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PREFACE

I can recommend everyone to, at a moment of boredom, simply type bodemdalingska
art.nl into your browser and start exploring the millions of colored dots that appear.
Each dot represents a location in the Netherlands, with colors indicating its displace-
ment velocity. Clicking on a point will show its displacement behavior over time. What
becomes striking is how diverse these behaviors are. One point may be slowly subsiding,
while a nearby point might be moving upward. Exploring the data, itis easy to forget that
all of this is made possible by satellites orbiting the Earth, passing over the same loca-
tion every six days from 700 km above our heads. When combined with the right mod-
els, questions, and data processing, this allows us to monitor deformation processes on
Earth from space at the millimeter level. Can you believe it?

This still fascinates me greatly, and about six years ago it led me to choose InSAR as
the subject of my MSc thesis, which eventually led to this PhD thesis. But precisely this
kind of data exploration raises new questions. How is it possible that two points on the
same object show a different displacement behavior? Or how can time series appear very
smooth at the beginning of a measurement period, and then suddenly become much
noisier? It was exactly this sense of curiosity and wonder that ultimately led to the cre-
ation of this thesis. And even now, after finishing it, I still find myself occasionally getting
lost in time series, amazed that all of this can be done from behind a laptop, made pos-
sible only by a radar satellite taking measurements from 700 km above us. I hope that, as
you read this thesis, you will share at least a little of that same sense of wonder.

Wietske Brouwer
Delft, June 2026

Statement on the use of generative Al. Generative Al tools were used solely for proofreading, editing, and
improving the English language style of this thesis, as well as for programming support, including code review,
debugging, and implementation assistance. No Al was used to generate scientific arguments, data, research
methods, results, or novel content.
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SUMMARY

VER the past 35 years, satellite radar interferometry (InSAR) has evolved into a well-
O established geodetic technique for monitoring displacements. In recent years, many
generic wide-area InSAR information products have emerged, suggesting dense spatial
coverage and smoothed time series that appear to unambiguously unveil diverse defor-
mation mechanisms. However, such ‘one-size-fits-all’ products are application-agnostic
and inherently suboptimal for specific objectives. This stems from the fact that no single,
universal InSAR information product exists: the nature of the InSAR phase observables
is such that results are inherently non-unique. Consequently, countless InSAR products
can be produced over the same area of interest, even while using exactly the same input
data. Transforming these phase observations into useful information requires param-
eter estimation, a procedure that is based on a range of assumptions and processing
decisions—both explicit and implicit—that inevitably lead to different results. The use-
fulness of an InSAR information product is therefore directly dependent on the prior
knowledge about the application for which it is produced. In this study, we investigate
the potential to improve the usefulness and interpretability of InSAR information prod-
ucts for application-aware and -aligned (triple-A) cases, by re-examining the fundamen-
tal parts of the processing chain: i) and ii) the stochastic and functional model, iii) the
network configuration, iv) the spatial geometry, and v) quality control. Combined with a
method to isolate surface deformation due to hydrocarbon production, part vi), we ap-
ply the developed methods to estimate the first uniform product of 3D surface displace-
ment due to gas production in Groningen, the Netherlands, including quality control.

Reliable parameter estimation requires a stochastic model (item i) from above) that
accurately reflects the quality of the phase observations. Conventionally, this is often
determined a posteriori from residuals, introducing an undesirable dependence on the
functional model. We developed a method to derive a scatterer-specific stochastic model
directly from the data, based on partitioned amplitude time series and the Normalized
Median Absolute Deviation (NMAD). This enables the estimation of the time-varying
variances and covariances of the double-differenced (DD) phase for an arc, i.e., the con-
nection between two points, which was not achievable using existing approaches. This
stochastic model can then be used to reliably estimate relative arc parameters (e.g., rel-
ative displacements) from the observed DD phase, and describe their quality.

For interpretability, these estimates are preferably expressed relative to a common da-
tum, which requires the design of a network consisting of arcs. We find that different
network configurations that are currently used produce different estimated parameter
values and associated qualities; and therefore some networks are better than others. We
develop a Confidence-Optimized Robust Geodetic (CORG) network design strategy tai-
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SUMMARY

lored to application-specific requirements. Using the stochastic model derived for arcs,
the expected quality of each potential arc is quantified and used to prioritize higher-
quality arcs. Consequently, the network is optimized to meet the application-dependent
quality criteria for precision and reliability. Once designed, the network is adjusted in
the parameter space, i.e., on the estimated arc parameters rather than the explicitly un-
wrapped phases. In a triple-A context, each arc may have its own functional model,
chosen according to the application and the available contextual information, which
leads to a varying parameter space across arcs. Therefore, the adjustment is performed
on the shared parameters—specifically the relative cross-range distance (instead of the
commonly used relative height) and the thermal displacement factor—as well as on the
reduced phase.

While this network adjustment yields relative displacements, these remain expressed
in the satellite’s Line-of-Sight (LoS) direction. InSAR observations are only sensitive to
the projection of the 3D displacement vector onto this LoS direction, and estimating the
full 3D displacement vector results typically in an underdetermined inverse problem, as
often only two independent observations are available. Therefore, we revisit the fun-
damentals of InSAR geometry, putting key concepts such as decomposition and pro-
jection in perspective and introducing the concepts of the null line and the null-line
aligned (NLA) coordinate system. These concepts provide a rigorous foundation for un-
biased displacement estimation and interpretation, addressing common pitfalls in cur-
rent practice that lead to biased results. We provide recommendations for the generation
and interpretation of InSAR displacement products.

Building on this, we propose a solution to this underdetermined problem: the strap-
down approach. This new largely generic method enables unbiased 3D displacement
estimation from only two LoS observations (i.e. an ascending and descending obser-
vation) by incorporating minimal and largely undisputed contextual knowledge about
the expected deformation mechanism. It defines a local reference system with transver-
sal, longitudinal, and normal (TLN) axes, where displacement occurs in the transversal-
normal plane only. The approach includes full error propagation and produces physi-
cally meaningful results that are ‘3D-global/2D-local’.

Finally, we apply the strapdown method to estimate vertical and directional horizontal
displacement components for Groningen, the Netherlands, where gas extraction since
1964 has caused surface deformation. We estimate the orientation of the TLN frame
directly from the data and incorporate contextual information to apply a bootstrapping
method, thereby enhancing the quality of the results. This approach yields reliable 3D
displacement estimates for the Groningen gas field, revealing previously unquantified
horizontal displacements, including their quality assessment.

In conclusion, by addressing the six fundamental parts of the InSAR processing chain,
we have shown that only by incorporating contextual knowledge—about the problem
and the intended use of the data—it is possible to produce an InSAR information prod-
uct that is optimally suited to its specific application. Such an application-aware and
-aligned (triple-A) approach yields parameter estimates that are more precise and phys-
ically more meaningful. We further developed a method to quantify and present uncer-
tainties with the estimates, providing InSAR results that are more reliable and actionable.
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SAMENVATTING

ATELLIET-radarinterferometrie (InSAR) is een van de belangrijkste geodetische tech-
S nieken voor het monitoren van verplaatsingen van (objecten op) het aardoppervlak.
Als gevolg hiervan komen er ook steeds meer InSAR resultaten online beschikbaar: pro-
ducten die voor miljoenen punten het verplaatsingsgedrag in de tijd weergeven en de in-
druk wekken dat alle denkbare deformatie-mechanismen overal te meten zijn en zicht-
baar zijn in het product. Echter, doordat bij zulke ‘one-size-fits-all’-producten de toe-
passing vooraf niet bekend is, zijn ze juist niet optimaal voor veel specifieke toepassin-
gen. Dit komt doordat we niet kunnen spreken van één universeel InSAR informatiepro-
duct. De eigenschappen van de InSAR-fasewaarnemingen zorgen er namelijk voor dat
het resultaat dat wordt berekend uit de waarnemingen (het InSAR informatieproduct)
niet uniek is. Als gevolg hiervan zijn er ontelbaar veel resultaten te produceren over een
gebied, zelfs wanneer we gebruik maken van exact dezelfde satellietgegevens. Voor het
genereren van bruikbare resultaten uit deze InSAR-fasewaarnemingen moeten we een
parameterschatting uitvoeren. Deze is gebaseerd op een reeks zowel expliciete als impli-
ciete aannames en keuzes in de dataverwerking, waarbij andere aannames direct zullen
leiden tot andere resultaten, en dus ook een ander InSAR-product. De bruikbaarheid van
een InSAR-product is daarmee direct athankelijk van de keuzes en aannames in de da-
taverwerking. In dit onderzoek onderzoeken we of het mogelijk is om de bruikbaarheid
en de interpreteerbaarheid van InSAR-informatieproducten te verbeteren door kennis
over de toepassing van het product mee te nemen. Dit noemen we triple-A: application-
aware and aligned. Hiervoor kijken we met een nieuwe blik naar de fundamentele stap-
pen in de dataverwerking. We bekijken zowel het stochastisch als het functiemodel, de
netwerkconfiguratie, de geometrie van de InSAR-waarnemingen, en de kwaliteit van de
resultaten. Uiteindelijk passen we de ontwikkelde methoden toe om de 3D-deformaties
te schatten als gevolg van de gaswinning in Groningen, in Nederland.

Om te beginnen vereist een betrouwbare parameterschatting een stochastisch model
dat de kwaliteit van de fasewaarnemingen beschrijft. In de huidige methoden wordt dit
stochastisch model vaak a posteriori bepaald op basis van residuen met het functiemo-
del, waardoor een ongewenste afhankelijkheid van het functiemodel ontstaat. Daarom
hebben we een methode ontwikkeld die voor elke reflector (scatterer) een uniek stochas-
tisch model afleidt op basis van een gesegmenteerde amplitude-tijdserie en de Normali-
zed Median Absolute Deviation (NMAD). De methode resulteert in tijdsathankelijke va-
rianties en covarianties voor de interferometrische fase van een arc, waarbij een arc de
verbinding is tussen twee punten (of scatterers). Dit stochastisch model gebruiken we
vervolgens om betrouwbare relatieve arc-parameters (bijvoorbeeld relatieve verplaat-
singen) te schatten en hun kwaliteit te beschrijven.
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SAMENVATTING

Om interpreteerbare resultaten te verkrijgen worden relatieve parameters voor de pun-
ten bij voorkeur geschat ten opzichte van één gemeenschappelijk referentiepunt. Hier-
voor is een netwerk nodig, bestaande uit verbinding (arcs). We laten zien dat verschil-
lende netwerkconfiguraties leiden tot verschillende geschatte parameterwaarden en kwa-
liteitswaarden. Sommige netwerken zijn daardoor beter dan andere. Wij stellen daarom
de Confidence-Optimized Robust Geodetic (CORG) netwerkontwerpmethode voor, die
het netwerk ontwerpt zodanig dat het eindresultaat voldoet aan de toepassingsafthan-
kelijke kwaliteitseisen. Met behulp van het ontwikkelde stochastisch model voor een
arc kunnen we de verwachte kwaliteit van alle mogelijke arcs bepalen en de arcs prio-
riteren. Vervolgens kan het netwerk worden geoptimaliseerd zodat het voldoet aan de
vooraf gedefinieerde eisen. Uiteindelijk wordt het netwerk vereffend op de geschatte
parameters in plaats van de expliciet berekende faseambiguiteiten. Omdat in een triple-
A-context elke arc een eigen functiemodel kan hebben (athankelijk van de toepassing
en de beschikbare contextuele informatie), zullen de parameters die we schatten per arc
verschillend zijn. De vereffening wordt daarom uitgevoerd op de parameters die wel
gemeenschappelijk zijn voor de arcs—zoals de relatieve cross-range afstand (in plaats
van de veelgebruikte relatieve hoogte) en de thermische expansiefactor—en de geredu-
ceerde fase.

Het resultaat van de netwerkvereffening zijn geschatte verplaatsingen in de kijkrich-
ting (LoS) van de satelliet. Dit komt doordat de radar alleen gevoelig is voor de projectie
van de daadwerkelijke 3D-verplaatsingsvector op de kijkrichting. Voor de interpretatie is
het echter vaak gewenst dat de resultaten worden weergegeven in bijvoorbeeld de oos-
telijke, noordelijke en verticale richting. Dit vraagt om een decompositie van de waar-
nemingen. Omdat vaak slechts twee onafhankelijke waarnemingen beschikbaar zijn,
resulteert dit in veel gevallen in een onderbepaald schattingsprobleem. Veel huidige
methoden gaan hier onjuist mee om, hetgeen resulteert in foutieve resultaten. Daarom
bekijken we het probleem opnieuw vanuit de geometrie van de waarnemingen en for-
muleren we duidelijke condities die nodig zijn voor een succesvolle decompositie. Ook
maken we een onderscheid tussen een projectie en een decompositie en introduceren
we de null line en het null-line aligned (NLA) codrdinatenstelsel, die beide een basis
bieden voor het schatten van de 3D-verplaatsingen en helpen bij de interpretatie van de
schattingen.

Daarop voortbouwend hebben we de strapdown-methode ontwikkeld. Deze gene-
rieke methode maakt het mogelijk om voor deformatie-mechanismen waarbij het oor-
zakelijk mechanisme bekend is 3D-verplaatsingen te schatten met slechts twee LoS-
waarnemingen. De methode maakt gebruik van een lokaal referentiestelsel met trans-
versale, longitudinale en normale (TLN) assen, waarbij de verplaatsing enkel optreedt in
het transversaal-normaal vlak. De methode maakt volledige foutvoortplanting mogelijk
en levert resultaten die ‘3D-globaal/2D-lokaal’ zijn.

Ten slotte passen we de strapdown-methode toe om verticale en directioneel horizon-
tale verplaatsingen te schatten voor Groningen, waar gaswinning al sinds 1964 leidt tot
verplaatsingen van het aardoppervlak. We schatten de oriéntatie van het TLN-stelsel di-
rect uit de data en nemen contextuele informatie mee om de kwaliteit van de resultaten
verder te verbeteren. Deze aanpak levert betrouwbare 3D-verplaatsingsschattingen op
voor het Groningse gasveld en laat voor het eerst gekwantificeerde horizontale verplaat-
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singen zien, inclusief hun kwaliteit.

Samenvattend tonen we aan dat alleen door het meenemen van contextuele kennis
(zowel over het probleem als over de toepassing van de data) een InSAR-product kan
worden ontwikkeld dat optimaal is voor de specifieke toepassing. Een dergelijke toepas-
singsbewuste en -gerichte (triple-A) benadering resulteert in geschatte parameters die
nauwkeuriger zijn en een fysische betekenis hebben. Bovendien hebben we een me-
thode ontwikkeld om de onzekerheden bij de schattingen te kwantificeren en te presen-
teren, waardoor InSAR-resultaten betrouwbaarder en bruikbaarder worden.
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1. INTRODUCTION

1.1. MOTIVATION

LTHOUGH InSAR has become a widely used geodetic technique for displacement

monitoring, its methods rely heavily on implicit, heuristic, and non-specific
assumptions, and do not optimize for a specific application, leading to suboptimal
displacement products. This research revisits these fundamental choices and
proposes a more robust and application-dependent approach to displacement
parameter estimation and InSAR displacement product generation, resulting in more
reliable and interpretable outcomes.

1.2. BACKGROUND

Over the past 35 years, InSAR has become a well-established geodetic technique
for monitoring displacements of (objects on) the earth’s surface. Initially, it was
used primarily to monitor natural hazards, such as volcanic activity [4, 63, 123] and
earthquakes [22, 57, 122, 203], by analyzing static interferograms. Next came the
development of time-series techniques such as Point Scatterer Interferometry' (PSI
or PS-InSAR), which track a subset of points with constant scattering properties
over time, often originating from man-made structures. These techniques allow for
the estimation of precise displacement time series for many points. Particularly in
the early 2000s, significant research focused on developing PS methods to estimate
displacements from the satellite radar observations, i.e., the phase measurements
[61, 89, 90, 100, 103, 162, 193]. This was challenging, given the multiple contributors
to the observed phase, such as atmospheric delay, deformation, topography, and
integer phase cycles, resulting in an underdetermined estimation problem and hence
non-unique solutions. Today, PS methods remain widely used. The ‘typical’ InSAR
information product is a map of colored dots, each representing a strong reflection
point, with colors indicating the displacement velocity.

In recent years, growing interest in the production of deformation maps at
national or continental scales has shifted the research away from fundamental
PS methodology toward the development of techniques for efficiently processing
data over large areas [39, 119]. Estimating displacements for millions of points
introduces significant computational challenges, particularly because InSAR is a
relative geodetic technique that relies on solving large, interconnected networks,
and because processing vast datasets also involves aligning and merging data from
multiple satellite tracks [1, 45, 58, 106, 115]. This has led to the creation of national
ground motion maps—such as those for the Netherlands, Norway, Italy, and Germany
[11, 38, 46, 99]—and other wide-area products such as the European Ground Motion
Service (EGMS) [40]. These products suggest unique and comprehensive results, due
to their dense spatial coverage and smooth time series that capture a wide variety of
deformation mechanisms [41]. Based on these results, it is tempting to regard InSAR
as a fully mature geodetic technique that effectively fulfills its intended purpose.
As a consequence, the methodological development of InSAR, particularly in PS
techniques, is widely regarded as largely complete, with limited need for further
fundamental research into its underlying principles, as evidenced by the growing

IThroughout this work we use the Delft InSAR taxonomy as proposed by Hu et al. [91]
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number of articles using these products as (deterministic) input data (e.g., [8, 55,
114, 127, 137, 142]), relative to the studies aimed at methodological improvement.

However, while these wide-area (i.e. products of national or continental scale
that capture a variety of deformation phenomena), "one-size-fits-all" solutions may
appear appealing for users and can be used for reconnaissance and browsing, they
are usually suboptimal for specific applications with a defined objective. Creating
InSAR information products that are "fit for purpose" requires input from domain
experts beforehand, which leads to explicit assumptions throughout the parameter
estimation process, as we will discuss below. The success of companies that offer
tailored InSAR products based on user-specific needs illustrates this point. Thus, the
mere existence of these companies highlights a contradiction: if default national or
wide-area deformation maps were sufficient and fit for purpose, customized services
would be unnecessary. Instead, their popularity demonstrates that standard products
often fail to meet end users’ practical demands.

Moreover, as generic application-agnostic (AA) InSAR information products, i.e.,
products where the processing choices are made without a specific application in
mind, become more widely available, they are increasingly being used by users
without a geodetic or InSAR background. This widespread use based on availability
poses a risk because the data are often presented and interpreted as “truth” with
little consideration for the underlying assumptions, decisions, and uncertainties, i.e.,
the information products are assumed to be deterministic and undisputed.

1.3. PROBLEM STATEMENT

With so many InSAR information products available and accessible, it is not trivial
to assess and compare their quality and evaluate the product’s fitness for purpose.
Questions such as Which product should I use? Can I trust these results? and What is
the quality of these results? may seem straightforward, but are in fact impossible to
answer in a generic sense, only in a particular ‘application-aware’ sense. This can be
attributed to four fundamental challenges in InSAR processing and interpretation,
which form the basis of this thesis and are addressed in bold below. First, the
fundamental nature of InSAR processing leads to non-uniqueness in the resulting
products, i.e., estimated (displacement) parameters, as “the” InSAR product does not
exist. As shown in [31, 163, 205], processing the same data can lead to different
results and thus different InSAR products.

What is commonly referred to as an "InSAR displacement measurement" is, in
fact, not a measurement but an estimate, i.e.,, a derived quantity from the radar
observation [80]. The fundamental radar observation is a complex signal from
which differential wrapped phase values are extracted. Only relative displacements,
both in time (between acquisition epochs) and in space (between points), can
be estimated from these phases. Furthermore, the observed differential phase
is a combination of several components: geometry (including displacement and
cross-range position, where the latter is related to topography as we will discuss in
Chapter 3), delay (including tropospheric and ionospheric propagation effects), and
noise [80]. Transforming these phase observations into a usable InSAR product, also
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referred to as parameter estimation, requires a range of assumptions and processing
decisions. In fact, any InSAR product is the outcome of a processing chain that
combines: i) radar data, ii) a processing algorithm, and iii) operator-defined settings.
Even small changes in any of these three components—such as the addition of a
single observation epoch, the use of a different order in the processing steps, or
the adaptation of one parameter setting or assumption (e.g. the point detection
threshold)—can lead to a different result and thus a different InSAR product [35, 54,
153, 163].

Because InSAR products depend strongly on the specific data, algorithms, and
processing settings used, any generic product is, by definition, suboptimal for a
specific application. A product or processing methodology that performs well for one
use case (such as monitoring deformation of a bridge) may completely fail in another
(identifying motion in landslide-prone areas) [41]. Since each application imposes
different requirements, InSAR processing must be tuned accordingly. Without such
application-specific tuning, the "high-quality" wide-area products may fail to meet
the needs of the intended analysis.

In addition to application-specific tuning, estimating displacements from complex
radar observations requires a functional model that parametrizes the expected
displacement behavior for the scatterer over time and thus relates the observations
to the unknown parameters (e.g., the displacement parameterization—for instance a
velocity). However, this functional model is unknown [28].> Many InSAR products
contain millions of scatterers, each with unique characteristics and unique kinematic
behavior. Ideally, each point would require a tailored model, but this is practically
infeasible. At the same time, assuming that a single, uniform parameterization (e.g.,
constant velocity) is suitable for all points is not sustainable and may result in biased
or incorrect parameter estimates [193].

Reliable parameter estimation also requires a priori knowledge of observation
quality, to guide processing decisions and to assess the quality of the estimated
parameters (e.g., the displacement values) [82, 110]. However, this stochastic
model is unknown (i.e., the model that describes the quality of the observations),
as each scatterer has distinct scattering characteristics that may vary over time
[92, 93]. The pragmatic solution for this problem—and the most commonly
used one in practice—is to assess quality a posteriori, by examining the residuals
between the observations and a fitted functional model [90, 197, 210]. However,
this solution is problematic, since it creates a direct dependency between the
functional model and the stochastic model. Fundamentally, this is not acceptable,
since the stochastic model, i.e., the quality of the observables, has no relation or
dependency to the particular application of those observables, i.e., the parameters
and hence the functional model. Consequently, if the functional model is incorrect
or oversimplified, unmodeled motion will be interpreted as noise and absorbed into
the stochastic model, which is fundamentally undesirable. It not only leads to biased

2Note that this functional model differs from a physical model, which represents an input-output
relationship based on physical processes and can therefore exist independently of observations.
While a functional model may be based on or inspired by a physical model, it forms, together
with the stochastic model, the mathematical model of the observation equations, describing the
relationship between the chosen unknown parameters and the observations.
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or misleading estimates of observation quality, but also implicitly assumes that the
noise characteristics are homogeneous or stationary, whereas in reality they may
vary over time and between scatterers. Moreover, this issue is further complicated
by the fact that, at the level of individual epochs, only a single observation is
available. As a result, it is not possible to distinguish whether a deviation from the
model originates from noise, unmodeled motion, or other effects. Importantly, it is
well established that the stochastic model should be independent of the functional
model, as it is typically used to weight the observations accordingly and for testing
the functional model. However, in current InSAR practice, such an independent
characterization of observation quality is generally lacking, particularly for PS-InSAR.
Moreover, most wide-area products present displacement time series without any
indication of uncertainty. In many cases, uncertainties are neither quantified nor
reported. As a result, the observations are effectively treated as deterministic and
undisputed, presented without error bars, which severely limits the user’s ability to
interpret the data.

Finally, data interpretation is further complicated by the satellite’s line-of-sight
(LoS) geometry. Displacements are observed along the LoS direction, making them
difficult to interpret in terms of physical three-dimensional (3D) deformation [80].
While it is often desirable to express motion in east, north, and up components,
the lack of multiple viewing geometries restricts the ability to perform a 3D
decomposition. Nevertheless, many InSAR products present displacements in vertical
and eastward components (under the assumption that a northward component
cannot be retrieved), which result in biased and potentially misleading results.

1.4. RESEARCH OBJECTIVE

Given the four fundamental challenges outlined in bold Sec. 1.3, it becomes clear that
although PS-InSAR is a powerful technique, generating interpretable and meaningful
results (i.e., estimating displacement parameters) requires an application-dependent
mathematical model. In current practice, however, such tailored modeling is
uncommon. Many existing approaches rely on standard modeling choices, such as
applying the same functional model to all scatterers, and on heuristic approaches
that are not necessarily suitable for all use cases [10, 61, 87, 193]. While these
methods are, in principle, flexible enough to accommodate specific tuning, this
potential is rarely exploited in practice. As a result, the mismatch between the
chosen model and the chosen parameterization limits both the interpretability and
the reliability of the (displacement) estimates.

Therefore, the objective of this study is to define an optimal, application-specific
mathematical model. We systematically revisit the fundamental aspects of InSAR
parameter estimation. Rather than taking established practices for granted, this work
aims to evaluate whether alternative approaches—grounded in fundamental princi-
ples and informed by contextual information, rather than heuristic approaches—may
lead to more reliable and physically meaningful results. This leads to the main
research question of this study:
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Can the PS-InSAR parameter estimation problem be reformulated and improved
to provide more precise, reliable, and physically meaningful parameter estimates,
aiming for better interpretable and actionable information?

To answer this question, we defined four more specific research questions:

1. Is it possible to define an a priori, independent, and unique stochastic model
for each arc?

Precise and reliable PS-InSAR parameter estimation requires a realistic stochastic
model that properly represents the quality of phase observations along an arc (i.e., the
connection between two points), while accounting for the individual characteristics
of each scatterer [82]. Current approaches often use the Normalized Amplitude
Dispersion (NAD), which is related to the quality of the phase measurements, during
point selection [61]. However, this information is not systematically incorporated
into the stochastic model. Alternatively, the quality is often derived a posteriori
from residuals with respect to the model [90, 197, 210], which introduces an
undesirable dependence on the (validity of the) functional model. Consequently,
unmodeled displacements at points with complex dynamic displacement behavior
will be misinterpreted as noise. Ideally, the stochastic model should be defined a
priori and should be scatterer-specific (i.e., each scatterer will have its own unique
stochastic behavior), epoch-specific (i.e., the quality or noise of a scatterer may
change over time)[92, 93], and independent of its actual deformation behavior.
This also facilitates informed selection of points or arcs in further analysis the
identification of scatterers with low uncertainties.

Therefore, the objective is to define a stochastic model independently of the phase
observations and the functional model. For longer InSAR time series, the quality of
a scatterer may vary over time, and the stochastic model must thus account for a
potential non-stationarity of the quality of the scatterer. In Chapter 2, we propose a
method for deriving such a model, which can be created from the amplitude time
series of the points.

2. Is it possible to design an optimal network of arcs that is quality-driven and
application-specific?

InSAR is a relative technique in which relative displacements can only be estimated
for an arc. In contrast, InSAR results usually show results for points relative to a
single reference point, which requires a network consisting of arcs [36, 193]. The
simplest implementation is a star network, in which all points connect directly to the
reference point. Here, each point (vertex)—except the reference point—has degree 1,
i.e., it is connected to one other point. Although it is easy to construct, the star



1.4. RESEARCH OBJECTIVE

network is prone to errors when the arc length (i.e., the connection between two
points) increases, e.g., due to atmospheric phase delays, and it has no redundancy,
which makes statistical testing impossible [102].

Creating a network of interconnected arcs increases the degree of each vertex,
which enables testing and detection of potential errors and adjustment of the
estimates [6]. By default, due to its straightforward implementation, many InSAR
algorithms use a Delaunay network with degree 2 or higher [37, 102, 144]. Yet, this
network is aimed to maximize the smallest angle of each triangle in the network,
which is an irrelevant metric for InSAR. Furthermore, it does not account for the
physical, kinematic, or quality characteristics of scatterers. Consequently, low-quality
points may be connected, resulting in poor-quality arcs and propagating errors
throughout the network. This would be avoidable by using alternative network
design approaches.

Having prior knowledge of the quality of the scatterers and the quality of the arcs
(see the previous sub-question) helps identify which arcs are most likely to result in
precise and reliable parameter estimates. This suggests the possibility of a more
effective network design since it would enable avoiding low-quality arcs as much as
possible. Moreover, the a priori arc quality discussed above allows for computing the
quality with which the parameters for the points can be estimated, even before the
network adjustment [156]. Since quality requirements are application-dependent, the
network configuration should be tailored accordingly.

An additional complication concerns the choice of the variate on which the
network is adjusted. Kampes [101] suggests adjusting the network directly on
the estimated arc parameters. While appealing, this strategy requires an identical
functional model, i.e., the same set of parameters, for every arc. In practice,
however, this assumption cannot be sustained over wide areas with lot of different
deformation mechanisms. Therefore, a more flexible approach is required that i)
allows for arc-specific functional models (addressed in Chapter 3), and ii) enables
network adjustment in the presence of unique functional and stochastic models
across arcs.

Therefore, the objective is to develop a methodology for designing a network that
is quality-driven, application-specific, and can work with unique functional models
for different arcs. This approach is further explored in Chapters 4 and 5, using the
stochastic and functional models defined in Chapters 2 and 3 respectively.

3. Can a reevaluation of the InSAR acquisition geometry lead to more accurate,
precise, reliable, and interpretable displacement estimates?

Although deformation phenomena occur in three dimensions, InSAR phase
observations are only sensitive to the projection of the three-dimensional (3D)
displacement vector onto the radar line-of-sight (LoS). Estimating 3D displacements
from LoS observations requires a decomposition. However, there are usually
insufficient viewing geometries available for full 3D reconstruction, which leads to
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non-unique solutions [164].

In practice, this limitation is often addressed in ways that introduce biases. Our
literature study [15] confirms that the ‘projection of the LoS observations onto the
vertical direction’ is frequently mislabeled as ‘the vertical’ displacement. Alternatively,
when two LoS observations are at hand, it has become standard practice to disregard
the north component under the assumption that it is not observable given the
orbital geometry, thereby asserting a decomposition into east and up components.
Both methods lead to incorrect and biased estimates. The underlying assumptions
and their consequences are rarely made explicit.

This highlights the need for standardization as well as mathematical and semantic
rigor. Concepts such as decomposition and projection should not be mixed and any
underlying assumptions must be explicitly stated. The objective of answering this
research question is to provide a comprehensive and fundamental overview of the
InSAR acquisition geometry, proposing the necessary terminology and estimation
conditions for decomposition. This is discussed in Chapter 6.

4. Is it possible to estimate 3D displacement vectors combining ascending
and descending InSAR observations with minimal contextual knowledge on the
expected driving mechanism, and can we assess the quality of such 3D estimates?

Since LoS observations are the projection of the 3D displacement vector onto the
LoS, a 3D decomposition is often performed to enhance physical understanding. In
several studies, prior knowledge of the deformation driving mechanism has been
used to define a local reference system used for the decomposition. For instance,
for landslides [130, 196], ice-sheets [98, 126], and line-infrastructure [30, 141],
assumptions can be made on the expected deformation direction.

However, no standardized method exists to incorporate such prior knowledge in
a consistent way. Moreover, uncertainties in the orientation or accuracy of the
assumed deformation direction are typically not accounted for, limiting the reliability
of the resulting decomposition.

Our objective is to develop a generic method for the decomposition that takes into
account minimal prior knowledge of the physics of the problem at hand. Moreover,
the a-priori uncertainty approximation on the orientation of the local frame must be
taken into account to assess the precision of the final estimates. In Chapter 7 we
will introduce the solution in the form of the strapdown approach.

Subsequently, we will apply an approach that uses a location-dependent coordinate
system (strapdown) on a case study of the Groningen gas field where gas production
has led to substantial pressure depletion in the reservoir, resulting in induced
seismicity and surface displacements [103, 187]. Although vertical displacements
have been extensively monitored, the horizontal components, which are particularly
present at the edges of the gas field and pointing inward, remain largely unexplored
[104, 148]. However, since the Groningen field is irregularly shaped, the direction of
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the inward motion, i.e., the orientation of the decomposition frame, varies spatially
and remains unknown. Additionally, after estimating the 3D displacements, the
horizontal estimates have a low confidence when these vectors are pointing in the
north or south direction because of the satellite orbit geometry [80].

Therefore, our objective is to derive a method to define the orientation of the
location-dependent decomposition frame that can be used for the entire gas field.
Furthermore, we aim to produce a deformation product of equal quality throughout
the entire gas field. This will be discussed in Chapter 8.

1.5. SCOPE LIMITATIONS

To limit the scope of this research, the focus is primarily on point scatterers and
PS algorithms, rather than on distributed scatterers (DS). This choice particularly
applies to the stochastic model developed in Chapter 2. While the functional
model in Chapter 3 and the proposed network design in Chapter 5 are applied and
evaluated using PS, their formulation does not exclude potential application to DS.

Another important consideration is that Chapters 2, 3, and 5 focus on short arcs,
for which atmospheric phase delays are negligible, and therefore not estimated. As
such, the findings in these chapters may not directly apply to longer arcs. If they
would be used for longer arcs, an additional atmospheric delay estimation would be
required.

Finally, this work does not address the challenges associated with wide-area InSAR
processing. While recent developments in the field have focused on increasing
computational efficiency and scalability, those aspects fall outside the scope of
this research. The emphasis here lies on methodological rigor and physical
interpretability, even if this comes at the expense of processing speed or algorithmic
optimization.

1.6. OUTLINE

In Chapter 2, we derive a method to obtain the stochastic model for phase
observations at individual points and demonstrate how to derive the stochastic
model for an arc (the connection between two points) from there. Chapter 3 explores
how to construct a functional model for an arc. We describe the components
that contribute to phase observations and demonstrate how this model can be
arc-specific. To estimate point parameters relative to a single reference point for
the estimated arc parameters, a network is required. In Chapter 4, we discuss the
fundamentals of an InSAR network, including its purpose and the conditions that
can be defined within the network. Building on insights from Chapters 2, 3, and 4,
Chapter 5 presents a method for constructing a quality-driven network tailored to
the requirements of a given application. This approach allows us to include arcs
selectively based on their expected contribution to the reliability and interpretability
of the final estimates.

Chapter 6 shifts the focus to interpreting the line-of-sight (LoS) estimates. We
provide an overview of InSAR geometry and propose the necessary terminology
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and estimation conditions for decomposition. Chapter 7 introduces the strapdown
decomposition method that estimates 3D displacements from LoS observations. This
method incorporates knowledge of the physical mechanism and deformation drivers.
Chapter 8 applies the strapdown method to estimate 3D deformations due to gas
extraction in the Groningen gas field.
Finally, Chapter 9 presents the main conclusions of this study and reflects on the
broader implications of the findings.

10



AN INDEPENDENT STOCHASTIC
MODEL FORINSAR TIME SERIES

Reliable estimation of arc parameters requires a stochastic model that accurately
reflects the quality of phase observations. Conventional approaches often determine
the stochastic model a posteriori from residuals, which introduces an undesirable
dependence on the functional model. Although the relationship between phase quality
and Normalized Amplitude Dispersion (NAD) is well known, NAD is typically used
only for point selection rather than for constructing a stochastic model. In this chapter,
we present a method for deriving a scatterer-specific stochastic model using partitioned
amplitude time series and its Normalized Median Absolute Deviation (NMAD). This
method enables estimation of the time-varying variance-covariance matrix (VCM) of
temporal phase differences for points. Consequently, we can propagate this to a VCM
for the double-differenced phase for an arc.

This chapter is published as: W. S. Brouwer and R. E Hanssen. “On the definition
of an independent stochastic model for InSAR time series”. In: IEEE Transactions on
Geoscience and Remote Sensing 63 (2025), pp. 1-11. DOI: 10.1109/TGRS.2025.3600893.
https://doi.org/10.1109/TGRS.2025.3600893

11



2. AN INDEPENDENT STOCHASTIC MODEL FOR INSAR TIME SERIES

2.1. INTRODUCTION

NSAR (SAR Interferometry) is a geodetic technique that enables the estimation
Iof displacement of (objects on) the Earth’s surface. Although results are often
visualized as displacements of a set of (point or distributed) scatterers, they should
in fact be interpreted as the motion of an arc formed by two scatterers. The
original observation corresponding to such an arc is the double-differenced (DD)
phase, i.e., the phase difference between a scatterer and a reference scatterer, relative
to a reference epoch [80]. To estimate displacement parameters from this DD
phase observation, both a proper functional and stochastic model are required [82],
where the functional model describes the relation between the observables and
the unknown parameters, and the stochastic model describes the uncertainty or
stochasticity of the data [110].

The fundamental problem of InSAR is that both models are unknown and
different for each scatterer and even each epoch. For instance, when using Point
Scatterers (PS) [61, 93], it is generally not known from which (part of an) object
the dominant signal originates, resulting in an unknown kinematic behavior that
should be captured in the functional model. This problem is particularly significant
in the built environment [190]. Regarding the stochastic model, the quality of a
phase observation at a single epoch is inherently unknown, and each scatterer has
unique scattering properties that may change over time [92, 93]. In conventional
PSI methodologies, the quality of the observations is typically assessed a posteriori,
based on the residuals between the observations and the model evaluated from
the estimated parameters [28, 193]. This introduces a strong and undesirable
dependence on the correctness of the functional model [90, 197, 210]. Consequently,
for arcs with a complex displacement behavior, the unmodeled displacements are
typically interpreted as noise, and a posteriori assigned to the stochastic model,
leading to an underestimation of quality or even the rejection of the scatterer.
The same applies for conventional methods such as variance-component estimation
(VCE) [179], which are always directly linked with the formulation of the functional
model, and are therefore not independent. Finally, all these methods are applied at
the level of arcs instead of points, resulting in an estimate of phase quality for an
arc, i.e., of the double-differenced phase. Ideally, we are interested in information on
the quality of individual points.

Thus, the stochastic model should be known prior to, and independently of, the
parameter estimation. An independent first-order approximation of the stochastic
model enables the weighting of points relative to one another and supports a more
informed selection of which points (or arcs) to evaluate. Moreover, it is indispensable
for testing the validity of the entire mathematical model [28]. A stochastic model
that is chosen too conservatively may lead to sustaining the null hypothesis (e.g., of
steady-state motion) while it should be rejected.

However, independently approximating the variance-covariance matrix (VCM) of
the double-differenced (DD) phase observations for each arc is non-trivial. We
address this problem in a stepwise manner. First, we demonstrate that the VCM
of the DD phases can be derived from the VCM of the single-look complex (SLC)
phases. While deriving temporal phase differences may seem straightforward at

12
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first glance, different methodological choices—especially in the treatment of the
reference acquisition—can lead to distinct results. This is discussed in Sec. 2.3.
Second, the VCM of the DD phase observations is composed of several noise
contributions: atmospheric noise, time-variant clutter (TVC), and thermal noise. In
Sec. 2.4, we elaborate on each of these components and how their respective VCMs
can be derived. Building on the approach proposed by Ferretti et al. [61], we
exploit amplitude data to estimate phase dispersion. To account for time-varying
phase quality, we partition the amplitude time series and estimate the phase quality
separately for each partition. We propose the use of the Normalized Median Absolute
Deviation (NMAD) of the amplitude, rather than the commonly used Normalized
Amplitude Dispersion (NAD), as it is more robust to outliers.

2.2. THE MATHEMATICAL MODEL

After the selection of potentially coherent point scatterers’, the temporal single
difference phase (p;."d for point scatterer j is the SLC phase, denoted by

1

{y|-m<y<myeR), of daughter’ image d relative to the phase of the mother
image m, i.e., ¢;"d = u/? —w;", with {¢| —m < ¢ <7, ¢ € R}, which is computed using
complex multiplication [80]. The underline expresses the stochastic nature of the
observables, where the mother image is considered to be deterministic as we use for
the mother its numerical values and not the stochastic observable, see Sec. 2.3.1.
Since a temporal difference of one point is meaningless, the spatial difference
between this point j and a reference point i needs to be considered. Via complex
multiplication this yields a spatio-temporal double difference (DD) phase (plf']l.d, with
{o| —m <@ <m @eR}, which represents the phase for point scatterer j at epoch
d, relative to reference point i at mother epoch m. The DD phase is generally
considered as
md md md

fz’j :gj _gi ’ @.1)
which would result in {¢| -27 < ¢ <27, @ € R}. But note that Eq. 2.1 is strictly
not correct as the double difference phase is in fact the exponent of the complex
multiplication. The DD phase is the sum of different components:

ﬂr]l_d =—2nali + ot Pt + o +£:’]l_fs +£Z’_i, 2.2)
where a€Z is the integer ambiguity, ¢4, the non-thermal displacement phase,
¢y the thermal displacement phase, and ¢y, ¢s, and ¢, the phases due to the
residual cross-range distance hy;, the superposed atmospheric phase screens from
epoch m and d, and noise, respectively. The main signals of interest are the residual
cross-range distance and the displacement phase. The mathematical model for the

ln this study, we use the term "point" to refer to either a Point Scatterer or a Distributed Scatterer.
2We refer to 'mother and daughters,” where the mother image is defined as the reference image.

13



2. AN INDEPENDENT STOCHASTIC MODEL FOR INSAR TIME SERIES

absolute phase (which is not wrapped) therefore becomes

md1 ]
fij
E{ b= (5disp1|BT) + (n|Bn) + (hxe|B1); (2.3)
—_——— N\ — S —
mD md
(p .. md (p'nd @
—1] P ‘pijrdnt tn i]hxe
md1 ]
_ij
D{ } :Q(p,‘j = Q(p[j,atm + Q(pl'j,TVC + Q(pij,thm, (2.4)
(me md d
.. m
—ij Pijs Pijn
——
J

where E{.} is the expectation operator, and the vector of unknown parameters
contains §gispi: the relative non-thermal displacement parameter vector (as a
function of the temporal baseline Br); n: the relative thermal displacement (as a
function of thermal baseline By,), and residual cross-range distance hy; (as a function
of perpendicular baseline B;). D{.} describes the dispersion of the observations
described by the Variance Covariance Matrix (VCM), Q(pij, which is the sum of (i)
the atmospheric noise, Qy, jatm (ii) the Time Variant Clutter (TVC) Qy, jve and (iii)
the thermal noise, Qy,;im. In the following, we will show that by using error
propagation, the VCM of the DD phases can be derived once the VCM of the SLC
phases, Qy, is known.

2.3. DERIVATION OF THE VCM FOR AN ARC

The vector of SLC phase observations for point scatterer i is defined as
yo=yh ety 25

For convenience, the first image is defined as the mother image, but this is arbitrary.
The VCM of the observations is

ol, 0 0
0 o2, :
1
Qy; = Vi , (2.6)
0 o2 ap

where the different SLC observations are considered to be uncorrelated [21].3 Since
this SLC phase is meaningless, double differences, both in time and in space,
need to be formed [80]. In the following we first discuss how the temporal single
phase differences should be computed, followed by the computation of the spatial
differences.

3This assumption holds for point scatterers, as each measurement reflects a single pixel. Note that
the scattering properties of pixels are independent of other pixels.
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2.3. DERIVATION OF THE VCM FOR AN ARC

2.3.1. COMPUTING THE SINGLE DIFFERENCES (IN TIME)

The temporal phase differences, here referred to as Single Differences (SD), ¢;, and
the corresponding VCM, Qy,, can be computed following three possible approaches
that differ primarily in whether the mother image is treated as a deterministic
quantity or a stochastic variable. We simulated SLC values® for one mother and
five daughters® to demonstrate the effect of the three different approaches, see
Fig. 2.1. The representation of the SLC phase observations in Fig. 2.1a is defined as a
‘position graph’, i.e., the phases are measured at a particular epoch, and the vertical
axis shows the ‘position’ (in this case the observed phase) at a particular epoch.
The horizontal axis therefore expresses time as a date. Below, we discuss the three
subsequent possibilities to treat the mother acquisition.

