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SUMMARY

The goal of reinforcement learning is to train agents to perform tasks under little su-
pervision. Tasks are specified by a reward function and transition function, which state
how much reward the agent gets for its action in a state, and how the environment state
changes based on the action the agent took. Typically reinforcement learning assumes
no prior knowledge over the reward and transition function, meaning that agents need to
explore the environment and learn essentially through trial and error. Model-free meth-
ods attempt to learn which actions lead to good outcomes without modeling the reward
or environments itself. Efficiently selecting that actions are promising is an active re-
search direction which can greatly reduce the number of total interactions needed for
an agent to learn the task, potentially opening the door to new applications where trials
or simulations are expensive or compute is limited.

Uncertainty quantification is a central mechanism in such efficient exploration meth-
ods. Provided with an estimate of how certain the agent is about the outcome of an ac-
tion, it can intelligently weigh whether it is worth exploring. The Bayesian paradigm is
one method to quantify uncertainty in machine learning. It models the uncertainty with
a probability distributions over models, specifying how likely a model is based on the
data the agent has collected.

We adopt a Bayesian point of view in model-free reinforcement learning, and de-
velop a deeper understanding on when Bayesian reinforcement learning methods can
be expected to work well and challenges that remain. To this end, in Chapter 2 we pro-
pose training ensembles through Sequential Monte Carlo, obtaining a sample from the
posterior distribution of a deep Q-learning agent. We observe that agents are able to
perform directed exploration, although not necessarily more efficiently than standard
ensembles in every environment. Furthermore, in Chapter 3 we theoretically analyze
existing Bayesian Deep model-Free Reinforcement Learning methods, and unify them
into a single theoretical framework we call Epistemic Bellman Operators. We prove that
these operators are contractions, establishing convergence of derived algorithms in a
simplified setting. Finally, in Chapter 4 we analyze the likelihood and prior assump-
tions in existing Bayesian deep model-free reinforcement learning methods, and find
through statistical tests that the standard likelihood assumptions are violated on every
benchmark we tested. We also find that we can improve performance of Bayesian model-
free reinforcement learning methods by picking different priors based on empirical data
from unrelated tasks, which transfer to new environments.

This dissertation establishes several desirable properties of Bayesian Deep model-
free reinforcement learning, but also raises some key issues, most notably misspecifica-
tion in Chapter 4. We hope our findings convince other Bayesian reinforcement learning
researchers to give more attention to assumptions about priors and likelihoods.
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Het doel van reinforcement learning is het trainen van agenten om taken uit te voeren
met minimale supervisie. Taken worden gespecificeerd door een beloningsfunctie en
een transitiefunctie, die aangeven hoeveel beloning de agent ontvangt voor zijn actie in
een bepaalde toestand, en hoe de omgevingstoestand verandert op basis van de actie die
de agent heeft ondernomen. Reinforcement learning gaat doorgaans uit van geen voor-
kennis over de belonings- en transitiefunctie, wat betekent dat agenten de omgeving
moeten verkennen en in wezen moeten leren door middel van trial and error. Modelvrije
methoden proberen te leren welke acties tot goede uitkomsten leiden, zonder de belo-
ning of de omgeving precies te modelleren. Het efficiént selecteren van veelbelovende
acties is een actieve onderzoeksrichting die het totale aantal benodigde interacties voor
een agent om een taak te leren aanzienlijk kan verminderen, waardoor mogelijk nieuwe
toepassingen mogelijk worden waarbij experimenten of simulaties kostbaar zijn of de
rekenkracht beperkt is.

Kwantificering van onzekerheid is een centraal mechanisme in dergelijke efficiénte
exploratiemethoden. Met een schatting van hoe zeker de agent is over de uitkomst van
een actie, kan hij op intelligente wijze afwegen of het de moeite waard is om te verken-
nen. Het Bayesiaans paradigma is één methode om onzekerheid in kunstmatige intelli-
gentie te kwantificeren; het modelleert de onzekerheid met een kansverdeling over mo-
dellen, waarbij wordt aangegeven hoe waarschijnlijk een model is op basis van de data
die de agent heeft verzameld.

Wij nemen een Bayesiaans standpunt in bij modelvrij reinforcement learning en ont-
wikkelen een dieper inzicht in wanneer Bayesiaanse reinforcement learning-methoden
naar verwachting goed werken en welke uitdagingen er nog resteren. In dat kader stel-
len we in Hoofdstuk 2 voor om ensembles te trainen via Sequential Monte Carlo, waar-
bij een steekproef wordt verkregen uit de posteriorverdeling van een deep Q-learning
agent. We stellen vast dat agenten gerichte exploratie kunnen uitvoeren, hoewel niet
noodzakelijkerwijs efficiénter dan standaard ensembles in elke taak. Verder analyseren
we in Hoofdstuk 3 theoretisch bestaande Bayesiaanse diepe modelvrije reinforcement
learning-methoden en verenigen we deze in één theoretisch raamwerk dat we Epistemic
Bellman Operators noemen. We bewijzen dat deze operatoren contracties zijn, waarmee
de convergentie van afgeleide algoritmen in een vereenvoudigde omgeving wordt aan-
getoond. Tot slot analyseren we in Hoofdstuk 4 de aannames in bestaande diepe Baye-
siaanse modelvrije reinforcement learning-methoden, en stellen via statistische toetsen
vast dat de standaard aannames worden geschonden in elk benchmark dat we hebben
getest. We stellen ook vast dat we de prestaties van Bayesiaanse modelvrije reinforce-
ment learning-methoden kunnen verbeteren door andere priors te kiezen op basis van
empirische gegevens uit niet-gerelateerde taken.

Dit proefschrift stelt verschillende wenselijke eigenschappen van Bayesiaanse diepe
modelvrije reinforcement learning vast, maar brengt ook een aantal belangrijke kwes-

Xiii
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ties aan het licht, met name misspecificatie van aannames in Hoofdstuk 4. We hopen
dat onze bevindingen andere Bayesiaanse reinforcement learning-onderzoekers ervan
overtuigen zich meer te richten op de onderliggende aannames.
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INTRODUCTION
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Over the past decades, machine learning (ML) has experienced rapid and transfor-
mative progress, driven by advances in computational hardware, the proliferation of
large-scale datasets, and innovations in algorithm design. Deep learning algorithms
have achieved human-competitive or even superhuman performance in tasks such as
image classification [He et al., 2016, Dosovitskiy et al., 2020], speech recognition [Han-
nun et al., 2014], and language modeling [Brown et al., 2020]. For example, over the dura-
tion of my PhD, large language models have gone from a curiosity to tools like ChatGPT
that now see millions of users daily. Alongside these advances, there has been interest in
Bayesian approaches to machine learning, to provide principled uncertainty quantifica-
tion alongside the strong predictive power of deep learning [Papamarkou et al., 2024].

At a foundational level, machine learning algorithms can be broadly classified into
three categories: supervised learning, unsupervised learning and reinforcement learn-
ing. The distinction is mostly based in the data and kind of feedback they receive. In
supervised learning, models are trained on labeled datasets, where each example con-
sists of an input-output pair. The goal is to learn a function that maps inputs to outputs
with high accuracy, typically by using an optimization algorithm to minimize a loss func-
tion. This paradigm has been particularly successful in domains with abundant anno-
tated data, such as classification tasks in computer vision. Unsupervised learning on the
other hand learn patterns from unlabeled data potentially allowing to use much larger
data sets as data does not have to be labeled by hand. Finally, reinforcement learning
typically does not have access to a data set, and instead learns through interactions with
the environment.

1.1. REINFORCEMENT LEARNING

Broadly speaking, reinforcement learning problems are defined by a state space, action
space, transition function, reward function, and a discount factor [Sutton and Barto,
2018]. The agent chooses an action depending on the state the environment is in, which
will yield a reward depending on the state and action, and transitions the environment
to a new state. The agent’s goal is to learn a mapping from states to actions, typically
called a policy, that maximizes the cumulative future reward. This means that agents
need to consider the impact of their actions on future rewards rather than just the im-
mediate rewards. Unlike supervised learning, where algorithms have access to a data
set, reinforcement learning methods aim to learn a policy purely by trial and error in the
environment or simulator.

When reinforcement learning is combined with deep neural networks as models, the
field is referred to as deep reinforcement learning. Neural networks are excellent at mod-
eling high dimensional problems and have also enabled deep reinforcement learning
to scale to high-dimensional state-action spaces [Mnih et al., 2015, Schrittwieser et al.,
2020].

This framework is very general and encapsulates many potential applications. A
good example of this is a self-driving car. The car is in an environment and has sen-
sors and cameras, and based on what it perceives (the state) it needs to make decisions
such as steering or braking (actions) to get to a goal position (the task). The car receives
rewards based on the state and taken actions. For example, breaking a traffic rule might
incur a large negative reward, while reaching the goal position yields a positive reward.
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The car could be given a small negative reward at each timestep to encourage reaching
the goal as fast as possible. Rather than training such a system with a large set of (hu-
man) data, reinforcement learning algorithms will drive the car autonomously, learning
how decisions impact the state of the vehicle and how that relates to getting to the goal.

1.1.1. MODEL-FREE OR MODEL-BASED?

Reinforcement learning in turn can be categorized by “model-based” and “model-free”
approaches. Confusingly, both approaches typically construct models, but the differ-
ences lie in what is modeled and how the models are used.

Model-based approaches attempt to model the environment, i.e., the transition and
reward functions, and typically try to plan ahead by unrolling their model. On the other
hand, model-free algorithms attempt to directly learn which actions lead to desirable
results without creating predictive models of the environment. In the example of a self-
driving car, a model-based algorithm might attempt to physically model the friction be-
tween the tires and the road so it can predict how the vehicle’s state evolves after an
action, whereas a model-free algorithm simply learns which actions will take it to the
goal.

Learning through a model-free approach can be more efficient, because often an
agent does not need to be able to predict its environment fully in order to perform a
task. Nonetheless, model-free learning does pose certain challenges. Because the goal
is to maximize cumulative future rewards, the policy cannot be optimized for the im-
mediate observed rewards alone. Furthermore, problems in reinforcement learning are
typically stochastic and can have long horizons and large state-action spaces. Simply
rolling out a policy and looking at cumulative rewards at the end of an episode results in
very high variance estimates on how good the policy actually is, and it becomes difficult
to pinpoint how the policy needs to change to improve its performance.

To alleviate the high variance of full rollouts, most modern methods attempt to learn
a value functionwhich models the expected future rewards (the value) that will be achieved
from the current state onwards. The value function is learned by exploiting the fact that
it should be temporally consistent. That is, the value of the current state should on av-
erage be equal to the immediate reward plus the value of the next state. The value of the
next state can be considered a self-supervised label and is often called the target value
throughout literature and this dissertation. How this target value is selected is a key de-
sign choice for a reinforcement learning algorithm. For example, picking the value of the
action that the policy would have taken in the next state, leads to an algorithm that con-
verges to the value of said policy. Choosing the action that maximizes the value function
in turn converges to the optimal value function, which is the value of the optimal policy.

1.1.2. LIMITATIONS

Reinforcement learning has shown impressive results in domains with well-defined tasks
and fast simulators. Notable successes include learning to play board games like Go and
chess [Schrittwieser et al., 2020] or video games like Atari [Mnih et al., 2015] and StarCraft
[Vinyals et al., 2019] at superhuman levels, without any prior human knowledge. More
practical successes include the development of faster sorting and matrix multiplication
algorithms [Mankowitz et al., 2023, Fawzi et al., 2022].
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Unfortunately, to achieve these results reinforcement learning algorithms require in-
teracting with the simulator or (video)game many times, often much more than a human
would need to learn a task. This is prohibitive for many applications, particularly in set-
tings where data is limited or expensive to collect. Going back to the self-driving car
example, it is infeasible to train a reinforcement learning algorithm live on the road as
it would simply take too long to gather the required experience, and also of course raise
substantial safety concerns. Furthermore, even training in simulation is difficult since
high-fidelity simulators will be expensive to run.

Addressing this limitation is an active area of research, and potentially has great con-
sequences. Increasing the sample efficiency of reinforcement learning algorithms paves
the way for more widespread application as well as reducing training costs.

1.1.3. EXPLORATION AND UNCERTAINTY

One reason these algorithms are inefficient is due to the problem statement itself. When
learning from experience rather than labeled data, the agent only receives partial feed-
back. It can only experience the consequences of the action it takes, and has to essen-
tially try different actions through trial and error to learn about the environment and
task. Trying different actions for the sake of learning is called exploration, and is fun-
damental to the efficiency and performance of an algorithm. Too much exploration is
wasteful and can hinder learning, whereas too little exploration can cause the agent to
converge too quickly to suboptimal solutions.

An emerging direction in this context is the use of uncertainty-aware methods. Un-
certainty in machine learning can be broadly divided into two types. Aleatoric uncer-
tainty captures inherent randomness in the environment, such as noisy sensors or the
previously mentioned stochastic transitions. This form of uncertainty cannot be re-
duced with more data. Epistemic uncertainty, on the other hand, reflects a lack of knowl-
edge about the model or environment, and can be reduced through additional experi-
ence. For a self-driving car, the weather later that day can be considered aleatoric un-
certainty, whereas the uncertainty over the tire traction in given weather conditions is
epistemic uncertainty. Such epistemic uncertainty arises when the weather conditions
were not encountered during training.

Particularly the epistemic uncertainty is of interest at training time to improve explo-
ration. By quantifying the epistemic uncertainty about the value of actions or states, an
agent can identify areas of the environment where its knowledge is limited. This signals
the potential for learning new information, encouraging the agent to explore actions
that may yield higher rewards but have not been sufficiently tried. Unlike naive explo-
ration strategies, such as random action selection, uncertainty-driven exploration allows
the agent to balance the trade-off between exploiting known rewarding actions and ex-
ploring unknown, potentially better options. Incorporating uncertainty estimates thus
enables more efficient and targeted exploration, ultimately improving learning speed.

1.2. BAYESIAN METHODS

Bayesian methods provide a principled framework for reasoning under uncertainty by
treating unknown quantities as random variables and updating beliefs in light of new
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evidence. In contrast to point-estimate approaches, which commit to a single model or
parameter value, Bayesian inference maintains a distribution over possible hypotheses,
allowing for a natural representation of uncertainty. At the core of the Bayesian approach
is Bayes’ theorem, which describes how to update the posterior distribution over param-
eters given a prior belief, observed data and a likelihood function which specifies how
likely a data point is given the model parameters. With a suitable prior and likelihood
function, it is well known that Bayesian approaches perform well in statistical learning
tasks.

Bayesian techniques are increasingly relevant in machine learning [Papamarkou et al.,
2024], and reinforcement learning’s sequential data collection fits naturally within the
Bayesian paradigm, where the agent’s uncertainty can guide exploration and each new
observation in turn refines the posterior belief. Bayesian algorithms have extensively
been studied in other decision problems such as bandits [Agrawal and Goyal, 2012, 2017,
Russo and Van Roy, 2014, 2016], with theoretical guarantees on performance. Further-
more, Bayesian model-based reinforcement learning algorithms are also known to have
good regret bounds [Osband et al., 2013] on smaller problems.

The strong theoretical guarantees and practical performance of existing Bayesian
algorithms has motivated Bayesian deep learning, which combines Bayesian inference
with neural networks [Neal, 1996]. The ability of neural networks to approximate high-

dimensional functions together with the uncertainty quantification of Bayesian approaches

has the potential of producing highly effective reinforcement learning methods. Un-
fortunately, there remain three main challenges in applying Bayesian deep learning to
model-free reinforcement learning.

In deep learning in general, exact posterior inference is intractable, and the large pa-
rameter spaces of modern neural networks hinder the efficiency of existing approximate
approaches. Developing approximate methods that are suitable to large neural networks
is an active area of research with promising results [Chen et al., 2014, Wenzel et al., 2020,
Garriga-Alonso and Fortuin, 2021]. Nonetheless, these methods are often more involved
than traditional training methods that simply run an optimizer, and the high dimension-
ality makes it difficult to assess the quality of the approximation methods.

Another problem is caused specifically by learning from temporal differences. In
supervised learning, the supplied label is assumed to be the ground truth with no un-
certainty. However, in model-free reinforcement learning the target value is taken from
the model itself, and therefore is uncertain. Properly propagating this uncertainty is es-
sential for obtaining estimates that faithfully reflect the uncertainty at future time steps
[Osband et al., 2018, O’'Donoghue et al., 2018]. It is not immediately clear how to update
the posterior appropriately while incorporating this uncertainty.

Finally, the motivating theoretical guarantees are contingent on correct assumptions
on the likelihood and prior, but these are non-trivial to formulate for deep model-free
reinforcement learning. The complexity and large parameter spaces of modern neural
networks make it unclear how priors over parameter spaces translate to predictive dis-
tributions, and the likelihoods assumed on temporal difference errors are never guaran-
teed to be true by the definition of MDPs [Dearden et al., 1998]. This is less of an issue in
model-based reinforcement learning where the definition of an MDP specifies an exact
generative model of the environment [Osband et al., 2013].
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It is possible to ignore these issues, and existing work on Bayesian deep model-free
reinforcement learning has focused on the first problem. For example Dearden et al.
[1998], Azizzadenesheli et al. [2018] and Schmitt et al. [2023] propose model classes that
are easier to perform inference over, and Fortunato et al. [2019], Dwaracherla and Roy
[2021] and Ishfaq et al. [2023] use sampling based approaches to approximate posteriors.
These solutions are not widely used in practice however, as they often do not outperform
simple ensembles and are more difficult to implement and tune.

Summarizing, theory on simplified problems has motivated Bayesian deep learning
approaches. Inference and priors are problems that are general to deep learning, and up-
dating the posterior and likelihoods are problems caused by model-free reinforcement
learning specifically. Most recent Bayesian deep reinforcement learning literature has
focused on inference.

1.3. THEORETICAL MOTIVATIONS IN DEEP LEARNING

This dissertation attempts to strike a middle ground between theory and pure practice.
While attempts at fully understanding how neural networks learn exist, it is an overall
trend in the field that neural networks are black boxes, and methods often lack rigor-
ous theoretical guarantees. Nonetheless, algorithms, design choices and heuristics are
often theoretically motivated by derivations or theorems in simplified cases. For exam-
ple, while deep Q-learning does not have any theoretical guarantees to converge, the
loss function and overall algorithm structure is derived from Q-learning, which is known
to converge under assumptions. Many other algorithms in the field follow this pattern.
Rainbow [Hessel et al., 2018] builds upon deep Q-learning and includes theoretically mo-
tivated design choices such as double Q-learning [Van Hasselt, 2010], and the clipping
heuristic in Proximal Policy Optimization is motivated as a simpler version of a more
formal trust-region approach [Schulman et al., 2017].

