends on domain-
specific knowledge. Moreover, these methods are based on the assumption that each
dimension of uncertainties is independently and asymmetrically distributed, which re-
stricts their efficiency in handling correlations among uncertainties and scalability for
high-dimensional uncertainties [35].

With the availability of abundant historical uncertainty data and the development of
machine learning (ML) techniques, data-driven RO approaches have attracted increas-
ing attention in reducing the conservatism of RO. The main idea of these approaches is to
exploit ML techniques, especially unsupervised learning such as support vector cluster-
ing (SVQ), kernel density estimation (KDE) and principle component decomposition, to
extract the latent patterns of uncertainties, which are subsequently used for construct-
ing uncertainty sets. It should be pointed out that many dominant ML techniques do
not apply to data-driven RO problems due to the utilization of nonlinear functions, e.g.,
radial basis function and sigmoid function, which are widely adopted in ML algorithms
but might dramatically degrade the computational tractability of the resulting RO prob-
lems based on such data-driven uncertainty sets.

Recent literature explores different methods for constructing data-driven uncer-
tainty setsin RO.In[11, 15, 35], akernel-based support vector clustering (K-SVC) method
using a novel piece-wise linear kernel is proposed to develop a non-parametric poly-
hedral uncertainty set. Subsequently, [137] proposed replacing the piece-wise linear
kernel with a deep neural network (DNN) to construct a more compact, though non-
convex, uncertainty set. However, the DNN-based sets lead to substantially longer com-
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putation times in solving the corresponding RO problems, particularly, even single-
stage linear RO problems with NN-based uncertainty sets involve solving mixed-integer
quadratic programs iteratively. In [36, 138], the Dirichlet process mixture model is uti-
lized to extract hidden patterns in uncertainty data through a variational inference al-
gorithm, which involves complicated nonconvex optimization that degrades its appli-
cability. In [139], PCA is applied to develop a polyhedral uncertainty set by decompos-
ing the uncertainty into uncorrelated components. However, this method fails to detect
low-probability uncertainties, which might result in a conservative uncertainty set. In
[140-142], by combining principle components analysis (PCA) with kernel density esti-
mation (KDE), the resultant uncertainty set is able to exclude low-probability uncertain-
ties within the tails of the approximated probability distribution. In [143, 144], PCA is
combined with cutting plane methods to reduce the conservatism of the resulting un-
certainty set by excluding redundant uncertainty scenarios.

Although the above PCA-based uncertainty sets are computationally efficient due
to their polyhedral structure, this simple structure also sacrifices their applicability to
complicated and irregular uncertainty distributions. In [62, 145], the PCA-KDE-based
approach proposed in [140] is further combined with KMeans clustering to construct un-
certainty sets that are applicable to disjunctive uncertainties. However, as will be shown
in our simulation results, although this combination offers increased flexibility for han-
dling irregular uncertainty distributions, its performance might be degraded due to the
limitation inherent to the KMeans and KDE approaches and lacks robustness against
complicated real-world datasets.

In summary, a common limitation of the above data-driven approaches is their in-
ability to effectively balance between the complexity and the conservatism of the uncer-
tainty set, and to adapt to complicated uncertainty distributions. Most of these meth-
ods either yield a compact uncertainty set that demands high computational resources
for solving the resulting RO problems, or they produce a computationally efficient un-
certainty set that, however, lacks adaptivity to complex uncertainty distributions. Be-
sides, while some literature explored the framework of unifying multiple subsets as in
this work, their approaches fail to adapt to complicated uncertainty distributions due to
the improper selection and integration of ML techniques. In addition, most of the exist-
ing works only use simple synthetic datasets for performance evaluation, which might
fail to truly reflect the actual practical performance when applied to complex real-world
data. Furthermore, detailed guidelines as well as easy-to-use toolkits for the existing ap-
proaches are not available.

Motivated by the above discussions, this chapter proposes an ML-enabled data-
driven approach for a two-stage adaptive RO problem. The major contributions of this
chapter are summarized as follows:

* An ML-based approach is proposed to develop data-driven uncertainty sets by
leveraging DBSCAN, GMM and PCA. The resulting uncertainty set is compact re-
gardless of irregular uncertainty distributions and is computationally efficient in
solving the resulting RO problems.

* Detailed guidelines for parameter tuning, performance analysis and possible lim-
itations of applying the proposed data-driven uncertainty set are provided to fa-
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cilitate its practical usage. A Python-based toolkit to implement the proposed ap-
proach is developed [146].

* The conventional affine decision rule is extended to the proposed uncertainty set
by exploiting the union of multiple subsets property for a two-stage linear RO
problem to give less conservative solution. A probabilistic guarantee of constraint
satisfaction for out-of-sample uncertainties is derived.

* The effectiveness of the proposed approach is extensively validated using both
synthetic and real-world datasets as well as an optimization-based control prob-
lem.

The remainder of this chapter is organized as follows. Section 5.2 introduces the ML
techniques used in our work and details the algorithm for developing data-driven uncer-
tainty sets, including guidelines for parameter tuning and performance analysis. Section
5.3 investigates a two-stage linear RO problem employing the proposed uncertainty set.
Section 5.4 presents three case studies to demonstrate the efficacy of our proposed ap-
proach. Finally, conclusions are drawn in Section 5.5.

Notation: Boldface lowercase letters are used to denote vectors, and boldface up-
percase letters denote matrices. Calligraphic uppercase letters denote sets. For a given
vector/matrix, [-] refers to its k-th element/row. The max/min operators applied to vec-
torized objective functions imply elementwise maximization/minimization across each
function. Equalities/inequalities between two vectors hold elementwise.

5.2. DATA-DRIVEN UNCERTAINTY SET CONSTRUCTION AND

ANALYSIS

In this section, we will employ ML techniques to construct data-driven uncertainty sets
from historical uncertainty data with the aim of reducing the conservatism of the result-
ing RO problem while preserving computational efficiency. Specifically, we propose an
integrated framework combining Density-Based Spatial Clustering of Applications with
Noise (DBSCAN), Gaussian Mixture Models (GMM), and Principal Component Analysis
(PCA) to reveal hidden patterns in uncertainty data.

5.2.1. DBSCAN
DBSCAN is a density-based clustering algorithm that groups data into clusters based on
high-density areas, which are separated by regions of low density [147]. In contrast to
centroid-based or distribution-based clustering methods, such as KMeans, which typi-
cally identify spherical or convex clusters, DBSCAN is capable of discovering clusters of
arbitrary shapes. In addition, DBSCAN can detect low-probability data samples: data
samples residing in low-density areas will not be assigned to any clusters. As a result,
in this work, we will adopt DBSCAN to remove low-probability uncertainty samples,
thereby reducing the conservatism of our proposed data-driven uncertainty set.

There are two main parameters for DBSCAN: € and MinPts. € determines the maxi-
mum distance between two samples for one to be considered as a neighbor of the other.
Given a data point p, its e-Neighborhood is defined as N, (p) = {q: dist(p,q)} <e. MinPts
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represents the minimum number of neighbors a sample must have to be classified as a
core point. Namely, | N, (p)| = MinPts if p is a core point. For a core point p, any data
samples that are density-reachable from p will be grouped in the same cluster. The data
samples that do not belong to any clusters will be classified as noise. Generally, increas-
ing € results in fewer samples being classified as outliers, whereas increasing MinPts
tends to identify more outliers. For further details about DBSCAN, please see [147, 148].

5.2.2. GAUSSIAN MIXTURE MODEL CLUSTERING

Gaussian mixture model (GMM) clustering, which is a distribution-based clustering ap-
proach, assumes all given data samples are generated from a mixture of a finite number
of Gaussian distributions. Each distribution in the mixture is characterized by a set of
parameters: the mixing probability 7, mean gy and covariance Z; of the k-th model.
Given n data samples {uy, - - - ,u,}, these unknown parameters are estimated by maximiz-
ing the following log-likelihood function

(5.1)

n K
Zlog( Ty, i, Zk)
k

i=1 =1

where K is the total number of Gaussian distributions, and ¢(u;, pg, Zy) is the multi-
variate Gaussian density function of the k-th Gaussian model. The optimal value of the
parameters (7, i, Z§) can be computed via Expectation Maximization algorithm [149].
Based on the parameters (7, ii, Z¢), all data samples can be clustered into K groups,
and the data samples in the same group are assigned with an identical label k. The label
for a given data sample u;, denoted as z;, is argmaxy{p(z; = klu;)} where

pei=kpMilzi=k _ medp, pr, Ii)
p;) lele mrpg, i, Zx) ’

p(zi=klu;) =

In our work, the uncertainty samples will be firstly processed by DBSCAN to remove
low-possibility scenarios. Then, GMM clustering will be applied to group the remaining
uncertainty samples into K clusters for subsequent uncertainty subset construction via
PCA.

5.2.3. PRINCIPAL COMPONENT ANALYSIS

In our work, PCA is utilized to construct box-like uncertainty subsets based on each un-
certainty cluster generated by GMM. This subsection will briefly introduce the PCA ap-
proach and show how PCA is utilized in uncertainty set construction. A detailed tutorial
about PCA can be found in [150].

PCA is a popular data analysis technique for dimension reduction and enhancing
data interpretability. It achieves this by applying a linear transformation to the original
data so that all features of the new data representation are mutually uncorrelated.

Assume that there are K uncertainty clusters {Uy, - - -, Uy} after applying DBSCAN and
GMM. Then, for each data cluster Uy = [u{, e ,uflk]T € R™>*™ where ny is the number
of uncertainty samples and m is the dimension of the uncertainty, we subtract its mean
P = nlk Z?jl u; from each sample in the cluster and obtain the centered training data
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set Uy. For Uy, we have the following approximated covariance matrix

|
cU-= 00, 5.2
k np—1 kYk (5.2)

By performing eigenvalue decomposition, the covariance matrix Cg can be decomposed
as

CY =Pi AP} (5.3)

where Py = [p1,-:-,pm] € R™™ is a normalized orthogonal matrix, and A =
diag{Ay k, -, Am,k} is a diagonal matrix. The columns of P, denoted as p;, are eigen-
vectors of Cg, or called principal components. The diagonal entities A; j of Ay are corre-
sponding eigenvalues of C}CI. Based Py, we have a new matrix Yy = [yf, e ,yﬁk]T =0 Py,
which is a new representation of the uncertainty samples. y; := Pi(ui — Bi) represents
the projection of the centered data sample on the principle components. For Yy, its co-
variance matrix is Cy := nkl_lYiY,C = Ay, which implies that the components of y; are
uncorrelated since Ay is a diagonal matrix. The property of having uncorrelated features
in the transformed data set Y allows for the adoption of basic sets, e.g., box, to construct
uncertainty subsets for each cluster Uy to simplify the complexity of modeling.

5.2.4. UNCERTAINTY SETS CONSTRUCTION
In this subsection, we will apply the ML techniques detailed previously to construct a
data-driven uncertainty set.

Algorithm 5.1 Data-driven uncertainty sets construction

Input: training data set Uyain
Output: uncertainty sets %1, , %k
Parameters: ¢, MinPts, K
Extreme Uncertainties Removal
1: select values of € and MinPts for DBSCAN
2: apply DBSCAN to Uy,in to remove extreme scenarios and generate a cleaned data set
Uclean
Uncertainty Samples Clustering
3: select the parameter K
4: apply GMM clustering to Ugjean to generate K clusters {Uy, -+, Uk}
Box-like Subsets Construction
5: apply PCA to Uy to generate Yy, Py and A
6: construct uncertainty sets via (5.4) and (5.5)

Given the training set of uncertainties Uyy,in, implementing DBSCAN and GMM gives
K data clusters {Uy,--, Uk} to be processed by PCA. For each uncertainty cluster Uy,
following the PCA process introduced in Section 5.2.3 yields a new representation Yj
and the mean vector f. Based on the relationship y; = P% (u; — By), for each data cluster
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DBSCAN GMM PCA

Figure 5.1: Graphical illustration of Algorithm 5.1.

Uy, we construct the following uncertainty set:

%k:{u

with y, = min{Y;} € R and y; := max{Yy} € R”, where operators min and max are
perfo;med columnwise. Since there are K uncertainty clusters, the final uncertainty set
% is the union of K subsets as defined in (5.4). By reformulating the subset in (5.4) as
linear constraints, the uncertainty set % can then be compactly written as

(5.4)

u=fr+Piw,
Yw: stwsfrk

K
U= ] U, Up:={uDusdgl, (5.52)
k=1
Py Vi + PP
Dp=| K|, di= : (5.5b)
¢ _Pi ¢ _Yk_Pkﬁk

Finally, the construction of the data-driven uncertainty set via DBSCAN, GMM and
PCA can be expressed as Algorithm 5.1, and the corresponding graphical illustration of
each component of Algorithm 5.1 is depicted in Fig. 5.1.

Remark 5.1. Instead of constructing box uncertainty subset via (5.5), another natural
option of uncertainty subset based on Algorithm 5.1 is ellipsoid. By implementing steps
1 - 4 of Algorithm 5.1, the following ellipsoidal subset can be constructed

U ={ul 122 - poll2 < ox} (5.6)
ok := max |22 (u; — i)l (5.6b)
uieUk

Compared with the box subset, the ellipsoidal subset might be more suitable to the Gaus-
sian distributed uncertainty clusters. However, the robust counterpart (RC) of a linear
RO problem with ellipsoidal uncertainty sets is a second-order cone program (SOCP). In
contrast, the robust counterpart of a linear RO problem with a box uncertainty set re-
mains a linear program (LP), which is supported by more off-the-shelf solvers and can
be solved more efficiently, even for significantly large-scale problems, than SOCP. One
advantage of the ellipsoidal uncertainty subset is that the robust counterpart problem
does not introduce any extra constraints and decision variables to ensure robust con-
straint satisfaction. Conversely, for box uncertainty sets, additional constraints and de-
cision variables are introduced in the RC problem, and their numbers are proportional




5. MACHINE LEARNING ENABLED UNCERTAINTY SET FOR DATA-DRIVEN ROBUST
72 OPTIMIZATION

to the number of constraints defining the uncertainty set and the dimension of the un-
certainty, respectively. Therefore, the choice between box and ellipsoidal uncertainty
sets should depend on the type of available numerical solvers, the dimension of the un-
certainty as well as the size of the RO problem to be solved. In our work, we focus on
box uncertainty subsets, but all analysis for box subsets is also applicable to ellipsoidal
subsets constructed via (5.6).

Remark 5.2. The enhanced performance of the proposed data-driven uncertainty set
stems from the systematic integration of ML techniques such as DBSCAN, GMM and
PCA. DBSCAN allows the approach to filter out low-probability uncertainties, indepen-
dent of their locations. In contrast, many existing methods, such as KDE and K-SVC,
primarily exclude extreme uncertainties located at the boundary of the uncertainty clus-
ter. Moreover, the ability of the PCA-based uncertainty subset in (5.5) to reduce con-
servatism is predicated on the assumption that the uncertainty variables are correlated
and Gaussian-distributed. Unlike the centroid-based or density-based clustering ap-
proaches used in other existing literature, which fail to ensure this implicit assumption,
the GMM clustering approach adopted in Algorithm 5.1 generates Gaussian-distributed
data clusters that boost the performance of the subsequent PCA-based subsets.

Remark 5.3. It should be pointed out that the feature of the proposed uncertainty set
representation as a union of several basic convex subsets enables a flexible and com-
pact non-convex uncertainty set without sacrificing the computational tractability of the
resulting RO problem. On the one hand, the convex subset will guarantee the compu-
tational tractability of the resulting RO problem. On the other hand, unifying several
subsets increases the flexibility in dealing with irregular uncertainty distributions and
reduces the conservatism of the uncertainty set. In comparison, several existing repre-
sentative data-driven approaches for constructing the uncertainty set, such as PCA-KDE,
K-SVC in [140] and [35], try to find a single convex uncertainty set to ensure computa-
tional tractability but with sacrificed compactness or a single nonconvex set, such as
DNN in [137], to ensure compactness but with high computational demand. In addi-
tion, the involved ML techniques — DBSCAN, GMM and PCA - are available in many ML
toolboxes, such as scikit-learn, and our proposed Algorithm 5.1 can be easily im-
plemented. A Python-based toolkit for implementing our data-driven uncertainty set is
developed in [146].

Remark5.4. Since DBSCAN and GMM are used to generate data clusters for constructing
uncertainty subsets, the performance of our proposed uncertainty set is directly influ-
enced by the effectiveness of these clustering methods. This is particularly challenging
with high-dimensional uncertainty data, where visual evaluation of clustering quality
and the resulting uncertainty set is not feasible. Additionally, high-dimensional data
can lead to sparse training data, which can further deteriorate the performance of the
ML approaches involved. Moreover, in data-driven RO problems, the absence of labeled
data also complicates the validation and testing of the performance of data clustering
and the resulting uncertainty set. All these factors make it a complex and nontrivial task
to select proper parameters/hyperparameters, such as (¢, MinPts, K), in the context of
high-dimensional uncertainty data.
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5.2.5. PERFORMANCE ANALYSIS AND UNCERTAINTY SETS CALIBRATION

In this subsection, guidelines for tuning the parameters of Algorithm 5.1 and evaluat-
ing the resulting data-driven uncertainty set are provided. In particular, a probabilistic
bound of the data coverage for out-of-sample uncertainties is introduced, which can be
used to establish a probabilistic guarantee of the out-of-sample performance of the cor-
responding RO problem.

In Algorithm 5.1, there are three parameters to be selected: ¢, MinPts and K. A rule
of thumb for selecting MinPtsis MinPts = m+ 1, where m is the dimension of the un-
certainty. With a fixed value of MinPts, ¢ determines how many uncertainty samples
are excluded from the uncertainty set. A smaller e results in fewer low-probability un-
certainties included in the uncertainty set. Thus, € can be chosen based on the desired
proportion of low-probability uncertainties to be excluded from the uncertainty set. The
parameter K is the number of clusters for GMM clustering, which affects both the con-
servatism and the complexity of the resulting data-driven uncertainty sets. While a larger
K tends to yield a more compact uncertainty set, it increases the overall complexity as
the total number of constraints defining the uncertainty set is proportional to K, and
may bias the uncertainty set towards the training samples.

It is important to note that we assume there are no labeled data to evaluate the clus-
tering performance, unlike typical ML data clustering tasks focusing on high clustering
accuracy. Also, accurately clustered uncertainty data do not necessarily result in a favor-
able uncertainty set for corresponding RO problems. Since the complexity of the uncer-
tainty set significantly influences the computational effectiveness of the corresponding
RO problem, the balance between its conservatism and complexity must be considered
when selecting the design parameters of Algorithm 5.1.

A suggested sequence of parameter selection for Algorithm 5.1 is as follows. Firstly,
begin by setting MinPts based on the rule of thumb, which is at least one more than the
dimension of the uncertainty. Next, adjust € to achieve the desired percentage of data
coverage for the uncertainty set. Finally, determine an appropriate value of K, balancing
the conservatism and complexity of the uncertainty set.

For 2-D or 3-D uncertainty data, we can rely on visual inspection to find out the
proper value of design parameters. However, for high-dimensional uncertainty data,
visualization of the clustering results and the corresponding uncertainty set is not appli-
cable. As aresult, we should rely on some quantitative indicators to support the selection
of design parameters. In the ML community, there are several available metrics to eval-
uate the clustering performance, such as Silhouette Score, Calinski-Harabasz index, and
Davies-Bouldin index, which are readily available in well-developed ML packages such
as scikit-learn. In this work, we choose the Silhouette Score as an example to select
the number of uncertainty subsets.

The silhouette Score, whose value belongs to [-1, 1], measures how similar each data
is to the cluster it belongs to and how different it is from other remaining clusters. A
higher score means dense and well-separated clusters and scores around zero indicate
overlapping clusters. As a result, within an acceptable range of K, the value with a larger
Silhouette Score is preferable. However, it should be noted that selecting K purely based
on such metrics is not wise because the complexity and the conservatism of the uncer-
tainty set need to be balanced.
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Recall that the larger the value of K, the more complex the uncertainty set becomes,
consequently reducing its conservatism. The level of conservatism of the uncertainty
set can be reflected by its data coverage, typically, a less conservative set tends to have
a lower coverage. For our proposed Algorithm 5.1, the lower bound of data coverage in
the training set is determined by the parameters € and MinPts. Therefore, a desirable
K should balance a high Silhouette Score, a low training data coverage, and maintain a
relatively small value to manage complexity.

Once an uncertainty set is constructed via Algorithm 5.1, another aspect that needs
to be evaluated is its consistency in both training and validation/testing sets. Consis-
tency means that the uncertainty sets should achieve consistent data coverage in both
training and validation/testing sets so that the uncertainty set is not biased towards the
training set. If the data coverage percentage of the training set is much larger than that
of the testing set, it implies that the uncertainty sets are biased towards the training data
and one might need to reduce the number of data clusters K to decrease the complexity
of the uncertainty set.

Furthermore, based on the data coverage in the testing set, the following lemma is
applicable to provide a probabilistic bound of data coverage for any L.I.D. uncertainty
scenarios. The data coverage, denoted as p, is defined as the portion of data that is in-
cluded in the uncertainty set. p = 1 means all data are covered by the uncertainty set,
and p = 0 means no data is included in the uncertainty set.

