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This paper is concerned with a comparison principle for viscosity solutions to
Hamilton—Jacobi (HJ), —Bellman (HJB), and —Isaacs (HJI) equations for general
classes of partial integro-differential operators. Our approach contributes to the
literature in three ways: (1) We cast the Crandall-Ishii Lemma into a test function
framework to tackle a wide class of second-order integro-differential operators in the
spirit of the classical doubling of variables method. (2) We provide a unified approach
to estimate the difference of Hamiltonians by adapting the probabilistic notion
of couplings to an analytic setting. (3) We strengthen the sup-norm contractivity
resulting from the comparison principle to one that encodes continuity in the strict
topology. We apply our theory to a variety of examples, in particular, to second-order
differential operators and, more generally, generators of spatially inhomogeneous
Lévy processes.
© 2026 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

RESUME

Cet article porte sur un principe de comparaison pour les solutions de viscosité
d’équations de Hamilton—Jacobi (HJ), —Bellman (HJB) et —Isaacs (HJI), pour des
classes générales d’opérateurs intégro-différentiels partiels. Notre approche contribue
a la littérature des trois maniéres suivantes : (1) Nous reformulons le lemme de
Crandall-Ishii dans un cadre de fonctions tests afin de traiter une large classe
d’opérateurs intégro-différentiels du second ordre, dans l’esprit de la méthode
classique du doublement des variables. (2) Nous proposons une approche unifiée
afin d’estimer la différence des Hamiltoniens en adaptant la notion probabiliste
de couplages & un cadre analytique. (3) Nous renforgons la contraction en norme
supremum issue du principe de comparaison en une contraction encodant la
continuité pour la topologie stricte. Nous appliquons notre théorie a une variété
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d’exemples, en particulier aux opérateurs différentiels du second ordre et, plus

généralement, aux générateurs de processus de Lévy spatialement inhomogénes.

© 2026 The Author(s). Published by Elsevier Masson SAS. This is an open access
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this work, we provide a new perspective on comparison principles for viscosity solutions to the
Hamilton—Jacobi equation

F=AHf=h,  A>0,heCy(RY), (1.1)

for Hamiltonians H of the type

Hf(z) = (b(a), V1 @) + 5 T (557 (1) D/ ()
+ / [f(z+2) — f(x) = XB,(0)(2) (2, Vf(2))] pa(dz) + H(V f(z)) (1.2)
and, more generally, for those in Bellman and Isaacs form

Hf(x) = gtelg{Hef(w) —Z(z,0)} and

Hf<x) = Sup inf {H91,92f(x) —I($,91,92)}7
0.€0, 02€05

with Hy and Hy, ¢, asin (1.2) but with 0 and (6,1, 62) dependent coefficients, respectively, and an appropriate
cost functional Z.

Motivated by convex Hamiltonians, for which no unique classical or weak solutions exist in general, [19]
introduced the notion of viscosity solutions. The seminal works [15,17,29,30,37] explore this framework for
first-order equations.

Most modern comparison proofs for operators containing second-order terms are based on results of
[34,35]. Using then recent advances for generalized differentials, [16] provided what is nowadays known as
the Crandall-Ishii Lemma. An overview over uniqueness results for viscosity solutions to degenerate elliptic
equations is given in the User’s Guide [18].

The treatment of non-local operators was initially motivated by problems in optimal control theory;
see [2,5,41] for early examples with non-local operators. The works [7,32,33] give a non-local version of the
Crandall-Ishii Lemma by adapting the original procedure in [18], see also [3,4,25,26,31]. We also refer to [22]
for an overview of the Hilbertian setting, [10] for comparison principles for convex monotone semigroups on
spaces of continuous functions, to [20] for the classical well-posedness of convex Cauchy problems on L?, to
[28] for a comparison principle in the framework of G-Lévy processes, and to [9] for a comparison principle
for HJB equations on the set of probability measures.

Our approach and the main results of this paper, Theorem 3.12, Corollary 3.13, and Theorem 5.10,
contribute to the literature in the following three ways:

(1) We reinterpret the classical doubling-of-variables method in the context of second-order equations by
casting the Crandall-Ishii Lemma into a test function framework. This adaptation allows us to effectively
handle non-local integral operators, such as generators of Lévy processes, in the same framework as
second-order operators, paving the way for stability results.
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(2) We translate the key estimate on the difference of Hamiltonians in terms of an adaptation of the
probabilistic notion of couplings, providing a unified approach that applies to both continuous and
discrete operators. We point out that [17] also discusses a coupling point of view, but only for first order
operators.

(3) We strengthen the typical comparison principle using Lyapunov functionals from a sup-norm contrac-
tivity result to what we call the strict comparison principle, cf. Definition 2.4, which encodes continuity
in the strict, also called mixed, topology, cf. [11,40].

The rest of the paper is organized as follows: Section 2 introduces the notation and basic definitions.
Section 3 introduces the framework, states the necessary assumptions, and formalizes the main result. In
Section 4, we show how to apply our framework to operators of the form (1.2). Section 5 contains the
construction of the required optimizing points and test functions. Finally, Section 6 contains the proof of
the main theorem.

1.1. Review of classical comparison principles

In this section, we revisit the standard proof techniques for comparison principles starting from first-
order equations, highlighting the difficulties that arise in the second-order case, which require additional
technicalities, and explaining how we incorporate the necessary tools into our framework.

To this end, consider the equation

f—\Hf = h.

Let u and v be a viscosity sub- and supersolution for the above equation with A replaced by h; and hso,
respectively. The goal of comparison principles is then to show that

sup u(z) —v(z) < sup hy(z) — ha(z).
z€RY zeR4

In the case where H is a first-order differential operator, one typically performs a penalized doubling-of-
variables

sup u(z) —v(z) < sup u(z) —v(z) — gclz(ac,acl),
z€R4 z,x’ €R4 2

where d? is the squared Euclidean distance. This procedure has two immediate consequences. Firstly, as-

/

!) of the doubled equation, one can find

suming for simplicity that one can work with optimizers (zq,z
regular test functions, mainly in terms of d?, for the use in the definition of the sub- and supersolution

property.
The above procedure then leads to the estimate

sup u(x) —v(z) < u(zqa) —v(x),)
zeRa

< hi(za) — ha(zl,) + A {H (%

Secondly, the optimizers (z,,x,, ) satisfy

ad*(xq,zl,) — 0, (1.3)
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as a — oo. That is, sending o — oo forces the optimizing points to be close, thus essentially reducing the
problem to an estimate on the difference of the Hamiltonians H evaluated in the squared metric d?. Thus,
the comparison principle holds if one can show that

lim inf H (%d?(.,x;)) (o) — H (—%dQ(xa, -)) () < 0. (1.4)

(63
a—r 00

In practice, estimate (1.4) then translates into explicit conditions on H. Typical conditions are coercivity
and Lipschitzianity. When H is, for example, of the form

1
Hf(z) = (b(x), Vf(@)) + 5|V ()]
with a one-sided Lipschitz drift term b, the estimate (1.4) translates into
& 20 0 _ ) . /
H (Sd%(a0)) (2a) = H (=5 (w0, ) ) (ah)
’ a? 5 ’ / / a” 2 /

= |{b(za), alza = 24)) + 5 d (20, 2a) | = |(b(2a), Aza = 24)) + 5 d*(Za, 2a)
< (b(za) — blag,), oz — 7)) < aly|za — 24|,

which, by (1.3), tends to 0 as o — oc.

For second-order operators, however, the same strategy fails. Consider, for example, (% times) the Lapla-
cian Hf(z) = $Af(z) = 3 Tr (D?f(2)). The estimate (1.4) yields

H (S8 (,al)) (2a) = H (~5d(xa,) (@) = 20,

which diverges as a@ — co.

The works [34,35] use the key insight that, while typical first-order comparison proofs explore sequences
of optimizers of the doubled equation separately (fix 2/, and vary z for the subsolution part and vice versa),
for second-order equations, one needs to treat the two sequences jointly. This insight was later formalized
in [16] and the User’s Guide [18, Theorem 3.2], now known as the Crandall-Ishii Lemma.

For the basic second-order differential operator Hf(z) = 1 Tr(D?f(z)), given X, = D?u(z,) and
Y,, = D%v(z)), or appropriate generalizations thereof, the Crandall-Ishii Lemma supplies the estimate

X, 0 |
(5 )= ()

Conjugating the matrices with

c::%(% %) (1.5)

i.e., essentially using C' to couple the subsolution and supersolution inequalities, we arrive at the desired
estimate

1 1 1 XY, X,-Y
2Tr(Xa)2Tr(Ya)—4Tr<XZYZ XZYZ>§0' (1.6)

Extensions of this originally local argument for equations with non-local terms can be found, e.g., in
[7,25,32].
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1.2. Our framework

To be able to treat second-order and non-local integral operators in the same way, we reinterpret the
Crandall-Ishii Lemma in a test function framework together with a coupling approach. This reformulation
allows us, on one hand, to handle a variety of operators jointly and, on the other hand, to obtain a stronger
version of the typical comparison principle: the strict comparison principle. Our approach is organized
around the following three main components.

1.2.1. Test function framework

Examining the proof of the Crandall-Ishii Lemma, one can interpret the procedure as the construction
of two smooth test functions ¢, ¥, € C*°(RY) that are squeezed between u and v on one hand, and %dz on
the other. To be more precise, we find ¢4, 1, € C*°(R?) such that for slightly perturbed optimizing points

u(a) = a(ra) = sup {u(z) — ¢ (@)}, v(2g) —valry) = inf {v(2') —va(2’)},

zeRa z’'eR4a

and

bo(T0) — Yo () — %dQ(xa,x’a) = sup {u(aj) — (") — %dQ(x,x’)} . (1.7)

z,x’' €ER4

The construction of such test functions, as given in Proposition 5.10, is independent of the specific Hamil-
tonian. This allows us to decouple the technical construction of the test functions from operator-specific
properties.

Analogous to Section 1.1, using the sub- and supersolution properties, comparison now follows from the
estimate

lim inf H ¢y (20) — Hipa () < 0.

a—00

For the Laplacian H f(x) = 3 Tr (D?f(z)), this translates to

1 1
Hoo(za) — Hipa(zr,) = ) Tr(D2¢a(xoz)) ) TY(DQ% (24,)- (1.8)
At this point, in proofs using the Crandall-Ishii Lemma, the estimate (1.6) is performed by the conjugation
with the matrix C, cf. equation (1.5). We formalize this step by adapting the probabilistic notion of couplings,
cf. [12,36,44], and identify the choice of the matrix C' with the synchronous coupling (also called co-monotone
coupling).

1.2.2. Synchronous coupling
We illustrate the idea of synchronous couplings in this context using the following example: Given two
Brownian motions starting in x and z’, one can construct a coupling of the two by considering

(X(t), X'(t)) = (= + B(t), 2’ + B(t)), (1.9)
where B(t) is a standard Brownian motion. The generator of the coupled process (1.9) is given by

~ , 1 , 1 1 1 /
Hg(z,x") = 5(8m+8m/)29(x,x )= §Tr <<1 1) D*g(z,x ))

= %’I&r (CD?*g(z,2")CT),
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where we recover the matrix C in (1.5). Note that Hisa coupling of H with itself in the following sense:
For any fi, fo € Cy(R?) and (f1 @ f2)(x,2") := fi(x) + fa(2’), we have

H(fr @ fo)(w,a’) = Hfi(x) + Hfa(').

Using the coupling H, we can now rewrite (1.8) as

Hoo(za) — Ha(zl) = H (o ® —ta) (za,2,) < H (%f) (Ta, ) = 0, (1.10)

where the first equality follows from the definition of a coupling, the inequality is based on the positive
maximum principle with the optimizers from equation (1.7), and the final equality is due to the fact that the
synchronous coupling controls distance growth. We formalize this structure as controlled growth couplings,
cf. Definition 3.3.

The same strategy can be used to treat a discretized version of the Brownian motion by considering the
generator Hf(z) = 1 [f(z+1) — f(z)] + 1 [f(z — 1) — f(z)] of a random walk: We synchronously couple
the random walk with itself using the operator

Af(ey)= 2 F+Ly+1) — fay)] + 3 e —Ly—1) - f).

| =

The argument in (1.10) then works for the random walk exactly as it did for the Brownian motion. In the
examples in Section 4, we make these heuristic arguments rigorous, cf. Propositions 4.4 and 4.12.
In fact, the coupling approach is a key step in the proof of the main theorem, see equation (6.17).

1.2.8. Strict comparison principle

Making the above aspects of our framework explicit allows for a modification of the doubling-of-variables
technique that yields a stronger comparison result in the following sense.

Recall that for a subsolution v and a supersolution v to the equation f — AH f = h with h replaced by
hy for u and by hs for v, the goal of the comparison principle is to show

sup u(z) —v(z) < sup hi(x) — ha(x).
z€eR4 zeR4

The comparison principle, once established, thus implies sup-norm contractivity of the solution map
R(\): Cp(RY) — Cp(R?), where R(A)h is the unique viscosity solution to the Hamilton-Jacobi equation
(1.1).

It is well-known from examples, cf. [6,13,24,46], that the map R(A)h takes the form of an exponentially
discounted Markovian control problem. If the dynamics admit a Lyapunov function V', having compact
sublevel sets and satisfying HV < ¢, the controlled Markov processes satisfy tightness properties. More
precisely, if the controlled process starts in a compact set K, one can find, for any time horizon 7' > 0 and
e > 0, a compact setA K D K, given in terms of the sublevel sets of V' such that, with probability 1 — e, the

process remains in K up to time 7. Rewriting this in terms of an estimate on the solution map R(\), we
then find

su}p; R(Mhi(z) — R(Mha(z) < € |hy — ha| + sup hi(z) — ho(z). (1.11)
z€ zeK

Estimates of this type are indeed characterized by the strict topology, as was first established for linear
functionals in [40, Theorem 5.1] and for convex, monotone functionals in [38, Corollary 2.10]. Note that in
this paper, we do not investigate the convexity of the map h +— R(A\)h, but point out that, given a convex
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operator H, convexity of R(A)h is to be expected by performing a comparison principle in terms of three
variables using, e.g., variants of the three-dimensional theorem in [18, Theorem 3.2], see also the domination
principle in [26, Theorem 2.22 and Corollary 2.26].

Building upon the notion of Lyapunov functions, we show that we can directly establish a variant of
(1.11) for a subsolution u and supersolution v. Given its motivation, we will call this estimate the strict
comparison principle, see Definition 2.4 and the main result, Theorem 3.12.

2. Preliminaries
2.1. Notation

Throughout the paper, let ¢ € N. We write C(R?) for the set of all real-valued continuous functions
on R?, where RY is endowed with the topology induced by the Euclidean distance d on R?. Throughout,
the terminology differentiable and derivative refers to the classical concepts with respect to the Euclidian
distance d on RY.

