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We report numerical evidence for neutrality of thin fibers to a prescribed uniform stress field in a fiber-
reinforced composite. Elastic finite element analyses of fiber-reinforced composites are carried out with
a conventional fully-resolved model and a novel dimensionally-reduced fiber model.The two modeling
approaches are compared in the analysis of mechanical properties and matrix-fiber slip profiles. An anal-
ysis of the effectiveness of various fiber orientations with respect to the loading direction shows that the
notion of inclusion neutrality, originally formulated for rigid line inclusions by Wang et al. [Journal of Ap-
plied Mechanics, 52(4), 814-822, 1985], holds also for linear elastic thin fibers with imperfect interface.

© 2018 The Authors. Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license.
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

Apart from fiber shape, surface treatment, and volume frac-
tion, fiber spatial orientation is an important characteristic con-
trolling load-transmission mechanisms in fiber-reinforced compos-
ites (Kang and Gao, 2002). Although the effect of fiber orientation
can be accurately assessed by means of computational homoge-
nization techniques (Berger et al., 2005; Xia et al., 2003; Mortazavi
et al,, 2013; Sheng et al., 2004; Lusti and Gusev, 2004), the gener-
ation of a conformal finite element mesh for composites with thin
fibers is a tedious and time-consuming task. Embedded reinforce-
ment techniques, in which fiber discretization is independent from
the discretization of the composite domain, can be effectively used
for this class of problems. Here we assess the validity of a novel
embedded formulation and employ it to show inherent character-
istics of composites reinforced with thin fibers.

Generally speaking, two classes of methods are available for the
micro-mechanical study of fiber-reinforced composites: mean-field
and direct numerical methods. Although mean-field methods such
as Eshelby-based two-step homogenization schemes (Pierard et al.,
2004; Tian et al., 2016) are fast and cost-effective, finite element
(FE) averaging methods have gained popularity for their accurate
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geometrical representation of the composite micro-structure. A se-
rious drawback of classical FE-based homogenization is the con-
formal mesh generation process for composites with many fibers.
When the number of fibers is relatively low, the composite can
still be discretized using classical conformal approaches as shown
by Lusti and Gusev (2004) and Tian et al. (2016): in Lusti and
Gusev (2004, Fig. 1) the discretization for a composite with 350
nanotubes of aspect ratio 200 at a volume fraction of 0.5% con-
sists of 3.5 x 10% nodes tessellated into 21 x 10% tetrahedral ele-
ments; in Tian et al. (2016), the authors show that they can gen-
erate a discretization for a composite fiber volume fractions up to
20% considering 600 fibers (using therefore fibers with a relatively
large diameter). Obviously, the study of composites with thousands
or tens of thousands of fibers with volume fractions around 20%
(typical of nanocomposites Andrews et al. (2002)) would be un-
feasible with conformal approaches. Advanced discretization ap-
proaches such as embedded reinforcement methods (Balakrishnan
and Murray, 1986; Elwi and Hrudey, 1989; Hartl, 2002; Barzegar
and Maddipudi, 1997; Nini¢ et al., 2014; Radtke et al., 2010) facili-
tate the discretization of high aspect ratio fibers by allowing their
mesh-independent representation. In the literature, these methods
have been applied to curved inclusions (Elwi and Hrudey, 1989),
sliding fibers (Barzegar and Maddipudi, 1997; Hartl, 2002; Radtke
et al., 2010), and to describe the interaction between pile founda-
tions and the surrounding soil (Ninic et al., 2014). In the simula-
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tion in Section 5 we have used up to around 22000 fibers with
relatively coarse discretizations.

To lift the conformal meshing requirements of standard FE
methods, two key assumptions are made in embedded formula-
tions: (i) high aspect ratio fibers are described as one-dimensional
bar or beam elements; and (ii) the fiber kinematics is introduced
by means of a displacement gap between matrix and fiber while
preserving the continuity of the underlying matrix displacement
field across the fiber. Relaxing the second assumption in an em-
bedded formulation requires the use of special enriched approx-
imations (Pike and Oskay, 2016) that would significantly reduce
the cost-effectiveness of the method and increase its complex-
ity. For the analysis of composites with many fibers we prefer
to adopt the most convenient approach from the computational
point of view. In Section 2 we therefore propose a novel embed-
ded reinforced technique, which is compared to a fully-resolved
three-dimensional fiber-reinforced model in Section 3. The nu-
merical formulation proposed in this paper is superior to existing
embedded reinforcement models in that it uses totally indepen-
dent finite element meshes for fiber and matrix. This will elimi-
nate the need for calculating intersections between fiber and ma-
trix elements, which may require complex algorithms especially
for curved fibers (Durand et al., 2015). Even if the computational
setup is very simple, the one-to-one comparison between a fully-
resolved and a dimensionally-reduced fiber model allows us to as-
sess the accuracy of the dimensionally-reduced model in terms of
global (homogenized effective stiffness) and local (matrix-fiber slip
profiles) quantities. To the author’s knowledge, this type of com-
parison has not been reported in previous studies and validates the
use of dimensionally-reduced models for fibers with sufficiently
small diameters.

Numerical homogenization studies of fiber orientation ef-
fects (Tian et al., 2016; 2014; Kang and Gao, 2002) show that the
composite stiffness is very sensitive to fiber misalignments. In a
numerical study, Tian et al. (2016, Fig. 7b) showed that the ef-
fective Young’s modulus along the loading direction in a carbon
fiber composite decreases rather quickly when the fibers are mis-
aligned with respect to the loading direction and reaches its min-
imum value, with a decrease of ~25% from its maximum, when
the fibers are inclined at 60° to the loading direction. Although the
authors did not establish a correlation between elastic properties
and geometrical properties such as fiber orientation and diameter,
their results can be related, mutatis mutandis, to those obtained
for zero-thickness rigid inclusions (or rigid line inclusions, RLIs)
problems (Wang et al,, 1985). In RLI problems, the solution fields
show a strong dependence on the inclusion orientation and matrix
Poisson’s contraction effects, with the limit case of the inclusion
being neutral (this, e.g., means that the stress field is not perturbed
for certain inclusion orientations). In the literature, inclusion neu-
trality has been demonstrated only for perfectly bonded RLIs and
for in-plane states in experiments (Noselli et al., 2010), theoreti-
cal studies (Wang et al., 1985; Dal Corso et al., 2016), and simula-
tions (Barbieri and Pugno, 2015). In this contribution we demon-
strate for the first time the validity of the concept of inclusion
neutrality for high aspect ratio fibers in a three-dimensional vol-
ume. In Section 4, we show various forms of inclusion neutrality
in a fiber-reinforced composite with linear elastic thin fibers with
perfect and imperfect matrix-fiber interface using fully-resolved
and dimensionally-reduced fiber models. Results are reported in
terms of Young’s moduli, shear moduli and Poisson’s ratios. To
demonstrate the applicability of the dimensionally-reduced model
to composites with many fibers, Section 5 reports a detailed micro-
mechanical study. Results, including some observations on fiber
neutrality with respect to the effective Poisson’s ratio of the com-
posite, are compared with rule-of-mixtures predictions, while the
limitations of the latter are pointed out.

