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Abstract
Phase retrieval is an inverse problem that, on one hand, is crucial in many applica-
tions across imaging and physics, and, on the other hand, leads to deep research 
questions in theoretical signal processing and applied harmonic analysis. This sur-
vey paper is an outcome of the recent workshop Phase Retrieval in Mathemat-
ics and Applications (PRiMA) (held on August 5–9 2024 at the Lorentz Center in 
Leiden, The Netherlands) that brought together experts working on theoretical and 
practical aspects of the phase retrieval problem with the purpose to formulate and 
explore essential open problems in the field.

Keywords  Phase retrieval · Ptychography · Inverse problem complexity · 
Generative priors · Random matrices · Quantization · Wigner distribution 
deconvilution

Mathematics Subject Classification (2020)  42C15 · 65R32 · 78A46 · 94A12 · 
65J22 · 15B52

1  Introduction

Phase retrieval is a fundamental problem in signal processing and imaging in which 
one seeks to recover a signal from magnitude-only measurements. It arises in many 
areas of the physical sciences—from X-ray crystallography and astronomy to elec-
tron microscopy and quantum tomography—whenever detectors record intensity 
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without phase information. Because the phase information is lost, the inverse recon-
struction problem becomes highly ill-posed, raising fundamental questions regarding 
the uniqueness and stability of solutions and efficient algorithms to find them.

1.1  Purpose of the survey

Despite these inherent challenges, the field of phase retrieval has witnessed signifi-
cant advances, driven by fundamental theoretical progress and rapid developments in 
applications across various imaging disciplines. At the same time, a considerable gap 
remains between the theoretical understanding of the phase retrieval methods and 
their practical implementation in real-world scenarios. Recognizing this challenge, 
the recent workshop Phase Retrieval in Mathematics and Applications (PRiMA), held 
August 5–9 2024 at the Lorentz Center in Leiden, The Netherlands, brought together 
experts from a diverse set of theoretical and practical backgrounds to explore critical 
limitations in phase retrieval, and to formulate essential open problems in the field.

As a direct outcome of PRiMA, this paper has a twofold purpose: first, to clearly 
articulate open problems and their practical relevance, thus providing practitioners 
with insights into theoretical challenges and potential methodological improvements; 
and, second, to present theorists with concrete, real-world scenarios that need further 
theoretical investigation and innovation. By bridging this gap, we hope to stimulate 
productive collaboration and inspire future research directions.

1.2  Organization of the paper

The remainder of this paper is organized as follows. Section 2 introduces the notation 
and mathematical framework that will be used in the subsequent sections. Section 3 
covers the topic of the Intrinsic Difficulty of Phase Retrieval, examining complexity-
theoretic aspects of the problem. It surveys measures of problem difficulty, theoreti-
cal results on uniqueness and algorithmic hardness, and approaches for establishing 
confidence in reconstructions. Section 4 addresses the problem of Physics-Informed 
Modeling of Object and Probe, discussing how to incorporate prior knowledge into 
phase retrieval models. It explores object parameterization strategies (including 
examples like repetitive unit-cell structures in crystallography and patterned compo-
nents in imaging) and the challenges of jointly estimating object and probe. Section 
5, titled PtyGenography, presents the use of generative models for phase retrieval. 
It describes methodologies for leveraging neural-network-based priors, provides 
examples of reconstructions under varying noise levels, and discusses the observed 
trade-offs and performance of these methods. Section 6 focuses on Structured Ran-
dom Phase Retrieval, comparing classical random measurement approaches with 
structured schemes. It highlights recent advances in designing practical measurement 
patterns (for example, block-coded masks or correlated illuminations) that approxi-
mate the advantages of randomness. Section 7 investigates One-Bit Quantization fo 
Event-Driven 4D STEM, illustrating how extreme data quantization (down to single-
bit per measurement) in high-speed electron microscopy impacts phase retrieval and 
what strategies might mitigate the information loss in such scenarios. Finally, Section 
8 delves into the Mathematical Foundations of Wigner Distribution Deconvolution, 
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an alternative formulation of phase retrieval, and outlines how analyzing the Wigner 
distribution (or short-time Fourier transform) can provide insight into unique recov-
ery criteria.

2  Notation

We begin by introducing some general notation that is used in later sections.

	● We denote the imaginary unit by i :=
√

−1.
	● Euler’s number is denoted e := 2.718 . . . .
	● We write N = {0, 1, 2, . . .}.
	● For a given positive integer n we denote [n] := {0, 1, 2, . . . , n − 1}.
	● Vectors are denoted by bold font small letters, e.g. for x ∈ Cn. Its jth entry is 

denoted xj ∈ C, that is, x = (xj)j∈[n]. Note that indexing of vector coordinates 
starts with 0.

	● For 1 ≤ p ≤ ∞ we use ∥x∥p to denote the ℓp-norm of x ∈ Cn.
	● Sn−1 = {x ∈ Cn : ∥x∥2 = 1} denotes the unit sphere in Cn.
	● For two vectors x, y ∈ Cn, their inner product is defined as ⟨x, y⟩ =

∑
j∈[n] xjyj .

	● For two vectors x, y ∈ Cn, their coordinate-wise (or Hadamard) product is de-
fined as x ◦ y = (xjyj)j∈[n] ∈ Cn.

	● Matrices are denoted by capital letters, e.g., A ∈ Cm×n. Its (j, k)th entry is de-
noted by Ajk ∈ C, so that A = (Ajk)j∈[m],k∈[n].

	● For a matrix A ∈ Cm×n, its adjoint matrix A∗ is defined as A∗
jk = Akj .

	● N(µ, σ2) denotes the normal distribution with mean µ and variance σ2, Unif[a, b] 
the uniform distribution on the interval [a, b], and Pois(λ) the Poisson distribu-
tion with intensity λ > 0.

While some of the problems consider an infinite-dimensional setup, where the object 
and the probe are functions, other problems deal with a discretized, finite-dimen-
sional setup that assumes both of them to be vectors. Here, we introduce the notation 
for both of these setups.

2.1  Finite-dimensional setup

	● The input dimension is denoted by n ∈ N \ {0}.
	● The number of measurements is denoted by m ∈ N \ {0}.
	● The object to be recovered in a phase retrieval problem is denoted by f ∈ Cn.
	● A probe (also called mask or window) is denoted by w ∈ Cn.
	● The n × n unitary Discrete Fourier Transform matrix is denoted by F ∈ Cn×n. Its 

entries are given by Fk,j := e−2πikj/n/
√

n, for k, j ∈ [n].

Page 3 of 40     23 



M. Allain et al.

	● For two vectors x, y ∈ Cn, their convolution is defined as (x ∗ y)j =
∑

k∈[n] xkyj−k, 
where j − k is understood modulo n.

	● For a given x ∈ Cn, Dx ∈ Cn×n denotes the diagonal matrix with x on its diago-
nal. In particular, Dxy = x ◦ y for y ∈ Cn.

	● The shift operator Sr is defined by (Srx)j = xj−r, for j ∈ [n].
	● The modulation operator Mk is defined by (Mkx)j = e2πijk/nxj , for j ∈ [n].

	● The measurement matrix is usually denoted by A ∈ Cm×n and the corresponding 
phaseless measurement map is A(f) = |Af|2, where the absolute value is taken 
coordinate-wise.

2.2  Infinite-dimensional setup

	● The object to be recovered is denoted by f : Rd → C, where d is the domain 
dimension. In most of the cases considered in this paper, we have d = 2, but it can 
also be d = 1 or d = 3 in some cases.

	● A probe (also called a mask or a window) is denoted by w : Rd → C, where d is 
the dimension.

	● The Fourier transform of a function f is denoted by 
f̂(ξ) = F [f ](ξ) = intRdf(x)e−i⟨x,ξ⟩ dx for d ≥ 1.

	● For two functions f, g : Rd → C, their convolution is defined as 
(f ∗ g)(t) = intRdf(τ)g(t − τ) dτ .

	● The shift operator Sk is defined by Skf(x) = f(x − k).

We will now begin to present the individual problems proposed and discussed by 
various working groups of physicists and mathematicians at PRiMA 2024.

3  Problem: intrinsic difficulty of phase retrieval

Authors: Marc Allain, Selin Aslan, Wim Coene, Julien Flamant, Mark Iwen, Oleh 
Melnyk, Andreas Menzel, Viktor Nikitin, Gerlind Plonka.

In this section, we consider the general continuous phase retrieval problem 

	 I = A(f) = |Af |2,� (1)

of recovering f from I and its discretization 

	 I = A(f) = |Af|2.� (2)

Note that we use the same notation for measurement operator A and linear transform 
A in continuous and discrete cases as they can be distinguished from notation f or f. 
We focus mainly on the standard coherent diffraction imaging (CDI) with A = F and 
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ptychography, where A corresponds to the (subsampled) short-time Fourier transform 
matrix.