Let Cy(R?) be the set of bounded continuous functions. For k € N, let C*(R?) denote the space of all
real-valued functions on RY that are k-times continuously differentiable. Let CF(RY) the set of all functions
in C*(R?) with bounded derivatives up to order k. We denote the space of all smooth functions that are
constant outside of a compact set by C>°(R?). We write C,(R?) and C;(R?) for the set of continuous
functions on R? that are uniformly bounded from above and below, respectively. Moreover, we write

C+(RY) :={f € C(RY) | f has compact sub-level sets},
C_(R?) :={f € C(RY) | f has compact super-level sets},
C.(R?) :={f € C(R?)| f is constant outside of a compact set}.

We furthermore define the following intersections: C?(R?) = C.(R9) N C?(RY),
CI(R?) = CL(R)NC*RY),  C%(RY):=C_(R?)NC?*RY).

For a,b € R, we write a V b := max{a, b} and a A b := min{a, b}. We denote the supremum norm by |- |,
that is

| = sup [f(z)],
zeR4
for f € Cp(RY), while, for u € C(R?), we use the notation

[u] = Iseu]gq u(z), lu] = $ienH£q u(z)

for a supremum or infimum over the entire space and

[u] o = sup u(x), luo = inf u(x)
zeC zeC
for a supremum or infimum over a subset C' C R9.
We say that a function w: [0,00) — [0,00) is a modulus of continuity, if w is upper semi-continuous with
w(0) = 0. We say that a function f € C'(R?) admits a modulus of continuity, if, for every compact K C RY,
there exists a modulus of continuity wg : [0,00) — [0, 00) such that, for all z,y € K, we have

[f(z) = f(y)| < wr(d(,y)).
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A function ¢: R? — R is called semi-conver with constant x € R if, for any xg € R%, the map
K 2
2 0f@) + 2Pz, o)
is convex. Moreover, ¢ is called semi-concave with constant x € R if —¢ is semi-convex with constant —«.

We say that a function f € C(R?,R?) is one-sided Lipschitz if, for all z,y € R? and some constant
C € R, we have

(& —y, fl2) = fy)) < Cd*(z,y).
For any z € RY?, let s, : R? — RY be the shift map
sx(x) =z — 2.
For any z1,z2 € RY, let
2y 2 (2,) = d (52, (), 52, (y) -
Let f1, fo € C(RY). Then, we define the direct sum fi1 @ fa, f1 © fo € C(RY x RY) as
(1 & fo)(z1,22) = fi(z1) + fow2) and  (f1© fo)(21,22) = fi(z1) — fa(z2)
for all 21, z9 € R?. For two sets of functions Fi, F C C(RY), we define
FokR={0flick, €k} and FOF:={fi0f:|fi €, f:€F}.
2.2. Operators

We cousider operators H C C(R?) x C'(R?), where we identify H by its graph. As usual, the domain of
H is given by

D(H)={f e CR?)[Ige CRY): (f,9) € H}.
Let Hy, Hy C C(R?) x C(R?). We define
Hy + Hy = A{(f, 91+ 92) | (f, 1) € H1,(f, 92) € Ha},
which is an operator with domain
D(H, + Hs) = D(Hy) ND(Hy).
We say that H is linear on its domain if, for any f,g € D(H) and a € R such that af + g € D(H), we have
H(af+9)=aHf+ Hyg.

We will prove the comparison principle for the equation in terms of H by relating it to two equations in
terms of two restrictions of H. To do so, we will need to be able to construct test functions in the domain
of H from functions in the domain of the restrictions. In particular, we will need the following notion.

Definition 2.1 (Sequential denseness). Let D C C,(RY), Dy C C(R?), and D_ C C_(R?).
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o We say that D is upward sequentially dense in D, if, for any f; € D, and constant a € R, there exists
a function f; , € D such that

if f+(z) < a,

{fw(m) = fi(x)
< fT(ac) if fT(x) > a.

a < fia(z)

o We say that D is downward sequentially dense in D_ if, for any f; € D_ and constant a € R, there
exists a function f;, € D such that

if fi(z) > a,

{fi,a(x) = f+(x)
> fi(x) if fi(z) <a.

a> fra(x)

2.8. Viscosity solutions

For A > 0, consider hy € C;(R9) and hy € C,(R?) and two operators H; C C;(R9) x C(RY) and
Hy; C Cy(RY) x C(R?). We study the pair of equations

[ =AHf < h, (2.1)
[ —=AHsf > ho. (2.2)

The notion of viscosity solution is built upon the maximum principle.

Definition 2.2 (Mazimum principle). We say that an operator H C C(R?) x C'(RY) satisfies the mazimum
principle if, for all f1, fo € D(H) and z¢ € RY with

f1(zo) = fa(wo) = sup {f1(z) — fa(2)},

zeR4

we have
H fi(vo) < H fa(x0)
and, analogously, for all fy, f» € D(H) and ay € RY with
Ni(@o) = fa(xo) = inf {fi(2) — f2(a)},
we have
H fi(z0) > H fa(xo).

Observe that every operator H C C(R?) x C'(R?) that satisfies the maximum principle is single-valued,
ie., for all f € D(H),

#{g e C(R?) | (f,9) e H} = 1.

Definition 2.3 (Viscosity sub- and supersolutions). Let H; C C;(R?) x C(R?) and Hy C C,(RY) x C(RY)
be two operators with domains D(H;) and D(Hs), respectively. Moreover, let A\ > 0, hy € C;(R?), and
ho € Ou(Rq)
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(a) A bounded, upper semicontinuous function u: R? — R is called a (viscosity) subsolution to (2.1) if, for
all (f,g) € Hy, there exists a sequence (z,,)n,en € R? such that

lim w(zy,) — f(zn) = sup u(z) — f(z),

n—oo R4

lim sup u(x,) — Ag(a,) — hy(z,) < 0.

n—oo

(b) A bounded, lower semicontinuous function v: R? — R is called a (viscosity) supersolution to (2.2) if,
for all (f,g) € Ha, there exists a sequence (z,,)nen € R? such that

lim v(z,) — f(z,) = inf v(z) — f(x),

n—oo rxeRa

lirginfv(xn) — Ag(xy) — ha(zy) > 0.
If Hi = Hy and hy = hg, a function u € Cp(RY) is called a (viscosity) solution to the pair of equations
(2.1) and (2.2) if it is both a subsolution to (2.1) and a supersolution to (2.2).

Working with test functions that have compact sub- or superlevel sets respectively, an approximating
sequence can be replaced by an optimizing point in the definition of sub- or supersolution, see Appendix B.

Associated with the definition of viscosity solutions, we introduce the comparison principle, which, for
h1 = hs, implies uniqueness in the viscosity sense for solutions of the Hamilton—Jacobi equation f—AH f = h.
We additionally introduce a new, stronger notion: the strict comparison principle. This name is inspired by
the observation that the comparison principle implies contractivity in the sup-norm of the solution map.
The strict comparison principle implies continuity in terms of the weaker, strict topology, see e.g. [40].

Definition 2.4. We say that the equations (2.1) and (2.2) satisfy

(a) the comparison principle if, for any subsolution w to (2.1) and any supersolution v to (2.2), we have

sup u(z) —v(x) < sup hi(z) — ha(z).
rzeR4 reRa

(b) the strict comparison principle if, for any subsolution w to (2.1), any supersolution v to (2.2), any
compact set K C R? and ¢ > 0, there exist a compact set K = K(K,¢,|u],|v]|) and constant C =
C(u,v, K, hq, ha, A) such that we have

sup u(z) — v(z) < eC + sup hi(x) — ha(z).
zeK zeK

Observe that the strict comparison principle implies the comparison principle. Indeed, by the strict
comparison principle, for all g € R? and ¢ > 0, there exists a constant C, independent of ¢, and a compact
sett K C RY such that

u(xp) — v(xg) < eC 4+ sup hy(x) — ha(x) < eC + sup hy(z) — ha(z).
zeK zeRa

Letting € | 0, we find that u(zo) — v(zo) < sup,egrq 1 (z) — ho(z). Taking the supremum over all zp € RY,
the comparison principle follows.
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3. Setup and main result

In this section, we state our main result, Theorem 3.12, that contains the strict comparison principle for
operators of the type

Hf(x) = sup inf Hg, g, f(x) — Z(x,61,062) (3.1)
0.0, 0204 ’

in Hamilton—Jacobi-Isaacs (HJI) form.

In Section 3.1, we introduce the key concepts of our framework and appropriate penalization functions to
perform localizations and the Jensen perturbation. Theorem 3.12 is stated in Section 3.2. Further technical
assumptions that are needed for the main result are given in Section 3.3.

3.1. Core concepts of the framework

In this subsection, we give the main definitions underlying our framework. We consider operators of the
form

H=A+B,

where A is a stochastic part, which we can couple in the sense of the Definition 3.3 below, and B is a
deterministic part, which we require to be a convex semi-monotone operator in the sense of Definition 3.6
below. Later, H will play the role of Hy, g, in equation (3.1).

Definition 3.1 (Coupling). Let A C C(R?) x C(R?) and AcC C(R??) x C(R??) be linear on their respective
domains. We say A is a coupling of A if D(A) @ D(A) C D(A) and, for any f1, fo € D(A), we have

A(f1 @ f2) = Afr + Afo.

Definition 3.2 (Controlled growth). Let A C C(R29) x C(R?7). We say that A has controlled growth if, for
any « > 1 and 2,2 € R?, we have %diz/ € D(A). In addition, for any compact set K C RY, there exists a
modulus of continuity wz ,-: [0,00) — [0,00) and z,2’,y,3" € K such that

~
A (gdi—y, m_y,) (,2") <w;z g (a (d(z,y) + d(y,y) + d(y', )"

+ (dlwyy) + d(y,y) +dly,2) )

Definition 3.3 (Controlled growth coupling). Let A C C(R?) x C(R%) and A C C(R24) x C(R24) be linear
on their respective domains. We say A is a controlled growth coupling of A if the following properties are
satisfied:

(a) A satisfies the mazimum principle, cf. Definition 2.2.
(b) A is a coupling of A, cf. Definition 3.1.
(¢) A has controlled growth, cf. Definition 3.2.

Definition 3.4 (Local first-order operator). We say that B C C(R?) x C(R?) is a local first-order operator if
there exists a continuous map B : R? x R? — R such that, for any f € D(B), we have Bf(x) = B(z, V f(z)).
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Definition 3.5 (Local semi-monotonicity). Let B C C(R?) x C(R?) be local first-order for some B, cf.
Definition 3.4. We say that B is locally semi-monotone if, for any compact set K C R9, there exists a
modulus of continuity wg k: [0,00) — [0, 00) such that, for all z,y € K and o > 1,

B(z,a(z —2')) — Bly,a(z — 2')) < wp i (ad®(z,2) + d(z,2")).

Definition 3.6 (Conver semi-monotone operator). We say that B C C(R?) x C(R?) is a convexr semi-
monotone operator if the following properties are satisfied:

(a) B C C(R?) x C(R?) is locally semi-monotone for some B, cf. Definition 3.5.
(b) For all € RY, the map p — B(x,p) is convez.

Following typical comparison principle proofs, we will be perturbing the optimization problem

sup u(z) —v(x),
zeRa

using a variant of the doubling-of-variables procedure to ensure that we can use the properties of sub- and
supersolutions. Our perturbations consist of two components:

e We need a function V that allows us to work with compact sets, see Definition 3.7.

e We perform a variant of the Jensen perturbation to construct optimizers, in which the second derivative
exists, see Definition 3.10. This construction is based on a linear perturbation ¢, . and a localization
function &,.

Definition 3.7 (Containment function). We call V: R? — [0, 00) a containment function if

(a) infyera V(y) =0,
(b) V is semi-concave with semi-concavity constant sy,

(c) for every ¢ > 0 the set {y |V (y) < ¢} is compact.

Typical examples include, e.g., approximately V(x) ~ |z| or quadratic V(z) ~ x2. In Section 4, we will
work with the following containment function.

Example 3.8 (Containment function). Consider

1
Note, that V is semi-concave with constant ky = 1.
Later, we will use containment functions that behave like a Lyapunov function for the Hamiltonian H,
which motivates the use of a slowly growing function V. More precisely, we will consider the following

definition.

Definition 3.9 (Lyapunov function). Let V : R? — [0,00) be a containment function and let H C C(R?) x
C(R?) be an operator. We say that V' is a Lyapunov function for H, if V € D(H) and

sup HV (z) < oo.
zeRY
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The next definition introduces the functions, with which we can perform the Jensen perturbation pro-
cedure, cf. [18, Lemma A.3], to produce points, at which second derivatives exist. The variant used here
creates a unique, global optimizer from a local one using & and then shifts it slightly with {. The two sets
of perturbations are based on the prototypical examples of lines, i.e.,

CZJD(x) = <p,17 - Z> ) (32)
and parabolas, i.e.,
() = 3, 2), (33)

both centered at some z € R?. We give them as a pair to capture the idea that quadratic growth dom-
inates linear growth, cf. Definition 3.10 (d) below, which is used in our variant of Jensen’s Lemma, cf.
Proposition 5.4.

Definition 3.10. We call collections of maps {(.p}.crapere © C(R?) and {&}.ere € CH(RY) with

Cp:RT = R and &, : RY — R sets of first and second order point penalizations, respectively, if there
exist constants R > 0 and k¢ > 0 such that for all z € R?:

(a) C;p is linear in terms of p around z:

Cz,p(y) = <pa Yy — Z> )

if y € Br(z).
(b) The map . is semi-concave with constant re.
(¢) The map &, is a penalization away from z:

&(2)=0,  &(y) >0, if y # 2.

(d) We have

inf inf + > 0.
IplglyngR(z)gz(y) Cp(y)

For any given zg, 21 € R? and p € RY, we consider the maps

=%y) = B2, 5 (1) = &0 (U) + Caop(¥),
(y) = Zapn (y) =& (y) + Czo,p(y) +& (y)

[1]

In our example Section 4, we will work with the following choices for ¢ and &. The first collection follows
(3.2) and (3.3) and is a usual choice in the literature. The second collection is based on a cut-off of the first
collection. We do this to control the action of non-local integral operators on the perturbations.

Example 3.11 (Jensen penalization functions). Consider the following two collections of penalization func-
tions:

Collection 1 The base penalizations are
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Collection 2 Let R” > R’ > R > 2. Let £ : [0,00) — [0,00) be a smooth function satisfying I(r) = 1 for
r < R and I(r) = 0 for z > R". Let

€.(z) = (1= ld(z,2)(R" +1)* + {(d(z, Z))%dQ(x, 2),

Cpx (@) = U(d(x, 2)) (p,x — 2).

