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1. Introduction

The L,(L,)-regularity for differential equations has been proved to be a very useful
tool for quasi-linear and nonlinear parabolic problems, as their solutions very often can

* Corresponding author.
E-mail addresses: hongjie dong@bown.edu (H. Dong), C.Gallarati@tudelft.nl (C. Gallarati).
! H. Dong was partially supported by the NSF under agreements DMS-1056737 and DMS-1600593.
2 (. Gallarati was supported by the Vrije Competitie subsidy 613.001.206 of the Netherlands Organisation
for Scientific Research (NWO).

https://doi.org/10.1016/j.jfa.2018.01.011
0022-1236/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jfa.2018.01.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:hongjie_dong@bown.edu
mailto:C.Gallarati@tudelft.nl
https://doi.org/10.1016/j.jfa.2018.01.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2018.01.011&domain=pdf

1994 H. Dong, C. Gallarati / Journal of Functional Analysis 274 (2018) 1993-2038

be derived from the linear problem via elegant linearization techniques combined with the
contraction mapping principle, see e.g. [6,2,30]. For this, it is useful to look for minimal
smoothness assumptions on the coefficients of the differential operators involved. Various
approaches can be found in problems from mathematical physics, e.g. fluid dynamics,
reaction—diffusion equations, material science, etc. See e.g. [6,18,31].

In this paper we establish L,(L,)-estimates with p,q € (1,00) for higher-order
parabolic equations of the form

u+ A+ Au=f on RxR?
e+ 4) - (1.1)

trra-1Bju = g; on RxRLj=1,...m,

where “tr” denotes the trace operator, A is an elliptic differential operator of order 2m,
and (Bj;) is a family of differential operators of order m; < 2m for j = 1,...,m. The
coefficients of A are assumed to be in the class of vanishing mean oscillations (VMO)
both in the time and space variable, while the leading coefficients of B; are assumed
to be constant. In addition, we assume that near the boundary (A, B;) satisfies the
Lopatinskii-Shapiro condition. This condition was first introduced by Lopatinskii [29)]
and Shapiro [40]. See also the seminal work of Agmon-Douglis—Nirenberg [1]. Roughly
speaking, it is an algebraic condition involving the symbols of the principle part of the
operators A and B; with fixed coeflicients, which is equivalent to the solvability of certain
systems of ordinary differential equations.

Research on L, (Lg)-regularity for this kind of equations has been developed in the
last decades by mainly two different approaches.

On the one hand, a PDE approach have been developed by a series of papers by Krylov,
Dong, and Kim. Krylov in [25] showed L, (L,)-regularity for second-order operators in
the whole space with coefficients merely measurable in time and VMO in space, with
the restriction ¢ < p. The methodology of Krylov was then extended by Dong and
Kim in [11,13] to higher-order systems with the same class of coefficients. In [13], a new
technique was developed to produce mean oscillation estimates for equations in the whole
and half spaces with the Dirichlet boundary condition, for p = ¢. These results had been
extended recently by the same authors in [14] to mixed L,(L,)-spaces with Muckenhoupt
weights and small BMO assumptions on the space variable, for any p,q € (1,00). It
is worth noting that in all these references as well as others papers in the literature,
VMO coefficients were only considered for equations with specific boundary conditions
(Dirichlet, Neumann, or conormal, etc.).

On the other hand, from a functional analytic point of view, L,(Lg4)-regularity can
be viewed as an application of a more general abstract result, namely that of maximal
L,-regularity. Maximal LP-regularity means that, under certain assumption on g;, for all
f € Ly(R, Ly(R1)), the solution to the evolution problem (1.1) has the “maximal” regu-
larity in the sense that u;, Au are both in L, (R, Ly(R%)). In the case of time-independent
coefficients, a complete operator-theoretic characterization of maximal L,-regularity was
introduced by Weis in [44], using a new approach based on functional calculus and
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Fourier multiplier theorems. Using perturbation arguments combined with the charac-
terization in [44], one can study maximal L,-regularity in the case when ¢ — A(t) is
continuous. See, for instance, [3,4,34]. Recently, in [15,16] Gallarati and Veraar obtained
maximal Ly-regularity for evolution equations with time-dependent operators, assuming
only measurable dependence on time. This result was applied to show L,(L,)-estimates
for parabolic equations/systems in the whole space case in a weighted setting, for any
p,q € (1,00), assuming that coefficients are uniformly continuous in the spatial variables
and just measurable in the time variable. This generalized the results in [25], where the
restriction ¢ < p is imposed, for this setting.

With coefficients in the class of VMO, higher-order systems in the whole space have
been investigated in several papers, for example [22,21] where the leading coefficients are
VMO with respect to the space variable and independent of the time variable, by using
Muckenhoupt weights and estimates of integral operators of the Calderén—Zygmund
type.

Concerning L,(L,)-regularity for equations on the half-space with boundary condi-
tions satisfying the Lopatinskii-Shapiro condition, a breakthrough result was obtained by
Denk, Hieber, and Priiss in [7] in the case of autonomous initial boundary value problems
with homogeneous boundary conditions and operator-valued constant coefficients. They
combined operator sum methods with tools from vector-valued harmonic analysis to
show L, (Lg)-regularity, for any p, ¢ € (1, 00), for parabolic problems with general bound-
ary conditions of homogeneous type, in which the leading coefficients are assumed to be
bounded and uniformly continuous. Later, in [8], the same authors characterized optimal
L,(L,)-regularity for non-autonomous, operator-valued parabolic initial-boundary value
problems with inhomogeneous boundary data, where the dependence on time is assumed
to be continuous. It is worth noting that in the special case of m = 1, complex-valued
coefficients and ¢ < p, a similar result was obtained by Weidemaier [43]. The results
of [8] have been generalized by Meyries and Schnaubelt in [33] to the weighted time-
dependent setting, where the weights considered are Muckenhoupt power-type weights.
See also [32].

In this paper, we relax the assumptions on the coefficients of the operators involved.
We obtain weighted L, (L,)-estimates for parameter-elliptic operators on the half space
with coefficients VMO in the time and space variables, and with general boundary
operators having constant leading coefficients and satisfying the Lopatinskii—-Shapiro
condition. An overview of our main result is given in the following theorem.

Theorem 1.1. Let p,q € (1,00). Then there exists Ao > 0 such that for any X > Ao and
u € WPI(R; Ly(RE)) N Ly(R; W(IQ’"(Ri)) satisfying (1.1), where

fEL(R;Ly(RY)) and g; € F(R; Ly(RY™1)) N Ly (R; BZ7H (RY1))

with k; =1 —m;/(2m) — 1/(2mq), we have
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where C' > 0 is a constant independent of A, u, f, and g;.

This is stated in Theorem 3.5, where we also consider Muckenhoupt weights, and in
the elliptic setting in Theorem 3.6.

To the best of our knowledge, these are the first results concerning equations with
VMO coefficients and general boundary conditions. Our proofs are based on the results
in [7] combined with an extension of the techniques developed in [24,26,12—14]. In par-
ticular, in the main result of Section 4, Lemma 4.5, we prove mean oscillation estimates
for equations on the half space with the Lopatinskii-Shapiro condition. A key ingredi-
ent of the proof is a Poincaré type inequality for solutions to equations satisfying the
Lopatinskii-Shapiro condition, which is the main novelty of the paper.

To simplify the exposition and not to overburden this paper, here we only consider
equations with boundary operators with constant leading coefficients. In a subsequent
work [10], we will further study boundary operators with variable leading coefficients. In
contrast to the case when A has uniformly continuous leading coefficients, the extension
of the results in this paper to boundary operators with variable leading coefficients is
nontrivial and does not follow from the standard perturbation argument. In fact, under
the VMO assumption on the coefficients of A, in the case when the boundary operators
have variable leading coefficients, to apply the method of freezing the coefficients as in
Lemma 4.6 below one would need to show the mean oscillation estimates of Lemma 4.5
for an equation with inhomogeneous boundary conditions. To the best of the authors’
knowledge, this case is not covered by the known theory. Moreover, the well-known
localization procedure (see for instance [7, Section 8]) does not seem to directly apply
to the case p # ¢, since we would need a partition of unity argument in both ¢ and x.
The same problem would arise if one considers bounded smooth domains instead of the
upper-half space: the technique of flattening the boundary would lead to an equation with
boundary conditions with variable coefficients. This case will be treated as well in [10].

The remaining part of the paper is organized as follows. In Section 2 we give the
necessary preliminary results and introduce the notation. In Section 3 we list the main
assumptions on the operators and state the main results, Theorems 3.5 and 3.6. In
Section 4 we prove the mean oscillation estimates needed for the proofs of the main
theorems, which are given in Section 5. Finally, in Section 6 we prove a solvability result
by using the a priori estimates in the previous sections.

2. Preliminaries

In this section, we state some necessary preliminary results and introduce the notation
used throughout paper.
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2.1. Ap-weights

Details on Muckenhoupt weights can be found in [20, Chapter 9] and [39, Chapter V].
A weight is a locally integrable function on R? with w(z) € (0, 00) for almost every
x € R The space L,(R% w) is defined as all measurable functions f with

11y woy = ([ 1717 wie)” < o0 it pe [1.00)

Rd

and || f]| 1. (ra,w) = €ss. supgepa | f(@)].
With this notion of weights and weighted L,-spaces we can define the class of Muck-
enhoupt weights A, for all p € (1,00). A weight w is said to be an A,-weight if

wly = fwla, =sup ( fw@)de)( fu@)1dr)" <o

B B

Here the supremum is taken over all balls B ¢ R? and fB = \_113| I} g+ The extended real
number [w], is called the A,-constant. In the case of the half-space R‘j_, we replace the
balls B in the definition by B N ]R‘_f_ =: BT with center in @.

The classical Hardy—Littlewood maximal function theorem and the Fefferman—Stein
theorem (see [20, Theorem 9.1.9 and Corollary 7.4.6]) have been recently generalized
to mixed L,(R,v; Ly(RL,w)) spaces by Dong and Kim in Corollaries 2.6 and 2.7 of
[14]. Their proofs are based on the extrapolation theorem of Rubio de Francia (see
[36-38], or [17, Chapter IV]), that allows one to extrapolate from weighted L,-estimates
for a single p € (1,00) to weighted Lq-estimates for all ¢ € (1,00). These results will
play an important role in the proof of Theorem 3.5, and thus we state them below for
completeness.

For m = 1,2,... fixed depending on the order of the equations under consideration,
we denote by

QF(t,x) = ((t —r*™,t) x B,(x)) N Rf‘l (2.1)
the parabolic cylinders, where
B,.(z) = {yGRd: |z —y| <r} c R4
denotes the ball of radius r and center z. We use Q" to indicate Q;7 (0, 0). We also define
Bl (z) = B,(z) NRL.