In practice, the expected behavior of phase retrieval algorithms depends largely 
on the sample properties such as support and (in)homogeneity of the phase of the 
object. Numerical and experimental evidence shows that all samples are not equally 
difficult to retrieve. For instance, it is well-known that objects with smooth edges or 
strong inhomogeneous phase-fields in their domain are generally harder to recon-
struct   [1–4]. Unfortunately, the specifics of the object are not known prior to the 
experiment. Thus, establishing complexity measures based solely on the measure-
ments is a crucial issue in phase retrieval. Possible solutions to this open problem are 
now discussed, which are mainly structured by the following questions.

Questions 3.1

1.	 What are the current practices and what measures could be used for estimating 
the object’s complexity from the measurements?

2.	 Which aspects of object complexity are theoretically understood and what open 
problem should be addressed?

3.	 How does an object’s complexity constitute itself in the reconstruction process? 
What is its impact on the convergence rate?

4.	 Can we justify the obtained reconstruction by providing (pixel-wise) confidence 
intervals?

3.1  Complexity measures

We consider the intensity of the field diffracted by a sample f, i.e., I = |Ff |2, obtained 
during a standard CDI experiment. From this diffracted intensity, we also introduce 
γ = F−1I , the autocorrelation of the sample. Sampling aliasing is neglected here-
after, and the autocorrelation of the discretized problem, denoted γ, is considered 
consistent with the spatial sampling of γ. In other words, we assume that the follow-
ing relation holds 

	 γ = {γ(r) : r ∈ G},

with G a rectangular d-dimensional spatial grid. Since the autocorrelation function 
and its moments are used in both sparse CDI  [5, 6] and ptychography  [7–11], its 
use to derive a complexity measure for phase retrieval problems seems appropriate.

A necessary assumption in CDI is that f lives inside a bounded spatial domain in 
Rd. As a result, the set 

	 Sf = {r ∈ G : f(r) ̸= 0}

is bounded and its cardinal |Sf | corresponds to the (finite) number of complex 
unknowns to retrieve. Similarly, in the absence of noise, the autocorrelation γ van-
ishes outside a bounded domain Sγ = Sf ⊖ Sf  with ⊖ the Minkowski difference 
between sets. The (noise-free) intensity measurements I being in a one-to-one rela-
tionship with γ, the number of independent constraints provided by I is easily derived 
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from the cardinal of Sγ. More specifically, since γ is centrosymmetric, the number of 
independent constraints is therefore 1

2 |Sγ |.
Recalling that the number of unknowns is |Sf |, the ratio of the number of con-

straints to unknowns called the overdetermination ratio  [12] is 

	
Ω = 1

2
|Sγ |
|Sf |

.

It can be shown that Ω ≥ 2d−1, where d is the number of spatial dimensions of the 
problem. In two dimensions, the overdetermination ratio is always greater or equal to 
2, the equality being verified when the support is convex and centrosymmetric [12]. 
Regardless of the structure of the object itself, it can be conjectured that the intrinsic 
difficulty of phase retrieval depends on this ratio. However, Ω treats all points r ∈ Sf  
equally, independently of |f(r)|. An analogous issue arises with the rank of a matrix, 
in case of which one can use the stable rank as an alternative   [13]. We question 
whether a generalized version of Ω accounting for |f(r)| could be established.

The distribution of autocorrelation values might also provide insight into the dif-
ficulty of the phase problem. In particular, the normalized second-order moment (also 
known as the “radius of gyration”), which we define here in the continuous case [14] 

	
B :=

´
||r||2|γ(r)|2dr´

|γ(r)|2dr
,

could be considered under the following assumption
”When B decreases, the difficulty of the phase retrieval problem increases.”
It is worth noting that B can be given an equivalent expression based on the dif-

fracted intensity 

	
B =

´
||∇I(q)||2dq´

|I(q)|2dq
,

with ∇ being the usual gradient operator. Using B as a measure of difficulty is there-
fore motivated by the following empirical knowledge, disseminated in the CDI com-
munity: “the more fringes in the intensity pattern, the easier the problem”. Unlike the 
overdetermination ratio, this metric depends on the value of the autocorrelation, and 
not only on its support. As such, it might better capture the intrinsic difficulty of the 
problem, although it is also more prone to imperfections when the autocorrelation is 
estimated from data (e.g., the autocorrelation estimate can be severely distorted by 
the noise and/or by the suppression of the central portion of the intensity pattern I 
induced by a beam-stop).

3.2  Theoretical background

During the past decade, significant progress was made in understanding the unique-
ness and stability of reconstruction from phaseless measurements. Among them a 
major step forward was the establishment of the local stability bounds   [15–17]. 
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Namely, given two objects f and g, it is possible to track their similarity in terms of 
their diffraction measurements, 

	
min
|α|=1

∥f − αg∥F ≤ C(g)∥A(f) − A(g)∥M.� (3)

Here, the left-hand side is the distance between f and g accounting for global phase 
ambiguity and the right-hand side is the distance between the respective measure-
ments. Typically, ∥ · ∥F is an L⊭-norm, possibly restricted to some domain Ω and 
∥ · ∥M is the Sobolev norm, i.e., the sum of L⊭-norms of the function and its deriva-
tive. When we only consider functions on a finite domain Ω, then both norms are the 
L⊭-norms in the corresponding spaces  [18].

The constant C(g) > 0 is called the local stability constant as it depends on g. This 
dependency is linked to the connectivity of the support of g represented by the func-
tion’s Cheeger constant, see  [19] for more details.

Thus, when the support of g consists of many dis- or weekly connected compo-
nents, one can construct a new function f by assigning a separate global phase to each 
“isle”, which will yield similar measurements  [15].

In the context of investigating the complexity of the given object, it is interesting 
whether (3) could be helpful. For instance, by setting g = 1

|Ω| intΩf(x)dx with Ω 
being the domain of f, the both sides become analogies to variances.

If the above idea is applicable, can we then establish bounds as in (3) in different 
spaces F to investigate further properties of f ?

Another interesting direction in understanding stability is the transversality prop-
erty introduced in  [1]. For this, let us look at phase retrieval as the intersection task 
of finding f ∈ A ∩ B. In CDI, A is the set of Fourier magnitudes and B the support of 
the object. In ptychography or other diffraction imaging setups with overdetermined 
linear mapping A, we can instead search for g ∈ A ∩ B, where 

	 A := {h : |h| = y} and B := {h : h = Af for some f},

are the set of functions satisfying the magnitude constraints and, respectively, the 
image of the linear operator A.

When considering B as the support constraint of the object, one of the claims 
of  [1] is that the difficulty of phase retrieval mainly depends on the geometry near 
the intersection A ∩ B. In particular, on the dimension of its near-linearization 
TfA ∩ TfB, where TfA, TfB are the tangent spaces at f and since B is linear, we can 
write TfB = B. The intersection is said to be transversal if dim(TfA ∩ B) = 0, and 
non-transversal otherwise.

One key of the results in   [1] Theorem 3.5] is that phase retrieval has a locally 
Lipschitz inverse mapping at f if and only if the intersection TfA ∩ B is transversal. 
At the present time, it is unclear (at least for us) whether the notion of transversality 
can be useful in practice. The difficulty in using it seems to be the direct dependency 
on f that is not available to us.
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It would also be beneficial to put transversality into perspective of other unique-
ness and stability results known for phase retrieval, such as complementarity prop-
erty  [20, 21] or (robust) rank null space property  [22].

3.3  Complexity and reconstruction

Turning to the reconstruction algorithms, we observe that even less is understood 
about the impact of an object’s complexity on the convergence speed. Let us consider 
a gradient descent method 

	 f t+1 = f t − µ∇L(f t)

applied to the “square-root” objective 

	
L(f) =

m∑
j=1

∣∣|(Af)j |1/2 − y1/2
j

∣∣2
,

which, from the perspective of maximum likelihood estimation, is an approximation 
of the Poisson log-likelihood function  [23]. With appropriately chosen step size µ  
[24], its convergence is characterized by 

	
∇L(f t) → 0as t → ∞, and max

t=1,...,T
∥∇L(f t)∥ ≤ (L(f 0)-inffL(f))1/2

∥A∥
√

T
,� (4)

where T is the number of iterations and ∥A∥ is the spectral norm of the operator A.
A few important remarks are the following:

	● By convergence we understand finding a critical point ∇L(f) = 0, which may not 
necessarily be the global minimizer. For nonrandom A, this is the best-guaranteed 
performance up to date as the function L is nonconvex. On the other hand, for 
random A the landscape of the (slightly modified) objective is well-understood  
[25].

	● If more than one unknown is being optimized at the time, e.g., probe in blind 
ptychography   [26], the exponent 1/2 in the denominator is replaced by p/2 
where p is the number of unknown components, highlighting how reconstruction 
difficulty scaled with the problem’s difficulty.

	● It is important to note that (4) is a so-called global bound, which applies for an 
arbitrary starting point f0. Theoretical findings in  [27] suggest that for ptycho-
graphic reconstruction with the right initialization, it is possible to achieve linear 
convergence rate, that is to replace T −1/2 in (4) with e−cT for c > 0. However, 
how to obtain a sufficiently good initial guess efficiently remains unclear. On the 
contrary, in  [28] for one-dimensional Fourier phase retrieval, the existence of a 
linearly convergent algorithm is shown to be impossible.1

1 unless p = NP.
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Prominently, in (4) the impact of noise, measurement operator A, initialization f 0 and 
the complexity of the ground truth is hidden in the term L(f 0)-inffL(f).