Likewise, Bayesian model-free deep reinforcement learning algorithms are motivated
by the utility of the Bayesian paradigm in other settings, even though theory does not di-
rectly translate. Deep learning research often combines theoretical motivation as to why
something can be expected (not guaranteed) to work with experimental results in order
to fully motivate an algorithm or method. In this dissertation I take the same approach
and motivate design choices with theory, while testing experimental performance.

1.4. RESEARCH QUESTIONS

The goal of this dissertation is to shed light on if Bayesian model-free methods should
be expected to work well, both in theory and practice. This leads us to formulate the
following main research question of this dissertation: Can Bayesian model-free methods
be expected to achieve higher cumulative return in the same number of training samples
than their non-Bayesian counterparts? We answer the main research question through
three sub-questions:
1. Can ensembles be viewed as a Bayesian approximation to the posterior?

This subquestion aims to relate Bayesian algorithms to ensembles, which are a very com-
mon and highly performant uncertainty quantification method in reinforcement learn-
ing. Ensemble-based reinforcement learning algorithms are sometimes motivated from
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a Bayesian point of view [Osband et al., 2018]. However, in practice these methods sim-
ply train multiple models in parallel, relying on initialization randomness to produce a
diverse set of models. The main intuition is that this initialization randomness will cause
the different models in the ensemble to disagree on data points they were not trained
on, giving a sense of uncertainty. In practice, averaging ensemble models is known to
improve performance [Lakshminarayanan et al., 2017], and Bayesian model averaging is
known theoretically to outperform a single model. With this question we aim to connect
the performance of ensembles to Bayesian theory.

2. Can the general structure of deep Bayesian model-free reinforcement learning
methods be expected to converge?
There are several existing practical implementations of deep Bayesian model-free algo-
rithms [Osband et al., 2018, Azizzadenesheli et al., 2018, Dwaracherla and Roy, 2021,
Ishfaq et al., 2023, Schmitt et al., 2023]. These algorithms typically differ in posterior ap-
proximation methods, but also seemingly make different design decisions on selecting
their target values. Non-Bayesian deep reinforcement learning algorithms are typically
motivated by the fact their model updates are guaranteed to converge in tabular settings,
i.e., without neural networks. With this question we aim to make a similar convergence
argument for deep Bayesian model-free reinforcement learning, and at the same time
unify seemingly different algorithms into a general algorithm.

3. Are the commonly assumed likelihoods and priors realistic in typical bench-
mark tasks, and can they be improved?
Bayesian algorithms are defined by two central assumptions: the likelihood distribu-
tion and the prior. Typically, it is important that these assumptions are in line with re-
ality in order for the Bayesian posterior distribution to accurately reflect our knowledge.
However, typically Bayesian deep model-free reinforcement learning algorithms assume
simple Gaussian distributions as likelihood and prior [Dearden et al., 1998, Osband et al.,
2018, Azizzadenesheli et al., 2018, Dwaracherla and Roy, 2021, Ishfaq et al., 2023, Schmitt
etal., 2023], both out of simplicity and as a natural extension of mean squared error and
common weight decay. With this research question we aim to check how aligned as-
sumptions are with reality, and if more accurate assumptions lead to more performant
algorithms.

1.5. CONTRIBUTIONS

In this dissertation, we explore how Bayesian methods can aid exploration in model-free
reinforcement learning, both from a practical and a theoretical point of view. The main
contributions of this dissertation are the following:

1. A Bayesian point of view on training ensembles of Q-learning agents. We draw
a connection between deep ensembles and Bayesian posterior inference by proposing a
novel variant of Deep Q-Learning (DQN) that uses a sequential Monte Carlo sampler to
approximate the posterior over Q-functions. The resulting set of models can be used in
the same manner as standard ensembles, while being grounded in a principled Bayesian
interpretation. We empirically test our approach and observe that our agents are capable
of efficient exploration.

2. A unifying framework and convergence analysis for Bayesian model-free re-
inforcement learning approaches. We study existing Bayesian deep Q-learning algo-
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rithms in a simplified setting and unify them within a single general framework. We
prove that this generalized approach is guaranteed to converge under mild assumptions,
providing theoretical support for a family of existing algorithms. Building on these in-
sights, we derive a new uncertainty-aware variant of a popular model-free RL algorithm
that we experimentally test on a variety of benchmark tasks.

3. An analysis of misspecification of likelihoods and priors for Bayesian deep Q-
learning. Through extensive experiments, we statistically test the validity of the Gaus-
sian likelihood and prior assumptions commonly made in Bayesian model-free algo-
rithms, and show that they are consistently violated on a variety of benchmark tasks.
We propose Laplace priors as a simple drop-in replacement that is empirically closer to
the true distribution of parameters and improves performance on several benchmarks.
We go one step further by introducing a meta-learned prior fitted on a set of training
tasks, and show that it generalizes to unseen tasks, yielding superior performance to
both Gaussian and Laplace priors.

1.6. OUTLINE

The remainder of this dissertation is organized as follows. Chapter 2 addresses the first
research question, drawing connections between ensembles of models and Bayesian in-
ference through a Sequential Monte Carlo variant of DQN. Chapter 3 addresses the sec-
ond research question by unifying existing Bayesian Q-learning algorithms into a sin-
gle framework with convergence guarantees in simplified settings, and leveraging these
insights to design a new uncertainty-aware method. Chapter 4 addresses the third re-
search question by empirically examining the likelihood and prior assumptions under-
lying Bayesian model-free RL, and proposing improved alternatives. Finally, Chapter 5
summarizes the findings of this dissertation and discusses several promising directions
for future research.



BAYESIAN ENSEMBLES FOR
EXPLORATION IN DEEP
Q-LEARNING

Bayesian algorithms perform well in statistical learning, and theoretical results exist for
Bayesian reinforcement learning in tabular settings. In deep learning however, approxi-
mating the posterior is non-trivial. On the other hand, ensemble techniques perform quite
well and are simple to implement. Can we combine the practicality of ensembles with the
theory of the Bayesian paradigm?

In Section 2.3 we propose to employ Sequential Monte Carlo samplers to sample from the
posterior distribution, effectively "training" an ensemble. In Section 2.4 we propose to use
this model in a standard Q-learning agent to maintain a posterior over Q-values. We show
the effectiveness of our method experimentally in Section 2.5.

This chapter is based on Pascal R. van der Vaart, Neil Yorke-Smith and Matthijs T.] Spaan. "Bayesian Ensem-

bles for Exploration in Deep Q-Learning" in In Proceedings of the 23rd International Conference on Autonomous
Agents and Multiagent Systems, 2024



10 2. BAYESIAN ENSEMBLES FOR EXPLORATION IN DEEP Q-LEARNING

2.1. INTRODUCTION

Reinforcement learning (RL) algorithms are still notoriously sample inefficient. One
pressing reason is the difficulty of exploring an environment efficiently while assuming
little prior knowledge [Yang et al., 2021]. A promising approach that is currently stud-
ied is to quantify uncertainty in the value models learned by the agent, and then either
provide intrinsic reward, be optimistic, or use Thompson sampling to explore [Belle-
mare et al., 2016, Ostrovski et al., 2017, Burda et al., 2018, Osband et al., 2016, 2018, Gal
and Ghahramani, 2016, Fortunato et al., 2019, Azizzadenesheli et al., 2018, Ciosek et al.,
2019, Lee et al., 2021, Bai et al., 2021]. However, quantifying uncertainty for deep neural
networks is in itself a difficult task [Hiillermeier and Waegeman, 2021, Lockwood and Si,
2022].

Ensembles of neural networks have been shown to provide better predictive accuracy
over a single model in supervised learning tasks [Dietterich, 2000, Lakshminarayanan
etal., 2017], as well as suitable methods for uncertainty quantification for exploration in
reinforcement learning [Osband et al., 2016, 2018, Fellows et al., 2021]. While ensembles
with independent models of identical architecture tend to collapse to the same predic-
tive model [Geiger et al., 2020], there are several techniques developed to prevent this,
such as adversarial learning [Lakshminarayanan et al., 2017], bootstrapping the data
[Osband et al., 2016], and adding additive priors [Osband et al., 2018]. Further, some
techniques such as Stein Variational Gradient Descent [Liu and Wang, 2016, D’Angelo
and Fortuin, 2021] alleviate this issue by interpreting the ensemble as an approximation
to the Bayesian posterior and training it as such. The method that we propose falls into
this last category and aims to be closer to the posterior for more accurate uncertainty
quantification, while retaining the flexibility of ensembles.

Bayesian neural networks can have desirable properties if the posterior can be in-
ferred accurately. They have in theory optimal predictive accuracy given the correct like-
lihood and prior and also provide accurate uncertainty quantification. Unfortunately,
exactly inferring the posterior is intractable already for some simple statistical models,
and accurately approximating this posterior is very difficult for neural networks. Typ-
ically, posterior approximation methods fall into one of two categories: Markov Chain
Monte Carlo (MCMC), and Variational Inference.

Recently both types of methods have been altered specifically for application to neu-
ral networks. Variational Inference can be scaled to large networks by picking simple
model classes to tractably optimize within the class and has been applied to RL in the
context of uncertainty quantification and exploration [Gal and Ghahramani, 2016, For-
tunato et al., 2019, Schmitt et al., 2023]. Due to the complex nature of Neural Networks
however, it is unclear how the model class biases uncertainty quantification. On the
other hand, MCMC is in theory unbiased and also shows strong results in large net-
works in practice [Chen et al., 2014, Wenzel et al., 2020, Garriga-Alonso and Fortuin,
2021]. However, for complex multimodal distributions, MCMC methods can struggle
to find every mode [Del Moral et al., 2006]. This is an important drawback in deep learn-
ing, where the posterior distribution is likely very ill behaved, and especially in RL where
under-approximation of the posterior complexity might lead to underestimating the un-
certainty and therefore failure of exploration. Sequential Monte Carlo (SMC), which uses
a set of particles to approximate the posterior, can be a remedy to these issues in non-
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deep learning applications [Del Moral et al., 2006].

In this work, we forego Variational Inference to avoid a decision in model class, and
instead alleviate the issues in MCMC by using SMC. Noting the success of ensembles
in deep learning, we unify ensembles and MCMC methods by using SMC algorithms to
train an ensemble in a Bayesian manner, to benefit from both the practical effectiveness
of ensembles and theoretical foundations of MCMC. Specifically, our contributions are
as follows:

1. We adapt existing SMC algorithms to a minibatch setting, and show empirically
that they are feasible methods to train ensembles so that they serve as proper ap-
proximations to the Bayes posterior.

2. Asour main contribution, we introduce Sequential Monte Carlo DQN (SMC-DQN)!,
an RL algorithm which uses SMC to track a posterior over the Q-values in a theoret-
ically sound manner, by sequentially updating its models with incoming data and
correctly conditioning on target parameters. The agent uses Thompson sampling
from the posterior distribution to drive exploration.

3. We experimentally test our agent’s exploration capabilities on several environments,
observing significantly stronger performance over regular ensembles and results
that are competitive with a strong baseline.

2.2. BACKGROUND

In this section we introduce the necessary background for our contribution.

2.2.1. MARKOV DECISION PROCESSES

Let A(X) denote the set of probability distributions over the set X. A Markov Decision
Process is a tuple (¢, </, T, R, y) of a state space ., action space &, transition function
T:% xof — A(S), reward function R : & x of — R and discount factor 0 <y < 1. At
each time step ¢, an agent observes the current state s;, chooses an action a; ~ 7(s;)
according to its policy 7 : ¥ — A(«/), and receives reward r; = R(s;,a;). The goal of
reinforcement learning is to find a policy 7 that maximizes the discounted cumulative
reward E7,; [YX2,7r:]. Of central importance is the Q-function

(e 0]
Q"(s,@)=R(s,@) +Erx | Y ¥'ri | so=s,a0=al|,
=1

denoting the expected discounted future reward if the agent executes action a in state s
and then follows the policy 7.

Since the transition function T and reward function R are assumed to be unknown
to the agent, computing a strong policy requires exploration of the environment to learn
which actions result in optimal return.

1Code is available at https: //github.com/Pascal314/BayesianEnsemblesAAMAS
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2.2.2. DEEP Q-LEARNING
A common strategy to find an optimal policy is Deep Q-learning (DQN) [Mnih et al.,
2015], where a parameterized neural network Qg is trained to minimize the temporal

difference error )

argmin | Qy(s,a) —r —ymaxQu (s, a)| , 2.1
0 a

with (s, a,r,s') sampled from the environment or a replay buffer, and 6’ are the target
parameters. Qé (s',a’) is known as the target value, which can be thought of what we be-
lieve is true in the next state. The target parameters 6’ are periodically updated 6’ — 6 at
a slower pace than 6. This keeps the regression target for Qg (s, a) more stable. For more
details we refer to Mnih et al. [2015]. The corresponding policy picks argmax, Qg (s, @) in
every state. The agent can pick a random action instead with probability €, to perform
exploratory actions. However, such random exploration can be inefficient.

2.2.3. THOMPSON SAMPLING

Rather than taking uniformly random actions to explore, Thompson sampling [Thomp-
son, 1933] picks actions according to their posterior probability of being optimal. Origi-
nally proposed as an algorithm for multi armed bandits, Thompson sampling samples a
model Qg ~ p(0|2) and acts greedily with respect to that model a = argmaxQ(s, a) for a
time step or full episode. Thompson sampling is well studied in the bandit and model-
based reinforcement learning settings, and known to have good regret bounds [Agrawal
and Goyal, 2012, 2017, Russo and Van Roy, 2014, Osband et al., 2013]. This has served as
motivation to apply Thompson sampling to deep model-free reinforcement learning as
well.

2.2.4. BOOTSTRAPPED DQN

The BootDQN algorithm [Osband et al., 2016] implements a crude form of Thompson
sampling by leveraging the uncertainty estimation abilities of ensembles. By learning an
ensemble of Q-networks

Qo, (s, a),...,Qp,(s,a)

the agent achieves deep exploration through sampling uniformly i € {1,..., n} and acting
greedily with respect to the network Qp, for a full episode by picking argmax, Q, (s, @) in
every state s. To update its predictions, each network Qy, is equipped with its own target
network Qg;, and gets updated with its own targets:

2
0; —0;—aVy, |Qp,(s,a) —r —maxQy (s',a")| , 2.2)
a' i

where (s, a, 1, ') are transitions sampled uniformly from a replay buffer and « is a learn-
ing rate.

Crucially, the ensemble Qp, (s, a),...,Qp, (s, a) has to stay diverse in under-explored
states in order to keep exploration going. This can be achieved by bootstrapping the
data for each ensemble member, or by using randomized prior functions. Randomized
prior functions have been shown to be effective at keeping ensemble diversity [Osband
etal., 2018].
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A randomized prior function is a fixed function Qg, (s, @) that is sampled indepen-
dently for each ensemble member Qp, (s, @), at the start of training. It remains unmodi-
fied during training and is added to the model outputs:

(Qg; + Qp,)(s,a) = Qg, (s, a) + Qy, (s, a).

During action selection, the Q-values of ensemble member i are given by (Qp, +Qs,) (s, @),
and the BootDQN update (2.2) is modified to the following:

2
0i — 0= aVo, | (Qp; +Qo,)(s,a) — r ~max(Qy, + Qo)(s',a)| . (2.3)

The fact that each ensemble member has a unique prior function causes unique gen-
eralization behaviour on unobserved data. This keeps the ensemble outputs diverse in
under-explored states.

However, while BootDQN is motivated as an approximation to Thompson sampling,
randomized prior functions lack theoretical motivation when considered as Bayesian
priors for neural networks. In problems with well-defined likelihoods and priors, the
Bayesian posterior can therefore be expected to outperform methods that rely on ran-
domized prior functions.

2.2.5. BAYESIAN NEURAL NETWORKS

A Bayesian Neural Network (BNN) is any neural network fy parameterized by 8 € ©, with
some prior distribution p(6) over ©. Given training data (xy, ..., x;) and labels (y1,..., ¥»)
i.i.d. from some likelihood Z(y|fy(x)), the goal is to compute or sample from the poste-
rior distribution over the parameter 6:

__P@10)p®)
[p(210)p©)do

L, 2 Wil fa(x) p(©)

B ST L il fo(xi)) p8)dO”

p012) =
(2.4)

Unfortunately, especially in the case of large neural networks, the posterior is in-
tractable to compute or sample from exactly. Therefore it is necessary to resort to ap-
proximation methods such as variational inference or MCMC.

2.2.6. SEQUENTIAL MONTE CARLO

Sequential Monte Carlo algorithms model a sequence of distributions py(8),..., pm(0).
An initial state of particles is drawn from pg, and by repeatedly applying importance
sampling, an MCMC algorithm and resampling steps, the initial samples are transformed
to be a sample of p;,(0). A basic outline is given in Algorithm 1. Under certain condi-
tions, notably that sample distributions have to be invariant under the MCMC steps, this
Monte Carlo scheme converges to the correct target [Del Moral et al., 2006].

Leveraging this fact, we can set

pm(0) = p012) x pB)p(210), (2.5)
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Algorithm 1: Base Sequential Monte Carlo

Input: sequence of target distributions py(6), ..., pn(0) and MCMC kernels

Py,...Py,
Result: a sample 6,...,0,, ~ pn(0)
91:”-!9}1 ~ pO
wi,...,wn — 1

fort=1,...,mdo

01,...,0, ~ Categorical({0;, w;}}_ )
forj=1,...ndo
. pO)
‘ Wi paep
end
for j=1,...ndo
| 8;—Pu6))
end
end
Full-batch Hamiltonian Monte Carlo Minibatch Sequential Monte Carlo Randomized Prior Functions

W

i

-2 0 2 -2 0 2 -2 0 2

Figure 2.1: The 25th-75th and 5th-95th quantiles of the predictive posterior as predicted by SMC and an ensem-
ble with randomized prior functions in a supervised learning setting, compared to the gold standard Hamilto-
nian Monte Carlo without noise. Sequential Monte Carlo more closely resembles the posterior distribution as
approximated by Hamiltonian MC.

pick a sequence of temperatures
0=Ag<A1<--<Ay=1,
and use SMC to sample from pg(0),..., pm(0), where the distributions are given by
pi(0) < p(@10)" p(6). (2.6)

Equation 2.6 effectively interpolates between the prior and the posterior. Setting
the temperature sequence correctly is important, because a too coarse interpolation
can cause the importance sampling weights to be unstable and a too fine interpola-
tion wastes computation. Fortunately, automatic on-the-fly tuning methods exist that
choose the next temperature based on the effective sample size of the current sample
[Cai et al., 2021, Dau and Chopin, 2022].
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2.3. SEQUENTIAL MONTE CARLO FOR BNNS

Having introduced the necessary background, to prepare for our main contribution, we
next analyze SMC in the context of Bayesian Neural Networks.

