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Abstract

Both the Subpolar Gyre (SPG) and the Atlantic Meridional Overturning Circulation (AMOC) have
been labeled as separate climate tipping systems, because characteristic transitions in flow pat-
terns have been found in a hierarchy of models of each system. However, the precise connections
between the two tipping systems are still unclear, in particular how they can affect their individual
tipping behavior. Here, we present bifurcation diagrams of the combined SPG-AMOC system in a
spatially three-dimensional North Atlantic Ocean model. We show that SPG tipping is associated
with what we call ‘Welander-snaking’ behavior and the AMOC tipping with a Stommel back-to-
back saddle-node bifurcation. The details of the bifurcation diagrams are shown to be sensitive to
the formulation of the convective parameterization and the horizontal diffusivity of the model.

1. Introduction

The Atlantic Ocean Circulation is dominated by several large-scale currents, one prominent example
being the Gulf Stream. The zonally integrated meridional volume transport of these currents is the
Atlantic Meridional Overturning Circulation (AMOC). The AMOC is responsible for the northward heat
transport which affects climate around the Atlantic basin Rahmstorf (2024). In the northern regions of
the Atlantic, warm surface water from the upper branch of the AMOC is cooled and transformed into
water of the deep AMOC branch. One of these regions where this water mass transformation occurs is
the Subpolar Gyre (SPG) region, roughly between 50° N and 65° N, with currents in the Labrador and
Irminger Seas as key components.

The stability of the connected SPG - AMOC system is an intriguing problem. In the Global Tipping
Point Report Lenton et al (2025), , the SPG and AMOC are considered as two different tipping sys-
tems. The mechanism of destabilization of the AMOC is the salinity-advection feedback, where sur-
face freshwater perturbations in the northern North Atlantic lead to a weakening of the AMOC. This
leads to a decrease in northward salinity transport, amplifying the original freshwater perturbation
Stommel (1961). The dominant mechanism of SPG tipping is the transition from a convective state to
a non-convective state and vice-versa. Because the (stable) stratification in the SPG region is horizontally
inhomogeneous, an unstable stratification can occur locally due to a negative surface freshwater perturb-
ation (e.g. enhanced evaporation). This will induce vertical mixing which transports salinity upwards
and hence will amplify the original perturbation Welander (1982).

The tipping of the AMOC under quasi-equilibrium surface freshwater forcing variations has now
been found in a hierarchy of climate models, up to the CMIP5 version of the Community Earth System
Model (CESM) van Westen et al (2024), and the strongly eddying version of the POP ocean-only model
Van Westen, Kliphuis and Dijkstra (2025). Indications for weak AMOC states have been found in mod-
els participating in the Climate Model Intercomparison Project, phase 6 Jackson et al (2023), Baker et al
(2025), also indicated as CMIP6 models, under large freshwater perturbation simulations. Further ana-
lyzes of the CESM quasi-equilibrium simulations has revealed that the salinity-advection feedback is

© 2026 The Author(s). Published by IOP Publishing Ltd
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dominant in causing AMOC tipping Vanderborght et al (2025) and that it is very likely that a saddle-
node bifurcation is involved van Westen, Vanderborght and Dijkstra (2025).

In analyzes of CMIP5 and CMIP6 model results, decadal cooling events were found in the SPG
without a corresponding AMOC decline Sgubin et al (2017), Swingedouw et al (2021), Gu et al (2024). It
has been suggested that these cooling events are caused by a positive feedback involving vertical mixing
and freshwater anomalies. Reduced vertical mixing tends to cool and freshen the upper ocean, lowering
its density if the effect of salinity on density is larger than that of temperature, further weakening vertical
mixing. Such a convective feedback has similar properties as that causing the transition between convect-
ive and non-convective equilibrium states in the Welander (1982) model. However, in CMIP5/CMIP6
models it has not been demonstrated that the decadal cooling events, as mentioned above, are associated
with transitions between different equilibria.