Let @ = {Qf(t,z) : (t,z) € Ri“, r € (0,00)}. Define for p,q € (1,00) the parabolic
maximal function and sharp function of a function f € L,(R; Lq(Ri)) by
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Mf(t,x) = bup ][|fsy|dyds
(tac)EQQ

and

fi(t,z) = sup ][|f $,Y) ][ (t,2) dx dt| dy ds.
Theorem 2.1 (Corollary 2.6 of [1/]). Let p,q € (1,00), v € Ap(R) and w € A,(R%).
Then for any f € LP(R,v;Lq(R‘i,w)), we have

ML, 0Ly w)) < ClFIL, @ 0:Lq @2 )
where C = C(d,p, q, [v]p, [w]g) > 0.

Theorem 2.2 (Corollary 2.7 of [1/]). Let p,q € (1,00), v € Ay(R) and w € Ay(RL).
Then for any f € Ly(R,v; Ly(R%, w)), we have

1Nz, (s, (RS ) < CHfﬂ”Lp(R,v;Lq(Ri,w)))
where C C(d paqa[ } 7[ L}) > 0
2.2. Function spaces and notation

In this section we introduce some function spaces and notation to be use throughout

the paper.
We denote D = —i(0;,...,0q4) and we consider the standard multi-index notation
D =D ... D3 and |a| = a1 + -+ - + ag for a multi-index o = (a1, ..., aq) € Ng.
Denote

}Rfﬁ:{gc:(acl,ac')eRd:m>07 x'ERd_l} and RiﬂszRi.

The parabolic distance between X = (¢,z) and Y = (s,y) in R7! is defined by p(X,Y) =

|z — y| + |t — s|zw. For a function f on D C REM, we set

1
(f)p = @Zf(m) da dt :g[f(m) dz dt.

Let Q;f(t,z) be a parabolic cylinder as in (2.1). We define the mean oscillation of f on
a parabolic cylinder as

ose(£, QL ) i=  [1(5:0) = (s ol dsdy
QF (o)
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and we denote for R € (0, 00),

(f)g:i = sup suposc(f,Q}(t,)).
(t,z)E€RIH r<R

Next, we introduce the function spaces which will be used in the paper. For p € (1, c0)
and k € Ny, we define the standard Sobolev space as

WERL) = {ue L,(RY): D*ue L,(RY) V]a| <k}
For p,q € (1,00), we denote
LP(Rfﬁl) = Lp(R; LP(Ri))
and mixed-norm spaces
Lp,q(RiH) = Lp(R; Lq(Ri))-

For parabolic equations we denote for k =1,2,.. .,

Wy (RET) = Wy (R; Lp(RY)) 0 Ly (R; Wy (RS))
and mixed-norm spaces

Wy (REF) = W, (R; Le(RY)) N Ly (R; Wy (RY)).

We will use the following weighted Sobolev spaces. For v € A,(R) and w € A,(R%),
we denote

Ly gow®ET) = L(R, v; Ly(RE, w))
and

Wok WREY) = WHR, v; Ly(RE, w)) N Ly(R, v; WFRE, w)),

p,q,v,w

where by f € L, .0.0(RE™) we mean

1l ey = ( / ( Jpe d$>p/qv<t> dt>1/p L

d
R R4



2000 H. Dong, C. Gallarati / Journal of Functional Analysis 274 (2018) 1993-2038

2.3. Interpolation and trace

The following function spaces from the interpolation theory will be needed. For more
information and proofs we refer the reader to [32,41,42].

For p € (1,00) and s = [s] + s« € R:\Np, where [s] € Ny, s. € (0,1), we define the
Slobodetskii space W, by real interpolation as

s __ s s]+1
W= (Wl wlt, .
For m € N and s € (0, 1] we consider anisotropic spaces of the form
W2 (REF) = Wi (R; Lp(RS)) N Ly (R W™ (RY)).

For p € (1,00), ¢ € [1,00], r € R, and X a Banach space, we introduce the Besov
space By  (R?) and the X-valued Triebel-Lizorkin space Fj (R, X) as defined below.
Let ®(R?) be the set of all sequences (¢ )r>0 C S(R?) such that

Po=0, GuE) =3(E/2) - 8(6), ul(€) =@ (27,

where k > 2, ¢ € R?, and where the Fourier transform @ of the generating function
¢ € S(R?) satisfies 0 < §(&) < 1 for £ € R? and

~ . ~ . 3
BO) =1 il <1 EO=0 ifle>
Definition 2.3. Given (¢1.)r>0 € ®(R?), we define the Besov space as

B (RN ={feSRY: 18y, rey = 12 F=H Bk f))kzolle,(n, may) < 00},
and the X -valued Triebel-Lizorkin space as

T d
Fy (R X)
={feS'®RLX): |Ifllry,®ax) = " FH@ef)NrzollL, @ee,x)) < oo}

Observe that By ,(R?) = F (R?) by Fubini’s theorem. Moreover, we have the follow-
ing equivalent definition of Slobodetskii space

WER?Y), s=keN
WiRY)=¢ "
B; ,(RY), s €Ry\No.

Later on we will consider X-valued Triebel-Lizorkin spaces on an interval (—oo,T) C R.
We define these spaces by restriction.
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Definition 2.4. Let T' € (—o0, oo] and let X be a Banach space. For p € (1,00), ¢ € [1,00)
and r € R we denote by F} ((—o0,T); X) the collection of all restrictions of elements of
Fy (R; X) on (=00, T). If f € Fj ,((—00,T); X) then

”f||F£,q((—oo7T);X) = inf ”g”F;ﬂ(R;X)

where the infimum is taken over all g € F}  (R; X') whose restriction on (—oo, T') coincides
with f.

The following spatial traces and interpolation inequalities will be needed in our proofs.
For full details, we refer the reader respectively to [8, Lemma 3.5 and Lemma 3.10]. See
also [32, Lemma 1.3.11 and Lemma 1.3.13].

Theorem 2.5. Let p € (1,00), m € N, and s € (0,1] so that 2ms € N. Then the map

2ms—1
P

__1
tr:rlz() . W;,Qms(RiJrl) AN W; Zmp (R x Rd—l)

18 continuous.

Lemma 2.6. Let p € (1,00) and let m € N and s € [0,1) be given. Then for every € > 0,
for B € Ny with s+ % + ﬁ < 1, it holds that for any u € W;*Qm(]R X Ri),

||trﬂvﬂu||W;»Q’"S(Rde—l) < gHDQmu”LP(RxRi) + elluell o, mxre) + Cellull L, mxre)-

The following results for p,q € (1,00) will be important tools in the proof of Theo-

rem 3.5.

Theorem 2.7. Let p,q € (1,00). Let for j =1,....,m and m; € {0,...,2m — 1}, k; =
1 —m;/(2m) —1/(2mgq). Then the map

m;

—_2 .
trg,—0 : Wy 7 (R; Lg(RE)) N Ly (R W2~ (RY))
= Fpi (R; Lg(RY1)) N Ly (R; B2k (RY1))
s continuous.

Proof. The proof is essentially contained in the proof of [8, Proposition 6.4], so we only
give a sketched proof for the sake of completeness. Let

u € Ly(R; W2™~™(RY)).

Taking traces in x; and applying [42, Theorem 2.9.3] pointwise almost everywhere in
time, we get
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1
2m—m;— g

ulg,=0 € Lp(R; Bg,q (Rd_l))‘
For the time regularity, let u € W 2™ (R x R%) and define B as in [8, Proposition 6.4]
by

1

B=(d,)7 with D(B) =Wz (R;L,(RL)).

Set u; = B*"~mi~ly. Then, u; € VVpﬁ (R; Lg(RY)) N Ly (R; W) (Ry; Lg(R41))). Fol-
lowing the line of the proof of [8, Proposition 6.4], one can show that u;|y,—o €

R
Fly 7" (R; Ly(R1)). This yields

D™ ulsy=0 € Fyy (R; L(RT),
which completes the proof. O

Lemma 2.8. Let p,q € (1,00) and let m € N and s € [0,1) be given. Then for every
e >0, for f € Ny with s + éﬂ + 5L <1, it holds that for any u € Wpl;qzm(Rff_H),

m 2mgq

B
Jtrg 97u

Fi o (RiL g (RA=1))NLy (R0 5272 (Re-1))
< el D™ ull g, rsr ) + el min, ety + Cellulln, @z, @y

The proof follows the line of [8, Lemma 3.10], by considering p # ¢ there and applying
Theorem 2.7.

2.4. Anisotropic Sobolev embedding theorem

We will use the following parabolic Sobolev embedding theorem. Details about the
proof can be found in [5, Section 18.12].
We denote
k, N m —
Wt7$21777;/;p(R_d’_+1) = W;(R’ LP(R(-i‘r)) N LP(R7 W;s (R-i-? LP(Rd 1)))

NLy(R; Ly(Ry; Wy (RTH))).

Theorem 2.9. Let p € (1,00) and m € N. Then it holds for k, h sufficiently large that

2m

W2 (@QF) = CFm 2mVr (),

t,x1,x'5p

Moreover,

||u|‘czm’2_"i/p,27nfl/p(Qi}») < CHu”Wtkflmﬁlp(QT)’

with C > 0 independent of u.
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3. Assumptions and main results

In this section let p,q € (1,00), m = 1,2,... and we consider a 2m-th order elliptic
differential operator A given by

Au = Z aq(t, ) D%,

lal<2m

where aq : R x R — C. For j = 1,...,m and m; € {0,...,2m — 1}, we consider the
boundary differential operators B; of order m; given by

Bju= > bjgD’u+ > bjs(t,x)D’u,

|B|=m; |B]<m;
where b;g € C if || = mj, and bjz : R x RY — C if |B] < m;.

We will give conditions on the operators A and B; under which there holds
L,(L,)-estimates for the solution to the parabolic problem

up(t,z) + (A+ Nu(t,z) = f(t,z) in RxRZ

(3.1)
Bju(t,x)|m1=0 = g;(t,z) on Rx R j=1... m,
and to the elliptic problem
(A+Nu=f in R4
* (3.2)

_ d-1  ; _
Bju|m:0—gj on R j5=1,...,m,

where, for the elliptic case, the coefficients of the operators and data involved are func-
tions independent on t € R, i.e., defined on R‘j_.

3.1. Assumptions on A and B;

We first introduce a parameter-ellipticity condition in the sense of [7, Definition 5.1].
Here Ay(t,z,§) = Z\a|:2m aq(t, 2)£* denotes the principal symbol of the operator A.

(E), Let 6 € (0,7). For all t € R, x € RY it holds that
Ay(t,2,€) CXp, VEERT, [¢] =1,
where 3y = {z € C\{0} : |arg(z)| < 0} and arg : C\{0} — (—m,7].

