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A UNIFYING THEORY FOR METRICAL RESULTS ON
REGULAR CONTINUED FRACTION CONVERGENTS AND
MEDIANTS

KARMA DAJANI, COR KRAAIKAMP, AND SLADE SANDERSON

ABSTRACT. We revisit Ito’s [Osaka J. Math. 26 (1989), pp. 557-578] natural
extension of the Farey tent map, which generates all regular continued fraction
convergents and mediants of a given irrational. With a slight shift in perspec-
tive on the order in which these convergents and mediants arise, this natural
extension is shown to provide an elegant and powerful tool in the metric the-
ory of continued fractions. A wealth of old and new results—including limiting
distributions of approximation coefficients, analogues of a theorem of Legendre
and their refinements, and a generalisation of Lévy’s Theorem to subsequences
of convergents and mediants—are presented as corollaries within this unifying
theory.

1. INTRODUCTION

Ever since the pioneering work by Shunji Ito, Hitoshi Nakada and Shigeru Tanaka
in the late 1970s and early 1980s on the natural extensions of two different classes of
continued fraction algorithms (see [50,51]), natural extensions have played a pivotal
role in understanding the metric and arithmetic properties of various families of
continued fraction algorithms; see for exampl Nakada’s a-expansions ([21[41]
49]), the Tanaka-Ito a-expansions ([I31[53]), the Katok-Ugarcovici (a, b)-continued
fractions ([2,34H36]), Rosen fractions ([11,[42H44]) and its recent generalisations
([12]). But also for other number theoretic expansions, such as Liiroth expansions
and [-expansions ([B,[141[T6L19]), the natural extension turned out to be a very
important tool. For example, it gives us an alternative method to find the absolutely
continuous invariant measure, to prove weak-Bernoullicity of the S-transformation,
and to relate these expansions to Liiroth-series via inducing ([14]).

In 1989, Shunji Ito published his groundbreaking paper on mediant convergents
([29]). If z is a real irrational number, with regular continued fraction (RCF) ex-
pansion x = [ag; a1, az,...], and with regular convergents p, /g, = [ao;a1,...,an]
for n > 1, then the mediant convergents of x are given by:

ADn + Pn—1

, forxeN, 1< )A<any.
)‘QH+Qn71 v
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3102 KARMA DAJANI, COR KRAAIKAMP, AND SLADE SANDERSON

Best approxz'mantsg of an irrational number x are fractions p/q, ¢ > 0, in lowest
terms, with the property that any other fraction d/e in lowest terms with e > 0
satisfies

(1.1)

Now every best approximant is either a regular convergent or a mediant; see [6].
Classically, regular continued fraction convergents of an irrational number x have
‘excellent’ approximation properties. For example, a result by Legendre states that
if p, ¢ € Z with ¢ > 0, ged{p, ¢} = 1 and
g3
q  2¢?

then p/q is a regular continued fraction convergent of x, i.e., there exists an n such

d
o — —
e

<

T — ]—)‘ implies that e > q.
q

r — Pn

that p = p, and ¢ = ¢,. Furthermore, one can show that if 6,,(z) := ¢2 ;

for any n € N, then for every irrational z and every n € N one has

. 1 1
min{f,1(z), 0n(x), bns1(2)} < ——= < 7
a4 g

For proofs of these results, see [18] and the references therein.

In his 1989 paper, Ito studied the natural extension of the so-called Farey tent
map, an algorithm ‘underlying’ the regular continued fraction expansion which
yields all the convergents and mediants of the RCF. Ito obtained various metric
results on these mediant convergents. In spite of its groundbreaking nature, Ito’s
paper has generated relatively little attention; see for example [9,[10][17]27.[32].
In this paper we want to ‘repair’ this by exploring the possibilities this natural
extension of the Farey tent map yields. In particular, we exploit the fact that the
quantities
o )‘pn + Pn—1

AGn + Gn—1
may be written explicitly in terms of the forward orbit of (x,1) under Ito’s natural
extension (see Proposition[5.1]). This fact was essentially known and used in [29] and
[10], where the orbit is put into one-to-one correspondence with the sequence of RCF-
convergents and mediants of x, ordered with increasing denominators. However,
we consider a natural rearrangement of this sequence of convergents and mediants
which lends itself to a geometrically intuitive one-to-one correspondence with the
aforementioned orbit. This will lead to unified and simple proofs of results from
the just mentioned papers [9[10,29,[32], old and classical results by Legendre and
Koksma, and various new results such as generalizations of Lévy’s constant and of
the Doeblin—Lenstra conjecture to subsequences of convergents and mediants.

This paper is organised as follows: In §2] we set notation and recall basic facts
regarding (semi-)regular continued fractions (§2.1]), the Gauss map underlying RCF-
expansions (§2.2)), the Farey tent map (§2.3)) and the Lehner map and its associated
semi-regular continued fraction expansions (§2.4). In §3] the Farey tent map is

(AQn + qn71)2 X ) 0 S A< Gn41,

2This definition of a best approximant is sometimes called a best approximant of the first kind.
Best approximants of the second kind are defined analogously, but with inequality () replaced
by |ex — d| < |gx — p|. Best approximants of the second kind are classified as RCF-convergents of
x; see [56].
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A UNIFYING METRICAL THEORY FOR CONTINUED FRACTIONS 3103

shown to generate semi-regular continued fractions (§3.1]) whose convergents (§3.2))
consist of all RCF-convergents and mediants of a given irrational. Special emphasis is
placed on the order in which these Farey convergents arise, and which differs from
that historically studied in the literature. In an appendix (§0l), it is shown that
these two orderings do not affect the statements of central results in §5 and thus
a number of old results are re-obtained from our approach. Section @l recalls Tto’s
natural extension of the Farey tent map and the relationship between its dynamics
and Farey convergents. Subsection [ Ilsets the framework for inducing Ito’s natural
extension to obtain desired subsequences of Farey convergents, and in §4.21we prove
central results on the equidistribution of the orbit of (z,1) under the induced maps.
The main metrical results—old and new—are contained in §5l Here we consider
limiting distributions of approximation coefficients (§5.1), Legendre-type theorems
(§5.2)), consecutive approximation coefficients (§5.3]) and generalisations of results

of Lévy (§5.4).

2. BACKGROUND, DEFINITIONS AND NOTATION

2.1. (Semi-)regular continued fractions. A semi-regular continued fraction
(SRCF) is a formal (infinite or finite) expression of the form

aq

[Bos a1 /B, a2/ Bay ... ] = Bo + o
2
B+ —2
Ba+ -
with By € Z, and for each n > 1, ay, = =1 and 3, > 1 integers satisfying
an+1 + Bn 2 1;

and—in the infinite case—
an+1 + Bn Z 2
infinitely often. Set

B = Ba(lowsen/on ) = (7).

Bn = Bn([ﬁoﬂll/ﬁh .. ]) = (? g:) ) n > 07

and for 0 <3 < j,
B[i,j] = B[i,j]([ﬁO; 041/,817 .. ]) = BiBi—i-l - -Bj.

For a matrix A = (‘é g), we denote by A -z := %jrrg, z € RU{oo}, the action of A

as a Mobius transformation. Writing the entries of By, as (gj 5: ), the fraction

P,
o= Bow 0=fot #z [Bos 01/Brs -, 0tn/Bn] € Q
" Bt —22

(e70)
Ly dn
Bn
is called the n'™ convergent of [By;a1/B1,s/Ba,...]. By Tietze’s Convergence

Theorem (see, say, [55]) the above conditions on the digits «,, and [, guarantee
that = = lim,, oo % € R always exists, and thus we call [So; a1/51,a2/P2,...] a
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3104 KARMA DAJANI, COR KRAAIKAMP, AND SLADE SANDERSON

SRCF-expansion of x and refer to the convergents P, /Q,, as convergents of z[ The
convergents P, /Q, of any SRCF-expansion of z € R are reduced, as det(Bp) = 1
and det (B n)) = a1 ---a,(—1)" € {£1}, for n > 1. Notice for any n > 0 that

(Rn+1 Pn+1) — BBy = <Rn Pn) (0 Oén+1>
Sn+1 Qn+1 [0:n] Znt Sn Qn 1 ﬂn-{-l
_ <Pn ﬁn+1pn+an+1Rn>
Qn /Bn+lQn+an+ISn '

In particular, R,,11 = P, and Sy, 41 = Qp. In view of the definition of By g = Bo,
we set P_y := Rp =1 and Q_1 := Sp =0, and call P_1/Q_1 = 1/0 = oo the (—1)**

convergent of [Bo; a1/P1,aa/Ba,...] and of x. This gives the following recurrence
relations for all n > 0:
(2.1) Poy1 =B P+ ani1 P, Py =1, Py = po,

Qnt1 = Bnt1Qn + ny1Qn—1, Q-1=0,Qy =1

A regular continued fraction (RCF) is a semi-regular continued fraction with
a, =1, n > 1 (note that the conditions of a SRCF are now trivially satisfied for any
Brn >1). A RCF is also denoted by

[ap; a1, ag,...] :=lap;1/a1,1/as,...]

and its sequence of convergents by (pn/qn)n>—1. The digit a, is the n'* partial
quotient of x = [ag; a1, as,...]. The mediant convergents (or, simply, mediants) of
x are defined as the fractions

A _

M, for N\eN, 1 <A< apyr-

AQn + qn—1
2.2. The Gauss map. The Gauss map G : — [0,1] is defined by G(0)

=0
and G(z) = 1/x — [1/z], * > 0 (see FlgureIII) For xz € R, let ag = ag(x) := |z
and zg := & — ap € [0,1). Define a(x) := |1/z], x # 0, and set a, = a,(z) =
a(G"(z0)), G"1(x0) # 0. With this notation, for G"~!(z¢) # 0,

1

G"(wo) = m

— Qn,

which can be rewritten as
1

Qp, —+ Gn(xo) ’
Repeatedly applying this last relation, one finds that

1
(2.2) xz=ao+ = lag; a1, .., an—1,an + G™(20)].

ay +

Gn_l (:L‘o) =

1
_|_ —
ay + Gn (.Io)
From the Euclidean algorithm it follows that for every rational = there exists an
n > 0 such that G™(xo) = 0, and we see that the RCF-expansion of x € Q generated

as +

3We emphasise that a real number z has many SRCF-expansions, and the convergents of x
depend on the expansion in question.

4While G may also be defined as a self-map of [0, 1), we choose to include the endpoint 1 in
our definition for later notational purposes.
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1

0 Y3 VY2 1

FIGURE 1. The Gauss map G (black) and the Farey tent map F'
(blue). Both maps coincide on the domain [1/2,1].

by G is finite. In fact, every rational x has precisely two RCF-expansions, the first
of which is generated by G:
(2.3) x =lag;a1,...,a,] and x=[ag;ai,...,a, — 1,1],
where a,, > 2 when n > 1 (that is, when x ¢ Z). The depth of z € Q is the number
n occurring in the above two expansions.

For z € R\Q, taking n — oo in (Z2)), we see that the Gauss map G generates
a (unique) RCF-expansion [ag; a1, az,...| of z. It is well known that the dynamical
system ([0, 1], B, vg, G) is ergodic, where B denotes the Borel o-algebra and v is
the Gauss measure with density m (see, say, [18]).

Let © := [0, 1]?, and define G :  — Q by G(0,y) = (0,%) and, for z # 0,

G(x,y) = <G(x)’ m) '

For (z,y) €Q, x€(0,1), with RCF-expansions (z,y)=([0; a1, az,...],[0;b1,b2,...]),
the map G acts as a two-dimensional shift

(24) g(sc,y) = ([0;&2,&3,&4, . ..}, [0;&1,[)1,[)2, . D

In [B0,5T], the authors show that the ergodic system (2, B,7g,G) is the natural
extension of ([0, 1], B, vg, G), where dig = —22%__ (see also [15,18]). In fact,

log 2(14zy)?
(Q,B,0¢,G) and ([0,1], B, vg, G) are strongly mixing ([26]).

2.3. The Farey tent map. Let F : [0,1] — [0, 1] denote the Farey tent map given
by
1-— <1/2
1—-2)/z, =>1/2;
see Figure [ The dynamical system ([0,1], B, u, F') is ergodic, where p is the
absolutely continuous, infinite, o-finite, F-invariant measure with density 1/z ([20,

29.54]). It follows from the definition of F' that if € (0,1) has RCF-expansion
x = [0;a1,a2,a;3...], then

jap — 1 1
(25) F(l‘) _ [O7a’1 ,a2,0a3, ]7 ap > ,
[0; a2, a3, aq, . ..], ay = 1.
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3106 KARMA DAJANI, COR KRAAIKAMP, AND SLADE SANDERSON

From this, one finds that the Gauss map G is the jump transformation of F' asso-
ciated to the interval (1/2,1]; in particular, for = as above,

min{j > 0| F/(z) € (1/2,1]} =a; — 1, and G(z)= F"(x).
Define € : [0,1] — {0, 1} by

<1/2
e(z) == 0, z<1/2,
1, z>1/2,

and for z € [0,1] and n > 1, set &, = g, (z) := e(F"!(x)). From (1), it follows
that for = [0; a4, a2, ...],

(2.6) €169 - -+ = 0917 110%2 711 0% ..

