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Abstract

Model Predictive Control (MPC) is widely recognized for its efficacy in executing emergency evasive
maneuvers, yet it often necessitates high-fidelity vehicle models to manage nonlinearities and uncertain-
ties, which significantly increases computational demand. Hybrid systems modeling frameworks offer a
promising solution by approximating said nonlinearities, thus reducing computational complexity while
striving to maintain satisfactory control performance. However, there is a notable lack of benchmarks
evaluating the impact of hybrid approximations on performance metrics.

This thesis presents a detailed comparative analysis of various levels of hybrid model complexity,
assessing their impact on tracking performance and computational demand within both the classic
MPC and Model Predictive Contouring Control (MPCC) frameworks. The study employs four hybrid
approximations of the vehicle model, each with a distinct level of complexity, as prediction models in
both MPC and MPCC optimization problems. The closed-loop behavior of these systems is simulated
during emergency maneuvers of varying aggressiveness, and their robustness against different levels of
road friction and vehicle velocities is assessed.

The results indicate that the MPC formalism offers a more robust approach to tracking performance
and provides a feasible solution in a broader range of scenarios than the MPCC framework. Furthermore,
the analysis reveals that higher model complexity, while potentially improving tracking accuracy, also
significantly increases computational demands. Conversely, simpler models offer more consistent
performance with reduced computational requirements.

This work offers comprehensive insights into the trade-offs between model complexity, control
performance, and computational efficiency. By clarifying the effects of hybrid approximation levels on
the control system’s behavior, this thesis provides valuable guidelines for implementing hybrid MPC
in automated driving systems, particularly for emergency maneuvers. The findings contribute to the
development of more efficient and robust control strategies for advanced driver assistance systems and
autonomous vehicles.

Keywords: Automated vehicles, emergency evasive maneuvers, model predictive control, hybridiza-
tion, benchmark
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1
Introduction

1.1. Motivation
Each year, an estimated 1.35 million people lose their lives and 20 to 50 million others sustain non-fatal
injuries, often resulting in disabilities, due to traffic incidents [1]. Traffic accidents not only cause
immense personal suffering but also impose a substantial economic burden, with costs related to medical
expenses, lost productivity, and property damage running into billions of euros annually. According
to the National Motor Vehicle Crash Causation Survey conducted in the U.S. from 2005 to 2007, most
traffic accidents are caused by human error, with drivers found accountable for 94% of all accidents.
This highlights the need for interventions that can mitigate human error and improve driving safety.
As vehicle speeds increase and road conditions worsen, the severity of these statistics becomes more
apparent. High-speed driving reduces reaction time and increases the likelihood of severe outcomes in
the event of a crash. Poor road conditions, such as potholes, debris, and severe weather conditions,
further worsen the risk of accidents [2]. These factors collectively underscore the urgency of finding
effective solutions to enhance road safety.

Automated Vehicles (AVs) offer a promising solution to mitigate human errors on the road [3].
Equipped with advanced sensors, algorithms, and control systems, AVs can navigate complex environ-
ments without human intervention. They continuously monitor their surroundings, detect potential
hazards, and make split-second decisions to avoid collisions. The integration of real-time environ-
mental data enables AVs to adapt swiftly and effectively to changing conditions, ensuring optimal
performance even in challenging scenarios where human drivers fail. This capability is particularly
important during emergency evasive maneuvers, where AVs can leverage their full range of control
to avoid obstacles and prevent collisions. AVs with Level 4 and Level 5 autonomy, as defined by the
Society of Automotive Engineers J3016 standard [4], can execute complex last-minute maneuvers with
high precision. These levels of autonomy signify that the vehicles can operate without human input
in most or all circumstances, further reducing the risk of accidents caused by human error. Studies
have shown that AVs have the potential to significantly reduce human error and enhance road safety [5, 6].

The extensive use of AVs could result in benefits in a variety of other domains. With fewer accidents,
there would be a reduction in the burden on emergency services and healthcare systems. Traffic flow
could become smoother and more predictable, reducing congestion and emissions. However, despite
the potential benefits, the widespread adoption of AVs hinges significantly on societal acceptance and
trust in this emerging technology. Addressing safety, reliability, and privacy concerns will be crucial in
garnering public support for AVs [7]. To fully realize these benefits and account for societal acceptance,
addressing the complex challenges of AV control is essential. Emergency evasive maneuvers are one of
the most complex AV challenges in highway driving. In emergency evasive maneuvers, the AV needs to
perform sudden and rapid movements to avoid an unexpected obstacle on the road, pushing the vehicle
to its handling limits. When a collision-free trajectory has been planned by the planning algorithm,
these maneuvers require highly complex and real-time feasible trajectory-tracking algorithms to follow
the reference trajectory [8]. While this remains a widely studied topic, effective reference tracking in

1



1.2. Model Predictive Approaches 2

emergency evasive maneuvers remains a challenge to this day.

1.2. Model Predictive Approaches
In recent decades, Model Predictive Control (MPC) has become a cornerstone in automated driving
research due to its structured constraint handling and dynamic control capabilities [9]. Its ability
to optimize actions in a finite horizon while updating the solution in real-time helps adaptability to
evolving conditions [10]. This adaptability is crucial in the context of Automated Vehicle (AV) control,
where unpredictable environments require robust and adaptive control strategies.

Achieving high-speed automated driving faces significant challenges, particularly in handling model
complexity and control methods during emergency evasive maneuvers. These maneuvers require quick
and precise responses from the vehicle’s control system to maintain safety on the road. However, as
model complexity increases to enhance tracking performance, so does the computational demand,
potentially resulting in delayed responses and increased risks of accidents.

To address the need for precise tracking, the Model Predictive Contouring Control (MPCC) framework,
initially developed for high-precision machining applications [11, 12], can be adapted for automated
driving. MPCC relies on the assumption of minor lateral deviations from the reference path, which is
often the case in high-precision applications where the quality specifications require maximum lateral
errors in the order of microns. However, this assumption may not hold in automated driving since
satisfying safety and stability constraints is prioritized over limiting the deviation from the reference path.

Unlike reference-tracking MPC [9], MPCC incorporates an analytical description of the reference
path in terms of a customized path parameter [11]. By minimizing the distance to the reference path
while maximizing progress along it in a receding horizon fashion, MPCC offers enhanced control
capabilities, particularly in high-speed maneuvers where precision and agility are paramount. MPCC
has been incorporated in robot motion planning at low speeds [13], trajectory planning in the presence
of vulnerable road users [14], complex urban driving scenarios [15], lap-time optimization for racing RC
cars [16], and high-speed drone flights [17, 18].

Recent advancements have seen MPCC applied to vehicle control in high-speed emergency maneu-
vers [19], where it has exhibited superior performance compared to baseline MPC controllers. Moreover,
its application in car racing contexts suggests that MPCC exhibits control actions closer to human-like
driving than classic MPC formalism [16]. Consequently, this study aims to comprehensively evaluate
and compare both MPC and MPCC frameworks, shedding light on their respective strengths and
limitations in high-speed automated driving scenarios.

1.3. Model Simplifications
The performance of Nonlinear MPC (NMPC) in extreme maneuvers is often compromised by nonlinear
vehicle dynamics, leading to two main issues: computational complexities for solving the NonLinear
Program (NLP), which increase the time and resources needed for processing, and stability and tracking
issues due to convergence to a local optimum, which can cause the vehicle to deviate from its intended
path [20].

Addressing the NLP and stability concerns involves various strategies within NMPC design. One
prevalent approach involves adjusting model fidelity to strike a balance between accuracy and computa-
tional demand [21, 22, 23]. By tailoring the model complexity to the specific maneuver requirements,
researchers aim to optimize computational efficiency while ensuring accurate trajectory tracking. How-
ever, varying model fidelity can lead to increased computational demands and complexity in model
calibration, especially when integrating high-dimensional vehicle dynamics.

Another avenue explores cascaded complexities within the NMPC framework [24]. This approach
involves decomposing the control problem into hierarchically organized subproblems, each addressing
specific aspects of the maneuver. By breaking down the complexity into manageable components,
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computational efficiency can be improved without sacrificing control performance. While promising,
this method requires meticulous tuning of hierarchical control layers and may not generalize well across
diverse driving scenarios.

Customized modeling of coupled dynamics and control represents a promising direction in ad-
dressing NMPC challenges [8]. By integrating vehicle dynamics and control algorithms in a synergistic
manner, researchers seek to exploit the inherent relationships between these components to enhance
overall system performance. This integrated approach offers the potential for more robust and efficient
control solutions in high-speed maneuvering scenarios but demands extensive parameterization and
validation efforts, which can be time-consuming and resource-intensive.

Online successive linearizations around the current operating point present another avenue for
simplifying model complexity within NMPC frameworks [25, 26]. By linearizing the nonlinear model at
each time step, this approach effectively reduces computational burden while maintaining accuracy in
trajectory prediction. However, its effectiveness is contingent upon the accuracy of the linearization and
the maneuver.

Research on explicit NMPC represents another strategy for addressing nonlinearities efficiently [27,
28, 9]. By precomputing control laws for a range of operating conditions, explicit NMPC circumvents
the need for online optimization, thereby reducing computational overhead. However, the memory re-
quirements for storing precomputed control laws can be substantial, particularly for large-scale problems.

Complex NMPC frameworks often employ variable models [29], time-step discretizations [30],
or prediction horizons [31] to balance accuracy and computational efficiency. By adapting these
parameters dynamically based on the current maneuver characteristics, researchers aim to optimize
control performance while minimizing computational costs. However, achieving this balance requires
careful consideration of the trade-offs between model accuracy and computational efficiency.

Furthermore, data-driven approaches offer a promising avenue for addressing NMPC challenges [32].
By leveraging large datasets to learn complex vehicle dynamics and control behaviors, data-driven
NMPC algorithms can achieve a balance between accuracy and computational demand. However, the
reliance on extensive datasets may limit the applicability of these approaches in emergency scenarios
where real-time responses are crucial.

1.4. Hybridization
Hybridization techniques offer a powerful alternative for simplifying the intricate dynamics of nonlinear
models. By breaking down these models into local modes, each of which is described by a linear
relationship and activated within specific regions, hybridization offers a more manageable framework
for analysis and control [33]. This approach is particularly advantageous in switched control-based
methods, where effectively addressing nonlinearities is crucial. Hierarchical rule-based control archi-
tectures further enhance hybridization by adapting to different risk levels, seamlessly transitioning
between models based on state and nonlinearity considerations [34, 35]. Moreover, these architectures
can dynamically adjust to higher-fidelity models based on computational errors, thereby integrating
continuous and discrete dynamics to efficiently manage complex system behaviors [36, 37]. The
corresponding hybrid MPC formulations result in Mixed-Integer Programming (MIP) problems, which,
by leveraging deterministic solving methods, are capable of finding global optima given sufficient
computational resources.

The concept of hybridizing vehicle models for real-time implementation traces back to early research
in nonlinear MPC [38]. Since then, diverse hybridizations of the nonlinear vehicle model have been
explored. Due to the equivalences between hybridization techniques, each with its characteristics,
different hybrid approaches can be used to approximate model nonlinearities [39]. Notably, the lateral
tire force model, which introduces significant nonlinearities in automated driving near control limits,
has been represented using hybrid parameter varying [40], piecewise affine [41], and mixed-logical
dynamical approximations [42, 43]. Recent studies have extended hybridization to scenarios involving
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emergency evasive maneuvers and highly nonlinear vehicle dynamics [44, 45, 46]. For instance, in [46],
the entire nonlinear vehicle model is approximated using the max-min-plus-scaling systems formalism.

These hybridization techniques have significantly improved computational efficiency and control
accuracy under complex driving conditions. Leveraging these benefits, this study adopts hybrid system
formulations to approximate all nonlinear elements of the vehicle model. This comprehensive approach
aims to capitalize on the advantages of hybridization, ensuring that the control strategies developed are
robust and capable of handling the intricate dynamics encountered in automated driving, especially
during emergency scenarios.

1.5. Contribution
To the best of the authors’ knowledge, no studies have evaluated the impact of hybrid approximations
on control performance in emergency evasive maneuvers. This paper provides a comparison benchmark
to analyze and improve the computational and tracking performance of model predictive optimization
problems in emergency evasive maneuvers scenarios through a simulation study. Various complexity
levels of hybrid formulations are employed to approximate tire nonlinearities and the coupling between
longitudinal and lateral dynamics. The approximations of the nonlinear vehicle model are used to
formulate and solve the MPC problems as Mixed-Integer Quadratically-Constrained Programs (MIQCPs).
The trade-off between the accuracy and the computation speed of the resulting hybrid MPC controllers
is investigated in a comparative analysis. The controllers are simulated to track a Double Lane Change
(DLC) maneuver in varying scenarios to test their robustness in terms of tracking, model uncertainty,
and feasibility and to assess their computational demand. This work is divided into two parts: the first
part is dedicated to hybridizations of the nonlinear model, and the second part evaluates the complexity
of the hybridizations for both MPC and MPCC frameworks. The corresponding contributions of this
paper are three-fold:

• hybridization of the lateral tire model for different levels of complexity to assess its impact on
vehicle performance and computational efficiency

• integration of the hybrid model approximations within the MPCC framework
• presentation of a comparison benchmark for a comparative analysis on different levels of hybrid

complexity and two model predictive approaches, and corresponding guidelines to signify their
impact in emergency maneuvers

1.6. Thesis Structure
The remainder of the thesis is structured as follows. In chapter 2, the primary contributions of this
graduation project are detailed in the format of a research paper. This chapter encapsulates the core
findings and methodologies developed throughout the course of the project, providing a structured
and in-depth presentation of the research outcomes. chapter 4 presents an extended conclusion to this
work and chapter 3. In Appendix A, hybrid approximations of several nonlinear elements are presented.
A validation of the hybrid models by means of open-loop simulations is given in Appendix B. Finally,
the tuning of the hybrid model predictive frameworks is carried out by means of a sensitivity analysis,
which is discussed in Appendix C.



2
Research Paper

This chapter provides the academic research paper outlining the research conducted as part of this
graduation project.
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Model Predictive Approaches for Automated Emergency Maneuvers:
A Comparative Analysis of Hybridization for Vehicle Control

Roald Bruinsma

Abstract—Model Predictive Control (MPC) is an effective
reference tracking strategy for automated vehicle control,
particularly useful during emergency evasive maneuvers such
as double lane changes. This control method often requires a
high-fidelity vehicle model to accurately capture nonlinearities
and uncertainties, significantly increasing computational
demand. Hybrid systems modeling frameworks have been
developed to approximate these nonlinearities, thereby reducing
computational complexities while maintaining satisfactory
tracking performance. However, existing benchmarks that
evaluate the impact of these hybrid approximations on
tracking performance and computational demands are lacking.
Establishing such comparative benchmarks is crucial for
understanding how different levels of model complexity affect
the overall efficiency and effectiveness of model predictive
approaches in automated driving scenarios. This paper
addresses this gap by presenting a comparative analysis of
various levels of hybrid model complexity. It assesses their
tracking performance and computational demand using both
MPC formulation and Model Predictive Contouring Control
(MPCC) formalism in different emergency maneuver scenarios.
Four hybrid approximations of the nonlinear single-track
vehicle model with varying complexity levels are considered
and employed as prediction models in both MPC and MPCC
optimization problems. The closed-loop behavior of these control
frameworks is simulated in double-lane change maneuver
scenarios, evaluating tracking performance scenarios with
varying levels of curvature. Additionally, variations in friction
and velocity are evaluated in different scenarios to assess
controller robustness to model uncertainty. Results indicate
that reducing the complexity of hybrid approximations can
decrease computational demand, albeit at the expense of
tracking performance. Moreover, MPC formalism offers a
more robust approach to tracking performance and provides
a feasible solution in a broader range of scenarios than the
MPCC framework. By shedding light on the impact of different
complexity levels for the hybrid approximation of the nonlinear
model and the control optimization problem formulation,
this work offers comprehensive guidelines for hybrid MPC
applications for automated driving in emergency scenarios.