Due to the empirical evidence on the slower convergence for more complex 
objects, an important direction of research is to establish a more explicit dependency 
between the convergence rate (4) and, for instance, the object’s smoothness class.

An alternative idea is to perform a numerical study on the conditioning of the 
Hessian ∇2L as it determines the (local) convexity of the function and the conver-
gence rate of the gradient method. This leads to a natural follow-up question whether 
the desired complexity statistics of the object can be based on the Hessian and its 
conditioning?

3.4  Confidence intervals

Adjacent to the Hessian is the topic of confidence intervals and uncertainty quantifi-
cation for reconstructed images or their parts. The classical solution to this problem 
is the construction of confidence intervals, within which the ground truth should lie 
compared to the obtained estimate. The construction of confidence intervals is partic-
ularly crucial for medical applications, where false reconstruction may pose dangers 
to human health.

To construct the intervals for f using results for maximum likelihood estimation 
we require a Fisher information matrix, which is obtained by taking an expectation of 
the Hessian matrix. This can be done, following the ideas from  [29]. However, the 
performance of the method is limited to dimensions below 100 pixels by the compu-
tation time of the inverse of the Fisher information matrix. Whether the computations 
can be sped up, e.g., using techniques from randomized linear algebra   [30], is an 
open question.

The confidence interval construction is not limited to the maximum likelihood 
method. Another possibility to compute confidence intervals is using conformal 
inference techniques  [31]. This approach, however, requires a large dataset of pos-
sible objects for calibration. Unfortunately, a large realistic dataset of objects is not 
yet available in diffraction imaging, which significantly limits the applications of 
conformal inference. The assembly of such a dataset is a high-value future research 
objective.

4  Problem: physics-informed modeling of object and probe

Authors: Selin Aslan, Oleh Melnyk, Palina Salanevich, Mark Iwen, Felix Krahmer, 
Gerlind Plonka.

With the advancement of detector capabilities, the dimensionality and complexity 
of measurement models in diffraction imaging continue to grow, leading to a signifi-
cant increase in computational demands. Estimating millions of unknown parameters 
in such high-dimensional models often creates a bottleneck, where iterative methods 
can stagnate as the updates for each individual pixel are close to zero. To overcome 
this limitation, reducing the number of unknowns through suitable parameterization 
of the underlying objects offers a promising solution.
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In many applications, the specimen exhibit specific structure that can be repre-
sented as a compilation of repeating patterns. For example, in crystallography  [32, 
33], crystals consist of layers with repeating arrangements of individual atoms. Simi-
larly, in circuit board imaging  [34], the focus is on reconstructing patterns formed by 
numerous individual components, each belonging to a finite set of admissible types, 
such as chips, resistors, capacitors, and connections. Visualizations of such objects 
can be found in Fig. 1.

The idea of parametrization is not necessarily restricted to the object itself and can 
be used for other experimental unknowns. For instance, in electron microscopy, the 
probe is typically represented by aberrations of circular aperture in terms of Zernike 
polynomial expansion  [35, 36].

Note that the idea of efficient parametrization is not new to imaging and phase 
retrieval. Ideas from compressed sensing  [5, 37–39], dictionary learning  [40, 41], 
and, generative learning  [42–44] have been explored in the past. Among these, gen-
erative models had the most success in phase retrieval so far, both with pre-trained   
[42, 43] and zero-shot  [44] networks. However, the physical interpretability of such 
models is limited, which motivates us to consider model-based parametrizations.

4.1  Object parameterization

Motivated by the applications in crystallography and lithography, let us assume that 
the object f can be modeled as a sum of complex-valued measures 

	
f = a0λ +

N∑
j=1

ajStj
µj(σ),� (5)

Fig. 1  Examples of objects
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where λ denotes the Lebesgue measure representing the general object background 
(i.e., absence of features), and the measures µj are (normalized, localized) complex 
measures representing the features of the object. We assume that µj ∈ E , where E  
with |E| ≪ N  is a set of all admissible features. Moreover, the measures µj may be 
influenced by experimental conditions captured by the parameter σ. In this model, 
the translation operator Stj  centers µj at the position tj. The weights aj represent the 
strength of the jth feature.

In the applications above, measures µj represent atomic potentials in crystallogra-
phy and individual chip components in circuit boards. For example, let us consider 
the crystallographic model from   [33], where f represents the Coulomb potential, 
incorporating temperature effects through the Debye-Waller damping scheme. The 
model is expressed as 

	
f = exp


iσ

N∑
j=1

ωjStj
vj


 ,� (6)

where σ is the interaction constant, vj is the potential function of the jth atom, ωj is 
the weight and tj is the atom’s position. If the atoms are sufficiently far apart and the 
supports of their potentials are approximately disjoint, we can set ωj = 1 and rewrite 
(6) in the form of (5), 

	
f ≈ λ +

N∑
j=1

Stj
(1 − exp(iσvj)) ≈ λ +

N∑
j=1

Stj
(1 − exp(iσvj(0))).

A crucial detail is that E  is known, as the individual potentials v ∈ E  of atoms are 
computed in  [45]. In this particular application, the authors initially perform a pixel-
based reconstruction, from which they determine N, µj and set up initial guesses for 
σ, aj, and tj, which are then optimized.

The above example raises a few important questions.

Question 4.1  The set E  strongly depends on the application and may not be known in 
advance. What is an efficient strategy to establish it?

Here, we see a potential solution in using patch-based priors   [41, 46] to learn E . 
However, this approach is prone to reliability and interpretability problems with the 
learned dictionary.

Question 4.2  How can one select the number of features N and the features µj?

As demonstrated in  [33], one approach to this problem is to use the pixel-wise recon-
struction as a way to transit to a parametrized model. It can be further developed by 
considering of a coupled model, where the parametrization model is used as a prior 
or a regularization term akin to  [41]. Studying this idea, as well as alternative meth-
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ods for selecting N and µj, is an important component in development of an efficient 
phaseless reconstruction method.

Question 4.3  Can we establish uniqueness and stability guarantees for the model (7)? 
What are the reasonable sufficient conditions?

In the model (5), the set of parameters is given by (aj , µj , tj), 1 ≤ j ≤ N  and is 
generally much smaller than in the pixel-wise representation of the object. While 
this approach effectively reduces the number of parameters, it comes at the cost of 
nonlinear interactions between aj, µj and tj, which makes the analysis of the model 
more intricate. We discuss Question 4.3 in more detail for a simplified model in Sec-
tion 4.2.

4.2  Sparse crystallography

In this section, we focus on the following simplification of the crystallographic model 
(6). We replace the atomic potentials vj with the Dirac delta measure δ. In this way, 
we disregard the weight of an atom and rather focus on its position. Then, (6) can be 
rewritten in terms of distributions as 

	
f = λ +

N∑
j=1

(
eiωj − 1

)
δtj

= λ +
N∑

j=1
ajδtj

,� (7)

where aj = eiωj − 1 for j ∈ {1, . . . , N}.

Problem 4.4  Suppose the signal f is given by the model (7) and let w ∈ S(R2) be the 
probe. Given the measurements of the form 

	 A(f)(r, ξ) = |F(f · Srw)(ξ)|2, ξ ∈ Ω, r ∈ R,� (8)

recover the atom positions tj and weights aj for j ∈ {1, . . . , N}.

Remark 4.5  In the case of no background, that is, when f =
∑N

j=1 ajδtj , the prob-
lem can be seen as typical sparse phase retrieval, which can be solved using the 
Prony’s method  [47] or lifting with TV-regularization  [48].

Note that by replacing the atomic potentials with the Dirac delta measure, we trans-
form the object model into a discrete representation. To further simplify the problem, 
let us now discretize it and consider the finite-dimensional version of  (7) 

	
f = 1 +

N∑
j=1

ajetj
∈ Cn.� (9)
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Then the measurements (8) become 

	

A(f)(r, k) =

∣∣∣∣∣∣
(FSrw)k +

N∑
j=1

aj(Srw)tj (F etj )k

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣
(FSrw)k +

N∑
j=1

aj(Srw)tj Fk,tj

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣
(M−rFw)k +

N∑
j=1

aj(Srw)tj
Fk,tj

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣
(Fw)k +

N∑
j=1

aj√
n

(Srw)tj
e−2πik(tj−r)/n

∣∣∣∣∣∣

2

.

� (10)

Note that the background term (Fw)k here does not depend on the probe shift r. As 
a result, the above problem could be treated as a special case of affine phase retrieval  
[49].

This consideration leads to the following open questions, answering which would 
allow us to understand benefits and limitations of the proposed model-based object 
parametrization.

Question 4.6  How large the set of the probe shifts R should be to ensure unique 
reconstruction of aj, tj, j ∈ {1, . . . , N} from (10)?

Question 4.7  What methods can be used to solve this problem efficiently and stably, 
and under what conditions on the probe w and the set of the probe shifts R?