3.2. Comparison principle
The following theorem is the main result of the paper.

Theorem 3.12 (Strict comparison principle). Consider a containment function V' and penalization functions

{Cop}rera pera and {.}sera. Let H C C(R7) x C(RY) be given by

Hf(x) = esgg 92i2(f—)2 {H91,92f(x) - I(Z’, 01,92)}3

Ho, 0, f () = Ag, 0, f(x) + Ba, 0, f (),
with compact, metric spaces ©1 and O, satisfying the technical Assumptions 3.15 and 3.16 below, and

(a) For all 61 € ©1,02 € Oq, Ay, g, is linear on its domain and admits a controlled growth coupling 1&91,92
as in Definition 3.3 with a modulus uniform in 61 and 0.

(b) Forall0; € ©1,02 € O3, By, 0, is a conver semi-monotone operator as in Definition 3.0 with a modulus
uniform in 01 and 05.

(¢) The cost functional T: RY x ©1 x Oy — (—00,00]| is lower semi-continuous in (x,01,02), upper semi-
continuous in O for fixed (x,01), and admits a modulus of continuity in x uniformly in (01, 603).

(d) The collection of operators {Hg, g,}0,c0,.0,c0, satisfies Isaacs’ condition, i.e., for all f €
Mo, co, 0.c0, P(Ho, 0,),

sup inf {Hgl,ng(l‘) — I(l‘, 91,92)} = inf sup {H91792f(.73) — I(J?,el, 02)}
0,€0, 02€02 02€02 9, cO,

(e) We have V € D(H) and

cy = sup sup sup Hy, g,V (x) —Z(x,0,02) < 0. (3.4)
z€R?60:€0; 02€02

In particular, V is a Lyapunov function for H in the sense of Definition 5.9.
Let H C {(f,g9) e H| f € Ctv(RY)} and consider
f—AHf=h (3.5)

for A > 0 and h € Cy(R?). Let u and v be a sub- and supersolution to (3.5) with hy and he instead of h,
respectively. Then, for any compact set K CR? and € € (0,1), we have

sup u(z) —v(z) < eCe + sup hy(x) — ho(x), (3.6)
reK zef(\a

where K. = IA(E(K,U,U) and C. := C:(K,u,v, hy, ha) are given by
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K. = {z er?|v() < L0l . Il [V]K},

2 1 1 1 1
= = (Vg + Aev) + —— | + —— Jhal — [ ——u - .
Cei= 25 (Vi + Aev) + Tz Wil + T Bl = | 7w o]

In particular, the strict comparison principle holds for (3.5).

The proof of Theorem 3.12 is carried out in Sections 5 and 6. In Section 5, we construct test functions and
optimizers based on a variant of the Jensen perturbation result. This result is independent of the operator
H. Based on this construction, we proceed in Section 6 to verify the strict comparison principle based on
properties of H.

Examples, in which we apply the results, can be found in Section 4.

Corollary 3.13.

(a) The strict comparison principle for HJB equations follows from Theorem 3.12 by taking ©2 to be a
singleton.

(b) The strict comparison principle for HJ equations follows from Theorem 3.12 by taking both ©1 and ©s
to be singletons.

Remark 3.14. If H is the generator of a Markov process, the comparison principle implies uniqueness of the
martingale problem using [14, Theorem 3.7]. We also refer to [8,21,43] for details on the martingale problem.

3.8. Regularity and compatibility assumptions

In this section, we state the technical assumptions necessary for the proof the main theorem.

As we have a choice for the domain of our operator and only need functions with compact sub- and super-
level sets, we need to ensure that the domains of the restrictions are regular enough to perform our analysis.
In particular, the action of the operator on test functions and their combinations with perturbations need
to be well-defined. Furthermore, we require that the domains are large enough to allow for approximations
in the sense of Definition 2.1.

Considering the classical case H = 1A with D(H) = C°(RY), a natural extension that includes our
prototypical functions

Vi) =tog (14 52%), Cpl0) =t —3), o) = 5(0,2), (3.7

would be H = %A with D(H) = C?(RY). Starting from general H, this motivates the following assumption.

Assumption 3.15 (Regularity of H). Let H C C(RY%) x C(R?) be an operator with the following three
restrictions

Hg{(fag) €H|fecb(Rq)},

Hy C{(f,9) e H|f e Ct(R)},
H_C{(f,g) cH|feC_(RY)},

satisfying

(a) H satisfies the maximum principle,
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D(H) is linear and C°(R?) C D(H) C Cp(R9),

D(H) is upward sequentially dense in D(H ), as in Definition 2.1,
D(H) is downward sequentially dense in D(H_) as in Definition 2.1,
) D(H) is convex,

(f) for any f € D(H) and g € D(H4) and § € (0,1), we have

(1-8)f +3dg € D(H,), (1+8)f — dg € D(H_).
In our main theorem, Theorem 3.12, we assume that the Hamiltonian H has an Isaacs-type structure

Hf(z) = sup inf {Ag, g, f(z)+ Bo, 0, f(x) — L(x,01,02)}.
0,€0, 02€02

To ensure it is well-behaved, we need the collections of operators {Ag, g, }o,co, 0,0, and {Be, o, }o,c0, 6,c0,
themselves to be well-behaved as functions of (61,602) and when acting on the families of penalization
functions, introduced in Section 3.1, in the following sense: The collections of operators {Ag, g, }o,c0, 6,c0,
and {Bg, ¢, }9,c0,,0,co, are continuous in (61,62) and the state variable x. The domains of the operators
contain the (shifted) perturbations and the Lyapunov function. The operators act continuously with respect
to all variables on the perturbations and the Lyapunov function composed with the shift maps =, -, 0 s,
and V o s,, respectively.

Returning to our basic example H = %A with D(H) = C?(R?) and V,(, p, &, as in (3.7), this is trivially
satisfied. For a more general operator of the form

Hf(r) = b(@) V() + 507 (@)Af (2)

with domain D(H) = C?(R?), the following assumption translates to continuity requirements on the coeffi-
cients o and b.

Assumption 3.16 (Compatibility of Ag, g, and B, g, ). Let ©1 and O3 be compact, metric spaces. For 61 € 04
and 0 € Og, let Ag, o,,Bp, 5, € C(R?) x C(RY). Consider a containment function V' as in Definition 3.7
and penalization functions {(. p}.era pers and {&;}.erq as in Definition 3.10.

(a) Let the collection {Ag, g,}0,co,,0,c0, be compatible with V', {(. p}.cra pera, and {£.}.cra, ie.,
(1) we have

Vos, e D(Aehez)a 520717721 SEPES D(Agl,az)

for any 01 € ©1, 03 € Oy, and z € B1(0),
(2) the maps

(91»027377207177 Z17Z) = A01102 (EZOJ%ZI © SZ) ($>7

(01,02,.’13,2) = A01,62 (V o SZ) (Jf)

are continuous,
(3) the map

(917 92) = Ael,ezf(‘r)

is continuous for any x € R? and f € g, co, g,c0, P(A0,,0,)-
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(b) Let the collection {Byg, g, }o,co,,0,c0, be compatible with V', {(. ,}.cra pera, and {&.}.era, ie.,
(1) we have

Vos, € D(B91792)) 520711721 °0s; € D(BG1,92)

for any 6; € ©1, 03 € O9, and z € B1(0),
(2) the maps

(9179% z,20,Pp, Zl) = 3917925207;0,21 (‘r)v

(91, 92, x) — [5391792‘/(1')

are continuous,
(3) the map

(01,02) — B, 0, f(x)
is continuous for any x € R? and f € Ny, co,.0,c0, P(Bo, 0.)-
4. Application to partial integro-differential operators

In this section, we discuss the application of our framework to partial integro-differential operators of the
type

HF(r) = (b(e), V() + 5 Tr (957 (2) D ()
+ [ 1@ +2) = £(e) = X,00/@) T F(@)] olele) + H(TF () (41

and suprema thereof. For simplicity, we restrict our attention to the case without an additional infimum.
We split H into A + B with

1
A= 3T (EST@D? @) + [ [fa+2) =~ 1) =~ X, 00)@) (8 V1 (0)] palda),
and
B = (b(z), Vf(x)) + H(V[(z))
and specify conditions under which
e we can construct a controlled growth coupling for A,
e we can establish local semi-monotonicity of B,
« we can verify that A and B are compatible with the containment function V(z) = log (1 + 32?) as in
Example 3.8 and Jensen penalizations {(. p}.era perae and {&;}.crqs as in Example 3.11,

e the containment function V is a Lyapunov function for H.

Since we specialize to the Bellman case, property (e¢) in Theorem 3.12 is equivalent to V' being a Lyapunov
function.
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As all considered functions in Examples 3.8 and 3.11 and s, are smooth, part (1) of the compatibility
assumptions for A and B, cf. Assumptions 3.16 (a) and (b), hold for every part of H except the integral
term immediately.

To simplify the verification of our conditions, we have the following two observations.

Remark 4.1. Let A;, Ay C C(RY9) x C(R?) be linear on their respective domains and compatible with V,
{Cep}zeRra pera, and {&. }.cra and with associated controlled growth couplings A1, A, C C(R%9) x C(R?9).
Then, the operator A := A; + A, is linear on its domain and compatible with V', {(. ,}.crq perq, and
{€.}.erq and with associated controlled growth coupling A=A +A,.

Remark 4.2. Let Bq, B, C C(RY) x C(RY) be compatible with V, {(. p}.era pera, and {&. }.erq and convex
semi-monotone operators. Then B := B; + By is compatible with V', {(. p}.cra pera, and {&.},era and
convex semi-monotone operator.

The rest of this section is organized as follows:

e In Section 4.1, we consider drift terms and convex first-order Hamiltonians;
e In Section 4.2, we consider diffusion operators;

e In Section 4.3, we consider integral operators;

e In Section 4.4, we consider an illustrative example from optimal control.

4.1. Drift terms and convex first-order Hamiltonians
In this section, we consider the deterministic part of the operator (4.1).

Proposition 4.3. Suppose that B is given by

Bf(z) = (b(x), V(z)) + H(Vf(2))

with the drift term x +— b(z) locally, one-sided Lipschitz with constant Ly i and |b(x)| < 2 (1 + |z]) for
some constant ¢, > 0, and p — H(p) continuous and convex.
Then, B is compatible with both collections of Examples 3.8 and 3.11, cf. Assumption 3.16 (b), and convex

semi-monotone. Furthermore, V = log(1 + %2) is a Lyapunov function for B, cf. Definition 3.9.

Proof. Convex semi-monotonicity: Clearly, B is locally first-order with B f(z) = (b(x), Vf(z))+H(V f(x)) =
B(z,V f(x)). Additionally, for any compact set K C RY, « > 0, and z,2’ € K, we have

B(z,a(z —2") — By, a(z — 2')) = (b(z),a(z — 2")) + H(a(x — 2))
— (b(@"), a(z — 2')) — H(a(z — 2'))
= (b ( ) = b(@"), a(z — 2'))
H(a(z —a')) — H(a(z — ')
<al, Kd2(x, N, (4.2)

establishing semi-monotonicity. As convexity of p — B(x,p) is immediate, we conclude that B is convex
semi-monotone.
2
Lyapunov control: Using that V(z) = log gl + %), VV(z) = 2+‘ 37177 18 bounded as a function of z, b has

linear growth, and that H is continuous, we find that
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sup BV (z) = sup <b(x) 2 >+H (2—”6> < .

2cRa scRa T2+ |x]? 2+ |z|?

Compatibility: We show the compatibility of B, cf. Assumption 3.16 (b), by evaluation of the perturbation
and containment function in the operator.
Using &.(z) = 3d*(z, 2) and (. p(z) = (p,z — z), we find for 2, 21,z € R? and p € B1(0)

B(Zz0,p,21 ©82)(2) = (0(2), (x — 2 = 20) + p+ (¥ — 2 — 21))
+H(z—z-20)+p+(x—2—2)),

which is continuous in (x, zo, p, 21, 2) as b and H are continuous. For V(z) = log (1 + %xz) and z € R?, we

find
B(V 0 5.)(x) = <b(x), %> Y (%) 7

which is continuous in (z,z) as b and H are continuous. Thus, B is compatible. O
4.2. Diffusion operators
In this section, we focus on diffusion operators of the form
Af(@) = 5 Tr (S(@)ST () D*f ()
where ¥(x) is a positive semi-definite matrix for each fixed x € RY.

Our main goal is to construct a controlled growth coupling for the operator A. To illustrate the idea
behind our approach, consider the simpler case of (% times) the Laplacian operator

1
Aof(z) = 5 TH(D?f(z),
which is the infinitesimal generator of a Brownian motion. The well-known synchronous coupling of two

Brownian motions started from z and z’, respectively, is given by (X (t), X'(¢)) = (z+ B(t), 2’ + B(t)) with
B(t) a standard Brownian motion, having generator

~ 1
Aog(x,x') = ) (0 + 89:’)2 g(l‘,l‘/),
which satisfies 1&0d2 = 0. Aiming to generalize this, we rewrite

—~ . 1 /1 1
Agg(z,2') = Tr (CCTD?*g(z,2')) with C = 7 (]1 1) :

In general we obtain the following result.

Proposition 4.4. Suppose that A is given by
1
Af(z)=35Tr (E(@)Z" (2)D* f(x))

with X(x) positive semi-definite for all x € R, x +— X(x) locally Lipschitz with constant Ly, x and |X(z)| <
S (1 + |z|) for some constant cs > 0. Consider
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~

Af(x,2"):=Tr (iQ(x,x')DQf(x,x’)) ,
where

B = (SO s (o)

Then, A is compatible, cf. Assumption 3.16 (a), linear on its domain, admitting the controlled growth
-~ 2
coupling A. Furthermore, V =log(1 + %) is a Lyapunov function for A, cf. Definition 3.9.

For the proof we make use of the following auxiliary lemma.

Lemma 4.5. For each x € R, let B(x) be a positive semi-definite matriz and consider
1 2
Af(z) = 3 Tr (B(z)D*f(z)) .

For any z,x' € R, let g(x,x’) be a positive semi-definite matriz having block-structure

Define

Then, Adsa coupling of A.

Proof. We have

Il
= Y ORI

Afr o p)(@2') = 5 T (Bla. o\ D* (1 @ fo) (a.2))
Tr (B(z)D?f(z)) + %Tr (B(z")D*f(z))

= Afi(z) + Afa(a’)

and A satisfies the maximum principle by definition. O

Proof of Proposition 4.4. Controlled growth coupling: By Lemma 4.5, Adsa coupling for A. We thus verify
that A has controlled growth. Consider o > 1, K C RY a compact set, and x,z’,y,3" € K. Then,

(G ae) ) = (00 (300 ) 0

1
2
%Tr (fﬁ(m,m’) (a (_]11 _ILIL>> (x,xl)>

establishing controlled growth.
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Lyapunov control: Using V(z) = log(1 + %) and the fact that ¥ has linear growth, we find that

sup AV (z) = sup 1Tr (E(z)2" (2)D?*V (2)) < oo. (4.4)
xeRa zERY

Compatibility: Using &, (z) = 3d*(x, 2), (. p(x) = (p,x — 2) and V(z) = log(1+ %), we find for zg, 21, 2 €
R? and p € B;1(0)

A(E0s.)(@) = 2 Te(S(2)S7 (x),
A(Vos,)(z) = % Tr (E(2)27 () D*(V 0 5.)(2))

which, by an analogous calculation as in equation (4.4), is continuous in (z, 2o, p, 21, 2) and (z, z). Conse-
quently, A is compatible. O

4.8. Integral operators

In this section, we cover examples of spatially inhomogeneous Lévy processes that have generators of the
type

Af(z) = / [f(z +2) — f(x) — XB,(0)(2) (2, Vf(2))] pa(d2), (4.5)

where Xp, (0)(z) = [(|z]) for some smooth non-decreasing function [ satisfying [ = 1 on a neighborhood of 0
and I(r) =0 for r > 1.