Index Terms— Automated vehicles, emergency evasive maneu-
vers, model predictive control, hybridization, benchmark

I. INTRODUCTION

In recent decades, Model Predictive Control (MPC) has
become a cornerstone in automated driving research due to
its structured constraint handling and dynamic control capa-
bilities [1]. Its ability to optimize actions in a finite horizon
while updating the solution in real-time helps adaptability to
evolving conditions [2]. This adaptability is crucial in the con-
text of Automated Vehicle (AV) control, where unpredictable
environments require robust and adaptive control strategies.

Achieving high-speed automated driving faces significant
challenges, particularly emergency evasive maneuvers such
as Double-Lane Changes (DLCs). These maneuvers require

quick and precise responses from the vehicle’s control system
to maintain safety on the road. However, the performance of
nonlinear MPC in extreme maneuvers is often compromised
by nonlinear vehicle dynamics, leading to two main issues:
computational complexities for solving the NonLinear Pro-
gram (NLP), which increase the time and resources needed
for processing, and stability and tracking issues due to con-
vergence to a local optimum, which can cause the vehicle
to deviate from its intended path [3]. As model complexity
increases to enhance tracking performance, so does the compu-
tational demand, potentially resulting in delayed responses and
increased risks of accidents, highlighting the need for precise
path tracking.

To address the need for precise tracking, the Model Pre-
dictive Contouring Control (MPCC) framework, initially de-
veloped for high-precision machining applications [4], [5],
can be adapted for automated driving. MPCC relies on the
assumption of minor lateral deviations from the reference path,
which is often the case in high-precision applications where
the quality specifications require maximum lateral errors in
the order of microns. However, this assumption may not
hold in automated driving since satisfying safety and stability
constraints is prioritized over limiting the deviation from the
reference path. Unlike reference-tracking MPC [1], MPCC
incorporates an analytical description of the reference path
in terms of a customized path parameter [4]. It minimizes the
distance to the reference while maximizing progress along it
in a receding horizon fashion. This is achieved by considering
the projection of the vehicle’s position onto the reference line,
offering enhanced control capabilities.

MPCC has been incorporated in robot motion planning
at low speeds [6], trajectory planning in the presence of
vulnerable road users [7], complex urban driving scenar-
ios [8], lap-time optimization for racing RC cars [9], and
high-speed drone flights [10], [11]. Recent advancements
have seen MPCC applied to vehicle control in high-speed
emergency maneuvers [12], where it has exhibited superior
performance compared to baseline MPC controllers. Moreover,
its application in car racing contexts suggests that MPCC
exhibits control actions closer to human-like driving than
classic MPC formalism [9]. Consequently, this study aims to
comprehensively evaluate and compare both MPC and MPCC
frameworks, shedding light on their respective strengths and
limitations in high-speed automated driving scenarios.

Approaches to address the aforementioned issues related
to the nonlinear vehicle dynamics include varying model
fidelity [13]–[15], cascaded complexities [16], and customized
modeling of coupled dynamics and control [17]. However,
these methods involve managing increased computational de-
mands, complexity in model calibration, hierarchical control
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layer tuning, and extensive parameterization and validation
efforts, which are particularly challenging in diverse driving
scenarios. Online successive linearizations around the current
operating point simplify model complexity but depend heavily
on model nonlinearities and maneuvers and are sensitive to
uncertainties [18], [19]. Research on explicit MPC addresses
nonlinearities efficiently but requires substantial memory for
large-scale problems [1], [13], [20], [21]. Other complex
frameworks use variable models, variable time-step discretiza-
tions, or variable prediction horizons to balance accuracy and
computational efficiency [22]–[24]. However, these methods
face implementation challenges in maintaining computational
tractability and adapting to rapid changes in environmental dy-
namics. A data-driven approach could offer a balance between
accuracy and computational demand but needs large data sets
that are not available in emergency scenarios [25].

A different approach to the nonlinear vehicle model problem
is to employ hybridization techniques that simplify nonlinear
models by dividing them into local modes, each described by
a linear relation and activated within specific regions [26].
Switched control-based approaches leverage this method to
effectively address the challenges of modeling nonlinearities.
Hierarchical rule-based control architectures adapt to differ-
ent risk levels [27], [28], switching models based on the
given states and nonlinearities [29], or transitioning to higher-
fidelity models depending on computational errors [30]. These
methods introduce the concept of hybrid systems, integrating
continuous and discrete dynamics to manage complex system
behaviors efficiently. The corresponding hybrid MPC formu-
lations result in Mixed-Integer Programming (MIP) problems,
which are guaranteed to find global optima given sufficient
computational resources thanks to deterministic solving meth-
ods.

The suggestion to hybridize the vehicle model for real-
time implementation stems from early nonlinear MPC re-
search [31]. Since then, different hybridizations of the nonlin-
ear vehicle model have been employed. The lateral tire force
model, a major source of nonlinearities in automated driving
near the limits of control, has received particular attention.
This model has been represented by hybrid parameter vary-
ing [32], piecewise affine [33], [34], or mixed-logical dynam-
ical approximations [35]. Recent work incorporated hybridiza-
tion into emergency evasive maneuvers and highly nonlinear
vehicle dynamics [36]–[38]. These hybridization techniques
have proven to improve the computational efficiency and
control accuracy of vehicle models under complex driving
conditions. Therefore, this study will employ hybrid system
formulations to approximate all nonlinear elements of the
vehicle model to account for the computational complexities
and tracking problems.

To the best of the authors’ knowledge, no studies have
evaluated the impact of hybrid approximations on control
performance in emergency evasive maneuvers. This paper
provides a comparison benchmark to analyze and improve the
computational and tracking performance of model predictive
optimization problems in emergency evasive maneuvers sce-
narios through a simulation study. Various complexity levels
of hybrid formulations are employed to approximate tire non-

linearities and the coupling between longitudinal and lateral
dynamics. The approximations of the nonlinear vehicle model
are used to formulate and solve the MPC problems as Mixed-
Integer Quadratically-Constrained Programs (MIQCPs). The
trade-off between the accuracy and the computation speed
of the resulting hybrid MPC controllers is investigated in a
comparative analysis. The controllers are simulated to track a
Double Lane Change (DLC) maneuver in varying scenarios to
test their robustness in terms of tracking, model uncertainty,
and feasibility and to assess their computational demand. This
work is divided into two parts: the first part is dedicated to
hybridizations of the nonlinear model, and the second part
evaluates the complexity of the hybridizations for both MPC
and MPCC frameworks. The corresponding contributions of
this paper are three-fold:

• hybridization of the lateral tire model for different levels
of complexity to assess its impact on vehicle performance
and computational efficiency

• integration of the hybrid model approximations within the
MPCC framework

• presentation of a comparison benchmark for a compar-
ative analysis on different levels of hybrid complexity
and two model predictive approaches, and corresponding
guidelines to signify their impact in emergency maneu-
vers

The paper is structured as follows. First, Sec. II provides
background information on the hybrid approximation of non-
linear elements and the control methods employed in this study
and explains the DLC maneuver considered in this study.
Sec. III explains the nonlinear vehicle and tire model that
will be employed as the plant model in this study. Sec. IV
details the hybridization and the corresponding hybrid MPC
controllers. In Sec. V, an overview of the scenarios that will
be considered for the comparative analysis is given. Moreover,
this section presents performance criteria for the objective
assessment of the controllers, which serves as the comparative
benchmark. Sec. VI presents the most noteworthy results
for all scenarios. The results are discussed in Sec. VII, and
future research directions are recommended. Finally, Sec. VIII
provides a conclusion on this work.

II. BACKGROUND

This section provides an overview of the key concepts and
frameworks employed in this study. First, the Piecewise-Affine
(PWA) approximation method for scalar nonlinear functions
is discussed. Next, the MPC framework is introduced as
a reference tracking strategy widely used for AV control.
Following this, the MPCC formalism is presented by extending
the MPC framework. The hybrid control optimization problem
is then described, where the objective function from either the
MPC or MPCC framework is minimized subject to system
dynamics and constraints. Finally, the DLC maneuver that will
be evaluated in this work is explained.

A. Model Element Approximation

In this study, nonlinear elements of the model will be
hybridized separately. A scalar nonlinear function f(z) can
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be approximated by a hybrid formulation f̂(z) by solving
the nonlinear optimization problem to find the slopes ai,
offsets ci, and breakpoints ri of the local modes of the PWA
approximations [39], as is given in (1).

min
ai,ci,ri

∫ rn

r0

(
f(z)− f̂(z)

)2

dz, (1a)

s.t. f̂(z) =


aT1 z + c1 if z ∈ R1

...
aTnz + cn if z ∈ Rn

, (1b)

, ]z = r0 ≤ r1 ≤ . . . ≤ rn−1 ≤ rn = z, (1c)
airi + ci = ai+1ri + ci+1, ∀i = 1, . . . , n− 1, (1d)

where it holds that Ri ∈ [ri−1, ri] and n is the number of local
modes of the approximation. The higher the number of local
modes, the more accurate the approximation concerning the
nonlinear element. Constraint (1d) guarantees the continuity
of the PWA approximation at the breakpoints. The nonlinear
optimization problem in (1) can be solved to local optimality
using MATLAB’s fmincon function with the interior-point
algorithm.

B. MPC Cost Function

The MPC optimization problem is solved in each time step
by minimizing a cost function over a prediction horizon of
Np steps such that the resulting MPC controller penalizes
deviations from the desired lateral position, heading, and the
reference vehicle velocity, as well as the control effort. To
ensure smoother and more gradual changes in control actions,
the rates of the control inputs are penalized. The cost function
for the MPC controllers using the l1-norm is as follows:

Jk =

Np∑
i=1

(
∥∆Yk+i∥q∆Y1 + ∥∆ψk+i∥

q∆ψ
1 + ∥∆vx,k+i∥q∆vx1

+
∥∥∥δ̇f,k+i∥∥∥qδ̇f

1
+
∥∥∥Ḟx,k+i

∥∥∥qḞx

1

)
,

(2)
where Np is the prediction horizon, ∆Yk = Yref,k − Yk,
∆ψk = ψref,k − ψk, ∆vx,k = vx,ref − vx,k, and the weights
of the cost function are

q∆Y, q∆ψ, q∆vx , qδ̇f , qḞx
> 0. (3)

The tuning of cost function weights q∆Y, q∆ψ, qδ̇f , qḞx
in-

volves determining their values based on the respective sig-
nificance of positional accuracy, path speed, and control devi-
ations.

C. MPCC Cost Function

The MPCC controllers extend the model predictive path-
tracking control approach with the contouring control prob-
lem [4]. Instead of parameterizing by time, the contouring
control problem utilizes parameterization of the desired path
(xd(θ), yd(θ)) by the arc length ds

dθ = 1, where s is the traveled
vehicle distance along the path. The splines of the reference

Fig. 1: Approximation of the contouring error ϵc and the lag
error ϵl with respect to the reference trajectory.

path are obtained by offline fitting. As a result, any point
(x(θ), y(θ)) can be obtained by evaluating the reference path
for its argument θ.

The formulation of the MPCC problem requires error terms
that describe the deviation of the vehicle’s current position
(xk, yk) from the desired reference point (xd(θk), yd(θk))
as can be observed in Fig. 1. The orthogonal distance of
the vehicle from the reference path can be described by the
contouring error ϵck and is given as follows [40]:

ϵck = sinϕ(θr)(xk − xd(θr))− cosϕ(θr)(yk − yd(θr)),

(4a)

ϕ(θr) = arctan

(
∇yd(θr)
∇xd(θr)

)
, (4b)

where the distance between the point (xd(θr), yd(θr)) and
(xk, yk) is minimal for the value of the path parameter
θr(xk, yk) and ϕ(θr) is the angle of the tangent to the path at
the reference point with respect to the X-axis. To approximate
the path parameter, θk will be used instead of θr(xk, yk), as a
direct calculation of θr(xk, yk) is not possible. This, in turn,
leads to an introduction of the lag error that describes the norm
between the reference traveled distance θr and the vehicle
traveled distance θk. These errors are approximated as follows:

ϵ̂c(xk, θk) = sin
(
ϕ(θk)

)(
xk − xd(θk)

)
− cos

(
ϕ(θk)

)(
yk − yd(θk)

)
, (5a)

ϵ̂l(xk, θk) = − cos
(
ϕ(θk)

)(
xk − xd(θk)

)
− sin

(
ϕ(θk)

)(
yk − yd(θk)

)
, (5b)

where
(
xd(θk), yd(θk)

)
is the desired reference point with de-

sired heading angle ϕ(θk). To allow θk to be an approximation
of θr, it is desired to decrease the lag error approximation as
much as possible by increasing its relative weight in the cost
function. It can be observed in Fig. 1 that the approximation
of the lag error decreases if θk ≈ θr(xk, yk). This gives rise
to the cost function for the MPCC controllers:
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Jk =

Np∑
i=1

(
∥ϵ̂c(xk+i, θk+i)∥qϵ̂c1 +

∥∥ϵ̂l(xk+i, θk+i)∥∥qϵ̂l1

+ ∥∆vx,k+i∥q∆vx1 +
∥∥∥δ̇f,k+i∥∥∥qδ̇f

1
+
∥∥∥Ḟx,k+i

∥∥∥qḞx

1

)
,

(6)

where the weights of the cost function are

qϵ̂c , qϵ̂l , q∆vx , qδ̇f , qḞx
> 0. (7)

The tuning of cost function weights qϵ̂c , q∆vx , qδ̇f , qḞx
involves

determining their values based on the respective significance
of contouring accuracy, path speed, and control deviations.
To maintain the validity of the lag error approximation, the
cost function weight qϵ̂l must be scaled accordingly, ensuring
ϵ̂l(xk, θk) ≈ 0.

D. Hybrid Control Optimization Problem

Depending on the objective function of the controller frame-
works, the optimization problem for MPC using (2) or MPCC
using (6) is formulated as follows:

min Jk (8a)
s.t. xk+i = f(xk+i−1, uk+i−1, Xref,k+i−1), (8b)

glb ≤ g(xk+i, uk+i−1) ≤ gub, (8c)
x0 = xinitial, i = 1, . . . , Np, (8d)

where the function f represents the discretized version of
the hybrid prediction model described in (18) and glb,ub
represent the bounds on the constraints g. The MPC and
MPCC controllers are implemented by solving the prediction
model optimization at each time step. By minimizing the cost
function Jk, an optimal control input u∗

k is obtained. This input
is applied to the discretized version of the nonlinear plant
model. The optimization is repeated for the next prediction
model time step in a receding horizon fashion.

E. DLC Maneuver

This paper will employ a DLC maneuver to evaluate the
designed controllers. Performing a DLC maneuver requires
a high level of vehicle dynamics control to ensure safety and
avoid collisions. In this maneuver, a vehicle executes two con-
secutive lane changes within a brief time frame, moving from
its current lane to an adjacent one and returning to its original
lane. The purpose of this maneuver is to navigate around a
stationary obstacle or vehicle blocking the lane. Given a two-
lane road, swift reversion to the initial lane becomes crucial to
prevent collisions with oncoming traffic. The reference path for
this maneuver is obtained from a predefined trajectory detailed
in [12]. The segments and curvatures in Table I describe the
path, where Cc is the curvature scaling factor.
The corresponding reference trajectory (Xref(s),Yref(s)) of
the DLC is then generated by integrating the curvature to

TABLE I: Length and curvature for all path segments of the
DLC maneuver.