To further improve the reconstruction accuracy and/or to reduce the cardinality of 
R, one can incorporate prior knowledge on aj, tj. The examples of such priors are 
the admissible range of |aj | and the separation |tj − tℓ| ≥ δ for j ̸= ℓ and known 
δ > 0. Furthermore, in crystallographic applications, the atom positions tj often form 
a superposition of several latices.

5  PtyGenography: using generative model for regularization with 
varying noise levels

Authors: Selin Aslan, Wim Coene, Sjoerd Dirksen, Tristan van Leeuwen, Allard 
Mosk, Palina Salanevich.

In this section, we consider a more general setup that includes the phase retrieval 
problem as a partial case. Namely, we consider a non-linear inverse problem of 
retrieving f ∈ Cn from noisy measurements y = A(f) + ε, where A : Cn → Cm is 
the measurement map, and ε ∈ Cm is the noise term. In the case of the phase retrieval 
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problem, the measurement map is defined as A(f) = |Af|2, where A ∈ Cm×n is a 
given matrix (see, e.g.  [50, 51] for a recent overview). Note that in this section, we 
only consider the additive noise model, which is typical for detector noise and does 
not cover Poisson shot noise.

Assuming A is injective, the conventional formulation of the reconstruction prob-
lem is 

	
min

f
∥A(f) − y∥2

2.� (11)

To account for instabilities in the presence of noise, one often adds a regularization 
term. The most common, classical regularization approach is Tikhonov regulariza-
tion, which is extensively studied and theoretically well-understood  [52]. However, 
it tends to smooth out high-frequency components, which can be problematic when 
trying to capture detailed features of the signal.

More recently, generative models have emerged as a powerful alternative to cap-
ture detailed prior information on the signal, and, thus, enforce reconstruction stabil-
ity. More specifically, assuming that the signal f = G(z) for some z ∈ Ck, where 
G : Ck → Cn is a given generative model and k < n, the problem (11) becomes 

	
min

z
∥A ◦ G(z) − y∥2

2.� (12)

The rationale here is that the conditioning of A ◦ G is generally more favorable than 
that of A, at the expense of introducing a bias in the reconstruction. It has indeed been 
observed in numerical experiments that for high signal-to-noise ratio levels formula-
tion (11) performs better, while for in the case of low signal-to-noise ratio formula-
tion (12) outperforms it  [43].

This section provides an overview of the recent work by the authors  [53] on regu-
larizing an inverse problem using generative priors and discusses the open problems 
that emerge from it. This work  [53] was initiated and partially conducted during the 
PRiMA workshop at the Lorentz center.

In this section we

1.	 characterize the reconstruction error of (11) and (12) in terms of the bias and 
variance;

2.	 develop a practical method for detecting bias introduced by generative priors;
3.	 propose a unified variational framework that balances generative and conven-

tional formulations, achieving stable performance across different noise levels.

In Section 5.1, we explore the recovery properties of the two inverse problem for-
mulations (11) and (12). Section 5.1.1 presents the theoretical foundations obtained 
in  [53], including the key results on the reconstruction error and the bias introduced 
by the generative model that may hinder recovery in the cases when the true signal 
lies outside the learned distribution. A unified approach that allows to mitigate this 
problem and balance generalization and stability by combining (11) and (12) is dis-
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cussed in Sect. 5.1.4. Section 5.2 summarizes numerical findings that illustrate the 
trade-offs between generative and classical approaches. Finally, Sect. 5.3 discusses 
open problems and future research directions, emphasizing challenges in bias detec-
tion, theoretical guarantees, and optimization strategies.

5.1  Methods

We assume that both the measurement map A and the generative model G are injec-
tive and bi-Lipschitz with constants α, β ≥ 1. That is, for any f, f′ ∈ Cn, 

	 α−1∥f − f′∥2 ≤ ∥A(f) − A(f′)∥2 ≤ α∥f − f′∥2,

and likewise for G, with β in place of α.

Remark 5.1  For the phase retrieval problem, where A(f) = |Af|2 with A ∈ Cm×n, 
the measurement map A satisfies the (bi-)Lipschitz property whenever it is injective  
[54]. However, for most matrices A, no explicit bound on the Lipschitz constant α is 
known. An exception is phase retrieval from locally supported measurements  [55].

We furthermore assume that the bi-Lipschitz constant γ of A ◦ G is more favor-
able than that of A, that is, γ < α. In other words, G effectively regularities the 
inverse problem. Moreover, we assume that G is well-conditioned, in the sense that 
0 < β − 1 ≪ 1.

5.1.1  Characterizing the reconstruction error

We denote by f0 the ground-truth signal we aim to recover from the measurements 

	 y = A(f0) + ε,

where ɛ is a bounded noise term. The following results characterize the reconstruc-
tion error for conventional (11) and generative priors-based (12) reconstruction meth-
ods  [53].

Lemma 5.2  Let ̃f = arg min
f

∥A(f) − y∥2  with y = A(f0 ) + ε. Then the reconstruc-

tion error is given by 

	 ∥̃f − f0 ∥2 ≤ 2α∥ε∥2 .

Lemma 5.3  Let z̃ = arg min
z

∥A ◦ G(z) − y∥2  with y = A(f0 ) + ε, and f̃ = G (̃z). 

Then the reconstruction error is bounded by 

	 ∥̃f − f0 ∥2 ≤ (1 + 2αβγ)∥G(z0 ) − f0 ∥2 + 2βγ∥ε∥2 ,

where z0 = arg min
z

∥G(z) − f0 ∥2 .
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Note that under the assumptions stated above, it is not unreasonable to have 
βγ < α, so that the regularized problem indeed leads to less amplification of noise, at 
the expense of introducing a bias which mainly depends on the expressiveness of the 
generative model. More specifically, there is a trade-off between the introduced bias 
and the noise amplification. More restrictive generative model would have smaller β, 
leading to the smaller variance, but at the same time it would lead to large bias term 
in out-of-distribution scenarios. This phenomenon is illustrated in Fig. 6.

5.1.2  Detecting bias

A significant challenge in phase retrieval is detecting and correcting bias due to 
imperfect measurements. In many applications, such as material science   [56, 57], 
lithography  [58], and circuits board manufacturing  [59], the ground truth signal has 
the form f0 = G(z0) + η, where G models all the “perfect” signals and η represents 
the signal imperfections and manufacturing defects. Detecting these defects is critical 
for the success of the reconstruction process. Therefore, we would like to answer the 
following question.

Question 5.4  Given a solution z̃ = arg min
z

|A ◦ G(z) − y|2 to the optimization 

problem (12), can we detect or perhaps even quantify the bias |G(z̃) − f0|?

Answering this question requires more refined exploration of the properties of the 
measurement map A. One possible approach to it is using Vanderlugt correlation  
[60], which gives us a way to highlight the defect structure by correlating A ◦ G(z̃) 
with y.

5.1.3  Vanderlugt correlation

In this section, let us assume that the measurements are diffraction patterns in the 
Fraunhofer regime, so that the measurement map is given by A(f) = |F f|2, where F 
is a discrete Fourier matrix  [61]. In this setup, a procedure inspired by the VanderLugt 
filter provides a simple means to detect and highlight object defects. The analog 
VanderLugt filter [60] can detect a given object by correlation in the Fourier domain, 
using an analog or digital hologram of the object to be recognized. Here, we adapt 
this principle to find and highlight the imperfections η, assuming these are spatially 
sparse.

We consider the Fourier transform F f of the optimized “perfect” object f = G(z0) 
obtained by fitting the ground truth f0 to the generative model. For the diffraction 
pattern intensity, we then have 

	 |F f0|2 = |F f|2 + |Fη|2 + Fη(F f)∗ + (Fη)∗F f.

In the absence of experimental noise, when y = |F f0|2, the solution obtained by the 
reconstruction method (12) is f. The term |Fη|2 is quadratic in the object imperfec-
tion η that we assume to be small, so that this term can be neglected. Then we have 
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	 y − |F (f)|2 ≈ Fη(F f)∗ + (Fη)∗F f,

which we can rewrite as 

	
Fη ≈ y − |F f|2

(F f)∗ − (Fη)∗F f
(F f)∗ .

The first term on the RHS of the equation can be calculated directly, and is a holo-
gram of the misfit between the ground truth measurements and the measurements of 
the object recovered by (12). The second term is a conjugate hologram. Such terms 
are common in holography and typically give rise to speckle-like background noise. 
Using this equation, we can approximate the object imperfection η by taking the 
inverse Fourier transform.

To illustrate this consideration numerically, let us assume that the generative 
model approach (12) perfectly reconstructs letters from the standard roman alphabet, 
but does not allow accents. Let the ground truth image f0 be as in Fig. 2(a). Since the 
generative model only reconstructs the letter ‘a’ and not the dot, the procedure out-
lined above outputs exactly the dot as shown in Fig. 2(b). The conjugate term gives 
rise to the noisy fringes in the image.