The following (LS),-condition is a condition of Lopatinskii-Shapiro type. Before stat-
ing it, we need to introduce some notation.
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Denote by

Ay(t,x,D) := Z aq(t,z)D* and Bjy(D):= Z bjsD?

la|=2m |Bl=m;

the principal part of A(t,z) and B, respectively. Let ¢y € R and z¢ be in a neighborhood
of GRiH of width 2Ry, i.e., g € Bag,(z') N Rd for some 2/ € ORY, and consider the
operator Ay(to,zo, D). Taking the Fourier transform F, with respect to 2’ € R4~ and
letting v(x1,§) := Fur(u(xy,-))(§), we obtain

Ati(t(); 1'0753 DI1)'U = Fur (Aﬂ(t(),mO,D)u(xla ))(E)

= Z Z a(gk to,xo fﬁDQm k

k=0 |B|=k
and
Bj4(§, Dy )v = Fur(Bjg(D)u(r, ) Z D b€ DR
k=0 |y[=k

where we denote D, = —iai.
1

(LS), Let 6 € (0,7) and let ¢ty and z¢ be as above. For each (hy,...,h,)T € R™ and
each ¢ € R4 and \ € ¥y, such that [¢] + || # 0, the ODE problem in R
/\U+Au(t0,l‘0,f,Dg¢1)’U:O, 1 >O,

(3.3)
Bjs(&, Da)v|, o =hj, j=1,...,m

admits a unique solution v € C*° (R4 ) such that lim,_, ., v(z) = 0.

Remark 3.1. In contrast to the original definition of the (LS),-condition (as for instance
in [7]), here we assume zo to be in a neighborhood of the boundary 9R%*" instead on
the boundary itself. This choice is suitable to the VMO assumption on the coefficients
of the operator A, which will be introduced in assumption (A) below.

We now introduce a regularity condition on the leading coefficients, where p is a
parameter to be specified.

Assumption 3.2 (p). There exist a constant Ry € (0, 1] such that (aa)ﬁRU <p.

Throughout the paper, we impose the following assumptions on the coefficients of A
and Bj.
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(A) The coefficients a, are functions R x R — C and satisfy Assumption 3.2 (p) with a
parameter p € (0, 1) to be determined later. Moreover there exists a constant K > 0
such that [laq|r,, < K, |af < 2m, and there exists 6 € (0, 5) such that A satisfies
condition (E),.

(B) For each j =1,...,m, the coefficients b;s are such that

bjﬁ € (C if |ﬂ| = mj,

bjﬁZRXRi—)(C if|ﬁ|<mj,
and for || < m;, bjg € Cl=z 2m=m; (Rf‘l) and there exists K > 0 such that
[L77E] BRE PN

Remark 3.3. The (LS),-condition is essentially of algebraic nature, as it can be reformu-
lated as a condition on the roots of a homogeneous polynomial. For further details, we
refer the reader to [45] and [35]. It is not difficult to verify this condition in applications.
For instance, see [9, Section 3] or [32, Section 5.2].
Example 3.4. (i) Assume A has order 2m and B; = Dgl_l, j = 1,...,m. Then, the
Dirichlet boundary condition Bju|,,—o = g; on OR% satisfies the (LS),-condition. We
refer the reader to [1, Section I.2] for the proof. We remark that the complementing
condition in [1] is equivalent to the (LS),-condition.

(i) Let A = >, _0aaD®, with aq € C and let B = 35, bsDP with 0 #
b(1,0,..,00 € C. Then the (LS),-condition is equivalent to the algebraic condition that
for each € € R4~ and A € ¥,_g such that |¢] + |\| # 0, the characteristic polynomial

a1 + a1(E)p+ag§) +A=0

of (3.3), has two distinct roots py with Impy > 0 > Imp_, where ap(§) =
Z|a\:k a(k,0)6”. The proof follows the line of [27, Section 7.4].

We can now state our main result.

Theorem 3.5. Let T € (—00,c], p,q € (1,00). Let v € Ap((—00,T)) and w € Ay(RL).
There exists

p= p(@, m,d, K,p,q, [U]pv [w]q’ bjﬁ) € (07 1)

such that under the assumptions (A), (B), and (LS), for some 6 € (0,7/2), the following
hold.

(i) Assume the lower-order terms of B; to be all zero and g; =0, with j =1,...,m.
Then there exists Ao = Ao(0,m,d, K, p, q, Ro, [v]p, [w]q, bjg) > 0 such that for any X > Ao
and
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u € Wpl((_ooﬂ T)7 U; Lq(Riv ’U))) ﬂ LP((_oov T)7 U; Wqu(Riv ’U}))

satisfying (3.1) on (—o0,T) x ]R‘_f_, where f € Lp((—oo,T),v;Lq(]Ri,w)), it holds that

_lal
el 2,y (oo, v Ly (R )y + Z A 2 [ DU 1, (—00.T) i Lo (BE )
o <2m

< C”fHLP((—DO,T),v;Lq(Ri,w))7 (34)
where C = C(0,m,d, K,p,q, [v]p, [w]g,bjz) > 0 is a constant.

(i1) Let v = w = 1. Then there exists Ao = Xo(8,m,d, K,p,q, Ro,b;z) > 0 such that
for any X\ > Xy and

u € Wy (=00, T); Lg(RY)) N Ly((—00, T); W™ (RY))
satisfying (3.1) on (—00,T), where f € Ly((—o0,T); Ly(RL)) and
97 € B (~00,T); Ly(R1)) 1 Ly((—00, T); B2 (R4-1))

with k; =1 —m;/(2mq) — 1/(2mgq), it holds that

_ el
el (oo myiLgmay + D ATE DU L (oo m:Ly )

lal<2m

m
< Oy oo @) + OO oy, oy (oot sy
j=1

(3.5)
where C = C(0,m,d, K,p,q,bjg) > 0 is a constant.

From the a priori estimates for the parabolic equation in Theorem 3.5, we obtain the
a priori estimates for the higher-order elliptic equation as well, by using the arguments
in [14, Theorem 5.5] and [24, Theorem 2.6]. The key idea is that the solutions to elliptic
equations can be viewed as steady state solutions to the corresponding parabolic cases.

We state below the elliptic version of Theorem 3.5. Here, the coefficients of A and B;
are now independent of ¢.

Theorem 3.6. Let g € (1,00) and w € Ay(RL). There exists
p= p(97 m,d, K, q, [w]q) € (0, 1)

such that under assumptions (A), (B), and (LS), for some 6 € (0,7/2), the following
hold.
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(i) Assume the lower-order terms of B; to be all zero and consider homogeneous
boundary conditions. Then, there exists Ao = Ao(0,m,d, K, q, Ro, [v]q,b;3) > 0 such that
forany A > Ao and u € Wqu(Ri;w) satisfying (3.2) where f € Ly(R%, w), it holds that

3 AL

lal<2m

Dau||Lq(Ri,w) < Ol L, e w)s (3.6)

where C = C(0,m,d, K, q,[w]q,bjg) > 0 is a constant.
(i1) Let w = 1. Then there exists Ao = Ao(0, m,d, K, q, Ro,b;3) > 0 such that for any
A> X and u € ng(Ri) satisfying

(A+MNu=f inRZ

. — 0. d—1
B]u’g“:o =g; on R,

where f € Ly(RL) and g; € ngbkj (RI=Y), with kj = 1 —m;/(2m) — 1/(2mgq), it holds
that

m
_lal e
S S ID L) < Oty + O sl gt gy (BT)

la|<2m j=1
where C = C(0,m,d, K,q,bjg) > 0 is a constant.

Remark 3.7. (i) In Theorems 3.5 and 3.6 we focus only on the a priori estimates. The
solvability of the corresponding equations will be derived in Section 6.

(ii) For notational simplicity, in this paper we focus only on the scalar case. However,
similar to [7], with the same proofs both Theorems 3.5 and 3.6 hold if one considers
systems of operators, i.e., the coeflicients a, and b3 are N x [N complex matrix-valued
functions.

(iii) In [7,8] and [33,32], the coeflicients there considered are operator-valued, with
values in a Banach space with the UMD property (Unconditional martingale difference,
see [23] for details). Since in our proofs we refer to these results when we freeze the
coeflicients and consider an unweighted setting, we believe that it is possible to extend
our results also to the case of operator-valued coefficients, with values in a Hilbert space
or in a UMD-Banach space. In particular, the trace theorem also needs to be extended
to this case. Since in our results we do not include Muckenhoupt weights in the traces,
this extension is straightforward by following [32]. For UMD-Banach valued coefficients
in the weighted-space setting, we refer the reader to [28].

4. Mean oscillation estimates for u; and D%u, 0 < |a| < 2m, except Df"‘u

The main result of this section is stated in Lemma 4.5, and it shows mean oscillation
estimates for u; and D®u, for all 0 < |a| < 2m except ngﬂu The proof of this lemma is
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the main novelty of the paper, and it generalizes some results in [14] to general boundary
conditions.
For a function f defined on D C Rf‘l, we set

[f(t,2) — f(s,9)]

(t2),(ssy)eD |t — 8|2 + |z —y|*
(t,2)%(5,9)

Throughout the section, we assume that A and B; consist only of their principal part.
Let

Ag= Y  auD"
|a]=2m

be an operator with constant coefficients satisfying |a,| < K for a constant K > 0 and
satisfying condition (E), with 6 € (0,7/2).
We first prove an auxiliary estimate, which is derived from a result in [8].

Lemma 4.1. Let T € (—o0,+00] and p,q € (1,00). Let Ay and Bj be as above.
Assume that for some 0 € (0,7/2) the (LS),-condition is satisfied. Then for every
f€Lyq((—0,T) xRL) and

97 € Fyy (=00, T); Lg(RY™1)) N Ly((—o00,T); Byt (RT™1))

with j € {1,...,m}, mj € {0,...,2m — 1}, k; = 1 —m;/(2m) — 1/(2mq) and u €
W;},};Qm((*ho) X Ri) satisfying

we(t,z) + (A + Ao)u(t,z) = f(t,z) in (—oo,T) x REL (41)
Bju(tvx)’m:o =g;(t,x) on (—oo,T) x RI~1L, .
with A > 0, we have
el g,
lutll L, ,((—ooTyxre) + Z A3 | D ullL, ,((—oo,T)xRY)
lal<2m
< Oy a(ooiryrty * Zl 950 1t (o0 P2 R (o 2 -
J:

(4.2)

with C = C(0,m,d, K,p,q,b;z) > 0. Moreover, for any A >0, f € Ly, 4((—00,T) X Ri)
and

95 € Fpy((=00,T); Lg(RY™1) N Ly((—00, T); Byg™ (RY7H))

with j € {1,...,m}, m; €{0,...,2m —1}, k; =1 —m;/(2m) — 1/(2mgq), there exists a
unique solution w € W2 ((—o00,T) x R}) to (4.1).
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Proof. We divide the proof into several steps. First we assume that T = oo.
Step 1. Let u € W™ (R, x R%) be a solution to

ue(t,z) + (A + Ao)u(t,z) = f(t,z) in Ry x RL
Bju(t,:r)|x1:0 =g,(t,x) onRy xR j=1....m (4.3)

u(0,2) =0 on R,

with A > 0. By applying [8, Proposition 6.4] to (4.3), it holds that

luellz, @y xre) + HD2mu||L,D,q(1R+ xR%)
m (4.4)
< Oz, oo xrg) + € Zl 1951 gy R 11, 820 )
j=
with C = C(\, 8, m,d, K, p, q,b;g). We remark that although the estimate is not explicitly
stated in this reference, it can be extracted from the proofs there. We want to show that
the estimate (4.4) also holds when A = 0.

