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Phase Retrieval with Sparse Phase Constraint\ast 

Nguyen Hieu Thao\dagger , David Russell Luke\ddagger , Oleg Soloviev\S , and Michel Verhaegen\P 

Abstract. In this paper, we propose and investigate the phase retrieval problem with the a priori constraint that
the phase is sparse (SPR), which encompasses a number of practical applications, for instance, in
characterizing phase-only objects such as microlenses, in phase-contrast microscopy, in optical path
difference microscopy, and in Fourier ptychography, where the phase object occupies a small portion
of the whole field. The considered problem is strictly more general than the sparse signal recovery
problem, which assumes the sparsity of the signal because the sparsity of the signal trivially implies
the sparsity of the phase, but the converse is not true. As a result, existing solution algorithms
in the literature of sparse signal recovery cannot be applied to SPR and there is an appeal for
developing new solution methods for it. In this paper, we propose a new regularization scheme
which efficiently captures the sparsity constraint of SPR. The idea behind the proposed approach is
to perform a metric projection of the current estimated signal onto the set of all the signals whose
phase satisfies the sparsity constraint. The main challenge here is that the latter set is not convex
and its associated projector in general does not admit a closed form. One novelty of our analysis
is to establish an explicit form of that projector when restricted to those points which are relevant
to the solutions of SPR. Note that this result is fundamentally different from the widely known
calculation form for projections onto intensity constraint sets. Based on this new result, we propose
an efficient solution method, named the sparsity regularization on phase (SROP) algorithm, for the
SPR problem in the challenging setting where only one point-spread-function image is given, and we
analyze its convergence. The algorithm is the combination of the Gerchberg--Saxton (GS) algorithm
with the projection step described above. In view of the GS algorithm being equivalent to the
alternating projection for an associated two-set feasibility, the SROP algorithm is shown to be the
cyclic projection for an associated three-set feasibility, one of the sets being analyzed in this paper
for the first time. Analyzing regularity properties of the involved sets, we obtain convergence results
for the SROP algorithm based on our recent convergence theory for the cyclic projection method.
Numerical results show clear effectiveness and efficiency of the proposed solution approach for the
SPR problem.
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1. Introduction. Phase retrieval is an inverse problem of recovering a complex signal from
one or several measured intensity images. It appears in many scientific and engineering fields,
including astronomy, crystallography, microscopy, optical manufacturing, and adaptive optics
[5, 6, 15, 24]. An important application of phase retrieval is to quantify the properties of an
optical system via its generalized pupil function (GPF). The fundamental advantage of this
approach compared to those using intensity point spread functions (PSFs) or intensity optical
transfer functions is that it is modifiable and automatically includes specific characterizations
of the imaging system under investigation.

Since PSF images capture the complex-valued GPF via the squared amplitude of its
Fourier transform, several PSF images are, on the one hand, usually needed for retrieving the
phase of the GPF. On the other hand, simultaneously measuring multiple PSF images is not a
simple task in many practical applications, especially for real time imaging systems. A reason
is that the use of double exposure procedures for such a measurement process would inevitably
generate unwanted noise to the obtained data. Fortunately, under certain circumstances the
phase can be estimated from only one PSF image; see, for example, [3, 5, 7]. In this paper, we
investigate the phase retrieval problem, given a single PSF image, with a priori information
that the phase is sparse. More specifically, we study the phase retrieval problem with sparse
phase constraint (SPR) as follows:

(1.1)
finding x = \chi \cdot e \mathrm{j}\Phi \in \BbbC n\times n

such that
\bigm| \bigm| \scrF \bigl( x \cdot e\mathrm{j}\Psi 

\bigr) \bigm| \bigm| 2 = b+ w and \| \Phi \| 0 \leq s,

where \chi \in \BbbR n\times n
+ is the known amplitude of the GPF, \Phi \in ( - \pi , \pi ]n\times n is the unknown phase

variable, \scrF is the (discrete) 2-dimensional Fourier transform, \Psi \in ( - \pi , \pi ]n\times n is a known phase
diversity term,1 b \in \BbbR n\times n

+ is the measured PSF image, w \in \BbbR n\times n is unknown noise, and s
is an a priori upper bound of the sparsity level of \Phi . In (1.1) and elsewhere in the paper,
the L0-norm \| \cdot \| 0 of a complex- or real-valued matrix is the number of its nonzero entries.
The equality, the multiplication, the exponential, the modulus, and the square operations are
understood elementwise. The imaginary unit is denoted by j. To capture the case that the
GPF is nonzero on the entire aperture of the imaging system, we assume that \chi is nonzero
everywhere in the aperture.