Applying SMC to model the posterior of a Bayesian Neural Network is in practice
similar to an ensemble. The particles 04, ...,0,, are individual models, and equipped with
importance sampling weights w;, ..., w, model a theoretically unbiased approximation
of the predictive posterior distribution.

The model is initialized by sampling initial parameters 0,,...,0, from the prior p(9),
and trained by running SMC with target distributions (p(2 16)M p@) +0- Unfortunately,
typically in deep learning the data set 2 is so large that mini-batches are required to
tractably compute the likelihood and gradients. This poses two problems:

1. The reweighting step is now noisy, which lowers the quality of importance sam-
pling.

2. The MCMC step, which typically is gradient based, is now noisy. This means we
may have to rely on MCMC methods that only approximately leave the target dis-
tribution invariant.

However, these problems can largely be alleviated, as the theoretical results by Llorente
et al. [2022] show that noisy importance sampling, which is central to the SMC algo-
rithm, has higher variance but remains unbiased. Furthermore, Wenzel et al. [2020] and
Garriga-Alonso and Fortuin [2021] show that accurate noisy MCMC kernels that leave
the target distribution (approximately) invariant do exist, so we can use these kernels
specifically crafted for mini-batch noise in our SMC algorithm.

Specifically, in our experiments we estimate the reweighting steps by sampling a sin-
gle batch independently for every particle every iteration. As MCMC kernel we use the
Symplectic Euler Langevin scheme with hyper-parameters as suggested by Wenzel et al.
[2020]. At each iteration t, the temperature in the next step 1,1 = A; + 0 is picked by
keeping the effective sample size (ESS) at a desired level d:

maax 0, suchthat: 6 <1- A4, and

2 2
( o1 Wj) (Z;‘zl p(@lej)ﬁ) 2.7
ESS = =

Yhwi o X0 p@16)®

Our initial experimental findings in a supervised learning setting, shown in Figure 2.1,
show a comparison of the predictive posteriors approximated by noise-free Hamiltonian
Monte Carlo, Mini-batch Sequential Monte Carlo, and an ensemble with randomized
prior functions. Even with mini-batches, SMC with noisy likelihoods and gradients re-
sults in performance on par with the gold standard noise-free Hamiltonian Monte Carlo
[Neal et al., 2011]. However, small mini-batches may require a finer grained interpola-
tion, since the temperature schedule depends on maintaining a high enough ESS, which
is known to be lower when using noisy reweighting [Llorente et al., 2022].
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Algorithm 2: Sequential Monte Carlo for BNNs
Input: Prior po(6) and target p(0) p(2160), MCMC algorithm
Result: A sample 64,...,0,, ~ po(0) p(6|12)
91,...,9,1 ~ Po
wi,...,wn — 1
t<—0
Adog<—0
while 1; <1do

Pick A; > As—1 (eq. 2.7)

log p;(0) —logpo(0) + A;log p(210)

01,...,0, ~ Categorical(if;, w;}}" )

forj=1,...ndo

| logw; — (A;—As-1)logp(0;|2)

end

wi,..., W, =normalize(wy,..., wy)

forj=1,...ndo

| 6; —MCMC(8;,log p;(6))

end

t—t+1

end

2.4. SEQUENTIAL MONTE CARLO DQN (SMC-DQN)

With the goal of improving exploration, we construct an agent that can accurately quan-
tify uncertainty in its Q-values by approximating the posterior distribution over its pa-
rameters given the transitions that have previously been observed. Specifically, we ex-
tend a standard DQN agent by replacing its point-wise estimator Qy(s, @) with an en-
semble of neural networks Qy, (s, a),...,Qg, (s, @) and weights w;,... w, to maintain an
approximation of the posterior p(0|2,8’), conditioned on the current replay buffer

D= (S, a1, Tt,St+1)) t=1..N

and current target parameters 8’ = (0',...,6"). In line with the work by Schmitt et al.
[2023], a normal distribution

Qo(s, @) — r(s,a) —ymaxQp (s', @) ~ A (0,5%)

is used as a probabilistic interpretation of the squared temporal difference error, and to
represent the uncertainty in the targets we define the likelihood to be a mixture distribu-
tion

log £(s,a,1,5'10,0") =

n 1 (2.8)
log )" —exp|5—[Qu(s, @)~ (s, @) —ymaxQq (s', ),
i1 n o a
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contrasting BootDQN which shares no target values between ensemble members. The
log posterior distribution is defined as

logp(010',2) x log p(0) +log £(216,0"), (2.9)
where
log£(216,60"= ) log¥(sa,rs'6,6". (2.10)
(s,a,r,s" €D

After collecting a new batch of trajectories
B =((st,a1,T,St+1)) 1=1,.,B

by acting in the environment, the posterior distribution can be updated efficiently by
noting that

log p(010',2 U B)
=logp(0) +1log £ (@ U AB|6,0")
=logp(0) +1og £ (210,0') +1log £ (%16,0"
=logp(010',2) +1log £ (AB10,0").

(2.11)

Therefore, since our agent is currently holding a sample of p(0|0’,2), the posterior
can be updated by running SMC on the sequence

p618',2), p010',2)%(B10,0H", ..., (2.12)
p610',2)% (810,08, p(610',2)% (10,0, (2.13)

which interpolates between the posterior given what was already known, and the new
posterior including the new batch. This is equivalent to Equation 2.6 when taking p(0|0’,2)
as prior and p(4810,0") as likelihood.

To evaluate Equation 2.12, the likelihood £ (98|6,0’) only requires the latest batch,
and can easily be computed exactly. However, we choose to approximate p(010’,2)
by sampling mini-batches uniformly from the replay buffer, since computing it exactly
would require summing over the entire replay buffer.

Updating the target networks 8’ changes the target distribution, meaning that the
sample

91,...,6n, wi,..., Wy

isno longer a sample of the posterior with respect to the updated targets, i.e., p(010,,.,,2).
Therefore, the typical target update 9;. — 0; is now accompanied by another SMC step,
which smoothly interpolates between the distribution conditioned on the old targets

and the distribution conditioned on the new targets via the sequence
p0)L(@10,04,0)" " p0) L (@10,0;,.)" — pO)L(216,6,,), (2.14)

as A; increases from 0 to 1. This transforms a sample of the posterior with respect to
the previous targets to a sample with respect to the new targets. Intuitively speaking,
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Algorithm 3: SMC-DQN

Input: MDP, batch size B, ensemble size n
Result: Posterior over Qg (s, a)

91,~-~r9n NP(Q)
0,....0, —61,...,0,
wi,...,wp — 1

while fraining do

i ~uniform(l,...,n)

so ~ MDP

t—0

while episode not done do

a; = argmax, Qp, (s7)

I'tySt+1 ~ MDP(s¢, ar)

B =RBU{(st,ar,Te,5+1)}

if | %8| = B then
01,...,0,, w1,...,w, —SMC(p010',2), p(010',2 U B)) (eq. 2.12)
D—-DURB
B—@

end

if time for target update then
Hg,new - Hi
01,...,0p, w1,...,w, — SMC(p(010',2), p(010,,,,2)) (eq. 2.14)
0: - eg,new

end

end

end

this trains the main networks 6,...,6, to match the new targets, before acting in the
environment again.

Similarly to BootDQN, actions are selected by Thompson sampling one model 6;,
and committing to this model for a full episode. Algorithm 3 shows the general struc-
ture with both updates, where SMC refers to Algorithm 2. The Symplectic Euler Langevin
scheme [Wenzel et al., 2020] is used as MCMC step. We opt not to resample in every SMC
step, in order to maintain more diversity in the ensemble. Further, to maximize the ex-
ploration behaviour of the agent, we sample uniformly from the particles as opposed to
utilizing the weights.

While the structure is similar to a typical DQN implementation, a major difference is
that the SMC steps take significantly more time than typical Q-value updates. For each
batch from the environment, the agent adapts its model to match the posterior given
the new replay buffer, and also after each target update the agent trains its networks to
match the posterior given the new targets. The speed at which the agent can condition
its model on the new data causes a trade off between computation complexity and sam-
ple complexity. In this work we are mostly concerned with sample complexity in the
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Figure 2.2: Graphical representation of Deep Sea. The agent starts in the top left state, and transitions down-
wards to the left or right at every time step depending on the action taken. The only positive reward is granted
in the bottom right state

exploration setting. Furthermore, there is a very clear split between samples that are al-
ready in the data set 2 and samples that have yet to be incorporated 28. It is assumed
that the replay buffer & is large enough to store every experienced transition.

2.5. EXPERIMENTAL STUDY

So far we have introduced SMC-DQN, an agent that is architecturally similar to DQN
with an ensemble, but employs SMC to maintain a posterior over Q-value functions. To
test our agent’s ability to explore in difficult sparse reward environments, we evaluate
on the exploration tasks in Behaviour Suite (BSuite) [Osband et al., 2020]. We also test
on BSuite’s Mountain Car environment, which requires further exploration after reach-
ing the goal state to recover an optimal policy, to test whether our agent still explores
effectively after finding reward.

2.5.1. ENVIRONMENTS

Our agents run for 10000 episodes on both Deep Sea environments, 1000 episodes on
Cartpole, and 300 on Mountain Car, which, except for in Mountain Car, is the number of
episodes prescribed by BSuite. We only run our agents for 300 episodes as opposed to
BSuite’s 1000 episodes on Mountain Car because performance plateaus already after 100
episodes.

Deep Sea Deep Sea is a one hot encoded chain-like environment, where the observa-
tions are a matrix of size n x n and there are two discrete actions. The agent starts at
the top left state, moves down one row at every time step, and also moves left or right
depending on the action taken. A graphical view is shown in Figure 2.2. Only the bottom
right state results in positive reward, meaning that the agent has to execute the correct
action n times in a row to observe any positive reward in an episode; hence this envi-
ronment is impossible to solve with an e-greedy approach. Further, the agent receives a
small negative reward when moving to the right. In our experiments, we use an environ-
ment of size 30 x 30 and report the episodic return excluding the small negative reward,
so an optimal policy receives reward 1 in every episode. This is a difficult exploration
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Figure 2.3: Learning curves over the BSuite environments. The solid line is the mean of 10 seeds for the Deep
Sea environments, and 5 seeds for Cartpole Swingup and Mountain Car. The shaded area denotes the standard
error of the mean. Dashed lines show individual seeds.

task where the agent can not rely on generalization. In both deep sea variants, which
action goes left or right is randomized for each state to avoid trivial solutions.

Deep Sea Stochastic Stochastic Deep Sea adds a (1 — %) probability that the ‘right‘ ac-
tion fails and goes to the left instead. Furthermore, on the bottom left state the agent
receives a stochastic reward with mean 0. We use an environment of size 20 x 20 and in
our plots we normalize the reward an agent received by the theoretical optimal mean re-
turn of (1— %) " so that an optimal policy will receive an average episodic return of 1. This
environment requires the agent’s exploration method to be able to deal with stochastic-

ity.

Cartpole Swingup Cartpole Swingup is a sparse reward control task with continuous
states and discrete actions, similar to the classic Cartpole environment, except that the
pole starts in a downward position and the agent has to explore to find that reward is
received when the pole is upright. The agent also receives negative reward for moving
the cart, disincentivizing exploration. This is a difficult exploration task in a continuous
state space.

Mountain Car Mountain Car is a control task with continuous states and discrete ac-
tions, where the agent has to drive an under-powered car up a hill by building up mo-
mentum in a valley. In BSuite’s implementation, an episode is 1000 steps and cancels
early when the agent reaches the goal. The agent receives —1 reward at every time step,
and has to learn to end the episode as fast as possible to maximize reward. Exploring to
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Figure 2.4: Learning curves on 30 x 30 deep sea for 2 ablations compared to SMC-DQN. The solid line is the
mean of 10 seeds for ‘naive target update’ and 5 seeds for ‘only MCMC'. Shaded areas denote the standard error
of the mean and dashed lines show individual seeds.

find the goal state is not necessarily difficult in this environment, but finding an optimal
policy that reaches the goal state quickly can be difficult.

2.5.2. BASELINES AND HYPER-PARAMETERS

Baselines We compare against the baseline Bootstrapped DQN agents in BSuite with
and without randomized prior functions, since our algorithm can be considered an ex-
tension to the Bootstrapped DQN agent without priors, and the bootstrapped DQN agent
with priors is also similar to our method and known to be a strong baseline in the explo-
ration tasks that we consider.

Hyper-parameters We test all our agents with ensembles of size 10. For SMC-DQN, we
use the same hyper-parameters across each experiment, except for Cartpole Swingup,
where we set the standard deviation of the likelihood to o = 1 instead of o = 0.1 due to
the much larger scale of cumulative reward in Cartpole Swingup. For our baselines, we
use the hyper-parameters provided by BSuite. For the exact hyper-parameters we refer
to the Supplementary Material.

2.5.3. EXPERIMENTAL RESULTS
Figure 2.3 shows the performance of the agents on each task. It can be seen that SMC-
DQN outperforms BootDQN without priors on all our benchmarks. On Deep Sea it
achieves comparable performance to BootDQN with priors, and significantly outper-
forms BootDQN with priors on Cartpole Swingup, where BootDQN at this ensemble size
fails to learn a meaningful policy even with prior functions. When increasing the prior
scale on BootDQN with priors we still did not observe effective exploration with an en-
semble of size 10 on Cartpole Swingup. We refer to the supplementary material for these
results. Further, on Mountain Car SMC-DQN learns at the same speed as BootDQN with
priors in the beginning, but converges to a slightly better policy.

To confirm that SMC-DQN’s uncertainty quantification is sensible, Figure 2.5 shows
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Figure 2.5: Graphical view of the standard deviation and visitation counts of the values during training on
deep_sea/10. Each pixel shows standard deviation in the maximum Q-value (top row) of that state as predicted
by the ensemble. The bottom row shows the logarithmic visitation counts. In each figure, the top left state is
the initial state, and the bottom right state is the goal state. The diagonal is the only sequence of states that
results in reward. States in the upper triangle are unreachable.

the standard deviation in Q-values as proxy to uncertainty, and visitation counts of SMC-
DQN on 30 x 30 Deep Sea. Each square represents a state in Deep Sea, with the starting
state in the top left and the bottom right state being the only state that results in positive
reward. It is clearly visible how the uncertainty in values stays high for unvisited states,
meaning that the approximated posterior distribution can correctly lead the agent to-
wards under-explored areas.

2.5.4. ABLATION STUDY
Finally, in Figure 2.4 we study the effect of individual components of SMC-DQN by run-
ning two ablations.

Only MCMC First, to test whether SMC aids in approximating the posterior, we run an
ablated agent which only uses the MCMC kernel, the Symplectic Euler Langevin scheme,
to approximate the posterior.

The weights wy, ..., w, are dropped, and the models are now treated as an ensemble
of independent markov chains. The SMC step is replaced by 100 steps of the MCMC
kernel, which is the number of steps that SMC would run this kernel for on the final
target distribution. The split between the new batch and old buffer is removed, meaning
that all transitions are immediately added to the replay buffer. The posterior density is
approximated with samples from the replay buffer:

B 1 2
logp(6:10",2) ~1og p(0) + ), — 5 — | Qo (s, ai) = ri = maxyQy: (s',a) | ,
i=1

foreachi =1,...,n. All other hyperparameters are left unchanged.
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This agent fails to observe any reward, suggesting that the MCMC kernel by itself can
not keep a diverse set of models to explore with.

Naive target update Further, we check whether the new target update, which is theo-
retically required to maintain an approximation of the posterior, also improves reward
in RL experiments. We run an ablated agent that naively updates its targets, omitting the
SMC step.

The only change made to the algorithm is to remove the SMC step after updating the
targets. This means that when the target networks are updated, we simply set 8} — 6; for
every i = 1,...,n, and leave the weights and parameters 01, ...,08, unchanged until the
main update when the next batch of transitions is collected.

It can be observed that this agent can still receive reward, but on average later and
less reliably.

2.5.5. DISCUSSION

Our results show a clear gap between Deep Sea and the continuous environments in
the performance relative to the baseline. We hypothesize that this is due to the fact
that the likelihood does not explain the one-hot encoded environment Deep Sea very
well. On the continuous environments, agents can exploit the generalization capabilities
of neural networks, allowing the posterior to model sensible generalization behaviours.
However, since Deep Sea is under the hood a tabular environment, a perfect uncertainty
mechanism on Deep Sea would model every state as independent unless they are con-
nected, while the Bayesian posterior attempts to generalize over all states through the
dependency on 6. This means that the posterior distribution does not necessarily pro-
vide more accurate uncertainty quantification than an ensemble with randomized priors
of large scale.

2.6. RELATED WORK

Approximating the Bayesian posterior over Q-values to quantify uncertainty and drive
exploration in Reinforcement Learning has been previously studied by several prior works.
Monte Carlo Dropout [Gal and Ghahramani, 2016] is a Variational Inference method that
uses dropout layers, which probabilistically disables neural network connections to cre-
ate stochasticity in the outputs. The network together with the dropout probabilities are
then trained so that the outputs match the predictive posterior. Furthermore, NoisyNets
[Fortunato et al., 2019] adds stochasticity by modelling the posterior as independent nor-
mal distributions for each weight. Azizzadenesheli et al. [2018] replaces the last layer of
a neural network with Bayesian Linear Regression, inferring the posterior distribution
only over the parameters in the last layer. Epistemic Value Estimation [Schmitt et al.,
2023] increases the size of the model and uses a Laplace approximation to approximate
the posterior distribution over the full set of parameters. Due to the complex and non-
linear nature of neural networks, it is not clear in these variational inference methods
how the choice of model class for the posterior distribution affects the approximation
accuracy. Our algorithm, on the other hand, uses MCMC methods to approximate the
posterior, which is not restricted to a model class that has to be picked in advance. This
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leads to unbiased approximations in theory, although due to practical considerations us-
ing an MCMC method to approximate a complex posterior distribution is not a simple
task.

Langevin DQN [Dwaracherla and Roy, 2021] is an MCMC-based algorithm that ap-
proximates the posterior using Langevin Dynamics, which essentially perturbs the gradi-
ents of a DQN agent with normally distributed noise. Similarly, LMCDQN [Ishfaq et al.,
2023] uses a more intricate MCMC kernel with a preconditioner to improve computa-
tional performance. These methods are comparable to the inner MCMC kernels inside
the SMC algorithm in our agent, and could be used as drop-in replacements to the Sym-
plectic Euler Langevin algorithm that we used for its empirically established accuracy
[Wenzel et al., 2020]. While Langevin DQN and LMCDQN can also be used to train an
ensemble of Q-networks, SMC-DQN differs in that SMC theoretically and practically ties
together the ensemble members as opposed to running separate Markov Chains. Fur-
thermore, we use a mixture distribution as likelihood so that the ensemble consistently
models one posterior. Further, we update our target parameters in a theoretically sound
manner that takes into account that the posterior distribution is conditioned on all tar-
get parameters jointly.