Lemmab5.1. For n1.1.D. samples of testing scenarios {uy,---,u,}, assuming that the data
coverage of the uncertainty sets (5.5) for testing data is p. Then, for any random sample
of uncertainty u, the probability that u € %, denoted as P, satisfies

PPyear =p—-1) = exp(—2m'2) 5.7

with 7 = 0.

Proof: Define a random variable §(u € %) as the indicator function of the random
event u € %. Since the testing scenarios are 1.1.D., § (u; € %) are n 1.1.D. samples of §(u €
) with %Z;’zl 6(u; € %) = p. Consequently, it follows from Hoeffding’s inequality that
the inequality (5.7) holds. d

In addition to adopting Lemma 5.1 to construct a probabilistic guarantee of uncer-
tainty coverage for the proposed uncertainty set, the calibration approach using order
statistics calculation introduced in [136] is also applicable to our proposed data-driven
uncertainty set to develop probabilistic guarantees of uncertainty coverage.

5.3. ROBUST OPTIMIZATION DESIGN AND PERFORMANCE
GUARANTEES

In this section, we consider a linear two-stage RO problem with the proposed data-
driven uncertainty set. The RO problem investigated in this work has the following struc-
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ture:
min ¢'x + maxminb’z (5.8a)
X uewU z
s.t. Tx+Wz+Mu<h, (5.8b)
Yue% (5.8¢)

where x € RS is the first-stage decision variables, z € RY is the second-stage decision vari-
ables, or called recourse decision variables, u € R is the uncertainty. The uncertainty
set % is assumed to be constructed via our proposed approach, and can be written in
the following format

K
U =] U, U:={uDrus<dgl. (5.9)
k=1
The row number of (T, W, M) is denoted as r, (c,b,h) and (T, W,M) are parameter vectors
and matrices with appropriate dimensions, respectively.

Optimization problem (5.8) is semi-infinite and is computationally intractable since
there are infinitely many constraints to be satisfied. To achieve a balance between com-
putational burden and optimality, we adopt the following affine decision rule for the
recourse decision variable z:

z=Lru+gr, Yue % (5.10)

where L € R7*"™ and g € R7 are decision variables to be optimized. Unlike the con-
ventional decision strategy where only a single decision rule is imposed for all possible
uncertainties in the uncertainty set, such as the works in [15], the proposed uncertainty
set makes it possible to assign different decision policies (5.10) for uncertainties residing
in different sets. By exploiting the feature of the proposed uncertainty set for unifying
several subsets, it is possible to reduce the conservatism of the optimal RO solution.

Theorem 5.1. For the two-stage robust optimization problem (5.8), assuming that the
uncertainty set is defined as (5.9), and the recourse decision variables are determined
via (5.10), the optimal solution can be computed by solving (5.11).

min ch+n (5.11a)
XvTI»Lk,gk
TL0,kr 7T ik

s.t. ngk + thykdk =7, (5.11b)

D 7o =L;b, (5.11c)

[Tx+Wg; —h]; + 7] .d; <0, (5.11d)

D = WLy +W];, G.11€)

o =0, 7T =0, (5.11f)

Vk=1,---,K, Vi=1,--,r. (5.11g)

In addition, if the data coverage for n I.I.D. testing uncertainty samples is p, the probabil-
ity that the solution of (5.11) can ensure constraint satisfaction for a random uncertainty
u is greater than p — 7 with confidence at least 1 — exp(—2n12).

Proof: The proof of this theorem is presented in the Appendix 5.A.1.
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Remark 5.5. Theorem 5.1 presents a computationally efficient approximation of (5.8) by
imposing affine decision policy for the recourse decision variable and solving a linear
program. While the uncertainty set in (5.5) is nonconvex, the feature that the uncer-
tainty set is a union of several basic convex subsets ensures the computational efficiency
of the corresponding RO problem. In addition, since separate decision rules are applied
for each subset, the optimal solution is expected to be less conservative than the typical
RO solution with a single uncertainty set and a single decision rule, such as [11, 15, 35,
141]. In addition, beyond the conventional RO solutions, a probabilistic guarantee of
constraint satisfaction for out-of-sample uncertainties is provided based on the perfor-
mance testing of the uncertainty set.

5.4. APPLICATIONS

In this section, the performance of our proposed method is compared with several repre-
sentative data-driven RO approaches. Specifically, we focus on the following approaches
listed in Table 5.1.

Table 5.1: Approaches considered in the case studies.

Approach Description
box uncertainty set constructed based on the minimal

Box and maximal value of each data dimension.
convex hull of uncertainty data introduced in
CH .
[139].
kernel-based support vector clustering method proposed
K-SVC . e
in[11,35].
KPKDE KMeans-based clustering combined with PCA and

KDE approach proposed in [62].

B-DGP our proposed Algorithm 1 using box subsets in (5.5).
one variant of Algorithm 1 where ellipsoidal uncertainty
subsets are constructed via (5.6).

E-DG

The performance of the above approaches is assessed through three case studies.
For the first two case studies, the performance of the uncertainty sets is compared in
the following aspects: area of uncertainty set, complexity, and computation time. The
complexity of polyhedral uncertainty sets in our work refers to the number of linear
constraints defining the uncertainty set. This metric, which is generally neglected in
the existing literature, is crucial in influencing the computational efficiency of the cor-
responding RO problem. For a linear RO problem with a polyhedral uncertainty set, the
number of decision variables and constraints in its robust counterpart problem is pro-
portional to the number of constraints defining the uncertainty sets. As a result, a high
complexity of the uncertainty set leads to increased computational demands for solving
the corresponding RO problem. For the last case study, the performance of the proposed
approach is assessed via an optimal building climate control problem.

In our upcoming case studies, since K-SVC, KPKDE, B-DGP and E-DG can exclude
some uncertainty samples to reduce the conservatism of the corresponding uncertainty
sets, the design parameters of these approaches are chosen to exclude about 5% extreme
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uncertainty scenarios to reduce the conservatism of the resulting data-driven uncer-
tainty sets. Namely, for the K-SVC approach, the parameter v is set as 0.05; for the KPKDE

approach, the confidence level of each feature is selected as [(1 ~0.95m )/2,(1 +0.95m )/2];
for the B-DGP and E-DG approaches, the parameter € is adjusted to identify about 5%
of the total uncertainty samples as outliers. With the same data coverage, the approach
with a smaller set size indicates a less conservative uncertainty set.

All simulations are implemented on an Intel Xeon W-2223 CPU at 3.6GHz with 16G
RAM. Optimization problems are modeled using Python package gurobipy and solved
via Gurobi 11.0. The involved ML methods — KDE, DBSCAN, GMM and PCA - are im-
plemented via the Python package scikit-learn 1.0.2.

5.4.1. CASE STUDY 1: SYNTHETIC UNCERTAINTY DATA

In this case study, we test the performance of the data-driven approaches listed in Table
5.1 for constructing uncertainty sets with synthetic data. A common assumption about
uncertainties is that they are Gaussian distributed. In reality, due to different working
conditions simultaneously being represented in the dataset, the uncertainties may fol-
low different Gaussian mixture distributions. In order to reflect this, we use synthetic
uncertainty data that are generated from 4 different two-dimensional Gaussian distri-
butions with 500 scenarios per distribution.

The uncertainty sets with different data-driven approaches are presented in Fig. 5.2,
where the uncertainty sets are the shaded regions. The performance of each data-driven
approach is summarized in Table 5.2. It can be observed that among all approaches,
the Box approach gives the most conservative uncertainty set since it does not extract
and exploit the hidden patterns of the uncertainty data. For the CH approach, it is
non-parametric and does not entail any computation to construct the uncertainty set,
see [139] for more details, so that its computation time is absent. However, its non-
parametric nature also leads to a very high complexity. Similarly, while the K-SVC ap-
proach can find a compact uncertainty set by precluding some extreme scenarios, its
non-parametric nature also incurs a high complexity. In addition, the convex nature of
the K-SVC-induced uncertainty set limits its flexibility in dealing with general nonconvex
uncertainty distributions. As indicated in [35], the number of the support vectors, which
determines the complexity of the uncertainty set developed by the K-SVC approach, is
inversely proportional to the conservatism of the resultant uncertainty set. Hence, with
the K-SVC approach, a less conservative uncertainty set implies an uncertainty set with
higher complexity. Furthermore, Table 5.2 shows that the K-SVC approach takes much
longer computation time than the others since it has to solve a large-scale quadratic
programming problem. In the KPKDE approach, KMeans-based clustering fails to pro-
duce suitable uncertainty clusters for subsequent PCA and KDE processes, resulting in a
relatively conservative uncertainty set. This issue arises because the KMeans algorithm
groups data based solely on distances, without considering the data distribution within
the same cluster, whereas PCA implicitly assumes a Gaussian data distribution. This dis-
crepancy limits the efficiency of the KPKDE approach. In contrast, our proposed meth-
ods B-DGP and E-DG, which combine GMM and PCA, generate more appropriate data
clusters and thus yield more compact uncertainty sets. Additionally, the utilization of
DBSCAN ensures our proposed uncertainty sets are immune to the influence of unlikely
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uncertainties. As shown in Table 5.2, the B-DGP approach gives a less conservative un-
certainty set compared to the E-DG approach. This is because, in the E-DG approach,
while the ellipsoid subset is more suitable for Gaussian distributed data, its symmetric
structure and correlated features may also increase its conservatism to some extent.

Table 5.2: Performance summary of different uncertainty sets in Case Study 1.

existing approaches our approaches

Box CH K-SVC KPKDE | B-DGP E-DG

uncertainty set size 2440 20.66 13.10 14.77 12.74 14.26

complexity i
(# of linear constraints) 4 4001 421 12 12
data coverage 1 1 0.95 0.98 0.97 0.98
computation <001 - 5927 042 | 062 110
time (s)
4 4 4

second feature
o
second feature
o
second feature
o
I

-4 —4 4 -4 4
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 o] 2 4
first feature first feature first feature
(a) Box (b) CH (c) K-SVC
s set 1 4 - outliers 4 - outliers
1 set2 1 set 1 1 set 1
set 3 set 2 set 2

set 3 set3
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o
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o
I

-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 o] 2 4
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(d) KPKDE (e) B-DGP (f) E-DG

Figure 5.2: Data-driven uncertainty sets using synthetic data in Case Study 1.

5.4.2. CASE STUDY 2: REAL-WORLD WEATHER DATA

In this case study, the approaches listed in Table 5.1 are evaluated using real-world
weather data. The issue of weather uncertainties is common in many applications,
such as building climate control, renewable energy management, greenhouse control,
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etc. How to properly construct the uncertainty set of weather conditions is important in
these application problems.

This case study considers the uncertainties in ambient temperature and solar radi-
ation. The utilized weather data are measured during Jan. 2023 - Dec. 2023 from two
weather stations in the Netherlands: 1) the weather station 344 of Koninklijk Nederlands
Meteorologisch Instituut (KNMI), a scientific institute of the Dutch government, located
in Rotterdam, and 2) the weather station located in The Green Village (TGV) at TU Dellft,
which is about 7km from the KNMI station. The profiles of corresponding weather data
are shown in Fig. 5.3. The weather data from KNMI are utilized as predicted weather
conditions, and the data from TGV are used as real local conditions. There are 7416 data
points in total. For the sake of visualization, the weather uncertainties are scaled so that
the maximum absolute value of each feature is 1, and the scaled data are used for devel-
oping uncertainty sets.

The uncertainty sets with different data-driven approaches are shown in Fig. 5.4 and
Table 5.3. From Fig. 5.4, it is clear that the Box approach is the most conservative since no
latent feature of the data is utilized. The uncertainty set via the CH approach is also very
conservative due to the inclusion of low-probability uncertainty samples. For the K-SVC
approach, while the size of the uncertainty set is small, it misses some high-probability
scenarios located near the boundary of the uncertainty distribution for the sake of a con-
vex uncertainty set. Also, as shown in Table 5.3, the K-SVC approach takes much longer
computation time than the others and incurs a high complexity. While the KPKDE ap-
proach can exclude low-probability uncertainties to reduce the conservatism of the un-
certainty set, its performance for this irregular uncertainty distribution is far from sat-
isfactory. On the one hand, the KMeans method fails to generate suitable data clusters
for subsequent PCA-KDE-based uncertainty set construction. On the other hand, the
adoption of KDE fails to remove low-probability uncertainty samples, especially for the
uncertainty cluster 5 in Fig. 5.3(d) where uncertainty samples are sparsely distributed.
Finally, it can be observed from Fig. 5.4(e) and 5.4(f) as well as Table 5.3 that our pro-
posed B-DGP and E-DG approaches are more versatile than the others in dealing with
irregular uncertainty distributions and achieve a notable balance between complexity
and conservatism in constructing the uncertainty set.
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Figure 5.3: Weather data from KNMI and TGV in Case Study 2.




5. MACHINE LEARNING ENABLED UNCERTAINTY SET FOR DATA-DRIVEN ROBUST

80 OPTIMIZATION
101 104 1.04
PR e 057 o 051
2 2 2
@ m ®
& & &
L 00 L 004 5 001
c c c
S s S
1 g S
& & &
-0.5 —0.5 -0.5
—-1.01 -1.0 -1.01
T T T T T T T y y y T T T T T
-1.0 -05 0.0 0.5 10 -1.0 -05 0.0 05 10 -1.0 -0.5 0.0 0.5 1.0
first feature first feature first feature
(a) Box (b) CH (c) K-SVC
set 1 outliers outliers
104 set 2 1.0 set 1 1.0 set 1
set 3 set 2 set2
set 4 set 3 set 3
0.5 1 .5 q .5 4
© set 5 © 0.5 set 4 ® 0.5 set 4
2 set 6 2 set 5 2 set5
2 3 set6 . 2 set6 .
S 00 < 004 E S 004 <
c c c
S s s
1 g =1
& & &
-0.5 -0.5 -0.5
-1.0 1 -1.0 1 -1.0
-1.0 -05 0.0 0.5 1.0 -1.0 -05 0.0 0.5 10 -1.0 -05 0.0 0.5 10
first feature first feature first feature
(d) KPKDE (e) B-DGP (f) E-DG

Figure 5.4: Data-driven uncertainty sets using real weather data in Case Study 2.

Remark 5.6. It should be pointed out that, based on the results of our case studies, the
complexity of the uncertainty set constructed via K-SVC can be remarkably influenced
by numerical errors. The K-SVC method relies on support vectors to construct the un-
certainty set. Based on the value of corresponding Lagrangian multipliers «;, all uncer-
tainty samples are classified into 3 categories: support vectors with 0 < a; < %, outliers
with a; = % and interior points with @; = 0. Due to the existence of numerical errors,
all uncertainty samples may be identified as support vectors, which will dramatically in-
crease the complexity of the resulting RO problem due to the non-parametric property of
the uncertainty set. To mitigate the influence of numerical errors, in our case studies, the
support vectors are selected based on 0+¢ < a; < % —&, where € > 0is a sufficiently small

Table 5.3: Performance summary of different uncertainty sets in Case Study 2.

existing approaches our approaches

Box CH K-SVC KPKDE | B-DGP E-DG
uncertainty set size 3.12 1.66 0.25 1.56 0.28 0.34

complexity )
(# of linear constraints) 4 14833 1493 24 24
data coverage 1 1 0.95 0.98 0.98 0.98
computation <001 - 174585 272 | 295  3.44
time (s)
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constant (¢ = 1 x 1078 in our case studies). The choice of ¢ might strongly influence the
number of support vectors and hence the complexity of the uncertainty set. In addition,
as shown in [35], the number of the support vectors is proportional to the parameter v,
which implies a less conservative uncertainty set derived via the K-SVC approach has
more complexity, and consequently higher computational burden for solving the corre-
sponding RO problem. Furthermore, from Tables 5.2 and 5.3, it can be observed that
the computation time of K-SVC is much larger than the others since it entails solving a
large-scale QP.

Remark 5.7. With the KPKDE approach, uncertainty samples are first clustered using
KMeans. Then, the samples within each cluster are processed using the PCA method.
Subsequently, an uncertainty subset is constructed based on the confidence intervals
derived from the approximated cumulative density function (CDF) of the PCA-processed
data, tailored to a predefined confidence level. As can be seen in Fig. 5.2, the KMeans
clustering used in the KPKDE approach can result in unsuitable data clusters for con-
structing PCA-KDE-based uncertainty sets because PCA implicitly assumes Gaussian
distributed data whereas KMeans fails to generate data clusters satisfying this assump-
tion. Furthermore, the efficacy of the KPKDE method is sensitive to the choice of the
hyperparameters: the kernel functions and associated bandwidth. Assuming an ideal
approximation of the CDE an uncertainty set formulated with a confidence level y for
each dimension of the PCA-processed data would give a data coverage y™, where m
represents the uncertainty dimension. Nevertheless, the presence of an approximation
error in the CDE quantified as €, might lead to an actual confidence level y + €. Conse-
quently, the actual data coverage is (y+¢€)™. Given values of y = 0.98, ¢ = 0.01 and m = 10,
the total error of data coverage is 0.087, which means 8.7% of the uncertainty samples
are unexpectedly included in the uncertainty set.

Remark 5.8. The importance of using real-world datasets over simple synthetic datasets
for performance evaluation lies in two main factors. Firstly, the assumption made when
generating synthetic datasets may not accurately represent real-world conditions when
applying the approach to practical problems. For instance, a common assumption in
building climate control is that the weather uncertainties follow Gaussian distributions.
However, as illustrated in Fig. 5.4, our real-world data is clearly non-Gaussian and is
more complex to handle. Second, real-world data distributions can be far more intri-
cate and irregular than synthetic ones. Consequently, data-driven approaches that per-
form well on synthetic datasets may experience significant performance degradation
when applied to complex, real-world data. Therefore, conclusions drawn from synthetic
datasets may not generalize to actual practical scenarios. Additional supporting ma-
terials, demonstrating that the data-driven approaches considered in this chapter are
harder to distinguish from each other for simple synthetic datasets, are provided in Ap-
pendix 5.A.2 to further validate the aforementioned statement.

5.4.3. CASE STUDY 3: OPTIMIZATION-BASED BUILDING ENERGY CON-
TROL

In this case study, we will investigate the RO design for the optimization-based build-

ing energy control problem considered in [11]. The thermal dynamics of buildings are

subject to several weather uncertainties, e.g., ambient temperature uncertainty. Prop-
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erly considering these uncertainties in building energy control can improve occupants’
comfort and reduce energy usage.
The building thermal dynamics is modeled as the following linear system

xt+1=Axt+Buu[+Buvt+wa,;, (512)

where x; is the state vector consisting of indoor air temperature, wall temperature, roof
temperature, and floor temperature; u; is the heating power injection, v; is the vector
of the predicted value of ambient temperature and underground temperature, w; is the
prediction error of ambient temperature. The system matrices are

0.0167 0.0048 0.1245 0.409
0.0005 0.0002 0.0039 0.0044

A= 0.0253 0.0073 0.3321 0.0617]’
0.0244 0.0070 0.0526 0.3456
0.0986 0.2536  0.4596 0.2536
By = 0.0029 B, = 0.0070 0.9840 W= 0.0070
0.0288 |’ 0.4450 0.1287]’ 0.4450|
0.0275 0.4477 0.1225 0.4477

The control objective is to determine the heating power injection u, over a finite time
window to ensure indoor comfort constraints while reducing energy consumption in the
presence of weather prediction errors. As a result, the finite-horizon optimal control
problem can be formulated as

H
min tgolt(xt, ur) (5.13a)
S.t. X;41 = Ax; + Byus + B,v; + By wy, (5.13b)
X €X, u €U, (5.13¢)
Vt=0,1,...., H-1, Yw; eW (5.13d)

where [; is the stage cost function; & and % are the feasible sets of the states and ther-
mal input, respectively; # is the uncertainty set of the ambient temperature, which are
constructed via the data-driven approaches in Table 5.1; H is the length of the prediction
horizon.

Similarly to [11], the feasible set of states is defined as keeping the indoor temper-
ature above 21°C during peak occupied hours 7 am - 6 pm, and keeping the indoor
temperature above 15°C for off-peak hours to avoid unnecessary energy usage. The
length of the prediction horizon is H = 10. The admissible control input set is defined as
0 < u; = 150. The stage cost function is /; := u; for minimizing energy consumption. The
above finite horizon optimal control problem can be formulated as an RO problem in the
format of (5.8). The thermal control input u©; can be regarded as the recourse decision
variable, and the prediction errors of ambient temperature are uncertainties. While only
one uncertainty factor — ambient temperature — is considered, the dimension of the un-
certainty for the resulting RO problem is 10, which is equal to the length of the prediction
horizon H, since all uncertainties within the prediction horizon need to be considered.
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Figure 5.5: Silhouette score and data coverage percentage for different K values (# of clusters) in Case Study 3.

To ensure the causality of input, decision variable Ly is restricted to be strictly lower tri-
angular. The control inputs within the prediction horizon are applied in an open-loop
manner. Namely, the control signals are computed via the affine control policy (5.10)
with the parameters (Lg, gx) updated every H time step.

The historical weather data used in this case is from KNMI in Case Study 2. 80%
of the uncertainty samples are used for developing uncertainty sets, and the remaining
20% uncertainty data are used for implementing simulations of the robust optimization-
based control design. The data of ambient temperature in Jan. and Feb., during which
heating is needed, are used for simulations. The ground temperature is set as the annual
average ambient temperature.