The above model encompasses a number of important applications, for instance, in char-
acterizing phase-only objects such as microlenses, in phase-contrast microscopy, in optical
path difference microscopy, and in Fourier ptychography, where the phase object (for exam-
ple, blood cells) occupies less than 10\% of the whole optical field. Let us clarify the difference
between the SPR problem (1.1) and the sparse signal recovery (SSR) problem, which is widely

1This term plays an important role in application, but it brings no difference to (1.1) in terms of mathe-
matics.
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known and has been well investigated in the literature; see, for example, [19, 20, 23]:

(1.2)
finding x = \chi \cdot e \mathrm{j}\Phi \in \BbbC n\times n

such that
\bigm| \bigm| \scrF \bigl( x \cdot e\mathrm{j}\Psi 

\bigr) \bigm| \bigm| 2 = b+ w and \| x\| 0 \leq s.

The difference between the two problem models is that (1.1) captures the sparsity property of
the phase \Phi while (1.2) captures the sparsity property of the signal x. On the one hand, the
condition \| x\| 0 \leq s implies the condition \| \Phi \| 0 \leq s since \Phi is the (elementwise) argument2 of
x; in other words, the sparsity constraint in (1.2) is stronger than the one in (1.1). Thus, the
problem (1.1) covers the problem (1.2) as a special case. On the other hand, the sparsity of the
phase \Phi does not imply any sparsity property of the signal x, for instance, when the amplitude
\chi is nonzero everywhere in the aperture, as is the case considered in this paper. This means
that the problem (1.1) is in general not covered by the problem (1.2), and hence the former
one is strictly more general than the latter one. As a consequence, existing solution algorithms
for sparse signal recovery, for example, [19, 20, 23], are not applicable to the SPR problem
(1.1). This fact has motivated the development of new efficient schemes for addressing the
new problem (1.1), and the analysis of this paper is devoted to this task. To avoid possible
confusion in terms of terminology, we mention that the SSR problem (1.2) is also referred to
as sparse phase retrieval elsewhere in the literature.

Inspired by the success of the sparsity regularization scheme incorporated into projection
algorithms for solving the SSR problem [19] and the affine sparse feasibility problem [2, 9, 25],
in this paper we develop a new efficient regularization scheme for capturing the sparsity
property of the phase in the setting of the SPR problem (1.1). The idea is to project the
temporal estimated signal onto the set of all the signals which satisfy both the amplitude
modulation and the sparse phase constraint. The main challenge is that the latter set is not
convex and its associated projector in general does not admit a closed form, and one novelty
of this paper is an explicit form of that projector when restricted to those points which are
relevant to the solutions of the SPR problem (1.1); see Lemma 2.1. It is worth noting that this
result is fundamentally different from the widely known formula for projections onto intensity
or amplitude constraint sets; see, for example, [1, 15].

The remainder of this paper is organized as follows. Other mathematical notation will be
introduced in the rest of this section. In section 2, we present a new regularization scheme
for capturing the sparsity property of the phase in the setting of the SPR problem (1.1). In
section 3, we introduce a natural and efficient solution method for (1.1), named the sparsity
regularization on phase (SROP) algorithm, based on the classical Gerchberg--Saxton (GS)
algorithm and the regularization scheme proposed in section 2. In section 4, the SROP
algorithm is proved to be equivalent to the cyclic projection algorithm for solving an associated
feasibility problem involving three sets---two amplitude constraint sets and the set describing
both the amplitude modulation and the sparsity of the phase defined in section 2. Based on the
analysis of the cyclic projection for nonconvex feasibility recently established in [17], we obtain
convergence results for the SROP algorithm by analyzing regularity properties of the three
component sets. In section 5, we numerically demonstrate the effectiveness and efficiency of

2Without loss of generality, zero can always be taken as the argument of itself.
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the proposed regularization scheme by showing substantial advantages of the SROP algorithm
over the corresponding algorithm but without the additional regularization step. The latter
algorithm is nothing else but the GS algorithm [7]. Since the SPR problem (1.1) is proposed
and investigated in this paper for the first time, existing phase retrieval algorithms are not
relevant to it. The goal of section 5 is to demonstrate the effectiveness and efficiency of the
new regularization scheme rather than to compare the SROP algorithm with the GS method.