For this, observe that in [8, Proposition 6.4], the coefficients of the operators under
consideration are time and space dependent. In our case, since Ay has constant coeffi-
cients, using a scaling t — A\~'t, £ — A~1/?"z, we obtain that the estimate (4.4) holds
for any A € (0,1) and with constant C' uniform in A. In fact, for a general A € (0,1), let
v(t, ) == w(A"1, A"1/2" ), Then v satisfies

vi(t,z) + Agu(t, ) +v(t,x) = f(t,2) in Ry x RE

ij(t’x)|x1:o =g;(t,z) on R x R-1 (4.5)
v(0,2) =0 on RY,
where
flt,z) = AT T AT )
and

gi(t,z) = )fmj/zmgj(/\flt, ATL/2my),
Applying (4.4) with A =1 to (4.5) we get that

[oell L, (ry xR2) + ||D2mU||Lp,q(R+xR1)

(4.6)

m
S Ol Ny xmg) +C z; 1951 s o o=ty (52725 (Rt
o
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with C = C(0,m,d, K,p,q,b;3). Now, scaling back and using the definition of the Besov
space and Triebel-Lizorkin space, it is easily seen

luellz, @, xre) + ||D2mu||L,),q((o,oo)xR1)

m (4.7)
< C”f”Lp,q(]R_,_x]Ri) + CZ ”gj”F:{Z(R_,_;Lq(Rdfl))ﬂLp(R_*_;B;T;kj (RI-1))’
j=1

where C' is independent of A € (0,1). Sending A — 0, we obtain that the estimate (4.4)
holds when A = 0. Finally, by applying a procedure of S. Agmon as in [24, Theorem 4.1],
from (4.4) with A = 0 it follows that when A > 0,

_ el
luellz, ,®y xre) + Z Al [ D%, ,(ry xR

lal<2m

m
< C”f”Lp,q(RJrX]Ri) + Cz; ”gj”Fllfﬂz(R+;Lq(Rdfl))ﬁLp(JRJF;Bzzkj (RI-1))’
j=

with constant C' = C(0,m,d, K,p,q,b,3).
Step 2. Take n € C*°(R) such that n = 1 for ¢ > 1 and n = 0 for ¢ < 0. Define
up = n(t + n)u. From (4.1), we see that u,, satisfies

(un)e(t, ) + (A + Ag)un(t, ) = frn(t,x) in (—n,00) x R‘_f_

Bjun(t,z)| = gn,;(t, 7) on (—n,00) x R4~! (4.9)

.',81:0

Up(—n,2) =0 on Ri,
for 5 =1,...,m, where A > 0 and
fo=nt+n)f +un(t+n) and gn;(t x) =n(t+n)g;(t, ).

By applying (4.8) to (4.9), we get that

el
[(un)tllL, o((—n.o0)xre) + Z AE D Unll L, ,((~n00)xRA)

la|<2m

< Cllfallz, o ((=noo)xre)

- Cz; 0951 s, 0y R 1)L (B2 11 (4.10)
i=

with C = C(8,m,d, K, p,q,b;3). Now, taking the limit as n — oo yields (4.2), i.e., for

any A > 0,



H. Dong, C. Gallarati / Journal of Functional Analysis 274 (2018) 1993-2038 2011

_lal
luellz, ,mxre) + Z Al | D%, mxrd)
o <2m

< Clllz, oxry) + C.Z: 19511 s, s 1 1)) o825 (1)
i

with C' = C(0,m,d, K,p,q,b;3).

Step 3. For the solvability, let f € L, (REY) and g; € Fpi(R; Ly(R1)) N
L,(R; Bk (RA-1Y)), j = 1...,m. For integer n > 0, define

fa=nt+n)f and g, ; =n(t+n)g;

so that f,, — f in Lp,q(RiH) and
Gnj = g in FF(R; Ly(RIY) N Ly (R; B2k (RE1)).

Now let u, € Wp2™((—n, 00) xR%) be the solution to the initial-boundary value problem
with f, and g, ; and zero initial value at ¢ = —n, the existence of which is guaranteed
by [8, Proposition 6.4]. We extend u,, to be zero for ¢ < —n. It is easily seen that u,
satisfies (4.1) with f,, and g, ; in place of f and g,, respectively. Applying the a priori
estimate obtained in the argument above to w,, — u,, we get that {u,} is a Cauchy
sequence. Then the limit u € W2 (Rf‘l) is a solution to (4.1).

Step 4. For general T < 0o, we may assume 17" = 0 by shifting the ¢-coordinate. We
first take the even extensions of u with respect to t = 0. Then u € W;ﬁm (R x Ri). Next
we take the even extension of f and g; with respect to t = 0. Let v € W 7™(R x R4)
be the solution to

vi(t, o) + (A + Ag)v(t,x) = f(t,z) in REM
ij(t,a:)‘m:o:gj(t,ar) on Rx R j=1 ... m,

the existence of which is guaranteed by the argument above. Observe that w:=u—v €
Wh2m™(R x RY) satisfies

we(t,z) + (A + Ag)w(t,z) =0 in (—o0,0) x RE

ij(t,sc)|x1:0 =0 on (—o0,0) x R j=1,... ,m.

We claim that w = 0 on ¢t < 0. Indeed, for any 77 < 0, we solve the equation of w in
(Th, 00) X Ri with the zero initial data to get wy, and extend wy; = 0 for ¢t < Ty. It is
easily seen that the extended function w; satisfies the same equation of w in R x Ri. By
the uniqueness of the solution, w = w;y. Therefore, w = 0 when ¢t < T} for any 77 < 0.
Then,



2012 H. Dong, C. Gallarati / Journal of Functional Analysis 274 (2018) 1993-2038

_lely g
lltll 1, o ((—o0.0) xR T > AlTEe|D UllL, ,((—00,0)xBe)

lal<2m

el
= lvellz, ,((—00.0)xre) + A3 | D VL, ,((—o0.0)xRE)

m
< C”fHLp,q(RxRi) + Z ng ‘|F:ﬂ](R;Lq(Rdfl))ﬁLp(lR;Bizkj (RE-1))
j=1

= Ol a(-oooxrty Zl 1950 25 .00 R0 (0 82 (11
=
The solvability is obtained by taking the even extension of g; and f, and then solve the

equation in R x Ri. The uniqueness follows from the a priori estimate. 0O

Remark 4.2. In Lemma 4.1 as well as Theorem 3.5, we assumed 6 € (0,7/2). However,
in [8,32], it is shown that in the case of operators with constant leading coefficients,
or operators with uniformly continuous leading coefficients in a bounded domain, it is
sufficient that the conditions (E), and (LS), are satisfied for § = /2, which are slightly
weaker. The condition (E)_ /2 18 also referred to as normal ellipticity condition.

From Lemma 4.1, we obtain the following Holder estimate.

Lemma 4.3. Let 0 < r; <1y <oo. Letv € W;Qm (@) be a solution to the homogeneous
problem

vi+Aw =0 inQ}
(4.11)
ij|l_1:0:0 on Qr,N{z1 =0}, j=1,...,m.

Assume that for some 0 € (0,7/2) the (LS),-condition is satisfied. Then there exists a
constant C = C(0, K,p,d, m,r1,72,b;8) > 0 such that

loell L, ) + ||DQmU||L,,(Q,+.1 < Clvllg, o1, (4.12)
Furthermore, forv=1— %,
il osv gz T 10" Darvlosn gr,y < Ollvdlln, ity + CID ™I, gz, (413)

’U}Zth C == C(G,K,pa d7 m, ’I"]_,TQ,bjﬁ) > O

Proof. Set Ry = 7 and R; = r; + (1o — r1)(1 — 279, for i = 1,2,.... For each i =
0,1,2,..., take n; € C’SO(RiH) satisfying

7, =1 in Q"}gl

n; =0 outside (—R?™, R?™) x Bg

141
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and
[DFn;| < C2%(rg —r1) ™%, [(m3)e] < C22™ (ry —ry) 72"
where k = 0,1,...,2m. It is easily seen that vn; € W™ (R‘f‘l) satisfies
(vmi)e + Ao(vmi) = f in RYH
Bj(vm)’mlzo = try,—oG; on G]Rfﬁl, j=1,....,m
(vni)(=r3™, ) =0,
where
@
F=om)e+ Y. > ( )aaD“/vDOé—’ym
lal=2m |y|<2m—1
and

Gj = Z Z <f)bjl3DTUDﬂTm, ji=1,...,m.

|Bl=my; [T|<m;—1

2013

(4.14)

(4.15)

Thus we extended (4.11) to a system on R X Ri without changing the value of v on Q' .

Now let
my 1

1-d 1
g; = tl“m:oGj e W, zm 2mp

2m—mj —

1
P(R x R,
By applying Lemma 4.1 with p = ¢, we get

Hwm el gy + 1D*™on)l, gt

m
< ClIflly, @y + oy ||9j||W17%7#,2m7m_,-

_1 ’
= » 2mp P(RXRd—l)
where C = C(0,K,d,m,p,b;z). By Theorem 2.5 with s = 1 — 24 € (0,1], m; €
{0,...,2m — 1}, we have
. ms < CG; m .
”gjHW;f%lfﬁ,szmjf%(Rdeil) = H J“ngﬁl,memj(Rj:Fl)

Observe that

£l @eery < Cll(ma)eoll, ga+ry +C Z Z |DYvD* il ga+
p(RYT) p(RYT) p(RYT)

la|=2m |y|<2m—1

and
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”G ” l—mzm mJ(RdHl <C Z Z ||DTUDB TnzH

o m;
|Bl=my |T|<m;—1

,2m—m

I REF

where the constant C' = C(6, K, p,d,m) may vary from line to line. By (4.14), it holds
that

||(’I7i)t’l)||Lp(Rd++1) < CQQmi(TQ _ r1>_2m||'UHLp(Qj'2

By (4.14) and interpolation inequalities (see e.g. [26] and the proof of [12, Lemma 3.2])
for £ > 0 small enough and |y| < 2m — 1 we get

||D7UDQ7W771'||LP(R1+1) < |[D"(vnis1) D il , R
S C2(2m*|7|)i(7’2 _ rl)*(zm*"‘/‘) ||D’Y(UTH+1)||LP(R1+1)
< el D2 o)l s, + C22™(

2 — 7’1)72m||UHLp(er2)a

where C. = Ce1=2m . Moreover, by the parabolic interpolation inequality and (4.14)
for € > 0 small enough and |7| < m; — 1 we get