Because of the clear physical connection between the SPG and AMOC systems, it is interesting to
investigate how tipping in one of these systems will affect the stability of the other. The stratification in
the SPG will affect the density in the outcropping region of isopycnals in the 40°—60°N latitude band,
which will influence the AMOC strength Bonan et al (2022), Vanderborght et al (2025). Hence, trans-
itions in the SPG associated with changing patterns of convection are expected to influence the stability
of the AMOC. On the other hand, an AMOC weakening will precondition the background stratification
in the SPG region, affecting the locations where convection can take place and hence influence SPG sta-
bility Born and Stocker (2013).

Quasi-equilibrium freshwater forcing simulations with ocean-only models have provided indications
of both SPG and AMOC tipping. In Rahmstorf (1994), small amplitude transitions in AMOC strength
are found just before the AMOC undergoes a full transition to a collapsed state. These small transitions
were due to the appearance of different convection patterns Rahmstorf (1996). In the VEROS model
Lohmann et al (2024), a multitude of equilibrium states were found, in particular in the weak AMOC
regime. Although not all, many of these equilibria seem related to different convection patterns in the
SPG.

The main motivation for this paper is to explain the results in Lohmann et al (2024) on the mul-
titude of equilibrium solutions in the SPG-AMOC system. We will approach this problem using tech-
niques from numerical bifurcation theory, applied to a North Atlantic sector basin model of the SPG-
AMOC system. This model is fit for purpose to study the multistability of this system, but otherwise
lacks many processes to capture the specific AMOC-SPG interaction processes. The model will be
described briefly in section 2, together with the numerical bifurcation techniques used. In section 3,
we show the bifurcation diagram for our chosen reference case and study the sensitivity of the steady
solutions to the details of the convection parameterization and the horizontal diffusivity in the model.

A summary and discussion follows in section 4.

2. Model and methods

2.1. Model

We solve the steady primitive equations on a domain [262° E, 350° E] x [10° N, 74° N] and a max-
imum depth of 4km. The grid has a horizontal resolution of 0.5° , and 16 depth layers with variable
depth of about 20 m near the surface to 500 m near the bottom. Continental geometry and bottom topo-
graphy are obtained by smoothing the ETOPO10 data. The horizontal resolution is relatively high to
capture sufficient details of the continental geometry. The equations of the model can be found in De
Niet et al (2007), but are for convenience shown here in the appendix.

A linear equation of state is used (for this study an adequate approximation as results will change
only quantitatively when using a nonlinear equation state) with a thermal and saline volumetric expan-
sion coefficients given by ap = 107* K~! and a5 = 4.2 x 107*, respectively. Constant eddy viscos-
ities (Ag =2.5x 10°m?s™! , Ay = 1.0 x 107> m?s™!) and eddy diffusivities (Kiz = 1.0 x 10> m?s™},

Ky =1.0x10"*m?s™"). To keep the mixing schemes simple in this single-hemispheric configuration,
no Gent-McWilliams Gent and McWilliams (1990), parameterization is used. The model is forced at
the ocean-atmosphere surface by steady wind-stress and buoyancy flux fields, which are specified in
section 3 below. There is no seasonality in the forcing, which makes the model less suited to study the
transient interaction processes between the AMOC and SPG

Convection is parameterized as in De Niet et al (2007) where the vertical diffusivity is represented as

Ky =Ky + F (N?) Ky, (1)

where N? = —g/py(0p/0z) is the buoyancy frequency, K5, = kK% and g is the gravitational acceler-
ation, po = 1000 kg m~ a reference density and p the actual density. The function F is chosen as

2



10P Publishing

J. Phys. Complex. 7 (2026) 015011 ] Thies and H A Dijkstra

Den Toom et al (2011),
F(x) = max{tanh (f ()\x)3) 70} , (2)

where X >0 controls the steepness of the transition. When N? > 0, the ocean is stably stratified
(dp/dz < 0), the right hand side of (2) is zero and only background vertical mixing is applied. When
N? < 0, additional vertical mixing occurs and it depends on A for which value of N? full mixing with
strength K% + K, = (1 + x)KY is reached. Our reference values for the parameters in the convective
parameterization are £ = 10° and A = 2 x 10°. All standard values of the parameters in the model are
also listed in the appendix.