2.7. CONCLUSION

This paper introduced the novel idea of using sequential Monte Carlo to train an ensem-
ble in order to approximate the Bayesian posterior distribution. Specifically, we modified
the BootDQN algorithm to use Sequential Monte Carlo, thus keeping track of a posterior
over the Q-values in a theoretically sound manner.

We found that such an approach is able to maintain a diverse set of models that can
drive exploration in difficult-to-explore environments such as Deep Sea and Cartpole
Swingup. Especially in continuous state environments, the uncertainty quantification
provided by the posterior distribution leads to better exploration compared to our base-
lines.

In the future, we intend to investigate the influence of the choice of prior and likeli-
hood, derive methods to synthesize meaningful priors and likelihoods, as well as extend
our method to more intricate reinforcement-learning architectures.
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Sequential Monte Carlo hyperparameters

7(0) (prior) iid. A4(0,1)
o (likelihood std) 0.1

B (batch size) 32
MCMC steps (main) 10
MCMC steps (target) 10
Symplectic Euler Langevin Scheme hyperparameters
¢ (learning rate) 1073
cycle length 20

B 0.98

h (step size) nldita

Y I

Table 2.1: Hyperparameters for SMC in the supervised learning experiment.

2.A. SUPERVISED LEARNING EXPERIMENT
This experiment tests posterior approximation methods in an ideal setting. The data
is exactly drawn from the assumed likelihood and prior. The neural network is a fully
connected network with two hidden layers of size 100 and 10. The data is generated by
sampling x i.i.d. from a uniform mixture of three normal distributions with means -1,
0, and 1 and standard deviation 0.25. The labels y are generated by randomly sampling
a neural network Opri0r from the prior p(0) and setting y; = feprior (x;) +€;, where €; ~
A4(0,0.25).

The hyperparameters for SMC are shown in Table 2.1. For randomized prior func-
tions, the prior function was drawn from the same prior as used for SMC and HMC.

2.B. REINFORCEMENT LEARNING EXPERIMENTS

For every agent, the Q-value network is a fully connected neural network with two layers
of size 50. For Deep Sea, the observation is flattened before the first layer. The hidden
units have leaky ReLU activations. Action selection is unchanged and done by picking
one ensemble member uniformly at random, and acting greedily with respect to that
network for the rest of the episode. Each ensemble member has access to all data col-
lected by other ensemble members. No noise is added to the TD errors. We use an en-
semble size of 10 for every agent.

The hyperparameters used for SMC-DQN are shown in Table 2.2, and the hyperpa-
rameters for BootDQN with and without priors are shown in Table 2.3.

The hyperparameters for BootDQN + prior and BootDQN are the default hyperpa-
rameters in BSuite. In addition to the default BSuite hyperparameters, Figure 2.6 also
shows results for our baseline on Cartpole with prior scales 15 and 30 to incentivize more
exploration, but we did not observe significantly better results than reported in the main
text.
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Sequential Monte Carlo hyper-parameters

7(0) (prior) iid. A4(0,1)
o (likelihood std) 0.1 (1.0 in cartpole)
B (batch size) 128
MCMC steps (main) 100
MCMC steps (target) 100
Target ESS 10%
Reinforcement Learning hyper-parameters
Buffer size 0o
Main update frequency B
Target update frequency B
Symplectic Euler Langevin Scheme hyper-parameters
¢ (learning rate) 1073
cycle length 20
B 0.98

. ¢
h (step size) s
Y "

Table 2.2: Hyper-parameters of SMC-DQN in the RL experiments.

BootDQN Hyper-parameters
Learning rate 0.001
Optimizer Adam (8; =0.9, B2 = 0.999)
Update frequency every step
Target update frequency every 4 steps
batch size 32
prior scale (if +priors) 5

Table 2.3: Hyper-parameters of BootDQN (+prior) in the RL experiments.
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Figure 2.6: BootDQN with prior functions evaluated on Cartpole for several values of prior scale. The agent
fails to find a performing policy.






EPISTEMIC BELLMAN OPERATORS

The previous chapter required making a design decision on how to treat the uncertainty
in the value of the next state. This is an important decision which is made seemingly
differently in other Bayesian reinforcement learning algorithms. This raises the question:
Is there a theoretically correct decision? At the same time, it is unclear generally whether
the loop of posterior inference and updating target values can be expected to converge. In
this chapter, we answer both these questions.

In Section 3.3 we discuss the theoretical gap in interleaving posterior updates and target
updates. In Section 3.3.2 we sketch a visual explanation that seemingly different algo-
rithms actually approximate the same approach. In Section 3.4 we formalize this ap-
proach, and show that in tabular reinforcement learning settings this converges to a solu-
tion. Finally, in Section 3.5 we rediscover an existing algorithm from a different lens and
adapt a widely adopted deep model-free reinforcement learning algorithm to an uncer-
tainty aware variant making use of our theory.

This chapter is based on Pascal R. van der Vaart, Matthijs T. J. Spaan and Neil Yorke-Smith. "Epistemic Bellman
Operators". In Proceedings of the AAAI Conference on Artificial Intelligence, 2025

29
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3.1. INTRODUCTION

Reinforcement learning (RL) algorithms have surpassed humans’ ability in many games
[Mnih et al., 2015, Schrittwieser et al., 2020], and have now also found success in real
world problems such as controlling plasma in a nuclear fusion reactor [Degrave et al.,
2022], video compression [Mandhane et al., 2022], large language models [Ouyang et al.,
2022] and algorithm design [Fawzi et al., 2022, Mankowitz et al., 2023]. However, even
for relatively simple tasks, algorithms still require many simulations or real interactions
to learn a strong policy, making them inefficient. One approach to attack this problem is
by making algorithms aware of their epistemic uncertainty, which is uncertainty caused
by a lack of data. This allows them to explore only parts of the problem that are still
uncertain, decreasing the total amount of interactions required.

However, proper uncertainty quantification is still an open problem in reinforce-
ment learning. Many techniques from supervised learning, such as ensembles [Diet-
terich, 2000, Lakshminarayanan et al., 2017] and Bayesian methods [Chen et al., 2014,
Liu and Wang, 2016, D’Angelo and Fortuin, 2021, Wenzel et al., 2020], have found suc-
cess in practice when applied to supervised learning tasks with labelled data. However,
in reinforcement learning data is not labelled with a ground truth, and instead the label
for the current state is a self-supervised bootstrap from the label of the next state, known
as the target value. Uncertainty quantification in RL must consider this sequential na-
ture. At the heart of this problem is the fact that uncertainty in the current state should
include the uncertainty in the target values, which is the uncertainty in the future states.

Adaptations of uncertainty quantification methods from supervised learning have
been applied to reinforcement learning settings [Osband et al., 2016, 2018, Fortunato
et al., 2019, Azizzadenesheli et al., 2018, Burda et al., 2018, Dwaracherla and Roy, 2021,
Schmitt et al., 2023, Van der Vaart et al., 2024] with good practical results, but there is
no guarantee that the way these algorithms treat the uncertainty in the successor state
leads to a theoretically sound algorithm, in the sense that the uncertainty quantification
aspect can be expected to converge to a solution at all. At least guaranteeing that these
methods work in potentially simplified scenarios is essential for the adoption of un-
certainty quantification in algorithms in the real world. Furthermore, some algorithms
seemingly disagree in their decisions on how to treat the uncertainty in the target values.

When adapting Deep Q-learning (DQN)-style algorithms to uncertainty aware algo-
rithms like BootDQN [Osband et al., 2016], EVE [Schmitt et al., 2023], Langevin-DQN
[Dwaracherla and Roy, 2021], LMCDQN [Ishfaq et al., 2023], SMC-DQN [Van der Vaart
et al., 2024] and BDQN [Azizzadenesheli et al., 2018], there are decisions to be made
about how to use and update the target parameters. Generally, these algorithms con-
dition their posterior on a posterior of the target parameters. As a main problem, we
highlight that there is no guarantee that the process of repeatedly updating the current
distribution, conditioned on the distribution over target parameters, and copying it to
the target parameters will converge to a limiting distribution.

Recently, Fellows et al. [2021] studied this problem theoretically and contended that
Bayesian model-free reinforcement learning algorithms create a posterior over Bellman
operators. They showed that the posterior converges to the true Bellman operator in the
limit of infinite data. We instead take an arguably more natural and direct approach, and
show that the problem can be formulated as a generic Bellman operator that works on



3.2. BACKGROUND 31

distributions.

Specifically, our contributions are as follows:
1) We introduce Epistemic Bellman operators as a tool to analyze existing algorithms
and develop theoretically sound uncertainty aware RL algorithms. Our unified frame-
work formalizes the process of conditioning on distributions over target parameters.
2) We prove that Epistemic Bellman operators are contractions, implying that the pro-
cess of interleaving posterior inference and target updates converges to a consistent
fixed point for a general class of distributions and return estimators. Furthermore, we
show that the mean of the fixed point of an Epistemic Bellman operator for policy eval-
uation is the fixed point of its non-epistemic counterpart.

3) We highlight the utility of Epistemic Bellman operators by analyzing an existing Bayesian

Q-learning algorithm and alleviating an overestimation problem predicted by our the-
ory. Furthermore, we develop a novel uncertainty aware version of Proximal Policy Op-
timization that clips less aggressively whenever it is certain about its advantages, and
show improved performance in several environments.

3.2. BACKGROUND

3.2.1. MARKOV DECISION PROCESSES

We focus on Markov Decision Processes (MDP) with infinite horizon in the discounted
reward setting. Formally, a Markov Decision Process is a tuple (¥, </, T, R, y) of a state
space ¥, action space &, transition function T : ¥ x &/ — A(%), reward function R :
& x o — R and discount factor 0 <y < 1. At each time step ¢, an agent observes the
current state s;, chooses an action a; ~ 7(s;) according to its policy 7 : ¥ — A(«/), and
receives reward r; = R(s;, a;). The goal of reinforcement learning is to find a policy x that
maximizes the discounted cumulative reward E7,5 [Z?‘;O ytrt]. Of central importance is

the Q-function
o0

Q"(s,@)=R(s,@) +Erx | Y y're | so=s,a0=al,
=1
denoting the expected discounted future reward if the agent executes action a in state s
and then follows the policy 7.
In a tabular setting, we represent the reward function, transition function and policy
as vectors and matrices R € RIS T e RIZIXI71 7 e gISIAl The Bellman operator for
a policy 7 can then be written as

B} RQ=R+yT"Q,

where T7 € RISIAIXISIAl js the transition function from state-action to state-action in-
duced by the transition function 7 and the policy 7, defined by

(T sasar =P(St41, Are1 = s,ad'|s,ar=sa) 3.1)

= Tsas s a'-

Since the transition function T and reward function R are assumed to be unknown
to the agent, computing a strong policy requires exploration of the environment to learn
which actions result in optimal return.
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3.2.2. MODEL-FREE REINFORCEMENT LEARNING
Typically interesting problems have large states and action spaces, making it difficult to
learn the transition and reward functions. Model-free algorithms such as actor-critics
[Mnih et al., 2016, Schulman et al., 2017, Haarnoja et al., 2018] and Q-learning [Mnih
et al., 2015] bypass this step and instead aim to learn a good policy or the values of a
good policy directly, without estimating T and R.

A common component is to learn the values or Q-values by representing them by a
neural network and minimizing the squared temporal difference loss on a dataset 2:

Lrp®6,0,2)= Y TD®,0,(s,a,1,5))?
(s,a,r,s")eD

= Y [Qo(s,@) - r—yG@', "],

(s,a,1,8) €2

(3.2)

where G(0',s') is some return estimator usually depending on a bootstrap from a target
network 8’ Mnih et al. [2015]. Examples are G(6',s") = max, Qg (s',a’) in the case of
one step Q-learning, or G(0',a’) =Y. yea7(a'|s") Qg (s', @’) in the case of policy evaluation
in actor-critics. The target network specifies what we believe the value is in the next
state, and is updated periodically 8’ — 6 at a slower pace than 6 to keep the target values
G(0',s") more stable for regression.

Agents use empirically observed transitions (s, a, 1, s") to learn these models, requir-
ing exploration to sufficiently cover the environment to achieve accurate values. Quan-
tifying uncertainty in the value models can greatly improve the exploration capability of
reinforcement learning algorithms through Thompson Sampling [Osband et al., 2016,
2018, O’Donoghue et al.,, 2018, Fortunato et al., 2019, Schmitt et al., 2023, Azizzade-
nesheli et al., 2018, Dwaracherla and Roy, 2021] or exploration bonuses [Ostrovski et al.,
2017, Bellemare et al., 2016, Burda et al., 2018]. Furthermore, uncertainty quantification
can also aid in general stability of algorithms by reweighting Bellman errors [Lee et al.,
2021].

3.2.3. BAYESIAN VALUE LEARNING

One method to quantify uncertainty is through Bayesian algorithms. Generally, a Bayesian
neural network is any neural network parameterized by 8 € ® where one attempts to
model the posterior distribution

p(210)p©)
[p@10)p©)d®)’

where p(216) is the likelihood, p(0) is a prior and 2 is some data set. The posterior
density p(0]2) signifies how likely values of 8 are, and is a natural method to model
uncertainty as a distribution.

To equip an agent with uncertainty quantification, a posterior distribution over the
parameters of a Q-function can be constructed p(0|2,0") < p(26,6") p(0). Since the
squared error loss is proportional to the log-density of a normal distribution, defining

p012) =

p(210,0") = exp (— Y [Qols,@)—r—yG(', s’)]2 (3.3)

s,a,r,s)eED
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is a natural candidate for the likelihood when extending value learning algorithms to a
Bayesian paradigm. This corresponds to the assumption that the temporal difference
errors are normally distributed:

TD®©,0',(s,a,1,s)) ~ N (0,52). (3.4)

While this assumption is in general not correct for every MDD, it is a convenient design
choice and it should come as no surprise that several previous works have used this like-
lihood before [Osband et al., 2018, Schmitt et al., 2023, Dwaracherla and Roy, 2021, Az-
izzadenesheli et al., 2018, Ishfaq et al., 2023].

The likelihood p(216,6') and therefore also the posterior density p(0]2,6') does not
only depend on the data, i.e., the observed transitions, it is also conditioned on the tar-
get values 6'. Handling this dependency is crucial for a theoretically sound algorithm
that handles the sequential nature of uncertainty in this setting. Furthermore, poste-
rior distributions are generally difficult to compute in practice, requiring approximate
models. For example, BootDQN [Osband et al., 2016, 2018] uses ensembles, Langevin-
DQN, LMCDQN and SMC-DQN [Dwaracherla and Roy, 2021, Ishfaq et al., 2023, Van der
Vaart et al., 2024] use Monte Carlo methods, EVE [Schmitt et al., 2023] uses a Laplace ap-
proximation with diagonal covariance and BDQN [Azizzadenesheli et al., 2018] performs
Bayesian inference over only the final layer of the Q-network.

3.3. PROBLEM STATEMENT

In this section we identify a key problem with model-free Bayesian reinforcement learn-
ing algorithms and motivate the value of our main contribution.

3.3.1. PROBLEMS WITH TARGET UPDATES
Roughly speaking, algorithms such as BootDQN, Langevin-DQN, LMCDQN, SMC-DQN,
BDQN and EVE operate by interleaving steps

1. Infer a posterior given the current targets, puain(012) = p(012,0'), where the tar-
gets are drawn or assumed to be from some distribution over targets ptarget @".

2. Update the distribution over targets: piarget(0) < Pnain(019) = p(012,0') to the
current distribution over the main parameters 6.

This is analogous to the target update in many non-probabilistic algorithms that use
temporal difference learning, and may seem like a reasonable adaptation to the Bayesian
setting. However, for distributions there is no guarantee that this scheme converges, or is
in fact well defined, since setting prarget () < Pnain(0) is mathematically unsupported
when ppain(0) is a distribution that was conditioned on the target parameters. Further-
more, if this scheme does not converge to the same pp,in(012) for a fixed data set 2 and
every starting distribution, it is not sensible to define a posterior ppain(012) that is only
conditioned on 2.

Fellows et al. [2021] propose interpreting the problem as inferring a posterior distri-
bution over Bellman operators, and show convergence of the posterior to the true Bell-
man operator as more data is collected.
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Figure 3.1: Plots of the distribution over the Q-value of a single state-action. The final column shows the
difference between the target distribution (red) and the current distribution (blue). Rows are (1) idealized
model class, (2) ensemble approximation (BootDQN), (3) Laplace approximation (EVE).

Instead, we propose a new Bellman operator that operates on distributions over Q-
values, and prove that this operator is a contraction and has a fixed point. Roughly
speaking, we show that an algorithm that alternates between updating a distribution
conditioned on the targets, and updating the distribution over targets converges to a lim-
iting distribution, proving that several common Bayesian algorithms which are special
cases of our operator can be expected to converge, independent of the starting distribu-
tion.

3.3.2. VISUALIZING THE DISTRIBUTIONS

Before we introduce Epistemic Bellman Operators, we analyze which distributions Bayesian
Q-learning algorithms actually attempt to approximate. To this end, we study BootDQN
and EVE in a tabular setting, and assume there exists some idealized distribution over
targets Q' ~ Ptarget (Q) that our agent currently has. Furthermore, as in BootDQN and
EVE, we are equipped with a likelihood

1
P@21Q Q) x exp| -7 Y TDQ,Q',s,a,1,5)?],

(s,a,r,s") €D

also conditioned on a set of target values Q'.
This results in a posterior distribution

p(Q12,Q) x p(21Q,Q"p(Q).

However, this distribution is conditioned on a single value for the targets and does not
yet incorporate the fact that Q' ~ prarget (Q), i.€., the uncertainty over the targets.

In the case of BootDQN, prarget (Q) is modeled by the ensemble of target networks
6},...,0;, and to approximate the posterior each ensemble member optimizes for its
own loss QF = argmax p(Q;|2,Q}). On the other hand, EVE has a Laplace approxima-
tion for prarget (Q), and updates the main distribution by sampling one Q' ~ Prarget (Q),
maximizing Q = argmax p(Q|2, Q') and also updating the Fisher information.