2
(az)s ] -=-=- model (b) ]l' n 3| ‘u‘ 5| 6. 0.20
' ® SLCobs. .
o
2.0 e T 95.0% conf. ) 0.15
© ) =~
E 154 ] TTe~ - 7 —
U R B 0.10 |
1.0 4 e . —
0.5 1 } “\{ T 0.05
0.0 , , : . : ——— 0.00
ylof’ :Lo’f’ ;Lc"p 3&0’ ;Lo”f’ 307?’
o Y oY o oV i
oY NS A9 Q© N NG

Figure 2.1.: (a): simulated SLC phase observations for point i with a particular trend shown
by the dashed line. (b) variance-covariance matrix of the SLC phase observations: all
observations have the same quality and the observations are uncorrelated.

APPROACH 1: DISREGARDING THE TEMPORAL PHASE DIFFERENCE OF THE MOTHER
WITH ITSELF, A.K.A. ‘ELIMINATING MOTHER’

Perhaps the most conventional approach for computing the SD values is by using
the differencing matrix,

(pmd] wm
R
d. d
¢m3 : vi'l @7
0 1 :
mdD dp
lope] ~ Y
ﬂ, v,

1

4Note that in reality there cannot be a trend in the SLC observations, since the phase distribution is
a uniform distribution between —7 and 7 based on the scattering mechanism only. Yet, we simulate
SLC observations with a trend to highlight the consequences of the different approaches.

50Obviously current InSAR time series may contain hundreds of epochs, the small number of
acquisitions helps in highlighting this differences between the three methods.

15



2. AN INDEPENDENT STOCHASTIC MODEL FOR INSAR TIME SERIES

where D is the number of daughter acquisitions, as in [60, 61, 193]. Using error
propagation the stochastic model for the SD phase values is computed with

Qp; = AQy, AT, 2.8)

which will be a full matrix. Fig. 2.2a shows the consequence of this approach,
plotting the SD together with an error bar which represents the 95% confidence
interval obtained from the diagonal of Qg;. The most obvious consequence of this
approach is that only D SD phase values are derived from D +1 SLC phase values,
since the mother epoch is eliminated in the differencing operation. Consequently,
plotting the obtained SD phases against absolute (calendar) dates on the horizontal
axis, similar to Fig. 2.1, is no longer possible, indicated by the crossed-out dates.
Each phase difference corresponds to a specific time difference rather than a time.
In contrast to the position graph of Fig. 2.1, this type of graph is referred to as a
‘displacement graph.

(a) Method 1 (b) Method 2 (c) Method 3

10 20 30 40 50 60 [ 10 20 30 40 50 60 o 10 20 30 40 50 60
dt [days] dt [days] dt [days]
1@’5 S7 ,,n"?’ 1@’5 S7 .Le'f’ 10"[5 S 1@4’ 1@’5 7 ,,e"'?’
2 2 2 2 3 o o oY oV oV o o oY o oV oV o
2 £ & R X & RS @ o o X & RS @
date date date
di: > 3 4 s ® 1 2 3 4 56 f) 1 2 34 56

0.20 0.20 ( ) 0.20
1 1 1
2 0.15 2 0.15 2 0.15

— 3 — 3 — -
3 0.10 1 0101 010 | model
— g — g — ® SDobs.

4 —— Estimated model

0.05 5 .0! 5 0.
s 0.05 e —-— Estimated model without mother

6 6 .
95% conf. region est
0.00 0.00 0.00 -
Method 1 Method 2 Method 3 95% conf. SD obs

Figure 2.2.: In (a), (b), and (c) we show the single difference phase values resulting from
the three different approaches to compute the SD phase values. The gray zones indicate
the 95% confidence region of the estimated model. In (d), (e), and (f) the obtained
variance-covariance matrices (VCM) are shown. In (a) we obtain five SD phase values, i.e.,
the temporal phase difference at the mother epoch is missing. Therefore the SD phases
should be plotted with the delta time at the horizontal axis. In (b) the temporal phase
difference at the mother epoch is added as a deterministic value, resulting in the fact
that the estimated displacement model passes through this value, resulting in an erroneous
estimated model (the solid black line’s slope differs from the simulated velocity shown by the
dashed line). In (c) six SD stochastic phase values are obtained and resulting in the correct
estimated velocity.

The modeled (simulated) trend, used as ground truth for comparison, is shown by
the black dashed line. Subsequently, we estimate a trend and an offset through the
obtained single differences, shown by the black solid line. The estimated trend is
very similar to the simulated trend. However, comparing the 95% confidence bars of
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2.3. DERIVATION OF THE VCM FOR AN ARC

the SD phases (Fig. 2.2a) with the confidence bars of the SLC phases (Fig. 2.1), we
observe that the confidence bars of the SD phases are larger, i.e., lower precision.
This can also be observed comparing the VCM of the SD phases (Fig. 2.2d) with the
VCM of the SLC phases (Fig. 2.1b). This is a direct result of the definition of the
differencing approach, where the stochastic SLC phase vector, v, has a particular
precision for each single observation The precision of the derived SD phase is

straightforwardly U(pm 2= aw +0w 4+ 1.e., the variance of ¢md is the sum of the SLC

phase variances of the mother and the daughter acquisition. Since the VCM shown
in Fig. 2.2d becomes a full matrix, the complete VCM is required when estimating
displacement parameters. Using only the diagonal elements of the VCM to describe
the quality of the SD phases results in a too conservative quality estimation for
the displacement parameters, and the error bars in Fig. 2.2a are not sufficient to
visualize the quality of the result. The gray zones in Figs. 2.2a-c are positioned
around the adjusted observations and indicate the 95% confidence region of these
adjusted observations.

Finally, acknowledging that Fig. 2.2a is a displacement graph rather than a position
graph implies that the interpretation of a point in the graph at time d¢=1t-1t,, is
‘the displacement estimated between ¢ and t,,,” where t,, is the absolute date of the
mother acquisition. Note that due to the differencing operation the obtained result
becomes irreversible.

APPROACH 2: A DETERMINISTIC TEMPORAL PHASE DIFFERENCE WITH THE MOTHER,
A.K.A. ‘FIXING MOTHER’

One possibility to use a position plot with absolute dates, rather than a displacement
plot, is to include the SD phase value of the mother with itself in the SD phase
vector, i.e., o7 =y —y" =0 resulting in:

G =[], g, I, g, M, 2.9)

where ¢!"" =0 by definition. Note that ¢! is deterministic, i.e., in Fig. 2.2b it
does not have an error bar. Therefore, we introduce a row and column of zeros
in the stochastic model, as depicted in the VCM in Fig. 2.2e. Utilizing this VCM
we can again estimate a model through the SD phases, represented by the solid
black line in Fig. 2.2b. As ¢{"" is deterministic, the estimated model is constrained
to pass through that value. Upon comparing the estimated model with the true
simulated model (the dashed line) and the model estimated with the first approach
(the dash-dotted line), it is evident that the estimated average velocity differs
substantially from the simulated value. In fact, the trend is significantly biased by
adding the deterministic SD of the mother with itself. While this bias may effectively
decrease when the time series includes more epochs, this example proves that the
‘fixing mother’ approach is incorrect. The gray zone in Fig. 2.2b is positioned around
the adjusted observations and indicates their 95% confidence region. This also
erroneously suggests that the quality of the adjusted observations temporally closer
to the mother are better.
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2. AN INDEPENDENT STOCHASTIC MODEL FOR INSAR TIME SERIES

As both approach 1 is suboptimal (as the full VCM need to be considered and the
result is irreversible) and approach 2 prove to be flawed, the mother acquisition has
to be treated differently, as discussed below. For both approach 1 and approach 2,
the error bars of the SD phases are greater than those of the SLC phases, which is
not expected. Upon consideration, this becomes clear: subtracting one SLC value
from a set of SLC values should not affect the distribution; it merely introduces a
shift. In Appendix A, we demonstrate this through a simple simulation.

APPROACH 3: SUBTRACTING MOTHER REALIZATION FROM VARIATES, A.K.A.
‘EMBRACING MOTHER’

The third and preferred approach to compute the SD phase values is by differencing
the stochastic variates of all epochs with the deterministic realization of the mother
epoch, i.e.,

L I

| [o
md. d:

Ll IS K A 2.10)
mdp dp

—_—— ——
s, v,

This way, with D +1 SLC phases, we retain D + 1 single difference phase values since
the SD phase for the mother variate, v, relative to its realization 1; is computed as
well. n

Fig. 2.2c is the corresponding graphical representation, i.e., a position graph.
In comparison with Figs. 2.2a and b, it is clear that adding the mother image
appreciates and visualizes all epochs including the reference one. However, even
though the single-difference phase value of the mother epoch is equal to zero, it
is now stochastic, similar to all other epochs. The estimated average velocity (the
solid line) is parallel to the simulated (true) average velocity, and it is not forced to
pass precisely through the temporal phase at the mother epoch. The gray zone in
Fig. 2.2c is a correct representation of the quality of the adjusted observations, and
indicates the 95% confidence region of these adjusted observations.

The most important consequence of this approach is that the distribution of the
single-difference phase differences, represented by (pi, is equivalent to that of the
original SLC phases v, ie, Qp; = Qy,. This equiv_alence is trivial, as subtracting
a deterministic value from a vector of stochastic variates should not alter the
distribution of the resulting variate. This is further supported through the simulations
discussed in Appendix A and shown in Fig. A.1. As a practical consequence, the
equivalence implies that the VCM of the single-difference vector remains a diagonal
matrix, which is advantageous from a computational and visualization perspective.

Fig. 2.3 presents the subsequent building blocks to establish the stochastic model
for a vector of derived double-difference observations for an arc between point i and
J with 11 epochs, i.e., Qy, i The first column, "SLC", describes the Q; matrices of the
SLC phases for both points, regarding the clutter and the atmospheric contributions.
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2.3. DERIVATION OF THE VCM FOR AN ARC

The second column, "IFG", represents the single (temporal) differences Q, for both
points, relative to the mother epoch. This demonstrates the identity between Qg,
and Qy,;, and the absence of correlation.

SLC IFG Concatenated Double
— IFG differences
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Figure 2.3.: An example of Qqp;; as the sum of Qq; ;e (above) and Qg j,atm below, for a
short arc, i.e., =200 m. Column 1: VCM of the SLC phases of point i and j separately,
with 11 epochs. For point i the time series was subdivided into three partitions, with one
value oy 1w per partition, oy,atm has a different value for every epoch. Column 2 shows
that Qg, and Q¢,]. are equal to Qy, and Qy; because of the deterministic nature of the
mother SLC phase value that is subtracted to obtain the interferometric phases. Note that
columns 3, 4, and, 5 will be explained from Sec. 2.3.2 onward in the thesis. Column 3
shows the VCM of the stacked interferometric phases of point i and j where the off diagonal
part represents the correlation between the two points. Correlation in Q¢,~j,atm is observed
because the simulated short arc. i.e., short enough that the atmospheric phase delay of both
points is correlated. Consequently, column 4 represents Qy; i for the clutter and atmosphere
separately, where it can be seen that it is still a diagonal matrix. Note that Q, jatm is almost
zero because of the high correlation between the two points. Which will be the case for short
arcs, e.g., [ <1000 m. Finally, column 5 shows Q,; i that is the sum of Qy; Ve and Qg; Jatm
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2. AN INDEPENDENT STOCHASTIC MODEL FOR INSAR TIME SERIES

2.3.2. COMPUTING THE DOUBLE DIFFERENCES (IN SPACE AND TIME)

Given the temporal SD phase values for point i and j, the spatio-temporal DD
phases for the arc are computed with

I
f;‘j
md1
—ij mm_ mdp\T
mds (@, PP)
P <pmm. (/)mdD) , where (2.11)
mp 3
_f,‘j J
——
Q..
P
Q=[-1 1]®Ip4. (2.12)

The concatenated vector ¢ of dimension 2(D+1) x 1 results in a dispersion as

} — Q(/)l Q‘Pi!‘bj]' (213)

- Q‘Pi:‘/’j Q</>j
N———

D ((pmm . (pmdD)
(pmm (pmdD)

¢ Qg

where Qg,,; describes the covariance between the SD phases of point i and j.
In Fig. 2.3 the third column illustrates Qg,;, of the concatenated vector ¢. The
difference between the clutter and the atmosphere component is discussed below in
Sec. 2.4.

Subsequently, the VCM of the DD phases, (pij, is computed with

Q(ﬂij =Q Q(/)ij Q, (214)

shown in the fourth, "Double differences", column of Fig. 2.3, with dimension
(D+1) x (D+1). Thus, the dispersion of ¢;; depends on the dispersion of the SD
values of both point i and point j, and the standard deviation of the DD phase

O ma iS
U(p?}d= [o ¢md+a¢md, (2.15)

Pij
in the case that there is no correlation between the two points. Below, in Sec. 2.4,
we show that for the TVC and the thermal noise this is a valid assumption. We also
show the validity of this model with simulations that are shown in the Appendix A.

In conclusion, we have shown that if the VCMs of the SLC phase observations
are given, as well as the covariance between the two PS, the VCM of the DD
interferometric phases can easily be derived. Below we address the method to obtain
quantitative estimates of the relevant noise components.
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2.4. NOISE COMPONENT ANALYSIS

It follows from Eq. (2.4) that the VCM of the DD phase observations is defined as
the sum of three components: i) the atmospheric noise, ii) the thermal noise, and
iii) the time variant clutter. These will be discussed subsequently below.

2.4.1. ATMOSPHERIC NOISE

The troposphere causes a phase delay on the observed SLC phases, known as
the Atmospheric Phase Screen (APS), depending on turbulent mixing and vertical
stratification [80]. Since the turbulent atmospheric delay is completely uncorrelated
between different acquisitions, all off-diagonal terms in Qy, am are zero [80], and
each individual epoch has a unique value. This is illustrated in the first column of
Fig. 2.3 where we simulated Qy aim for 11 epochs for two points.

While the APS is uncorrelated in time, it is spatially correlated, i.e., Q(bi,(bj #0, and
depends on the distance between the two PS, typically following a power-law [80].
The single-epoch spatial covariance values can be approximated with

Cam (D) = 02, exp(~12w?), (2.16)

where [ is the arc length (the distance between the two scatterers) and w relates to
the correlation length of the atmospheric signal I, and is defined as w? = ln(2)/lf.
The lower block, "Atmosphere”, of Fig. 2.3 shows the approximation of Qg,;am
for a short arc, i.e., [ <2000 m. While the atmospheric phase delay for the SLC
observations can be quite significant, the variance of the atmospheric phase delay is
close to zero for the DD phases for short arcs. This is because Qg p;, which defines
the correlation between the two scatterers, is almost equal to the variances of the
SLC phase delays.°

2.4.2. THERMAL NOISE

The thermal noise is caused by the radar instrument itself and is represented by the
Noise Equivalent Sigma Zero (NESZ). For Sentinel-1 the NESZ has a value around
—25 dB [183]. In Fig. 2.4 we show different realizations of the complex phasor for
two PS. The observed phasor is always the sum of i) the signal, in this example
constant over time and shown by the black phasor, ii) the clutter, shown in purple
and green, and iii) the thermal noise, shown in red. Since the thermal noise differs
per epoch, the phasor will be different for every epoch.

2.4.3. TIME VARIANT CLUTTER

The observed SLC phase for one PS is the sum of all reflections within the same
resolution cell. For ideal point scatterers there is often one dominant scatterer in the
resolution cell. Thus, signals from other reflective objects within the same resolution

SFor long arc lengths, the influence of ionospheric delay needs to be included in Eq. (2.16), see [51].
For arcs between points with a significant height difference, the influence of stratification needs to
be taken into account, see [80].
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thermal
noise

Figure 2.4.: Different realizations of the SLC phasor observations for two PS over time. The
observed complex SLC phasor is the sum of four components. The signal, shown by the
black phasor, and the Time Invariant Clutter, shown in purple, are both time invariant, i.e.,
the observations do not change over time. The thermal noise, shown by the red phasors,
and the Time Variant Clutter, shown in green, result in a different realization for each epoch.
Therefore, also the summative combined phasor will have a different realization over time.
PS-I only has Time Invariant Clutter and thermal noise. The thermal noise expresses the
noise on the final observation, as shown by the gray confidence circle behind it. PS-II also
has some additional time variant clutter, resulting in a larger confidence circle.
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2.4. NOISE COMPONENT ANALYSIS

cell can be regarded as noise, or clutter, as they are not necessarily related to the
behavior of the main scatterer.

The clutter can be divided in two parts: the Time Invariant Clutter (TIC) and Time
Variant Clutter (TVC). The TIC is the clutter that remains constant between different
acquisitions. An extreme example would be a Corner Reflector (CR) on top of a
rough concrete plate. The signal of interest is strong and relates to the CR, but the
rough concrete surface also generates reflections that are considered clutter. When
there is no displacement signal, the clutter caused by the concrete plate does not
change over time, i.e., it is time invariant, see the purple TIC phasor in Fig. 2.4.
Obviously, it is impossible to distinguish between the signal of interest and the TIC
from the observations since both are time invariant. Consequently, both terms are
combined into the signal phasor, and considered in the functional rather than the
stochastic model.

On the contrary, the Time Variant Clutter (TVC) does change over time. An
example would be a CR in a vegetated area. As long as the CR is not moving,
the signal is constant, whereas the reflections caused by the vegetation differ per
acquisition, see the green phasors in Fig. 2.4. In the following we will first show how
Qy;,we can be derived and consequently how the values change over time.

THE DERIVATION OF Qy; 1vc

The TVC and thermal noise both contribute to the noise in the SLC phase
observations. However, from the complex SLC phase observations only it is not
possible to distinguish between the two components. Therefore, the TVC and
thermal noise will be lumped together in Qy;w.. Since both have a random
distribution and vary with time by definition, there is no correlation in time, and
Qy;,ne reduces to a diagonal matrix with variances values for the SLC phases on the
diagonal, cf. Fig. 2.3, first column. From this point onward, we will discuss how
Qy;nc can be derived for PS. Note that for DS, Qy,; . can be derived in a different
way, i.e., with the coherence matrix, as presented in [52].

To estimate the phase contribution oy ., also the magnitude of the signal itself
is important. The effect of both noise components will be larger on low-magnitude
PS compared to high-magnitude PS, i.e., the TVC concerns the ratio between the
dominant point scatterer representing the signal and the rest of the reflecting objects
in the resolution cell, and it is thus related to the SCR [158].

The Normalized Amplitude Dispersion (NAD) is a good proxy to estimate Oy, mc,
with [61]

gA
U1[/,Tvc =~ ,LL_ = NAD, (2.17)
A

where A is the vector of the amplitude time series, s is its mean, and o4 its
standard deviation. However, the disadvantage of the NAD is that it is relatively
sensitive to outliers, which are more likely in busy urban areas. This results in a
rather pessimistic estimate of the phase quality, i.e., greater values for o4, the NAD,
and consequently oy,. As a result, the outlier negatively affects the estimated quality
of all observations.
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To mitigate this effect, we introduce the Normalized Median Absolute Deviation
(NMAD) of the amplitude, defined by M4, which is less affected by outliers, and is

defined as
MAD

" med(A)’
where A is the vector representing the amplitude time series and med(A) the

corresponding median. MAD is the Median Absolute Deviation that is defined as
[117]

My (2.18)

MAD = med(|A—med(A)]). (2.19)

Note that for normally distributed data the MAD is related to the standard deviation
with
o4=k-MAD, (2.20)

where k = 1.4826 [151]. Based on simulations as [61, 101, 193] we derive an empirical
relation between M4 and oy, e, see Fig. 2.5. We simulate phasors at various noise
levels, using 50 SAR scenes. For each phasor, both My and oy are computed
and visualized as gray dots. For each noise level, the mean o, and its standard
deviation are calculated and represented by 20 black error bars. We then derive
the relationship between M, and oy using the 97.7 percentile, i.e., u+20, shown
by the red line. Using this percentile, instead of fitting through the mean of the
cloud, we conservatively avoid overestimating the PS quality, acknowledging that

oylrad]

0.’0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
NMAD [rad]

Figure 2.5.: We simulated scatterers for different noise levels consisting of 50 SAR scenes.
For every scatterer (represented with a gray dot), we estimated the NMAD of the amplitude
and oy. The black error bars represent the 20y values that we computed per simulated
noise level. The red line represents the derived empirical relation, see Eq.(2.21), between the
NMAD and o based on the 20 error bars. The dotted line represents the 1:1 relation
between the NMAD and 0. Figure based on [61].

24



2.5. RESULTS AND IMPACT

real-world scenarios differ from simulations. In Sec. 2.5.3 we show the validity of
this assumption with a test case on real data. The derived empirical relation is

Oyme=13 Ma+1.9 M3 +11.6 M3, (2.21)

Hence, once we estimate M4 based on a given amplitude time series, we find an a
priori estimate for the SLC phase quality.

PARTITIONS

In reality, the amplitude of a scatterer may vary over time, and consequently so does
Oymwe [93]. Therefore, the time series can be subdivided into multiple partitions,
where each partition has its own behavior. Four examples of this are shown in
the upper row of Fig. 2.7. As long as there are enough observations within a
partition, the My and consequently oy, tvc can be estimated. Since the amplitude
behavior of scatterers may exhibit seasonal patterns, we chose the partitions to be
not shorter than half a year. Remark that this derivation is based on the assumption
of ergodicity. Ideally, o, would be estimated per epoch, but since this is not feasible,
we assume that the magnitude of the amplitude and its variability within a partition
reflect the noise level of the individual epochs in that partition.

As a result, for each partition of the time series the M4 and accordingly oy . can
be conservatively approximated with Eq. (2.21). All SLC phase observations within a
partition have the same precision value of oy ., and these values are used to fill
the diagonal of Qy,wc, see Eq. (2.6). In Fig. 2.3 we show an example of the derivation
of the VCM containing the sum of Q, jive (upper block) and Qy, j,atm (lower block).
The first column of Fig. 2.3 shows this for two points (i and j) defining one arc with
different partitions.

2.5. RESULTS AND IMPACT

The availability of a stochastic model of an arc that is independent on the actual
displacement behavior is beneficial for the subsequent parameter estimation, the
quality assessment of those parameters, and for testing the validity of the functional
model. We test this for a descending Sentinel-1 time series over Amsterdam,
detecting 1852 points across an area of approximately 700x800 m, see Fig. 2.6a. With
this limited size we assume that the relative atmospheric delay is negligible, i.e.,
Qg,atm =0. For four example arcs, we show the derivation of Q,Tvc, demonstrate
the effect of incorporating Q, Tvc on the estimated parameters, and compare this to
the case without a stochastic model. Then we show the effect of using a proper
stochastic model on all the detected points.

2.5.1. FOUR EXAMPLE ARCS

Fig. 2.7 shows the results of our method for the four different arcs shown in Fig. 2.6a.

All four arcs share the same reference point, i, whose amplitude time series is
shown in Fig. 2.6b, identifying four different partitions with NMAD values of 0.073,
0.060, 0.070, and 0.059 respectively, using a breakpoint detection method proposed
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Figure 2.6.: a) Detected PS over Amsterdam and the four example arcs that are highlighted
in Fig. 2.7. RD coordinates are the Dutch national coordinates. b) Amplitude time series
for the reference point. Four different partitions are detected using a breakpoint detection
algorithm. For each partition, the NAD and NMAD of the amplitude are calculated. Using
the NMAD values and Eq. (2.21) we estimate the standard deviation of the SLC phase values
that fall within that partitions.

Table 2.1.: Properties and estimated parameters for the four arcs shown in Fig. 7. The W
and UW between brackets indicate a weighted or unweighted estimation respectively. The +
margins indicate 20 values. All parameters estimated using the proposed stochastic model
exhibit less uncertainty.

Arc 1 Arc 2 Arc 3 Arc 4
Arc length [m] 274.96 172.76 245.60 219.15
Average sigma [rad] 0.83 0.42 0.67 0.94
Cross range (W) [m] 13.69+1.54  -8.09+1.25 12.73+1.81 —~7.66+1.80
Cross range (UW) [m] 19.77+3.03  -547+1.64  15.53+292  -6.37+3.02
Thermal (W) [mm/K] 0.11+0.02  -0.11+0.01 0.08+0.02  —0.02+0.02
Thermal (UW) [mm/K] —0.08+0.03  -0.12+0.02 0.09+0.03  —0.02+0.03
Velocity (W) [mm/yr] —0.69£0.06  -0.02+0.04 0.78+0.05  -0.97+0.08
Velocity (UW) [mm/yr] -1.38+£0.09  -0.15+0.05 0.34+£0.08  -0.77+0.09
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by Truong et al. [184]. Using Eq. (2.21) this leads to the corresponding values
for oy,;, ie., 0.128, 0.105, 0.122 and 0.104 radians, respectively. The top row of
Fig. 2.7 shows the amplitude time series for the four points P1-P4, each with distinct
partitions. For example, in arc 1 (left column) three partitions were identified with
NMAD values of 0.317, 0.398, and 0.156, corresponding to Oy, values of 0.985, 1.561,
and 0.31 radians. Consequently, arc 1 of P1 with reference point i, which had four
partitions, has a total of six partitions, and thus six distinct values for gg,;.

The second row of Fig. 2.7 shows the resulting Qg tvc, which is a diagonal matrix,
cf. Fig. 2.3. The horizontal blue lines are an alternative representation of the diagonal
values of Qy, i (refer to the right axis). The six values of o, ; are 0.944, 1.566, 1.564,
1.565, 0.333, and 0.326 radians, indicating that the quality of the last two partitions
is significantly better than that of the first four. This interpretation is supported
by the double-difference phase observations for the arc, shown in the third row of
Fig. 2.7. The black and gray dots represent the observed double-difference phases
and the corresponding 2r-ambiguity levels, respectively. As expected, the dispersion
of the DD phases within the first four partitions (up to March 2019) is greater than
in the later observations.

The proposed stochastic model is now used to estimate the unknown parameters,
i.e, a constant velocity d4jsp1, thermal expansion factor n (where par is the linear
expansion coefficient and Li,s is the dimension of the object in the LoS direction),
and relative residual cross range distance hy;, as shown in Eq. (2.3). We estimate
these three unknown parameters using

%=QzA"Q;'y, with (2.22)
Qi=(ATQ, A7, (2.23)

where Q; is the variance-covariance matrix of the estimates of the unknown
parameters . Here, y are the double difference phase observations of the arc.
To evaluate the performance of the parameter estimation, we compare the newly
developed stochastic model, Qq;j» with a unit weight matrix Quw, which would
be equivalent to a conventional result. The estimated parameters are shown in
Table 2.1.

Additionally, we compute the double-difference absolute phase using the estimated
parameters, ie., @;; = A%, with results for both Q(ﬂij (weighted) and Quw
(unweighted) represented by the blue and red lines, respectively, in the third row
of Fig. 2.7". For arc 1, we estimate a constant velocity of 0.7 mm/y using the
weighted matrix, where the first noisier observations were assigned lower weights. In
contrast, the estimated constant velocity using the unweighted matrix was 1.4 mm/y,
a significant difference. While the differences between the red and blue lines in the
third row of Fig. 2.7 may appear negligible, the effect of a proper weight matrix will
be more influential with a shorter time series.

We also compute the residuals between the observations and the evaluated model,
ie., Q:fij—@ij, shown in the bottom row of Fig. 2.7. We visualize the 95%
confidence interval based on the computed Q(pij with the blue horizontal lines,

"The unit weight matrix was calculated using the mean value of the diagonal of Q%.j
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which shows that the confidence interval for the first partitions is indeed bigger than
for the observations in the other three partitions. Clearly, when both the functional
and stochastic model are correct, 95% of the residues (black dots) should lie within
the 95% confidence bounds based on the diagonal of Qy,;. The same behavior can
be observed for the other three arcs, suggesting that using partitions for Q,,; is
valuable for quality assessment and parameter estimation. The proposed stochastic
model is defined prior to parameter estimation—a key difference from conventional
methods, where quality of scatterers is only determined retrospectively by analyzing
the residuals between the model and observations. This distinction is illustrated by
the red line in the bottom row of Fig. 2.7. The advantage of the proposed stochastic
model is obvious: assessing observation quality only in hindsight fails to account
for variations over time. For instance, in arc 1, the red line shows that quality is
overestimated in the first half of the time series and underestimated in the second
half. Furthermore, conventional methods rely heavily on accurate parameterization
(i.e., a correct functional model), and consequently unmodeled displacements are
attributed to the stochastic model. This can be particularly problematic in the built
environment, where many different displacement signals may be present.

2.5.2. RESULTS OVER AMSTERDAM

To demonstrate that the stochastic model indeed results in different estimated
parameters, and that the examples shown in Fig. 2.7 are not anecdotal, we estimate
the constant velocity, relative residual cross range distance, and thermal expansion
factor for all points. In Fig. 2.8 we show the histograms of the differences between
the estimates using the two weight matrices. Differences in constant velocity can
be up to 1 mm/y, and relative cross range distance up to +7 m. While the
differences cannot be used to uniquely identify the ’correct’ solution, it is clear
that the stochastic model contributes more (independent) information to the inverse
problem, making it at least more likely that including Qy,; leads to more reasonable
parameter estimates.

2.5.3. COMPARISON A PRIORI AND POSTERIORI SIGMA VALUES

If the a priori stochastic model Q,; indeed represents the noise of that particular
arc, and the functional model used to estimate the unknown parameters represents
its behavior, then the priori sigma (Qy,;) should approximate the posterior sigma,
i.e., it would match the standard deviation of the residuals between the observed
DD and the estimated DD values. Here we validate the proposed stochastic model,
assess whether indeed the NMAD of the amplitude is preferred over the NAD, and
confirm whether the derived relation between the NMAD and oy as in Eq. (2.21) is
valid.

To this end, we estimate the unknown parameters for all points shown in Fig. 2.6a
using three different stochastic models. The first stochastic model is the proposed
one, using the NMAD per partition, and Eq. (2.21) for the relation between the
NMAD and oy using the 97.7 percentile. The second model also relies on NMAD
values per partition but uses the 50th percentile, as represented by the black line
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in Fig. 2.5. The third model uses the NAD per partition instead of NMAD, with a
similar relationship between NAD and o, derived from the 97.7 percentile.

We estimate the unknown parameters per point using the three different stochastic
models. Consequently, the posterior sigma values were estimated, and we computed
the correlation between the assumed a priori sigma and the calculated posterior
sigmas. If our stochastic model would be perfect, we expect a correlation of 1. The
results are 0.48, 0.46, and 0.15 for model 1, model 2, and model 3, respectively.®
These results show that the NMAD of the amplitude is preferred over the NAD since
both models 1 and 2 result in a correlation that is ~3 times greater than model 3.
Moreover, the relation that is based on using the 97.7 percentile values from the
simulation results in a slightly higher correlation compared to the 50th percentile.
The reason why the correlation values are not closer to 1 is to be explained by
the partitions. The partitions as detected for a single point consist of at least 30
observations. However, the stochastic model for an arc is based on the partitions
of both point i and point j. Thus it is feasible that we evaluate arc partitions that
contain less then 30 observations, for which it is difficult to compute statistics as the
posterior sigma.

2.6. CONCLUSIONS

The fundamental problem of parameter estimation from InSAR time series is that
both the functional models and the stochastic model are unknown and different for
each scatterer and epoch. Conventionally, the same functional model is chosen for
all points in the area of interest, and the quality of an arc is assessed retrospectively
by analyzing residuals between the observations and the model, creating a strong
and undesired dependency on the accuracy of the functional model. A stochastic
model for double-difference phase observations of an arc is proposed, independent
of the functional model, defined prior to parameter estimation. It is shown how
the reference (mother) acquisition needs to be handled in the estimation procedure
to obtain a diagonal VCM for the temporal single-differences, which is numerically
beneficial. Using the amplitude vector per point, subdivided in temporal partitions,
and its Normalized Median Absolute Deviation (NMAD), which is less sensitive to
outliers than the conventional NAD, the variance-covariance matrix of the double
differences of the arc is derived.

The result is an independent a priori stochastic model for each individual point
(and arc) in the area of interest, describing time variable quality values of the
observations.

This allows us to discriminate between points based on expected quality,
between relevant epochs, and assign different weights to observations from different
time periods. Incorporating these weights improves the estimation of unknown
parameters, making it a critical component of the parameter estimation process.

8Note that we compared the prior and posterior sigmas per partition, since sigma values do not vary
within one partition.
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m&”—-—.o 2.7.: Four example arcs. The top row shows the amplitude time series, together with the detected partitions indicated by the red vertical lines, for points 1 to 4 of
Fig. 2.6a. The horizontal dotted and dash-dotted lines represent the NAD and NMAD values per partitions, respectively, indicated on the vertical axis on the right side. The
second row shows the VCM, Osi; for the arc with the colorbar corresponding to the values in the matrix. The observations are uncorrelated, i.e., the off-diagonal elements

are zero. The horizontal blue lines correspond to the square root of the diagonal of Qy; i and the values are shown on the vertical axis on the right side (in blue). These
values clearly differ per partition. The third row shows the double-difference phase observations for the arc and the proposed stochastic model using Qgp; I corresponding to
the blue line, and using a unit-weight matrix, corresponding to the red line. Especially for arc 1, using a different variance-covariance matrix results in different estimated
model parameters. The last row shows the residues between the estimated model and the observations shown by the black dots, and confidence intervals using the Qy, j and
the unit weight matrix (UW, unweighted). Using the proposed method for the variance-covariance matrix makes sense, since we indeed find larger residues for the partitions
that are assigned a lower quality.
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Figure 2.8.: For all points shown in Fig. 2.6a we estimated the constant velocity, relative
residual cross range distance, and thermal component using two weight matrices: i) with our
method and ii) the unit weight matrix. The differences between the estimated parameters

are shown in the histograms.
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AFUNCTIONALMODEL FORINSAR
ARC TIME SERIES

Reliable estimation of arc parameters, such as relative displacements or cross-range
distance, requires a functional model that accurately reflects the kinematic behavior
of each arc. To achieve an overdetermined system of equations, usually a simplified
parameterization of the displacements is chosen, e.g., using a constant velocity,
sinusoids, polynomials, or splines, which is uniform for all scatterers or arcs in the
area of interest. Yet, as InSAR products easily contain millions of scatterers that
each exhibit unique behavior, each arc would ideally require a unique and tailored
parameterization, hence unique and tailored functional model. While contextual
information could support informed model selection, such information may be
incomplete for applications containing many different scatterers. In this chapter, we
propose a method to construct an arc-specific functional model, using the temporal
amplitude partitions introduced in Chapter 2. Instead of estimating the unknown
parameters in the conventional phase domain, we formulate the model in the complex
domain, which eliminates the need for explicit estimation of phase ambiguities.
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3.1. INTRODUCTION

NSAR has an advantage over traditional geodetic techniques in its ability to
I estimate and monitor displacements for a large number of points as demonstrated
by many case studies, including nationwide monitoring services and wide-area
products such as the European Ground Motion Service (EGMS) [40].

However, with InSAR we cannot observe displacements directly, as the fundamental
radar observable is a complex signal from which modulo-27 differential phase
values are derived [80]. These measurements are inherently relative, both temporally
(between acquisitions) and spatially (between points), and are associated with a
specific arc, i.e., the connection between two points. As a result, only relative
displacements along an arc can be estimated from these phases. The observed
differential phase itself is a combination of several components, including geometry
(displacement and cross-range position, where the latter is related to topography),
delay (tropospheric and ionospheric propagation effects), and noise. Additionally,
as the observed relative phase is wrapped—i.e., observed modulo-27—we also
need to estimate the unknown integer ambiguities needed to compute the absolute
phase, also termed phase ambiguity resolution, or phase unwrapping. Transforming
the phase observations into an usable InSAR product, referred to as parameter
estimation, requires an adequate and realistic functional model [80, 101, 193].

However, selecting an appropriate functional model is challenging, particularly
in InSAR applications in the built environment, where arc behavior may vary
significantly in both space and time due to the non-homogeneity of the scatterers
and the varying dynamics of the structures they represent. While prior knowledge,
such as on the expected smoothness or on the physical drivers of the deformation,
should be used when available, such information will inevitably be incomplete or
unknown for all scatterers. By the same token, the assumption that a single, uniform
parameterization (e.g., a constant velocity) is suitable for each single scatterer is an
overstretch and cannot be sustained. Thus, a universally optimal functional model
for InSAR parameter estimation does not exist, nor is it realistic to assume that the
correct model is known for all points [28, 35, 113].

What is needed, therefore, is a flexible modeling approach that can adapt to the
behavior of individual arcs, even in the absence of detailed prior knowledge. The
model proposed in this chapter does not aim to be universally optimal, but provides
a pragmatic way to parameterize arc behavior. Should advanced physical knowledge
or application-specific smoothness criteria be available, they should be used instead,
as choosing the right model at the right moment remains essential for obtaining
optimal results leading to meaningful interpretation.

Moreover, the focus of this chapter is on describing the temporal behavior of
scatterers based on the observations available up to the present epoch. We refer
to such an approach as batch processing, where we use a given and fixed set of
SAR data to estimate a predefined set of time-invariant parameters. The objective
is therefore not to sequentially estimate the instantaneous state of a scatterer
through time, which we refer to as a sequential estimation problem. Dynamic
state-space approaches, such as dynamic linear models or the instantaneous-state
InSAR method, see e.g.,, Wang et al [202], may be more suitable for adaptive
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or real-time estimation problems, and may be more flexible, but they address a
fundamentally different problem formulation than the one considered here.

In this chapter, we therefore propose to use the amplitude behavior of the two
points forming the arc to define an arc-specific functional model. Variations in the
amplitude signal are used to construct a time-varying displacement model, following
an approach similar to fitting a B-spline [201]. The model is evaluated in the
complex domain, allowing to estimate the parameters of interest. The ambiguity
parameters then follow implicitly as a result of the parameter estimation.

This chapter is organized as follows. Sec. 3.2 introduces the functional model in
the phase domain. In Sec. 3.3, we discuss the unknown parameters of this model
in more detail and propose to use the relative cross-range distance as a better
alternative to the commonly used relative height. Sec. 3.4 presents the mathematical
model in the complex domain and outlines how the parameters can be estimated.
The estimated parameters can then be used to implicitly unwrap the phases, which
is further explained in Sec. 3.5. A practical example is shown in Sec. 3.6, followed by
a discussion in Sec. 3.7.

3.2. THE MATHEMATICAL MODEL IN THE PHASE DOMAIN

We first briefly recall the definition of the double-differenced phase and the resulting
mathematical model for an arc, as introduced in Sec. 2.2.

The relative double-differenced (DD) phase for an arc is defined as the
spatio-temporal double-difference phase (pg’j’.d, which represents the temporal phase
difference for point scatterer j at epoch d relative to the mother epoch m, denoted
(/);”d , relative to reference point i, denoted (/)lf”d. The DD phase consists of different

components [101, 193]:

,md _ pmd d
Q=T - T 3.1)
=ij = G
_ md md md md md md
- 2naij + (pij,dm + (pij,n + (pij,hxr +£ij,s +£ij,n’

where a€Z is the integer ambiguity that ensures (p?‘;’md is wrapped, i.e., within

the interval [-m,7), denoted by the V¥ in the superscript. ¢g, is the non-thermal
displacement phase, ¢; the thermal displacement phase, and ¢, , ¢s, and ¢,
the phases due to the residual cross-range distance, atmospheric delay, and noise,
respectively. The signals of interest to be estimated are the residual cross-range
distance and displacement phase, where the latter is the sum of the non-thermal
and thermal displacement phase. The atmospheric delay and the integer ambiguities
can be regarded as nuisance parameters; required in the equations but with no
direct physical for the signal of interest.! The mathematical model (for the wrapped

Un atmospheric or meteorological applications, atmospheric delay can be regarded as the main signal
of interest, see e.g., [83, 84, 125, 132]. Note also that it is possible to estimate the atmospheric
phase screen of the mother acquisition as in van Leijen [193]. However, in this work we choose not
to do so and add it in the stochastic model.
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phase) therefore results in
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where E{.} denotes the expectation of the model, which consists of D +3 unknown
parameters. These are: (i) D integer ambiguity values a, (ii) 6displ, representing
the parameter vector of the non-thermal displacement phasez, (iii) the relative
thermal displacement 7, and (iv) the residual cross-range distance hy.> Note that
the forward models of (pgf"fjm, (p;']fff], and <p;']f,‘§lxr are forced to produce the relative
(wrapped) phase by adding the integer ambiguity term a, as they originally result in
the absolute phase.

The total (relative) displacement phase for the arc, (p;?;iim,n is the sum of two
components: dgispl as a function of the temporal baseline Br, and the thermal
displacement as a function of the thermal baseline By,. The residual cross-range
distance, hy;, is a function of the perpendicular baseline B} .

D{.} is the dispersion operator, described by the Variance Covariance Matrix (VCM)
Q(pij, which is the sum of (i) the atmospheric noise Q(pij,atmy (ii) the thermal noise
Qg;;,thm, and (iii) the Time Variant Clutter (TVC) Qg;;nc. For the definition of these
matrices, we refer to Chapter 2 of this thesis.

With D double difference-phase observations, Eq. (3.2) results in an underdeter-
mined problem as there are at least 3+ D unknown model parameters: &gispl, 7,
hx, and D ambiguity values. This immediately implies that the system cannot
be solved without introducing additional assumptions, such as an appropriate
parameterization of the displacement phase.

3.3. PARAMETERS OF THE FUNCTIONAL MODEL

In the following we describe the unknown parameters of the functional model, i.e.,
the relative cross-range distance hy;, thermal displacement factor 1, and non-thermal
displacement parameter vector dgjspl, in further detail.

2It is important to stress that the parameter vector Odispl is the parameterization of the displacement
phase, e.g., a velocity. It therefore differs from the displacement time series. The latter can be
evaluated from 84jsp with a forward model.

3Note that in fact the unknowns are relative parameters as well but for shorter notation we omitted
the subscript ij.
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3.3.1. RELATIVE CROSS-RANGE DISTANCE

The residual cross-range distance hy; for scatterer i is defined as the cross-range
distance between the reference surface (for instance the local ellipsoid or a DEM)
and the effective scattering center of the scatterer, see Fig. 3.1.* Because of the
different perpendicular baselines for each acquisition, the reference surface itself
induces a phase signal, ¢f [212], which can be computed and subtracted from the
phase observations. The values for ¢ are computed from the orbit position at
the mother acquisition, for the range and azimuth positions of the mother image,
relative for each mother-daughter interferometric combination. The look angle, 6,
determines how the satellite observes the pixels on the reference surface.

However, scatterers are not located exactly on the reference surface, due to local
topography or the presence of buildings or structures. Fig. 3.1 illustrates this by
showing the difference between P;_, i.e., the actual scatterer location, and Py, the
location on the reference surface for which the phase is corrected. Because of this
difference, scatterers are observed with look angle 8+ 66, cf. the blue look vectors
in Fig. 3.1. This additional look angle introduces the cross-range (xr) phase signal,
i.e., ¢p,, which remains in the observations after correcting the DD for ¢.f. Note
that this holds for every scatterer.