As described in Den Toom et al (2011), the choice of the convective adjustment function (2) should
prevent the occurrence of spurious equilibria. Furthermore, instead of mixing temperature and salinity,
the mixing of density (difference between temperature and salinity) and spiciness (sum of temperature
and salinity) is employed, the so-called ‘density-mixing’ variant in Den Toom et al (2011), also limiting
the occurrence of spurious equilibria. We therefore expect that all bifurcation diagrams computed with
our model will not show any spurious equilibria due to the choice of the convective parameterization.

2.2. Methods

The governing equations De Niet et al (2007), Thies et al (2009), are discretized on a so-called Lorentz
grid, consisting of an equidistant grid for x;,i =1,...N and y;,j = 1,...,M, and a non-equidistant grid
zx,j = 1,...,L using central differences. This results in d = 6 x N x M ordinary differential Equations,
where d is the total number of degrees of freedom. Because of the time-independent forcing, they can be
written as an autonomous dynamical system of the form

Ou

5
Here u is the state vector and p is a control parameter. With N =176, M = 128 and L =16, the dimen-
sion of the resulting dynamical system d = 2162 688.

To determine branches of steady solutions of the equations (3) as one of the parameters, say p, is
varied, the pseudo-arclength method Keller (1977), is used. The branches (u(s),u(s)) are parameterized
by an ‘arclength’ parameter s. An additional equation is obtained by ‘normalizing’ the tangent along the
branch, i.e.

F(u,p). (3)

1) (u—1up) + fio (11 — 1) — As =0, (4)

where (ug, j1o) is an analytically known starting solution or a previously computed point on a partic-
ular branch and As is the step length. The dot indicates differentiation with respect to the arclength
parameter s.

Euler-Newton continuation is used to solve the system of equations (3) and (4). The
(d+1) x (d+1) Jacobian matrix J(s) of (3) and (4) along a branch is given by

_| A K
g0=| o ] ©)
where A is the matrix of derivatives of F with respect to u and F,, the derivative with respect to the
parameter u. The Jacobian J(s) is determined analytically from the discrete equations.

For each of the steady states, we also consider the evolution of infinitesimally small disturbances on a
particular steady state. Linearizing the equations (3) in the amplitude of the perturbations and separating
the equations for these disturbances in time, an elliptic eigenvalue problem is obtained for the complex
growth rate 0 = o, +i0; of each perturbation. When this elliptic eigenvalue problem is discretized, an
algebraic eigenvalue problem is obtained as

AX = oX. (6)

A steady state is linearly stable if o, < 0 for all eigenvalues; if at least one of the eigenvalues o has a pos-
itive real part, then the steady state is unstable.

The software used here is the ocean component of the ‘Implicit Earth system Model of Intermediate
Complexity, in the version publicly available through https://github.com/jthies/i-emic/releases/tag/SPG-
AMOC_paper. The parallel implementation is described in Thies et al (2009), and the direct sparse
solver method MUMPS is used for the determine solutions to the linear systems for the Jacobian J(s)
Wubs and Dijkstra (2023). Note that we do not compute any time-dependent trajectories, such as in
quasi-equilibrium simulations; we solely determine the steady state directly versus parameters.

3
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Figure 1. Properties of the reference solution: (a) sea surface temperature, (b) sea surface salinity, (c) barotropic stream function
and (d) meridional overturning stream function (AMOC).

3. Results

We first compute a reference solution under restoring forcing for temperature and salinity (section 3.1).
From this solution, we diagnose the surface freshwater flux and then add an additional localized fresh-
water flux in the northern North Atlantic. The bifurcation diagram in the parameter measuring the
strength of this additional freshwater flux, with the analysis of the properties of the associated steady
states are the main results in section 3.2 In section 3.3, we determine the sensitivity of the bifurca-

tion diagram with respect to horizontal diffusivity Ky and the steepness parameter A in the convection
parameterization.