(see also [29]).

2.4. Lehner expansions. It was shown in [29] that the Farey tent map generates
all convergents and mediant convergents of the RCF-expansion of any irrational
x € (0,1). Originally there was no continued fraction algorithm ‘attached’ to the
Farey tent map F. Such a continued fraction expansion does exist, and can be
obtain via the so-called Lehner map L, which was introduced by Joe Lehner in
1994; see [47], and also [17].

Let L:[1,2] — [1,2] be given by

_)1/2-2), ©<3)/2,
Li@) _{1/(35—1)7 x> 3/2,

and for x € [1,2] and each n > 0, set

(2,-1), L"(x) <3/2,

(b ens1) = (bn (@), ens1 (@) = {u, 1),  Lx)>3/2

The digits (bn, ent+1) generate the so-called Lehner expansion of x € [1,2],
(27) I:[bo;el/bl,GQ/bQ,...],

which is a SRCF-expansion (see [I7,47]).

3. FAREY EXPANSIONS AND CONVERGENTS

3.1. Farey expansions. As noted above, Ito ([29]) studied the ergodic properties
of the dynamical system ([0, 1], B, i, F') without any explicit mention of associated
(semi-regular) continued fraction expansions, while Lehner ([47]) studied expansions
of the form (Z7) generated by L but no dynamical properties of this map. In
[T7] it is observed that the dynamical systems ([0, 1], B, u, F') and ([1,2],B,p, L)
are isomorphic via the translation z — = + 1, where dp = dx/(z — 1). Via this
isomorphism, the map F' can be used to generate a Farey expansion for each x €
[0,1] (see also [28]). Indeed, fix x € [0,1], and let [by; €1 /b1, e2/ba, . ..] be the Lehner
expansion of x + 1. Then [bg — 1;e1 /b1, e2/ba, .. .] is a SRCF-expansion of z, and we
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A UNIFYING METRICAL THEORY FOR CONTINUED FRACTIONS 3107

find that

(bv’u enJrl) {

|

Hence F' generates the Farey expansion

x=[byp—1;e1/b1,ea/ba,...],

(2,—1) L ( + )< 3/2 (2’_1)7 F"(aj) S 1/2
(a ) L" ( + )>3/2 (1’1)7 F"(a’;)>1/2
2D, =], )

(1,1), anil = 1} = (2 —en+1,2en41 — 1).

where
(3.1) (bnyent1) = (2—ent1,26n41— 1), n>0.
The corresponding convergents P, /Q,, = [bg — 1;e1/b1,ea2/ba, ..., e,/by] are called

the Farey convergents of x.

3.2. Farey convergents. Fix an irrational = € (0,1) with RCF-expansion © =
[0;a1,az,...] and convergents p,/qn. In [29] and [I7] it is shown that F' (respec-
tively L) generates all convergents and mediants of the RCF-expansion of = (respec-
tively « + 1). We reproduce this fact for F' here, fixing notationd along the way
and paying special attention to the order in which these convergents and mediants

arise.
1 0 0 1
AO = (1 1) and A1 = (1 1) s

Set
or, more succinctly,
(3.2) A= (1I€ ‘i) . ee{o0,1}.

Note that as Mobius transformations, Ay * and A7 correspond to the left and right
branches of F', respectively. In particular, F(x) = As_(lm) “x, 80 & = Ay - F(x).
Setting x,, := F™(x) for n > 0, we find that

T = (A51A52 .. ‘Asn) “ X,
where ¢, = g, (z) = e(F""1(x)) for all n > 1 (see §2.3). For 0 < i < j, define
(33) A[z A [i ]]( ) = AEi(ZIJ)AEi+1(I) e
Api) =Apa (2) = Aey @) Aej1@) Aci(a);

where A, ;) 1= I3 is the two-by-two identity matrix. Denote the entries of A ),

n > 0, by
Up  Tn U () tn(x))
= = A nl-
<Sn Tn) (Sn(x) () [0.n]
Observe that for any k € Z,

oo a=(00CD-( 0 D-C L)

5Notation is largely recycled from [29]; however, matrix entries are permuted so as to conform
with modern notation of their action via Md&bius transformations.

. Aaj (z) and
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3108 KARMA DAJANI, COR KRAAIKAMP, AND SLADE SANDERSON

In view of ([2.6), for n > 0 we set

Jn

(35)  gn=gn(x)=#{1<k<n|e=1} and A\, = A, —n—Zak.

That is, j, and A, are the unique integers satisfying
(36) n:a1+a2—|—~-~—|—ajn—|—)\n, jn207 O§A7L<ajn+1'
From ([2.0) and [B4), it follows for n > 0 that

<Un tn) — A[O,n] — I2A61 .. .Aen

Sn Tn

= AG T A AT A A
_ (0 1\ (0 1 10
- 1 a1 1 g, )\n 1
G )0
Gu-1 Gjn) \An 1
(3.7) _<Anpjn+pjn1 pjn>

AnGj, + Q-1 G,

(see also Lemma 1.1 of [29]). Note that equality of the first and final expressions
also holds for n = 3, = A, = 0, for in this case both matrices are the identity I5.
We also have for n > 0 that

A[n,O] = Asn e A61[2
= Ay AL AT A A T AL AT

()@ a) G a) G o)
6 ) (a0 ) ()
El Vi) O ) ()

4j. — Pjn by,
A"L_‘_]‘ q]n +an—1 ((An+]‘)p]n +p]n_1) ()\"+1)pjn +pjn_1

o

S =

_|_>—‘

(3.8)

tn tn
sn—l—rn — (up +tn) up+ty

(cf. 7)), and the first and final expressions are again also equal to Iy for n = 0.
From (B7) it is clear that the set {u, /sy }n>0 equals the set

Apj +pj—1 .
{M Uz(x 0§>\<a]‘+1}
Agj + qj—1
of all convergents and mediants of the RCF-expansion [0; a1, as,...] of z. In fact,

the sequence (uy,/sp)n>0 is precisely the sequence of Farey convergents of x:

Proposition 3.1. For each n > 0,
Up\ _ Pnfl
Sn Qn—l ’
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A UNIFYING METRICAL THEORY FOR CONTINUED FRACTIONS 3109

where P, /Qn = [bo — 1;€1/b1, ..., e,/by] is the n'™ Farey convergent of x.

Proof. The proof is by induction. For n = 0, we have

i (2)-0)-(22)
(Isf) = (1_161) = ((2—611)—1) _ (bol_l) ) (52)

Now suppose for some n > 1 it holds for each k& < n that
()= ()
Sk Qr-1)’
Now
Un tn _ [ Un-1 tn—l 1- En En
(39) <Sn Tn) N <5n—1 Tn—l) ( 1 1)

(1 - En)unfl + tnfl EnlUn—1 + tnfl
(1 - 6n)sn—l + Tn—1 €EnSn—-1 + Tn—1 '

The top-left entries give
tn—1 = Up + (5n - 1)un—1~

Then the top-right entries—replacing t,_1 with the right-hand side of the previous
line—give

tn = Un + (25n — 1)’U,n_1.
Since ([3.9) holds for all n > 1, the top-left entries (replacing n with n+ 1) together
with the previous line, (B1]) and (2.1) gives

Un+1 = (1 _€n+1)un+tn = (2_5n+1)un + (2571 - l)un—l =b,P_1+epPr_o=P,.
With similar computations one finds s,+1 = Q. O

As a sequence, B1) gives

(=)

_((r-1 Po) (Po+PpP-1 Po (a1 —1)po+p-1 po
-1 q/) \w+aq-1 @) \(a1—1)go+q-1 q)’
po P1 p1+po P1 (a2 —1)p1+po p1
0 @) \at+teww @) \(ee—Dg+q ¢)' 7
<pj1 Pj) (pj +pi-1 Pj> ((aj+1 —Dp; +pj—1 Pj) )
G- 4) \G+aG-1 ¢) " T \(gje1 =g +ai-1 q5) )
and thus by Proposition Bl the Farey convergents occur in the following order:
(3.10) (P"_1> = (u_”) = <Iﬂ o +p-1 o (a1 — 1)po +p—1’
anl n>0 Sn n>0 q-1 Qo+ g-1 (al — 1)(10 +q-1
P Pp1+Ppo (a2 — 1)p1 + po
@0 ‘qgt+q T (a2—1Dg+q’
Pi-r Pi+pi-r (@41 = Dpj +pja )
gG-1" ¢ +qi-1" " (@41 = 1)gj + g1’
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Notice that the denominators (sy),>0 do not form an increasing sequence. Suppos-
edly to ‘remedy’ this, in [29] Ito instead considers the collection {(u, + t,)/(sn +
rn)}nZO- As a sequence, this gives

(Un + tn) _ (po +Pp-1 2po+p1 (@ —Dpo+p-1  p1

Sp+ 1T 20_ qo+q-1  2q0+q-1’ ..7(a1_1q0+q71 Tq
p1+tpo 2pi+po (a2 — 1)p1 + po P2
n+aq 200+q T (ee—Da+q gl
Pj +Pj—1 2p; +pj-1 (ajr1 —)pj +pj—1 Pj+1 )
G+ai-1 2¢+q (e = Dgi g1 g )

However, in light of Proposition [B.Iland results in the sequel, we find it more natural
to study the Farey convergents u, /s,

4. ITO’S NATURAL EXTENSION OF THE FAREY TENT MAP

In [29], Tto determined a planar natural extension (2, B, i, ) of the dynamical
system ([0, 1], B, i, F') associated to the Farey tent map. The map F : Q — Q is

given by
T Y x < 1/2
T—z' T+y ) = )
(4.1) Flz,y) == . 1y
Tz 014y ) xr > 1/2,
where again Q = [0,1]2, and j is the absolutely continuous measure on Q with

density 1/(x +y — 2y)?. The measure [ is infinite, o-finite and F-invariant, and
the natural extension (2, B, i, F) is ergodic (Theorem 1.3 of [29]). Using the matrix
notation from [B.2), F may be written as

and thus the n'™ iterate is

(recall (B3])). The map F admits a particularly nice geometric interpretation, which
we now describe. For each integer k£ > 1, let

Vi = (%4—1’%] x [0,1] and Hy:=][0,1] x <%+1,H
denote the k' vertical and horizontal regions, respectively. Now fix (z,y) €  with
RCF-expansions
(z,y) = ([0;a1,az2,...],[0;b1,ba,...]) € Vo, N Hy,.
One verifies using (2.0) and (@I) that for x # 1,

(0;a1 — 1,a9,...],[0;61 +1,bq,...]), a1 >1,

(4.2) HW—{([O;GQ,GS,..],[o;l,bl,bz,..-}% a = 1.

Thus the image of the rectangle V, N Hy, a > 1, is the rectangle F(V, N Hy) =
Va—1 N Hpy1 immediately below and to the right of the original rectangle, and the
image of the right-half V; of € is the top half 7(V;) = Hy, modulo a Lebesgue-null
set. In particular, subsequent iterates F*, 0 < A\ < a, ‘slide’ the rectangle V, N H;
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~VaVa W Vi ViV W

FIGURE 2. From left to right: The sets V3 N Hy, F(V3 N Hy),
F2(Vzn Hy) and F3(V3 N Hy), respectively.

‘diagonally’ along a rectangles, and the next iterate F*(V, N H;) is mapped back
as a subset of H; (see Figure ).
For z = [0;a1,as9,...] € (0,1)\Q and n > 0 set

(4.3) (TnsYn) = F" (2, 1) = (A[?J,ln] 'xaA[n,O] ' 1) ’
The above geometric interpretation of F provides a natural identification between
the orbit (2, yn)n>0 in Q and the sequence (Pr—1/Qn-1)n>0 = (Un/Sn)n>0 of
Farey convergents of « from ([B.I0). In particular, the first a; points
(:E07y0)7 (x1>y1)7 ey (:L.alfhyalfl)
in the orbit belong to the rectangles
Va1 N Hy, Valfl n HQ, e Vin I{a1
and correspond to the Farey convergents
P—1 po+p-1 (a1 = 1)po + p—1
g-1 q+q-1" (a1 —1)go+g-1’
respectively. Note that (2q4,,vaq,) = ([0; a2, as,...],[0;1,a1]), so the next as points

(Za1:Yar)s (Tay+1, Yar+1)s - - -5 (Tay +as—1, Yas +as—1)
of the orbit belong to (the closuredd of) the rectangles
Vae NH1, Va1 N Ha, ..., V1N Hg,
and correspond to the Farey convergents
Po P1+Po (a2 — 1)p1 + po
@ @+ (a2 — g +qo
respectively. More generally, observe that (z,,y,) € H; if and only if

(In, yn) = ([Ov Ajt1, Q5425 - - ']a [07 15 Ajyenny alD
for some j with j > 1, or j = 1 and a; > 1. In that case, n = a1 + a2 + -+ a;
(i.e., 7 = jn(z); see Equation (1)), and the points

(q’"ﬂ’ yn)? (‘/En"r]d yn"rl)? sty (xn+aj+1—1a yn+aj+1—1)

6The closure is needed if and only if a1 = 1, since then yq, 43 = [0;A + 1,a1] = 1/(A + 2)
implies (Tq;4+X,Ya;+2) & Hxay1 for 0 < A < az. As shown below, this annoyance is ‘corrected’
for n > a1 4 a2, and the closures are no longer needed. Throughout the paper, we shall overlook
this innocuous subtlety and make no mention of the special case a1 = 1. Some claims, like those
in Example [£4] should thus be understood up to this minor technicality, but this shall not affect
the statements of any results.
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belong to the rectangles

V.