HDT’UDﬁ_Tni” 1—;%,2711,—

" (R
< 02ms =Ty — 7“1)_(”“'_‘7')HDT(UWH)HWlff 2m—m

dCany
< €HD (Uni+l)||Lp(Ri+1) + 5||(U77i+1)t||Lp(Ri+1) + CEQQmZ(Tz r )72m”v”LP(Qﬁrz

2m+|7|—m

J
where C, = Ce I"I-™;

Combining the above inequalities yields

1wm)ell, oty + 1D*™ (ni)l , gasry < (C+ Ce)22™ (1 —11) 7"

lollz, ot
4 O™ )y, gy + el s

We multiply both sides by €’ and we sum with respect to i to get

o0

> (Iml es + 10* 0l ety )
=0

< (C+C)(rg —r)™2™m Z(Qng)iHUHLP(Q

=0

+cz (1027 ) sy + IO e ).
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We choose ¢ = 272m~1 and observe that the above summations are finite. Then, the
above estimate gives

Hwnely, ey + 1D @m0l assy < Clrz =102 ol sy (416)
Since the left-hand side of (4.16) is greater than that of (4.12), we can conclude

loell L, 1) + ||D2mUHLP(Qi1) < C(ry — 7“2)72m”v||L,,(Qi2)7

with C = C(8, K,p,d, m,b;p).
To show the Holder estimate for v, we proceed as follows. First, observe that from
(4.12) and interpolation inequalities, it holds that

lollwz2m gy < Clloll, i - (4.17)

Observe now that for k,Ah > 0, the derivatives DfD’;/u satisfy the same equation
as v. Hence, from (4.17) and a standard bootstrap argument, it holds that v €
Wk,Qm,h+2m( +) with

t,x1,2'5p T1
[0l mp o o) < Cllole, @z,

Observe that Theorem 2.9 implies for v =1 — %,

v, D™y e C’ﬁ"’( )

T1
and
2m—1
[’U]Cﬁ,u(Qj&) + [D°™ U]Cﬁ,y(le) < CHU”Wtk,f:tz;iL;:Qm,(le) < CHUHLP(Q;B)‘ (4.18)
Since vy satisfies the same equation as v, we have

[Udcﬁ'u(Qi—l) < CHUt”Lp(sz). (419)

In order to show (4.13), we need to apply the following Poincaré type inequality for so-
lutions to equations satisfying the Lopatinskii-Shapiro condition. Its proof is postponed
to the end of this section.

Lemma 4.4. Let v € W*™(Q}}) be a solution to the homogeneous problem (4.11). Then
there exists a polynomial P of order 2m — 2 such that v — P satisfies (4.11) and there
exists a constant C' = C(d, m,p, K,bjg,r2) > 0 such that

I1D%(v = Pllg, q1,) < C”DQm_lU”LP(Qi’Q) (4.20)

for la) € {0,...,2m — 2}.
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By (4.18) and Lemma 4.4 there exists a polynomial P of order 2m — 2 such that

(D> ] =[D*" (v - P)]

c2m v (Qh)
2m—1
< v = Pllz, @z = CIP™ " 0liL, @1,

2t (Q)

from which, since D, v satisfies the same equation as v, we get that

[DQm_lDw'v] + < CHDQmU”LP(QE).

Cam Y (Qh)

Together with (4.19), the above inequality yields (4.13). O

Similar to [13, Corollary 5], from Lemma 4.3 we obtain the following mean oscillation
estimates for u¢ and D*u, for all 0 < |a| < 2m except D™ u.

Lemma 4.5. Let k > 16 and p € (1,00). Let f € L, loc(RiH), Xo = (to, o) € Rf‘l, and
A > 0. Assume that for r € (0,00), u € Wllon(RdH) satisfies ur + (Ag + Nu = f in

T(Xo) and Bjuly,—0 = 0 on Qur(Xo) N{z1 =0}, j =1,...,m. Assume that for some
0 € (0,m/2) the (LS),-condition is satisfied. Then

7M « «
(fue = (ue) g (x0) Dt (x0) + Z A2 (D% = (D) i (xo) Dot (x0)
o

<Cr 07y > )xlfﬁ(|D”‘u|p)

lal<2m

d+2m » %
Q+ (X + CK‘ P (|f| )Qtr(XO)’ (4'21)

where C = C(6,d,m, K,p,b;g) > 0 is a constant.

Proof. Using a scaling argument, it suffices to prove (4.21) only for r = 8/k. Indeed,
assume that the inequality (4.21) holds true for r = 8/k. For a given r € (0,00), let
ro = 8/k, R =1/rg and v(t,z) = u(R*"t, Rx). Then v satisfies Bjv = 0 on Q}, (Zo) N
{z1 =0} and

v(t,x)+ Y aaDv(t,x) + AR v(t,z) = R*™ f(R*™'t, Rx) (4.22)

|a|=2m

on Qf, (Zo), where Zy = (R™?"™to, R x) € R%H. Then, by (4.21) applied to (4.22),
we have

_M m—|a a
(Joe = (W)t zoDat (2o + D AT RTIN(IDY — (D)ot (2, D, (z0)

laf<2m
a1 <2m

SO BRI, RS R(fP)

jal<2m

K/TO ZO)
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Note that

(D) (20 = RIND W) g (x,) and  (00) gz () = B¥™ () g (x0)»

so the above inequality implies (4.21) for arbitrary r € (0, 00).

We now assume r = 8/k and consider two cases, where we denote by z{ the first
coordinate of xg.

Case 1: 2§ > 1. In this case, Q:r/g(XO) = Qur/s(Xo). The proof of (4.21) then follows
from [14, Lemma 5.7], with x > 2 instead of x > 8 there. Note that in this case, the
(LS),-condition is not needed.

Case 2: 2§ € [0,1]. We denote Yy := (to, 0, zf) and we set Q".,.(Yo) := (to—(kr)?™, tg) x
B, (xp). Observe that

Q7 (Xo0) € QF (Yo) € Qf (Yo) C Qf (Yo) C Qf.(Xo).

To prove (4.21), we proceed by three steps.
Step 1. We assume for simplicity Yy = (0,0), since a translation in ¢ and 2’ then gives
the result for general Y. Decompose u = v + w where:

e wE W;Qm (Riﬂ) is the solution to the inhomogeneous problem

wy + (Ag+ Nw = f¢ inRxRE

Bjuw| =0 on ORI j=1,....m (4.23)

I1:O -

w(_62m7 ) = 07

where ¢ € C§°(REM) satisfies ¢ = 1 in (—4%™,0) x By and ¢ = 0 outside
(—62™,6°™) x Bg.

e VE W;’iT(RiH) is the solution to the homogeneous problem

v+ (Ag+AN)v =0 in Qf

(4.24)
Bj’l)|

0 on QuN{z1 =0}, j=1,...,m.

$1:0 =

Step 2. It follows directly from Lemma 4.1 with g; = 0 that there exists a unique
solution w € W™ (REF) of (4.23) that satisfies

—lol
Hwt”LP(Rdjl) + Z AlTem HDaw”Lp(Rffrl) < CHfCHLp(]Rj“)

la|<2m

SClflL, o) < ClfllL, @ (xo)) (4.25)

where C = C(6, K,d, m, p,b;g). In particular,
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(Jwe|P) 1/p+ Z AL ol |Daw|p)1/p

la|<2m

(xS (4.26)

Step 3. We claim that there exists a constant C' = C(6,p, K, d, m,b;z) such that

7M « «
(o = Wi Dot xoy + D A2 (1D = (D*0) gt (x) D (x0)

lal<2m
a1<2m
e _lal a 1
S A E (DY \P)Q/g(xw. (4.27)

jal<2m

To show the claim, we first assume A = 0. We apply Lemma 4.3 with the choice r; = 2
and ro = 4, and we get

oot oo+ [DP™ D] < Clluilly, o) + CID™0l, o) (4:28)

Czm(QF)
where v =1 — % and C = C(0,p, K,d, m,b;z).

For A > 0 we follow the proof of [13, Lemma 3], based on an idea by S. Agmon.
Consider for y € R,

C(y) = cos(A7my) +sin(Azry).
Note that
DY) = X (). ¢(0) =1, D> Ilg(0)] = X',
Denote by (t,2) = (t,z,y) € Ri“, where z = (z,y) € Ri“ with z € R, and set
(t,2) = v(t,2)C(y),  QF = (=r*",0) x {|z| <r,z e R{}.

Since v satisfies (4.24) on Q, ¥ satisfies

¥t + Ao+ D25 =0 in Qf

Bj’l~}|w1:0 =0 on QZ_ N {.’I)l = O}

Thus, we can proceed as in (4.28) and get for r = 8/k, k > 16, and |o| < 2m with
ay < 2m,

(Ot opy T [Dim_la‘D%]C%mw@;) < Ol ar) + CID*™ 0l o). (4:29)
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Observe now that

(D% = (D) gt (xo) Dt (xa) < CF [PV cotiov (it (x0)

< C’fi_”[Dav]Cﬁ,V(Q;)

and the same holds for v;. This implies that
(foe = () (xoy Do (xo) + AT (D" — (D° V)i (xo) Do (xo)

— —vy1—lal a
<Ck +Cr™ "N "2 [D v]cﬁ,U(Q;)
—v 2m—|a oy
(D=l pg]

[”t}cﬁ*"@;)
S Cli_y[’f)t]c2

czm(QF)

Therefore, the left-hand side of (4.27) is bounded by that of (4.29).
Since D?>™4% is a linear combination of terms such as

A=z cos()\ﬁy)Dfu(t, x), Al Sin()\ﬁy)D’;u(t, x), k=0,...,2m,
we have

. _lal
ID*" 3|, g1y < C D, AT

la|<2m

DI, @t (x0))-

This together with v; = —Agv yields

v —v —lal
Tl o) + CRTIIDP 0l L, o) S OFT D0 AT DL o, (x0))-

lal<2m

which shows that the right-hand side of (4.29) is bounded by that of (4.27).
Step 4. Since u = w + v, by (4.26) and (4.27) we get

_lal
(lue = (w)o oty + D, AT

la|<2m,a1 <2m

7m (0% «
C(lue — (Ut)QrDQi(XO) +C Z AT Em (|ID%u — (D U)Qj(xo)‘)Qj(Xo)

la|<2m,a1 <2m

Cllve = ()@, Dot (xg) + € Z )\177(|DQU = (D)ot (xo) Dot (xo)

|| <2m a1 <2m

_lad
Ol oy € D ATER (DI

D%u = (D)t (xo)l) @t (x0)

@)
<

|a\<2m a1 <2m

—v _7 o 1 d+2m 1
SOk 30 ATRIDMP)GE ) + O UMGE o,

0
|| <2m a1 <2m

(i1)
SO 3 ATE (D)

la|<2m,a1 <2m

+ ORI fIP)YP

(Xo) Qi (Xo)
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where in (i) we used the fact that for any constant ¢j, ¢o it holds

(e = (ue) ot (xo) Dt (x0) = 2(1ue = e1l) gt (xo)

(ID%u = (D) gt (x0) 1)@t (x0) < 2(1D%u = e2]) g (x,)»

and we took ¢1 = (vt) g+ (x,), €2 = (D)o (x,), While in (ii) we used v = u — w and
(4.25). O

We now use the idea of freezing the coefficients as in [14, Lemma 5.9], to obtain the
following mean oscillation estimate on Q;f(Xy) for operators with variable coefficients
when r is small.