In our idealized setting, we can directly consider the marginalization of the condi-
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tioned posterior over targets Q':

pmain(ng)zfp((m@; q’)dptarget(q’)-

Figure 3.1 shows a graphical presentation of this marginalization, together with Boot-
DQN and EVE, in a simplified setting with an MDP with one state and one action. We
assume the likelihood is a Gaussian on the one-step temporal difference:

TD(Q,Q',s,a,1,5) =Q(s,a) — (r +yQ'(s', @),

where the policy is omitted for this one-action case. The top row is the idealized ver-
sion of Bayesian model-free reinforcement learning algorithms. A distribution over the
targets Q' defines a pushforward distribution over BQ' = r + yQ(s’, @), which in turn
implies a distribution over the main values which can exactly be inferred by a fully ex-
pressive model class. The second row contains a sketch of the situation with ensem-
bles. The distribution piarget is an ensemble, which together with the normal distri-
bution likelihoods makes a mixture distribution over with modes r +yQ;(s’, @) for each
ensemble member i. Estimating this distribution with an ensemble ideally returns an
ensemble containing the modes of the new distribution, establishing the analogy be-
tween marginalization over Q' and simply applying the operator BQ; := r + yQ;(s’, a) to
each ensemble member individually, which is how BootDQN is trained.

For EVE, which uses Laplace approximations for its models, the target distribution
is a normal distribution. The distribution for the current state is therefore also a nor-
mal distribution, and representing it in the model class of normal distributions returns
a normal distribution.

Both BootDQN and EVE can be considered as approximations to this marginaliza-
tion, approximating the integral with an ensemble in the case of BootDQN and a single
sample from prarget (g") in the case of EVE. After constructing an approximate pyain (Q|2)
each method then attempts to represent this distribution in their model class.

Considering this marginalization process, we can now define what it means for a
well-defined posterior to exist. If the process of

P QD) = f pQl2,Q"d pi’;)rget(Q’) 3.5)
Pl (Q) = ¥ (QI2) (3.6)
k= k+1 3.7)

converges to the same limiting distribution p(Q|2)* for every starting pgrget (Q"), the
posterior distribution p(Q|2) is well-defined. We formalize this process with the Epis-

temic Bellman Operator.

3.4. EPISTEMIC BELLMAN OPERATORS
For any Bellman operator or contraction Bg, perhaps depending on some data set 2, we
can define a pushforward distribution with additive noise as

p(Q12,Q") = Law (B2 (Q) +¢€4), (3.8
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where Law (X) denotes the probability density of X. This is equivalent to the notion that
the Q-values are distributed around the target values Q' with some local uncertainty €g,
independent of Q'. This is a naturally occurring distribution in literature, since the pos-
terior distribution of a normal likelihood with a normal prior takes this shape, which
is commonly used in model-free deep RL literature [Osband et al., 2016, 2018, Schmitt
et al.,, 2023, Fortunato et al., 2019, Azizzadenesheli et al., 2018, Dwaracherla and Roy,
2021, Ishfaq et al., 2023]. The Epistemic Bellman Operator for this distribution marginal-
izes the distribution over Q’, and returns a new distribution.

Definition 1 (EBO). For any measurable set A, let 22(A) denote the set of probability
distributions over A. Let p(glq’) be a distribution over Q-values conditioned on target
Q-values, e.g., Equation 3.8. We define the corresponding Epistemic Bellman Operator
(EBO), as an operator ), : 2RS4 — g (RISI14), mapping distributions over Q-values
to another distribution over Q-values by

BpPo(q) =fp(q|q’)dPQ(q’). 3.9)

When p(glq") is of the form Law (Bg (q') + €5 ), we can equivalently write Equation 3.9
as
%pPq=Law (By(Q) +€9,Q ~ Pq). 3.10)

If the distribution p(glq’) = Law (B (Q) +€g) has contracting properties, for example
when Bg is a Bellman operator, it can be shown that the respective EBO is also a con-
traction. This is formalized in Theorem 1, whose proofis provided in Appendix 3.A.

Theorem 1 (Contraction). Let 2 = (RS [I.lco) be a metric space, By be a contraction
on2, and let pg(qlq') = Law(By (q') + €5) be a distribution over 2 conditioned on target
valuesin 2.

Then the corresponding Epistemic Bellman Operator B, : 2(2) — P (2) defined by
Equation 3.10, where ep is independent of Q, is a Wy -contraction on 2(2) for any ¢ €
[1,00).

This theorem implies that for any dataset &, and any return estimator that is a con-
traction on Q-values, repeatedly applying an EBO to any starting distribution will con-
verge to a fixed point. A consequence is that algorithms which interleave posterior in-
ference with target distribution updates are theoretically sound in the sense that they
converge to a unique solution p(Q|2). Theorem 1 does not characterize the optimal-
ity of this solution, because this depends on the inner non-epistemic Bellman operator,
which is typically the decisive factor for the functioning of an algorithm. For example, in
the next section we will apply EBOs to the Optimal Bellman operator as well as Proximal
Policy Optimization’s return estimator, yielding two very different algorithms.

In the case of policy evaluation with a one-step Bellman Operator

BQ=R+yT"Q,

the fixed point of the EBO 28 is simple to characterize, and can be theoretically verified to
be consistent with its non-epistemic counterpart. This can be extended to any affine B.
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Figure 3.2: The Epistemic Bellman Operator applied iteratively to an initial distribution with a fixed policy in a
single-state, two-actions MDP. The fixed point of the regular Bellman operator is in red.

Notably, the following theorem states that the mean of the fixed point is equal to the
fixed point of the non-epistemic Bellman operator in p(¢q|g’) when it is affine and € has
mean zero. We refer to Appendix 3.A for the proof.

Theorem 2 (Mean of %8). Let % be the EBO corresponding to pg(qlq") = Law(B(q') +¢)
with Ele] = 0. Let Pp(Q) be the fixed point of 8, and Qp be the fixed point of B. If B is an
affine contraction, then Ep,[Q] = Qp. Furthermore, writing B(Q) = AQ+ b, the covariance
2o =Ep, [QQ" - QpQy] is given by

Vec(ZQ) =(I-A® A)_1 Vec(Z¢)
where Vec(X) denotes the vectorization of X and ® is the Kronecker product.

To showcase what our theorems state, we conduct an experiment in an MDP with
one state and two actions so that the distributions are easy to visualize. We initialize a
multivariate normal distribution, and iteratively apply the EBO. Figure 3.2 displays the
density of the distribution over time, with the fixed point of the non-epistemic Bellman
equation Q" marked in red. It can be seen that the distributions converge to a normal
distribution centered around Q”, where the Q-values are strongly correlated. This corre-
lation is expected, since both actions transition to the same state. Furthermore, Figure 6
in the appendix shows that the Wasserstein distance to the fixed point matches the the-
oretical contraction rate of y.

3.5. USE CASES OF EPISTEMIC BELLMAN OPERATORS

In this section we highlight two main use cases for Epistemic Bellman Operators: gaining
theoretical insight into existing methods by interpreting them with EBOs, and creating
new methods using EBOs to guide the model updates.

3.5.1. THOMPSON SAMPLING WITH EBOS

Thompson sampling is a popular exploration algorithm [Azizzadenesheli et al., 2018,
Dwaracherla and Roy, 2021, Ishfaq et al., 2023], making use of approximate sampling
from a posterior distribution. More precisely, given a distribution Pg of likely models,
Thompson sampling samples a candidate model Q ~ Pg and acts greedily with respect
to Q. We can model this behaviour with Epistemic Bellman Operators by taking the stan-
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dard Optimal Bellman Operator as inner operator for our EBO:
/ o
plalq) =Law(R+yT"7 q' +e),

where ¥, denotes the greedy policy with respect to q’. The corresponding Epistemic
Bellman Operator reads

BPo = Law(R+yT”5Q+e@,Q ~ PQ).

As a result of Theorem 1, it is known that this operator is a contraction and has a fixed
point. However, since

Epo, P [mgx(Q(s, a) +e(s,a))]
= Ep [maxEp, [Q(s, a) +€(s, a)l] 3.11)

>maxEp, [Q(s, @)

when the event € > 0 has positive probability and E[e] = 0, it can be predicted that the
mean of the fixed point of 28 will overestimate the true values of the Thompson sampling
policy, similar to the overestimation bias in Q-learning [Van Hasselt, 2010, Van Hasselt
et al., 2016]. Epistemic Bellman Operators can remedy the overestimation in the same
manner as in Q-learning, through sampling two independent samples from Pg. This
leads to the operator

%2Pq =L3W(R+YT”Z"Q+6_@,Q,Q’~PQ], (3.12)

which reduces the estimation bias by selecting actions from an independent sample.
We conjecture that this is operator is also a contraction under the same assumptions as
Theorem 1, and we see in experiments that the values do converge.

Experiments To showcase this result, we run Thompson Sampling (TS) policies in a
tabular environment, using Hamiltonian Monte Carlo, a standard MCMC algorithm, to
approximately sample from the posterior, and using EBOs to directly sample from the
exact distribution. Both methods are provided with unbiased estimators for T and R,
so that any errors in the value models are purely due to bias in the algorithms. We then
compare the mean of the sampled values to the true values achieved by the TS policy.
The results are shown in Figure 3.3, with implementation details in Appendix 3.B. It can
be seen that both the approximate sampler (MCMC) and exact sampler (EBO) overesti-
mate the values with the same linear scaling in e. However, using the double-sampling
EBO, eliminates the bias. Furthermore, approximately sampling the fixed point of the
double-sampling EBO with an MCMC algorithm also eliminates the bias. In agreement,
Ishfaq et al. [2023] report that the double-Q sampling trick also helps MCMC methods in
deep RL settings.
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Figure 3.3: The gap between predicted values and true values of Thompson Sampling policies on a tabular
MDB with various local noise scales. Each line is the mean of 10 independent experiments.

3.5.2. EPISTEMIC CLIPPING PPO

Since Theorem 1 holds for any contraction, it is applicable to a wide range of return es-
timators used in practice. To showcase the generality of our results, we modify Proximal
Policy Optimization (PPO) Schulman et al. [2017] into Epistemic Clipping PPO (ECPPO)
by replacing the value models with a distributional model.

Proximal Policy Optimization PPO is a popular model-free reinforcement learning al-
gorithm based on the actor-critic architecture. At a high level, it adapts actor critic archi-
tectures to a slightly off-policy setting so that multiple updates can be done on the same
batch of data. It parametrizes a policy network 7y and value network V. During rollouts
of the MDP it follows the policy g and estimates the advantage A; of its policy with the
following return estimator:

Ar=8;+YA8 i1+ + (YT 16y, (3.13)
where §; =1, +yV(sr41) = V(sp), (3.14)

which is a mixture of temporal differences over several time steps where A is a hyperpa-
rameter to decay future temporal differences. In the extreme cases A = 0 or A = 1, this
entails taking the one step advantage A; = r; + YV (s;+1) — V(s;) or Monte Carlo return
Ar= Z]T:tyf rj — V(s¢). The policy is then optimized to maximize the advantage through
the following loss:

LPPO(0) = Elmin(r;(0) A;, clip(r;(6),1— ¢, 1+ ¢) Ap)], (3.15)

where r,(0) denotes the policy ratio %, 14 is the rollout policy (i.e. the policy

that originally collected the transition) and clip(x, a, b) clips the value x to the range
(a,b). This clipping procedure ensures that the policy 7y does not stray too far from
the policy that originally collected the data, as the mismatch between the two policies
induces bias in the advantage estimation.
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Adaptively Clipping An approximation of the posterior over V(s) provides the agent
with uncertainty quantification on the advantages, which we use to clip less aggressively
in the policy loss whenever we are certain about the advantages. To this the original PPO
loss is modified to

LEPPO@) = E[min(r(0) Ay, clip(r:(6),1 — cp(Uyp), 1 + cp(Up) Ap)], (3.16)

where U; is an estimate of the uncertainty in A; and ¢ is a monotonically decreasing
function, such that the clipping range expands whenever U, is low.

To approximate the distributions defined by the Epistemic Bellman Operator, we
present two options: ensembles and a Laplace approximation. In the ensemble imple-
mentation of ECPPO, the value network of PPO is replaced by an ensemble V; (s),..., V,,(s),
and the advantages are computed according to each ensemble member k independently:

AP =6W 1260 ok )T 0 (3.17)

8W =1+ yVilsrr) = Vielsy). 3.18)

. Lo AP
As in standard PPO, the advantages are then normalized A(tk) = ZT”

estimated from the minibatch, and the uncertainty is defined as

using statistics y, o

A TGN 1IN
Ut—wZ(At 2=(= ) A3
=1 =1
which is the empirical standard deviation of the ensemble. The clipping range is mod-
ified by a function ¢(U;) such that 0.5 < ¢(U;) < 2. For exact specifications we refer to
Appendix 3.B.

The Laplace-based version of ECPPO uses a Laplace approximation with diagonal
covariance for the value network V(s). To approximate the uncertainty Uy, it is im-
portant to keep in mind the covariance between the values within the same trajectory
V(s1), V(St+1),..., V(sT). To this end, the advantages A; are computed with a set of candi-
date models V; (s), ...V, (s) drawn from the approximate posterior A (OMLE, %J (OMLEY-1y
where OMLE s the MLE estimator and .# (0MLE) is the Fisher Information. We refer to
Daxberger et al. [2021] for a more in-depth overview of Laplace approximations for BNNs.
The advantages and uncertainty are computed from V;(s),... V,(s) analogously to the
ensemble-based ECPPO. However, unlike the ensemble-based version, no gradients are
computed for these candidate models as they are only used to compute targets. This
makes the Laplace version more scalable.

Experiments We test the RL agent with base clipping hyperparameter of ¢ = 0.2 on
all discrete state environments in Gymnax [Lange, 2022], which includes environments
from OpenAl Gym [Brockman et al., 2016], BSuite [Osband et al., 2020], MinAtar [Young
and Tian, 2019], and several miscellaneous environments [Lange and Sprekeler, 2022,
Miconi et al., 2018, Sutton et al., 1999, Wang et al., 2016], but excluding SimpleBandit-
bsuite, which is non-sequential and trivial, and MemoryChain-bsuite, which is non-
Markovian.
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Figure 3.4: Regret of ECPPO with ¢ = 0.2 relative to the regret of the baseline with ¢ = 0.2 (lower is better).
Environments are grouped and colour-coded by optimal baseline clipping parameter. Average of 20 seeds,
with error bars denoting one standard error.

We compare results against the baseline version of PPO in PureJaxRL [Lu et al., 2022],
which also has clipping ratio ¢ = 0.2, and is tuned for these environments by the authors.
Furthermore, since ECPPO is a modification to the clipping behaviour, we group envi-
ronments by whether PPO improves with ¢ = 0.1 and ¢ = 0.4, which are the smallest and
highest clipping ratio achievable by ECPPO.

Full experiment details and code are in Appendix 3.B, and all learning curves are
in Appendix 3.C. To highlight how ECPPO improves over the baseline PPO with fixed c,
Figure 3.4 shows the cumulative regret of ECPPO with ¢ = 0.2 w.r.t. the strongest PPO
baseline, normalised by the regret of the baseline with ¢ = 0.2. The environments are
grouped by whether decreasing or increasing ¢ improves baseline performance. It is im-
mediately visible that Ensemble-ECPPO dramatically improves performance across sev-
eral environments, independent of whether high or low c is optimal in the specific en-
vironment, and without suffering major performance penalties in other environments.
Laplace-ECPPO also improves performance in several independent on the optimal c,
but becomes significantly worse on Breakout. Finally, we observe in Figure 8 (provided
in Appendix 3.C) that the uncertainty quantification make sense in a qualitative manner
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in the FourRooms environment, where uncertainty is high where the current policy has
low support.

3.6. RELATED WORK

There is a large body of research for Bayesian methods in RL. On the practical side, there
are algorithms such as BootDQN [Osband et al., 2016, 2018], EVE [Schmitt et al., 2023],
BDQN [Azizzadenesheli et al., 2018], Langevin-DQN [Dwaracherla and Roy, 2021], LM-
CDQN Ishfaq et al. [2023] and SMC-DQN [Van der Vaart et al., 2024]. Our main theo-
retical result aims to theoretically ground these methods within a general framework by
interpreting them as special cases of an EBO, which works on distributions, and prove
that this is a contraction.

Operators that work on distributions are also a main focus in Distributional RL [Belle-
mare et al.,, 2017]. The goal in distributional RL is to model the distribution of returns, as
opposed to learning only the mean. Distributional methods model the aleatoric uncer-
tainty, which is the inherent randomness of returns due to the randomness in the policy
and MDP. Instead, we focus on learning the mean of the returns, and compute a distri-
bution over possible means given our observations to model the epistemic uncertainty
on the mean. Furthermore, our operator naturally takes into account the dependency
and covariance of the Q-values.

Dearden et al. [1998] discuss a similar operator, also providing convergence guar-
antees with a contraction argument. This result can be interpreted as a special case of
our results with a specific return estimator and specific approximation class. Our main
theorem instead applies to any return estimator with contractive properties.

Bayesian Bellman Operators [Fellows et al., 2021] also focus on the potentially prob-
lematic dependence on the target values when inferring posterior distributions over Q-
functions. In their work, these problems are alleviated by interpreting Bayesian RL meth-
ods as inferring posterior distributions over Bellman Operators, while we directly con-
sider distributions over Q-functions. Furthermore, they focus on a standard one-step
Bellman operator with parameterized Q-functions, relying on gradient-based optimiza-
tion theory to prove convergence in the limit of infinite data under assumptions on the
data generating distributions. On the other hand, our results hold for any contraction
operator and show existence and consistency for any data set.

3.7. CONCLUSION

We have introduced Epistemic Bellman Operators, which are operators that map a dis-
tribution over Q-values to the pushforward of regular Bellman operators with additive
noise. We have shown that our operator generalizes several probabilistic reinforcement
learning algorithms, unifying practical algorithms that appear to have dissimilar archi-
tectures. Furthermore, we have proven that Epistemic Bellman Operators are contrac-
tions, which implies that interleaving posterior inference and target updates converges
to a fixed distribution and motivates these practical algorithms by showing consistency
in tabular settings. We showed that the fixed point of an EBO is sensible when doing
policy evaluation. Finally, we showcased the generality of our operators by studying an
existing Bayesian Q-learning algorithm and modifying PPO into an uncertainty-aware
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variant that outperforms the original algorithm in several environments.

In future research, the insights from our main theorem can aid in the design of new
uncertainty-aware algorithms by guiding practical design choices toward theoretically
sound approaches. Another research direction is to study more applications of uncer-
tainty in reinforcement learning, other than exploration and the one presented here.
Finally, we aim to investigate the influence of priors and likelihoods and study more
suitable distributions than normal distributions.
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3.A. PROOFS

Proof of Theorem 1. Finding a method to utilize the contraction properties of the inner
Bellman operator is the main challenge in this proof. We will achieve this by defining
an Epistemic Bellman operator on the joint space of two sets of Q-values with correlated
noise. This will cause the noise to cancel later in the proof and allows us to use the inner
Bellman operator as contraction.