@541

N Hy,Va,,,-1 N Hy,...,Vi N H,

J+1
and correspond to the Farey convergents
Pj—1 pj +pj-1 (441 = D)pj +pj1
G-1 G+ -1 (g0 = 1)ag + g

respectively.

4.1. Inducing Ito’s natural extension. With the above identification of orbits
and Farey convergents, we find that certain subregions R C 2 correspond to partic-
ular convergents or mediants of the RCF-expansion of z; for instance, Hy,1 corre-
sponds to convergents (A = 0) or mediants (A > 0) of the form (Ap; +p;—1)/(Ag; +
gj—1); A < ajy1. In particular, Hy corresponds to RCF-convergents (p;/q;)j>—1,
which are generated by the Gauss map G. Moreover, the first return of F to Hy is
reminiscent of the natural extension (€, B, g, G) of the Gauss map (cf. Z4)): if
(z,y) = ([0;a1,az,...],[0;b1,ba,...]) € Hy, i.e., by =1, then

F“l([O;al,ag,...], [O;l,bg,bg,...]) :]-'“171([0;611 — ].,(12,...], [O;Q,bg,bg,...])
= F2([0;a1 — 2,az,...],[0;3,b2,b3,...])

:f([O;l,ag,...], [0;al,b2,b3,. ])
= ([O;ag,ag oo .], [O, 1,a1,b2,b3, .. ])

In fact, Brown and Yin proved in [I0] that a copy of the Gauss natural extension
is found sitting (inverted, scaled and ‘suspended’ from y = 1) within (92, B, iz, F):

Theorem 4.1 (Theorem 1 of [I0]). The Gauss natural extension (Q, B,vg,G) is
isomorphic via the map (z,y) — (z,1/(y + 1)) to the dynamical system induced
from (0, B, i, F) on the horizontal region H.

These observations naturally lead one to consider F induced on other subregions
R C Q which pick out desired subsequences of Farey convergents.

Definition 4.2. A ji-measurable subset R C € is called an inducible subregion of
Q if either

(i) R=Q, or
(ii) 0 < i(R) < o0 and R is a fi-continuity set, i.e., G(OR) = 0.
An inducible subregion R satisfying (ii) is called proper.

Remark 4.3. Due to Proposition [5.I our main interest is in F-orbits of points of
the form (z,1) € Q as in [@3]). The conditions of a proper inducible subregion R
guarantee that (int(R)) > 0 and hence for Lebesgue-a.e. x € [0, 1], the F-orbit of
(z,1) enters R infinitely often. (In fact, the stronger requirement that f(0R) = 0
is also needed for our purposes; see Remark [L101) Indeed, let (z,z) € Q with
x = [0;a1,as9,...] ¢ Q. For n > a1, Equations (8:6) and [@2)) give that

(Tny 2n) =F"(z, 2)

(4.4) _ ([O;ajn_,_l—)\n,ajn_,_Q,...],[O;)\n—|—1,ajn,...,a1—1—|—z’1]), z # 0,
([O;ajnJrl—)\n,ajnJrg,...],[O;An-i-l,ajn,...,ag]), ZZO
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In particular, z, belongs to the cylinder of points in [0, 1] whose RCF-expansions
begin with [0; A\, + 1,4aj,,...,a2,...]. The Euclidean diameter of this cylinder is
no greater than the reciprocal of the j* Fibonacci number squared and thus goes
to 0 uniformly in z as n goes to infinity (see also [10]). Now let E be the set of
irrationals z € (0,1) for which (z,,yn) := F"(x,1) enters R at most finitely often.
Since fi(int(R)) > 0, there exists some point (s,t) € int(R) and some § > 0 such
that Bs(s,t) C int(R). If E has positive Lebesgue measure, then also fi(F x [0, 1]) >
0. Since F is conservative ([10]), pi-a.e. point (x,z) € E x [0,1] enters Bs/s(s,t)
infinitely often. The observation on the diameter of the cylinder above implies
that for n large enough, |(n,2n) — (@n,yn)| < 0/2, and hence (z,,yn,) enters
Bs(s,t) C int(R) infinitely often—a contradiction.

For an inducible subregion R C €, let r = rg : @ — NU {co} denote the hitting
time
(4.5) rr(z,y) == inf{n > 1| F"(z,y) € R}
to R. (Abusing notation, we assume that the null set of points in any set S C 2

which enter R at most finitely many times under F is removed from S and denote
this new set again by S.) Let Fg :  — R be defined by

(46) ]:R(xvy) = ]:T(xa y) = (A[B,lr] T, A[T,O] ' y) ) where 1 = TR('Ta y)

The map Fp restricted to R is the induced map of F on R. If R is a proper inducible
subregion, let fip denote the induced measure

ir(S) :—? SeBNR:={BNR|BeB}

Since (9, B, i1, F) is ergodic, so is the induced system (R,B N R, fir, Fr). In case
R = Qis not proper, we set fig := i and note that (Q, B, i, F) = (R, BNR, fir, FRr)-
In this case, we may abuse terminology and refer to jir as an induced measure and
(R,BNR, ir, Fr) as an induced system. However, we emphasise that fig is a finite
(probability) measure if and only if R is a proper inducible subregion.

For an inducible subregion R C Q and (z,y) € Q, set Nf*(z,y) := 0 and, for
n>1,

(4.7) Ny (z,y) == Niby(2,y) + rr(FR " (2,)).

In particular, this gives the following relationship between iterates of Fr and of F,
for each n > 0 and (z,y):

Fhla,y) = FN(z,y) = (%fm ", AN y) , where N = N (z,y).

When the subregion R and an irrational x € (0,1) are understood, we use the
suppressed notation

(4.8) N, := N%(2,1).

An inducible subregion R thus naturally determines a subsequence of the Farey
convergents of Lebesgue-a.e. irrationall z € (0,1): for each n > 0, set (zf, yl*) :=

7 As suggested by Remark E3] there may be a Lebesgue-null set of points that enter R at most

finitely many times. For instance, if R = V, as in Example [£4] and if z = [0;a1,az,...] with
aj < a for all j > 1, then F"(x, 1) never enters R. Such null sets are omitted from consideration
throughout.
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Fh(z,1) and

(4.9)

(Uf tg) _ (ug(az) tg(ﬂf)) — A _ (UNn th) _ (/\Pj +Dpi-1 pj)
st ) T \sB(z) rlx)) T CONI T sy e, ) T \ Mg o g

where j = jn, (z) and A = Ay, (2) (recall B3] and (B71)). Informally speaking,

the subsequence

(Wl /st )nz0 = (un, /sN, Jnz0 = (Pn,-1/QN,~1)n>0

of Farey convergents corresponding to R consists of those convergents which are
‘picked up’ when the forward orbit of (x,1) under F enters the region R.

Example 4.4. As noted above, the region R = H; corresponds to the RCF-
convergents of x (see Figure [@i). In particular,

(u /s =0 = (Pj—1/0j-1)j0-

Moreover, for A > 1 the region R = Hy, gives the A mediant convergents

{u; 21 5520 im0 = {() +pj=1) /(Mg + ¢5-1) | A < aja}iso
(Figure Mlii). Similarly, the vertical regions V,, a = 1, 2, ..., give—in addition to
the RCF-convergents p;_i1/q;—1 for which aj;1 = a—the final mediants, next-to-
final mediants, and so on, respectively (Figure [Aliii):

{un /50 bnz0 = {((aj01 = a)pj +pj—1)/((aj11 — a)g; + qj-1) | aj1 > a}j>0.
Example 4.5. The rectangles R = V, N H;, pick out particular convergents (b = 1)
or mediant convergents (b > 1) corresponding to specific partial quotients in the

RCF-expansion of z. For instance,

{u2M /s3I s 0 = {pj—1/aqj-1 | aj11 = 3}j0

{22 /532250 = {(py + pj—1)/ (45 + 45-1) | aj41 = 3};20,
and
{upt s fs310 Y 5o = {(2p; + pj—1)/(2¢; + ¢5-1) | a1 = 3}50
(see the three left-most plots of Figure [2).
More generally, for R =V,_x N Hy;11 witha>0and 0 <\ <a,

{ur} /57 }nz0 = {(Apj +pj—1)/(Agj + ¢j-1) | a1 = a}j>0.
We end this subsection with a calculation of the measure-theoretic entropy

hMFr) = hpp(Fr) of the induced transformation Fp restricted to a proper in-
ducible R C €.

Theorem 4.6. Let R C ) be a proper inducible subregion. Then

7.‘.2

" = S

Proof. We first note that for two proper inducible subregions Ry, Ry C  with
R, C Ry, the dynamical system (Ry, BN Ry, fir,, Fr,) is isomorphic to the induced
system of (Re, BN Ro, fir,, Fr,) on Ri. Hence, by Abramov’s formula,

W(Fry) = 2Tm) _ BB,

Bry(R1)  f(R1)

or

(4.10) A(R1)I(FR,) = i(R2)h(Fr,)-
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It is well-known that the entropy of the Gauss map G (and hence also its natural

extension G) is 72/6log2, and thus h(Fg,) = % by Theorem BTl Using this,
(£I0) and a calculation of fi(H;) = log2, we compute

2

(R Fr) = p(RU Hy)h(Frun,) = p(H1)h(Fu,) = o O

4.2. The (relative) equidistribution of (F-) Fgr-orbits. In [I0], Brown and
Yin employ the Ratio Ergodic Theorem to derive metrical results on the system
(€, B, i, F):

Theorem 4.7 (Theorem 2 of [10]). For any f,g € L'(i) with [ gdjn # 0,
n—1 _
d
lim Z’f:q S (@, z) = L1 lf p-a.s.,
o S o glerz) S 9din
where (zx, 21,) == F*(x, 2), k > 0.

(4.11)

Under certain Lipschitz conditions on f and g, Brown and Yin are able to re-
place (w1, 2;) on the left-hand side of @II]) with (zx,yx) := F*(z,1) for almost
everyll z € (0,1)\Q (see Theorem 3 of [10]). Theorem E8—which does not require
Lipschitz conditions but instead replaces f and ¢ by indicator functions—may be
seen as an analogue of an important result of Jager for the natural extension of the
Gauss map, which states that for almost every irrational x € (0, 1), the G-orbit of
(z,0) is Dg-equidistributed over 2 (see Theorem 3 of [30]). In fact, by Theorem
[T and Corollary 9] the following statement may be read as a generalisation of
Jager’s result:

Theorem 4.8. For almost every x € (0,1)\Q, the F-orbit of (x,1) is fi-relatively
equidistributedﬁ over Q. That is, for almost all x € (0,1)\Q,

n—1 _
i 2ok=0 1@k yk) _ A(S)
novoe ST n(wk,yr)  U(R)
for any proper inducible or fi-null set S C Q) and any proper inducible R C €.

Proof. Let U be a countable base for the subspace topology on © C R?, and let
C denote the countable collection of all finite unions of finite f-measure elements
of U, along with the empty set. Moreover, for A,B € C with a(B) > 0, let
E(A,B) C (0,1)\Q denote the set of irrational = for which there is no z € [0,1]
satisfying
n—1 _
(4.12) lim k=0 La(@ez) _ p(A)
n—o00 Zk::o ]-B(xk; Zk) /J,(B)

Theorem A7 implies that E(A, B) is a Lebesgue-null set: otherwise E(A, B) x [0, 1]
is a set of positive fi-measure for which ([@II]) does not hold. Since C is countable,
the union E of all such E(A, B) is also a Lebesgue-null set. Hence, for every
x € (0,1)\(EUQ) it follows that for all A,B € C with a(B) > 0, there is some
z € [0, 1] for which (£I2]) holds.