5.1.4  Towards a unified approach

We propose a combined approach to inference using a generative model 

	
min
z,f

∥A(f) − y∥2
2 + λ2∥G(z) − f∥2

2.� (13)

Fig. 2  (a) Example of an object f0 = f + η, where f is the letter ‘a’ and the imperfection η is the dot 
accent. (b) Imperfection η retrieved from correlating the generative reconstruction f with the given 
phaseless measurements
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Obviously, as λ = 0, we retrieve (11), and as λ → ∞, we retrieve (12). In  [53], we 
show the following reconstruction guarantees for (13).

Lemma 5.5  The estimate ̃f resulting from (13) satisfies 

	 ∥̃f − f0 ∥2 ≤ λα∥G(z0 ) − f0 ∥2 + 2α∥ε∥2

We note that can view (11), (12), and (13) as partial cases of the generic non-linear 
optimization problem of the form 

	
min
x∈Cd

∥A ◦ B(x) − y∥2
2 + λ2∥w ⊙ x∥2

2.� (14)

We retrieve the specific instances as follows:

	● (11) by letting d = n, x := f, B = I, and λ = 0;
	● (12) by letting d = k, x := z, B = G, and λ = 0;
	● (13) by letting d = k + n with x = (x1, x2), where x1 ∈ Ck and x2 ∈ Cn. We 

define B : Cn+k → Cn as B(x1, x2) = G(x1) + x2, and w ∈ Ck+n is defined by 
w(t) = 0 for t ∈ [k] and w(t) = 1 for t ∈ [k + n] \ [k]. The optimization prob-
lem (13) then follows by taking x1 := z and x2 := f − G(z).

To obtain the object reconstruction f̃ = B(z̃), we solve (14) using a Quasi-Newton 
method, such as limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) 
algorithm  [62]. The reconstruction algorithm we employ thus has parameters B, λ, w, 
and a stopping tolerance for L-BFGS.

5.2  Numerical results

For our numerical experiment, we define the measurement map as 

	 A(f) = |Af|2,

where matrix A represents a masked Fourier transform, corresponding to the mea-
surements with ℓ different probes 

	

A =




Fdiag(a1)
Fdiag(a2)

...
Fdiag(aℓ)


 .

Here, ai ∈ Rn are random binary probes, that is, their entries are independent identi-
cally distributed Bernoulli random variables. The number of measurements is thus 
m = n · ℓ.

We define the generative model as 
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	 G(z) = Gz + b,

where b ∈ Cn and G ∈ Rn×k are obtained by principle component analysis of a data 
set of handwritten digits  [63]. The elements of the data set are 8 × 8 images, so that 
n = 64. For our experiment, we choose k = 30.

Examples of the elements of the data set on which the generative model G is 
trained are shown in Fig. 3. Figure 4 shows examples of the signals G(z), z ∈ C30, 
obtained from the trained generative model. To define the measurement map A, we 
use ℓ = 100 randomly generated binary probes aj , j ∈ [ℓ]. Examples of the probes 
are shown in Fig. 5. For the numerical experiment, we generate measurements with 
additive Gaussian noise ε ∼ N (0, σ2Im).

To make the reconstruction methods (11) and (12) more stable to the measurement 
noise, we introduced additional Tikhonov regularization term by setting λ = σ2 and 
w = 1 in (14). For the reconstruction method (13), we set λ = 10 · σ2 and w = 1, 
which also introduces additional Tikhonov regularization term for z. The reconstruc-
tion errors for the three methods, tested on both in-distribution (that is, the ground 
truth is generated by the generative model) and out-of-distribution (where we use 
samples from the original data set as ground truth) data are shown in Fig. 6.

We see that for high signal-to-noise ratio levels, all methods perform well on in-
distribution data, and that for low signal-to-noise ratio levels the generative model 
shows a slight advantage. On out-of-distribution data, the generative approach (12) 

Fig. 5  Examples of the binary 
masks used to generate the 
measurements

 

Fig. 4  Samples generated by the 
generative model (k = 30) the 
top row displays the real part 
while the bottom row displays 
the imaginary part

 

Fig. 3  Samples of the data set 
on which the generative model 
was trained (n = 64). The top 
row displays the real part while 
the bottom row displays the 
imaginary part

 

Page 19 of 40     23 



M. Allain et al.

clearly shows the bias in the error for high signal-to-noise ratio regime. The com-
bined method (13) achieves the best result for both low and high signal-to-noise ratio 
levels.

5.3  Conclusion and discussion

In this note, we explored the use of generative models to regularize certain inverse 
problems, such as phase retrieval. These preliminary results we showed indicate that 
generative priors can indeed improve the robustness of the inverse problem solution 
to measurement noise, at the expense of introducing a bias in the reconstruction. To 
mitigate this issue, we propose a method that aims to combine the best characteris-
tics of both conventional and regularized methods by interpolating between them. 
Numerical results on phase retrieval from masked Fourier measurements show that 
the combined method can indeed achieve the best results. However, the presented 
error bounds are rather crude and can probably be improved with more careful analy-
sis methods. Further research is needed to solidify our understanding of the combined 
method, to refine it, and to make it feasible for high-dimensional problems. In par-
ticular, the following problems should be addressed.

Problem 5.6  Improve the theoretical guarantees on the reconstruction error for a 
unified approach (13) under appropriate assumptions on the measurement map A, 
generative model G, and the ground truth f0. What if A does not have a (global) bi-
Lipschitz property? How the bounds in Lemmas 5.3 and 5.5 can be improved for 
specific classes of learned and model-based generative models G?

Problem 5.7  Devise an efficient algorithm for solving (14) with provable conver-
gence guarantees. Study its robustness under different assumptions on the noise ɛ 
and bias G(z0) − f0. In particular, as the signal-to-noise ratio level is not known in 
advance, the regularization parameter λ needs to be adjusted throughout iterations of 
the reconstruction algorithm.

Fig. 6  Relative reconstruction error for the three methods for varying signal-to-noise ratio levels, tested 
on both in-distribution and out-of-distribution scenarios
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6  Problem: structured random phase retrieval

Authors: Sjoerd Dirksen, Jonathan Dong, Felix Krahmer, Palina Salanevich.
In this section, we consider the probabilistic formulation of the noiseless phase 

retrieval problem. More specifically, we make the following assumptions on the 
object and the measurement map.

	● The object f ∈ Cn is assumed to be a random vector uniformly distributed over 
the complex unit sphere, that is, f ∼ Unif

(
Sn−1)

.

	● The measurement map is given by A(f) = |Af|2, where A ∈ Cm×n is a random 
matrix. The reconstruction guarantees will be drawn depending on its statistical 
properties.

	● Finally, we will consider an asymptotic regime, when m, n → ∞, while the over-
sampling ratio α = m

n  stays constant.

For simplicity of the discussion, we will focus on the noiseless case, when we are 
aiming to recover (an estimate) of the ground truth object f0 from its phaseless 
measurements 

	 y = A(f0).� (15)

Remark 6.1  This phase retrieval problem formulation (15) belongs to a wide class 
of generalized linear estimation problems. In these problems, the measurements are 
assumed to have the form 

	 y = φout(Af0),

where A ∈ Cm×n is a random measurement matrix and φout is a stochastic func-
tion. All the distributions are assumed to be known. Let Pout(·|z) be the probabil-
ity density function associated to φout(z). We obtain the noiseless phase retrieval 
problem (15), by setting Pout(y|z) = δ(y − |z|2), where δ denotes the Dirac delta 
measure. For more details, we refer an interested reader to [64].
While larger values of the oversampling ratio α imply higher numbers of measure-
ments and, thus, make the recovery of the object f0 a simpler task, the number of 
measurements available in practice is often limited. For this reason, we aim to under-
stand the limitations of the phaseless reconstruction in the case when α is small.

More specifically, the goal is to answer the following question for different classes 
of random sensing matrices A.

Question 6.2  Depending on statistical properties of the random measurement matrix 
A, what is the smallest value of α for which the reconstructed approximation of f0 is 
better than a random guess? What is the smallest value of α for which the average 
reconstruction error is as small as can be achieved?
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In order to formalize this question, we consider the following two reconstruction 
regimes and define the corresponding threshold values for α.

Let ̃f be the Bayes optimal estimator of f0 minimizing the mean square error for a 
given α. Following  [64], we define 

	
MMSE(α) = lim

n→∞
E∥̃f − f0∥2

2� (16)

to be the asymptotic mean squared approximation error. Here, the expectation is 
taken with respect to the distribution of the random sensing matrix A. We furthermore 
define the best possible asymptotic mean squared approximation error as 

	 MMSE0 = infα>0 MMSE(α).� (17)

	● Weak recovery. In this regime, we are not looking to reconstruct f0 precisely, 
but rather to retrieve some information about it. We define the weak recovery 
threshold as 

	 αWR = inf
{

α > 0: MMSE(α) < E∥f0∥2
2
}

.� (18)

	 Below αWR, any estimate will inevitably be as good as a random guess, whereas 
reconstruction can start to return an informed guess for α > αW R.