We next specify the space from which we can take our jump measures p,. For this, we need to control
the mass close to 0 as for large values of z. The following function controls both:

W(z) := XBl(O)(Z)|Z|2 + (1 = XpB,(0)(2)) log (1 + |z\2) .

We take the family of jump measures {{i; }cre from the set of equivalence classes My (R?) := M(R?)/ ~
with

M(R?) = {,u € M(RY)

/mew<w}
where M (RY) is the set of all Borel measures on R? and where
W~V if and only if  plra\ (o} = V[Ra\{0}-
We topologize the set My (R?) by the weak topology oy induced by the pairings
W /g(z)u(dz) for all g € Cw, (4.6)

where

Cw = {g € C(RY)

_ l9(2)|
g(0) =0, and 2171&18 W@ < oo.} .

Below, we construct controlled growth couplings for operators of the type (4.5). To clarify the concepts, we
consider the example of an uncompensated process, i.e., having an operator of the type
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Af(z) = / f(@ +2) - F(2)pa(dz).

Controlled growth couplings for this type of operator are of the form

Af(x,x’) = / [f(.fl)‘ +2z,y+ Z2> - f(xvxl)] Tx,z (deZQ)’ (4'7)

where 7 5 couples i, and p,. In the following example, we illustrate the need of being able to couple
jumps synchronously.

Example 4.6 (Random walk). Consider the simple random walk on R making jumps of size 1, i.e., pr, = p =
d_1 + 01 leading to the operator

Af(z) = [flx =)+ flz+1) = 2f(2)].

Well known couplings include walks with simultaneous jumps but independent directions, fully independent
jumps, and synchronous jumps. The corresponding generators are given as in (4.7) with jump measures

= u,
7= d(=1,0) + (1,00 + 0,—1) + 9(0,1)>
7T3 = 5(_17_1) + 5(1,1),

respectively. This leads to the operators

o~

Alf(z,2") = fx —1,2" — 1)+ f(x — 1,2 + 1)

+flz+ L2 = 1)+ fla+1,2" +1) —4f(z,2),
A2f(z,2") = flz—1,2') + f(z + 1,2') — 2f (z,2")

+ f(z, 2" — 1) + f(z,2' + 1) — 2f(z,2'),
Adf(z,2)=flz—1,2' = 1) + fz+ 1,2’ + 1) — 2f (2, 2').

Only for the final example, we see that A3q2 < 0, pointing at the necessity of the alignment of jumps.

Note that the third coupling above has different total mass, and we thus work outside the realm of the
typical notion of couplings of probability measures. A second feature of coupling jump measures, not present
in the example above, is that we can make one process jump, whereas the other does not.

We formalize this in the following definition.

Definition 4.7. Let p, v € My (R?). We say that 7 € M(R? x R?) is an extended coupling of p and v, if

7 ((A\{0}) x RY) = u(A\ {0})  forall A€ B(RY),
m(R? x (B\ {0})) =v(B\ {0}) for all B € B(R?).

Remark 4.8. A variant of this coupling was introduced in [23]. The mass can be moved to the boundary of
a domain. In our context, this boundary is the point 0.

Definition 4.9. Let = + p, be a map from RY into M(RY). Let (z,2') — 7, be a map from R?? into
M(RY x RY).
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(a) We say that (z,2') — 7, 4 is an extended coupling of © — p,, if, for all z, 2’ € R?, we have that 7, .
is an extended coupling of p, and pl,.

(b) We say that (z,2") — 7, 5 is locally Lipschitz, if, for any compact set K C R, there exists a constant
L i such that, for z,2" € K, we have

/dz(Z1,Z2)7TI’I/(dZ1,dZ2) < Ly gd*(z,2').

Remark 4.10. Note that conditions (12), (34), and (35) in [7] for p and j correspond to our choice of
My (R?) and locally Lipschitz extended coupling 7y 4.

Remark 4.11. Let n7: R — R be any locally Lipschitz map with local Lipschitz constants L, x. Set p, =
Oy L(ay0(2) and 4 o = Oy (2) m(2r))- Then, (z,2") = 7, 4 is a locally Lipschitz coupling of x +— p, with
Lk =1Lyk.

The main proposition of this subsection below aims to show that integral operators of the form (4.5)
can be treated analogous to the other examples above. We work with the second collection of penalization
functions, cf. Definition 3.11, to avoid integrability issues.

Proposition 4.12. Consider

Af(z) = / [F(&+2) — F(@) — Xpy(0) (2 V()] o (clz).

Suppose there exists a oy -continuous map x +— p, in My (R?), ¢f. (4.6), and that there exists a locally
Lipschitz extended coupling (z,x') v Ty 4 of © > py with Lipschitz constant L. i and, for X(Zl’ZQ) =

XBl(O) (Zl)XBl(O)(ZQ), set

~

Ag(x, ) ::/ [g(x +z1, 7"+ 22) — g(x,2)

— X(z1,22) {(21,22)", Vgl(z, y))}m,z, (dz1, dzs).

Assume furthermore that

512° + (z,2)
su lo 1+¥> +(dz) < oo.
s fros (1 2" netas)

Then, A is compatible, cf. Definition 3.16 (a), and linear on its domain, admitting the controlled growth
o~ 2
coupling A. Furthermore, V =log(1 + %) is a Lyapunov function for A, cf. Definition 3.9.

The proof of Proposition 4.12 is based on the following two auxiliary lemmas. In the first, we obtain
bounds on the integrand of our operator acting on the Lyapunov function V. In the second, we compute
the integrand of the Lévy-type operator acting on the shifted squared metric. We prove these two lemmas
following the proof of Proposition 4.12.

Lemma 4.13. Fiz x,z € RY.

(a) Forz € R?, we have

1
—log (1 + §|x—z|2> <Vos,(x+2z)—Vos,(z)
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sz +{z—22)

1+ Lz — 2

<log (1 + ) <log (1+ |z?).

(b) Forz € B1(0), we have
1
[Vos.(z+2z)—Vos.(z) (2, V(Vos,)(2)] < §|Z|2~
Lemma 4.14. We have

1 1
§d§7y,$,7y, (x + 21,2 +22) — Edi—y,wuy'(fv )

S ((2).9 (30 ) )

1~ ~ 1
< (1= 5R12) ) (a1, + (1 - X 22) 300,
Proof of Proposition 4.12. Controlled growth coupling: As (z,z') + 7, is a locally Lipschitz extended
coupling of & — pg, cf. Definition 4.9, we have that A is a coupling. Thus, we need to verify the controlled
growth property of A.
Let z,2',y,y € K for K C R? a compact set. Using Lemma 4.14, we then have

~ /« a 1.~ 9
A (§di_y’“’/_y/) (x,2") < E/ (1 — §X(z1,zQ)> d“(z1,22) Ty 5 (dz1, dz2)

a ~ 1
+ 5 /(1 - X(Zh Z2>)§d2(y, y/)ﬂ-a:,w’ (th ng)
< %LmKd2(x,xl) + %C%d%y,y’),

where the second inequality is due to the local Lipschitz property of the map (z,2') — 7y, and ¢ > 0
exists since, for every z,2’ € RY, 7, ,» € M(RY x R?). As such, A admits the controlled growth coupling A.
Lyapunov control: Using Lemma 4.13, we find

sup AV (z) < sup /(1 — Xp,(0)) log(1 + |2[*) + Xp, (0)|2|* 1 (d2z) < 00.
zeR4 reRa

Compatibility: We start by establishing the continuity of (z,z) — A(V o s,)(z). Let (z,,, z,) converge to
(z,z). We aim to apply Lemma Appendix A.1 with X = R?\ {0}, v,, = p,,, and

bn(z) =V os. (xn+2z)—Vos. (xn) — Xp, (0 (2, V(Vos., )(z)),
¢oo(z) =V os (v +2z)—Vos.(x) = Xp, (2 V(Vos.)(x)).

As ¢, is continuous, it remains to show that sup,,cn Sup,g ‘ﬁv((:)) | < o0. By Lemma 4.13, we can estimate

1 1
|¢n(z)\ < X31(0)§‘Z‘2 +(1- XBI(O))maX {—lOg (1 + B \a:n — Zn|2> ,log (1 + Z2)} .

Since (zn, z,) is convergent, hence bounded, we obtain the desired estimate. Continuity of (z,2) — A(V o
s,)(x) now follows by Lemma Appendix A.1.

Using the particular form of 2, ,, .., cf. Example 3.11, one readily verifies that the map (z, zo, p, 21, 2) —
A (2, p.2 ©82) () is continuous with an analogous argumentation. 0O
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Proof of Lemma 4.13. Let y = x — z, then we can write

Vos,(x+2z)—Vos,(x)
1 1 11,2 ’

1+ 3y[?

Applying Young’s inequality to (y,z) leads to the upper bound

2% + [yl 2> — 1 2
Vos,(x+2z)—Vos,(z)<log|l+ —-— | =log |2+ ——= | <log(1+ |z|?).

Using that the first term is positive, we obtain the lower bound

l|2

Y| Lo

Vos.(x+2z)—Vos,(z)>log|1 - 22— ):—lo (1—|—— )
(z +2) (2) g( [ E g 519!

This establishes (a). For the proof of (b), we apply Taylor’s Theorem to obtain

1
Vos.(z+2)—Vos.(z)— (V(Vos.)(x),z)| < -|z[* sup sup|Vi,V(y+z)
27 4eBi(0) i

1
<5 |Z|27
2
which follows by a direct inspection of

251'7]' (1 -+ %|(£|2) — Qxixj
(0 + 3PP

sz,jv(x) =

Proof of Lemma 4.14. Evaluating the shift maps, calculating the gradient of the squared Euclidean distance,
and expanding the squares leads to

1 1
Edi—y@’—y’(x +21,7 +22) — idi—y,w’—y’ (2,2)

St ((2).5 (e, ) )

1 1 N
= §d2(y + 21,y +22) — §d2(y, y') —X(z1,22) (y — ¥, 21 — 22)

1 A
= idz(zlsz) + Y-y, 21— 22) — X(21,22) (y — ¥, 21 — 22)

IN

Q;ﬂmjg)f&hm)Hlﬂmmﬁgf@w%

where in the second equality we use properties of the Euclidean distance d and the final line is due to
Young’s inequality. O

4.4. Stochastic optimal control
In this section, we showcase how the previous examples can be bootstrapped to the setting of optimal

control. We focus on a simplified setting that aims to illustrate the methodology that can be used to extend
the above arguments to more complex examples.
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For some compact set © and a continuous cost functional Z: ® — R, we consider the operator

Hf = sup {Agf(z) + Bof(x) —I(0)}

1
= sup {5 Tr (2(x, 57 (x, 0)D*f(z)) + (b(,0), V f(z)) — I(G)}.
6co
Such operators arise naturally in the context of (stochastic) optimal control, cf. [24,39,46]. We obtain the
following result.

Proposition 4.15. Suppose H is given by

Hf(x) = sup {%Tr (E(x, G)ZT(z,H)DQf(x)) + (b(x,0),Vf(x)) — I(G)},

[USS)

where we assume that

e O is compact and T: © — R is continuous,

o (x,0) — b(x,0) is continuous and Lipschitz in x uniformly in 6 with constant Ly k,

o X(x,0) is positive semi-definite for all x € R? and 6 € O, and the map (z,0) — X(z,0) continuous and
Lipschitz in x uniformly in 0 with constant Ly g,

e there are constants cy,cs > 0 such that [b(x,0)] < (14 |z|) and |E(z,0)| < F(1+ |z]).

Then, {{(b(z,0),V f(x))}sco and {% Tr (E(:E, )X (, 0)D2f(x)) }966 are compatible, {(b(x,0),V f(x))}oco
is conver semi-monotone, {3 Tr (E(x,@)ET(x,9)D2f(x))}ee® is linear on its domain and admits a con-

trolled growth coupling. Furthermore, V = log(1 + ””2—2) is a Lyapunov function for H, cf. Definition 3.9.

Proof. Convex semi-monotonicity and controlled growth coupling: Let 6 € ©. Then, by Proposition 4.3,
Bo(x,V f(z)) = (b(x,0),V f(x)) is locally first-order and, for any compact set K C R?, a > 0, and z, 2’ € K,
proceeding as in equation (4.2) and using the compactness of © and continuity of b, we obtain the estimate

Bo(z,a(x — 2')) — Bo(y, a(z — 2)) < aLy gd*(z,2’) forall § € ©.

Furthermore, by Lemma 4.5, we can find a family of couplings {1&9}969, which, analogously to Proposi-
tion 4.4, has controlled growth so that, using the compactness of © and continuity of 3, for any compact
set K CR?, o >0, and z,2’ € K, we obtain an estimate similar to equation (4.3) uniformly in 6, i.e.

T—y,x' —y

Ay (%dz /) (z,2') < oL}, gd*(x,2’) forall § € ©.

Lyapunov control: As 7 is continuous and © is compact, ¢z := infgeg Z(0) > —oo. Thus,

sup Hf(z) = sup sup {% Tr (S(z,0)X7 (z,0)D? f(z)) + (b(x,0), V f(z)) — I(Q)}
zeRa z€R7 €O

< sup sup {; Tr (E(x, )2 (z, 0)D2f(a:)) + (b(x,0),Vf(x)) } —cz.
z€R2 €O

Now, Lyapunov control follows analogously to Propositions 4.3 and 4.4.
Compatibility: As the coefficients (x,0) — b(z,0) and (x,0) — X(x,0) are continuous, analo-
gous arguments as in Propositions 4.3 and 4.4 show the compatibility of {(b(z,8),Vf(z))}sco and

{$ T (S(z, 0)5T (z,0)D? f(2)) respectively. O

}9697



S. Della Corte et al. / J. Math. Pures Appl. 210 (2026) 103872 27

5. Construction of optimizers and test functions

In classical proofs of comparison principles, the approach to estimate supu — v for a subsolution v and
supersolution v is variable doubling or quadruplication, cf. [6, Theorem 3.1] or [18, introduction of Section
3]: For o > 1,

sup u(z) —v(z) < sup u(z) —v(z') — ng(ac,x'). (5.1)
zeRq ,2’€R4 2
Letting e — oo forces optimizing points of the right-hand side together, if they exist. In addition, by varying
either of the two components, one obtains basic test functions in terms of %dg for the use in the definition
of the sub- and supersolution properties of u and wv.