We claim that for any proper inducible or g-null set S C @ and any § > 0, there
exist Sis5,5_5 € C such that

8 All almost every statements are w.r.t. Lebesgue measure.
9This notion of fi-relative equidistribution differs slightly from that studied by Gerl in [23] and
[24]. In particular, Gerl required a Radon measure, but f is not locally finite.
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(i) S_s €S C Sy,
(i) (S+6\5), (S\S-s) <4, and
(iii) d(S,Q\S+s) > 0, and if a(S) > 0, also d(S_s5,Q\S) > 0,

where for A, B € B,
d(A,B):=inf{la—b||a € A, be B}

denotes the Euclidean distance between the sets A and B. Indeed, fix S C Q and
0 > 0 as above. By the regularity of fi, there exists an open cover {U;}ie; C U of
the closure S of S for which fi(U;crU;\S) < 6. Since S is compact, {U;};cs has
some finite subcover, the union of whose elements we denote by Sys. Note, then,
that S C Sis C UierU;, and since the boundary 95 is a f-null set, i(S4s\S) <
i(UierU;\S) < 6. Moreover, since S and Q\S,s are compact and disjoint, the
distance between them is strictly positive, and thus the distance between S C S
and Q\S,s is strictly positive. Thus S,s satisfies each of the properties of the
claim.

If 2(S) =0, set S_s := @ € C, which trivially satisfies the claim. Now suppose
i(S) > 0. Since a(dS) = 0, we have f(int(S)) > 0. Again by regularity of fi,
there exists some compact subset K of int(S) with p(int(S)\K) < 6. Since £ is
normal and Q\ int(S) and K are closed and disjoint, there exist open, disjoint sets
U, V € B containing Q\ int(S) and K, respectively. Let {V;};cs be a collection
of open sets from the countable base ¢/ whose union equals V. This collection
of sets forms an open cover of the compact set K; let S_5 € C be the union
of elements of a finite subcover. We then have S_s C int(S) C S and, since
#(0S) = 0, also u(S\S_s) < p(int(S)\K) < 6. Furthermore, since S_s C Q\U
and Q\S C Q\int(S), we have d(S_5,Q\S) > d(Q\U, 2\ int(S)). But Q\U and
0\ int(S) are compact and disjoint, so the distance between them is again strictly
positive. Thus S_s also satisfies the desired properties.

For S € Q and § > 0 as above, let

d (5) ._ d(S, Q\S+5)7 ﬂ(S) =0,
ST min{d(S, Q\Sys), d(S_s, 0\S)},  a(S) > 0.

Recall from Remark @3] that for any = € (0, 1)\Q, the distances between (z,, y,) :=
F™(x,1) and (x, 2,) 1= F"(x, z) approach zero uniformly in z € [0,1]. Thus for
any z € (0,1)\Q there exists some ng(d) € N such that for any z € [0,1] and
n > ng(9),

[(@nsYn) = (@0, 20)| < ds(0).
In particular, by definition of dg(d), for any n > ng(d),
(n,yn) € S implies (z,,2,) € Sits,
and if @(S) > 0,
(xp,7n) € S—s implies (z,,yn) € S.

Now let z € (0,1)\(FUQ), S C Q a proper inducible subregion or f-null set
and R C Q a proper inducible subregion. For § > 0, let S5, R+5 € C be the sets
constructed above. When 4 is sufficiently small, the observations at the beginning
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of the proof imply that there exists z, 2’ € [0, 1] such that

_ S_ n:l 1 Tk, 2 n:l 1ol ,
/_14( 5) — liminf Tkl:(l) 575( k k) < lim inf 71i:(1) S( k yk)
B(Rys) n=oo N o rys (@, 2k) P Y00 Lr(wk, k)

n—1
1s(zk,
<lim sup Zﬁf(l) s (k. k)

n—oo Ek:() ]—R(xkyyk)
-1 _
< o Ls.s(Tr,2)  fi(Sys)
<limsup SEp S R = SR
T k=0 Lr_;(Tk,2;,)  BUT=s

By properties (i) and (ii) above, taking 6 — 0 gives the result. O

As a corollary, we obtain the following:

Corollary 4.9. For almost every x € (0,1)\Q, the Fgr-orbit of (z,1) is fig-
equidistributed for any proper inducible R C Q. That is, for almost every x €

0, 1\Q,
n—1
.1 _
Jim ];) Ls(zx ') = Lir(S)

for any proper inducible R C Q and any S € BN R with ir(0S) = 0.
Proof. When S C R,

n—1 1 N, 1
Z 1 (,’ER R) — lim Z:O ]-S(ka,y]Ij) — lim Zk:O ]-S(xk,yk)

S\Ty's Yk nos00 Zn—ll (LL'R R) N300 ZNnil]_ ( s
k=0 k=0 +R\T} Y o 1r(Zr, yr)

where N,, = N[*(x,1). The result follows from Theorem E8 and the fact that
fir(S) = i(S)/B(R). O

Remark 4.10. The f-continuity condition on R, namely that G(OR) = 0, is nec-
essary to avoid ‘pathological’ counter-examples to the above result. Indeed, since
yn € Q for all n, if R C [0,1] x ([0,1]\Q), then (z,,y,) never enters R. Using
similar ideas, one can easily construct R € B with 0 < a(R) < oo and u(9dR),
g(int(R)) > 0 so that (z,,y,) almost surely enters R infinitely often but the con-
clusion of Corollary L9 is false (cf. Remark F.3)).

1

lim —
n—,oo N

5. METRICAL RESULTS

An important reason to study the RCF-expansion is that this algorithm yields
rational approximations to irrational numbers of ‘very high quality.” By this, we
mean that the RCF-convergents (p,/¢n)n>0 of an irrational number z have the so-
called best approzimation property (recall (ILT))). This result was essentially already
known to Christiaan Huygens when he constructed his planetarium in 1680 at the
request of Jean-Baptiste Colbert (see Chapter IV in [56]). Later in §5.2] we will
revisit an old result by Legendre and some of its refinements. Legendre’s result
states that if p/q is a rational number in its lowest terms with ¢ positive, and
xr — B‘ < L

al = 2¢*
one has that there exists an n € N such that p = p, and ¢ = ¢,,. In other words,
in order to approximate an irrational  ‘well’ by a rational p/q (‘well’ in the sense

(5.1)
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that (5JJ) holds) one is bound to find a RCF-convergent of xz. In view of this, for
over a century so-called RCF-approzimation coefficients 60, defined by

Pn
r— —

an
have been studied. Independently, Doeblin and Lenstra conjectured the distribution
for almost all z of the sequence (6, (z))nen. The proof of this so-called Doeblin—
Lenstra conjecture by Bosma, Jager and Wiedijk in [§] (cf. the approach of Knuth
in [38]) lead to many new results in Diophantine approximation, some of which are
mentioned below. In §5.0] we consider a number of old and new Doeblin-Lenstra-
type theorems for subsequences of approximation coefficients corresponding to RCF-
convergents and mediants.

Apart from the Legendre-type results considered in §5.2] we mention here some
classical results which hold for all irrational z and all n € N:

O, = O (z) == ¢2 , for n € N,

min{f,_1(z),0,(z)} < % (Vahlen, 1895 [58]; see also §5.3.1));

min{6,_1(x),0,(x), 0 1(2)} < (Borel, 1903 [7]);

€
V5

which in itself is a corollary of the following result

min{0, 1 (2), 0 (2), Opsr (2)} < —oe
\/ Q%H +4

Related to this last result is the result by Tong from 1983 ([57]), which states that:
1

\ aypq +4

These results can easily be derived using the natural extension of the Gauss map
(see e.g. [18,33]), and thus by Theorem [l may also be derived through the set-up
of this paper. Subsection [5.3] builds a general framework for studying consecutive
approximation coefficients corresponding to subsequences of RCF-convergents and
mediants determined by inducible R C 2.

In 1936, Paul Lévy ([48]) proved the following important and classical result: for
almost all z € [0, 1],

(Bagemihl & McLaughlin, 1966 [3]).

max{0,_1(z),0,(z),0,41(x)} >

2

1
5.2 lim —1 = .
(52) e AT log 2

As a corollary of this and the fact that 1/2¢,gnt1 < |2 — pn/an| < 1/@ngn+1, it
follows that for almost every x € [0, 1],

71.2

6log2’

In §5.4] we obtain a Lévy-type theorem for subsequences of RCF-convergents and
mediants corresponding to proper inducible subregions R C 2, which generalises
a number of existing results from the literature. It should be mentioned that
originally Lévy’s result (and similar other results by Lévy and Khintchine) also
gave a ‘speed of convergence,” as its proof relied on probability theory and was
derived from the Gauss-Kuzmin-Lévy Theorem; see e.g. [26] for more details. As
we use ergodic theory, such speeds cannot be given.

Pn
xr— —| =

an

1
(5.3) lim —log

n—o00 M
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5.1. Approximation coefficients and their limiting distributions. In this
subsection we obtain—among new results—several metrical theorems of [8HI0,29,
32] as simple corollaries. Some of the theorems of [J] are obtained in a similar
fashion in [27] using the natural extension of Denjoy’s canonical continued fraction
map Ty : [0,00) = [0,00), defined by

0 z =0,
Ty(z) = ¢ <1,
% x> 1.

In fact, the Farey tent map F is the first-return map of Ty to [0, 1], and the proofs
of [27] and those found below are closely related. However, while the domain Q of
the natural extension of F' is bounded, the domain of the natural extension of T,
considered in [27] is the unbounded region ([0,1) x [0,00)) U ([1,00) x [0,1]). We
find the new proofs in the setting of (2, B, i, F) to be particularly insightful given
their concrete geometric realisation within €2.

For any = € R and p/q € Q with ged{p,q} =1 and ¢ > 0, set

O(z,p/q) := qlgx — p|.

Observe that
. 2_?’ _ O(z,p/q)

q @
so the approzimation coefficient ©(xz,p/q) gives a measure of how well the rational
p/q approximates z. Notice that ©(z, p,/q,) = 0,(x) when p,/q, is the n'" RCF-
convergent of z. When p/q = un/$n, = Py_1/Qn_1 is the (n—1)%* Farey convergent
of x, we use the special notation

On(z) == O(x,un/sn).
Similarly, for an inducible subregion R C €2, we set
(5.4) 68 (z) = O(z, ull/sE).

The following result—which is central to the remainder of the paper—states
that the n*® approximation coefficient ©,,(x) is computed explicitly in terms of the
n'™ point (x,,y,) in the F-orbit of (x,1) and thus depends on both the ‘future’
and the ‘past’ of the F-orbit of x. Hence—although the statements of results
regarding approximations coefficients are about x € (0, 1)—the proofs exploit the
two-dimensional system (2, B, i, ). Define h : Q\{(0,0)} — [0, 00) by

1y
h(z,y) py——

Proposition 5.1 (cf. Propositions 1.2 and 2.2 of [29]). For any inducible R C Q
andn >0,

O, () = My, y,) and OF(x) = h(zl yF).
Proof. Notice from Equations (8:8) and (@3] that

Tn
)
Sn + Tn

Un = Apyo) - 1=

SO 1 1
— Yn —Un Sn
h(Zn,yn) = = = .
( " n) Ty + Yn — Tpln (1 - yn)xn + Yn SnTn + Tn
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FIGURE 3. The curves h(z,y) = z for z € {0, 1,2,3,4}. The region
S is the shaded region above the curve h(z,y) = 1.

On the other hand,

— A _ UpTp t+ s
T = Ajon] " Tn = )
SpTp + Ty
SO
o 9 Up | o |Un@p +1tn  Up
n(®) =sp |z — —| =8| ——7 — —
Sn SnTp + Ty Sn
_Sn ‘tnsn - unrn| _ Sn _ h(.’b y )
- - - nyInjs
SpTp + Ty SpTn + Ty

where the penultimate equality follows from det(Ajo ) = 1. The second equality
of the proposition statement now follows from the first:

0;i(z) = O(z,u;}/sy) = O(,un, /sn,) = On, (z) = h(zn,,yn,) = bz y).
([
For z € [0, 00), let
S. = {(,y) € Q| h(z,y) < z};

see Figure[Bl The previous result together with Corollary allows us to calculate
the asymptotic relative frequency of bounded approximation coefficients OF(x) < 2
as the fir-measure of S, N R:

Theorem 5.2. For any proper inducible subregion R C 2, almost every x €

(0, D\Q satisfies

1
lim —#{0 <k <n|OF(x) <z} =par(S.NR) forall z¢c][0,00).

n—o00 N
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Ve W

FIGURE 4. The regions R considered in Corollaries [5.4H5.17] and [5.13]

Proof. With the stated assumptions, Proposition [5.1] and Corollary give that
for almost every irrational x € (0, 1), it follows for every z € [0, c0)

1 1
lim —#{0<k<n|OF(x) <z} = lim —#{0<k <n|hzl yl) <z}

n—o0o N n—oo N

1

n

n—1

Z ]-SzﬁR(xga yl}j)
k=0

:ﬂR(SZﬂR). O

= lim
n—o0

Theorem allows us to easily obtain a number of classical and new results on
the limiting distributions of approximation coefficients corresponding to particular
subsequences of RCF-convergents and mediants of generic z € (0,1)\Q. The proofs
of the corollaries below follow the same general procedure. For a given proper
inducible subregion R C €2, one first finds the infimum, z_, and supremum, 2,
values of z for which h(z,y) = z intersects R. By Proposition Bl these give
bounds on ©F(x). That the bounds are optimal follows from Theorem 5.2} for any
z € (#—,z4) one finds ar(S, N R) € (0,1), and thus the limiting distribution of
Theorem implies that for almost every = € (0,1)\Q, there exist n for which
O©Z%(z) < z and n for which ©f(z) > 2. Moreover, Theorem [5.2]leads to an explicit
computation of the asymptotic relative frequency

lim l#{0 <k<n|Of(zx) <z}

n—,oo N
it is simply a matter of calculating the i-measures of S, N R and R and taking their
quotient. The former measure depends on how the curve h(z,y) = z intersects
the region R, and these different possible intersections give rise to the different
branches of the frequency functions seen below. The limiting distributions in each of
the following corollaries are plotted here (https://www.desmos.com/calculator/
pnsu8hcytq) via Desmos ([I]).