2. Method
2.1. Weak form of the governing equations

With reference to the principle of virtual work for a small dis-
placement elastostatics problem, the weak form of the governing
equations for a fiber-reinforced composite without body forces is

/ Onm - VS(Sumde+f crf:VSSufdQH—/ t. - Swdljy

m Qf 1—‘int

_ / £ 8y, dl, = 0. (1)
I'e

where V5 is the symmetric-gradient operator, and the integral over
the total volume 2 = Qny, U s is subdivided into matrix and fiber
contributions. The virtual displacement vectors Sum and Su; and
the corresponding stress tensors o, and oy are defined over ma-
trix (m) and fiber (f) regions. The contribution along the matrix-
fiber interface I'j,, represents the virtual mechanical work done
by the interface tractions t. for the local virtual opening (sliding)
vector dw across (between) the two sides of the interface. The in-
terface integral is evaluated over the interface surface I'j,; of the
embedded fibers and, for convenience, is expressed in a coordinate
system local to each fiber. The last term in (1) is the work done by
the external tractions f over the external surface I';.

2.2. Discretized weak form

In the context of the finite element method, the domain
is discretized into matrix and fiber finite elements, each with its
own set of degrees of freedom. To introduce fiber and matrix-fiber
interface contributions (second and third terms in (1)), reference
is made to two fiber discretizations: a conformal approach and a
mesh-independent approach. While the approximation of the fiber
displacement vector u; and the opening/sliding vector w, later re-
ferred to as the interface gap vector, is specific to each scheme,
the final discretized form of the governing equations is very sim-
ilar for both techniques. Next, the discretization of matrix, fiber,
and matrix-fiber interface is discussed in detail.

2.2.1. Matrix
The matrix displacement field uy, is approximated at the ele-
ment level as

n
U (%) ~ g (%) = ) Ni(®) u; = Nd, )
i=1
where Nj(x) and u; are the standard Lagrange shape function and
displacement vectors defined at node i, respectively, the number of
nodes in an element is n, the matrix Ny contains elemental shape
functions, and d is the nodal displacement vector. Stiffness matrix

Ke = f B'DnB, dQm 3)
1958
and external force vector
So= [ NiEdr, (@)

with Dy, the matrix of elastic constants and B, the matrix of shape
function derivatives, are obtained following standard procedures
applied to the first and last terms in (1).

2.2.2. Solid fiber model

A reference computational model is developed by meshing the
exact geometry of the fiber in Q; with solid-type elements and by
using a conformal discretization at the matrix-fiber interface. Al-
though highly accurate, this approach requires the construction of
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a conformal discretization, a tedious operation for many practical
problems. Here, both matrix and fiber regions are discretized using
conventional non-structured linear tetrahedral elements as shown
in Fig. 1a for an inclined cylindrical fiber.

Using the counterpart of (2) for the fiber displacement field, the
stiffness contribution related to the second term in (1) is

K = fQ BID{B, A, (5)
f

where Dy is the matrix of elastic constants of the fiber material.

To discretize the interface gap vector w, zero-thickness confor-
mal interface elements are included between matrix and fiber. This
requires finding all matrix elements sharing at least one node with
fiber elements (shaded in red in Fig. 1a); shared nodes are then
duplicated and zero-thickness interface elements are embedded
between matrix and fiber as depicted in Fig. 1b. The discretized
interface gap vector,

Wh = RNint dint’ (6)

is expressed in a coordinate system local to the interface. Without
loss of generality and by making reference to the node number-
ing in Fig. 1b, this is achieved by defining the rotation matrix R
from the global to the local coordinate system, the interface shape
functions matrix

Nipe = [N, | N ] =[ NiI NaI Nsl | =NgI —NsI —Ngl|  (7)

1

expressed in terms of isoparametric coordinates for the zero-
thickness interface element, and the interface nodal displacement
vector

T
dic=[tn Uy Uz | Una Unms U] (8)

where I is the identity matrix of size three, and u;_;,3) and
Upi(i—4,56) indicate the displacement vectors for fiber and matrix,
respectively, in the global coordinate system.

Following standard procedures, the interface stiffness contribu-
tion

K, = / 1ntR Dy, RNy dT i 9)

Cint

is obtained on substituting (6) into the third term in (1) and with
the interface constitutive matrix D, = atf e = diag(Kpt. Kpn1» Kpn2)
for a linear elastic interface. The constants Kpn1 and Ky, repre-
sent the stiffnesses of the interface in the direction normal to the
interface surface and perpendicular to it and to the fiber axis, re-
spectively, and Kj, represents the stiffness of the interface in the
direction tangential to the fiber axis. In this work, we only allow
fiber slip in the direction tangential to the fiber axis by constrain-
ing the normal displacement gaps by means of penalty augmenta-
tion of the interface stiffnesses Ky,,; and K,,. Additionally, inter-
face elements are not introduced at the fiber endpoints where we
assume no adhesion between fiber and matrix.

Expansion of the interface stiffness contribution (9), considering
that the interface gap vector (6) is a function of both matrix and
fiber displacements, results in

R L
int = Kfm Kff

int int

|:fr‘"‘ Nlr:tl R Dy RN dTo Jr NlrthT R'D, RN, dFmtj| (10)
fr,m lent RT RNlm dFlnt f]" ot Nlnt RT RNlm dFlnt

2.2.3. Dimensionally-reduced fiber model

When modeling high aspect ratio fibers, the conforming finite
element model described in the previous section can be replaced
by a mesh-independent dimensionally-reduced model with a dras-
tic reduction of the computational cost.

In the proposed model, inspired by embedded reinforcement
techniques (Balakrishnan and Murray, 1986; Elwi and Hrudey,
1989; Barzegar and Maddipudi, 1997), fibers are idealized as one-
dimensional objects that respond to axial deformation only. This
is a reasonable assumption when dealing with high aspect ra-
tio fibers. A fiber discretization independent from the matrix dis-
cretization and consisting of linear one-dimensional Lagrange ele-
ments is used to represent embedded fibers. Fig. 2 shows the case
of a single embedded fiber although there are no limitations on the
number of fibers that can cross a matrix element. Worth noticing
is the independence of the two discretizations: fiber nodes do not
coincide with intersection points between fiber axis and element
faces. While any structured or unstructured fiber discretization can
be used, in the numerical simulations in this paper fiber nodes are
uniformly distributed for convenience.