3.1. Reference solution

The restoring salinity and temperature forcing are chosen as the long-term mean surface fields from

the Levitus (1994) dataset, with a restoring time scale of 75 d. Often, a larger restoring time scale is
chosen for salinity, which will affect the diagnosed freshwater flux (discussed below). However, this

will not qualitatively change the overall bifurcation diagram. The mean wind-stress forcing field from
Trenberth et al (1989) is used. The reference solution is obtained by continuation in a so-called ‘homo-
topy’ parameter h, which simultaneously increases the surface buoyancy forcing and wind-stress forcing
from zero (h, = 0) to a realistic strength (h, = 1). The sea surface temperature and sea surface salinity,
basically reflecting that of the (restoring) forcing are shown in figures 1(a) and (b). The meridional tem-
perature and salinity differences over this region are about 25 °C and about 5gkg™!, respectively. The
barotropic streamfunction and meridional overturning streamfunction are plotted in figures 1(c) and
(d), respectively. The subtropical (subpolar) gyre has a strength of about 25 Sv (10 Sv) and the AMOC
strength (the maximum value of the meridional overturning stream function) is about 16 Sv (at about
55° N and 1250 m depth). These values (in particular of the barotropic stream function) are smal-

ler than in observations but reasonable for these type of idealized models. Because the North Atlantic
domain only extends down to 10° N, the AMOC pattern consists of one cell. Indeed, the bottom water

4
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Figure 2. Properties of the reference solution: Latitudinal section of (a) temperature, (b) salinity, and (c) density (p — po, where
po = 1000 kg m—?) along a longitude 320° E. (d) Surface freshwater flux (Fs in (7) diagnosed from the reference solution. The
rectangle indicates the domain over which the perturbation freshwater flux F¥s in (7) is applied.

component (the Antarctic Bottom Water) cannot be adequately represented in such a limited geometry.
The effect of the AMOC due to the wind-driven Ekman cells can be distinguished at the top of the
domain.

To demonstrate the effect of the convective parameterization, a section at 320°E of temperature,
salinity and density is plotted in figures 2(a)—(c), respectively. All fields are quite homogeneous below
1500 m depth and vertically well mixed in the northern part of the domain. Figure 2(c) shows that the
convective adjustment scheme generates a stably stratified reference solution in the model. The surface
freshwater flux diagnosed from the reference solution (figure 2(d)), indicated by Fs below, shows that
freshwater (blue areas, positive values) or salinity (red areas, negative values) is needed to maintain the
steady Levitus (1994) surface salinity field. For example, a positive freshwater flux has to be prescribed to
maintain the low surface salinity values near New Foundland.

3.2. Bifurcation diagram
Starting from the reference solution, we next prescribe the freshwater flux Fs as

FS(¢70):FS+PYPFPS+Q7 (7)

where Fs was shown in figure 2(d). The perturbation freshwater flux FFg is unity over the domain
[300° E,336° E] x [54° N,66° N] (see box in figure 2(d) and zero elsewhere. We use -y, as the control
parameter in the bifurcation analysis and Q is determined such that

/ Fs (¢,0) cosf dpdf =0, (8)
Soa

where S, is the ocean-atmosphere surface, such that salinity is conserved when varying ~,,.

5



10P Publishing

J. Phys. Complex. 7 (2026) 015011 ] Thies and H A Dijkstra

AMOC [Sv]

0 0.2 0.4 0.6 0.8 1 1.2
Freshwater forcing v, [Sv]
Figure 3. Bifurcation diagram, showing the maximum of the AMOC strength below 500 m depth and north of 30° N versus the

control parameter 7y, in (7). Branches with linearly stable steady states are drawn while branches with unstable steady states are
dashed. Insets are magnifications of the W-snaking regions and the solution labels refer to steady states analyzed in section 3.3.

The resulting bifurcation diagram is shown in figure 3, with the reference solution, indicated by a
label A, located at -y, = 0. For small 7y, the AMOC strength decreases monotonically, but for larger val-
ues several saddle-node bifurcations occur (near locations B and C). After passing through the region
near C, the AMOC reaches a final saddle-node bifurcation, indicated by D, where the strength rapidly
decreases with ;. In general, increasing (decreasing) parameter branches in v, indicate linearly stable
(unstable) steady states.