Remark 5.3. Each of the limiting distributions that we ‘re-obtain’ below was origi-
nally formulated assuming that the corresponding subsequences of RCF-convergents
and mediants are ordered with increasing denominators. However, recall from (B10)
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that the denominators of the sequence (uy, /sy )n>0 of Farey convergents are not nec-
essarily increasing, and hence the same is true of the subsequence (uf/s%),>¢ for
inducible R C €. Proposition [E.J}—the statement and proof of which are found
in the appendix (§6)—states that for the purposes of these limiting distributions,
our reordering is innocuous and thus the original results do in fact follow from our
methods.

The first of our corollaries is the Doeblin—Lenstra conjecture, which was first
proven in [§]; see Example 4] and Figure di. For this we sketch the computations
outlined above Remark B3t proofs of the remaining corollaries are similar, though
at times more tedious.

Corollary 5.4 (Doeblin-Lenstra, Theorem 1 of [§]). Set R := Hy so that for any
x =1[0;a1,a2,...] € (0,1)\Q,
{un /s nz0 = {pj-1/aj-1};20-
Then forn >0,
0 <0z <1,
with the upper and lower bounds optimal, and for almost every such x,
0<2<1/2,

1 z,
lim —#{0 <k OF(z) < 2} =
A Z#0 sk <n |0 (r) < 2} { (1-z+log(22), 1/2<z<1,

Ql=Ql=

where C := p(Hp) = log 2.

Proof. The lower and upper bounds on ©F(z) follow from the argument above
Remark 53t the infimum, z_, and supremum, z,, of values z for which h(x,y) = z
intersects R = Hy are 0 and 1, respectively (see Figure [3)).

For the limiting distribution of approximation coefficients, it suffices to compute
Ar(S. N Hy) for each z € [0,1], and to set C = a(H;) = ia(S1 N Hy). Fix z € [0, 1].
Rearranging terms, h(z,y) = z may be written as y = f(z, z), where

f(x,z) =

Now g—£ <0, so f is monotone decreasing as a function of z. For 0 < z < 1/2, both
f(0,2) =1/(1+2) and f(1,z) = 1— z are bounded between 1/2 and 1, so the same
is true of f(x,z) for all 0 < z < 1. Hence for 0 < z < 1/2, one calculates

dyd.
fi(S. N Hy) = // B
f(z,2) x—l—y—a:y)

On the other hand, if 1/2 < z <1, then 1/2 < f(0, 2) < 1 while f(1,2) < 1/2. One
finds that f((1 — z)/z z)=1/2 and thus computes

dyd dyd
S.NH;) / / L / / e 1-z+log(22).
Fla,z) (T +y—ay)? 1o (@ +y—ay)?

In particular, C = i(Hy) = a(S1 N Hy) = log 2. O

Remark 5.5. Note that the limiting distribution of ©F(z), R = H;, in Corollary
A4 is linear on the (maximal) interval [0, 1/2]; the supremum 1/2 of this interval is
called the Lenstra constant. The Lenstra constant coincides with the Legendre con-
stant, which is defined as the infimum of real numbers ¢ > 0 for which ©(z,p/q) < ¢
implies that p/q is a RCF-convergent of = (that is, p/q = uf/sk for some n); see

1—2xzz
l—zz+2
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Theorem [B.14l Analogues of Lenstra and Legendre constants can be defined for
other continued fraction algorithms. In [52], Nakada shows that for a large class of
algorithms for which the Legendre constant exists, the Lenstra constant also exists
and equals the Legendre constant.

In each of the limiting distributions of approximation coefficients ©%(z) below, a
Lenstra-type constant may be defined as the supremum of the domain of the linear
part. However, we caution the reader that the existence of a Lenstra-type constant
for R does not necessarily imply the existence of a Legendre-type constant for R;
in fact, results of Erdés and of Brown and Yin imply that for any ¢ > 1, there is
no proper inducible R for which 1 < ©(z,p/q) < c implies that p/q = uff/sE for
some n (see [10]).

The next corollary is a result of Bosma ([9]) and concerns approximation coeffi-
cients of the A" mediant convergents; see Example 4] and Figure Hlii.

Corollary 5.6 (Theorem 1.9 of [9]). Set R := Hxy1, A > 0, so that for any
x = [0;a1,a2,...] € (0,1)\Q,
{ur/sn bnz0 = {(Apj +1j—1)/(Agj + ¢j—1) | A < aj1}j>0.

Then for n >0,

A R
— 1
)\+1<@n(az)<)\+ ,

with the upper and lower bounds optimal, and for almost every such x,

lim 240 <k <n|OFa) < 2}

n—0o0 1
& %z—l—i—logﬁ), %Hﬁzﬁi—iéa
=< mz—l—logxf{)@), i—j_éng)‘v
5 (1= shre+log (Ri2e2)), A<e<A+1,
where C := p(Hy41) = log i—ﬁ

Next we consider R := V,, a > 0, which gives—in addition to the RCF-convergents
Pj—1/¢j—1 for which a;41 = a—final, next-to-final, and so on mediant convergents
when a = 1, a = 2, and so on, respectively; see Example [£.4] and Figure [@liii.

Corollary 5.7. Set R:=V,, a >0, so that for any x = [0;a1,a2,...] € (0,1)\Q,

{u /s n>0 = {((aj41 = @)pj +pj-1)/((aj41 — a)g; + gj—1) | aj41 > a}j>o.
Then forn >0,
0<0fz)<a+1,
with the upper and lower bounds optimal, and for almost every such x,

1
mZ), OSZSGJ,

1
lim ~#{0 <k <n|Of(z) < 2} =
n k 1= ghztlog(12)), a<z<atl,

n—r oo

Q= Q=

where C := ji(V,) = log “EL.
When a = 1, Corollary 5.7 is similar to Theorem 3.2 of [9] which investigates
approximation coefficients of final mediants of x, i.e., of mediants of the form
(aj+1—)p; +pj-1
(aj41—1)gj +qj—1
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However, when R = Vi, the Farey convergents {uZ/s2}, - consist not only of these
final mediants, but also of convergents of the form p;_1/g;—1 where aj;1 = 1. By
removing the region H; from R, we omit these convergents from the set {uf/s2},,>0
and obtain the following generalisation of Bosma’s result (see Figure @liv):

Corollary 5.8 (Contains Theorem 3.2 of [9] as a special case, namely a = 1). Set
R:=V,\Hy, a > 0 so that for any x = [0;a1,as,...] € (0,1)\Q,

{ulf/sinz0 = {((aj31 — a)pj + pj—1)/((aj41 — a)qj + qj—1) | aj41 > a}jso.

Then forn >0,
a

a+1
with the upper and lower bounds optimal, and for almost every such x,

<Of(z)<a+1,

lim #{O<k<n|®R( ) < 2}

nvoo n
% a+1z—1+log(afl)z), GLHSZSZ—Q’

=qc a(a+1)z+1g?§i+1)22)>v atl <z<a,
c 1—a+12+10g(%z)), a<z<a+l,

where C := p(V,\Hy) = log Zﬁ

Bosma ([9]) also considers all RCF-convergents and mediants whose approxima-
tion coefficients are no greater than some fixed zy > 0, and of these, considers
the asymptotic relative frequency of those whose approximation coefficients are no
greater than z < zy (see Figure [dv.):

Corollary 5.9 (Theorem 2.2 of [9]). Let zp > 0 and set R := S,, so that for any
x =[0;a1,ag,...] € (0,1)\Q,

{uf/sf}nzo = {un/sn | O(x,un/sn) < 20}n>0.
For almost every such zx,
= 0<2z<2 <1,
lim #{O<k<n|@R( ) <z} =

Z[)7
n=sco N — 1+log 2o ? 0_2_1_2’0,

1+log z
THlog zo’ 1§Z§Zo.

Remark 5.10. Some of the cases in the frequency function of Corollary 5.9 are
vacuous, depending on the value of zy. For instance, if zy < 1, then only the first
case applies. There are similarly vacuous cases in Corollaries [5.11] and B.13]

The next result generalises Theorem 3.1 of [9], which considers approximation
coefficients of final mediants corresponding to partial quotients a;41 = a for some
fixed a > 2. Here we consider approximation coefficients of RCF-convergents (A = 0)
or A mediants (A > 0) corresponding to partial quotients aj+1 = a for fixed a > 0;
see Example and Figure @lvi.

Corollary 5.11 (Contains Theorem 3.1 of [9] as a special case, namely a > 2,
A=a—-1). Leta>0and A € {0,...,a— 1}, and set R := V,_x N Hx;1 so that
for any x = [0;a1,as,...] € (0,1)\Q,

{ulf/sinz0 = {(Apj + pjm1)/(Ag; + qj—1) | aj11 = a}j>0.

Licensed to Technical University of Delft. Prepared on Thu Apr 9 05:36:50 EDT 2026 for download from IP 131.180.130.14.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A UNIFYING METRICAL THEORY FOR CONTINUED FRACTIONS 3125

Then forn >0,
(a— M)A (a—A+1)(A+1)
a+2

with the upper and lower bounds optimal, and for almost every such x,

<0fz) <

)

lim #{0<k<n|@k( ) <z}

n—oo N
& ((ll_+))\z 1+ log 2= Ap‘) ,
a—A)A . a—A+DA (a—N)(A+1
(a=) gzgmm{< MDA (am A0 >}’
1 1 (a+1)X\
e (/\(A-i-l)z + log —a()\+1)>
(a=X)(A\+1) (a=A+1)A
el SAES Tt
= 1 1 (a+1)(a—A)
e ((a—/\)(a—)\+1)z + log a1y )
(a=A+1)X (a=N)(A+1)
a+1 S < a+1 ?
1 a+2 (a+1)
C (1 - (a—,\+J{)(A+1)Z + log (a'(a MDD ¢ ))
max{(a—ai?n’ (a—2)+(1\+1)} << (a— /\-(;-i)z(k—i-l)’

(a+1)?
a(a+2)*

where C := u(Va—x N Hyy1) = log

As Bosma based his proofs in [J] on the natural extension of the Gauss trans-
formation, which is a dynamical system only dealing with RCF-convergents and no
mediant convergents, his proofs are quite involved. Using essentially the same ap-
proach but to a ‘larger’ dynamical system (induced transformations on the natural
extension of the Farey tent map) makes the proofs of the results from [9] and their
generalisations easier.

Notice that for A # 0, replacing A by a — A in the previous result leaves the
limiting distribution unchanged. Hence we obtain:

Corollary 5.12. Leta > 1, A € {1,...,a— 1}, Ry = Vo_xN Hx41 and Ry =
VAN Hy—xy1 so that for any x = [0;a1,az,...] € (0,1)\Q,
{ug /s >0 = {(Apj +pj-1)/(Agj + 4j—1) | ajp1 = a}j>0

and

{u? /552 bnz0 = {((a = Npj +pj—1)/((a = N)gj + ¢j-1) | aj41 = a}j>o.
Then for almost every such x, the limiting distributions
lim #{O<k‘<n|@Rl( )<z}— lim #{0<k<n|@R2( )Sz}
n—oo N n—oo N

both exist and are equal to that given in Corollary BITl

Lastly, we generalise Theorem 4.iii of [I0], which considers for fixed k the approx-
imation coefficients of convergents and the first £ and final £ mediant convergents
(see also Theorems 3.1, 3.3 and 2.20 of [9L291[32], respectively, when k& = 1). Here—
for fixed A > 0 and A > 1—we consider convergents and the first A and final A
mediant convergents (see Figure Hlvii):
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Corollary 5.13 (Contains Theorem 4.iii of [I0] as a special case, namely A = A).
Let A >0 and A > 1, and set

A A
Ri=JHaulJVa

A=0 a=1
so that for any x = [0;a1,as,...] € (0,1)\Q,
{ug /sin>0 = {(Apj +pj-1)/(Agj + ¢j—1) [0 <A <A and A < @11} 550

U{((aj+1 — a)p; + pj—1)/((aj41 —a)g; + ¢j—1) | 1 Sa < A and a < aji1}j>0.
Then forn >0,
0<OF(z) <max{A+1,A+1},

with the upper and lower bounds optimal, and for almost every such x,

lim #{O<k<n|®k z) <z} = ar(S. N Ry) + ar(S. N Ry),

n—o00 N,

where R1 = UA:O H)\+1, RQ = R\Rl,

&z, 0<z< A4,
Ar(S. N Ry) = é(l—ﬁzﬂog(ﬁ—ﬁz)), L <z<A+1,
& log(A +2), A+l<y,
and
Br(S: N Ry)
0, 0<z< 3,
5 (35— 1+ 10s ). A} <2 < min {0 1},
& A+1z+logﬁié 1<z < BRI,
RE Z—Hog%) QAN < 2 <1,
% 1—A—Hz+10g(% )) max{% 1}§2§A+1,
ol logAXff), A+1<z,

with C = a(R) =log(A + A+ 2).

