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2 INTRODUCTION

Particle Image Velocimetry (PIV) [[] and Lagrangian Particle Tracking (LPT) [2]
have become the standard tools for obtaining spatially resolved velocity
fields in experimental fluid mechanics. These techniques capture the mo-
tion of tracer particles seeded into the flow, producing velocity data at
thousands or millions of measurement locations within the flow domain.
The resulting velocity fields resolve phenomena such as separation, recir-
culation, vortex dynamics, and turbulent transport.

These techniques exist to provide quantitative flow visualisations, spa-
tially resolved velocity fields that can serve as inputs for downstream anal-
ysis such as vortex identification, statistical averaging, and pressure or
vorticity recovery. They have proven extraordinarily useful, and most
of what is known experimentally about complex separated flows in the
laboratory has been measured by one of these techniques. At the same
time, the velocity fields they produce inherit several limitations that be-
come important whenever derived quantities are computed by differenti-
ation: measurement uncertainty introduces errors in individual velocity
vectors; data gaps arise near solid boundaries where optical access is re-
stricted or where tracer particles are absent; and the measured velocity
field does not exactly satisfy the incompressibility constraint, so its diver-
gence is nonzero even in flows that are physically divergence-free. These
shortcomings are amplified when derived quantities are computed from
the velocity: the vorticity, obtained by differentiation, amplifies measure-
ment errors, and the pressure, computed from the velocity through the
momentum equation, is sensitive to errors in the velocity gradients. With-
out a reconstruction step that enforces physical constraints, errors in the
raw velocity propagate directly into the vorticity and pressure.

Several approaches have been developed to address these limitations. Smooth-
ing and filtering methods [3] reduce measurement noise but do not en-
force physical constraints. The divergence-free condition remains violated,
and the derived quantities still suffer from error amplification through
spatial differentiation. Physics-informed methods such as VIC+ [4] and
FlowFit [p] incorporate the divergence-free condition, but typically en-
force it approximately through penalty terms or iterative projection. The
constraint is not satisfied exactly at the discrete level, leaving residual
mass conservation errors that propagate into derived quantities. In partic-
ular, an energy-balance argument shows why exact satisfaction of V-u = 0
matters: when V - u # 0, the pressure does spurious work on the flow
through a non-vanishing term (V - u, p) that is absent in the continuous
problem, which contaminates derived quantities such as the pressure field
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itself. Pressure-from-PIV methods [§, /] compute pressure by integrating
the momentum equation using finite differences on the measurement grid.
These methods treat velocity processing and pressure computation as sep-
arate steps, with no guarantee that the discrete operators used at each step
are mutually consistent

What is missing is a reconstruction framework with three properties at
once: the incompressibility constraint is satisfied exactly at the discrete
level; vorticity, streamfunction, and pressure are recovered from the ve-
locity by a single, internally consistent procedure; and the reconstruction
error of each quantity is theoretically predictable under mesh refinement.
The thesis closes this gap by applying a class of high-order discretisation
techniques that preserves these algebraic relationships of the continuous
problem by construction; the formal objective, the structure of the method,
and the contributions of this work are stated in Section .

1.1. Research Objective and Contributions

The objective of this thesis is to develop, verify, and validate a reconstruc-
tion methodology that, from scattered experimental velocity data, pro-
duces a velocity field satisfying V - u = 0 exactly at the discrete level
together with vorticity, streamfunction, and pressure fields that are re-
covered through the same discrete operators as the velocity. The method
is built on the Mimetic Spectral Element Method [8, 9, 10], a class of high-
order discretisation techniques in which the discrete approximation spaces
and the discrete differential operators reproduce the algebraic structure of
the continuous problem by construction. The technical content (function
spaces, the de Rham complex, incidence and mass matrices) is developed
in Chapter E; the reconstruction method itself is developed in Chapter E

To the best of the author’s knowledge, Mimetic Spectral Element Methods
have not previously been applied to the reconstruction of flow fields from
scattered experimental particle tracking data. The contributions of this
work are:

1. An exactly divergence-free reconstruction from scattered experi-
mental data. Existing physics-informed methods (e.g., VIC+ [4],
FlowFit [B]) enforce V - u = 0 approximately through penalty terms
or iterative projection; the present method enforces it to machine

IThroughout this work, consistent refers to the property that derived quantities, vorticity,
streamfunction, and pressure, are computed using the same set of discrete operators that
yield the velocity, so that algebraic identities of the continuous problem (notably V - (V x
1) = 0) hold exactly at the discrete level.
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precision through an algebraic identity, eliminating the spurious
pressure-work term (V - u, p) that otherwise contaminates derived
fields.

2. Vorticity, streamfunction, and pressure obtained from the same
discrete operators as the velocity. Conventional pipelines treat ve-
locity processing, vorticity computation by finite differences, and
pressure recovery by momentum integration as separate steps with
their own discretisations. The present formulation derives all four
fields from a single set of mimetic operators, so identities such as
V - (V x V) = 0 hold at the discrete level too.

3. Theoretically predictable convergence under h- and p-refinement.
The approximation error of each reconstructed quantity inherits a
rate from the polynomial-approximation theory of the underlying
function spaces. These rates are derived for the velocity, streamfunc-
tion, vorticity, and pressure in Chapter E and verified numerically
against a manufactured solution in Chapter E

4. Validation on a separated-flow benchmark. The method is applied
to 3D Lagrangian-particle-tracking data of flow over a surface-mounted
cube [11], projected to a two-dimensional spanwise slab. Three re-
gions of increasing complexity are studied: a freestream region, the
upstream base of the cube, and the recirculation region above the
cube.

The scope of this thesis is deliberately restricted to two dimensions, to
rectangular axis-aligned meshes with an affine reference-to-physical map-
ping, and to the steady (time-averaged) reconstruction of an incompress-
ible flow from a fixed dataset; three-dimensional reconstructions, curvi-
linear elements, time-resolved tracking, and compressible flows are left to
future work.

1.2. Research Questions

The main research question is:

Can a Mimetic Spectral Element Method reconstruct velocity,
vorticity, and pressure fields from scattered particle tracking
data while satisfying the incompressibility constraint exactly,
and does the reconstruction converge at theoretically predictable
rates?
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This question is addressed through three sub-questions that follow the
development of the method from formulation through verification to ap-
plication.

SQ1. How should the reconstruction be formulated so that the velocity
is divergence-free, the vorticity and pressure are recovered through the
same discrete operators as the velocity, and all inter-element continuity
conditions are enforced exactly?

SQ2. What convergence rates does the method achieve under p-refinement
and h-refinement, and how do these rates differ between the velocity,
streamfunction, vorticity, and pressure?

SQ3. How does the method perform when applied to experimental
particle tracking data of separated flow over a surface-mounted cube?

1.3. Thesis Outline

Chapter E introduces Particle Image Velocimetry and its limitations, fol-
lowed by Spectral Element Methods with their polynomial basis functions
and quadrature rules. It then presents the function spaces, differential
forms, and the de Rham complex underlying the mimetic framework, the
Mimetic Spectral Element discretisation with its incidence matrices and
mass matrices, and the theoretical error analysis for h-refinement and p-
refinement.

Chapter E formulates the reconstruction problem in the function space
setting u € H(div; Q). The domain is decomposed into a multi-element
mesh of non-overlapping rectangular elements, each related to a reference
element by an affine coordinate mapping. The constrained least-squares
system is then developed with exact divergence-free and continuity con-
straints, and reconstruction procedures are derived for velocity, stream-
function, vorticity, and pressure.

Chapter @ describes the manufactured solution test case used for code ver-
ification and the surface-mounted cube experiment configuration used for
validation.

Chapter E presents verification results demonstrating constraint satisfac-
tion and convergence rates, followed by validation results on the surface-
mounted cube.

Chapter B answers each sub-question, states the main conclusions, and
identifies directions for future work.
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This chapter introduces the theoretical foundations required for the mimetic
spectral element reconstruction method developed in this thesis. Section
describes Particle Image Velocimetry and Lagrangian Particle Tracking, in-
cluding the measurement principle, the experimental configuration rele-
vant to this work, and the inherent limitations of the raw velocity data. Sec-
tion 2.2{ introduces spectral element methods, the reference element, coor-
dinate mapping, and the distinction between h-refinement and p-refinement.
Section R.3] defines the one-dimensional polynomial building blocks (Leg-
endre polynomials, quadrature rules, Lagrange and edge basis functions)
from which all two-dimensional operators are constructed. Section in-
troduces the Sobolev spaces H(curl; Q), H(div; Q), and L?(Q), the contin-
uous de Rham complex that relates them, and the consequences of placing
the velocity in H(div; Q). Section shows how the continuous spaces
and operators are discretised through incidence matrices, mass matrices,
and Piola transformations while preserving the algebraic structure of the
de Rham complex exactly. Section P.6] derives the theoretical convergence
rates under h-refinement and p-refinement for all reconstructed quanti-
ties.

2.1. Particle Image Velocimetry

Particle Image Velocimetry is a non-intrusive, optical measurement tech-
nique that provides spatially resolved velocity fields in fluid flows. The
technique captures the motion of small tracer particles suspended in the
flow by recording successive images illuminated by a pulsed laser sheet.
Statistical cross-correlation of particle patterns between image pairs yields
local displacement vectors, which are converted to velocity through di-
vision by the known time interval between exposures. Since its devel-
opment in the 1980s, PIV has become one of the most widely used ex-
perimental methods in fluid mechanics, offering full-field velocity infor-
mation that point-measurement techniques such as hot-wire anemometry
and laser Doppler velocimetry cannot provide [[1, 12, 13].

The validation data used in this thesis are not from PIV but from a closely
related technique, three-dimensional Particle Tracking Velocimetry (PTV) [11],
in which individual particle trajectories are reconstructed by multi-camera
triangulation rather than by cross-correlation. The hardware components
(seeding, illumination, cameras, calibration) and the downstream data-
quality limitations described below are common to both techniques; the
specific 3D PTV configuration is described in Chapter @

This section describes the operating principle of planar PIV, the main com-
ponents of a typical experimental setup, and the data-quality limitations



2.1. PARTICLE IMAGE VELOCIMETRY 9

that motivate the physics-based reconstruction method developed in this
thesis.

2.1.1. Principle of Operation

In a planar PIV measurement, the velocity field is acquired in a two-dimensional

slice of the flow. Depending on the optical configuration, either two in- _
plane velocity components are measured (2D-2C) or, with stereoscopic

arrangements, all three components within the measurement plane (2D-

3C). The PTV validation data used in this thesis are reduced to 2D-2C form

before being passed to the reconstruction (Chapter @) ; the description be-
low therefore applies.

The fundamental measurement relation is

Ax
u(x,y) ~ At (2.1)

where Ax is the particle displacement vector and At is the time separation
between the two laser pulses. The relation is exact only in the limit At — 0.
Even in that limit, the recovered velocity corresponds to some point along
the particle trajectory between x and x + Ax, at some time between t and
t + At. Neither the exact point nor the exact time is known. For small
At this ambiguity is negligible, but in principle the result of (@) is not
the velocity at any single specified location and instant. To determine Ax,
each recorded image is divided into small subregions called interrogation
windows. For each window in the first image, a matching region is identi-
fied in the second image using a Fast Fourier Transform (FFT)-based cross-
correlation algorithm. The location of the correlation peak indicates the
most probable displacement of the particle pattern within that window.
Dividing this displacement by At yields the local velocity vector [[L2].

The spatial resolution of the resulting velocity field is governed by the
size and overlap of the interrogation windows. Smaller windows provide
finer resolution but require higher seeding density to maintain sufficient
particle image pairs for a reliable correlation peak. In practice, adaptive
multi-pass algorithms with decreasing window size and window offset
are employed to balance resolution and accuracy [[, 14].

2.1.2. Experimental Setup

The experimental hardware used in both planar PIV and Particle Track-
ing Velocimetry (PTV) consists of several synchronised components that
together enable the acquisition of velocity fields [[]]. The validation data
of this thesis come from a three-dimensional PTV campaign [11], but the
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components described below (seeding, illumination, cameras, calibration)
are the same for both techniques. The specific 3D PTV configuration is re-
ported in Chapter @

The flow is seeded with tracer particles that are sufficiently small to fol-
low the local fluid motion faithfully. Typical seeding materials include
oil droplets generated by Laskin nozzles, di-ethyl-hexyl-sebacate (DEHS)
aerosol, or hollow glass microspheres. The particle response time must be
small relative to the smallest time scales of the flow to ensure that the mea-
sured particle displacement accurately represents the local fluid velocity.
The Stokes number, defined as the ratio of the particle response time to a
characteristic flow time scale,

T L

St , = ,
T P18y

(2.2)
with p,, the particle density, d,, the particle diameter, and p¢ the fluid
dynamic viscosity, should satisfy St < 1 for accurate flow tracing [[15].

[lumination is provided by a double-pulsed Nd:YAG laser operating at
532 nm wavelength. Each pulse has a duration of approximately 5-10ns,
which effectively freezes the particle motion during exposure. A system
of spherical and cylindrical lenses shapes the laser beam into a thin light
sheet, typically less than 1 mm in thickness, that illuminates a planar cross-
section of the flow. The thickness of the light sheet determines the out-of-
plane depth over which particles contribute to the recorded images and
should be minimised to reduce perspective errors in 2D measurements.

A CCD or CMOS camera with high quantum efficiency and a global shut-
ter records the scattered light from the illuminated particles. The cam-
era is aligned perpendicular to the light sheet to minimise optical distor-
tion. In double-frame mode, two exposures separated by At are captured
in rapid succession. A programmable timing unit synchronises the laser
pulses and camera exposures with sub-microsecond precision, ensuring
that the two images correspond to the intended time separation. Before
measurements commence, a calibration target placed in the light sheet
plane establishes the mapping between image pixels and physical coordi-
nates, accounting for lens distortion and magnification [[L].
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FiGURE 2.1 Schematic of a planar 2D-2C PIV setup. The laser beam is shaped
into a light sheet using optics and mirrors. Seeded particles scatter light that is
captured by a high-speed camera. Cross-correlation of image pairs yields velocity
vectors. Adapted from Raffel, Willert, Wereley, and Kompenhans [[L].

Figure @ illustrates the standard optical configuration of a planar PIV
system.

2.1.3. Challenges and Limitations of PIV Data

While PIV provides dense spatial velocity information, several factors com-
promise data quality, particularly in complex flow configurations involv-
ing separation, recirculation, and regions near solid boundaries.

Measurement noise arises from multiple sources, including image noise
from the camera sensor, background scattering from surfaces near the
measurement plane, and sub-optimal seeding density that produces weak
or ambiguous correlation peaks. In regions of high velocity gradients, the
in-plane displacement variation within a single interrogation window re-
duces the sharpness of the correlation peak, introducing a bias towards
lower gradient magnitudes. Out-of-plane particle motion causes loss of
particle pairs between the two exposures, further degrading the correla-
tion signal [[1]].

Spurious vectors (outliers) are an unavoidable feature of PIV processing.
These arise when the correlation algorithm locks onto a secondary peak
rather than the true displacement peak, or when insufficient particles are
present in the interrogation window. Standard post-processing applies
median-based filters and local consistency checks to identify and remove
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outliers, replacing them with interpolated values. However, in regions
where errors are spatially correlated, such as near walls or in shadow
zones, these filters may be insufficient [[L6].

Data gaps occur in regions where the laser sheet is blocked by solid sur-
faces or where strong reflections from walls saturate the camera sensor. In
flows over bluff bodies, optical access limitations create shadow regions
immediately downstream of the obstacle where no reliable velocity data
can be obtained. This effect has been documented for separated flows over
wall-mounted obstacles, including periodic hill configurations [17], and is
equally present in the surface-mounted cube geometry considered in this
work.

A fundamental limitation of conventional PIV processing is that no phys-
ical constraints are imposed on the measured velocity field. The cross-
correlation algorithm treats each interrogation window independently,
and the resulting velocity field is not required to satisfy conservation laws.
In particular, the divergence-free condition that characterises incompress-
ible flows is not enforced, meaning that the raw PIV data may exhibit non-
physical mass sources and sinks. This lack of physical consistency has
concrete consequences for derived quantities. Vorticity is obtained from
spatial derivatives of the velocity field. Spatial differentiation acts as a
high-pass filter. A velocity error of order ¢ at a single grid point therefore
produces a vorticity error of order ¢/Ax in the adjacent stencil, so high-
wavenumber measurement noise is amplified by a factor proportional to
the inverse of the grid spacing. The pressure is recovered by integrating
a Poisson equation whose source term contains the velocity gradient and
the convective term u - Vu. Velocity errors therefore enter the pressure
source quadratically and through derivatives that further amplify high-
wavenumber noise. In addition, a velocity field with V -u # 0 violates the
energy balance of the continuous problem, producing a spurious work
term (V - u, p) that contaminates the computed pressure even when the
velocity itself is locally accurate [/].

These limitations motivate post-processing methods that enforce physi-
cal constraints on the reconstructed velocity field. One such approach is
constrained data fitting. Among all velocity fields in a chosen approxi-
mation space that satisfy the physical constraint V - u = 0, the one that
best matches the measurements is selected. The specific choice of “best
fit” used in this thesis is a least-squares fit, with the divergence-free condi-
tion enforced exactly as a constraint. This combination of an £?-data-misfit
and an exact constraint is one option among several. Alternative choices
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include weighted, robust, or regularised norms. The €2 version is selected
here because it leads to a linear KKT system that is straightforward to
assemble and solve, and because it is compatible with the mimetic dis-
cretisation introduced later. The resulting method reduces sensitivity to
measurement noise, fills data gaps through physically informed interpo-
lation, and produces velocity fields suitable for computing derived quan-
tities such as vorticity and pressure.

2.1.4. Application to the Surface-Mounted Cube

Flow over a surface-mounted cube [11] presents a canonical configura-
tion of bluff-body separated flow, featuring boundary layer development,
separation at the upstream edge, a recirculation zone above and down-
stream of the cube, shear layer development, and eventual reattachment.
Periodic-hill configurations [[17, 18] have been studied extensively as bench-
marks for separated-flow simulation, but they differ fundamentally from
the surface-mounted cube: they use smooth contours, they are planar
with no in/outflow boundaries, and the bulk-flow setup is not directly
comparable to the present geometry. The cube is used in this thesis only
as a representative validation case for the reconstruction method.

Applying PIV to this geometry provides high-resolution experimental ve-
locity data but also exposes the challenges described above. The sharp cor-
ners of the square profile create strong velocity gradients and flow reversal
that challenge the cross-correlation algorithm. Shadow zones behind the
cube edges produce data gaps precisely in the regions of greatest physical
interest. The recirculation zone contains low velocities and reversed flow,
where the signal-to-noise ratio of the PIV measurement is reduced.

These conditions make the surface-mounted cube an ideal validation case
for the constrained least-squares reconstruction method developed in this
thesis. The method must accurately capture the separation and reattach-
ment locations, reconstruct smooth and divergence-free velocity fields in
regions of strong gradients, and provide self-consistent pressure and vor-
ticity fields from the same underlying reconstruction [[19, 20].

2.2. Spectral Element Methods

The reconstruction method developed in this thesis approximates the ve-
locity field using high-order polynomial basis functions defined on a de-
composition of the domain into non-overlapping quadrilateral elements.
This spectral element approach combines the geometric flexibility of finite
element methods with the rapid convergence of spectral methods. This
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section provides an overview of the spectral element framework and intro-
duces the key concepts underlying the polynomial discretisation detailed
in the subsequent sections.

2.2.1. From Finite Elements to Spectral Methods

Classical low-order finite element methods approximate the solution us-
ing a piecewise linear basis on each element, while finite volume methods
instead store cell-averaged values and reconstruct fluxes across cell faces.
Finite element methods are geometrically flexible and naturally extend to
complex domains. Finite volume methods are less flexible and typically
require special treatments for curved geometries. Both share an algebraic
convergence under mesh refinement. The error decreases with h at a rate
set by the local polynomial degree, so achieving high accuracy requires
very small h with correspondingly large numbers of degrees of freedom.

Spectral methods take the opposite approach, representing the solution
as a single global expansion in high-degree polynomials or trigonometric
functions over the entire domain. For problems with smooth solutions,
the approximation error decreases faster than any algebraic power of the
number of modes, a property known as spectral or exponential conver-
gence. However, global spectral methods are restricted to simple geome-
tries (rectangles, circles, spheres) and cannot easily accommodate com-
plex domain shapes or localised features [21]].

Spectral element methods bridge these two approaches. The computa-
tional domain is partitioned into a number of non-overlapping elements,
and within each element the solution is represented by a high-degree
polynomial. The polynomial degree p can be chosen independently of
the mesh, and inter-element continuity is enforced through appropriate
constraints on the shared degrees of freedom at element interfaces. This
combination retains the geometric flexibility of finite elements, since the
domain can be decomposed into arbitrary quadrilateral (2D) or hexahe-
dral (3D) patches, while achieving spectral convergence rates within each
element when the solution is smooth [22, 23].

2.2.2. The Reference Element and Coordinate Mapping

A central concept in the spectral element framework is the reference ele-
ment. All polynomial basis functions and quadrature rules are defined on
a canonical domain, taken here as [—1, 1]? in two dimensions. Each physi-
cal element in the mesh is related to this reference element through a coor-
dinate mapping. For the rectangular axis-aligned meshes used through-
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out this work, an affine mapping suffices; more general curvilinear ele-
ments would require a non-constant Jacobian, but that generalisation is
not needed here and is therefore not pursued. The affine map reads:

7bx—axa by + ay by —ay by +ay

2.3)

2 2 Y 2
where (ay,by) and (ay, by) are the physical extents of the element and
(§,1m) € [—1,1]? are the reference coordinates. The Jacobian of this map-
ping captures the scaling and orientation between reference and physical
space, and enters the transformation of basis functions, integrals, and dif-
ferential operators from one coordinate system to the other. The specific

form of this Jacobian and its role in the Piola transformation of vector-
valued basis functions are discussed in Section .

n
-1} (1,1) t
' ' (avay) (bvay)
. Fy (€M)
Q - Oy
affine map
£ (ax,ay) (bv, ay)
Ay, a x, Q-
(-1,-1) (1,-1) ! ’
Reference element Physical element
FIGURE 2.2 Mapping from the reference element O=[1,12toa physical ele-

ment Qy = [ay, by X [ay, by] through an affine coordinate transformation Fy.. All
basis functions and quadrature rules are defined on O and mapped to Qy via the
Jacobian of Fy.