Recall that the Wasserstein distance can be written as

P
W,(Px,Py)=| inf E ~rRUX-=Y|P ,
»(Px, Py) Relg%xy o, )~r(l 1"

where Zxy is the set of joint probability measures that has marginals Px and Py, and
|| |l is the norm on RS in which Bg is assumed to be a y-contraction.
We can define an operator analogous to the EBO that works on the joint space in-
stead:
.@R(X, Y)=Law((Bg(X) +€g9, By (Y)+€g,(X,Y) ~R(X,Y)),

where crucially both €4 are the same variable. We are allowed to choose €g in this man-
ner because it leaves the marginal distributions unchanged.
Because %R has marginals 98Py and &Py if R has marginals Px and Py, we have

Wy (BPx,BPy)’ = inf Eg[IX-Y|P]< inf Egz[IX-YIP]. (3.19)

ReZzpy, 2Py ReZpy,py

The inequality holds because the first infimum is over all R with marginals %Px and
%Py, while the second infimum is restricted to the image of %3.
Finally, we can conclude that

W,(BPx,BPy)’ < inf Egp[IX—YIP] =infEz|By(X)+eg — By (Y) — g
R

Re. Py.Py
(3.20)
=infEg|| By (X) - Bo(V)I|” < infEgy” | X - Y1IP < yPinfE4| X - Y|P
! ! ‘ (3.21)
= (yWp(Px, Py))?, (3.22)
where in Equation 3.21 we use the fact that By is a y-contraction in ||.|. O

Proof of Theorem 2. Most of this proof relies on the fact that we can switch the order of
expectations and affine functions.
Since Pgp is a fixed point of 9, we have

Epy [Ql =Egp, [Ql = Ep.Epy [B(Q) +€] =Epy [B(Q)] = B[Ep, [Qll, (3.23)

where the second equality is the definition of the EBO, the third equality follows from
independence of € and Q, and the last equality uses the fact that B is an affine function,
proving that Ep, [Q] is a fixed point of B.

For the rest of the proof, we will write BQ as shorthand for B(Q), and since B is affine
we define A and b such that BQ = AQ + b.
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For the covariance we have
Eps [QQT] =Ep, [Ep, [(BQ+6)(BQ+€)"]]
=Ep, [Ep, [(BQI(BQ)T +BQe +e(BQ)" +ec']]
=Ep, [(BQ)(BQ)"| +Ep,Ep, [BQe| +Ep.Ep, [¢(BQ) ] +Ep, [ee”]
=Ep, [BQUBQ) ]| +Ep, [¢"|Ep, [BQI+Ep, [€]Ep, [(BQ)T] +Ep, [e€']
=Ep, [(BQBQ) | +Ep, [e€]
=Ep, [((BQ)BQ) '] + 2
=Ep, [(AQ+D)QTAT +b"] +2,
= AEp, [QQT] AT + bEp, [Q] +Ep, [QI1b" +bb" +3,
= AEp, [QQT] AT + bEp, [Q] +Ep, [QI1b" +bb" +3,
= AEp, [QQT] AT +bQj +Qpb" +bb" + =,

(3.24)
and
QQj = (BQ)(BQp) ' = AQpQz A" +bQj +Qpb’ +bb',
SO
Epy [QQT - QBQg] = AEp, [QQT] AT — AQsQ AT +32¢ 3.25)
= AEp, [QQT - QpQp] AT + 2. '

Vectorizing both sides yields
Vec(Ep, [QQ" - QsQf]) - Vec(AEp, [QQ" - QpQ5] A1) = (3.26)
Vec(Ep, [QQT - QsQg]) - (A® A\Vec(Ep, [QQT - QQR )=  (3.27)
Vec(Ze). (3.28)

Finally, since B is a contraction, the absolute eigenvalues of A must be strictly smaller
than 1. By basic properties of the Kronecker product, A® A then also has absolute eigen-
values strictly smaller than one. Therefore, I — (A ® A) has only non-zero eigenvalues,
and hence is invertible.

We conclude that

Vec(Ep, [QQ" - QpQp]) = (I- A® A)"!Vec(Ze)

to finish the proof. O

3.B. EXPERIMENT DETAILS

3.B.1. EPISTEMIC BELLMAN OPERATOR
The MDP in this experiment has reward function R = [0.05192758, —0.7084503], and the
evaluated policy is & = [0.4352794,0.5647206]. We use a standard 1 step Bellman opera-
tor B such that

BQ=R+yT"Q,
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Algorithm 4: Pushforward sampling of EBO with i.i.d. €

: Input: Noise-scale o
: Output: A sample from the fixed point

: Initialization:

Q<0

: while not converged do
€~N(0,0%
Q—R+yT" +e¢

: end while

: Return Q

—_
(=]

and the likelihood is given by p(Q|q’) = Bq' + ¢ where € ~ A4 (0,diag(0.2,0.2)). The initial
distribution is a normal distribution with mean 0 and covariance diag(2,2).

Code that generated the figures is available at github.com/pascal314/
epistemic-bellman-operators. These experiments were completed on a single
CPU within a few minutes.

3.B.2. TABULAR THOMPSON SAMPLING

The MDP in this experiment has 30 states and 5 actions, with y = 0.9. The transition
function is drawn form a uniform dirichlet distribution, and the reward function is sam-
pled i.i.d. from a normal distribution with standard deviation 0.1. We provide the true
transition and reward function to all algorithms, but inject normally distributed noise €
with varying standard deviation.

Our MCMC sampler is a basic Hamiltonian Monte Carlo (HMC) sampler applied to
the likelihood

1 o
p(Q) x exp(ZF(Q—R—yT QQ))?,

where o is the true standard deviation of the injected noise. The Double-Q MCMC sam-
pler is applied to the likelihood

1 . 1 -
PQQ)oxexp|Y o5 (Q-R-yT" ¢ Q%+ — (@ -R-yT"°Q)*,

S, a

The HMC hyperparameters are hand-tuned to have an acceptance rate around 0.9.

Our EBO sampler samples from the fixed point of the EBO by initializing a table of
Q-values and repeatedly applying the EBO. The Double-Q EBO sampler uses the same
approach but has two Q-tables and applies the Double-Q EBO instead. Pseudo-code for
both methods is available in Algorithms 4 and 5.

Codeis available at github.com/pascal314/epistemic-bellman-operators and
runs in less than a minute.


github.com/pascal314/epistemic-bellman-operators
github.com/pascal314/epistemic-bellman-operators
github.com/pascal314/epistemic-bellman-operators
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Algorithm 5: Pushforward sampling of Double-Q EBO withi.i.d. €

: Input: Noise-scale o
: Output: A sample from the fixed point

: Initialization:

Q10

Q20

: while not converged do
€1~ N (0,06%)

€2~ N (0,0%)

Qi —R+yT" 2 +¢
Q; — R+7/T”51 te

: end while

: Return Q.

© X NSOy

— e e
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3.B.3. EPIsTEMIC CLIPPING PPO (ECPPO)

Code for both Ensemble-ECPPO and Laplace-ECPPO is available at gi thub . com/pascal314/
epistemic-bellman-operators. We utilize PureJaxRLs implementation of PPO as base-
line and backbone of our ECPPO implementations. Pseudo-code for the modified policy
update is in Algorithm 7. Acting in the environment and the (clipped) value updates are
unchanged from the baseline PPO.

For Ensemble-ECCPPO, we replace the value network with an ensemble of 5 value
networks with the same architecture. The value update is applied to each ensemble
member independently.

For Laplace-ECPPO, the value network is unchanged, but now also accompanied
by a diagonal approximation of the inverse Fisher information matrix F. Whenever the
value model is updated, the inverse Fisher approximation is also updated.

©
5, (3.29)

F—F+ a(% +n-
where A and o are hyperparameters representing the standard deviation of the prior and
likelihood respectively, n is the total number of observations, and g © g is the pointwise
squared gradients of the value model loss with respect to the previous rollout. Pseudo-
code to sample models from a Laplace approximation is provided in Algorithm 6. For
a more detailed exposition of the workings of Laplace approximations, we refer to the
references cited in the main paper.

ADAPTIVE CLIPPING

For each time step ¢ the uncertainty U; is computed by taking the standard deviation of
the empirically observed advantages, as described in the main text. The clipping param-
eter of the policy ratio is then modified to c¢(U;), where

1 3
¢(u) = > + 50'(15-(—u+0.3)),


github.com/pascal314/epistemic-bellman-operators
github.com/pascal314/epistemic-bellman-operators
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Algorithm 6: Sampling from a Laplace Approximation

1: Input: Value network parameters 6, diagonal Fisher information matrix F at 8, and
number of samples K.

: Output: Samples {6 k}I,le from the Laplace approximation.

: for each sample k=1 to K do

Sample a vector zj ~ A4(0,1) with i.i.d. entries, of shape 6.

Scale z; pointwise by the diagonal Fisher information

Zf < Zk/\/F

6:  Shift z; by the mean (i.e. the main parameters)
Or=2z+0

7: end for
8: Return the set of samples {0 k}Ik<:1'

2.0_ § el T " " EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEESE

0.5 1

0.0 0.5 1.0 1.5

Figure 3.5: A plot of the function ¢(u) used in our ECPPO experiments.

where o is the sigmoid function.

We hand-picked this function as a simple candidate that maps [0,00) — [0.5,2.0], so
that ECPPO can either halve or double the clipping range based on the uncertainty. To
find reasonable values for scaling and shifting the uncertainty, we conducted an initial
experiment on Acrobot-v1l where we empirically evaluated the expected modification to
the clipping Ey[¢p(U)]. We then picked the values 15 and 0.3 so that Ey[¢(U)] = 1 on
this environment. We did not conduct any other hyperparameter optimization based on
algorithm performance to obtain ¢ (u). While we used a specifically shaped function, we
note that any positive and monotonically decreasing function ¢ is a valid choice.

HYPERPARAMETERS
We left all further hyperparameters unmodified from the baseline. For completion, we
list the hyperparameters of PureJaxRLs implementation in Table 3.1.
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Algorithm 7: Epistemic Clipping PPO Policy update

1:

Input: Initial policy parameters 6, batch of trajectories with k independently
estimated advantages (s;, a;, 1, A(tk)) t=1. The k—th advantage is estimated by the
k—th ensemble member in Ensemble-ECPPO, or the k-th candidate model in
Laplace-ECPPO.

2: Output: Optimized policy parameters 6
3: Normalize advantages:

6: Compute average advantage A; =

: Compute the probability ratio r;(0) =

(k)
b Al H
[ )
s
with g, s estimated from the full batch across all ensemble members combined.
7o (arlss)
TGy (Arls)”

: Compute the uncertainties : U; = \/% i (A(tk))2 - (% Yi A(tk))2 {Empirical

standard deviation}
K A(k)
k=141

7: Compute the objective:

LECPPO(9) = E [min (r,(0) Ay, clip (r,(8), 1 — cp(U), 1 + cp(Uy) A,)]

8: Perform gradient ascent on LECPPO gy using Adam
9: Return the optimized policy parameters 6.

Parallel environments 64
Rollout length 128
Epochs 4

Batch size 1024

y 0.99

A 0.95

c [0.1,0.2,0.4]

Entropy loss factor 0.01
Value loss factor 0.5
Max gradient norm 0.5

Table 3.1: Hyperparameters of the PPO Baseline
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Figure 3.6: The Wasserstein Distance between distributions over Q-values and the fixed point of the EBO when
iteratively applying the EBO (blue). The rate of contraction matches the predicted contraction rate y (black,
dashed)

The learning rate starts at 0.005 and follows a linear schedule down to 0 at the final
episode.

The network architectures for both the actor and the value is a fully connected net-
work with hidden sizes 64 and 64, and relu activations. The actor and value networks
share no parameters. Epistemic Clipping PPO makes no modification to the actor net-
work, and only replaces the value network with a distributional model.

For Ensemble-ECPPO, this is an ensemble with randomized priors of equivalent ar-
chitecture, with outputs scaled by a factor of § = 1, which was not tuned.

For Laplace-ECPPO, this is a Laplace approximation. To find functional hyperparam-
eters, We conducted a small hyperparameter search over A = [0.1,1,2,10], Fisher learn-
ing rate @ = [1072,1073,1074,107%] and ¢ = [0.1, 1,2, 10] based only on performance of
FourRooms. This resulted in prior scale A = 2.0, fisher learning rate 1072, and likelihood
o=0.1.

Each baseline and variant of ECPPO ran for 20 seeds on each environment. All ex-
periments were completed on a single GPU, taking around one minute per agent per
environment for all 20 seeds in parallel.

The regret with respect to the baseline is computed by first identifying the baseline
agent that achieves the highest final performance. Then we compute for both ECPPO
and the baseline with ¢ = 0.2 the regret Ragent = G* — Gagent Where G* is the average cu-
mulative reward over the training history (i.e. the area under the curve) for the best base-
line, and Gagent is the average cumulative reward for agent. Finally we report Gc:(?;f:::line
in a barplot. To verify that ECPPO truly adapts the clipping rate and does not just con-
sistently increase or decrease it, we color code the environments by which baseline per-
formed best, to highlight that ECPPO can perform well independent of which ¢ was op-
timal for the baseline PPO algorithm. Code that generated this figure is also available in
the supplementary material.

3.C. ADDITIONAL FIGURES

Figure 3.7 shows the learning curves of ECPPO on each environment. It can be seen that
in Pong, Acrobot, and FourRooms, Ensemble-ECPPO outperforms all baselines. Further-
more, on MountainCar, Freeway, Breakout and Space Invaders, lower c is optimal in the
baselines, and Ensemble-ECPPO matches the best baseline. In Catch, UmbrellaChain,
BernoulliBandit, and Gaussianbandit and Cartpole, higher c lets PPO learn faster, and
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Figure 3.7: Mean learning curves of ECPPO and baseline PPO algorithms on 17 environments from Gymnax.
Shaded areas denote the standard error of the mean, based on 20 seeds per agent per environment.
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Figure 3.8: Value, uncertainty and state visitation density on FourRooms of ECPPO at several points during
training. The starting position and goal position are denoted by P and G respectively.

Ensemble-ECPPO again matches the best baseline. In the rest of the environments the
relationship between ¢ and the performance of the baselines is not immediately clear,
but Ensemble-ECPPO still matches or outperforms the strongest baseline, Except for
DiscountingChain, where Ensemble-ECPPO is slightly behind the baseline with the re-
spective c. Laplace-ECPPO also matches or exceeds the baseline in most environments,
however, it has a clear disadvantage to the Ensemble-ECPPO and the baselines on Break-
out and Asterix. We note that none of the agents solve 15 x 15 DeepSea reliably, which is
unsurprising given that we do not explore actively.



PRIORS MATTER: ADDRESSING
MISSPECIFICATION IN DEEP
Q-LEARNING

In Chapter 2 and the experiments of Chapter 3 we made the assumption that temporal
difference errors follow a Gaussian likelihood, and that the parameters of neural networks
follow a Gaussian prior. This is a very common assumption in literature, but without any
theoretical grounding. In this chapter we test common assumptions made in Bayesian
reinforcement learning algorithms and propose a more suitable prior.

In Section 4.3 we show experimentally that there is a Cold Posterior Effect, where Bayesian
algorithms perform better when their posterior temperature is tuned down, suggesting
that there are issues with the likelihood and prior assumptions. In Section 4.4 we show
that Gaussian priors are indeed not a suitable fit, and propose two new priors, one of
which is trivial to implement and the other which is meta-learned on a pre-collected data
set of trained agents. In Section 4.5 we statistically test the Gaussian likelihood assump-
tion and show that likelihoods are also misspecified. We also discuss how choosing a better
likelihood is more difficult than improving the prior. Finally, in Section 4.6 we experimen-
tally show that our new priors outperform Gaussian likelihoods in terms of cumulative
reward and reduce the Cold Posterior Effect.

This chapter is based on Pascal R. van der Vaart, Neil Yorke-Smith, and Matthijs T.]. Spaan. "Priors Matter:
Addressing Misspecification in Deep Q-Learning", which is currently under review at the International Con-
ference of Machine Learning, 2026.
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4.1. INTRODUCTION

Reinforcement learning (RL) algorithms have many potential applications, but the exploration—
exploitation trade off remains an open problem. Especially when real or simulated ex-
periences are expensive, it is essential that RL agents can efficiently explore the environ-

ment to increase sample efficiency. Many exploration methods rely on the quantifica-

tion of uncertainty, by assigning novelty bonuses [Ostrovski et al., 2017, Bellemare et al.,

2016, Burda et al., 2018] or through sampling approaches such as Thompson sampling
[Osband et al., 2016, 2018, O’'Donoghue et al., 2018, Fortunato et al., 2019, Schmitt et al.,

2023, Azizzadenesheli et al., 2018, Dwaracherla and Roy, 2021]. However, quantification

of uncertainty for deep RL remains a challenging problem.

One uncertainty quantification method is through Bayesian inference, where an agent
learns how likely certain models or values are, given a prior and the data it has observed.
In theory, Bayesian algorithms have strong theoretical guarantees in well-defined set-
tings. A well-known result in statistical learning theory is that Bayesian algorithms achieve
optimal average loss with the correct prior and likelihood [Komaki, 1996]. Further, in
bandit settings and the model-based RL, Thompson sampling is proven to have strong
regret bounds [Agrawal and Goyal, 2012, Osband et al., 2013].

However, in the benchmarks currently used in deep reinforcement learning, the per-
formance of Bayesian approaches depends heavily on the environment [Ishfaq et al.,
2023, Van der Vaart et al., 2024], and they are sometimes outclassed by simple ensem-
bles of maximum likelihood estimators, such as BootDQN [Osband et al., 2016, 2018].
The difference between practice and theory in reinforcement learning could be due to
a variety of challenges that deep reinforcement learning imposes. This discrepancy in
performance is not unique to reinforcement learning, however.

In deep supervised learning, Wenzel et al. [2020] identified that there is a cold pos-
terior effect, where performance increases as the temperature of the target posterior is
decreased. This clashes with the statistical learning point of view that states that the
Bayesian posterior should provide optimal performance [Aitchison, 1975, Komaki, 1996,
Zellner, 1988]. Markov Chain Monte Carlo (MCMC) methods tailored to deep learning
have recently been developed and shown to have sufficient performance [Wenzel et al.,
2020], implying that the cold posterior effect is not due to poor approximation methods.

Another possible cause is misspecification of the model, i.e. the assumed likelihood
and prior. Due to the complexity of neural networks, it is near impossible to translate a
real-world prior back into a prior over network parameters, and typically simple Gaus-
sian priors are picked. Indeed, Fortuin et al. [2022] find in supervised learning that im-
proving the choice of prior can reduce the cold posterior effect.