What is interesting in this bifurcation diagram is the occurrence of a multitude of saddle-node
bifurcations. We will refer to this behavior as Welander snaking (in short W-snaking) describing the
many turns in the bifurcation diagram. Whereas the snaking terminology has so far been used to
describe the intertwining of periodic orbits, often referred to as homoclinic snaking Beck et al (2009),
W-snaking here describes the intertwining of steady states. Note that the part of the stable solutions
of the bifurcation diagram qualitatively looks similar to the solution structure of the VEROS model
Lohmann et al (2024), with also indications for W-snaking behavior in a parameter interval close to
where the AMOC collapses.

3.3. Analysis

The patterns of the meridional overturning stream function at the reference solution (A) and at v, =
0.49Sv (B;) and 7, = 0.66 Sv (C;) are plotted in figures 4(a), (b) and (d), respectively. The pattern in
figure 4(a) is the same as in figure 1(d), but is shown here again for easier comparison with the other
solutions. Due to the input of fresh water, the sinking in the north is reduced in state B; with respect to
state A and most of the deep sinking occurs at 50° N.

The AMOC differences between stable states B; and B; occur (figure 4(c)) mostly near the upwelling
region at 25°N and the downwelling region at 50°N. Because the upwelling strengthens, also the AMOC
strength increases in B; compared to B;. The maximum AMOC shifts southward and occurs at shallower
depth. State B, is a so-called edge state that is not further considered here, but is interesting for studying
transitions between By and B; Lohmann and Lucarini (2024). The AMOC at state C; (figure 4(d)) is
further reduced in amplitude compared to state By, but the pattern has not changed much, except in the
20°N-30°N region where the surface circulation strengthens. The AMOC difference patterns between
C; and C; (figure 4(e)) and between Cs and C; (figure 4(f)) show tiny differences concentrated near
the downwelling region slightly south of 50°N. In summary, in the W-snaking -, interval, the AMOC
patterns only slightly change between the different stable solutions for the same .

To determine what causes these slight changes in AMOC strength and pattern, we compute the
mixed-layer depth. This is defined as the depth for which the density is a factor 1.005 larger than the
surface density. Note that our model does not include an explicit mixed-layer model, so the mixed-layer
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Figure 4. Pattern of the AMOC of (a) the reference state A, (b) the state B; and (d) the state C;. (c) Difference pattern between
the AMOC of state Bs and state B;. (e) Difference pattern between the AMOC at state Cs and state C,. (f) Difference pattern
between the AMOC at state Cs and state C,. Labels refer to those shown in figure 3.

depth is just determined by the vertical mixing coefficient in the convective-adjustment scheme. The pat-
terns of the mixed layer depth at the reference solution (A) and at 7, = 0.49 Sv (B;) and 7, = 0.66 Sv
(C,) are shown in figures 5(a), (b) and (d), respectively. The deepest mixed layers occur in the SPG
region in all three states with shallower depths south of 50°S. The main difference between states A

and B; are in the Irminger Sea region where in B; the mixed layer significantly shallows compared to
that in A. In state C;, the region of deepest mixed layer has slightly shifted southward compared to that
in B;. The mixed-layer depth differences between states B; and By occur (figure 5(c)) in very localized
areas near 50°N and over a broader low-latitude area near Africa. The same holds for the differences in
mixed-layer depth between C,; (figure 5(e)) and C; and between Cs and C; (figure 5(f)).
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Figure 5. Mixed layer depth d(x, ) here defined as the value of z = d(x, y) where p(¢,0,d(¢,0)) = 1.005 x p(¢,0,0) kgm—2,
for (a) reference state A, (b) the state B, and (d) the state C;. (c) Difference pattern between the mixed-layer depth of state B;
and state B;. (e) Difference pattern between the mixed-layer depth at state C3 and state C;. (f) Difference pattern between the
mixed-layer depth at state Cs and state C;. Labels refer to those shown in figure 3.