Because all basis functions and quadrature weights are defined on the ref-
erence element, they need to be computed only once and can be reused
in all elements, regardless of their size or position in the physical domain.
This is a major computational advantage of the spectral element approach
[23, 24].

2.2.3. h-Refinement and p-Refinement

Spectral element methods improve accuracy in two ways. The first, h-
refinement, reduces the element size at fixed polynomial degree and pro-
duces algebraic convergence at rate O(hP 1) in the L2-norm for sufficiently
smooth solutions [25, 26]. The second, p-refinement, increases the poly-
nomial degree at fixed mesh and produces exponential (spectral) conver-
gence O(e™°P) for analytic solutions, with ¢ > 0 depending on the smooth-
ness of the solution [21].
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Both strategies are studied in this thesis, where the convergence behaviour
under h- and p-refinement is the central diagnostic used to verify the im-
plementation. On the verification side, the manufactured solution is ana-
lytic, so p-refinement is expected to exhibit spectral convergence until the
error saturates at a level determined by the data density. The experimen-
tal validation data, in contrast, are scattered samples corrupted by mea-
surement noise and are not pointwise smooth, so spectral convergence
under p-refinement is not expected on the experimental side. There the
role of h- and p-refinement is to confirm that each reconstructed quantity
approaches the measurement-noise floor at the algebraic rate predicted
by the error analysis of Section , and reported in Chapter E

The polynomial basis functions and quadrature rules used to construct the
spectral element approximation on the reference element are described in
the next section.

2.3. Polynomial Basis Functions and Quadrature Rules

The constrained least-squares mimetic method requires polynomial ba-
sis functions defined on a reference element [—1,1]. The following sub-
sections define the one-dimensional building blocks from which all two-
dimensional operators in the mimetic framework are constructed via ten-
sor products.

2.3.1. Legendre Polynomials and Derivatives
Legendre polynomials P, (x) form a classical L2-orthogonal family on [—1, 1],
satisfying
1
/ Pr(x)Pm(x)dx =0 formn # m. (2.4)
—1
The use of an L?-orthogonal family here is not arbitrary: orthogonality
with respect to the same inner product that defines the function spaces
of Section is what makes mass matrices well-conditioned and lets
Gauss-Legendre quadrature integrate the relevant inner products exactly
up to a known polynomial degree (Section ), so coupling between
modes is contributed only by the discrete differential operators rather than
by the basis itself. The Legendre polynomials satisfy:

d 5. APy (%)
{(1 —x7) Ix

a ] +nn+1)Py(x) =0. (2.5)
dx
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The first and second derivatives are also needed:

P = Py (x), 26)
d2
PUX) = < Pulv), @)

which are essential for computing quadrature nodes and basis-function
derivatives [27].

2.3.2. Gauss-Legendre and Gauss-Lobatto-Legendre Quadrature
Numerical integration over [—1, 1] is performed using Gaussian quadra-
ture rules derived from Legendre polynomials, which enable exact inte-
gration of polynomials up to a prescribed degree. Two rules are used:
Gauss-Legendre (GL) and Gauss-Lobatto-Legendre (GLL), both highly ef-
ficient for smooth integrands [28].

2.3.2.1. Gauss-Legendre Quadrature
This rule employs p interior nodes and is exact for polynomials of degree
up to2p — 1:

P
/dﬂﬂdmeZWJWJ, (2.8)
-1 i=1

where
2

(1—x2) [P ()]

The accuracy and efficiency of Gauss quadrature for smooth integrands is
discussed in [28].

Pp (Xi) = 0, Wi = (29)

2.3.2.2. Gauss-Lobatto-Legendre Quadrature

Including the interval endpoints, this rule uses p + 1 points and is exact
up to degree 2p — 1. Nodes satisfy:

(1-x)P,(x)=0 = xo=—1,%x, =1, (2.10)

with interior nodes from P}, (x) = 0. Weights are:

2

Wi = PR
pp+1) [Pp(xi)]

i=0,...,p. (2.11)

Gauss-Lobatto-Legendre quadrature is widely used in spectral element
methods for two reasons [29]. First, the inclusion of the endpoints x = +1
is essential for inter-element continuity: because neighbouring elements
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share boundary nodes, degrees of freedom can be matched directly at in-
terfaces without additional interpolation. Second, when the mass matrix
of the nodal (Lagrange) basis is assembled using GLL quadrature at the
same nodes as the interpolation, the result is a diagonal matrix, which
greatly reduces the computational cost of its inversion.

2.3.2.3. Node Distributions

Figure @ illustrates the one-dimensional GL and GLL node distributions
for polynomial order p = 3. The N = p + 1 = 4 GLL nodes include
the endpoints £ = +1 and serve as the interpolation points for the La-
grange basis and as the endpoints of the subintervals on which the edge
basis is defined. The p = 3 GL nodes lie strictly in the interior of [—1, 1].
They are introduced here only as quadrature points for evaluating inte-
grals where Gauss-Legendre integration is used. No separate dual mesh
is constructed.

@ GLL nodes (4 points) [l GL nodes (3 points)

-1 +1

&o &1 &2 &3

Primal @ @ @ @
Dual i i i
o &1 &2

FiGURE 2.3 One-dimensional GLL and GL node distributions for p = 3.

In two dimensions, the node distributions are formed as tensor products
of the one-dimensional GLL and GL nodes. Figure @ shows the result-
ing 4 x 4 grid of GLL nodes and the 3 x 3 grid of GL nodes on the refer-
ence element [—1,1]2. The GLL grid carries the nodal degrees of freedom,
the edge fluxes along the GLL edges, and the cell-integrated values on the
cells bounded by those edges. The GL grid is shown only to indicate the lo-
cations of the quadrature points used to evaluate integrals. The grid lines
connecting the nodes illustrate the tensor-product structure that allows all
two-dimensional operators to be constructed from one-dimensional build-
ing blocks.

2.3.3. Lagrange Basis Functions
Nodal interpolation on the GLL nodes is performed using Lagrange ba-
sis functions h;(&), constructed at nodes {&g,...,&En). They satisfy the
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FiGure 2.4 Two-dimensional tensor-product GLL and GL node distributions on
[—1,1]% forp = 3.

Kronecker-delta property:

hi(&) = 04, (2.12)
and are defined by:
N
E—&
hi(&) = = (2.13)
};[Q &i — &
jF£L

These basis functions are used to represent scalar fields in spectral ele-
ments [30].

In this work, the Lagrange basis is used to represent pointwise scalar
quantities such as the streamfunction and the vorticity, whose degrees
of freedom are values at nodes. Any scalar field f(&) is approximated as
(&) = ZiN:O fi hi(&), where f; = f(&;) are the nodal values.

Figure @ shows the four Lagrange basis functions hy(&) through hs(&)
for polynomial order p = 3, constructed on the GLL nodes {&, &1, &2, &3}
Each basis function equals unity at its associated node and vanishes at all
other nodes, in accordance with the Kronecker-delta property (). The
black dots mark the GLL node locations; the coloured dots at hi(&;) = 1
confirm the interpolation property. The basis functions associated with
the interior nodes (h; and hy) are smooth and mirrored along the & = 0
line. Those at the boundary nodes (hy and h3) are asymmetric and ex-
hibit larger excursions in the element interior, a characteristic feature of
endpoint interpolation on non-uniformly spaced nodes.
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FIGURE 2.5 Lagrange basis functions h; (&) on GLL nodes for p = 3.

2.3.4. Edge Basis Functions

To capture flux-like properties in the mimetic framework, edge basis func-
tions are used. The edge basis functions e; (£) are derived from the deriva-
tives of the Lagrange polynomials. The derivative of h; (&) is:

d
h(E) = () (2.14)
from which the edge basis functions are defined as:
i—1
ei()=—) h/(&), i=1...N (2.15)
j=0

By construction, the edge basis [8, B1] forms a partition of unity,

N
Y elg)=1, &el-1,1] (2.16)
i=1

and satisfy the integral identity

&
/ ei(&)dE = &y, (2.17)
&1
so the degree of freedom associated with e; is the integral of the repre-
sented function over the subinterval [&;_1, &;]. The edge degrees of free-
dom are integral values along subintervals, not fluxes in the 2D /3D sense;
the flux interpretation arises only in the 2D/3D outer-oriented setting of

Section . Together, equations ()—() make the discrete deriva-

tive the exact analogue of the fundamental theorem of calculus,

&g N
/£ S (- i) el de = — £y, (2.18)

i—1i=1
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for any nodal coefficient vector f = (fy, ..., fx)T. Thelocal discrete deriva-
tive is therefore exact, and summing over all subintervals gives fy — f
exactly with no internal residual.

Whereas the Lagrange basis functions represent pointwise values at nodes,
the edge basis functions represent integrated quantities over the intervals
between nodes. In the discretisation built in Section .5}, the edge basis
functions will discretise quantities whose degrees of freedom are integral
values along subintervals, for instance the components of the velocity field
that appear in the integral form of the continuity equation.

Figure @ shows the three edge basis functions e; (&), e2(&), and e3(&) for
polynomial order p = 3. Each edge function is concentrated over its asso-
ciated subinterval [£;_1, &;], indicated by the shaded regions. The integral
of each edge function over its own subinterval equals unity (), while
the integral over any other subinterval vanishes. The black dots mark
the GLL node positions that define the subinterval boundaries. The two-
dimensional tensor products of edge and Lagrange functions that arise in
the discretisation are constructed in Section
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FiGURE 2.6 Edge basis functions e; (&) on GLL nodes for p = 3.

2.4. Function Spaces and the de Rham Complex

The Mimetic Spectral Element Method starts from a choice of de Rham
complex, a sequence of Sobolev spaces linked by differential operators,
and constructs discrete approximation spaces that preserve the algebraic
structure of the complex exactly at the discrete level. The complex rele-
vant to (but not limited to) two-dimensional incompressible-flow recon-
struction consists of the Sobolev spaces H(curl; Q), H(div; Q), and L?(Q),
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whose regularity and continuity conditions match the reconstruction prob-
lem addressed in Chapter B This section introduces those Sobolev spaces,
defines the continuous de Rham complex that links them, and draws the
consequences for the reconstruction problem.

2.4.1. Sobolev Spaces

Three function spaces appear in the de Rham complex on a bounded do-
main Q C R? with Lipschitz boundary 9Q [32]. The Lipschitz assump-
tion ensures that trace operators on 9Q) are well-defined. The base space
is L?(Q), the space of square-integrable real functions on Q,

LQ(Q):{f:Q—HR’/ |f2dQ<oo}, (2.19)
Q

(f, g)re :/Qfng, IflI72 = (f, 2.

The two function spaces below, H(curl; Q) and H(div; Q), are then defined
as L2-functions whose specified differential operator also lies in L?.

The space H(curl; Q) consists of square-integrable scalar fields (in two di-
mensions) whose curl is also square-integrable:

H(ewl; Q) = {q € L*(Q) | V x q € IL*(Q)]*}, (2.20)
||q||%{(curl;_()) = ||q||i2 + ||v X qHIQJ2

Here, the two-dimensional curl of a scalar field q is defined as V x q =
(=044, 9xq)T, which produces a vector field. In three dimensions, the
H(curl; Q) space contains vector fields; in this two-dimensional setting, it
contains fields that point solely in the out-of-plane direction. For example,
the vorticity vector is w = (0,0, w)T, and we work with the single out-of-
plane component w as a scalar whose curl (i.e. perpendicular gradient)
is square-integrable. The same applies to the streamfunction 1, which is
also a scalar in 2D. Functions in H(curl; Q) are continuous across element
interfaces: their values must match at inter-element boundaries.

The space H(div; Q) consists of square-integrable vector fields whose di-
vergence is also square-integrable:

H(div; Q) = {ve L*(Q))? | V-ve L*(Q)}, (2.21)

IVl aivia) = IVIIE> + IV - vl

Functions in H(div; Q) have continuous normal components across ele-
ment interfaces, but their tangential components may be discontinuous.
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This is the appropriate regularity for the velocity field u: the normal flux
must be continuous to define the divergence element-by-element, while
the tangential component is left free.

The pressure of the formulation lives in L?(Q). It is computed as a cell-
averaged quantity on each element, and neighbouring elements are al-
lowed to have different pressure values at their shared interface. The pres-
sure also acts as a Lagrange multiplier for the divergence-free constraint,
but its L% regularity (rather than continuity across elements) follows from
the choice of placement in the de Rham complex, not from the Lagrange-
multiplier role itself.

The key distinction among these spaces is the inter-element continuity
they enforce. Table @ summarises this relationship in two dimensions:
as one moves from H(curl; Q) to L?, progressively less continuity is re-
quired across element interfaces.

TaBLE 2.1 Two-dimensional function spaces and their inter-element continuity
properties.

Space Interface continuity ~ Physical quantity
H(curl; Q)  Full (value) v, w

H(div; Q) Normal component u

L2 None P

2.4.2. Differential Forms in Two Dimensions

Differential forms provide a unified language for scalars, vectors, and in-
tegrated quantities, and they underpin the mimetic discretisation of Sec-
tion 2.5/ [9, B3]. In two dimensions there are three kinds, distinguished by
the geometric object each is paired with.

- A 0-form is paired with a point. It is a scalar field, with pointwise
values as degrees of freedom.

- A 1-form is paired with a curve. Its degrees of freedom are line
integrals along curves, and in 2D it can be identified with a vector
field via the standard Euclidean inner product.

- A 2-form is paired with a surface. Its degrees of freedom are inte-
grals over oriented areas, and in 2D it can be identified with a scalar
density at cells.
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Table P.2 lists which Sobolev space each form lives in and which physical
quantity each represents in this thesis. The discrete approximation spaces
built in Section reproduce the same geometric pairing at the discrete
level.

TaBLE 2.2 Correspondence between differential forms, function spaces, and the
physical quantities they represent in this work.

Form  Geometric pairing  Function space Physical quantity

0-form node (point value) H(curl; Q) Vv, w
1-form edge (line integral) H(div; Q) u
2-form cell (area integral)  L?(Q) P,V-u

2.4.3. The Continuous de Rham Complex

The function spaces defined in Section are connected by differential
operators that form the L? de Rham complex [33]. In two dimensions, the
primal complex reads:

R < H(cwrl; Q) 2% H(div; Q) 2> L2 — 0, (2.22)

where the first arrow indicates that constants form the null space of the
curl on H(curl; Q) and the trailing zero terminates the sequence in 2D. On
a contractible domain (such as the rectangles used in this thesis), the com-
plex is exact, meaning that the kernel of each operator equals the image
of the previous one. The range of the divergence operator itself depends
on the boundary conditions.

The primal complex () admits the strong curl of a scalar and the strong
divergence of a vector field directly, because H(curl; Q) and H(div; Q)
have sufficient regularity for those operations to produce square-integrable
results. The reverse-direction operators, the curl of a vector field (needed
for vorticity) and the gradient of a scalar (needed for pressure), cannot be
applied directly to primal-space fields. The Hodge-dual complex,

0 «— H(curl; @) ¥ Hdiv; @) ¥ 12(Q) +— R, (2.23)

encodes these weak operators. The Hodge-conjugated arrows are the L2-
adjoints of the primal operators, obtained by integration by parts. The
first dual operator is

(V) =-V, (2.24)

the negative gradient acting from L?(Q) on a test function in H(div; Q).
The second dual operator is

(Vx)* = rot, rot(u) = 0,v — oy, (2.25)
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the scalar curl of a vector field, acting from H(div; Q) on a test function
in H(curl; Q). Each Hodge-conjugated arrow is weak in the sense that it
is defined through the integration-by-parts identity rather than by point-
wise application, and the boundary integral produced by the integration
by parts is part of the operator.

This complex is better suited for the problems considered in this thesis,
because the divergence-free condition V - u = 0 is a strong constraint that
must be enforced exactly. Placing the velocity in H(div; Q) and using the
strong divergence operator allows the constraint to be enforced exactly
as an algebraic equation. Vorticity and pressure, derived quantities, are
recovered afterwards through the weak operators of the Hodge-dual com-
plex.

The primal complex () has two fundamental properties [B4]. The first
is the complex property: the composition of two consecutive operators in
the sequence vanishes identically,

V- (Vxp)=0 Vi e Hlcurl; Q). (2.26)

This can be verified directly: V- (V x ) = V- (=0,1, o, )T = —Oxyp +
O0xyP = 0. Physically, this means that any velocity field derived from a -
streamfunction is automatically divergence-free.

The second property is exactness: on a contractable domain, every divergence-
free vector field u € H(div; Q) can be written as u = V x 1 for some
streamfunction { € H(curl; Q). This guarantees that enforcing the dis-
crete divergence-free condition is equivalent to requiring the velocity to

be the curl of a streamfunction.

2.4.4. Consequences for the Reconstruction Problem
The choice u € H(div; Q) has three direct consequences for the reconstruc-
tion method developed in Chapter H

First, the inter-element continuity condition enforced on the velocity is
normal flux continuity. At a shared interface between two elements, the
normal component of the velocity from one element must equal the nor-
mal component from the neighbouring element. The tangential compo-
nent, however, is not required to match. This is the minimum regularity
needed to define V - u element-by-element and to enforce the divergence-
free constraint exactly at the discrete level (Section ).

Second, the strong curl of u is not well-defined when u € H(div; Q), be-
cause the tangential component may be discontinuous across element in-
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terfaces and the strong curl is not guaranteed to be square-integrable. Con-
sequently, the vorticity w = V xu cannot be computed by direct differenti-
ation. Instead, it must be recovered through a weak formulation obtained
by integration by parts: find w € H(curl; Q) such that

/ wqu:—/ u- (Vx q)dQ+§£ (u-t)qds, VqeH(curl;Q),
Q Q 20

(2.27)
where t is the unit tangent vector on dQ. Integration by parts transfers the
curl from u, which lacks the required regularity, onto the test function q €
H(curl; Q), whose curl is square-integrable by definition. The boundary
integral that this produces accounts for the tangential trace of u on 9Q.

Third, the pressure P € L.2(Q) has no strong gradient, so the gradient acts
on test functions v € H(div; Q) only via integration by parts,

/va-de:—/ va.de+§1§ Pv-nds.
(0} Q 00

The pressure is recovered from the momentum equation in this weak form.

In summary, the de Rham complex determines the regularity of each field
and the weak formulations used to recover the derived quantities. The
concrete reconstruction procedures are developed in Chapter E

2.5. Mimetic Spectral Element Discretization

This section shows how the continuous function spaces and operators
from Section are discretized using the polynomial building blocks
from Section . The construction proceeds in three steps. First, each
space in the de Rham complex is approximated by a finite-dimensional
subspace built from tensor products of the one-dimensional Lagrange and
edge basis functions (Section ). Second, the differential operators be-
tween these spaces are represented by sparse incidence matrices that de-
pend only on the connectivity of the basis (Section ). Third, the con-
tinuous de Rham complex is shown to carry over to the discrete spaces as
an exact algebraic identity (Section ). Inner products between the dis-
crete spaces are encoded by mass matrices (Section ), which provide
the metric information needed to express weak operators via integration
by parts.

2.5.1. Discrete Approximation Spaces

One family of basis functions is associated with each form degree intro-

duced in Section .
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2.5.1.1. 0-Form Basis Functions

The discrete subspace of H(curl; Q) is spanned by tensor products of La-
grange basis functions:

v En) =n(@hm),  i=0,....p, j=0,...,p.  (228)

This space has dimension (p + 1)2. Each basis function is associated with
anode in the N x N GLL grid, and the corresponding degrees of freedom
are pointwise values. Because the Lagrange basis functions include the
endpoints £ = +1, neighbouring elements share nodes on their common
boundary, which enforces the full continuity required by H(curl; Q). In
this work, the 0-form basis functions represent the streamfunction 1\ and
the vorticity w.

2.5.1.2. 1-Form Basis Functions

The discrete subspace of H(div; )) is spanned by two families of tensor
products, one for each velocity component:

viLEm) =@ em),  i=0,...p, j=1....p, (229

yil(en) =e@hm), i=1...p, j=0,...,p.  (230)

The &-component uses Lagrange in & (continuous across vertical inter-
faces) and edge in 11, while the n-component uses edge in & and Lagrange
in 1 (continuous across horizontal interfaces). This construction automat-
ically enforces normal flux continuity across element interfaces: the La-
grange direction is continuous at the boundary, while the edge direction
is not. The total number of 1-form degrees of freedom per element is
2p(p + 1). The 1-form basis functions represent the velocity u.

2.5.1.3. 2-Form Basis Functions

The discrete subspace of L? is spanned by tensor products of edge basis
functions:

v En) =e@em), i=1...p, j=1....p. (2.31)

This space has dimension p?. Since edge basis functions do not include
the endpoints, no inter-element continuity is enforced, consistent with L2
The degrees of freedom represent cell-integrated values. The 2-form basis
functions represent the pressure P and the divergence V - u.
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2.5.2. Incidence Matrices

The incidence matrices encode the topological relations between the dis-
crete spaces. They are the discrete analogues of the differential operators
in the de Rham complex and contain only entries from {—1,0, 41}, inde-
pendent of the element geometry [B1].

2.5.2.1. One-Dimensional Incidence Matrix

In one dimension, the incidence matrix E;p maps nodal values (0-form
degrees of freedom) to edge values (1-form degrees of freedom) by taking
consecutive differences. For polynomial order p with N = p + 1 nodes,
Eipisap x (p + 1) matrix:

1 ifj =1,
(Eiplij =9 +1 ifj=1i+1, (2.32)

0 otherwise.

For p = 3, this gives:
Emb=|0 -1 1 0]. (2.33)

The action Eipf = (f; — fo, fa — f1, f3 — f2)T computes the discrete
derivative: the difference of nodal values across each edge. This is the dis-
crete analogue of the fundamental theorem of calculus: f Ei”l /(&) dE =

f(&ir1) —f(&).

2.5.2.2. Two-Dimensional Incidence Matrices
In two dimensions, the incidence matrices are constructed from tensor
products of E1p and the identity matrix I [31].