5.2. On the theorems of Legendre, Fatou—Grace and Koksma. Let p/q €
QnNJ0,1] with ged{p,q} =1, ¢ > 0, and = € (0,1)\Q. We recall here the important
result of Legendre in the theory of continued fractions:

Theorem 5.14 (Legendre, 1798 [46]). If ©(x,p/q) < 1/2, then p/q is a RCF-
convergent of x. Moreover, the constant 1/2 is optimal.

That the so-called Legendre constant 1/2 is optimal means that for any ¢ > 1/2,
there exists p/q and x as above with O(z,p/q) < ¢ but such that p/q is not a
RCF-convergent of z. As mentioned in {I] and the introduction to §8 Legendre’s
Theorem implies that the ‘excellent’ rational approximations p/q to an irrational
x are all RCF-convergents of z. Interpreted in a slightly different way, Legendre’s
Theorem gives a sufficient condition to verify that p/q is a RCF-convergent of x
without computing the expansion of z.
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A similar result, first stated by Fatou and proven by Grace (and later Koksma),
gives a sufficient condition to verify that p/q is either a RCF-convergent or nearest
mediant (i.e., a first or final mediant) of x:

Theorem 5.15 (Fatou-Grace, 1904-1918 [22125[39]). If ©(z,p/q) < 1, then p/q
is either a RCF-convergent or nearest mediant of x. The constant 1 is optimal.

Later, Koksma formulated and proved a similar statement regarding RCF-con-
vergents and first mediants:

Theorem 5.16 (Koksma, 1937 [39]). If ©(x,p/q) < 2/3, then p/q is either a
RCF-convergent or a first mediant of x. The constant 2/3 is optimal.

In [], Barbolosi and Jager give refinements of the theorems of Legendre, Fatou—
Grace and Koksma. The connections above between the map F and Farey con-
vergents allow us to easily reobtain these refinements, assuming Fatou—Grace. We
remark here that Barbolosi and Jager’s proofs are in a sense more elementary, as
they do not make this assumption. Nevertheless, we find it worthwhile to present
a new approach to these results to further highlight the versatility of the natural
extension map F for studying RCF-convergents and mediants.

We begin by setting necessary notation for the statements of the Barbolosi—
Jager refinements. Following [4], for any nonzero rational' p/q € QN (0,1] with
ged{p, ¢} = 1 we set e(p/q) := (—1)", where n is the depth of p/q (recall [23]) and
the definition of depth succeeding it). For € (0,1)\Q, we also set

-1, z<p/q,

e(z.p/4) = {1 p/q < x.

The signature of p/q with respect to x is defined as
§(z,p/q) = e(p/q)e(x,p/q) € {£1}.

Lemma [5.17] classifies the signatures of the nonzero and finite Farey convergents of
x:

Lemma 5.17. Suppose x € (0,1)\Q has RCF-expansion [0;a1,az,...], and let

Un/sn = (AnPj, +Pj.-1)/(Antj, + ¢j,—1) € Q\{0}
be the (n — 1)t Farey convergent of x, where 0 < X, < a;, +1. Then 6(z,u,/s,) =
—1if and only if u, /sy is
(i) a RCF-convergent (i.e., A\, =0) with a;, 1 =1, j, > 1, or
(i) a first mediant (i.e., A, =1).

Proof. It is well-known that the even- and odd-order RCF-convergents (pak/qzk) k>0
and (pag—1/q2r—1)k>0 form strictly increasing and strictly decreasing sequences,
respectively, converging to 2. Moreover, for k > 0, the mediants satisfy (see §1.4 of
137])

< P2ki1 _ G2ki1Pok +pok—1 _ (G241 — 1)pak + par—1
Gok+1  G2k4192k + G2k—1  (G2k41 — 1)@ok + @ar—1
+ _ _
< P2k T P2k—1 < P2k—1

Q2K + 9261 q2k—1

X

10Gince for any x € (0,1) both p_1/g—1 = 1/0 and po/qo = 0/1 are RCF-convergents of z, we
only consider nonzero rationals p/q in what follows.
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and

P2k _ P2k+1 + P2k - < (azk+2 — 1)pok+1 + pak < 32k+2P2k41 + Dok _ P2k+2
G2k Qok+1 t+ Q2k (azk+2 — 1)qar+1 + @2k G2k+2G2k+1 + G2k Q2k+2
Thus un/sp = (Aupj, + Pjn—-1)/(Angj, + ¢j,—1) lies between p; _1/q;, -1 and
Pju+1/4j,+1, and

<x.

—1, Jn is even,
e(x,un/sn) = {1 "
We now consider the value of €(u,/s,) in cases:

(a) Suppose that A\, =0 and a;,—1 = 1 (the assumption that u,/s, € Q\{0}
implies j,, > 1). Then

Jn is odd.

un/sn = pjnfl/anfl = [07 A1y, ajnfl] = [07 Ay, .., g, —2 + 1]7
so the depth of u,, /s, is j, — 2, and
-1, 3, is odd,
€(tn/5n) = { e
1, Jn 1s even.

(b) Suppose that A\, =0 and a;,_1 > 1 (here again j,, > 1). Then
un/sn = pjn_1/an_1 = [0, Ay, ... ,ajn_l] = [0, A,y ... ,ajn_l — 1, 1],
so the depth of u,, /s, is j, — 1, and

—1, 7, is even,
€Uy /5n) =
(wn/50) {1, jn is odd.

(c) Suppose that A, = 1. Then
Un/$n = (Pj, +Pjn—-1)/(@j, + @Gj—1) = [0sa1,...,a5,,1] = [0;a1,...,a;, +1],
so the depth of u,, /s, is jn, and
—1, j, is odd,
e(un/sn):{l ’ ] 1S O

Jn 1S even.
(d) Lastly, if A,, > 1, then
Un/sn =(Anpj, + Pj.—1)/(Antj, + ¢j,-1)
:[O;al,. . .,ajn,)\n}
=[0;a1,...,aj,,\p — 1,1],
so the depth of u,, /s, is jn, + 1, and
—1, 7, is even,
e(up/sp) =
(ttn/5n) {1, jn is odd.
The result now follows by setting 6(x, u,/s5) = €(Un/Sn)e(T, Uun/sp). O
With Lemma BET7 one may decompose the domain Q of F according to the
signatures of Farey convergents; confer Figure [l Recall (Example [£4]) that for
fixed A, the horizontal region Hy;1 C €2 corresponds to Farey convergents of x of
the form w, /s, = (Aupj, + 15, —1)/(Angj, +qj,—1) with A, = A, Thus Lemma 517

implies that the region Hy corresponds to Farey convergents with negative signature
0(z,un/sn) = —1, and the region Uys1Hx11 corresponds to Farey convergents
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Vi Vs Vi

FIGURE 5. Red and blue regions correspond to negative and pos-
itive signatures d6(x,un/s,) = —1,1, respectively. The curves
h(z,y) = z are shown in yellow for z € {1/2,2/3,1,2}.

with positive signature §(z,un,/sn,) = 1. The region H; corresponding to RCF-
convergents /S, = pj, -1/, —1 is further decomposed depending on the value
of the partial quotient a;, —1 in the RCF-expansion of z. Recall from (£.4) that if
(@n, yn) = F™(x,1) € Hy, then

(T, yn) = ([O; @5, +1, jp+25 -+ 151051, a5, , a5, -1, - - ., al]).
The cylinder of points with RCF-expansion beginning with [0;1,a,b,...] is the in-
terval
([O; 1,a,b+1],[0; 1, a, b]]
Thus, by Lemma [5.17] the regions

2a+1 a+1
0,1 0;1,a,2],[0;1,a,1]| = (0,1 >1
0] (051, 0,2 0] = 0.1] ¢ (G 250
correspond to Farey convergents with negative signature §(z,u,/s,) = —1, while

the regions

0,1] x | (051, a,b 4 1],[0;1,a,b]] =[0,1] x ([0;1,a],[0;1,a,2]]

b>1
=[0,1] x _ e 2a+1 a>1
e a+1"2a+3]’ =

correspond to Farey convergents with positive signature 6(z, u,/s,) = 1.

Recall that Theorem implies that if ©(x,p/q) < 1, then p/q is some Farey
convergen U /Sy, of z. With this in mind, Barbolosi and Jager’s refinements now
follow easily from Proposition [£.] and Figure

Corollary 5.18 (Theorem 2.2 of []). Let p/q € QN (0, 1] with ged{p,q} =1 and
z € (0,1)\Q.

HOf course, Theorem makes the stronger claim that p/q is a RCF-convergent or nearest
mediant, but only this weaker implication is needed.
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e Whend(xz,p/q) = —1, O(x,p/q) < 1/2 implies that p/q is a RCF-convergent
of x, while ©(x,p/q) > 2/3 implies that p/q is not a RCF-convergent of x.

o When §(z,p/q) =1, ©(z,p/q) < 2/3 implies that p/q is a RCF-convergent
of x, while ©(x,p/q) > 1 implies that p/q is not a RCF-convergent of x.

All constants are optimal.

Corollary 5.19 (Theorem 4.3 of []). Let p/q € QN (0,1] with ged{p,q} =1 and
z € (0,1)\Q.

o When 6(z,p/q) = —1, O(x,p/q) < 1 implies p/q is a RCF-convergent
or first mediant of x, while ©(x,p/q) > 2 implies p/q is neither a RCF-
convergent nor first mediant of x.

o If6(x,p/q) =1, then p/q is not a first mediant of x.

All constants are optimal.

Notice that Corollary B.I8] implies Legendre’s Theorem (Theorem [(.I4]), and
Corollaries .18 and imply Koksma’s Theorem (Theorem [5.10)).

Corollary 5.20 (Theorem 4.7 of []). Let p/q € QN (0, 1] with gcd{p,q} =1 and
z € (0,1)\Q.
e Suppose that 6(x,p/q) = —1. If p/q is a final mediant of x, then it is
also a first mediant of x. Moreover, O(z,p/q) < 2/3 implies p/q is a
RCF-convergent or a final mediant of x, while ©(x,p/q) > 1 implies p/q is
neither a RCF-convergent nor a final mediant of x.
e When 6(xz,p/q) = 1, O(x,p/q) < 1 implies that p/q is a RCF-convergent
or a final mediant of x, while ©(x,p/q) > 2 implies that p/q is neither a
RCF-convergent nor a nearest mediant of x.

All constants are optimal.

The Barbolosi-Jager refinements of Legendre, Fatou-Grace and Koksma are
refinements of the assumptions on the rational p/q (namely, its signature) which
approximates . One could instead ask for refinements of the bounds 1/2, 2/3, 1
which occur in Theorems [5.14] and As the next theorem shows, such
refinements give information about certain partial quotients occurring in the RCF-
expansion of x.

Theorem 5.21. Fiz some positive integer k. If p/q € QN (0,1) with ged{p,q} =1,
xz € (0,1)\Q and
k+1

@(xap/q) < k——|—2’

Frls
then one of the following holds:
(i) p/q is a RCF-convergent of the form
P _Pi—1
q qj—1
for some j such that a; =1 and a;+1 > k,
(ii) p/q is a first mediant of the form
P _PjtPji-1
¢ 4 +gi
for some j such that aj41 < k+1, or
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A UNIFYING METRICAL THEORY FOR CONTINUED FRACTIONS 3131

(iii) p/q is a final mediant of the form
p_ (41 = Dpj+pj

q (aj41—1)g; +qj-1
for some j such that aj;1 < k+ 1.

Proof. Since O(z,p/q) < 1, Theorem [.10] implies that there exists some n such

that
P Un _ AnPj, +Pjus

4 Sn Al T,
is a RCF-convergent or nearest mediant of z. Moreover, Proposition [5.1limplies that
(:En; yn) € S, where

k k+1
S = {(xvy)€Q|k—+1<h($,y)< m} Cc Vi UH; UH,.