Mathematical notation. The underlying space in this paper is the Hilbert space \BbbC n\times n.
The Frobenius norm and the maximum norm are denoted by \| \cdot \| and \| \cdot \| \infty , respectively. Math-
ematical operations including the multiplication, the division, the modulus, the argument,3

the exponential, the square, the square root, and the equality are understood elementwise in
this paper. The distance function associated to a set \Omega \subset \BbbC n\times n is defined by

dist(\cdot ,\Omega ): \BbbC n\times n \rightarrow \BbbR + : x \mapsto \rightarrow inf
w\in \Omega 

\| x - w\| ,

and the set-valued mapping

P\Omega : \BbbC n\times n \rightrightarrows \Omega : x \mapsto \rightarrow \{ w \in \Omega | \| x - w\| = dist(x,\Omega )\} 

is the corresponding projector. A selection w \in P\Omega (x) is called a projection of x on \Omega . Since
only projections on compact sets are involved in the analysis of this paper, the existence of
projections is always guaranteed. The fixed point set of a possibly set-valued mapping T :
\BbbC n\times n \rightrightarrows \BbbC n\times n is defined by FixT \equiv \{ x \in \BbbC n\times n | x \in T (x)\} ; see, for example, [17, Definition
2.1]. An iterative sequence xk+1 \in T (xk) generated by T is said to converge linearly to a point
x with rate c \in [0, 1) if there exists a constant \gamma > 0 such that

\| xk  - x\| \leq \gamma ck \forall k \in \BbbN .

Dealing with matrices of size n\times n, we frequently use the set of all indices

(1.3) \scrJ \equiv \{ \xi = (\xi 1, \xi 2) \in \BbbN 2 | 1 \leq \xi 1, \xi 2 \leq n\} 

and the set of all s-element subsets of \scrJ given by

\scrJ s \equiv \{ J \subset \scrJ | J has s elements\} .

For a real- or complex-valued matrix \scrO of size n\times n, we define the set (see [2, equation (33)]
or [9, equation (17)])

(1.4) Cs(\scrO ) \equiv 
\biggl\{ 
J \in \scrJ s | min

\xi \in J
| \scrO \xi | \geq max

\xi \in \scrJ \setminus J
| \scrO \xi | 

\biggr\} 
.

In (1.4) and elsewhere in the paper, the entry at index \xi of a matrix \scrO is denoted by \scrO \xi . Our
other basic notation is standard; cf. [4, 18, 22]. The open ball in \BbbC n\times n with radius \delta > 0 and
center x is denoted by \BbbB \delta (x).

3For a complex number z = re\mathrm{j}\varphi , where r \in \BbbR + and \varphi \in ( - \pi , \pi ] (using Euler's formula), its modulus and
argument are | z| = r and arg(z) = \varphi , respectively. By convention, arg(z) = 0 for z = 0.
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For simplicity in terms of terminology, when x = \chi \cdot e \mathrm{j}\Phi is a solution to (1.1), \Phi is
accordingly called a phase solution to that problem. Without loss of generality, we can assume
that the amplitude \chi is strictly positive everywhere.4

2. Regularization for sparse phase constraint. This section presents the novel idea of
this paper. In the literature of sparse signal recovery and sparse optimization, for example,
[9, 19, 20], the sparsity constraint on the signal has been shown to be useful in reconstructing
the sparse signal. In this section, we propose a regularization scheme which can effectively
capture the sparsity property of the phase in the setting of the SPR problem (1.1). The idea
is to project the temporal estimated signal onto the set of all the signals satisfying both the
amplitude modulation and the sparse phase constraint. As a result, the proposed scheme can
be incorporated into the framework of projection methods for solving the SPR problem (1.1)
as detailed in the subsequent sections. The analysis developed in this section is new.

To begin, let us define on \BbbC n\times n the three constraint sets in accordance with the SPR
problem (1.1) as follows:

(2.1)

\Omega 1 \equiv 
\Bigl\{ 
x \in \BbbC n\times n | 

\bigm| \bigm| \scrF \bigl( x \cdot e\mathrm{j}\Psi 
\bigr) \bigm| \bigm| 2 = b

\Bigr\} 
,

\Omega 2 \equiv 
\bigl\{ 
x \in \BbbC n\times n | | x| = \chi 

\bigr\} 
,

\Omega 3 \equiv \{ x \in \Omega 2 | \| arg(x)\| 0 \leq s\} .