The matrix E!0 is the discrete curl, mapping 0-forms to 1-forms. It acts on
the (p+1)? nodal coefficients and produces the 2p(p+1) edge coefficients:

L0 _ Ip+1 ®Eip (234)
Eip ® 41 7 '

where I, ; is the (p+1) x (p+1) identity matrix. The top block computes
differences in the n-direction (producing &-edge fluxes) and the bottom
block computes differences in the &-direction (producing n-edge fluxes).
This corresponds to the discrete version of u = V x { = (—0,¥, 9:)T.
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The matrix E*! is the discrete divergence, mapping 1-forms to 2-forms. It
acts on the 2p(p+1) edge coefficients and produces the p? cell coefficients:

E*! = (ElD 0L, —-I,® ElD) , (2.35)

where I, is the p x p identity matrix. This computes the net flux through
the edges of each cell, which is the discrete divergence.

The fundamental property E>'E!? = 0 can be verified by direct substitu-
tion:

E*'EY = (Eip @ 1,)(Ip+1 @ Eip) — (Ip ® Eip) (E1p ® Ip11)
=Eip ® Eip —Eip ® E;p =0.

This identity is exact and purely algebraic: it holds for any p and does not
depend on the node positions, quadrature weights, or element geometry.
Its significance is taken up in the next subsection.

2.5.3. The Discrete de Rham Complex

With the discrete approximation spaces from Section and the in-
cidence matrices from Section in place, the continuous de Rham
complex of Section carries over to the discrete setting. Denoting by
€Y C H(curl; Q), €' C H(div; Q), and €% C L?(Q) the discrete subspaces
of dimensions (p +1)2, 2p(p + 1), and p? respectively, the discrete primal

complex reads
ELO

2,1
e B e B e (2.36)
where E? is the discrete curl that maps 0-form coefficients to 1-form coef-
ficients, and E?! is the discrete divergence that maps 1-form coefficients
to 2-form coefficients. The complex property

E>1EYY =0 (2.37)

holds as an exact algebraic identity, which is the discrete analogue of
V - (V x ) = 0. It ensures that any velocity coefficients derived from
a streamfunction through u = E'% are exactly divergence-free in the
sense that E21u = 0, and conversely that the divergence-free constraint
E*!u = 0 can be enforced algebraically without any quadrature approxi-
mation.

The corresponding dual discrete complex reads

1,0\T . 2,1\T
(€2 L ey JE (o) (2.38)
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with transposed incidence matrices acting on the dual (Riesz-paired) coef-
ficient vectors. The negative sign on —(E?1)7 reflects that the L?-adjoint of
the divergence operator carries a sign through integration by parts (it cor-
responds to the negative gradient). No separate dual mesh is constructed;
the dual coefficients (C*)* are algebraic companions of the primal ones,
and the weak operators of Chapter A are assembled from E', E21, their
transposes, and the mass matrices introduced next, all acting on the pri-
mal degrees of freedom.

2.5.4. Mass Matrices as Hodge Operators

Whereas the incidence matrices encode topology, the mass matrices en-
code metric information (geometry and inner products). They establish
the correspondence between the primal coefficients and their dual (Riesz-
paired) representations, and play the role of discrete Hodge operators in
the mimetic framework [31, B5]. For two discrete fields a,b € C* with
coefficient vectors a and b, the L? inner product is aTM* b, and the dual
representation of a primal coefficient vector a is a = M*a. The three mass
matrices are defined as

1 1
MY :/ / v (£, ) ¥ (£,m) dg dn, (2.39)
—1J-1

where ‘Pgo) = hy(&) hi(n) with a suitable ordering of the double index
(k,1) into a single index i;

1 1
Mj :/ / vV (e,n) - v (e, n) dedn, (2.40)
—1J—1

where ‘Pgl) is one of the 1-form basis functions from ()—() (the
tensor-product structure makes M' block-diagonal with separate blocks
for the &- and n-components); and

1 1
M :/ / v (&) ¥ (g,m) dedn. (2.41)
—1J-1

Whereas E!'? and E*! are purely topological and have entries only in
{—1,0,+1}, the mass matrices depend on the element geometry through
the choice of basis and on the inner product. This separation between
topological and metric information is a defining feature of the mimetic
approach: identities such as E#'E}? = 0 hold exactly regardless of the
element shape, while the geometric content is confined to the mass ma-
trices and adapts to the element through the Piola transformations of Sec-

tion .
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The Hodge operators M°, M!, and M? together with the incidence matri-
ces E1'? and E*! form the algebraic structure of the discrete de Rham com-
plex. Figure @ summarises this structure: the primal incidence matrices
act left to right between €°, €1, €2, the mass matrices link primal coeffi-
cients to their dual representations, and the transposed incidence matri-
ces act on the dual side. Two practical points are worth noting. First, the
dual representations (C*)* are algebraic Riesz-paired companions of the
primal coefficients, not a separately discretised dual mesh. Second, some
adjoint operators differ from the corresponding vector-calculus operator
by a sign: for example, the L?-adjoint of the divergence is the negative
gradient, (V-)* = —V, and at the discrete level this sign carries over to the
corresponding combination of (E*!)T and M2.

El,O E2,1
Primal: eo et ©2

MO [ (M)~ M! ([ (M) M2 [| (M?)7!

Dual: (€ (ELO)T Cok (B2 (€

Ficure 2.7 The discrete de Rham complex with Hodge operators. The primal
complex (top) is connected to the dual complex (bottom) by the mass matrices M°,
M!, and M? (downward arrows) and their inverses (M°)~!, (M!)~!, and (M?)~!
(upward arrows). The primal incidence matrices E!'0 (discrete curl) and E2! (dis-
crete divergence) act left to right; the transposed incidence matrices (E}'0)T (dis-
crete gradient) and —(E%1)T (discrete curl of a vector) act right to left.

2.5.5. Piola Transformations for k-Forms

The basis functions and operators defined in the previous subsections are
formulated on the reference element [—1, 1]?. To map them to a physical
element with coordinates (x,y), Piola transformations are used. These
transformations ensure that the inter-element continuity properties and
integral identities of each k-form are preserved under the coordinate map-

ping [27].

Let J denote the Jacobian matrix of the mapping from reference to physical

1 (ax/aa 6x/6n>’ 22)
dy/0& dy/om

with determinant det J. In this work, we restrict to affine (linear) maps for

coordinates,

which J is constant over each element. The Piola transformations are valid
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for general diffeomorphisms, but the expressions simplify considerably
for affine maps.

2.5.5.1. 0-Forms
Scalar fields require no transformation beyond the coordinate substitu-
tion:

YO (x,y) = VO(E(x,y), n(x, ). (2.43)

Pointwise values are preserved: if 1 takes the value 1{; at node (&;,1;)
on the reference element, it takes the same value at the corresponding
physical node.

2.5.5.2. 1-Forms
1-form basis functions are mapped using the contravariant Piola transfor-

mation:

W y) = s TWO(E0 ), nxy)). (.49

This transformation preserves normal flux continuity across element in-
terfaces: if two adjacent elements share an edge, the normal component
of Y1) computed from either element agrees at the interface. For affine
maps with a diagonal Jacobian (Jo; = Jip = 0), this reduces to scaling
each component independently:

J J
yh = 0y g — Ty, 24
x detJ " &7 Y detJ M (2.45)
2.5.5.3. 2-Forms
Scalar fields representing cell-integrated quantities are mapped by divid-
ing by the determinant:

Y@ (x,y) = B(Exy), n(x,y)). (2.46)

— Yy
det J

This ensures that the integral of a 2-form over a physical cell equals the
integral of the reference 2-form over the corresponding reference cell, up
to the area scaling encoded in det J.

Under affine maps, the mass matrices transform to the physical domain
as [B1]:

MO(x,y) = M°(&,1) det J, (2.47)
J3 J3
My(xy) =M (En) S My y) =M'(En) 2, (248)
1
M?(x,y) = M*(E,n) ——. (2.49)

det J
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The incidence matrices E*? and E?! are unchanged by the mapping, be-
cause they encode topology rather than geometry. This separation is what
makes the mimetic framework robust: the topological identities (such as
E2!EL? = 0) hold on any mesh, while the metric information is confined
to the mass matrices and adapts to the element shape through the Jaco-
bian.

2.6. Error Analysis for Spectral Element Approximation

The mimetic spectral element discretization introduced in Section ap-
proximates the continuous function spaces with finite-dimensional poly-
nomial subspaces. This section establishes the theoretical convergence
rates under p- and h-refinement that govern how the reconstruction er-
ror decreases as the polynomial order is increased or the mesh is refined.
These rates éarovide the benchmarks against which the numerical results

in Chapter ff are measured.

2.6.1. Polynomial Approximation Theory

The starting point is the classical approximation result for spectral element
methods. Let ube a function in the Sobolev space H*(Q)) for some regular-
ity index s > 1, and let u;, denote its best approximation in a polynomial
space of degree p on a mesh with element size h. Then the approximation
error satisfies [25, 26]:

[ — wnfrm < CRMPMPFL Ty (2.50)

where m is the order of the Sobolev norm in which the error is measured
(m =0 for L2, m = 1 for H!, etc.), s is the Sobolev regularity of the exact
solution (the number of square-integrable derivatives it possesses), and
C is a constant independent of h and p. The rate is min(p + 1,s) —m
because it is limited by whichever is smaller: the polynomial order p or
the regularity s of the solution. Each derivative included in the error norm
(m) costs one algebraic order.

A key tool for relating the convergence rates of derived quantities is the
inverse estimate [26, B6]:

2
[Vl <C % [VillL2, (2.51)

which holds for any polynomial vy, of degree p in the discrete space. The
factor p? comes from a polynomial inverse estimate, the Markov brothers’
inequality bounds the sup-norm of a derivative by a p?-multiple of the
sup-norm of the polynomial, and the corresponding L? estimate carries
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the same p? scaling up to an inessential constant on compact intervals [26].
The factor h™! comes from the scaling to a physical element of size h. Un-
der h-refinement at fixed p, the p? is absorbed into the constant and only
the h™! affects the convergence rate. Under p-refinement at fixed h, the
p? introduces an algebraic prefactor that shifts the error level but does not
destroy exponential convergence.

2.6.2. Convergence Under p-Refinement

Under p-refinement, the mesh is held fixed and the polynomial order p
is increased. The convergence behaviour depends on the smoothness of
the exact solution. If u is analytic (infinitely differentiable with bounded
derivatives), the error decreases exponentially with p [21]:

= [l < Ce P, (2.52)

for some constant o > 0 that depends on the domain of analyticity of
the solution. On a semi-log plot (logarithmic error versus polynomial
order), this produces a straight line with slope —o. For solutions with
finite Sobolev regularity s, the convergence under p-refinement is alge-
braic (O(p~*)) rather than exponential. In this work, the manufactured
solutions used for verification are analytic, so exponential convergence is
expected.

For the derived quantities (vorticity, pressure), the inverse estimate ()
introduces algebraic prefactors of the form p?/h under p-refinement, but
these do not destroy the exponential decay. The resultis that on a semi-log
plot, the convergence curves for all reconstructed quantities are approxi-
mately parallel, separated by constant vertical offsets. Integration (stream-
function from velocity) shifts the curve downward, while the weak curl
(vorticity from velocity) shifts it upward.

2.6.3. Convergence Under h-Refinement

Under h-refinement, the polynomial order p is held fixed and the element
size his decreased. This yields algebraic convergence: the error decreases
as O(h") for some rate r that depends on p and the quantity being mea-
sured. On a log-log plot of error versus element size, this produces a
straight line with slope r.

In the mimetic reconstruction, the velocity is the primary unknown ob-
tained by least-squares fitting, and all other quantities are derived from
it. Each derivation step changes the convergence rate by one order. The
following derivations establish the rate for each quantity.
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2.6.3.1. Velocity

The velocity u is represented by 1-form basis functions, which are tensor
products of Lagrange functions (degree p) and edge functions (degree p—
1). The approximation power is limited by the lower-degree direction. By
the tensor-product approximation result applied to (ﬁ) with m = 0, for
an analytic solution (s — o0):

|lu — mthuljpz < ChP |ulgr, (2.53)

where 7, u denotes the best approximation in the 1-form space. The H(div; Q)-

norm of the error is:
[ —unf giv.0) = [0 —unlfe + |V - (0 —wp) {2

For a general u this simplification would not apply, and the divergence
term would limit the H(div; Q) convergence rate by one order. In the
present setting, however, V - u = 0 exactly (incompressible flow) and
E2!u;, = 0 exactly (enforced as a hard constraint in the saddle-point sys-
tem), so the divergence term vanishes to machine precision. Therefore:

lu —un|lf(giv,0) = [[u —up |2 = O(hP). (2.54)

2.6.3.2. Vorticity

The vorticity w is not fitted to data directly; it is derived from the veloc-
ity through the weak curl formulation (R.27). If the vorticity were fitted
by least squares using the 0-form basis functions (degree p in both di-
rections), the full approximation power of the 0-form space would give
|w— wnlLz = O(hP™1). However, because w is obtained from u through
the weak curl, the actual convergence rate is lower. To quantify this, we
derive both a lower and an upper bound on the vorticity error.

Error equation.  The exact vorticity satisfies:

(@, ) = —(u, V x q)+g§ (u-Dqds, Va,
00

and the discrete vorticity satisfies the same weak form with discrete quan-
tities:

(Wh, qn) = —(un, V x qn) +?§ (up - t) gnds, Vg,
20

where (-, -) denotes the L2-inner product. Subtracting and dropping the
boundary terms (which are treated analogously) gives the error equation:

(qn, @ —wh) =—(V X qn, u—un), Vqn € C°, (2.55)

where g, is an arbitrary test function in the 0-form space.
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Lower bound. The Cauchy-Schwarz inequality applied to the left-hand

side of () gives:
[(qn, w —wn)| < [lqn]| |w — wnl,

since (a,b) = ||a||||b]|cos 8 and |cos 6] < 1. Substituting the error equa-
tion:
(VX qn, u—un)| < [[gnl] o — wn].

Dividing both sides by ||qn||:

|(v X (h, u_uh)|
lqnll

< flw = wnlf.

Since this holds for every qn # 0, it also holds for the g1, that maximises
the left-hand side:

I(V X qn, u—uy)

sup < lw — wpl]. (2.56)

qn#0 || dh ||

The supremum on the left is the dual norm of u — uy, which is bounded

below by the H(div; Q)-norm of the velocity error. This gives the lower
bound:

[0 —un|[miv:0) < |lw — whlL:. (2.57)

Since the velocity error is O(hP) from (), the vorticity error is bounded
below by O(hP).

Upper bound. To obtain the upper bound, the vorticity error is de-
composed using a Céa’s lemma-style splitting. Let w' denote the canoni-
cal interpolant of the exact vorticity at the GLL nodes. It commutes with
the discrete curl, so w! and wy, are compared in the same approximation
space and the resulting bound carries the rate dictated by the projection
error. The total error is split as:

w—wh = (w—w")+ (0 — wn),
—_—— —/

n eh

where 1 = w — w! is the projection error (the part of w that cannot be

I

represented in ") and e" = w' — wy, is the in-space error (both w' and

wr, live in CY).

Substituting this decomposition into the error equation ():

(qn,n+e")=—(Vxqn, u—uy), Vque’
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Rearranging isolates the discrete error:
(dn, €") = —(V X qn, u —un) — (qn, 1)
Since this holds for all qy, in the discrete space, choosing q, = e™ gives:
le™]* = —(V x e, u—un) — (e", ).

Applying the triangle inequality and then Cauchy-Schwarz to each term
on the right-hand side:

le™* < IV > e, w—up)| + (™, m)| < ||V x e[| [lu—un || + [l [n]-
The inverse estimate (2.51) gives |V x eM|| < CpZh~1|eM|, so:
le™* < Cp* R le™|| lu —un| + [le™[| n]l-
Dividing both sides by ||e"||:
le™ < Cp* ™ [lu—up | + [n]|-
Finally, the triangle inequality [|w — wy| = [|e™ +n]|| < |le™]| + |n]| gives:
lw —wn| < Cp* " lu—up|| +2|n].

The velocity error is ||u — up|| = O(hP) from (), and the interpolation
error [n]| = ||w — w!|| = O(hP*!) since w! is the O-form interpolant of
degree p. Therefore:

|w—wi| < COP>hPY) +20(hPT) = O(p? hP 1),

where the first term dominates. The p? prefactor is absorbed into the con-
stant for h-refinement at fixed p, but is a visible algebraic prefactor under
p-refinement at fixed h.

Combined bound.  Together, the lower and upper bounds show that
the vorticity error satisfies:

O(hP) < [l — wrllz < O(RP ). (2.58)
For the H(curl; Q)-norm, the curl of the vorticity error must also be bounded.

Since the curl of the vorticity is effectively a second derivative of the ve-
locity, applying the inverse estimate () a second time gives:

||(U - wh”H(curl;Q) = O(hP72)- (259)
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2.6.3.3. Streamfunction
The streamfunction 1 is a 0-form recovered by integrating the velocity
fluxes through the incidence matrix: E% = u. Integration gains one
algebraic order relative to the velocity. The streamfunction error therefore
satisfies:

W —¥rlL: < Chlu—upllLz = O(MPT). (2.60)

This is consistent with the full approximation power of the 0-form space
(hP*! for degree-p Lagrange polynomials), even though 1 is not fitted
directly to data.

2.6.3.4. Total Pressure

The total pressure P is a 2-form computed from a discrete system whose
right-hand side involves the vorticity force term C = u x w. The pres-
sure error is bounded from below by the best approximation in the 2-form
space, which uses edge functions of degree p—1 in both directions, giving
O(hP). For the upper bound, the error in the discrete vorticity force term
Cn, = up, X wy, must be quantified. Adding and subtracting:

C—Ch=ux(w—wnp)+ (u—up) X wn.

By Holder’s inequality, which states that for scalar functions f € L* and
ge L
- gllee < [Ifl[e=llgllLe, (2.61)

applied component-wise (noting that in two dimensions u x w reduces to
the scalar-vector product (vw, —uw)™, so each component is a scalar prod-
uct to which (2.61) applies), the first term satisfies ||lu x (w — wn)|jr2 <
[lul|r= ||w — wr|lL2. Since |lul/r~ is bounded independently of h, this is
O(h?~1) from (). The second term satisfies ||(u — un) X wp|lz <
lwn L= [u — up|lLz = O(hP) from (). The dominant contribution is
the first, so:

|C — Chll2 = O(nWP1). (2.62)

By the stability theory for saddle-point problems [32], the pressure er-
ror depends continuously on the right-hand side error: if the data is per-
turbed by O(hP~!), the pressure error is at most O(hP~!). The total pres-
sure error is therefore bounded by:

O(hP) < [|P =Pz < O(RPT). (2.63)
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2.6.3.5. Summary of Rates

Table @ collects the theoretical convergence rates under h-refinement.
The ordering 1\ > u > w reflects the relationship between each quantity
and the primary unknown: the streamfunction is obtained by integration
of the velocity (gaining one order), while the vorticity is obtained through
the weak curl of the velocity (costing one order through the inverse esti-
mate).

TaBLE 2.3 Theoretical h-refinement convergence rates at fixed polynomial order

P.
Quantity Norm Rate Reason
P L? O(hrth) Primitive of u
u H(div; Q) O(hP) Primary unknown
P L2 O(hP~1) to O(hP) Saddle-point data error
w L2 O(hP~1) to O(hP?) Weak curl of u
w H(cur; Q) 0O(hP~2) Curl of weak curl of u

These theoretical rates will be verified numerically in Chapter B: under h-
refinement at fixed p, the measured slopes on log-log plots should match
the rates in Table @, while under p-refinement with analytic solutions,
all quantities should exhibit exponential convergence with approximately
parallel curves on a semi-log plot.
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This chapter develops the reconstruction methodology. From scattered
particle tracking data, the method produces an exactly divergence-free
velocity field and recovers vorticity, streamfunction, and pressure from it
through the same set of discrete mimetic operators. The velocity is sought
in H(div; Q), which means normal flux continuity is enforced across el-
ement interfaces while the tangential component may be discontinuous.
Because u ¢ H(curl; ), the strong curl is not guaranteed to be square-
integrable, and the vorticity w € H(curl; Q) must be recovered via a weak
formulation. The total pressure P € L? is obtained from a second saddle-
point system involving the vorticity force term.

The three function spaces and their associated quantities are connected
through the de Rham complex ():

H(curl; Q) 5% H(div; Q) Y5 L2,

The discrete complex (Section ) preserves this structure exactly through
the incidence matrices E? and E2! (Section P.5.2]). In particular, the com-
plex property E21EL0 = 0 (2.37) guarantees that the divergence-free con-
straint is satisfied exactly at the algebraic level, not merely approximately.
The theoretical convergence rates for the reconstructed quantities were es-
tablished in Section and are summarised in Table @

The chapter proceeds as follows. Section states the reconstruction
problem and the function space setting. Section introduces the multi-
element mesh and coordinate mapping. Section develops the con-
strained least-squares formulation for the velocity. Sections and
describe the reconstruction of velocity, streamfunction, and vorticity. Sec-
tion derives the pressure computation. Section summarises the
complete algorithm.

3.1. Problem Statement and Function Space Setting

The goal of this work is to reconstruct an exactly divergence-free velocity
field from scattered particle tracking velocimetry (PTV) measurements,
and to recover the vorticity, streamfunction, and pressure from that veloc-
ity through the same set of discrete operators. Let O C R? be the mea-
surement domain, and let u¢ = {(x;,y, ui,vi)}ie, denote the set of n,
measured velocity vectors at scattered locations (xi,yi) € Q. The recon-
struction problem is:

Given scattered particle tracking data u® on Q, find a velocity
field u that best fits the data in a least-squares sense while sat-
isfying the incompressibility constraint V-u = 0 exactly. From
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this velocity, derive the vorticity w, streamfunction 1, and total
pressure P.

The function space setting determines the regularity of each reconstructed
quantity. The velocity is sought in H(div; Q), as defined in ():

u € H(div; Q), w € H(curl; Q), P e L%(Q).