Lemma 4.6. Let A > 0 and k > 16. Assume that A and B;, j =1,...,m, satisfy condi-
tions (A), (B), and (LS), for some 6 € (0,7/2), and assume the lower-order coefficients
of A and Bj to be all zero. Let p,s € (1,00), * —&—% = 1. Then, for r € (0,Ro/x],

RS

Xo € R and u € W]}L’L%ZZC(RTA) satisfying uy + (A(t) + Nu = f in Q1. (Xo) and

Bjulz,—0 =0 on Qur(Xo) N{z1 =0}, j=1,...,m, where f € Lp’loc(RiH), we have

al

—lal a a
(Jue = ()i o) Dar (xoy T D A2 (1D = (D) (x) et (o)

|| <2m
a1 <2m
—(1-1 Z _lal 1 d+2m 1
< Ok v A 2m(|Dau|p)g:T(X0)+C,‘{ ! (|f|p)5¢r(Xo)
lal<2m
d+2m 1 1
T+ OR"T i (DM

where C = C(6,d,m, u, K,p,bjg) > 0.
Proof. Fix (to,z0) € Riﬂ. For any (s,y) € Q. (to, o), set

Agyu= Z ao(s,y)D%u.

|a|=2m

Then wu satisfies

ug + (As,y +MNu=g inQ/,

Bjul 0 on Q. N{x; =0},

m1:0 =

where

gi="r+ Y (aa(s,y) = aa(t,x))D.

|a|=2m
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Note that when xé < Ry, we have y; < 2Ry so that the (LS),-condition is satisfied for
A,y and Bj. It follows from Lemma 4.5 that

_ el « «
(fue = Wi xplorxoy = Do AT (D% = (Du)gi (x) Dt (x0)

la|<2m,a1<2m

0 3 B )} T
= |Z<; AT DM o xy F 77 197G x0y (4.30)
where C = C(6,d, m, K, p,b;g). Note that
1 1
(97)2 1 ey < UFP) D iy + 13 (4.31)

where

I'=([(aa(s,y) = aa(t; ) D%u") or (x,)-

Take now the average of I with respect to (s,y) in Q}.(Xo). By Hélder’s inequality it
holds that

Sl=

(f rasw) <(f Qalon) - aalt D uP)gs, i, ds )

Q- (Xo) Q& (Xo)

1 1 1

B pSy s P 2m, |PI P

< f alsn) —aalta) Py o dsd) (D)
Qnt'(XO)

Moreover, by the boundedness of the coefficients a,, the assumption r < Ry/x and
Assumption 3.2 (p), we get

( ][ (|(a°‘(3’y)_aa(tvxﬂ”g)mr(xo))%)%
Qi (Xo)

1
3

g( ][ (Iaa(s,y)—aa(t7$>|)cz:r<xo>d5dy>p

Qtr(XO)
< Close(an, Q)7 < Cl(an)h,) ™ < Cpie.
This together with (4.30) and (4.31) gives the desired estimate. When z > Ry, the
results follows directly by [13, Lemma 5], since in this case there are no boundary con-

ditions involved. O

We conclude this section with the proof of Lemma 4.4.
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Proof of Lemma 4.4. Without loss of generality we can take ro = 1. We take for simplicity
the center Xy of Qf to be (0,0). A translation of the coordinates then gives the result
for general X € 8Ri+1.

Assume that the polynomial P has the form

¢
pP= Z ;O;xo‘, = (z1,2') €RY, al=am! g

la|<2m—2

and satisfies the boundary conditions

BjP|, _,= > bD’P =0 (4.32)
|Bl=m; '
where j =1,...,m and 0 < m; < 2m — 1. Since P is of order 2m — 2, we only need to

consider the boundary conditions whose order is m; < 2m — 2.

Assume that the (LS),-condition is satisfied. Then, the boundary operators By, ...,
B,, are linearly independent, and so are their tangential derivatives D], B;.

To determine the coefficients ¢, of the polynomial, we proceed by induction on the
value of |a. For this, we introduce two subgroups of multi-indices:

Lia| = {a € Ng . Cq are determined using the boundary conditions}

Ja) i={a € N¢: ¢, are determined using the condition (DO‘P)Q;r = (D"‘fu)Q;r }.

Step 1. Let |a] = 2m — 2 and m; < 2m — 2. We will first determine the coefficients ¢,
and then prove the Poincaré type inequality

ID*(w = P)ll, ) < CID*™ M0lly (g1 (4.33)

For this, we take the 2m —2 —m-th tangential derivatives of each boundary condition
in (4.32) and setting 2’ = 0 we get a system of equations of the form

Y bisepry =0, (4.34)
|B|=m;

each v satisfying |y| = 2m — 2 —mj, so that | + | =2m — 2, and v, = 0.

We rewrite the above system as the product of the r x n matrix B = [b;’é];fuzl of
the coefficients b;s by the vector C = (¢, : |a| = 2m —2)7_, of the coefficients c,, where
n denotes the number of the unknown ¢,’s and r the number of the equations in (4.34).

By the (LS),-condition, the r rows of B are linearly independent. This implies that
there exists an r x r submatrix B; of B such that rank(B;) = r. Define By := B — B;.
Consider the vectors Cy := (¢!, : a € Za,,—2)_; and Cg := (& : a € Jom—2)p_1- We

then rewrite the equation BC = 0 as B;C; = —B2C5, and we get

C, = —B;'B,C,.
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From this we obtain that the coefficients ¢, with o € Zs,,,_2 depend on the coeflicients
Co With a € Jom_o.
We determine the last ones by requiring

(D*P)gt = (D)gt, a € Jam—2.
We then apply the interior Poincaré inequality as in [12, Lemma 3.3| and we get

ID%(0 = Pl 1) < CollD* (v = Pl g1, .
= CollD*™ 0l g

with a € Jom—2 and Cy = Co(d, m, p).
Now let D*(v — P) be the vector of the derivatives D*(v — P) for any multi-index

a, B(v — P) be the vector with components B;(v — P), and D}, B(v — P) be the vector
with components D), Bj(v — P). Observe that

BD*(v — P) =D},B(v — P), (4.36)
where |y| +m; = |a| = 2m — 2.

Furthermore, let DZ(v — P) and D% (v — P) denote the vectors with components
D*(v — P) with respectively « € Zo,,—2 and a € Jo—2. Observe that the order of their
components depends respectively on the order of the components in the vectors C; and
C; defined above. Thus, for B; and By introduced above, it holds that

BD“(v — P) = B1DZ(v — P) + B2D% (v — P).

This, combined with (4.36), implies that

B,DS (v — P) = D), B(v — P) — B,D% (v — P). (4.37)

Since D!, Bj(v — P) = 0 on the boundary, we can apply the boundary Poincaré
inequality and we get

ID2B;(0 — Pl or) < CLID*™ Ml iy Ci=Cildim,p.K).  (4.38)
By (4.37) and combining (4.35) and (4.38), we get
1D°( = Pl op) < (det(B1) ' Cal D™ M0l o), @ € Tamos,
where Cy = Ca(d, m,p, K). Since By has dimension r x r and rank(B;) = r, det(B,) # 0.

Thus, there exists § > 0 small enough and depending on b;g, such that det(B1) > 6.
Therefore, we obtain (4.33), i.e.,
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1D (v = P)llp,qf) < CIID*" M0l gp) ol =2m =2,

with C' depending only on d, m,p, K and b;g.

Step 2. Let |a| = 2m —3 and m; < 2m — 3. By taking the (2m — 3 —m;)-th tangential
derivatives of each boundary condition in (4.32) and setting 2’ = 0 we get a system of
equation of the form

> bipesiy =0,
|B|=m;

each v satisfying |y| = 2m — 3 — mj, so that |5+ v| = 2m — 3, and 71 = 0. As before,
we determine the coefficients ¢, with o € Zs,,_3 in terms of the coefficients ¢, with
a € Jom—3. The last one are determined as in the previous step by requiring

(DaP)Q;r = (DQU)QT, a € Jom—_3-

Observe that in the average condition there are coefficients ¢, with |a| = 2m — 2, but
they have been already determined in Step 1. From this, proceeding as in Step 1 and
applying the Poincaré type inequality (4.33) we get

D (v — P)HLP(QD < CHDQmiz(U - P)”Lp(Ql*) < C||D2m71v”Lp(QT)’

with |a| = 2m — 3 and C depending only on d, m,p, K and b;g.

Step k. Let || =2m — 1 — k and m; < 2m — 1 — k. We proceed by induction.
By taking the (2m — 1 — k — m;)-th tangential derivatives of each boundary condition
in (4.32) and setting ' = 0 we get a system of equation of the form

> bipesiy =0,
|B|=m;

each v satisfying |y| = 2m — 1 — k — m;, so that |3+ | = 2m — 1 —k, and v = 0.
Proceeding as before, we determine the coefficients c,, o € oy, _1_k, in terms of the
coefficients ¢q, o € Jom_1—_k. The last ones are determined by requiring

(DQP)QT = (Dav)Q;r, a € Jom—1—k-
Observe that by induction we have determined the coefficients ¢, |a| € {2m — 2,...,
2m—k}. Therefore, proceeding as in Step 1, using induction for |«| € {2m—2,...,2m—k}
and applying the Poincaré type inequalities obtained at any induction step, we get

1D%(w = Pl o) < CID*™ (0 = Pl o) < -+ < CID*" W0l op):

with |a] = 2m — 1 — k and C depending only on d,m,p, K and bjg.
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Step 2m-1. Let o] = 0. If P(2)|g,=0 = 0 is a boundary condition, then ¢y = 0.
Otherwise, we determine co by using the average condition (P)q,+ = (’U)QT.

This concludes the construction of the required polynomial P. Moreover, by induction
we get (4.20).

To conclude the proof, observe that the polynomial P satisfies the boundary condi-
tions. In fact, by the construction above, at each step one can show by induction that
the tangential derivatives of the boundary conditions are equal to zero. Since the bound-
ary conditions are satisfied at the origin #’ = 0, they must then be satisfied for any
2’ € R471, The assertion follows. O

5. Lp(Lg)-estimates for systems with general boundary condition

We are now ready to prove Theorem 3.5. For this, we will follow the procedure of
[14, Theorem 5.4] and we will need two intermediate results. The first one follows from
Lemma 4.6.