	● Full recovery. In this regime, we seek to achieve the best possible reconstruction 
in expectation with respect to the ground truth object distribution. We define the 
full recovery threshold as 

	 αFR = inf {α > 0: MMSE(α) = MMSE0} .� (19)

	 Note that, depending on the rank of A, full recovery can be perfect, when 
MMSE0 = 0, or imperfect, when MMSE0 > 0. While full reconstruction is the-
oretically possible for any values of α > αFR, it is not clear it it can be obtained 
algorithmically.

Remark 6.3  We note that the notion of full recovery defined above is different from the 
injectivity (up to a global phase factor) of the measurement map A. While injectivity 
requires that any (deterministic) object can be uniquely reconstructed from its phase-
less measurements, perfect full recovery only implies that limn→∞ E∥̃f − f0∥2

2 = 0. 
In other words, for high enough input dimension n, the reconstruction error for almost 
all signals f0 ∈ Sn−1 is close to zero. Thus, the notion of full recovery is much weaker 
than the notion of injectivity. Since it is known that for injectivity of A it is required 
to have α ≥ 4  [65, 66], it is expected that αFR ≤ 4.
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Remark 6.4  Alternatively to the probabilistic viewpoint discussed above, also an 
algebraic viewpoint has been proposed in the literature. Rather than recoverability 
with high probability, this viewpoint considers the space of measurement maps and 
asks if the subset where injectivity fails is of measure zero (typically a low-dimen-
sional algebraic variety). There are also two versions of injectivity in this framework  
[67]. Strong identifiability requires that almost all measurement maps have the prop-
erty that no two inputs yield the same measurements, while weak identifiability is 
satisfied if for a fixed input x, almost all measurement maps do not admit any alterna-
tive input xʹ that yields the same measurements as x. While the focus of our agenda 
is on the probabilistic notions discussed above, it would be interesting to investigate 
also the corresponding questions for the algebraic formulation.

6.1  Results for a random measurement matrix

The case when the entries of the measurement matrix A are i.i.d. complex Gaussian 
random variables, both weak and full recovery regimes are well understood. The fol-
lowing results were shown in  [64, 68]:

	● The weak recovery threshold satisfies αWR = 1  [68]. Furthermore, the authors 
also showed that for any α > 1, weak recovery of f0 can be achieved using a spec-
tral method.

	● The full recovery threshold satisfies αFR = 2   [64]. To obtain this result, the 
authors utilized an information theory approach. Furthermore, since in this case 
matrix A is full-rank with probability 1, for any α > 2 perfect full recovery is 
theoretically guaranteed. At the same time, it is still unknown how to achieve it 
algorithmically when α ≈2. The closest (polynomial time) algorithmic full recov-
ery threshold is achieved by the Approximate Message Passing (AMP) algorithm, 
which provably achieves perfect recovery for α > 2.03 (see Fig. 7).

These results have been extended to a larger class of random measurement matri-
ces in  [64]. Similar thresholds have been be derived for Haar-distributed (random 
unitary) matrices, products of i.i.d. Gaussian matrices, and right-unitarily invariant 
distributions. For instance, for a random unitary ensemble, both weak and perfect 
recovery thresholds satisfy αWR = αFR = 2.

These findings establish a foundation for a robust, practical phase retrieval frame-
work with theoretical reconstruction guarantees at the (close to) minimal number of 
measurements. This would be in sharp contrast with current approaches in Fourier-
based or ptychographic phase retrieval settings where such theoretical guarantees 
are lacking. However, these large-scale random models are hard to physically imple-
ment, making them impractical for applications. Thus, an important problem is to 
construct a new class of (random) matrices that would be easily implementable while 
enjoying similar statistical properties.

In practice, randomized models have been introduced in both coded diffraction 
imaging (CDI)  [69] and random-probe ptychography  [70]. These randomized physi-
cal models improve the reconstruction quality over conventional implementations  
[70] and reconstruction guarantees for a particular convex relaxation algorithm were 
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first derived for m ∼ n log4 n  [69], later improved to m ∼ n log2 n  [71]. This shows 
the gap in our understanding of these models, as for the random model, the required 
number of measurements m scales linearly with the problem dimension n.

In coded diffraction imaging and ptychography, the measurement matrix A has a 
prescribed structure 

	

A =




FDw1
...

FDwℓ


 ,� (20)

where the diagonal matrices Dwk  correspond to the element-wise multiplication by 
probes wk ∈ Cn, i.i.d. random independent vectors for random CDI or, shifted ver-
sions of an initial probe w in the ptychography case. Oversampling corresponds to 
the number of images ℓ.

6.2  Structured random measurement matrices

To bridge the gap between realistic physical measurement models and the i.i.d. ran-
dom case with strong recovery guarantees, structured random measurement matrices 
have recently been proposed   [72]. They are built using two main optical compo-
nents: optical lenses and diffusers (see Fig. 8 (Bottom)). Lenses perform a Fou-
rier transform F on the electric field (neglecting physical scaling factors), which is 
similar to the operation performed by free-space propagation in ptychography and 
coded diffraction imaging. Optical diffusers are devices that scatter light by using 
a rough glass or plastic surface. Neglecting spatial correlations, they can be mod-
eled by a random elementwise multiplication by w with entries w(j) = eiuj  where 
uj ∼ i.i.d. Unif.[0, 2π]  [73].    

Fig. 7  (Left) correlation |⟨̃f, f0⟩| (higher is better) achieved by the AMP algorithm in noiseless random 
phase retrieval as a function of the oversampling ratio α. We compare it to the asymptotic theoretical 
prediction, known as “state evolution” (blue curve) and to the information-theoretic (IT) performance, 
which is the optimal error that any algorithm can reach, no matter its running time. (right) examples of 
reconstruction from the AMP algorithm for different oversampling ratios α. Figure from  [50]
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To emulate the properties of i.i.d. random matrices, several lenses and diffusers 
can be stacked sequentially:

	● In the measurement setup when A = FDF, we observe a phase transition from 
weak to full recovery regime after α = 3.

	● Consider A = FD1FD2 · · · FDℓ with ℓ ≥ 2 and Dk = diag(wk), where 
wk(j) = eiuk,j , uk,j ∼ i.i.d. Unif.[0, 2π]. For such measurement matrices A, we 
observe a sharp phase transition from weak to full recovery at α = 2, suggesting 
the behavior similar to the Gaussian case discussed in Sect. 6.1.

The numerical findings, including those presented on Fig. 8 (Top), motivate the 
following open problems, addressing which will lead to rigorous theoretical recon-
struction guarantees for this class of physically implementable structured random 
measurement matrices with optimal oversampling ratio.

Question 6.5  Can we derive (information theory and algorithmic) bounds on the 
threshold values αWR and αFR for the measurement matrices of the form A = FDF and 
A = FD1FD2 · · · FDℓ?

In all our considerations above, we assumed that the object f0 is uniformly distributed 
on the complex unit sphere. However, in practice, it is often the case that there is prior 
information available about the ground truth object. This prior information can come 
in the form of positivity or support constraints, or in form of (deep) generative priors 
f0 = G(z0) for some z ∈ Cd with d < n. Such prior information can make the problem 
of phaseless reconstruction easier, influencing the values of αWR and αFR.

Sample Diffuser Lens Diffuser Lens Camera

Fig. 8  (Top) performance of 
structured random models 
with several architectures 
and random unitary models. 
Two structured layers are 
sufficient to achieve the best 
results. (bottom) optical system 
implementing the structured 
random model. Image adapted 
from  [72]
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Question 6.6  What is the dependence of αWR and αFR on the object priors?

7  Problem: one-bit quantization for event-driven 4D STEM 
acquisition in low-dose applications

Authors: Wim Coene, Felix Krahmer, Allard Mosk, Palina Salanevich.
In many imaging experiments, the measured objects, such as proteins or various 

cell materials, may be highly sensitive to the received dose (see, e.g.,  [74]). In these 
cases, the measurements are performed in low-dose regime, and each detector pixel 
essentially measures the received illumination particle count. Due to the discrete 
nature of this process, the measurements at the detector pixels can be modeled by 
independent Poisson random variables.

More formally, let f ∈ Cn be the measured object, and let the phaseless measure-
ment map be given by A(f) = |Af|2, where A ∈ Cm×n. For instance, in ptychogra-
phy measurement setup with probe w ∈ Cn and ℓ probe positions, the measurement 
matrix A is given by 

	

A =




FD1
...

FDℓ


 ,� (21)

where Dk = diag(Skw) and F is the discrete Fourier transform matrix. In the Pois-
son noise model, we assume that the entries of the measurement vector y are given by 

	 yj ∼ i.i.d. Poisson(A(f)(j)), j ∈ {1, . . . , m}.

A commonly used approach to the phase retrieval problem with Poisson noise is 
negative log-likelihood minimization 

	
f̃ = arg min

f∈Cn

m∑
j=1

(yj log A(f)(j) − A(f)(j)) .

The resulting non-convex optimization problem can be solved, for instance, using 
ADMM  [75] or Wirtinger flow algorithm  [76]. While these and similar methods 
show high values of the signal-to-noise ratio in the case when the values A(f)(j) are 
large, their performance is limited in the extremely low dose setting  [70, 77, 78].