The Mimetic Spectral Element discretization (Section ) represents u
as a 1-form using the basis functions ()—(), which are mapped to
the physical domain by the contravariant Piola transformation (2.44). This
transformation preserves normal flux continuity across element interfaces:
on a shared edge, the normal component of u is continuous, while the
tangential component may be discontinuous. This is precisely H(div; Q)-
regularity (Table @).

The velocity is placed in H(div; Q) rather than H(curl; Q) primarily so that
V - uis well-defined element-by-element and the incompressibility condi-
tion V - u = 0 can be enforced exactly at the discrete level through the
discrete divergence operator. A secondary reason concerns the experi-
mental data: the tangential velocity across a shear layer or near a wall
may exhibit sharp gradients or even discontinuities due to measurement
noise or insufficient spatial resolution. Enforcing tangential continuity
(i.e. H(curl; Q)-regularity) would impose a smoothness constraint that the
data does not support, whereas enforcing only normal flux continuity pre-
serves mass conservation across element interfaces while allowing the tan-
gential component the freedom to represent sharp gradients faithfully.

A consequence of u € H(div; Q) is that the strong curl V x u is not guar-
anteed to be square-integrable, since H(div; Q) does not guarantee suffi-
cient regularity for the tangential derivatives. The vorticity must there-
fore be recovered through the weak curl formulation (2.27), as derived
in Section . The resulting vorticity w belongs to H(curl; Q) ():
its tangential trace is continuous across element interfaces, but its normal
derivative may jump. This is the natural dual regularity dictated by the

de Rham complex (Section ).

The total pressure P = p + %[ul? is a 2-form and belongs to L2(Q) ().
It is computed from a second saddle-point system involving the vorticity
force term u x w (Section ).
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3.2. Domain Decomposition and Coordinate Mapping

The Mimetic Spectral Element Method requires the global measurement
domain to be partitioned into a structured mesh of elements, each mapped
to a common reference element on which the basis functions are defined
(Section ). This section defines the multi-element mesh and the affine
coordinate mapping between the physical and reference domains.

3.2.1. Multi-Element Mesh

The global domain [x1,,xr] X [y, yr] is partitioned into K, x K, rectan-
gular elements arranged in a Cartesian grid. The element boundaries in
the x-direction are defined by their left and right edges:

k
al®) =xp + —(xg —x1), (3.1)
Ky
k+1
Bl = xp, L (xg — X1, (32)
Ky

fork =0,...,K, —1, where a\*’ is the left boundary and bl is the right
boundary of element k. Similarly, in the y-direction:

{
af) =y + —(yr — 1), (3.3)
Yy
(+1
b =yr + ——(yr — ), (34)
Y

for{ =0,...,Ky—1. Each element is defined by the rectangle [a,(ck] , bik)] X
[al(f)7 bff)], with element size h, = (xg — x1,)/Ky in the x-direction and
hy = (yr — yr)/Ky in the y-direction. Figure @ illustrates the multi-
element mesh for K, = K, = 2.

Element 3 Element 4
q L L [ 2 L J L

Element 1 Element 2
4 L L [ 2 L J L

Ficure 3.1 Multi-element mesh with K, = Ky = 2 and p; = p, = 2. Each
element contains a local 3 x 3 red node grid with no shared nodes. Light gray lines
show internal element structure; thick black lines denote element boundaries.
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3.2.2. Affine Mapping to the Reference Element

All basis functions are defined on the reference element [—1, 1]? (Section ).
To evaluate these basis functions at physical measurement locations, the
coordinates (x,y) of each data point are mapped to reference coordinates
(&,1) using the inverse affine transformation:

2 bl 4
&= X — , (3.5)
p® ) p® _ )
0,
2 by + ay
=0 _ 097 o o (3.6)
y — Oy by’ —ay

The Jacobian matrix of the forward mapping from reference to physical
coordinates is:

AN e
o oy N

with determinant:

(b —a)dl — ol -

detJ = 1 (3.8)

For a uniform mesh, b,&k) — a&k) = h, and bg) — ag) = hy for all elements,

so the Jacobian is constant across the mesh: J = diag(h/2, hy/2) with
detJ =hyhy /4.

This work restricts attention to affine maps between the reference and
physical elements. For curvilinear elements, the Jacobian would vary within
each element and would need to be evaluated at every quadrature point,
requiring the general Piola transformation framework described in Sec-
tion . The affine restriction simplifies the mass matrix transforma-

tions ()—() to constant scalings per element.

3.3. Constrained Least-Squares Formulation for Velocity

This section builds the constrained least-squares system for the velocity
reconstruction. Starting from local shape function evaluation, the formu-
lation proceeds through global assembly, inter-element continuity con-
straints, and the divergence-free constraint, culminating in the complete
saddle-point system.

Throughout this work, we denote N = pz +1and M = p,,+1 as the number
of Gauss-Lobatto-Legendre nodes in the &- and n-directions, respectively.
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3.3.1. Local Shape Function Evaluation

Within each element k, the velocity field is represented using the 1-form
basis functions defined in Section . The shape function matrix for

element k is:
(1)
m _ (Yo
v = , (3.9)

where the components are tensor products of Lagrange and edge basis

functions (Section and ):

Wi = hi(8) ¢(m), (3.10)
Y = e; (&) hy(n). (3.11)

These basis functions are defined on the reference element [—1,1]% and
are evaluated at the reference coordinates (&, m ) of each measurement
point, obtained from the inverse affine mapping (@)—(@).

To relate the reference-domain basis functions to physical-domain veloc-
ities, the contravariant Piola transformation () is applied. For an affine
mapping with Jacobian (@), this acts component-wise on the two-component
velocity vector at each evaluation point:

ox 0x 0
u(x,y) 1 28 o | (v (&)
_ , 3.12
<v(x7y)> detJ | oy 9y (%1)(6711) o (312
3 o

where uy is the vector of edge-based degrees of freedom for element k.
The Jacobian matrix J acts on the two-component basis function vector at
each evaluation point, not on individual rows of the shape function matrix.
For the diagonal Jacobian of an affine map, this simplifies to scaling il
by Joo/ det J and Wi by Jy;/ det J.

The resulting physical-domain shape function matrix ‘PS) (x,y) has di-

. k . . .
mensions 2n; X néog, where ny is the number of measurement points in

element k (the factor 2 accounts for both velocity components) and n((i];% is

the number of local degrees of freedom.

3.3.2. Edge-Based Degrees of Freedom

Within each element, the velocity degrees of freedom correspond to flux
integrals along element edges (Section ). The horizontal fluxes u; are
associated with vertical edges, and the vertical fluxes v; with horizontal
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edges. For polynomial orders pz and p.,, each element contains N(M — 1)
horizontal flux DoFs and M(N — 1) vertical flux DoFs, giving a total of

n'S = N(M—1) +M(N—1) (3.13)

degrees of freedom per element. For example, with N = M = 3 (p = 2),
each element has 3 -2 + 3 - 2 = 12 DoFs: six horizontal fluxes uy—us and
six vertical fluxes vo—v5. The local DoF vector is ordered as:

we = (Uo, U, ... y UN(M—1)—15 V0, V1, .- ;VM(Nfl)fl)T~ (3.14)

This ordering is consistent with the structure of ‘111[(1), where the first N(M—
1) columns correspond to horizontal edge basis functions and the remain-
ing M(N—1) columns to vertical edge basis functions. Figure @ illustrates
the flux-based degrees of freedom for a single element with N = M = 3.

FiGURE 3.2 A single element with 3 x 3 nodes. Blue arrows represent velocity
flux DoFs across edges: ug—us (horizontal) and vo—vs (vertical).

3.3.3. Global Least-Squares Assembly

Each element k contributes a local shape function matrix ‘1’1((1) and a local
data vector ug (the subset of measurement points falling within element
k). These are assembled into a global block-diagonal system:

2

min —ud|| | (3.15)
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where K = K, - Ky is the total number of elements. The global matrix
A € RMdataXMdof jg block-diagonal, with ngat, the total number of measure-
ment points (counting both velocity components) and ngof = ZIk{;Ol nggg
the total number of flux DoFs. The normal-equation solution of the un-

constrained problem is:
a=(ATA) TATuY. (3.16)

Because A is block-diagonal, each element is solved independently at this
stage. The velocity field obtained from () is therefore discontinuous
across element interfaces: the fluxes on shared edges are determined inde-
pendently by each element’s local data, with no communication between
neighbours.

3.3.4. Normal Flux Continuity Constraints

To enforce H(div; Q)-regularity (Section ), the normal flux must be con-
tinuous across element interfaces. This is achieved by introducing a con-
tinuity constraint matrix Ny, that equates matching flux DoFs on shared
edges. For each pair of adjacent elements sharing an edge, the constraint
requires:

uEL) —uj(m =0 or VB ) = 0, (3.17)

where the superscripts denote the left/right or bottom/top element at the
shared edge. Each shared edge contributes M — 1 constraints (for vertical
interfaces) or N — 1 constraints (for horizontal interfaces), one per inte-
rior flux DoF on that edge. These constraints are collected into the linear
system:

Npu=0, (3.18)

where Ny, € R™e*™dof i5 a sparse matrix with n. rows (one per constraint).
Each row of Ny, contains exactly two nonzero entries: +1 at the column
corresponding to the flux on one side of the interface and —1 at the column
corresponding to the matching flux on the other side.

For example, with Ky = Ky = 2and N = M = 3, each element has 12
DoFs, giving ngor = 48. There are 4 shared edges with 2 constraints each,
resulting in N, € R8*48, Figure @ illustrates the 8 Lagrange multipliers
Ao—A7 enforcing flux continuity at the element interfaces.
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A A A A
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y Y Yy .V
- A -
b ° ¢ ¢ ) 4
Ao

FIGURE 3.3 2x2 element mesh (K = Ky = 2, p; = py = 2), each with 3 x 3 red
nodes. Eight Lagrange multipliers Ag—A7 enforce flux continuity: two per shared
edge, drawn exactly between the elements.

In addition to internal continuity, the matrix Ny, can be extended to enforce
boundary conditions. For no-penetration conditions on solid walls, extra
rows are added with a single +1 entry at the column of the boundary flux
DoF and zero elsewhere, enforcing that the normal flux vanishes at the
wall.

3.3.5. Divergence-Free Constraint

The continuity constraints ensure matching fluxes across element inter-
faces but do not by themselves enforce that the net flux into each cell van-
ishes. To impose the divergence-free condition V - u = 0 exactly, the in-
cidence matrix E2! (Section 2.5.2)) is used. This matrix maps edge-based
flux DoFs to cell divergences, with dimensions:

E2,1 c R(Nfl)(Mfl)X[N(M*l)“rl\/{(NflJ]. (319)

The number of rows equals the number of 2-form cells (divergence con-
trol volumes), and the number of columns equals the number of 1-form
edge DoFs. Each row contains entries {—1, 0, +1} corresponding to the in-
coming and outgoing fluxes through the edges surrounding that cell, as
illustrated for N = M = 3 in ().

The global divergence operator is constructed by replicating the local in-
cidence matrix across all elements using the Kronecker product:

EX' = Ik @ B>, (3.20)

where Ik is the K x K identity matrix. The divergence-free constraint is
then:
EX'u=0, (3.21)
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which enforces zero net divergence in every cell of every element. This
constraint is exact at the algebraic level: it holds to machine precision in
the discrete solution, regardless of mesh resolution or polynomial order.
The Lagrange multipliers ¢ associated with this constraint can be inter-
preted as cell-wise potential-like quantities that enforce local mass con-
servation.

3.3.6. Complete Saddle-Point System

Combining the least-squares objective () with the continuity constraints ()
and the divergence-free constraint (), the constrained minimisation
problem is:

min ||Au — u?|? subject to NLu=0, EX'u=0. (3.22)
Introducing Lagrange multipliers A for the continuity constraints and ¢
for the divergence constraints, the first-order optimality conditions yield
the saddle-point system (KKT system):

ATA NT (EXHTY [u ATud
N, O 0 Al = 0 . (3.23)
EX' 0 0 ¢ 0

This is the algebraic system arising from a constrained least-squares for-
mulation with u € H(div; Q). The Lagrange multiplier A enforces inter-
element normal flux continuity, ensuring H(div; Q)-regularity of the re-
constructed velocity field. The Lagrange multiplier ¢ enforces the divergence-
free constraint in every cell, ensuring exact incompressibility at the dis-
crete level. Solving (B.23) yields the velocity flux DoFs u that best fit the
particle tracking data while satisfying both constraints exactly.

3.4. Reconstruction of Velocity and Streamfunction

Once the velocity flux DoFs u have been obtained from the saddle-point
system (), the continuous velocity field, its divergence, and the stream-
function are reconstructed on a fine evaluation grid. For each element, this
grid consists of Ngne X Nane Gauss—-Lobatto-Legendre nodes, yielding a
global grid of K,Ngpne x KyNgpe points.

3.4.1. Velocity Reconstruction on Fine Grid

The velocity field is reconstructed by evaluating the 1-form basis func-
tions ()—() at the fine-grid Gauss-Lobatto-Legendre nodes and ap-
plying the Piola transformation (). For each element k, the velocity at
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a physical point (x,y) is:

o)

where (&,1) are the reference coordinates corresponding to (x,y) via the
inverse affine mapping (@)—(@), and uy is the local vector of flux DoFs
for element k. The reconstruction is performed independently on each el-
ement. Because the continuity constraints () enforce matching normal
fluxes at shared edges, the resulting global velocity field is continuous in
the normal direction across element interfaces (H(div; Q)-regularity).

3.4.2. Divergence Verification
Although the divergence-free constraint () is enforced exactly at the
algebraic level, it is useful to verify this on the fine reconstruction grid.

The divergence field is computed using the 2-form basis functions (2.31))
and the incidence matrix E2! (2.39):

(V-u)(x,y) = W (x,y) E> uy, (3.25)

where ‘1’1((2) (x,y) = ei(&) ej(n)/ det J is the 2-form basis mapped to physi-
cal coordinates via the Piola transformation for 2-forms (2.46). Since E1uy
0 is enforced exactly, the reconstructed divergence should be O(€emachine)
everywhere, confirming that incompressibility holds at the discrete level.

3.4.3. Streamfunction Reconstruction

The streamfunction 1 is a O-form (scalar field on nodes) related to the
velocity fluxes through the incidence matrix E- [£.39):

El,oll)k = uka (326)

where 1y is the vector of nodal streamfunction values in element k. This
relation is exact: it follows from the de Rham complex property E*'EN0 =
0 () combined with the divergence-free constraint E'uy, = 0, which
together guarantee that uy lies in the image of E10.

3.4.3.1. Single-Element Marching Update

Relation () is rectangular (E'° has more rows than columns), but it is
consistent for divergence-free uy, so no linear system needs to be solved.
The streamfunction is determined up to a constant, which is fixed by set-
ting 1o = 0 at one corner node. From this seed, every remaining nodal
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value is then propagated by a marching update: each unknown node is ob-
tained directly from a single row of (B.26)) that involves one already-known
and one unknown nodal value,
Ue — 01y

0j ’

P; =

where 1. is the flux on edge e connecting nodes i and j, and o3, oj are the
corresponding sign entries in E?. Figure @ illustrates the node and flux
numbering, with the counterclockwise marching orientation.

G\ll)6 T o Tvs s

S EEAN SO AN 2
L3 A s
— —] —

A\ |\
Lo 5 Lo
— — —

Dy Tve Dw T A,
C o s

FiGure 3.4 Flux directions and node numbering in a single element. Blue ar-
rows represent flux DoFs u;, vi; green nodes are streamfunction values ;. Coun-
terclockwise arrows indicate the marching orientation used to propagate known
1-values across the element.

3.4.3.2. Multi-Element Update

In the multi-element case, the same marching update is applied indepen-
dently on each element; no global linear system is assembled or solved.
The elements are visited in a deterministic order: starting from the bottom-
left element, the algorithm marches left to right along each row, then pro-
ceeds to the row above. Each element receives a single seed value from a
previously processed neighbour:

- The first element uses 1y = 0 at the bottom-left corner of the do-
main.

- The element to the right uses the bottom-right corner node of the
current element as its seed: P§E" = Pleft |

- The element above uses the top-left corner node of the element be-

. t
low as its seed: ™" = Yooy
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Coupling between elements therefore reduces to passing a single corner
value across the shared boundary; no global system is needed. Figure @
illustrates the multi-element marching strategy.

Ibtop,o = lpbottomﬁ I

. ¢ R .
1pright,,O = U)lefl,,Q
FiGUuRe 3.5 2x2 element mesh (K, = K, = 2, p; = py, = 2) showing how each

element’s lower-left node (except the first) is initialised from its neighbour: to the
rlght ll)right,O = -ll)left,2r and above -d)top,O = 1l)bottom.ﬁ-

3.4.3.3. Fine-Grid Reconstruction

Once the nodal streamfunction values 1y are known, the continuous stream-
function field is obtained by evaluating the 0-form basis functions ():

VoY) =Y Em b, Y (E ) = hi(E) hy(m). (3.27)

Since the 0-form represents a scalar field, no Jacobian scaling is required:

WLO)(x,y) = ‘1’1((0) (&(x,y), n(x,y)) (). The reconstruction is performed
on the same Ngy,e X Ngjpe Gauss—Lobatto-Legendre grid as the velocity.

3.5. Vorticity Reconstruction

This section derives the discrete vorticity field from the reconstructed ve-
locity. Because u € H(div;Q), the strong curl is not guaranteed to be
square-integrable (Section ); instead, the vorticity is recovered via a
weak formulation. The section proceeds from the continuous weak form
through the mimetic discretisation, boundary treatment, multi-element
assembly, and fine-grid reconstruction.

3.5.1. Weak Formulation Requirement

The velocity field obtained from the constrained least-squares solve (Sec-
tion ) belongs to H(div;Q)): its normal component is continuous
across element interfaces, but the tangential component may jump. If u
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were in H(curl; Q), the strong curl V x u would be well-defined. How-
ever, the primal 1-form discretisation places uin H(div; 3), so the classical
curl cannot be evaluated directly. Instead, the vorticity must be recovered
through a weak formulation that transfers the derivative onto a test func-
tion via integration by parts. The resulting vorticity w is a 0-form (scalar
field on nodes) with the regularity expected from the discrete de Rham

complex ().

3.5.2. Weak Formulation
We begin from the continuous vorticity definition w = V xu. Multiplying
by a scalar test function q € H(curl; Q) and integrating over Q:

/qwdQ:/ q(V xu)dQ. (3.28)
Q Q

Integration by parts of the right-hand side yields:

/q(qu)dQ:/(qu)-udQ—/ (u xn)-qds, (3.29)
Q Q 20

where n is the outward unit normal on 9Q. In two dimensions q is a
scalar test function, and its curl V x g = (—9yq, 9xq)" is a 2D vector. The
boundary term involves the tangential velocity along Q.

Combining () and ():
/qudQ—/Q(Vxq)~udQ:—/aQ(u><n)qu. (3.30)

This states that the vorticity—velocity relation w = V x u holds in a varia-
tional sense, with additional boundary contributions emerging naturally
from the integration by parts.

3.5.3. Mimetic Discretisation
The vorticity w and test function q are expanded in the 0-form basis ¥(*) =

hi(&) hjm) (), and the velocity u in the 1-form basis ¥(!) ()—().
Applying Corollary 1 of [31], which guarantees that derivatives of nodal
basis functions are exactly represented in the edge function space through

the incidence matrix, the three terms in () discretise to:
/mqwdQ:ufMpw, (3.31)
Q
/(vXq)quulqumﬁ%TMlm (3.32)
Q

—/)NXMq%:d@W%L (3.33)
00
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where M? and M! are the 0-form and 1-form mass matrices defined in
Section , and B! encodes the boundary contributions.

Since () must hold for arbitrary q, the discrete vorticity—velocity rela-
tion reads:
M° w = (B ™M u+ B (up). (3.34)

The mass matrices are mapped to the physical domain using the Jacobian

transformations for affine maps ()—().

3.5.4. Boundary Treatment

The vorticity degrees of freedom are defined on the primal mesh nodes,
in the same manner as the streamfunction. Figure @ illustrates this asso-
ciation for N = M = 3: each primal node carries a vorticity unknown wj,

interpreted as the counterclockwise circulation around the surrounding
dual cell.
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FIGURE 3.6  Association of vorticity DoFs with the primal mesh. The primal grid
is shown in black, dual control volumes in blue dashed lines. Each red node cor-
responds to a vorticity unknown w;, interpreted as counterclockwise circulation
around the surrounding dual cell (green arrows). The dual mesh does not extend
beyond the element.

The boundary term B! requires the tangential velocity along 9Q. Two
cases arise depending on whether the exact boundary velocity is available.

3.5.4.1. Case 1: Exact Boundary Velocities Known
When the exact velocity is known on 90Q) (e.g., in manufactured solution
tests, or when experimental data covers the boundary), the tangential
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boundary velocities are computed directly. For each boundary edge, a

one-dimensional integral is evaluated using Gauss-Lobatto-Legendre quadra-

ture along that edge. The contributions on the bottom, top, left, and right

boundaries (fori =0,1,...,N — 1) are:

Wi bottom = — Z u(xp ’ ybottom) hi (Xp) Wy JOO, (335)

P
Ui top = — Z u(xp s gtop) hy (Xp) Wp Joo, (3.36)

P
Vileft = — Z V(Xiett; Yp ) Ni(Yp) Wy J11, (3.37)

P
Vi right = — Z V(Xright, Yp) M (Yp) Wy J11, (3.38)

P

where h; is the one-dimensional Lagrange basis function, w,, the quadra-
ture weight, and Joo, J11 the diagonal Jacobian entries accounting for the
mapping from reference to physical coordinates. Since the vorticity DoFs
are defined counterclockwise, contributions on the left and top bound-
aries require an additional minus sign to enforce orientation consistency.