Consequently, the relation between cross-range distance hy,; for a single scatterer
i and the corresponding phase ¢; ;,  is defined as [80, 212]

md m_ ,md
—az B" cos (@'} — ™)

A Rm hXI,i’

1

—an B¢ (3.4)

m XI,i)
A R

= ﬁ;'ndhxr,iy

md _
Pihe =

where ,6;.”‘1 is the so-called ‘cross-range-to-phase factor’. Bl?"d is the baseline between

the satellite orbit positions at the mother and daughter acquisitions, a;”d the

baseline orientation angle, B’f‘.i

¢ the perpendicular baseline, R!" the range distance
between the scatterer and mother satellite position, and i, the local incidence
angle which is defined as the the angle between the normal vector on the local

ellipsoid, and the line of sight toward the satellite.’

4A scatterer represents the sum of all reflections within a resolution cell. If this sum is dominated by
a single strong scatterer, the signal can be attributed to a single physical object. However, often
the signal of one PS is the sum of multiple reflecting elements within a resolution cell, and can
therefore not be related to a single object [206].

5Note that the look angle 6 cannot be replaced by 6i,. in Eq. (3.4) (due to the curved earth),
since the cross-range phase is caused by the scatterer being not located at the reference surface.
As a result, the scatterer is observed with a look angle 6;+66,. From the satellites perspective,
the orientation of the local normal (that defines the incidence angle 0) at the scatterer center is
irrelevant. This is also illustrated by comparing the left and right situation in Fig. 3.1. Both have the
same acquisition geometry and look angle, but the orientation of the local normal with respect to
the ellipsoid differs, resulting in different incidence angles. Despite this, the cross-range component
is the same—demonstrating that the cross-range is independent of incidence angle.
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3. A FUNCTIONAL MODEL FOR INSAR ARC TIME SERIES

Reference

Local
surface

.Ll
h '='Reference surface
topography Xr,l

Figure 3.1.: Geometry of repeat-pass interferometry between mother acquisition m and
daughter acquisition d. B is the baseline, B, the perpendicular baseline, and By the parallel
baseline. R is the range between the satellite and scatterer i, which is expected to be
observed with look angle 6, (dotted blue line) if situated on the reference surface (location
P; o). Local topography is causing a slightly different viewing geometry (dashed blue line),
with an additional look angle 60, resulting in a cross-range component hy; ; (orange vector).
Note that computing the reference phase requires the look angle, 6, instead of the local
incidence angle 6;,. (which is defined as the angle between the normal vector on the
ellipsoid and the satellite’s LoS). This is shown by the difference between the left and right
figure: both pixels are observed with equal look angle 6;, but i, differs significantly. Figure
adapted from [80] and [33].

38



3.3. PARAMETERS OF THE FUNCTIONAL MODEL

We choose to work with ‘Telative cross-range’ rather than ‘relative height.” As a
result, we can work with the look angles and the local incidence angles do not need
to be known. Subsequently, the relative height of the point can be estimated from
the estimated cross-range distance with

H; =sin0; - hy ;, (3.5)

where H; is the height difference between the local topography and reference surface
(at the same range distance) for scatterer i.

So far, we discussed the phase contribution for a temporal difference for a single
scatterer. However, we need to consider the spatial phase difference as well, resulting
in

o = BT i j = By i (3.6)
Since scatterer i is considered to be the reference scatterer, the cross-range distance
hyr,; is set to zero, and we estimate relative cross-range distances between scatterers
i and j. In other words, an unknown offset remains between the reference point and
the reference surface, since the cross-range distance of scatterer i itself cannot be
estimated. Effectively, the reference surface is ‘lifted’ to coincide with the reference
point i. Therefore, the final functional relation reduces to

d d
(pt(r]l',hx, = ,3;" hxr,ij- 3.7)

3.3.2. THERMAL DISPLACEMENT

The relative thermal expansion factor n is an unknown constant parameter per arc,
driven by material properties and object dimensions. When it is multiplied with a
temperature change, the thermal expansion on either side of an arc can be obtained
[28, 59, 67, 131, 147]. Following the notation of [28, 29], this is

1= UK, - LLos, 3.8

where pag, is the linear expansion coefficient, i.e, a material property, and
Lios is the dimension of the object (hosting the scatterer) in the LoS direction.
The functional relation between temperature variation and the observed thermal
displacement phase is then defined as

oi% =nBJT%, 3.9)
where Bi’;?,‘fh is the ‘thermal baseline), i.e., the relative temperature difference between
epochs m and d and PS i and j. Since the difference in thermal expansion
may lead to vertical and horizontal displacement alike, e.g., consider an arc at a
bridge, in which case the arc may shorten or lengthen horizontally, the difference
in thermal expansion needs to be considered in the line of sight (LoS) direction.
Note that the observed thermal displacement phase (p?]’.,‘i, may also absorb other
temperature-related effects, such as the movement of soft soil layers. Although
these effects are mainly driven by changes in the phreatic water level, this may be

significantly correlated with temperature [34].
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3. A FUNCTIONAL MODEL FOR INSAR ARC TIME SERIES

3.3.3. NON-THERMAL DISPLACEMENT

The model for the non-thermal displacement phase describes the difference in
displacement behavior between point i and j. This is challenging, as point behavior
may vary significantly in space and time, especially in the built environment [28].
It is therefore not realistic to assume that there exists one optimal model that is
always valid to all arcs in all cases. For example, it is unlikely that all arcs can be
parameterized by a constant velocity model or that a constant velocity model with
an additional precipitation term would be appropriate in every case. Rather, the
choice of the model depends on the specific case, which we refer to as a triple-A
approach (Application-Aware and -Aligned). Consequently, rather than identifying
a universally optimal model, the goal should be to understand when a particular
model can be used. Here, we distinguish three types of models:

* Geometric models, which rely on mathematical formulations (e.g., lines,
sinusoids, polynomials) without any physical interpretation, see Wang et al.
[201];

¢ Kinematic models, using e.g., position, instantaneous or mean velocity, and
instantaneous or mean acceleration, see Wang et al. [202]; and

e Physical models, which explicitly use physically interpretable parameters
describing the displacements (e.g., precipitation or volume changes in a
reservoir), see e.g., Conroy [33].

Note that both geometric and kinematic models are descriptive models: they fit the
data without necessarily explaining the underlying physical processes. Knowledge
of the underlying physics is not required, and without observations these models
have no value. In contrast, physical models are mechanistic models in which the
parameters represent real-world processes that generate the data. Such models
retain value even in the absence of observations and can, for example, be used for
simulations. If prior knowledge on the expected displacement behavior is available,
in the form of physical information or expected smoothness, physical or kinematic
models should be used. However, this information is not likely to be available for all
points in InSAR studies involving millions of points. Nevertheless, in many triple-A
projects, the assumption that all arcs follow the same model, e.g., a constant velocity
model®, is unrealistic and cannot be sustained.

Geometrical models can then be a solution, even though the parameterization
may not be physically interpretable. In this chapter, we will primarily consider
geometrical models, but the discussed theory is also valid for other types of models.
Furthermore, our focus is primarily on point scatterers (PS) in the built environment.

PARAMETERIZATION

With the increased data availability and the associated longer time series, the
displacement behavior along an arc is more likely to change over time. To

6Applying a steady-state (i.e., constant velocity) model is equivalent to imposing an infinitely strict
smoothness criterion, as any displacement behavior that differs from the steady-state model is
attributed to noise or other components.
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3.4. THE MATHEMATICAL MODEL IN THE COMPLEX DOMAIN

accommodate this, we evaluate whether the time series need to be divided into
several partitions. This approach is based on the methodology from Brouwer and
Hanssen [20] discussed in Chapter 2, where changes in the amplitude time series
are used to detect potential changes in the stochastic behavior. However, since
these changes may also be an indication for (abrupt) changes in kinematic behavior,
we estimate different displacement parameters for each partition, comparable to
fitting a B-spline [43]. Consequently, as these partitions are unique for each
arc, the displacement parameterization becomes arc specific. We parameterize the
displacements with a second order polynomial per partition, resulting in

a  _ d dy2
P dp = Ap + bp BT+ cp(BF')7, (3.10)

where the subscript p refers to the partition, and ap, by, and c, represent
the unknown geometric displacement parameters of dg4isp;, Which differ for each
partition. The decision to use a second-order polynomial is made because (i) it
imposes a less restrictive smoothness constraint than the steady-state model, (ii)
the steady-state model remains valid when ¢ =0, and (iii) it allows for meaningful
physical assumptions about maximum velocity and acceleration, which would be
less straightforward with a third-order model. Note that this forward model results
in absolute phase values.

CONTINUITY CONDITION

To ensure a continuous displacement signal, the polynomials on both sides of the
breakpoint i, i.e., the epoch at which a new partition starts, must yield the same
value. This implies the following condition

(@p; + by tp + €, (19)%) = (@pysy + bpi Tp + Cpiy (1)%) =0, VL (3.11)

For PS that remain coherent throughout the entire observation period the continuity
condition is reasonable. However, there may be situations in which the continuity
condition should not be applied. Consider, for instance, a road under construction.
Once exposed to roadwork, the signal changes resulting in an ‘unknown’ phase shift
and a potentially discontinuous displacement signal.

DIFFERENTIABILITY CONDITION

Additionally, one could also impose the condition of differentiability between
different partitions, meaning that the first derivatives of the two functions at the
two partitions must be equal at 7,. Yet, imposing this condition is a choice that is
application-dependent.

3.4. THE MATHEMATICAL MODEL IN THE COMPLEX DOMAIN

The relations between the unknown parameters and the baselines (temporal,
geometric, and thermal), as described in the previous section, can be used in the
mathematical model of Eq. (3.2). However, a significant disadvantage of this model
is the need to explicitly estimate ambiguity values a, as it renders the model to
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3. A FUNCTIONAL MODEL FOR INSAR ARC TIME SERIES

be underdetermined—there are at least 3+ D unknown model parameters &gispl, 7,
hx, and D ambiguity values. To circumvent this inconvenience, we evaluate the
functional model in the complex domain where the DD phasor B‘Pij of the arc is
defined as

B‘/’ij ey Py,

) (3.12)
= 44)]_4%_ exp(i(@) =),

where P, is the phasor representative to the temporal differences. The asterisk *
implies the complex conjugate, and A is the amplitude. The real and imaginary part
of the phasor are defined as

4
Re(P) =A cos(p) = A cos(%((édispnBT) +(n|Bth)+(hxr,ij|Bl))) and (3.13)

4
Im(P) =A sin(p)= A sin(Tn(((SdispllBT)+(17|Bth) +(hxr,ij|BL))). (3.19)

It can be seen that the ambiguities a are no longer explicitly part of the model.
They are not eliminated, but the reparameterization into the complex domain, i.e.,
by expressing the phase in terms of sine and cosine, transforms the problem into
a continuous function. In the complex domain, the model consists of only three
unknowns: Ogjspl, 7, and hy. By incorporating the parameterizations of these
components as derived in Sec. 3.3, the final functional model can be defined.” For an
observation time series of length D, partitioned into P segments, the complex-valued

“From this point onward, we denote the real and imaginary parts of the phasor P as Re and Im,
respectively. Additionally, the subscript ‘7j’ is omitted, though the model still describes spatial
differences.
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3.4. THE MATHEMATICAL MODEL IN THE COMPLEX DOMAIN

model becomes:

Ap, €08 ((hl BT + 0 BI) + (ap, , by, cp, IBI'™))

o API cos %((hXHBde) + (nledz) + (app bmrcm |Bmd2))

Rem.dD_l Ap COS(% xr|B’ndD 1)+(T]|BmdD 1)-l‘((/Zp,bp,Cp|BrndD 1)))

Re/7 " Ap cos (% ((halB]'™) + By ®) + (ap, bp, cpl By )
E{] —ha |}= F
A

Imj; Ap, sin( 2 (el B + @B + (ap,, bp,, cp, IBY'™)
Im, Ay, sin [ (hxr|Bmd2)+(n|Bm42)+(am,bm,cmB;"dZ))
(¢ H|BmdD*1)+(n|B'”dD*)+(ap,bp,cpmmdl’*)))

mdp Ap sin( (
(4 (sl B ) + MIB) + (ap, bp, ol B ™))

2
—_— Ap sin

A(x)
(3.15)

D{| — } =diag(v), with (3.16)
———

mda QRe,Im

T
0'2 2 2 0'2

d d d
Rem1 Re, ;"11 mip

V= Im,,

o

Im
where the subscript p; until P refers the partition to which the observation and
unknown parameter belong. The model consists of P x3 unknown displacement
parameters represented by a,, by, and c,, P unknown values for the mean
amplitude A per partition, and unknown relative cross-range distance hy and
thermal expansion factor 1. The model can be solved when there are at least 3+3P
observations. Qge,m is the variance-covariance matrix (VCM) representing the quality
of the observations in the complex domain. The observations are uncorrelated, as
discussed in Sec. 2.4.3, and therefore Qge,im is a diagonal matrix. While we discussed
in Chapter 2 how the VCM for the phase observations could be derived, the complex
variance values can be obtained with Eq. (A.10) from Appendix A.
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3. A FUNCTIONAL MODEL FOR INSAR ARC TIME SERIES

3.4.1. THE NON-LINEAR MODEL

The model of Egs. (3.15) and (3.16) is non-linear and must therefore be solved
using iterative techniques, such as Gauss-Newton or using other non-linear least
squares solvers. Such approaches require initial estimates of the parameters (i.e., the
geometrical displacement parameters ap, by, and cp, as well as n and hy) to find
a solution. To ensure convergence to the correct solution, these initial estimates
should be close enough to the true parameter values. We use prior information on
the problem at hand or use 0 as an initial estimate as the arc can be defined in two
directions, where the sign of the estimated parameters would be flipped. Moreover,
for the initial estimate of hy, and 7, prior knowledge on the local topography and
the type of area that is monitored can help to obtain initial estimates.

3.4.2. SMOOTHNESS CONSTRAINTS AND BOUNDS TO SOLUTION

The trigonometric nature of the model can result in multiple local minima, increasing
the risk of convergence to an incorrect solution. To mitigate such issues and ensure
physically plausible results, constraints can be introduced to limit the solution space.
In particular, the geometric polynomial parameters (ap, by, and c,) can be bounded
using prior knowledge about expected maximum velocity and acceleration, as they
relate to:

by = Vmax — cpBr, (3.17)
Cp = Amax- (3.18)

Knowledge on the local topography can help to define minimum and maximum
values for the relative cross-range distance as the two values are related, see Eq. 3.5.

3.5. ESTIMATING THE PHASE COMPONENTS

Solving the system of equations in Egs. (3.15) and (3.16) yields the estimated
parameters which can be used to evaluate the forward model in the phase domain
with

P14 = (el B + (IBRY) + (@, bp, € |BY'D), (3.19)
——

Odispl

where gb?}i denotes the adjusted absolute DD phase at epoch d in partition p for
the arc between points i and j. It can be seen that it follows directly from the
estimated parameters.

For some applications it may be necessary to also estimate the observed phase
reduced for the static components, denoted (i)’l.;.”d, i.e., the phase corrected for cross-
range distance and thermal displacements. Since the geometric parameterization
with polynomials per partition is a model itself, not the full displacement behavior
of the arc may be fully captured in the parameter vector, dg4ispl. Reducing the
observed phase for the static components yields a time series that, in principle,
should contain the full displacement behavior.
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3.6. RESULTS FOR AN ARC IN AMSTERDAM

This requires the estimation of the two static phase components that are computed
with

P11, = B and (3.20)
~md _ »pmd
(p:?},n = nB;’]’.‘,th, (3.21)
where (ﬁ?}dhxr is the cross-range phase, and (ﬁlf']’.‘f], the thermal displacement phase.

The reduced observed phase is then estimated with

PPt = @it -~ +2ma, (3.22)
where a4 are the estimated ambiguities, that follow from the parameter estimation.
The ambiguities a can be estimated when the observed wrapped phase, (p‘lf‘;.”;m, is
compared to the adjusted absolute phase of Eq. (3.19). IL.e., when I(p;.";.”gd—fplf’?‘;l >
this might indicate that an ambiguity needs to be added or removed to the observed
phase at epoch d.?

Note that the reduced observed phase of Eq. (3.22) in fact represents the absolute
non-thermal displacement phase time series plus noise. The estimated non-thermal
displacement phase per partition is computed with

QIi%, = a+bB? + (B, (3.23)

However, this representation is not physically interpretable, and the chosen
parameterization may not fully capture the non-thermal displacement behavior of
the arc. Therefore, if a parametric representation of the non-thermal displacement
is still desired, the multiple hypothesis testing (MHT) approach proposed by Chang
and Hanssen [28] can be applied to the phase time series reduced for the static
components in Eq. (3.22). The total procedure of the parameter estimation as
proposed in this section, is also summarized in a flowchart as shown in Fig. 3.2.

3.6. RESULTS FOR AN ARC IN AMSTERDAM

We illustrate the proposed functional model with an example arc from a descending
Sentinel-1 dataset covering Amsterdam. The arc is depicted in Fig. 3.3a. The
amplitude time series for points i and j are shown in Figs. 3.3b and c, respectively.
The observed real and imaginary parts of the double-difference arc phasors, Pl."]?d , are
represented by blue dots in Figs. 3.4a and b, respectively, while the double-difference
phase is shown in Fig. 3.4c. To estimate the unknown parameters, we follow the
steps as shown in Fig. 3.2.

To construct the stochastic and functional models, we first identify partitions in
the amplitude time series, using a breakpoint detection method as proposed by

8Such an approach may be regarded as a form of implicit phase unwrapping, since the estimated
ambiguities follow directly from the estimated parameters. However, this would also require
accounting for the uncertainty of the estimated ambiguities. For a more detailed explanation on
implicit unwrapping we refer to Chapter 4.
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y : SLC observations:
Amplitude timeseries point i and j

!

Detect partitions ‘

‘ Compute SLC quality per partition ‘

Define functional model | ‘ Compute @, and Q¢j ‘

]

‘ Compute Qq,”. ‘

—

Estimate unknown parameters SLC observations:
2= (ATQ;lA)_lATQ;ly y : Complex DD values
¥

x:

hyr, 1
aj ...ap, by ..bp,cy ...Cp

‘ Implicitly unwrap phases Wrapped phases

;
’ Separate phase components

— Flowline £: @ijhyer Pijtho Pijdispl

Figure 3.2.: Flowchart of parameter estimation using the mathematical model from Egs. (3.15)
and (3.16). The rectangles represent a (mathematical) operation while a parallelogram
represents ‘data’ in the form of input or output.
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Figure 3.3.: a) Detected coherent point scatterers over Amsterdam in blue and the example
arc (black line) that is evaluated in Fig. 3.4. b) and c¢) show amplitude time series for
point j and for the reference point i, respectively. Different partitions are detected using a
breakpoint detection algorithm [184]. Per partition, the NMAD of the amplitude is computed.

46



3.6. RESULTS FOR AN ARC IN AMSTERDAM

Truong et al. [184], indicated by the vertical red lines in Figs. 3.3b) and c).® Since
the amplitude behavior of scatterers may exhibit seasonal patterns, we chose the
partitions to be not shorter than half a year. This results in four partitions for point
i (the reference) and five for point j. Since the mathematical model is evaluated in
the complex domain and not in the phase domain, quality estimates per partition
are required for the real and imaginary components of the complex phasor Pl.”jld.

These values are first estimated for the single-difference phasors led and Pj”“’l,
using Eq. (A.5) at p. 178, based on the median and MAD of the amplitude time
series per partition. Consequently, the corresponding double-difference values are
obtained via error propagation using Eq. (A.9) at p. 179. In Appendix A we elaborate
on how the stochastic model in the complex domain should be constructed.

Merging the partitions of both points yields a total of eight partitions. For
each partition, we estimate the mean amplitude and three geometric displacement
parameters: ap, by, and c,. We account for a coherent displacement signal
by imposing continuity conditions between consecutive partitions as defined by
Eq. (3.10).

We estimate the unknown parameters by solving the model defined by Egs. (3.15)
and (3.16). Consequently, the adjusted observables, i.e., Pfe,- j and Ifni j» are computed,
shown by the purple line in Figs. 3.4a and 3.4b. We also evaluated the model in the
phase domain, resulting in the adjusted absolute phase (i)lf’]’.d, and the ambiguities,
as shown by the purple line in Fig. 3.4c. The blue dots represent the wrapped phase
observations (pw’md and the red dots the implicitly unwrapped phase observations

md

The estimation resulted in a relative thermal expansion factor of 0.43 +0.02 mm/K
and relative cross-range distance of 25.1+ 1.6 m, where the second number indicates
the standard deviation. We also visualized these two phase components in Figs. 3.4d
and 3.4e, respectively, plotting the observed wrapped phase (p‘lf‘;fmd shown in blue
versus the thermal and perpendicular baselines, respectively. The estimates for the
thermal phase (ﬁ;?}ff] and cross-range phase (i);’%xr are shown by the purple lines.

Since the estimated parametric non-thermal displacement phase, ‘i’?ﬂz K is often
»Unf

not physically interpretable, and might not contain the full displacement behavior of
the arc, we correct the absolute DD phase values for the thermal and cross-range
phases, i.e., (p and (p” I respectively, as shown in Fig. 3.4f, using Eq. 3.22. The
red dots represent the absolute reduced phase observation and the purple line shows
the evaluated displacement model (p” oy’ which includes the effects of partitioning.
It can be seen that the seasonal behav10r for the arc is reduced when the phases are
corrected for the two components. This becomes especially clear when we compare
the red dots of c) and f), where the seasonal pattern became less, as the thermal
displacement phase (that has a seasonal behavior) has been removed.

9Note that the detection of partitions typically requires the definition of specific criteria. In our case,
we applied a method that identifies partitions based on changes in the behavior of the mean and
standard deviation values. The choice of thresholds, however, will be application-dependent.

47



3. A FUNCTIONAL MODEL FOR INSAR ARC TIME SERIES

3.7. DISCUSSION

At first glance, the displacement model using partition-wise polynomials in Fig. 3.4
may appear to overfit the data. However, the method is i) less restrictive than
imposing a single linear velocity model across all arcs, which in itself represents a
very strong smoothness constraint, but is still commonly applied, and ii) inherently
arc-specific, as the partitioning is driven by the amplitude behavior of the scatterers.

It is difficult, if not impossible, to claim whether the proposed model performs
better or worse than alternative models because the ground truth is unknown.
Ideally, if the physical or kinematic behavior for the arc is known, models based
on known external physical parameters should be used. However, in the built
environment, such information is often incomplete or unavailable.

Indeed, if the goal is to fully capture differences in dynamic behavior between
arcs in a flexible manner, dynamic linear models, such as the instantaneous-state
InSAR approach [202], may provide a more suitable framework than the method
proposed here. However, as already discussed in the introduction, the focus of this
chapter is on a batch-processing approach, in which a fixed and given set of SAR
data is used to estimate a predefined set of time-invariant parameters. Consequently,
the objective is not to perform sequential estimation over time, even though such
approaches may yield improved performance. For such methods, we refer to Wang
et al. [202].

As previously mentioned, the parametric polynomial model per partition is not
necessarily physical interpretable. However this is also not the intention. Once
the estimated thermal and cross-range phase components are removed from the
unwrapped phase time series, the remaining signal primarily contains displacement
and noise. These corrected time series can then be used for further analysis and
used for a displacement interpretation.

3.8. CONCLUSIONS

The fundamental problem of parameter estimation from InSAR time series is that
both the functional models and the stochastic model are unknown and different
for each scatterer. Conventionally, the same functional model is chosen for all
points in the area of interest, often relying on a simple linear velocity model to
parameterize the displacements. In this chapter, an arc-specific functional model for
double-difference phase observations is proposed, in which the parameterization is
driven by the temporal amplitude behavior of the two scatterers. Therefore, even
when no prior knowledge about the underlying physical or kinematic behavior is
available, the approach still allows for an arc-specific functional model.

In addition to the displacement signal, we propose to estimate the relative
cross-range, rather than the conventionally estimated relative height, together with
the thermal phase. After estimating these components, their corresponding phase
signals can be removed from the double-difference phase observations, resulting in
reduced phase observations that primarily contain the displacement signal. These
reduced phase time series may later be used by end users for further interpretation
and analysis of the physical behavior of individual scatterers.
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FUNDAMENTALS OF THE SPATIAL
NETWORK

InSAR parameter estimation problems involve connecting a spatially distributed set
of points using a spatial network of arcs. In this Chapter we investigate whether
the way this network is constructed matters and whether applying ‘closed loops’
introduce redundancy or lead to additional constraints. We show that adjustment
in the observation space is neither possible nor meaningful, as phase observations
close by definition. Instead, the network adjustment should be performed in the
parameter space, where arcs can have different functional and stochastic models. As a
result, the precision of the estimated point parameters can be improved through an
optimal network design. Finally, we distinguish between implicit and explicit phase
unwrapping, stressing that explicit unwrapping should be avoided as it assumes that
the ambiguities can be resolved independent of the parameter estimation. In reality
the absolute, i.e., unwrapped, phase follows implicitly during the estimation of the
unknown parameters and, consequently, is a stochastic variate.
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4. FUNDAMENTALS OF THE SPATIAL NETWORK

4.1. INTRODUCTION

ONVENTIONAL InSAR parameter estimation problems involve connecting a
Cspatially distributed set of points—whether these are scatterers, pixels, or
clustered groups of pixels—using a spatial network of arcs. As there are many
ways to connect the points, also known as the network topology, there are several
standing questions related to this problem in the context of InSAR. Does the way the
network is constructed matter, and if so, is it a problem that admits an optimum
configuration? Moreover, does applying ‘closed loops’ introduce redundancy, or
is this redundancy artificial—and can it lead to additional constraints in the
parameter estimation problem? Finally, what role do the integer phase ambiguities
play in this context? Below, we provide a fundamental discussion and evaluation
on these questions, starting with defining the basic concepts and formulating the
relevant questions. Subsequently, we discuss the possibilities of adjustment either
in the observation space or in the parameter space. We end with conclusions that
serve as a point of reference for future studies.

4.2. DEFINITIONS AND STANDING QUESTIONS

The fundamental observable in the context of InSAR is a complex signal of a
single SAR scatterer from which single differences, i.e., temporal phase differences
denoted {(M —-nm<¢<m ¢PeR}, between two epochs can extracted. However, the first
physically interpretable variable is the relative double-differenced (DD) phase [82],
denoted by {p%| -7 < " <7, ¢" € R}, which we define for an arc and is the phase
difference between two points. Note that this relative phase is modulo-27 (wrapped)
hence the superscript V.

ARC PARAMETER ESTIMATION

As multiple components of the parameter vector x (i.e., the cross-range position, the
thermal expansion factor, displacement parameters, atmospheric delay) contribute
to the observed DD phase, we estimate relative arc parameters, X from the DD phase
observation, we refer to this process as arc parameter estimation. This requires a
(linearized) mathematical model for an arc, consisting of

Elp"}=Ax ; Di{p"}=Qyv, (4.1)

where A is the design matrix describing the relation between the observed DD
phases and the unknown parameters x, and Q, the variance-covariance matrix
(VCM) describing the quality of DD phases.! There are many options to define the
functional model, depending on the application at hand, which results in different
parameterizations; see also Chapter 3. Moreover, it is important to note that if no
integer phase ambiguities would be included in the model of Eq. (4.1), evaluating
the forward model would result in an absolute phase, instead of a wrapped phase.

INote that as long as we consider high-amplitude scatterers, we assume that the distribution of the
phases is 'peaked’ and can be assumed to be Gaussian, even though the wrapped nature of the
observables prohibits values smaller than —n and greater than +.
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Thus, for Eq. (4.1) to hold, corrective integer ambiguities would need to be added to
the equation to convert the absolute phase back to the principal [-7,+7) interval,
see Eq. 3.2.

IMPLICIT AND EXPLICIT UNWRAPPING

As the observed relative phase ¢" € [-m,+7) € R is ‘wrapped, we need to estimate
integer phase ambiguities to arrive at the absolute phase, ¢ € R, a procedure termed
‘phase ambiguity resolution’ [175-177], or ‘phase unwrapping’ [72, 73], which can be
implicit or explicit.

Traditionally, InSAR has approached phase unwrapping (integer ambiguity
resolution) as an independent step—a problem to be resolved prior to carrying out
the actual parameter estimation on the real-valued (unwrapped) estimates [72, 73].
We refer to this traditional approach as explicit unwrapping. The consequence of
this philosophy is that phase-unwrapping errors and blunders propagate undetected,
are not included in the stochastic model, and are used as input for the parameter
estimation. Consequently, they directly affect the quality of the estimated parameters,
in a (non-linear) way that cannot be captured in the stochastic model of the
estimated parameters.

With implicit unwrapping, we try to avoid this dependency on a phase
unwrapping algorithm and it's underlying assumptions, as we don't consider the
phase unwrapping as a separate process, independent of and preceding the actual
parameter estimation. Instead, we consider the parameter estimation problem
as a process applied on the parameters of interest as well as the (nuisance)
ambiguity parameters, directly applied on the original complex (hence wrapped)
observables [100, 178]. Thus, the integer ambiguities follow implicitly as a
consequence of the parameter estimation, but are not a goal in itself. The
consequence is that irrespective of the fact that the ambiguities are integer in
nature, they are unknowns, similar to all other parameters. As the other unknown
parameters are only defined for an arc, this also holds for the integer ambiguities
(hence, the absolute phase): we only have them for arcs, not for points.

THE NETWORK

To enhance interpretability and enable standard map visualizations, relative
parameters per point are typically expressed relative to one common datum. This
can be regarded as a ‘star-network’, where every point is connected by an arc to
the common reference point, i.e., the datum. This transformation from individual
single-arcs to datum-connected parameters is achieved by designing and adjusting
a connected network that consists of arc variates. This network suggests also the
possibility to impose conditions such as the requirement that variates over a triangle
in a network, see e.g., Fig. 4.1a, should ‘close) i.e., the sum of the variate over
three arcs should be equal to zero. Yet, we will argue that this condition does
not necessarily apply for all variates. In fact, we distinguish closure ‘by-definition’
and ‘conditional’ closure, where the latter involves external contextual information,
which can be used as a constraint, while the former is a tautology and trivial.
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Point observations:
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Figure 4.1.: a) shows the most simple network consisting of three points (in black) and
three arcs (in green). With InSAR we observe temporal phase differences for points, ¢, and
we can derive DD (wrapped) phases for the arcs, ¢. From these DD phases we estimate
relative unknown parameters % along these arcs. In b) we show a more complicated network
consisting of more points and more arcs.

For a network consisting of three arcs and three points, see Fig. 4.1a, the DD
relative phase values are derived from the observables per point, i.e.,

2W _ W W

¥ =9 %

2W _ W W
Py =3 =0, (4.2)

2W _ W W

P _91 93’
where we use the superscript " to indicate that the value of the parameter resides
in the interval [-2m,+27). However, as illustrated in Fig. 4.1a, each arc is not
only associated with the relative DD phase (a derived observable), but also with
estimated arc parameters, including the integer phase ambiguities. Consequently,
there are two potential ‘flavors’ of network adjustment: in the measurement space
(y) or in the parameter space (X), each potentially with its own set of conditions.

More generically, we may also define larger networks, as schematized in Fig. 4.1b,
consisting of more points and more arcs.

STANDING QUESTIONS

Based on the definitions provided above, we identify six standing questions that
need further consideration.

1. Does the network topology, i.e., the choice of the arcs that connect points,
affect the estimated point parameters and/or their quality?
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2. Does it matter which variates we use for the network adjustment, i.e., whether
we adjust in the measurement space (the relative DD phase) or in the
parameter space (the estimated parameters)? If so, which is preferred, and
why?

3. Is there a difference between implicit and explicit unwrapping, and what are
the implications of this distinction for the network adjustment and estimation
process?

4. Can (and should) constraints be imposed on the network? For example, should
the arc variates necessarily sum to zero over closed’ loops? And does this
requirement depend on the variate being adjusted?

5. Should all arc parameters within an InSAR network be estimated using identical
functional and stochastic models, as commonly assumed in conventional
InSAR approaches, or should each arc be assigned its own arc-specific model?
If the latter, how would such an approach affect the network adjustment
process and the precision of the estimated point parameters?

6. Is there added value in including additional arcs once all points are already
connected? In other words, does adding more arcs contribute new information,
or is it redundant once the network is fully connected?

7. Can the precision of the estimated point parameters be improved by increasing
the number of arcs in the network?

Below, we evaluate these questions by discussing the options we have for the
network adjustment, focusing on the situation of ‘single scatterers’.

4.3. ADJUSTING THE NETWORK IN THE MEASUREMENT SPACE

The first option would be to adjust the network in the measurement space, i.e., on
the derived DD phase. From Eq. (4.2) it follows that

P73 + @38 + 3 = (@Y — P + (@Y — ) + (@Y —¢Y) =0 4.3)

by definition, since the realization of the stochastic observables—which are
deterministic ‘numbers’—appear twice with opposite signs in the loop. Adding more
arcs see Fig. 4.1b, when all points are already connected—e.g., adding the dashed
arcs ajs and apz—adds no more information, since all points are already connected:
all ‘information’ is already used in the network. Consequently, it would just be
sufficient to create a star network where points are directly connected to one point.
From this we conclude that

i. the relative phase observations close by definition in a triangle, and

2Note that in this discussion, the ‘closure’ (whether it is by definition or as an imposed condition) is
primarily considered on point scatterers, and not on distributed scatterers. Therefore, it does not
consider the well-documented problem of ‘phase-closure’ and ‘phase-triangulation’ that occurs in
distributed scatterers, which can be related to a physical process [5, 44].
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ii. adding more arcs to the network does not add redundancy, hence it serves
no purpose: as; can be inferred directly from a;» and aps. Thus, once all
points are connected, adding additional arcs does not contribute additional
information. Therefore,

iii. adjusting the network in the observation space is neither possible nor
meaningful.

4.4, ADJUSTING THE NETWORK IN THE PARAMETER SPACE

As adjusting the network in the measurement space is neither possible nor
meaningful, as loop closure occurs by definition, the alternative is an adjustment in
the parameter space. Arc parameter estimation must first be performed to obtain
X, i.e., the physical parameters such as cross-range distance hy;, thermal expansion
factor 7, displacement parameters 5displ (such as, e.g., the constant velocity v) and
the vector of integer ambiguities a. Subsequently, the adjusted phase ¢ can be
computed by evaluating the forward model on the estimated parameters. If the
estimated integer ambiguities would be left out of this evaluation of the forward
model, this would result in the adjusted absolute phase. The network adjustment can
then be applied to these estimates. The question is whether the closure condition
applies to the estimated parameters, and whether this is by definition or as an
imposed constraint. In the latter case, it can be considered as new information to be
added to the problem.

As estimating arc parameters requires both a functional and stochastic model per
arc, see Eq. (4.1), the choice of these models directly affects both the estimated
parameters—i.e., the number of parameters, their nature, and their numerical
value—as well as their precision, see also Eq. (5.2), p. 70. This raises the question
whether—and if so, how—variations in the functional or stochastic model across
arcs affect the conditions that can be imposed in the network.

To investigate this question, we consider two options for the functional model
across arcs. The first option considers a uniform parameterization across all
arcs, i.e., all arcs share the same parameter space (e.g., linear velocity, cross-range,
thermal expansion factor), ensuring consistent parameterization across the network.
While this option is often used in InSAR parameter estimation algorithms, as it
provides a pragmatic and uniform approach for all points in the area of interest,
it is physically unrealistic to assume that the motion of all points within the Aol
can be described with the same model. This is especially unrealistic in the built
environment. Instead, this uniform parameterization option can be considered as a
special case of the more generic second option, the arc-specific parameterization.
In a generic setting, each arc should have its own unique functional model, leading
to arc-specific parameters and varying parameter spaces across the network.

Likewise, we distinguish three options for the stochastic model. The first option
considers an identical stochastic model for all arcs, i.e., each arc is assigned the
same stochastic model, i.e., Qq;, = Qa,; = Qqs,- This is a common (though simplistic)
assumption, especially when the stochastic model is unknown or not incorporated in
the parameter estimation—i.e., when quality is only estimated a posteriori. However,
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for the lack of other options, this is what is usually done. The second option is
more generic and considers linearly dependent stochastic models. In this case, the
stochastic models differ per arc, but are linearly dependent on each other, i.e., they
span the same linear subspace: i.e.,

Qa]z = /11 Ql,l23 = AZQa31 ’ i'e’! Qa12 X Qa23 X Qa31 . (44)

The third and most generic—hence most realistic—option considers arc-specific
stochastic models, where each scatterer exhibits its own unique scattering behavior,
which may also vary over time (as discussed in Chapter 2). Since the stochastic
model is defined per arc, capturing the behavior of both scatterers, the resulting Q,,,
matrices are not linearly dependent, i.e.,

Qfllz #Mh Qazs # /IZQ%U ie., Qalz & Qaza & stl' (4.5)

Given these different options for the functional and stochastic model per arc,
we can now examine their effect on whether the realizations X of the estimated
parameters ‘close’ (conditionally or by-definition) within a loop. This leads to six
possible combinations, as summarized in Table 4.1. This shows that the “closure
condition” for the parameters is only valid for the special case where the functional

model has (i) a uniform parameterization, and (ii) the stochastic model for each

Table 4.1.: Combinations between different functional and stochastic models and the
implications on whether % and j close conditional or by-definition in a triangle. Ag, ; refers
to the design matrix, i.e., the functional model. Qai,j refers to the variance-covariance
matrix, i.e., the stochastic model. ‘P‘c’zvi,j represents the observations, i.e., the realizations of
the wrapped interferometric DD phase observables for the arc between points i and j, X
represents the vector of estimated parameters, and j represents the adjusted observables,
with 7= AX. Loops indicated in black close ‘by-definition’, while loops indicated in red close
‘conditional’.

Functional model
=A A

A, =A =4, .~A

a1z az3 asz1 a1z az3 asz1
2w 2w 2w 2w 2w 2w
Pay, T Payy tPaz; =0 | @a;, + 9oy, +@az; =0

Qa12 = Qa23 = Qa31

Xq,, +X,,.+%,,, =0
— — 12 23 31
Oq,,] = 04,1 = g, 1

yalz + ya23 + yam =0
Simulation 1:
Par, + Pays + @iy =0
Ra, ¥ Xapy + g, =0
yalz + yaz?, + ya31 =0
Simulation 2: Generic situation:
Qi + Pyt Pay =0 | eay T edy +ed; =0

Ra,, + Ray, + Ray, # 0
Yay, + Jags + Jag, # 0

2w 2w 2w
Pay, T Payy + Pazy =0
Xa, ¥ g,y + X0y, # 0

Yai, + Vays t Vag, # 0

Qa12 e Qazz e Qa31
Qa12 = AlQan = AZQagl

Stochastic model

Qa12 e Qazz ‘O(Qa31

azs

Qalz = AlQa23 * AZQan

Ray, t Rapy 2, #0
Yay, * Vays + Vagy # 0

Ra, t Xapy +2q,, #0
Va,; + Vays + Vagy # 0
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point spans the same linear subspace, evaluated in simulation 1 below. The case in
which every stochastic model is identical is a specific case of the latter.

In the following section we use simulations to examine the effect on whether %
closes for two of these six combinations of the stochastic and functional models.

SIMULATION 1: UNIFORM PARAMETERIZATION AND LINEAR DEPENDENT
STOCHASTIC MODELS

We simulate phase time series of 200 epochs for three points, where the total
phase is composed of four components: a cross-range distance phase, a thermal
displacement phase, a constant velocity displacement phase, and noise. The true
simulated values for the points are listed in Tab. 4.2, and the resulting time series
are shown in Figs. 4.2a—c. Each of the three points is assigned a unique noise
level, which is constant over time. Therefore, the corresponding Qy matrices can be
written as 02 Isg, and are linearly dependent. From the simulated point values, we
derive arc phases using Eq. (4.2), which are shown in Figs. 4.2d-f. Additionally, we
simulate a quadratic displacement component for point 1. As a result, this term
appears in both a;» and as;, but with opposite sign.

For the arc parameter estimation, we use the same functional model for each arc,
consisting of a cross-range distance hy;, thermal expansion factor 7, and constant
velocity v. Therefore, for arcs a2 and as;, the model estimates are in fact biased,
as the underlying signal includes an additional quadratic term. However, since this
term appears with opposite sign in each of these two arcs, it cancels out when
combined. Each of the three arcs is assigned a different stochastic model, whose
diagonals are plotted in Fig. 4.2g. Although the models differ, they are linearly
dependent as they are all a scaling of the identity matrix.

In Fig. 4.2h, we show the estimated arc parameters . It can be seen that the sum
of the estimated parameters over the three arcs is zero for each component, i.e.,
X124+ X23 + %31 =0, by definition. Consequently, we can estimate j for each arc shown
by the black lines in Figs. 4.2d-f. When summing the estimated phases over the
three arcs, we again find that they sum to zero, as shown in Fig. 4.2h.

We can thus conclude that, if the parameter space for all arcs in the network is the
same, and if the the stochastic models are linearly dependent, then, the sum of the
estimated parameters X will indeed be zero for a loop in a network. This holds for
both the physical parameters and for the absolute phase. It does not matter whether
the chosen functional model is the most suitable functional model, as non-modeled

Table 4.2.: Simulated parameter values for each point p; in the network, which results in
relative arc values, a;;.

Parameter P1 p2 pP3 a2 ay3 asy
hyr -10 15 20 25 5 =30
v 0.5 0.7 0.2 -0.2 0.5 -0.3

0.03 -0.03 0.05 0.00 —-0.08 0.02
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Figure 4.2.: Simulated phase behavior for three points shown in a), b), and c), based on
a linear velocity (blue), thermal displacement (orange) and cross-range distance (green),
leading to the combined ‘total phase’. All three points have their own noise level, shown as
the scatter around the observed total phase. d), e), and f) show the derived absolute phase
timeseries for the three arcs, leading to the estimated relative arc parameters X are shown in
i). The black lines in d)-f) are the adjusted arc observations j, derived from the estimated
parameters via j = AX. g) shows the diagonals of the three Q,w matrices, for each arc, and
h) shows the sum of the simulated arc observables and the adjusted observations. It can be
seen that, since we used the same parameterization for the three arcs, and since the three
Qgpw matrices are linearly dependent, the sum of the estimated parameters % is zero, and
consequently, the sum of j over the three arcs is also zero, cf. Table 4.1, under ‘Simulation-1".
Thus, both the estimated parameters X and the adjusted observations j ‘close’ over a loop.
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terms have different signs in the two affected arcs.

If all arcs share the same functional model and have linearly dependent stochastic
models, such that the estimated parameters close, then adding more arcs, once
all points in the network are already connected, does not provide any additional
information. This would, for instance, be the case for the dashed arcs in Fig. 4.1b.
In other words, when parameters are estimated based on identical models, it is
sufficient for each point to be connected only once in order to capture all the
available information correctly.

SIMULATION 2: UNIFORM PARAMETERIZATION AND ARC-SPECIFIC
STOCHASTIC MODELS

The situation simulated above can be considered as a specific subset of cases of a
more generic set of cases where each scatterer, and thus each point in the network,
has its own time-varying stochastic model, see also Chapter 2 of this thesis. Given
the physical nature of scatterers in the real world, with a plethora of various
situations—in particular in the built environment—we introduce a time-partitioned
noise model for point 2. This case is simulated in Fig. 4.3. Consequently, also the
stochastic models of arcs a;» and ap3 become partitioned, and the three stochastic
models are no longer linearly dependent, i.e., Qg,,  Qg,; % Qus,, see Fig. 4.3g. When
estimating the unknown parameters for the three arcs, their sum is no longer equal
to zero, see Fig. 4.3i. For example, the velocity estimates are 7, =0.669, 0,3 = 0.486,
and D3; = —1.204, resulting in a sum of —0.05. Consequently, also the sum of j over
the three arcs deviates from zero (see Fig. 4.3h). This deviation arises from both
measurement noise and unmodeled signal components leaking into the estimated
parameters. Since the stochastic models are no longer linearly dependent—as is
typical in real-world scenarios—this leakage is distributed unevenly across the three
arcs.