Segment Length [m] Curvature [1/m]
Lin 75 0
L1 10Cc −0.049/C2

c
L2 8.75Cc +0.049/C2

c
L3 10Cc +0.049/C2

c
L4 8.75Cc −0.049/C2

c
L5 10Cc 0
Lexit 150 0

obtain the desired heading angle ψref(s) and then integrating
the heading to obtain the coordinates:

ψref(s) =

∫ s

0

κ(x)dx,

Xref(s) =

∫ s

0

cos(ψref(x))dx,

Yref(s) =

∫ s

0

− sin(ψref(x))dx,

(9)

where κ(x) represents the piecewise-defined curvature func-
tion based on the curvatures, and s is a parameter that
represents the current position along the read trajectory being
computed. The reference velocity throughout the maneuver is
given as a fixed value.

III. VEHICLE MODEL

This section details the nonlinear single-track vehicle model
utilizing the Fiala brush tire force model. It explains all
the elements of the nonlinear plant model, elaborates on the
corresponding states and inputs, and highlights the nonlinear
lateral tire model.

A. Nonlinear Bicycle Model

The vehicle model considered in this study is the nonlinear
single-track bicycle model, illustrated in Fig. 2. For this model,
it is assumed that the tires on each axle are lumped together.
Moreover, only the in-plane dynamics are considered, ignoring
the lateral weight transfer and additional roll and pitch dynam-
ics. The following equations describe the nonlinear vehicle
model:

Ẋ = vx cos(ψ)− vy sin(ψ), (10a)

Ẏ = vx sin(ψ) + vy cos(ψ), (10b)

ψ̇ = r, (10c)

v̇x =
−Fy,f sin(δf) + Fx,f cos(δf) + Fx,r − FxDrag

m
+ rvy,

(10d)

v̇y =
Fy,f cos(δf) + Fx,f sin(δf) + Fy,r

m
− rvx, (10e)

ṙ =
Fy,f cos(δf)lf + Fx,f sin(δf)lf − Fy,rlr

Izz
, (10f)

θ̇ =
√
v2x + v2y, (10g)

δ̇f = δ̇f , (10h)

Ḟx = Ḟx, (10i)
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TABLE II: The fixed vehicle and tire model parameters.

Parameter Explanation Value Unit
lf Front axle to CoM distance 1.4360 [m]
lr Rear axle to CoM distance 1.4490 [m]
hCoM Height Center of Mass 0.566 [m]
Izz Vehicle moment of inertia

around vertical axis
2985.216 [kgm2]

m Vehicle mass 1708 [kg]
Af Frontal area of vehicle 2.4 [m2]
ρ Air density 1.204 [kg/m3]
Cd0 Rolling resistance coefficient 45 [N]
Cd1 Aerodynamic drag coefficient 0.25 [Ns/m]
Cy,f Front tire cornering stiffness 157450 [N/rad]
Cy,r Rear tire cornering stiffness 164260 [N/rad]
µf Front tire friction coefficient 0.8 [-]
µr Rear tire friction coefficient 0.9 [-]
Xd Drive distribution 0 [-]
Xb Brake distribution 0.5 [-]
tMPC Step size MPC 0.2 [s]
tplant Step size plant 0.001 [s]
Np Prediction horizon 5 [-]

where FxDrag is the longitudinal aerodynamic drag force that
has a quadratic dependence on the vehicle speed:

FxDrag = 0.5ρAfCd1vx + Cd0. (11)

In (10), an additional state corresponding to the vehicle
traveled distance θ is introduced and used for the MPCC
cost function to compute the vehicle position relative to the
reference. The vehicle parameter values are based on an
experimentally validated model and are given in Table II.
Moreover, all vehicle variables can be found in Table III.

The vehicle model inputs are the road-wheel angle rate (δ̇f )
and the total longitudinal force rate applied at the CoG (Ḟx).
The distribution of drive/brake force, denoted as X , establishes
the relationship between the total longitudinal force and the
longitudinal force applied at individual axles:

Fx,f = XfFx, (12a)
Fx,r = XrFx, (12b)

where X = Xf + Xr = 1. However, since the front/rear force
distribution is unequal for drive and brake forces, this expres-
sion must be extended separately for braking and driving. The
expression is reformulated as:

Fx,f =

{
XbFx if Fx ≤ 0

XdFx, otherwise,
(13a)

Fx,r =

{
(1−Xb)Fx if Fx ≤ 0

(1−Xd)Fx, otherwise,
(13b)

where Xd and Xb are the drive and brake distributions. The
resulting nonlinear vehicle model is described by the states
x = [X,Y, ψ, vx, vy, r, θ, δf , Fx] and inputs u = [δ̇f , Ḟx].

B. Fiala Brush Tire Model

In this paper, the nonlinear Fiala brush tire model is
considered due to its demonstrated accuracy in describing tire
behavior up to the limits of tire saturation, coupled with its
computational efficiency, facilitating real-time implementation.
We examine an adapted iteration of this model, as proposed

TABLE III: The vehicle and tire model variables with bounds.

Variable Explanation Bounds Unit
X Global x position [-10, 1000] [m]
Y Global y position [-80, 80] [m]
ψ Yaw angle [-3.4907, 3.4907] [rad]
vx Longitudinal velocity [10, 25] [m/s]
vy Lateral velocity [-8, 8] [m/s]
r Yaw rate [-1.0472, 1.0472] [rad/s]
θ Vehicle traveled distance [0, 1000] [m]
δf Road-wheel angle [-1.5708, 1.5708] [rad]
Fx Total longitudinal force [-7200, 7200] [N]
Fx,f Front tire longitudinal force [-3600, 0] [N]
Fx,r Rear tire longitudinal force [-3600, 7200] [N]
Fy,f Front tire lateral force - [N]
Fy,r Rear tire lateral force - [N]
FxDrag Longitudinal drag force - [N]
αf Front tire slip angle - [rad]
αr Rear tire slip angle - [rad]

Fig. 2: Illustration of the single-track vehicle model.

by Pacejka [41], where the maximum lateral tire force is given
as

Fmax
y,i =

√
(µiFz,i)

2 − (Fx,i), (14)

where Fz,i is the front or rear tire nominal load. Under these
assumptions, the relationship between the front or rear lateral
tire force and the front or rear tire slip angle is given as
follows:

Fy,i =



−Cy,i tan(αi)

+
C2

y,i

3Fmax
y,i

| tan(αi)| tan(αi)

− C3
y,i

27(Fmax
y,i )

2 tan
3(αi), if |αi| ≤ αsat,i,

−Fmax
y,i sign(αi), otherwise.

(15)
The tire model is defined by the axle’s cornering stiffness Cy,
which values are optimized by performing quasi-steady-state
circular driving in a high-fidelity simulation based on a Delft-
Tyre model 6.1 [12], and its value can be found in Table II.
The front and rear tire slip angles are represented by:

αf = tan−1

(
lfr + vy
vx

)
− δf , (16a)

αr = tan−1

(
−lrr + vy

vx

)
. (16b)
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(a) Lateral tire force approximation with three local modes. (b) Lateral tire force approximation with seven local modes.

Fig. 3: Lateral tire force approximations of the nonlinear Fiala tire model with three and seven local modes and breakpoints
ri.

TABLE IV: Settings for all DLC scenarios.

Scenario Curvature [-] Friction [-] Velocity [m/s]
1 Cc ∈ {1.0, 1.2, ..., 2.0} µf = 0.8, µr = 0.9 vx = 17.5
2 Cc = 1 µ ∈ {0.7, 0.75, ..., 1.0} vx = 17.5
3 Cc = 1 µf = 0.8, µr = 0.9 vx ∈ {12.5, 15.0, 17.5, 20.0}
4 Cc = 1 µ ∈ {0.5, 0.6, 0.7} vx ∈ {14.0, 14.5, ..., 20.0}

Saturation, or full sliding of the front or rear tire slip angle,
occurs at the saturating slip angle αsat,i [16]:

αsat,i = arctan

(
3Fmax

y,i

Cy,i

)
. (17)

All relevant variables for the nonlinear vehicle model and tire
model are shown in Table III.

IV. HYBRID CONTROLLER DESIGN

This section describes the design and implementation of
the proposed hybrid model predictive controllers employed in
this study. First, simplifications are introduced, and nonlinear
elements are hybridized to obtain the hybrid prediction models.
Then, the physical bounds and constraints of the model are
elaborated. Thereafter, the hybrid controllers are explained,
and the tuning process of the controllers is discussed.

A. Hybrid Prediction Models

The proposed hybrid vehicle models considered in this
study are approximations of the nonlinear model described in
Sec. III-B. To simplify and approximate the nonlinear model,
the following assumptions and simplifications are employed:

• Small angle approximation of steering angle.
• Small angle approximation of tire slip angles:

tan−1
(
lfr+vy
vx

)
≈ lfr+vy

vx
,

tan−1
(

−lrr+vy
vx

)
≈ −lrr+vy

vx
.

• Front and rear lateral tire model approximations for
fixed total longitudinal force, friction coefficients, and
longitudinal velocity:
Fx = 0N , µf = 0.8, µr = 0.9, vx = 17.5m/s.

• FxDrag is fixed due to fixed velocity.
• Hybrid approximations of the sine, cosine, and norm

terms.
The nonlinear front and rear lateral tire forces are approxi-
mated using the PWA approximation method outlined in (1).

As shown in Fig. 3, the lateral tire forces Fy are symmetric in
the origin. Hence, it is necessary to approximate the lateral tire
forces using a PWA approximation characterized by an uneven
number of local modes. Examples of this approximation
complexity are illustrated with three local modes in Fig. 3a
and seven local modes in Fig. 3b, where it can be observed
that increasing the number of local modes will lead to a more
accurate representation of the nonlinear lateral tire model.
Detailed derivations and models for all lateral tire forces and
other nonlinear vehicle elements are provided in Appendix A.
Using the hybrid approximation for the lateral tire forces and
including the aforementioned simplifications and assumptions
gives rise to the continuous hybrid vehicle model given in
(18), where hybrid approximated elements are denoted with
HYBR.

Ẋ = vx cos
HYBR(ψ)− vy sin

HYBR(ψ), (18a)

Ẏ = vx sin
HYBR(ψ) + vy cos

HYBR(ψ), (18b)

ψ̇ = r, (18c)

v̇x =
FHYBR
y,f δf + Fx,f + Fx,r − FxDrag

m
+ rvy, (18d)

v̇y =
FHYBR
y,f + Fx,fδf + FHYBR

y,r

m
− rvx, (18e)

ṙ =
FHYBR
y,f lf + Fx,fδf lf − FHYBR

y,r lr

Izz
, (18f)

θ̇ = [∥vx, vy∥2]
HYBR, (18g)

δ̇f = δ̇f , (18h)

Ḟx = Ḟx. (18i)

In Appendix B, open-loop simulations are employed to eval-
uate the effects of the different levels of complexity and to
confirm the accuracy and performance of the proposed hybrid
approximations.
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B. Constraints

The limitations of the actuators, state boundaries, and
physics-based constraints determine the feasible control re-
gion. In Table III, all constraints related to the states and
the inputs are listed. It can be observed that the vehicle’s
longitudinal velocity is restricted between 10 and 25m/s to
ensure proper forward motion. The road-wheel angle and the
total longitudinal force are also limited to ensure the actuator
behaves within its feasible range. The difference in constraint
bounds between the front and the rear tire longitudinal force
can be attributed to the rear-wheel driving characteristics of
the vehicle.

The Fiala brush tire model model incorporates the Kamm
circle constraint as a fundamental characteristic by including
(14) for the maximum lateral tire force. Therefore, predeter-
mined limits restrict the lateral forces exerted by the front
and rear tires. They are determined by (14), based on the
longitudinal force Fx,i, vertical force Fz,i, and road friction
coefficient µi where i ∈ {f, r}. The Kamm circle constraint
limits the attainable tire forces under combined lateral and
longitudinal load conditions, preventing loss of contact and
control. For the vertical forces, the following equations hold:

Fz,r =
1

lf + lr

(
mlrg − hCoM (Fx,f + Fx,r − Fx,Drag)

)
,

(19a)

Fz,r =
1

lf + lr

(
mlfg + hCoM (Fx,f + Fx,r − Fx,Drag)

)
,

(19b)

where hCoM is the height of the Center of Mass (CoM), given
in Table II. These constraints are expected to be maintained
throughout the prediction horizon of the MPC and MPCC
controllers.

C. Control parameters

The prediction model is discretized using the forward Euler
method. A sampling time tMPC = 0.2 s for the prediction
model of the controllers was determined through computation
time analysis. Additionally, the plant model uses a discretiza-
tion time step of tplant = 0.001s. Different time spans of the
prediction in the range 0.8s to 1.60s are evaluated in Sec. VI-A,
corresponding to Np ∈ {4, 5, 6, 7, 8}. Higher prediction hori-
zons were found to be excessively computationally demanding.

D. MPC controllers

This comparative analysis considers two controller frame-
works: hybrid MPC and hybrid MPCC. Both controller frame-
works incorporate the hybrid prediction model given in (18)
with varying complexity levels determined by the number
of local modes of the lateral tire force approximations. The
MPC controllers are based on (2) and are labeled as MPC1,
MPC3, MPC5, and MPC7, corresponding to the number of
local modes used for hybridizing the nonlinear lateral tire
models. Likewise, the MPCC controllers are based on (6)
and are labeled MPCC1, MPCC3, MPCC5, and MPCC7.
The comparative analysis includes and compares a total of
eight MIQCP controllers. The nonlinear single-track vehicle

model described by (10) serves as the plant model across all
controllers in the simulation study.

E. Weight Tuning

To guarantee accurate tracking, weights of the cost function
in (2) or (6) need to be tuned. Achieving an optimal balance
between minor tracking errors and control action usage is chal-
lenging since these weights hinge on the vehicle model, (phys-
ical) constraints, and the optimization solver itself. The tuning
iterations involved systematic simulations where individual
weights were introduced and adjusted one at a time. Time-
domain trajectories and resulting Key Performance Indicators
(KPIs) (as outlined in Sec. V-B) were evaluated throughout
this process. The following general relations for tuning have
been found:

• A trade-off is identified in the positional tracking of MPC
controllers. Excessive weighting of the lateral position
error q∆Y increases computational demand, whereas in-
sufficient weighting decreases positional accuracy. Ad-
ditionally, the weight of the heading angle error should
be larger than that of the lateral position error q∆ψ to
guarantee tracking of the reference.

• Positional tracking of the MPCC controllers is improved
by increasing the weight for contouring error qϵ̂c relative
to the lag error weight qϵ̂l . However, a substantial increase
in the lag error weight increases computational demands.
Conversely, reducing the lag error is required to guarantee
the approximation of the path parameter, but excessively
decreasing the weight can induce instabilities.

• A trade-off exists in velocity tracking: Insufficient weight
on the velocity tracking error q∆vx yields inadequate ve-
locity tracking, while excessive weight requires increased
control input. However, this is feasible only if the weight
on the total longitudinal force rate qḞx

is not too high.
• Increasing the weight on the control inputs qδ̇f and qḞx

will remove chattering and resulting oscillations, but too
high a weight will result in a lack of control and tracking.

Based on these findings, manual tuning has been conducted
for both the MPC and the MPCC controller frameworks. A
sensitivity analysis for both frameworks was conducted to
improve the manual tuning. This sensitivity analysis builds
on the manual tuning and can be found in Appendix C. To
guarantee fair comparisons, the manual tuning and the sensi-
tivity analyses are conducted on the most complex models (i.e.,
the highest complexity approximations, MPC7 and MPCC7)
for both frameworks. The tuning parameters derived from each
framework were applied uniformly across all controller models
within that framework.