The resulting boundary vector B! has length NM (one entry per dual con-
trol volume). Figure @ illustrates the assembly for N = M = 3. For
instance, the bottom-left dual cell receives contributions from both the bot-
tom and left boundaries:

»l
Bo = U0,bottom — V0,left- (339)

The full vector for N = M = 3 is:

U0, bottom — VO0,left
U1 bottom
U2 bottom + V(),right
—V1 left
Bl = 0 . (3.40)
V1 right
—U0,top — V2,left

—U1 top

—U2 top + V2 right

Interior nodes (e.g., w4) receive no boundary contribution. The resulting
boundary vector is exact when the boundary velocities are known analyt-
ically.
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FiGURE 3.7 Assembly of boundary contributions. Orange arrows show tangen-
tial velocity components along the dual boundary, oriented upwards or right-
wards. Green arrows denote counterclockwise vorticity DoFs. The sign pattern
in B! arises from reconciling these two conventions.

3.5.4.2. Case 2: Boundary Velocities Not Exactly Known

When the exact velocity is not available on 9Q), the reconstructed velocity
field uy, is used to approximate the tangential boundary velocities. This
situation is typical for experimental PTV data, where the measurement do-
main may not extend to the boundary or the boundary values are noisy.
The boundary integrals ()—() are evaluated using the 1-form basis
functions W) restricted to the boundary nodes, with the velocity coeffi-
cients uy from the least-squares solve (Section ).

Since uy, is already computed from the constrained least-squares problem,
the boundary values are self-consistent with the interior reconstruction.
However, this introduces an additional approximation error beyond the
interior discretisation error: the boundary contribution is no longer ex-
act, and its accuracy depends on how well the polynomial reconstruction
captures the true velocity near the boundary. For well-resolved interior
fields, the boundary approximation error is expected to be comparable to
the interior discretisation error established in Section .

3.5.5. Multi-Element Assembly
In the multi-element setting, the local vorticity system () is continuous
across all elements. Stacking all element contributions gives the block-
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diagonal system:

blkdiag(M9, ..., M%_;) w = blkdiag((E;°)TM3, ..., (B’ )TMk_,) u+B!,

M C

(3.41)
where M is block-diagonal with the element 0-form mass matrices, € is
block-diagonal with the curl-mass blocks, and B! stacks the element bound-
ary contributions.

3.5.5.1. Interface Continuity via Constraints
Across each internal interface, the vorticity must be continuous (since w
is a O-form with nodal values). Let N, be the sparse constraint matrix
whose rows encode differences of matching interface DoFs; each row has
a +1 at one element’s node index and —1 at the neighbouring element’s
matched node index:

Ne w = 0. (3.42)

As illustrated in Figure @, not all interface equalities are independent:
closed cycles of interfaces induce one redundant constraint. For this rea-
son, one constraint per closed interface loop is omitted (e.g., the connec-
tion between wy and woy in Figure @), preventing rank deficiency in the
constraint set.
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Ficure 3.8 Four-element (K. = Ky = 2) layout with continuing vorticity indices -
w; for each element (N = M = 3). Double-headed red arrows v; indicate interface

equalities to be enforced between matching nodal vorticities. One interface in each

closed loop is intentionally left unconstrained to avoid redundancy and ensure a

nonsingular constraint system.

3.5.5.2. KKT System with Lagrange Multipliers
Enforcing () via Lagrange multipliers y yields the symmetric saddle-

(M \]LTU> (w) <€u+3~1>
= . (3.43)
No, O Y 0

The matrix M is block-diagonal SPD, while the coupling through N, en-

point system:

forces inter-element continuity. The formulation retains element-wise as-
sembly: each element contributes its own mass matrix and right-hand
side, and the interface constraints couple only shared boundary nodes.

3.5.6. Vorticity Reconstruction on Fine Grid
The continuous vorticity field is obtained by interpolating the discrete
nodal values wy within each element using the 0-form basis functions ():

CU(XJJ) :W(O)(a’ﬂ) Wy, (344)
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where wy contains the nodal vorticity DoFs of element k. As for the
streamfunction (Section ), the 0-form basis transforms trivially under
an affine map (): no Jacobian scaling is required. The reconstruction
is performed independently on each element over the Ngpe X Nap. Gauss—
Lobatto-Legendre grid and assembled into a global array of resolution
KxNiine X Ky Niine-

3.6. Total and Static Pressure Reconstruction

This section derives the pressure field from the reconstructed velocity and

vorticity using the incompressible Navier—Stokes equations. The total pres-
sure is obtained by solving a Poisson-type equation cast as a saddle-point

system in the mimetic framework. The static pressure is then recovered

by subtracting the dynamic pressure.

3.6.1. Governing Equation
We begin from the incompressible steady Navier-Stokes equations in non-
dimensional form:

1

(u-Viu=—-Vp+ Re

V2u, (3.45)

where Re = UgL/v is the Reynolds number, with Uy, a characteristic
velocity, L a characteristic length, and v the kinematic viscosity. All quan-
tities are non-dimensionalised accordingly, and body forces are assumed
absent.

The advective term is rewritten using the Lamb vector identity:
(u-Viu=—-ux w+ %VIu\Q, (3.46)

where w = V x u is the vorticity. Substituting into () and defining the
total pressure
P=p+ 1P (3.47)

gives
|
uxw:VP—EEV%. (3.48)

Taking the divergence of both sides yields the pressure Poisson equation.
For divergence-free flow, V2u = —V x w, and since the divergence of any
curl is identically zero, the viscous term vanishes: V - V2u = —V - (V x
w) = 0. This gives:

AP =V - (ux w). (3.49)



3.6. TOTAL AND STATIC PRESSURE RECONSTRUCTION 61

This is a scalar Poisson equation for the total pressure, driven by the diver-
gence of the vorticity force term C = u x w. In two dimensions, C reduces

vw
C—uxw—( > (3.50)

—uw

to:

where w is the scalar vorticity (Section ).

3.6.2. Weak Formulation

To cast the pressure Poisson equation () as a first-order system suitable
for the mimetic framework, we introduce the auxiliary variable g = VP
(the pressure gradient). Like the velocity, q is a primal 1-form discretised
in H(div; Q). Taking the divergence gives V - q = AP, so the system be-
comes:

q— VP =0, (3.51)
V.-q=V-C. (3.52)

To derive the weak formulation, we multiply () by a 1-form test func-
tion v and () by a 2-form test function g, then integrate over Q. Apply-
ing integration by parts to the VP term:

/v~Vf’dQ: (v~n)f’dS—/(V-v)f’dQ. (3.53)
Q 00 Q

The boundary term in () vanishes when P = 0 on Q. This homo-
geneous Dirichlet condition on the total pressure eliminates the surface
integral and closes the weak formulation. Since the total pressure is deter-
mined only up to a constant, prescribing P = 0 on the boundary also fixes
this constant. In practice, for the manufactured solution tests (Chapter 5),
this condition is consistent with the analytical fields. For experimental
PTV data, where no pressure measurement is available at the boundary,
a reference pressure is instead prescribed at a single cell (Section ).

With the boundary term eliminated, the weak formulation reads:
/v~qu+/(V~v)f’dQ:O, (3.54)
Q Q

/g(v-q)dQ:/ g(V-C)dQ. (3.55)
Q (0]

Note that integration by parts is not required for the second equation,
since the divergence of both q and C yields scalar quantities (2-forms) that
are directly tested against g.
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3.6.3. Mimetic Discretisation

The pressure gradient q and the test function v are discretised in the 1-
form basis ( )—(), while the total pressure P and the test function g
are discretised in the 2-form basis (). Following the same procedure as
for the vorticity (Section ), using Corollary 1 of [B1] to replace deriva-
tives of basis functions with incidence matrices, the weak equations ()—

() discretise to:
M!'q+ (E*H)TP =0, (3.56)
E?lq = E>!C, (3.57)
where P = M?P is the L? inner-product representation of the total pres-

sure coefficients (Section ). This is written in matrix form as the
saddle-point system:

R REAE
E>L 0 P E>1C

The mass matrices M! and M? are defined in Section , with the physical-
domain transformations () and () for affine maps.

The right-hand side of () requires the primal 1-form representation of
C = u x w. This is constructed in two steps.

First, the dual-space representation C is assembled by evaluating the point-
wise products vw and uw at the Gauss-Lobatto-Legendre quadrature
points and integrating against the 1-form basis functions. For the x-component:

Cei =Y Y(q) - (vw)q - wq - det J, (3.59)
q

where (vw)q = (Wi vi) % (W) ) is the pointwise product of the recon-

structed velocity and vorticity at quadrature point q, w is the quadrature
weight, and * denotes the Hadamard (elementwise) product. Similarly,
the y-component:

Cyi=—) ¥'(q): (uw)q - wq - det]. (3.60)
q

The assembled vector C = (Cy, Cy )T lives in the dual space.

Second, the primal representation is recovered by applying the inverse
mass matrix:

c=MYH'C. (3.61)
This ensures that C is a primal 1-form, compatible with the divergence
operator E*! in (). The transformation from dual to primal space
through (M!)~! is the discrete analogue of the inverse Hodge star.
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3.6.4. Multi-Element Assembly

In the multi-element setting, the local saddle-point system () is repli-
cated across all elements. The global mass matrices and incidence matri-
ces are assembled using the Kronecker product:

Ml =TxoM!, MZ=Ix@M2?  E}' =Ix®E%! (3.62)
where Ik is the K x K identity matrix with K = K, - K.

The pressure gradient q is a 1-form and therefore requires normal flux con-
tinuity across element interfaces, enforced through a continuity constraint
matrix Ny, with the same structure as for the velocity (Section ). Each
row of Ny, contains +1 and —1 entries equating matching pressure gradi-
ent flux DoFs on shared edges.

The complete multi-element saddle-point system, including the interface
continuity constraints via Lagrange multipliers A, is:

MpNE(EPDTY [ 0
N, 0 0 Al=] o |. (3.63)
EZY 0 0 P EX'C

The Lagrange multiplier A enforces inter-element continuity of the pres-
sure gradient, and P enforces the divergence constraint cell by cell.

3.6.4.1. Reference Pressure

When the boundary condition P = 0 is not imposed on the entire bound-
ary, the total pressure is determined only up to a constant. To remove this
null-space, a reference pressure is prescribed by constraining P in one cell
to a known value (e.g., Py = 0). In practice, this is implemented by adding
a single row to the constraint system or by fixing the corresponding degree
of freedom directly.

3.6.4.2. Recovery of Primal Pressure

The solution of () yields the dual pressure P = M?P. The primal
(volume-weighted) pressure is recovered by:

P=(M2)"'P. (3.64)

3.6.5. Static Pressure Recovery

The static pressure p is obtained from the total pressure P and the recon-
structed velocity by subtracting the dynamic pressure:

p=P—lluP (3.65)
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The dynamic pressure %\u\z is evaluated pointwise on the fine reconstruc-
tion grid from the velocity field computed in Section . Both the total
pressure field (reconstructed via the 2-form basis ¥(?) ()) and the ve-
locity field (reconstructed via the 1-form basis y() ()—()) are evalu-
ated on the same Ngpe X Ngje Gauss—Lobatto-Legendre grid per element,
so the subtraction is performed pointwise without interpolation.

3.7. Algorithm Summary
This section collects the complete reconstruction procedure into four pseu-
docode aI%orithms. Each algorithm references the equations derived in

Sections ; no new material is introduced.

In practice, many quantities are computed once and reused across algo-
rithms. The one-dimensional Lagrange basis functions h;(&) and edge
basis functions e; (&), together with the tensor-product shape functions
w0y and Y(2), are evaluated once on the Gauss-Lobatto-Legendre
nodes and stored. Similarly, the mass matrices M?, M!, and M? are as-
sembled once per element during the vorticity computation (Algorithm E)
and reused directly in the pressure computation (Algorithm @). The inci-
dence matrices E'¥ and E?! are purely topological and constructed once
for a given polynomial order. The Jacobian J and its determinant are like-
wise computed once per element. The algorithms below are therefore pre-
sented as sequential stages, but the shared quantities are not recomputed
between them.
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Algorithm 1: Constrained Multi-Element Velocity Reconstruction

Input: Experimental velocity data u¢, mesh bounds
[xL,xr] X [yr,yr], mesh sizes K, Ky, polynomial orders
PesPn
Output: Edge-based velocity DoFs u, divergence field,
streamfunction
Domain decomposition and local evaluation;
Partition domain into K x K, elements (Section ) ;
for each element k do
Map data points (x,y) — (&,m) via the affine mapping (@),‘
Evaluate 1-form basis ‘P‘g) (&,m) at mapped locations
(Section ) ;
Apply Piola transformation: ‘PS) (x,y) = delt 5J ‘1’](3) (&,m) ();
Global assembly and constrained solve;
Assemble block-diagonal matrix A from local ‘1’1) (Section ) ;
Build continuity constraint matrix Ny, (Section );
Build divergence constraint Ef’l = Ix ® E*! (Section ) ;
Solve the KKT system (3.23) for (u, A, ¢);
Postprocessing;
for each element k do

Evaluate ‘1’]&1) on Nine X Napne Gauss—Lobatto-Legendre grid;
Reconstruct velocity: ufi"® = ‘P,(f) (x,y) ux (Section ) ;

Verify divergence: (V - u)fine = ‘Pf) (x,y) E*! uy (Section );
Reconstruct streamfunction via Algorithm E (Section ) ;
Evaluate: fine = ‘1’]20) (&,1) Wy
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Algorithm 2: Streamfunction Marching

Input: Incidence matrix E? € R™*™, flux vector u € R™
Output: Streamfunction DoFs { € R™
Initialisation;
Set < 0, k « false!*™;
Set starting value: 1 s, ko  true;
March across edges;
changed < true;
while changed do
changed < false;
foredgee =0tom—1do
Extract endpoints (1,j) and signs (o1, o) from row e of E1-?;
if exactly one of ki, k; is true then
if k; then
‘ Pj  (ue — o3 Pi) /05, kj ¢ true;
else
L Pi ¢ (Ue —05;)/01, ki < true;

changed < true;

Multi-element extension;
Process elements left-to-right, then row above (Section ) ;
Seed: Il)right _qfyleft .

“Woo = WN—1/7

top __ _1,bottom .
0o = Wmnm-)N
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Algorithm 3: Constrained Multi-Element Vorticity Computation

Input: Velocity DoFs u, mesh bounds [xr,, xg] X [yr, yr], mesh sizes
K, Ky, polynomial orders p¢, pn,

Output: Global vorticity DoFs w € R¥™ (and interface multipliers

Y)

Build mass matrices and right-hand side;

Compute M° and M! on the physical domain (2.47)-(2.48);

Assemble boundary contribution B! (Section ) ;

Compute right-hand side: g + (E**)TM'u + B* B.34);

Interface continuity constraints;

Build vorticity continuity matrix N, (Section ) ;

Remove one constraint per closed interface loop;

Assemble and solve KKT system;

e ()0

Postprocessing;
for each element k do

t Reconstruct: wiine = ‘Plio) (&,1m) wy (Section );
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Algorithm 4: Constrained Multi-Element Total Pressure Computation

Input: Velocity DoFs u, vorticity DoFs w, mesh bounds
[xL,xr] X [y, yrl, mesh sizes K, Ky, polynomial orders
P&, Pn 5
Output: Pressure gradient DoFs q, total pressure DoFs P (and
interface multipliers A)
Build mass matrices;
Compute M' and M? on the physical domain ()—();
Construct vorticity force term;
for each element k do
Evaluate ¥(0), ‘P,(cl), ‘1/151) at Gauss-Lobatto-Legendre quadrature
points;
Compute pointwise products: (vw)q, (uw)g;
Integrate to dual space: Cy (), Cyi (B.60);
Assemble global C and transform to primal space:
C = (M1 C (Bsl);
Interface continuity and global assembly;
Build pressure gradient continuity matrix Ny, (same structure as
Section ) ;
Form global matrices: M} = Ix ® M*!, M? = Ix ® M?,
B! =1k 9 B> (B.6)
Assemble and solve KKT system;
Constrain P in one cell to fix the reference pressure (Section ) ;

Mi NT(EPHTY [4q 0
Solve B.63): | N, 0 0 Al=| o |;

EZY 0 0 P E>'C
Postprocessing;

Recover primal pressure: P = (M2)~1 P (B.64);
for each element k do
Reconstruct pressure gradient: gfi"® = ‘1’](:] (x,Y) qx;

Reconstruct total pressure: Pine = ‘Pf) (x,y) Py;
Compute static pressure: pfin® = pfine — L gfine|2 B.69);




Chapter 4
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Validation Setup
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Before the mimetic spectral element reconstruction method can be applied
to experimental flow measurements, it must first be verified and validated.
Verification confirms that the numerical implementation correctly solves
the discrete equations formulated in Chapter B and achieves the conver-
gence rates established in Section . Validation assesses whether the
method produces physically meaningful results when applied to real ex-
perimental data. This chapter describes the setup for both studies; the
results are presented in Chapter B

The verification approach uses the Method of Manufactured Solutions
(Section ). An analytical velocity field is prescribed from which all
associated quantities (vorticity, streamfunction, and total pressure) can
be computed exactly. The analytical fields are sampled at random points
to emulate experimental measurements, and the reconstruction output is
compared against the known solution. This enables systematic testing of
spectral and algebraic convergence and divergence-free constraint satis-
faction.

The validation data originate from a three-dimensional Lagrangian Parti-
cle Tracking campaign performed in [11] at Delft University of Technol-
ogy. Flow seeded with helium-filled soap bubbles was measured around
a cube of side length H = 120 mm mounted on a flat plate in a low-speed
open-jet wind tunnel at Uy, = 10 ms~! (Rey ~ 80000), using a seven-
camera imaging system with object-aware monolithic particle trackin
(OA7-STB). A schematic of the experimental setup is shown in Figure é
The raw three-dimensional particle tracks within a spanwise slab —6 <
y < 0 centred at the mid-plane y = 0 are projected onto the x—z plane
to produce scattered two-dimensional velocity data, which serve as in-
put to the reconstruction method. The reconstructed fields are compared
against an ensemble-averaged reference field obtained by second-order
polynomial regression. In the spanwise mid-plane, the cube presents a
square cross-section to the flow, whose sharp edges enforce fixed sepa-
ration points and produce strong velocity gradients, recirculation, and
reattachment. Three validation regions of increasing flow complexity are
defined in Section .

4.1. Method Verification via Manufactured Solutions

The Mimetic Spectral Element Method developed in Chapter H relies on
high-order polynomial basis functions to discretise the velocity field and
preserve the algebraic structure of the de Rham complex at the discrete
level. Before applying this method to experimental data, the numerical
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implementation must be verified. Verification testing uses manufactured
solutions to isolate the accuracy of the implementation. By constructing
analytical flow fields where all quantities can be computed exactly, the
numerical errors can be measured and compared against the theoretical
predictions from Section .

4.1.1. Purpose and Strategy

To verify the implementation, the Method of Manufactured Solutions is

employed. An analytical velocity field is chosen from which the corre-
sponding vorticity, streamfunction, and total pressure fields can be com-
puted exactly. The analytical solution is sampled at random discrete points,
simulating experimental measurements. The reconstruction algorithm

processes these synthetic data, and the resulting numerical fields are com-
pared directly against the known analytical solution.

The synthetic data are processed through the reconstruction algorithm,
and the output is compared against the known solution. Different polyno-
mial orders are tested to observe spectral convergence behaviour, and dif-
ferent mesh resolutions demonstrate the expected algebraic convergence
rates. The multi-element configuration tests whether interface continuity
constraints are properly imposed. Throughout all cases, the divergence-
free constraint should be satisfied to near machine precision, and the re-
constructed fields should maintain the mathematical relationships derived
in Chapter E

4.1.2. Analytical Test Case: Trigonometric Velocity Field

The manufactured solution is constructed from trigonometric functions
that provide a smooth, infinitely differentiable velocity field. This smooth-
ness is essential for observing the spectral convergence rates characteristic
of high-order polynomial approximations. The velocity field is defined as

u(x,y) = Asin(ax) cos(PBy), 4.1)
v(x,y) = Bcos(yx) sin(dy), 4.2)

where A, B, «, 3,7y, and 6 are parameters that control the spatial frequency
and amplitude. For the velocity field to satisfy the incompressibility con-
dition, the divergence must vanish:

Va2, (4.3)

= oy =
Substituting (i.1)~(£.2) yields

Aoccos(ax) cos(By) + Bb cos(yx) cos(dy) =0,
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which is satisfied identically when Ax = —Bb and o« = v, B = 5. The
parameter values

A=2n, B=—2n, a=B=y=0=2mn (4.4)
satisfy this condition, and the velocity components become
u(x,y) = 2msin(27x) cos(2my), (4.5)

v(x,y) = —27cos(27x) sin(27y). (4.6)

The vorticity is computed from the curl of the velocity field:

ov  ou

Evaluating the derivatives,
v 471 sin(27rx) sin (27y)
ox ™)
g—: = —47? sin(27x) sin(27y),
gives
w(x,y) = 8n? sin(27x) sin(2my). (4.8)

The streamfunction 1 is related to the velocity components through

W
oy’ Coox

4.9)

Integrating the first relation and setting the integration constant to zero
yields
P (x,y) = sin(27x) sin(27y). (4.10)

This can be verified through the compatibility relation V2 = —w:
V2 = —(2m)? sin(27x) sin(2my) — (271)% sin(27x) sin(27y)
= 872 sin(27x) sin(2my) = —w.
For the total pressure field, the Poisson equation from Section is used:
AP =V (ux w). (4.11)
The total pressure satisfying this equation is

P(x,y) = 27t cos(47x) sin?(2my) + 7% cos(4my). (4.12)
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The pressure gradient components follow from differentiation:

_op

qx = Ay = —87% sin(47x) sin? (2my), (4.13)
oP 5 . 9 .
qy = @ = —8m° sin”(27x) sin(4my). (4.14)

With all fields defined analytically, exact values can be computed at any
point in the domain, providing the reference solution against which the
numerical reconstruction is compared.

4.1.3. Test Configurations

The verification tests are designed to systematically assess the accuracy
and convergence behaviour of the reconstruction method across different
computational setups.

4.1.3.1. Domain Configurations

Two domains are considered. The reference element uses the standard
computational domain [—1, 1] x [—1,1], where basis functions are natu-
rally defined. This configuration tests the method without any geometric
transformation effects. The physical domain uses [0, 1] x [0, 1], requiring
the Piola transformation (Section ) to map between reference and
physical coordinates. This tests the correct implementation of the Jaco-
bian scaling.