Nevertheless, a network adjustment can still be performed on the estimated
parameters, since we also obtain the corresponding Q3 matrices, which differ per arc.
The use of distinct stochastic models per arc implies that each arc contributes new
and unique information and is no longer maximally correlated with the other arcs
in the network, as was the case in scenario 1. Therefore, as illustrated in Fig. 4.1b,
adding arcs—even when all points are already connected—does indeed provide
additional information, leading to more precise estimates of the point parameters
within the network. Moreover, since the Q; matrices differ across arcs, this implies
that, in terms of precision, there exists an optimal network configuration.

4.4.1. ARC-SPECIFIC PARAMETERIZATION AND ARC-SPECIFIC
STOCHASTIC MODELS

In reality, not only the stochastic models will be different for each point, and

consequently differ between arcs, but the functional models may vary as well, as

each scatterer may exhibit its own unique kinematic behavior, i.e., the situation in

the lower right corner of Table 4.1. For example, a house, a road, a railway, and a

park will behave according to different driving mechanisms, even though they may
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Figure 4.3.: Simulated phase behavior for three points shown in a), b), and c), based on a
linear velocity (blue), thermal expansion factor (orange) and cross-range distance (green),
leading to the combined ‘total phase’. All three points have their own noise level, shown as
the scatter around the observed total phase, where the noise level of point 2 (b) is larger
during the last part of the time series. d), e), and f) show the derived absolute phase
timeseries for the three arcs, leading to the estimated relative arc parameters & are shown in
i). The black lines in d)-f) are the adjusted arc observations j, derived from the estimated
parameters via j = AX. g) shows the diagonals of the three Q,w matrices, for each arc, and
h) shows the sum of the simulated arc observables and the adjusted observations. It can be
seen that the three VCM matrices are no longer linearly dependent on each other. Therefore,
the sum of the estimated parameters % is not equal to zero, and consequently, the sum of
over the three arcs is also not zero anymore, cf. Table 4.1, under ‘Simulation-2’. Thus, both
the estimated parameters X and the adjusted observations y do not ‘close’ over a loop.
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be situated directly adjacent to each other in the neighborhood. In such cases, with
different parameterizations, the parameter space differs across arcs. Nonetheless, it
is still possible to adjust the network based on the shared unknown parameters
and the reduced phase, as defined in Eq. (3.22), p. 45, where the reduced absolute
phase is also an estimate. In this case, adding new arcs to the network adds new
information to the network, and the estimated parameters become more precise
once more arcs are added to the network.

4.5. CONCLUSIONS

Based on the analysis and simulations above we draw conclusions and referring back
to the open questions posed in Sec. 4.2.

1. Does the network topology, i.e., the choice of the arcs that connect points,
affect the estimated point parameters and/or their quality?

2. Does it matter which variates we use for the network adjustment, i.e., whether
we adjust in the measurement space (the relative DD phase) or in the
parameter space (the estimated parameters)? If so, which is preferred, and
why?

Whether the network topology affects the estimated point parameters and/or their
quality depends on the variates used. Adjusting the network in the observation space
is neither possible nor meaningful as the phase observations close by definition,
and therefore the network topology is irrelevant. Adjustment in the parameter
space can be advantageous—i.e., leading to different values for the estimates and
better quality—in a generic sense, but not always. In a generic sense, assuming
that the functional model of each arc can be different, the parameters estimated
for each arc will be different as well. Moreover, also the stochastic model can
(and often will) be significantly different® for each arc. In those cases, the network
topology matters, i.e., not every network topology will produce the same results,
and therefore optimization will be possible, as we will discuss in Chapter 5. Only
in the special case when (i) the parameter space spanned by vector x is identical
across all arcs and (ii) their stochastic models Q, span the same linear subspace, the
estimated parameters will "close-by-definition" within a loop in the network. Thus,
no new information is introduced into the system by evaluating the loop, and the
network topology is irrelevant. Adjusting the network under the strict assumption of
identical functional and stochastic models does not make optimal use of all available
information. In such a scenario, adding new arcs no longer improves the solution,
as no new information is gained. This makes it a suboptimal adjustment strategy.

3. Is there a difference between implicit and explicit unwrapping, and what are
the implications of this distinction for the network adjustment and estimation
process?

3In this context, ‘significantly different’ implies that the stochastic models for the arcs do not span
the same linear subspace, see Eq. (4.4) in Sec. 4.4. In other words, the variance-covariance matrices
of the arcs are not scaled versions of each other.
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There is a clear difference between implicit and explicit unwrapping. Explicit
unwrapping refers to the approach where phase ambiguities are resolved in an
‘independent’ separate step prior to the actual parameter estimation, and in
implicit unwrapping the ambiguities are estimated (resolved) together with the other
unknown parameters. Explicit phase unwrapping should be avoided, as it assumes
that the integer phase ambiguities can be resolved with a 100% success rate, i.e., the
ambiguity values are considered to be deterministic variates. In reality, the absolute,
i.e., ‘unwrapped, phase follows implicitly during the estimation of the unknown
parameters and, consequently, it is a stochastic variate.

4. Should all arc parameters within an InSAR network be estimated using identical
functional and stochastic models, as commonly assumed in conventional
InSAR approaches, or should each arc be assigned its own arc-specific model?
If the latter, how would such an approach affect the network adjustment
process and the precision of the estimated point parameters?

We have shown that only in the case if the same functional models and stochastic
models for different arcs are used, the estimated parameters will ‘close-by-definition’
within a loop in the network. Potentially unmodeled components in the functional
model affect the estimated parameters for the corresponding arc. But as this
unmodeled behavior will appear with alternating sign across the network, it will not
affect the closure of the estimated parameters X.

In a generic case, it is unrealistic to assume identical functional or stochastic
models across arcs; each pair of points may require a unique parameterization and
has its own stochastic characteristics. As a result, both ¥ and y will not close over a
loop. We can only use the ‘closure’ of £ and j as a constraint in the adjustment. This
also holds for the estimated ambiguities. As a result, adding arcs to the network may
improve the estimated parameters for the points (even if no new point is added),
since that way new independent information is introduced, leading to additional
constraints. Note that, in the network adjustment, it is essential to account for the
arc-specific covariance matrices Qjz, as these differ between arcs.

Since each arc results in the estimation of a parameter vector with its own
associated covariance matrix Qz, some network configurations are inherently better
than others in terms of estimation precision if the goal is to estimate point
parameters with the highest precision, as we will show in Chapter 5.

5. Can (and should) constraints be imposed on the network? For example, should
the arc variates necessarily sum to zero over closed loops? And does this
requirement depend on the variate being adjusted?

6. Is there added value in including additional arcs once all points are already
connected? In other words, does adding more arcs contribute new information,
or is it redundant once the network is fully connected?

Arc variates do not always necessarily sum to zero over closed loops. As discussed
above, the answer to this question depends on which variates are used. When
designing and adjusting the network based on the relative phase, i.e., in the
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4. FUNDAMENTALS OF THE SPATIAL NETWORK

observation space, it will sum to zero ‘by-definition, which implies that it cannot be
used as a condition. For these variates, if all points are already connected by at least
one arc, adding a new arc—without introducing a new point—does not contribute
additional information, as no new information is added in the network. Yet, in the
parameter space, in the case when functional models and stochastic models are
different between arcs, adding arcs will influence the results, since they impose new
loop closure conditions that can be used in the adjustment.

7. Can the precision of the estimated point parameters be improved by increasing
the number of arcs in the network?

The precision of the estimated point parameters—i.e., relative to a common reference
point—can be improved by optimizing the network design, as we will discuss in
Chapter 5. Yet, this is not necessarily a matter of simply increasing the number of
arcs. We will show that the improvement in precision can be reached by selecting
arcs based on quality considerations.
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NETWORK DESIGN FOR INSAR TIME
SERIES ANALYSIS OF POINT
SCATTERERS

To estimate data-connected parameters for points from arc observations, a connected
spatial network of arcs must first be designed and adjusted. Since different network
configurations appear to produce different outcomes, some networks are closer to
optimal than others. This chapter introduces a Confidence-Optimized Geodetic
Network design strategy tailored to application-specific requirements. Using the
stochastic model introduced in Chapter 2, the expected quality of each potential arc
is quantified and used to prioritize higher-quality arcs. This increases confidence in
obtaining reliable parameter estimates. Based on these quality measures, we design
a network that meets application-dependent criteria for precision and reliability
without relying on purely geometric networks such as a Delaunay network. Rather
than adjusting the network based on explicitly unwrapped phases, we perform the
adjustment in parameter space, improving precision.
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5. NETWORK DESIGN FOR INSAR TIME SERIES ANALYSIS OF POINT SCATTERERS

5.1. INTRODUCTION

NSAR observations are inherently relative: only displacement differences between

two points, referred to as an arc, can be estimated [80]. However, to enhance
interpretability, displacement estimates are preferably expressed relative to a common
datum, often a reference point or the combination of a set of points. This datum
connection requires the design of a network in which arcs connect points to the
common reference. Adjusting the parameters in this network results in relative
displacement estimates per point [36].

The simplest approach to establish a network is a star network, in which all points
connect directly to the reference point. Yet, this method often produces errors for
long arc connections, due to atmospheric phase delays [80, 102, 193]. Moreover,
the star network lacks redundancy, which makes it impossible to test for model
imperfections between arcs. This is particularly problematic as arc parameters, such
as relative displacements or cross-range distances, must be estimated from wrapped
relative double-difference (DD) phases, i.e., the spatial phase difference between two
scatterers and the temporal phase difference relative to a reference epoch. Due to
the presence of 27 phase ambiguities and the unknown functional model that relates
these arc parameters to the DD phase, an infinite number of solutions exist.

To address this, a network with a higher connectivity,' i.e., more arcs compared to
the number of points, is required [6], as this suggests that testing between estimated
parameters is possible. In that case, point parameters are estimated within a
specific network topology, which directly influences both their numerical values and
associated precisions [102, 180, 194]. As different network configurations (i.e., the
network topology) appear to have different outcomes, some networks are closer to
optimal than others, and the challenge is to find the most "optimal" network. This
would require optimality criteria [120].

In other geodetic techniques, such as triangulation and leveling, network design
is typically performed prior to data acquisition, using predefined optimality
criteria [156]. These are based both on e.g., the geometric strength of the network
(for triangulation) and on the requirements of the quality of the results [112]. In
the context of deformation monitoring, two key optimality criteria are commonly
used: precision (how well the parameters of interest can be estimated) and reliability
(whether outliers in the observations can be detected and eliminated) [6, 25, 74, 112,
165]. Ideally, similar criteria should be applied when designing and solving InSAR
networks.

Many current point scatterer (PSI) processing algorithms rely on Delaunay or
‘redundant’ networks [37, 60, 61, 102, 144, 193]. Both are examples of geometrically
optimized networks: they connect points (that are typically detected based on
amplitude information) based on their spatial distribution—an irrelevant aspect for
InSAR parameter estimation—without considering the quality of the arcs themselves.
As such, they are inherently sub-optimal for displacement estimation, as they do not
necessarily lead to the most precise and reliable estimates.

Ideally, we seek a network that yields point parameter estimates with the desired

Un graph theory, connectivity refers to how well the vertices (nodes) of a graph are connected to each
other. It's a measure of the graph’s robustness or the minimum effort needed to disconnect it [48].
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level of precision. Moreover, every InSAR case study is unique and comes with its
own application-dependent quality criteria. For example, displacement estimates
used for monitoring critical infrastructure might be subject to stricter quality
constraints than estimates used for regional deformation mapping. This highlights
the need for a quality-optimized and application-dependent network design strategy.
We refer to this as a a ’triple-A, or '’AAA approach, which represents an approach
that is ‘application-aware and application-aligned’.

Such an InSAR-specific network design approach does not yet exist [120]. To
design such a network, the quality of every potential arc must be known prior to
the network design. Here we demonstrate that, by applying the stochastic-model
proposed by Brouwer and Hanssen [20], see also Chapter 2, the expected quality
of all arcs within the area of interest can be quantified before the network
adjustment. These values enable the prioritization and selection of arcs that meet
the application-specific requirements for precision and reliability.

An additional complication concerns the choice of the variate on which the
network is adjusted. For each arc, the derived observable is the wrapped relative
DD phase from which unknown parameters X, including the cross-range distance
and displacement parameters, can be estimated. As the absolute (unwrapped) phase
follows implicitly as a consequence of the parameter estimation, it is also considered
as an unknown parameter. Kampes [102] suggests adjusting the network directly
on the physical arc parameters. While appealing, this strategy requires an identical
functional model, i.e., the same parameters, for every arc. In practice, this is an
assumption that cannot be sustained over wide-areas of complex environments. On
the other hand, van Leijen [193] proposes to adjust and test the network on the
integer ambiguity values, and estimate the physical parameters afterwards. However,
as the integer ambiguities are also unknown parameters, and follow from the
parameter estimation, this approach should be avoided. Adjusting and testing the
network on the integer ambiguities cannot be treated as an independent and stand
alone process.

Here we propose to use unique functional models for all arcs, and adjust the
network on the shared parameters among arcs, e.g., the cross-range distance and
thermal expansion factors. Consequently, we can estimate the phase that is reduced
for the static components, i.e., the cross-range phase and thermal displacement
phase, which we call the displacement phase (or reduced phase). This phase is
estimated per epoch for each arc, see also Sec. 3.5 of this thesis, and we can thus
adjust per epoch.

This chapter is organized as follows. First, we discuss the mathematical framework
of the network adjustment in Sec. 5.2.1. From this, we can then deduce what an
optimal InSAR network looks like and show that it ideally consists of three steps, see
Sec. 5.2.2. These steps are discussed in detail in Secs. 5.3, 5.4, and 5.5. Then, we
apply the proposed method to a test case in Amsterdam, with the results presented
in Sec. 5.7. Finally, the conclusions are discussed in Sec. 5.9.
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5.2. OVERVIEW AND PRINCIPLES FOR THE NETWORK

In this section, we first outline the mathematical concepts of a network and the
procedure to estimate the parameters. In Sec. 5.2.2, we discuss how the network
affects the estimated parameters and how it should be tuned to optimize the InSAR
parameter estimation. Note that the remainder of this chapter builds upon the
conclusions drawn in Chapter 4, where we discuss what conditions can be applied
in the network adjustment, on what variates the network should be adjusted, and
whether the design of the network affects the estimation of unknown parameters.

5.2.1. ESTIMATION, QUALITY, AND TESTING

A geodetic InSAR network consists of point scatterers (PS) or distributed scatterers
(DS) connected by arcs, acting as vertices and edges in graph theory [85]. Since
InSAR is a relative technique, only relative parameters, such as displacement,
cross-range distance, and the thermal expansion factor, can be estimated from
the Double-Differenced (DD) wrapped phase observations along individual arcs,
preferably between points that are not too far apart. However, to enhance
interpretability and enable standard map visualizations, these relative parameters
are typically expressed per point, with long arcs relative to one common datum, or
reference point. This transformation from individual short arcs to datum-connected
parameters is achieved by adjusting a network that consists of arc parameters.

We can distinguish three main steps, also illustrated in the flowchart in Fig. 5.1.
In Step 1: Network design, the configuration of the network is defined by selecting
which points should be connected. Step 2: Arc parameter estimation focuses on
estimating the relative parameters of the arcs in the network. This includes both the
unknown parameters (e.g., the cross-range distance hy;, thermal expansion factor
n, and displacement parameters dgispl; See also Sec. 3.3) and the integer phase
ambiguities a, we term this implicit phase unwrapping, see Chapter 4 for a detailed
description. Various stochastic and functional models and estimation methods exist
for this arc parameter estimation, see e.g. [60, 193, 200]. Here, the arc parameters
are estimated using the models described in Chapters 2 and 3. Importantly, this
step yields not only the parameter estimates, but also their associated uncertainties,
represented by variance-covariance matrices. Subsequently, in Step 3: Network
adjustment, the estimated arc parameters and their variance-covariance matrices
serve as the arc variates, i.e., the ‘observations. In this final step, the network
is adjusted to estimate the relative parameters for the points relative to a chosen
datum. Mathematically this is formulated as follows

E{y}=Ax ; Diy}=Q,, (5.1)

where y is the vector of relative parameters for m arcs, x the vector of unknowns
for n points and A the design matrix describing the relation between arcs and
points. E{-} and D{-} denote the expectation and dispersion operators, respectively.
The vector of arc parameters y is a stochastic variable, assumed to follow a normal

distribution.?  Its precision is characterized by the stochastic model Qy, which

2More exactly, the wrapped phase observation cannot have a normal distribution due to its limited
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(1): Network design )+ Quality criteria Q¢ /
)« Adjustment parameters |,

/ * Redundancy /
h * Nrpoints i

A —
l Compute quality of all ;
l Detect n points H Define partitions H n(n-1) arcs —% Design the network Arcs to evaluate
2

;
s
,/ Detection criteria ,
/

(2): Arc S .
estimation

Parameters for the arcs:
£ hyr,, 9] j
&Qz

y: Complex DD values

(3): Network adjustment (same for each of the three steps) ’ 7

Parameters for the points:
2 by, 1, 915
Qe

Parameters for the points:
2: hyr, 1, @i
Qy

Arc observables:
Vi by, 9
Q

Network adjustment:
Estimate point parameters
relative to common datum

Output ‘estimates’ of the arc estimation step (% and Qz) serve as
input ‘obervations’ in the network adjustment (y and Q)

Figure 5.1.: A general overview of the network design and adjustment procedure. The initial
network design is application-dependent, as the criteria for selecting arcs and points, as well
as the required precision for point estimates, differ between applications. Once the network
is constructed, the arc parameters are estimated in the arc estimation step, which are then
used in the network adjustment. In this step, the estimated arc parameters form the y
vector, and the relative point parameters are estimated. Afterwards we apply testing on the
estimated parameters. Note that the network adjustment step applies to all three steps as
will be discussed later in Secs. 5.3, 5.4, and 5.5.

69
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contains the variances and covariances of the relative parameters derived in the
preceding arc estimation step. The unknown parameters for the points, x, can be
estimated using direct inversion or Best Linear Unbiased Estimation [180], i.e.,

o [AaYy, for m = n, and
xX= T -1 . (5.2)
Q:A™Q, y for m > n, with
A0, (A™HT, form=n, and
Q= _IQy ) (5.3)
N for m > n, with
N=ATQS A 6.4

where N is the normal matrix. If there are more arcs than points, i.e.,, m > n, the
network needs to be adjusted [180].

It follows that the network configuration, defined by matrix A, has a direct
influence on the estimation of the point parameters. Thus, modifying A by
considering different arcs directly affects which points are included in the network
and how well their relative parameters can be estimated. Furthermore, the quality
of the estimated parameters, Q3 depends solely on the design matrix A, and the
stochastic model Q), which together form the normal matrix N, and is independent
on the actual arc parameters y. As a result, the quality of the estimated parameters
for the points can be assessed a priori, i.e., before any arc estimation or network
adjustment is performed. Moreover, the condition number of the matrix N will
give insight in how well the point parameters for the points in the network can be
estimated [195]. In other words, once the functional and stochastic models for the
network have been defined, the expected precision with which the point parameters
can be estimated is already known. In Sec. 5.2.2 we will elaborate on how this prior
quality assessment can be used to guide the design of the network.

While Eq. (5.3) provides insight into the expected estimation precision, it does
not guarantee the correctness of the estimated point parameters. A network
adjustment alone is therefore insufficient, as it relies heavily on the correctness
of both the functional and stochastic models. In addition, the estimation of the
relative arc parameters themselves (step 2 in Fig. 5.1) is prone to errors, as these
parameters—including the integer phase ambiguities—are estimated from wrapped
relative DD phase observations. This requires an appropriate functional and
stochastic model for each arc. Different parameterizations may not only affect the
estimated physical parameters (such as the relative cross-range distance), but may
also lead to a different adjusted absolute phase time series. Consequently, this
would propagate through the network, resulting in biased estimates for the point
parameters.

To ensure reliably estimated parameters for the points, statistical testing is required.
As there may be several potential model errors (e.g., the estimated parameters for
the arcs might be incorrect due to errors in the ambiguity resolution) we apply a
three-step testing procedure: detection, identification, and adaptation (DIA) [181]. In

domain. Instead, it has a Von Mises probability density function [198], which is similar to a normal
distribution for high-quality observations [121].
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the detection step the overall model test (OMT) is applied to test the validity of
the assumed models for the network adjustment. The corresponding test statistic is
defined as

=é'Q,'e, (5.5)

where é are the residues, defined as é=y—y, with j the adjusted arc parameters
computed as y = AX. The model is rejected when T,_, > )((zxm_n(m— n,0), where a is
the level of significance.

If the model is rejected, the next step is to identify the most likely error. Since the
parameters may be incorrectly estimated for one or more arcs, data snooping can
be used to test which arc has the incorrectly estimated parameter. The alternative
hypothesis is defined as

Hy, =E{y}=Ax+¢V fori=1,...,m, (5.6)

with
¢;=10,...,0,1,0,...,0] 7, (5.7)

with the i at index i. The term c¢;V models the presence of an erroneous arc
parameter in the ith arc. The corresponding test statistic becomes
c/Q,'e

w, = J (5.8)

it 4
v el Q51 QsQy ¢

also known as the w-test, where Q; is the variance-covariance matrix of the residues
which is computed with Q¢ = Q, - Qy. If the arc parameters are uncorrelated, i.e.,
Qy is diagonal, the w-test simplifies to

w. == (5.9)

When we apply the w-test m times, by changing the c-vector, the test statistic
w,; with the largest absolute value corresponds to the arc most likely to have an
erroneous estimated parameter. After identifying the erroneous arc, the model
in Eq. (5.1) can be adapted in different ways. One option is to exclude the arc
with the highest w-test statistic from the network and again estimate the unknown
parameters for the points. Alternatively, when performing the adjustment epoch-wise
on the displacement phase time series—that is, on the reduced phase observation,
which corresponds to the observed phase after removing the static components (the
cross-range phase, thermal displacement phase, and estimated ambiguities; see also
Eq. (3.22) on p. 45)—an integer ambiguity may have been incorrectly estimated at
a specific epoch ¢ for arc i. In such cases, that phase observation can be adapted
(i.e., an integer ambiguity can be added or removed), and the adjustment repeated
using the adapted phase. The OMT is then reapplied, and if the test is passed, the
corrected displacement phase is retained.
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5.2.2. A CONFIDENCE-OPTIMIZED ROBUST GEODETIC NETWORK

From Egs. (5.2) and (5.3) and the evaluation in Chapter 4 it has become evident
that the network configuration does not only affect which points are included but
also the numerical value and precision of their estimated parameters. This depends
on both the selected arcs, encoded in the design matrix A, and associated quality
of the arc parameters, captured in Qy. In the generic case, even for the same set
of points, alternative network configurations yield different estimated parameters
with different precision, when the stochastic and functional models used in the arc
parameter estimation are not in the same linear subspace, see Chapter 4. Therefore,
some networks are closer to optimal than others, and the challenge is to find the
"most optimal" network. This requires optimality criteria [120].

In other geodetic techniques, such as leveling and triangulation, network design
is typically performed before data acquisition, using such optimality criteria [156].
Often, two key optimality criteria are used: precision (how well the parameters of
interest can be estimated) and reliability (whether outliers in the observations can
be detected and eliminated) [25, 74, 112, 165]. These same criteria should ideally
also be applied when designing an InSAR network.

In practice, however, InSAR network design is rarely treated as an actual
design problem. It is typically imposed as a fixed input, based on geometric
heuristics [37, 102, 144, 193]. A commonly used configuration is the Delaunay
triangulation, which connects points to maximize the minimum angle within each
triangle. This optimization criterion—purely based on the geometric position of
the points rather than their information content—is entirely unrelated to the InSAR
estimation problem, where the relative position of points is near-irrelevant. As such,
Delaunay-based networks are not likely to yield optimal estimation results.

This raises a fundamental question: what defines an optimal InSAR network, i.e.,
what outcomes should we consider optimal? If we can answer that question, we can
formulate criteria and evaluate whether a given network satisfies them.

AN APPLICATION-DEPENDENT NETWORK

The question on optimality is inherently application-dependent. Each InSAR
application comes with distinct objectives and requirements, which can be met by
adapting the network accordingly. Below, we highlight a few key aspects:

¢ Number, density, and type of points
The selection of points (PS or DS) depends on the characteristics of the
study area and the intended application. While complex regional deformation
monitoring may require tens of thousands of points, monitoring a single
structure, such as a building or a bridge, may only demand a handful of
high-quality points. These choices determine the dimension and content of
the unknown vector x.

¢ Parameters of interest
The choice of physical parameters to be estimated (e.g., displacements,
thermal effects, or atmospheric phase screens) influences both the relative
arc parameters as well as the parameters estimated per point after network
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connection, as it determines the appropriate functional model for arc
parameter estimation. For instance, the physical mechanism driving the
displacements defines which displacement parameterization should ideally be
used. As a result, different arcs may require different functional models,
leading to a varying parameter space across the network. This complicates
the network adjustment, as it prevents a straightforward adjustment on the
unknown parameters.

* Required quality
The required quality of the estimated parameters, Qz, is perhaps the most
application-dependent factor, as it depends on the intended application and
how the data will be used. This requirement should be determined by the end
user. For example, a municipality using the InSAR product to monitor critical
infrastructure may require a much higher quality than a user interested only
in general deformation trends.

As the examples above demonstrate, network design must be tailored to the specific
goals and requirements of each InSAR application. Ultimately, one must know
(i) which parameters to estimate, (ii) for which points, and (iii) what level of
precision is required for these parameters. Therefore, every InSAR study requires
an application-dependent network.

CRITERIA FOR THE CONFIDENCE-OPTIMIZED ROBUST GEODETIC (CORG) NETWORK

Since an optimal InSAR network is inherently application-dependent, clear design
criteria must be defined. Given the parameters of interest, such as displacement,
cross-range distance, and thermal expansion, we define an optimal network as one
in which these parameters can be estimated with a predefined level of precision. We
refer to such a network as a Confidence-Optimized Robust Geodetic (CORG) network
for InSAR, emphasizing that its geometry and connectivity are explicitly designed
such that the network meets application-specific accuracy requirements. In addition,
the network is considered robust because its performance is not only optimized, but
also evaluated through statistical testing. To achieve this, the required precision with
which the relative point parameters need to be estimated must be specified for each
application. With this in mind, the CORG network can be constructed or adapted
accordingly. The design of the CORG network should be guided by the following four
criteria:

1. Optimization of the normal matrix N (primary criterion)
Optimizing the network involves improving the properties of the normal matrix
N (see Eq. (5.4)), which directly determines the precision of the estimated
parameters Qj, thereby increasing confidence in the estimated parameters.
This can be achieved by modifying the topology of the CORG network (i.e.,
selecting which and how many arcs are included, as defined by A) and
by prioritizing arcs based on their quality, defined by Q,. The main idea
of the CORG network is to construct it incrementally: starting from the
highest-quality arcs, and adding arcs in order of descending quality, until all
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desired points are included and the parameters can be estimated with the
required precision (i.e., until Q;z meets the application-dependent threshold).
Since N is independent of the arc parameters y, the only requirement for this
approach is prior knowledge of the quality of all potential arcs within the area
of interest (Aol). This quality-driven approach optimizes the likelihood of a
higher quality of the final estimates.

The remaining criteria serve as additional constraints to ensure the robustness
and usability of the resulting CORG network.’

2. Redundancy through minimum degree of connectivity
To enable testing to validate the estimates, each point in the CORG network
must be connected to at least two other points. In network theory terms, this
means that the degree of every node (point) should be at least two.

3. A connected (contiguous) network
For the estimated parameters to be meaningfully compared across the entire
network, the CORG network must be fully connected. A single connected,
or contiguous, network ensures that all points connect to the same datum,
avoiding isolated clusters which cannot be referenced to one another.

4. Distance constraints
Depending on the size of the Aol it may be necessary to assign different
weights to arcs based on their length. In some cases, shorter arcs may be
preferred due to their higher quality and lower susceptibility to atmospheric
effects, whereas in other cases, including longer arcs may provide essential
spatial coverage or connections.

THREE STEP APPROACH

While the above design criteria are instrumental to the CORG network, strictly
applying them may lead to two practical problems. First, the selection process tends
to favor a small subset of very high-quality points, as the best arcs often connect
the same few points, resulting in disconnected points in the Aol. Second, when
aiming to include a large number of points the resulting CORG network can become
excessively large and adjusting it becomes computationally demanding. Therefore,
we propose a multi-step approach for the CORG network consisting of the following
three steps, as schematically shown in Fig. 5.2:

1. The control network
First, a control network? is constructed using the highest-quality arcs within

3Here, robustness refers to the ability to statistically validate the estimated parameters and detect
potential inconsistencies through redundancy in the network. Usability refers to the ability to
interpret and compare all estimated parameters within a common reference frame across the area
of interest.

4Dutch: grondslag, or grondslagnetwerk. The purpose of the control network is to establish a network
of reference points, i.e., a reference frame which can then be considered as 'fixed’ (deterministic) for
the purpose of the survey goals. It forms the basis of the subsequent detail survey (detailmeting) in
the local network that links secondary points to the control network.
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Figure 5.2.: The three steps within the spatial estimation of point parameters. The control
networks consists of high quality arcs and points and is constructed under strict quality
criteria. Once the control network is adjusted, secondary points can be connected to the
control points, via de best arcs available, resulting in a local network. When larger areas are
processed, it might be needed that multiple local networks are connected. This requires
another adjustment as both local networks have different reference points.

the Aol. In Sec. 5.3.2 we will elaborate on how this arc quality can be derived,
were arcs are iteratively added until the parameters for the control points can
be estimated with the predefined precision. The control network is relatively
small, typically comprising 8 to 15 control points, and it covers a limited area
of interest where atmospheric phase delays are negligible. The control network
is highly redundant; there are significantly more arcs than control points to
ensure high-quality estimated parameters. This is discussed in Sec. 5.3.

2. The local network: adding secondary points
After establishing the control network, the parameters for the control points
can be fixed and treated as deterministic. They will serve as a basis for the
nearby secondary points. These secondary points will be connected again
using the highest-quality arcs available. The control points and secondary
points together form a local network. This is discussed further in Sec. 5.4.

3. Connecting local networks
For larger areas of interest, multiple local networks can be connected, each
including their own secondary points and reference points. A connection of
these networks can be done through connection points that occur in multiple
local networks. This is discussed in Sec. 5.5.

The implementation of these steps for the CORG network varies depending on
the application. In some cases, when only a few high-quality points are required, a
single control network is sufficient. In other cases, one local network is sufficient,
whereas processing larger areas requires the connection of multiple local networks
via connection points. In the following three sections, we will discuss the design
and adjustment of these three networks in more detail. Note that, from this point
onward we only consider small areas where atmospheric effects are negligible.
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5.3. THE CONTROL NETWORK

The design and adjustment of the control network follows three main steps. First,
the control network’s criteria must be defined, see Sec. 5.3.1. Next, the prior quality
of all possible arcs must be assessed, which is discussed in Sec. 5.3.2 and finally, the
network is constructed and adjusted accordingly, see Secs. 5.3.3 and 5.3.4.

5.3.1. CRITERIA FOR THE CONTROL NETWORK

For the design of the control network, we follow the principles outlined in Sec. 5.2.2,
supplemented by specific design criteria. At a minimum, this includes:

1. The spatial extent of the control network. This refers to the maximum
arc length allowed, under the assumption that atmospheric phase delays are
negligible. This criterion determines how large the control network might be
and which points may be included.

2. The required precision of the parameters of interest for the control points,
providing target values for the main diagonal elements of the covariance matrix

Qs
3. The number of control points that need to be included.

4. Optionally, redundancy criteria can be defined, such as the desired number of
arcs relative to the number of points, to further enhance the reliability and
precision of the network.

5.3.2. DEFINING ARC QUALITY

The criteria above result in target values for the covariance matrix Q3 for a required
number of points within the Aol, which allows to design the control network using
the criteria highlighted in Sec. 5.2.2. However, it requires knowledge of the quality
of each potential arc within the area to be able to rank the arcs. In Chapter 2, we
introduced a method for estimating the quality of the double differenced (DD) phase
observations per epoch per arc, based on amplitude time series. This enables us to
compute the prior quality of all potential arcs before performing any arc parameter
estimation or network adjustment.

For n detected points, the quality of !/2n(n—1) possible arcs can be evaluated per
epoch, resulting in /2Dn(n—1) quality estimates for a time series of length D. To
allow meaningful comparison between arcs despite temporal variability, we assign
each arc a single representative value: the maximum standard deviation (o) of the
DD phase observed over the entire time series. This ensures that the arc maintains
an acceptable quality level throughout the entire observation period.’

Note that the stochastic model developed in Chapter 2 does not account for
atmospheric effects. To compensate, we introduce a distance-dependent term by

5Although alternative methods, such as using the mean or median quality, could be used, we have
found that relying on the worst-case value is more robust. Arcs that are generally reliable but
degrade over a short period can still cause unwrapping errors, which negatively affect the network
adjustment when performed per epoch.
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adding an additional standard deviation of 1.2 radians per kilometer arc length [133].
This value can be adjusted, where increasing it favors shorter arcs, while decreasing
it reduces the influence of distance.

5.3.3. DESIGN THE CONTROL NETWORK

With the ordered list of arcs established, the control network can be designed.
Starting with the highest-quality arc in the Aol, arcs are iteratively added under the
condition that each new arc connects to the current network, ensuring a single
connected graph. Arcs are added until the defined criteria are met.

Once the network is constructed, the relative arc parameters can be estimated
from the DD phase observations, defined as the arc estimation step. However,
since the functional model that we use in the arc estimation step might be highly
non-linear, sometimes no feasible solution can be found for an arc. Moreover, the
prior arc quality estimate (based on the amplitude time series) may not correspond
to the actual quality of the DD phase timeseries. In both cases, the arc must be
removed from the network, and it must be verified whether the remaining network
still meets the defined criteria. If not, additional arcs must be selected and added.
The full procedure is illustrated in Fig. 5.3.

5.3.4. ADJUST THE CONTROL NETWORK

The selected arcs form a network from which a system of observation equations can
be constructed. However, to obtain a solution, a datum must be defined—typically
by selecting a reference point where all parameters are set to zero. As a result, the
estimated parameters for all other points are expressed relative to this reference
point. It is important to note that this constraint is not unique; infinitely many valid
constraints exist, each yielding a different solution. Consequently, with m arcs in
the network, the observation vector y, consisting of the relative arc parameters® is
defined as: a

V=812 8550 0p40 B3 Gy ), (5.10)

where a;; denotes an arc parameter, defined as the value at point j relative to the
value at point i. If the network contains n control points, denoted by p¢ and
applying the constraint that p® serves as a datum, ie., p{=0, the mathematical

6we propose to adjust the network based on the parameters estimated from the DD phase
observations, i.e., hxr and 7. Since different arcs may have different displacement parameterizations,
Le, different displacement parameter vectors §gjsp), the network cannot be adjusted directly on the
displacement parameters. Therefore, in addition to adjusting the network on hyx and 7, we propose
to adjust the network epoch-wise on the reduced phase observation, (p;.j (see also Eq. (3.22) on
p. 45). This reduced phase in fact corresponds to the displacement phase time series plus noise.
We will elaborate on this in Sec. 5.6.
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model is defined as:

ap,| 1 0 0 0] ¢
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where aiyq represents the quality of the estimated arc parameter, which follows from

the arc parameter estimation, and the off-diagonal values represent the covariances
between different arcs. In Sec. 5.6 we will elaborate on the variances and covariances
for the arc parameters. The reference point is chosen to be the point with the most
arcs connected to it. After the adjustment, the solution needs to be tested according
to the procedure described in Sec. 5.2.1.

Once the parameters for the control points have been estimated and tested, and
they satisfy the quality criteria, these estimated parameters can be kept fixed. They
then serve as the datum (or reference) for the local network.

5.4. THE LOCAL NETWORK

The local network is established by connecting so-called secondary points, denoted
as p®, to the control network, which acts as the reference datum. With nP points
in the control network, there are n°P potential arcs for connecting each secondary
point. Based on the required quality criteria and the desired number of connections,
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specific arcs are selected, and the mathematical model is defined as
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where secondary point p® is added with m arcs to the control network. The y vector
consists of two components: the sum of the estimated relative arc parameters (a
stochastic quantity, hence the underline), and the estimated values of the control
points, which are treated as deterministic since they serve as the fixed datum.
As with the control network, we follow the same steps as presented in Fig. 5.3.
Once all secondary points are connected to the control network, the combined set
of points forms a local network. This way of connecting secondary points has
two key advantages. First, it is computationally efficient, as each secondary point
can be added independently of the others. Second, each secondary point remains
relatively ‘close’ to the chosen datum, limiting the propagation of errors throughout
the network.

5.5. CONNECTION OF LOCAL NETWORKS

Generating InSAR products over larger areas may require multiple local networks,
each with its own datum, i.e., reference point. Since parameters are estimated
relative to the specific datum, parameters from different networks are not directly
comparable. However, the networks can be connected through connection points,
i.e., identical scatterers included in both networks. To do so, one network is defined
as the base network, which will serve as the datum to the other network defined as
the free network. A datum transformation is applied on the parameters in the free
network. Three sets of points can be distinguished: (1) points exclusively in the free
network, (2) connection points in both the base and free networks, and (3) points
exclusively in the base network, see also Fig. 5.4.

Within the free network, point parameters relative to its datum are denoted as u.

For example, u; = [flxr,ﬁ,<i)’i j]T is the vector of estimated parameters for point 1.7

“In Sec. 5.6 we will elaborate on the parameters used in the adjustment.
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Figure 5.4.: Connection of two local networks (in green and red) via connection points
(shown by the purple dots). The points p = [pf ,pg 1T belong to the free network, and
the points g = [qu ,qg 17 belong to the base network. There are ny points shared by both
networks, with parameters estimated relative to both reference points in the two networks.
Connecting the two networks relies on these connection points, with the goal of relating all
p points to the local datum in the base network.
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The two sets of points in the free network are defined as vectors p; and p», with

T
p1= [uly---)unl] »

T
p2= [un1+1y---; un1+n2] ’

where p; contains the n; points that are only part of the free network, and p; the
ny connection points. The total number of points in the free network is n; + ny.
Similarly, the two sets of points in the base network are defined as vectors g; and
g2, with

T
qz2 = [Vly-uyvng] »

T
q3 = [VVL2+1)-'-) Vng+n3] »

where the relative parameters are denoted by v. Here, vector g» contains the np
connection points, and g3 the ns points exclusively in the base network. The
parameters u and v are the estimation results of the network adjustments of the
control network and local network, see Secs. 5.3 and 5.4.

To connect the free network to the base network, the parameters of the points in
the free network are transformed by applying a constant offset parameter z to all
points, i.e., z=[Ahx,An,AQ j]T. This offset parameter needs to be estimated for
each adjusted variable. Since points in p; and g3 are not involved in the connection,
the observation model simplifies to

[ En1+1 ] ’1 1
U1
Ef{ BZ } = E{ ﬂn1+n2 }= 1 1 (1) . (5.15)
—2 El Vﬂz
—— .
¥ z
Vy, 1 0 x
— —_—
y A
p Q 0
D{|>2 }=[ P2 ] (5.16)
[ﬂzl 0 Qg
—_—
¥ Qpq

where we have no reason to consider any correlation between the estimated
parameters of the free and base networks, i.e., the off-diagonal elements in Qp, are
zero.

While Egs. (5.15) and (5.16) describe an unconstrained model, it is impractical if
the estimated point parameters of the base network would change every time a
free network is connected to it. Therefore, we constrain the model such that the
parameters in the base network cannot change, i.e., we treat them as deterministic
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MATRICES
quantities, resulting in
£n1+1 ! ]'
E . =1 z 5.17
{ : p=|: (5.17)
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[y —— ~——
y A
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En1+n2 - Un2

Y

where Qp2 is the variance-covariance matrix of the estimated parameters for the
connection points in the free network. Therefore, the quality of the estimated offset
parameter 2 depends only on these points. Note that after the estimation of z
we also need to apply statistical testing as described in Sec. 5.2.1. After testing,
detecting, and excluding potential erroneous points, we can apply the estimated
offset to all points in the free network using the following forward model:

q,=p, ~% (5.19)

Note that we have to do this independently for each parameter, e.g., the cross-range
distance, thermal expansion factor, and reduced phase observation per epoch, see
for the latter also Eq. (3.22) at p. 45. As a result, all points have parameters relative
to the base network’s reference point. The procedure can be repeated independently
for multiple free networks.

5.6. ADJUSTMENT PARAMETERS AND CORRESPONDING

VARIANCE-COVARIANCE MATRICES

As elaborated in Chapter 4, the network is adjusted in the parameter space, using
the results from the arc parameter estimation. In the most general—and therefore
most realistic—case, each arc is characterized by its own stochastic model, and the
functional model may also differ across arcs. As a consequence, the estimated
parameters X do not necessarily "close" within a triangle of the network, while they
should close based on trivial logic. For example, a loop between points on the
estimated cross-track distances per arc should ‘close, i.e., sum up to zero. This
contextual information results in a constraint that can be used to improve (adjust)
the final estimates.

Obviously, network adjustment is only possible for the shared estimated parameters,
i.e., those parameters that are estimated consistently across all arcs, such as the
relative cross-range distance hy,, the thermal expansion factor 7, as well as the
integer phase ambiguities. Displacement parameters, by contrast, cannot be adjusted
directly, as their parameterization may vary from arc to arc.
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We use the estimated static and shared parameters in the forward model per arc to
compute their contributions to the observed phase, and subtract them subsequently
from this observed (wrapped) phase, see Eq. (3.22) at p. 45. This yields the reduced
phase observation, denoted (,?);. L which is an absolute phase value, with contributions
from (i) the non-static phase components (such as the non-thermal displacement
phase per epoch) and (ii) the original measurement noise. =~ We subsequently use
these reduced phase observations per arc in the adjustment of the network per
epoch. For a time series of length D, this implies that a total of D +2 independent
network adjustments are possible, where the +2 addition represent the adjustment
for the cross-range distance hy and thermal expansion factor 7. This is also
illustrated by the right side of Fig. 5.5.

At this stage, we start—in parallel—the independent network adjustments per
parameter. For the static parameters (hy, and 7)), this comprises two separate
independent adjustments. For the non-static phase component per epoch (i.e., the
sum of the non-thermal displacement phase and the original measurement noise),
these are independent network adjustments per epoch.

If one of these independent adjustments results in the rejection of (parts of) the
network, this may lead to different follow-up actions. Currently, the rejection of the
adjustment in one parameter group is not considered to result in actions for other
parameter groups, but other decisions can be taken in particular application-specific
circumstances.

After estimating these arc-based parameters including their associated variance-
covariance matrices (VCM) Qj per arc, see also the left side of Fig. 5.5, these are
considered as the new ‘observables’ ' and their VCM Q,s in the network adjustment,
respectively. As sketched in Fig. 5.5, this implies that also the covariances between
the arcs need to be considered, indicated with the light-gray matrices. Considering
the elements of the new observation vector per arc, there are different considerations.
For the static components &y, as well as 7, there is no correlation between different
arcs, as the estimation of the parameters was done using unique models for the arcs,
even if they are sharing a common point. Likewise, they are not cross-correlated.
Yet, the non-static component, i.e., the reduced phase observation, may exhibit a
non-zero covariance term. This is due to the fact that this term is the sum of the
non-thermal displacement and the original observation noise. While the non-thermal
displacement term is not correlated between arcs, the original observation noise is
point-dependent instead of arc-dependent, and is therefore correlated between arcs.
In the remainder of this chapter, we adopt the variance-covariance matrix of the
observed DD phase per arc, while assuming no correlation between different arcs.