In this case study, we mainly focus on the following data-driven approaches: Box,
K-SVC, KPKDE, B-DGP and E-DG. Unlike the previous case studies, this case study con-
siders high-dimensional uncertainties. Hence evaluating the uncertainty sets visually
by plotting the uncertainty sets is not suitable anymore. As introduced in Section 5.2.5,
we rely on the silhouette score and data coverage measures to find a suitable value of
K for Algorithm 5.1, namely the number of box subsets. To ensure the computational
efficiency of the resulting RO problem, we restrict K € [2,7]. The silhouette score and
the corresponding training data coverage of the B-DGP-based uncertainty set with dif-
ferent K are plotted in Fig. 5.5. It can be observed that K = 5 achieves a balance between
high silhouette score and low data coverage. Hence, we select K = 5. For the KPKDE
approach, the number of data clusters is selected as K = 2, which is tuned based on the
suggestion provided in [145] to yield the highest Calinski-Harabase index. To demon-
strate the effectiveness of the proposed decision rule (5.10), the conventional decision
rule where only a single decision is applied for all subsets within the proposed uncer-
tainty set is also implemented.

The indoor temperature profiles with different data-driven uncertainty sets and our
proposed decision rule are depicted in Fig. 5.6, and the corresponding control perfor-
mance is summarized in Table 5.4. The conservatism of the uncertainty set and the so-
lution quality of the corresponding RO problem are measured by the value of the average
cost. Among all approaches, it can be observed from Table 5.4 that the K-SVC approach
and our proposed approaches (B-DGP and E-DG) have relatively low average cost since
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Table 5.4: Control performance summary of different data-driven uncertainty sets in Case Study 3.

existing approaches our proposed approaches
Box K.SVC KPKDE B-DGP E-DG | B-DGP .E-DG
proposed conventional
decision rule decision rule
complexity
(# of linear constraints) 20 721 40 100 100
data coverage 1 0.95 0.97 0.95 0.95 0.95 0.95
average cost (W/ m?) 99.62 92.21 98.87 91.29 87.50 86.59 86.30
total constraint 0 0 0 0 0 | 1465 607
violation (°C)
average computationtime | o5 594 010 | 023 029 | 005  0.05
for solving (5.13) (s)

they can exclude some low-probability samples. In comparison, the KPKDE results in a
much higher average cost (the second highest among all approaches), and consequently
a more conservative uncertainty set. While theoretically, the KPKDE approach is also
capable of removing low-probability uncertainty samples, its performance is far from
satisfactory for this complicated real-world uncertainty distribution. As for the Box ap-
proach, it results in the highest average cost since it does not leverage any underlying
pattern of the uncertainty data. For the K-SVC approach, while it achieves comparable
average cost to our proposed B-DGP approach, its computational time is much longer (4
times greater) than that of the B-DGP approach. This is caused by the high complexity
of the uncertainty set due to its non-parametric property. For our proposed B-DGP and
E-DG approaches, both have relatively low average cost and short computation time,
which means that a favorable balance between the complexity and conservatism of the
uncertainty sets is achieved. Notably, the E-DG approach has the lowest average cost
compared to all other approaches. It should be pointed out that the E-DG approach
requires a SOCP solver, whereas B-DGP only needs an LP solver for solving (5.13).

The last two columns of Table 5.4 show the simulation results for our proposed un-
certainty sets when a conventional decision rule is applied that implements a single de-
cision rule for all subsets. It can be seen that indoor comfort constraints are violated with
the conventional decision rule while our proposed decision rule keeps the indoor tem-
perature within the admissible range during the whole simulation period, which con-
firms that the proposed decision rule (5.10) is benefical for improving the robustness of
the optimal solution.

5.5. CONCLUSIONS

This chapter proposes a novel approach to construct data-driven uncertainty sets, lever-
aging DBSCAN, GMM, and PCA techniques, for robust decision-making with uncertain-
ties. The proposed approach is flexible in balancing the conservatism and complexity
of the uncertainty set while demonstrating resilience to low-probability uncertainty sce-
narios regardless of the underlying uncertainty distributions. The influence of each de-
sign parameter is elucidated, and the performance of the proposed uncertainty set can
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(b) Indoor temperature profiles in Feb. 2023 for Case Study 3.

Figure 5.6: Indoor temperature profiles with different data-driven uncertainty sets in Case Study 3.

be systematically analyzed with the provided guidelines. By adopting well-established
ML packages scikit-learn, a Python-based toolkit for conveniently and efficiently
implementing our proposed data-driven uncertainty set is provided. Furthermore, for
a linear two-stage RO problem, a tailored solution with the proposed uncertainty set is
derived with a probabilistic guarantee of constraint satisfaction for out-of-sample un-
certainties, enhancing the confidence of applicability over conventional RO solutions.
Comparative analyses with several existing uncertainty set construction methods high-
light the superiority of our methodology in striking a balance between computational
efficiency and robustness of hedging against uncertainties.

Future works include designing novel RO formulations to exploit the representation
of the proposed data-driven uncertainty set —a union of basic subsets — to further reduce
the conservatism typically associated with conventional RO formulations.
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5.A. APPENDIX

5.A.1. PROOF OF THEOREM. 5.1
Proof: Substituting the decision policy (5.10) into (5.8) and considering uncertainty sets
(5.9) leads to

min {ch+ max mabe(Lku+gk)} (5.14a)

X, L, 8k 1<ksKue%
s.t. Tx+ Wg; + (WL + M)u<h, (5.14b)
Yue %, Vk=1,---,K. (5.14¢)

The universal constraint satisfaction in (5.14) can be alternatively reformulated as the
following worst-case constraint satisfaction

min ch+17 (5.15a)
erk'gk
s.t. max{b'Lyu} +b'g; <7, (5.15b)
uey
Tx+Wg;. + max {(WL; + M)u} <h, (5.15¢)
uey
Vk=1,---,K. (5.15d)

For the worst-case constraint satisfaction in (5.15b), following a standard procedure
in RO [8], the maximization problem maxyez, {bTLju} in (5.4f) can be translated into its
dual problem:

I}Itlolil diﬂo,k (5.16a)
st. Do =Lib, mor=0 (5.16b)

where 7 \ is the Lagrangian multiplier. Consequently, constraint (5.15b) can be relaxed
as

dimor+b'ge<n,

D};n’oyk = Lib, 7o, = 0.

Similarly, constraint (5.15c¢) results in constraints (5.11d)-(5.11f).

It is clear that any feasible solution of (5.11) can guarantee constraint satisfaction
for any uncertainty as long as u € %. Based on the I.I.D. assumption of the uncertainty
and the data coverage in the testing set, it follows from Lemma 5.1 that P(Pyeq, < p —
7)< exp(—ZnTZ), which implies that the probability that the solution of (5.11) guarantees
constraint satisfaction for any randomly generated uncertainty u is larger than p — 7 with
confidence of at least 1 — exp(—2n72). This completes the proof. O

5.A.2. SUPPLEMENTARY SIMULATION RESULTS
Remark 5.8 emphasized the importance of using real-world datasets for performance
evaluation instead of simple synthetic datasets. In order to justify this statement and to



5.A. APPENDIX 87

further demonstrate our point about real-world data vs synthetic data, a new numerical
experiment was performed to test the performance of different data-driven approaches.
A synthetic dataset with 400 mixed-Gaussian data samples, which is also considered in
the reference [35], is used to test the performance of different data-driven uncertainty
sets. Simulation results are shown in Fig. 5.7 and Table 5.5. It can be seen that the perfor-
mances of different approaches are much more consistent and comparable than those
in Case Study 2 of our work, using a real-world dataset. For the simple synthetic dataset
shown in Fig. 5.7 and Table 5.5, all considered data-driven approaches work comparably
well. However, for the real-world data set (Case Study 2 and 3), the performance of some
data-driven approaches degrades a lot.

If only evaluating performance with the results shown in Fig. 5.7 and Table 5.5, one
might conclude that these data-driven approaches work comparably well in terms of
outliers removal and compactness (which is reflected in the set size and visual inspec-
tion). However, the conclusion obtained based on this simple synthetic dataset would be
misleading and does not necessarily reflect the true performance when the approaches
are applied in practice, where the real-world dataset can be much more irregular and
complex. As a result, we want to emphasize that using real-world data for performance
evaluation is more meaningful than using simple synthetic datasets to reflect the real
situations when the considered approaches are applied in practical scenarios.

second feature
o
:
second feature
o
I
second feature
o

first feature first feature first feature

(a) Box (b) CH (c) K-SVC

set 1 - outliers - outliers
set 1 1 set 1
set 2 . set2

second feature
°
1

second feature
o

—4 —4 1 -4+

first feature first feature first feature

(d) KPKDE (e) B-DGP (f) E-DG

Figure 5.7: Data-driven uncertainty sets using synthetic mixed-Gaussian data samples.
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Table 5.5: Performance summary of different uncertainty sets with mixed-Gaussian data.

existing approaches

our approaches

Box CH K-SVC KPKDE | B-DGP E-DG

uncertainty set size 3498 17.38 11.07 11.48 11.41 11.42
complexity (# of linear constraints) 4 801 111 8 8 -

data coverage 1 1 0.945 0.965 0.977 0977

computation time (s) <0.01 - 15.53 0.31 1.61 1.83




DATA-DRIVEN ROBUST
OPTIMIZATION WITH MULTIPLE
UNCERTAINTY SUBSETS:
UNIFIED UNCERTAINTY SET
REPRESENTATION AND
MITIGATING CONSERVATISM

Constructing uncertainty sets as unions of multiple subsets has emerged as an effective
approach for creating compact and flexible uncertainty representations in data-driven
robust optimization (RO). This chapter focuses on two separate research questions. The
first concerns the computational challenge in applying these uncertainty sets in RO-based
predictive control. To address this, a monolithic mixed-integer representation of the un-
certainty set is proposed to uniformly describe the union of multiple subsets, enabling
the computation of the worst-case uncertainty scenario across all subsets within a sin-
gle mixed-integer linear programming (MILP) problem. The second research question fo-
cuses on mitigating the conservatism of conventional RO formulations by leveraging the
structure of the uncertainty set. To achieve this, a novel objective function is proposed
to exploit the uncertainty set structure and integrate the existing RO and distributionally
robust optimization (DRO) formulations, yielding less conservative solutions than con-
ventional RO formulations, while avoiding the high-dimensional continuous uncertainty
distributions and the high computational burden typically associated with existing DRO

@ This chapter is based on the paper: Li, Y., Yorke-Smith, N., & Keviczky, T. (2026). On data-driven robust
optimization with multiple uncertainty subsets: Unified uncertainty set representation and mitigating con-
servatism. Journal of Process Control, 158, 103611.
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formulations. Given the proposed formulations, numerically efficient computation meth-
ods based on column-and-constraint generation (CCG) are also developed. Extensive sim-

ulations across three case studies are performed to demonstrate the effectiveness of the
proposed schemes.
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6.1. INTRODUCTION

Decision-making under uncertainty has gained increasing attention in both scientific
research and engineering applications. One of the solutions for handling uncertainties
in decisions is robust optimization (RO). By representing uncertainties via uncertainty
sets, RO can ensure constraint satisfaction for all possible uncertainties without incur-
ring an unaffordable computational burden and requiring the complete information of
uncertainty distributions [7, 34, 135]. Despite the popularity and effectiveness of RO for-
mulations, it is well-known that the optimal solution of RO problems can be conservative
owing to two main factors.

The first factor contributing to the conservatism of the robust optimal solution is how
the uncertainty set is represented. In recent years, with the availability of abundant mea-
surement data and machine learning techniques, data-driven approaches have been de-
veloped to construct compact uncertainty sets by uncovering and exploiting the latent
features of the uncertainty data, see [11, 12, 35, 61, 138, 139] and references therein.
Among these data-driven approaches, one innovative methodology is constructing the
uncertainty set as a union of multiple subsets, see [61, 138, 151] and references therein.
By adopting such a methodology, the data-driven uncertainty set is able to adapt to irreg-
ular uncertainty distributions and ensure compactness, which is beneficial for reducing
the conservatism of the corresponding robust optimal solutions.

It should be noted that, while the methodology of representing uncertainty sets
as unions of multiple subsets has been proven to be effective in several applications,
such as power system operation [145] and building climate control [62], this uncer-
tainty set representation together with the existing column-and-constraint generation
(CCG)-based algorithm could result in computationally demanding optimization prob-
lems when applied in robust predictive control settings. This computational tractability
in practice is generally neglected in the existing works.

One widely adopted algorithmic solution for solving two-stage RO problems is the
so-called CCG algorithm [152, 153]. When applying the existing CCG algorithm to solve
the RO problem with multiple uncertainty subsets, each uncertainty subset entails solv-
ing one optimization problem to compute the worst-case uncertainty in each iteration
of the CCG algorithm [138]. As elaborated in Section 6.3, the total number of uncertainty
subsets in RO-based predictive control problems could increase exponentially with the
length of the prediction horizon, which leads to computationally demanding or even
intractable problems and limits the applicability of the existing approaches.

The second major factor influencing the conservatism of robust optimization solu-
tions lies in how the design objective is formulated. In the classical RO framework, the
optimization problem is designed to minimize the cost function while ensuring con-
straint satisfaction under the worst-case realization of the uncertainty. While this ap-
proach provides strong guarantees, it often leads to overly conservative solutions, es-
pecially when the worst-case scenario is highly improbable [7, 135, 138, 154]. To alle-
viate the conservatism of the optimal solution, alternative formulations have been ex-
plored. Stochastic optimization (SO) focuses on minimizing the expected performance
with respect to a known probability distribution of the uncertainty, thereby potentially
achieving better average-case performance [32, 133, 134]. However, SO relies on ac-
curate knowledge of the true distribution of uncertainties, which is rarely available in
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practice. Further, it is practically possible that distribution shifts between the empirical
distribution and the true distribution might exist to degrade the out-of-sample perfor-
mance. Distributionally robust optimization (DRO) offers a middle ground by optimiz-
ing the worst-case expected performance over an ambiguity set of probability distribu-
tions centered around a nominal or empirical distribution [154-159]. This enables DRO
to hedge against distributional misspecification while avoiding some of the excessive
conservatism inherent in worst-case RO.

Despite the effectiveness of these existing design options, they either require approx-
imating the probability distribution of uncertainties, which could be high-dimensional
and is non-trivial to obtain in practice, or entail solving a computationally demand-
ing optimization problem. For example, in the moment-based DRO formulation [155,
158], a semi-definite programming problem needs to be solved at each iteration of the
corresponding CCG algorithm; in scenario-based SO [134] and Wasserstein-based DRO
formulation [156], the consideration of a large number of uncertainty scenarios leads
to large-scale optimization problems and increased computational burden. Moreover,
most existing designs of conservatism-reduced objective functions do not exploit the
structure of uncertainty sets, especially the promising option of representing the un-
certainty set as a union of multiple subsets in data-driven RO settings. In [160, 161],
data-driven DRO formulations are proposed with the combination of multiple-source
uncertainty modeling, where data-driven ambiguity sets are developed for each uncer-
tainty subset separately. While these approaches exploit the latent property in empirical
uncertainty samples and reduce dependence on prior knowledge to construct an ambi-
guity set, they still inherit the computational limitations in corresponding conventional
DRO formulations, as the underlying problem structure remains unchanged.

By considering that the uncertainty set consists of multiple subsets, this chapter in-
vestigates two separate research questions: 1) how to properly represent the uncertainty
set to deal with the computational challenge when applying it in RO-based predictive con-
trol problems; and 2) how to exploit the uncertainty set structure to design new objective
function for mitigating the conservatism of the robust optimal solution. The main contri-
butions of this chapter are summarized as follows:

* A monolithic representation of the uncertainty set consisting of multiple subsets
is proposed for RO-based predictive control problems. Given the proposed repre-
sentation, a computationally efficient CCG algorithm is developed such that only
a single MILP problem needs to be solved to compute the worst-case uncertainty
scenario across all uncertainty subsets, regardless of the length of the prediction
horizon. In comparison, the direct extension of the conventional solutions, e.g.,
the methods developed in [138, 153], to predictive control problems entails solv-
ing a set of optimization problems whose number grows exponentially with the
prediction horizon.

* Aiming at reducing the conservatism for optimizing the worst-case performance
in conventional RO formulations, a novel objective function exploiting the struc-
ture of the uncertainty set, together with a CCG-based computation method, is
proposed. By combining conventional RO and DRO formulations, the proposed
objective function not only achieves less conservative solutions than conventional
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RO formulations but also avoids approximating the continuous and possibly high-
dimensional uncertainty distribution and incurring high computational burden as
with the existing SO and DRO formulations, especially in the case of fully adaptive
recourse decision and large numbers of uncertainty samples.

* Numerical experiments of three case studies are performed to extensively illus-
trate the issues of the existing approaches with the uncertainty set consisting of
multiple subsets and demonstrate the effectiveness of the proposed schemes.

The remainder of this chapter is organized as follows. Section 6.2 briefly describes
the preliminaries and research gaps. Section 6.3 clarifies the issues of the existing ap-
proach and proposes a new uncertainty set representation with a CCG-based computa-
tion method. In Section 6.4, a novel objective function exploiting the structure of the un-
certainty set is proposed to mitigate the conservatism of robust optimal solutions. Given
the proposed objective function, a CCG-based computation method is also derived. Sec-
tion 6.5 presents numerical experiment results. Section 6.6 concludes this chapter.

Notation: boldface capital letters denote matrices, and boldface lowercase letters
denote vectors. Sets are represented by calligraphic capital letters. e denotes all-ones
vectors with appropriate dimensions. ® is the Cartesian product. E[-] indicates the ex-
pectation of a given random variable. The operator col(x, - - -, x,,) represents the stacked

vector [x],++, xp].

6.2. PRELIMINARIES

This section introduces some preliminaries of the two-stage linear RO problem to be
investigated, and briefly discusses the research gaps when considering an uncertainty
set consisting of multiple subsets.

The following two-stage linear RO problem is considered in this work

min {ch+ max min bTy} (6.1a)

x veV ye¥ (x,v)
s.t. AX<q, (6.1b)
¥ (x,v):={y| Tx+ Wy +Mv <h}, (6.1¢)

where x € R” are the first-stage decision variables (interchangeably called here-and-now
decision variables), which can contain both continuous and binary elements, y € R? are
the second-stage decision variables (interchangeably called wait-and-see decision vari-
ables or recourse decision variables), which are assumed to be continuous, v € R™ de-
notes the uncertainties with 7 as the corresponding uncertainty set, % (x, v) is the admis-
sible set of 'y, (c,b,q,h) and (A, T,W,M) are parameter vectors and matrices, respectively,
with appropriate dimensions. Without loss of generality, in the remaining parts of this
chapter, the above two-stage RO problem is assumed to be relatively complete recourse,
i.e., the optimization problem is feasible for any possible x and v [153]. For problems
that do not satisfy this assumption, some other strategic solutions discussed in [152] are
also applicable in our proposed design.

To solve the above two-stage RO problem, one commonly adopted approach is the
so-called column-and-constraint generation (CCG) algorithm. In CCG algorithm, the op-
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timal solution of the RO problem is computed by iteratively solving a master problem
and several subproblems (the number of the subproblems to be solved is dependent on
the number of uncertainty subsets) to update the lower bound and upper bound of the
objective function until a predefined optimality gap is achieved [138, 153]. In this chap-
ter, unless mentioned specifically, the existing approach for solving the RO problem (6.1)
refers to the CCG algorithm.

For reducing the conservatism of the robust optimal solutions, including but not
limited to the two-stage RO problem in (6.1), data-driven approaches exploiting histor-
ical uncertainty data and machine learning techniques have been extensively explored
for constructing compact uncertainty sets. Among these data-driven approaches, one
promising methodology is representing the uncertainty set as a union of multiple sub-
sets, such as polytopes and ellipsoids, which has been shown to be effective in improving
the compactness and flexibility of the uncertainty sets in handling irregular and complex
uncertainty distributions. An uncertainty set 7 represented as a union of multiple sub-
sets can be expressed as

v =Uk Y 6.2)

where 7} denotes the k-th uncertainty subset with K as the total number of subsets. The
uncertainty subsets can be any basic sets, such as box, ellipsoid, and polytope.

While the existing works have demonstrated the promising effectiveness of formu-
lating an uncertainty set as a union of multiple subsets as in (6.2), there are two research
gaps accompanying such uncertainty set representation to be filled.

° RO-based Predictive Control With Multiple Uncertainty Subsets: The RO formu-
lation (6.1) has been applied in predictive control problems due to its effective-
ness in ensuring robust constraint satisfaction [11]. However, when employing
the data-driven uncertainty set representation (6.2), the number of uncertainty
subsets could grow exponentially with the prediction horizon. This exponential
growth leads to a rapid increase in the number of subproblems solved in each it-
eration of the existing CCG-based algorithms, making the optimization problem
computationally demanding or even intractable. Therefore, developing compu-
tationally efficient solutions to address this challenge is crucial for enhancing the
practicality of the data-driven RO design with the uncertainty set representation
(6.2) in robust predictive control.