Suppose (Zn,yn) € SN Hy, so that w,/s, = pj, ,/qj, .. The curve h(z,y) =
k/(k + 1) passes through the points (0, 2’2%11) and (%, %) (see, for instance, the
curves determined by z = 1/2 and z = 2/3 in Figure Bl for £ = 1 and k = 2,
respectively). Using this, one finds SNHy C [0,1/k] x (1/2,2/3], which is contained
in the union of {0,1} x (1/2,2/3] and

FvinH) N Ve
a>k

Irrationality of x implies x,, ¢ {0,1}, so (zn,yn) € F(Vi N Hy) NJ,>s Va- That
(T, Yn) € F(ViNHy) implies a;, = 1, and that (2, ys) € U,y Va implies a;, 11 >
k, proving case (i). The other two cases are proven similarly, considering instead
when (z,,y,) belongs to S N He and S N Vy, respectively. O

In [45], Kuipers and Meulenbeld give sufficient conditions to guarantee that the
approximation coefficients corresponding to first and final mediants are less than
1. This partial converse of Theorem [5.15lis also easily obtained via F:

Corollary 5.22 (Theorem 1 of [45]). Let x = [0;a1,a2,...] € (0,1)\Q. Suppose
that aj11 > 2 for some j > 0. If aj41 < aj + 1, then

o (:1: IM) ~1,
45 + -1
while if aj 41 < aji2 + 1, then
o (% (aj+1 = 1)p; +pj1> <l
(aj+1 = 1)g; +qj—1
Proof. With notation as in the statement, let n be such that w,/s, = (p; +
Pj—1)/(g; + ¢j—1), and suppose a;j41 < aj + 1. Then

(xn>yn) = ([0;aj+1 - 17aj+27aj+37 .. ']7 [0;27(74]‘, .. '7a1]) S Vajurlfl mH2>

and we have both x,, > 1/a,4; and—since a; > aj41—1—also y, > [0;2,a;41—1] =
(aj+1 —1)/(2aj4+1 — 1). By Proposition (1]
) . 1 |
0 (2= ) hiag) <h (g ) <1
q; +qi—1 ajy1 2a541 — 1
A similar argument proves the claim for final mediants. O
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5.3. Consecutive approximation coefficients. In [30] and [31] a two-dimen-
sional, ergodic dynamical system (A, B, v, H) was introduced to study consecutive
approximation coefficients 6, (x) of RCF-convergents. The map H satisfies

(5.5) H(Op—1(x),0,(x)) = (0p(),0n11(2)), n >0,

and is conjugate to the natural extension map G of the Gauss map. This system
has been used to obtain deep insights into metrical properties of approximation co-
efficients ([30LBILB31[40]). Maps which satisfy the property analogous to (5] have
also been developed for S-expansions, which contain a wide class of well-studied
continued fractions algorithms including the RCF, Hurwitz’ singular continued frac-
tion, Minkowski’s diagonal continued fraction and Nakada’s a-continued fractions
for 1/2 < a <1 ([41]). In this subsection we introduce the analogous framework
for the induced systems (R, BN R, fir, Fr). We briefly remark that as S-expansions
are obtained via induced maps of the Gauss natural extension, Theorem .1l implies
that each of the aforementioned analogues of 7 may be obtained from the current
setting.

Proposition 5.23. Let R C Q be an inducible subregion and x = [0;a1,as,...] €

(0, )\Q. Then the (n+1)** approzimation coefficient O, (z) corresponding to R

may be written in terms of (xF,y%), n >0, as

(u— s)(u+ (s — wy,’)
e A

O/ 1 (x) = det(A)

)

where

s T

A= (u t) = Ao ra(elt v ()
with Al (e yr)) (@) and rr(xff,yl) defined as in B3) and @F), respectively.
Proof. From (&6]), we have n > 0,
(@ns1sYnin) = Frwy, uy)
= ((Aprnemamn @) o Ao .um o (@) -l

A computation essentially identical to that of (B8] gives

Ry _ r—t t
Apra(eom o (Tn) = (s +r—(u+t) u—l—t) ’

and thus

R R ral —t (r—tyylt +t
(1’n+1, yn+1) = R ) R :
—szlR4u (s+r—(ut+t)yl+u+t
The result is obtained from a computation using this, Proposition 5.1 and the fact
that det(A) = £1. O

By partitioning R into subregions on which the left columns of the matrices
Aj0,rp(z,) (T) are constant, one can define an explicit function 1z : R\{(0,0)} —
R? satisfying

Ur(zy,yn) = (07(x), 0744 (2)), n >0,
and thus gain insights into consecutive approximation coefficients. This process is
demonstrated for three specific inducible subregions R C € below.
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Vs Va Vi 1

FIGURE 6. Left: The region R = H; from §5.31 Right: The
image ¢¥r(R).

5.3.1. Consecutive RCF-convergents. Let R = H; as in Example[d4l For any a > 1,
if (z,y) € V, N Hy, then

o 0 1
Aoy (¥) = A5~ AL = (1 a) '

Define 9 : R — R? by
1
= —(1-— .
Yr(z,y) xﬂ/_xy( Y, zy)

Propositions 0.1 and [5.23] then give that for any irrational x € (0, 1),

Yr(zy, ) = (07(2), 07,1 (2), n>0.

One finds that ¥ is a diffeomorphism between the interior of R and the interior
of the Euclidean triangle with vertices (0,0), (0,1) and (1,0); see Figure [fl From
this, one immediately obtains Vahlen’s result that min{©%(z), 0% ;(x)} < 1/2 for
all n > 0 ([58]; see also [31]). Up to the isomorphism of Theorem 1] in [31] it is
shown that (A, B,v, 1) := (¥r(R),B,v,1%r o Frovy') forms an ergodic system,
where dv = dzdy/(log 24/1 — 4dxy). We refer the reader to [30,31,[33,40] for further
metrical results which follow from a deeper analysis of this system.

5.3.2. Consecutive Farey convergents. Let R = Q. Then for any (z,y) € R,

1—e(x) e
Arn(a)(7) = Ac(a) :< 1( ) (1 ))'

Define ¢ : R\{(0,0)} — R? by

—L _(1—y1-—2), 2<1/2
5:6) e {W;W(I b
Tl -y, x>1/2
Now ©f =0, zF = z,, and yZ =y, for each n > 0, so Propositions [5.1] and 5.23]
give
(5.7) VR(Tn, Yn) = (On(7), Ongr(2)), n =0
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Vs V3 1%

FIGURE 7. Left: The region R =  from §5.321 Right: The image ¥ r(R\{(0,0)}).

see Figure [
The map i allows one to easily compare consecutive approximation coefficients:

Proposition 5.24. Let x = [0;a41,az,...] € (0,1)\Q. Then for any j > 0,
. . _ 1 . -
1<20 (m,&> 1o (x (@541 = Dp; + 1 1) <2
4 (@41 = 1)gj +gj—1
and for ajy1 >1and 0 < A <aji1—1,

‘@ (x (A+1)p; +pj—1> _o (x (Ap, +pj—1)‘ <l
"M+ 1)g g1 " (Mg + g5

Proof. Up to non-strict inequalities, the first statement follows from BI0), (&.71)
and the fact that the image of V7 under ¥p is bounded? by the lines y = —z/2+1
and y = —x/241/2, and the second from BI0), (E7) and the fact that ¥ (Q\ (V71U

{(0,0)})) is bounded by y = 241 and y = x—1 (see Figure[d]). The strict inequalities
follow from the irrationality of x. ([

The map ¥pr also gives information on the monotonicity of finite sequences of
consecutive approximation coefficients. In particular, we find that the approxima-
tion coefficients of the mediant convergents (Ap;+p;j—1)/(Agj+¢j-1), 0 < XA < aj11,
between p;_1/q;—1 and p;/q; first increase and then decrease monotonically in A,
with the maximum occurring in the middle. This statement is made precise in the
following:

Theorem 5.25. Let z = [0;a1,a2,...] € (0,1)\Q, and suppose a;11 > 1 for some
fized j > 0. Then for each p/q € {pj/q;} U{(Ap; +pj-1)/(Agj + @j—1)}o<r<a; 1>

12These lines do not describe the boundary of ¢ (V1) (see Figure [D), but rather give upper
and lower bounding lines of equal slope. More precise—though less elegant—statements can be
made by analysing the boundary of the image.
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p/q# 1/0,
aj1+2 as
L RS R 1 even,
0< @('/Eap/Q) < (a'41+1)(a' 1+3) a
W’ Qj+1 Odd7

with the bounds optimal. Moreover,

o (m Ap; +pj_1> <6 (m lej +pj_1)

Ag; + qj-1 Ngj +qj—1
for all0 < A < X < |aj+1/2], and
. . / . . .
@(I,M) >@<x,w> >@<x’&)

Agj + qj—1 Ngj + qj—1 4

Jor all [aj+1/2] <A< N < ajiq.

Proof. Let x and ajy; be as in the statement, 0 < A < a;j41 and let n be such that
Un/Sn = Dj—1/¢j—1. We begin with the latter claims. We have (recall (3.10))

o oy ) O\ Sgrar ) A<
n+,\($) = €, = P
Sntx © xaq_]. ) A:aj-‘rla
J

so it suffices to show

(5.8) Ona(®) < Opirtar(z), 0< A< |aj41/2]
and
(5.9) Onia(®) > Ongrta (@), [aj41/2] <A <ajiq.
For A\ < Aj41,
1 1 1 1
n+i In Vajio-a N Hypr = ) — -
(JJ +>\y+)\)€ i+1=A Atl (aj+1—)\+1 aj+1—/\}x<>\+2 >\+1:|

First, suppose A # aj41 — 1. Then z,,4x < 1/2, so by Equations (5.6) and (5.1,
Onia () < Opirt1() if Tpix < Ynia, and similarly with the reverse inequalities.
If X < |aj+1/2], then A < aj41/2 — 1, which implies that A + 2 < aj41 — A. Thus
in this case

1 <
aj+1 — )\ - )\ + 2
proving (B.8). On the other hand, if [a;41/2] < A, then a;41/2 < A. This implies
aj+1 — A < A, so in this case

T+ S < Yn+X,

1
Ynin < A+1 < aj+1—)\—|—1
proving (59) for A < aj41 — 1.

If X = a;41 — 1, then since aj41 > 1 by assumption, (n4x,Untr) € Vi\Hi.
By Equations (5.0) and (B1), Opix(z) > Opirt1(x) if and only if 1 — yppn >
Tt AYn+r, OF, equivalently, yn1a < 1/(1 + Z,42), but this inequality holds since
Tptx < 1 and yp4x < 1/2. Thus (BI) is also true for A = a1 — 1.

The optimal bounds on O(x, p/q) follow from these monotonicity statements and
the bounds of Corollary B.111 O

< Tnix,

As a corollary of the previous result, we find a lower bound on the maximum of
the approximation coefficients of RCF-convergents and mediants corresponding to
particular partial quotients.
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Corollary 5.26. Let z = [0;a1,a2,...] € (0,1)\Q, and suppose aj11 > 1 for some
fixed j > 0. Then

max{@(x,p/Q) | g € {&} U {7)\‘% Pt

)\q-] + q-]_l }OS)\<@]‘+1

, P/qF 1/0}

4j
a
J_+17 a1 even,
>
o=l odd
daji1 0 j+1 3

with the lower bound optimal.

Proof. By Theorem[5.25], the maximum occurs when p/q = (Ap;+p;j—1)/(Ag;+q;-1)
with A = |aj41/2] or A = [a;4+1/2]. By Corollary .11}

(5.10) o (@ Ap; +pj—1) - (aj41 — A)/\7
Ag; + qj-1 aj+1

with the lower bound optimal. When a1 is even, |a;1/2] = [aj41/2] = a;4+1/2,
and for either choice of A the right-hand side of (G.I0) equals a;j4+1/4. When a;j4+1
is odd, |aj+1/2] = (aj41 —1)/2 and [a;j4+1/2] = (a;4+1 + 1)/2, and for each choice
of X the right-hand side of (5.I0) equals (a?Jrl —1)/4a;41. O

Remark 5.27. Since the partial quotients of a.e. € (0,1)\Q are unbounded (see,
say, Chapter V of [50]), the previous corollary implies that the approximation co-
efficients of the RCF-convergents and mediants of a.e. x are unbounded. This is
also seen intuitively in Figure [} when a partial quotient a;;; is large, points in
the F-orbit of (x,1) will ‘dip’ close to the origin on the left-hand side of the figure,
and, consequently, the coordinates of the corresponding images under ¥p on the
right-hand side become large.