The results in figures 4 and 5 show that W-snaking behavior is associated with very localized
changes in convection, visible as mixed-layer depth differences. These do not occur directly in the SPG
region in this model, but slightly south of it, which is due to the background stratification and the
choice of the surface forcing. The surface forcing controls the region where the switch function in (2)
is sensitive to changes in «y,. The AMOC strength is affected by different locations where convection
occurs, due to slight changes in horizontal density differences, and hence slightly different AMOC pat-
terns occur.
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Figure 6. Bifurcation diagrams (similar to figure 3) for different values of (a) Ky and (b) of X to determine the sensitivity of the
W-snaking behavior to horizontal diffusion and steepness of the convective parameterization. The bifurcation diagram of the
reference case (figure 3) is plotted as the dashed curve for comparison. The stability of the steady solutions along the branches
is not indicated. In panel (b), a magnification of the W-snaking region is shown, illustrating the complexity of the bifurcation
diagram.

3.4. Sensitivity analysis
Previous work (Den Toom et al 2011, Bailie and Krauskopf 2024) has indicated that the occurrence of
the W-snaking behavior is dependent on the horizontal diffusion coefficient and on the formulation
of the convection parameterization. To investigate this sensitivity, we vary both independently (through
parameters Ky and \) and the resulting bifurcation diagrams are shown in figures 6(a) and (b).

With only 1.5 times the standard horizontal diffusion, the W-snaking behavior disappears
(figure 6(a)). Actually, all saddle-node bifurcations disappear, also the one responsible for the AMOC
collapse. The AMOC now gradually declines to zero when -y, is increased. With a factor 1.2 increase in
Ky, some saddle-node bifurcation are still present, but the multi-stable regime is much smaller than that
of the reference case. A larger value of Ky smears out the local density differences that occur through
the switch from convective to non-convective states and hence erases the differences between the states.

On the contrary, when the steepness parameter A in the convective parameterization (2) is decreased,
the W-snaking behavior intensifies and several more saddle-node bifurcations appear (figure 6(b)).
Note that intersections of the branches do not indicate transcritical bifurcations, but are just due to the
chosen norm to display the state vector. For a smaller value of A, a larger range of density differences
occurs where larger vertical mixing (due to the factor K5;) occurs. As this can happen at more locations,
a more intense W-snaking behavior is found, but for each value of A\, W-snaking is still limited to the
parameter interval where the AMOC is relatively weak. The results demonstrate the large sensitivity of
the W-snaking behavior to the steepness parameter in the convective parameterization. This can also be
interpreted in terms of the quasi-potential landscape Lucarini and Bédai (2020), where a higher diffusiv-
ity leads to a smoother landscape and local features are lost.

4. Summary and discussion

In this paper, we computed bifurcation diagrams of a relatively high-resolution (0.5° horizontal resolu-
tion) three-dimensional primitive equation ocean model on a limited North Atlantic sector. The refer-
ence state of the model is calculated under (observed) restoring conditions for temperature and salinity
and a prescribed steady wind-stress field. Technically, applying numerical continuation methods to such
a high-dimensional dynamical system (with more than 2 million degrees of freedom), is quite an accom-
plishment Thies et al (2009), Dijkstra et al (2015), Wubs and Dijkstra (2023), in particular because the
Jacobian matrix of the model is highly ill-conditioned.

When the strength of a localized northern North Atlantic perturbation freshwater flux is taken as
control parameter, multiple saddle-node bifurcations occur. This results in parameter intervals where
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multiple stable states having slightly different AMOC strengths exist. The solutions intertwine over a rel-
atively small parameter interval and the transitions are between states which have slightly different loca-
tions where convection occurs (as here shown through the analysis of the mixed-layer depth). Based on
Welander (1982), we suggested to call this bifurcation behavior ‘Welander snaking’ (in short W-snaking).