* Conservatism-Reduced Objective Function With Multiple Uncertainty Subsets: The
conventional RO formulation could suffer from conservatism due to the optimiza-
tion of worst-case performance, as shown in (6.1). Given the existing RO formula-
tions with multiple uncertainty subsets, the structure of the uncertainty set is not
fully considered in designing the objective function. Consequently, how to prop-
erly exploit the property that the uncertainty set consists of multiple subsets to
design novel RO formulations is beneficial to reduce the conservatism of the ro-
bust optimal solution.

The above research gaps, together with our proposed solutions, will be further elabo-
rated in detail in the subsequent sections.
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6.3. RO-BASED PREDICTIVE CONTROL WITH MULTIPLE UN-

CERTAINTY SUBSETS

This section details the research gap when applying the uncertainty set structure (6.2)
in robust predictive control, and proposes a novel mixed-integer representation to uni-
formly describe the unified uncertainty set such that the computational efficiency of the
CCG algorithm for solving the RO problem is remarkably improved.

6.3.1. PROBLEM FORMULATION
Theoretically, even with the uncertainty set represented as in (6.2), existing data-driven
methods for constructing uncertainty sets and the solutions for solving (6.1) can be di-
rectly extended to robust predictive control problems. However, practical challenges
arise when applying these methods, which have been overlooked in existing works.

For simplicity of illustration, consider the following deterministic formulation of a
predictive control problem

nlllitn g‘il(s,,ut) (6.3a)
s.t. ;41 = DBs;+Tu; +vy (6.3b)
S;eEL W EU, Vi EV; (6.3¢)
t=1,---,N (6.3d)

where s; denotes the system states vector, u; denotes the control input vector, v; the
uncertainties, I(s;,u;) the stage cost function, . and % are feasible sets of system states
and control inputs, respectively, 7; is the uncertainty set of v;, subscript ¢ denotes the
t-th time step, and N the length of the prediction horizon. In predictive control settings,
it is common that the uncertainties v; (¢ = 1,---, N) are assumed to be independent and
identically distributed (I.I.D.) [162, 163].

After reformulating the predictive control problem (6.3) into the corresponding RO
formulation (6.1), the uncertainty vector vis the stacked uncertainty sequences v; within
the prediction horizon, i.e., v := col(vy,---,vy). In the existing data-driven RO frame-
work, the uncertainty set 7 is directly constructed for the stacked uncertainty vector
v. While this approach is still theoretically feasible, it will incur some issues. On one
hand, for a fixed number of uncertainty samples v;, considering the stacked uncertainty
v reduces the size of the training dataset (shrinking it to % of the original dataset for
v;). This reduction may result in insufficient data and degrade the performance of data-
driven approaches for constructing uncertainty sets. On the other hand, directly mod-
elling the uncertainty set for the stacked uncertainty v increases the dimensionality of
uncertainty samples, particularly for long prediction horizon N. As shown in existing
studies, high-dimensional uncertainties pose challenges in implementing data-driven
methods, including difficulties in hyper-parameter tuning and performance validation.

For example, in building climate predictive control, the prediction horizon could
span 12 hours with a sampling period of 30 minutes, and a typical uncertainty is the
prediction error of ambient temperature. Given one year of historical uncertainty data
of v;, the number of uncertainty samples for v; is 365*24*2. However, when consider-
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ing the stacked uncertainty samples for v = col(vy,---,vy) with N = 24, the training set
size reduces to 365 * 2. Consequently, the dataset for v may be too small to ensure the
effectiveness of data-driven approaches in constructing uncertainty sets.

Under the LID. assumption of v;, one solution is to construct a data-driven un-
certainty set for v;, denoted as 7;, and then extend the per-step uncertainty set 7; to
construct the uncertainty set of v. Assuming that the uncertainty set for v; consists
of K subsets and denoting the k-th uncertainty subset as 7; x, the uncertainty set for

v=col(vy,--,vy), denoted as 7, can be expressed as
K
V=Vi8..8%, Vi=Ui Yk (6.4)
N times

where N is the length of the prediction horizon considered in the predictive control
problem (6.3).

Remark 6.1. It can be seen from (6.4) that the number of subsets constituting 7 is KN,
which grows exponentially with the prediction horizon N. By adopting the existing CCG
algorithm to solve the RO problem (6.1) with the uncertainty set (6.4), each uncertainty
subset requires solving a bilinear or mixed-integer linear optimization problem to com-
pute the worst-case uncertainty in every iteration of the algorithm [138]. Consequently,
handling K"V subsets translates to solving KV optimization problems per iteration. In
case of large values of K and N, this approach could be computationally demanding
and practically inapplicable. Therefore, the computational challenges arising from rep-
resenting the uncertainty set as a union of multiple subsets in (6.4) highlight the need
for an effective formulation of the uncertainty set for v.

6.3.2. UNIFIED UNCERTAINTY SET REPRESENTATION AND COMPUTA-

TIONAL METHOD DESIGN
This section aims to propose a novel representation to uniformly represent the uncer-
tainty set of v based on the uncertainty subsets of v; and derive a computationally effi-
cient solution for solving the corresponding RO problem.

Assumption 6.1. The uncertainty set of v;, denoted as 7;, consists of K subsets 7; ; with
each uncertainty subset 7;  as a nonempty and bounded polytope defined as 7}y :=
{VeDgeve = dil.

On the basis of Assumption 6.1, the following monolithic mixed-integer formulation
of the uncertainty set 7 is derived

K K
4 ZZ{COI(Vl,"' ,VN)) Z O kDyvy < Z O kdg,
k=1 k=1 (6.5)

6t,k€|B’ ZIk(:I(st,k:L = 1,,N}

where 6, € {0,1} are auxiliary variables. For the formulation (6.5), given any subset of
¥, a set of feasible variables {67 txlt=1L-,N k=1, K} can be found to uniquely
represent a specific uncertalnty subset. Conversely, any fea51ble {or cxlt=1--N, k=

-, K} will also define an admissible uncertainty subset of 7. Instead of exp11c1tly rep-
resentlng the uncertainty set 7 as a union of multiple subsets as in (6.4), the proposed
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mixed-integer representation (6.5) gives a monolithic implicit representation of 7 that is
feasible for any size of uncertainty subsets K and prediction horizon N.

Theorem 6.1. Considering the uncertainty set (6.5) and decomposing the parameter ma-
trix M into N column blocks {M ,}Jt\i , with appropriate dimensions, the RO problem in
(6.1) can be reformulated as in (6.6), which can be solved via Algorithm 6.1 within finite
iterations.

min ¢'x+ max minb'y (6.6a)
X 6,Yk,vz y
s.t. Ax<q, (6.6b)
Tx+Wy+ Y~ M, <h, (6.60)
K K
Y i1 OekDeve<) i 61 kdp, (6.6d)
S.reB k=1,---,K, t=1,---,N, (6.6€)
K
Y 0nk=11t=1-,N. (6.6
Proof: the proof of this theorem is presented in the Appendix 6.A.1. O

The master problem MP and the subproblem SP1 entailed in Algorithm 6.1 are de-
fined as:

MP: minc x+ n (6.7a)
Xn0Yi
s.t. bTyl- =, (6.7b)
Ax=q, (6.7¢)
Tx+ Wy, + Y% Mv,; <h, (6.7d)
i=1,2,---,r. (6.7€)
SP1: maxminb'y (6.8a)
é}yk,vt y
st Tx+Wy+Y " Mv,<h, (6.8b)
K K
Y1 SekDevi <) i 61 kdp, (6.8¢c)
K
Y1 0ik=1 0.k €B, 6.8d)
k=1,---,K, t=1,---,N. (6.8e)

The subproblem (6.8) contains bilinear terms §, ;v; due to the auxiliary binary de-
cision variable 6, , and hence is non-convex and might be intractable to some solvers.
These bilinear terms can be further reformulated as mixed-integer linear constraints via
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Algorithm 6.1 column-and-constraint generation algorithm for solving (6.6).

Input: suboptimality gap €
Output: the optimal decision variable x and objective function value ¢'x* +n*

1: Set LB=—-00,UB=00,7r=0

2: while |UB - LB| > e do

3: Solve MP in (6.7) to derive solutions (x*,n*) and update LB = cix* + n*

4 Solve SP1 in (6.8) or SP2 in (6.9) to derive solutions {v},y*}, and update UB as
UB= min{UB, cIx* + bTy* }

5: Create decision variables y;, set parameters v;, = v; (t = 1,---,N) , and add the

following constraints to MP in (6.7)

bly, <,
Tx+Wy, + 3 Mv; . <h.

: r—r+l
7: end while
8: Return: x* and c'x* +n*

big-M formulation. The reformulated subproblem SP2 is given in (6.9).

SP2:
max min bTy (6.9a)
SVeWrg Y
st TX+Wy+Y N M, <h, (6.9b)
K K

Zk:lewtvk < Zk:16t,kdk, (6.9¢0)
—A(l—atlk)efvt—wt’k SA(l_(St'k)e, (69d)
_A(S[,keiwt'k < A(st'ke, (696)
k=1,--,K, t=1,2,--- N (6.99)

where A > 0 is a sufficiently large constant, and e is an all-ones vector with appropriate
dimension.

Remark 6.2. Tt is worth noting that the proposed formulation in (6.6) is equivalent to
the conventional RO formulation (6.1) with the uncertainty set (6.4), because the mixed-
integer representation of the uncertainty set (6.5) exactly matches (6.4) that unifies K™V
subsets. The number of possible parameter combinations {§; x| t=1,...,N, k=1,...,K}
in (6.5) is equal to the number of uncertainty subsets in (6.4), i.e., KN In addition, each
feasible parameter combination {6, | £ = 1,...,N, k = 1,...,K} uniquely specifies an
uncertainty subset for v via (6.5).

Remark 6.3. In contrast to the existing solution for solving the RO problem (6.1) with un-
certainty set (6.4), in which K N numbers of subproblems need to be solved in each algo-
rithm iteration, the reformulated uncertainty set (6.5) enables a monolithic description
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of the uncertainty set and ensures that only a single subproblem (SP1 or SP2), whose
decision variables and constraints increase linearly with K and N, to be solved in Al-
gorithm 6.1 for computing the worst-case uncertainty. This can remarkably improve
the computational efficiency of the proposed approach in the case of large values of K
and/or N. Additionally, the proposed approach enables the construction of data-driven
uncertainty sets for v, instead of the stacked uncertainty v without incurring a high com-
putational burden for solving the corresponding RO problem (6.1). In comparison with
v, v; has a lower dimension and more data samples, which will further boost the perfor-
mance of the data-driven approaches for constructing uncertainty sets. For example, a
lower uncertainty dimension makes it easier to tune the parameters/hyper-parameters
and evaluate the performance of the data-driven approaches. A larger dataset can also
prevent the data-driven approaches from suffering performance degradation, such as
overfitting, underfitting, poor model calibration, etc., due to insufficient training data.
It is worth highlighting that, while the proposed MILP formulation is NP-hard in theory,
it can often be efficiently solved in practice with modern off-the-shelf solvers given the
developments in mixed-integer optimization [164].

6.4. MITIGATING CONSERVATISM VIA OBJECTIVE FUNCTION
DESIGN

This section proposes an alternative objective function for RO problems by leveraging
the structure of uncertainty sets composed of multiple subsets. Additionally, an algo-
rithmic solution is developed to efficiently solve the corresponding RO problem.

6.4.1. PROBLEM FORMULATION
Based on the structure of the uncertainty set — a union of multiple subsets — this sec-
tion presents a new formulation of the objective function for RO problems to reduce the
conservatism of the optimal solution.

The conventional RO formulation in (6.1) could lead to conservative solutions due to
the objective of worst-case performance optimization. Many existing works have been
done to propose new objective functions to reduce the conservatism of the optimal so-
lution. Two prominent alternative objective functions are given as follows.

min {c'x+ Q(v, %)} (6.10)

where two options of Q(v,x) are

Option 1: Q(v,x) :=Ef(y)

m}jany] , (6.11a)

Option 2: Q(v,x) := max E minb! ] 6.11b
p Qv,x) fmax B |mi y ( )
with f(v) as the probability distribution of the uncertainty v, and &2 denotes the ambi-
guity set defining the admissible set of f(v).
The objective function in (6.11a) seeks to optimize the expected performance to the
probability distribution of the uncertainty v, which is the standard setting in stochastic
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optimization. This approach can reduce conservatism compared with worst-case for-
mulations, but it relies on explicit and accurate knowledge of the underlying uncertainty
distribution. Moreover, closed-form or tractable solutions are generally available only
for specific distributional families (e.g., Gaussian) or problem structures (e.g., linear de-
cision rules). When samples of the uncertainty are available, sample-based (random-
ized) methods are often used to approximate the expectation in (6.11a), resulting in a
large-scale deterministic optimization problem whose size grows with the number of
samples, which can be computationally demanding. In addition, distribution shifts be-
tween the empirical and the true distributions may exist so that the resulting solution of
(6.11a) may exhibit poor out-of-sample performance.

To address these issues, distributionally robust optimization (DRO), as in (6.11b), ac-
counts for distributional ambiguity by assuming that the true distribution f(v) is un-
known but lies within an ambiguity set 22, typically defined around a nominal or empir-
ical distribution. DRO then optimizes the worst-case expected performance over all dis-
tributions in £2. This approach improves robustness against sampling errors and model
misspecification. Nevertheless, achieving both high-probability constraint satisfaction
and low conservatism in DRO often requires a sufficiently large and representative set of
samples to construct the ambiguity set. Furthermore, as noted in [165], when the deci-
sion rule is fully adaptive to the uncertainty, which is the case considered in this work,
and the sample size is large, DRO formulations can suffer from the curse of dimension-
ality, leading to high computational cost.

Motivated by the objective functions in (6.11b) and the property that the uncertainty
set consists of multiple subsets, we propose a new objective function

maxminb'y

min< ¢'x + maxE.
VE7/k y

X pe?

} (6.12)

where p = [p1,p2---,px]" is the probability vector with py := P(v € %;), 22 is the ambigu-
ity set defining the admissible set of p.

Remark 6.4. In contrast to the conventional RO formulation in (6.1), where the worst-
case performance among all possible uncertainty scenarios are optimized, the proposed
formulation (6.12) optimizes the distributionally robust solution w.r.to the expected
worst-case performance maxyey, minbey over all uncertainty subsets. In (6.12), the
worst-case performance in each uncertainty subset 7 is weighted based on the prob-
ability P(v € 74), and hence a less conservative solution is expected with our proposed
formulation than the conventional RO formulation.

Remark 6.5. In contrast to the SO and DRO formulations in (6.11), which entail the infor-
mation of the joint probability distribution f(v) of the continuous uncertainty v, our pro-
posed formulation (6.12) only considers the discrete probability distribution P(v € 7).
Compared with f(v), P(v € 7%) is much easier to estimate since f(v) is the continuous
probability distribution of random variable v that might be high dimensional. In con-
trast, the probability vector p is the distribution of the discrete random variable (v € 7}.),
where [(-) is the indicator function. An approximation of p can be readily computed by
counting the frequency of v € 7 for all uncertainty data samples, and is a multinomial
distribution when uncertainty subsets {#, k = 1,---,K} are disjoint. Furthermore, the
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uncertainty is still described via an uncertainty set in (6.12), and uncertainty samples
are not explicitly considered, which are beneficial for maintaining the computational
efficiency as in conventional RO formulation. On the contrary, the resulting optimiza-
tion problems for the existing SO and DRO formulations in the format of (6.11), e.g.,
the scenario-based SO formulation [134] and Wasserstein-based DRO formulation [156],
need to consider all uncertainty samples and are generally computationally demanding
in the presence of large numbers of uncertainty scenarios.

In this work, the ambiguity set 22 is defined based on Kullback-Leibler (KL) diver-
gence as

2:={plp=0,e'p=1, KL(p,p) <p}, (6.13)

where KL(p,p) := X Pk log(g—i) is the KL divergence function measuring the similarity of
two probability vectors p and p with p as the approximated probability vector extracted
from historical data, p = 0 is a user-defined parameter determining the size of the ambi-
guity set.

Considering the objective function (6.12) as well as the ambiguity set definition (6.13)
and applying epigraphical reformulation, it gives to the following optimization problem

rgiT?n c'x+ n (6.14a)
s.t. Igé%;g{pr Ixsl/kxmyiany } <7, (6.14b)
p=0,elp=1, KL(p,p) <p, (6.14c)
Ax=q, (6.14d)
Tx+Wy+Mvs<h. (6.14e)

Remark 6.6. For the proposed formulation in (6.14), the conservatism of the optimal so-
lution depends on both the size of the ambiguity set &2, determined by the parameter
p, and the number of uncertainty subsets K. Specifically, conservatism can be tuned
in two ways: by adjusting K when constructing the data-driven uncertainty set, and by
varying p when designing the ambiguity set. In general, a larger p yields more conserva-
tive solutions, whereas a larger K reduces conservatism. In extreme cases, for a fixed K, a
sufficiently large & leads to the worst-case optimization, as in the RO formulation (6.1),
since the ambiguity set then includes the probability vector p that places unit mass on
the subset containing the worst-case sample. Similarly, when the uncertainty set has no
subset (i.e., K = 1), the formulation reduces to the worst-case optimization regardless of
the chosen p. In practice, p can be tuned through cross-validation or out-of-sample test-
ing, by evaluating different ambiguity set sizes and selecting the one that best balances
robustness and performance.

6.4.2. COMPUTATIONAL METHOD DESIGN

The proposed formulation (6.14) contains quadruple-level optimization problems and is
computationally intractable to numerical solvers. This section will present a computa-
tional method based on the CCG algorithm to efficiently solve the optimization problem
(6.14).
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Assumption 6.2. For the robust optimization problem (6.14), the uncertainty set 7 is a
union of K nonempty and bounded subsets 7} defined as 7 := {v| Dgv < dy}.

Theorem 6.2. Assuming Assumption 6.2 holds, the optimization problem (6.14) can be

solved via Algorithm 6.3 by iteratively solving a master problem MPpgg in (6.15) and K

subproblems SP{SRO in (6.16) within finite number of iterations.

MPDRO :
min  c'x+7n (6.15a)
X1V Yk, i
bly, -
s.t. vZf_lpkexp(M—l)+p+pv5n, (6.15b)
= v
Ax=gq, (6.150)
TX+Wyk’l' + let,i < h, (6.15d)
v=0, (6.15€)
i=1,---,r,k=1,---,K. (6.151)
k.
SProt
maxmin bly (6.16a)
vy
s.t. TX* +Wy+Mv<h, (6.16b)
Dyv<d;. (6.16¢)
Proof. The proofis provided in the Appendix 6.A.2. d

Remark 6.7. Tt should be noted that the master problem MPpgg (6.15) is nonlinear due
to the constraint (6.15b) even if the original constraints and objective function in (6.14)
are linear. Besides, it can be seen from Algorithm 6.3 that the number of these nonlinear
constraints will increase with the iteration of the algorithm, which could degrade the
computational efficiency of our proposed scheme. One solution to alleviate this issue is
applying the following reformulation for constraint (6.15b):

y+pv+vzpkexp(m—l)sn, (6.17a)
= v

blyri<¢r, i=1,---,1, k=1,---,K, (6.17b)
where ¢ are auxiliary decision variables. The above reformulation is valid because the
left-hand side of (6.15b) is strictly increasing in by}, ;. By replacing (6.15b) via (6.17),
only linear constraints are added in each iteration, and the number of nonlinear con-
straints (6.17a) is fixed regardless of the algorithm iteration, which is beneficial in im-
proving the computational efficiency of Algorithm 6.3.

Remark 6.8. It is worth noting that, while the constraints (6.15b) and (6.17a) are non-
linear, they are convex, and MPpro becomes a convex optimization when the decision
variable x is continuous. The convexity of the constraints (6.15b) and (6.17a) is proved
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Algorithm 6.2 column-and-constraint generation algorithm for solving (6.14).

Input: suboptimality gap €
Output: optimal decision variable x* and objective function value ¢'x* +n*
: Set LB=—-o00,UB=00,7=0
: while |UB - LB|>¢edo
Solve MPppg (6.15) to obtain solutions (x*,n*, u*,v*) and update LB = cIx* + n*
Solve K subproblems SP{SRO (6.16) to obtain solutions {vz,y,t}’,le, and update UB
as

UB= rnin{UB, X+t +pviH
bTy* _u*
* K _ k
v E,kzlpkexp(v—*—l }

5: Create decision variables {Yk,r}lk(:p set parameters v;; L= v;; (k=1,---,K),and add
the following constraints to MPpgo in (6.15)

by —
Yli;r H_ 1) <7,

,u+pv+vzlk<=lpkexp(
Tx+Wy, . +Mv; <h, k=1,---,K.
6: r—r+1

7: end while
8: Return: x* and c'x* +n*

in the Appendix 6.A.3. Several off-the-shelf solvers, such as Gurobi, Ipopt and MadNLP,
can deal with this type of nonlinearity. The subproblem SP]ISRO (6.16) is a bi-level linear
optimization problem that is not numerically tractable to solvers. However, by applying
strong duality or KKT-based reformulations and big-M approach, the inner-level opti-
mization problem in (6.16) can be eliminated, and this bilevel optimization problem
can be reformulated as a mixed-integer linear programming problem, see [152, 153] for
more details.