To simplify the generation of the stiffness matrix for elements
that are intersected by one-dimensional fibers, stiffness matrix (3),
with the integration performed over the total volume Q¢ of the
element, is used for the matrix contribution. This however requires
the use of an effective Young’s modulus for the fibers to cancel out
the already considered matrix contribution in the fiber region. The
contribution of the kth fiber element (with endpoints a and b for
the red fiber element in Fig. 2) is identical to the stiffness matrix
of a one-dimensional standard truss element in three-dimensional
space and is written as

(EF — Em) A"[ Tk —T"]

k _
I(f - Lk _Tk Tk

(11)
where En, and Eé‘ are the matrix and fiber Young’s moduli, respec-
tively, A¥ is the cross sectional area (A* = wd?/4 with d; the fiber
diameter), and LK is the fiber element length. The fiber orientation
matrix

ekek eﬁge’; ekek
TF = | ekek elek ekek (12)
Kok  okok  pkok
ekek efek  ekek
with
K gk Kk Kk
k_ Xy —Xa k_ Vb~ Ya k_ % "%
el = , el = , er= , (13)
X Lk y Lk z Lk

where (xq, Ya, za) and (xp, ¥, 2zp) indicate the coordinates of the
fiber element ends (e.g., nodes a and b for the red fiber element in
Fig. 2).

Consequently, the matrix-fiber interface is reduced to an equiv-
alent line object, with interface gap vector (6) and stiffness matrix
contribution (9) evaluated along it. The interface gap vector (6) is
defined with

Nine = [ nt | 1nt] = [Ng I ng I| -N™ 1T ... —Np I] (14)
and

T
dint = [ug ulf) | ulin ... unm] , (15)

where Nf and Ng are the one-dimensional Lagrange shape func-
tions at nodes a and b defined in an isoparametric coordinate sys-
tem local to the fiber, and the shape function N at node i of the
parent matrix element is also defined in an isoparametric coordi-
nate system.

In a small deformation setting, the interface gap vector is eval-
uated in the undeformed configuration at integration points within
fiber elements (e.g., at a and b for the red fiber element in
Fig. 2 since we consider a two-point Gauss-Lobatto quadrature
scheme). This implies that once the local coordinates of an inte-
gration point along a fiber element are defined, they are expressed
into the global coordinate system and used to identify its parent
matrix element by means of an octree structure (Duflot, 2006, Sec-
tion 9.1) that is constructed prior to the analysis.
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The fiber shape function in (14) are directly evaluated at the
integration point in an isoparametric coordinate system local to
the fiber. The shape function of the matrix element are also evalu-
ated at the same point now expressed in the isoparametric coordi-
nate system related to the matrix element and obtained through
an inverse mapping procedure starting from its position in the
global coordinate system. Matrix and fiber elements are connected
through so-called bond elements that are defined with reference to
the two fiber element nodes and the nodes of the matrix element
in which the fiber element nodes are located (the discretization is
therefore conforming on the side of the fiber and not conforming
on the side of the matrix, and a fiber element can have nodes in
two distinct matrix elements).

The interface contribution (9) related to the kth fiber element
becomes
KK, =k /L ) N! R D, RN, ds, (16)
with Cf = 7 ds the circumference of the fiber, L¥ the length of fiber-
matrix bond element, and s the local coordinate along the bond
element. Thus, for a system with n; fibers each subdivided into ns
line elements, as shown in Fig. 2, the total number of fiber and in-
terface element contributions is equal to 2 x ny x ns. Similar to (10),
the interface contribution is shared between matrix and fiber de-
grees of freedom in the assembly of the corresponding stiffness
matrix.

2.2.4. Global system of equations

The n¢ x ns fiber element contributions and ns x ns matrix-fiber
interface element contributions to the global stiffness matrix are
assembled separately from those of the matrix elements. Irrespec-
tive of the fiber discretization scheme, the general form of global
system of equations is

Kinm Kmﬂ Kmf2 Kmf,.f m E,

Kim K, 0 .0 fi 0

Km 0 Ky, ... 0 El_lo]
Km 0 0 .. K ||fa 0

where m and f; (i=1, ..., nf) are vectors containing matrix and in-
dividual fiber displacements, respectively. The submatrices in the
global stiffness matrix in (17) are assembled by applying standard
procedures to elemental stiffness contributions of matrix, fiber and
matrix-fiber interface. In this framework, matrix and fiber stiff-
nesses lead to block diagonal terms while, as shown in (10), inter-
face contributions ensuring the coupling between matrix and fibers
lead to both block diagonal and block off-diagonal terms.
Throughout this study, linear elastic behavior is assumed for the
constitutive models of matrix, fiber, and matrix-fiber interface.

3. Validity of the dimensionally-reduced approach

The influence of the one-dimensional reduction of the fiber ge-
ometry on the mechanical response of a fiber-reinforced compos-
ite is studied. The geometrical reduction is performed over the
fiber diameter dy, with fixed fiber length ;. The validation of the
dimensionally-reduced fiber model is performed against the solid
fiber model described in Section 2.2.2 assuming the ratio between
fiber diameter and domain size L as the characterizing parameter.
To reduce the complexity of the discretization procedures due to
the generation of a conforming mesh, only one fiber is considered
in the configuration shown in Fig. 1a for the reference model. Un-
less stated otherwise, in all the simulations in this paper we have
assumed that matrix Young’s modulus Ep, and Poisson’s ratio vy
are equal to 100 MPa and 0.4, respectively, and that in the solid

(@) (b)

Fig. 1. (a) Reference conformal finite element model with a cylindrical fiber that
is discretized using tetrahedral finite elements. (b) Zero-thickness conformal inter-
face elements are placed between fiber (blue region) and surrounding matrix (red
region) to allow fiber slip. It is assumed that no adhesion exists between the end-
points of the fiber and the matrix. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

fiber model, matrix and fiber have the same Poisson’s ratio. Fur-
ther, the effective mechanical properties of the composite are esti-
mated through the procedure described in Appendix A.

3.1. Perfect bond: Effective mechanical properties

We now determine the range of fiber diameters over which
the predictions of the dimensionally-reduced fiber model are valid.
To this end, we compute the values of the effective longitudinal
Young’s modulus E§ of a composite with one fiber aligned with
the x-axis (6; = 0° in Fig. 3) and compare them to the correspond-
ing values obtained with the solid fiber model. It should be men-
tioned that this orientation is chosen among all orientations in the
Xy plane because it yields the largest increase in Eg. Computations
are done with two different fiber lengths (If = 0.4L and I; = 0.8L). A
large value of the interface tangential stiffness Kj, is used to mimic
a perfectly bonded interface (hereafter referred to as perfect inter-
face). Fig. 4 shows the effective composite Young’s modulus ES for
various values of the fiber Young’s modulus E, both normalized by
the matrix Young’s modulus Ep,. By reducing the ratio d/L, the re-
sponses of the numerical models converge to the same value. For
df/L < 0.01 a very good agreement between them holds, and a one-
dimensional representation of the fiber can be justified.