Lemma 5.1. Let p,q € (1,00), v € A,(R), w € Aq(Ri), A >0 and t; € R. Assume that
A and Bj,j = 1,...,m, satisfy conditions (A), (B), and (LS), for some 6 € (0,7/2),
and assume the lower-order coefficients of A and Bj; to be all zero. Then, there exists
constants Rq,p € (0,1), depending only on 68, m, d, K, p, q, [v]p, [w]q, and bjg, such
that for u € Wl2m (Rf‘l) vanishing outside (t1 — (RoR1)?™,t1) x RY and satisfying

p,q,v,w

(3.1) in RE, where f € Ly g.0.0(RE™), it holds that

>

lal<2m

Dully, ., ety < ClflL, . @) (5.1)

where C' = C(0,d,m, K,p, q, [v]p, [w]g, bjz) > 0.

Proof. For the given v € A,(R) and w € A;(R%), using reverse Hélder’s inequality (see
[20, Corollary 9.2.4 and Remark 9.2.3]) we find o1 = o1(p, [v]p), 02 = 02(g¢, [w],) such
that p—o1 >1,q— 02 >1 and

vE A (R), we Ao (RL).

q
P*CTl,Q*CTz

Take pg, 1 € (1,00) satisfying pop = min{ } > 1. Note that

V€ Ap—o, C Ap/(pop) C Ap/pe(R),
w € Ag—oy C Agjpo) € Ag/po (Ri)-

Then it holds that

w€ W (R, f € Ly utoc(RET).

pop,loc
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Indeed, by [14, Lemma 3.1], for any g € Lp,u,i0c and for any half-ball B C R‘i and
interval By C R,

1 / 1 1

E— |g|Po* da dt = —/—/|g|p°“dxdt

| B || Be| |B2| J | B
Bl xB» Bs BY

POH

la/ pou) e dx) ¢ dt
|Bz|/( /|g|
[0] B
< p/(po) / q/ pou) / q ’ .
< ( o(By) J lg|fw(z) dx (t) dt

Let kK > 16 be a large constant to be specified. If r > %, since u vanishes outside
(t1 — (RoR1)?™,t1) x R, for 0 < |a| < 2m, we have

(1D = (D*Wgr (xo) Dt (x) < 20D U g (x,)
1 1

< 204, (o) (5 >>Q+(X (D)2 (5.2)

-1 m(1—

< Campur®™ 08 BT D) 7,
where I denotes the indicator function.

If » € (0,Rp/k], then by Lemma 4.6 with p = pg, there exists a constant C' =

C(0,d,m, u, K,po,bjz) such that, for % + % =1,

_laf a «
(Jue = ()i xo)Dorxy T D AT (D% = (D*u)gr (xy) Dot (xo)

la|<2m,a1<2m

_ 1 _ d+2m
W) S N (Deum), Ok R () (53)
la|<2m

T OR"5 e (| Do)

~(Xo)"
Combining (5.2) and (5.3) we get
(le = gt color o+ D0 ATE (D% = (D*0)gi (xp) Dot x)
la|<2m,a1 <2m
m 1 2m (_p ) — __
< ORI o0k S B Do,

|| <2m

+C/< e (|f|p0)p0 _|_C,{ o ppog(‘D2mu|pw)pw(Xo)

Observe that
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()t 2)+ > ATE(D (@) < sup(lu— (gt xo) Dot (xo)

|a|<2m,a1<2m

7@ « «
+sup Z A2 (1D — (D) g (xo)Dor (xo)»

la|<2m,a1<2m

where the supremum is taken over all the Q" (Xo) with (¢,z) € Q;F(Xo). This implies

W)+ > NI (D) ()

la|<2m,a1 <2m

< om0 R 0y S - M Do) e (5.4)

la|<2m

+ ORI LM TP (8 )]70 + Cw 50 pros [M(IDP™ ) (8, )] 707

By taking the Lp,qw’w(Rf'l)—norms on both sides of (5.4) and applying Theorems 2.1
and 2.2, we get for C' = C(0,d,m, K, p, q, [v]p, [w]g, bj3),

_ o
luellp,,, o+ D ATEIDL e

|| <2m,a1 <2m

< OR" BN fly, sy + Ok 50" pios ||D2mu|\LM . (5.5)
_ 1 2m(l——= (1— 1
+C(K)2m(1 plo)Rl ( po)—|—K) (1 plo)) Z u||Lp)q)1),1u(Ri+1)7

lal<2m

where we used

[MD ) 507 [ sy = [ MDD uyror | 707

d+1
Lp/on).a/(pon).v, w(R + )

< Cll(DPmuyon 7

=C D2mu d+1
Lp/won).a/won) v, w(Rd+1) ” ||Lp,q,v,w(R+ )’

with C' = C(d, p/(pow), a/ (pop), [v]p, [wlg)-
It follows from the equation that

aga(t,x)D2Mu = f —uy — Z aq(t, ) D% — Au,

|a|=2m,a1 <2m

where @ = (m,0,...,0). Thus, by taking the L, ;. ,-norms and by the assumptions on
the coefficients, it hOldb that for C' = C(6,d, m, K, p, q, [v]p, [w]q),

||D UHL RI+T) < C”fHL

el g
+C Z )\1 2m ||D u||Lp,q,v,w(Ri+l). (56)

|a|<2m,a1 <2m

Ri+t) CHut”Lp,q,v,w(Ri“)

pq,v,w( p,q,v,w(



2028 H. Dong, C. Gallarati / Journal of Functional Analysis 274 (2018) 1993-2038

Combining (5.5) and (5.6), we get

_lel
Z AL 2m||Dau||Lp,q,v,w(Ri+1)

jal<2m
d+2m d+2m 1
<Crow | fllp,, @iy + Cr 0 pRs D2l g

1
2m(1—%)

+ O ) Ry e 0Ty ST NTE D, e,

la|<2m, a1<2m

Finally by first taking x > 16 sufficiently large and then p and R; sufficiently small such
that

cr~ =) < % Cr2m=70) g2 700) < %, and  Cr5" pive <

?

=

we get (5.1). The lemma is proved. O

From Lemma 5.1 and using a partition of unity argument with respect to only the
time variable, we can prove the second intermediate result.

Proposition 5.2. Assume that A and Bj, j =1,...,m, satisfy conditions (A), (B), and
(LS), for some 6 € (0,7/2), and assume the lower-order terms of Bj to be all zero.
Then there exists p = p(0,m,d, K,p,q, [v]p, [w]g,bjs) € (0,1) such that for A >0, f €
Lpgow@®EY) and u € WE2n (R satisfying (3.1), we have

p,q,v,w

_ |l
Z AL 2m||Dau||prwyw(Ri+1)

la|<2m

< ||f||Lp,q,v‘w(Ri+1) + Cy Z ||Dau||prq1v,w(Rd++1), (57)

|a|<2m—1
where

Cl = 01(9,d7m7 K7p7 q, [U]P’ [w]lI’ bjﬁ)’
02 = 02(97d7m7 Kvpa q, [’U]P’ [lU]q, RO?bjB)'

Proof. Without loss of generality, we can assume the lower-order coefficients of A to be
zero. To see this, just move the terms Z|a\<2m aq(t, 2)D* to the right-hand side of (3.1),
i.e., consider

Uy + Z ao(t,z) D% = f — Z aq(t,2)D%u

|a|=2m o] <2m—1

and recall that the lower-order coefficients of A are bounded by K, so that
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« [e3%
< .
Z laa D UHLP,Q,W(M“) <Ck E 1D u||Lp1q1v,w(Ri+1)
a]<2m—1 la|<2m—1

If (5.7) holds for A =3, aq(t, ) D%, we thus get

|=2m

Z A 1D%ull, . @

|| <2m
<Cilfly,, ., . +C1Cx > b ully, , @
o] <2m—1
+ Oy Z ||Dau||Lp,q,'u,’w(]Ri+l)
o] <2m—1
< Cle||Lp,q,v,w(Ri+1) + Cy Z HDau”Lp,q,u,w(RiH)'
|a]<2m—1

Take now R; € (0,1) from Lemma 5.1 and fix a non-negative infinitely differentiable
function ((¢) defined on R such that ((t) vanishes outside (—(RoR1)?™,0) and

/(j(t)pdt —1

Then, u(t, z){(t — s) satisfies

(u(t, 2)¢(t = ) + (A + A) (u(t, 2)C(t — 5))
=((t—s)f(t,z) + G(t — s)u(t,x) on R‘f‘l (5.8)
By(ult,)¢(t - )|, _y =0 on R xR,

For each s € R, since u(t, z)((t—s) vanishes outside (s—(RoR1)*™, s) x R4, by Lemma 5.1
applied to (5.8) we get

_ ol @
Z AL 2m || D (UC('_S))Hquvw(R R

|a|<2m

< CllfCC =9l (R + Cllude(- — S)Hprqu’w(Rfrl)» (5.9)

p,q,v,w

where C = C(d,m, K, p, g, [v]p, [w]q, bjg). Note that

1Dl M, ) ./nDa I Gl )7 ds

/||Da Ct=s) e ds.
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Thus, by integrating with respect to t,
a, (P _ a L P
1Dl = [ D= DI s
R

From this and (5.9) it follows that

_ Lol
Z )\1 2m HDauHLp,q,u.w(Ri+l) S CleHL

la|]<2m

rery T Collullp, ey

p,q,'u,w( v, w

where Cy = C1(0,d,m, K,p,q, [v]p, [w]g,b;3) > 0 and Cy depends on RyR; and the same
parameters as C; does. O

Now Theorem 3.5 follows from Proposition 5.2.

Proof of Theorem 3.5.. It suffices to consider T' = oco. For the general case when T €
(—00, 0], we can follow the proof of Lemma 4.1 with the obvious changes in the weighted
setting, so we omit the details.

(i) In Proposition 5.2 we take Ag > 0 depending only on Cy such that

1 _lol _lal
5 Y s 3 (v o)
la]<2m—1 o] <2m—1
for any A > Ag. By (5.7) we get

1 _lal
5 X AEIDL, e 1D, e
la|<2m—1

< ClMlz, 0y

and thus

_lal g
> NI, SOl sy G0

lal<2m

Finally, the estimate of Hut”Lp,q,v,w(R‘i“) follows by noting that u; = f — (A + A)u and
(5.10). This proves (3.4).