Detailed analysis of the Welander (1982) model by Bailie and Krauskopf (2024) shows the complexity
of the dynamics of the transitions between convective and non-convective states. The representation of
the threshold behavior in density (¢ in Bailie and Krauskopf 2024) strongly affects these transitions. In
our model, we find that when the horizontal diffusion is increased, the W-snaking disappears because
then the buoyancy anomalies associated with convection are smeared out and hence convection becomes
less local. On the other hand, W-snaking is dependent on the details of the convection parameterization,
in particular the steepness parameter, as this will determine where exactly convective transitions occur, in
agreement with the results in Bailie and Krauskopf (2024).

The W-snaking mechanism can explain the results on multi-stability involving different convection
patterns as in Rahmstorf (1995) and Lohmann et al (2024). Indeed, in their quasi-equilibrium freshwa-
ter forcing simulations, multiple stable (near-)equilibria (with slightly different AMOC values) are found
which are related to different patterns of convection, i.e. of the mixed layer depth. The bifurcation dia-
gram here provides information on the effect of AMOC strength on the occurrence of W-snaking, which
occurs only when the AMOC is relatively weak. The reason is that the northern North Atlantic becomes
more buoyant under a weaker AMOC allowing the convective states to be inhibited by surface forcing
more easily. Also in Rahmstorf (1995) and Lohmann et al (2024) the parameter regimes where multiple
steady states occur with slightly different AMOC strengths, are in the weak AMOC regime.

Our results can also help to interpret CMIP5/CMIP6 model simulation results on SPG cooling events
such as those in Swingedouw et al (2021) and Gu et al (2024). In these models, the forcing over the SPG
is stochastic (e.g. the variability due to atmospheric forcing) which also affects the way the stratification
threshold for convection is exceeded. Based on our deterministic model results, such stochastic variations
would induce transitions from convective to non-convective states in the W-snaking regime, with sub-
sequent effects on sea surface temperature. The actual situation is, of course, much more complicated
because there may also be mixed layer deepening under a stable stratification and there may be com-
pensating mixed-layer variations during convection, for example caused by the winds or due to sea-ice
variations.

There is an important loose end to this study which needs to be addressed in future work, i.e. the
issue whether W-snaking behavior can also lead to spurious equilibria. When convection occurs at a
specific location, neighboring cells may also undergo a convective transition (or not) because there are
lateral fluxes connecting these cells, which depend on advective-diffusive processes. Analysis of the one-
dimensional (vertical) continuum model of convection, where the lateral flux is represented as a relax-
ation to a background temperature and salinity profile has shown that spurious equilibria can occur
Vellinga (1998), Den Toom et al (2011). Here, we have followed their recommendations for the convect-
ive parameterization to avoid such spurious equilibria, but that does not guarantee their absence as the
flow configuration here is three-dimensional.

In addition, in global ocean and climate models much more complicated convection schemes are
used, such as the KPP Large et al (1994) scheme (used in the CESM) and the Gaspar et al (1990) scheme
(used in the VEROS model), and it is far from trivial to extract relevant properties of the convective
parameterization (e.g. steepness parameter and density threshold) from these schemes. The connection
between these schemes and those of the convective parameterizations in the idealized models should be
clarified to obtain information whether the cooling events found in these models are caused by convect-
ive transitions and whether these are spurious are not.

In the most recent global tipping point report Lenton et al (2025), the SPG and the AMOC are con-
sidered as two separate tipping systems. Based on the results of this study, one can identify the AMOC
tipping with the saddle-node bifurcation associated with the Stommel salinity advection feedback and
the SPG tipping with the saddle-nodes due to W-snaking. Indeed, the changes in AMOC strength are
relatively small when a transition occurs between near steady states due to W-snaking. Hence, from a
bifurcation analysis point of view, such a separation in tipping systems is justified.
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Appendix. Model equations

We consider flows in a spherical sector bounded by longitudes ¢,, and ¢, and by latitudes 6, and 6,,.
The ocean basin has a bottom topography z= —D(¢,6) with mean z= —D, and a nondeformable
ocean-atmosphere boundary z= 0. The flows in this domain are forced by a heat flux Qy (in Wm™—2),
a zonal wind stress field (7?,7%) (in Pa) and a virtual salt flux Qs (in ms™1).