4.1.3.2. Mesh Configurations

Both single-element and multi-element configurations are tested. The single-
element case (K = K, = 1) covers the entire domain with a single
spectral element, isolating the approximation properties of the high-order
polynomial basis functions without interface coupling. The multi-element
cases use structured Cartesian meshes with K; = K,, = KforK € {2,4, 7}.
These configurations test the continuity constraints enforced through the
Lagrange multiplier matrix Ny, (Section ) and verify that flux match-
ing across element interfaces is correctly handled. Figure @ illustrates
examples of single-element and multi-element configurations.

4.1.3.3. Discretisation Parameters

The polynomial order p determines the number of nodes in each direction
(N =M = p + 1) and the degree of the basis functions h;(&) and e; (&)
described in Section . For the p-refinement study, p ranges from 3 to
14. For h-refinement, p is fixed and the number of elements K is varied.
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Elem?2 | Elem3

Element 0

Elem 0 | Elem 1

Ke =K, =4

FIGURE 41 Mesh configurations for verification tests. Top left: single element
covering entire domain. Top right: 2 x 2 multi-element mesh. Bottom: 4 x 4 multi-
element mesh.

Three data densities are used: n, € {40000, 160000, 360000} measure-
ment points distributed uniformly at random over the domain. These den-
sities range from relatively sparse to dense sampling, allowing evaluation
of how data availability affects the reconstruction accuracy.

4.1.4. Synthetic Data Generation

The analytical velocity field is sampled at randomly distributed points

within the computational domain to simulate experimental measurements.
For each element, points are generated with uniformly random coordi-
nates within that element’s spatial extent. This random distribution tests

the method’s ability to handle irregular data and verifies that the least-
squares formulation remains stable when measurement locations do not

align with the spectral element nodal structure. At each point (x;,yi), the

velocity components u(xi,y;) and v(xi,yi) are evaluated from the analyt-
ical solution (@)—(@) and stored as synthetic measurement data.

4.1.5. Convergence Studies

The verification process examines how the reconstruction error decreases
as the discretisation is refined. Two refinement strategies are employed.

4.1.5.1. p-Refinement

The polynomial order p is systematically increased while the mesh con-
figuration is held fixed. For smooth solutions such as the manufactured
trigonometric velocity field, spectral element methods exhibit exponential
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convergence: the error decreases as O(e™°P) for some constant ¢ > 0 that
depends on the analyticity of the solution (Section ). Three mesh con-
figurations (K = 1, K = 4, K = 7) are tested at each data density. The
convergence is visualised on a semi-log plot of the error against polyno-
mial order.

4.1.5.2. h-Refinement

The polynomial order is held fixed while the number of elements is in-
creased, thereby decreasing the element size h. The convergence rate is
assessed by plotting the error versus element size on a log-log scale, where
algebraic convergence appears as a straight line whose slope indicates
the order of accuracy. The theoretical rates from Table @ predict a hi-
erarchy of convergence orders: the streamfunction converges at O(hP*1),
the velocity H(div; Q)-error at O(hP), the L?-errors of vorticity and total
pressure at O(hP~!) to O(hP), and the H(curl; Q)-error of the vorticity at
O(hP—2).

4.1.6. Error Norms

The convergence studies track five error quantities that together cover all
reconstructed fields; these correspond directly to the theoretical rates in
Table @ The L?-norm measures the pointwise error over the domain:

||eHL2 = \// ‘fh - f‘exactlz de (415)
Q

where fy, is the reconstructed field and feyact is the analytical solution,
with f representing any of the reconstructed quantities. The H(div; Q)-
norm additionally includes the divergence error:

€llH(div;Q) = Uh — Uexact||T,2 *Uh — * Uexact ||T,2+ .
el | IF2 + 1V v 5 (4.16)

Since the manufactured solution is divergence-free and the reconstruc-
tion enforces V - u, = 0 exactly through the incidence matrix E?* (Sec-
tion ), the divergence term should be near machine precision. The
H(curl; Q)-norm combines the L2-vorticity error with the L2-error of the
curl of vorticity:

||e||H(cur1;Q) = \/”wh - wexact”iQ + ||v X W — V x wexact”%z- (417)

The five error quantities evaluated are: (1) the H(div; Q)-norm of the ve-
locity, (2) the L2-norm of the streamfunction, (3) the L?-norm of the vor-
ticity, (4) the L?-norm of the total pressure, and (5) the H(curl; Q)-norm
of the vorticity. In practice, the integrals are approximated using Gauss—
Lobatto-Legendre quadrature weights on the reconstruction grid.
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4.2. Validation Setup: Surface-Mounted Cube Experiment

While the manufactured solution verification confirms that the numerical
implementation is correct, validation against experimental data assesses
whether the method produces physically meaningful results when ap-
plied to real flow measurements. The surface-mounted cube experiment
provides a test case with complex flow physics including flow separation
and recirculation. The sharp geometry change induces flow separation
upstream of the cube leading edge, creating a recirculation zone with re-
versed flow. The separated shear layer exhibits strong vorticity gradients.
These features test the method’s ability to reconstruct velocity fields with
strong spatial variations and regions of complex flow topology.

This section describes the experimental configuration, the procedure for
extracting a two-dimensional velocity field from the three-dimensional
particle tracking data, and the validation cases that will be used to assess
the method’s performance.

4.2.1. Experimental Configuration

The experimental data originate from a volumetric particle tracking cam-
paign performed in [11] at Delft University of Technology. The experi-
ments were conducted in a low-speed open-jet wind tunnel with a 60 x
60 cm? cross-section. A cube of side length H = 120 mm was mounted on
a flat plate with an elliptical leading edge, positioned downstream of the
tunnel exit. The freestream velocity was Uy, = 10 ms™!, corresponding
to a Reynolds number based on the cube side length of

UsH
Rey = - ~ 80000, (4.18)

where v is the kinematic viscosity of air. The turbulence intensity of the
freestream was approximately 1%. A schematic of the experimental setup
is shown in Figure §.2.

The flow was seeded with helium-filled soap bubbles (HFSB) produced
by a seeding rake containing 200 bubble generators upstream of the wind
tunnel contraction. The mean bubble diameter was 350 pm and the pro-
duction rate was 6 x 10° bubbless ™, yielding a seeding concentration of
approximately 1.2 bubbles cm™? at the freestream velocity. The seeding
density in the images was approximately 0.02 particles per pixel.

The imaging system comprised seven CMOS cameras (1024 x 1024 px)
positioned around the measurement volume, which had approximate di-
mensions 40 x 40 x 30 cm?®. Two LaVision LED illumination units provided



4.2. VALIDATION SETUP: SURFACE-MOUNTED CUBE EXPERIMENT/7

& 8 3

, LED1 LED2
Uxw = 10ms

§C6 O Q C4
- [ o

2 —
T y H =120 mm

p) _ X
Flat plate

1 H

S

e

HFSB
rake

Contraction

FIGURE 4.2 Schematic of the experimental setup for the surface-mounted cube
validation, adapted from [11]. An open-jet wind tunnel with a 60 x 60 cm? exit de-
livers a freestream velocity Uy, = 10 ms™! over a cube of side length H = 120 mm
mounted on a flat plate. Seven CMOS cameras (C1-C7) and two LED illumi-
nation units record the motion of helium-filled soap bubbles seeded upstream.
The dashed rectangle indicates the measurement volume. For the present valida-
tion, a two-dimensional velocity field is extracted from a spanwise slab centred at
y = 0, yielding a two-dimensional view of the cube’s square cross-section in the
x—z plane.

pulsed illumination from two directions. Images were recorded at a rate
of 3 kHz, and each measurement consisted of 5000 images for a duration
of 1.67 s. The experimental parameters are summarised in Table @

TaBLE 4.1 Experimental parameters for the surface-mounted cube measure-
ment [[11]].

Parameter Symbol Value

Cube side length H 120 mm
Freestream velocity Us 10 ms™!
Reynolds number Ren ~ 80000
Measurement volume 40 x 40 x 30 cm?
Number of cameras 7

Camera resolution 1024 x 1024 px
Acquisition frequency 3000 Hz

Images per run 5000

Seeding concentration 1.2 bubbles cm 3

The particle images were processed using the shake-the-box (STB) algo-
rithm [2] available in the LaVision DaVis 11 software. Object-aware mono-
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lithic particle reconstruction (OA7-STB) was employed, which uses the
registered position of the cube to identify lines of sight obstructed by the
object for each camera. This allows particle triangulation to proceed with
the maximum number of unobstructed cameras at each point in the mea-
surement volume, avoiding the measurement volume erosion that occurs
when a monolithic imaging system requires all cameras to observe every
particle [B7].

4.2.2. From 3D Particle Tracks to 2D Velocity Field

The reconstruction method developed in Chapter B operates on two-dimensional

velocity data. Two distinct data sets are derived from the three-dimensional
particle tracks produced by the STB algorithm: the raw scattered measure-
ment data that serves as input to the reconstruction, and a reference field
obtained by ensemble averaging that is used for comparison.

The input data for the reconstruction method consists of the raw particle
track positions and velocities, without any regression or interpolation ap-
plied. A spanwise slab of thickness 26 centred at the mid-plane y = 0
is extracted from the full three-dimensional track data. All particle posi-
tions and velocities within this slab are projected onto the x-z plane, pro-
ducing a set of scattered two-dimensional velocity measurements u? =
{(x1, zi, ui, wi) 1%, with x-velocity component uand z-velocity component
w. The slab half-thickness 6 is chosen per validation case to balance two
competing requirements: a thin slab minimises out-of-plane contamina-
tion, making the flow more nearly two-dimensional, while a thick slab
includes more particle tracks, improving the conditioning of the least-
squares system. The specific values are reported alongside the results
in Chapter B Within the slab, the flow is approximately uniform in the
spanwise direction and edge effects from the tunnel sidewalls are negligi-
ble. Because the measurement locations originate from individual parti-
cle tracks, the data points (x4, z;) are irregularly distributed, similar to the
random distributions used in the verification tests.

The reference field for comparison is obtained by ensemble-averaging the
particle tracks onto a Cartesian grid following the procedure described
in [38]. A bin size of 10 x 10 x 10 mm? is used with an overlap of 75%,
resulting in a grid spacing of 2.5 mm. Within each bin, the velocity is
represented by a second-order polynomial regression over all tracks pass-
ing through that bin. This produces a time-averaged three-dimensional
velocity field on a structured grid, from which the same spanwise slab
is extracted to obtain a two-dimensional reference field in the x—z plane.
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The reconstructed fields from the Mimetic Spectral Element Method are
compared against this reference to assess the quality of the reconstruction.

The coordinate system is defined with x as the (streamwise) horizontal
direction and z as the (wall-normal) vertical direction. The origin is placed
at the centre of the cube base, so that the cube occupies the region —60 <
x < 60 mm, 0 < z < 120 mm in the x—z plane.

4.2.3. Validation Cases

The reconstruction method is validated against three distinct regions within
the surface-mounted cube, each presenting different flow characteristics
and challenges. These cases are selected to test the method’s performance

across a range of flow conditions. The locations of the three validation _

regions within the measurement domain are shown in Figure @
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Ficure4.3 Validation case regions in the x—z plane. The cube cross-section (grey,
120 x 120 mm) occupies —60 < x < 60 mm, 0 < z < 120 mm. The coor-
dinate origin is at the centre of the cube base. Dashed rectangles indicate the
three reconstruction domains: Case 1 (—120 < x < —90, 150 < z < 180 mm),
Case 2 (—150 < x < —60, 0 < z < 60 mm), and Case 3 (—60 < x < 60,
120 < z < 180 mm).

4.2.3.1. Case 1: Freestream Region

The first validation case focuses on a region upstream of and above the
surface-mounted cube, where the flow is undisturbed by the obstacle. The
reconstruction domain is —120 < x < —90 mm, 150 < z < 180 mm. In
this region, the x-velocity u approaches the freestream velocity U,, and
the z-velocity w is small.
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This case serves as a baseline to assess the method’s ability to reconstruct
simple flow fields accurately. The expected low vorticity and nearly divergence-
free character of the freestream provide an opportunity to verify that the
method does not introduce spurious oscillations or artifacts in regions
where the flow is smooth. Additionally, this case tests whether the divergence-
free constraint is properly satisfied in a region where the experimental
measurements themselves should naturally exhibit low divergence.

4.2.3.2. Case 2: Upstream of the Cube Base

The second validation case examines the flow upstream of the cube at
the base level. The reconstruction domain is —150 < x < —60 mm,
0 < z < 60 mm. This region is characterised by the development of the
boundary layer along the flat plate and the onset of flow deceleration as
the approaching flow encounters the upstream face of the cube. The x-
velocity decelerates and the z-velocity shows an upward deflection as the
flow is redirected over the obstacle. An adverse pressure gradient devel-
ops near the cube face.

This case tests the method’s ability to handle moderate velocity gradients
and the transition from undisturbed boundary layer flow to the stagnation
region at the cube face. The pressure field reconstruction is relevant in this
region, as the adverse pressure gradient approaching the cube drives the
deceleration process.

4.2.3.3. Case 3: Above the Surface-Mounted Cube

The third validation case focuses on the region directly above the surface-
mounted cube. The reconstruction domain is —60 < x < 60 mm, 120 <
z < 180 mm. This region presents the most challenging conditions for
reconstruction due to the presence of strong velocity gradients, flow sep-
aration at the upstream edge, flow reversal within the recirculation zone,
and high vorticity magnitudes in the separated shear layer. The x-velocity
exhibits both positive (downstream) and negative (upstream) values, and
the z-velocity shows significant variations.

The reconstruction must handle steep gradients without introducing os-
cillations or excessive smoothing that would obscure the physical flow fea-
tures. The separated flow region challenges the divergence-free constraint
enforcement, as local errors in the experimental measurements may be
larger in regions of high turbulence and strong shear. The pressure field
reconstruction is particularly relevant in this region, as the adverse pres-
sure gradient drives the separation process.
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This chapter presents the results of the verification and validation stud-
ies described in Chapter @ Section reports the verification results
obtained with the manufactured solution, confirming that the implemen-
tation achieves the theoretical convergence rates from Section 2.6] and
that the divergence-free constraint is satisfied to machine precision. Sec-
tion presents the validation results from applying the reconstruction
method to the surface-mounted cube experiment.

5.1. Verification Results: Manufactured Solutions

The manufactured trigonometric velocity field (@)—(@) is used to verify
the implementation on single-element and multi-element configurations,
followed by systematic convergence studies under p-refinement and h-
refinement. The five error quantities defined in Section are evalu-
ated throughout: the H(div; Q)-norm of the velocity, the L2-norms of the
streamfunction, vorticity, and total pressure, and the H(curl; Q)-norm of
the vorticity.

5.1.1. Single-Element Reconstruction on the Reference Element
The reference element tests use the computational domain [—1, 1] x [—1, 1]
with a single spectral element at polynomial order p = 16. Three data
densities n, € {400, 1600, 3600} are tested. The measurement points
are distributed with uniform random probability throughout the domain.
Figure @ shows the spatial distribution of the measurement points for the
three densities, coloured by the velocity magnitude |u| evaluated from the
analytical solution. The characteristic pattern of the trigonometric velocity
field is visible even in the sparsest case.

1.0 (a) ne= 400 1.0 (b) n,=1600 1.0 (c) n,=3600 .
0.5 0.5 : 0.5 5
4
= 00 0.0 : 0.0 3
2

-0.5 -0.5 -0.5
1

-1.0 -1.0 -1.0

210 —05 00 05 1.0 210 =05 00 05 1.0 210 =05 00 05 1.0

FIGURE 5.1 Spatial distribution of measurement points on the reference element
[—1,1] x [-1,1], coloured by velocity magnitude |ul. (a) n, = 400, (b) n, = 1600,
(c) n = 3600. Single element, p = 16.

Figure @ compares the analytical and reconstructed x-velocity compo-
nent u for the three data densities. The rows correspond to n, = 400
(top), nr = 1600 (middle), and n, = 3600 (bottom). The reconstructed
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field captures the sinusoidal structure of the manufactured solution in all
three cases, with no discernible difference between the analytical and re-
constructed contours. The y-velocity component v is shown in Figure @
and exhibits the same level of agreement.
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FiIGURE 5.2 Analytical (left) and reconstructed (right) x-velocity component u on
[—1, 1]2. Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.

Figure @ shows the divergence of the reconstructed velocity field. The
analytical divergence is identically zero (left column), while the recon-
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FIGURE 5.3 Analytical (left) and reconstructed (right) y-velocity component v on
[—1,1]2. Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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structed divergence (right column) is on the order of 10! for all three
data densities. This confirms that the saddle-point formulation enforces
the discrete incompressibility constraint E>'uy, = 0 to near machine pre-
cision, regardless of the data density.

Analytical Reconstructed
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FIGURE 5.4 Analytical (left) and reconstructed (right) divergence V-uon [—1, 1]2.
Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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The streamfunction, recovered from the velocity through the incidence
matrix E!? (Section ), is shown in Figure E The contour lines of the
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reconstructed field match the analytical solution closely at all data densi-
ties.

FIGURE 5.5 Analytical (left) and reconstructed (right) streamfunction 1 on
[—1, 1]2. Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.

The vorticity, obtained from the weak curl formulation (Section ), is
shown in Figure @ The sinusoidal pattern is well captured at all data
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densities, though the reconstruction at n, = 400 shows slightly more vari-
ation than the denser cases, reflecting the effect of the inverse estimate on
limited data.
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FIGURE 5.6 Analytical (left) and reconstructed (right) vorticity w on [—1, 1]2. Top
to bottom: n, = 400, 1600, 3600. Single element, p = 16.

The total pressure P and static pressure p, defined as p = P — $luf?, are
computed from the second saddle-point system (Section ) and shown
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in Figures @ and @ Both fields are accurately reconstructed across all

data densities.
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FIGURE 5.7 Analytical (left) and reconstructed (right) total pressure Pon[-1,1]2.
Top to bottom: n. = 400, 1600, 3600. Single element, p = 16.

5.1.2. Single-Element Reconstruction on the Physical Domain

The same single-element tests are repeated on the physical domain [0, 1] x
[0,1] to verify that the Piola transformation (Section ) and the Jaco-
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FIGURE5.8 Analytical (left) and reconstructed (right) static pressure p on [—1, 1]2.
Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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bian scaling in the mass matrices ()—() are correctly implemented.
The polynomial order, data densities, and reconstruction resolution are
identical to the reference element tests.

Figures @ and show the reconstructed velocity components on the
physical domain. The fields exhibit the same level of agreement with the
analytical solution as on the reference element, confirming that the affine
mapping introduces no additional approximation error.

The divergence of the reconstructed velocity on the physical domain (Fig-
ure ) is again on the order of 107!, confirming that the Piola transfor-
mation preserves the incompressibility condition exactly at the discrete
level.

The streamfunction, vorticity, total pressure, and static pressure on the
physical domain are shown in Figures —@ All fields match their an-
alytical counterparts with accuracy comparable to the reference element
results.

These results confirm that the Piola transformation is correctly implemented:
the coordinate mapping from [—1,1]? to [0, 1]? introduces no degradation
in reconstruction accuracy, the divergence-free constraint remains satis-
fied to machine precision, and all derived fields are reconstructed with
the same fidelity as on the reference element.

5.1.3. Multi-Element Reconstruction

The multi-element verification tests the implementation when the domain
[—1,1] x [-1, 1] is decomposed into a 4 x 4 mesh (K = K,, = 4) with poly-
nomial order p = 4. A total of n, = 1600 randomly distributed measure-
ment points are used. This configuration introduces element interfaces
where flux continuity must be enforced through the Lagrange multiplier
constraints (Section ) and each element requires the Piola transfor-
mation to map between reference and physical coordinates.

Figures and compare the analytical and reconstructed velocity
components. The reconstructed fields reproduce the sinusoidal pattern
of the manufactured solution, with no visible discontinuities at element
interfaces. The lower polynomial order (p = 4 compared to p = 16 in
the single-element tests) means fewer lobes of the trigonometric field are
sharply resolved, but the overall structure is well captured.

The divergence of the reconstructed velocity (Figure ) is on the order
of 107!3, confirming that the discrete incompressibility constraint is sat-
isfied to near machine precision in the multi-element configuration. The
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FIGURE 5.9 Analytical (left) and reconstructed (right) x-velocity component u on
[0, 1]2. Top to bottom: n,. = 400, 1600, 3600. Single element, p = 16.
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FicuUrE 5.10 Analytical (left) and reconstructed (right) y-velocity component v
on [0, 1]2. Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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FIGURE 5.11 Analytical (left) and reconstructed (right) divergence V -u on [0, 1]2.
Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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FIGURE 512 Analytical (left) and reconstructed (right) streamfunction { on
[0, 1]%. Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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FIGURE 5.13 Analytical (left) and reconstructed (right) vorticity w on [0, 1]%. Top
to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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FIGURE 5.14 Analytical (left) and reconstructed (right) total pressure P on [0, 1]2.
Top to bottom: n. = 400, 1600, 3600. Single element, p = 16.
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FIGURE 5.15 Analytical (left) and reconstructed (right) static pressure p on [0, 1]2.
Top to bottom: n, = 400, 1600, 3600. Single element, p = 16.
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FIGURE 5.16 Analytical (left) and reconstructed (right) x-velocity component 1.
Multi-element mesh K = 4, p =4, n,, = 1600.
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FIGURE 5.17 Analytical (left) and reconstructed (right) y-velocity component v.
Multi-element mesh K = 4, p = 4, n,, = 1600.

element boundaries are faintly visible in the divergence contour, reflect-
ing the slightly different local truncation errors in each element, but the
magnitude remains negligible.

Figure shows the absolute flux mismatch at each interface degree of
freedom for the velocity (|[Ny,un|) and the pressure gradient (N1, qn|). The
velocity flux mismatch is on the order of 10717 to 10715, at or below ma-
chine precision. The pressure gradient mismatch is slightly higher, reach-
ing up to 1015, but still well within machine precision. These values con-
firm that the Lagrange multiplier constraints correctly enforce flux conti-
nuity across all element interfaces.