V. MANEUVERS AND ASSESSMENT CRITERIA

This section details the different DLC maneuver scenarios
that will be considered and the metrics employed to evaluate
the tracking performance and robustness of the control frame-
works in these scenarios. These maneuvers and assessment
criteria will serve as the comparison benchmark.
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A. Driving Scenarios
The DLC maneuver was evaluated for different levels of

curvature, friction coefficients, and velocities to assess and
compare the computational performance and tracking accuracy
of the different control frameworks and hybrid models. The
settings for these scenarios are given in Table IV. Prior to
the scenarios, a prediction horizon assessment is conducted
to determine the most suitable length for the prediction
horizon Np for all controllers. This assessment ensures that
all controllers can simulate with reasonable computational
demand and achieve acceptable tracking performance. The
DLC maneuver is evaluated for Np ∈ {4, 5, ..., 8}. After
finding a suitable value for the prediction horizon, the
following scenarios are considered:

1) Varying Curvature: In this scenario, varying levels
of curvature of the DLC maneuver are employed to assess
the tracking performance of the controllers. The curvature
level is adjusted by scaling the DLC maneuver with the
curvature scaling factor Cc given in Table I. Increasing
the scaling factor implies increasing the length of the path
segments of the DLC reference trajectory and decreasing the
corresponding curvature, thus making the lane changes less
sharp.

2) Varying Friction Coefficient µ: In this scenario, the
controllers are evaluated for varying friction coefficients
while keeping the velocity constant. This setup aims to
assess their robustness in handling model uncertainties
arising from different friction properties. Since the prediction
models are hybridized around fixed friction coefficients
(µf = 0.8, µr = 0.9), it emphasizes the evaluation of
controller performance under conditions where there might
be mismatches between the plant and prediction models due
to varying friction characteristics of the road.

3) Varying Velocity vx: This scenario evaluates the
controllers’ performance under varying velocities while
maintaining fixed friction coefficients. Since the prediction
models are hybridized around a fixed velocity (vx = 17.5m/s),
this scenario specifically examines model deviations due to
changes in vehicle velocity, complementing the second
scenario by assessing robustness in the face of model
uncertainties related to varying vehicle velocity.

4) Feasibility of Optimal Solution: In this scenario, the
feasibility of the controllers’ solutions under low friction
conditions is evaluated across a large range of velocities.
This scenario assesses the robustness in terms of sensitivity
to infeasibilities. Infeasibilities can be categorized into three
different classes. The first class denotes scenarios where
no feasible solution can be found at all, while the second
class indicates situations where no feasible solution can be
found within a specified timeframe. The final class means an
undesired solution is found, which is infeasible in practice.
In this study, the first two classes are classified as Infeasible
since the simulations terminated prematurely. The third class
is categorized as Infeasible in practice and will be highlighted

separately as it produces results throughout the entire simula-
tion, albeit with undesired outcomes.

B. Performance Criteria

To assess the performance of the controllers across various
scenarios outlined in Sec. V-A, KPIs will be employed. The
root mean square of the tracking errors (RMSE) over the
horizon length of the controller is analyzed to assess the
tracking abilities. The RMSE is given as

xRMSE =

√√√√ 1

N

N∑
i=1

(
x(i)− xref(i)

)2
, (20)

where x represents the following states X,Y, ψ, vx and xdes
the corresponding reference signals. Moreover, when consid-
ering the inputs, the RMSE can be evaluated for xref = 0,
where the inputs u are given as δ̇f , Ḟx. Other KPIs are the
total computation time Ttot and the median computation time
per time step Tmed. Finally, for the scenarios involving varying
curvature in Sec. V-A1, the maximum absolute lateral acceler-
ation |ay,max| is evaluated for each simulation to indicate the
level of curvature. Instead of using the curvature scaling factor
Cc, the maximum lateral acceleration is used, as it directly
relates to the handling limits reached during the maneuver.

Lower values of the RMSEs indicate high control perfor-
mance of the controller in tracking the reference trajectory,
while lower values for Ttot and Tmed indicate lower compu-
tational demand.

C. Solver Selection

The MIQCP problems are solved by the GUROBI op-
timizers [42], using MATLAB as the interface and overall
computation environment. The simulations were conducted
on a PC with a 6-core Intel Xeon W-2133 CPU 3.60GHz
and 64GB RAM, using the MATLAB R2020a environment on
Windows 10 Pro 64-bit.

VI. RESULTS

This section states the results of the tracking and com-
putational performance of all MPC and MPCC controllers.
First, the computational performance is evaluated by using
a varying prediction horizon. Then, the scenarios outlined in
Sec. V-A are examined for a fixed prediction horizon. Based on
a comparative analysis of the RMSEs of the states X,Y, ψ, vx,
the controllers with the lowest and the highest errors from both
frameworks are selected for Scenario 1, 2, and 3. Finally, the
computation time for the first three scenarios is analyzed.

A. Prediction Horizon Assessment

The computational performance of the hybrid MPC con-
trollers during the DLC is illustrated in Fig. 4, highlighting
their mean and maximum relative tracking errors as well as
computation time per control sampling interval. It can be ob-
served that MPC1 and MPCC1 are not able to provide results
for Np = 4, which is directly related to the oversimplification
of the tire model that does not capture the full range of the
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Fig. 4: Tracking and computational performance of the hybrid controllers in the double-lane change for different prediction
horizons.

nonlinear tire model. Due to the low prediction horizon, the
frameworks with the linear tire model are not able to provide
feasible control.

For the controllers with 3 to 7 local modes, the MPC con-
trollers outperform the MPCC controllers in terms of tracking.
Especially at Np = 4, the MPCC controllers exhibit poor
tracking performance while the MPC controllers demonstrate
low maximum relative errors.

Higher-complexity models show increased relative errors
as the horizon increases. The mean relative errors for MPC1
and MPC3 remain almost constant, while higher-complexity
models suffer from an increase in error as the prediction
horizon increases. This phenomenon can be attributed to the
expanding search space dimensions. The higher the complexity
of the model, the higher the increase in the dimension of
the optimization problem and the potential accumulation of
numerical errors.

All controllers exhibit a steady increase in computation
time with increasing model complexity. MPC demonstrates
superior computational speed compared to MPCC, reflecting
the latter’s more complex representation of the MPC problem.
Regarding Np = 5, all controllers achieve low relative errors
while maintaining a low computational demand compared to
higher prediction horizons.

B. Scenario 1: Varying Curvature
In Scenario 1, the controllers were evaluated with a fixed

prediction horizon of Np = 5, and the controllers are
simulated for different curvature factors in the range of
Cc ∈ {1.0, 1.2, ..., 2.0} to vary the curvature of the reference
trajectory. The controllers with the lowest errors are MPC7
and MPCC7, and those with the highest errors are MPC3 and
MPCC3.

Fig. 5 visualizes the performance of the aforementioned
controllers in terms of tracking errors and median computation
time. For all controllers, an increase in trajectory curvature
generally also results in an increase in relative errors. The
results show that the MPC controllers exhibit lower relative
errors than the MPCC controllers when considering the same
number of local modes.

In Fig. 6, the trajectories of the controllers with respect
to the highest and the lowest level of curvature reference
trajectories are visualized. For low trajectory curvature, the
mean and maximum errors are more similar for all controllers,
which is confirmed by the similarities in trajectories in Fig. 6b.
However, for the reference trajectory with Cc = 1, the mean
and maximum errors of the controllers increase, resulting in
more deviating trajectories in Fig. 6a, where MPCC controllers
show higher performance in the positional trajectory tracking.

In terms of hybridization complexity, it can be observed
that high complexity results in low relative errors in Fig. 5.
MPC7 outperforms all other controllers in terms of relative
errors. The other controllers have a higher rate of errors as the
curvature increases, and the mean and maximum relative errors
of MPC7 also remain lower than those of the other controllers
in the same range of maximum lateral accelerations. However,
results show that MPCC7 exhibits a lower mean relative error
in the curvature trajectory where the highest maximum lateral
accelerations are observed.

An increase in approximation complexity also results in an
increase in maximum lateral acceleration for the same maneu-
ver, indicating that the limits of vehicle control are higher. This
can be attributed to the fact that with an increased approxima-
tion complexity, the prediction model is more accurate to the
plant model, and thus, the controller is better able to exploit
the vehicle model and provide more effective control to the
plant. At the same time, the lower complexity hybridizations
cannot capture the nonlinear behavior as well, thus resulting
in a more conservative estimation of the vehicle capabilities
due to under-approximations at the limits of handling.

As can be observed from Fig. 3, the higher complexity
approximation closer approximates the nonlinear tire model
for higher tire slip angles, thus being better able to capture
the nonlinear behavior. However, an increase in framework
complexity results in the opposite. This is related to the
distinct control objective of MPC, which directly targets lateral
position, heading, and velocity. This approach can result in un-
conventional maneuvers that a real vehicle would not typically
perform to track the reference. At the same time, MPCC has
a dual objective of minimizing the deviation from the desired
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Fig. 5: Scenario 1: Tracking and computational performance of the best and the worst hybrid controllers.
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Fig. 6: Scenario 1: DLC maneuvers of best and worst controllers for two curvatures.

path (contouring error) and optimizing the progress along
the path (lag error), which can lead to a more balanced and
conservative approach to handling the reference trajectory. Due
to these differences, MPC7 exhibits the most aggressive be-
havior with the highest maximum lateral acceleration, whereas
MPCC3 is able to execute this maneuver with the lowest
maximum lateral acceleration. However, MPCC3 performs a
significantly less extreme maneuver, as observed in Fig. 6a,
which could explain the lower maximum lateral acceleration.

C. Scenario 2: Varying Friction Coefficient µ

The prediction horizon is fixed for Np = 5, and the
controllers are simulated for different road friction coefficients
in the range of µ ∈ {0.7, 0.75, ..., 1.0} to ensure friction uncer-
tainty in the prediction model due to the fixed road friction in
the front and rear tire approximations. The controllers with
the lowest errors for both frameworks in this scenario are
MPC7 and MPCC7, and those with the highest are MPC3
and MPCC1.

Based on the results in Fig. 7, there is no clear best
controller framework in terms of tracking performance since
both MPC7 and MPCC7 show similar trends in the mean
relative errors. MPC7 performs slightly better than MPCC7,
considering maximum relative errors, but this is not the case at
low road frictions. Moreover, MPCC1 has the worst tracking
performance for high road friction coefficients, and for lower
friction coefficients, MPC3 is worse.

For lower road friction coefficients, the mean and maximum
errors deviate more for all controllers, which is confirmed
by the differences in trajectories in Fig. 8a. The range of
mean and maximum errors in Fig. 7 decreases for high road
friction, resulting in more similar trajectories in Fig. 8b. In
both figures, it can be observed that MPCC7 outperforms the
other controllers in terms of tracking the reference.

Fig. 7 shows that increased approximation complexity gen-
erally results in higher tracking performance. An exception to
this relation is the peaks for MPC7 and MPCC7 at µ = 0.9.
As road friction increases, the mean and maximum relative
tracking errors decrease for MPC3, MPC7, and MPCC7. For
MPC3, mean relative errors decrease steadily, and maximum
relative errors decrease steeply. For MPC7 and MPCC7, the
decrease in errors stops after µ = 0.9, after which the
errors again increase. This can directly be related to the
hybrid approximations of the lateral tire forces, which are
approximated for the front tire at µf = 0.8 and at the rear
tire at µr = 0.9. The higher the approximation complexity,
the more the effect of these fixed approximations is visible in
the errors since the approximations are most valid on µ = 0.8
or 0.9. Although the effect is less apparent for MPC3, it can
still be observed that the decrease in relative errors stagnates
after µ = 0.9.

For MPCC1 with the linear tire force model, the uncertainty
of the friction coefficient does not affect the relationship
between the plant and the prediction model in the same way
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Fig. 7: Scenario 2: Tracking and computational performance of the best and the worst hybrid controllers.
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Fig. 8: Scenario 2: DLC maneuvers of best and worst controllers for two road friction coefficients.

it does for higher complexity approximations because the
friction coefficient does not influence the linear regime of the
nonlinear tire model. Instead, it can be observed in Fig. 7 that
the relative tracking errors decrease as the friction coefficient
decreases. This could be explained by realizing that due to the
linear tire force model, the controller will try to decrease the
tire slip angles in order to avoid excessive tire forces. Since a
decrease in road friction means a decrease in maximum lateral
tire forces for the nonlinear plant model, the linear tire model
has more over-approximation, which causes the controller to
be even more conservative in lower friction circumstances.

D. Scenario 3: Varying Velocity vx

The prediction horizon is fixed for Np = 5, and the
controllers are simulated for different desired velocities in
the range of vx,des ∈ {12.5, 15.0, 17.5, 20.0}m/s to ensure
uncertainty in the prediction model due to the fixed velocity
in the front and rear tire approximations as well as the drag
force. In this scenario, the controllers with the errors for both
frameworks are MPC7 and MPCC7, and those with the highest
are MPC3 and MPCC1.

Increased desired velocity results in higher tracking errors
for all controllers, as shown in Fig. 9. Particularly, the max-
imum relative errors increase significantly, which could be
attributed to the fact that the drag force in the plant model
is quadratically dependent on the velocity, as is given in (11).
Due to the fixed approximations of the drag force as well
as the lateral tire forces at vx = 17.5m/s, the error between

the prediction and the plant model increases significantly for
higher velocities.

Similarly, the deviation between the plant and the prediction
model also becomes higher for very low velocities, as Fig. 9
shows increasing mean and maximum errors at 12.5m/s.
The reason that all controllers show more accurate tracking
performance at lower velocities can also be attributed to
the controllers having more time to solve the optimization
problem. Moreover, the vehicle does not operate near the
limits of handling as much as during high velocities, where
the aggressiveness of the maneuver is significantly higher.

When comparing the controllers with the highest RMSEs of
the states, MPC3 performs better at lower velocities, whereas
MPCC1 has better mean relative tracking at higher velocities.
The mean and maximum errors are lower for all controllers for
lower desired velocities, which is confirmed by the similarities
in trajectories in Fig. 10a. The variation in mean and maximum
errors increases for higher desired velocities, resulting in more
deviating trajectories in Fig. 10b. In both figures, it can be
observed that MPCC7 has the best positional tracking with
respect to the reference trajectory.

In Fig. 9, the mean relative tracking errors decrease as
approximation complexity increases when comparing the same
frameworks. The exception is for a desired velocity of vx =
20m/s, where MPCC1 and MPCC7 show similar tracking
performance. In terms of both mean and maximum relative
errors, MPC7 and MPCC7 show similar performance.
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Fig. 9: Scenario 3: Tracking and computational performance of the best and the worst hybrid controllers.
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Fig. 10: Scenario 3: DLC maneuvers of best and worst controllers for two desired velocities.

E. Scenario 4: Feasibility of Optimal Solution

For this scenario, all controllers are evaluated by assessing
the limits of feasible control for varying desired velocities
at low road friction. The prediction horizon is fixed for
Np = 5, and the controllers are simulated for different desired
velocities in the range of vx,des ∈ {12.5, 15.0, 17.5, 20.0}m/s
and friction coefficients in the range of µ ∈ {0.5, 0.6, 0.7}.