In the restoring case, the heat flux Qy is proportional to the temperature difference between the sea-
surface temperature T and a prescribed temperature T, i.e.

Qu=—Ar(T—Ts) (9)

where At (in Wm™2K™!) is a constant exchange coefficient. The virtual salt flux Qs is similarly given by

Qs = —As(S—Ss) (10)

where \s (in ms™!) is an exchange coefficient. Both wind and buoyancy forcing are distributed as a
body forcing over the first (upper) layer of the ocean model having a depth H,,.
Temperature and salinity differences in the ocean cause density differences according to

p:po(l7C¥T(T*To)+as(5*50)) (11)

where ar and ag are the volumetric expansion coefficients and Ty, Sy and p, are reference quantities.
We use the Boussinesq and hydrostatic approximations. With ry and €2 being the radius and angular
velocity of the Earth, the governing equations for the zonal, meridional and vertical velocity u,v and w
and the dynamic pressure p (the hydrostatic part has been subtracted) become

Du  uvtanf . 1 op
= ~20 ¢
dr 1o vsing + PoTocosf O
=A —82”+A L, (u,v)+ T ?G(2) (12a)
= Vazz HLy, (U, pOHmT z
Dv  u’tand 1 op
— 2Q usinf + — =
dt + 1o + using -+ PoTo 00
VAL (1,v) + —2— 179G (2) (12b)
= Vazl HL,(U,v pOHmT z
0
a—lz) = pog(aTT— aSS) (12C)
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Table 1. Standard values of parameters in the ocean model.

2Q=1.4-10"*""] ro = 6.4 - 10°[m]
Co =4.2-10°[J(kgk) ™" Tr=7.5-10'[d]
75 =7.5-10'[d] ar=1.0-107*[K™]
as=4.2-107*[—] po=1.0-10’kgm™’]
Hy = 20 [m] Ay =1.0-10"[m?s™']
Ag =2.5-10°[m?s™'] Ky = 1.0-10°[m?s™ "]
Ky =1.0-10"*m?s™'] K§ = kKy[m?s™!]
K =1.0-10" [] A=2.0-10° []
ow 1 Ou  O(vcost)\
22t rocosf (8(;5+ a0 > =0 (12d)
DT ) oT\ (Ts—T)
E"—VH(KHVHT)"'& (Kvaz) = r g(Z) (126)
DS ) s\ _ (Ss—9)
E -I-VH(KHVHS)-F& (KV&> = TS Q(z) (12f)

where G(z) = H(z/H,, + 1) and H is a continuous approximation of the Heaviside function.
Furthermore, C, is the constant heat capacity and 7r = pC,H»/Ar and 75 = H,,/As are the surface
adjustment time scales of heat and salt, respectively. In addition,

D 0 u o0 v o 0
&t ot meosh o0 Vo2
ucos2§  2sinf Ov
rcos?f  r3cos?l O
vcos20  2sinf Ou
r(z)c0529+ r2cos? 0 D¢

H™ 12cos0 | 0p \ cosh D¢ a0\ a0 )|

In the equations (12a) and (12b), Ay and Ay are the horizontal and vertical momentum (eddy) viscosity
which we will take constant.
The vertical diffusivity is chosen as

Ly (u,v) = Viu+

L,(u,v) =Viv+

Ky =Ky + F (N*) Ky, (13)
with N* = —g/py(0p/0z) and
F(x) = max{tanh (f ()\x)3) 70} . (14)
Slip conditions are assumed at the bottom boundary, while at all lateral boundaries no-slip condi-
tions are applied. At all lateral boundaries and the bottom boundary, the heat flux is zero. As the forcing

is represented as a body force over the first layer, slip and no-flux conditions apply at the ocean surface.
Hence, the boundary conditions are

. B_dv_ 0T 05, .

=5 9z 0z " 8z 0z a4
oT 0S8

= Qw, Pe - =V=w=0"=53. = 1

¢ =y, P, uvwa¢a¢0 (15b)
oT 0S8

0=106,0,: u:V:w:%:%:O. (15¢)

Standard values of the parameters are listed in table 1.
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