3.2. Imperfect bond: Matrix-fiber slip

Next, we study how the slip profiles between matrix and fiber
compare for the reduced model and the solid fiber model when
a linear elastic traction separation law is employed. While the
dimensionally-reduced fiber model obviously generates one slip
profile, an infinite number of slip profiles can be sampled with
the solid-fiber model. To obtain a visually meaningful representa-
tion of the results, we have considered a very weak interface (Kp; =
500 N/mm?), hereafter referred to as imperfect interface. The sim-
ulation box is deformed in the horizontal direction through the im-
position of a periodic strain (exx = 0.1) as discussed in Appendix A.
This computational setup eliminates the influence of the domain
size L from the results. Fig. 5a (5b) shows the resulting normal-
ized fiber slip profiles for a fiber aligned with the loading direc-
tion (6, =0°) and fiber diameter d; = 0.03L (0.005L). With refer-
ence to the solid fiber model, in this special case the points sur-
rounding the fiber at the same horizontal coordinate experience
the same displacement with respect to the corresponding fiber
points. A unique slip profile is therefore generated which is found
to be in a remarkably good agreement with the slip profile gen-
erated by the dimensionally-reduced fiber model. In contrast, as
shown in Figs. 5c¢ and d, an inclined fiber (6, ~ 28.6°(=0.5rad))
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(®)

Fig. 2. A dimensionally-reduced fiber intersects a solid matrix element: (a) three-dimensional view, (b) top view. The fiber can be placed within the solid element region
and can be discretized independently from it. Discretized fiber elements are shown in blue, separated by nodes. The figure shows also a fiber element, in red, between nodes
a and b. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. An LxLxL (L=1 mm) periodic simulation box with a fiber of length I; in
the middle aligned along the x axis. In the fiber orientation study (Section 4.1), the
fiber can rotate around the z axis by an angle 6, in the xy plane.

does not slide uniformly with respect to the surrounding mate-
rial. The gray shaded region represents all the fiber slip profiles
sampled over the lateral surface in directions parallel to the fiber
axis. These displacement slip profiles cannot be predicted by the
reduced model where, instead, a single slip profile is predicted
(dashed lines), which is however in good agreement with the av-
erage slip profile of the solid fiber model.

As shown in Figs. 5¢ and d, the width of the shaded region
decreases by reducing the fiber diameter indicating that the dif-
ference between the upper and lower interface displacement gap
vectors becomes smaller. This means that the results obtained
with the solid fiber model converge to those of the dimensionally-
reduced fiber model as the fiber diameter decreases. To generalize
the relation between fiber diameter and interfacial displacement
gaps for inclined fibers, the normalized area Ae of the shaded re-
gion, referred to as normalized gap area, is plotted against the nor-
malized fiber diameter in Fig. 6. Results are shown in Fig. 6a for
different values of the fiber Young’s modulus E; and fiber length ;.
Irrespective of fiber length and material properties, the normalized
gap area decreases with decreasing fiber diameter, and its value is
obviously a function of fiber orientation, decreasing with decreas-
ing fiber orientation angle as illustrated in Fig. 6b.

4. Fiber neutrality

According to previous studies on planar reinforcements,
perfectly bonded rigid inclusions become mechanically neu-
tral under specific circumstances—mechanically neutral inclusions
do not influence the mechanical response of the composite.
Wang et al. (1985) have derived the analytical solution for a zero-
thickness RLI subjected to an inclined loading at infinity; for a

given in-plane problem (plane stress/plane strain), the angle be-
tween the loading direction and the RLI at which the inclusion
does not influence the stress field depends only on the Pois-
son’s ratio of the matrix material. A similar property has not yet
been reported in fiber-reinforced composites despite various stud-
ies on the role of fiber orientation in their homogenized mechan-
ical properties (Tian et al., 2016; 2014; Kang and Gao, 2002). Mo-
tivated by these observations, we perform a study on orientation
effects and stress neutrality properties for linear elastic thin (high
aspect ratio) fibers with imperfect matrix-fiber interface.

4.1. Neutrality in the dimensionally-reduced model

Neutral orientations are determined for effective Young’s and
shear moduli and Poisson’s ratios. For the sake of illustration, spec-
imens with fiber volume fraction vf=1.0% (1300 aligned fibers)
are considered. Length and diameter of the fibers, discretized with
the dimensionally-reduced model, are set to 0.2L and 0.007L, re-
spectively. The results have been obtained with the numerical ho-
mogenization procedure described in Appendix A. Numerical ef-
fective properties of the homogenized composite are reported in
Fig. 7a for fiber orientations 8, ranging from 0° to 90°. In the sim-
ulations, the ratio E¢/Ey is set to 100 and an imperfect interface
between fiber and matrix is assumed. Although we present results
for this specific set of material properties, their validity for other
parameter sets, also including the case of a rigid interface, was
confirmed with simulations whose results are not reported here. A
comparison with analytical micromechanical estimates is provided
in Section 5.

As expected, the highest effective Young’s modulus is obtained
when fibers are aligned with the loading direction. Contrary to
the general understanding that fibers always increase the stiffness
of a fiber-reinforced composite, corroborated also by results ob-
tained with two-step mean-field homogenization procedures (see,
e.g., Pierard et al. (2004, Fig. 3) and Tian et al. (2016, [Figs. 7-10]),
the minimum composite stiffness corresponds to a state of fiber
neutrality. It is additionally implied from Fig. 7a that fibers perpen-
dicular to the loading direction (6, = 90°) can, in general, increase
the effective Young's modulus of the composite.

Fiber orientations corresponding to a neutral situation (i.e., neu-
tral orientations @, at which fibers have no influence on the
Young’s modulus of the composite) are function of the Poisson’s
ratio vy, of the matrix material only and are reported in Fig. 7b
(blue-filled circles). In the same figure we report values for plane
states corresponding to the cases of unperturbed stress fields
around a zero-thickness perfectly-bonded rigid planar inclusion ac-
cording to the analytical solution by Wang et al. (1985). It is inter-
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esting to notice that dimensionally-reduced fibers are mechanically
neutral at the neutral orientations valid for RLIs in a plane stress
state.

As shown in Fig. 8, neutrality is observed in terms of the
effective shear modulus G, of the composite as well. In this
case, neutral orientations are 0° and 90°. A similar stress neu-
trality has been reported in RLIs under uniform shear loading by
Noselli et al. (2010) using photoelasticity in a two-dimensional ex-
perimental study. Finally, various cases of neutrality in terms of the
effective anisotropic Poisson’s ratios can be identified in Fig. 9.