In Fig. 11, the feasible control limits for all controllers
are illustrated, and the feasibility results of all controllers
are summarized in Table V. At µ = 0.5, MPC1 exhibits
the highest number of infeasibilities among MPC controllers.
Furthermore, MPC3 is best able to resist infeasibilities as
its limit of control is at 17 m/s, which tops all other MPC
controllers at that friction coefficient. MPC3 has the highest
percentage of feasible results, as can be found in Table V. The
results show that the higher the approximation complexity,
the lower the feasible results and the higher the risk for
practical infeasibilities. Among MPCC controllers, all feasible
results are practically viable, with MPCC3 showing the highest
control limit of 16.5m/s and the most feasible outcomes. For
the other MPCC controllers, the limit of feasible control is
lower. The MPC controllers have 71.15% feasible results, of
which 51.35% is practically viable. MPCC only has 29.41%
feasible results, indicating that for lower friction coefficients,
MPCC is less robust to infeasibilities.

For µ = 0.6, the feasibility of all controllers increases while
the practical infeasibility decreases. MPC has 86.54% feasible
results, of which 80% are practically viable, whereas MPCC
only has 42.31% feasible results.

There are no practically infeasible results for the highest
road friction coefficient of µ = 0.7. Moreover, the feasibility
again increases for all controllers. MPC1 has a limit of feasible
control at 18 m/s, whereas the other MPC controllers are
feasible for the entire velocity range. MPCC5 suffers from
the most infeasible results of all MPCC controllers. MPC has
92.31% feasible results, and MPCC has 88.46%, indicating
that the feasibility for MPC controllers is higher.

TABLE V: Scenario 4: Feasibility and practical feasibility of
all controllers for different road friction coefficients.

Feasibility (in practice) [%]
µ = 0.5 µ = 0.6 µ = 0.7

MPC1 23.08 (100) 53.85 (100) 69.23 (100)
MPC3 92.31 (58.33) 100 (76.92) 100 (100)
MPC5 85.62 (45.45) 92.31 (83.33) 100 (100)
MPC7 85.62 (36.36) 100 (69.23) 100 (100)
MPCC1 38.46 (100) 69.23 (100) 92.31 (100)
MPCC3 46.15 (100) 61.54 (100) 92.31 (100)
MPCC5 23.08 (100) 53.85 (100) 69.23 (100)
MPCC7 7.69 (100) 46.15 (100) 100 (100)

F. Computational Performance

For Scenario 1 visualized in Fig. 5, it can be observed that
increasing the approximation complexity level and the frame-
work complexity increases the computational demand. MPC3
shows the best computational performance, while MPCC7
shows the worst. At the same time, MPC7 and MPCC3 show
computation times that are similar. Therefore, the MPC con-
trollers have lower median computation times than the MPCC
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Fig. 11: Scenario 4: Limits of feasibility control for varying
velocities and friction coefficients. The first two classes of
infeasibility are solution infeasibility and time-limited infeasi-
bility, which are indicated by a red box. The third class of
infeasibility is practical infeasibility, which is indicated by
a green box with a red cross as it does provide a feasible
solution, but this solution is not feasible in practice. A green
box indicates the feasible solutions.

controllers. Similar results can be observed for Scenario 2
and 3 in Fig. 7 and 9, where varying friction coefficients
and velocities show no clear relation to the computation
times. Combining and comparing the first three scenarios
in Fig. 12 highlights the computational efficiency of the
hybrid MPC controllers over the hybrid MPCC controllers. In
every scenario, MPCC controllers consistently exhibit higher
median computation times than MPC controllers and display
greater variability in their computation times. This variability,
indicated by a larger interquartile range (IQR) and a wider
range of computation times, is particularly evident in scenarios
with varying curvature where the median computation time
of MPCC controllers is twice the computation time of MPC
controllers (0.1535s versus 0.3037s). Similar results are found
for scenarios with varying friction coefficients and desired
velocities, where the IQR is narrower but still larger than
that of MPC controllers. The increased complexity of MPCC
controllers with respect to the MPC controllers contributes to
this variability. The presence of higher whiskers for the MPCC
controllers indicates that there are cases where the computation
time can be substantially higher than the typical range. The
median computation times, IQRs, and whiskers of the box
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Fig. 12: Median computation time for different scenarios.

plots for the MPC controllers remain relatively consistent
across scenarios. This consistency indicates that the MPC
controllers are robust and effective across varying operating
conditions and scenarios, whereas the MPCC controllers come
with a higher and more variable computational cost.

VII. DISCUSSION

In this section, the key findings are discussed, and a gen-
eralized framework is proposed. Thereafter, the limitations of
this work are highlighted, and based on that, future research
suggestions are made.

A. Impact of Prediction Horizon

The computational performance of hybrid MPC controllers
during the DLC maneuver is analyzed for different prediction
horizons, revealing a trade-off between model complexity and
tracking accuracy. As Fig. 4 shows, the MPC controllers
exceed the performance of the MPCC ones in terms of
accuracy as well as computation speed. In order to provide
a fair comparison between both control structures, the same
prediction horizon needs to be employed that has satisfactory
performance in both tracking and computation demand for
both frameworks. The most suitable prediction horizon for
tracking, regarding acceptable accuracy for lower computation
times, is 5 or 6; for these horizons, both the relative errors
and the median computation time are low for all controllers.
Given that an increase in prediction horizon from 5 to 6 results
in a significant increase in computation time while tracking
performance across all controllers remains in the same region,
it is chosen to employ a prediction horizon of Np = 5 for the
scenarios. Choosing a prediction horizon of Np = 5 does mean
that the prediction horizon length is only 1s, which impacts
the tracking accuracy of the controllers.

B. Robustness and Variability

In Scenario 1, both the friction coefficient and velocity
align with the values utilized in the approximations. Therefore,
this scenario specifically highlights the controllers’ ability to
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track different levels of curvature. Fig. 5 demonstrates that
increased model complexity directly implies more accurate
tracking due to the more accurate representation of the lateral
tire force models. MPC outperforms MPCC counterparts in
tracking performance, which is especially evident as trajectory
curvature increases, highlighting MPC’s robustness against
changes in reference trajectories. However, it was expected
that MPCC would outperform MPC in terms of tracking,
as found in literature [12]. The deviation in results can be
explained by the ability of MPC to deploy a more efficient
tracking strategy within the same short prediction horizon, in
contrast to the more complex MPCC formulation.

In Fig. 7, higher approximation complexity generally cor-
relates with improved tracking performance during friction
uncertainty, although exceptions are observed at µ = 0.9
for MPC7 and MPCC7, indicating nuanced dependencies.
Increased model complexity enhances robustness against fric-
tion uncertainty, although both MPC and MPCC frameworks
exhibit similar overall tracking performance. MPCC shows
better positional tracking performance in Fig. 8 for low and
high friction coefficients, indicating higher robustness against
friction uncertainties, as also shown in the relative errors in
Fig. 7. This is because MPCC can more effectively enforce
and respect the constraints related to the vehicle’s position and
velocity, especially in low and high friction conditions.

Fig. 9 reveals a trend of decreasing mean relative errors with
increased approximation complexity within each framework,
except for MPCC1 and MPCC7 at vx = 20m/s. Higher
desired velocities lead to significantly higher tracking errors
across all controllers due to the quadratic dependency of drag
force on velocity. In Fig. 10, MPCC7 demonstrates similar
positional tracking performance compared to MPC7 under
varying velocities, except at vx = 20m/s, again underscoring
the tracking capabilities of MPC.

Analysis in Fig. 11 shows varying performance trends
across different road friction coefficients. MPC1 exhibits the
lowest feasibility at µ = 0.5 due to a large number of
infeasibilities, while MPC3 shows the highest resistance. The
infeasibilities of MPC1 can be explained by the oversim-
plification of the tire model, which results in the inability
of the controller to find feasible results due to the large
deviation between the plant and the prediction model. MPC3
is significantly better than the others due to the simple yet
effective representation of the tire model, which also explains
the large percentage of practically infeasible results. Feasibility
improves at µ = 0.6 and µ = 0.7 for all controllers, with
MPC consistently outperforming MPCC in overall feasibility
percentages given in Table V, indicating greater robustness
against infeasibility challenges. However, MPC carries a risk
of practically infeasible results compared to MPCC. This
difference is related to the cost function of the frameworks as
MPC might solve more problems feasibly by allowing slight
violations or by using a less strict cost function, but this
can lead to practically infeasible solutions, like oscillations
or control actions that are not smooth or practical in a real-
world scenario. MPCC often integrates constraints directly into
the optimization problem, focusing on the reference trajectory
and strict adherence to constraints. This means MPCC results

are either feasible or clearly infeasible, with little room for
impractical solutions as the results clearly show.

C. Interpretation of Computational Performance

Computational demands were compared across scenarios
varying in curvature, friction coefficients, and desired ve-
locities, revealing that MPC controllers consistently demon-
strated superior computational efficiency compared to MPCC
controllers, as was confirmed by Fig. 12. This observation
aligns with previous findings [10] and highlights MPC con-
trollers’ ability to achieve lower median computation times
and reduced variability, as indicated by narrower interquartile
ranges and shorter whiskers. The lower computation time of
MPC controllers is directly attributed to differences in the
formulation of their cost functions compared to the more
complex adjustments in MPCC, which builds upon the MPC
framework.

Furthermore, an increase in computational demand was
observed with increased hybrid model complexity. This trend
reflects the anticipated greater computational resources re-
quired for more intricate representations in higher-level model
approximations and frameworks. The observed increase in
computational demand due to increased complexity in approx-
imations and frameworks underscores the trade-off between
model complexity and computational efficiency.

D. Generalized Framework

The proposed hybridization framework can be implemented
in AV applications in emergency evasive maneuvers to improve
computational efficiency and tracking performance. Based on
the discussed simulation results for different scenarios across
all controllers, the following guidelines need to be considered:

1) The general rule of thumb for guaranteeing high tracking
performance is to increase the hybridization complexity.
It has been shown over a variety of scenarios that
high-complexity approximations have superior tracking
performance over low-complexity approximations. How-
ever, low complexity approximations offer the benefit
of low computational demand. Therefore, there is no
single solution for this trade-off in computational de-
mand versus tracking performance. Instead, the level
of hybridization complexity is highly dependent on the
scenario, which should be taken into account. Given
a highly aggressive scenario, the controller requires a
hybridized model that accurately describes the nonlinear
model such that the approximation errors are minimized.
However, a lower complexity approximation should be
chosen if a sub-optimal solution is preferred over high
computational demand. Similar choices should be made
in scenarios with model uncertainty by considering the
aforementioned trade-off. Lower complexity does pro-
vide more robustness against infeasibilities, especially
for low friction coefficients. The range of 1 to 7 local
modes is already wide enough, and employing more
local modes will not improve the tracking performance
significantly. However, it will impact the computational
demand.
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2) For scenarios where aggressive maneuvers are con-
sidered while no uncertainty in the model is present,
MPC controllers offer superior performance to MPCC
in tracking as well as computational demand. Increasing
the aggressiveness of the scenario increases the need
for fast control, where MPC outperforms the MPCC
controllers. Moreover, MPC is able to exploit the vehicle
model by performing similar scenarios with higher lat-
eral accelerations while decreasing the relative tracking
errors, indicating that control is less conservative than
MPCC. However, if specific limits are given to the lateral
accelerations, MPCC can offer similar performance,
albeit at the expense of computational demand.

3) When considering scenarios with uncertainties in the
prediction model, MPCC offers more robustness in
terms of tracking performance. Although relative errors
are similar with respect to MPC for high levels of
complexity, the MPCC controllers have better trajectory
tracking results. For these scenarios, MPC controllers
offer more robustness against infeasibilities. Although
MPC controllers do suffer from practical infeasibilities
with respect to the MPCC controllers, MPC has higher
feasibility in practice for all low friction scenarios,
indicating higher limits of control. The choice between
MPC and MPCC in these scenarios depends on the goal
of the controller. If high tracking accuracy is preferred
over computational demand and feasibility, then MPCC
should be chosen. If the emphasis is on providing
feasible results at the highest limits of control while
tracking a second priority, MPC is able to do so while
guaranteeing lower computational demands.

Employing the guidelines outlined above, the suitable trade-
off in model complexity and framework selection can be
specifically tailored to different applications across diverse
AV control scenarios. This adaptive approach ensures opti-
mal trade-offs between computational efficiency and control
precision, which is vital for control in complex, high-speed
emergency maneuvers.

E. Limitations

The main limitation of the proposed controllers is the para-
metric approximations of the hybridizations. This approach
does not account for changes in lateral tire model characteris-
tics due to friction, longitudinal force, or velocity variations.
As a result, the effectiveness of these hybrid models in
dynamic and variable driving conditions may be constrained.
Additionally, the approximation assumes a fixed velocity for
the drag force, which may not accurately represent real-world
driving scenarios and could lead to discrepancies between the
prediction and the plant model.

The use of a low prediction horizon and large step size
contributes to less accurate vehicle control and trajectory
tracking. This limitation is evident in the DLC maneuver,
which is not tracked accurately, highlighting the need for
improvements in this area. Increasing the horizon should
theoretically improve tracking. However, at this speed, the step
size is actually too large to guarantee proper tracking, even for

a high prediction horizon. The real solution would be to use a
smaller step size while increasing the prediction horizon. For
example, a step size of 0.05s and Np = 20 would theoretically
provide the same 1s prediction horizon but significantly more
accuracy. However, the current solver and the current model
are unsuitable for scaling up this way due to computational
complications.

Moreover, increasing the complexity of the control ap-
proach significantly impacts computation time. This rise in
complexity can become so severe that it limits the ability to
extend the prediction horizon. Consequently, the investigation
in scenarios requiring longer prediction horizons may be
limited, underscoring the trade-off between model complexity
and computational feasibility. Repeating this analysis with
different Np values could provide a better understanding and
lead to more conclusive observations.

Another significant limitation is the computational demand,
which exceeds real-time feasibility limits. The controllers’
high computational requirements have not been thoroughly
tested for real-time feasibility, indicating that the controllers
may not yet be practical for real-time applications without
further optimization and testing.

Finally, the controllers lack further tests for real-time vali-
dation with higher-fidelity plant models. High-fidelity models
can provide more accurate simulations of vehicle dynamics,
which are crucial for validating control strategies in realistic
conditions. The absence of such tests suggests that the current
results might not fully capture the complexities of real-world
vehicle control.

F. Future Work

The recommendations for future work are (i) to approximate
the lateral tire forces by considering varying road friction
coefficients; (ii) to increase the prediction horizon and decrease
the step size for the simulations to improve tracking results;
(iii) to add object avoidance to the tracking problem; (iv) to
increase the fidelity of the nonlinear plant model and perform
simulations to evaluate real-time performance; (v) to create
an MPC framework with MPCC as a backup for robustness
to practical infeasibilities.

VIII. CONCLUSION

This paper presented a comparative analysis of hybridized
model predictive controllers for collision avoidance during
emergency evasive maneuvers, focusing on the effect of hy-
bridization and model complexity on computational demand
and tracking performance. It highlighted the nuanced relation-
ship between model complexity, tracking performance, fea-
sibility, and computational efficiency in AV control systems,
providing valuable insights for optimizing control strategies
in variable driving scenarios by presenting general guidelines.
The following conclusions can be drawn regarding the impact
of model complexity and the comparative performance of
MPC and MPCC controllers:

• Increasing model complexity generally enhances track-
ing performance while increasing computational demand,
as observed in all scenarios (Fig. 5, Fig. 7, Fig. 9).
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Controllers with higher complexity, such as MPC7 and
MPCC7, exhibit lower relative tracking errors across
different scenarios but result in higher computation times,
confirming the aforementioned trade-off.

• Higher framework complexity leads to increased compu-
tational demand (Fig. 12). MPC controllers consistently
demonstrate lower median computation times compared
to MPCC controllers across all scenarios, indicating their
computational efficiency. For example, in Scenario 1,
the median computation time of MPCC is twice the
computation time of MPC controllers (0.1535s versus
0.3037s).