In deep reinforcement learning, misspecification of priors has been understudied.
Recent methods have used Gaussian priors [Dwaracherla and Roy, 2021, Schmitt et al.,
2023, Ishfaq et al., 2023, Van der Vaart et al., 2024], and the choice of prior is left as an
afterthought and has not gained much attention. In our work however, we find that
Gaussian priors are misspecified, and that improving the prior leads to more performant
Bayesian deep RL algorithms.

Furthermore, another open issue is the choice of likelihood in RL. Supervised learn-
ing learns from ground-truth labels, often providing obvious likelihood assumptions.
For example, a categorical distribution for a multi-class classification task. On the other
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hand, reinforcement learning methods often learn by minimizing the difference of the
current value estimate and a self-supervised (bootstrapped) value estimate of the next
state, known as the temporal difference error. A likelihood on these temporal difference
errors is difficult to choose correctly, as their distribution depends on the reward func-
tion, transition function and the policy itself.

Previous work in Bayesian model-free RL has typically assumed that temporal differ-
ence errors follow a normal distribution [Dearden et al., 1998, Ishfaq et al., 2023, Van der
Vaart et al., 2024, Schmitt et al., 2023, Dwaracherla and Roy, 2021, Azizzadenesheli et al.,
2018], likely due to ease of inference, or as a standard Bayesian extension to the squared
temporal difference error that maximum likelihood approaches would use. However, as
we demonstrate, this is not a realistic assumption in many benchmark tasks. In non-
Bayesian RL there has been increasing interest in other losses, specifically the logistic
loss [Bas-Serrano et al., 2021, Lv et al., 2024], after observing that the distribution of TD
errors are closer to a logistic distribution than a normal distribution.

In this work, we establish the existence of a cold posterior effect in Deep Q-Learning
(DQN), and investigate potential causes. We extensively test prior and likelihood as-
sumptions on a wide range of benchmark tasks. We find experimentally that despite
widespread adoption, Gaussian priors are not a good fit in RL methods. To remedy
this, we introduce Laplace priors to RL, and show that they are a better fit and provide
higher performance at very low computational and implementation cost. Furthermore,
we demonstrate the feasibility of meta-learning a prior on different tasks that general-
izes to the test task, achieving higher performance than both Gaussian and Laplace pri-
ors. Finally, we demonstrate through statistical tests that the distribution of TD errors
is neither a normal or a logistic distribution, and discuss the complications of choos-
ing better likelihoods. Our work establishes the development of more performant priors
and likelihoods as a viable future research direction to improve the performance of deep
reinforcement learning algorithms.

4.2. BACKGROUND

4.2.1. REINFORCEMENT LEARNING

We consider the standard discounted infinite horizon MDP [Sutton and Barto, 2018],
which is a tuple (S, A, R, T,y) consisting of a state space S, action space A, deterministic
reward function R and transition function T and discount factor 0 <y < 1.

At each time step t, the agent receives the current state s; ~ T(s;—1, as—1), chooses
an action a; ~ n(s;) from its policy 7, and receives reward r; = R(s;, a;). The goal is
to find a policy 7 that maximizes the expected cumulative discounted reward E[J ()] =
E[XZor'r]-

Of central importance is the Q-value function Q”(s,a) = R(s,a) + > y'r:, which
maps a state-action to the future expected cumulative discounted reward after executing
action a in state s, and executing a given policy 7 afterwards.

which can also be written in a recursive relation as

Q"(s,a) =R(s,@ +YE[Q"(s",a)Is' ~ T(s,@),a' ~ n(s)] “4.1)




56 4. PRIORS MATTER: ADDRESSING MISSPECIFICATION IN DEEP Q-LEARNING

4.2.2. BAYESIAN VALUE LEARNING
With a parameterized model Qp, Bayesian algorithms aim to infer the posterior

p(@210)p6)
[p@16)p©)d®)’

with p(2|0) representing the likelihood, p(f) the prior, and 2 the observed data. The
posterior, p(812), describes the plausibility of parameter values, making it a natural way
to express uncertainty.

To equip an RL agent with the ability to quantify uncertainty over values, we can
construct a posterior over the parameters of a Q-function as p(0|2) «x p(2|0)p(0). Given
that the squared error loss is proportional to the log-probability of a normal distribution,
an evident choice for the likelihood in a Bayesian formulation of value-based algorithms
is

p012) =

p@l)=exp(- Y [Qu(s@-r—yG®,s")*], 4.2)
(s,a,r,s" €D
where G(6,s') is some estimator for the (optimal) return at s’, possibly bootstrapped
from our model 6. This corresponds to the assumption that temporal difference (TD)
errors follow a normal distribution:

TD®, (s, a,1,5")) ~ N (0,0%). (4.3)

Although this assumption may not be valid for every MDP , it is a convenient design de-
cision in deep RL, and it is not surprising that various previous works have employed it
[Osband et al., 2018, Schmitt et al., 2023, Dwaracherla and Roy, 2021, Azizzadenesheli
etal., 2018, Ishfaq et al., 2023]. The prior is usually also chosen to be a normal distribu-
tion, which corresponds to using ¢, regularisation in maximum likelihood estimation.
The likelihood and prior, together with an inference method, define which posterior a
Bayesian RL algorithm ends up with.

4.2.3. USING POSTERIOR DISTRIBUTIONS FOR EXPLORATION

Equipped with a posterior distribution signifying how likely a given model is, an agent
can explore through a variety or techniques. Most common are optimism-based algo-
rithms, where an attempt is made to upper bound the value for each action with some
confidence level, and then explore by taking the action with the highest current upper
bound. This method is widely studied in both bandit settings [Lai and Robbins, 1985]
and RL [Auer et al., 2008], achieving good theoretical performance. Another approach
is Thompson sampling (TS), where the posterior is sampled and the agent acts greed-
ily with respect to the sample for one action or episode, also achieving good theoretical
performance in both bandits [Agrawal and Goyal, 2012] and RL [Osband et al., 2013].
Crucially, the approximated posterior needs to be close to the true posterior for these
methods to work well. For optimism, an incorrect posterior will lead to incorrect bounds.
Bounds that are too loose will result in less efficiency, causing an agent to perhaps exe-
cute an action too many times before lowering the bound to a suitable level. On the other
hand, bounds that are incorrect can be more catastrophic, causing an agent to never ex-
ecute an action even though it might be the optimal action. Thompson sampling suffers
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Figure 4.1: Left four plots: Performance of Bayesian Q-learning for three different temperatures on MinAtar.
The line is the mean of 50 seeds, with shaded area displaying one standard error of the mean. There is a clear
correlation between lower temperature and high performance.

Right: Solve rate of Bayesian DQN on Deep Sea at several sizes with a Gaussian prior and likelihood after 200K
episodes at several temperatures. The solve rate is computed over 40 independent seeds. The shaded area
displays one standard error.

from the same issues, where a posterior that does not contract fast enough leads to over-
exploration, and contracting too fast leads to under-exploration. Thompson sampling
with misspecified prior distributions has been studied in a bandit setting [Simchowitz
et al., 2021], suffering a penalty based on the difference between the chosen prior and
the true prior.

4.2.4. COLD POSTERIOR EFFECT

The cold posterior effect refers to the phenomenon where Bayesian neural networks
(BNNs) sometimes achieve superior predictive performance when their posterior distri-
butions are artificially ‘cooled’ by exponentiating the density by a temperature parame-
ter T<1:

pOID)T  (p@I0)p(O) T @.4)

As T decreases, the inverse temperature % increases, effectively sharpening the poste-

rior and therefore deliberately underestimating uncertainty. While in theory T =1 is ex-
pected to be optimal [Aitchison, 1975, Komaki, 1996, Zellner, 1988], Wenzel et al. [2020]
find that decreasing the temperature increases performance in deep supervised classi-
fication settings. They attribute this to misspecification of the prior distributions. On
the other hand, Aitchison [2021] concludes that likelihoods are also misspecified in su-
pervised learning, and Izmailov et al. [2021] identify data augmentation as a cause. Re-
cently, McLatchie et al. [2024] theoretically proved under several conditions, including
a large sample size, that tempering the posterior does not influence the predictive per-
formance. Reinforcement learning with Bayesian neural networks poses an interesting
point of view, since the sample size is initially small, and agents performance relies both
on uncertainty quantification and predictive performance.

4.3. THE CoLD POSTERIOR EFFECT IN DQN

Here, we demonstrate that Bayesian DQN methods also suffer from a cold posterior ef-
fect. In contrast to supervised learning, RL presents a unique situation, as underesti-
mating uncertainty can lead to poor exploration during training, potentially leading to
a large drop in performance. Furthermore, reinforcement learning methods are more
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Figure 4.2: Q-Q plots with respect to a normal (left) or Laplace (right) of hidden layer weights of a Q-network
after training with and without LayerNorm, aggregated over all environments. We can see that Laplace distri-
butions are a much closer fit than normal distributions, which have flatter tails.

susceptible to misspecification of the likelihood. The Gaussian assumption on temporal
difference errors is likely incorrect on many benchmarks. For example, a deterministic
environment with a deterministic optimal policy will lead to deterministic temporal dif-
ference errors. Finally, while data augmentation has been used in RL [Laskin et al., 2020],
it is less common and we forego any data augmentation techniques in this work.

While we should expect better performance from our Bayesian algorithm at 7 =1,
we see very clearly from our experiments that reducing the target temperature improves
performance. For this experiment we ran our Bayesian Q-learning algorithm, intro-
duced in Section 4.6.1 at T € {0,0.1,1}. We tuned the hyperparameters to perform well
on Breakout-Minatar at T = 1, and then test with the same hyperparameters for T = 0
and T = 0.1 in all MinAtar environments. The hyperparameters are optimized through
Bayesian search, with details in Appendix 4.A. Figure 4.1 clearly shows that reducing the
posterior temperature improves performance, even on the task for which the hyperpa-
rameters were tuned. Setting the temperature to T = 0 essentially reduces the sampler
to maximum a posteriori (MAP) estimation, equivalent to minimizing the squared TD-
loss with regularization. Furthermore, Figure 4.1 shows that even on Deep Sea [Osband
et al., 2020], an exploration task, an ensemble of MAP estimates has an advantage over
the posterior. In the next sections we highlight two potential problems that cause this
effect: misspecified priors and misspecified likelihoods.

4.4, ARE PRIORS MISSPECIFIED?

The Bernstein von Mises’ theorem states that as more data is collected, the influence of
the prior will eventually fade under regularity conditions. Nonetheless, a misspecified
prior leads to sub-optimal regret in bandit settings [Simchowitz et al., 2021]. While For-
tuin et al. [2022] has previously concluded that priors in deep supervised learning are
misspecified, this has not yet been studied in a reinforcement learning setting. We hy-
pothesize that the typically used Gaussian priors in reinforcement learning [Dwaracherla
and Roy, 2021, Schmitt et al., 2023, Van der Vaart et al., 2024] are in fact also misspecified
and a likely cause for the discrepancy in performance of Bayesian DQN.
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4.4.1. PRIOR MISSPECIFICATION

To test our hypothesis, we train multiple Q-learning agents and inspect the distribu-
tions of their parameters after training. Ideally, aggregating all parameters over multiple
benchmark tasks would yield a distribution close to the assumed prior. Figure 4.2 shows
the empirical distribution over the parameters of the second layer in a 3-layer fully con-
nected Q-network, aggregating over 18 environments with discrete actions in the Gym-
nax benchmark [Lange, 2022].

We can see in the Q-Q plot that the empirical distribution over parameters is more
heavy tailed than a normal distribution, signifying that a Gaussian prior might neglect
certain parameter configurations that are realistic outcomes in practice. In other words,
a Gaussian prior in a Bayesian DQN algorithm can actively hinder the agent from learn-
ing the true optimal values. Fortuin et al. [2022] find a similar result in classification
tasks, signifying that priors for supervised learning tasks might generalize to reinforce-
ment learning. We also plot against the quantiles of a Laplace distribution, and observe
a much closer fit.

4.4.2. IMPROVING THE PRIOR

Using Layer Normalization Layer normalization [Ba et al., 2016] is a popular normal-
ization method that normalizes the activations in a neural network, and then explic-
itly rescales them before applying the activation function. Recently, Gallici et al. [2024]
demonstrated that layer normalization has theoretical stabilizing properties in Deep Q-
learning, with visible practical advantages. Using layer normalization also provides ad-
vantages when picking a prior, by causing the outputs of a layer to be invariant under
scaling of the weight matrix. As a result, the choice of prior for the weight matrix can
be simplified by eliminating the need to set the scale. However, layer normalization in-
troduces its own parameters that require a prior, and normal distributions still have an
improper shape according to Figure 4.2.

Using a Laplace distribution Asshown in Figure 4.2, the Laplace distribution is a much
better fit to the parameter distribution that we found empirically, especially in combi-
nation with layer normalization. Therefore, simply replacing the Gaussian prior with a
Laplace prior can be expected to lead to improved results. We test this hypothesis in
Section 4.6.

Meta-learning a Prior While a Laplace distribution is a closer fit to the empirical dis-
tribution on the weights of the hidden layer, it is likely to be affected by the chosen acti-
vation function, position of the layer in the network, and architecture or function of the
layer (e.g. convolutional, attention, layer norm). Therefore, we develop a more flexible
approach for specifying priors for specific architectures. We fit a small scalar normal-
izing flow [Rezende and Mohamed, 2015] to the empirical distribution individually for
each layer’s parameters. The weights of a single layer are then assumed to be drawn i.i.d.
from each layer’s corresponding normalizing flow. The normalizing flow is a scalar dis-
tribution and only consists of one spline with two knots and two affine layers, causing
minimal extra computational cost. We test the resulting priors in Section 4.6.
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Figure 4.3: Left: Boxplots depicting 10 repetitions of Kolmogorov-Smirnov statistics tested against both normal
and logistic distributions for TD errors of Q-learning on 19 Gymnax environments. The horizontal dashed line
indicates the critical value for p = 0.05, which is obtained through simulation for both normal and logistic
distributions. Middle, Right: Histograms and Q-Q plots of empirically observed temporal difference errors
for Q-learning agents in 5 environments from Gymnax. The Q-Q plots are rescaled to mean 0 and standard
deviation 1.
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Figure 4.4: Left: Empirical TD errors on Breakout-MinAtar observed by a DQN agent, together with the learned
likelihood model and for comparison a normal distribution with standard deviation 1.6, which is tuned for
performance of our Bayesian DQN agent, but clearly does not represent the true empirical distribution well.
Right: Empirical distributions of temporal difference errors after zero, one million, five million and ten million
steps.

4.5. ARE LIKELIHOODS MISSPECIFIED?

Wrong likelihoods lead to incorrect posterior contraction and incorrect credible sets,
even in the limit [Kleijn and van der Vaart, 2012]. This means that TS-style algorithms are
no longer sampling actions proportional to their chance of optimality, and UCB-style al-
gorithms are operating with incorrect bounds. Furthermore, even with infinite data, the
maximum likelihood estimator under a misspecified likelihood is likely to be different
from the true maximum likelihood estimator, meaning that the posterior distribution is
also mispositioned.

4.5.1. GAUSSIAN LIKELIHOODS

The common choice of a Gaussian likelihood can be attributed to two reasons. First, typ-
ical DQN algorithms minimize the squared TD error, which is equivalent to maximizing
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the log-density of a normal distribution:

-1
argminy_ [Qp(s,@) — 7 —yG(0,5)]* = argmax }_ 5~ [Qols,@ —r-7G(, P @5
s,a,1,5)ED 0 ‘g 207,
= argm&xlogp(@l@). (4.6)

Taking the point of view that DQN is a frequentist maximum likelihood approach
that optimizes a Gaussian likelihood p(210), a natural practical Bayesian extension is
then to pick some prior p(0) and infer a posterior log p(019) x log p(210) +1og p(6).

A more theoretical motivation for a normally distributed likelihood can be traced
back to Dearden et al. [1998]. The Q-values are large sums of discounted rewards Q" =
Z‘i";l yi ri, so by the central limit theorem [Van der Vaart, 2000] their distribution should
resemble a normal distribution if the MDP is ergodic under the optimal policy. How-
ever, this argument unfortunately does not extend to our current situation, as the typical
benchmarks are not ergodic and often even episodic. Furthermore, many tasks have
sparse rewards where many r; are equal to 0. Also, the r; are not actually independent
variables, since by the Markov property they are only independent when conditioning
on the state s;.

Finally, even if Q(s, @) and Q(s’, @) for consecutive states s, s’ are both normally dis-
tributed, there is no guarantee that Q(s, a) — r —yQ(s’, a) is normally distributed because
Q(s,a) and Q(s',a) are not independent random variables. In fact, they sum over the
same future rewards r;. Dearden et al. [1998] do make the assumption that these are
independent in their Assumption 4, but also highlight that this assumption is generally
false.

Recently, the logistic loss has gained some popularity for DQN [Bas-Serrano et al.,
2021, Lv et al., 2024], where Lv et al. [2024] find that the logistic distribution is closer to
the true error distribution than a normal distribution. In our work however, we find that
neither the normal or logistic distribution is a statistically correct choice.

Empirical Validation To investigate whether our typically assumed likelihoods are valid,
we train multiple Q-learning agents until convergence, and track the temporal difference
errors observed at the end of training. We statistically test whether these errors come
from a normal or logistic distribution using a Kolmogorov-Smirnov (KS) test [Daniel,
1990], while simultaneously estimating the parameters of the test distribution. This
means that we are testing whether the TD errors come from any normal or logistic dis-
tribution. We highlight that this is a luxury that RL agents typically do not have: the
likelihood scale is usually a fixed hyperparameter and has to be guessed (or tuned) cor-
rectly in advance. We refer to Appendix 4.C for details on the specific KS test that we
used.

The left plot in Figure 4.3 shows that on every environment, the null hypothesis can
be rejected, meaning that the TD errors follow distributions that are significantly differ-
ent from both a normal and alogistic distribution. Furthermore, perhaps more troubling
are the right plots in Figure 4.3, which shows that each environment in our benchmark
set induces vastly different distributions for the TD errors. The Q-Q plot on the right
shows that the distributions vary significantly even when correcting for the mean and
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standard deviation individually per environment. This means that knowing the parame-
ters of the likelihood ahead of time, which are usually hyper parameters of an algorithm,
does not guarantee a good fit. The different shapes mean it could be very difficult to
construct a single likelihood that can be expected to generalize over many tasks.

4.5.2. IMPROVING THE LIKELIHOOD

It is tempting to improve the choice of likelihood by investigating empirical TD error
distributions, and pick a likelihood that is closer to the true data generating process.
However, we have already seen in Figure 4.3 that the TD error distributions differ greatly
per environment. Fitting one likelihood per environment is unfeasible in practice, as
we are interested in the distribution of TD errors under the optimal policy. This means
that fitting an empirical likelihood requires a pre-trained agent for each environment,
defeating the purpose.