These results confirm that linear elastic thin fibers share the
neutrality feature of zero-thickness RLIs (i.e., the neutrality angle
depends only on the matrix Poisson’s ratio). As already mentioned,
neutrality holds irrespective of fiber-matrix interface parameter.
This is at variance with previously known cases of neutrality of
arbitrary shaped inhomogeneities (Ru, 1998; Benveniste and Miloh,
1999) in which neutrality is achieved by designing non-ideal or im-
perfect interfaces between inclusion and matrix.

4.1.1. Fiber compression under tensile loading

At neutral orientations 8, shown in Fig. 7b, a fiber does not ex-
perience deformation. This implies a sign shift in the fiber strain
and slip. Fig. 10 shows the slip and strain profiles in the fiber of
the one-fiber composite depicted in Fig. 3 under tensile loading
along the x-axis at various orientations (neutral angle 6,~ 55°).
Results are shown for the case of a nearly incompressible matrix
with vy = 0.49; the values of all other properties are taken from
the example in the previous section. A similar set of results can be
obtained for other matrix Poisson’s ratios.

A shift in sign when 6, exceeds the neutrality angle 6, can be
detected in both fiber slips and strain profiles. Tensile strains occur
in fibers with orientations below 6, while for orientations exceed-
ing 6, the sign reverses and compressive strains along the fiber
axis are generated. This behavior could trigger composite failure in
the form of fiber micro-buckling (Budiansky and Fleck, 1993), even
with externally applied tensile forces.

4.2. Neutrality and fiber diameter in the solid fiber model with
perfect interface

In the previous section we have shown, using the
dimensionally-reduced fiber model, that linear elastic thin fibers
with imperfect matrix-fiber interface are neutral under specific
circumstances. We now investigate how the fiber diameter in-
fluences this property considering a perfectly bonded solid fiber.
The case of an imperfect matrix-fiber interface is discussed in the
next section. The results are obtained using the simulation box
in Fig. 3 with one perfectly bonded fiber (length Iy = 0.8L) that is
discretized using the solid and the dimensionally-reduced fiber
models.

To investigate the relation between fiber diameter and the oc-
currence of fiber neutrality, the fiber is oriented along the neu-
tral orientation that was determined for the dimensionally-reduced
fiber model (6, = 6, ~ 57° from Fig. 7b, for a matrix with Poisson’s
ratio vy = 0.4). The normalized effective Young’s modulus Ef is re-
ported in Fig. 11 at different fiber diameters and stiffnesses. For the
sake of comparison with the longitudinal Young’s modulus, which
gives the maximum achievable effective stiffness, solid fiber model
results for the case with 6, = 0° are also included in the plots.

As shown in Fig. 11, the dimensionally-reduced model predicts
neutrality at all fiber diameters when 6,~57° (black curves in
Fig. 11). Since the fiber is described as a line object, this is at-
tributed to the fact that the diameter is not geometrically incor-
porated in an explicit manner but is considered as a parameter in
the fiber and interface contributions to the stiffness matrix. How-
ever, when the exact geometry of the fiber is taken into account

using the solid fiber model (blue curves in Fig. 11), neutrality holds
only for relatively small fiber diameters (dg/L < 0.01). For d¢/L > 0.01
the increase of the effective Young’s modulus is modest and is not
significantly influenced by the fiber stiffness unlike the effective
longitudinal Young’s modulus (red curves).

Analogous observations hold for the effective shear modu-
lus Gy, Fig. 12 shows a comparison of the two fiber models at
0, = 0° (according to Fig. 8, neutrality in terms of Gy, occurs at
0, = 0°). Results are now accompanied by the solid fiber model
predictions for a fiber orientation (6, = 45°) that yields the max-
imum effective shear stiffness.

These observations are somehow in agreement with previ-
ous numerical studies of fiber orientation in short fiber-reinforced
metal matrix composites (Kang and Gao, 2002; Tian et al., 2016).
In these studies a modest increase of the effective Young’s and
shear moduli was found for fibers inclined at 6, = 60° and 6, =
0° in short carbon fiber composites (fiber with aspect ratio 15,
de~0.03L). In contrast, in the results shown in Figs. 11 and 12, neu-
trality of fibers is expected at smaller diameters, and the effective
stiffness of the composite will not change compared to the matrix
stiffness computed at the orientations shown in Fig. 7b.

4.3. Neutrality and imperfect interface

Neutrality was already discussed in Section 4.1 under imper-
fect interface conditions with the analysis restricted to the single-
interface assumption of the dimensionally-reduced fiber model. In
this section, we discuss how neutrality can change considering the
actual interface in a three-dimensional composite with a solid fiber
and a two-dimensional planar composite with a thin inclusion.

4.3.1. Solid fibers in a three-dimensional composite

An imperfect interface leads to partial load transfer, with dis-
placement jumps occurring between fiber and matrix. According
to the non-uniqueness of the slip profile for an inclined fiber as
discussed in Section 3.2, displacement differences between fiber
edges (e.g., the top and bottom edges shown in Fig. 5¢ and d) can
occur. For relatively small fiber diameters, however, displacement
differences between edges become small and the slip profiles can
be approximated by a unique curve. Here we further assess this
approximation and the significance of the different slip profiles by
emphasizing their effect on the development of stress neutrality.

Similar to Section 4.2, a composite with one fiber oriented at
the neutral orientation (6, =6, ~ 57° from Fig. 7b, vy =0.4) is
discretized using the solid fiber model. Values of Young’'s mod-
ulus E5 are plotted as a function of fiber diameter in Fig. 13 for
both perfect and imperfect interfaces. For the sake of comparison,
the Young’s moduli obtained with the solid fiber model with
6, = 0° (black lines) are also included in the plot for both interface
conditions. Compared to the perfect interface case (solid lines), an
imperfect interface (dashed lines) leads in general to lower values
of the effective longitudinal Young’s modulus ES. More specifically,
when the angle 6,~ 57°, the reduction is only pronounced at rel-
atively large fiber diameters; at small fiber diameters (d¢/L < 0.01)
the longitudinal Young’s modulus of the composite converges to
the value of the Young’s modulus of the matrix and, with a perfect
or imperfect interface, a neutral state is predicted. When 6, = 0°
a reduced stiffness is detectable even at small fiber diameters (see
inset in Fig. 13).

To summarize, irrespective of the interface type, a fiber with
a small diameter compared to the characteristic dimension of the
domain is not strained when inclined at 6, = 6, ~ 57° (neutral ori-
entation for vy = 0.4) and has therefore a null effect on the stiff-
ness of the composite.
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Fig. 5. Normalized fiber slip s for a single embedded fiber with imperfect interface with E¢;/Ey, = 10 and [ = 0.8L. (a,b) A unique slip profile can be identified for a fiber
aligned with the loading direction. (c,d) The slip profile is not unique for an inclined fiber. The dimensionally-reduced model produces a unique slip profile that agrees with
the average slip of the solid fiber model (dashed line). Refer to Fig. 1a for the nomenclature used for the solid fiber model.