• MPC controllers provide more robust tracking perfor-
mance in Scenario 1 (Fig. 5). They consistently show
lower mean and maximum relative errors with respect to
MPCC controllers, which is especially evident at higher
complexity levels.

• MPC and MPCC controllers offer similar robustness to
model uncertainty considering the same model complex-
ity in Scenario 2 and 3 (Fig. 7,Fig. 9).

• MPC controllers exhibit higher robustness against in-
feasible results (Fig. 11). For instance, at low friction
coefficients (e.g., µ = 0.5), MPC has 71.15% feasi-
ble results, whereas MPCC only has 29.41%. However,
MPC controllers do suffer from practical infeasibilities,
whereas MPCC controllers do not (Table V).
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3
Discussion

This chapter elaborates on the proposed generalized framework and discusses the advantages, limitations,
societal impact, and future work suggestions related to the proposed hybridization framework. The
comparison benchmark provides valuable insights into hybridization complexity and hybrid model
predictive approaches through comparative analysis but faces limitations in computational demand
and real-world applicability. The societal implications of these advancements are explored, and
recommendations for future research are outlined to address the benchmark and framework limitations
and refine control strategies for safer and more efficient AVs further.

3.1. Generalized Framework
The proposed hybridization framework presents a versatile approach for enhancing computational
efficiency and tracking performance in AV applications, particularly in emergency evasive maneuvers.
To effectively implement this framework, several key considerations must be taken into account to ensure
optimal performance across diverse scenarios.

3.1.1. Tailoring Hybridization Complexity to Scenario Requirements
A fundamental aspect to address is the complexity of hybridization, which directly influences tracking
performance and computational demand. Generally, augmenting hybridization complexity enhances
tracking accuracy by capturing intricate nonlinear dynamics more effectively. However, this comes
with increased computational overhead. In scenarios demanding precise trajectory tracking, such
as unpredictable road conditions, opting for high-complexity hybridized models is paramount to
minimize approximation errors with respect to the reference trajectory. Conversely, low-complexity
hybridizations may be more beneficial in scenarios such as sudden obstacle avoidance due to lower
precision requirements or constrained computational resources. Furthermore, lower complexity models
offer enhanced robustness against infeasibilities, particularly in scenarios characterized by low road
friction coefficients.

3.1.2. Adapting to Maneuver Characteristics
Another crucial consideration is adapting the hybridization framework to the specific characteristics
of the maneuver scenario. Different maneuvers may necessitate varying levels of tracking accuracy
and computational efficiency. For instance, aggressive maneuvers devoid of uncertainties typically
require precise trajectory tracking, favoring high-complexity hybridized models. Here, MPC controllers
showcase superior performance in both tracking accuracy and computational efficiency compared to
MPCC. Conversely, in scenarios featuring uncertainties in the prediction model, such as variations in
road friction or environmental conditions, MPCC emerges as a more robust choice for trajectory tracking.
Despite potential challenges with infeasibilities, MPCC controllers exhibit superior performance in
uncertain scenarios, yielding enhanced trajectory tracking results compared to MPC. MPC controllers
could be employed if robustness to feasibilities is of importance.
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3.1.3. Aligning Framework Selection with Control Objectives
The selection between MPC and MPCC should align with the controller’s specific objectives. MPCC
is favored for scenarios demanding high tracking accuracy in the presence of uncertainties, while
MPC is more suitable for scenarios emphasizing computational efficiency. By carefully assessing the
characteristics of each maneuver scenario and the desired trade-off between tracking accuracy and
computational demand, practitioners can effectively tailor the hybridization framework to achieve
optimal performance in AV control.

Adhering to these guidelines allows for the customization of the appropriate trade-off in model
complexity and framework selection for different applications in AV control scenarios. This adaptive
approach ensures an optimal balance between computational efficiency and control precision, crucial
for effective control in complex, high-speed emergency maneuvers.

3.2. Advantages of the Comparison Benchmark
The comparison benchmark provides valuable insights into the complexities of hybridization. By
exploring various levels of hybridization complexity, the benchmark helps in understanding how
different approaches impact the performance of vehicle control systems during emergency evasive
maneuvers. This understanding is crucial for optimizing the balance between computational efficiency
and control accuracy, ensuring that the most effective solutions are identified for real-world applications.

In addition to shedding light on hybridization complexity, the comparison benchmark offers detailed
insights into hybrid MPCC. It examines the performance of MPCC when integrated with hybrid models,
highlighting the strengths and weaknesses of this approach. This analysis is particularly important for
researchers and practitioners aiming to develop robust and efficient control strategies for AVs.

The comparison benchmark stands out for its clear comparative analysis. Systematic comparisons of
different hybridized models and their corresponding control formulations comprehensively evaluate
their performance. This clarity helps in identifying the most suitable models for various driving
scenarios, facilitating the development of more effective control systems.

The benchmark also underscores the correlation between increased complexity and computational
demand. It demonstrates how increasing the complexity of the approximation can enhance tracking
accuracy but at the cost of higher computational demand. As the complexity of the control approach
rises, so does the computational burden. This finding highlights the importance of optimizing control
strategies to achieve the best possible performance without overwhelming the computational capabilities
of the vehicle’s control system.

The comparison benchmark provides these insights and serves as a valuable tool for advancing the
field of vehicle control systems. It can help researchers and developers navigate the complexities of
hybridization, MPCC, and computational trade-offs, ultimately contributing to the development of safer
and more efficient AVs.

3.3. Limitations of the Comparison Benchmark
One key limitation of the comparison benchmark is that the hybridizations are approximated parametri-
cally. This limitation means that the hybrid models do not account for changes in lateral tire model
characteristics due to friction, longitudinal force, or velocity variations. As a result, the effectiveness of
these hybrid models in dynamic and variable driving conditions may be constrained. Additionally, the
benchmark assumes a fixed velocity for the drag force, which may not accurately represent real-world
driving scenarios, which could lead to discrepancies between the prediction and the plant model.

The controller’s low prediction horizon and large step size contribute to less accurate vehicle control
and trajectory tracking. This means that the DLC is not executed properly, highlighting the need for
improvements in this area. Additionally, increasing the complexity of the control approach significantly
impacts computation time. This rise in complexity can become so severe that it limits the ability to
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extend the prediction horizon. Consequently, the benchmark’s investigation in scenarios requiring
longer prediction horizons may be limited, underscoring the trade-off between model complexity
and computational feasibility. Repeating this analysis with different 𝑁p values could provide a better
understanding and lead to more conclusive observations.

Another significant limitation is the computational demand, which exceeds the real-time feasibility
limits. The controllers’ high computational requirements have not been thoroughly tested for real-time
feasibility. This gap indicates that the frameworks may not yet be practical for real-time applications
without further optimization and testing.

Finally, the benchmark lacks further tests for real-time validation with higher-fidelity plant models.
High-fidelity models can provide more accurate simulations of vehicle dynamics, which are crucial
for validating control strategies in realistic conditions. The absence of such tests suggests that the
benchmark’s current results might not fully capture the complexities of real-world vehicle control.

3.4. Societal Impact
The advancements in hybridization complexity for AV control presented in this thesis have significant
implications for society. Enhancing road safety is one of the most immediate and significant societal
impacts of improved AV control. Emergency evasive maneuvers are critical in preventing accidents,
particularly in high-risk scenarios such as sudden obstacle appearance or adverse weather conditions.
By optimizing the hybridization complexity in model predictive frameworks, AVs have the potential
to execute these maneuvers more accurately and reliably, reducing the likelihood of collisions and
associated injuries or fatalities. This advancement directly supports the vision of mitigating the human
error of the road. The ability of AVs to perform emergency maneuvers more effectively can also lead to
improved traffic management. By avoiding accidents, which often cause significant traffic disruptions,
AVs can help maintain smoother traffic flow.

The economic benefits of improved AV control are multifaceted. Reduced accident rates translate
into lower costs for emergency response, healthcare, and vehicle repairs. Moreover, enhanced traffic
management leads to reduced congestion, which can decrease fuel consumption and associated costs.
For the automotive industry, developing and deploying vehicles with automated emergency control
capabilities can provide a competitive edge, driving innovation and economic growth.

The advancements presented in this research have the potential to accelerate the adoption of AVs.
Public trust in automated technology is crucial for its widespread acceptance. Demonstrating that AVs
can handle emergency situations with high precision and reliability can increase consumer confidence.
As AVs become more prevalent, the transportation landscape will shift towards increased automation,
with potential benefits including reduced traffic congestion, lower emissions, and enhanced mobility for
individuals unable to drive due to age or disability.

The research on hybridization complexity for AV control in emergency evasive maneuvers holds
significant promise for societal advancement. By enhancing road safety and mitigating human errors on
the road, improving traffic management, generating economic benefits, and promoting the adoption of
autonomous vehicles, these technological advancements contribute to the creation of a safer and more
efficient transportation system. As the field continues to evolve, ongoing research and collaboration
among engineers, policymakers, and society at large will be essential to fully realize the benefits of AV
technology.

3.5. Future Work Suggestions
The recommendations for future work based on this study include several key areas that could enhance
the effectiveness and applicability of the hybridized controllers for emergency evasive maneuvers.
One important direction is to approximate the lateral tire forces by considering varying road friction
coefficients. This enhancement would improve the model’s accuracy and reliability, allowing for more
precise control in diverse road friction conditions by avoiding model uncertainty. By accounting for
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different friction levels, the controllers can better handle the variability encountered in real-world
driving scenarios, leading to safer and more robust performance.

Another direction of future research involves increasing the prediction horizon as well as decreasing
the step size for simulations. These changes can significantly improve control precision by providing
more detailed and accurate predictions of vehicle behavior over longer periods. This increased foresight
allows the controller to make more informed decisions, enhancing its ability to effectively navigate
complex and dynamic driving environments.

In addition to enhancing the control algorithms, adding object avoidance capabilities to the tracking
problem is crucial for comprehensive safety measures. Current models primarily focus on maintaining
a collision-free trajectory by tracking the reference itself; however, incorporating object avoidance would
enable the vehicle to respond to obstacles, further reducing the risk of accidents and improving the
control algorithm.

Other recommended areas for future work include increasing the fidelity of the nonlinear plant
model and performing simulations in IPG CarMaker. High-fidelity models provide a more accurate
representation of the vehicle dynamics, leading to better control performance. Advanced simulation
platforms like IPG CarMaker allow for realistic testing and validation of the controllers under various
scenarios, ensuring that they perform reliably in real-world conditions. This step is essential for
transitioning from theoretical models to practical applications.

Lastly, developing an MPCC framework with MPC as a backup can enhance robustness against
infeasibilities. In scenarios where the primary controller encounters issues, having a secondary control
strategy with increased robustness to infeasibilities ensures that the vehicle can maintain safe operation.
This dual-framework approach combines the strengths of both MPC and MPCC, providing a more
resilient and adaptive control system. By integrating these advancements, the hybridization framework
can be further refined to meet the demands of emergency evasive maneuvers in AVs, ensuring higher
levels of safety and efficiency.

By focusing on these areas, future research can build on this study’s findings to develop more robust,
precise, and reliable controllers for AVs. These advancements will be critical for improving the overall
safety and performance of AVs and fostering greater public trust and acceptance of this transformative
technology.



4
Conclusion

The hybridization framework introduced in this research is a comprehensive approach to addressing
model approximation problems in autonomous vehicle (AV) control systems, particularly for emergency
evasive maneuvers. This framework begins with defining four hybridized models by approximating
the lateral tire force models for both the front and the rear tires. These hybrid tire approximations are
then integrated into both Model Predictive Control (MPC) and Model Predictive Control with Con-
straints (MPCC) frameworks, resulting in hybrid MPC and MPCC controllers with varying degrees of
hybridization complexity. The subsequent analysis of these hybridized models and their corresponding
MPC formulations offers a comparative benchmark that evaluates the computational demand and
tracking performance. This comparison benchmark provides valuable insights into optimizing com-
putational performance across diverse MPC applications by assessing different hybridization approaches.

The findings from this study indicate that the complexity of hybridization substantially influences
the tracking performance and computational efficiency of the hybrid controllers. High-complexity
models excel in tracking performance, capturing intricate nonlinear dynamics and delivering superior
accuracy. However, this comes at the expense of increased computational demand. On the other
hand, low-complexity models offer reduced computational demands but may compromise on tracking
accuracy. This trade-off suggests that the level of hybridization complexity should be carefully tailored
to meet the specific requirements of each scenario, balancing the need for precise control with com-
putational feasibility. For instance, high-complexity models are better suited for scenarios requiring
precise trajectory tracking in unpredictable road conditions, while low-complexity models are more
appropriate for scenarios with lower precision requirements or constrained computational resources.

Throughout the study, MPC controllers consistently demonstrated lower median computation times
compared to MPCC controllers across all tested scenarios, highlighting their computational efficiency.
In some cases, the median computation time of MPCC was observed to be twice that of MPC controllers.
This significant difference underscores the advantage of MPC controllers in terms of computational
efficiency, making them a preferable choice for real-time applications where quick response times
are critical. Additionally, MPC controllers exhibited more robust tracking performance in certain
scenarios, showing lower mean and maximum relative errors compared to MPCC controllers, especially
at higher complexity levels. This robustness in tracking performance further enhances their suitability
for high-speed and dynamic driving scenarios.

When considering model uncertainty, both MPC and MPCC controllers demonstrated similar
robustness, suggesting that either framework can effectively handle varying conditions. However, MPC
controllers exhibited higher robustness against infeasible results, particularly at low friction coefficients.
This robustness is crucial for ensuring reliable control under varying road conditions, enhancing the
overall safety and performance of AV systems. Although MPC controllers suffered from practical
infeasibilities that MPCC controllers did not encounter, their overall robustness and computational
efficiency make them a strong candidate for real-time AV control applications.
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Overall, this study provides essential guidelines for selecting and optimizing model predictive
control frameworks in AV systems. The insights gained from this research can significantly inform
the development of more effective and reliable automated driving systems, capable of handling the
complexities of real-world driving scenarios. Balancing tracking accuracy and computational efficiency
is key to advancing these control strategies, ensuring both safety and performance in high-speed
automated driving.



A
Hybrid Approximations of

Nonlinearities

This section details the hybridization of the nonlinear lateral tire models and other nonlinear elements
of the single-track vehicle model. Employing 1-D and 2-D approximations, single-variable and bivariate
terms can be approximated.

A.1. Lateral Tire Forces
Four hybrid approximations are constructed separately for the front and rear lateral tire models. A
piecewise affine (PWA) approximation for the lateral tire force models is obtained using nonlinear
optimization, as explained in chapter 2. For the approximations, it is assumed that the road friction, the
longitudinal velocity, and the longitudinal force are fixed as follows:

𝜇f = 0.8, 𝜇r = 0.9, 𝑣x = 17.5m/s, 𝐹x = 0N. (A.1)

The four hybrid approximations differ in the number of local modes that are used to describe
the nonlinear tire force models, with configurations of 1, 3, 5, and 7 local modes being evaluated.
Optimizations are performed to find local modes for both tire force equations for all configurations. Each
of the local modes is bounded by a lower and an upper bound on the tire slip angle, and each local mode
is described by a linear equation. The following PWA approximations describe the approximations of
the front and rear lateral tire forces depending on the number of local modes 𝑛:

𝐹y,𝑖(𝛼𝑖) =


𝑎𝑖 ,1𝛼𝑖 + 𝑐𝑖 ,1 for 𝛼𝑖 ∈ [𝑟𝑖 ,0 , 𝑟𝑖 ,1]
...