Nonetheless, to study whether having oracle access to this distribution would aid
the agent in practice, we fit a distribution to the empirical data of each MinAtar environ-
ment, and test Bayesian DQN with the assumed likelihood. As a main potential prob-
lem, we highlight that the likelihood plays both the role of uncertainty quantification
and that of a loss function. For example, Figure 4.4 shows the likelihood for Breakout-
MinAtar, which has a much sharper peak. It is likely that this will cause an ill-conditioned
loss landscape for gradient based optimization. Another problem when choosing a like-
lihood is that the distribution of actually observed temporal difference errors changes
during training as shown in Figure 4.4. The wider distribution at the start can cause very
large gradients under the sharply peaked likelihood in both the T =0 and T = 1 agent.
We thus hypothesize that agents with correct likelihood distributions will not necessarily
do well from a performance point of view.

4.6. EMPIRICAL STUDY

We introduce our Bayesian DQN implementation, and empirically test our proposed so-
lutions to the problems with priors and likelihoods in Bayesian DQN.

4.6.1. ALGORITHM TESTED
While several deep Bayesian Q-learning methods exist [Dwaracherla and Roy, 2021, Ish-
faq et al.,, 2023, Van der Vaart et al., 2024, Azizzadenesheli et al., 2018, Schmitt et al.,
2023], we pose that these are all special cases of the outline in Section 4.2.2. That is,
they pick a return estimator G(6,s') and a likelihood on the temporal difference error
Qy(s,a) — r —yG(0,s"), and then use a specific inference method to approximate the
posterior distribution. For example, the previously mentioned papers all take G(9, s') =
max, Qg(a, s') and assume a normal distribution as likelihood. Schmitt et al. [2023] pro-
poses a Laplace approximation to the posterior, whereas Dwaracherla and Roy [2021],
Ishfaq et al. [2023], Van der Vaart et al. [2024], Azizzadenesheli et al. [2018] use different
MCMC samplers. All these algorithms build upon the typical DQN agent.

For this work we build upon Parallel Q-learning (PQN), which is a more modern and
performant baseline Q-learning algorithm. We use Watkins’ Q-estimator [Watkins and
Dayan, 1992], which is a small modification to PQN’s Peng(1) to accommodate for the
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off-policy samples that we get from Thompson sampling. Our agent then uses

log p(0|9) x ZlongD(TD(H, s,a,rs)0)+ logp(6)

(s,a,1,5') €D

as target distribution, where prp is the likelihood of a TD error and p(0) is the chosen
prior. The likelihood is estimated from minibatches of data. We initially assume the
temporal difference errors are normally distributed with standard deviation o rp, which
we treat as a hyperparameter.

As inference method, we use Gradient Guided Monte Carlo (GGMC) [Garriga-Alonso
and Fortuin, 2021], which is a modern MCMC sampler from a family that are known to
have good performance in supervised learning [Wenzel et al., 2020]. We modify the im-
plementation to be compatible with Optax, and translate the hyperparameters to result
in equivalent learning speed of Adam. Finally, to improve the mixing of our MCMC sam-
pler, we run an ensemble of 10 chains in parallel, making the final architecture similar
to ensemble-based Q-learning methods such as BootDQN [Osband et al., 2016, 2018].
In line with prior work, we remove e-greedy exploration from our agent and implement
Thompson sampling by sampling one model at the start of a training batch, and acting
greedily with this model for multiple steps before sampling a new one.

4.6.2. EXPERIMENTAL SETUP

Improved Priors Using the same hyperparameters for Bayesian DQN as our previous
experiments, we swap out the prior with both a Laplace distribution and a Learned prior.
For the Laplace distribution, we rescale the scale parameter to match the standard de-
viation of a normal distribution. For the learned prior we use no rescaling. The learned
prior is a separate normalizing flow for each neural network layer, and is trained to fit
the empirical distribution displayed in Figure 4.2 by aggregating the parameters over all
environments except those of MinAtar, which we leave as testing environments similar
to the typical train-test split in supervised learning.

Learned Likelihoods We fit a small normalizing flow to the temporal difference errors
observed by a pre-trained PQN agent, creating a separate, environment-specific model
for each MinAtar environment. These models serve as oracles that capture the empirical
distribution of TD errors under a near-optimal policy. We then run our Bayesian DQN
agent from scratch, but replacing the Gaussian likelihood with the density of the model
of the corresponding environment.

4.6.3. NUMERICAL RESULTS
Improved Priors We can see in Figure 4.5 that improving the prior distribution can sig-
nificantly improve performance of a Bayesian DQN agent. Using a Laplace prior, which
is only a tiny code difference and practically no extra computational cost is already sig-
nificantly better than using a normal distribution, even at the hyperparameters for which
the agent with the normal prior was tuned.

Furthermore, Figure 4.5 shows that the meta-learned prior improves performance
once again, almost closing the cold posterior gap in Spacelnvaders, Freeway and Asterix.
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Figure 4.5: Cumulative returns of Bayesian agent with a learned prior, Laplace prior and normal prior both for
T=1and T =0 (MAP). Lines are the mean of 30 seeds with shaded areas denoting one standard error.
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Figure 4.6: Return curves for Bayesian DQN at T = 0 and T = 1 with meta-learned prior and learned likelihoods
on MinAtar. Lines are the mean of 10 independent seeds, with shaded area denoting one standard error.

The fact that this prior was fit to the neural network parameters on Gymnax environ-
ments unrelated to MinAtar highlights that it is possible to develop priors that generalize
over environments. While this prior distribution is more involved from a programming
standpoint, the computational burden is not significantly increased due to maintaining
the i.i.d. assumption with neural network layers. Interestingly, improving the prior ap-
pears to have little effect on the agent with T = 0, indicating that the prior can aid in
mitigating the cold posterior effect but does not provide better regularization in a maxi-
mum likelihood setting.

Learned Likelihoods Figure 4.6 shows the performance of Bayesian DQN with learned
priors and learned likelihoods at T = 0 and T = 1. On Asterix the agent fails to learn any-
thing, while on the other environments the agent with T = 1 outperforms the agent with
T = 0. While the untempered posterior outperforms the MAP estimate in these exper-
iments, it should be noted that all methods in this plot significantly underperform our
agents where only the prior is learned. The poor results for T = 0 signify that the log-
density of the empirical distribution leads to a poorly conditioned optimization prob-
lem, as predicted. We leave the development of likelihoods that are both realistic and
easy to optimize for future research.

4.7. CONCLUSION

In this work, we have demonstrated that there exists a cold posterior effect in Deep
Q-learning. We investigated possible causes by statistically testing common assump-
tions on the likelihoods, as well as observing empirical distribution over parameters of
trained agents to evaluate choices of priors. We show empirically that making better
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prior choices improves performance of Bayesian DQN agents, while keeping the per-
formance of maximum likelihood approaches constant. Finally, we demonstrate that
choosing likelihoods close to the true distribution closes the cold posterior effect. To-
gether, our theoretical investigation and experimental results signify that there is signif-
icant room for improvement in Bayesian deep model-free RL, and more focus should
be put on the likelihood and prior assumptions. We show that a principled change to a
Laplace prior with a single line of code already yields significant improvements without
retuning hyperparameters, and that fitting a prior to previously trained weights improves
further and generalizes to new environments. A promising future research direction is
to develop likelihoods that impose a smooth optimization landscape while being more
realistic than the commonly assumed Gaussian.
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4.A. EXPERIMENTAL DETAILS

Architecture For our Bayesian DQN agent, we used the same architecture as PQN on
the Gymnax environments. We flatten the input, followed by two hidden layers of size
128 with relu activations and layernorm, and finally a linear layer with one unit for each
action.

Hyperparameters We optimized the learning rate ¢ € [5- 107%,1073], standard devia-
tion of the Gaussian prior o, € [107%,10'°] and standard deviation of the Gaussian likeli-
hood o rp € [10%,1072] to work well on Breakout-MinAtar at T = 1. The rest of the hyper-
parameters we keep unchanged from the default PQN hyperparameters. After 90 trials of
Bayesian search we settled for the MinAtar hyperparameters displayed in Table 4.1. For
Deep Sea specifically we ran an extra grid search for the likelihood standard deviation
and found o; = 0.1 to work well environment size 20.

For our regular PQN agent experiments to empirically investigate priors and TD error
distributions, we use the default hyperparameters of PQN that were tuned for Gymnax.

Priors & Likelihoods When testing Laplace priors, we did not retune any hyperparam-
eters, but instead rescaled the scale parameter o, to match the standard deviation of the
tuned Gaussian. For our experiments with learned priors, we simply plug in the learned
prior without any rescaling. We also use unscaled learned priors for our experiments
with learned likelihoods.

MCMC Sampler For the GGMC damping a and step size h parameters, we translated
the default Adam [Kingma, 2014] parameter 8; = 0.9 and our standard learning rate by
a=exp(-(1-p61)) and h = /(1 —ﬁl)ﬁ, where ngata denotes the number of envi-
ronment transitions the agent has observed. In contrast to Garriga-Alonso and Fortuin
[2021], we fold /(1 — B1) into the step size h as this more closely matched the update
sizes of Adam at the same parameters. We update nga,t, for every batch of collected tra-
jectories, and rescale the mean likelihood of a batch by ng4ata to reflect the full data set
size.

Name Symbol Value
Learning rate l 1073
Prior scale Op 1.679
Likelihood scale oD 0.56 (MinAtar), 0.1 (Deep Sea)
Ensemble size - 10
GGMC damping a=exp(—(1- 1) exp(-0.1)
. —4
GGMC step size h=4/1-p1) ndita \/ %
GGMC Preconditioner Decay Bo 0.999

Table 4.1: Hyperparameters of our Bayesian DQN agent
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4.B. NORMALIZING FLOW DETAILS

Anormalizing flow is a parameterized invertable mapping fy, : Z — X, that together with
a base distribution p;(z), forms a pushforward distribution on X:

py(X) = p(fy, " CDIDy, (f )7, 4.7)

where | . | denotes the determinant and D I denotes the Jacobian of f,. For more de-
tails, we refer to Rezende and Mohamed [2015]. For our work, it is most important that
normalizing flows are a flexible variational inference framework, and that we can opti-
mize the parameters ¥ so that py, (x) matches our desired distribution. Furthermore, the
invertability of f;, allows us to exactly evaluate the density py, (x) via Equation 4.7, which
is crucial for our application as we want the flow to take the place of a prior or likeli-
hood, which we need to evaluate to perform inference. Normalizing flows are typically
constructed precisely so that evaluation of the log-density is cheap to compute by using
operations that have simple Jacobians.

For all our normalizing flows, we used a single rational quadratic spline with two
knots from the Distrax package, transforming a standard normal distribution to the tar-
get distribution. We also include affine rescaling before and after the spline. This means
that each normalizing flow has only 7 (splines) + 2 (affine) + 2 (affine) = 11 parameters,
making them cheap to fit and evaluate, while being much more expressive than prede-
fined distributions.

The normalizing flow py, (x) is trained using Adam [Kingma, 2014] to minimize the
KL-divergence between the flow and the samples

argrr}}nKL(px, py) o< argmin iy (—py (X)),

where py denotes the empirical distribution and x are the samples, which are neural
network weights in the case of our prior experiments and TD errors in the case of our
likelihood experiments.

In the experiments regarding priors, we fit an independent model to each neural net-
work layer aggregated over all environments excluding MinAtar. Each weight in the layer
shares the same normalizing flow, and weights are assumed to be drawn i.i.d. from this
flow as a prior.

For the likelihood experiments, we fit the same normalizing flow architecture to the
TD errors of each environment individually.

4.C. KOLMOGOROV-SMIRNOV TEST

The Kolmogorov-Smirnov (KS) test [Daniel, 1990] is a common statistical test to check
whether two distributions are the same. The statistic for two cumulative density func-
tions (cdf) F; and F», is defined as

D =sup|F;(x) - F2(x)l,
X

which is the maximum deviation between the two cumulative densities. The statistic D
can then be compared to a critical value D), that depends on the significance level p to
decide whether the hypothesis should be rejected, i.e. the distributions are not the same.
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We apply the KS test to an empirical sample of N = 8192 TD errors collected by PQN
after training for 50 million samples, and compare to both a normal distribution and a
Laplace distribution. To make our tests invariant to location and scale, we normalize the

[D-errors €; by
. _€—€
&=

(4.8)
O¢

where € and o, are the empirical mean and standard deviation. We then construct the
empirical cdf F; and compute the test statistic D with respect to both the cdfs of a Gaus-
sian and Laplace distribution with mean 0 and scale parameters 1 and \/LE respectively,
which corresponds to variances of 1 for both distributions

To compute the critical values for both our test statistics, we simulate D under the
nulhypothesis 10000 times, each time by sampling N = 8192 independent samples from
a Gaussian and Laplace distribution, renormalizing them equivalently to Equation 4.8,
and storing the resulting KS statistics D. We then define the critical value for p = 0.05 as
the 0.05-th percentile of our simulation results. We repeated this entire experiment 10
times for each of the 19 environments to produce the left plot in Figure 4.3.



CONCLUDING REMARKS

5.1. CONTRIBUTIONS

Throughout this dissertation the aim was to answer the question "Can Bayesian model-
free methods be expected to outperform their non-Bayesian counterparts”?

To answer the main question, we briefly summarize the answers to the sub-questions
below.

1. Can ensembles be viewed as a Bayesian approximation to the posterior? We have
looked at ensembles through a Bayesian lens by employing a sequential Monte Carlo
sampler as training procedure for an ensemble of Q-functions. We have experimen-
tally seen that we outperform basic ensembles on several benchmark tasks, but per-
form worse than ensembles with additional tricks that promote diversity in the model
on some tasks, especially those where the assumed likelihood is far from the truth. We
conclude that ensembles can be viewed as Bayesian approximations when trained in a
specific manner, but that this does not necessary lead to a practical advantage over other
ensemble training methods.

2. Can the general structure of deep Bayesian model-free reinforcement learning
methods be expected to converge?

We have proposed a unifying framework, and shown that algorithms derived from
this framework approximate a general approach that converges in tabular settings. This
result furthermore states that the limiting distribution only depends on the observed
data, and is independent of initial starting conditions of the algorithm. Finally, we have
also shown that this framework is useful for developing novel uncertainty aware algo-
rithms by building upon PPO.

3. Are the commonly assumed likelihoods and priors realistic in typical benchmark
tasks, and can they be improved?

We have Gaussian and Logistic likelihood assumptions over 18 benchmark tasks, and
shown that neither likelihood is statistically valid on any of these tasks. Furthermore, we
have empirically investigated the distributions over parameters of trained Q-learning
agents, and show that these do not follow Gaussian distributions. We find that prior

69
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assumptions can be improved by picking Laplace priors or meta-learning a prior dis-
tribution, but we also show that similar approaches to improve the likelihood are more
complicated.

Together, the answers to our research questions highlight that Bayesian deep model-
free algorithms can be similarly structured as existing non-Bayesian algorithms. Further-
more, we have shown that they are expected to converge in simplified settings, strength-
ening our confidence in the validity of this algorithms even in deep reinforcement learn-
ing settings. On the other hand, we have observed that typically the assumptions under-
lying these algorithms are incorrect, and find experimentally that it is rare for Bayesian
model-free deep reinforcement learning algorithms to have an advantage over their non-
Bayesian counterpart. We conclude that further research is necessary focusing on devel-
oping likelihoods and priors.

5.2. REFLECTIONS

While we have shown several appealing qualities of Bayesian model-free reinforcement
learning algorithms, the question remains whether they are sensible to choose over their
non-Bayesian counterparts. Our results suggest that the problem lies in the assumptions
that underlie these algorithms, which are typically left as an afterthought. It appears
that developing likelihoods and priors with domain knowledge for specific applications
is one area where Bayesian algorithms could perform well. At the same time, our work
has shown that the structure of model-free algorithms makes likelihoods difficult to de-
velop. This suggests that Bayesian algorithms might find more success in model-based
reinforcement learning, where priors and likelihoods are more easily interpretable and
suffer less from misspecification issues as the MDPs data generating process itself is a
valid likelihood for the collected transitions.

More generally, also outside of reinforcement learning, most recent advances in Al
capabilities have stemmed in using enormous amounts of compute and data. Scal-
ing Bayesian machine learning algorithms to this regime, perhaps by meta-learning as-
sumptions on empirical data might also resolve the issues highlighted in this disserta-
tion.

5.3. FUTURE WORK

This dissertation has answered several questions, but also opens up multiple interesting
avenues for future research. First of all, much of this dissertation has focused on per-
formance of the resulting algorithms, rather than pure posterior quality. Measuring the
quality of the posterior is very difficult in the large parameter spaces of neural networks,
but insights on the posterior quality could further explain the discrepancies between
Bayesian and non-Bayesian algorithms by disentangling the problems of approximating
the posterior and using the posterior.

Our second content chapter about Epistemic Bellman Operators show that model-
free deep reinforcement learning algorithms can be expected to converge in tabular set-
tings, but there is still a big gap between the tabular and deep neural network settings.
While our understanding of neural networks is not yet developed enough to analyze this
setting, extending Epistemic Bellman Operators to linear models and Gaussian process
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models could increase the impact of the theory, and perhaps eventually be extended to
a simplified neural network setting through Neural Tangent Kernel theory.

Furthermore, our third content chapter shows that likelihood and prior assumptions
are violated on benchmark tasks in practice. While we already offer a few practical so-
lutions, further research into priors and likelihoods is warranted. On the priors side,
future work should attempt to meta-learn priors over several network architectures to
generalize to both new architectures and new tasks. Furthermore, an interesting exper-
iment that exploits the amount of compute available today is to meta-learn such priors
on pre-trained network weight from previously published work with open source mod-
els. On the side oflikelihoods it would be interesting to try to learn the likelihood on-line
through density estimation methods such as normalizing flows.

Once misspecification issues are sufficiently resolved, it makes sense to go back to
developing cheaper and simpler Bayesian approximation methods that still remain ac-
curate. The holy grail in this direction would be a Bayesian sampler that can be dropped
in place of popular optimizers such as Adam and that performs well.

5.4. FINAL REMARKS

In this dissertation we worked towards understanding Bayesian model-free deep rein-
forcement learning algorithms. We have found several desirable properties such as their
convergence in simplified settings, but also some main issues in their application in
practice. While there is not yet clear evidence that Bayesian model-free reinforcement
learning algorithms should be expected to outperform tradition deep reinforcement learn-
ing algorithms, they remain an interesting problem to study and there is plenty of future
work to possibly improve their effectiveness.
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