4.3.2. Dimensionally-reduced inclusion in a two-dimensional
composite

The two-dimensional conformal model in Fig. 14, obtained as
a limit case of the previously discussed solid fiber model, can ade-
quately model certain types of two-dimensional composites (Sheng
et al., 2004; Hall et al., 2008). The model is employed to investigate
the occurrence of neutral states (reported in Wang et al. (1985) for
perfectly-bonded two-dimensional planar inclusions) under imper-
fect interface conditions. In this computational setting, two in-

terface surfaces can be identified when the inclusion is not per-
fectly bonded to the matrix: one at each side of the inclusion
and physically disconnected from each other. Depending on the
out of plane shape of the inclusion, different assumptions can be
made regarding the continuity of the displacement field across it.
For a situation with platelet inclusions, as in clay nanocompos-
ites (Sheng et al,, 2004), displacement jumps across the platelet
adequately represent the expected kinematics even for platelets
of small thickness. As soon as the inclusion out-of-plane dimen-
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Fig. 8. Normalized effective shear modulus Gy, calculated at various fiber ori-
entations 6, and matrix Poisson’s ratios vy. Results obtained with E¢/Ey, = 100,
Ky, = 500 N/mm?, and v; = 1% (1300 aligned fibers with d; = 0.007L and I; = 0.2L).

sion decreases and the inclusion represents a fiber, as in fiber
networks in ordinary paper sheets or buckypaper (Hall et al.,
2008), the double-interface model is not representative anymore,
and a traditional single-interface model of the type described in
Section 2.2.3 is to be preferred.

In the double-interface model shown in Fig. 14, conceptually
similar to the model by Pike et al. (2015), zero-thickness interface
elements are placed at each side of the inclusion to allow the oc-
currence of relative displacements between inclusion and matrix
on both sides of the inclusion. In this situation, upper and lower
interfaces move relative to each other. To describe this kinematics,
the interface shape function matrix (7) is rewritten as
NP [Ni1 0 N, 0 —N" 0 -NY® 0 }

(18)

im0 N O N, O ~NY* 0 —NYP

where N{ and Ni2 are one-dimensional Lagrange shape functions
evaluated at the inclusion end points 1 and 2, respectively. Sim-
ilarly, NY/* and NY® are the matrix nodal shape functions evalu-
ated at points 1 and 2, and superscripts t and b denote top and
bottom interfaces, respectively. The simpler single-interface model,
which does not account for a discontinuous matrix displacement
field, can be recovered by constraining the top and bottom nodes
to experience the same displacement (uf = ub).

Figs. 15a-c show the effective mechanical properties of the
1mm x 1mm periodic plate with a centered 0.5 mm long in-
clined inclusion as a function of the inclusion orientation 6,. Me-
chanical properties are extracted using the procedure described
in Appendix A. In the analyses we used two values of the interfa-
cial tangential stiffness K, (500 N/mm? and 1000 N/mm?), and we
assumed a unit thickness for the plate in the out-of-plane dimen-
sion. The relatively low values shown in Fig. 15 are a consequence
of the choice of the parameters and the modest mechanical effect
of a single fiber.

Fig. 15a shows that in the double-interface model the angle 6,
that corresponds to the minimum effective Young’s modulus of the
composite (marked in the figure) is a function of the interfacial
tangential stiffness Kj;: the value of the angle increases with in-
creasing values of Ky, and tends to ~50.7°. For the single-interface
model, the value of Kj; has no effect on the angle at which Ef is
at a minimum: this angle is equal to ~50.7° and corresponds to
the neutral orientation previously discussed (in this specific case,
6n~50.7° for vy = 0.4 under plane strain as shown in Fig. 7b).
This means that in the range of validity of the dimensionally-
reduced model, Eg will assume its minimum value, corresponding
to a situation of fiber neutrality, at the same inclusion angle shown
in Fig. 7b, irrespective of the value of the interfacial tangential stiff-
ness Kpy.
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Fig. 13. Normalized Effective Young’s modulus of a composite with one fiber ori-
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model (6,~57° from Fig. 7b, vy, = 0.4) and discretized using the solid fiber model
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Fig. 14. Single conforming inclusion with elastic imperfect interface. Interface ele-
ments are placed at each side of the inclusion. For illustrative purposes, both nor-
mal and tangential displacement jumps are depicted.

In the single-interface model the angle corresponding to the
minimum value of E{ indicates a situation of inclusion neutrality.
In the double-interface model however we observe that i) the com-
posite Young’s modulus can be lower than that of the matrix for a
wide range of inclusion angles (stiffness degradation), and ii) the
amplitude of the range decreases with increasing K, values. Simi-
lar considerations can be drawn for the shear modulus in Fig. 15b
although neutrality is only observed for the single-interface model
at @ equal to 0° or 90°.

Under shear loading, relative movements between edges of the
inclusion occur and, as shown in Fig. 15b, a similar reduction in
the value of the effective shear modulus to a value lower than the
matrix shear modulus is obtained with the double-interface model.
Additionally, maximum shear modulus is achieved for 6, = 45°,

where predictions of single- and double-interface models are the
same.

As for the Poisson’s ratio in Fig. 15c, the double-interface model
yields an increase of the composite effective Poisson’s ratios vxy
for all orientations compared to the single-interface model. For 6
equal to 0° (90°), interfacial jumps (Fig. 15d) are absent and the
effective Young’s modulus and Poisson’s ratio values are equal in
both models.

Degradation is attributed to the crack-like features of the in-
terface and is not expected when a single-interface model is used
or under a perfect interface condition. In these situations, inclu-
sion neutrality is expected at the previously defined neutral ori-
entations. Moreover, the minimum angles for the double-interface
model, indicated by red marks in Fig. 15a, and the degradation
range are not only a function of the interface stiffness values, but
are also affected by geometrical properties (e.g., fiber length, num-
ber of fibers, and their spatial arrangements).

5. Micromechanical analysis

Mesh-independent fiber models are a necessary tool for the
modeling and simulation of composites with many fibers (Fig. 16).
To this end, a detailed analysis, taking into account the fiber vol-
ume fraction as a variable, is presented in this concluding section.
Estimates obtained from commonly used micro-mechanical models
summarized in Appendix B are contrasted to results obtained with
the dimensionally-reduced model. The occurrence of fiber neutral-
ity is also investigated.