The recent work   [79] proposes a different approach to Poisson phase retrieval 
under extremely low dose assumption by considering this problem from the per-
spective of one-bit quantization. Indeed, already in the case when A(f)(j) = 0.2, 
P (yj > 1) < 0.018, so in low-dose regime the probability of the measurements yj 
being outside of the set {0, 1} is very small. Furthermore, in the case of acquisition 
with event-driven detectors, the detectors have capacity to record only the first par-
ticle arrival, and the measurements are naturally quantized. We discuss this measure-
ment approach in more detail in Section 7.1.
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To connect the considered phase retrieval problem to one-bit quantization schemes, 
let us consider the following. Let, ŷj = min{yj , 1}, j ∈ {1, . . . m}, be the random 
quantized measurements obtained by truncating the Poisson measurements yj with 
threshold 1. We have that are independent random variables with

	
ŷi ∼ Berboulli

(
e−A(f)(j)

)
.

The idea explored in  [79] is to compare them to component-wise deterministic quan-
tization of the phaseless measurements A(f) with threshold δ ∈ (0, 1) 

	
qj =

{
0, A(f)(j) < δ
1, A(f)(j) ≥ δ

= 1
2

(sign(A(f)(j) − δ) + 1) .

We can now interpret the quantized measurements ŷ
as one-bit quantization q of A(f) corrupted by independent random bit flip noise.
For this problem reformulation, the authors in   [79] proposed a hybrid recon-

struction method that uses regularized nuclear norm minimization with appropriate 
constraints as an initialization for the gradient descent minimization of a loss func-
tion incorporating the one-bit quantization assumption. In numerical experiments, 
where the measurement matrix A is chosen to be a random complex Gaussian matrix 
with independent entries and the number of measurements is m = 4n, the proposed 
hybrid method shows performance that is superior to the previously studied methods  
[77, 78]. In these experiments, the low dose regime is simulated via scaling the vari-
ance of the entries of A. We note that in this measurement scenario, the number of 
measurements m = 4n is not sufficient for full reconstruction, thus the algorithms 
performance is measured in terms of weak recovery. In this regime, we aim for the 
relative reconstruction error (RRE) to be smaller than one, implying that the recon-
structed approximation of the object is “better than a random guess”. This is empiri-
cally achieved by the method proposed in  [79]. At the same time, it is remarkable 
that for zero initialization (with RRE = 1), the methods from  [77, 78] converge to 
an approximation with RRE > 1, suggesting that their iterations converse to subop-
timal local minima.

To make a transition from weak to full recovery (with RRE ≪ 1), one needs to 
increase the number of measurements. To avoid the damage and preserve the overall 
dose received by an object, this would lead to reducing the dose per pixel value. In 
this setting, most of the pixels will receive 0 particles, and only a few measurements 
will be 1. This measurement scenario is realized in event-driven 4D STEM methods.

7.1  Event-driven 4D STEM acquisition

The imaging method we discuss in this section is known as 4D-scanning transmis-
sion electron microscopy (4D-STEM) with event driven detectors, which are origi-
nally developed at CERN for detection of elementary particles. In this method, a 
probe beam of high-energy electrons is scanned over the object on a 2D grid, and 
the transmitted electrons are detected on a 2D detector working in event mode  [80]. 
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That is, it detects every incident electron and outputs the time-code, as well as its x 
and y position. Such an event-driven detector can register a diffraction pattern for 
each of 106 probe positions in 1 second, and the detector consist of 256 × 256 pixels, 
with about 50 particle counts per probe position. This imaging method, among other 
benefits, offers high reconstruction precision and high dose efficiency, with spatial 
resolution below 0.05 nm. This makes this technology very appealing for applications 
in material science, including newly emerging 2D materials.

In this measurement setup, for each probe position, we have on average 
50/2562 ≈ 7.6 × 10−4 detections per pixel of the detector, that is we operate in 
extremely low dose regime. However, close to the center of the measured diffraction 
patterns (where the so-called 0th diffraction order resides), the intensity is typically a 
factor 104 higher than in the other (possibly diffuse) diffraction orders. Hence in this 
area the probability of having yj > 1 is not negligible, but can still be assumed small 
(estimated to be of order 0.2).

Problem 7.1  Design an efficient reconstruction method for the setting of 4D STEM 
event-driven acquisition with m ≫ n and low overall dose received by the object. 
Prove theoretical reconstruction and stability guarantees in this measurement setup.

As in this event-driven detection scenario the measurements are naturally quantized, 
it is particularly interesting to see if the method proposed in  [79] can be adapted to 
the setting with m ≫ n, with even lower dose per measurement, and the measure-
ment matrix A given by (21).

8  Problem: mathematical foundations of Wigner distribution 
deconvolution

Authors: Mark Iwen, Felix Krahmer, Oleh Melnyk, Matthias Wellershoff.
One well-known algorithm for solving ptychographic reconstruction is Wigner 

Distribution Deconvolution (WDD) introduced by Rodenburg and Bates in  [11]. It is 
based on the following identity originally derived by Leon Cohen in a slightly more 
general form  [81]. The intensity measurements2 

	 I(x, ξ) = |F [f · Sxw](ξ)|2, x, ξ ∈ R,� (22)

with object f and window w, can be rewritten in the form of a convolution 

	 I = W{ ∗ K⊒,� (23)

where W{ is the Wigner distribution of f given by 

	
W{(x, ξ) := q

ˆ

R
f(x + τ/2)f(x − τ/2)e−i⟨ξ,τ⟩dτ and K⊒(x, ξ) := qW⊒(−x, ξ).

2 Note that these are identical to form to, e.g., (8) up to Ω × R ̸= Rd × Rd.
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Applying both spatial and temporal Fourier transforms separates the object term from 
the window term, 

	 F−1I(ξ, x) = Af (x, −ξ) · Aw(x, ξ),� (24)

where the ambiguity function is given by 

	 A{(x, ξ) := F−1W{(−ξ, x) = ei/2⟨x,ξ⟩ · F [f · Sxf ](ξ).� (25)

If w is known and Aw ̸= 0 almost everywhere, we can recover the ambiguity func-
tion of f and then reconstruct f from Af .

Since its introduction in 1992, WDD has been used both for the reconstruction 
from measurements  [7, 82, 83] and the analysis of uniqueness and stability of the 
ptychographic phase retrieval problem  [84–86]. A particular interest was dedicated 
to the discretization of the procedure, which was independently established in the 
acoustics  [87] and imaging communities  [88, 89].

For the discrete measurements 

	 Iξ,x = |F [f ◦ Sxw]ξ|2, x ∈ X ⊂ [n], ξ ∈ [n],

an analogy of (24) applies 

	 (F −1IF )ξ,x = F
[
f ◦ Sξf

]
x

· F [w ◦ Sξw]x,� (26)

if all scan positions of the window are provided, i.e., X = [n]  [10, 90].
If the window is localized, i.e., supp(w) = [δ] for some δ < n/2 and we assume 

that 

	 F [w ◦ Sξw]x ̸= 0 for x ∈ [d], ξ ∈ [δ],� (27)

then all Fourier coefficients F
[
f ◦ Sξf

]
x

, x ∈ [d], ξ ∈ [δ], and respective vectors 
f ◦ Sξf, ξ ∈ [δ] are recovered in O(nδ log n) operations.

8.1  Vanishing ambiguity function and subspace completion

In stark contrast to the continuous case, where vanishing of the ambiguity function 
F−1K⊒ is allowed on a set of measure zero, (27) does not allow any zeros. This is 
particularly problematic as it excludes symmetric windows persistent in applications  
[91]. Therefore, a natural question arises:

Question 8.1  How many zero coefficients F [w ◦ Sξw]x are allowed so that f may be 
recovered uniquely?

Recent results provide an example with a single zero that allows for unique recon-
struction   [92], while losing all zero-frequency components F [w ◦ Sξw]0, ξ ∈ [δ], 

Page 29 of 40     23 



M. Allain et al.

leads to ambiguities  [93]. As for symmetric windows, they fall in between the two 

cases above by having at least one zero coefficient in every second vector f ◦ Sξf, 

ξ ∈ [δ].
Since F [f ◦ Sξf] are all constructed from the same vector f, there is a redundancy 

in the number of the coefficients and recovery of n unknowns should be still possible 
even if a few out of nδ coefficients are lost.

By viewing f ◦ Sξf as diagonals of rank-one matrix f f∗, we can link the Fourier 
coefficients F [f ◦ Sξf]x to one another. One possibility is to use the low-rank struc-
ture of f f∗ to formulate recovery as a low-rank recovery problem  [94]. In  [91], this 
relation is used in the case when one diagonal f ◦ Sξ0f for some ξ0 ∈ [δ] is completely 
recovered and the rest of the diagonals are missing at most one Fourier coefficient, 
similarly to the symmetric window case. Then, the missing Fourier coefficients are 
estimated by solving a specially constructed linear system. Although it is yet unclear, 
whether this procedure, named Subspace Completion (SC), theoretically allows for a 
unique recovery, its empirical performance suggests so.