To ensure that optimizers in (5.1) exist, for small € > 0, we consider the following problem that includes
the containment function V' and upper bounds supu — v up to a term of order ¢ instead:

Ly L
su u\xr) — v
i 1+e

()

v(a) = Sd¥(x,a') = 7=V (&) - 7=

< sup V(z'). (5.2)

_xym/equ—sux 1+¢
The particular form of the factors 1 — ¢ and 1 + ¢ is motivated by convexity based arguments, which will
show up in the proofs of Proposition 6.3 and Theorem 3.12 below.

The procedure in (5.2) would be sufficient for a standard, first-order Hamilton—Jacobi equation. The
test functions produced by this procedure, however, will not be sufficient to treat second-order or integral
operators. This problem was considered in [7] and [18]. We will follow their approach by considering a
quadruplication-of-variables, which we also phrase in terms of sup- and inf-convolutions, cf. Definition 5.1.
We then perform a Jensen-type perturbation.

As we aim to unify proofs for both integral and differential operators, we revisit the full proof and state
our result in terms of test functions.

In Proposition 5.2 and Theorem 5.10 below, which can be considered to be an extended two-variable
variant of the Crandall-Ishii construction [18, Theorem 3.2], we start out by considering the optimization
(5.2) in terms of the sup- and inf-convolution of u and v, respectively, effectively leading to a quadruplication
problem, see (5.5) below.

We then perform the Jensen perturbation, see (5.6). The rest of the proposition deals with various
properties of the optimizers in relation to u and v.

In Theorem 5.10, we carry out an additional layer of smoothing operations to obtain C*° test functions.
Consequently, we can move away from the notion of solutions in terms of sub- and superjets, which is of
paramount importance to effectively treat diffusive and jump-type processes in a common framework.

For readability, we express suprema and infima using [-] and |- |, respectively, as defined in Section 2.1.
Furthermore, we define the sup- and inf-convolutions as follows.

Definition 5.1 (sup- and inf-convolution). Let u: R? — R be bounded and upper semi-continuous and
v: R? — R be bounded and lower semi-continuous. For o > 1, we define the sup-convolution P*[u] of u as

Plul(y) = sup {u@) = S @y} = [u=Fd*C)]- (5.3)

Analogously, we define the inf-convolution P,[v] of v as

Palel(y) = inf {o(e) + S (@)} = [u+ Fd2C0)]. (5.4)
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5.1. Construction of optimizers

The main result of this section is the construction of optimizers in Proposition 5.2 below. After this,
we state two auxiliary results: In Proposition 5.3, we collect various useful properties of the sup- and
inf-convolutions. The results of Proposition 5.4 allow us to perturb a semi-convex function with a unique
extreme point such that we get a new extreme point close by, in which the second derivative of the function
exists. The result is a variant of the well-known perturbation result by Jensen, see e.g. [18, Lemma A.3].

Proposition 5.2 (Construction of optimizers). Let u be bounded and upper semi-continuous, v be bounded and
lower semi-continuous, V' be a containment function as in Definition 3.7, and {C. p}.cre pers € C(RY) and
{€.}.era € CLH(RY) be collections of point penalizations as in Definition 3.10. Fiz ¢ € (0,1) and ¢ € (0,1].

Then, there exist compact sets K. o C K. C RY and, for any o > 1, three pairs of variables (ya’o,y’a,o),
!

(Yo, Yh): (Ta,2h) in R?T and pa,ply € B1/a(0) such that the following four sets of properties hold.

Properties of 1, 0, y,’l,o

The variables Ya,0, Yoo optimize [Ay], where

1 1 «a
Aa / ::—P(x _ Pa AN _d2 /
(Y, y) =y P lul() T+e [I(y) = 54 ()
€ €
— 1—o)V(y) — —— 1 —)V(y 5.5
(- V) - (- V() (55)
and satisfy the following property
(2) Ya,0, Ym0 € Kepo-
Properties of y,, vy, and p,, pl,
The pair Yy, Yy, optimizes
€ €
Ao =) — —— =) 5.6
Ao - el - s (5:6)
and uniquely optimizes
€ €
Ay — —— = — 2ol 5.7
[ 1—c7 1 14e” 2-‘ (5.7)
where Ay is as in (5.5) and
22 (Y) = By, ope 1) 22(y) =By o W),

(1]
[1]
(1]

1(y) =

[1]

Yor,05PasYou (y)7 Q(y/) = Y0P Yi (y/)

are as in Definition 3.10. Moreover, the optimizers yo,y., of (5.6) and (5.7) satisfy

(b) We have

Q|+

AVl Ya,0) <

Q|

d(yom ya,()) S
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(¢) The second derivatives of P*[u] and P,[v] in y, and y., exist, respectively.

s !/
Properties of z,, x,

/

The variables xq, x,, optimize

Pl (ya) = u(wa) = 5 (@a,ye),
Palo(yl) = v(aly) + S (@l ),
and satisfy

(d) zo and x!, are the unique optimizers in the definition of P*[u](ys) and Py[v](y.,), respectively.
(e) We have that

w(ta) = Plul 0 85, —y, (€a) = [u— P[u] 0 55,y 1,

v(@g) = Palv] 0 spy—y; (20) = [v = Pafv] 0 80—y, | -

Behavior as o — 0o

(f) We have lima—s 00 @d? (Yo 0, Yno) = 0.
(g) We have

lim o (d (2a,ya) +d (Yo, vh) + d (4 )" = 0.

(h) TasYar Yo, x, € K.

In addition, the following estimate on u — v holds: For any compact set K C R?, there is a compact set
K = K(K,e,u,v) given by

I?::{ZE]R{‘I

V(g < Ml mK},

so that

(i) For any compact set K C R,

1

— < — ! - 1
=] € T ul@a) = 1=0(@h) + € (cep + ol1),
where
2 1 1
Cf»w'—m“‘@)mrL_s“‘lH“JK’

and o(1) is in terms of a — oo for fived € and .
(j) Any limit point of the sequence (Ta, Yo, Yor,05 Yor,00 Yos Top) S @ — 00 is of the form (2, z, 2,2, z,2) with
ze K.

Fig. 1 visualizes the relation between the different optimizing points.
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/ /
Lo 5.3.(b) You 5.2.(g) Yo 5.3.(b) Lo
5.2.(b) 5.2.(b)

/
Ya,0 5.2.(f) ya,O

Fig. 1. Relation between the optimizing points with a note which parts of the propositions give us distance control.

Proof of Proposition 5.2. Proof of (a): As v and v are bounded, by Lemma 5.3 (a), the same holds for
| P*[u]| and |Py[v]|. Using that V" has compact sublevel sets, cf. Definition 3.7, the existence of optimizers
(Ya,05 Y 0) for [Ay] follows.

The definitions of A, and the convolutions P*[u] and P, [v] imply that

€ 5 1 1

==V a0) + 1571 = @V a0 < 7= Tul = 7

[v] = [Aa]. (5.8)

Comparing the optimizers for A, (y,y’) to, e.g., the suboptimial choice (y,y’) = (§, §) satisfying V(§) = 0,
we find

€ 5 2 2

1— @)V (Ya = - p)WV(y. )< .
(1= DV (o) + (1 = DV () < Tl + ol

From this estimate, we deduce that (ya,o,y'a,o) € K. o x K. with
K.o={yeR!|V(y) <e'C(|ul + v}

for some constant C. > 0 satisfying lim. o C, = %, establishing (a).

Proof of (b) and (c): For the proof of these two statements, we first move from [A,] to its perturbed
version (5.6). To do so, we use Proposition 5.4. Note, that the function (y,y’) — Aa(y,y’) of (5.5) over
which we optimize in [A,] is semi-convex with semi-convexity constant

2 1 2e
/{:(1_—52+§>a+1_—62(1—@)/€v>1

for & > 1. In addition, it is bounded from above and has optimizers (ya,0, ¥4, ). We can thus apply Propo-
sition 5.4 with

1 € €

T TTI1=? 2T I

. (5.9)

Consequently, it follows that there exist po,p}, € B1/4(0) such that y,,y,, are optimizers of

"Ka—‘ = Ktx (Yo Yo )5

where

o~

e _ e _
Aa(y:y) = Raly,y) = T=29EIY) — T9E2(Y) (5.10)

with 29 and =) as defined above. This establishes (5.6). An additional penalization around (ya,v.,) gives
(5.7). A secondary outcome of Proposition 5.4 is that the second derivative of A, in the optimizing point
(Yo, y,) exists, establishing (c). Furthermore, the optimizers satisfy

A(Yo, Ya0) <M Y Yao) <7,
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which, together with (5.9), yields

)

Q|+

max {d(Ya Ya.,0), A Yno) } <

establishing (b).
Proof of (d): This follows immediately from Lemma 5.3 (e).
Proof of (e): We only establish

w(@a) = P[u] 0 8,y (za) = [u— P[ul 0 55,y ],

as the second equation follows similarly. Note that by definition of P[u], we have
Pu] 0 84, —y, (x) > u(z) — %dQ (2, 52, —yo (7).

On the other hand, by (d), we have

e’
Pu] 0 52, -y, (2a) = P*[u](ya) = u(za) — §d2 (o, Ya) -
Combining the two statements yields that, for any = € RY,

u(ra) — P[u] 0 85,y (Ta)

=3 d* (o, ya) + P* [u] © 85—y, (@) — P¥[u] 0 85—y, ()

> u(x) = Pu] 0 g,y (0) + 5

5 (@ (0, ya) = & (2, 50, -y, (2)))

=u(z) = P*u] 0 sg,—y, (2)

as the shift map preserves distances. This establishes (e).

For the proof of the final five properties, we consider the limit o — oo.
Proof of (f): Consider [A,]:

[Aa] = —— P2[u](ya0) —

«
1—¢ Py [U](y/a,o) - §d2(ya,0,y;,o)

1+4+¢

€ €
—— (11— ao0) — — (1 — o)
(1= @)V (5ao) 1Jrg( )V (Ya0)
Note, that [A,] is decreasing in «, since —5d*(Ya,0,Yh0), P*[u], and —P,[v] are decreasing in a by
Lemma 5.3 (c¢). Note in addition that, by evaluating A, in the particular choice (y,y’") = (4, 9) as above,
we have, by Lemma 5.3 (a), that

S P) — o Pall() 2 () -

Ayl >
[Aa] = 1—¢ 1+4+¢

v(9),

which is lower bounded uniformly in . It follows that the limit limg,—o0 [Aq] exists. For any a > 1, we find

1 . 1 o}
[Aaj2| > 17 P[] (ya0) — 1—4_€Pa/2[v](y;,o) - Zd2(ya,0,y/a,0)
_ _ _ _ /
==V Wao) = 1571 = @)V (Yao)
1 [eY / ) /
> ——Pu)(ya,0) - Pa[v](¥a,0) = 74" (Ya,0: ¥a,0)

1—¢ 1+¢ 4
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1=V (ga0) — T (L= @)V (4eo)

«
Z ’—Aa] + ZdQ(ya,Ovy;,O)’ (511>

which implies that lima o0 @d?(Ya,0,¥h0) = 0, as [Aq] and [A, /2] converge to the same limit, establishing
(D).

Proof of (g): We follow the same approach as in (5.11) but now expanding P*[u](y,) and P,[v](y.,) to
obtain an optimization problem in terms of four variables.

1 /2 1 o g
Ma/ﬂ > 1—_€P / [u)(Ya) — 1—+€Pa/g[v](y;) - Zd (youy:x)
3 9
- 1— - - '
= WVe) — 7 (1 - 9)V(y)
1 1 € €
> . AN _ _ . ’
> 7—ul®a) 1+€M%J =1 =9V e) — (L= 9)V(va)
o I I » /
() + Plontt) + 1 )
:{&J+g ——da%yJ+d@ay%%——f@’f)
4 1 _ 9’ b~ ¥e% 1_"_5 ) [e}%
€ =0 —0/,/
i €<P~1(i‘/a) + —1 n =5 (Ya)
by (5.10). It follows that
3T @arva) + Py l) + 7= (0l l)
4 ’ el 14 o
e 3
< _ __= ,=0 __= ,=0
< ( os2) = |Ba| = T #E (0a) — 7o =R00)-
By (f), we obtain
Jim 4] = tim [R]
and
3
lim 780~1(ya)+790~2( o) =0.

a—oo 1] — € 1+¢

Consequently, we have that

lim « (dz(%,ya) + dz(ya,y&) + dQ(yéxaxix)) =0.

a—r 00

From this, (g) follows using Young’s inequality.

Proof of (h): Parts (a), (b), (f), and (g) imply (h) by considering a bounded blow-up K. of K. .
Proof of (i): First, note that Corollary 5.5 and the definition of 7 in (5.9) yield
3 € 25 1
<_ =0 () — ——— =Y hd 12
0< —7—¥Ei(va) 1+€w2() T (5.12)
and
~ ~ , 2 1
0] < [Ra] = Ralya i) < [Aa] + 07— (5.13)
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Let K C R? be compact. We then obtain

[u—v] g = sup u(z) —v(z)

reK
2e
< sup {u(e) ~ v(0) - 20— ) (Vo) - V1)

< swp { o) - o) - - V)

— v
TEK 1+¢

s Ve

1
u— v
1—-¢ 14¢ JK

< sup { T 1ulo) - o) - - oV (o))

z€RY - 1+e¢

2e 1 1
+1—€2(1_(p) [VWK_‘gL—Su_ 1+€UJK
2e 1 1
< - - - . .
< [Ad] + 1—52(1 o) [V, EL_Eu 1+EUJK (5.14)

Combining this estimate with the first inequality of (5.13), dropping non-positive terms, and then (5.12),
leads to

< 1 ( ) 1
w(xy) —
~1—¢ 1+¢

2 1 2 1 1
_ 1— — —
+E<901_€2a+1_€2( SO>|—V—|K \‘1—5‘” 1_|_€’UJK>7

v(g,)

which proves (i).
Proof of (j): We start by proving that any limiting point of

/ / !
(xom Yas yoz,Oa ya,Oa Yo» .Ta)

as a — oo is of the form (z,z,z,2,2,2). We only prove limg,— 00 d(Za,ya) = 0, as the other limits follow
analogously.

By (h), we find that, along subsequences, (Zn,¥ya) — (Z0,¥0). Assume by contradiction that xzy # yo.
Then, since ad? is increasing, we get that, for all ag > 1,

lim inf ad? (2w, yo) > aod?(zo, yo).
a— 00
We can conclude that ad?(x4,ys) — 00, contradicting (g).
We proceed to prove that any limiting point z lies in K. Similar to (5.8), but now also using (5.12) and
the first inequality of (5.13), we find

g e
1— )WV (ya) + ——(1 — )V (Y.
1= 2V ) + (L= 9)V(va)
1 1 € —0 € —0/ 7 -~
< - - = a) = - a
< 7 Mol = 72 o) = T-9= ) — ¢ =30) — [
1 1 2% 1
< - — —[Al].
<t Ml = g el ter— oy Tl
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Combining this with the upper bound on — [A,] obtained from (5.14) leads to

e _ L . ’
T 1=V a)+ 5 n -(1=9)V(ya)
1 1 2 1

Jr1—|—5LUJ+('01—52a

2¢e

1_82(1¢)[V1K5{ LI DJK.