We consider equally-shaped fibers with length I = 0.2L and di-
ameter d; = 0.007L that are n times stiffer than the matrix ma-
terial (n =10, 100, 500). To compare the numerical results with
those obtained with analytical micromechanical models, fibers and
matrix are perfectly bonded. The simulation box is discretized us-
ing a uniform grid of 31 x 31 x 31 trilinear hexahedral elements,
and each fiber is subdivided into 20 equally-spaced segments. The
mesh-convergence study in Fig. 17 confirms that the employed
discretization is sufficiently accurate. As mentioned in the intro-
duction, discontinuities in the stress field across a fiber are ne-
glected in dimensionally-reduced models to favor numerical effi-
ciency. The error introduced with this approximation is not negligi-
ble for high stiffness contrast values n and large fiber volume frac-
tions vy. In such cases a slower convergence is observed (Fig. 17c).
Distributions of homogeneously dispersed periodic fibers are ob-
tained with a random sequential adsorption algorithm described
in Appendix C. In the simulations, fiber volume fractions up to 15%
(approximately 22000 fibers) are considered. Two sample distribu-
tions with approximately 4700 aligned and randomly distributed
discrete fibers are shown in Fig. 16 yielding composites with trans-
versely isotropic and nearly isotropic mechanical responses.
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Fig. 15. Effective (a) Young's modulus, (b) shear modulus and (c) Poisson’s ratios of a two-dimensional composite with imperfect interface (Ku;; = 1000 N/mm?, Ky, =
500 N/mm?, E;/Em = 10 and vy, = 0.4 in plane strain). The single-interface model shows neutrality for 6 = 6, (8, ~50.7° from Fig. 7b), while the double-interface model
predicts degraded effective mechanical properties compared with intact matrix properties. (d) Fiber interfacial slips for 6 = 6, using the double-interface model. (For inter-
pretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. Two realizations of a composite with approximately 4700 fiber (length I; = 0.2L and diameter d; = 0.007L) in an L x L x L (L = 1 mm) periodic simulation box resulting
in a fiber volume fraction vf = 3%: (a) aligned and (b) randomly distributed fibers.
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Fig. 17. Effective Young’s modulus along the x-axis for a transversely isotropic composite with aligned fibers for different mesh densities (nn indicates the number of mesh
nodes) and fiber volume fractions vy. In the calculations reported in Section 5 (df = 0.007L and [ = 0.2L), the finest discretization with 31 x 31 x 31 trilinear hexahedral
elements and 32768 nodes has been used.
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Fig. 19. Effective transverse Young's moduli (Ey = Ef) for a transversely isotropic composite with aligned fibers at different volume fractions vr (df = 0.007L and I; = 0.2L).

Young’s moduli. Fig. 18 shows the homogenized Young’s modulus
Es as a function of the fiber volume fraction v for different mate-
rial properties and distributions of fibers; in the figure, numerical
results are compared with rule-of-mixtures (RoM) and Halpin-Tsai
estimates. As shown in Figs. 18a-c for a transversely isotropic com-
posite, due to the slenderness of the fibers (aspect ratio l¢/d;~30),
numerical results are generally in better agreement with RoM pre-
dictions especially for fibers with relatively low Young’s modulus.
The longitudinal Young’s modulus increases with the fiber volume
fraction v and is hardly influenced by the matrix Poisson’s ra-
tio vy. Although a similar pattern is observed in Figs. 18d-f for
randomly distributed fibers, the resulting Young’s moduli are sig-
nificantly lower due to fiber orientation with respect to the load-
ing direction and are in good agreement with the simple modified
Voigt estimate provided by Pan (1996).

In a transversely isotropic composite similar to that in Fig. 16a,
Young's moduli Ej and Ef (=Ej) are also enhanced for a ma-
trix material with non-zero Poisson’s ratio. However, as shown in
Fig. 19, the value of the transverse Young's modulus does not gen-
erally agree with RoM estimates and this is attributed to the un-
realistic uniform stress assumption and the absence of Poisson’s

contraction effects (Hull and Clyne, 1996). For a nearly incompress-
ible matrix, RoM predictions clearly underestimate the transverse
Young's moduli of the transversely isotropic composite.

Poisson’s ratios. Fig. 20 shows the effective Poisson’s ratios of the
transversely isotropic composite for various fiber volume fractions.
Similar to the transverse Young's moduli, Poisson’s ratio v§, (= vy,)
shows an increasing trend and a considerable dependence on the
matrix Poisson’s ratio. This dependence however is not predicted
by RoM estimates, which clearly overestimates the numerical re-
sults. Conversely, vy, (= vg,) decreases, in good agreement with
RoM, and the results are not influenced by the matrix Poisson’s ra-
tio. Finally, as shown in Fig. 20c (and already reported in Fig. 9c for
a fixed volume fraction with 6; = 0°), vy, (= vy,) remains equal to
the matrix Poisson’s ratio irrespective of fiber density, a property
which is not predicted by RoM estimates (Eq. (B.5)).

Figs. 21 and 22 show results for the homogenized effective Pois-
son’s ratio of the nearly isotropic composite as a function of vy
and vy. Values of the effective Poisson’s ratio

)\'C
C
Viso = 2(MC + )Lc)’ (19)
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Fig. 20. Effective Poisson’s ratios of a transversely isotropic composite with aligned fibers for different volume fractions (Ef/En = 100, df = 0.007L and I; = 0.2L).
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Fig. 21. Effective Poisson’s ratios v of a nearly isotropic composite with randomly
distributed fibers for different volume fractions vy (matrix Poisson’s ratios vy,
E¢/Em = 100, d; = 0.007L and I; = 0.2L).

where A and u¢ are the effective Lamé parameters averaged in
the three directions, are computed assuming an isotropic behav-
ior of the composite (Nemat-Nasser and Hori, 1998). From Fig. 21,
it is interesting to notice that for a matrix with Poisson’s ratio
vm~0.25, the effective Poisson’s ratio v of the homogenized
composite is insensitive to the fiber volume fraction (the inclu-
sions are neutral in terms of Poisson’s ratio). For vy <0.25, an

increased incompressibility of the composite is observed; for a
matrix with v > 0.25, an increased compressibility, although less
pronounced than the increase in incompressibility, is observed. In
both cases, values of the effective Poisson’s ratio tends toward the
value 0.25 by increasing the fiber volume fraction vy. As shown
in Fig. 22 for different fiber stiffnesses, a similar observation can
be made in terms of the mean anisotropic Poisson’s ratios v§ (av-
eraged over anisotropic Poisson’s ratios vy, Vxz, Vyx, Vzx, Vzy and
Vyz, from Eq. (A.2)). Due to the random distribution of the fibers,
anisotropic Poisson’s ratios only slightly deviate from the mean
value. These observations are in agreement with previous findings
by Das and MacKintosh (2010) who used a mean-field approach
for the theoretical investigation of the micromechanics of isotropic
composites consisting of randomly distributed stiff fibers. By taking
into account the reinforcing effect of individual fibers, the current
numerical homogenization procedure validates averaging theories
and neutrality in terms of Poisson’s ratio for a composite with ran-
domly distributed linear elastic fibers embedded in a matrix with
Poisson’s ratio vy = 0.25 or a nearly incompressible matrix with
vm ~0.5.