The main drawback of SC is that its theoretical underpinning is limited to date to 
the specific case where at most one coefficient is lost, without a clear way to extend it 
for scenarios with more missing coefficients. Such settings arise, when the contribu-
tion of the Fourier coefficients F [f ◦ Sξf] falls below the noise level. Then, (26) can be 
regularized by truncation for better noise robustness, i.e., all coefficients F [f ◦ Sξf]x 
are set to zero whenever |F [w ◦ Sξw]x | is small. As typically |F [w ◦ Sξw]x | are 
small for x and ξ close to n/2, this procedure is similar to applying a low-pass filter.

In turn, the equation 

	 F
[
f ◦ Sξf

]
x

= 1
n e− 2πixξ

n F
[
F f ◦ S−xF f

]
ξ

,

derived in  [10] Lemma 3], links bandlimitedness of the object and diagonals of its 
rank-one representation. This suggests that the uniqueness of reconstruction could be 
achieved for band-limited objects even if some Fourier coefficients of diagonals are 
not recovered via (26).

The following three open questions summarize these considerations.

Question 8.2  Can a version of SC be designed to handle an arbitrary number of miss-
ing coefficients with a reasonable operational cost?

Question 8.3  Can the performance of SC be theoretically justified?

Question 8.4  Which band limit has to be assumed to guarantee unique recovery for 
symmetric windows and, more generally, what is the quantitative relation between 
vanishing |F [w ◦ Sξw]x | and band-limited f in terms of WDD?
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8.2  Scanning patterns in the discrete setting

As mentioned before, X = [n] is a crucial assumption for (26) to hold. However, all 
possible scans are typically not available in practice and (26) has to be adapted to 
other scanning patterns. The only scenario, in which a version of (26) is established 
so far, is when the scan positions from a grid, X = {sk : k ∈ [n/s]}. Then, bandlim-
ited  [10]] or piecewise constant  [9] objects can be recovered via (26).

At the same time, working with grid scans is undesirable due to the ambiguities 
arising in blind ptychography, when the window is unknown  [95] and, instead, spiral 
scanning patterns  [96] or randomly perturbed grids  [97] are used. This leads to the 
following question.

Question 8.5  Can WDD be derived for arbitrary scanning patterns with sufficient 
overlap and which object assumptions are necessary?

We conjecture that the answer is positive for two reasons. First of all, Eq. (26) can be 
viewed as a discretization of (24) and, therefore, with a proper quadrature rule, one 
should be able to derive (26) for arbitrary X . Secondly, it seems possible to apply 
deconvolution techniques for partially known measurements.

Scanning patterns can also be investigated for the continuous problem (22) with 
subsampled measurements (x, ξ) ∈ Ω. Due to the higher complexity of the problem, 
much more fundamental questions are still open, even the question of the uniqueness 
of the solutions is still of mathematical interest in many cases. We will now briefly 
review relevant work in this setting.

8.3  Sampled STFT phase retrieval with compactly supported functions

Consider the recovery of an object f ∈ L2(R) from the magnitude of its short-time 
Fourier transform (STFT), 

	
Vwf(x, ξ) :=

ˆ

R
f(t)w(t − x)e−itξ dt = F [f · Sxw](ξ), x, ξ ∈ R,

where w ∈ L2(R) is the window. The STFT is also called the Gabor transform when 
w is chosen to be the Gaussian t �→ 21/4 exp(−πt2). In this case, we denote G := Vw.

In sampled STFT phase retrieval, one is interested in the recovery of f from 
|Vwf |2Ω := {I(x, ξ) | (x, ξ) ∈ Ω} with I as per (22) for d = 1, and Ω ⊂ R2 a, e.g., 
countable lattice, 

	 Ω := {kv1 + ℓv2 | k, ℓ ∈ Z} ⊂ R2,

for a basis {v1, v2} of R2. Note that the forward operator f �→ |Vwf |2Ω is invari-
ant under the action of S0 = {eiα | α ∈ R} ⊂ C by scalar multiplication on L2(R). 
Hence, as above, one instead attempts to recover the orbits of this action, which is 
referred to as recovery up to a global phase in the literature. To describe this the 
equivalence relation 
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	 f ∼ g ⇐⇒ ∃α ∈ R : f = eiαg

is commonly used.
Let B > 0 and suppose that f is supported in [−B, B]. It is known that ∃a, b > 0 

such that, for Ω = aZ × bZ, all sufficiently smooth and compactly supported func-
tions f ∈ L2([−B, B]) whose Fourier series coefficients (after periodically extend-
ing f to all of R) decay monotonically in an averaged sense can be recovered up to a 
global phase using WDD with windows w that consist of the product of a trigonomet-
ric polynomial with a characteristic function whose support includes the support of f 
as a sufficiently small subset  [98, 99]. In the Gabor setting it is also known that com-
pactly supported functions f ∈ Lp([−B, B]), where p ∈ [1, ∞], can be recovered up 
to a global phase from their sampled Gabor transform magnitudes on Ω = N × 2πbZ 
if b < (4B)−1 is just slightly smaller than half the Nyquist–Shannon sampling rate  
[100, 101]. The same applies to bandlimited functions f with Ω = 2πbZ × N. We 
also note that the result extends to sampling on {0, 1} × π

2BZ when p ≥ 2  [102]. So, 
only two time bands are actually necessary for uniqueness up to a global phase in the 
Gabor setting.

Question 8.6  What happens when w is not, e.g., the Gaussian or a simple window of 
the type utilized in  [98, 99] ? What other window functions w ∈ L2(R) allow recov-
ery up to a global phase from STFT magnitude measurements sampled on a lattice Ω 
(cf. also  [103])?

Question 8.7  Fix any sufficiently “nice” window function w. Do uniqueness results 
hold for spiral-like sampling sets Ω ⊂ R2? More generally, what exactly determines 
when a given sampling set Ω is sufficiently informative to allow for recovery of f up 
to a global phase from |Vwf |2Ω?

A natural question related to the paragraph above is whether it is possible to remove 
the assumption that our signals f ∈ L2(R) are compactly supported (or bandlimited). 
More precisely, can we recover any given f ∈ L2(R) up to a global phase from 
|Vwf |2Ω? And, if so, with what window function(s) w and sampling set(s) Ω ⊂ R2? A 
related result  [104] shows that f ∈ L2(R) cannot be recovered up to a global phase 
from |Gf |2Ω measured on any set Ω of infinitely many equidistant parallel lines in R2, 
and this remains true for all other windows w ∈ L2(R) as well  [105]. Therefore, the 
recovery of all f ∈ L2(R) up to a global phase is impossible when Ω is any lattice 
(since lattices are always contained in such a set of equidistant parallel lines).

Question 8.8  A more tractable problem than considering the recovery of all 
f ∈ L2(R) up to a global phase using some window function w might be to instead 
focus on related problems in the Gabor setting. For instance, there is a dense set of 
functions in L2(R) that cannot be recovered up to a global phase from |Gf |2aZ×bZ 
while the Gaussian w can be recovered up to a global phase from |Gw|2aZ×bZ  [106]. 
Is there a dense set of other functions that can also be recovered up to a global phase 
from Gabor magnitude measurements on Ω = aZ × bZ? If so, is this set of the first 
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or second category? This final question arises from the desire to understand whether 
we are more “likely” to encounter a function that can be recovered from Gabor mag-
nitude measurements or one that cannot.

In summary, the known results concerning the recovery of f from a countably infinite 
set of measurements |Vwf |2Ω are currently of the following three types:
1.	 f ∈ L2(R) can be recovered up to a global phase from measurements ∪4

i=1 |Vwi
f |2Ω for sufficiently fine lattices Ω provided that the four windows wi 

are suitable linear combinations of the Gaussian and the first Hermite function 
t �→ 25/4πt exp(−πt2)  [107],

2.	 f ∈ L2(R) can be recovered up to a global phase from Gabor magnitude mea-
surements |Gf |2Ω if Ω is a square-root lattice  [108] or Ω is a union of three sepa-
rated sets (where Ω is not separated itself)  [109], and

3.	 as previously mentioned, compactly supported functions f (as well as bandlim-
ited functions) can be recovered from measurements |Vwf |2Ω with special win-
dows w on sufficiently fine lattices Ω  [98–102].

Of all of these results, only  [98, 99] also considers the approximate recovery of f up 
to a global phase from a finite set Ω of (lattice) measurements |Vwf |2Ω. Indeed, such 
results provide a bridge linking the problems discussed in this section to the discrete 
WDD algorithms and theory discussed above. As a result, the development of more 
results along these lines is encouraged.

Question 8.9  Develop practical phase retrieval algorithms A : [0, ∞)k → L2(Rd) 
together with window functions w and finite sampling schemes 
Ωk = {(xj , ξj) | 1 ≤ j ≤ k} ⊂ Rd × Rd such that, e.g, 

	 infα∈S1∥αf − A
(
|Vwf |2Ωk

)
∥L2 → 0

as k → ∞ for all f in a dense set of functions of L2(Rd). We note here that the case 
d > 1 is of particular interest given that  [98, 99] focus on d = 1.
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