(ii) As in the proof of Proposition 5.2, we can assume the lower-order coefficients of
A to be zero. Let

A(0,0)u:= > aq(0,0)D".

|a|=2m

By Lemma 4.1, we first solve
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Oruy + (A + A(0,0))u; =0 in REH

b;s D? =- ; D? ; R x R?1
S bl == 5 bpleaD’| oy nRxRL
|Bl=m; |Bl<m;

and by Theorem 2.7 we get

_ ol
10l ging iy + D AT Dl rir, )
o <2m

<C Y2 biD%ul it
p

2m—m

. d . d
Bl<m; (R;Lq(REL))NLp (R;Wg 7 (RY))
> 1931 iy s -1y, o oy (5.11)
j=1
Next ug = u — uy satisfies the equation
Auz + A+ A)ug = f — (A — A(0,0))uy  in RE
> bjgDuy =0 on R x R4,
I1:O
|Bl=m;
to which we can apply statement (i) with v = w = 1 to get
el
10wzl eingmayy + D AT ID 2] g i, vt )
|| <2m
(5.12)

< Clflle, @L @y + CIA = A0,0)urll, &L, =)

2m
< C||fHLp(R;Lq(Ri)) + Ck||D UlHLP(R;Lq(Ri))a

with A > Ao, where )\ depends only on the constant Cs from Proposition 5.2. Now, since
u = u1 + usg, by (5.12),

el
el o, @sny@ayy + D AT DUl L @i, e )
la<2m

el
§H3tU1HLp(R;Lq(R1))+ Z A2 ||ID UlHLP(R;Lq(Ri))
lal<2m

_lal
+ 10zl L, &L, e y) + Z AT Em D%l L, (R:L, (1))

lal<2m

el g
<Ol @ @y + D ATEID g, kL, 2
| <2m

+ Ck || D*™uy HLP(R;Lq(Ri)) + C||f||L,,(R;Lq(R1)),
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which by (5.11) is further bounded by

Ol ey @iy + O Z; 19505 ooz -y i3 )
pe

2m—m

big(t,z)DP oy 1
+ Ckl| Z p(t, ) UHW,Em’m’”m(R;Lq(Ri))mLP(R;Wq I ®))

|B|<m;

m
S CHfHLp(]R;Lq(]Ri)) + CK Z ||gj||Fs;{l(R;Lq(Rd—l))ﬁLP(R;Bzzki (Rd—l))
j=1

+ CK(C€||D2muHL,,(R;Lq(Rj_)) + Cellutll, gz, me)) + CellullL, @:.L,@));
where the last inequality follows from the smoothness the coefficients b;g(t, ) for |5] <

m; and by using interpolation estimates as in Lemma 2.8. Now, taking ¢ small enough
so that CxCe < 1/2 and A such that A > max{Ag,2CkC.}, we get (3.5). O

From Theorem 3.5, we now prove Theorem 3.6.

Proof of Theorem 3.6. (i) Take ¢ € C§°(R) and set v(t,z) = ((t/n)u(x), n € Z, which
satisfies, in R‘ﬁl

ve(t,z) + (A+No(t,z) =h in RxRE (513)
5.13
ij(t,ac)|z1:0 =0 on R x R4-1,

with h:= L¢(L)u(z) + (L) f. If we now apply Theorem 3.5 to (5.13) with v = 1 we get

el
Z A2 ||D UL, L, 0@y < ClblL,@L, . @) (5.14)
o <2m

with C' = C(0,m,d, K, p, q, Ry, [w]g,b;z). Observe now that

1
1Rl Ly (R )) < EHQ('/”)HLP(R)||U|\Lq,w(R1) +ICC/) e, @ I f NIz, @)

and

1Dl L, ®:Ly @) = ICC/)L,@IDullL, @)

Thus, combining the above estimates with (5.14) and letting n — +o0o, we get (3.6).
(ii) The estimate (3.7) follows in the same way from (3.5). O
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6. Existence of solutions

The a priori estimates of Theorems 3.5 and 3.6 can be used to derive the existence of
solutions to the corresponding equations. In this section we focus on the solvability of
the parabolic problem (3.1). The elliptic case follows in the same way from the a priori
estimates in Theorem 3.6.

As in the proof of Lemma 4.1, via a standard argument it suffices to consider 7' = oco.
See, for instance, [24, Theorem 2.1]. Under the conditions in Theorem 3.5(ii), from the a
priori estimate (3.5), the standard method of continuity (see [19, Theorem 5.2]) combined
with Lemma 4.1, yields existence and uniqueness of a strong solution to (3.1).

We now assume that the conditions in Theorem 3.5(i) are satisfied and we show the
solvability of (3.1) via a density argument as in [14, Section 8]. By reverse Holder’s
inequality and the doubling property of A,-weights, one can find a sufficiently large
constant p; and small constants €1,e2 € (0,1) depending on d, p, g, [v]p, [w], such that

P 1 q 1

12— 12
Pt l+er p1 l+es

)

and both vt and w'*®2 are locally integrable and satisfy the doubling property, i.e.,
for every r > 0, tg € R, zg € Ri,

/ viTerdt < Cy / viterde, (6.1)

Iz, (to) I-(to)
/ w' T dt < O / w' e dt, (6.2)
B3, (o) Bt (w0)

where Cj is independent of 7, o, and zo, and I,.(tg) = (to—r>™, to+r*™) denotes an inter-
val in R. By Hélder’s inequality, any function f € Ly, (Rf‘l) is locally in Ly g4 w (RiH)
and for any r > 0,

HfHL (o) < C”fHLpl(Q;f)v (6.3)

P,q,v,w

where Qf = ((—r?™,7?") x B,) NR%", with B, being a ball of radius r in R%, and C
depends also on 7.

Now if f € Ly g.v,w (]Rff_“), by the denseness of C’é’o(Riﬂ) in Ly 00 (RE), we can
find a sequence of smooth functions { f }x=o0,1,... with bounded supports such that

fe — f in Lp’q,vyw(RiH) as k — oo. (6.4)

Since for each k, fr € Ly, (R‘iﬂ), by the solvability in the unweighted setting of The-
orem 3.5(ii) with p; instead of p = ¢, zero lower-order coefficients for B; and g; = 0,
there exists a unique solution uy, € Wpll’zm(R‘f'l) to
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(ug)e(t, ) + (A+ Nug(t,2) = fr(t,z) in R x Ri
Bjuk(t,x)’ =0 on Rx R j=1,...,m,

$1:O

provided that A Z )\1(0, m, d,pl, K, ]%07 b]@) and 14 S pl(g, m, d,pl, K, bjﬁ)
We claim that if A > max{Xo, A1}, then uy € W27 (RYF1). If the claim is proved,

1450, w
it follows from the a priori estimate (3.4) and from (6.4) that {uy} is a Cauchy sequence

in Wl2m (]Ri“). Let u be its limit. Then, by taking the limit of the equation for wuy, it

p,q,v,w

follows that u is the solution to (3.1).
In order to prove the claim, we fix a £ € N and we assume that fj, is supported in Q;g
for some R > 1. By (6.3) we have

| D%ugl| ;. ) <00, 0< |af <2m (6.5)

+
Pva’Ua"U(Q2R

and

I(ur)illr, ., 008 < O (6.6)

For j > 0, we take a sequence of smooth functions n; such that n; =0 in Q;R, n; =1
outside Q;HR and

D, < 2771 Ja| < 2m, [(n;)] < C272.

Observe that ugn; € Wpll’zm(R‘f'l) satisfies

By (urmy) + (A+ N)(upny) = f; in REH

Bj(uknj)|m:0 = try,=0G, on 8Rff_+1, ji=1,...,m,

where by Leibnitz’s rule

fi =w(n;)e + Z Z <3> oDV up D

1<]a|<2m |v|<al-1

and

Gi= > > (f)bjﬁDTUkDﬁ‘Tm-

|Bl=my [T|<m;—1

Now let

m
__J__1 _
T T Tl 2m—m

g; = trxl:()Gj € Wp, jiH(R X Rdil).

By applying the a priori estimate (3.5), with p; instead of p = ¢ there, to ugn;, we get
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el
10:Cwrm)l,, ey + D2 AT ID (wamy)l g, s

la|<2m
m
<l +CY ol
= ||fy||Lp1(JRi+1) = ||93HW;;ﬁl—2mp 2mm gy (RxR4— 1)

with a constant C' = C'(0,m,d, K,p1,bjz) > 0. By Theorem 2.5 with s =1 —m;/(2m) €
(0,1], m; € {0,...,2m — 1}, we have

. . <
||gj||W;;%—ﬁ,2ﬁm—7nj—%(RXRd—l) C”G || 1 ﬁ% 2m— M7(Rd+1)

Observe that

Hfj”Lpl (RIHY) < CH(Uj)tuk”Lm (REFL) +C Z Z HD%“kDOHan||Lp1 (RI+Y)
1<lal<2m |y|<]a-1

and

Gl 1t g ey SC 30 30 IDTUDP T,
P1 r1

d+1 d+1
O |Bl=m [r|<my—1 ’ el
This implies that

el
10 (ung)lp,, @esy + D NI D (wmy)ll, weer

|| <2m

< Cll(ny)eurlp, garsy +C > > 1D e D"yl ey

1<]a|<2m |v|<[el-1

+C Y > IDTw Dy i B amem,

|8=m; |7|<m;—1 J®E
from which it follows that
1—
N, @enas,, )+ 2o MR ID WL, @iy, )

|a]<2m

J Y
QJJrlR\Q+ )+02 Z Z ”D ukHLP Q;JJrlR\Q;rJR)

2R
1< a|<2m |y|<[af-1

+C27 3 S |17 ik ammy

|Bl=m; |r|<m;—1

< C27lwllp,

'(Q 2J+1R\Q2JR)
By standard interpolation inequalities (see e.g. [26]),

2m
||D’Yuk||Lp(Q2+j+lR\Q2+jR) <C|D UkHL o \ef ) + CH“I@HLP of i p\ef L)
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and by the interpolation estimates as in Lemma 2.6,

,2m—

1Dkl \oma
Wp 2m

" (in+1R\QQJR

< CID*™up, ot - Ol )l o

DT Clluelz, o+

2~7+1R\ J+1R\ 2J+1R\ QJR)

Thus, we get
1——m a
1@)ille,, 0f o+ 20 AT L, (05 N0t
|a]<2m
< C277([[(ur)ellz,, o Qi1 N\ )+ D2 "kl (o

).

\Q

2i+1R QJR)

Flluellz,, o, ot )
By induction, we obtain for each j > 1,

1—
||(uk)t||Lp +1R\Q2JR)+ Z by 2m||D UkHLpl(Q 1 p\O5 )

lal<2m

(H(Uk) 19 (of, )+||D2muk||L (Qfx + lluklly, of ))~ (6.7)
P1 Pl Pl( 2R

Finally, by Holder’s inequality, (6.1), (6.2) and (6.7), we get for each j > 1,

1—
l@idells, oot nas )+ D0 AT
|| <2m

D~ UkHL quux(Q2J+2R\QQJ+1R)

S PR 1 I (O N PPV

+ || D? ukHLpl(Q ;+1R\Q+' y T ||Ulc||Lp1(Qw+1R\QyR)>

< oI+t

7 (1, ity + 10" 0kl ) + s, 00

The above inequality together with (6.5) and (6.6) implies that ux € W27 (R‘ﬁl),

p,q,v,w
which proves the claim.

Remark 6.1. Under certain compatibility condition, the solvability of the corresponding
initial-boundary value problem can also be obtained. See, for instance, [26, Sect. 2.5] and
[8] for details.
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