Unlike mean-field homogenization, embedded reinforcement
methods are not limited to composites with perfect matrix-fiber
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Fig. 22. Effective Poisson’s ratio of a nearly isotropic composite with randomly distributed fibers at two volume fractions vy and different matrix Poisson’s ratios vy, with

dr = 0.007L and [ = 0.2L.
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interfaces. Various distribution of fibers with arbitrary shapes and
interface properties can be considered for the evaluation of the
composite homogenized mechanical properties.

6. Concluding remarks

It is well known that fiber orientation plays an important role
in the mechanical response of composites. The common under-
standing is that fibers improve the mechanical properties of the
matrix in which they are embedded, and that certain fiber orien-
tations are better than others in some measure. This is not correct.
The most unfavorable fiber orientation represents a state of fiber
neutrality, a situation in which a fiber does not perturb the stress
field and therefore has no influence on the mechanical properties
of the composite. Fiber neutrality can be seen as the generalization
of the concept of inclusion neutrality that was introduced for zero-
thickness rigid inclusions by Wang et al. (1985). Here, we have
demonstrated that inclusion neutrality holds also for thin linear
elastic fibers with imperfect matrix-fiber interfaces, with an im-
mediate generalization to the perfect interface case.

Similar to rigid line inclusions, slenderness is a fundamental
ingredient for the occurrence of neutrality. Neutral fibers are in
fact not reported in existing studies where composites with rel-
atively large fiber diameters were studied. In these cases the ef-
fective stiffness of the composite increases even though fibers are
oriented at the most unfavorable angle—this angle would result in
fiber neutrality if the fiber were thin.
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Appendix A. Computation of effective properties

To extract the effective elastic coefficients of the fiber-reinforced
composite, we employ the computational homogenization scheme
described by Berger et al. (2005). As suggested by Xia et al. (2003),
homogeneous boundary conditions lead to over-constrained pre-
dictions of the effective properties. Instead, the periodic boundary
conditions

Uf - u% = 8_,'ij, (Al)

prescribed at the boundary of the simulation box with &;; (i, j =
X,y,z) the components of the applied strain tensor, yield more ac-
curate estimations. Edge indexes k and [ correspond to two op-
posite edges of the simulation box where periodic strains are im-
posed, and L; is the size of the domain in the jth direction. In all
the numerical results presented in this paper, a unit cube simula-
tion box is adopted (Fig. 3).

Although 21 independent constants are defined for the general
anisotropic case (Nemat-Nasser and Hori, 1998), here only the spe-
cific engineering constants in each direction are of interest. Three
Young's moduli (Ey, Ey, E7) relating tensile stresses and strains,
three shear moduli (Ggy, Gy,, GY,) relating shearing stresses and
strains, and six Poisson’s ratios v,?j (Viy» Vxzo Vyxs Vyzs Vixs Vi)
representing contraction in the j-direction after the application of
a tensile load in the i-direction can be extracted. These quantities
may be expressed in terms of the coefficients of the compliance
constants matrix as

1 1 1
ES— — ESo — ECo
0T G’ P G
1 1 1

G)c(y =/ G3c/z = G)c(z =

Cag Css Ces

oo G e G
Xy — ’ Xz — ’
v Cn Ci
I = - S -}
X — s 7z — s
v (G Ca2
Ci3 (23
Vik = ==, Vyy = ———. (A2)
Gs' ¥ Gs3

The compliance constants matrix C is evaluated by inverting the
elastic coefficient matrix D as described in Malagu et al. (2017).

Appendix B. Analytical micromechanical models

For the special case of a transversely isotropic composite with
aligned fibers of the type shown in Fig. 16a, simple analytical mi-
cromechanical models are available.

The well known rule of mixtures is widely used to predict the
mechanical properties of elastic composites. The composite stiff-
ness is approximated as a weighted mean of the moduli of two
components (Hull and Clyne, 1996). The rule of mixtures does not
consider geometrical details such as the fiber aspect ratio. With
reference to the case of a composite with fibers that are aligned
with the global x-axis, the effective longitudinal Young’'s modulus

E; =1 —-vp) Em + vrEs (B.1)

is expressed as a function of the fiber volume fraction vf, where
it is assumed that strains in the direction of the fibers are equal
in the matrix and the fiber (this assumption is valid for perfectly
bonded fibers with high aspect ratio). Eq. (B.1) is referred to as
the upper bound modulus (Voigt model).

Using the inverse rule of mixtures and assuming that stresses
in the direction normal to the fibers are equal in the matrix and
the fiber, the transverse Young’s moduli

c_ pc_ ﬂ 1- Uf]
EY_EZ_[Ef + E,
This expression is known as the lower-bound modulus (Reuss
model).

According to the semi-empirical estimate of the Young’s modu-
lus proposed by Halpin (1969),

-1

(B.2)

1+&nue
c o _
with
_ Ef/Em - 1 _
n = E/En T E and & = 2ly/d;. (B.4)

This expression is suitable for short fibers and takes into account
the non-uniform distribution of strains and stresses in the compos-
ite. Predictions of Eq. (B.3) lie within the range of the lower and
upper bound moduli.

Similar formulas can be derived for the Poisson’s ra-
tios (Hull and Clyne, 1996):

Vg = (1 = vp) vm + vy oy,

E

Ve = [(1 = vp) vm + Ug Vf]Fi, and
Ey . Uf 1- Us -1
s th K=|-+
3k [Kf e ] ’
where K and K; are the bulk moduli of the constituents.

For a composite with randomly distributed fibers with isotropic
behavior, the simple rule of mixtures estimate yields

Ut Ut
fe= (17 5 ) Ent o Er.

where a probability density function is used to specify the random
fiber orientation as proposed by Pan (1996).

(B.5)

c _
Vy, =1 =y —

(B.6)
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Appendix C. Generation of periodic simulation box

For the generation of periodic fiber distributions in the simula-
tion box, the random sequential adsorption algorithm (Kari et al.,
2007) was implemented. Starting with a box of certain dimen-
sions and knowing the volume fraction, length and diameter of
the fibers, for each fiber the coordinates of one end point is deter-
mined using the Matlab® rand function. Orientation of the fiber is
fixed for aligned fibers, while for the randomly distributed fibers,
the orientation is determined using the rand function. Having the
fiber orientation and coordinates of one fiber end point, the coor-
dinates of the second point are determined. If the new point lies
outside the simulation box, the out of box segment of the fiber is
cut and moved to the opposite boundary to preserve periodicity.
This process is repeated for all fibers consecutively until the de-
sired volume fraction is achieved.
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