7[U7MK+ 1—¢ 1+4+¢

This, in turn, yields

—Ju—v], — L u— L v
K€ 1—e¢ 1+e |g

e 1

<2 (ful + o) + o -

By (g) and (h), the sequences Zo, Yo, Yh, T, have limit points z € K, as a — oco. In combination with (b),
we conclude that, for any such limiting point z,

- - V1) <2l + e,

establishing (j). O
We proceed by proving the auxiliary results below.

Proposition 5.3. Let u: R? — R be bounded and upper semi-continuous and v: R? — R be bounded and lower

semi-continuous. For o > 1, let P*[u] and P,[v] be the sup- and inf-convolution of u and v, respectively.
Then,

(a) we have [P*[u]| < |u| and |Po[v]| < |vl.
(b) for any x,y € R? such that

P*[ul(y) = u(2) - Sd(a,y),
we have $d*(x,y) < u(x) — u(y). Similarly, for any x,y € RY with

Palol(y) = v(a) + 5 (2,y),
we have §d*(x,y) < v(y) — v(z).

(¢c) P*[u] and —P,[v] are decreasing in c.

(d) P*[u] and —P,[v] are semi-convex with semi-convezxity constant a.. As a consequence, both are locally
Lipschitz continuous.

(e) if P*u] is differentiable at yo, then there exists a unique optimizer xo in (5.3) such that

P[ul(y0) = u(o) — (o, o)
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and DP*[u)(yo) = a(xo — yo). Similarly, if P,[v] is differentiable at yo, then there is a unique optimizer
xo in (5.4) such that

«
Py [v](yo) = v(zo) + gdz(f'«”ovyo)
and DPy[v](yo) = —a(zo — yo).-
Proof. For the proof of (a), note that, for any z,y € R?, we have
@ 2
u(z) — §d (z,y) < u(x).
This implies that
] )
[Po[u]] = [u— P ] < [u]. (5.15)

On the other hand, we have

It follows that
lu) < [P°ul]. (5.16)
Now, (a) follows by (5.15) and (5.16). Part (b) is equivalent to
Pylu] <u < P%u] on RY,

which is immediately clear from the definitions of sup- and inf-convolutions. Part (¢) follows similarly from
the definitions. For the proof of (d), let yo € R9. Then, since d is the Euclidean distance, we find

Pul(y) + %dQ(y,yo) = {u +a(y —yo,- — yo) — %dQ(-, yo)] ,

where the right-hand side is convex as it is a supremum over affine functions. By [13, Proposition 2.1.5 and
Theorem 2.1.7], the claim follows. Lastly, (e) follows from [13, Theorem 3.4.4] by noting that the sets over
which can be optimized are compact due to the boundedness of v and v. O

Proposition 5.4. Fiz n > 0. Let ¢: R? x R? — R be bounded from above and semi-convex with convexity
constant > 1. Suppose that (xo,x() is an optimizer of

¢(x0,7p) = [¢] -

Let R > 0, {C.p}rcrapers © C(R?) and {&.}.ere © CH(R?) and semi-concavity constant ke be as in
Definition 3.10.

Fix e1,e9 > 0 such that 1 — (e1 + e2)k¢ > 0. Furthermore, define for p = (p1,p2) € R? xRY the perturbed
functions

bp(@,2") = 92, 2") = €1 (€20(@) + Co (@) ) = 22 (4 (2)) + Caga2))). (5.17)

Then, there exist p1,pa € By(0), and a pair (z1,2)) € By(xo) x By(zg) globally mazimizing ¢, such that
the second derivative of ¢, in (x1,x}) exists.
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Corollary 5.5. For n > 0, p and (z1,2}) as in Proposition 5./, we have

0= 1 (& (1) + Gonps (21)) = €2 (€0 (@) + Cap (@) ) < 10 + 20, (5.18)

and

(0] < dpe(a1,91) <[] +e1n + ean. (5.19)

The proof of the Proposition 5.4 is partly based on results from set-valued analysis. To facilitate the
proof, we first introduce the necessary auxiliary definitions and results.

Definition 5.6. A set-valued function I : A = B is called upper hemi-continuous at a € A, if, for all open
neighbourhoods V' C B of I'(a) (meaning that I'(a) C V'), there exists a neighborhood U of a such that, for
all z € U, we have I'(z) C V.

If A, B are metric, this can be equivalently formulated in terms of sequences: A set-valued mapI': A = B,
which takes closed values, is upper hemi-continuous at a, if, for any sequence a,, — a and b, € I'(a,)
satisfying b, — b, we have b € I'(a).

We say that I' is upper hemi-continuous, if it is upper hemi-continuous at all points.

Lemma 5.7. Let K be a compact, metric space and let = be a metric space.
For any & € 2, let ¢ € C(K) and suppose that the map & — ¢¢ is continuous from = to C(K), endowed
with the supremum norm on K. Then the set-valued map Opt: = = K defined by

Opt(§) :={z € K| p¢ has a mazimum at x}
18 upper hemi-continuous.

Proof. The result follows immediately from Berge’s Maximum Theorem [l, Theorem 17.31] with & —
image,, (K) being the relevant set-valued map. O

Remark 5.8. In the proof below, we will make use of the notion of a limsup of sets. For a sequence of sets
(An)nen denote

limsup 4,, = ﬂ U A,

nroo neNm>n

to be interpreted as = € limsup,,_, ., A, if and only if there are infinitely many n € N such that x € A,,.
The following proof is a variant of the proof of [18, Lemma A.3] and [13, Theorem 2.3.3].

Proof of Proposition 5.4. For notational convenience, we will write w = (x,2’) and wy = (z,x[). Let
R>0and {C.p}.cra pers € C(R?) and {£.}.era € CH(RY) be two collections of point penalizations as in
Definition 3.10. Without loss of generality, we can assume that R > n.

We start out by making zg the unique optimizer by replacing ¢ with

P(w) = dp(w) — €1s, (7) — 284 ().

Note that as 1 — (1 +¢£2)ke > 0 the map ¢ is semi-convex and bounded from above with a unique optimizer
wo-
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Our next step is to locally, linearly perturb ;ﬁ\ to obtain ¢, as in equation (5.17). This procedure produces
a new optimizer close to wp, in which the second derivative of the perturbed function ¢, exists.

To further facilitate the analysis of optimizers, we smoothen out ¢. To that end, let Cs: Cy(RY) — CZ(RY)
be a mollifier with sups.( [Csf| < oo and Csf — f uniformly on compacts as 0 | 0. Define

bp.5(w) = (C56) () = 21 (€ (2) + oo (#)) = 22 (& (2) + Cop ()

where we will read Cp = 1 such that ¢, 0 = ¢, and ¢g o = quS

We next study the optimizers for the map (p,d) — ¢ps5 on = = (B1(0) x B1(0)) x [0, 1] using Berge’s
Maximum Theorem with K = Br(wp). Set

Opt(p,d) == {w € Br(wo) | ¢p,s has a local maximum at w € BR(wO)} .

First, note that the local nature of the problem can be removed due to the fact that the perturbations all
vanish in wg, whereas they add up to something negative outside the ball Br(wp) by Definition 3.10 (d),

implying that

Opt(p,d) = {w € Br(wop) | ¢p,s has a global maximum at w} . (5.20)

Applying Lemma 5.7 to (p, d) — ¢p5 on = = (B, (0) x By,(0)) x [0,1] with K = Br(w), we find that the
set-valued map Opt: Z = K C R? x RY, as defined above, is upper hemi-continuous in the variables (p, §).
We can thus find a closed set U with 0 in its interior satisfying

U C B,(0) x B,(0) (5.21)
and dg > 0 such that, if p = (p1,p2) € U and § < Jp, then
Opt(p,d) € Opt(0,0) ® B,(0) = B,(wo), (5.22)

as the unique optimizer of QAS is wy.

We next aim to show that the set of such optimizers has positive Lebesgue measure m. Recall that
k= 1— (g1 + €2)ke > 0 is the semi-convexity constant of ¢. In particular, we will proceed to show the
following steps.

Step 1: For any & € (0,8), we have m(Opt(U, d)) > || ~2¢m(U) > 0.
Step 2: We take the limit & | 0 to obtain m(Opt(U,0)) > |k|~2¢m(U) > 0.

Step 1. By definition, all perturbations are at least once continuously differentiable on Bg(wp). It follows
that for p € U, 6 € (0,0¢) and w € Opt(p,d) we have that D(Cs¢)(w) = p. This, in turn, implies that, for
fixed 0 € (0,50),

U C (Opt(-,6))"" (Opt(U,d)) € D(Cs5¢)(Opt(U, ). (5.23)

We next argue towards a lower bound on the measure of Opt(U, ) for ¢ € (0, dp). We exclude § = 0 here,
due to the possible non-smoothness of ¢. As the convolution operator is taking averages, the semi-convexity
of ¢ carries over to Cys¢, which yields

—klyq < D*(Cs¢)(w) (5.24)
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for all w € R??. On the other hand, if w € Opt(U,d), we know that there is some p € U such that w
maximizes ¢, s, implying that D?(Cs¢)(w) < 0. Applying (5.23), the chain rule, and (5.24), we thus obtain
that, for any d € (0, do),

m(U) < m(D(Cs¢)(Opt(U, 5)))

_ / |det D?(C36) ()| dw < m(Opt(U, 8)) ]2
Opt(U,3)

leading to the lower bound
0 < |&|"2m(U) < m(Opt(U,d)), (5.25)

as U has non-empty interior, establishing the claim of Step 1.
Step 2. Next, we transfer our bound to m(Opt(U,0)). We first establish that

lim sup Opt (U, d) € Opt(U, 0), (5.26)
510

see Remark 5.8 for the definition of the limsup of sets. To that end, we pick an element w €
limsups o Opt(U, d). By definition we can find a sequence d,, | 0 such that w € Opt(U, é,) for all n € N.

nen- By the closedness of U and (5.21), U
is compact, and we can therefore extract a subsequence from (p,)nen that converges to some py € U. By

Then, there are p,, € U such that w is an optimizer for (¢,, s, )

upper semi-continuity of the map (p,d) — ¢, 5, see Lemma 5.7, we find that w maximizes ¢, or in other
words, w € Opt(U, 0).

Thus, by (5.26), it suffices to lower bound the measure of limsup; o Opt(U, d). As a first step, note that
(5.25) leads to

m UOpt(U,(S’) > |k|729m(U)
6’ <o

for any 0 € (0,0p). Consequently, as

lim sup Opt (U, 0) = ﬂ UOpt(U,5'),
40 5€(0,80) 8'<6

by continuity from above of the Lebesgue measure m, we find that
m | limsup Opt(U,d) | =limm U Opt(U, ") | > |s|~2m(U).
640 . )
By (5.26), we conclude that
m(Opt(U,0)) > |k|29m(U) > 0,

establishing the claim of Step 2.

We proceed by verifying that we can now find p € U with an optimizer z; in B, (zo) such that the second
derivative of ¢, in (x1,z}) exists.
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First of all, recall that, by (5.22), we have

Furthermore, by Alexandrov’s theorem [13, Theorem 2.3.1], the set of points in B, (2o), where the second
derivative of ¢, exists, has full measure. As the measure of Opt(U, 0) is positive, it follows that there exist
21 € By(20) and p € U such that the second derivative of ¢, in 21 exists and ¢, has a local maximum at z;

in Bg(zo). Finally, recall from (5.20) that the local optimizer is in fact a global optimizer. This establishes
the claim. O

Proof of Corollary 5.5. We stay in the context of Proposition 5.4 and proceed with the proof of (5.19). By
construction, we have

[¢] = ¢($0’$6) = ¢p,s(z0az6) < w)p,E] = (bp,!:‘(xl?xll)' (5.27)

This implies the lower bound of (5.18). Note that by the properties of point penalizations .., &z, Ceo,p1>
and (g p, We have

1 (€ (1) + Goaps (01)) = 22 (04 (3) + Cag 3 (21) ) < exlprld(ao, 21) + e2lpad(h, 1)
< €11 + €21,

leading to the upper bound of (5.18). Consequently,

Pp.e(21,21) < P21, 27) + 1+ €an

(5.28)
< [@] +e1n +eam.

Combining (5.27) and (5.28), finally yields (5.19). O
5.2. Test function construction

The next proposition builds upon Proposition 5.2 to build a suitable collection of test functions for the use
in the proof of the comparison principle. The sup- and inf-convolution P*[u] and P,[v] are not guaranteed
to be smooth. However, their second derivatives exist in the relevant optimizing points.

Using the difference between =Y and =3 on one hand and Z; and =5 on the other, we are able to squeeze
in a globally C*° function on the basis of Lemma 5.11 below, that can be used to replace P*[u] and P,[v].
As an effect, we will approximate

fT%Pa[u]ﬂ fT%Pa[u]OSéra*yw
fy = Palv], fr = Polv] o sa,—y,,
which will be made rigorously in next proposition for fixed € and a. We start by first constructing ]/”\1 €

C2°(R?), which, by re-arrangement, satisfies

Fi) = T Pll(y) — T (1 - V(o) — 1

©E1(y)

and is constant outside of a compact set. As V' has compact sublevel sets and other terms on the right-hand
side are bounded from above, it suffices to first perform a smooth approximation and cut off the result. For
the cut-off procedure, we use functions 3, and Q.
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Definition 5.9 (Cut-off functions). Let M > 0. We call a smooth increasing function Q}, : R — R a upper
cut-off function at M, if

n r ifr <M,
Qy(r) =
M+1 itr>M+2.
We call Q3 a lower cut-off function at M if Qy,(r) = —QF, (—r).