Remark 6.9. Compared to conventional RO formulations, both the proposed formu-
lation (6.14) and existing DRO formulations, e.g., Wasserstein-based DRO formulation
[156], result in increased computational burden, though for different reasons. In our
proposed formulation, this computational burden arises primarily from the nonlinear
constraint (6.15b), particularly when the first-stage decision variables x include binary
components, making the master problem MPpgo (6.15) a mixed-integer nonlinear opti-
mization problem. As for the existing DRO formulation, we take the Wasserstein-based
DRO [156] as an example. When considering the fully adaptive recourse decision rule
and large numbers of uncertainty samples, while the resulting optimization problem
still retains the linearity of the original deterministic formulation, the increased compu-
tational burden is mainly caused by solving numerous subproblems in every iteration of
the CCG algorithm since each uncertainty scenario will incur an optimization problem,
see Algorithm 1 in the supplementary material [166]. The curse of dimensionality issue
of the Wasserstein-based DRO formulation is also mentioned in [165].
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6.5. SIMULATION RESULTS

This section presents three case studies to illustrate the effectiveness of the proposed
schemes in this chapter. Case Study I considers robust predictive control of building
climate to demonstrate the effectiveness of the proposed approach in Section 6.3. Case
Study 2 and Case Study 3 showcase the approach designed in Section 6.4 with robust
location transportation planning and chemical process network planning problems, re-
spectively.

All simulations are implemented on an Intel Xeon W-2223 CPU at 3.6GHz with 16GB
RAM. Optimization problems are modelled via Python package gurobipy and solved via
Gurobi 11.0 [74]. The values of the parameters used in our case studies are provided
in the Appendix 6.A.4, and the supplementary material [166].

6.5.1. CASE STUDY 1: ROBUST PREDICTIVE CONTROL OF BUILDING CLI-

MATE
This case study considers robust predictive control of building climate. Building systems
suffer from weather uncertainties, such as prediction errors of ambient temperature, so-
lar irradiation, etc. Properly considering these uncertainties can improve indoor climate
comfort.
A building climate predictive control problem in its deterministic form can be for-
mulated as [11]

N
min Z I(s;,uy)
u; —
t=1
S.t. S+l =(I)st+ruut+rwwt+r,,vt,

§tSS[S§[, EtSu,ijlt,
Vv, eV, t=1,---,N

where [(-,) is the stage cost function, s; is the system states consisting of indoor temper-
ature, roof temperature, wall temperature and floor temperature; u; denotes the heating
power, w; is the predicted ambient conditions, v; is the prediction error of ambient tem-
perature, 7; denotes the uncertainty set, NN is the length of prediction horizon, s,/u, and
§;/u; are lower bound and upper bound of system states/control inputs, respectively.
The stage cost function is defined as I(s;, u;) := u, to minimize energy usage, system state
constraints are defined to keep the indoor temperature above 21°C during 7:00 - 18:00
and above 15°C during the remaining hours. Heating power constraints are 0 < u; < 150.
The values of system matrices (®,T';,,I';,,I',) are adopted from [11].

In the simulation, uncertainties v; (¢ = 1,---, N) are assumed to be I.1.D., and the un-
certainty set 7; for v; is a union of 2 subsets. As a result, the total number of subsets for
the stacked uncertainty v = [v],---,v1]" is 2. Two schemes are considered in this case
study for solving the building climate control problem. One is the conventional RO for-
mulation with the explicit description of each uncertainty subset (6.4) and is solved via
the CCG-based algorithm in [138]. Another one is our proposed formulation (6.6) and is
solved via Algorithm 6.1. To fully demonstrate the computational efficiency of the pro-
posed scheme, different values of the prediction horizon N are tested. Simulation results
are shown in Fig. 6.1. It can be seen that, with the increase of the prediction horizon N,
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Figure 6.1: Simulation results of Case Study 1 with the proposed approach and the conventional approach.

the computational time of applying the conventional approach increases exponentially
and is much larger than that of our proposed formulation since 2V numbers of subprob-
lems have to be solved in each algorithm iteration. In contrast, the computation time
with our proposed formulation (6.6) and Algorithm 6.1 only increases linearly with the
prediction horizon N. Besides, Fig. 6.1(b) shows that both approaches give the same
objective function, which indicates that the proposed formulation does not sacrifice op-
timality while remarkably improving the computational efficiency.

6.5.2. CASE STUDY 2: ROBUST LOCATION TRANSPORTATION PLANNING
In this subsection, the effectiveness of the proposed formulation (6.14) and the corre-

sponding Algorithm 6.3 is validated via a robust location transportation planning prob-
lem, which is also considered as a benchmark problem in [153]. The deterministic for-
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Table 6.1: Computational results of different RO formulations for Case Study 2.

conventional RO | existing DRO formulation | the proposed RO formulation (6.14)
formulation with Wasserstein metric with (6.15b) with (6.17)
(Scheme 1) (Scheme 2) (Scheme 3) (Scheme 4)
Optimal Objective 36632 35238 35482 35482
Decision Variablex | [1,0,1,274,0,570] [1,0,1,324,0,520] (1,0,1,364,0,480] | [1,0,1,364,0,480]
CPU Time (s) 0.40 425.80 17.52 7.06
Iterations 2 3 2 2

mulation of this problem is

min 400x; +414x, + 326x3 + 18x4 + 25x5 + 20xg
+ 22y11 + 33y12 + 24y13 + 33_}/21 + 23y22 + 30_)/23 + 20y31 + 25y32 + 27_)/33 (6.18a)

s.t. Xj+3 <800x;, i=1,2,3, (6.18b)
Y Vij<Xiss, Vi=1,2,3, (6.18¢)
j
Y yijzdj+40xv; (6.18d)
i
x;eB, x;,3<0, i=1,2,3 (6.18e)
yijz0, Vi=123, j=123 (6.18f)

where binary first-stage decision variables (x, x2, x3) € B3 determine the location of the
facilities; continuous first-stage decision variables (x4, x5, x5) € R3 denote the facility ca-
pacities; recourse continuous decision variables y; jERE=1,23, j=1,2,3) are trans-
portations, [d1,dp,ds] = [206,274,220] are basic demands, and v; € R (j = 1,2,3) are
scaled demand uncertainties.

In our simulation, four schemes are considered:

* Scheme 1: the conventional RO formulation (6.1).
¢ Scheme 2: the Wasserstein-based DRO formulation [156].

* Scheme 3: the proposed formulation (6.14) and Algorithm 6.3 with the constraints
(6.15b).

* Scheme 4: the proposed formulation (6.14) and Algorithm 6.3 with the reformu-
lated constraints (6.17).

The uncertainty set 7 for [vy, v2, 3] is supposed to have 4 polyhedral subsets. For
our proposed schemes (Scheme 3 & 4), the nominal probability distribution for defining
the ambiguity set 22 is selected as p = [0.5,0.1,0.2,0.2] to represent a practical situation
where uncertainty samples are unevenly distributed among different uncertainty sub-
sets. The upper bound of KL divergence for defining the ambiguity set &2 in (6.13) is
set as p = 0.5. For Scheme 2, since its implementation entails considering specific un-
certainty scenarios, 1000 uncertainty samples in 7" are randomly generated, which is a
reasonable choice for the uncertainty with dimension 3 [167, 168]. Since we mainly fo-
cus on demonstrating the computational efficiency of the DRO formulation, the Wasser-
stein distance ¢, which does not affect its computational efficiency, is set as € = 1 to give
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a comparable performance as with the other schemes. It should be pointed out that
the Wasserstein-based DRO formulation (Scheme 2) can be expected to outperform our
proposed methods with a well-calibrated radius. Nevertheless, within the Wasserstein-
based DRO framework, achieving both low conservatism and strong out-of-sample per-
formance hinges on carefully tuning the Wasserstein radius and considering a large
number of representative uncertainty samples to avoid overfitting to the empirical dis-
tribution, which will lead to increased computational cost for solving the corresponding
optimization problem.

Simulation results are summarized in Table 6.1. It can be seen that these different
RO formulations derive distinct first-stage decision variables. Compared with the con-
ventional RO formulation (Scheme 1) for optimizing the worst-case performance, the
remaining formulations give less conservative solutions, i.e., smaller optimal objective
values, at the price of increased computational burden. As discussed in Remark 8, the
increased computational burden for the DRO formulation (Scheme 2) is due to its curse
of dimensionality when considering the fully adaptive decision rule and a large num-
ber of uncertainty samples [156, 165], while for our proposed schemes (Scheme 3 & 4),
the increased computational burden is caused by the nonlinear constraint (6.15b), espe-
cially when the first-stage decision variable x contains integer ingredients. It can be seen
that, in comparison with the DRO formulation (Scheme 2), our proposed formulations
(Scheme 3 & 4) are much more computationally efficient. Furthermore, the computa-
tional time of Scheme 4 is less than that of Scheme 3, which indicates the efficacy of the
proposed reformulation (6.17) for improving the computational efficiency of Algorithm
6.3. Itis worth noting that, in comparison with Scheme 2, the reduced computation time
of our proposed scheme does not simply result from switching the divergence measure.
Without altering the problem structure, directly replacing the Wasserstein metric with
the KL divergence in Scheme 2 leads to the same issue observed in the Wasserstein-
based design. Namely, as shown in Algorithm 1 in the supplementary material, both
the number of subproblems and the number of constraints in the master problem are
proportional to the number of uncertainty samples.

6.5.3. CASE STUDY 3: CHEMICAL PROCESS NETWORK PLANNING

To further illustrate the viability and effectiveness of the proposed formulation (6.14) and
Algorithm 6.3, a chemical process network planning (CPNP) problem is investigated.
The CPNP problem is a typical engineering problem that fits into RO settings and has
been considered as a benchmark problem in several existing literature, see [29, 35, 61].

A chemical process consists of raw materials, intermediate chemicals, final products,
and multiple interconnected processes. The design objective of CPNP is to maximize the
net present value (NPV) of the entire network while respecting system constraints for all
possible uncertainties. Our case study considers a chemical process network consisting
of 8 processes and 7 chemicals. The network sketch is shown in Fig. 6.2, where chemi-
cals are denoted as red circles (A, B, -+, G), processes are blue rectangles (1,2,---,8), and
process flows are indicated as arrows. Among all chemicals, (A, E) are raw materials, and
(D, G) are products.

The RO problem for CPNP within our proposed design framework (6.14) can be for-
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mulated as

max Y (~@;,QEi— fi, Yi,)+
r

QE; 1 Yii 5
minf,| min max (— i Wi — itPis+ Ti:S; )] 6.19a
p€<@ p V€7/k Pj,t'QEi,t ;;Yl't l't ;Zt(p]'t ]'t ;Zt J't J't ( )

Sj,l’m/i,l
st.qef, Yi <QE;<qel, Yi;, Vied, VieT (6.19b)
Qir=Qi1+QE;, Yie I, VteT (6.19¢)
Y Yii<ce, Vied (6.19d)
t
Y i QEi +PiYii <cby, VieT (6.19€)
i
Wi,tSQi,l’ ViEﬂ, Vteg— (619f)
Pji—) ki jWi—Sj=0,Vje g, VteT (6.19g)
i
PjJISsuj,[, Sj,tSdu]',,;,VjEj,VIGg_ (6.19h)
QEi,tr Qi,typj,t)vvi,tysj,t =0, Yi,t € {0,1},
Vies, Vje #,VteT, (6.191)
v={du;suj}€V,Vie F, VteT (6.19j)

where ¥ ={1,---,1}, £={1,---,J},and 9 ={1,---, T} with I, Jand T as the total numbers
of processes, chemicals and planning periods, respectively. All notations in the above
equations are explained in Table 6.2. The objective function (6.19a) maximizes the NPV
consisting of investment cost, operation cost, purchase cost of raw chemicals, and sale
profit; constraint (6.19b) specifies the upper and lower bounds of capacity expansion
for all processes and time periods; constraint (6.19c) updates the total available capac-
ity of each process; constraint (6.19d) limits the largest process expansion times; con-
straint (6.19¢) ensures the process expansion costs are within available budgets; inequal-
ity (6.191) limits the production level of each process within its total capacity; equality
(6.19g) models the mass balance of all chemicals; constraints (6.19h) ensures that the
amounts of purchased and sold chemicals are limited by the available market supply and
demand, respectively; constraints (6.19i) indicates all non-negative continuous decision
variables and binary decision variables. For more detailed explanations of chemical pro-
cess networks, please refer to [29, 61].

The uncertainty variables considered in our design are the market supply limit and
demand limit (su;, s, du; ;) for all raw materials and products over the planning period.
Expansion decisions (QE; ;,Y; ;) are first-stage decision variables, and other remaining
variables (P, S}, Qi,r, Wi ) are recourse decision variables. Our case study consid-
ers a 5—year planning period with each planning period as 1 year. The uncertainties
(suj,, duj,) are assumed to be independent and reside in 4 uncertainty sets.

As in Case Study 2, we consider the same four schemes. For the DRO formulation in
Scheme 2, 1000 uncertainty scenarios are randomly generated, and the Wasserstein dis-
tance € defining the size of the distribution ambiguity set is € = 300 to give a comparable
objective value with the other schemes. It should be noted that the number of uncer-
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Figure 6.2: The chemical process network for Case Study 3.

Table 6.2: Notations in (6.19)

decision variables

QF; amount of capacity v binary decision of

bt expansion Lt capacty expansion
Pj; chemical purchase amount ~ S;; chemical sale amount
W;:  operating level Qi total process capacity
su;;  market supply limit du;; marketdemand limit

parameters

;s variable investment cost Bi fixed investment cost
Yit operating cost @j:  purchase cost
Tjt sale price qeiL‘ : f;vp\)’zrcgir)ﬁizansmn
qelUt capacity expansion ce; expansion number limit

) upper bound
chby expansion cost budget Kij mass balance coefficient
i index of the i-th process j index of the j-th chemical
t index of the ¢-th time period

tainty samples considered is far smaller than needed for a proper approximation of the
uncertainty probability distribution, given the 20-dimensional uncertainty space [167,
168]. However, as shown in our simulation results, even this limited number of samples
can be computationally demanding for solving the corresponding DRO problem. For
our proposed schemes (Scheme 3 & 4), the parameters defining the ambiguity set & are
p=10.5,0.1,0.2,0.2] and p = 0.5.

Simulation results are shown in Table 6.3, from which it can be concluded that con-
sistent results are obtained as in Case Study 2. Compared with the conventional RO
formulation (Scheme 1), the remaining formulations (Scheme 2, 3 & 4) give less con-
servative solutions, i.e., a larger value of Max. NPV at the price of increased computa-
tional burden (longer CPU time). Compared with the Wasserstein-based DRO formu-
lation (Scheme 2), our proposed formulations (Scheme 3 & 4) are less computationally
demanding. In addition, compared with the original constraints (6.15b), the reformula-
tion in (6.17) is effective in improving the computational efficiency of Algorithm 6.3.
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Table 6.3: Computational results of different RO formulations for Case Study 3.

conventional RO | existing DRO formulation | the proposed RO formulation (6.14)
formulation with Wasserstein metric with (6.15b) with (6.17)
(Scheme 1) (Scheme 2) (Scheme 3) (Scheme 4)
Max. NPV ($MM) 221 284 288 288
CPU Time (s) 17.63 8758.07 195.86 183.17
Iterations 2 5 2 2
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Figure 6.3: Error bar of the expected NPV with different ambiguity set size p.

Furthermore, different values of the ambiguity set size p are tested to analyze its in-
fluence on the conservatism of the optimal solution for our proposed formulation. In
the simulation, for each p, 5000 random trials are implemented to sample the proba-
bility distribution p that resides in the corresponding ambiguity set. For all admissible
samples of p, the corresponding performance metric, which is defined as the expected
NPV: ¢'x* + ¥ 1 p - bTy]*c with y}. as the optimal recourse variable w.r.t. the worst-case
uncertainty in the k-th uncertainty subset, is computed. Fig. 6.3 depicts the error bar
(mean value and envelope) of the expected NPV among all feasible samples of p, and
the worst-case NPV for all possible uncertainties. It can be seen that, compared with the
conventional RO formulation, our proposed approach consistently leads to less conser-
vative solutions for all p. Namely, the proposed approach gives a higher mean, minimal,
and maximal NPV than the conventional RO formulation. Further, it can be seen from
Fig. 6.3 that, with the increase of p (the size of the ambiguity set), the minimal NPV of the
proposed formulation (6.14) converges to the worse NPV computed via the conventional
RO formulation, which is consistent with our statement in Remark 6.

6.6. CONCLUSIONS

This chapter investigates the RO problems where uncertainty sets comprise multiple
subsets, focusing on two separate questions: 1) how to address the computational chal-
lenge posed by exponentially increasing uncertainty subsets in RO-based predictive con-
trol? and 2) how to mitigate the conservatism of the robust optimal solutions by leveraging
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the structure of the uncertainty set?

To address the first question, we propose a monolithic mixed-integer representa-
tion of the uncertainty set. Unlike conventional formulations requiring a separate op-
timization problem for each subset, our method only solves a single mixed-integer opti-
mization problem to compute the worst-case uncertainty scenario over all subsets. This
method is particularly advantageous for RO-based predictive control, where the number
of uncertainty subsets could increase exponentially with the prediction horizon.

For the second question, we formulate an innovative objective function exploiting
the structure of the multi-subset uncertainty set by combining the existing RO and DRO
formulations. The proposed formulation achieves less conservative solutions than con-
ventional RO formulations while showing more computational efficiency than conven-
tional DRO formulations. Besides, a CCG-based algorithm is developed to solve the re-
sulting optimization problem efficiently.

Numerical experiments related to the above research questions are conducted to ex-
tensively demonstrate the effectiveness of the proposed schemes.
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6.A. APPENDIX

6.A.1. PROOF OF THEOREM 6.1

Proof: The main difference between the proposed Algorithm 6.1 with the conventional
CCG algorithm in [138, 153] is the definition of the subproblem (6.8). With the mixed-
integer representation of the uncertainty set 7, each set of feasible binary variables {5 :‘ |
t=1,---,N,k=1,---,K} uniquely defines a subset of 7, and vice versa. As a result, by
solving the subproblem SP1 (6.8) or SP2 (6.9), the worst-case uncertainty scenario v* =
[VTT,“' ,v}“VT]T among all subsets together with the corresponding uncertainty subset,
defined by {6:k |t=1,---,N,k=1,---,K}, that contains the uncertainty scenario v* will
be computed. Based on Assumption 1, it can be readily concluded that there are finite
vertices of the uncertainty set 7. Then, it follows a similar proof as shown in [153] that
Algorithm 6.1 will solve the RO problem (6.6) within finite iterations. This completes the
proof. d

6.A.2. PROOF OF THEOREM 6.2
Proof: For the constraint (6.14b), it can be rewritten as

K
: b’ 6.20
m e (mgee') 620

Based on Lemma 19.1 in [154], the inequality (6.20) is equivalent to finding y and v =0
such that

€ X, Vi) —
p+pv+vzpkexp(M—l)sn (6.21)
T v
where
%6 (X, %) := maxmin bTy (6.22a)
velp ¥
s.t. Tx+Wy+Mv<h (6.22b)

Assumption 6.2 implies that there are finite vertices of the uncertainty set 7. Besides, it
can be seen that the left-hand side of (6.21) is a monotonously increasing function w.r.t.
% (x,7%), which is LP w.r.t. v. Consequently, it can be concluded that the optimal v are
taken from the vertices of 7. By listing all finite vertices of each uncertainty subset 7,
denoted as  := {vg 1, -+, Vi, g, } with Hy as the number of all vertices, the RO problem
(6.14) can be rewritten as

min c'x+7 (6.23a)
XYk, iy
v

blv,: —
s.t. p+pv+v2f)kexp(—Yk’l'C K —1) <, (6.23b)
k v
Ax=q, (6.23¢)
Tx+ Wy, ; +Mvg; <h, (6.23d)

Vlke{lyer}) VkE{I,,K} (623e)
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where yy ;, is the optimal recourse decision variable w.r.t. the uncertainty scenario vy, ;,
(i=1,---, Hy). Namely,

Vi = argminbly
s.t. Tx+Wy+Mv, ; <h.

Since there are finite extreme uncertainty scenarios, the optimization problem (6.23)
can be computed by iteratively listing all possible extreme uncertainty scenarios as in
the conventional CCG algorithm [152, 153], which leads to Algorithm 6.3.

In the following, we will prove that Algorithm 6.3 can terminate within finite itera-
tions. Namely, Algorithm 6.3 will either find out all extreme uncertainty scenarios or ter-
minate when a repeated uncertainty scenario is observed. Assuming at the r-th iteration
of the algorithm, the extreme uncertainty scenarios {vj,:--,vy} computed by solving K
subproblems (6.16) are observed in a previous iteration ¢ (£ < r — 1), then UB = LB and
the algorithm terminates.