𝑎𝑖 ,𝑛𝛼𝑖 + 𝑐𝑖 ,𝑛 for 𝛼𝑖 ∈ [𝑟𝑖 ,𝑛−1 , 𝑟𝑖 ,𝑛]
for 𝑖 ∈ {f/r}

which depends on the tire slip angle 𝛼 𝑗 and the optimized variables 𝑎𝑖 (the slope), 𝑐𝑖 (the offset), and 𝑟𝑖
(the breakpoints). Using MATLAB’s fmincon function with the interior-point optimization algorithm
and following the 1-D approximation procedure outlined by Szucs et al. [47], local modes for both tire
force equations in all configurations were determined by optimizing slopes, offsets, and breakpoints.
The resulting approximations for the front and the rear tire lateral forces are illustrated in Figure A.1.
These approximations will be used for the hybrid prediction models in this study.
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(a) PWA approximation of 𝐹y,f with 1 local mode.
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(b) PWA approximation of 𝐹y,r with 1 local mode.
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(c) PWA approximation of 𝐹y,f with 3 local modes.
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(d) PWA approximation of 𝐹y,r with 3 local modes.
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(e) PWA approximation of 𝐹y,f with 5 local modes.
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(f) PWA approximation of 𝐹y,r with 5 local modes.
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(g) PWA approximation of 𝐹y,f with 7 local modes.
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(h) PWA approximation of 𝐹y,r with 7 local modes.

Figure A.1: PWA approximations of the front and rear lateral tire forces with breakpoints 𝑟𝑖 .
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A.2. Trigonometric Functions
Similar to the lateral tire force approximations, the trigonometric non-linearities related to the vehicle
model can also be hybridized by 1-D PWA approximations. The trigonometric functions all depend on
the yaw angle and are visualized in Figure A.2.
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(a) PWA approximation of the sine function with 7 local modes.
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(b) PWA approximation of the cos function with 6 local modes.

Figure A.2: PWA approximation of trigonometric nonlinearities with breakpoints 𝑟𝑖 .

A.3. Bivariate Terms
The method of Kvasnica et al. [48] can be employed for the bivariate terms by approximating 2-D
functions. This method will be briefly explained here. First and foremost, the realization that needs to
be made is that a bivariate term can be rewritten as:

𝑓 (𝑧1 , 𝑧2) = 𝑧1𝑧2 =
1
4

(
𝑦2

1 + 𝑦2
2

)
(A.2)

where
𝑦1 = (𝑧1 + 𝑧2) , 𝑦2 = (𝑧1 − 𝑧2) (A.3)

In order to make an accurate approximation of this bivariate term and to avoid the multiplication of two
separate PWA approximations, the terms are divided according to Equation A.2 and A.3. Thereafter,
the bounds of 𝑦1 and 𝑦2 are determined as follows:

𝑦
1
= min{ 𝑓1(𝑧1) + 𝑓2(𝑧2)|[𝑧1 , 𝑧2]𝑇 ∈ 𝒵}

𝑦1 = max{ 𝑓1(𝑧1) + 𝑓2(𝑧2)|[𝑧1 , 𝑧2]𝑇 ∈ 𝒵}
𝑦

2
= min{ 𝑓1(𝑧1) − 𝑓2(𝑧2)|[𝑧1 , 𝑧2]𝑇 ∈ 𝒵}

𝑦2 = max{ 𝑓1(𝑧1) − 𝑓2(𝑧2)|[𝑧1 , 𝑧2]𝑇 ∈ 𝒵}

These bounds are used to describe the regions for which 𝑦1 and 𝑦2 will be approximated by again
making use of 1-D approximation techniques with an appropriate number of local modes depending on
the desired accuracy. In doing so, 𝑓 (𝑧1 , 𝑧2) is approximated by a 2-D hybrid function with a total number
of local modes equal to the product of the number of local modes for each individual approximation.
In Figure A.3, approximations of the bivariate terms related to the kinematics of the nonlinear vehicle
model are visualized and compared to the original nonlinear representations.
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(a) PWA approximation of 𝑣x sin(𝜓). (b) PWA approximation of 𝑣x cos(𝜓).

(c) PWA approximation of 𝑣y sin(𝜓). (d) PWA approximation of 𝑣y cos(𝜓).

Figure A.3: PWA approximations of the bivariate terms.

A.4. Alternative Approach for Nonlinear Terms
This study will not employ the hybridization methods for approximating trigonometric functions and
bivariate terms as explained in section A.2 and A.3. Instead, an alternative method using over- and
under-approximations to create piecewise linear (PWL) approximations will be utilized to approximate
nonlinear elements other than the lateral tire forces. This approach simplifies handling complex
nonlinear functions by breaking them into manageable linear segments, where the ratio between the
over- and under-approximations can be tuned accordingly. Additional tuning parameters for this method
include the length and number of segments. The findings from the approximation of trigonometric
functions and bivariate terms in section A.2 and A.3 will inform the choice of segment lengths and the
number of segments, ensuring that the approximations are both precise and computationally feasible.
By using PWL approximations, the characteristics of these non-linearities can be effectively captured
while keeping the approximations tractable for real-time applications.



B
Open-Loop Validation

This section compares the hybrid models with the nonlinear model in open-loop simulations to validate
the hybrid approximations of the lateral tire forces. To ensure driving up to the limits of handling, the
sine-with-dwell test will be implemented as a maneuver. First, the sine-with-dwell maneuver will be
explained, followed by the open-loop simulations.

B.1. Sine-with-Dwell Maneuver
The open-loop simulations validate the behavior of the hybrid models compared to the nonlinear
model, ensuring its accuracy in representing the vehicle’s dynamics, especially at handling limits. A
standardized test known as the sine-with-dwell maneuver is employed to achieve this. This maneuver
involves subjecting the vehicle to a trajectory similar to what might occur during evasive maneuvers
by a human driver. In autonomous vehicle testing, the sine-with-dwell maneuver assesses dynamic
performance and control capabilities under varying conditions. Engineers can evaluate a vehicle’s
performance under challenging conditions by carefully controlling parameters like frequency, dwell
time, and amplitude. The maneuver allows trajectory tracking, stability, and response evaluation during
dynamic maneuvers and stationary or low-speed scenarios. The test involves bringing the vehicle to
a speed slightly above 80 km/h and allowing it to coast before a robotic system applies a sinusoidal
steering input with specified characteristics. This input includes a frequency of 0.7 Hz and a dwell time
of 0.5 seconds, which is crucial for evaluating the vehicle’s response at critical points in the maneuver.
The sine-with-dwell maneuver ensures driving up to the limits of handling, making this maneuver
particularly suitable for validating different hybrid models with respect to the nonlinear model. For the
open-loop simulations, the following characteristics are used:

• Discretization step size of 0.05 s
• A total simulation time of 10 s
• The steering angle itself is used as an input instead of the rate of the steering angle
• Constant longitudinal force input of 𝐹x = 0𝑁
• Constant longitudinal velocity of 𝑣x = 22.22 m/s (80 km/h)

The corresponding steering angle input for the sine-with-dwell maneuver is visualized in Figure B.1a,
where it can be observed that the steering maneuver itself only lasts two seconds.

B.2. Validation of Hybrid Approximations
The validation of the hybrid approximations of the lateral tire forces is conducted by making use of
the different levels of approximations in Appendix A. To validate the approximations, the open-loop
simulations of the hybrid models are compared to the open-loop simulation of the nonlinear model.
The nonlinear and hybridized models can be found in chapter 2. The lateral accelerations and the yaw
rates of the models during the open-loop simulations will be compared to compare the hybrid models
with the nonlinear model. These results are key indicators of a vehicle’s dynamic response to steering
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inputs, especially in highly nonlinear scenarios. By comparing these parameters, it can be evaluated
how well the hybrid model captures the essential dynamics of the vehicle during a demanding maneuver.
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(a) Steering angle input for sine-with-dwell maneuver.
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(b) Lateral acceleration of nonlinear and hybrid vehicle models in open-loop sine-with-dwell maneuver.
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(c) Yaw rate of nonlinear and hybrid vehicle models in open-loop sine-with-dwell maneuver.

Figure B.1: Open-loop simulations of the sine-with-dwell maneuver.

In Figure B.1, the open-loop results of all vehicle models are shown for the sine-with-dwell steering
angle input. It can be observed in Figure B.1b that the lateral acceleration of the nonlinear vehicle model
is in the highly nonlinear regime above 8 m/s2, indicating vehicle operation near the limits of handling.
The hybrid models all experience lateral accelerations in the same region as the nonlinear model, and a
similar trajectory can be observed. However, the influence of the complexity of hybridization is evident.
For the first segment between 3 and 4.5 seconds, it can already be observed that increased hybridization
complexity results in more similar lateral accelerations to the nonlinear vehicle model, whereas low
complexity hybridizations deviate from this visibly before all reaching similar maximum lateral acceler-
ations at around 4.5 s. In the second segment, between 4.5 and 6.5 seconds, the differences between
the different levels of hybridization become even more pronounced. The higher the hybridization
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complexity, the more accurately the nonlinear behavior is replicated.

In Figure B.1c, the yaw rates of all models during the open-loop simulation are visualized. It can
be observed that similar differences arise with respect to the complexity of hybridization. The higher
the level of complexity, the closer the yaw rate trajectories approach the nonlinear yaw rate trajectory.
Especially the approximations with 5 or 7 local modes are very similar, whereas the approximation with
only 3 local modes deviates more from the nonlinear model. The hybrid vehicle model incorporating
the linear tire model exhibits substantial deviations from the nonlinear results, primarily attributable to
the model’s single local mode, which does not adequately represent the nonlinear characteristics of the
lateral tire force model.

Based on the open-loop simulation results, it can be confirmed that the complexity of the approxima-
tions plays a significant role in determining the extent to which the nonlinear behavior can be replicated.
Increased complexity results in a more accurate representation of the nonlinear vehicle model, as could
be expected, whereas the linear tire model shows significant deviations in results from the nonlinear
model. Moreover, it needs to be noted that in this open-loop simulation case, velocity across all models
remains almost the same, and no longitudinal force is applied. Moreover, road friction is the same in all
cases, indicating that the lateral tire force model approximations operate in the same regions as the
nonlinear lateral tire model. With varying road conditions and applied braking or accelerating, the
nonlinear lateral tire model will deviate from the hybrid models. Therefore, these open-loop simulations
can validate that high-level hybrid approximations demonstrate near-identical behavior to the nonlinear
model under specific conditions in nonlinear driving scenarios.



C
Sensitivity Analysis

This section elaborates on the sensitivity analysis employed for the MPC and MPCC frameworks. The
highest complexity models are used to account for the most nonlinear model elements in tuning the
weights for both frameworks. First, the general step-by-step approach for this analysis is explained.
Thereafter, the analysis for the MPC with seven local modes and the MPCC with seven local modes will
be visualized and discussed.

C.1. General Approach
Both the MPC and the MPCC have a total of five different elements in the cost function, as can be
observed in chapter 2. For MPC, the cost function is given as

𝐽𝑘 =

𝑁p∑
𝑖=1

(
∥ΔY𝑘+𝑖 ∥𝑞ΔY

1 + ∥Δ𝜓𝑘+𝑖 ∥
𝑞Δ𝜓

1 + ∥Δ𝑣x,𝑘+𝑖 ∥𝑞Δ𝑣x
1 +



 ¤𝛿f,𝑘+𝑖


𝑞 ¤𝛿f

1 +


 ¤𝐹x,𝑘+𝑖



𝑞 ¤𝐹x
1

)
, (C.1)

where the corresponding weights for the MPC frameworks are the cost for deviation of the lateral
position 𝑞Δ𝑌 , the cost for deviation of the heading 𝑞Δ𝜓, the cost for deviation of the longitudinal velocity
𝑞Δ𝑣x , and the cost for the inputs of the steering angle rate 𝑞 ¤𝛿f

and the total longitudinal force rate 𝑞 ¤𝐹x
.

Similarly, for MPCC, the cost function is given as

𝐽𝑘 =

𝑁p∑
𝑖=1

(
∥ 𝜖̂c(𝑥𝑘+𝑖 , 𝜃𝑘+𝑖)∥𝑞𝜖̂c

1 +


𝜖̂l(𝑥𝑘+𝑖 , 𝜃𝑘+𝑖)



𝑞𝜖̂l
1 + ∥Δ𝑣x,𝑘+𝑖 ∥𝑞Δ𝑣x

1 +


 ¤𝛿f,𝑘+𝑖



𝑞 ¤𝛿f
1 +



 ¤𝐹x,𝑘+𝑖


𝑞 ¤𝐹x

1

)
. (C.2)

where instead of costs for the deviation of the lateral position and the heading angle, the MPCC
frameworks utilize costs related to the contouring error 𝑞 𝜖̂c and the lag error 𝑞 𝜖̂l .

For both frameworks, an initial manual tuning process was carried out to evaluate the effect of
the different cost elements on the cost functions. Based on this manual tuning, an initial value and
suitable ranges for the weights have been selected. Since it is not possible to evaluate all weights for all
combinations with an appropriate step size, it is chosen to divide the sensitivity analysis into separate
steps by evaluating combinations of weights. The first combination is related to the positional tracking
of the frameworks. The weight terms related to the lateral position and heading will be evaluated for
the MPC frameworks, while fixed values for the other weights will be used based on the manual tuning
process. For the MPCC frameworks, the weights related to the contouring and the lag error will be
considered. After the analysis of the first combination of weights, the resulting values of the weights
will be fixed for the next combination. The next combination is related to the longitudinal velocity and
the total longitudinal force rate input, which are directly related. For the final step, the steering rate
input will be evaluated separately using the results of the previous combinations to fix the values for
these weights. The general approach for the sensitivity analysis is as follows:

1. Evaluating the combinations of 𝑞ΔY and 𝑞Δ𝜓 (MPC) or 𝑞 𝜖̂c and 𝑞 𝜖̂l (MPCC) for fixed values of the
other weights based on the manual tuning
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2. Evaluating the combination of 𝑞Δ𝑣x and 𝑞 ¤𝐹x
for fixed other weights, where 𝑞ΔY and 𝑞Δ𝜓 (MPC) or

𝑞 𝜖̂c and 𝑞 𝜖̂l (MPCC) are based on the results of step 1
3. Evaluating the effect of 𝑞 ¤𝛿f

for fixed other weights based on the results of both steps 1 and 2

After the above steps, a final tuning is obtained that can be used for each specific framework. However,
the results of these steps do not give one global minimum for which the framework is best. Instead, each
step consists of two phases. For both phases, relevant KPIs are considered to properly evaluate the effects
of the weights. The KPIs that are considered for the first phase are median computation time per step
and the RMSE of X, Y, 𝜓, 𝑣x. The RMS of the inputs are not considered in this phase of the sensitivity
analysis. A combined result is obtained by normalizing and scaling the KPIs according to priority.
Since the combined result consists of numerous local minima, it is chosen to select the five tunings for
which the combined result is the lowest. Although this does not guarantee the global minimum for
each evaluation, it does give a comprehensive and structured approach to finding a suitable tuning. The
five minima are then compared in the second phase, and both time-based simulations and new KPIs
are considered to select the optimal solution. These KPIs are the maximum absolute derivative of the
longitudinal velocity max |𝑑𝑣x |, the maximum absolute inputs max | ¤𝛿f | and max | ¤𝐹x |, and the maximum
and median computation time per time. Since the first phase focused on KPIs related to tracking, and
the five minima are already found to have reasonable results in that respect, this phase focuses on the
effect of the inputs. Both the normalized KPIs and the time-domain trajectories are compared, and
a final choice can be made on the most suitable tuning for that specific combination. This process is
repeated for all steps, and the result is a local optimal tuning for the framework. In the next sections,
both the MPC and the MPCC with seven local modes will be tuned so that the resulting tuning for both
frameworks can also be employed for the controllers with lower complexity approximations. It should
be noted that the resulting tunings are not optimal, representing local minima rather than the global
optimum. These tunings are determined through an analysis utilizing relevant KPIs to identify the most
suitable settings. While they may not achieve the highest possible performance, careful consideration is
given to both KPIs and subjective preferences when selecting the best tuning.