The set \Omega 3 describes the sparsity of the phase, and a natural way to incorporate it into a
solution method for (1.1) is to perform an additional projection step onto this set. The next
lemma provides an explicit form of P\Omega 3 when restricted on the points relevant to the solutions
of (1.1). Note that this result is different from the widely known formula for projections onto
intensity or amplitude constraint sets.

Lemma 2.1 (projector P\Omega 3). For any x = \chi \cdot e \mathrm{j}\Phi \in \Omega 2, let us define the matrix5

(2.2) \scrO \equiv \chi 2 \cdot 
\bigm| \bigm| e \mathrm{j}\Phi  - 1n

\bigm| \bigm| 2 ,
where the squared amplitude \chi 2 is understood elementwise, and 1n is the all-ones matrix of
size n\times n. Then it holds that

P\Omega 3(x) =
\bigl\{ 
\chi \cdot e\mathrm{j}\varphi | \exists J \in Cs(\scrO ) such that \varphi equals \Phi on J and vanishes on \scrJ \setminus J

\bigr\} 
,

where the sets \scrJ and Cs(\scrO ) are given by (1.3) and (1.4), respectively.

Proof. We take an arbitrary J \in Cs(\scrO ) and \varphi \in \BbbR n\times n determined by

(2.3) \varphi \xi =

\Biggl\{ 
\Phi \xi if \xi \in J,

0 if \xi \in \scrJ \setminus J

and show that z \equiv \chi \cdot e\mathrm{j}\varphi is a projection of x on \Omega 3. That is, we need to verify that

(2.4) \| x - z\| \leq \| x - w\| \forall w \in \Omega 3.

4Since the phase being sparse relative to the aperture size is the objective of our analysis, all the results of
this paper are also valid for the case where the aperture has a smaller size than n\times n.

5\scrO depends only on \Phi since \chi is known.
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Thanks to | x| = | z| = | w| = \chi (elementwise) and the definition of \Omega 3, condition (2.4) amounts
to

(2.5)
\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\varphi \xi 
\bigm| \bigm| 2 \leq \sum 

\xi \in \scrJ 
\chi 2
\xi 

\bigm| \bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\phi \xi 

\bigm| \bigm| \bigm| 2 \forall \phi \in \BbbR n\times n with \| \phi \| 0 \leq s.

From the definition (2.3) of \varphi , we have that

(2.6)

\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\varphi \xi 
\bigm| \bigm| 2 =\sum 

\xi \in J
\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\varphi \xi 
\bigm| \bigm| 2 + \sum 

\xi c\in \scrJ \setminus J

\chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - e \mathrm{j}\varphi \xi c

\bigm| \bigm| 2
=
\sum 
\xi \in J

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\Phi \xi 
\bigm| \bigm| 2 + \sum 

\xi c\in \scrJ \setminus J

\chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - 1

\bigm| \bigm| 2
=

\sum 
\xi c\in \scrJ \setminus J

\chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - 1

\bigm| \bigm| 2 = \sum 
\xi c\in \scrJ \setminus J

\scrO \xi c .

Since J \in Cs(\scrO ) and \scrO is nonnegative by its definition (2.2), we have that

(2.7) \scrO \xi c = | \scrO \xi c | \leq | \scrO \xi | = \scrO \xi \forall \xi \in J, \forall \xi c \in \scrJ \setminus J.

Note that \| \phi \| 0 \leq s since w = \chi \cdot e\mathrm{j}\phi \in \Omega 3 and hence

(2.8) card (\{ \xi | \phi \xi = 0\} ) \geq n2  - s = card (\scrJ \setminus J) ,

where card(\cdot ) denotes the cardinality of the set in the brackets. The combination of (2.7) and
(2.8) yields that \sum 

\xi c\in \scrJ \setminus J

\scrO \xi c \leq 
\sum 

\xi \in \{ \xi | \phi \xi =0\} 
\scrO \xi .(2.9)

Since \{ \xi | \phi \xi = 0\} \subset \scrJ , it is clear that

(2.10)