5.7. RESULTS AND IMPACT

We demonstrate the proposed method for the Confidence-Optimized Robust Geodetic
(CORG) network using a Sentinel-1 dataset over Amsterdam, the Netherlands. As
the CORG network design is application-dependent, it is impractical to present all
potential configurations. Instead, we illustrate the approach outlined in Secs. 5.3,
5.4, and 5.5 through a case study in the city center of Amsterdam. In this example,
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Figure 5.5.: Sketch of the transition between the estimated parameters per arc (left), which
are subsequently used as vector of observables for the network adjustment (right). The
parameters per arc are estimated independently, with their respective variance covariance
matrices. When combined in vector, this implies that potential covariances between the
observables, indicated with the light-gray matrices, meed to be considered.
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the area of interest spans 2 x 2 km, an area that is too large for a single local network
due to arc length limitations.

5.7.1. THE CONTROL NETWORK

To design the CORG control network, we define the maximum spatial extent by a
circular area with a radius of 700 meter. Within this area we detected about 2000
points, as shown in Fig. 5.6a. Although the size of this area is somewhat arbitrary,
it must be small enough to neglect atmospheric effects, as no atmospheric phase
estimation is applied yet. Next, we evaluate the temporal quality of the ~ 2 million
potential arcs using the stochastic model described in Chapter 2.2 In addition to this
arc quality, which is based on the amplitude time series of the points, we include
a distance-dependent term: an additional standard deviation of 0.1 radians per
kilometer of arc length, to account for atmospheric effects [133]. Consequently, all
arcs are ranked from highest to lowest quality, and the control network is designed
by iteratively adding arcs while making sure we fulfill the requirements discussed in
Sec. 5.2.2. See also the flowchart as presented in Fig. 5.3.

In this specific case study the criteria were chosen as: (i) at least ten points
are included; (ii) the relative cross-range precision is better than 0.7 meters; and
(iii) the reduced phase observation per epoch is estimated with a precision of
at least 0.4 radians. The reduced phase observation contains contributions from
non-static phase components (e.g., the non-thermal displacements) and noise. These
requirements are application-dependent and ideally defined in consultation with the
end user, as the required quality depends on the intended application. In our case,
the criteria are met after 20 iterations, i.e., 20 arcs are part of the network, resulting
in control network shown in Fig. 5.6b), where the color of the arcs indicates the
iteration in which it is added to the network.’ The reference point, shown in red, is
chosen as the point with the highest degree, i.e., the most connections.

In every iteration, an arc is added and a new network adjustment is performed.
Therefore, the estimated point parameters change for each iteration, i.e.,, when an
arc is added. Fig. 5.7 and 5.8 illustrate the estimated parameters, and their quality,
for control points 5 and 6, respectively, per iteration. As shown in Fig. 5.7, point
5 becomes part of the control network in iteration 7. The parameters estimated
at each iteration are the relative cross-range distance and thermal expansion factor,
shown in Fig. 5.7a, and the reduced phase per epoch shown in Fig. 5.7c. As
each iteration includes a new arc, the network differs between iterations, and the
estimated parameters evolve over time. Moreover, it can be seen that precision for
the estimated parameters steadily improves: the 1-0 uncertainty of the cross-range
distance decreases from 0.37 m to 0.22 m, see Fig. 5.7b.

Figs. 5.7c and d show the reduced phase time series (which can be regarded as
the non-thermal displacement phase plus noise) and the corresponding quality for
the different iterations. The estimated time series from the last iteration is shown
in black, while the colored lines represent results from earlier iterations. Although

8With 2094 points this resulted in 2094é2093 ~2.2-108 arcs
9INote that this resulting network is very different from the conventional Delaunay network.

86



5.7. RESULTS AND IMPACT

a) b)
488.0

a87.4
4878

4876 487.34°

4874
= 5 487.2

RD-y (km)
RD-y (km)

4872

4872
487.0 3

48681 . a87.1

48661 o —
1208 1210 1212

487 foutort

e
1214 1215

4 213
RD-x (km) RD-x (km)

i1 2 3 4 5 & 7 8 9 1 1 12 13 1 15 16 17 18 1 20
Iteration

Figure 5.6.: a) shows the 2000 points detected within the area where the control network
is allowed to grow, defined by a 700-meter buffer around a starting point. b) shows the
resulting control network, constructed by evaluating the quality of 2 million potential arcs
and iteratively adding the highest-quality ones. The arc color indicates the iteration in which
the arc was added. After 20 iterations, the network meets the specified requirements and
includes 10 control points. The reference point is shown in red, and as was chosen as the
point with the most connections.

the reduced phase time series estimates themselves change by less than 0.01 radians
between iterations, their precision improves significantly, from around 0.16 radians
to 0.08 radians. We also observe multiple partitions in the estimated quality, which
arise because the reduced phase time series for each point depends on multiple arcs
in the network, each associated with its own partitioned stochastic model.

COMPARISON WITH THE DELAUNAY NETWORK

We compare the resulting CORG control network to a Delaunay network constructed
from the same set of points, see Fig. 5.9, with arc colors indicating mean arc quality
for the DD phases. The Delaunay network contains 21 arcs with a mean arc quality
of 0.135 radians, while the CORG control network has 19 arcs and a slightly better
mean quality of 0.127 radians. Moreover, the Delaunay network contains fewer
high-quality arcs. We also computed the condition numbers of the Normal matrix
N corresponding to both networks where we find Cond(Npe]) = 13- Cond(Ncogrg),
with Cond(Npe)) and Cond(Ncorg) the condition numbers of the Delaunay and
CORG control network respectively. The condition number of the matrix provides
an indication of the stability of the system. A small condition number implies
that the solution is stable, whereas a large condition number indicates an unstable
solution, meaning that small errors in the measurements can lead to large errors
in the estimated parameters. Therefore, we conclude that Delaunay network is less
optimized for estimating the unknown parameters compared to the CORG control
network.

Subsequently, both networks are used to estimate the relative cross-range distance
and reduced phase time series, with results summarized in Tab. 5.1. The Delaunay
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Figure 5.7.: Estimated parameters for control point 5 across different iterations, where the
point becomes part of the control network from iteration 7 onward. a) shows the estimated
relative cross-range distance (purple) and thermal expansion factor (red). As more arcs are
added to the control network, the parameter estimates evolve. b) shows the corresponding
quality values, 1 o, which decrease as more arcs are added to the network. c¢) and d)
show the estimated non-thermal displacement time series and the corresponding quality
values per-epoch, respectively. The colored lines indicate the estimates at each iteration,
with the final estimate shown in black. While the non-thermal displacement values change
only slightly between iterations, the quality improves substantially: the average uncertainty
decreases from 0.16 radians in the first iteration to between 0.06 and 0.10 radians in the
final one.
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Figure 5.8.: Estimated parameters for control point 6 across different iterations, where the
point becomes part of the control network from iteration 4 onward. See for a description of
the subfigures the caption in Fig. 5.7.
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Figure 5.9.: Comparison between the Delaunay network in a) and the CORG control network
in b), both based on the same set of points. Arc colors indicate the mean arc quality of the
DD phases. The Delaunay network shows overall lower arc quality, with a mean of 0.135
radians compared to 0.127 radians for the control network. The arc configuration also differs
significantly: for example, control point 10 is connected to points 6 and 7 in the control
network, but to five entirely different points: 9, 8, 1, 5, and 4 in the Delaunay network.

network is clearly suboptimal. For example, control point 10, one of the lower-quality
points, is connected to five points in the Delaunay network but to only two in the
control network (see also Fig. 5.9). Tab. 5.1 further shows significant differences in
the estimated parameters for the control points: cross-range estimates differ by up
to 5 meters and the mean time series values by up to 5 mm. While the true solution
is unknown, the quality with which we can estimate the unknown parameters are
better for the CORG control network compared to the Delaunay network. Moreover,
note that we compare the very best points within the Aol, where even larger
differences are expected for lower quality points.

5.7.2. THE LOCAL NETWORK

Once the CORG control network is adjusted and the estimates meet the requirements,
the solutions can be fixed, and they will serve as a datum for the connection of
secondary points. The way secondary points are connected is again application-
dependent. Here, we require each secondary point to be connected via three arcs,
but another option would be to use as many arcs until specific quality criteria are
met. '’

In this case, we focus on the Rokin area, indicated by the green points in Fig. 5.10.
All points are connected to the control network using the highest-quality arcs.'! Two
example points are highlighted, with their estimated parameters and arc parameters
shown in Figs. 5.11 and 5.12. It can be seen that the highest-quality arcs are not

10The number and location of points connected to the control network strongly depend on the
application. If the goal is to monitor a particular object, only points located on that object need to
be connected to the control network. In contrast, if the aim is to study an entire city, all points
within a certain distance from the control network can be included.

Hwith 10 control points, only 10 arcs need to be evaluated.
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Table 5.1.: Comparison of point statistics using the CORG control and Delaunay networks.
Each row corresponds to a different point. For each point, we show the number of
connections and the quality in both networks. We then present the difference in the
estimated relative cross-range distance between the two methods, along with the associated
standard deviation (0). Additionally, we compute the mean reduced phase time series for
both methods (and convert them to meters) and show their difference and corresponding o
values.

Point Point # conn. # conn. Difference o hyr o hyy Difference a @ o @
quality CORG Delau- in hyr CORG del. [m] in ¢/ CORG del. [m]
[rad] network nay [m] [m] [mm] [m]
net-
work.
pg 0.07 3 2 4.92 0.19 2.51 0.55 0.42 0.50
pg 0.10 2 6 -0.28 0.23 0.21 -0.16 0.48 0.52
pZ 0.09 2 4 4.35 0.24 2.50 1.14 0.56 0.51
pg 0.14 5 4 -0.05 0.20 0.28 -0.44 0.31 0.27
pg 0.07 4 3 -0.87 0.21 0.25 -0.81 0.23 0.43
pg 0.08 7 5 -0.37 0.16 0.20 -0.59 0.16 0.26
pg 0.10 2 4 0.59 0.24 0.29 -5.24 0.50 0.25
pS 0.3 3 4 047 024 029 -0.80 060  0.44
pS,  0.13 3 5 150 024 030 -027 058 047
487.44"
487.3 1
S
X
> 487.2 1
[a)
o
YRR | 0 L
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Figure 5.10.: Secondary points (shown in green) are connected to the CORG control network
using the highest-quality arcs, resulting in a CORG local network. Two of these secondary
points, p; and p», are highlighted. It can be seen that they are connected to the control
network through different arcs, and not necessarily to the geographically closest control
points.
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Figure 5.11.: Estimated parameters of secondary point 1 relative to the reference point in
the control network. a) shows the final estimated displacement time series, which is the sum
of the thermal displacements and the reduced phase (that is also shown in b). Note that the
latter is in fact the non-thermal displacement phase plus noise. ¢) shows the corresponding
o values, where it can be observed that the quality varies over time. d) until 1) present the
variables corresponding to the arcs used to connect the point to the control network; these
arcs are also shown spatially in Fig. 5.10. In d), g), and j), the reduced phase time series for
the arc are shown in orange, while the adjusted values are shown in purple. If the OMT
is rejected for a particular epoch, a w-test is applied to identify the erroneous arc, and if
necessary, the reduced phase is adapted by an integer ambiguity. The adapted observations
are shown in green in e), h), and k), with the corresponding adjusted values shown in blue.
The final column (f, i, 1) shows the residuals of the arc parameters. Note that we transformed
the phase time series to meters, and thus, the values are defined in the line-of-sight (LoS) of
the satellite.
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Figure 5.12.: Estimated parameters of secondary point 2 relative to the reference point in the
control network. For an explanation of the subfigures we refer to Fig. 5.11. In d), g), and j), it
can be observed that during the last two years of the time series, the residuals between the
observed arc displacements and the adjusted observations are substantial (i.e., the difference
between the orange and purple dots). This discrepancy is caused by arc 5 (a5), which
exhibits behavior that deviates from the other arcs. As a result, the OMT is rejected and a
w-test is applied, and the ambiguities of arc 5 are adapted for these epochs. Subsequently,
the displacement time series of the point is re-estimated using the corrected observations.
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necessarily the arcs to the points closest by.

In Fig. 5.12, the estimated parameters for secondary point 2 are shown, where a)
shows the total estimated displacement time series, including noise, (in green), which
is the sum of the reduced phase (in purple, in b) and the thermal displacement (in
orange). In c) we show the corresponding o values per epoch. These results clearly
demonstrate the strength and importance of incorporating a time-varying stochastic
model. The o values per epoch are derived from the network adjustment performed
on the reduced phase timeseries, ¢/ I which is in fact the non-thermal displacement
plus noise, where the estimated quality depends directly on the quality of the DD
arc phases, Qy, which is inferred from the amplitude time series of the two points
forming the arc. Notably, the first two years of the time series are characterized by
lower quality values and also show a noisier displacement behavior. This illustrates
that applying a single (time-invariant) stochastic value would misrepresent the
underlying variability and lead to misleading interpretations or unreliable statistical
testing. The strength of the time-varying stochastic model therefore lies not only
in the improved reliability of the estimation process, but also in enabling correct
interpretation and hypothesis testing.

Figs. 5.12d-1 show variables related to the arcs that connect secondary point 2
to the control network. These arcs are also visualized spatially in Fig. 5.10. In
Figs. 5.12d, g, and j the reduced phase time series for the three arcs can be seen
in orange (i.e., y in Eq. (5.13)), while the adjusted observations, y, are shown in
purple. In the last two years of the time series, a discrepancy between the observed
and adjusted values can be observed, see also the residuals shown in Figs. 5.12f, i,
and L. This discrepancy leads to the rejection of the OMT and a w-test, see Eq. (5.8),
is applied to identify the problematic arc, revealing that arc 5 is the source of the
inconsistency. After adapting the reduced phase by 2x for arc 5, the adjustment is
recomputed, where results are shown in green and blue in Figs. 5.12e, h, and k,
respectively. This example illustrates how a quality-optimized network, i.e., a CORG
network, in which each arc observation is weighted according to the stochastic
model introduced in Chapter 2, can aid in identifying and correcting erroneous
arcs, while simultaneously ensuring that the highest-quality arcs are retained for
parameter estimation.

5.7.3. CONNECTION OF TWO LOCAL NETWORKS

When the Aol becomes too large, e.g., covering the entire city of Amsterdam, a
single local CORG network is no longer sufficient, as points could only be connected
to the control network via long arcs. In such cases, multiple local networks can be
connected via connection points, as described in Sec. 5.5.

The base network is defined as all points within an 700-meter radius of the control
network, shown in red in Fig. 5.13. All parameters in this network are estimated
relative to the datum, i.e., the reference point, (black star) and serve as the datum
when the free network (in green) is connected to it. The two networks are connected
through 149 connection points, shown in purple.

For all estimated point parameters, i.e., the relative cross-range distance, thermal
expansion factor, and reduced phase per epoch, we estimate the offset parameter z
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Figure 5.13.: The connection of a free network (shown in green) to a base network (shown
in red) is done via the connection points that are shown in purple. The parameters of the
connection points are estimated both relative to the datum in the free network and to the
datum in the base network. Immediately estimating the parameters of the points in the free
network relative to the control network in the base network would result in too long arcs.
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using the mathematical model defined by Eqgs. (5.17) and (5.18). With 426 epochs
this results in 428 estimated offset parameters z.

We show two examples of z in Figs. 5.14a and b, which show z for the reduced
phase at epoch 9 and the relative cross-range distance, respectively. Each point
on the vertical axis represents the difference between u and v, i.e., the difference
between the estimated parameter relative to the free network datum, and the datum
in de base network. The error bars reflect only the quality of u, as the parameters
relative to the datum in the base network act as the datum, i.e., they are fixed. After
the estimation of z, the OMT is applied, and if rejected, a w-test is performed to
detect and remove potential outliers. In Fig. 5.14 it can be seen that for z¥', Hy was
rejected and several outliers were identified and removed, shown in red.
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Figure 5.14.: For the connection points shown in purple in Fig. 5.13, we compute the
difference between the estimated reduced phase at epoch 9 relative to the local datum in
the base network, and the same parameter estimated relative to the local datum in the free
network, see a). b) shows the differences in relative cross-range distance. The error bars
denote 20 confidence intervals based on the uncertainty in the estimates relative to the
datum of the free network. The green horizontal line indicates the estimated value of the
offset parameter z, i.e., the reduced phase (or cross-range distance) of the datum in the free
network relative to the datum in the base network.

As z? is estimated for all epochs, this results in a offset time series (see
Fig. 5.15a).!? Since the offset parameter z reflects the behavior of the reference
point in the free network relative to that in the base network, we also estimated this
reduced phase directly from the DD phase observations of the arc between the two
reference points (shown in orange in Fig. 5.15a) for validation. We observe only
minor differences between the two time-series, see Fig. 5.15b, with a mean absolute
deviation of 0.3 mm.

We also compared the quality of the estimates (o values) using both methods,
see Fig. 5.15d. It can be seen that the estimates obtained via the adjustment
(based on all connection points) have a significantly higher quality than those
based on the DD phase observations of the arc. The mean standard deviation
for the adjustment-based time series is 0.15 radians, compared to 0.48 radians for

12Note that we interpret the reduced phase as the non-thermal displacement phase, as the static
components (the thermal displacements and cross-range phase) are removed from the observed
phase.
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Figure 5.15.: Estimated offset parameters of the free network relative to the base network. a)
shows z?# for all epochs. Note that this is in fact the reduced phase that we transformed to
meters. We interpret it as the non-thermal displacements since the static phase components
are removed. The purple time series are the estimated values resulting from the adjustment
and all connection points. The time series in orange results from the parameter estimation
from the DD phase values between the two reference points directly. In c¢) we show the
differences between the two timeseries. d) shows the corresponding o values of the estimated
time series, it can be seen that the result based on the adjustment is much more precise
compared to the results obtained from the DD phase observations. The thermal expansion
factor was also estimated, which is shown in b).
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the DD-based series. This difference is expected, as the adjustment incorporates
information from 149 connection points rather than relying on a single arc. The
o values from the adjustment do show a seasonal pattern, likely due to some
leakage between the estimated thermal expansion factor and reduced phase relative
to one of the reference points of the connection points. Finally, we observe that the
independently estimated thermal expansion factor and relative cross-range distance
also show a close match between both methods. The close agreement between the
reduced phase (or non-thermal displacement), thermal expansion factor, and relative
cross-range distance estimated via the direct arc (based on DD observations) and the
adjustment using connection points supports the validity of our proposed method
using the three step approach of the optimized network.

With the estimated offset parameters 2, all points in the free network can now be
expressed relative to the datum in the base network using Eq. (5.19). Since we also
have the associated covariance matrix Q,, uncertainty can be properly accounted for
by applying covariance propagation.

As a result, for all points in both the free and base network, we now obtain
an estimated reduced phase time series, expressed relative to the local datum in
the base network, together with a corresponding time-varying quality value. From
this point on, these o values are referred to as the prior quality values. They
result from the full covariance propagation throughout all processing steps: starting
from the stochastic model used for the DD phase observations per arc, we derive
the corresponding reduced phase uncertainties per arc. By systematically applying
covariance propagation at every subsequent network adjustment step, including the
control network adjustment, the extension of the network with secondary points, and
finally the connection between the free and base networks, we obtain a time-varying
quality of the reduced phase for the points in the network.

Additionally, we also compute posterior quality values, which are obtained by
fitting a second-degree polynomial to each time series and calculating the variance
of the residuals. Note that this approach is actually something we ideally should
not do, but we apply it here to compare and verify whether our sigma values are
meaningful. In Figs. 5.16a and b we show the average posterior and prior o values,
respectively, for all time series relative to the local datum in the free network. We
observe that the prior o values are slightly lower than the posterior values, as also
illustrated in Fig. 5.16e. While the prior values appear somewhat optimistic, there
is a correlation between the two sets of values. Moreover, the posterior sigma
values are estimated by fitting a second-degree polynomial, which means that more
complex displacement behavior is effectively attributed to noise. Note that the values
shown here are mean values, while in reality each epoch has its own o value.

Moreover, it might be expected that, after the transformation of the points in
the free network, the quality of these time series becomes worse since the offset
parameter z has an uncertainty as well, defined by Q. . To assess this, we compared
o values before and after the transformation, shown in Figs. 5.16c and d. We found
that the posterior o values were on average increased by 0.14 radian, whereas the
priori o values are increased by 0.03 radians.
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Figure 5.16.: After the adjustment, reduced phase time series and corresponding o values
are obtained for all points. For each point, we compute the mean prior o value, shown
in b), which results from covariance propagation in the adjustment steps. Additionally, a
polynomial is fitted to each reduced phase time series, and the standard deviation of the
residuals is calculated — this defines the posterior o, shown in a). e) shows the correlation
between both estimates, indicating that the posterior o values are slightly higher. ¢) and d)
show the change in posterior and prior o values, respectively, after transforming the free
network points into the reference frame of the base network.
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5.7.4. CHANGING THE REQUIREMENTS

As discussed, the design of the CORG network is inherently application-dependent
(Sec. 5.2.2). While the results section focused on a single example, different
application requirements may lead to different InSAR products.

In this study, an additional uncertainty of 1.2 radians per kilometer of arc length
was assumed when defining arc quality (Sec. 5.3.2). A lower value would allow
longer arcs and could result in a more uniformly distributed control network. The
criteria imposed on the control network also affect its design: some applications
require many control points, whereas others can tolerate fewer points with higher
precision. Likewise, application-specific knowledge can inform the arc parameter
estimation by helping define the functional model and parameterization of the
unknown parameters.

The necessity of all three network design steps likewise depends on the application.
For monitoring critical infrastructure, we recommend building the control network
near the asset of interest. Scatterers on the infrastructure should then be connected
to this network, which serves as a local datum, via multiple arcs, ensuring
redundancy and improving the reliability of detecting anomalous behavior. On the
other hand, if the objective is to map wider deformation patterns over large areas,
more points, in multiple local networks must be connected.

Ultimately, only the end user can define the quality requirements of the InSAR
product, as these are determined by the intended application and use of the results.

5.8. DISCUSSION

In Sec. 5.6, we discussed the covariance between the estimated reduced phase from
different arcs affect the precision with which we can estimate the reduced phase for
points. In this chapter, we adopt the variance-covariance matrix of the observed DD
phase per arc, while assuming no correlation between different arcs for the VCM
of the reduced phase. However, this assumption might not be entirely correct as
there might be a non-zero covariance term. Therefore, this should be investigated in
further studies. Another option is to perform the arc parameter estimation and the
network adjustment at the same time. This would allow to properly incorporate the
covariance between different arcs as we do know the covariance term between arcs
for the DD phase observations.

The results shown in Fig. 5.16e suggest that the stochastic model as proposed
in Chapter 2 for the phase observations may be too optimistic, as the propagated
quality based on this stochastic model appears to be better than the posterior quality
derived from residuals. Two hypotheses can be considered. As discussed earlier,
unmodeled deformation may still be present in the posterior residuals. A second
hypothesis is that the effect is caused by unmodeled atmospheric delays. To mitigate
this effect, increasing the distance-dependent phase term per kilometer of arc length
(which accounts for unmodeled atmospheric signals) will reduce the predicted arc

quality.
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5.9. CONCLUSIONS

Since the network design directly affects both the quality and the values of the
estimated relative parameters, it forms a crucial step in any InSAR processing. This
implies that, for each application, an optimal network configuration exists. We define
a Confidence-Optimized Robust Geodetic (CORG) network as one that optimizes the
estimation quality for the points of interest. However, such a network can only be
determined once the quality requirements, which are user- and application-specific,
are defined. As a result, each application demands its own tailored network. The
commonly adopted Delaunay triangulation is therefore inherently sub-optimal, as
it does not account for quality requirements and always yields the same static
configuration.

To identify the CORG network, a stochastic model for the double-differenced
phases is required. It enables to (i) prioritize arcs based on their expected quality
prior to the parameter estimation, (ii) estimate physical arc parameters together
with their full variance-covariance matrices, and (iii) rigorously propagate these
uncertainties to the estimated point parameters. This last step is critical: without
reliable uncertainty information, interpretation of the estimated parameters becomes
meaningless. In addition, (iv) the stochastic model allows for proper statistical testing
of the network adjustment. Since the stochastic model used here is time-dependent,
this testing can be performed per epoch, allowing arcs to be individually weighted
or rejected at each time step.

Rather than adjusting the CORG network on explicitly unwrapped phases, it should
be adjusted in the parameter space as this allows each arc to have its own specific
mathematical model to estimate these parameters from the DD phases.

Finally, the three-step strategy by (i) designing a small, high-quality control
network, (ii) connecting secondary points directly to it, and (iii) connecting local
networks through connection points, keeps every point as close as possible to the
reference datum. This limits the propagation of errors and enhances the reliability of
the estimates. Unlike commonly used approaches, where points might be connected
to the reference datum via long chains of arcs, our method ensures a more direct
and robust link to the reference datum. Moreover, this multi-step approach offers the
flexibility to adapt the CORG network design to the needs of specific applications.
Some applications require a network that spans a wide area, and therefore all steps
are needed, while others only require a small network consisting only of high quality
points. This makes the method more flexible than the commonly adopted Delaunay
network.
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INSAR GEOMETRYAND 3D
DISPLACEMENT ESTIMATION

InSAR observations are only sensitive to the projection of the 3-dimensional (3D)
displacement vector onto the satellite’s line-of-sight (LoS) direction. Estimating the full
3D displacement vector from these observations yields an underdetermined inverse
problem because the near-polar orbit geometry of SAR satellites typically results in only
two independent viewing geometries. This chapter revisits the fundamentals of InSAR
geometry, clarifies key concepts such as decomposition and projection, and introduces
the null line and null-line-aligned (NLA) coordinate system. These concepts provide
a rigorous foundation for unbiased displacement estimation and interpretation,
addressing common pitfalls in current practice. Based on this framework, we provide

specific recommendations for for generating and interpreting InSAR displacement
products.

This chapter is published as: W. S. Brouwer and R. E Hanssen. “A treatise on InSAR geometry and
3-D displacement estimation”. In: [EEE Transactions on Geoscience and Remote Sensing 61 (2023),
pp. 1-11. por: 10.1109/TGRS.2023.3322595. https://doi.org/10.1109/TGRS.2023.3322595
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6. INSAR GEOMETRY AND 3D DISPLACEMENT ESTIMATION

6.1. INTRODUCTION

T is well known that InSAR phase observations are only sensitive to the projection
I of the 3D displacement vector onto the radar line-of-sight (LoS) direction, along a
plane orthogonal to the LoS [80]. This projection, dies, in a Cartesian east, north,
up (ENU) coordinate system is described by

dios = PLoSi denu, (6.1)

where P| 1 = [sinfsina,sinfcosagy,cosf] is the orthogonal projector onto the line
of sight, dgny = (de,dp,d,)T is the 3D displacement vector in east, north, and up
direction, respectively, 0 is the incidence angle towards the radar, and a4 is the
azimuth of the zero-Doppler plane at the position of the target, in the direction
towards the satellite, see Fig. 6.1. In the early years of InSAR, one viewing geometry
was used for estimating displacements [122, 123, 211]. However, the possibility to
combine ascending and descending orbits imaging the same area of interest triggered
attempts to estimate the 3D displacement vectors [63, 69, 94, 204]. Evidently, to
estimate the full 3D displacement vector, one would need three independent viewing
geometries, using three different P q1 projectors forming a full rank matrix with a
low condition number [164]. Yet, while the near-polar orbits of contemporary SAR
missions cause an imaging geometry that differs significantly between ascending
and descending orbits, it does not for adjacent tracks [150, 204]. As a result, the
sensitivity is rather unbalanced for the three Cartesian directions [80]. Moreover,

T de dn

—
east

Figure 6.1.: Schematic overview of the projection of the displacement vector dgny onto the
LoS direction of a satellite in a descending orbit. The LoS direction of the satellite can be
described with two angles: the incidence angle 8 and the azimuth of the zero-Doppler plane
ag4. Those angles are described at the position of the target.
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in many practical situations only two LoS observation geometries are available, i.e.,
ascending and descending, resulting in an underdetermined system with an infinite
amount of possible solutions.

The way in which this problem is typically handled in InSAR literature
and operational practice often leads to biased estimation, and requires more
standardization and mathematical and semantic rigor. Concepts such as
decomposition and projection need to be distinguished, substantiated assumptions
that can serve as boundary conditions, need to be explicitly stated. In this study,
we provide a comprehensive overview of the topic, proposing necessary terminology
and estimation techniques for the inverse problem. We discuss the limitations of
the decomposition and propose a standardized approach. In Sec. 6.2 we give an
overarching mathematical framework rooted in linear algebra, building on previous
work by [80, 94, 204] and [69]. In Sec. 6.3 we explicitly state the conditions for
a successful inversion, and in Sec. 6.4 we introduce the concept of the null line,
which can be used to propose a coordinate system that is intrinsically unbiased.
Using these concepts, we evaluate current practice and identify three types of typical
geometric flaws encountered in literature in Sec. 6.5 and provide recommendations
for InSAR product generation and interpretation in Sec. 6.6.

6.2. THEORY

To solve for the full 3D displacement vector, several conditions (all necessary but
individually not sufficient) need to be satisfied. Therefore, we first review the
relevant InSAR geometry and the forward model in Sec. 6.2.1 and 6.2.2, respectively.

6.2.1. THE VIEWING GEOMETRY

The estimated relative displacements resulting from InSAR parameter estimation are
projections of the 3D displacement vector onto the line-of-sight (LoS) direction
defined at the position of the target, see Eq. (6.1). The LoS direction depends on
the viewing geometry towards the satellite. Therefore, the LoS direction is described
using two angles:! the azimuth of the zero-Doppler plane at the Earth’s surface, a4,
and the incidence angle, 6, see Fig. 6.1.

AZIMUTH OF THE ZERO-DOPPLER PLANE

Most SAR satellites operate from retrograde sun-synchronous near-polar orbits.
While the orbital plane of the satellite has a fixed inclination, the satellite has a
time-varying orbital heading @, which is the angle between the velocity vector of
the satellite and the geometrical north. Most contemporary SAR observations are
taken at zero-Doppler [80], which defines the zero-Doppler plane (ZDP): the plane
perpendicular to the heading of the satellite. Thus, the LoS vector lies in the ZDP.
The heading, aj and the orientation of the ZDP—in a satellite-centered coordinate
frame—are different from the direction of the velocity vector and the azimuth of the

IThese angles are not to be confused with the heading angle and look angle of the satellite,
respectively, as we will discuss below.

103
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ZDP a4, in a target-centered coordinate frame on the Earth’s surface, see Fig. 6.2.
This effect is caused by the side-looking geometry of the SAR and the non-parallel
nature (convergence) of the Earth’s meridians. Additionally, the azimuth of the
zero-Doppler plane is range dependent. These effects are relevant when computing
the viewing geometry. Thus, the projector P, q: should be defined usig a4 rather
than using aj,.

north meridian

adg north meridian
far range
east
g

near range
east north

Sketch for a satellite in a descending
orbit in the Northern Hemisphere

‘ satellite east

satellite orbit

Figure 6.2.: Two targets on Earth (black diamonds) observed from a satellite (black dot)
in a descending orbit in the Northern Hemisphere. The velocity vector of the satellite has
azimuth angle aj, with respect to the geographical north. Due to the meridian convergence,
the north direction at the Earth’s surface at near range (nr) differs from the north direction
at far range (fr). Thus, the orientation of the zero-Doppler plane (in green) depends on the
target position in range, i.e., &g ny # @ g fr-

INCIDENCE ANGLE

The incidence angle, 0, refers to the nominal (ellipsoidal) incidence angle, i.e., the
angle between the normal vector on the local ellipsoid, at the position of the target,
and the line of sight towards the satellite in the ZDP. The incidence angle differs
from the satellite look angle 6;, which is the angle between the LoS direction and
the nadir of the satellite sensor, due to the curvature of the Earth, see Fig. 6.3.
Moreover, the nominal incidence angle varies with the range direction resulting in
different incidence angles for different targets (pixels) within the same image [53].%
As both the incidence angle and azimuth of the ZDP are range dependent,
they are correlated. Due to the meridian convergence, the orientation of the
target-centered coordinate system with respect to the satellite-centered coordinate
system differs from near to far range, see Fig. 6.2. Therefore, a, is range dependent,
i.e, agnr#agqn where nr and fr represent near and far range, respectively. The
interdependence between 0 and a4 is visualized in Fig. 6.4 for Sentinel-1 acquisitions

2For example, the incidence angle for the Sentinel-1 Interferometric Wide swath varies between 29°
and 46°.

104



6.2. THEORY

ascending orbit

T descending
orbit_

east

Qd,asc

Figure 6.3.: Schematic overview of the viewing geometry. The heading angles aj, 5. and
ap dsc are the azimuth angles of the velocity vectors of the satellites with respect to the
geometrical north. a, is the azimuth of the zero-Doppler plane, at the position of the target
(red dot), in the direction towards the satellite. The incidence angle is the angle between the
LoS vector and the local zenith and varies from near to far range, i.e., 0 > Onr.
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Figure 6.4.: Viewing geometries towards all visible Sentinel-1 swaths (circular marks), for
different latitudes on the Northern Hemisphere, at an arbitrary longitude 40°E. For ascending
acquisitions (top), the correlation is positive, for descending acquisitions (bottom), it is
negative. For the Southern Hemisphere this is reversed.

105



6. INSAR GEOMETRY AND 3D DISPLACEMENT ESTIMATION

at sea level with a varying latitude and an arbitrary longitude, here 40°E, for all
available ascending (top) and descending (bottom) acquisitions [118].

6.2.2. FORWARD MODEL

The displacement djo,s of a target observed from a satellite is the orthogonal
projection of dgny onto the LoS direction, see Eq. (6.1). We refer to this as a forced
projection, as it is an implicit autonomous operation. As Eq. (6.1) represents the
displacement as a scalar, it requires a directional unit vector to specify its direction,
ie.,

dros uros = diag(Py ,g1) dENu, (6.2)

where upeg is the LoS unit vector, defined as

u; sinfsinay
Uros = |uz| = |sinfcosay|, (6.3)
us cosf

and P; ¢ refers to a projector onfo the LoS, along a plane orthogonal to the LoS
unit vector, see Eq. (6.1). The LoS unit vector has its origin at the target, i.e., motion
towards the satellite yields a decrease in slant range.

Given this forward model, we evaluate the inverse model to estimate the
displacement parameters and discuss the necessary and sufficient conditions for this
estimation.

6.3. CONDITIONS FOR THE INVERSE MODEL

Estimated LoS displacements are one-dimensional and may be difficult to interpret
by end-users, who are mostly interested in the ‘real’ (3D) displacements. This
requires a decomposition of the LoS displacements, i.e., the inverse problem [172].
The functional relation of Eq. (6.1) is therefore extended to a full mathematical
model, including

mq [P
dos Pyost
%) @ d
QLOS PLoSi ¢
E{l T |}= . d, |, and (6.4)
: : d,
(m) m) | e
QLOSJ LPLOSJ‘ X
J A
1) 7 r
Q;ZO;S QLoS,l 0 0
a 0 Qros2  --- 0
pi| =] . T | 6.5)
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where y is the observation vector, containing vectors Q(Llo)s until Q(L’gg, which are

m sets of LoS displacement observations. The underline indicates the stochastic
nature of the vector. Each vector ggs represents an independent viewing geometry
(orbital position), and contains the observations from all scatterers within the same
region of uniform motion (RUM, discussed in Sec. 6.3.2), which we henceforth term
a set. The size of each set can be different since the number of available coherent
scatterers within a RUM can differ. E{} and D{.} are the expectation and dispersion
operator, respectively, and Qs ; is the variance-covariance matrix of an independent
observation set. When gi’gs has size p x 1 there are p scatterers within the RUM for
that particular viewing geometry. Qpos,; is a p x p diagonal matrix with the variances
of the LoS observations on the diagonal. For small RUMs (< 100 m) the off-diagonal
elements are equal to zero, since all observations represent different uncorrelated
physical scatterers acquired at different times and the atmospheric delay can be
considered as constant for all scatterers [80]. For larger RUMs this assumption may
no longer be valid and the off-diagonal terms will depend on the distance between
the scatterers.

The system of observation equations can be solved with at least three sets of LoS
observations, under the condition that they are spatio-temporally coinciding and
independent (STCI, discussed in Sec. 6.3.1). The row for the first set in the design
matrix A is the projection of the 3D displacements onto the LoS vectors towards the
first satellite position, cf. Eq. (6.1). We assume that for observations within one set,
the angles 8 and a,; are constant within the RUM.

When m = 3, the unknown displacement parameters in vector x can be estimated
using direct inversion or Best Linear Unbiased Estimation [180], i.e.,

(AT, for m =3, and
X= T -1 . (6.6)
Q:A™Q,'y for m > 3, with
A0, (A HT, form=3, and
QJ? = TQ{l 1 6.7
(A Qy A) form > 3.

For a successful estimation of the unknown displacement parameters this approach
needs to satisfy several conditions, which are discussed below.?

6.3.1. SPATIO-TEMPORALLY COINCIDING INDEPENDENT (STCI) LOS
OBSERVATIONS

The mathematical expression of Eq. (6.6) is only valid if all LoS observation
sets from different viewing geometries are unambiguously linked to the same
physical displacement signal, x. In this context, we introduce the condition of
spatio-temporally coinciding and independent (STCI) LoS observations, i.e., (i) the
same scatterers, from (ii) an object that is not subject to internal deformation, are
observed (iii) simultaneously and (iv) from sufficiently different viewing geometries.

3Within this work we focus on the decomposition of interferometric LoS observations, i.e., we do not
consider adding pixel offset tracking or GNSS observations.
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Obviously, the STCI condition is never fulfilled for a single target, since point
scatterers (PS) observed from one orbital viewing geometry typically do not coincide
with PS from another viewing geometry, apart from, e.g., lamp posts [215] or
integrated geodetic reference stations (IGRS) [81]. Moreover, scatterers close to
each other are not necessarily stemming from the same object, considering, e.g.,
a scatterer on the roof of a house and a scatterer nearby on the street, which
may represent different deformation phenomena [107]. Added to this, different
(parts of) objects can show different deformation phenomena [47, 206]. Finally,
SAR acquisitions from different viewing geometries are never taken at the same
moment, and since deformation phenomena, by definition, change over time this
will result in incomparable displacement parameters. Especially for rapidly changing
deformation phenomena such as landslides [196] or highly dynamic soils [35], it may
be impossible to assume that observations from different epochs are comparable.

Consequently, as the strict STCI condition can never be met, the success of
a decomposition is highly dependent on relaxing this conditions using additional
assumptions.

6.3.2. REGION OF UNIFORM MOTION

A plausible assumption that can relax the STCI condition follows from identifying
Regions of Uniform Motion (RUMs), defined such that points that fall within a single
RUM behave uniformly, driven by the same deformation phenomenon. Thus, only
after defining a RUM (and aligning the different data sets in time) it will be possible
to decompose the LoS observations into the unknown displacements parameters. In
many cases, defining a RUM can be difficult, since it can easily contain scatterers
that represent different deformation phenomena [107].

6.3.3. DATUM CONNECTION

LoS observations from different observational sets should be referenced to the same
spatio-temporal datum, i.e., the same spatial reference point and the same temporal
reference epoch. Commonly, different viewing geometries will result in different
spatial reference points. Therefore, it is at least required that the reference points of
different viewing geometries represent the same deformation phenomenon i.e., the
same RUM. Temporally, the selected reference SAR acquisitions, per stack, need to
be aligned to refer to the same displacement parameters, x, in Eq. (6.6). Spatial
or temporal interpolation may be required for this purpose. For displacement
signals which are rapidly changing between epochs this interpolation will be more
influential.

6.3.4. FULL RANK SYSTEM

To unambiguously solve for the three unknown displacement components we require
at least three sets of (STCI) observations from different viewing geometries to assure
a full rank system, and consequently a unique solution. We define the solution space
as the space that contains all possible solutions of the linear system. With only one
LoS observation set, the solution space is a solution plane orthogonal to the LoS

108



6.3. CONDITIONS FOR THE INVERSE MODEL

displacement vector that contains the end-point of the LoS displacement vector. All
points located in this plane are a possible solution to the inverse problem. The
orientation of the solution plane is thus completely defined by the LoS unit vector,
ures, see Eq. (6.3), as it is normal to the solution plane. The plane contains the end
point of the LoS vector, see Eq. (6.2).
The equation of the solution plane with unit vector ur,s through the point
dros ULos is
Uos - (deNu — dLosULos) =0, (6.8)

with dgny = [de,dn,du]T, U o8 = [ul,ug,ung, cf. Eq. (6.3).

When two LoS observation sets are available, the solution space reduces to a line,
i.e., the intersection of the two solution planes. All points on the solution line are
a potential solution to the inverse problem, since the line contains the endpoint of
the unknown displacement vector.

To solve unambiguously for the 3D displacement vector, albeit with various degrees
of precision, three or more sets of LoS observations are required. Only then, there
is one unique point where the three solution planes intersect. The quality of the
displacement estimator X, see Egs. (6.6) and (6.7), follows from error propagation as

Ug Oen Oeu
Qi=(A"Q,' A = |oen 0% Owul. 6.9)

2
Oey Onpu O3

The diagonal elements of Q; give the variances for de, dn, and cfu respectively.
The requirement of working with three STCI LoS observation sets, stemming from
the same RUM is a necessary but insufficient requirement. The three STCI LoS
observation sets also need to have sufficiently different angular diversity to ensure
full rank.

6.3.5. ANGULAR DIVERSITY

As almost all SAR satellites operate right-looking, orbiting the Earth in near-polar
retrograde orbits, they all have very similar viewing geometries, resulting in limited
angular diversity. Thus, the solution lines for each combination of any ascending
and descending viewing geometry will have very similar orientations. Consequently,
even with LoS observations from three viewing geometries, the inverse problem is
often ill-posed [172], A is close to rank deficient, and the solution is unstable: a
small difference in the LoS observations may lead to a large change in the estimated
displacement components [150, 204]. This follows from the variance-covariance
matrix, Qz, of the estimated displacement components, see Fig. 6.5.

Simulating three different viewing geometries, e.g., one descending and two
ascending acquisitions, we compute the precision for the estimated displacement
parameters using Eq. (6.9). Simulating one scatterer per viewing geometry (Tab. 6.1)
and using afos =1 mm? for all three observations, we estimate Qj, see Fig. 6.5a. The
diagonal of Q; shows the variances of aie, dn, and cfu. The precision (o) with which
we can estimate the north component is ~40 times larger than the simulated opeg
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Figure 6.5.: Full variance-covariance matrix, Qz, see Eq. (6.9), of the estimates of the three
displacement components, on a logarithmic scale. a) All observations from right-looking
satellites, see Tab. 6.1. b) Two right-looking and one left-looking satellite. This yields a
significant improvement in the estimate of dj, but also the other displacement components
benefit from the addition of a left-looking radar acquisition.

Table 6.1.: Characteristics of the simulated viewing geometries

Geometry type Incidence angle 6 Azimuth ZDP a4
Al ascending-1 30° 260°
A2  ascending-2 41° 261°
D1 descending-1 44° 100°

values. The precisions for the east and up components are much better, i.e., 1.5 mm
and 5.5 mm, respectively.