Theorem 5.10 (Test function construction). Consider the setting of Proposition 5.2. Fize € (0,1), ¢ € (0,1],
and a > 1. Then, there are functions f1, fa, f1, f2 € C°(RY?) such that

~ ~

J1=Ff1082,—ya; fo=f2052, —y,
and
fi=0—e)fi +e(l—p)V +ep=, fi = fioSea—yas
fri=Q04e)fa—e(l—p)V —epEy, o= Jro s v

satisfying the following properties:
For f1, fo and f1, fa, we have

(a) The pair (Ya,yl,) is the unique optimizing pair of

~ o~

@ ~ ~ o«
Fiye) = Folwl) = S (varvl) = | Fo = o = 5|
and the pair (x4, xl) is the unique optimizing pair of

Q@ «@
fl(‘rﬂé) - fQ(x/a) - §diafya, !, —y!, (xaﬂ‘r/a) = ’ifl - f2 - Ediafym :vgxfy&—‘ .
For ﬁ,fi, and fi, fr we have

(b) We have

with equality in yo and y.,, respectively.
(c) We have that x4, ., are the unique points such that

(d) We have
Dﬁ(ya) = DfT(xa) = a(ya - 'ra)a
D2fi(ya) = D2 fi(x4),
Dfi(yl) = Dfs(aly) = alal, — yl),
D?Jy(yh) = D*fy ()
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Proof of Proposition 5.10. In this proof, we work in the context of Proposition 5.2 and will, correspondingly,
follow its notation. We show the construction procedure for the test function f; used in the subsolution case
only, as fs is constructed analogously. Let

() = —— Pll(y) ~ (L~ V() ~ T

=0
- ©=1(y),

1 € €

Mi(y) = 7P [ul(y) - A=)V -1

1—¢

- ©=1(y).-

Note that we have I1; (yq) = II9(y,) and I (y) < I9(y) for all y € R?\ {y,}. By Lemma 5.11, we find a
function f; € C*°(R?) such that

Mi(y) < fi(y) <), ify # ya.
The function fs is constructed analogously. By construction of f1, f2 and (5.6), (y«, ¥, ) is the unique optimizer
of [fi —f2 — §d*].
As our test functions need to be constant outside a compact set, we need to cut them off in an appropriate
manner. However, we need to preserve their properties in the optimizer (yo, ¥, ). Taking these conditions
into account, ensures that the cut-off procedure does not create new optimizers.

The above considerations lead to the cut-off procedure fl = Q) of1 and ]?2 = QLQ ofa, with 3, QLQ
as in Definition 5.9 and the following choice of M7 and Ms. First pick mq,mo € R such that the level sets

{yeRYfi(y) >2mi},  {y €R[fa(y) <ma}
are compact, then set
My = min {mi, f1(ya) = (Faly) = [F2)) = 50 (e vl }

My o= mase {ma. fa(5) + (2] = o)) + S0 t)}

Using My and M, as defined above, we find that (y,,y.,) is the unique optimizer of [j?l — fo— %dQ-‘. To
see this, denote

Ar={y eRI[fi(y) = M1} and Ay:={y € RI[fa(y) < Ma}.
Thus, for ¢ € {1,2}, we find fi = f; on A;, whereas
Fiy) < §1wa) = (a(0) = Lf2)) = 58 (W, vl
R > fa(yl) + (Th] = 1)) + 58 (Wa: )

if y¢ Ay or y ¢ As, respectively.
As fi =1 on Ay and fo = f2 on A, it suffices to show that

hly) = f2(4) — %dQ(y,y’) < F1(Ya) — F2(vh) — %d2(ymy&)

if y € A or y € AS. For the proof of this bound, we consider the following three separate cases.
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Case y € A§ and y' € Az: We have
« ~ ~
hy) = £W) = 58wy) < Aily) - HLO)

< Fi(Wa) = (a(l) = f2)) = 58 (War ) = fay)

!
= fi(ya) = f2(45) = 5@ (o ve) = (F2(y) = Lf2))
o
< f1(¥a) = F2(ya) — §d2(ya,y;)-
Case y € Ay and y' € A§: Follows analogously to the case y € A and 3 € A,.
Case y € A and y' € A5: We have

Ay - R6) - 580.y)

< fily) — f2(y)

<Hilya) = (2w = Lfa)) = 5 (Wa i)

S CCARS AR AR BRI )

< F1(Wa) — fa(y) = 258 (War ) — (F2(wl) = () = (T] = 1(5a)
< Fi(ya) = F2(ya) — %dQ(ya,y;)-

We conclude that the pair (ya,y,) is also the unique optimizer of []/”\1 —f— %dﬂ. Applying the shift

maps sg, —y, and sy, , respectively, we find that (z,27,) uniquely optimize Hl O 840 —ya — J2 0 8zr —yr —
a g2
2o —Ya 7zla_y/a

. Additionally, as M7 > m; and M5 < msy, we have ]?1, fg € C°(R?), establishing (a).
We next prove (b). As r < Q}, (r),

1

——P°[ul(y) — 71— )V (1) - T—=¢E1(y) = Ih(y) < Oy, o Th(y) < i),

which, after rearrangement of terms, implies (b).

We proceed with the proof of (c¢). By (b) and Proposition 5.2 (e),

Fi(@) = f1(a) = F1 0 Spp—yo (&) = 1 0 55y, (Ta)
> (Pa[u] o Sxa—ya) (33) - (Pa[“] © Sara—ya) (ma)

> (u(x) — %dQ(x, I (x)) — (u(xa) — %dQ(xa, — (wa))
=u(x) — u(zq)

with equality uniquely realized at x, establishing (c).

We conclude with the proof of (d). First of all, note that the equality of first and second order derivatives
for f; and f; as well as for f; and f; follows by the chain rule.

The expressions for Dﬁ (yo) and Dfi(y,'l) follow from (b) and Proposition 5.2 (¢) and (d). O

Lemma 5.11. Let 11y, 119, Ty and 11 be defined as in the proof of Proposition 5.10.
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Then, there exist f1, fo € C*°(R?) such that, for all y € R,

(y),

with equality only in y, and y.,, respectively.
Proof. In this proof, we only consider the case

I (y) < fi(y) <T(y),

for y € R? with equality only in y,, since the other statement follows analogously.

Our goal is to find f; by first constructing a function that is squeezed between IT; and I19, using the
Whitney Extension Theorem [27, Theorem 2.3.6], and then modifying it to obtain f;.

Recall that, by construction, we have that

O (y) <I{(y)  fory e R\ {ya}

and

1 (ya) = H(l)(ya)a DIy (yo) = DH?(ya), DQHl(ya) < DQH?(ya)-

We apply the Whitney Extension Theorem to 3(IT; + II9) on the closed set A = {y,}, yielding a function
Y1 € C?(R?) such that TI; < ¢ < TI9 on Bas(ya) for some § > 0 with equality only in y,. Inspecting the
construction of v in the proof of [45, Theorem II], we find that 1 € C*°(R9).

Next, we modify v such that the resulting function stays between IT; and II9 on all of R?. As smooth
functions are dense in the set of continuous functions, we can find a function 1y € C°°(R?) such that
I; <y <19 on RY\ Bs(ya)-

Then, defining

f1(y) = Ly)vi(y) + (1 = L(y))va2(y),

where £ is a smooth function that is 1 on Bs(ys) and 0 outside of Bas(ye ), for example £ as defined as point
(3) on [42, p. 33]. This concludes the proof. O

6. Proof of the strict comparison principle

In this section, we prove Theorem 3.12. The proof is based on a variant of the variable quadruplication
procedure on the basis of

1 1
Sup u(x) — v(x)
zcRa 1 — € 1+¢
= su - u(z) — : U(ml)—LdQ(:c )_gdz( )
B z,y,y’zr’)eRq 1—¢ 1+¢ 2(1—¢) Y 5 Y,y
@ €
— d2 IAANE _ ,
saro? W) V@) - V),

which we have formalized in terms of test functions f;, fy in Proposition 5.2 and Theorem 5.10.
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In a first step, we relate sub- and supersolutions for the Hamilton—Jacobi equation for H to those for H
and H_; this will be carried out in Lemma 6.1. A second step is to show that f; € D(H,) and f; € D(H_);
this will be carried out in Lemma 6.2.

After establishing these technical points, we proceed to frame the comparison principle in terms of an
estimate on the difference

Hifi H_f,
l—e 14¢°

(6.1)

This reduction will be carried out in Proposition 6.3, the statement of which is more involved than typical
in the literature, but leads to the improved strict comparison principle. Its formulation and proof hinges on
the use of V' as a Lyapunov function.

The statements of Lemmas 6.1, 6.2, and Proposition 6.3 can be found in Section 6.1, their proofs in
Section 6.2.

We finish in Section 6.3 by estimating (6.1) in two steps leading to our final result. We first establish in
Lemma 6.4 that the pre-factors (1 —)~! and (1 +¢)~* work well with the combinations of functions that
define f, fi in Theorem 5.10. We conclude the section with the proof of Theorem 3.12, where we use this
split, the coupling assumption on A, the semi-monotonicity of B, modulus of continuity control on Z and,
again, that V is a Lyapunov function to arrive at our final result.

6.1. Comparison in terms of estimating the difference of Hamiltonians

We start with connecting the notion of sub- and supersolutions for H to those for H, and H_, respectively.

Lemma 6.1. Let H and H satisfy Assumption 3.15. Then, for any h € Cp(RY) and X\ > 0, we have the
following:

(a) Any viscosity subsolution of f — ANH f = h is also a viscosity subsolution of f — AHy f = h.
(b) Any viscosity supersolution of f — NH f = h is also a viscosity supersolution of f — NH_f = h.

The proof follows in Section 6.2 below. In the next lemma we show that the test functions that we
constructed in the previous section are in the domain of Hy and H_.

Lemma 6.2. Let H be an operator satisfying Assumptions 3.15 and 3.16. Let J?va’r and J?i,fi— be as in
Theorem 5.10.
Then, fT7fT S D(H+) and fivfi S D(H_)

The proof of the lemma is outlined in Section 6.2 below. We next state our key proposition, which relates
the strict comparison principle to an estimate on the difference of Hamiltonians.

Proposition 6.3. Let H C C(R?) x C(R?) satisfy Assumptions 3.15 and 3.16. Let hy,he € Cp(RY), and
A > 0. Consider the equations

f—=AHLf < hy, (6.2)
J=AH_f > hs. (6.3)
Let u and v by viscosity sub- and supersolutions to (6.2) and (6.3), respectively. For each e € (0,1), ¢ € (0,1]

and o > 1, consider the construction of optimizers x,,x,, and test functions fi, fy as in Proposition 5.2
and Theorem 5.10.
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Suppose there exists a map € — C2, and for any ¢ € (0,1) a non-negative map ¢ — C. , satisfying
lim sup, o CY < oo and lim, o Cz » = 0 such that

/
hmlnf HJFfJf(xa) _ H*fi(xa)
a—00 1—¢ 1+e¢

<e(Cl+C.p). (6.4)
Then, for any compact set K CR? and € € (0,1),

sup u(r) — v(z) < eCe + sup hi(x) — ha(x),
€K zeK

where K. = I/(\'E(K,u,v) and C; := C.(K,u,v,h1,hs) are given by

IA(a = {zeRq
€

vy < B, L

C. = )\C’EO +

2 1 1 1 1
— h ho| = | ——u — .
1_€2|—V-|K+1_8” 1”+1—5H 2| L—su 1+€UJK

In particular, the strict comparison principle holds for (6.2) and (6.3).
6.2. Proof of Lemmas 6.1, 0.2, and Proposition 6.3

Proof of Lemma 6.1. We only prove the first statement as the second one follows analogously. Let u be a
subsolution to f — AH f = h and let (f,g) € H4. Our claim thus follows if there exists xg satisfying

u(zo) — f(zo) = [u— f1, (6.5)
u(zo) — Ag(zo) < h(zo). (6.6)
As u is upper semi-continuous and bounded, and f has compact sublevel sets, the existence of x( satisfying

(6.5) is immediate. We thus proceed with (6.6) using the sequential upward denseness of D(H) in D(Hy),
cf. Assumption 3.15 (c). Set

a:= f(xo) + [u] —u(xo),  A:={z|f(z) <a}.

We can thus find (f,, g.) € H with f, satisfying

{fa(x) = f(2) if z € A,
a< fo(x) < f(x) ifxd¢ A

We first establish that
u(xo) — fa(o) = [u— fal. (6.7)
Using (6.5) and that f = f, on A, (6.7) follows by verifying that
u(z) = fa(x) < ulzo) — f(20), z e A

which follows from the definition of a:
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u(z) — f(z) <u(z) —a
= u(z) — (f(zo0) + [u] — u(xo))
= u(zo) — f(xo) — ([u] —u(x))
< u(zo) — f(zo)

Thus, by (6.7), we can use the subsolution inequality for (f4,gs) in the point xy. We obtain:

u(zo) — Aga(zo) < h(xp). (6.8)

Recalling that f,(zo) = f(x0) and f, < f, we have

fa(@o) = f(@o) = [fa = f1-

Using the positive maximum principle for H, cf. Assumption 3.15 (a), thus yields

9a(0) < g(0)- (6.9)
Combining (6.8) and (6.9), leads to
u(ro) — Ag(zo) < ulwo) — Aga(w0) < h(zo),
establishing (6.6) and consequently that u is a subsolution to f — AH{f =h. O

Proof of Lemma 6.2. As f1, f2, f1, fo € C°(RY), it follows by Assumption 3.15 (b) that fiofofi o €
D(H). By compatibility, cf. Assumption 3.16, we have Vo s,,Z0 s, € D(H). By Assumption 3.15 (e) and
the fact that V' has compact sublevel sets, cf. Definition 3.7, we thus have (1 — )V os, +pEos, € D(H;).
Consequently, ﬁ, fr € D(Hy) and ﬁ, fr € D(H_) by Assumption 3.15 (f). O

Proof of Proposition 6.3. Let u be a subsolution to f —AH, f < h; and v a supersolution to f—AH_f > ho.
Consider the constructions in Proposition 5.2 and Theorem 5.10 for the subsolution u, supersolution v,
e €(0,1), and ¢ € (0,1].

By Lemma 6.2, we have f; € D(H; ) and f; € D(H_) and, by Proposition 5.10 (c), we find that (zq, )
are the unique optimizers in

which, by the sub- and supersolution properties for H, and H_, respectively, and Lemma Appendix B.1,
implies that

w(ra) = A fi(2a) < hi(2a),
v(al) = M fy(w) = ha(xg,)-

[e%

(6.10)

By Proposition 5.2 (i), we find

where
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2

1 1
ey = Tz = 9 V1 = | ou- 0] (6.11)

and o(1) is in terms of & — oo. Using (6.10), we estimate

vl < 1) - oolah) + (ee + 1)

1+e
1 1 H, fi(wa)  H-fi(zl
< ghton)~ e+ [T I e ot
H o H_ "
Shl(fﬂa)hz(iﬂ;)ﬂL)\[ Efi(: ) 1]}_(: )]
ez Il g el e e+ 0(1).

We next expand c. , from (6.11). Furthermore, taking liminf, ,o, on the right-hand side, using Proposi-
tion 5.2 (j) to treat the difference hy — hg, and (6.4) to treat the difference of Hamiltonians, we find

9 S
[u—vlg < [h1 —halg + A(eCo + Cep) + T Il + 7[Rl

As ¢ € (0,1] was arbitrary, we can take the limit for ¢ | 0, which leads to

fU_MK <[h _hﬂf{\

2 1 1 1 1
+5(>\Cg+1—fV1K+1—_€||h1|+1—+6||h2||—L—_EU— UJ ),
K

— g2

establishing the claim. O
6.3. Proof of Theorem 3.12

We start with an auxiliary lemma that provides a detailed decomposition of the operators A and B
evaluated in the test functions.