\sum 
\xi \in \{ \xi | \phi \xi =0\} 

\scrO \xi =
\sum 

\xi \in \{ \xi | \phi \xi =0\} 
\chi 2
\xi | e \mathrm{j}\Phi \xi  - 1| 2 =

\sum 
\xi \in \{ \xi | \phi \xi =0\} 

\chi 2
\xi | e \mathrm{j}\Phi \xi  - e \mathrm{j}\phi \xi | 2

\leq 
\sum 

\xi \in \{ \xi | \phi \xi =0\} 
\chi 2
\xi | e \mathrm{j}\Phi \xi  - e \mathrm{j}\phi \xi | 2 +

\sum 
\xi \in \{ \xi | \phi \xi \not =0\} 

\chi 2
\xi | e \mathrm{j}\Phi \xi  - e \mathrm{j}\phi \xi | 2

=
\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| \bigm| e \mathrm{j}\Phi \xi  - e\mathrm{j}\phi \xi 

\bigm| \bigm| \bigm| 2 \forall \phi \in \BbbR n\times n with \| \phi \| 0 \leq s.

Then for any \phi \in \BbbR n\times n with \| \phi \| 0 \leq s, using (2.6), (2.9), and (2.10) successively we have that\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\varphi \xi 
\bigm| \bigm| 2 =

\sum 
\xi c\in \scrJ \setminus J

\scrO \xi c \leq 
\sum 

\xi \in \{ \xi | \phi \xi =0\} 
\scrO \xi \leq 

\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\phi \xi 

\bigm| \bigm| \bigm| 2 .
Hence, we have proved (2.5); that is, z = \chi \cdot e \mathrm{j}\varphi is a projection of x on \Omega 3.

D
ow

nl
oa

de
d 

06
/0

9/
26

 to
 1

54
.5

9.
12

4.
11

3 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

C
C

B
Y

 li
ce

ns
e 



© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

252 N. THAO, D. LUKE, O. SOLOVIEV, AND M. VERHAEGEN

Conversely, let us take an arbitrary z = \chi \cdot e \mathrm{j}\varphi \in P\Omega 3(x) and show that there exists a
J \in Cs(\scrO ) such that \varphi equals \Phi on J and vanishes on \scrJ \setminus J ; that is, \varphi satisfies (2.3). Note that
if x \in \Omega 3, then P\Omega 3(x) = \{ x\} and z = x, and (2.3) holds trivially. Hence, it suffices to consider
x /\in \Omega 3, that is, \| \Phi \| 0 > s (recall that x = \chi \cdot e \mathrm{j}\Phi \in \Omega 2). We claim that \| \varphi \| 0 = s (recall that
\| \varphi \| 0 \leq s as z \in \Omega 3). Indeed, suppose to the contrary that \| \varphi \| 0 \leq s  - 1. Since \| \Phi \| 0 > s,
there exists an index \xi c such that \varphi \xi c = 0 and \Phi \xi c \not = 0. Define \phi \in \BbbC n\times n by \phi \xi c = \Phi \xi c and
\phi \xi = \varphi \xi for all \xi \in \scrJ \setminus \{ \xi c\} , and set w \equiv \chi \cdot e \mathrm{j}\phi . Then w \in \Omega 3 since \| \phi \| 0 = \| \varphi \| 0 + 1 \leq s,
and by the construction of \phi and \varphi \xi c = 0, we have that

\| x - z\| 2  - \| x - w\| 2 = \chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - e\mathrm{j}\varphi \xi c

\bigm| \bigm| 2 = \chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - 1

\bigm| \bigm| 2 > 0,

where the last strict inequality is due to \Phi \xi c \not = 0. This implies that

\| x - z\| > \| x - w\| \geq dist(x,\Omega 3),

which contradicts z \in P\Omega 3(x); that is, we have shown \| \varphi \| 0 = s.
On the one hand, letK\varphi \subset \scrJ be the set of indices of nonzero entries of \varphi . By the definition

of the projection and z \in P\Omega 3(x), it holds that \| x - z\| = dist (x,\Omega 3). Then

(2.11)

\sum 
\xi c\in \scrJ \setminus K\varphi 

\scrO \xi c +
\sum 
\xi \in K\varphi 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e\mathrm{j}\varphi \xi 
\bigm| \bigm| 2

=
\sum 

\xi c\in \scrJ \setminus K\varphi 

\chi 2
\xi c
\bigm| \bigm| e \mathrm{j}\Phi \xi c  - 1

\bigm| \bigm| 2 + \sum 
\xi \in K\varphi 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e\mathrm{j}\varphi \xi 
\bigm| \bigm| 2

=
\sum 
\xi \in \scrJ 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e \mathrm{j}\varphi \xi 
\bigm| \bigm| 2 = \| x - z\| 2 = dist2 (x,\Omega 3) .