C.2. MPC
This section provides a sensitivity analysis of the MPC controllers by evaluating MPC7.

C.2.1. Tuning of 𝑞ΔY versus 𝑞Δ𝜓
The first step is to evaluate the combinations of 𝑞Δ𝑌 and 𝑞Δ𝜓 for fixed 𝑞Δ𝑣x , 𝑞 ¤𝛿f

, and 𝑞 ¤𝐹x
. Based on manual

tuning, the following weights and ranges are considered:

𝑞ΔY 𝑞Δ𝜓 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

0:0.1:10 0:0.3:30 0.8 4.5 3.00e-05

Based on the ranges of 𝑞Δ𝑌 and 𝑞Δ𝜓, a total of 10201 combinations are simulated. The results are
visualized for all KPIs in Figure C.1. In the sensitivity analysis plots, the color scale serves as a visual aid
to interpret the KPIs depicted. Dark blue regions correspond to lower KPI values, which are typically
desirable as they signify optimal system performance. Conversely, regions colored yellow indicate
significantly elevated KPI values, often indicating infeasible or undesirable system states. This color
scheme remains consistent across all sensitivity analysis plots, considering a combination of two weights.
As can be observed, the effect of 𝑞Δ𝑌 and 𝑞Δ𝜓 varies per KPI. For KPIs related to the input, lower values
of 𝑞Δ𝜓 are desired, whereas KPIs related to the tracking of the position require the opposite. In order to
find local optima for the tuning that takes into account multiple KPIs, a selection of KPIs are normalized
and scaled. The KPIs related to the median computation time per step and the RMSE of 𝑋, 𝑌, 𝜓, 𝑣x are
normalized. The scaling of these KPIs is as follows:

0.1X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0𝑣̂x,RMSE + 0.1𝑇̂median (C.3)

It should be noted that the scaling of 𝑣̂x,RMSE in this step is zero. The author made this decision
to prioritize this specific KPI in the subsequent step, which will incorporate weights associated with
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longitudinal velocity and total longitudinal force. The combined result is visualized in Figure C.2, and
the five minima with the lowest overall value are given as follows:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.34851 0.34977 0.34992 0.35128 0.35263
𝑞ΔY 8.1 2.4 8 2.8 8.5
𝑞Δ𝜓 11.7 9.3 12.3 9.3 20.4

The tunings corresponding to these five minima are evaluated using time domain analysis. Addi-
tionally, a new set of KPIs is employed to assess the outcomes of these five tunings in detail. These KPIs
are the maximum absolute derivative of the longitudinal velocity max |𝑑𝑣x |, the maximum absolute
inputs max | ¤𝛿f | and max | ¤𝐹x |, and the maximum and median computation time per time. To ensure
proper evaluation in the visualization, these KPIs have been normalized. In Figure C.3, the time domain
results are visualized, and in Figure C.4, the normalized KPIs are given for each minimum. The average
of the normalized KPIs for each minimum is given as follows:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.88167 0.69538 0.94272 0.83479 0.78567

Based on the analysis of the results, Minimum 2 emerges as the most optimal among all identified
minima. Although the time-domain analysis indicates minimal deviations between the various minima,
the normalized KPIs present a different perspective. Across all KPIs, Minimum 2 exhibits consistently low
scores, indicating reduced utilization of input while maintaining precise velocity tracking. Furthermore,
it demonstrates relatively low computational demands. This means that for the tuning of the MPC, the
values of 𝑞ΔY and 𝑞Δ𝜓 are found:

𝑞ΔY = 2.4, 𝑞Δ𝜓 = 9.3 (C.4)

Figure C.1: MPC: KPIs for weights 𝑞ΔY versus 𝑞Δ𝜓 .
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Figure C.2: MPC: Combination of KPIs weights 𝑞ΔY versus 𝑞Δ𝜓 .

Figure C.3: MPC: Time-domain simulations of five minima for weights 𝑞ΔY versus 𝑞Δ𝜓 .
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Figure C.4: MPC: Normalized KPIs of five minima for weights 𝑞ΔY versus 𝑞Δ𝜓 .
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C.2.2. Tuning of 𝑞Δ𝑣x versus 𝑞 ¤𝐹x
The next combination of weights that will be considered is the combination of 𝑞Δ𝑣x and 𝑞 ¤𝐹x

. The
following range of tunings is now employed:

𝑞ΔY 𝑞Δ𝜓 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

2.4 9.3 0:0.025:1.5 4.5 0:1e-6:5e-5

Based on these ranges, a total of 3111 simulations are executed. The results are visualized in
Figure C.5, where it can be perceived that there is a large variation for suitable tunings when considering
each KPI individually. The scaling of the KPIs is as follows:

0.1X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0.2𝑣̂x,RMSE + 0.1𝑇̂median (C.5)

The scaling of 𝑣̂x,RMSE in this step is not zero since the weights are associated with longitudinal velocity
and total longitudinal force, which directly impact the velocity. The combined result is visualized in
Figure C.6, and the five minima with the lowest overall value are given as follows:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.42482 0.42916 0.42932 0.4296 0.43139
𝑞ΔY 0.725 0.825 0.825 0.8 0.425
𝑞Δ𝜓 2.3e-05 2e-05 1.7e-05 1.1e-05 3e-06

These minima are evaluated in time domain simulations, and the results can be found in Figure C.7
and C.8. The average of the normalized KPIs are:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.85857 0.85174 0.74822 0.83741 0.8561

In Figure C.7, Minimum 5 experiences chattering in the longitudinal force rate input, resulting
in undesired oscillating behavior for the longitudinal velocity. For the other minima, no significant
deviations are found. In Figure C.8, Minimum 3 shows the overall best potential by scoring low on all
KPIs. This is confirmed by the average of the normalized KPIs. Therefore, the weights of Minimum 3
are adapted for the MPC:

𝑞Δ𝑣x = 0.825, 𝑞 ¤𝐹x
= 1.7𝑒 − 05 (C.6)

Figure C.5: MPC: KPIs for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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Figure C.6: MPC: Combination of KPIs for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .

Figure C.7: MPC: Time-domain simulations of five minima for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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Figure C.8: MPC: Normalized KPIs of five minima for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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C.2.3. Tuning of 𝑞 ¤𝛿f
The final step in the sensitivity analysis related to MPC is to analyze the effect of the weight 𝑞 ¤𝛿f

. This is
done by evaluating the following range of tunings:

𝑞ΔY 𝑞Δ𝜓 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

2.4 9.3 0.825 0:0.025:5 1.7e-5

In Figure C.9, the KPIs with respect to the range of 𝑞 ¤𝛿f
are illustrated. Since only the weight 𝑞 ¤𝛿f

is
evaluated, the corresponding figures contain line plots. To find a combined optimum, the following
scaling of the KPIs is employed:

0.3X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0.1𝑣̂x,RMSE + 0.2𝑇̂median (C.7)

The combined result is visualized in Figure C.10, and the five minima with the lowest overall value are
given as follows:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.92751 1.0039 1.0197 1.0294 1.0301
𝑞 ¤𝛿f

4.5 3.6 3.2 2.9 3.4

The time domain results are presented in Figure C.11 and C.12, and the average of the normalized
KPIs are:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.8663 0.70079 0.82272 0.83155 0.69261

Based on the result of the normalized KPIs in Figure C.12, it can be concluded that Minimum 5 has
the best overall values with respect to the other minima. The lowest average supports this. Therefore,
Minimum 5 determines the weight of 𝑞 ¤𝛿f

= 2.9, and the final tuning for the MPC frameworks becomes:

𝑞ΔY 𝑞Δ𝜓 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

2.4 9.3 0.825 2.9 1.7e-5
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Figure C.10: MPC: Combination of KPIs for weight 𝑞 ¤𝛿f
.

Figure C.11: MPC: Time-domain simulations of five minima for weight 𝑞 ¤𝛿f
.
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Figure C.12: MPC: Normalized KPIs of five minima for weight 𝑞 ¤𝛿f
.
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C.3. MPCC
This section provides a sensitivity analysis of the MPCC controllers by evaluating MPCC7.

C.3.1. Tuning of 𝑞 𝜖̂c versus 𝑞 𝜖̂l

The first step is to evaluate the combinations of 𝑞 𝜖̂c and 𝑞 𝜖̂l for fixed 𝑞Δ𝑣x , 𝑞 ¤𝛿f
, and 𝑞 ¤𝐹x

. Based on manual
tuning, the following weights and ranges are considered:

𝑞 𝜖̂c 𝑞 𝜖̂l 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

0:0.15:15 0:1e-04:0.05 1 16 2.00e-04

A total of 10201 simulations were conducted. The results are illustrated in Figure C.13, revealing
two distinct regions warranting further investigation for optimal tunings. These regions are divided by
a stretch of infeasible outcomes, emphasizing the importance of careful deliberation in tuning selection.
Given that infeasible outcomes are observed across all KPIs, all scaling settings will ensure avoidance of
the infeasible region. The scaling of the relevant normalized KPIs is outlined below:

0.1X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0𝑣̂x,RMSE + 0.1𝑇̂median (C.8)

The combined result is given in Figure C.14, where it can be observed that the same two regions appear
and are separated by an unfeasible region. Due to the scaling, the lower region is for higher values of
𝑞 𝜖̂c . The following five minima are found:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.12291 0.12325 0.12334 0.12386 0.12387
𝑞 𝜖̂c 14.25 9.9 14.25 13.2 10.65
𝑞 𝜖̂l 0.019 0.046 0.0475 0.0145 0.0395

The time domain trajectories are presented in Figure C.15 and C.16, and the average normalized
KPIs are:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.85064 0.81389 0.93629 0.79693 0.79193

As can be observed from Figure C.15, Minimum 3 experiences chattering in the steering angle,
and it experiences an offset when considering the longitudinal velocity. Moreover, Minimum 2 suffers
from overshoot when finishing the DLC maneuver. Since the other minima do not diverge much, the
normalized KPIs in Figure C.16 are considered. This figure clearly shows that Minimums 4 and 5 have
the best relative results. Therefore, both could be chosen, but Minimum 5 is preferred due to the lower
median computation time. The resulting tuning for 𝑞 𝜖̂c and 𝑞 𝜖̂l then becomes:

𝑞 𝜖̂c = 10.65, 𝑞 𝜖̂l = 0.0395 (C.9)
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Figure C.13: MPCC: KPIs for weights 𝑞𝜖̂c versus 𝑞𝜖̂l .

Figure C.14: MPCC: Combination of KPIs for weights 𝑞𝜖̂c versus 𝑞𝜖̂l .

Figure C.15: MPCC: Time-domain simulations of five minima for weights 𝑞𝜖̂c versus 𝑞𝜖̂l .
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Figure C.16: MPCC: Normalized KPIs of five minima for weights 𝑞𝜖̂c versus 𝑞𝜖̂l .
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C.3.2. Tuning of 𝑞Δ𝑣x versus 𝑞 ¤𝐹x
This section evaluates the combinations of 𝑞Δ𝑣x and 𝑞 ¤𝐹x

for fixed 𝑞 𝜖̂c , 𝑞 𝜖̂l , and 𝑞 ¤𝛿f
based on the results of

the previous combination. The following range of weights are considered:

𝑞 𝜖̂c 𝑞 𝜖̂l 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

10.65 0.0395 0:0.025:1.5 16 0:1e-5:5e-4

The specified ranges encompass a total of 3111 simulations, with the corresponding KPI results
visualized in Figure C.17. A pattern emerges regarding the weights, as evidenced by a division that
separates the results into two distinct regions. Since the optimal region differs per KPI, the following
scaling is used:

0.1X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0.2𝑣̂x,RMSE + 0.1𝑇̂median (C.10)

Corresponding to this scaling, the combined result is portrayed in Figure C.18, and the five minima are
given as:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.42021 0.42029 0.42257 0.42279 0.423
𝑞 𝜖̂c 1.175 1.275 1.3 1.05 1.25
𝑞 𝜖̂l 3e-05 7e-05 4e-05 1e-05 1.6e-04

It can be observed from the time domain results in Figure C.19 that Minimum 4 experiences chattering
in the longitudinal force rate input, which translates to oscillatory behavior for the longitudinal velocity.
The other minima have similar time domain trajectories, but in Figure C.20, the normalized KPI results
for Minimum 1 show to have the most potential relative to the other minima. This is supported by the
average of the normalized KPIs:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.75134 0.87859 0.91931 0.85306 0.84092

Therefore, the weights of Minimum 1 are used for 𝑞Δ𝑣x and 𝑞 ¤𝐹x
:

𝑞Δ𝑣x = 1.175, 𝑞 ¤𝐹x
= 3𝑒 − 05 (C.11)

Figure C.17: MPCC: KPIs for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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Figure C.18: MPCC: Combination of KPIs for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .

Figure C.19: MPCC: Time-domain simulations of five minima for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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Figure C.20: MPCC: Normalized KPIs of five minima for weights 𝑞Δ𝑣x versus 𝑞 ¤𝐹x .
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C.3.3. Tuning of 𝑞 ¤𝛿f
The final step in the sensitivity analysis for MPCC involves assessing the impact of the weight 𝑞 ¤𝛿f

. The
following range of tunings are considered:

𝑞 𝜖̂c 𝑞 𝜖̂l 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

10.65 0.0395 1.175 0:0.2:20 3e-05

In Figure C.21, the KPIs with respect to the range of 𝑞 ¤𝛿f
are illustrated. To find a combined optimum,

the following scaling of the KPIs is employed: In Figure C.21, the KPIs across the range of 𝑞 ¤𝛿f
are

depicted. To determine a suitable optimum, the following scaling of the KPIs is applied:

0.3X̂RMSE + 0.7ŶRSME + 0.1𝜓̂RMSE + 0.1𝑣̂x,RMSE + 0.2𝑇̂median (C.12)

The collective outcome is presented in Figure C.22, with the five minima exhibiting the lowest overall
values listed below:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Value 0.83862 0.85644 0.86957 0.87501 0.88273
𝑞 ¤𝛿f

16.4 15.2 15.8 14.8 15.4

The time domain results are displayed in Figure C.23 and C.24. The averages of the normalized key
performance indicators (KPIs) are as follows:

Minimum 1 Minimum 2 Minimum 3 Minimum 4 Minimum 5
Average 0.78296 0.86846 0.97537 0.86166 0.91801

The time domain trajectories exhibit similar behavior across all minima, with no distinct minima
showing significant positive or negative characteristics.

Furthermore, the analysis of the normalized key performance indicators (KPIs) in Figure C.24 reveals
that Minimum 1 demonstrates the most favorable overall values compared to the other minima. This
conclusion is supported by the lowest average value. As a result, Minimum 1 dictates the weight of
𝑞 ¤𝛿f

= 16.4, leading to the final tuning for the MPC frameworks as follows:

𝑞 𝜖̂c 𝑞 𝜖̂l 𝑞Δ𝑣x 𝑞 ¤𝛿f
𝑞 ¤𝐹x

10.65 0.0395 1.175 16.4 3e-5
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Figure C.21: MPCC: KPIs for weight 𝑞 ¤𝛿f
.
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Figure C.22: MPCC: Combination of KPIs for weight 𝑞 ¤𝛿f
.

Figure C.23: MPCC: Time-domain simulations of five minima for weight 𝑞 ¤𝛿f
.
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Figure C.24: MPCC: Normalized KPIs of five minima for weight 𝑞 ¤𝛿f
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