From Figure[7lit is clear that g is not injective and thus one cannot immedi-
ately conjugate Fr with ¢y to study the dynamics of consecutive Farey convergents
as done with consecutive RCF-convergents (§5.3.1]). The same difficulty arises when
studying consecutive convergents of the nearest integer continued fraction map
(BB3]). As in [33], this difficulty can be overcome by introducing a third coordinate
to the image of the function ¢ r which ‘flags’ the color of the subregion that a point
in the domain belongs to. This extra coordinate makes 1 invertible and could
lead to the study of further metrical results on Farey convergents. We leave the
details to future work.

5.3.3. Consecutive RCF-convergents and extreme mediants. Let R = Hy U Ho U V7,
which corresponds to RCF-convergents and extreme (i.e., first and final) mediants.

13The image of the red and blue regions clearly overlap, but g also ‘folds’ the blue and yellow
regions in V1 N Hz over one another. The boundary of ¥z (Vi NH2) is given by the curves y = 1—=,
y=(2—2x)/4,and y = 1/4x.
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=

Vs Vo Vi 1 2

FIGURE 8. Left: The region R = H, U HyUV; from §5.3.3] Right:
The image Yr(R).

For (z,y) € R, we find

Al - 3 (J),y) € V17

—_ = = O
—_ O =

Apo,rp(ey) (@) = § Ao = , (z,y) € Hi\V1,

a—1 1

1 0
A8_1:< ), (x,y) € VaN Ha, a > 1;

see Figure 8 Define ¥z : R — R? by

ﬁ(l_%fﬂ/)a (‘T7y) €V17
ZZJR(%Z/): Hyl—fmy(l_yvl_x)a (‘Tvy)eHl\Vlv
e -y (A= (a-1)2)(1+(a-2)y), (z,y)€VaNHz, a>1

By Propositions 5.1l and 23] we have for irrational « € (0, 1),
1/13(1‘5,3/5) = (@rlj(x)7@§+1(x)) , n=>0.

As with Proposition B.24] the images under g of subregions of R yield im-
mediate information regarding consecutive RCF-convergents and extreme mediants.
The first statement below—which is also a corollary of Proposition and Theo-
rem [5.251—corresponds to the image of H7\Vi, and the second to the image of Hs
(see Figure [§ the latter image is the union of green regions and the region whose
boundary is given by the curves y =1 — 2, y = (2 — x)/4, and y = 1/4x). These
two images are bounded'd by the pairs of linesy =x+ 1,y =z, and y = = + 1,
y = x — 1, respectively.

Proposition 5.28. Let © = [0;a1,az,...] € (0,1)\Q. For any j > 0 for which

ajy1 > 1,
j +DPj—1 j—1
M@(LM —ofx Bt <y,
q; +qj—1 qj—1
1 As in the proof of Proposition [5.24] these lines are simply upper and lower bounding lines of
equal slope and do not necessarily describe the boundaries of the images.
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’@ (x (aj+1 — Dp; +pj—1) _e (az Pj +pj—1>‘ <1
(a4 =g+ g5 KR
The map g is again not injective, but a similar process to that of [33] as
mentioned in §5.3.2] may be used to overcome this difficulty and thus investigate
further metrical results on RCF-convergents and extreme mediants. We again leave
the details to future work.

and

5.4. A generalised Lévy-type theorem. Recall the results (52) and (B3] due
to Lévy on the growth of the denominators of RCF-convergents and on the rate at
which these convergents approach their limit z. Analogues of these results have
been proven for a number of continued fraction algorithms and for various subse-
quences of RCF-convergents and mediants (see, e.g., [I0129L32,41]). Theorem
generalises (0.2]) and (53)) to subsequences of RCF-convergents and mediants deter-
mined by proper inducible subregions R. The results of [10,29,[32]41] then follow
as special cases.
Recall from (B3] the function
gn=jn(@) =#{1 <k <n|ex(z) =1}

which counts the number of times that the F-orbit of an irrational = € (0, 1) visits
the region (1/2,1] in its first n steps z, F(z), ..., F" (z). Key to the proof of
Theorem is the simple observation that the number j, may equivalently be
thought of as the number of times that the F-orbit of (z,1) visits V3 C  in its
first n steps:

n—1

go=#{1<k<n| (zeyk) € Vit = Ly, (2k, ui)-
k=0

Theorem 5.29. For almost every xz € (0,1)\Q,
(i) lim,— oo %log sf = %h(}'R) and
= —h(Fr)

.. . 1 ul
(ii) lim, o0 o log ‘x - <k
IS

71_2

for any proper inducible R C ), where h(Fg) = h (R is the measure-theoretic
entropy of (R,BN R, ir, FR)-
Proof. Let x belong to the full-measure subset of (0,1)\Q for which Theorem A8
and (B.2) both hold, and let R C Q be a proper inducible subregion. Theorem
. 2
gives h(Fr) = gl and by Theorem B8
. N,—1 _
P | log 2
(5.11) lim Y — lim Zlﬁo_l v (T, Yi) _ Lﬁ(V1) _ log ,
n—oo 1 n—o0 Zk;O 1R($k>yk) M(R) M(R)
where N,, = NF(z,1). Now recall from @) that s = Ay, ¢y + qjn, —1, 5O

(512) Qjn,, —1 < Sg < jn, +1-
Taking logarithms and dividing by n, this gives
N 2 1 g | < Nn T2 1 , ]
n an . 1 Og q]Nn 1> n Og Sn n an + 1 Og QJNn-i-l

Using Equations (0.2]) and (G.I1)), the limits as n — oo of both the left- and right-
hand sides of the previous line equal #?R)’ proving (i).
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For (ii), notice that

N L
sl si(spml+ i)
(see the proof of Proposition B.]). Since zff € (0,1), we have

1 R
[ — S —"a
sp(sy + 1) ' Sy

Using (5.12), Y = g;,., (see (E9)) and the fact that g; < g1 for all j, one obtains
from the previous line

1 1

<

r— —

R
n
R
Sn

<3

2
245y, +1 Bn, —1

Taking logarithms and dividing by n gives

T, +1 1 1 ult
- (—log2 —2log g, < —log |z — %
N Gt ( g gq]NnH) n 08 sk
iy, —1 1
< - —2logq;,y 1) -
Fa— i, 1)
Again from Equations (£2) and (BI1I), the limits as n — oo of both the left- and
right-hand sides equal —%, proving (ii). |

Remark 5.30. As mentioned in Remark[5.3]in the context of limiting distributions of
approximation coefficients, the historical precedent has been to study subsequences
of RCF-convergents and mediants arranged with increasing denominators, while
(s8),>0 is not necessarily increasing. Proposition in the appendix (§6) implies
that a number of previously considered analogues of (0.2]) and (53) do indeed follow
from Theorem In particular, setting

A A
R=|JHxnulVa
A=0 a=1

for fixed A > 0, A > 1, one has i(R) = log(A + A+ 2) (see Corollary 5.13]). When
A = A =1, Theorem (together with Proposition [6.2)) gives Propositions 3.1
and 3.3(ii) of [29] and Theorem 2.11 of [32] concerning RCF-convergents and nearest
mediants. More generally, for A = A > 1, Theorem gives Theorem 4.i and 4.ii
of [10] on RCF-convergents and the first A and final A mediant convergents.

Now let @ = H;\R with R C H; a proper inducible subregion, and let S be the
image in Q of @ under the isomorphism of Theorem 1l Then v¢(S) = fm, (Q) =

A(Q)/ 10g2 and
A(R) = i(Hy) — 5(Q) = log2(1 — 7(S)).
Thus Theorem generalises Corollary 4.15 of [4I] on S-expansions.

6. APPENDIX: REARRANGING (SUB-)SEQUENCES OF FAREY CONVERGENTS

Let z € (0,1)\Q with RCF-expansion z = [0; a1, az, ...]. Recall from (BI0) that
the denominators of the sequence of Farey convergents (u,/sn)n>0 of © are given
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by
(6.1) (8n)n>0 = (g-1 ,90 +q-1,..., (a1 — 1)qo + g1,
% ,¢1+q ,---,(a2—1)q1+qo,---,
4G-1,95 + @j—1,- -, (@541 — 1)gj + gj—1,. .. ).
Let p be the bijectio of non-negative integers for which these denominators are
arranged in increasing order:
(6.2) (8p(n))n>0 = (¢-1,90,90 + q-1 .-+, (a1 — 1)go + q-1,
@, +q -5 (a2—1)q +qo,-- -,
QG5+ G155 (@401 = g5 + -1, )
For an inducible subregion R C €2, let pr be the bijection of non-negative integers

which (ufR(n)/sz(n))nzo forms a subsequence of (u,(y)/Sy(n))n>0. That is, pr

permutes elements of the sequence of (uff/s®),>q of Farey convergents determined
by R so as to have increasing denominators. We aim to prove the following two
results:

Proposition 6.1. Let R C Q be a proper inducible subregion and z € [0,00). Then
for any z € (0,1)\Q,
o1 .1
nhﬁn;o E#{O <k<n] @fR(k)(x) <z} = nlgl;o E#{O <k<n|Ofx) <2}

when either limit exists.

Proposition 6.2. Let R C § be a proper inducible subregion. Then for any x €

0, 1\Q,
(i) nli_}rr;@%log sz(n) = T}Lngoilog sk and
R
.. . l N UPR(") _ . l _ uf
() Jim, Fiog o = Sjeet| = lim 3 logl — 3

when any of the limits exist.
To prove these, we need the following:

Lemma 6.3. For any x = [0;a1,a2,...] € (0,1)\Q, any inducible R C  and any
n > 0, the cardinality of the symmetric difference between the sets {Ny}p_, and
{NPR(]C)}ZZO is at most two, and |ijR(n) —Jn, | < 1.

Proof. We begin with preliminary notation and observations. Set Ag := 0 and for
j > 1set A = Zi:l ai. From (6I) and (62]), one finds that p fixes 49 = 0
and, for j > 0, acts as a ‘cyclic permutation’ on subsequent blocks of length a;1,
namely

(6.3)

(Aj-Fl,Aj—f—Z,. . .,Aj+aj+1—1,Aj+1) Iﬁ) (Aj+1,Aj+1,Aj+2,. . .,Aj+aj+1—1),
where p is applied entry-wise. In particular, for N > 0 with 4; < N < A;44,

(6.4) p({0,1,...,N}) = {0,1,...,N — 1} U{A,;1}.

15For a1 > 1 there are in fact two such bijections since sp = s, if and only if n = m or (since
g—1 =0) {n,m} = {1,a1}. However, in the limits considered below, the choice between these two
bijections becomes irrelevant.
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Also observe that since s,’f = sy, and sz(k) =3 the numbers Ny and N, )

Nog(k)?
are the indices of the (k+ 1) elements of the set {s2},>0 = {SfR(n)}nzo to appear
in the sequences (s, )n>0 and (8,(n))n>0, respectively.

If n = 0, then since Ny = N,, ) = 0, the statement of the lemma holds. Now
fix n > 0 and let j be such that A; < N, < A;4,1. We consider two cases:

(i) If sa,,, & {sf}r>0, then ([@4) implies that {sn, .0 tizo = {sni Fizos sdq
{Nr}i—o = {Nppk) }i—o- Moreover, (6.3) implies that N,, ) = Ny, and
thus the claim holds in this case.

(ii) Supposesa,., € {sf}r>0. Then ([62) gives that {sn, .0 Hhmo = {5, U
{s4;,,}. In particular, the symmetric difference between {N}}_, and
{N, (k) Yi—o 18 zero if N, = Ajyq and two if N,, < A, 1. Moreover, (63)
implies that

Ny

_ Ny if Aj < Np-1,
r(n) = Aji1  otherwise.

If Nyyny = Nn—1, then A; < N,y < N, < Ajyq implies ijR(n) =7,
while if N, (n) = Aj41 we have jy, ., =j+1. Butalso 4; <N, < A;14
implies jy, = j or jn, = j + 1 (with the latter occurring if and only if
Nn = Aj+1). Thus |]N _]Nn| < 1. O

PR (n)

Propositions and now follow almost immediately from Lemma
Proof of Proposition 61l By definition (see (£9) and (54)),

Gfa(k)(x) = O, UN, 1y /SN, )
and
01 (z) = O(z, un, /sn,);
so Lemma [6.3] implies that for any n > 0,

#{0§k<n|@fR(k)(x)Sz}—#{0§k<n|®,§(m)§z} <2
Dividing by n and taking n — oo gives the result. (|

Proof of Proposition [6.2. By Lemma [6.3]

. IN,
= lim =—=*
n—00 n n—oo 1
whenever either limit exists. After equation (G.I1]), the proof of Theorem [5.29 goes
: R .R ,.R R R R
through with e'ach of sy, ryY, xzf and N, replaced by Spn(n) Ton(n) Top(n) and
N, (n), respectively.

lim ]NPR(")

n? n
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16Recall that s, = s, if and only if n = m or {n,m} = {1,a1}. Throughout, we consider
s1 and sq, for a1 > 1 as distinct elements of {sp},>0, even though as integers these both equal
qo = 1.
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