Lemma 6.4. Let A and B satisfy Assumption 3.15 and Assumption 3.16 (a) and (b), respectively. Fiz zo, z1 €
RY and p € RY. Let & = E,, 55, as in Definition 5.10, V as in Definition 3.9, and, for f € CX(R9),
e €(0,1), and ¢ € (0,1], set
fii=A=e)f +te(l—@)V +epE,
fir=104+e)f —e(l — @)V —epE.
For z € RY, set f; = ﬁ 05, and fy = J?i o s,. Then, the following statements hold:

(a) fr € D(Ay) and fy € D(A_). Suppose furthermore that A is linear on its domain, then

Acfy 2 € 3 -

1—- —A(fosz)+1—_€(1—%0)f4+ (Vosz)+1—_5</’A (Eos.), (6.12)
A_ fy Y € =

1+e —A(fosz)—l—_m(l—%f’)A+(V03z)— 1+5¢A(~03z)7
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(b) fT,J?T € D(By) and fi,f; € D(B-). Suppose furthermore that B is convexr semi-monotone, then, for
any x,y such that z = x — y, we have

?if; (z) < %—5 <B+fT(9U) - B+f’r(y)> + BJ(y) (6.13)
+ (1= 9)ByV(y) + f:apBﬂ(yL
£ 2 (oo -.50) 4570

— = (1-¢)B_V(y) -

1+¢ =),

1+¢

Proof. The domain statements f; € D(AL), fi € D(A-), fi, fT € D(B4) and fi,fj; € D(B-) follow
by Lemma 6.2. The four statements in (6.12) and (6.13) follow from linearity of A; and convex semi-
monotonicity of By. O

Proof of Theorem 3.12. To prove inequality (3.6), and consequently the strong comparison principle for the
Hamilton—Jacobi equation in terms of H, it suffices by Lemma 6.1 and Proposition 6.3 to establish (6.4),
which we repeat for readability:

HJrfT(xa) . H*fi(ng S € (CEO + Cs,ap) . (614)

lim inf
a—00 1—¢ 1+e

Let Gi‘,a € O be such that

Hy fi(za) = Sup elgf {Ag, 0, fi(xa) +Bo, 0, f1(a) — L(xa,01,02)}
1€01 Y2

- 9212(32 {Aef,a,é’sz (l’a) + Bef uve?fT(xa) - I(x(la oik,aa 02)} .

Such optimizer exists by the compactness of ©1 and the lower semi-continuity of Z in 6; assumed in (c). By
Isaacs’ condition (d), we can write

H,fi(fl'/a) = alg(g Gsup {A91 92fi( )+B91,92f1(‘r04) _I(xix?alveQ)}'
2 26:€0;

Then, by compactness of ©2 and the upper semi-continuity of Z in f, assumed in (c), we can find 05 , € O3
such that

H_ fi(x;,) = sup {Aol,ozafi( o) +Bo, es  fr(ze,) — 1(55;’91795@)}

01€01

Consequently, we can estimate

1 1
TEHJrfT(l“a) - mH—fi(xix) < [TEAGT,MGS,QJCT(@“J -

1
(€5)

1 1
[ B i) — B, (5%

(2)

1
mAef,a,as,afi(l“;)]
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* * 1 * *
+ ?I(f 91‘”02’“)_1—5 (Tay 07 0y 05.0)

(3)

We treat (1), (2), and (3) separately. Note, that due the compactness of ©; and 04, along subsequences,
the optimizers 67 , and 03 , converge to some 07 and 03, respectively.
Estimate (1): Using the expansions of A, f; and A_ f; obtained in Lemma 6.4 we find

Aor 03, f1(Ta)  Aop o5, f1(@6)  Aey 05, +F1(2a) Ao 05, Fi(2a)
1—e¢ 1+4+¢ 1—-¢ 1+¢

< Ao; 05, f1(za) — Aos 03, 2 (z0))

S
+ ]. — & (1 h )Aef a’92,o¢7+ (V o nga_ya) (xa)

€
1+¢

+ (1 =) Ao; 05+ (V 0501,y (2)

€ —_
+ TR0 05 (510 5 y) ()

+ Ay 5. (B2 08ar ) (a,). (6.15)

1 _|_ 1, a’
We first consider the terms involving V' and =Z. By Proposition 5.2 (j), we have that, along subsequences,
the optimizers (Zo, Yo Ya,0, Y05 Yo» Toy) CONVETEE t0 (2, 2, 2, 2, 2, 2) With z € K and pa, p;, € B1/4(0). Then,
using the compatibility of Ayg, g,, cf. Assumption 3.16, we find

lim inf
a—oo | —

+—1+ (1= @) As; .05+ (Vosx;fy;)(w’a)

(1 - QO)AQT Q,ag)a7+ (V © Swa_ya) (xa)

€ —
PR 050 Brosna—ya) (Ta) + 7o 0A L0, (B2 050, ) (25)

1
2e
1—¢

1+

<

5 (1= 9)Ag; 05+ (V) (2) + Ao 05 (E20,2)(2)) - (6.16)

Next, we consider the second line in (6.15). Using that, for all 61, 62, Ag, ¢, has a controlled growth coupling
Agl 9, with a modulus uniform in #; and 6s satisfying the maximum principle and Theorem 5.10 (a), we
find

Ag; 05 1(00) = Ag 0 J2(al) = Koy oy (10 f2) (2a,2)
(0%
ef,oueg,a (§diafya,zﬁlfy(’l) (Q?a,(E:x)
2
WAR (a (d(Zas Ya) + d(Yas Yo) + d(Ys, T4,))

(A0 o) + d(garvi) + Ay ) ). (6.17)

IN
)

IA

which, by Proposition 5.2 (g), converges to 0 as o — oo.
Estimate (2): By using the expansions of B, f; and B_ f; obtained in Lemma 6.4, we find

Bot o030 f1(Ta)  Boi 05, ft(%a) _ Boy,05,+ft(®a)  Bor .03, fi(za)

1—¢ 1+e¢ 1—c¢ 1+e
< Bo; .05, J1(ya) — Bo; .05 . f2(Ya)
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1 o~
Tt (BQTaﬁz,a*fT(%) B@i‘m%,a,JrfT(ya))

1 ~
+ 1 + (‘BOT’O‘’0;"’”7*)‘,i (y(/)) Bef a’92,aa7fi (.’L’;))

g g
By- V(ya) + —— (1 — ©)Bos Viy.
+ 1= 9)Bo; 05,4V (Ya) + 1+{_{_( ©)Bo; 054V (Ya)
€ _ € —
T B0, F1 (W) + B 0 . Ba(Va)-

Again, by sending oo — o0, using Proposition 5.2 (j), and the compatibility of By, g,, cf. Assumption 3.16,
we obtain that

- 5
lim inf -— E( 2)Bo 05,0+ (o) + 7 (1= 0) Bor 05 0.+ V (o) (6.18)

—° By o & By gr Eoly
+1 ~¢Bo; 05,51 (Va )+1Jr ©Bos .05 .Z2(Ya)
2¢e

= (1= ©)Bos 03+ (V)(2) + ¢Bos 05 (Z=,0,2)(2)) -

<

Using that, for all 61, 02, By, 6, is semi-monotone with By, g9, and the expressions for the gradients
obtained in Proposition 5.10, we find that

1 o~
1—¢ (B“’iiweiwff(%) Bo; 6 2,a,+ff(ya))

+ Bo; .05, f1(Ya) — Bos 05, f2(¥2)

1 -~
1 Te (B9i‘,a)95,a7—fi(y&) Befwem,_fi(xfx))

1
=T <Be;‘a,0;,a (Ta, a(Ta — Ya)) — Bor 050 (Yo, (T0 — ya))>

+ Bo; 05 (Yo (Yo — Ys)) — Boz 05 (Y6, (Yo — Ya))

1
+ 1 (Beia,es,a(ym a(y, — 25)) — Bo; 05 (7o, oy — y&))) : (6.19)
By the semi-monotonicity property of By, g,, (6.19) is bounded by
1

1— EUJB K(d(xmya) + O‘d2(xavya)) + ngz(d(ya,y;) + adQ(ya,y;))

1

2
+ mwg,?(d(y&’l‘/a) + ad” (v, 7,))- (6.20)

Thus, by Proposition 5.2 (g), taking the lim inf,_ ., gives 0.
Estimate (3): We have

1 * * 1 * *
mz(ff 307,00 03.0) — 1< (0,07 0 05.4)

y € €
= [ ((I? 91 a762,a) _I(‘TOH 1a792 a)] - 1 _SI(xOH 104792 a) - 1——|-€

T(2q, 07 05.0)-

By assumption, Z admits a modulus of continuity wz g, uniform in 6;, 65, implying
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1
1—¢

E *
< wzf(d(xa,x;)) 1_ 6(1 - SO) (CCa, 01 @ 92,(1)

1
—I(x:)ugia’e;,a)_ I(‘TOH 104’92 a)

1+4+¢

1 +€(1 - @)I(x ei‘avela)‘

Sending o — 00, using the lower semi-continuity of Z, and using Proposition 5.2 (j), we find

1
lim inf 171(:6;,9?a,0;7a) — 7I(xa,01a,9§7a)

a—00 + e 1—¢

< /
1104Hl>lcgf wI K(d(xom xa))

(6.21)

lmsup |~ (1 = @)L (a0 00 03.0) — e (1 — @)T(, 07 63,0

a—00 1—¢ ’ ’ 1+¢

2 * *
< -5 (1 - )L, 65, 6)

Conclusion: Putting together (6.16), (6.17), (6.18), (6.20), and (6.21), we can conclude that

o Hy fi(ze)  H-fi(2) 2e -
lim inf l—sa - 1+€a ST = (1 —9)Ass 05,V (2) + PAo; 05 (Z20,2)(2))

2e —
ti = (1 = ¢)Bos 05,4V (2) + ©Bor 05 (B20.2)(2))
2e
1 —e2
2e * )k
T2 (1 — ) [(Ab; 05+ + Boy o5,4)(V) — Z(-,67,63)]
2e

+ 75 [(Aagos +Bopos) (E.0,)] 7,

(1 - )I(Z’ 9;9;)

<

IN
™

2 2 -
(1 — 2% + 1_22% [(Ag; 05 + Be;,e;)(:-,o,-ﬂﬁg >
<e(C2+C.p),

where ¢fi == (cy V 0) with ¢y given by (3.4), and C? and C. ,, defined via the last two lines. The estimate
on the difference of Hamiltonians (6.14) and thus (6.4) of Proposition 6.3 are satisfied. As a consequence

our final estimate (3.6) and, consequently, the strict comparison principle follow. O
Appendix A. Convergence of integrals

Lemma Appendix A.1. Let X be a Polish space, W: X — (0,00) be a continuous function, and vy, Vs be
non-negative Borel measures with fX Wdy, < o for alln € N and

n—oo

lim [ ¢dv, = /¢duoo ceR (A1)

for every function ¢ € C(X) with |¢p(x)| < W(z) for allz € X. Moreover, let ¢, poo € C(X) with ¢, = ¢oo
uniformly on compacts and sup,,cy SUP ey |${,‘((;"))‘ < 00. Then,

n—o0

lim On dv, = /qboo dveo.
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Proof. By assumption, the family p,, := Wdv, satisfies C, := sup,,en pin(X) < 00 and

|[én () — Poo ()]
Cy := sup sup —————— < 0.
P eNaexr  W()
Using the fact that a function ¢ € C(X) satisfies |¢p(x)| < W(x) for all x € X if and only if ¢ = W for
some ¢ € Cy(X), it follows that p, — peo := Wdrs, weakly. In particular, the family (un)nen is tight.
Hence, for all € > 0, there exists a compact set K. C X such that

C¢,un(X \ KE) < foralln e N.

<
3

Now, let ¢ > 0. By (A.1) and since ¢, — ¢, uniformly on compacts and W is continuous, there exists
some ng € N such that

€, sup 10n2) —6oc(2)

5 €
- d ()Od n - ()Od o o
Sup W) < 3 an ’/(ﬁ v, /¢ v ‘< 3

‘We thus obtain that

‘/aﬁndyn—/d)oodyoo‘§/|¢>n—¢oo|d1/n+’/qﬁoodun—/(booduoo‘

§/|¢n7¢oo|dyn+ / |¢n7¢oo|d’/n+§
K. X\KE

< ¢ 16nl@) = 6 (@)

e
<0y W) + Copin (X \Ke) + = <e

3

for all n € N with n > ng. The proof is complete. O
Appendix B. Equivalent characterization of the definition of viscosity solutions

Lemma Appendix B.1. Let H; C C;(RY9) x C(R?) and Hy C C,(R?) x C(RY) be two operators with domains
D(H1), D(Ha2). Moreover, let A > 0 and hi € C;(R?) and hy € C,(RY).

(a) Let u: RY — R be u a viscosity subsolution to (2.1). Suppose 6 > 0 and (f,g) € Hy are such that
{z e RY|u(x) — f(x) > [u— f]—0} is compact. Then there exists some xg € R with

u(zo) — f(wo) = sup u(z) — f(x),
veRe (B.1)
u(zo) — Ag(wo) < hi(zo).

(b) Let v: R? — R be a viscosity supersolution to (2.2). Suppose § > 0 and (f,g) € Hs are such that
{z e RY|v(z) — f(x) < |v— f] + 0} is compact. Then there exists some xo € R? with

v(xo) — f(wo) = Zien]gq v(z) — f(z),
v(wo) — Ag(z0) > ha(zo).

In particular, the outcomes of (a) and (b) hold if Hy C C(R?) x C(R?) and Hy C C_(R?) x C(R?).
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Proof. We only show Part (a). Part (b) follows analogously. Assume that u is a viscosity subsolution to
(2.1) and let (f,g) € H1. We aim to establish the existence of x¢ such that (B.1) is satisfied.

Due to the subsolution property of u, there exists a sequence (z,,)nen € R? such that

Jim u(a) — fan) = [u ],
lim sup u(zy,) — Ag(zn) — h1(x,) < 0.

n—oo

For n large, we have
zn € {z € R |u(z) — f(z) = [u— f] -6},

which is a compact set by assumption. Thus, there exists a subsequence (Zn, )ren — %o € RY. Since
u(zy) — f(zn) = [u— f], it follows that

w1 = lim u(wn,) = f(@n,) < ulwo) = flwo) < [u—f1,

where the inequality follows by the upper semi-continuity of u — f. The inequality is thus an equality,
establishing the first statement of (B.1). Due to the continuity of f, we additionally find that

ulao) = lim u(zy, ).

Since g and hy are continuous, we conclude

u(o) = Aglao) — B (o) = Jim u(n,) = Ag(ne) — P ()

< limsup u(x,) — Ag(x,) — h1(zy) <0,

n—oo

establishing the second statement of (B.1). O
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