The streamfunction (Figure ) shows contour lines that are continuous
across element boundaries, with the element grid visible as thin dashed
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FIGURE 5.18 Analytical (left) and reconstructed (right) divergence V - u. Multi-
element mesh K =4, p =4, n, = 1600.
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FiGURE 5.19 Absolute flux mismatch at element interfaces for velocity and pres-
sure gradient. Multi-element mesh K = 4, p = 4, n, = 1600.

lines. The vorticity, total pressure, and static pressure are shown in Fig-
ures . All derived fields are accurately reconstructed.

Figure compares the error norms across three configurations: the
single-element case (p = 16, K = 1), and two multi-element cases (p = 4,
K=4andp = 8§, K = 4), all at n, = 1600. The multi-element case with
p = 8 achieves comparable or lower error levels than the single-element
case for all quantities except the pressure, while the p = 4 case shows
higher errors as expected from the reduced polynomial order. The hierar-
chy of error levels across quantities is consistent in all three configurations:
the streamfunction has the lowest error, followed by the velocity, then the
vorticity and pressure.
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FIGURE 5.20 Analytical (left) and reconstructed (right) streamfunction 1. Multi-
element mesh K =4, p =4, n, = 1600.
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FiGURE 5.21 Analytical (left) and reconstructed (right) vorticity w. Multi-
element mesh K =4, p = 4, n, = 1600.
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FIGURE 5.22 Analytical (left) and reconstructed (right) total pressure P. Multi-
element mesh K =4, p =4, n, = 1600.
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FiGURE 5.23 Analytical (left) and reconstructed (right) static pressure p. Multi-
element mesh K =4, p = 4, n, = 1600.
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FiGURE 5.24 Error norms for single-element (p = 16, K = 1) and multi-element
(p =4 and p = 8, K = 4) configurations. n, = 1600.

5.1.4. Convergence Studies

The convergence studies systematically investigate how the reconstruc-
tion error decreases with increasing polynomial order (p-refinement) and
increasing number of elements (h-refinement). These studies verify that
the implementation achieves the theoretical convergence rates derived in
Section and summarised in Table @ Three data densities n, €
{40000, 160000, 360000} are used throughout.

5.1.4.1. p-Refinement Results
The p-refinement study holds the mesh fixed and increases the polyno-
mial order p from 3 to 14. Three mesh configurations are tested (K = 1,
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K = 4, and K = 7) on the reference domain [—1,1] x [—1,1]. Because
the manufactured solution is analytic, the polynomial approximation re-
sult () predicts that the error should decrease exponentially with p, ap-
pearing as a straight line on a semi-log plot. For derived quantities such as
the vorticity and pressure, the inverse estimate () introduces algebraic
prefactors of the form p?/h that shift the convergence curves vertically
but do not change the exponential rate (Section ). The theory there-
fore predicts that all five error quantities should appear as approximately
parallel straight lines on the semi-log plot, ordered from bottom to top
according to the number of differentiation steps separating each quantity
from the streamfunction.

Figure shows the H(div; Q)-error of the velocity. Since the divergence
contribution to the H(div; Q)-norm vanishes to machine precision (the
constraint E>'uy, = 0 is enforced exactly), the H(div; Q)-norm reduces
to the L2-velocity error and the convergence rate follows () directly.

For K = 1, the error decreases from approximately 10" at p = 3 to approxi-
mately 1073 at p = 14. The convergence curve exhibits a visible even-odd
staggering pattern, which is not predicted by the general theory but arises
from the definite parity of the manufactured solution. The two velocity
components have complementary symmetry,

u = 27sin(27x) cos(2my),
v = —2mcos(27x) sin(2my),

where u is odd in x and even in y, while v is even in x and odd in y. In the
1-form basis, u is represented by edge functions (degree p — 1) in x ten-
sored with Lagrange functions (degree p) in y, and v uses the transposed
combination. For even p, the highest-degree basis function has the wrong
parity to contribute in one direction for each component, effectively re-
ducing the useful polynomial degree by one for both u and v. Since the
H(div; Q)-error adds both component errors in quadrature, the staggering
remains visible in the combined norm.

For K = 4, the element boundaries fall at x = —1,—0.5,0,0.5,1. These
coincide with the zeros of sin(27x), so each element retains definite par-
ity and the staggering persists. The smaller element size does however
produce substantially faster convergence, with errors reaching approxi-
mately 10713 at p = 14. For K = 7, the interior element boundaries fall
at irrational multiples of the domain length (x = —5/7,—-3/7,...), which
do not coincide with any zeros of the trigonometric functions. This breaks
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the parity on every element, eliminating the staggering entirely. The error
decreases smoothly, reaching approximately 10~'2 by p = 12.

For all three mesh configurations, the three data densities produce nearly
identical curves until the error approaches machine precision. For K =7
at high polynomial orders, the n,, = 40000 curve separates slightly from
the denser data sets. With 49 elements, each element receives approxi-
mately 40 000/49 ~ 816 measurement points, which is still well above the
number of velocity degrees of freedom per element but becomes less gen-

erous at high p.
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Ficure 5.25 H(div; Q)-error versus polynomial order p for K = 1, K = 4, and
K="17.

Figure shows the L2-error of the streamfunction. The streamfunction
is recovered from the velocity by integration through the incidence matrix
EM0. According to (), this integration step gains one algebraic order
relative to the velocity. Under p-refinement this translates to a vertical
downward shift of the convergence curve relative to the velocity. The fig-
ure confirms this prediction. The streamfunction error is consistently the
lowest of all five quantities across all mesh configurations. For K = 7 the
error reaches approximately 1074 by p = 12, approaching the limit of
double-precision arithmetic. The data density sensitivity becomes visible
athigh p for K = 7, where the n. = 40 000 curve levels off while the denser
data sets continue to decrease. This is consistent with integration acting
as a low-pass filter (Section ), so the streamfunction is less sensitive
to limited data than the velocity itself.

Figure shows the L2-error of the vorticity. The vorticity is obtained
from the velocity through the weak curl formulation (Section ). The
error equation (2.55) shows that the vorticity error depends on how well
the discrete curl operator approximates the continuous one. The inverse
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FIGURE 5.26 Streamfunction L?-error versus polynomial order p for K =1, K =
4,and K =17.

estimate () enters because the curl of a discrete test function ¢" satisfies
IV x €™ < Ch™H [,

which introduces a factor h™! in the upper bound (). Under p-refinement
at fixed h this becomes the prefactor p?/h, shifting the vorticity conver-
gence curve upward relative to the velocity. The figure confirms this. The
vorticity error is consistently one to two orders of magnitude above the
velocity error across all configurations. For K = 1 the vorticity decreases
from approximately 102 to 102, while for K = 7 it reaches approximately
10~ by p = 13. The n, = 40000 curve separates from the denser data
sets more strongly than for the velocity, which the theory also predicts
since the factor h™! amplifies the errors arising from limited data cover-
age in the velocity reconstruction.

10-104 i |
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FIGURE 5.27 Vorticity L2-error versus polynomial order p for K =1, K = 4, and
K=7.
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Figure shows the L2-error of the total pressure. The total pressure is
computed from the saddle-point system whose right-hand side involves
the vorticity force term Cy, = un X wp. According to (), the error in
this forcing is dominated by ||u||r~||w — wy |12, and the saddle-point sta-
bility theory bounds the pressure error between O(hP~!) and O(hP) ().
The pressure is therefore sensitive to how well both the velocity and the
vorticity are resolved, because the forcing term involves their product.

For K = 1, the pressure error remains between 10° and 10? across all poly-
nomial orders, showing essentially no net convergence. The parity mis-
match simultaneously degrades both the velocity and the vorticity at even
p, and their product in the forcing term compounds the error. Since the
single-element domain [—1, 1]? preserves the definite parity at all polyno-
mial orders, the forcing error () does not decrease with p. For K = 4
the pressure converges but the staggering is still visible. For K = 7 the par-
ity alignment is completely broken and the pressure converges smoothly
and exponentially, reaching approximately 10~!° at p = 14. This confirms
that the lack of convergence at K = 1 is a property of the test case symme-
try and not a limitation of the method.
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FiGure 5.28 Total pressure L2-error versus polynomial order p forK =1, K =4,
and K =7.

Figure shows the H(curl; Q)-error of the vorticity. The H(curl; Q)-
norm combines the L2-vorticity error with the L?-error of the curl of vor-
ticity (). The curl of the vorticity is effectively a second derivative of
the velocity, requiring two applications of the inverse estimate (). Un-
der p-refinement this introduces a prefactor (p?/h)?, which is the largest
algebraic prefactor of all five quantities. The theory () therefore pre-
dicts the H(curl; Q)-error to be the highest and the most sensitive to data
density.
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The figure confirms both predictions. For K = 1 the error decreases only
from approximately 10% to 10!, the slowest convergence of all five quanti-
ties. For K = 7 the error reaches approximately 10~® at p = 13, which is
several orders of magnitude above the velocity and streamfunction at the
same p. The n, = 40000 curve separates from the denser data sets more
strongly than for any other quantity. Each application of the inverse esti-
mate amplifies data sparsity effects by a factor p?/h, so two applications
produce the strongest sensitivity to limited data.
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FiGure 5.29 H(curl; Q)-error versus polynomial order p for K = 1, K = 4, and
K="7.

Figure combines all five error quantities for K = 7 at the highest data
density (n, = 360 000). The theory predicts that all quantities should con-
verge exponentially and that the curves should be approximately parallel,
separated by vertical offsets that reflect the number of differentiation or in-
tegration steps separating each quantity from the velocity. The figure con-
firms this. The streamfunction converges fastest, reaching approximately
10~ around p = 12. The H(div; Q)-velocity error follows at approxi-
mately 107!? around p = 12. The vorticity and total pressure are close
together at approximately 10719 to 107! around p = 13. The H(curl; Q)-
error converges slowest at approximately 10~® around p = 13. The verti-
cal separation between successive quantities is approximately two orders
of magnitude, consistent with the inverse estimate () atp ~ 7 and
h =2/7 ~ 0.29.

5.1.4.2. h-Refinement Results

The h-refinement study holds the polynomial order p fixed and increases

the number of elements K; = K;, = K, decreasing the element size h =

2/K. Polynomial ordersp € {3,4,5,6, 7, 8} and element counts K € {4, 8,12, 16, 20, 24, 28}
are tested on the reference domain [—1, 1] x [—1,1]. Under h-refinement,
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Ficure 5.30 All five error quantities versus polynomial order p at K = 7 and
n, = 360 000.

the polynomial approximation result () predicts algebraic convergence:
the error decreases as O(h") for some rate 1, appearing as a straight line
on a log-log plot with slope r.

The theoretical rates for each reconstructed quantity follow from the er-
ror analysis in Section . The velocity, as the primary unknown, con-
verges at O(hP) in the H(div; Q)-norm (R.54). The divergence contribution
vanishes to machine precision because E?lw;, = 0is enforced exactly. The
streamfunction, recovered by integration through E'?, gains one order
and converges at O(hP*1) (). The vorticity is bounded between O(hP)
and O(h?P~1) (), where the upper bound arises from the inverse esti-
mate applied to the error equation (). The total pressure is bounded
between O(hP)and O(hP~1) (), with the upper bound set by the vortic-
ity force error (). The H(curl; Q)-norm of the vorticity incurs a second
inverse estimate penalty, giving O(hP~?2) ().

The individual convergence plots at p = 7 are presented in Figures @—
5.33.

Figure ﬂ shows the H(div; Q)-error versus element size for p = 7. The
theory 2.54) predicts a slope of p = 7 on the log-log plot. The mea-
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sured slope for n, = 360000 is approximately 7.08, confirming the pre-
diction. For the coarsest data (n. = 40000), the errors deviate upward
from the asymptotic line at small h. At K = 28, each element contains
only 40000/784 ~ 51 measurement points, which is close to the number
of velocity degrees of freedom per element (2p(p+1) = 112 forp = 7). The
least-squares problem becomes poorly overdetermined and data sparsity
begins to dominate the polynomial approximation error. The two denser
data sets produce nearly identical results, confirming that above a thresh-
old data density the convergence rate is controlled entirely by the polyno-
mial approximation.
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FiGure 5.31 H(div; Q)-error versus element size h for p = 7 and three data den-
sities.

The streamfunction L2-error (Figure ) should converge one order faster
than the velocity according to 2.60), predicting a slope of p + 1 = 8 for
p = 7. The measured slope is approximately 8.02, in good agreement
with the prediction. The streamfunction achieves the lowest absolute er-
ror levels of all quantities, reaching approximately 10~ at the finest mesh.
The sensitivity to data density is weaker than for the velocity: the three 1.
curves remain close together even at the smallest element sizes. This is pre-
dicted by the theory, since the integration through E''¥ acts as a discrete
antidifferentiation that smooths out local sampling errors in the velocity.
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FIGURE 5.32 Streamfunction L2-error versus element size h for p = 7 and three
data densities.

The vorticity L?-error (Figure -) isbounded between O(hP) and O(hP~! (-)

The upper bound arises from applying the inverse estimate (-) to the
error equation (2 (-). the term Ch™!|ju — up|| produces h™! - hP = h?P~1,
predicting a slope between 6 and 7 for p = 7. The measured slope is
approximately 6.37, falling within these bounds. The vorticity error also
exhibits greater sensitivity to data density than the velocity: the three n,
curves are clearly separated at small h. The factor h™! in the upper bound
of () amplifies the errors arising from limited data coverage in the ve-
locity reconstruction. As h decreases, this amplification factor grows, so
the gap between data-limited and data-sufficient runs widens.

The total ressure L2-error (Figure ) is bounded between O(hP) and

O(hP1) R.63). The upper bound is set by the vorticity force error ():
IC — Ch HLz = O(hP~!), which enters the saddle-point system as a right-
hand side perturbation. For p = 7, the theory predicts a slope between 6
and 7. The measured slope is approximately 6.27, falling within these
bounds. At this polynomial order the total pressure convergence rate
closely tracks the vorticity, consistent with the prediction from () that
the pressure error is dominated by the vorticity force error ().




110 RESULTS AND DISCUSSION

—e— n,=40000 —=— n,=160000 —a— n,= 360000

3x10-14x 10!

10_7§
10t 2% 101
Element size h

FIGURE 5.33 Vorticity L2-error versus element size h for p = 7 and three data

densities.
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FiGure 5.3¢ Total pressure L2-error versus element size h for p = 7 and three

data densities.
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The H(curl; Q)-error of the vorticity (Figure ) requires two applica-
tions of the inverse estimate (), giving the theoretical rate O(hP~2) ()
and a predicted slope of p—2 = 5 for p = 7. The measured slope of approx-
imately 5.24 confirms this prediction. This quantity exhibits the strongest

sensitivity to data density of all five error measures: the three n, curves

remain widely separated across most of the element size range. The two

successive inverse estimates each introduce a factor h?, so the total ampli-
fication of data sparsity effects scales as h™2. At small h this amplification

is large, and the n, = 40000 curve departs from the asymptotic regime

much earlier than for the velocity or streamfunction.
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FiGURE 5.35 H(curl; Q)-error versus element size h for p = 7 and three data den-
sities.

Figure combines all five error quantities on a single log-log plot for
p = 7 at the highest data density (n, = 360 000). The theory predicts the
hierarchy of slopes 1 at p+1 = 8, H(div; Q) atp = 7, w (L?) and P between
p—1=6and p =7, and H(curl; Q) at p — 2 = 5. The measured slopes
are 8.02 for the streamfunction, 7.08 for the H(div; Q)-velocity, 6.37 for the
vorticity, 6.27 for the total pressure, and 5.24 for the H(curl; Q)-norm, all
in good agreement with the predictions. The gap of approximately one
algebraic order between successive quantities in the hierarchy is clearly
visible and consistent with the p-refinement results in Figure , where
the same ordering was observed as vertical offsets on the semi-log plot.
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FiGure 5.36 All five error quantities versus element size hatp = 7and n, =
360 000.

Table @ compares the theoretical and measured convergence rates atp =

7 for the densest data set (., = 360 000).

TaBLE 5.1 Theoretical and measured h-refinement convergence rates at p = 7
(., = 360 000).

Quantity Norm Theoretical rate Measured (p =7)
Streamfunction{ L2 O(hrt1) ~ 8.02
Velocity u H(div; Q) O(hP) ~ 7.08
Total pressure P L2 OhP~ 1) to O(hP) =6.27
Vorticity w L2 OhP~Hto O(hP) =~ 6.37
Vorticity w H(curl; Q) O(hP~2) ~ 5.24

Figure presents the measured convergence slopes for all five error
quantities as a function of polynomial order, computed from the densest
data set. The theory predicts that the slopes should increase linearly with
p, with constant offsets between quantities: { at p + 1, H(div; Q) at p, w
(L?) between p—1and p, P between p—1 and p, and H(curl; Q) at p—2. The
figure confirms this hierarchy. The streamfunction consistently achieves
the highest slope, increasing from approximately 4.3 at p = 3 to 7.6 at
p = 8. The H(div; Q)-error and vorticity track each other closely, with the
vorticity slope approximately one unit below the velocity. The H(curl; Q)-
error has the lowest slope throughout, approximately two units below the
velocity.
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The total pressure exhibits a notable departure at low polynomial orders:
the measured slope at p = 3 is approximately 1.4, well below the theoret-
ical lower bound of p — 1 = 2. This is related to the even-odd staggering
discussed in the p-refinement study: at low p, the coupling between ve-
locity and vorticity errors in the forcing term Cj, () is more sensitive
to parity effects. At higher p, the pressure slope recovers and reaches
approximately 7.8 at p = 8, exceeding p and approaching p + 1. A sys-
tematic even-odd staggering is visible across all quantities: even polyno-
mial orders (p = 4, 6, 8) produce slightly lower slopes than their odd
neighbours (p = 3, 5, 7). This is the same parity effect observed in the
p-refinement study, now manifesting as reduced algebraic convergence
rates rather than zigzag patterns on a semi-log plot.

—o— H(div) —A— Y —— w —o— P —e— H(curl)

Convergence slope
w =~ )] [@)] ~
1 1 1 1 1

N}
1

3 4 5 6 7 8
Polynomial order p

FiGuRE 5.37 Measured h-refinement convergence slopes versus polynomial or-
der p for all reconstructed quantities at n,. = 360 000.

A clear pattern emerges in the sensitivity to data density across the con-
vergence studies. The streamfunction, being an integral of the velocity
through E''Y, is the most robust to limited data: the integration step acts
as a low-pass filter that smooths out local sampling errors. The velocity it-
self shows moderate sensitivity. The vorticity, obtained through the weak
curl involving the inverse estimate (), amplifies data sparsity effects by
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a factor h™!. The H(curl; Q)-error, involving two successive applications
of the inverse estimate, is the most sensitive. This ordering matches the hi-
erarchy predicted by the error analysis and is consistently observed across
both p-refinement and h-refinement studies.

5.1.5. Summary of Verification Findings

The verification tests confirm that the mimetic spectral element reconstruc-
tion method is correctly implemented. The divergence-free constraint is
satisfied to machine precision in all configurations, confirming that the
algebraic constraint E*'u;, = 0 is exactly enforced. The Piola transfor-
mation introduces no additional approximation error. The multi-element
configuration correctly handles interface coupling through the Lagrange
multiplier constraints, with flux mismatch at machine precision.

Under p-refinement, exponential convergence is observed for all recon-
structed quantities, with the hierarchy of convergence rates predicted by
the error analysis preserved. Under h-refinement, algebraic convergence
is observed at rates consistent with the theoretical predictions from Ta-
ble @ The streamfunction converges at O(hP*1) (2.60), the velocity at
O(hP) (), the vorticity and total pressure within the bounds of O(hP~!)

to O(hP) () (), and the H(curl; Q)-error at O(hP—2) ().

5.2. Validation Results: Surface-Mounted Cube

The reconstruction method is now applied to the experimental surface-
mounted cube data described in Section . For each of the three valida-
tion cases defined in Section , the raw particle tracks within a span-
wise slab of half-thickness & are projected onto the x—z plane and used
as input to the reconstruction. Two configurations are tested per case: a
single-element reconstruction with p = 8 and K = 1, and a multi-element
reconstruction with p = 4 and K = 4. The reconstructed velocity magni-
tude, vorticity, divergence, streamfunction, total pressure, and static pres-
sure are compared against the ensemble-averaged reference field from [[11]
where applicable. The static pressure is obtained by subtracting the dy-
namic head from the reconstructed total pressure, pgtatic = P— %\uhlz,
and inherits the same accuracy hierarchy as the total pressure since both
share the velocity solve as their upstream input. The Hendriksen refer-
ence does not include a pressure field, so the static pressure is reported
as a reconstruction-only diagnostic. The Hendriksen vorticity is plotted
as —w, to match the sign convention of the two-dimensional curl w =
ow/0x — 0u/dz used in the reconstruction. The Hendriksen divergence
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is computed as du/0x 4 0w/0z from the individual gradient components
available in the bin-averaged data.

Unlike the verification study, no analytical solution exists for the experi-
mental data. The comparison is therefore qualitative: the velocity and vor-
ticity fields are compared against Hendriksen’s ensemble average, while
the streamfunction, total pressure, and static pressure, which are not avail-
able from the reference data, are assessed for physical consistency. The
divergence comparison is particularly informative because the reconstruc-
tion enforces V - u = 0 exactly through the constraint E*'uy, = 0, whereas
the Hendriksen reference field has no such constraint and retains nonzero
divergence from the bin averaging process and noise in the data.

5.2.1. Case 1: Freestream Region

Case 1 covers a 30 x 30 mm domain in the freestream upstream of the cube
(—120 < x < —90 mm, 150 < z < 180 mm), well above and upstream of
the cube. The slab half-thickness is 8 = 3 mm. No boundary conditions
are applied (u - n = 0 is not enforced on any edge). This region serves as
a baseline where the flow is expected to be nearly uniform with velocity
close to Uy, = 10 ms ™!, low vorticity, and nearly constant total pressure.

Figure shows the velocity magnitude from the raw particle data, the
single-element and multi-element reconstructions, and the Hendriksen
reference. The raw scatter data shows velocities in the range of 7 to 11
m/s, reflecting the instantaneous turbulent fluctuations in the individual
particle tracks. Both reconstructions produce a smooth field with velocity
magnitudes between approximately 8.8 and 9.8 m/s, consistent with the
Hendriksen reference which shows values between 9.0 and 9.7 m/s. The
slight spatial gradient visible in the Hendriksen field (higher velocity to-
ward the upper-left corner) is also captured by both reconstructions. The
velocity vectors are predominantly horizontal and directed to the right,
as expected for freestream flow. The single-element and multi-element
results are qualitatively similar, indicating that the polynomial approxi-
mation is adequate for this smooth flow region.