Suppose that the optimal decision variables by solving MPpgo (6.15) at the r-th iter-
ation are (x*,u*,n*,v*), which further lead to the optimal decision variables of K sub-

problems SP{%RO v, Vi, Vi, Yii- It readily gives that

bT * gk
LB<UB<c'x*+u* +pv* +v* Zf’keXP(M - 1)
3 v

Since the worst-case uncertainty scenarios {vi‘, e ,v1*<} was observed at a previous itera-
tion, the optimal solution of the master problem MPpgg at (r + 1)-th iteration will be the
same as with the r-th iteration and satisfy

bT * ok
LB=c'x* +u* +pv* +v* ) prexp (yk—*u - 1)
= v
As aresult, it can be concluded that LB = UB at the (r +1)-th iteration, and the algorithm
terminates. This completes the proof. O

6.A.3. PROOF OF THE CONVEXITY OF CONSTRAINT (6.15b)

Proof: For brevity of analysis, it is sufficient to prove that the nonlinear function
flx,y) = xexp(% — 1) with x = 0 is convex since the nonlinear constraint (6.15b) can
be reformulated as

p+pv+Y Pefv, i) <1, (6.242)
k

gki=blyki— . (6.24b)

For the nonlinear function f(x, y) := xexp (% —1), its Hessian matrix is

2
Lexp-1) -Lexpt-1)

: (6.25)
—Zexp(( -1  pexp(f-1)

VAf =
It can be easily verified that V? f is positive semidefinite when x = 0. As a result, it follows
from the second-order condition of convexity [78] that the nonlinear function f(x, y) is
convex, and hence constraint (6.15b) is convex. This completes the proof. O
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6.A.4. SUPPLEMENTARY MATERIALS FOR SIMULATION

PARAMETER VALUES USED IN Case Study 1

The basic uncertainty set for the uncertainty v; in each time period ¢ consists two subsets
¥:,1 and 7 that are defined as

Vip:={viDivy=di}, V2= {viDov; =dp} (6.26)
where
D =D,=[1,-1", d;=02,0", d;=1002". (6.27)
The system matrices defining the building thermal dynamics are
0.0167 0.0048 0.1245 0.409 0.0986 0.2536 0.4596 0.2536
@- 0.0005 0.0002 0.0039 0.0044 r - 0.0029 ro— 0.0070 0.9840 r = 0.0070
~[0.0253 0.0073 0.3321 0.0617 " ¥~ [0.0288| " " " |0.4450 0.1287| V" [0.4450|"
0.0244 0.0070 0.0526 0.3456 0.0275 0.4477 0.1225 0.4477

PARAMETER VALUES USED IN Case Study 2
The uncertainty set for the demand uncertainties consists of four uncertainty sets 7; :=
{v| Dyv < di} with parameters (D, dy) set as

D; =D, =D3=Dy=[I3,-I5]" (6.28)
d; =[0.3,0.3,0.3,0,0,0]", d,=1[1.2,1.2,1.2,-1,-1,-1]7, (6.29)
d; =(1,0.3,0.3,-0.8,0,0], d4=1[0.3,1,0.3,0,—-0.7,01". (6.30)

PARAMETER VALUES AND ALGORITHMS USED IN Case Study 3
The mass balance coefficient matrix is

[0.63 -1 0 0 0 0 0
058 -1 0 0 0 0 0
0 1.25 -4 0 -1 -15 0
0 0.1 -1 0 0 0 0
1o 08 0o 0o -1 0 o0 (6.31)
0 0 0.24 -1 0 0 0
0 0 23 -1 0 0 0
| O 0 0 0 093 077 -1
The uncertainty set consists of four subsets that are defined as
Lin 0
—Iin 0
D;=Dy=D3=Dy=I;® (6.32)
0 Lout
0 —Iou

where Ij, and I,y are identity matrices with the number of columns as the number of
chemical process inputs and outputs, respectively.

d; = e;®[130,112,-110,-88,35,49,-25,—41]", (6.33)
d, = e;®][76,68,—64,-56,40,37,-30—27]", (6.34)
d; = e;®][65,35,-55,-25,23,14,-17,-6]", (6.35)

d, = es5®[52,52,-48,-48,27,27,-23,-23] . (6.36)
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CCG ALGORITHM FOR SOLVING WASSERSTEIN METRIC-BASED DRO PROBLEM
For the DRO problem

min ¢'x+ max minb'y (6.37a)
X fwez y

s.t. Ax<q, (6.37b)

Tx+Wy+Mvs<h (6.37¢)

where the ambiguity set is defined as

P={Qe M) :dw(Q,Qo) < ¢}

dw (O, Qy) = igf(fyz v —v0|| TI(dv, dv") I1is a joint distribution of )

v and v° with marginals Q and Q,

with € as the Wasserstein distance. According to the results in [156], the above optimiza-
tion can be reformulated as

N

1
: T

min ¢ x+Ale+—) s; 6.38a
x,/l,zi,s,- N l;l L ( )
s.t. sup miany—lev +le\7,- <s;,i=12,---,N, (6.38b)

vey
Tx+Wy+Mv<h, (6.38¢)
Ax=q, (6.38d)
||Zi||* SA; i:1)2)"',Nr (6389)

where N is the number of uncertainty samples v;. Then, based on the above formulation
and applying a column-and-constraint generation approach, the DRO problem can be
solved via Algorithm 6.3.

N

1
MP: min  c'x+le+—Y 5 (6.39a)
xv/‘LlSi!zt,ivyt,i N i=1

s.t. bTym» - lev;l. + le‘”/,- <s;, (6.39b)

Tx+Wy;; +Mv;;<h, (6.39¢)

Ax<gq, (6.39d)

i=1,---,N, t=1,---,r. (6.39¢)

SP: € (x",z;) 1= max mianyi —vsz:.‘ (6.40a)

Vi yi

s.t. TX" + Wy; + Mv; <h. (6.40b)
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Algorithm 6.3 column-and-constraint generation algorithm for DRO problem (6.38).

Input: suboptimality gap €
Output the optimal decision variable x* and objective function value ¢'x* + 1*¢ +
N Zl 1 1

1: Set LB=—-00,UB=00,7r=0

2: while |UB - LB| > ¢ do

3: Solve MP in (6.39) to derive solutions {x*, 1%, s;.“,z:.‘} and update LB = cIx* + A% e+
N Zz 1 z

4 fori=1,---,Ndo
5: Solve SP cg(x*,z;.‘) in (6.40) to derive solutions {v;‘,y;.‘}
6: end for
7. Update UB as

1 N

UB=min{ UB,c'x* + 1*¢ + N > (bTyl z*Tv* +z vl)
i=1

8: Create decision variables {y,; | i =1,---, N}, set parameters v,; = v;.“ (i=1,---,N)

, and add the following constraints to MP in (6.39)

b! Yri—2Z; Vrz+z Vi <5,
n Tx+Wy,; +Mv;, <h.
9: r—r+1

10: end while

11: Return: x* and ¢'x* + 1*¢ + sz 1S




DISTRIBUTIONALLY ROBUST
SYSTEM LEVEL SYNTHESIS WITH
OUTPUT FEEDBACK AFFINE
CONTROL PoOLICY

This chapter studies the finite-horizon robust optimal control of constrained linear sys-
tems subject to model mismatch and additive stochastic disturbances. Utilizing the system
level synthesis (SLS) parameterization, we propose a novel SLS design using an output-
feedback affine control policy and extend it to a distributionally robust setting to im-
prove system resilience by minimizing the cost function while ensuring constraint satisfac-
tion against the worst-case uncertainty distribution. The scopes of model mismatch and
stochastic disturbances are quantified using the 1-norm and a Wasserstein metric-based
ambiguity set, respectively. For the closed-loop dynamics, we analyze the distributional
shift between the predicted output-input response — computed using nominal parameters
and empirical disturbance samples — and the actual closed-loop distribution, highlight-
ing its dependence on model mismatch and SLS parameterization. Assuming convex and
Lipschitz continuous cost functions and constraints, we derive a tractable reformulation
of the distributionally robust SLS (DR-SLS) problem by leveraging tools from robust con-
trol and distributionally robust optimization (DRO). Numerical experiments validate the
performance and robustness of the proposed approach.

3 This chapter is based on the paper: Li, Y., Shi, J.,, Jones, C. N., Yorke-Smith, N., & Keviczky, T. (2025).
Distributionally Robust System Level Synthesis With Output Feedback Affine Control Policy. arXiv preprint
arXiv:2508.05466.
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7.1. INTRODUCTION

The growing complexity of modern control systems has increasingly challenged the
applicability and effectiveness of traditional control strategies. In contrast, the ad-
vancement in onboard computational capabilities and numerical solvers has opened
up new opportunities for real-time optimization-based control approaches. Among
them, Model Predictive Control (MPC) has emerged as a powerful and versatile frame-
work, thanks to its ability to explicitly handle multi-objective performance criteria while
systematically accounting for system constraints. MPC'’s flexibility in incorporating
prediction models, actuator limitations, and safety requirements makes it particularly
well-suited for complex and safety-critical applications such as autonomous systems,
robotics, and energy management [37, 39, 169]. These advantages have driven a growing
interest in both theoretical developments and practical implementations of MPC across
various domains.

One of the fundamental challenges in control design, including MPC, is the effective
handling of uncertainties. In practice, systems are inevitably subject to various sources
of uncertainty, such as model mismatch and external disturbances. The performance
and reliability of a control scheme critically depend on how well these uncertainties are
addressed.

Broadly speaking, methodologies for dealing with uncertainty can be categorized
into two main approaches. The robust approach treats uncertainties as belonging to pre-
defined deterministic sets and seeks to optimize control performance under the worst-
case scenario [8]. While this method is computationally efficient in general and does not
require explicit knowledge of the uncertainty distributions, it often leads to overly con-
servative solutions. Alternatively, the stochastic approach models uncertainties proba-
bilistically and aims to optimize the expected performance [32]. This can reduce con-
servatism but typically relies on strong assumptions about the underlying uncertainty
distributions—closed-form or tractable solutions are generally available only in specific
cases. To address this limitation, the randomized (sample-based) approach has gained
traction when a large number of uncertainty samples are available. It approximates
the stochastic optimization problem by solving a large-scale optimization problem con-
structed from sampled scenarios [33, 134].

To leverage the complementary strengths of both robust and stochastic control
methods, the distributionally robust (DR) framework has been proposed. In this set-
ting, the uncertainty is assumed to follow an unknown probability distribution that lies
within a specified ambiguity set, which captures plausible distributions based on prior
knowledge or data. The control objective is then to optimize the expected performance
under the worst-case distribution within this ambiguity set [43, 156, 170]. Recent stud-
ies, e.g., [45-50], have explored the integration of DR methods into predictive control
schemes. These works primarily focus on mitigating the impact of additive disturbances
by assuming perfect knowledge of the system dynamics and optimizing open-loop con-
trol actions accordingly.

To enhance robustness and reduce conservatism in optimal control design, closed-
loop feedback policies are generally preferred over open-loop control actions in both
robust optimal decision-making and Model Predictive Control (MPC) frameworks [8,
171]. However, incorporating feedback policies directly into online MPC optimization
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introduces significant computational challenges, as it results in nonconvex optimiza-
tion problems - even when the system dynamics and control laws are linear. For lin-
ear systems, the system level synthesis (SLS) framework provides a parameterization
of the closed-loop system. Other than the conventional MPC design focusing on op-
timizing controllers, SLS-based design alternatively focuses on directly optimizing the
whole closed-loop performance by solving convex optimization problems and recon-
structing control policies from the optimized closed-loop response via linear transfor-
mations [172]. This shift in perspective has facilitated progress in distributed and robust
predictive control design [172-174].

As noted in [175], a limitation of existing SLS methods is their reliance on purely
linear control policies, primarily due to their tractability. However, linear policies lack
the expressiveness to approximate piecewise-affine solutions, which frequently arise in
Model Predictive Control (MPC) problems [171]. Moreover, current linear-policy-based
SLS frameworks cannot be directly extended to the affine case without incurring com-
putational issues, see [172, 176-178]. Notable exceptions are the works in [175, 179]. In
[175], the authors developed an SLS framework using state feedback control law under
the assumption of full state measurability and perfect knowledge of system models. In
[179], alinear-quadratic SLS approach with linear output feedback was proposed, with a
discussion on its extension to affine policies. However, this method is restricted only to
LQR problems and to systems with additive input disturbances.

Motivated by the above limitations, this chapter investigates SLS design with output
feedback affine control policies for uncertain linear systems subject to model mismatch
and additive disturbances. This setting presents several major challenges: 1) the use of
affine output feedback policies complicates the construction of an SLS parameterization
while maintaining computational tractability; 2) model mismatch and stochastic distur-
bances lead to inaccurate predictions of system dynamics, increasing the difficulty of
designing effective feedback policies; 3) model mismatch induces distributional shifts
between the true closed-loop behavior and the predicted closed-loop response, further
complicating the solution of the DR control formulation.

In order to address the above challenges, we propose a novel DR-SLS method with
output feedback affine policies. The contributions of this chapter are summarized as
follows:

* A novel SLS parameterization for a class of linear systems using output feedback
affine control policy is proposed. Compared to existing SLS methods, the pro-
posed scheme introduces fewer constraints and decision variables and accommo-
dates a broader class of systems.

* The impact of model mismatch on the proposed SLS parameterization is analyzed.
Besides, a new DR-SLS formulation is proposed to account for the influence of
model mismatch and stochastic disturbances.

* The distribution shift between the prediction and true closed-loop responses is
analyzed, highlighting its dependence on model uncertainties and the chosen SLS
parameterization. An upper bound on this shift is derived in the sense of the
Wasserstein metric.



7. DISTRIBUTIONALLY ROBUST SYSTEM LEVEL SYNTHESIS WITH OUTPUT FEEDBACK
120 AFFINE CONTROL POLICY

* A computationally tractable relaxation of the proposed DR-SLS problem is devel-
oped by incorporating tools from robust SLS and DRO, resulting in a convex re-
formulation. Simulation results are provided to validate the effectiveness of the
proposed approach.

The remainder of this chapter is organized as follows. Section 7.2 introduces the con-
trol problem under consideration. Section 7.3 proposes an SLS design with output feed-
back affine policies and extends it to the case of inexact models. In Section 7.4, a distri-
butionally robust SLS (DR-SLS) formulation is introduced, along with a computationally
tractable solution. Section 7.5 provides simulation results that validate the effectiveness
of the proposed approach. Finally, Section 7.6 concludes this chapter.

Notation: Lowercase letters denote vectors or scalars; uppercase letters denote ma-
trices. Boldface lowercase letters represent the stacked version of the corresponding vec-
tors. Norm ||-|| refers to the 1-norm for vectors and the induced 1-norm for matrices. The
notation A~! denotes the inverse of matrix A. The operator col(xy, X2, -+, X,) represents
the stacked vector [xlT, .-+, x0T, Calligraphic capital letters represent sets or collections.
blkdiag(Mj, - - -, M;;) denotes the block-diagonal matrix with (M, - -+, M) on its diagonal
block entries. I, represents a n x n identity matrix, and the subscript n will be omitted
when clear from the context.

7.2. PROBLEM FORMULATION
Consider the following uncertain linear system in the so-called innovation form

Xi+1 =Ax[+Bu,;+Le;, (7.1a)
yt:Cxt+Dut+et, (71b)

where x; € R" is the system state, u; € R is the control input, e; € R? is the innovation
process, and subscript ¢ is time index. The matrices A, B, L, C and D are the respec-
tive system, input, Kalman, output and feedforward matrices, respectively. More details
about the innovation form of linear systems can be found in [180-182].

For this linear system, the following finite-horizon optimal control problem will be
investigated:

n]l[i[n g} he(ye, ur) (7.2a)
s.t. system dynamics (7.1), (7.2b)
8&(ynu)=<0,1=0,---,T, (7.20)
ur=mt(Yo, - ye-1), (7.2d)

where T is the length of prediction horizon, h;(:) and g;(-) are stage cost and constraint
functions, respectively, 7 () is the control policy, which is restricted to be strictly causal.
In our design, h; and g, are assumed to be convex and Lipschitz continuous functions.
In this work, only the output signal y; is assumed to be measurable for control design.
To balance computational tractability and optimality, the following strictly causal output
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feedback affine control policy is considered

-1
(Yo, o, Yi-1) = ) Kk Ve + P, (7.3)
k=0
where (K, i, p;) are control policy parameters to be optimized. To ensure the causality
of the control policy, the control input u, is only parameterized via the output signals
¥k (k < t) prior to the time instant ¢.

It should be mentioned that directly solving the optimization problem (7.2) and con-
sidering the control policy (7.3) is computationally challenging since it leads to a non-
convex optimization problem w.r.t. the control policy parameters K; ;. and p;. Instead of
directly optimizing the control parameters, the SLS parameterization provides an alter-
native solution by optimizing the closed-loop responses via solving a convex optimiza-
tion problem. Then, the control parameters are computed based on the linear relation-
ship between closed-loop responses and control policy parameters.

In the upcoming sections, the SLS design for system (7.1) under control law (7.3) will
be investigated. It is important to note that incorporating the affine control policy in-
troduces computational challenges for existing SLS methods. Specifically, the presence
of the bias term in the affine policy renders a direct extension of the existing SLS meth-
ods developed for linear control policies nonconvex, see [176, 177], and thus computa-
tionally demanding. In addition to developing an SLS design for system (7.1) under the
assumption of perfect knowledge of system models, we further investigate the impact
of model uncertainties for the proposed SLS design. To address the influence of model
uncertainties, we propose a novel DR-SLS framework to improve the robustness of the
optimal control solution against model mismatch and stochastic disturbances.

7.3. SYSTEM LEVEL SYNTHESIS WITH OUTPUT FEEDBACK

AFFINE CONTROL POLICY

In this section, the SLS-based method for solving (7.2) will be presented. Firstly, a new
SLS parameterization for the linear system with output feedback affine control policy
is derived. Then, the effects of model mismatch on the proposed SLS formulation are
analyzed.

7.3.1. SYSTEM LEVEL SYNTHESIS WITH EXACT MODEL
System (7.1) can be rewritten as the following predictor form

X411 = (A—LC)x; + (B—LD)u;+ Lyy, (7.4a)
e =y —Cxy, (7.4b)

and for any 7 € Z.. (also called past horizon), we see that

T
X =(A=LO) x; o+ Y [PRult—k) + ¥yt - k)], (7.5)
k=1

where W% = (A- LO)*"'(B— LD) and ¥} = (A- LO)F' L.
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Supposing that (A — LC) is Schur stable and denoting Amax (IAmax| < 1) as the eigen-
value of (A — LC) with the largest absolute value, it was shown in [180] that

X =W |+ 00 maxl®) (7.6)
—0asT—+00
where ¥ =[P4 WEWY . WY up = col(ugr,,ui-1), and y; =

COl(yI—Tr ) J/t—l)-
By selecting 7 sufficiently large such that O(|Amax|”) can be neglected, and denoting
the current time instant as ¢ = 0, we have

x=Tyu+Tee+ ¥ [“9 ] (7.7a)

Yo
y=Cx+Du+e, (7.7b)
where x = col(xg,x1,:-+,x7) is the stacked state vector over the prediction horizon,
y:=col(yo, y1, -+, ¥1) the stacked output vector, u = col(uy, 11, -+, ur) the stacked con-
trol input, e := col(ey, - - -, er) the stacked innovation process, the matrices C, I" and the

Toeplitz matrices T, and T, are defined as

C =blkdiag(C,---,C), D =blkdiag(D,--, D), (7.8a)
—— ——
T+1 times T+1 times
[ 1 0 0 0 0
A B 0 0 0
r=| .|, T,= , (7.8b)
. . . . .0
| AT ATl AT2B ... B 0
0 0 0 -~ 0
L 0 0 0
T, = . (7.8¢)
. . . .0
| AT'L AT2L . Lo

Combining (7.7a) and (7.7b) gives

y=Gu+yp+0Oe, (7.9)
where
G=CT,+D, (7.10a)
-
yo=CIr'¥| 0 ] , (7.10b)
Yo
O =CT,+1. (7.10c)

It is worth noting that since T, is block strictly-lower-triangular, and C and D are block
diagonal matrices, the matrix G is a block lower-triangular matrix.
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Remark 7.1. By considering the system dynamics in the innovation form, our proposed
scheme applies to a broader class of systems compared to the approach in [176, 179],
which is limited to the case of dynamic disturbances modeled as input disturbances.
Additionally, the use of (7.5) eliminates the need of knowledge of the initial state when
predicting system outputs over the prediction horizon. Instead, only past input-output
data over a finite horizon 7 are required. A common heuristic for selecting 7 is to choose
it large enough such that the term (A — LC)" x;—; becomes negligible, which is standard
in many subspace algorithms [180, 183].

According to the control policy in (7.3), the control inputs over the prediction horizon
satisfy

u=Ky+p, (7.11)
where K is defined as
0 0 0
Kip © 0
K= . , (7.12)
: . . 0
Kro -+ Krr-1 0O
which is block strictly-lower-triangular, and p := col(po, -, pr) is the bias term vector.

Combing (7.9) and (7.11) gives the following closed-loop representation

y0+®e
1

y
u

. (7.13)

(I-GK)™!' (I-GK™'Gp
KI-GK)™' (I-KG)'p

Since G is block lower-triangular and K is block strictly-lower-triangular, it can be guar-
anteed that (I — GK) and (I — KG) are always invertible.
Based on the above analysis, we have the following theorem.