One solution to improve d, is to add a left-looking observation as suggested by
[204] and [150].% Fig. 6.5b shows Qj; for a situation where the second ascending
acquisition is left looking. The precisions of the unknown parameters are now
0.3, 4.5, and 0.7 mm for d,, d,, and d, respectively, which is about one order of
magnitude improvement for all components. Nevertheless, o, is still the largest,
especially considering that o1, was 1 mm. Other options to retrieve d, include
using non-interferometric observables, such as along-track offset measurements [63],
which are only feasible for smooth wide-area phenomena and large displacements,
not for PS in the built environment with millimeter displacements. Finally, future
multistatic squinted systems may also enable more variety in viewing geometry, see
[88].

6.4. THE NULL LINE

In many practical situations, the maximum number of STCI LoS sets is two
(ascending and descending). This results in an underdetermined problem with an
infinite number of possible solutions. However, when the viewing geometry of the
two available acquisitions is known (i.e., before we need to have actual observations)
we can define the null line, n, which is the null space of the projection matrix A
i.e. the solution to Adpgny =0. The null line is visualized in Fig. 6.6, where the

4Left-looking geometries will be feasible with the NISAR mission [160].
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blue and green arrows are the LoS unit vectors corresponding to an ascending and
a descending acquisition, the blue and green planes are the null planes, and the
orange line is the null line.

north-up (NU) plane east-up (EU) plane

-
,,,r’north

north-east (NE) plane

Figure 6.6.: When two LoS viewing geometries are available, the null line can be defined (i.e.,
the null space of the corresponding projection matrix). The orientation of the null line is
defined as the intersection of the two null planes of the two available LoS vectors. Here we
visualized one ascending (blue) and one descending (green) unit vector, and corresponding
null planes. The null line is fully described by azimuth angle ¢ and elevation angle { since
the position is irrelevant.

The orientation of the null line is an important metric for InSAR interpretation
since we cannot, interferometrically, observe any displacement component in its
direction i.e., both of the two viewing geometries have zero sensitivity in the
direction of the null line. This direction is therefore valuable to know, before
starting an InSAR survey as well as accompanying InSAR results. The null line is
described by azimuth angle ¢ and elevation angle {. When the viewing geometry for
each acquisition is known, the orientation of the null line can be computed from the
cross product of the two normal vectors of the null planes (the LoS unit vectors):

_ ., )
N=Upgs * Upgg

sinf; sinf, cosay; —sinf, cosf; cosa g, (6.10)
= [—sin0; cosB,sina,,; +sinf; cosOsina,
sinf sinfzsin(a g, — ag,2)

where (01,a4,1) and (02,a42) correspond to the first and the second viewing
geometry, respectively. With n it is possible to compute ¢ and (:

ns

= )
/72 2
l’ll+7’l2

where nj, np, and nz are the east, north, and up component of n respectively.

(p:tan_l(%), and(:tan_l (6.11)
2
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6.4.1. NULL LINE ORIENTATION EVALUATION

To evaluate the orientation of the null line for an actual mission at an arbitrary
position on Earth, we apply Eq. (6.11) to the Sentinel-1 viewing geometry, see
Figs. 6.7a and b.> This shows the values for ¢ and {, respectively the azimuth and
elevation of the null line. We find that ¢ = 0° for the Northern Hemisphere, but that
this is not always the case for the Southern Hemisphere. Moreover, everywhere on
Earth the elevation angle { > 0°.

At higher latitudes, different tracks overlap, enabling multiple ascending and
descending viewing geometries per location. Therefore, Figs. 6.7a and b use the
largest possible a4 per location, i.e., favorably the largest asymmetry between the
two viewing geometries.

To investigate whether ¢ =0° can really be considered a ‘rule of thumb’ for
the Northern Hemisphere for Sentinel-1, we compute ¢ and ¢ for all possible
combinations between ascending and descending acquisitions for latitudes varying
between —75° and +85° at arbitrary longitude 30°, see Figs. 6.7c and d. Typically
for the Northern Hemisphere, all combinations result in ¢ = 0°. Yet, for the higher
southern latitudes, different combinations result in ¢ # 0°, e.g., for applications in
Antarctica. Elevation angles { increase significantly at higher latitudes, affecting the
Arctic, South America, South Africa, New Zealand, and the Antarctic.

(a) Longitude (b) Longitude (c) # of combinations (d) # of combinations
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Figure 6.7.: Orientation of the null line for Sentinel-1, defined by ¢ and {, see Fig. 6.6. The
checkered pattern is due to the S1 orbit pattern. (a): azimuth ¢, (b): elevation {. Values are
calculated by combining the ascending and descending observations that have a maximum
azimuth of the ZDP for each location on Earth, considering the maximum asymmetry
between the two ZDP’s. This demonstrates that ¢ = 0° for the Northern Hemisphere. The
values for ¢ and { in radians are near-identical to the tan¢ and tan( factors in Eq. (6.13), for
the east- and up-bias, respectively. (c) and (d), ¢ and ¢ values for all possible combinations
between overlapping ascending and descending acquisitions. Results computed using [16].

5The software that computes the orientation of the null line for different satellite missions at different
locations on Earth, is made available via [16].

112



6.4. THE NULL LINE

6.4.2. IMPACT OF THE NULL LINE ORIENTATION

Frequently® it is postulated that with the current orbits and viewing geometries
of SAR missions, there is no sensitivity for displacement components in the north
direction, and that it is therefore possible to simply remove’ or ‘disregard’ d, from
the inverse problem, cf. Eq. (6.4), resulting in

QEL;O;S sinf; sinag;  cos6;
B dies _ sinf, sinag,  cosfq [de ‘ 6.12)
: : dy
Q(LZL% sinfp, sinag ,, cosOp, i
M A

This would only be a valid approach when the orientation of the null line is
¢ =0°A{=0°. However, even while ¢ may be close to zero, { never is. Fig. 6.5
reveals that the estimators for de,d, and d, are correlated. Therefore, removing d,,
from the inverse problem will result in biased estimates for d, and d,, i.e.,

de = d, + B,, with B, = tan¢ d,

N (6.13)
d, =d, + By, with B, =tan( d,,

where B, and B, are the biases on the estimated east and up component,
respectively. The bias terms are thus the product of (i) the the orientation of the
null line n, and (ii) the magnitude of the actual (but unknown) north displacement.
In Tab. 6.2 we show the values for tan¢ and tan( for different cities in the world.
E.g., for Melbourne a 1 unit north displacement leads to a bias in the east and up
component of 0.01 and 0.13 units, respectively. These values are near-identical to
the azimuth ¢ and elevation { angles, when expressed in radians, see Fig. 6.7
Geometrically, removing d, from the decomposition equation is equivalent to
projecting both LoS observations onto the east-up (EU) plane.” Thus, also the 3D

6e.g., [3, 96, 97, 109, 128, 143, 152, 170, 173, 207, 209]
“Note that this is a discretionary projection, and not a forced projection, as introduced in Sec. 6.2.2.

Table 6.2.: Scaling factors for the bias in the east and up direction for different cities in the
world, indicating that a non-zero north component multiplied by the given number will yield
the bias in the east and up component, respectively, see Eq. (6.13).

City East (tan¢) Up (tan{)
London 0.01 0.09
New York 0.01 0.08
Los Angeles 0.01 0.08
Melbourne 0.01 0.13
Svalbard 0 0.16
Antartic Peninsula 0.05 0.22
Singapore 0.01 0.10
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null line will be projected onto the EU plane, which yields a line that we refer to
as k, see Fig. 6.8. Line k has elevation angle ¢, and as long as ¢ #90° and ¢ # 0°,
k has both a component in the up and east direction, i.e., k contains infinitely
many combinations of d, and d,,. Consequently, it is not possible to give unbiased
estimates for both d, and d,. If and only if ¢ =0° line k has no component in the
east direction and ¢ =90°, yielding an unbiased d, and a biased d,, component.

up Ing ¢ =0°
north
EU plane EU plane /n:rth
k4 k
¢ <¢ {v\

: t
¢ s £=90° east

up

©

Figure 6.8.: The orientation of the null line n in the ENU reference frame is given by
azimuth angle ¢ and elevation angle {. The projection of n onto the east-up (EU) plane is
line k which has elevation angle ¢. In (a), ¢ #0° and { # 0° and therefore k as a component
in the east and up direction, ie., {#90°. In (b), ¢ =0° and therefore {=90°, k only has
a component in the up direction. In (c) we show the orientation of the NLA frame with
the plane spanned by the Leaning axis (with elevation angle {+90°) and Azimuth axis (with
azimuth ¢ +90°) in orange. The null line is orthogonal to this plane.

6.4.3. THE NULL LINE ALIGNED (NLA) FRAME

Using the concept of the null line with its unique orientation in 3D space, we
propose a null line aligned (NLA) coordinate system with the first axis in the local
horizontal plane, the second axis aligned along the null line, and the third one
complementing the right-handed 3D Cartesian system, see Fig. 6.8c.

The plane orthogonal to the null line (i.e., spanned by the first and third axes)
is termed the NLA-plane and has the unique characteristic that an orthogonal
projection of any displacement vector onto that plane will not influence (bias) the
two in-plane components. This characteristic of unbiasedness makes the NLA system
optimally suited for direct usage in mathematical or geophysical models, as opposed
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to the frequently-used® east-up (EU) plane, which is biased by definition. Obviously,
intuitive interpretability of NLA results and visualizations may require some training.
Using the NLA acronym as mnemonic, the axes can be referred to as the Null-line
(axis), the Leaning axis, which is tilted backward with an elevation angle of { +90°,
and the Azimuth axis, which is horizontal with azimuth ¢ +90°, see also Fig. 6.8c.
Projecting the two LoS observation vectors independently onto the NLA-plane
allows for the simple (and unbiased) retrieval of the resultant vector.

6.5. EVALUATION OF CURRENT PRACTICE

While the geometry of InSAR follows from conventional linear algebra, its application
in practice is conditional to assumptions and requires strict adherence to the
conditions formulated in Sec. 6.3. Evaluating contemporary literature on InSAR
geometry shows that this is not always the case. We identify three types of typical
geometric flaws in InSAR, related to attribution, projection, and decomposition.

6.5.1. ATTRIBUTION

Attribution errors occur when the line-of-sight observation is literally attributed
to one displacement direction (usually the vertical), given only a single viewing
geometry, without projection and without further justification. Obviously, this is
erroneous, and results in a severe underestimation (bias) of vertical displacements
proportional to (cosf)~!, ie., up to 40%, see Eq. (6.1). While explicit attribution
errors were more common in the early days of InSAR, ambiguous statements or
colorbar labels can still be found in recent literature and products.9 Moreover,
describing LoS motion with words such as ’subsidence’ adds another layer of
semantic confusion.!? Attribution errors can be easily avoided by explicitly stating
prior assumptions and using unambiguous axes and colorbar labels.

6.5.2. PROJECTION

Projection errors occur, e.g.,, when LoS displacement estimates are actually ‘projected
onto the vertical, (PoV) but are subsequently presented as ‘vertical displacements’.
Obviously, these two estimates would only be identical under the assumption that
any non-vertical displacement component of the 3D displacement vector is zero.
Since this assumption is in many cases incorrect, e.g., for landslides, but even
for subsidence bowls, it leads to a biased estimate. Such a bias can have a
significant impact combined with a small likelihood of being detected.!! Often,
explicit assumptions on the non-existence of the horizontal component are lacking.'?
Typically, projection errors go hand in hand with indistinct verbs, such as ‘converted,
‘transformed’, ‘computed’, ‘calculated’, or ‘determined’. These all suggest that there

8e.g, [40, 97, 109, 128, 209]
9e.g., [161, 166, 174, 213, 214]
eg, [161, 169]

Heg, [12, 78, 138, 139, 171]
1269, 2, 149, 159, 168]
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is a unique relation between the LoS displacements and the vertical displacements,
which is in general incorrect.

6.5.3. DECOMPOSITION

The most frequently occurring geometric InSAR fallacy is a decomposition error,
which occurs when the existence of a null space is ignored, see Sec. 6.4. A typical
example of a decomposition error is the suggestion that by combining an ascending
and a descending time-series, it is possible to disentangle east-west horizontal
deformation from vertical deformation.'> Statements such as these have in common
that they suggest that it is possible to unambiguously and unbiasedly ‘disentangle’,
‘estimate’, ‘determine, ‘compute’, or ‘reconstruct’ two displacements components,
usually the vertical and east component, with two LoS observations. As discussed in
Sec. 6.4.2, with these viewing geometries this will always result in biased estimates,
except for the NLA coordinate system proposed in Sec. 6.4.3. Consequently, also a
decomposition into the plane spanned by the up direction and the azimuth look
direction of one of the satellites is incorrect (i.e., biased) since this plane is not
orthogonal to the null line.
Two variations on decomposition errors can be distinguished.

ASSUMING SIGNAL-SENSITIVITY DEPENDENCY

The first variant of a decomposition error occurs when it is assumed that due to the
lack of sensitivity for the north-component, d,, it can be removed from the inverse
problem altogether.!* This assumption would only be valid if the orientation of the
null line n is (¢,¢) = (0,0), hence in the north and horizontal direction respectively,
which is never the case, see Fig. 6.7. Thus, removing d, from Eq. (6.4) cannot be
justified by the low sensitivity for that component unless we have prior knowledge
of the expected magnitude of the north-component. When d,, is larger than the
noise level of the projected LoS observations, it can still be discriminated from the
observations.

ASSUMING DISPLACEMENT COMPONENTS TO BE KNOWN

The second variant of a decomposition error occurs when it is argued that d, =0
as a consequence of the insensitivity to displacements into the north direction.'®'®
Obviously, this assumption refers to the actual size of the physical signal, i.e.,
the unknown parameter, which is evidently not correlated to the sensitivity of a
particular radar instrument. The flawed argument is made in order to reduce the
number of unknowns from three to two, and subsequently arrive at a square linear
system.

13e.g, [97, 109, 128, 209]

146.g., [3, 96, 97, 109, 128, 143, 145, 152, 170, 173, 207, 209].

15e.g, 3, 128, 143]. Note that the dj =0 assumption is a specific case of the more generic assumption
that dj is known.

18Note the subtle difference between variant 1, which simply removes the d, component, and variant
2, which assumes it is equal to a known value, i.e., zero.
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In conclusion, the implicit assumption that with two observation geometries we
can estimate any arbitrary two directions in 3D space (including the fashionable EU
decomposition), by deliberately ignoring d,, or by assuming that d, is known, leads
to an erroneous (i.e., biased) decomposition.

6.6. RECOMMENDATIONS FOR INSAR PRODUCT GENERATION

AND INTERPRETATION

While the underdetermined nature of the problem cannot be formally solved, we
propose to pursue standardization for InSAR product generation and interpretation.
First, we discuss two options for performing a displacement vector decomposition
given two viewing geometries. Then, we evaluate the options for displacement vector
projection onto a 1D direction and a 2D plane.

6.6.1. RECOMMENDATIONS FOR VECTOR DECOMPOSITION

A decomposition of two LoS observations is feasible when the two LoS observations
are STCI. Yet, as this is practically impossible (Section 6.3.1), it is necessary to define
a RUM, and perform a datum connection, see Section 6.3. Given the model of
observation equations of Egs. (6.4) and (6.5) with only two observation geometries,
the only way to reduce the rank deficiency is to reduce the parameter space from
three to two unknown parameters. This goal can be achieved in two ways.

The first ‘physical’ option is to change the orientation of the Cartesian reference
frame in combination with a priori physical information: the strapdown system,
which we discuss in detail in [14]. For example, for many physical phenomena gravity
is the driving force for displacements, which allows us to define a two-dimensional
vertical plane in which the displacement vector is expected to be situated. Examples
include landslides and glaciers, where this plane is spanned by the vector normal to
the slope and the gravity vector [24, 76, 130, 196], or for line infrastructure where it
may be assumed that no displacements occur in its longitudinal direction [30, 141].
Both require a known rotation of the Cartesian frame such that one direction can be
plausibly assumed to be displacement-free. Consequently, any frame misalignment
will result in biased estimates, see Section 6.4.

A second ‘geometric’ option is to take advantage of the orientation of the null
space, by choosing a null line aligned (NLA) Cartesian coordinate system, see
Section 6.4.3. This yields a plane orthogonal to the null line, and the (forced)
orthogonal projection of a displacement vector onto that plane will not influence
(bias) the two in-plane components. Thus, these in-plane components can be
uniquely and unbiasedly estimated. This option is particularly recommended when
the InSAR results are used as input in a physical or mathematical model, since their
unbiased nature will not compromise the output of that model.

For both the ‘physical’ as well as the ‘geometrical’ option, we recommend to
explicitly mention the orientation of the null line with the InSAR product since it
comprises information on the direction in which displacements cannot be observed.

Frequently-used alternative options are not recommended. Theoretically, when
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it would be known from physics that a displacement component is zero in a
cardinal compass direction, i.e., a northbound component equal to zero (d,=0),
the parameter space has dimension two, and the remaining parameters may be
uniquely estimated. However, while this physics-based rank-reduction may not be
impossible, e.g. considering perfectly east-west oriented tectonic faults [204], it is a
solution that is in a generic sense physically unrealistic and often unsubstantiated,
since dynamic processes on earth typically do not have a preference for a cardinal
compass direction. Likewise, it is not recommended to use the widely advocated
and applied decomposition in the EU-plane, as this introduces biases, is prone to
misinterpretation, and suggests an estimation possibility that is non-existent, see
Section 6.4.2.

6.6.2. RECOMMENDATIONS FOR VECTOR PROJECTION

When there is no deformation direction in which displacements are known to be
zero, or when it is inconvenient to decompose the two LoS observations in the
plane orthogonal to the null line, it will not be possible to decompose the LoS
observations. Yet, a projection is an operation that that is admissible and can always
be performed without exceptions or assumptions. Clearly, a projection product is
different from estimating the unknown parameter in the corresponding direction.
Moreover, ‘projection-onto’ products are discretionary projections, and it is up to the
user to decide on whether such a projection contains intelligible information. We
distinguish projection onto a 1D direction from a single viewing geometry, and onto
a 2D plane from dual viewing geometries.

PROJECTING ONE LOS OBSERVATION ONTO ONE DIRECTION

With only one LoS observation available, it is possible to project that observation
onto any particular direction. For example, often di,g is projected onto the vertical
(PoV) direction using

dpov =P,

up, Lost dLos = (€050) ™ dios, (6.14)

where Pup‘LOSJ_ is the projector, and dpoy is the projection of dios onto the vertical
direction. Note that in general dpoy # dyp. The operation is an oblique projection of
the LoS observations onto the vertical axis, along a plane orthogonal to the LoS unit
vector. In contrast, when the LoS observations would be projected orthogonally onto
the vertical, i.e., along a plane orthogonal to the ‘up’ unit vector, that would result in

0 0 O
dpoyL = Pup,upi dios=10 0 O0f upesdios =cosOdos, (6.15)
0 0 1
P

Thus, both P, ;s and Py,
different result.

The main recommendation is therefore to (i) explicitly mention the use of a
projection-onto product, e.g. using the PoV as subscript similar to the LoS subscript,

pupl are allowable discretionary projectors, but with a
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and (ii) explicitly distinguish an oblique from an orthogonal projection, using the L
indicator. This is necessary both in text as well as in cartographic symbols and, e.g.,
colorbar annotations. Furthermore, we recommend to report the orientation of the
null plane, since it is the plane where no displacements can be observed.

PROJECTING TWO LOS OBSERVATIONS ONTO A PLANE

When two LoS observations are available, the observations can be projected onto
any arbitrary plane. When a LoS displacement vector is projected onto the plane
spanned by the east and up axis, i.e., the EU plane, we have

1
pory = |0
0

o o O

0
0] urosdrLos, (6.16)
1

v{

where d,,;, is the projection of dj,s onto the EU plane. When this projection is
performed for the two LoS observations it is possible to transform the projections
into east and up components with Eq. (6.12) resulting in d, . and dy .. However,
it should be stressed that the results (de poey, duporu), are not the same as the unknown
displacement components (d,, d,,).

6.6.3. PRESENTING LOS OBSERVATIONS UNALTERED

The last option for handling the underdeterminedness problem is presenting the LoS
observations unaltered as the final product. This is obviously correct, as it does not
attempt to do any projection, attribution, or decomposition, as in [56, 77, 199, 207].
The drawback of the LoS product is that it is typically more difficult to interpret,
especially for non-experts. As the actual vertical and horizontal displacement
components are projected onto the LoS and superposed, what happens in the real
world remains obscured. Yet, this is the preferred option when the InSAR results are
used as input in a physical or mathematical model, since their unbiased nature will
not compromise the output of that model.

6.7. CONCLUSIONS

Based on a general review of InSAR geometry, including the geometry-defining
parameters from the satellite orbits in combination with the curved earth, the
relationship between the LoS observables and the 3D displacement components is
described. Whether decomposition—i.e., estimation of (some of the) 3D displacement
parameters—is permitted is dependent on the STCI condition: spatio-temporally
coinciding independent observations. As this condition is typically never fulfilled,
it can be relaxed using the explicit assumption of RUMs: regions of uniform
motion. Together with explicit spatio-temporal datum connection between the SAR
datasets and =3 (full rank) viewing geometries with sufficient angular diversity, the
quality of the estimates can be derived. In many practical situations, at most
two viewing geometries are available, defining the null line, whose orientation
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defines the estimability of displacement components. It depends on the orbital and
viewing geometry as well as on the location on earth. The null line orientation
should be stated explicitly in any standard InSAR product, as it is one of the
fundamental metrics required for a proper interpretation. The null line also
allows for the definition of the only unbiased reference system for displacement
component estimation without without necessarily adding assumptions, termed NLA:
the null-line aligned coordinate system.

Evaluating current practice yields three types of errors that are frequently
encountered: which are termed attribution, projection, and decomposition errors.
These lead to recommendations for InSAR product generation and interpretation.
For vector decomposition, it is recommended to use the strapdown or the
null-line aligned coordinate system, to prevent biased estimation, and refrain from
using the biased decomposition on the East-Up plane. For vector projections,
it is recommended to use descriptive subscripts, dios, dpov, dpgyLl, OF Ghy 1O
unambiguously define projected InSAR products, both textual as well as in maps and
graphs.

The code to compute the null line orientation for any arbitrary location on Earth
is available for download via https://gitlab.tudelft.nl/drama/drama [16].
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ESTIMATING 3D DISPLACEMENTS
WITH INSAR: THE STRAPDOWN
APPROACH

Estimating three-dimensional (3D) surface displacements from InSAR Line-of-Sight
(LoS) observations is challenging due to the limited number of independent viewing
geometries. This chapter introduces the strapdown method, which is a practical and
largely generic approach that enables unbiased estimation of 3D displacements using
only two LoS observations. This method incorporates minimal contextual knowledge
about the expected deformation mechanism. Under the assumption that displacement
occurs only in the transversal-normal plane, the method establishes a local reference
system with transversal, longitudinal, and normal (TLN) axes. The strapdown method
provides full error propagation and yields physically meaningful "3D global/2D local"
results.

This chapter is published as: W. S. Brouwer and R. E Hanssen. “Estimating three-dimensional
displacements with InSAR: the strapdown approach”. In: Journal of Geodesy 98.110 (2024), pp. 1-15.
DOL: 10.1007/s00190-024-01918-2. https://doi.org/10.1007/s00190-024-01918-2
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7.1. INTRODUCTION

NSAR scatterers obtained from SAR interferometry are typically not situated at
I ideal locations, and the observations have an imaging geometry that is not optimal
for retrieving full three-dimensional (3D) displacements. Moreover, they are only
sensitive to the projection of the 3D displacement vector onto the radar line-of-sight
(LoS) direction, djes, along a plane orthogonal to the LoS [17, 62, 80, 124, 204], i.e.,

dios = PLoSi dgNu, (7.1)
= [sinfsina4,sinf cos a4, cos O] dgnuy,

where dpny = [de, dy, dy)T is the 3D displacement vector in east, north, and up
direction, respectively.! P; q: is the orthogonal projector onto the LoS, where 6 is
the incidence angle towards the radar, and a; is the azimuth of its zero-Doppler
plane (ZDP) at the position of the target, in the direction towards the satellite, see
Brouwer and Hanssen [17, Fig. 1].

A decomposition of the LoS displacement vector into three orthogonal directions
would be ideal. Yet, this requires at least three independent LoS observations from
significantly different viewing geometries, but since almost all the SAR satellites
operate right-looking,? orbiting the Earth in near-polar retrograde orbit, they have
very similar viewing geometries and the maximum number of available and effective
observations often reduces to two, i.e.,, ascending and descending, resulting in an
underdetermined problem with an infinite number of solutions along a solution line
[17].

Contemporary InSAR information products come in two classes: the geodetic
products, which use mainly geometric information and minimal or no information
on the physics, and the geophysical products, which aim at producing best-fit models
describing the physical mechanisms at hand. Many geodetic InSAR information
products, including most publicly available ones, circumvent the problem of
underdetermination by disregarding the north component of the deformation, and
asserting a decomposition into the east and up components only [42]. Yet, it is well
known that this approach produces inherently biased estimates, particularly for the
up component [17]. An alternative geodetic option is using the the null-line aligned
(NLA) coordinate system as proposed by Brouwer and Hanssen [17], which ensures
unbiased estimates, but produces results that can be more challenging to interpret
for non-experts. For geophysical products there is a wide range of more optimal
models, including the possibility to use the LoS observations directly in for instance
modeling of fault slip or magma reservoir pressure change. Since these type of
inversions can work directly with LoS data no decomposition is required.

Here we demonstrate a practical, effective, and largely generic solution to the
problem of underdetermination, introducing the ‘strapdown’ method, which uses

INote that a displacement vector d, with unit [mm], may also be interpreted as, e.g., an (average or
instantaneous) displacement velocity, unit [mm/y], since this is geometry-invariant.

2Adding an observation from a left-looking radar will improve the accuracy for the estimated
parameters [150, 204], but the precision for the estimated north component is still rather poor.

3In this study we focus on interferometric estimates of displacements. In case of large displacements
SAR offset tracking may provide an additional displacement observable [9, 75, 155, 167].
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a location-dependent local reference system that is tuned to the deformation
phenomenon.

Special cases of this approach have been applied in particular applications,
such as landslides [24, 32, 76, 130, 140, 196], ice sheets [66, 98, 126, 129], and
line-infrastructure [30, 141]. Yet, apart from being a wider generalization and a
mathematical framework, the strapdown approach offers complete error propagation
and therefore a proper quality description of the final estimated displacements.
Moreover, effectively it leads to an optimal unbiased solution which is locally
two-dimensional, but globally three-dimensional, requiring only a limited degree of
rather undisputed contextual information on the expected deformation phenomena.

We first discuss the geometry of the strapdown approach and the deformation
phenomena for which it can be used in Sec. 7.2. In Sec. 7.3 we discuss how the
displacements can be estimated and we elaborate on the quality of the estimated
displacements. Finally, we demonstrate the strapdown approach in two examples in
Sec. 7.4 and reflect on the method in Sec. 7.6.

7.2. SYSTEM GEOMETRY

In the following, we define the geometry of the strapdown system and elaborate on
different classes of deformation phenomena.

7.2.1. THE LOCAL STRAPDOWN COORDINATE SYSTEM

Instead of choosing one coordinate system for the entire area of interest, we
define a local, right-handed Cartesian coordinate system that is fixed to the
local deformation phenomenon with transversal, longitudinal, and normal (TLN)
components, driN = ldr,dr,dnlT, see Fig. 7.1. The term local implies that the
orientation of the TLN frame will differ for each location, hence the term ‘strapdown’,
adapted from inertial navigation technology [182]. Thus, a displacement vector drin
is projected onto the LoS with Eq. (7.1) as [30]:

dios = Pp gL RiR2 Redrin = PfosL d1iN, (7.2)
where Ri, Ry, and R3 are rotation matrices:

[ cosA sinA 0]

Ri=|-sinA cosA O0f,
) 0 1]
[1 0 0
R,=10 cos® -—sind|, (7.3)

|0 sin® cos®
[ cosQ 0 sinQ]
Rs=| 0 1 o0 |,
| —sinQ2 0 cosQ]
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Figure 7.1.: Orientation of the TLN reference system for gravity-induced downslope
deformation phenomena and/or subsidence and uplift. (a) shows the orientation for
a schematized mountain (with iso-elevation lines) or equivalently an uplift dome (with
iso-displacement lines). Note that the transversal direction is always downslope or centrifugal.
Therefore, the slope aspect determines the boundaries within which A should lie. (b) Similar
situation sketch for a valley or equivalently a subsidence bowl. Note that the transversal axis
is always downslope, and thus centripetal for subsidence.

where A €[0°360°) is the azimuth of the longitudinal direction (L) relative to the
north.* The elevation angle of the longitudinal direction is ® € (—90°,+90°], relative
to the horizontal (where up-hill is positive) and the elevation angle of the transversal
direction (T) is Q € (0°,+90°]. The normal direction (N) completes the orthogonal
right-handed TLN system. Pfos . is the projector that projects the displacement

vector driny onto the LoS along a plane orthogonal to the LoS. Thus, Pfos L is a
function of A, Q, and @ with size 1 x 3, i.e., Pfosi = [Pr, P1, Pyl, with

Pr =(sinfsina,cos A —sinf cosa,sin A) cosQ—

(= (sinBsinagsin A +sinf cos a g cos A) sin® + cos O cos ) sinQ
Pp =(sinfsinagsin A +sinf cos a g cos A) cos® + cos O sin® (7.4)
Py =(sinf,, sinag cos A —sinf cosagsinA)sinQ+

(—(sin@m sinagsin A +sinf cos @, cos A) sin® + cos 6 cos (D) cosQ.

Geometrically, any displacement vector can be regarded as being situated in a 2D
plane, with zero-displacement in the complementary direction, by definition. In
the TLN frame, the displacement vector is always situated in the plane spanned by
the transversal and normal unit vectors, and is therefore by definition zero in the

4Due to the 180° ambiguity in longitudinal direction, in case of a topographic slope or a subsidence
slope, the longitudinal axis is defined tangential to the local iso-elevation or iso-deformation lines,
such that the positive transversal direction is always directed down-slope. In the absence of a clear
slope, we use the smallest angle w.r.t. the north, i.e. A€ (-90°+90°], following Chang et al. [30].
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longitudinal direction. Note that this is not an assumption or an approximation,
as it follows deductively from the definition of the coordinate system. Of all 2D
planes that contain the displacement vector as subset, there is typically only one
plane orientation that is physically genuinely relevant, i.e., uniquely interpretable.
This is due to the fact that all observable displacements are caused by forces, or
stresses, that are acting upon the object. In many cases, displacement mechanisms
of interest have a physical context that can be regarded as ‘known’ to some
extent. Obviously, the force of gravity is omnipresent in every case, and is in
many cases also the root cause of the observed motion. In other cases, forces are
due to kinetic causes, such as deforming roads and railways imposed by traffic
load or due to, e.g., volumetric (e.g., a subsidence bowl caused by a subsurface
volume change) or tectonic mechanisms [26, 208]. Consequently, we can orient
the TLN system, viz. the longitudinal direction, to the direction in which there
is physically no displacement to be expected, as we will elaborate below. From
orthogonality, the longitudinal direction defines the local displacement plane, in
which the two orthogonal displacement components (T and N) are situated. With
this definition, Eq. (7.2) can be locally solved with LoS observations from two
sufficiently different viewing geometries. Consequently, the main challenge is (i) to
find the orientation of the local displacement plane in 3D space, given by (A, ®,Q)
and (i) to approximate the precision of these orientation parameters in order to
perform an error propagation to assess the final quality of the local solution.

7.2.2. DEFORMATION PHENOMENA

The generic description of the methodology can be elaborated for typical classes
of deformation phenomena. Here we discuss downslope displacements, subsidence
and uplift, (line)-infrastructure, and motion associated with idealized faults. Note
that when the displacement direction can be considered as ‘known’ (e.g. vertical),
the LoS observations can be projected directly on the unit vector of the displacement
direction, and the strapdown system is not necessary.

GRAVITY-DRIVEN DOWNSLOPE DEFORMATION

Landslides, moving glaciers, or slope instabilities of a dike are examples of
phenomena where the main deformation occurs in a vertical plane that contains the
downslope direction and the local gravity vector. The plane is perpendicular to the
local gradient and gravity is the main driving force, see Fig. 7.1.

When the longitudinal axis is parallel to the iso-elevation lines of the slope of the
occurring landslide, it can, in first approximation, be assumed that the forces in
the longitudinal direction will be negligible, i.e., d; =0. Hence, all displacements
are expected to occur in the (vertical) plane spanned by the transversal and normal
axis, shown in the side views of Fig. 7.1, and ® = 0° by definition, see Eq. (7.3). The
slope aspect, ag, i.e., the compass direction that a terrain surface faces, determines
the value for the angle A since the (angle of the) slope, Q, is always referred to as a
positive number, see Fig. 7.1, i.e., @, = A+90°. The positive transversal direction is
always directed down-slope.
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Note that these approximations are a strong simplification of reality. In certain
cases, displacements along the longitudinal axis can occur, e.g., in a glacier where the
gravitational force may induce internal stresses, which may result in displacements
along the longitudinal direction.

SUBSIDENCE AND UPLIET

Subsidence bowls and uplift domes are caused by a subsurface volume change,
in combination with gravity, see Fig. 7.1, e.g., as a result of fluid pressure
decrease or increase [49, 70] or due to surface loading or unloading. These
types of phenomena exhibit vertical and horizontal displacement components [111].
The horizontal displacement directions are in first approximation centripetal for
subsidence, and centrifugal for uplift [134]. The longitudinal direction, indicated
by azimuth A, is oriented parallel to the isodeformation lines, and the transversal
direction is downslope (centripetal) for subsidence, and centrifugal for uplift. Similar
to the downslope case, there is—by definition—no displacement component in the
longitudinal direction. The normal displacements are maximum in the center of the
field, decreasing asymptotically to the edge of the field. The example in section 7.4.1
elaborates this further.

LINE-INFRASTRUCTURE

Line infrastructure assets are characterized by an extended spatial dimension in one
direction (by definition the longitudinal direction), where the spatial extent in the
other two directions is limited, such as roads, railways, dikes, and pipelines. The
slope of the asset is given by ®, while Q represents the cant of the asset or the slope
in the transversal direction [27, 30]. The latter is usually small, see Fig. 7.2. Often, it
is possible to assume that no significant continuous (stationary) displacements occur
in the longitudinal direction [27, 30, 141], apart from perhaps thermal expansion and
contraction which can be independently modeled and has a non-secular character.

Local horizontal

Figure 7.2.: The orientation of the TLN reference system for line-infrastructure: A and @
represent the azimuth and slope of the longitudinal direction, respectfully, and Q the cant.
Figure adapted from Chang et al. [27].
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MOTION ASSOCIATED WITH FAULTS

Although deformations resulting from tectonics (post, co-, and inter-seismic) may
often be too complex to uniquely identify the 2D plane in which the displacements
occur, we can still utilize the strapdown method for first-order approximations and
deformations associated with faults as hydrological boundaries. Considering, e.g.,
rising mine water after mine closure associated with normal or reverse faults [23],
see Fig. 7.3. In such cases the driver of the deformation is sufficiently well defined
and determines its directionality. As a result, no displacements are expected along
the fault and the longitudinal direction can thus be directed parallel to the fault. In
section 7.4.2 this example is further elaborated. For ideal strike-slip faults, the sides
move along each other and the longitudinal direction is directed perpendicular to
the fault. To prevent directional ambiguity, the smallest azimuth angle is chosen, i.e.,
A €(-90°,90°]. For all three fundamental fault types, dr has a different sign at both
sides of the fault.

Obviously, there will be many cases in which slip on a fault will not enable a
simple unambiguous directionality assumption for the displacement, in which cases
more advanced (geophysical) models are required.

EL,
_‘ N\ | N

Normal fault Reverse fault Strike-slip fault

'
"

Figure 7.3.: Orientation of the TLN reference frame for the fundamental types of fault
motion [68]. For normal and reverse faults, displacement is expected to occur dominantly in
a vertical plane perpendicular to the strike of the fault, which aligns with the longitudinal
direction. For vertical strike-slip faults, horizontal displacement happens dominantly parallel
to the strike direction, and the longitudinal direction is thus aligned perpendicular to the
strike of the fault.

7.3. ESTIMATING DISPLACEMENTS USING THE STRAPDOWN
APPROACH

As longitudinal displacements are null by definition, any displacement vector can be
unambiguously represented in a 2D (dr,dy) system, and thus dr and dy can be
estimated with two LoS observations. There are several options for estimating dr
and dy. Chang et al. [27] and Chang et al. [30] add a pseudo observation, dy =0, to
the mathematical model. However, this approach requires the orientation of the TLN
frame to be perfectly known, since a misalignment will result in biased estimates
for dr and dy. Adding pseudo observation d; =0 to the system of equations,
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while in fact dp #0, results in a 'decomposition error’ similar to ‘neglecting’ the
north component in a conventional ENU decomposition, see Brouwer and Hanssen
[17]. In reality, the orientation of the TN plane will always have some alignment
uncertainty, expressed by O'i, Ué, and Ué. A better alignment precision results in a
better estimation of the unknown displacements dr and dy. Below, we consider the
impact of the alignment uncertainty in the mathematical model.

7.3.1. THE MATHEMATICAL MODEL

Since the longitudinal displacements are null by definition, d; can be removed from
Eq. (7.2) and Pfosl reduces to a 1 x 2 matrix with only Pr and Py, see Eq. (7.4), and
the 2 x 1 displacement vector contains only dr and dy. The TLN frame orientation
is introduced using pseudo observations A, Q, and @ (the underline indicates the
stochastic nature of the observable) in the mathematical model:

rQ(Llo)s [ a1 (%)
Ef|digs|1=| am@ |, and (7.5)
A am+1(X)
Q Ams2(X)
| © | Am+3(X) |
——
y A(x)
r y(1) r -
QLOS Qros,1 - 0 0 0 0
: : : 0 0 0
pi|diali=| © Qusm 0 0 0] 7.6)
A 0 0 0 odi 0 0
Q 0 0 0 0 o5 0
| @ 0 0 0 0 0 o3
—— ~ V)
Y Qyy

where for i € [1, m]

a;(x) = PP (A, Q,@)dr + PY (A, Q,®)dy

Am1(X) = A
Am2(X) =Q
am+3(x) = @,

and x = [dr,dn, A, Q, @7 is the vector of unknown displacements and orientation
angles. E{} expresses the expectation of the model, which can be solved with
at least two sets, i.e.,, m =2, of LoS observations: Q(ngs and Q(LZO)S, each having a
different viewing geometry. Here, a ’set’ refers to all observations from one particular
viewing geometry, either ascending or descending, over a Region of Uniform Motion
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(RUM).° Note that the size of each set can be different due to a different number
of LoS observations, which can be either Point Scatterers (PS) or Distributed
Scatterers (DS). Rows i€ [1,m] in matrix A are non-linear equations of x, where
each row is unique due to the difference in viewing geometry. To overcome the
rank deficiency, pseudo observations for A, Q, and ® are added representing our
best-effort approximation for the frame orientation. = These values can be purely
data-driven based on iso-displacement lines retrieved from the original line-of-sight
results, or on contextual information, as long as conservative precision estimates are
used. D{.} is the dispersion of the model, where Qs is the covariance matrix of the
LoS observations for set i. This covariance matrix is a diagonal matrix containing
the variances of displacements for each PS or DS within the set. The off-diagonal
elements are null, since all PS or DS within a set represent different physical
scatterers. The uncertainty in our best-effort attempt to orient the TLN frame, or
equivalently the level of trust that we have in our knowledge in the orientation of
the frame, is represented in 0%, 0%, and 0. Choosing these values realistically
(we recommend conservatively) is important, as this uncertainty propagates into the
(co)variances of the final displacement parameters, which is a key feature of the
strapdown methodology.

PARAMETER ESTIMATION

To estimate the five unknown parameters and provide a proper quality description
the linearized system of equations needs to be solved,

AY o & J101AX10), (7.7
where
%al (x) ... %dl(xw])
Jio = : : : (7.8)
0 8
3y Am+3(Xj0) ... 55 Am+3(X[0)

is the Jacobian matrix which is a function of the initial approximations for the
unknown parameters x[, i.e.,
]T

xp0) = [drq» dnigy» Mo 101, Pro] (7.9)

5For a successful estimation of x, the two LoS observations ’sets’ need to be spatio-temporally
coinciding and independent (STCI). As this is hardly ever possible, a region of uniform motion
(RUM) needs to be defined and a datum connection (in time and space) needs to be performed.
Moreover, the two LoS observation sets need to have a sufficient angular diversity. For in-depth
elaboration see Brouwer and Hanssen [17].
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which yield initial approximations for the observation vector y and A Vi = y—A(xp))-
Consequently, when m =2, Ax can be estimated using

Ay | for m=2, and
Atig =4 0 T 7.10)
Qz:J g, QNAX[O] form>2,
T Q@ UDT, form=2,and -
Qxx— T -1 -1 ( . )
(][O]ny][o]) form>2,

where Qjz; represents the precision of x. The new estimate for X is defined as
X(y) = X0 + A%y, and can be used to estimate Axpy. Iteration leads to a final
estimate for X. An estimation of the unknown parameters requires rough initial
approximations for which either prior knowledge of the deformation phenomenon
can be used, or initial assessments from the original LoS estimates. For Ay, Qo,
and @y the best-effort frame orientations are used.

The precision of the five estimated parameters is expressed by the (co)variances in

+1, sketched for an arbitrary frame orientation in Fig. 7.4. In this example, there
is correlation between éT and QN, in the upper 2 x2 block. Due to the choice of
the pseudo-observations, there is no correlation between the estimated orientation
angles A,Q, and @, i.e, p=0. Yet, there is correlation between the displacements
and the angular estimates. Different frame orientations will result in different levels
of correlation.

)
)
o)

1.0

=)
el

)

o

0.0

Figure 7.4.: Sketch of (normalized) Q33 for an arbitrary frame orientation. The diagonal
elements represent the precision of the estimated parameters X and the off-diagonal terms
the correlation between them. There is correlation between the estimated displacements
(upper-left 2x2 block) but no correlation between the estimated frame orientation (lower-right
3 x 3 block). However, there is correlation between the estimated frame orientations and the
estimated displacements (e.g., lower left 3 x 2 block).
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7.3.2. THE QUALITY OF THE ESTIMATES

The precision of the estimates @T, é ~) depends on four independent contributions:
(i) the actual (true) orientation of the TLN frame, (ii) the actual (true) magnitude
of the dr and dy displacements, (iii) the alignment precision of the TLN frame,
and (iv) the precision of the observations and pseudo-observations. These will be
discussed below.

TRUE ORIENTATION OF THE TLN FRAME

The actual (true) orientation of the TLN frame has a dominant impact on the
precision of the final estimates. With two LoS observation geometries (ascending
and descending), displacement components in the direction of the null-line [17]
cannot be observed: the more either the transversal or normal direction aligns with
the null-line, the less precise that parameter can be estimated. The most favorable
option is therefore when the plane spanned by the transversal and normal axis
(TN-plane) is orthogonal to the null-line, i.e., when A =¢ and ® ={, where ¢ and (
are the azimuth angle and elevation angle of the null-line, respectively.®

Fig. 7.5 shows the Signal-to-Noise Ratio (SNR) for the transversal (lower left) and

8In this special case the TLN frame is identical to the null-line aligned (NLA) frame, see Brouwer and
Hanssen [17] .