Figure compares the vorticity from the two reconstructions and the
Hendriksen reference. The Hendriksen field shows vorticity values of ap-
proximately £15 s~ !, which is close to zero and consistent with freestream
flow where no strong shear layers are present. The single-element recon-
struction produces vorticity values of approximately +100 s~!, while the
multi-element reconstruction shows values up to +250 s~! with a visible
grid pattern at element interfaces. The higher vorticity levels in the recon-
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FiGURE 5.38 Velocity magnitude [u| for Case 1. Raw particle data, single-element
(p = 8, K = 1), multi-element (p = 4, K = 4), and Hendriksen reference. 5 =
3 mm.

struction compared to the Hendriksen reference are expected. The Hen-
driksen ensemble average uses 10 mm bins with second-order polynomial
regression, which acts as a spatial low-pass filter that suppresses velocity
fluctuations at scales below the bin size. The reconstruction, operating at
higher effective resolution, preserves these small-scale variations. When
differentiated to obtain the vorticity, these variations are amplified. The
grid pattern in the multi-element result reflects the fact that the vorticity is
obtained through the weak curl formulation, and its tangential continuity
across element interfaces (guaranteed by the H(curl; Q)-regularity) does
not prevent jumps in the normal derivative.

w[s71]

Single element Multi element Hendriksen
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F1GURE 5.39 Vorticity w for Case 1. Single-element, multi-element, and Hendrik-
sen reference. 4 = 3 mm.

Figure shows the divergence of the velocity field on a base-10 logarith-
mic scale. The single-element reconstruction averages log;, |V - u| ~ —12
and the multi-element reconstruction averages —11, both at machine pre-
cision and confirming that the algebraic constraint E*'uy, = 0 is exactly
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enforced regardless of the quality or density of the input data. The Hen-
driksen reference, by contrast, sits at log;|V - u| ~ +1. The mimetic re-
constructions are therefore roughly 12-13 orders of magnitude tighter on
the divergence-free condition than the bin averaging. This residual diver-
gence is inherent to the bin-averaging process and noise in the data, nei-
ther of which enforces the incompressibility constraint. In the freestream
the residual is modest for the Hendriksen plot, but it can become much
larger in regions with strong velocity gradients.

10910 |V u| [s71]
Multi element Hendriksen

Single element

. \ . .
-120 -114 -108 -102 -96 -120 -114 -108 -102 -96 —-120 -114 -108 -102 -96
x [mm] x [mm] x [mm]

-15 -10 -5 0

Ficure 5.40 Divergence log;, |V - u| for Case 1. Single-element, multi-element,
and Hendriksen reference. 6 = 3 mm.

Figure shows the reconstructed streamfunction. Both the single-element
and multi-element configurations produce nearly parallel, evenly spaced
contour lines, consistent with a nearly uniform freestream. The slight up-
ward tilt of the streamlines (increasing \ from lower-right to upper-left)
reflects the small z-velocity component present in the freestream at this
location, which is upstream of the cube and therefore subject to a weak
upwash. The streamfunction exists as a well-defined scalar field precisely
because the velocity is divergence-free. For the Hendriksen field, where
the divergence is nonzero, a consistent streamfunction cannot be defined.

Figure shows the reconstructed total pressure. For uniform freestream
flow, the total pressure P = p + %[u|? should be approximately constant.
The single-element reconstruction produces a nearly uniform field with
variations of approximately £0.25 m?s~2, which is small relative to the
dynamic pressure 3U% ~ 50 m?s 2. The multi-element result shows
somewhat larger variations with a visible grid pattern. The pressure is
the most sensitive quantity in the reconstruction chain because it depends
on the product u x w, and any inaccuracies in the vorticity are amplified
through this nonlinear coupling.
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FIGURE 5.41 Streamfunction \ for Case 1. Single-element and multi-element re-
construction. § = 3 mm.
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FIGURE 5.42 Total pressure P for Case 1. Single-element and multi-element re-
construction. § = 3 mm.
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Figure shows the reconstructed static pressure. The values lie in a nar-
row band between approximately —48 and —38 m?s~2 with a weak gra-
dient from lower-left (higher) to upper-right (lower). This near-uniform
behaviour is consistent with the freestream interpretation of Case 1, where
the absence of strong velocity gradients implies a small dynamic-head
contribution and therefore little spatial variation in the static pressure.
The single-element reconstruction is the smoothest; the multi-element field
shows faint element seams but follows the same gradient.

Pstatic [m?/s2]

180 Single element Multi element

1 1 1 o L L 1 s
-120 -114 -108 —-102 -96 -120 -114 -108 —-102 -96
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—-47.5 -45.0 —42.5 —40.0 -37.9

FIGURE 5.43  Static pressure Psiatic for Case 1. Single-element and multi-element
reconstruction. § = 3 mm.

5.2.2. Case 2: Upstream Cube Base

Case 2 covers a 90 x 60 mm domain at the upstream base of the cube
(=150 < x € =60 mm, 0 < z < 60 mm). The slab half-thickness is
6 = 3 mm. The right boundary (x = —60 mm, the upstream face of the
cube) and the bottom boundary (z = 0 mm, the flat plate surface) are
walls, where the normal flux condition u - n = 0 is enforced through the
Lagrange multiplier matrix Ny, (Section ).

Figure shows the velocity magnitude. The freestream flow enters
from the left at approximately 8 to 10 m/s and decelerates as it approaches
the cube face at x = —60 mm. A low-velocity region is visible near the
bottom-right corner where the flat plate meets the cube, consistent with
the adverse pressure gradient and boundary layer thickening expected
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upstream of a bluff body. The raw particle data shows velocities rang-
ing from near zero to above 10 m/s, with strong scatter near the wall
where turbulent fluctuations are large relative to the mean velocity. Both
reconstructions capture the deceleration pattern, and the spatial structure
agrees well with the Hendriksen reference. The velocity magnitude near
the cube face approaches zero at the wall, consistent with the enforced
no-penetration condition.

|u| [m/s]

Single element Multi element Hendriksen
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X [mm] x [mm] x [mm] x [mm]
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FiGURe 5.44 Velocity magnitude [u for Case 2. Raw particle data, single-element
(p = 8, K = 1), multi-element (p = 4, K = 4), and Hendriksen reference. 5 =
3 mm.

Figure shows the vorticity. A concentrated region of negative vortic-
ity is visible near the base of the cube face (around x ~ —80 mm, z ~
10 mm), corresponding to the boundary layer separating from the flat
plate as it encounters the adverse pressure gradient imposed by the cube.
The single-element and multi-element reconstructions both capture this
feature with peak vorticity values of approximately +£1500 s—!, while the
Hendriksen reference shows peak values of approximately +800 s—!. The
spatial pattern is consistent across all three fields. The higher peak values
in the reconstruction are attributed to the higher effective spatial resolu-
tion compared to the 10 mm bin averaging used by Hendriksen.
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FiGURE 5.45 Vorticity w for Case 2. Single-element, multi-element, and Hendrik-
sen reference. 6 = 3 mm.

Figure shows the divergence on a base-10 logarithmic scale. The
single-element reconstruction averages log,( |V - u| ~ —9 and the multi-
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element averages —10, both effectively zero. The Hendriksen reference
averages log; |V-u| = +2, the largest of all three cases. The mimetic recon-
structions are roughly 11-12 orders of magnitude tighter on the divergence-
free condition than the bin averaging. The largest reference values appear
near the cube face, where the velocity gradients are strongest, demonstrat-
ing that the bin-averaging procedure and noise in the data do not preserve
mass conservation and that the violation is largest precisely in the regions
of greatest physical interest. The mimetic reconstruction eliminates this
problem entirely.
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FiGure 5.46 Divergence log,, |V - u| for Case 2. Single-element, multi-element,
and Hendriksen reference. = 3 mm.

Figure shows the reconstructed streamfunction. The contour lines
reveal the flow topology upstream of the cube. In the upper part of the
domain the streamlines are approximately parallel, indicating freestream
flow. Near the bottom-right corner a recirculation zone is visible, identi-
fied by the closed dashed contour line at{) ~ —0.04. This recirculation cor-
responds to the separation bubble that forms upstream of the cube where
the adverse pressure gradient causes the boundary layer to separate from
the flat plate. Both the single-element and multi-element reconstructions
capture this feature, with the recirculation centre located at approximately
(x,z) ~ (—100, 15) mm. The existence of this well-defined streamfunction
is a direct consequence of the velocity field that is divergence-free up to
machine precision.

Figure shows the reconstructed total pressure. The total pressure de-
creases from left to right as the flow approaches the cube, with the lowest
values near the cube face and the flat plate junction. The spatial struc-
ture is physically plausible, with higher total pressure in the freestream
and lower values in the decelerating and separated flow regions. The
single-element result shows values ranging from approximately —100 to
0 m?s~2, while the multi-element result shows a similar pattern with a
larger range.
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FIGURE 5.47 Streamfunction 1 for Case 2. Single-element and multi-element re-
construction. § = 3 mm.
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FIGURE 5.48 Total pressure P for Case 2. Single-element and multi-element re-
construction. § = 3 mm.

Figure shows the reconstructed static pressure. The field ranges from
approximately —150 to +70 m? s—2. A pronounced low-pressure region is
located near the upper-right of the domain, around the upstream upper
edge of the cube (x &~ —60 mm, z ~ 60 mm), where the flow accelerates
around the leading corner. Higher static pressure is observed upstream
and along the lower-left part of the domain, consistent with the stagnation
rise as the flow approaches the cube and decelerates toward the wall. Both
configurations produce the same qualitative pattern; the multi-element
field shows slight grid artefacts but agrees with the single-element distri-
bution in magnitude and structure.
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FIGURE 5.49 Static pressure Pgatic for Case 2. Single-element and multi-element
reconstruction. § = 3 mm.

5.2.3. Case 3: Above the Surface-Mounted Cube

Case 3 covers a 120 x 60 mm domain above the top face of the cube (—60 <
x < 60 mm, 120 < z < 180 mm). The slab half-thickness is 6 = 3 mm.
The bottom boundary (z = 120 mm, the top surface of the cube) is a wall
where u - n = 0 is enforced. This is the most challenging validation case
because it includes the separation at the leading edge of the cube top, the
resulting shear layer, and the recirculation zone between the shear layer
and the cube surface.

Figure shows the velocity magnitude. The flow separates at the up-
stream edge of the cube top (x = —60 mm, z = 120 mm) and forms a shear
layer that curves upward and to the right. Above the shear layer, the flow
accelerates to approximately 12 to 14 m/s as it is compressed between the
shear layer and the freestream. Below the shear layer, a low-velocity re-
gion extends along the cube surface, with velocities below 5 m/s. Both
the single-element and multi-element reconstructions capture this struc-
ture, and the spatial pattern is consistent with the Hendriksen reference.
The raw particle data shows the same structure but with large scatter, par-
ticularly in the low-velocity region where the turbulent fluctuations are
large relative to the mean.

Figure shows the vorticity. A band of strong negative vorticity traces
the shear layer from the upstream separation point at (x ~ —60 mm,
z A~ 125 mm) upward and to the right, reaching peak values of approx-
imately —2500 s~! in the single-element reconstruction and —1500 s~ in
the multi-element and Hendriksen fields. The vorticity in the freestream




124 RESULTS AND DISCUSSION
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FIGURE 5.50 Velocity magnitude |ul for Case 3. Raw particle data, single-element
(p = 8, K = 1), multi-element (p = 4, K = 4), and Hendriksen reference. 5 =
3 mm.

above the shear layer is close to zero. The spatial pattern of the shear layer
is consistent across all three fields. As in Case 1, the higher peak values
in the single-element reconstruction reflect the higher spatial resolution
compared to the bin-averaged reference.
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FiGURE 5.51 Vorticity w for Case 3. Single-element, multi-element, and Hendrik-
sen reference. 4 = 3 mm.

Figure shows the divergence on a base-10 logarithmic scale. The
single-element reconstruction averages log,, |V - u| ~ —12 and the multi-
element averages —11, both at machine precision. The Hendriksen refer-
ence averages log;( |V -u| = +1. The mimetic reconstructions are therefore
roughly 12-13 orders of magnitude tighter on the divergence-free condi-
tion than the bin averaging. The nonzero divergence in the reference field
is concentrated in the shear layer region where the velocity gradients are
strongest. This is where accurate derived quantities (vorticity, pressure)
are most needed, and it is precisely where the lack of a divergence-free
constraint in the bin averaging introduces the largest errors.

Figure shows the reconstructed streamfunction. The streamlines re-
veal the separation topology clearly. The main flow passes over the shear
layer with compressed, closely spaced streamlines indicating the acceler-
ation observed in the velocity magnitude plot. Near the bottom corners,
closed streamline contours indicate recirculation zones. These recircula-
tion regions correspond to the separated flow between the shear layer
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Ficure 5.52 Divergence log;, |V - u| for Case 3. Single-element, multi-element,
and Hendriksen reference. 6 = 3 mm.

and the cube surface. The downstream recirculation (near x ~ 50 mm,
z ~ 125 mm) is larger than the upstream one, consistent with the asym-
metry of the flow over a bluff body where the downstream separation
region grows as the shear layer develops. Both the single-element and
multi-element results show the same topology.
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F1GURE 5.53 Streamfunction 1 for Case 3. Single-element and multi-element re-
construction. § = 3 mm.

Figure shows the reconstructed total pressure. The lowest pressure
values are found in the shear layer and recirculation zone near the bottom
of the domain, where the velocity gradients are strongest and the vorticity
reaches its peak values. Above the shear layer the total pressure is higher
and more uniform. The single-element reconstruction produces values
ranging from approximately —60 to 0 m?s~?, while the multi-element re-
sult shows a similar spatial pattern with slightly larger range. Some grid
artefacts are visible in the multi-element pressure field near the bottom-

left corner, where the shear layer passes close to an element boundary.

Figure shows the reconstructed static pressure. The field ranges from
approximately —100 to +50 m?s~2. A low-pressure region is located in
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FIGURE 5.54 Total pressure P for Case 3. Single-element and multi-element re-
construction. § = 3 mm.

the lower-left of the domain, near (x ~ —40 mm, z &~ 135 mm), immedi-
ately above the upstream edge of the cube top where the flow accelerates
around the leading corner and forms the separated shear layer. Higher
static pressure is observed at the downstream-right edge of the domain,
consistent with the gradual pressure recovery as the flow re-attaches above
the cube. The single-element reconstruction produces a smoother field;
the multi-element result captures the same low-pressure feature but shows
visible element seams near the shear layer, where the gradients are strongest.
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FIGURE 5.55 Static pressure Pqatic for Case 3. Single-element and multi-element
reconstruction. § = 3 mm.

5.2.4. Summary of Validation Findings

The validation results demonstrate that the mimetic spectral element re-
construction method produces physically consistent flow fields from ex-
perimental particle tracking data across three regions of increasing flow
complexity.
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The velocity fields agree well with the Hendriksen ensemble-averaged
reference in all three cases. The spatial patterns of velocity magnitude,
flow direction, deceleration zones, and shear layers are captured by both
the single-element and multi-element configurations. The multi-element
configuration shows some sensitivity to the ratio of measurement points
per element, producing visible grid patterns in the vorticity and pressure
when the number of particles per element becomes small relative to the
number of degrees of freedom.

The divergence is the quantity where the mimetic approach shows its most
distinctive advantage. The reconstructed velocity is divergence-free up to
machine precision in all three cases, regardless of the flow complexity or
the quality of the input data, with log;, |V - u| averaging —9 to —12 for the
single-element and —10 to —11 for the multi-element configuration. The
Hendriksen reference, which does not enforce incompressibility, averages
logq |V - u| & +1 in the freestream (Case 1) and above the cube (Case 3),
and ~ +2 at the upstream cube base (Case 2) where the velocity gradients
are strongest. The mimetic reconstructions are therefore roughly 11-13
orders of magnitude tighter on the divergence-free condition than the bin
averaging, with the largest absolute gap precisely in the regions where
accurate derived quantities are most needed.

The streamfunction, which exists only because the velocity field is divergence-

free up to machine precision, reveals the flow topology in each case. In
the freestream (Case 1) the streamlines are nearly parallel. At the cube
base (Case 2) a recirculation zone is visible upstream of the cube. Above
the cube (Case 3) the separation and recirculation structure is clearly re-
solved, with closed streamline contours identifying the separated flow re-
gions. These topological features are a direct consequence of the structure-
preserving property of the mimetic discretisation and could not be ob-
tained from a velocity field with nonzero divergence.

The total and static pressures show physically plausible spatial distribu-
tions in all three cases, with the single-element reconstruction producing
smoother fields than the multi-element configuration. The static pressure
highlights stagnation rises upstream of the cube and low-pressure pock-
ets at the upstream and upper leading edges where the flow accelerates
around the corners. Of all reconstructed quantities, the pressure is the
most affected by error amplification, since it depends on the nonlinear
coupling u x w and inherits errors from both the velocity and the vorticity.
This sensitivity is consistent with the error analysis in Section , where
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the pressure convergence rate was shown to be bounded by the vorticity

force error ().
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6.1. Conclusions

This thesis developed a constrained least-squares reconstruction method
based on mimetic spectral elements for obtaining physically consistent ve-
locity, vorticity, streamfunction, and pressure fields from scattered parti-
cle tracking data. The method was verified using a manufactured trigono-
metric solution and validated on three regions of separated flow over a
surface-mounted cube. The main conclusions are summarised below, fol-
lowed by the answers to the research questions posed in Section .

The most distinctive feature of the method is that the incompressibility
constraint is satisfied exactly at the discrete level through the algebraic
identity E*'uy, = 0, enforced as a hard constraint in the saddle-point sys-
tem. The reconstructed divergence is at machine precision in all configu-
rations, both for the manufactured solution and for the experimental data.
The Hendriksen ensemble-averaged reference, which does not enforce in-
compressibility, shows residual divergence up to O(102) s~! in regions of
strong velocity gradients. Because the velocity is divergence-free up to ma-
chine precision, a well-defined streamfunction exists and reveals the flow
topology through closed contour lines that identify recirculation zones.
This would not be possible from a velocity field with nonzero divergence.

All derived quantities are computed through the same discrete operators
that preserve the de Rham complex, ensuring mutual consistency. The
velocity lies in H(div; 3), the vorticity is recovered through a weak curl
formulation producing w € H(curl; ), and the total pressure is obtained
from a second saddle-point system involving the vorticity force ux w. The
convergence rates under both p-refinement and h-refinement match the
theoretical predictions from the error analysis, with a clear hierarchy that
reflects the number of differentiations separating each quantity from the
primary unknown. Under h-refinement at p = 7, the measured rates are
VP at 8.02,uat7.08, w at 6.37, P at 6.27, and H(curl; Q) at 5.24, confirming
the predicted hierarchy from Table B

The validation on the surface-mounted cube demonstrates that the method
captures flow deceleration, boundary layer development, separation, and
recirculation. The single-element configuration (p = 8, K = 1) produces
smoother fields, while the multi-element configuration (p = 4, K = 4) is
more sensitive to the ratio of measurement points per element. The pres-
sure is the most sensitive quantity in the reconstruction chain because it
depends on the nonlinear coupling u x w, consistent with the error anal-
ysis.

These conclusions answer the three research questions as follows.
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SQ1: Formulation.  The velocity is placed in H(div; Q) with 1-form ba-
sis functions, enforcing normal flux continuity through the Piola transfor-
mation. The divergence-free constraint is imposed exactly through E%1uy, =
0, and inter-element continuity is enforced through Lagrange multipliers.
The vorticity and pressure are recovered through weak formulations that
use the same discrete operators, ensuring consistency with the velocity.

SQ2: Convergence. Under p-refinement all quantities converge expo-
nentially. Under h-refinement the rates follow the predicted hierarchy:
each differentiation step reduces the rate by approximately one algebraic
order, and each integration step gains one order. The sensitivity to data
sparsity follows the same hierarchy, with the streamfunction being the
most robust and the H(curl; Q)-norm the most sensitive.

SQ3: Validation. The method captures the essential flow features in
all three validation cases and produces divergence-free velocity fields to
machine precision from experimental data. The divergence-free velocity
(up to machine precision) enables a well-defined streamfunction that re-
veals the flow topology, including recirculation zones at the cube base and
above the cube top.

6.2. Recommendations

The method currently uses uniform Cartesian meshes. Non-uniform or
locally refined meshes would allow the element size to be adapted to the
local data density and flow complexity, placing more degrees of freedom
in regions with strong gradients such as shear layers and boundary layers.

The reconstruction is restricted to two dimensions. The mimetic frame-
work extends naturally to three dimensions through the three-dimensional
de Rham complex, eliminating the need for the spanwise slab projection
and allowing the method to be applied directly to the full volumetric par-
ticle tracking data.

The current formulation treats the measurement data as exact. Incorpo-
rating a statistical model of the measurement uncertainty into the least-
squares formulation could improve the reconstruction in regions where
the data density is low or the turbulent fluctuations are large relative to
the mean velocity.

The pressure reconstruction depends on the vorticity through the nonlin-
ear coupling u x w, which makes it the quantity most affected by error
amplification. Investigating alternative pressure formulations that reduce
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this sensitivity, or incorporating pressure boundary conditions from the
normal momentum equation at solid walls, could improve the pressure
field for experimental data.

The method should be compared quantitatively against other reconstruc-
tion techniques such as VIC+ and FlowFit on the same experimental data
to assess the relative advantages of exact constraint satisfaction versus ap-
proximate enforcement through penalty terms.

A systematic study of the slab thickness 4 and its effect on the two-dimensional
assumption would provide practical guidelines for selecting $ in future
applications.

The validation was performed on time-averaged data. Extending the method
to time-resolved reconstruction, where each instantaneous snapshot is re-
constructed independently, would enable the study of unsteady flow phe-
nomena such as vortex shedding and turbulent structures.
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