Theorem 7.1. Consider the linear system (7.1) and the affine control policy (7.3), the
following statements hold

1. the affine subspace defined by
D, ¢
I -G]| 7 y]:l 0 7.14
1 -6llgr 9|=1r o an

with @, and @, satisfying the following block-lower-triangular and block-strictly-
lower-triangular structures, respectively,

'@%0 0 0
o0 @yt o0
Q)= | ) ) (7.15a)
: 0
T,0 T,1 T, T
>(I)y (I)y (I)y
[0 0 0
o 0 0
o,=| . , (7.15b)
.0
L0 ol o
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parameterizes all possible closed-loop output-input responses as

-2 %

Namely, all closed-loop response parameterizations in the format of (7.16) with @,
and @, having structures shown in (7.15) satisfy (7.14).

Yo +Oe

1 . (7.16)

2. for any matrices {®y,®,} and vectors {¢py, Py} satisfying (7.14) and (7.15), the cor-
responding control law u = Ky + p with

K=q>ucp;1, (7.17a)
p=¢.—K¢, (7.17b)

achieves the desired closed-loop output-input responses in (7.16).

Proof: The proof is provided in the Appendix 7.A.1.

Remark 7.2. Theorem 7.1 leads to a concise SLS design with output feedback affine con-
trol policy. In the existing literature, almost all SLS designs only consider linear feedback
policies, based either on state or output signals, since linear policies are less theoretically
challenging to deal with in the SLS framework. Compared with linear policies, affine
policies show increased expressiveness and can lead to improved control performance.
The exception considering the SLS design with output feedback affine policy is the work
proposed in [179]. It is worth noting that, in comparison with [179], the SLS design pro-
posed in Theorem 1 provides a more concise design with fewer constraints and decision
variables, and avoids computing an extra matrix inverse.

Remark 7.3. The existing SLS design approach with linear policies, e.g., [179], could
be extended to affine policies by augmenting the output signal and feedback matrix
as yy := [ytT,l]T and I_Q,k = (K k» p{], respectively. However, this extension introduces
potential issues. Specifically, considering the augmented output signal and feedback
gains causes the matrix Kin (7.12) to be block-lower-triangular rather than strictly block-
lower-triangular. Consequently, the invertibility of (I — GK), which is required in (7.34),
is no longer guaranteed. However, if the system (7.1) is strictly proper, i.e., D = 0, the
matrix G defined in (7.10) becomes strictly-block-lower-triangular, and the existing ap-
proach with linear control policy is applicable to the extended system.

For notational brevity, we denote the closed-loop output-input vector as n := col(y,u)
in the remaining parts of this work. Based on the SLS formulation in Theorem 7.1, the
stochastic version of the finite-horizon predictive control problem (7.2) can be formu-
lated as

min  E"P [np)] (7.18a)
Dy, ®y,y,0u
s.t. constraints (7.14) and (7.15), (7.18b)
TP [gap] <0, (7.18¢)
o, ¢ [y() + Qe
- , 7.18d
" [cbu bul | 1 (7.18d)
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where P# denotes the probability distribution of the closed-loop output-input response
1 with the system model .4, which influences the parameters (G, 0, yy, e), the functions
h(-) and g() are constructed based on h;(-) and g;(-) defined in (7.2), respectively. The
stochastic uncertainty considered in the above formulation is the innovation process
vector e.

Suppose that the system model ./ is perfectly available and the stochastic uncer-
tainty e can be replaced by its nominal prediction. By exploiting the SLS-based formula-
tion proposed in Theorem 7.1, the deterministic version of the above optimization prob-
lem leads to a convex optimization problem, and the corresponding control policy can
be computed via (7.17).

7.3.2. SLS PARAMETERIZATION WITH MODEL MISMATCH
The SLS formulation proposed in Section 7.3.1 is based on the assumption that the sys-
tem model, i.e., the set of parameters (G, ®,yy, e), is perfectly known. However, obtain-
ing the exact model information is nontrivial and challenging. It is more practical to
consider that only an approximate model is available for SLS design.

It is worth noting that among the above-listed parameters, G plays the most impor-
tant role in influencing the SLS design since it will directly influence the SLS design via
(7.14). In this section, the SLS formulation proposed in Theorem 7.1 of Section 7.3.1 is
extended to the case where only the approximated parameter G is available. For ease of
notation, the approximation error of G is defined as A := G - G.

Theorem7.2. Assuming a nominal approximation parameter G is adopted for SLS-based
designin (7.14) and (7.17), the true closed-loop output-input response 7 := col(y, u) with
the true parameters (G, y, 0, e) is

171 =®(yp + Oe) + ¢ (7.19)
with
0= |37 =2 |1 -ab,)7, (7.20a)
@, B Nt L
Ro
ey [T dyU-Ad)TIA | [y
¢:= bu _[0 [+®,(I-ADY) A [du]’ (7.20b)

Ry
where {®y, Dy, ¢y, ¢y} is the true closed-loop response parametrization, {ﬁ)y, <i>u, cﬁy, (ﬁu}
is the predictive closed-loop response parameterization derived via (7.14) by replacing
G with G, and (Ro, Ry) are the uncertainties of closed-loop parameterization introduced
by the model mismatch A.

Proof: The proofis presented in the Appendix 7.A.2

7.4. DISTRIBUTIONALLY RoBUST SLS DESIGN AND

TRACTABLE REFORMULATION
Based on the results shown in Section 7.3, this section proposes a novel DR-SLS frame-
work to systematically enhance the robustness of the optimal control solution against
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model mismatch and additive stochastic disturbances.

7.4.1. DISTRIBUTIONALLY ROBUST SLS FORMULATION
Solving the SLS-based problem (7.18) is generally intractable when assuming the exis-
tence of model mismatch for parameters (G, ©,y), and uncertain probability distribu-
tion Pe. One possible solution for solving (7.18) is adopting the sample average approx-
imation (SAA) and certainty equivalence (CE) principles, in which the unknown system
parameters (G, ©,yy) are replaced by their nominal values (G, (:),fro) and the true innova-
tion process distribution P is approximated by its empirical counterpart Pe. In this way,
the true closed-loop response distribution P+ is replaced by its empirical approximated
distribution ﬁﬁ

Although this solution is straightforward and easy to implement, its efficacy is built
upon the expectation that the true closed-loop distribution P# can be properly approx-

imated by P However, the complex dependency of the closed-loop system behaviour
on the true model .#, as opposed to the nominal predictive model .#, undermines the
justification for applying CE and SAA. Moreover, when only a limited number of uncer-
tainty samples are available, the SAA approach may lead to a poor out-of-sample perfor-
mance.

In the following, a distributionally robust SLS (DR-SLS) design will be presented,
considering the uncertainties introduced by the model mismatch between (G, ©,y,) and
(G, 6,¥) as well as the estimation error of the empirical innovation process distribution
Pe. The approximation errors of (G,,yp) are denoted as A := G- G, 6 := © -0, and
Vo := Yo — Vo, respectively. Before presenting the main results of this section, the follow-
ing definitions are introduced.

Definition 7.1. (Wasserstein Distance [156]) The Wasserstein distance dy : A(Z) x
F(Z) — Ris defined as

@1, @2)i=int] [ 1161~ Caincaer o)},

where I is a joint distribution of the random variables ¢; and ¢, with marginal distribu-
tions Q; and @, respectively, and #°(Z) is the space of all distributions @ supported on
= such that [z [I¢]|Q(d¢) < +oo.

Definition7.2. (Wasserstein Ambiguity Set [156]) The Wasserstein ambiguity set 98, (Qg)
is defined as the ball of radius ¢ centered at the empirical distribution Qg

Be(Qo) :={Q € #(Z) | dw (Q, Qo) < €}

For notational brevity, the true system model and closed-loop parameterizations are
compactly represented as . := {G,0,®,, Py, ¢py, ¢y, yo}. Similarly, the nominal pre-
dif:tiveAclf)sgd-lgopAmczdel and the corresponding parameterizations are denoted as
M :={G,0,Dy, Dy, Py, Py, Yol
Assumption7.1. For the innovation process e, N samples of historical realizations {ei}f.\i 1
are available.
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The DR-SLS problem is formulated as

min  sup E7?[h(p)] (7.21a)
b,,b,, iy
by QeB:(P)
st. sup ETC[gl <0, (7.21b)
QB F)
[P, ¢
I -G]|.Y V| =[1 o], 7.21c
| ][cbu g "1 0 (7210
constraints (7.19) and (7.20), (7.21d)

where Q is the probability distribution of the true closed-loop output-input responses 7,
P is the empirical predictive probability distribution of closed-loop dynamics based

on (G, 0, jro,ﬁe) Be (ﬁﬂ) is the ambiguity set of Q.
Given N samples of the innovation process e}V i1 the empirical distribution ﬁe can

be constructed as Pe := ﬁ yN ;= 0(e;), where 6(-) is the Dirac distribution. Accordingly,

the empirical predictive distribution of the output-input response n with the nominal

model ./ is

5 N
P = %lg @), (7.22a)
;= Do + Oe;) + P, (7.22b)

where (@, $) are the predictive closed-loop response parameterization derived with G via
(7.21c), and 1); is the empirical prediction of output-input response using (@, (Z), 0, Vo, €;).

7.4.2, CHARACTERIZATION OF DISTRIBUTION SHIFT
In order to properly formulate and solve the DR-SLS problem in (7.21), the distribution

shift between P-# and @M, which is measured by the Wasserstein distance dy, (ﬁ“ﬂ, p-#)

and the associated ambiguity set %, (ﬁﬂ), should be properly considered. An excessively
large radius € of the ambiguity set will lead to a conservative solution, and an excessively
small one would result in an aggressive and fragile solution. Importantly, the Wasser-

stein distance dyy (@“ﬂ, P-*) is determined by the closed-loop model mismatch between
A and ./, and is therefore a function of the predictive closed-loop parameterization
{®y,®,, ¢, Pu}. Consequently, simply setting the radius of the ambiguity set with a pre-
scribed constant does not reflect its intrinsic dependence on the SLS parameters and
can lead to unsatisfactory performance.
Based on the results in Theorem 7.2, the true closed-loop output-input responses
n ~P# are
7= PRy (yo + O€) + Rpp. (7.23)

Compared with the empirical prediction in (7.22), there are two factors contributing
to the distribution shift: 1) the uncertainties caused by the model mismatch between
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(G,0,yp) and (G, ©,¥y), and 2) the approximation error between the true distribution Pe
and its empirical approximation Pe.

In the following, we analyze the Wasserstein metric dy (@HM,P;,” ), and provide an
upper bound for the distribution shift. The triangle inequality of Wasserstein distance
gives

dw®" P < dy " F) + dy " P, (7.24)
where P is the empirical version of the true output-input distribution P-#. Namely,
—w 1Y
P == 6m, (7.25a)
NS
ni = PRo(yo + Oe;) + Ryh. (7.25b)
Applying (7.24) decomposes the distribution shift into two parts: a) the shift caused by
model mismatch dy, (ﬁ”ﬂ,ﬁ“ﬂ), and b) the shift caused by the emprical approximation

error dyy (ﬁﬂ, P). The following lemmas provide upper bounds for the above distribu-
tion shifts.

Lemma7.1. (distribution shift by model mismatch) The distribution shift caused by the

model mismatch dy, (ﬁ‘ﬂﬁdﬂ) can be upper-bounded as

- 1N, . N . - .
dw(ﬂj’ﬁ,ﬂj’ﬂ)sﬁz(II@(Rq>—I)($'o+®ei)II+I|<I>Rq>(§'o+®ei)ll)+II(R¢—I)<P||.
i=1
(7.26)

Proof: The Wassertein distance dy @ 7" is defined as
— M =M . . .
dw P ):=1Hff_2IIm—mIIH(dm,dm), (7.27)

where II is the joint probability distribution of (#;,7;). By selecting the suboptimal ad-
joint probability distribution IT* (#};,m;) = %6 (7i,m;), and considering the expression of
i); and n; in (7.22) and (7.25) together with (7.20), and applying the norm triangular in-
equality completes the proof. d

Lemma7.2. (distribution shift by empirical approximation error of Pe) The Wasserstein

distance between the empirical closed-loop output-input distribution P~ and the real
closed-loop output-input distribution P is upper-bounded as

dw @ ) < ||BRp (O + )| dyy Pe, Pe). (7.28)

Proof: Based on the definition of Wasserstein distance, we have
— .
dy @ P ::1Eff_2 i’ = nliTidn’, dn)
=inff [|®Rp (O +O) (e’ - e)||TI(de’, de)
I Jye

<||®Rp (O + (:))||inff lle’ —e||lI(de’, de)
I Jy2

dw Pe,Pe)
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where the above relationships are based on the fact that the innovation process e is cou-
pled with i only through ® in (7.19) and (7.20), and the sub-multiplicativity property of
1-norm. This completes the proof. O

Proposition 7.1. The Wasserstein distance between the empirical predictive output-

input distribution ﬁﬂ and the true output-input distribution P# is upper-bounded by:

—tt g 1N A . R
dyw (@ ,P*)<— D(Rp — (Yo +Oe;) ||+ |IPRgp (Fo +Oep) ||| + | (Rp — 1)
W Nl;[n o= Do+ Oepll+I10Ro G0 + Oeil) + IRy = DG

+[|®Rp (6 + 0)||dy Pe, Pe).

Proof: Applying the triangle inequality (7.24) and the results in Lemmas 7.1 and 7.2
completes the proof. O

7.4.3. TRACTABLE REFORMULATION

While the DR-SLS formulation in (7.21) could enhance the robustness of the optimal so-
lution of the SLS design, it is challenging to solve the corresponding optimization prob-
lem when considering the Wasserstein distance (7.29). In this section, a tractable refor-
mulation is proposed. To this end, the following assumptions are made.

Assumption7.2. There exist constants a > 1 and 8 > 0 such that

Fe~Pe [ eﬂllell"‘] < 400 (7.30)

Assumption 7.3. The Wasserstein distance between the empirical distribution Pe and
the true distribution P is bounded as dyy (Pe, Pe) < .

Assumption 7.4. The model mismatch is bounded as ||A|| <y, 18] < Y2, and [[¥oll < y3.

Assumption7.5. The cost function k(1) and the system constraint g(n) in (7.21) are con-
vex and Lipschitz continuous, with Lipschitz constants I, and Ig, respectively.

Remark7.4. Assumption 7.2 ensures that the distribution P has light tails, which is stan-
dard in DRO problems to guarantee well-posedness. Assumption 7.3 imposes a bound
on the Wasserstein distance. The radius x can be selected using, for example, cross-
validation. Assumption 7.4 provides upper bounds on model mismatch, which is stan-
dard in robust control design (e.g., [176, 179, 184]). If uncertainty bounds are originally
given for the system matrices (A, B, C, D), the corresponding bounds for (A, ©,¥,) can be
obtained via either numerical simulation or theoretical analysis as shown in [185]. As-
sumption 7.5 ensures that the cost and constraint functions are tractable by assuming
convexity and Lipschitz continuity. This covers a broad class of functions, including lin-
ear functions, pointwise maximum of affine functions, and norms such as the /;-norm
and l,-norm.

Theorem7.3. Supposing Assumptions 7.1-7.5 hold, and letting y1||®,| < p with p € [0,1)
and IICTJyII < o with o > 0, a convex relaxation of the DR-SLS problem in (7.21) can be
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formulated as

1 N
min  E+—) s (7.31a)
£9,0,5i,qi i=1
[P, )
st.[I -G]|.Y Ay]: I 0], 7.31b
1 -6l|g) §|=11 o 7.31b)
. [Dy, dy][F0+0Oe;
1= G ) , (7.31¢)
®, and ®, satisfy the structure in (7.15), (7.31d)
h(#;) <s;, Vie{0,---,N}, (7.31¢)
1 N
leg+— ) i <0, (7.319)
Ni:l
g§Mmi) <qi, Vief0,---,N}, (7.31g)
e &
£ —— 190 + Oe; |l +72lle;l]) + N
N(l—p)[i;(p Yo il +7y2ll€; ) Ys]
[4 Y1 o, 2 K s A
£ . — 191 (16 , 7.31h
+(7’1+0 1_pll¢m|l+l_pll [I- (1181 +7v2) ( )
)l <o, rilldull<p, pelo,1), (7.31)

where constraints (7.31b)-(7.31d) are the SLS-based parameterization of closed-loop
output-input response, constraint (7.31e) is for reformulating the objective function in
(7.21a), and constraints (7.31f) and (7.31g) are for reformulating the constraintin (7.21b),

A
constraint (7.31h) is for upper-bounding the Wasserstein distance dy (P ,P-%).
Proof: The proof is presented in the Appendix 7.A.3

Remark 7.5. By fixing the parameters p and o, which influence the bounds of ||®,|| and
||d3y||, respectively, the optimization problem (7.31) becomes convex and can be effi-
ciently solved. The optimal values of p and o can be determined via a grid search by
iteratively solving a sequence of convex optimization problems. Alternatively, if p and
o are treated as decision variables rather than fixed parameters, the problem (7.31) be-
comes nonconvex due to the presence of bilinear terms. Such nonconvexities can still
be dealt with using off-the-shelf solvers, such as Gurobi and Ipopt. Furthermore, the
bound derived in (7.31h) possesses an asymptotic consistency property. In the absence
of uncertainties, i.e., when y; = y» = y3 = k¥ = 0, the last two terms in (7.31h) vanish.
Moreover, the condition y; = 0 implies that p can be chosen arbitrarily small, thereby
allowing the Wasserstein distance bound € to be made arbitrarily close to zero.

Remark 7.6. In (7.21), the system constraint is formulated to guarantee that its expected
value is within a prescribed bound. To enhance constraint satisfaction and provide
probabilistic guarantees, our approach can be readily extended-following the method in
[184]-to incorporate a conditional value at risk (CVaR) formulation. This extension pre-
serves the structure of the proposed scheme and does not increase computational com-
plexity. Natually, using a CvVaR-based formulation to achieve higher probability guaran-
tees results in a more conservative solution.
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Remark 7.7. It is worth highlighting that while the parameters (G, ®,yy) considered in
Theorem 7.1 are related to system matrices (A, B,C, D), the proposed design does not
rely on the explicit knowledge of these system matrices. Instead, (G, ®,yy) can be possi-
bly estimated from system input-output data. As in many existing subspace algorithms
(e.g., [182]), the input-output relationships in (7.7) can be leveraged to identify approx-
imate values of (G, ©,yp). Unlike the case in traditional subspace-based system identifi-
cation methods, our approach avoids the explicit reconstruction of the system matrices
(A, B,C, D), atask that is typically complex and challenging.

7.5. SIMULATION RESULTS

In this section, numerical simulation results are presented to demonstrate the effective-
ness of the proposed approach. The numerical study is based on the linear system con-
sidered in [180], with a more challenging modification by setting B, = 0 such that small
perturbations of B, will change the sign of the control input, resulting in different be-
haviours. The true system dynamics used in simulation are

. _|o7326 -o0.0861]  [o0609] 732
17101722 0.9909 | o |HeTWo :
ye=[0 1.4142]) x;+ vy, (7.32b)

where w; € R? and v; € R are assumed to follow uniform distributions with each element
belonging to % (-0.01,0.01). For constructing the innovation process, the feedback ma-
trix L in (7.1) is set as [0.1,0.1]7, and A - LC is Schur stable. For the SLS design, its pre-
diction horizon is set as T = 15, and 7 = 25. The cost function is set as

y
u

11
h(n) := H [ R ) (7.33)
where Q and R are diagonal matrices with diagonal elements as 1 and 0.1, respectively.
System constraints at each time step k =0, ---, T are defined as

gr(m) :=max{—yr—0.01, ur —1,—-ur — 1} <=0.

This constraint limits the output and input signals satisfying y; = —0.01 and -1 < u; <1,
respectively.

The upper bounds of uncertainties are y; = y» = y3 = 0.01. In the simulation, 50
samples of system matrices (A, B, C) are randomly generated such that the correspond-
ing parameters (G, ©,¥y) reside in the prescribed scope. Random input signals within
[—1,1] are used to generate 100 samples of the innovation process signal e. The upper
bound of the Wasserstein distance dyy (ﬁe, Pe) is set as x = 0.005.

In our simulation, we mainly investigate two SLS approaches:

* N-SLS: nominal system level synthesis design adopting the CE and SAA solutions,
where the nominal parameters (G,(:),iro) and the averaged historical samples of e
are used in Theorem 7.1 of Section 7.3.

* DR-SLS: distributionally robust system level synthesis design proposed in this
work by solving (7.31).
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For each sample of the parameters (G, ©, o), after solving the SLS design problems with
the above two approaches, the control policy parameters (K, p) are used for performing
the closed-loop simulation with the true system dynamics in (7.32).

(a) predicted output (b) predicted input
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Figure 7.1: Output and input trajectories with N-SLS approach: (a) open-loop output prediction, (b) open-loop
input prediction, (c) closed-loop output, (d) closed-loop input.

Simulation results are shown in Figs. 7.1-7.3. Fig. 7.1 depicts the output and input
trajectories adopting the N-SLS approach for both open-loop prediction and closed-
loop simulation. It can be observed that the N-SLS approach is aggressive in optimizing
the cost function such that the output trajectory is close to the predefined lower bound.
However, while the predicted output and input profiles with the approximated system
parameters satisfy all system constraints and converge to the expected setpoints, shown
in Fig. 7.1(a-b), the closed-loop response with the true model becomes unstable and the
output-input trajectories diverge and violate system constraints, see Fig. 7.1(c-d).