120.0 ~——

140.0

160.0

1800 180.0

Figure 7.5.: SNR [dB] for the normal (upper left) and transversal (lower left) component
for different orientations of the TLN frame. The observation geometry of the simulated
ascending and descending acquisition is presented in Tab. 7.1, which result in a null-line
orientation, n(¢,{) =n(0.14°,12.14°). The right figure shows the sum of the left two figures
since one is always interested in estimating both components. It can be seen that the SNR
of the two combined directions is greatest when the longitudinal direction is in the direction
of the null-line, indicated by the black star. In that specific case, the TN plane is orthogonal
to the null-line.
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normal (upper left) component as a function of A and Q, with ® =0°. We simulate
an arbitrary displacement phenomenon with dr = dy, observed from an ascending
and a descending orbit with viewing characteristics as presented in Tab. 7.1. For
different frame orientations, we simulate LoS observations and subsequently estimate
the unknown parameters x with Eq. (7.10). In Fig. 7.5, we show the SNR for each
realization, where SNRy = 10log,,(dr/04,), and SNRy = 10log,,(dn/04,) represent
the transversal and normal direction respectively, shown by the two left figures. The
quality of the estimated normal component is best when the transversal direction
aligns with the null-line, shown by the black star in Fig. 7.5. Likewise, the quality for
d; is the best when the normal direction aligns with the null-line. Obviously, when
one of the two components aligns with the null-line, both satellite geometries have
zero sensitivity in that direction, and both observations are entirely attributed to the
other component.

In reality, we need to estimate both components together. Therefore we show
the sum of the SNR ratios in the right figure, i.e., SNRy = SNRy +SNR7. The
black star shows the most favorable orientation with the highest SNR value, which
occurs when the longitudinal direction is aligned with the null-line, e.g.,, A =¢ and
Q ={. The quality of the estimates is poor when A =~90° i.e., when the normal or
transversal direction is in the direction of the null-line.

TRUE MAGNITUDE OF dp AND dy

The quality (both bias and precision) of @T,EN) is scaled by the actual (but
unknown) size of the displacement signal. This follows from the Jacobian in
Egs. (7.8) and (7.9), which requires initial values for dT[m and dN[O]. The quality of
the displacement estimates, i.e., o dr and o Ay’ is thus a function of the Jacobian
matrix containing the values of dr and dy from the second to last iteration step.
Therefore, larger estimated displacements lead to a larger uncertainty (or o values),
since 0, and o dy also capture the potential bias due to a misalignment in the
frame. In the case of a misalignment, o dr and o dy are biased: larger for larger
deformations and smaller for smaller deformations. In the most extreme case, if
there is no deformation, there is also no bias.

ALIGNMENT PRECISION OF THE TLN FRAME

Any error in the best-effort orientation approximation of the TLN frame, i.e., a
misalignment, results in dy # 0, and consequently biased estimates for dr and dy.

Table 7.1.: Simulated viewing geometries and consequent null-line orientation.

Geometry Inc. angle 0 Azim. ZDP ay4
ascending  32° 250°
descending  40° 105°

null-line n: ¢ =0.14° {=12.14°
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Misalignments are taken into account in Eqs. (7.5) and (7.6), via o, 0g, and og,
propagating the alignment uncertainty to the precision for the final estimates, see
Eq. (7.11). The alignment precision needs to be chosen conservatively, i.e., not
too optimistic. As long as the true 'unknown' frame orientation falls within the
estimated uncertainty, then the bias obtained on QT and d n will also fall within
the estimated precision defined by o; and o, . Furthermore, since the frame
orientation is both a is both an unknown (as part of x) and a pseudo-observation (as
part of y), the final estimated frame orientation is equal to the pseudo-observation,
i.e., the initial estimated orientation.

PRECISION OF (PSEUDO) OBSERVATIONS

The fourth contribution to the precision of the estimates @T, d N) is the quality (or
precision) of (i) the LoS observations and (ii) the pseudo-observations, expressed
in Qyy in Eq. (7.11). Obviously, a higher quality of the observations, and/or more
certainty in the frame orientation, results via Qz; in higher quality of the final
estimates.

7.3.3. INTERPRETATION OF THE RESULTS

For a cartographic visualization of the estimated (dr,dy) displacements there are
two options. When the orientation of the strapdown coordinate system is uniform
over the area of interest, it is possible to create a panchromatic map’ for dr and
dy separately, see, e.g., Figs. 7.11e and f. However, in the more generic case of a
spatially variable orientation of the strapdown coordinate system this is not possible
anymore, since directionality needs to be considered. A vector (quiver) map type
is more suitable in this case, see Figs. 7.6 and 7.8. This has the added value that
the precision of both magnitude and direction can be expressed using a confidence
ellipse. The relative sizes of the vector and the confidence ellipse enable a direct
assessment of the significance of the estimate and of the SNR, and hence improve
interpretability. In Fig. 7.6, the estimated transversal displacement vector dr, located
at the geometric center of a RUM, is situated at geographic coordinates (x;,y;). In
this case the normal direction is practically aligned with the up direction.® The error
ellipse shows the confidence region, with transversal axis por, and longitudinal axis
op=drtan(pop) where p expresses the desired size of the confidence region, i.e.,
for p =2 we have a 95% confidence region. Both o1 and o, follow from Eq. (7.11).

7.4. RESULTS: 2 CASE STUDIES

In this section we apply the strapdown approach in two case studies: subsidence
due to solution mining and displacements resulting from ground water pressure in
relation to faults.

“or similarly a contour map or a dot distribution map.

8In other cases, the displacement vector can be situated along the slope.
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N

Vi ~ T

RUM-i

Figure 7.6.: Vector representation of strapdown results of RUM-i at geographic (east,north)
coordinates (x;j,y;), showing the estimated transversal displacement component, dr. The
error ellipse or confidence region has two axes. The size of transversal axis is o and the
size of the longitudinal axis is o =d7tano,.

7.4.1. MAGNESIUM EXTRACTION IN VEENDAM

In Veendam, the Netherlands, solution mining for multicomponent salts occurs at
a depth of ~1500 m. Around the production caverns, salt starts flowing towards
the caverns [13]. Subsequently, the overlaying rock layers move downwards and
horizontally towards the center of the cavern, resulting in a subsidence bowl. The
observed vertical displacements will be greatest at the center of the bowl, while
the horizontal displacements are centripetal, see Sec. 7.2.2. We use the strapdown
approach to estimate the unknown 3D displacements. The area is monitored by
Sentinel-1 from descending and ascending acquisitions, see Tab. 8.2, using a PSI
approach [193]. The LoS results for both geometries are shown in Fig. 7.7. For the
descending acquisition, the greatest LoS velocities occur more to the east compared
to the ascending acquisition, which is an indicator for significant horizontal
displacements. For the strapdown decomposition the ascending and the descending
acquisition need to have the same spatial datum, where the velocity is either known
or assumed to be equal to zero. In this case the reference points for both geometries
are chosen in a presumedly stable area outside the mining activities.

Table 7.2.: Acquisition details for Sentinel-1 tracks 15 and 139 at Veendam, the Netherlands.

S1 track 15 S1 track 139
Heading ascending descending
Mean 60 36.3° 44.2°
Mean a,; 261° 98°
Start Aug 7, 2018 Aug 4, 2018
End Mar 8, 2020 Feb 16, 2020
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S1 Descending track 139 S1 Ascending track 15
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Figure 7.7.: Estimated LoS velocities for S1 descending track 139 and ascending track 15 for
Veendam. The location of the maximum LoS velocity differs for both tracks. This is an early
indicator for significant horizontal displacements.

RUM DEFINITION

As the orientation of the TLN frame varies within the region, in first iteration we
approximate the subsidence bowl assuming radial symmetry and divide it into 12
sectors and five equidistant radial areas, see Fig. 7.8, where each element is assumed
to behave as a region of uniform motion (RUM). To account for imperfect circularity
we set oa =5° implying that, with a 95% confidence interval, we conservatively
estimate the A° alignment to be within +10°. We use Q° = 0° and ®° = 0° due to the
absence of significant topography, and we set 0q =2° and g¢ =2° to quantify our
confidence in this assumption.

PARAMETER ESTIMATION PER RUM

Independently for each RUM we estimate the mean LoS displacement velocity for
each viewing geometry, i.e., 7{°¢ and ﬁfgg, based on all time series of the scatterers
within that particular RUM. We approximated oac and 0 se by calculating the
RMSE of the LoS velocities of the individual scatterers with the mean velocities,
these values are used for Qpes; in Eq.(7.6). Subsequently, we estimate the
average velocities in the transversal and normal direction, 77 and 7y, with Egs. (7.5)
and (7.6), see Fig. 7.8. The largest mean normal (near-vertical) displacement of
~40 mm/y indeed occurs at the center of the subsidence bowl. RUMs A4, A6,
A7, and A8 contain only scatterers in one viewing geometry, impeding strapdown
estimates.

We estimate the precision for the unknown velocities, Qzz, visualized by 20
confidence ellipses and error bars for the normal velocities. The minor axes of the
ellipses represent the level of confidence due to the uncertainty in the alignment of
the frame. The uncertainty of both the transversal and the normal velocity differs
per RUM. Since the orientation of the null-line is near-north (¢ =0.7° and { =7.1°),
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the transversal direction is almost in the direction of the null-line for RUMs 1, 12, 6,
and 7, which is properly addressed by the confidence regions for these regions. It
can be seen that also the normal component is affected.

For comparison, the conventional biased approach is followed where the north
component is neglected and only the east and up components are estimated, leading
to a decomposition error [17]. In Fig. 7.9, we show the biased estimated east and
up components using that approach. The comparison shows that the strapdown
approach captures the entire 3D deformation phenomenon: while we estimate 2D
displacements per RUM, we retrieve the full 3D displacement phenomenon by
combining all RUMs, hence the 2D-local, 3D-global’ characterization.

In Fig. 7.10, we show the difference in estimated velocity between the up
component from the east-up approach and the normal component in the strapdown
approach. As expected, the greatest errors, up to —5.4 mm/y, occur in RUMs
located in the north and south (e.g., 12, 1, 6, and 7), due to the large neglected
north component. It also shows that the conventional approach results in biased
estimates: for a subsidence bowl it is highly unlikely that—for some reason—there
will be zero displacements into the north direction. As a result, in the conventional
decomposition the neglected north component is attributed to the estimated up
component, and depending on the sign of the north component, the up component
is over- or underestimated. Therefore, we expect to see (i) larger differences between
the up and normal components for the RUMs in the north and south and (ii) a
changing sign for the difference since the true north displacements for these RUMs
also have a different sign.

In comparison, the neglect-north approach results in (i) no information on

o
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—_—
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: | &>
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y-coordinate [km]
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Figure 7.8.: Results for strapdown approach for a subsidence bowl resulting from magnesium
solution mining. Red vectors represent the estimated displacement velocity in the Transversal
direction (near-horizontal), and their 20 uncertainty is visualized by a 95% confidence ellipse.
Blue vectors represent the displacement velocities in the Normal direction (near-vertical),
which have a +20 confidence interval. The vectors start at the center of gravity for each
RUM.
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Figure 7.9.: Conventional (biased) results for comparison, showing only east and up
displacements, produced by erroneously ignoring the north component. Note that this is a
decomposition error [17] with a bias mainly in the up component, see Fig. 7.10.

the north component at all (even if it would be significant enough to be
estimated reliably), and (ii) less accurate (i.e., biased) estimates in the east and
north components. The strapdown approach leads to three-dimensional unbiased
(east-north-up) estimates, accompanied with realistic precision metrics that enable
realistic interpretation.

7.4.2. HYDROLOGICAL EFFECTS IN RELATION TO FAULTS

From 1900 until 1970, coal was extracted from mines in Limburg, the
Netherlands [189]. One of its after-effects is differential ground heave induced by
rising mine water [23, 146]. Three major ground heave zones are known, one of
which is situated near Brunssum along the NW-SE oriented Feldbiss fault [86, 188].
Here we investigate the displacements near this fault over a relatively short period
of four years.

Table 7.3.: Acquisition details Radarsat-2 (Limburg).

track 109 track 302
Heading  ascending descending
Mean 6 37.3° 33.4°
Mean ay 259.2° 100.9°
Start Dec 14, 2016 Dec 4, 2016
End Sep 12, 2020 Sep 26, 2020
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Figure 7.10.: Bias in the estimated Up components introduced by erroneously using the
conventional east-up approach. The vectors show the difference with the estimated Normal
components per RUM. Upward and downward point vectors show overestimation and
underestimation, respectively.

DEFORMATION PHENOMENON AND RUMS

The Brunssum area is monitored by Radarsat-2 from an ascending and a descending
geometry, see Tab. 7.3. Differential displacements are estimated using a PSI approach,
for both geometries independently [193]. The LoS displacement rate estimates are
projected onto the vertical (PoV) with dpoy = cos ™1 Ody g, see Figs. 7.11a and b. Close
to the Feldbiss fault, the two acquisition geometries clearly show different results,
which is an indication for significant horizontal displacement components.

For comparison, we estimate the conventional up (‘vertical’) and east velocities, by
neglecting the north-bound displacement components, resulting in biased estimates,
see Brouwer and Hanssen [17]. The resulting vertical and east displacement rates
are presented in Figs. 7.11c and d, respectively. They suggest that the area is moving
upward at the southwest side of the fault, while at the northeast side, the vertical
displacements seem minimal. The estimated east displacement rates, Fig. 7.11d, are
difficult to interpret, since they underestimate the real horizontal displacement rates.

From the LoS displacement estimates we hypothesize that the surface movement
is correlated with the orientation of the Feldbiss fault, and that the horizontal
displacements are directed orthogonal to it, as the driving mechanism is most likely
related to the redistribution of subsurface water pressure. There is no physical
indication to assume a strike-slip component (parallel to the fault) in this case.
Therefore, we use the strapdown approach where for each RUM the longitudinal axis
is defined parallel to the Feldbiss fault. Since the orientation of the TLN frame is the
same for the entire area, we divide the area into grid cells of 150x150 m.
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PARAMETER ESTIMATION PER RUM

Per grid cell (RUM), we estimate the mean LoS displacement rate, and the RMSE
which serves as a quality estimate for Qs in Eq. (7.6) for both the ascending and
descending acquisition, assuming a common datum, and we compute the mean
incidence angle and azimuth of the ZDP. Subsequently, we estimate the normal and
transversal displacement rates using Eqgs. (7.5) and (7.6) and estimate the frame
orientation parameters to be A =—55° and Qg = @) = 0°, using o, =20° and
oq =0¢ =5° for each grid cell.

The estimated transversal and normal displacement rates per grid cell are shown
in Figs. 7.11e and f. For a random subset of grid cells we also added the estimated
displacements as vectors including an error bar and 95% confidence ellipse for the
normal and transversal component respectively. At the southwest, we find positive
displacements in the normal direction, implying that the area moves relatively
upward. In this area, on average a maximum velocity in the normal direction of
~8 mm/y is found. At the northeast, relative normal displacements are near-zero but
significant transversal displacements are estimated. Northeast of the fault, we find
positive transversal displacements, while at the southwest of the fault, transversal
displacements are negative, meaning that the two sides of the fault move away from
each other, i.e., there is extensional strain. The blue band just north-east of the fault
shows the largest horizontal displacements, up to ~6 mm/y. Since the displacement
time-series has a length of almost four years, the total displacement is ~2.3 cm.
As the area with the largest transversal displacements has a width of ~400 m, this
results in ~23 pe (micro-strain).

Comparing the strapdown with the neglect-north results, we find significant
differences. While the results are strongly dependent on the hypothesis that surface
movement is correlated with the fault and its orientation—an assumption that
can be disputed—we prefer the inclusion of such contextual information over a
'blind’ approach with a decomposition in the arbitrary east-up plane. In general,
adding extra information to the estimation problem will lead to better interpretable
displacement estimates, since (i) we obtain 3D instead of 2D displacement vectors,
(ii) we include the horizontal and vertical confidence regions (see Figs. 7.11 e and f),
and (iii) we avoid the inherent bias introduced by the neglect-north approach. The
approach requires an explicit statement on the contextual information that is used.

7.5. MERITS AND LIMITATIONS

The strapdown method lies halfway in the spectrum between ‘geometry-only’
methods, which are purely based on the geometry of the observations, agnostic of
the expected displacement phenomena, and ‘advanced physical’ methods, which
assume knowledge of the physics of the driving mechanisms and can produce
forward or inverse models related to the physical parameters. The strapdown
method is based on the assumption that in many cases we can do better than
the geometry-only methods, by making pragmatic use of non-disputed contextual
knowledge on the problem at hand. It makes sense not to disregard this contextual
information, as long as it is explicitly stated and refutable. Likewise, in terms
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Figure 7.11.: Estimated displacement rates (mm/y) for the area of Brunssum, the Netherlands.
The Feldbiss fault runs through the middle of the city in the direction NW-SE, indicated by
the red line. (a) and (b): LoS displacement rates projected onto the vertical (PoV) for the
ascending and descending track respectively. (c) and (d): vertical and east displacement
rates, by neglecting the north component. Note that this is decomposition error that typically
results in biased estimates [17]. Blue values in (d) indicates eastbound motion. (e) and (f):
normal and transversal displacement rates estimated with the strapdown approach. Blue
values in (e) indicate a positive motion in the normal direction, which is upward. Blue and
orange values in (f) indicate displacements in the positive and negative transversal direction,
respectively. In (c)-(f) we plotted displacement vectors, and for strapdown approach also
confidence regions. These vectors are only plotted for a subset of randomly selected RUMs,
in order to keep the visualization interpretable.
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of limitations, the strapdown method cannot replace a thorough combination
of physical information on a particular case study with geometric displacements
estimated from InSAR. Inclusion of prior expert knowledge to the estimation problem
should always result in a more optimal result. For example, when forward models
are available, it may not even be needed to perform a decomposition of the viewing
geometries, since it is easy to evaluate the model in the LoS viewing geometry
directly. Yet, such a model of the driving mechanisms may not be always available.
The conventional east-up decomposition, i.e., a geometry-only method, yields biased
results, particularly in the up-direction, and it is in fact a 'neglect-north’ approach.
There is no physical reason why horizontal displacements in, e.g., the east direction
are more common than in the north direction. Applying the unbiased strapdown
method requires the orientation of the local TLN reference system at all locations,
which comes with uncertainty. Yet, since this uncertainty is expressed and used in
the estimation, the resulting displacement vector orientation and magnitude have
realistic confidence regions, which mitigates the likelihood of misinterpretation. The
strapdown method is dependent on the existence of presumed Regions of Uniform
Motion (RUMs), which is essentially an assumption, similar to the geometry-only
and advanced-physical methods, and the datasets from different viewing geometries
need to find a common reference point.

7.6. CONCLUSIONS

The strapdown method makes it possible to estimate three-dimensional displacements
from two satellite imaging geometries for deformation phenomena where the
deformation mechanism is known to some extent, using minimal and largely
undisputed contextual information. The method uses a location-dependent local
reference system, with displacement occurring only in the transversal-normal plane,
confined by a RUM. Since the orientation of the local frame is based on the
physics of the problem at hand, the strapdown approach gives physically more
relevant estimates compared to conventional geometry-only approaches, which are
intrinsically biased, while not claiming optimality in the domain of advanced physical
models. By quantifying the uncertainty in the knowledge about the orientation
of the local frame, proper error propagation enables assessing the quality of the
final estimates. In this way, even when the frame orientation is poorly known, it
is still possible to estimate transversal and normal displacement components, and
subsequently the east and north components, as long as the ‘true’ frame orientation
is within the estimated orientation uncertainty. The method is practical, effective,
unbiased, and largely generic, and can be characterized as "2D-local/3D-global".

Cartographic representations of the three-dimensional results include the re-
introduction of classic geodetic vector-based visualizations, including confidence
ellipses, which enables a more profound interpretation of the results.
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ISOLATING AND ESTIMATING 3D
SURFACE DISPLACEMENTS
INDUCED BY GAS EXTRACTION IN
THE GRONINGEN GAS FIELD

Since 1964, the Groningen gas field in the Netherlands has experienced significant
subsidence due to gas extraction. Although InSAR has been widely used to estimate the
field’s vertical displacement, capturing its full 3D deformation, including horizontal
components, has been challenging. This has only been achieved using spatially
sparse GNSS observations. The InSAR strapdown method offers a solution to this
problem. However, since InSAR observes total kinematic behavior, we first disentangle
the different deformation mechanisms present in the InSAR data using an approach
that exploits the spatial smoothness of the deep signal. Then, we apply the strapdown
method to estimate vertical and directional horizontal displacement components,
using frame orientation parameters estimated directly from the data. We incorporate
uncontroversial contextual information and apply a bootstrapping method to improve
the quality of the results. With this approach, we obtained reliable three-dimensional
displacement estimates for the Groningen gas field, revealing previously unquantified
horizontal displacements.

This chapter has been submitted to the Netherlands Journal of Geosciences, and is available
as preprint: W. S. Brouwer and R. E Hanssen. “3D surface displacement estimation over
the Groningen gas field, the Netherlands”. In: EarthArXiv (2025). DOI: 10.31223/X5775W
https://doi.org/10.31223/X5775W
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8.1. INTRODUCTION

ETER production started in 1964, the Groningen gas field in the Netherlands has
Aexperienced significant pressure decline, resulting in subsurface compaction and
surface displacements (subsidence) [65]. Since 2012, induced seismicity caused over
250,000 damage reports and major societal consequences, including health issues
and safety concerns [157, 191, 192]. Monitoring surface displacements is therefore
crucial—nmot only to improve understanding of subsurface processes, but also to
support risk mitigation and damage assessment. Moreover, these measurements
serve as critical input for inverse modeling efforts to estimate reservoir parameters
such as pressure depletion and compaction [108, 185, 187].

Surface displacements have been monitored since the start of gas production:
initially with leveling surveys, and since 2003 increasingly with InSAR [103, 105,
108, 135, 186, 187]. However, most studies focused on the vertical component,
even though horizontal displacements can be expected—particularly near the field
edges [103, 104, 148]. Neglecting this component results in biased estimates of the
vertical component and underutilizes InSAR’s full potential, since the observations
capture both the vertical and horizontal deformation in the projection of the 3D
displacement vector onto the satellite’s line-of-sight (LoS) [17]. Moreover, knowledge
on the horizontal displacement gradients is crucial, as it provides information on
compression, extension, curvature, and tilt, which can affect infrastructure and
buildings even more severely than vertical motion [111].

However, the near-polar orbits and right-looking mode of most SAR satellites limit
observations to two effective LoS directions, complicating a full 3D decomposition.
Nonetheless, we argue that knowledge on the driving mechanism—gas extraction
leading to a subsidence bowl [71, 186]—enables using the strapdown method
proposed by Brouwer and Hanssen [14] to decompose the LoS observations into
normal (near-vertical) and transversal (inward near-horizontal) components.

A fundamental requirement for the strapdown decomposition is that it utilizes
only observations that exclusively represent the deformation signal resulting from gas
extraction, here referred to as the deep deformation signal. This poses a challenge,
as InSAR observations reflect the total kinematic behavior, which is the sum of the
deep signal, the shallow subsurface signal and autonomous behavior of objects and
constructions, such as subsiding infrastructure, groundwater effects, or deforming
buildings [136]. Therefore, these signal components first need to be disentangled,
before we can decompose the deep signal.

Here, we present a systematic approach to disentangle the deep and the shallow
or autonomous signal. Subsequently, we apply a local decomposition in transversal
and normal components using an orientation based on the iso-displacement lines in
the viewing geometries, and convert this to 3D (east, north, up) components, using
estimated smoothness parameters obtained from well-estimable parts of the field.

The paper is organized as follows. In Sec. 8.2, we discuss the classification
methodology used for the separation of the deep deformation signal from the
shallow and autonomous surface motion, and present the results. In Sec. 8.3, we
perform the decomposition using only the InSAR observations that reflect the deep
signal. We reflect on the method and results in Sec. 8.4.
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8.2. SCATTERER CLASSIFICATION: SEPARATING DEEP-ONLY
AND MIXED SCATTERERS

To accurately decompose InSAR Line-of-Sight (LoS) observations into their normal
and transversal components, it is crucial to include only those scatterers that
uniquely represent the deformation mechanism of interest. In this case, the focus
is on the subsidence bowl resulting from gas extraction at a reservoir located
three kilometers below the surface—referred to as the deep deformation signal,
dgeep- Consequently, all InSAR scatterers are affected by this deep signal. Yet,
many scatterers additionally exhibit displacement contributions due to (i) shallow
processes and/or (ii) autonomous movements, leading to a cumulative superposition
of three distinct displacement components [80]. Thus, the observed displacement
signal’ is

gobs = Ashiw t ddeep + daue + 1, (8.1)

where n is a noise term and the underline indicates the stochastic nature of the
variable. Fig. 8.1 shows an example of InSAR LoS data, that is projected onto
the vertical, shown for the province of Groningen (panel A). The colors represent
the velocity of scatterers in mm/year, reflecting the total observed deformation
behavior. In panel A, the primary deep deformation signal—characterized by its
spatial smoothness—is visible. Panels B, C, and D show additional deformation
signals, including subsiding levees (B and C) and localized subsidence at the port of
Eemshaven (D), see also Fig. 8.2. Including scatterers that are influenced by these
“non-deep” deformation signals in the subsequent decomposition process (sec. 8.3)
would significantly bias the decomposition results. For instance, inadvertently
attributing the levee-related deformation in panel C to gas extraction would lead
to a significant overestimation of the normal displacement component. Therefore,
it is essential to identify and exclude scatterers that display autonomous and/or
shallow deformation. To address this, all scatterers will need to be classified into two
mutually exclusive classes: the deep-only class, and the mixed class. The deep-only
class consists of a subset of scatterers, uq,,, that solely reflect the deep deformation
signal, defined as

Ud/o : ddeep ER A dspiw =0 A dayt =0. (8.2)

The 'mixed’ class contains the subset of scatterers influenced by a combination of
deep, shallow, and autonomous signals, defined as

Unix : ddeep € R A dsniw ER A daye €R. (8.3)
Consequently, we assume that all scatterers possess a deep component, though its

numerical value may be zero. The proposed classification methodology comprises
three subsequent steps and will be discussed below.

INote that the displacement vector d, in mm, may also be interpreted as, e.g., an (average or
instantaneous) displacement velocity in mm/y, since this is geometry-invariant.
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Krummhorn

Figure 8.1.: InSAR deformation velocities, derived from Sentinel-1 data, for the province
of Groningen. The colors represent the average deformation velocity in the LoS direction
projected onto the vertical direction, expressed in mm/year. Panel A shows the dominant,
spatially smooth subsidence bowl resulting from gas extraction, with maximum velocities
reaching up to 6.5 mm/yr at the center. Due to the deep origin and large extent of the
gas reservoir, all scatterers in the area are affected by the deep deformation signal, though
its magnitude varies with location. Panels B, C, and D highlight localized autonomous
deformation signals, such as subsiding dikes (B and C) and subsidence in the Eemshaven
harbor (D). These autonomous signals are spatially less smooth compared to the widespread
deep signal.

146



8.2. SCATTERER CLASSIFICATION: SEPARATING DEEP-ONLY AND MIXED SCATTERERS

8.2.1. STEP I: QUADRANT CLASSIFICATION

Given the detection of more than one million coherent point scatterers’ in both
ascending and descending Sentinel-1 acquisitions (see Tab. 8.2 for acquisition
details), all points are initially classified as mixed by default, see Fig. 8.4. We then
use a quadtree approach to evaluate all scatterers in a quadrant and disentangle
them into either the deep-only or the mixed class. A quadtree is a hierarchical data
structure that recursively divides a region into four smaller quadrants, continuing
this subdivision process until a predefined criterion or condition is satisfied [64,
154]. For each quadrant, we initially use the Line-of-Sight (LoS) velocities projected
onto the vertical (PoV) direction [17]. A plane is then fitted through these velocities,
to accommodate gradients in the displacement field, and consequently the residuals
between the observations and the fitted plane are computed. If all scatterers within
a quadrant reflect only the dominant deep deformation component, these residuals
are expected to be relatively small, as the deep signal is assumed to be spatially
smooth. However, a quadrant is further subdivided into four sub-quadrants if all
of the following three criteria are met: i) the spread of the residues between the
LoS PoV observations and the fitted plane exceeds a specified threshold; ii) the
quadrant contains more than N scatterers; and iii) the quadrant’s size is larger than
a predefined minimum. The latter two criteria ensure sufficient data density and
statistical reliability within each quadrant.

An example of the resulting quadtree structure is shown in Fig. 8.2. Starting with
the large black quadrant (1), a plane is fitted trough all PoV velocities. Because of the
industrial area at the bottom right—a newly installed solar farm experiencing rapid
initial consolidation—the PoV velocities cannot be sufficiently described by a single
plane, and the residues between the observations and the plane will thus be large.
Therefore, quadrant 1 will be subdivided into the four purple quadrants, after which
this process will be repeated. The residues with fitted planes in sub-quadrants 2, 3,
and 4 are small—here we use an upper threshold of 1.5 mm/yr for the standard
deviation of the residues—and will not be further subdivided. The fifth quadrant
is further subdivided into the four orange ones. Thus, the presence of local
autonomous or shallow signals requires smaller quadrants to describe the signal.

After this procedure, the quadrants (and thus all scatterers within them) are
classified into the two disjunct classes: deep-only and mixed. Under the assumption
that the deep signal is spatially smooth, we classify a quadrant as deep-only if (i) it
is large (>700 m), (ii) the dispersion (o) of the residuals of the scatterers with the
estimated plane is small (i.e., <1.5 mm/y), and (iii) the gradient of the fitted plane is
low (i.e., <0.06 mm/y/m).> The result for the ascending dataset is shown in Fig. 8.3,
where the left panel shows the deep-only quadrants and scatterers, and the right
panel the mixed ones, respectively.

At this point, all scatterers located within a given quadrant inherit a uniform

2We use the Delft taxonomy of scatterer classification proposed by Hu et al. [93].

3The rationale for choosing a maximum value of 700 m is that it is ~20% of the reservoir depth,
which is three kilometer. The maximum sigma value for the residuals was chosen to be 1.5 mm/yr
as we expect to see larger values when autonomous motion takes place. The maximum gradient
was chosen an order of magnitude larger (to be conservative) then we estimated at the LoS data
near the edges of the field. Note that all values are application dependent.
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Figure 8.2.: Example of quadrant classification, starting with the large black quadrant (1).
Due to the additional subsidence signal in the bottom right (a newly installed solar farm),
this quadrant is further subdivided into four new (purple) quadrants. Quadrants 2, 3, and
4 contain only one deformation phenomenon and will not be further subdivided, whereas
quadrant 5 will be split into four new sub-quadrants. This way, areas exhibiting local shallow
and autonomous signals are isolated from areas only representing the deep deformation
signal.

Deep- only quadrants and scatterers Mixed quadrants and scatterers

Deep-only quadrant if: 610 Mixed quadrant if:
p residues < 1.5 mm/yr u residues > 1.5 mm/yr
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Figure 8.3.: A result of the separation of quadrants into either deep-only (left) or mixed
(right). Large quadrants, where the residues with the fitted plane trough the PoV velocities
are small are assigned to the deep-only class. Local deformation phenomena, such as
subsiding infrastructure, require smaller quadrants to describe the deformation behavior and
are assigned to the mixed quadrants. Note that both panels are mutually exclusive.
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classification label, depending on the classification of the quadrant. For the
Groningen case, the percentage of scatterers per class is presented in the flowchart
in Fig. 8.4, where the green and the red values represent the ascending and
descending acquisitions, respectively. Indeed, the majority of scatterers is classified as
mixed. However, some scatterers in deep-only quadrants may still exhibit additional
autonomous and/or shallow behavior, and some scatterers in mixed quadrants may
only exhibit a deep signal. This is addressed below in steps II and III.

Initial PSI dataset

I: quadrant classification with quad-tree Quadrant
All points in quadrant are assigned classification

to the same class

/ II: Pomtclassnﬁcatlonl I1I: Point classificationz/ Point

Based on hlstﬂgrams Based on kriging classification

%,33% /1 0, 14%
1

| Umixed | |umixed |

| Ud/o || Ud/o

-—=>

| Point label | /Classiﬁcation step / Input

Figure 8.4.: Flowchart of the classification procedure: In the first step of the classification
process, the quadrants and all scatterers within them are classified into two classes.
After quadrant classification, scatterers may erroneously be classified. In the first point
classification step, we analyze the histograms of the deep-only labeled scatterers and
reclassify the mixed scatterers that were erroneously classified as deep-only. In the second
classification, we use information from the deep-only classified scatterers to predict the deep
deformation component at the mixed scatterers. We use this information to reclassify the
erroneously classified mixed scatterers to deep-only. The percentages in green and red
represent the proportion of scatterers belonging to a class for ascending and descending
acquisitions, respectively.

8.2.2. STEP II: POINT RECLASSIFICATION DEEP-ONLY TO MIXED

Individual scatterers in deep-only quadrants may actually still exhibit additional
autonomous and/or shallow behavior. To detect potential scatterers belonging to
the mixed class, we analyze the histograms of the PoV velocities in the deep-only
quadrants. If all scatterers represent the same deformation signal, the histogram is
expected to be symmetrical, only representing random noise. However, if additional
deformation components are present, with significant magnitudes, the histogram
may become skewed. Since gravity is the main driving force (i.e., points will
more often move systematically down than up) we specifically expect a left-skewed
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distribution and we assume that the main mode of the histogram corresponds to the
deep-only deformation signal.

When fitting a skew-normal distribution to all velocities within a quadrant,
we subsequently estimate the main mode of all velocities and their Median
Absolute Deviation (MAD)*. We reclassify scatterers with velocities outside the range
(main mode +2MAD) to mixed, following the procedure of Hanssen and van Leijen
[79]. An example is shown in Fig. 8.5a, where two deformation mechanisms are
present: a gas production facility and the railway in the south, clearly visible in the
skewed histogram. Consequently, all scatterers within the selected range are labeled
as deep-only, while the remaining scatterers in the left tail are classified as mixed,
see Figs. 8.5c and 8.5d.
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Figure 8.5.: In deep-only quadrants, individual scatterers actually belonging to the mixed
class should be detected and reclassified. (a) shows the PoV velocities of all scatterers in such
a quadrant, while (b) presents the corresponding histogram. The skewness of the histogram
indicates the presence of multiple deformation components. The solid red line marks the
main mode velocity, and the dashed red lines indicate the (main mode+2x MAD) range.
Scatterers outside this range are reassigned to the mixed class (d), while the remaining
scatterers are individually classified to the deep-only class (c).

4 Similar to the mode being less influenced by outliers than the mean, the MAD is less influenced by
the sample size [95].
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8.2.3. STEP III: POINT RECLASSIFICATION MIXED TO DEEP-ONLY

After the quadrant classification in step I, some individual scatterers in mixed
quadrants may actually be representing deep-only signals. Identifying those scatterers
is important to achieve sufficient spatial point density required for the subsequent
geometric decomposition, see Fig. 8.3. For example, Fig. 8.3a shows a lack of
deep-only scatterers in the cities of Groningen (southwest) and Delfzijl (east),
despite the expectation of finding such scatterers in these areas. Without deep-only
scatterers at these locations, a decomposition cannot be performed.

For this ’step III’ reclassification, see Fig. 8.4, we include the deep-only scatterers
that were the result of step II. The assumption is that for those scatterers the
autonomous and shallow deformation components are zero, i.e., daut = dshiw =0,
and therefore dops(Uq/0) = ddeep(Udio) + 1, where ugq,, identifies a deep-only labeled
scatterer. This deep-only signal is expected to exhibit a certain spatial smoothness,
which we will use to predict the deep signal at locations of the scatterers that were
labeled as mixed, i.e., unix, after step I. We use ordinary kriging interpolation with

n
ddeep(umix) = Z Aidobs (Ui do), (8.4)
i=1
where dops(14;,4/0) represents the observed PoV velocities of the deep-only classified
scatterers, n is the number of deep-only classified scatterers, and A; are the kriging
weights derived from the variogram corresponding to the deep deformation signal.

The variogram is derived from the observed LoS deformation that is projected
onto the vertical of the deep-only classified scatterers, which would therefore contain
both noise and the deep signal. We fit a Gaussian model through the data, with
estimated variogram parameters as presented in Tab. 8.1. The parameters for the
ascending and descending dataset are comparable, with slight differences possibly
due to the different viewing geometry.

The kriging interpolation provides a prediction of the deep signal at the locations
of the mixed scatterers, here denoted as ddeep(umix). Comparing the predicted deep
signal with the observed signal, we estimate the concatenated autonomous and
shallow behavior of the scatterer with

daut(umix) + dshlw(umix) = dobs (Umix) — dd/o (Umix)- (8.5)

If the absolute value of cfaut(umix) + dshlw(umix) is small, we assume that the observed
deformation signal only has a deep component and reclassify those scatterers from

Table 8.1.: Gaussian variogram parameters estimated from the descending and ascending
PoV values used for the kriging interpolation in Section 8.2.3. This shows that both viewing
geometries result in comparable variogram parameters.

range [km] nugget sill [mm?/y?]
[mm?/y?]
asc 16 0.2 3
desc 17 0.3 4

151



8. 3D SURFACE DISPLACEMENTS INDUCED BY GAS EXTRACTION IN GRONINGEN

the mixed class to the deep-only class. As a practlcal limit, here we reclassify mixed
scatterers into the deep-only class when Idaut(umlx) +dshlw(umlx)| < 1.5 mm/y, see
footnote 3, to avoid excessive smoothing and to allow for some missed signals.
This value was chosen since it is equal to the threshold of the spread of the
residues to separate deep-only and mixed quadrants in Sec. 8.2.1 (Step I). When
Idaut(umix) +cfs(umix)| = 1.5 mm/y, the scatterer remains a mixed scatterer, but with
(i) a disentangled deep component and (ii) a concatenated autonomous/shallow
component, which can be used for other studies. = The result of this three-step
approach is a non-overlapping classification of deep-only and mixed scatterers,
whose estimated PoV velocities are shown in Fig. 8.6.

Deep-only scatterers Mixed scatterers
N\

605

600

PoV velocity [mm/yr]

Figure 8.6.: Final result for the classification of scatterers into two disjunct sets of points:
deep-only (left) and mixed (right) for a Sentinel-1 ascending acquisition over Groningen. Both
figures share the same color scale shown at the right. Note that the mixed scatterers also
represent the deep deformation behavior. It can be seen that the deep-only scatterers show
smoother signal in space.

A comparison between Figs. 8.6 and 8.3 reveals that the spatial distribution of
deep-only classified scatterers has significantly improved.

From the original 74% of point scatterers classified as mixed after step I, see
Fig. 8.4, about 80%° are ultimately moved to the deep-only class in step III. This
shows that the two subsequent point classification steps (II and III) are effective and
necessary. The high percentage of reclassified scatterers in step III is likely caused
by the large number of scatterers in the cities of Delfzijl and Groningen. Initially,
almost all scatterers in those cities were classified as mixed.

8.2.4. DISCUSSION

The proposed classification method separates deep-only and mixed scatterers based
on the expected smoothness of the deep signal, and does not require direct
physical knowledge on the nature of the scatterers. While these expectations and

560/(60+14)=81% (ascending) and 53/(53+14)=79% (descending)
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HORIZONTAL COMPONENTS

assumptions may be somewhat heuristic, they are explicitly stated and therefore
subject to scrutiny. Importantly, in this study our goal is not to obtain a detailed
characterization of autonomous or shallow scatterer behavior. Instead, we aim to
remove scatterers exhibiting such motion from the dataset as effectively as possible
prior to decomposition. The decomposition process depends on identifying ‘regions
of uniform motion, i.e., RUMs [14]), within which velocities are averaged. As a result,
any misclassification—such as incorrectly labeling a mixed scatterer as deep-only—is
likely to be attenuated within these regions. As shown in Fig. 4, in the end
approximately 85% of scatterers are classified as deep-only, with only 15% identified
as mixed. This indicates that the method does not excessively smoothen the data.

8.3. DECOMPOSING DEEP DEFORMATION INTO VERTICAL
AND DIRECTIONAL HORIZONTAL COMPONENTS

Working only with the resulting deep-only scatterers in both the ascending and
descending dataset, we can decompose the LoS observations into normal and
transversal components using the strapdown method, as proposed by Brouwer
and Hanssen [14]. This uses a local Cartesian coordinate system with transversal,
longitudinal, and normal components (TLN), where the displacements occur only
in the transversal-normal plane by definition. The frame’s orientation is defined by
three angles: A, @, and Q, where A €[0°,360°) is the azimuth of the longitudinal
direction relative to the geographic north, ® € (-90°,+90°] is the elevation angle of
the longitudinal direction relative to the horizontal, and Q € (0°,+90°] is the elevation
angle of the transversal direction, see sign conventions in [14].

For subsidence bowls, the normal direction is approximately vertical, while
horizontal displacements are expected to be directed toward the center of the bowl,
i.e., the longitudinal direction is aligned parallel to the iso-deformation lines, and
the transversal direction is near-centripetal.

With the LoS observations from an ascending, d{%s, and descending acquisition,

Qﬂffs, the transversal and normal displacements, dr and dy can be solved from a

nonlinear set of observation equations with

a5 [PBCA,Q,®)dr + PEC(A, QD) dy
asss P3C(A, Q, ®)dy + PEC(A, Q, D) dy
E{| A |1= A , and (8.6)
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where

Pr =(sinfsina, cos A —sinf cosa,sin A) cosQ—
(=(sinfsina,sin A +sinf cosa, cos A) sin®+
cosfcos®)sinQ and

Py =(sinf,, sina g cos A —sinf cosasin A)sinQ+
[—(sin@m sina sin A +sinf cosa, cosA) sin®+
cos cos @) cos Q.

E{} expresses the expectation of the model, and x = [dr,dy, A, Q,®]T is the vector
of unknowns. In the model, di%s and QSZCS are ‘sets’ of LoS observations, i.e.,
all LoS observations for one viewing geometry over a region of uniform motion
(RUM), see Brouwer and Hanssen [14] for further details. The first two rows of
A(x) are unique nonlinear equations of x due to the difference in viewing geometry
between ascending and descending orbits, defined by the incidence angle towards
the radar, 6, and the azimuth of the zero-Doppler plane (ZDP) at the target position
towards the satellite, a;. To resolve the rank deficiency, pseudo-observations for
A, Q, and @ are added to the system. These pseudo-observations are also used
as initial values in Eq. (8.6) and based on best-effort estimates for the frame
orientation, as discussed below. Df{.} is the dispersion of the observations, where
Qros is the covariance matrix of the LoS observations for a set. This covariance
matrix is a diagonal matrix containing the variances of displacements for each
scatterer within the set. The uncertainty in the orientation of the TLN frame is
represented in ai, 0?2, and Ué, values that reflect the degree of uncertainty on the
orientation of frame. The alignment of the local frame with respect to the local
deformation phenomena is a key part of the method, ensuring that displacements
occur exclusively in the transversal-normal plane and that the alighment uncertainty
is realistically (i.e., conservatively) approximated, to obtain realistic quality metrics
for the final displacement estimates.