Fig. 7.2 presents the simulation results adopting the proposed DR-SLS approach. It
can be observed from Fig. 7.2(a-b) that the output and input predictions all satisfy sys-
tem constraints and leave margins to the respective permissible boundaries. In compar-
ison with the case of the N-SLS approach shown in Fig. 7.1, the input-output predictions
do not exactly converge to the origin, and small offsets are introduced to enhance ro-
bustness against possible model uncertainties. Fig. 7.2(c-d) show the true closed-loop
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Figure 7.2: Output and input trajectories with DR-SLS approach: (a) open-loop output prediction, (b) open-
loop input prediction, (c) closed-loop output, (d) closed-loop input.

trajectories. In contrast to the unstable behavior observed with the N-SLS approach, the
DR-SLS approach ensures closed-loop stability while satisfying all system constraints,
demonstrating its robustness and effectiveness.

Fig. 7.3 compares the cost values and constraint violation ratios of the two ap-
proaches for all samples of model parameters. It is clear from Fig. 7.3(a) that the pre-
dictive cost values of the N-SLS approach are lower than those of the DR-SLS approach.
However, as shown in Fig. 7.3(b), when implementing the corresponding control policies
in closed-loop simulation, the closed-loop cost value of the N-SLS approach is tremen-
dously larger than the DR-SLS approach since the closed-loop responses with the con-
trol policy computed via the N-SLS approach become divergent. In addition, Fig. 7.3(c)
shows that the N-SLS approach results in constraint violations in all closed-loop simula-
tions, whereas the proposed DR-SLS approach robustly enforces constraint satisfaction
in the presence of model mismatch and additive disturbances.

In summary, compared to the nominal SLS approach that adopts SAA and CE solu-
tions to handle model uncertainties, the proposed DR-SLS formulation provides a sys-
tematic and principled method for enhancing robustness. Naturally, this improved ro-
bustness comes at the cost of increased conservatism in the resulting optimal solution.
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Figure 7.3: Cost values and ratios of constraint violation of N-SLS and DR-SLS: (a) open-loop cost values, (b)
closed-loop cost values, (c) ratios of constraint violation.

7.6. CONCLUSION

In this chapter, we presented a distributionally robust system level synthesis design with
output feedback affine control policy for uncertain linear systems subject to additive
model mismatch and stochastic disturbances. By designing the SLS parameterization
for the linear system in its innovation form, the proposed SLS scheme, compared to ex-
isting methods, reduces the number of decision variables and constraints and accom-
modates a broader class of system structures. The DR-SLS problem is cast as a robust
optimization task that optimizes the expectation of the cost function while ensuring con-
straint satisfaction under the worst-case uncertainty distribution. We analyzed the im-
pact of model mismatch and the empirical estimation error of stochastic uncertainties
on the distribution shift between predictive closed-loop response and real closed-loop
response, and derived an upper bound in the sense of the Wasserstein metric. Lever-
aging tools from robust SLS and DRO, we developed a tractable convex reformulation
for the proposed DR-SLS problem. Numerical results demonstrate that the proposed
scheme ensures safe and effective control despite the model mismatch and uncertain-
ties.
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7.A. APPENDIX

7.A.1. PROOF OF THEOREM 7.1

Proof: Proof of 1): It can be readily verified that the closed-loop responses shown in
(7.13) with any strictly-lower-block-triangular matrix K satisfy (7.14) and (7.15).

Proof of 2): Firstly, notice that the linear constraint in (7.14) imposes that all diagonal
blocks of @, are identity matrices, which implies that ®,, is invertible. Then, to complete
the proof, it is sufficient to show that with the control law (7.17), the following equalities
hold

(I-GK =0, KU-GK) ' =0, (7.34a)

(I-GK)'Gp=¢,, [-KG)'p=¢,. (7.34b)

The proof of the two equalities in (7.34a) follows a standard SLS design with linear poli-
cies, as shown in [176, 179]. By substituting K= (Du(l))_,l, we obtain

(I-GK ' =(I-Go,®,")! (7.35a)

=(I-(@,-NP,) =D, (7.35b)

where the second equality exploits the property G®,, = ®),— I in (7.14). Similarly, one has

K(I-GK™'=0,0,'®), = d,.

Unlike in the existing SLS design with linear policies, the parameters ¢, and ¢, in
(7.34b) quantify the contribution of the bias term of the affine policy to the closed-loop
output and input responses, respectively. Substituting p = ¢, —K¢), into the first equality
in (7.34b) gives

(I-GK)'Gp =1 - GK) ' G(¢y — Kpy) (7.37a)
=(I-GK) ' (¢y — GK¢py) = ¢y, (7.37b)
where the second equality builds upon the property G¢p, = ¢ in (7.14).
Similarly, it can be derived that
(I-KG) 'p=(I+K(I-GK)'G)p
=p+K(-GK)'Gp
=p + Koy =y,
where the first equality exploits the matrix inverse lemma (Sherman-Morrison-

Woodbury formula) [186], the second equality adopts the results derived in (7.37), and
the last equality utilizes the relationship in (7.17). This completes the proof. O

7.A.2. PROOF OF THEOREM 7.2
Proof: Based on Theorem 7.1, we have
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which further leads to

) R
— l=71-
[I -G [%] I-AD,.
Consequently, we arrive at

(1-ad,) 7" =1, (7.39)

where the invertibility of (I — Ad,) is guaranteed since A is block-lower-triangular and
®,, is strictly-block-lower-triangular. The above equality provides an option for selecting
Dy =@, (1-Ad,) " and ®, = D, (I-Ad,)"! that ensures K=, 0, = &, P,

Since ¢, and ¢, satisfy

[I -G] [iy =0, (7.40)

it follows that

‘Py] Y
3 A, (7.41)

u

[ -6

Since (®y, Dy, ¢y, ¢y) are defined as true closed-loop parameterizations under the
control policy parameters (K, p) derived via (7.17), Theorem 7.1 implies the following
equalities

(I -G

fﬁi ] =0, (7.42a)
p=¢u—Ko, =, —Kd,, (7.42b)

where the relationship in (7.42b) is built upon the fact that the control policy parameter
p is identical in both cases of the true closed-loop parameterization and nominal closed-
loop parameterization.

Denoting ry := ¢y — (ﬁy and ry ;= ¢y — (Z)u, and combining (7.41) and (7.42) results in

ry—Kry=0
. (7.43)
ry—Gry =Ady
Solving (7.43) gives
ru =K -GK) " 'Ad, = DL APy, (7.44a)
ry=U-GK) A, =D, Ady, (7.44b)

where the relationships in (7.34) are exploited.

Combining the results in (7.39) and (7.44) and considering the definition of (ry, ry)
leads to the closed-loop parameterizations in (7.19) and (7.20). For these parameters, it
can be verified that the condition (7.14) in Theorem 7.1 is satisfied, which justifies that
the parameters in (7.20) are true closed-loop parameterizations.
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Furthermore, based on the analysis shown in (7.39)-(7.44), it can be verified that the
parameters {®, ®,, ¢y, ¢,} together with the true model G satisfy (7.14), and

K= @ucp;l =9,o7! (7.453)

p=¢u—Ko, =, —Ko,. (7.45b)

Given the results in Theorem 7.1, we can conclude that {®,®,, ¢, ¢,} defined in
(7.20) are the true closed-loop response parameterizations under the control policy u =
Ky + p, where the control policy parameters (K, p) are derived based the SLS design with
the nominal model G via (7.14) and (7.17). This completes the proof. O

7.A.3. PROOF OF THEOREM 7.3
Proof: The key step in proving Theorem 7.3 is to derive the computationally tractable

relaxation in (7.31h) for the upper bound of the Wasserstein distance dy, (ﬁﬂ, P#) pro-
posed in Proposition 7.1. It can be observed that the right-hand side of (7.29) consists
of four terms. In the following, computationally tractable relaxations for these terms are
derived.
Term 1: ||®(Rep — I)(§ + Oe;)||. The norm sub-multiplicativity can be exploited to
show that
1B (R — D) (§o +©e))|| < (D]l [|(Rp ~ DI - 1§ + Oe . (7.46)

The constraint (7.31i) together with Assumption 7.4 implies that ||A(i)u|| =p <1l
Then, based on Neumann series formulation, norm triangle inequality, and norm sub-
multiplicativity, we can derive that

o0
IRo — 11l =1 Y_ (Ad )] (7.472)
k=1
S (1 Ad K < S (1A (1K< P
<Y 1adk = Y 1ad, )1 < —. (7.47b)
k=1 k=1 1-p

Substituting (7.47) into (7.46) gives

I1B(Ro — 1) (30 + Oe))| < ﬁncbu |10 + ©e;|l. (7.48)

Term 2: ||®PRe (Yo + Oe;)|l. Following a similar analysis as in Term 1, and exploiting
Assumption 7.4, it can be derived that

A ~ 1 A
||®R¢(§’0+®ei)||5m”@”h’znei“"')/?))- (7.49)

Term 3: [[(Ry — I)(/;II. Given the definition of Ry in (7.20b) and Assumption 7.4, we
can show that

IRy — DPII = 1[@), D11 (T - AD,) AP, (7.50a)
< (1 11+ 11Dyl - 111 = Ad) - ANl (7.50b)

P Y14
<|—+0|-— . (7.50c¢)

(Yl o) T Il
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Term 4: II(TJRqJ(@ +0)||dw (@e,lpe). Considering the definition of R in (7.20a) and
applying similar analysis together with Assumption 7.3 leads to

a A ~ — K 2 A
19806+ @)l Pe,Pe) < 7191l (1611 +72). (7.51)

Combining the results in (7.48)-(7.51) leads to dw(ﬁﬁ,Pﬂ ) < & and constraints

(7.31h). Finally, for the DRO problem in (7.21) with Q € 98;(@“”), applying the results
of Lemma A.2 in [51] by choosing b = 1, then exploiting Theorem 4.2 in [156] and con-
sidering the SLS parameterization in (7.14) and (7.15) with G replaced by G lead to the
optimization problem (7.31). This completes the proof. O



CONCLUSIONS AND
RECOMMENDATIONS

This chapter summarizes the main contents of this thesis, emphasizes the associated con-
tributions, and recommends some possible future research directions.
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8.1. CONCLUSIONS

This thesis investigates three topics: 1) building climate control and demand-side man-
agement (DSM), 2) data-driven robust optimization (RO), and 3) distributionally robust
system-level synthesis (DR-SLS). The objective is to mitigate decision-making fragility
and conservatism in optimization and predictive control of linear systems, and to en-
hance energy flexibility and environmental sustainability in smart building energy man-
agement. The main topics covered in this thesis are summarized below:

* A robust optimal control (ROC) framework has been developed to model the “re-
serve and provision” problem with binary HVAC control inputs. A new metric
was introduced to quantify the flexibility scope, defined as the number of flexi-
ble switches relative to the nominal input without violating system constraints.
To balance optimality and computational efficiency, affine control policies were
adopted. By exploiting strong duality and big-M reformulation, the resulting ROC
problem was transformed into a mixed-integer linear program, effectively ad-
dressing the computational challenges associated with adjustable binary uncer-
tainties.

° By introducing a two-step DSM framework, we have proposed an energy-flexible
MPC design to achieve DSM of HPTES systems. The proposed scheme enables as-
sessing the energy flexibility of the HPTES system via a mixed-integer economic
MPC formulation, and a realizable and efficient flexibility exploitation via DR re-
quests. Both simulation and experimental results confirm the practical viability
and effectiveness of the proposed design, as a motivating example for the future-
proof EU S2 standard.

* We have developed an MPC design to provide a control-oriented solution to mit-
igate the acoustic nuisance of HPs. By applying piece-wise linear approximation
to provide a universal representation of HP noise patterns, the proposed design
is adaptable to various HP noise patterns while maintaining computational effi-
ciency. Numerical studies show that the HP noise can be mitigated via the pro-
posed design without a notable increase in energy cost.

* A ML-enabled approach has been proposed to construct data-driven uncertainty
sets for robust optimization by integrating DBSCAN, GMM, and PCA. By repre-
senting the uncertainty set as a union of multiple subsets, the proposed approach
enables an improved balance between compactness and computational tractabil-
ity, and ensures adaptability to irregular data distributions. The influence of design
parameters was analyzed, and detailed calibration guidelines were provided. Ex-
tensive case studies validated the effectiveness of the proposed method and high-
lighted the limitations and neglected issues of existing approaches.

* Based on the multi-subset uncertainty set representation, two separate schemes
have been proposed:

1. A monolithic mixed-integer representation of uncertainty set, together with
a corresponding CCG-based algorithm, to address the computational chal-
lenge of exponentially increasing subsets in RO-based predictive control.
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With the proposed approach, only a single mixed-integer linear optimiza-
tion problem needs to be solved to find the worst-case uncertainty across
all uncertainty subsets, while the conventional approach requires solving a
separate optimization problem for each subset.

2. A new objective function, together with a corresponding CCG-based algo-
rithm, to exploit the structure of the uncertainty set for reduced conser-
vatism. By integrating the existing RO and DRO formulations, the proposed
formulation mitigates the conservatism of conventional RO models while
avoiding the computational complexity of existing DRO formulations.

* We have proposed a DR-SLS design for constrained uncertain linear systems to im-
prove control robustness against both additive model mismatch and disturbances.
The proposed SLS parameterization provides a concise design for MPC with affine
output feedback policies. Compared with the existing approaches, the proposed
design accommodates a wider class of systems and decision structures. Besides,
by leveraging techniques in robust SLS and DRO, the distributional shift between
the real closed-loop response and predicted closed-loop response was analyzed,
and a convex relaxation of the DR-SLS formulation was derived to ensure compu-
tational tractability.

8.2. CONTRIBUTIONS OF THIS THESIS

The main contributions of the approaches and results developed in this thesis and their
impact in a broader context can be summarized as follows:

* New ROC Paradigm for “Reserve and Provision” Problems: Chapter 2 introduces
anovel ROC framework that establishes a new paradigm for modeling “reserve and
provision” decisions in modern energy-system operations. Unlike prior ROC-AUS
studies that primarily handle continuous uncertainties, this work extends the
framework to incorporate on—off HVAC devices, offering a meaningful step toward
realistic DSM applications. The proposed formulations broaden the applicability
of ROC to hybrid and mixed-integer decision environments and open pathways
for possible future research on robustness analysis in power systems with switch-
able transmission assets, discrete actuators, or other hybrid control architectures.

 Practical MPC Solution for Unlocking the Flexibility of HPTES Systems: Chapter
3 develops a practical and scalable MPC-based control scheme capable of exploit-
ing the latent energy flexibility of HPTES systems. The proposed design and ex-
perimental results showcase the practical viability and effectiveness of using MPC
for reduced energy cost and improved DSM participation, providing a motivating
example for the EU S2 household flexibility interface. The real-world experiments
validate the robustness and deployability of the approach and have already mo-
tivated our industrial partner to explore integrating and modularizing MPC tools
within their commercial BMS APIs — showcasing direct technology-transfer poten-
tial.

* A Control-Oriented Perspective on Mitigating Heat Pump Noise: Chapter 4 pro-
vides one of the first control-oriented approaches to address noise nuisance in
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heat pumps. Existing noise-mitigation solutions typically rely on intrusive retrofits
or costly acoustic enclosures; in contrast, our MPC strategy regulates acoustic
emissions through intelligent control of system operation. This work demon-
strates that noise-aware control is both feasible and impactful, representing a
promising complementary pathway to traditional engineering methods. It estab-
lishes a foundation for future development of control algorithms that simultane-
ously improve acoustic performance, user comfort, and environmental sustain-
ability of heat pump technologies.

* New Formulations and Algorithmic Contributions to Data-Driven RO: The data-

driven uncertainty sets and robust optimization formulations in Chapters 5 and
6 provide a systematic methodology for reducing conservatism and computa-
tional burden in RO models. These contributions enable scalable and realistic
robust decision-making across a wide range of engineering applications, includ-
ing transportation planning, power system operation, chemical processes, etc.
In addition, this thesis highlights several previously overlooked issues of the ex-
isting approaches — numerical sensitivity, high computational cost, and perfor-
mance degradation in complex datasets — that may hinder the practicality of exist-
ing methods. Addressing these challenges offers valuable guidance for future RO
research. The accompanying Python toolkits, benchmark datasets, and algorithm-
tuning guidelines serve as reusable resources for subsequent studies and applica-
tion implementations.

* New Formulations for Robust Model Predictive Control: Chapter 7 proposes a
DR-SLS framework that advances the formulation and solution of robust MPC
under model mismatch and disturbance uncertainty. By jointly handling model
uncertainties, exogenous disturbances, and closed-loop output-feedback policies,
this work expands the theoretical frontier of robust MPC for uncertain linear sys-
tems. The provided analysis offers a foundation for developing computationally
efficient and scalable robust predictive controllers. Beyond the specific appli-
cation studied, the proposed formulations are extensible to a broad class of en-
gineering systems requiring performance guarantees under uncertainty, and the
proposed analysis lays the corresponding theoretical guarantees.

8.3. RECOMMENDATIONS FOR FUTURE RESEARCH
Based on the results of this thesis, we have the following recommendations for future
research.

8.3.1. RECOMMENDATIONS IN TERMS OF APPLICATIONS

* Energy Flexibility Exploitation under the Vehicle-to-Home Framework

The rapid adoption of electric vehicles (EVs) in residential settings offers new op-
portunities for integrated energy management. The vehicle-to-home (V2H) con-
cept enables bidirectional energy exchange between EVs and household systems,
allowing vehicles to act as mobile energy storage units. Leveraging the electricity
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buffering capacity of EVs can significantly enhance the energy flexibility of build-
ings, particularly in managing peak loads and renewable generation variability.
Future research should therefore develop coordinated control and optimization
strategies that effectively harness the flexibility potential under the V2H frame-
work, considering factors such as battery degradation, user driving schedules, and
electricity pricing mechanisms.

* Comprehensive Control Design for Diverse Flexibility Patterns

According to the S2 standard, eight distinct flexibility patterns have been defined
to characterize household demand-side flexibility. The studies presented in Chap-
ters 2 and 3 primarily addressed two of these patterns — “pause a task” and “alter-
native power profiles”. However, to fully exploit the potential of household energy
flexibility, future work should aim to design comprehensive and unified control
frameworks capable of accommodating all defined patterns. This would involve
developing adaptive and modular control strategies that can dynamically coordi-
nate multiple flexibility types while ensuring user comfort, device interoperability,
and compliance with grid requirements. Such work would also support the large-
scale adoption of the emerging EU household flexibility interface.

* Experimental Study of MPC for HP Noise Mitigation

In Chapter 4, we examined the feasibility of applying an MPC-based design to mit-
igate HP noise. Although numerical simulations demonstrated the effectiveness
of the proposed scheme, experimental validation is required to further substan-
tiate its practicality and robustness in real-world conditions. In addition, human
factors influencing the perception of acoustic discomfort should also be further
studied in the MPC design. For example, even under the same sound pressure
level, humans exhibit varying sensitivities to different sound frequencies.

* Extending Data-Driven Approaches to Other Engineering Domains

The data-driven uncertainty modeling and RO methods proposed in Chapters 5
& 6 offer a systematic framework for constructing compact and computationally
efficient uncertainty sets, and developing computationally efficient solutions for
solving RO problems. These techniques effectively balance robustness and perfor-
mance, mitigating conservatism while maintaining tractability. Beyond the con-
text of building energy management, the proposed approaches hold strong po-
tential for broader applications in various engineering domains, such as power
system operation and transportation network planning. Future research could ex-
plore these extensions to validate the generality, scalability, and practical impact
of the developed data-driven RO schemes.

8.3.2. RECOMMENDATIONS IN TERMS OF THEORY

¢ General Models and Additional Constraints on Uncertainties

In Chapter 2, the ROC-AUS problem is formulated under the assumption of lin-
ear system dynamics with affine control policies. While this assumption ensures
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tractability, it inevitably limits the generality of the results. Future theoretical
work could extend this framework to accommodate more general model struc-
tures—such as convex or nonlinear dynamics—and more flexible decision poli-
cies. Such extensions would enhance the applicability of the ROC framework to a
broader range of systems and potentially yield less conservative control strategies.

Moreover, the current formulation simplifies the treatment of binary uncertainties
by assuming that they are independent and unconstrained. A promising theoret-
ical direction would be to incorporate coupling or structural constraints among
uncertain variables, reflecting realistic conditions such as correlated demand re-
sponse (DR) requests, limited resource availability, or operational interdependen-
cies. This would bridge the gap between theoretical formulations and practical DR
coordination scenarios.

Data-Driven Design of DR-SLS

In Chapter 7, the proposed DR-SLS framework relies on the availability of a known
or nominal state-space model for controller synthesis. However, in practical ap-
plications, model identification could be a nontrivial and time-consuming task. A
valuable theoretical extension would be to explore a data-driven variant of the DR-
SLS design, where controller synthesis is based directly on measured input—output
data rather than explicit model identification. Recent advances in behaviour sys-
tem theory and data-enabled predictive control could provide a promising solu-
tion for such approaches. Investigating how these data-driven paradigms can be
integrated within the distributionally robust predictive control framework would
not only simplify implementation but also enhance the adaptivity and robustness
of MPC designs in data-rich environments.
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