The nonlinear model of observation equations, i.e. Egs. (8.6) and (8.7), can be
solved using iterative techniques such as the Gauss-Newton method. This process
requires linearizing the system of equations and providing initial approximations for
the unknown parameters xg), i.e., A, ®, Q, dr, dy. Below we (i) discuss how the
initial values are derived for the Groningen gas field, and (ii) perform the strapdown
decomposition, resulting in estimates for the normal and transversal components.
As the quality of the estimated transversal components varies with orientation, we
(iii) further improve the quality of the estimates based on uncontroversial contextual
information.

8.3.1. APPROXIMATING THE ORIENTATION OF THE TLN FRAME

The subsidence signal of the Groningen gas field is notably non-circular, see Fig. 8.6a,
which makes accurately estimating the TLN frame orientation important. The LoS
observations are projected onto the vertical (PoV) for both viewing geometries
to obtain a rough first-order approximation of the gradients of the subsidence
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Table 8.2.: Acquisition details for Sentinel-1 tracks 15 and 37 in Groningen, the Netherlands.

S1 track 15 S1 track 37
Heading  ascending descending
Mean 6 36.1° 36.9°
Mean ay; 259.3° 100.5°
Start Feb 2, 2015 Dec 2, 2015
End June 21, 2023 July 5, 2023

field. Figs. 8.7a and b show the kriging predictions of the PoV velocities for both
acquisitions, together with estimated contour lines. It can be seen that, due to
the presence of a horizontal component, the contour lines for both datasets differ
slightly We compute the mean value of these two fields, see Fig. 8.7c, to get an
initial approximation of the shape of the field with

N 1/~ N
QPOV = E (dPoV,asc + gPoV,dsc) ’ (8.8)

where éPWaSC and éPOV,dsc are the two kriging predictions for a regular grid, and

dp,y is the mean estimated field. Here, the PoV values are expressed as positive
subsidence rates: greater values correspond to greater subsidence and the field
attains its maximum at the bowl center. The spatial gradient of this mean field is

. 8dpyy 0d
Vebpov = (% %) =(dx, dy), (8.9)

where x and y denote the east and north directions respectively, points in the
direction of steepest increase of the subsidence field. This gradient is directed
centripetally and coincides with the transversal direction T of the TLN frame. The
azimuth of the transversal axis (measured clockwise from north) is therefore

at = atan2(dy, dy) mod 27, (8.10)

where atan2(dy,dy) uses the azimuth convention, with the east component as the
first argument and the north component as the second. The longitudinal axis L is by
definition perpendicular to T and the azimuth of the longitudinal axis is therefore

A= (aT + g) mod 27 = (atanZ(dx, dy) + g) mod 27. (8.11)

Fig. 8.7c shows the mean contour lines together with the estimated transversal
directions as black arrows, which are perpendicular to the contour lines and point
toward the bowl center.

The frame alignment also requires estimates for Q and ®, because of the absence
of significant topography in this region we use Q =0° and ® =0°.
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Figure 8.7.: (a) and (b): kriging predictions of ascending and descending deep-only PoV
velocities on a regular grid with a 200 m resolution. Black dots indicate the locations of the
input data, which are (a representative subset of) deep-only classified scatterers. A random
spatially subset of points is used to reduce the computational load of the kriging estimation.
The subset was chosen to ensure good spatial coverage, with points evenly distributed across
the area. Due the presence of a horizontal component the maximum subsidence occurs at a
different location for the both acquisitions. (c): mean of the two fields shown in (a) and
(b), along with contour lines and the estimated orientation of the transversal axes as vectors,
assumed to be perpendicular to the contour lines.

8.3.2. STRAPDOWN DECOMPOSITION

Using the approximated frame orientation we decompose the LoS deep-only
observations for ‘regions of uniform motion’ (RUMs)—areas where all selected
deep-only scatterers are assumed to exhibit the same displacement behavior [14].
We divide the province of Groningen into grid cells of 500x500 m, and estimate the
mean and the standard deviation of the LoS velocity per grid cell, where the latter
serves as an approximation for Qs in Eq. (8.7). We conservatively set o, = 15°
to account for imperfections in our initial estimate of the frame orientation, and
0q =0¢ =5° The nonlinear system of observation equations (8.6) and (8.7) is
solved using a Gauss-Newton iteration scheme, which requires initial estimates for
the unknown parameters. We set d?] = dl[gl =1 mm/yr (as we assume that the deep
signal is present everywhere), Q% = ®% =0°, and use the computed values from
Sec. 8.3.1 for A%,

Figs. 8.8a and 8.9a show the estimated velocities for the normal and transversal
component, respectively, together with corresponding sigma values in Figs. 8.8f
and 8.9f. It shows that the magnitude of the estimated normal component is
consistent with the estimated contour lines that serve as input for the TLN frame
orientation (the contour lines are shown in the figures as a reference). As an
additional check on the viability of the approximated TLN frame orientation, we
recompute new contour lines based on dy, see Fig. 8.10. This shows that the
orientation of the contour lines match well, with only some minor deviations at the
west side of the field. When we derived new estimates for A from these new contour
lines and look at the difference we find a mean value of 0.1 degrees, and o value of
8 degrees. Note that these values are small compared to the a priori conservative
assumption of oy =15°. The estimated normal component reaches values of up to
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Figure 8.8.: (a) Normal velocities estimated using only the strapdown decomposition, with
the corresponding quality values (o) shown in (f). (b) presents the results obtained via kriging

interpolation, d pwd, with corresponding sigmas in (g), and the difference with the strapdown

N
results in (d). In (c), we show the combined estimates for the normal component, (i]%n,
derived by solving the mathematical model from Egs. (8.13) and (8.14), with the associated
o values shown in (h), and the difference with the strapdown solution in (e). Notably, the
combined approach improves the quality of the estimates—particularly for RUMs where the
transversal direction aligns with the north-south direction, see the lower sigma values of (h)

compared to (f). The circle in (a) locates the city of Groningen.
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Figure 8.9.: (a) Transversal velocities estimated using only the strapdown decomposition,
d;d. Note that the color bar is clipped. Corresponding quality values (o) shown in (f). (b)

presents the results obtained via kriging interpolation, ci;)red, with corresponding sigmas in
(g), and the difference with the strapdown results in (d). In (c), we show the combined
estimates for the transversal component, ci]@“, derived by solving the mathematical model
from Egs. (8.13) and (8.14), with the associated o values shown in (h), and the difference
with the strapdown solution in (e). Notably, the combined approach improves the quality
of the estimates—particularly for RUMs where the transversal direction aligns with the
north-south direction, see the lower sigma values of (h) compared to (f). The circle in (a)
locates the city of Groningen.
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Figure 8.10.: Contour lines that served as an input for the strapdown decomposition shown
in black, and the contour lines that were estimated from the normal component in red.
It can be seen that the input orientation of the TLN frame was rather good since the
orientation of the two contour lines is almost identical. We also estimated new values for A
with the contourlines based on the estimated normal component, and compared them to
our initial input for the strapdown decomposition. This resulted in a mean difference of 0.08
degrees and o of 8 degrees.

—6.5 mm/yr in the middle of the field, at RD coordinates [244000, 592000], north of
the city of Ten Post, which is well in line with earlier results [136]. Also, a steeper
gradient in the estimated normal velocities at the edges of the field is observed.

The estimated values for the transversal component, see Fig. 8.9a, predominantly
show positive (blue) values, which confirms that the estimated frame orientation
seemed appropriate. As expected, higher transversal velocities are observed at
locations where the contour lines are closer together—particularly around the city
of Groningen, indicated with the circle between x-coordinates 230-240 km and
y-coordinates 585-595 km. Here, transversal velocities of up to 1.8 mm/yr are
estimated, which, given that gas extraction has been ongoing since 1960, would
result in approximately 11 cm of cumulative horizontal displacement.

Extreme values for the transversal velocity and large corresponding standard
deviations are observed for RUMs where the transversal direction is (almost) aligned
with the north direction, see Fig. 8.9e. At these RUMs the transversal direction
is close to the orientation of the null line®, resulting in an ill-posed problem.
Consequently, those unknowns can be estimated with low precision, affecting also
the normal component. Below, we address and reduce these adverse effects.

6The null line is the direction in three-dimensional space in which no displacements can be observed
by both the ascending and descending acquisition. Its orientation can be computed from the
viewing geometry of the ascending and descending acquisition and is described by azimuth ¢ and
elevation angle (, see [17].
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8.3.3. IMPROVEMENT USING CONTEXTUAL PREMISES

Since we are analyzing a deformation signal known to be caused by gas extraction
from a reservoir at a depth of three kilometers, the estimated extreme transversal
velocities shown in Fig. 8.9a are physically unrealistic. Note that the color bar
is clipped for visualization purposes, but we observed estimated values beyond
+10 mm/yr. In fact, (i) the depth of the reservoir is expected to result in
a spatial displacement signal with some degree of spatially smoothness in the
tangential direction, i.e., roughly parallel to the iso-displacement lines approximated
in Fig. 8.7c. While this degree of smoothness may differ slightly depending on the
sectorial position, there is (ii) no reason that the transversal displacement gradients
are as strong as the observed ones in Fig. 8.9a. Instead, (iii) it is very likely that the
extreme values are a consequence of the lower sensitivity in those sectorial positions.
Fortunately, (iv), the sensitivity to estimate the transversal displacement gradients in
the other sectorial positions is very high.

We consider considerations (i) to (iv) as ‘contextual premises, i.e., statements
assumed to be true, but formulated explicitly to allow for scrutiny and potential
refutation. Deductively, it follows from the premises that the results from the
‘transversal-sensitive’ RUMs, i.e., with well-solvable displacement estimates, provide
insight into the degree of smoothness of the transversal deformation signal, also
over the sectorial positions with transversal-less-sensitive RUM’s. We can use this
approach to weigh the kinematic estimates from Sec. 8.3.2 and combine them with
smoothness conditions derived from other parts of the field. We apply this approach
subsequently to the normal and to the transversal component of the velocity.

NORMAL COMPONENT

In order to quantify the smoothness, we compute the variogram of the normal
velocity using the strapdown estimates of only well-solvable RUMs, i.e., RUMs
where the direction of the transversal component is at least 15 degrees away from
the orientation of the null line,” which has an elevation and azimuth angle of
(=7.8° and ¢ =0.0°, respectively. The resulting variogram, shown in Fig. 8.11a,
is an approximation of the signal’s smoothness. Since the variogram is based on
velocities from the strapdown decomposition, it has a non-zero nugget to account
for imperfections in the decomposed results. We fitted a Gaussian variogram model
with a range of 18.5 km, a nugget of 0.1 mm?/yr?, and a sill of 2.3 mm?/yr?. The
variogram values are the kriging weights, to predict a new normal velocity based on
the expected smoothness of the signal, for each RUM, using

n
dPed =y 2:d3s, (8.12)

i=1

where i is the identifier of a RUM that is at least 15 degrees away from the
orientation of the null line, d}f,d is the normal displacement velocity from the
strapdown decomposition, and A are the kriging weights derived from the variogram
model. In this way, we predict a new normal velocity for all RUMs, based solely

“See footnote 6.
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Figure 8.11.: (a) shows the variogram of the normal deformation signal. The x-axis shows
the range in meters. A Gaussian model was fitted to the variogram. Due to the bowl-shaped
subsidence signal, the semivariance initially increases with distance. However, since the
radius of the subsidence bowl is approximately 30 km, the semivariance decreases beyond 35
km. (b) shows the variogram of the transversal deformation signal, where we fitted a linear
model. In this case, the range values represent differences in the gradient of the subsidence
bowl rather than geometric distances. This reflects the expectation that RUMs on the same

contour show a similar transversal deformation.
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on the RUMs for which the strapdown estimates were reliable. This results in two
normal displacement velocity estimates per RUM, dlﬁld and cf]sred, each with an
associated variance. The final estimate for the normal component is then obtained

by combining these values through the following mathematical model

d 1] 4
E{ dpf}’ed b=, dy", and (8.13)
i,-a ~~—~
X A
~ [ 2
dsd Udsd 0
Dif sprea|l=| 0" 52 | (8.14)
spred
N | dy
—_—
Y Qy

where d]%n is the final normal displacement velocity. The results for cf]f),red and dlf‘,n
and their corresponding variances are shown in Figs. 8.8b, c, g, and h, respectively.

Figs. 8.8d and e present the differences for cflsred and d]f‘,n with the estimated
velocities from the (kinematic) strapdown decomposition, see Sec 8.3.2. It shows
that dA}\),red is spatially smooth, with uniform standard deviation (o) values for all
RUMs. The differences between the predicted and the strapdown velocities, show
that significant differences occur primarily for the RUMs where the sigma value for
the normal velocity was large.

Comparing the final estimates and their associated variances, see Figs. 8.8c and h,
it is clear that for the RUMs that had an unfavorable TLN frame orientation, the
final velocities strongly converges towards the velocities obtained from the kriging
interpolation. Conversely, for RUMs that had a trustworthy normal velocity we see
a minimal change, with final values relying more on the estimated values from the
strapdown decomposition.

TRANSVERSAL COMPONENT

An analogous approach is followed for the transversal velocities. Similarly to normal
velocities, the transversal component also exhibits spatial smoothness. However,
its magnitude is more strongly correlated with the gradient of the subsidence
bowl [111]. Therefore, rather than weighting RUMs by spatial distance in the kriging
interpolation, weights are assigned based on gradient differences. To derive the
corresponding kriging weights, we again computed a variogram, shown in Fig. 8.11b,
where the x-axis of the variogram represents the gradient difference between RUMs.
We fitted a linear model with a nugget value of 0.45 mm?/yr®> and a slope of 8.6-10°
mm?/yr?/km. The variogram model is used to determine the weights for the kriging
interpolation, see Eq. (8.12), and subsequently to calculate the kriging velocities, as
shown in Fig. 8.9b.

As with the normal component, we estimate the final values for the transversal
component using both the strapdown and kriging velocities, i.e., a?;d and d;’red,
respectively, using Egs. (8.13) and 8.14, see Fig. 8.9c. For the ’poorly estimable
RUMs), i.e., RUMs where the transversal direction is nearly aligned with the null line,
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we observe significant differences between the strapdown velocities and the final
result. In these cases, the final estimate aligns closely with the kriging interpolation.

Considering both the transversal and normal components, we see a clear benefit
from incorporating the smoothness of the signal, particularly for the poorly estimable
RUMs. The extreme estimates (which are physically highly unlikely) and the high
sigma values have significantly decreased. The RUMs that already had precise
estimates remain largely unchanged.

8.3.4. FROM 2D LOCAL TO 3D GLOBAL

With the estimated transversal and normal displacement velocities and the frame
orientation defined by angles A, ®, and QQ we can transform the estimates in the
TLN frame to east, north, and up components with

dgnu = RiRoR3 drin, (8.15)

where Rj, R, and Rs, are the rotation matrices with the angles of the TLN frame,

see Brouwer and Hanssen [14, Eqs. 3-5] and drin is defined as [dﬁ“,O,dﬁ“]T.

Consequently, the variance-covariance matrix of dgny is

Qugy = RiR2R3Qqy RS R) R, (8.16)
where )
2
O'd}in 0 0 Ud;m 0 0
2
Qdry = 0 UdLﬁ“ 0 = 0 (d]f«m)szi 20 . (8.17)
2 0 0 o
0 0 O'd;\i]n d}?,“

For the value for szm we refer to Brouwer and Hanssen [14, Fig. 6]. Obviously, while

Qupy 18 considered a diagonal matrix, the datum transformation results in Qg
being a full matrix, where the non-zero covariance terms describe the orientation
and shape of the 3D confidence ellipsoid. As the frame orientation differs per RUM,
the transformation must be applied per RUM.

8.3.5. COMPARISON WITH GNSS

To validate the results, the estimated InSAR displacements are compared with
estimated GNSS displacements of more than 30 continuous GPS stations installed
to continuously monitor ground displacements. For each GNSS station, the ENU
GNSS velocity is compared to the InSAR ENU velocity that correspond to the RUM
where the GNSS station is situated in. The differences between the two estimates
are computed as

Ad{~E=do" - dl, (8.18)

where cfiGlE denotes the displacement velocity of a GNSS station situated in RUM i,

expressed in the ETRF89 reference frame, and a?ll represents the estimated InSAR
velocity for the same RUM [116]. Note that the InSAR velocities are inherently
estimated relative to an InSAR reference point, which is located outside the gas
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production area. The InSAR-derived velocities can be expressed with respect to
the ETRF89 reference frame as well, by applying a correction to the estimated
InSAR velocities. If AdiI—'E #0, the estimated offset Adl.I*E can be added to the
InSAR velocities to align them with ETRF89. This procedure needs to be performed
independently for each displacement component. After computing the differences
between the GNSS velocities and the InSAR velocities in these RUM grid cells we

found Ad/~E for each component. The obtained offsets are Ad!_E =-0.16 mm/yr,
Ad{;’(ﬁth = -0.05 mm/yr, and Adi:pE =0.78 mm/yr for the east, north, and up

components respectively.

In Fig. 8.12 we show the differences between the estimated InSAR and GNSS
velocities for the east, north, and up components after correction for the offsets.
Additionally, we show the histograms of the residuals. This shows that the residuals
are approximately normally distributed, with relatively small standard deviations, i.e.,
o =0.35 mm/yr, oy =0.46 mm/yr, and oy =0.78 mm/yr. As the values are small,
this yields confidence in the reliability of the InSAR-derived velocities.

# East (0=0.35mm/yr) -+ East 0 = 0.35 mm/yr
@ North (0 =0.46 mm/yr) -+ North o = 0.46 mm/yr
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Figure 8.12.: Residuals between InSAR and GNSS velocity estimates for each GNSS station,
after applying the correction to obtain both estimates in the ETRF89 reference frame. The
residuals are shown for the east, north, and up component shown in purple, red, and green
respectively. In the right panel, the corresponding histograms are shown, where the residuals
are approximately normally distributed, with standard deviations of op =0.35 mm/yr,
o =0.46 mm/yr, and oy =0.78 mm/yr, for the east, north and up components respectively.
As the values are small, this yields confidence in the reliability of the InSAR-derived velocities.

8.3.6. RESULTS

Combining the results of both the transversal and normal components into a single
final product, see Fig. 8.13, provides a 3D representation of the displacement field
over Groningen, expressed in the ETRF89 reference frame. The background colors
and contour lines represent the estimated up velocities, with maximum values
occurring near the center of the field, reaching up to 6.5 mm/yr at [53.30705°N,
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Figure 8.13.: Estimated 3D displacements velocities over Groningen using the two InSAR
viewing geometries and the strapdown approach. The outline of the reservoir is shown by
the blue line. The colors in the background and the contour lines correspond to the vertical
direction. Where the maximum vertical (up) velocities occur in the center of the field and
reach values up to 6.5 mm/yr. The black vectors represent the horizontal direction, and the
ellipses the corresponding 20 confidence regions. At the edges of the field, where contour
lines are closer together, the estimated horizontal velocities are largest.
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6.72238°E] (ETRF89), near the village of Ten Post. A local maximum of 6.1 mm/yr
is found at coordinates [53.28713°N, 6.88673°E], ~6 km SSW of Delfzijl. Note that
the precision of the up component ofjn is computed for every grid cell, but not
visualized in Fig. 8.13.

The black vectors show the estimated horizontal motion, and surrounding ellipses
indicate corresponding 20 confidence regions of the estimates. While directional
horizontal motion is estimated for every colored 500x500 m grid cell in the image,
only a random subset of 10% of the actual vectors is displayed to avoid clogging the
image. At the edges of the field, where the contour lines are denser, the estimated
horizontal velocities are larger, as would be expected from theory [111]. Unlike
the initial output from the strapdown decomposition, the estimated directional and
magnitude precision is now more uniform across the entire field, with realistic
estimates varying over the sectorial position. We observe maximum horizontal
displacements around the village of Bedum, ~9 km NNE of Groningen city.

Expressing the estimated displacements with their east, north, and up components,
the quality of these estimates is described with a full 3x3 variance-covariance matrix.
The dataset corresponding to this result has been made publicly available, see [18].
For the centroid of each RUM, the estimated displacement velocities in the east,
north, and up directions are provided, along with their associated uncertainties, in
terms of variances and covariances. This results in a total of nine parameters per
RUM: three velocities: d,, d,, d,, three variances: aée,afin,aéu, and three covariances:
Odydy Odydy Odyd,- With these results it is possible to run inverse models or
predict future positions.

8.4. CONCLUSIONS

This study provides the first estimation of the full three-dimensional displacement
field in Groningen resulting from gas extraction, derived from InSAR observations
using the strapdown method, and accompanied by a detailed quality assessment.
The approach is data-driven, but incorporates falsifiable prior knowledge on the
expected smoothness of the deformation signal caused by the gas extraction at
multiple stages of the analysis. The assumed smoothness of the deep deformation
component allows us to classify scatterers into two distinct classes. The deep-only
classified scatterers are isolated and used in the strapdown decomposition. We have
shown that the local frame orientation can be estimated directly from satellite LoS
data, to a sufficient degree of precision. The strapdown approach propagates the
associated orientation uncertainties, to take them into account in the estimation and
quality assessment of the final displacement parameters.

Using the RUMs where the precision for the estimated transversal and normal
velocities is good, it is possible to provide smoothness constraints that can, in turn,
be used to improve displacement estimates for RUMs where the initial strapdown
estimates were poor.

As a result, we obtain reliable estimates for the displacements across the entire
province of Groningen during the period 2015-2023, with a maximum subsidence
velocity of 6.5 mm/yr, and directional horizontal displacements induced by gas
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extraction, which are significant, up to 1.8 mm/yr. For 50% of the analyzed area,
the estimated horizontal displacements are greater than twice the standard deviation
of the estimator. In other words, for half of the area we can derive a statistically
significant estimate of the horizontal component.
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9. CONCLUSIONS AND RECOMMENDATIONS

HIS study aimed to define an optimal, application-specific mathematical model
for InSAR parameter estimation by addressing the following main research
question:

Can the PS-InSAR parameter estimation problem be reformulated and improved
to provide more precise, reliable, and physically meaningful parameter estimates,
aiming for better interpretable and actionable information?

Yes. We have demonstrated that incorporating contextual knowledge about the
problem and intended use of the data is the only way to produce an InSAR product
that is optimally suited to its application. This application-aware and -aligned
(triple-A or AAA) approach yields more precise and physically meaningful parameter
estimates. We have also developed a method to quantify and present uncertainties
with the estimates, resulting in more reliable and actionable InSAR results.

InSAR results are highly sensitive to various choices made throughout the
parameter estimation process—ranging from the selection of models and data to the
assumptions and parameter settings. A model or processing strategy that performs
well in one context may yield suboptimal or even misleading results in another. As
a result, a single, generic InSAR information product does not exist, despite the
abundance of generic, nationwide or region-wide displacement products that might
suggest otherwise. The quality and suitability of such products cannot be assessed
without knowledge of the intended application or the context in which they are
used. In fact, the mere concept of optimality can only be defined in the context
of a particular application. Thus, to obtain optimal results, parameter estimation
(i.e., ‘processing’) must be tailored to the specific application. Such tailoring should
be informed by knowledge on the application, the desired output, and the required
precision, and is essential at multiple stages in the InSAR parameter estimation
process.

This begins with estimating relative parameters, such as the displacement time
series of individual points with respect to a common reference point, derived
from the double-differenced (DD) phases along arcs. This process requires a
tailored functional and stochastic model for each arc, as well as a tailored
Confidence-Optimized Robust Geodetic (CORG) network configuration. The selection
of the functional model and the design of the CORG network should be guided by
knowledge of the application and relevant quality criteria, as different choices yield
different parameter estimates. Application-awareness and contextual information
should also be used to obtain physically interpretable three-dimensional (3D)
deformation estimates from the InSAR line-of-sight (LoS) results. Incorporating
knowledge of the underlying deformation mechanism enables the estimation of full
3D deformation fields, including quality control.

Thus, to achieve reliable and physically meaningful InSAR results, we must first
understand what signal we are interested in, why we are analyzing it, and how
precise the estimated parameters need to be. Only with such application-specific
knowledge, i.e., in a triple-A situation, can we make informed decisions about the
model selection, assumptions, and processing strategy, resulting in more precise,
more reliable, and physically more meaningful results.
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THE STOCHASTIC MODEL

To make informed decisions about which scatterers and arcs to include in the InSAR
parameter estimation process, and to enhance the interpretability and reliability
of the resulting estimates, it is crucial to have an a priori stochastic model that
describes the quality of the observed phases independently of the (displacement)
estimates. Until now, no such model existed. We introduced a novel approach that
derives an epoch-specific quality estimate (proxy) for individual scatterers based on
their amplitude time series (Chapter 2) and defined an empirical relation between
the Normalized Median Absolute Deviation (NMAD) of the amplitude and the
standard deviation (o) of the observed phases. The NMAD of the amplitude is more
robust to outliers than the more common Normalized Amplitude Dispersion (NAD).

The impact of this scatterer- and epoch-specific stochastic model is threefold.
First, by applying proper error propagation, both in the arc parameter estimation
(Sec. 3.5) and subsequently in the network adjustment (Sec. 5.2.1), we can now
assign a time-varying quality metric (standard deviation) to the estimated relative
displacement time series. This was previously only possible in hindsight, using
residuals from fitted models, which created an undesirable entanglement with the
(validity of the) functional model. Second, the stochastic model facilitates statistical
testing of both the arc-based estimates and the final network-adjusted parameters.
Third, it provides a quality metric for each scatterer and each arc (both in time and
in space) allowing for more informed decisions about which scatterers and arcs to
include in the analysis (Sec. 5.3). This last aspect, in particular, has a significant
impact on the precision of the estimated InSAR parameters.

THE APPLICATION-AWARE AND -ALIGNED NETWORK

The use of a reliable stochastic model at arc level forms the foundation for an
application-aligned network, see Sec. 5.2.2. While many network topologies exist,
the chosen network directly affects the estimated relative parameter values and their
associated quality for points relative to a common reference. Since each InSAR
application comes with its own objectives and quality requirements, each application
demands an application-aware and -aligned (i.e., triple-A) network.

Since the stochastic model of Chapter 2 provides a priori information on arc
quality it facilitates the identification of arcs most likely to yield reliable and precise
estimates, allowing to prioritize high-quality arcs (Sec. 5.3). Unlike conventional
networks that are based on a topology related to the spatial location (i.e., maximizing
the minimum angle of triangles of vertices) we define a Confidence-Optimized
Robust Geodetic (CORG) network, that explicitly maximizes estimation quality. This
approach supports iterative evaluation and refinement of the CORG network based
on application-specific quality criteria.

Once the CORG network is designed, it should be adjusted to transform arc
parameters into datum-connected parameters for points. Rather than adjusting
the CORG network on explicitly unwrapped phases, it should be adjusted in
the parameter space, (i.e., the estimated arc parameters) where the absolute
(‘unwrapped’) phase is also an estimated parameter as it follows implicitly during
the estimation of the unknown parameters and consequently, cannot be assumed
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deterministic (Chapter 4). In a triple-A context, each arc may have its own stochastic
and functional model, chosen according to the application and the available
contextual information, and therefore resulting in a varying parameter space across
arcs. Therefore, the CORG network should be adjusted on the shared parameters
and the reduced phase (see Sec. 3.5). Although we did not focus specifically on
optimizing the functional model, we developed a method that allows each arc to be
assigned its own functional model and defined which relative arc parameters should
be estimated. Where we propose to use the relative cross-range distance as a better
alternative to the commonly used relative height, see Sec. 3.3.

The impact of this triple-A network approach is that: (i) it results in a higher
precision of datum-connected point parameters by incorporating the physical,
kinematic, and stochastic characteristics of arcs into the CORG network design,
thereby optimizing it for the intended application; (ii) it has an improved reliability
through a mathematical formulation that enables statistical testing; and (iii) it
provides stochastic estimates, where each point time series is accompanied by a
time-varying standard deviation, enabling the results to be interpreted as stochastic
signals and making them more actionable for application-specific analyses.

INSAR GEOMETRY

The estimated displacement time series are orthogonal projections of the actual 3D
displacement vector onto the line-of-sight (LoS) direction of the satellite, which are
usually not directly physically interpretable. Therefore, decomposing them into (some
of) the 3D displacement components is often required. This decomposition relies on
the availability of spatio-temporally coinciding independent (STCI) observations.
Yet, in practice, this condition is rarely fulfilled. Therefore, we introduce Regions
of Uniform Motion (RUMSs): areas in which all observation points move uniformly.
Additionally, at least three independent viewing geometries with sufficient angular
diversity are required, see Sec. 6.3.

In reality, however, the orbital geometry of SAR satellites limits the number of
effective viewing geometries to two at most. These two viewing geometries result in
a null line, where its direction determines the direction where no displacements
can be observed (Sec. 6.4). To improve the interpretability of results, the orientation
of the null line should be stated with the InSAR product. We defined a novel
null-line aligned (NLA) reference frame, that produces unbiased estimates of the
displacements in a plane orthogonal to the null-line. The NLA-frame has optimal
characteristics for geophysical and geotechnical modeling.

An evaluation of current practices reveals three recurring type of errors: attribution,
projection, and decomposition errors, see Sec. 6.5. These errors underline the
need for improved standards in the generation and interpretation of InSAR products.
It is recommended to use descriptive subscripts, dios, dpov, dpgyl, OT Gy 1O
unambiguously define projected InSAR products, both textual as well as in maps and
graphs. For vector decompositions, we advise against using the commonly applied
east-up plane decomposition due to its ingrained bias. Instead, we recommend using
either the coordinate system aligned with the null line or the strapdown approach,
as these are the only two decomposition methods that result in unbiased estimates.
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THE STRAPDOWN METHOD

The strapdown method, as described in Chapter 7, enables the estimation of
3D displacement vectors from two satellite viewing geometries for deformation
phenomena where the underlying mechanism is (at least partially) known. The
method uses a local reference frame with transversal, longitudinal, and normal
(TLN) axes, defined such that displacements occur exclusively in the transversal and
normal directions. Since this frame orientation is based on physical deformation
phenomena and incorporates minimal yet largely undisputed contextual information,
the strapdown method yields more relevant physical estimates.

By explicitly quantifying the uncertainty in the orientation of the local frame and
propagating these errors, the method provides reliable estimates of transversal and
normal displacements, which can subsequently be transformed into east, north, and
up components. Hence, it is “2D local/3D global”.

This approach is practical, effective, unbiased, and largely generic. Successful
application of the strapdown method requires that all data (i.e., scatterers) within a
RUM represent the same deformation phenomenon. However, InSAR results often
capture a combination of multiple deformation signals. Through a case study on
gas extraction in Groningen, the Netherlands, we demonstrate that realistic prior
assumptions on the smoothness of the deformation signal can help to effectively
disentangle multiple deformation mechanisms (Sec. 8.2).

The strapdown method relies on knowledge of the orientation of the TLN frame,
which may not always be directly available. We show that this orientation can
be approximated directly from the LoS observations (Sec. 8.3). Consequently,
areas where the transversal or normal direction aligns with the null line result in
displacement estimates with a low confidence. For wide-area deformation signals
exhibiting some degree of spatial smoothness, it is possible to infer this smoothness
from regions with high-confidence estimates. These inferred smoothness constraints
can then be used to update and improve estimates for RUMs with a lower estimation
confidence. This framework allows optimal integration of contextual information
about the deformation phenomenon to achieve consistent estimation quality across
the entire area. Applying this method to the Groningen gas extraction case study,
we provide InSAR-based 3D displacement estimates accompanied by confidence
ellipses, with vector-based visualizations facilitating a more profound interpretation
of the results.

9.1. CONTRIBUTIONS
This research has provided the following contributions.

e Development of a methodology and metric for an independent a priori
stochastic model for each individual point (and arc), describing the time
variable quality of the phase observations.

e Development of the Confidence-Optimized Robust Geodetic Network design
methodology, enabling more precise and reliable (displacement) parameter
estimates. By incorporating proper error propagation throughout the
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estimation process, the resulting displacement time series are accompanied by
point-specific and epoch-specific quality metrics.

¢ Definition of the null line, as an important metric for InSAR interpretation,
and the NLA (null-line-aligned) coordinate system.

¢ Introduction of error terminology related to 3D displacement estimation from
InSAR LoS observations: attribution error, projection error, and decomposition
€error.

e Development of the strapdown method to estimate "2D-local/3D-global"
deformations from InSAR LoS observations.

e InSAR based 3D displacement estimates of Groningen, the Netherlands,
induced by the Gas extraction.

9.2. RECOMMENDATIONS

Based on the outcomes of this study, several recommendations for future research
are outlined below.

Account for atmospheric phase delays in wide-area processing The mathematical
model for arc parameter estimation (discussed in Chapters 2 and 3) and network
adjustment (Chapter 5) are specifically formulated for short-arcs, where atmospheric
phase delays can be safely assumed negligible. While atmospheric noise is included
in the stochastic model (Sec. 2.4.1), systematic atmospheric phase delays are not
explicitly estimated. As suggested in Sec. 5.5, merging multiple local networks
(each small enough to disregard atmospheric phase delays) offers a methodology
to process wider areas. However, to link a large number of such networks reliably,
explicit estimation of atmospheric phase delays becomes essential and should be
integrated into the methodology.

Implementing a dynamic functional model per arc In a generic sense, we
argue that each arc requires a tailored functional model to reflect the unique
kinematic behavior of each scatterer. Chapter 3 introduces a method that defines
a geometric arc-specific functional model without using contextual information on
the expected kinematic or physical behavior. However, this can be improved by
adopting dynamic kinematic models based on smoothness constraints, such as
the recursive least-squares approach proposed by Wang et al. [202]. Unlike static
parameterizations, this method captures the independent temporal behavior of each
scatterer without enforcing a predefined model. Combined with the stochastic model
from Chapter 2, this approach is expected to result in a optimal application-driven
mathematical model for the arc parameter estimation.

Enable recursive monitoring with the quality-driven application-specific network
By adopting recursive estimation for arc parameters, the proposed CORG network
(Chapter 5) can be extended into a real-time monitoring network, as the network
adjustment as proposed in Chapter 5 is based on the estimated parameters. Each
new satellite acquisition yields new phase observations for the points from which
the instantaneous LoS position, instantaneous LoS velocity, thermal expansion factor,
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and cross-range distance per arc can be estimated using the method of Wang
et al. [202]. These parameter estimates can then be recursively integrated into the
network, yielding updated displacement estimates for the network points after every
new satellite acquisition. This would facilitate an efficient method to monitor the
behavior of selected points.

Simultaneous estimation of arc parameters and network adjustment As the
network needs to be adjusted on the parameter space, this requires that the
parameters for each arc first need to be estimated from the double-differenced phase
observations. Although the covariance between arcs is known for the DD phase
observations, it remains challenging to determine the covariance of the estimated
parameters, when different functional and stochastic models are used across arcs. A
possible solution is therefore to perform the arc parameter estimation simultaneously
with the network adjustment.

Estimating time-varying 3D displacements over the Groningen gas field In
Chapter 8, we estimated the first InSAR-based 3D displacement velocities induced
by the gas extraction in Groningen. However, as of October 1, 2024, gas production
has been definitively halted, and surface deformations are expected to decrease [50,
136]. Consequently, it would be valuable to apply the strapdown decomposition
to displacement time series rather than velocities. When working with velocities,
we already selected scatterers expected to reflect only the deep deformation signal,
based on their velocity behavior (see Sec. 8.3). However, some scatterers may exhibit
additional seasonal signals that do not average out in displacement time series as
they do in velocities. Therefore, alternative selection criteria are required to identify
scatterers that reliably represent the deep deformation signal.
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STATISTICS OF THE SLC, SD, AND
DD PHASORS

N Sec. 2.3 three possible methods for calculating the temporal phase differences

were discussed, leading to the conclusion that the ’embracing mother’ approach
is appropriate. Here, we confirm this through simulations in the complex domain.
Additionally, we present how the variance-covariance matrices (VCM) of the SLC
phasor, the time-differenced (SD) phasors, and the double-differences (DD) phasors
are computed.

A.1. THE SINGLE TEMPORAL PHASE DIFFERENCES IN THE
COMPLEX DOMAIN

We analyze the stochastic behavior of the single-difference phasors by simulating
350 complex SLC phasors, represented by the gray dots in Fig. A.lc. Phasor P; is
defined as

P, =A;exp iﬂi, (A.1)
with amplitude A; and SLC phase v, The noise follows a circular Gaussian
distribution [7] represented as the noise of the real and imaginary components,
that are defined as oge; and oy, respectively. We simulate SLC phasors with an
amplitude of 2, and Signal-to-Clutter Ratio (SCR) of 20 dB. From this, we compute
the real and imaginary components, along with their standard deviations, which
are presented in the histograms in Figs. A.1 (a) and (b), yielding oge; =0.19 and
O1m; = 0.20. The amplitude A; is computed with

A=/ Re{P})2+ Im{P,}2, (A.2)

and is shown in Fig. A.1 (e). Note that the dispersion of the amplitude, o4, equals
the clutter, i.e., 04, = Ore; = O1m;, Which is confirmed by Fig. A.1(g). Additionally, we
compute the corresponding SLC phase values using

Im{ei})
Re{P;})’

1

(A.3)

Y. = arctan(

—1
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visualized by the gray dots in (d) and their distribution is depicted in (f). The
estimated standard deviation for the SLC phase is oy, =0.09 rad.

After defining epoch 50 as the mother acquisition, we compute the temporally
differenced (SD) phasors B;"d, through complex multiplication, indicated by the gray
crosses in (c). The corresponding phase time series and histogram are shown in
black in (d) and (f). We compute the phasor statistics, obtaining Opemd = 0.41 and
Opmmd = 0.37. Notably, these values are higher than the SLC clutter valués, suggesting

noisier temporal phase differences. However, since the amplitude of the SD phasor
also increased, as shown in (g), the SCR of the SD phasor, B;”d, remained equal to
that of the SLC phasor, P;. This is further supported by the phase dispersion derived
from the SD phasor, where oy, =0.09 rad, a value identical to oy,;, as demonstrated
by the two histograms in (f).

These simulations confirm that the ‘embracing-mother’ approach (see Sec. 2.3.1)
is the only valid method for computing the temporal phase differences. Of the three
methods discussed in Sec. 2.3.1, it is the only one that yields Qgp; = Qy,. The other
two methods lead to an increase in g, relative to oy,.

Using complex notation, the single phase differences in the ‘embracing-mother’
approach are computed with

Py =pf-P" = AT A expli(y{ —yi"), (A4)

where B? is a vector of phasors (hence the stochastic nature) and P"* is the
complex conjugate of the realization of the phasor value at mother epoch m.
Consequently, the noise of the SD phasor is derived with

0 pma = |A]"|-0p,, (A.5)

where Upmd represents the clutter, i.e., O'Pmd —U'Remd U'Immd Hence, the clutter

scales with the amplitude of the phasor of the mother epoch However, since the
signal of the SD phasor is amplified with the same factor, both the SCR and the
phase dispersion of the single differences remain equal to those of the SLC phases.

A.2. THE SPATIO-TEMPORAL DOUBLE DIFFERENCES IN THE

COMPLEX DOMAIN

When the temporally differenced phasors are computed for two points i and j, the
double differenced phasors are computed with

Eij ZBj Ej (A.6)

=A; A explilpj— ), A7)

which is the multiplication of two stochastic quantities. For conciseness, we have
omitted the superscript that denotes the temporal phase differences. From error
propagation laws, when we have a quantity D that is defined as D = B-C, then the
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Figure A.l.: ¢) We simulate 350 SLC phasors with an amplitude of 2 and a SCR of 20 dB,
represented by the gray dots. After defining an arbitrary mother acquisition, shown by the
triangle, we computed the SD phasors using Eq. (A.4), shown by crosses in (c). (a), (b), (f),
and (g) show the histograms of the clutter, phase, and amplitude respectively. The gray
distributions correspond to the SLC phasors where the black distributions correspond to the
SD phasors. It can be seen that, while the clutter of the SD phasors became larger (see a
and b), the dispersion of the SD phases is the same as the dispersion of the SLC phase (see
f). This is declared by the fact that amplitude of the SD phasors also became larger, and
therefore the SCR remained equal.

standard deviation of D is computed with

op= |D|\/(%B)2+(U—CC)2+2%. (A.8)

Using this relation, the dispersion of the DD phasors is computed with

ap; 2 Op; ’
op;; =t pa;l a + Tk (A.9)
i Jj

where op, ; Tepresents the clutter of the DD phasors and o P;j = ORe;j =OIm;; =0 Ay
In Fig. A.2, we illustrate the stochastic behavior of the DD phasor for point j
relative to point i. The lightest (silver) dots in (c) represent the SD values for point i,
the gray dots correspond to the SD values for point j, and the black dots represent
the DD values. It is evident that the phase dispersion of the DD phases depends
on the phase dispersion of both points i and j. In Fig. A.2f it can be seen that
0¢; =0.09 rad and g¢; =0.18 rad. When we consequently compute the expected

phase dispersion using Eq. (2.15), we expect 0 ymd = v/0.092 +0.182 = 0.2 rad, which

is indeed in accordance to the values that we ﬁlﬂd in the simulation, which is 0.21
rad, see the histogram in Fig. A.2f.

In Eq. (A.9) we demonstrated how the VCM for the DD phasors in the complex
domain can be derived, requiring the mean and standard deviation of the amplitude
of the SD phasors for points i and j. However, in Sec. 2.4.3 we argued that
for assessing phase quality, the Normalized Median Absolute Deviation (NMAD) is
preferred over the Normalized Amplitude Dispersion (NAD), as the latter provides an
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Figure A.2.: (c) shows the SD phasors of point i and point j in silver and gray respectively.
Using Eq. (A.9) the DD phasors of point j relative to i are computed shown by the black
dots. In (d) the corresponding phase values are shown, with the histograms in (f). It can be
seen that stochastic behavior of the DD phase values is a function of both point i and point
J since both are stochastic quantities.

overly conservative estimate in the presence of outliers. Therefore, we propose using
the median amplitude and the median absolute deviation of the amplitude, rather
than the mean and standard deviation in Eq. (A.9). This results in,

k MAD(A))
A]

A k MAD(A;)
op; = 1AiAjl ( l)

- , (A.10)
Aj

where A and MAD(A) are the median and median absolute deviation of the
amplitude values of all the single temporal phasors with a particular partition
respectively.

A.3. NMAD AND SCR RELATION

We can also show that the SCR and the phase dispersion are related quantities. The
NAD and SCR are related with

signal

HA
—— =20lo
10 clutter 810

1
SCR [dB] =20 1 = 20log, ——. All
[dB] o8 oa - 0810 AD @A.11)

Since the MAD and o4 are related according to Eq. (2.17), and for normally
distributed data ps = A, Eq. (A.11) can be rewritten as

SCR [dB] = (A.12)

1
201 —_—.
810 . NMAD
Combining Egs. (A.12) and (2.21), we can derive an equation that relates the phase

dispersion to the SCR for a PS:

14 _SCR 14— SCR\2 14 ._SCRY3
Tyme=13K71107% +19(k71107%0 | 4 116 (k711070 ) (A.13)
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INSAR products are the outcome of
processing choices, model assump-
tions, and the intended use of the data.
Thus, different choices inevitably lead
to different results. This study revisits
the fundamental decisions underlying
INSAR parameter estimation, starting
from the radar observations and fol-
lowing the complete chain from points,
via arcs and networks, to displacement
products and their three-dimensional
interpretation. It discusses how sto-
chastic and functional models should
be defined, how application-aware and
application-aligned (triple-A) networks
can be constructed, and how displace-
ment estimates can be interpreted ip
three dimensions. By rethinking #ese
foundations, this work movesfteyond
generic wide-area prodyets towards
interpretable, trustworthy, and actiona-
ble INSAR informatfon products.
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