On the other hand, it follows from the definition (1.4) of Cs (\scrO ) that\sum 
\xi \in J

\scrO \xi is constant over all J \in Cs (\scrO ) ,(2.12)

\sum 
\xi \in K

\scrO \xi <
\sum 
\xi \in J

\scrO \xi \forall K \subset \scrJ , card(K) = s,K /\in Cs(\scrO ),\forall J \in Cs (\scrO ) .(2.13)

In view of (2.12), the distance dist (x,\Omega 3) which was calculated in the first part of the proof
(see (2.5) and (2.6)) is independent of the choice of J in Cs(\scrO ), that is,

(2.14)
\sum 

\xi c\in \scrJ \setminus J

\scrO \xi c = dist2 (x,\Omega 3) \forall J \in Cs(\scrO ).

In view of (2.14), subtracting (2.13) by
\sum 

\xi \in \scrJ \scrO \xi , we obtain that

(2.15)
\sum 

\xi c\in \scrJ \setminus K

\scrO \xi c > dist2 (x,\Omega 3) \forall K \subset \scrJ , card(K) = s, K /\in Cs(\scrO ).
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Then, in view of (2.15) and noting that card(K\varphi ) = \| \varphi \| 0 = s, we infer from the equality
(2.11) that \sum 

\xi c\in \scrJ \setminus K\varphi 

\scrO \xi c = dist2 (x,\Omega 3) ,(2.16)

\sum 
\xi \in K\varphi 

\chi 2
\xi 

\bigm| \bigm| e \mathrm{j}\Phi \xi  - e\mathrm{j}\varphi \xi 
\bigm| \bigm| 2 = 0.(2.17)

The combination of (2.15) and (2.16) implies that K\varphi \in Cs(\scrO ), and (2.17) ensures that \varphi 
equals \Phi on K\varphi . Obviously, \varphi vanishes on \scrJ \setminus K\varphi by the definition of K\varphi .

The proof is complete.

Note that Lemma 2.1 does not provide the formula of P\Omega 3(x) for all x \in \BbbC n\times n but is
restricted to those points in \Omega 2 which are the only ones relevant for the purpose of capturing
the sparse phase constraint in the SPR problem (1.1).

Remark 2.2. Lemma 2.1 is crucial for the analysis of this paper and rather unexpected
since the sparsity regularization applied to the phase turns out to be a metric projection on the
underlying space \BbbC n\times n. In the special case that the amplitude \chi is constant over its entries,
P\Omega 3 reduces to the hard thresholding/L0-norm regularization but is applied to the phase. It
is worth mentioning that even the latter special case has not been analyzed in the literature.

3. SROP algorithm. Based on the regularization scheme for the sparse phase constraint
proposed in section 2, this section presents an efficient solution algorithm for the sparse phase
retrieval problem (1.1).

Algorithm 3.1 (SROP algorithm for SPR).
Input:

\chi --- amplitude modulation
\Psi --- phase diversity
b \in \BbbR n\times n

+ --- measured PSF image
s --- sparsity parameter
\tau --- tolerance threshold
N --- maximal number of iterations
\Phi 0 --- initial guess for \Phi .

Iteration process: given \Phi k

(i) xk = \chi \cdot e \mathrm{j}\Phi k

(ii) Xk = \scrF 
\bigl( 
xk \cdot e\mathrm{j}\Psi 

\bigr) 
--- phase diversity and Fourier transform

(iii) Yk =
\surd 
b \cdot Xk

| Xk| --- amplitude constraint

(iv) yk = e - \mathrm{j}\Psi \cdot \scrF  - 1(Yk) --- inverse Fourier transform and phase diversity removal
(v) zk = \chi \cdot e \mathrm{j}\varphi k with \varphi k = arg(yk) --- amplitude modulation constraint

(vi) \scrO k = \chi 2 \cdot 
\bigm| \bigm| e \mathrm{j}\varphi k  - 1n

\bigm| \bigm| 2
(vii) find Jk \in Cs(\scrO k) and set \Phi k+1 equal \varphi k on Jk and vanish on \scrJ \setminus Jk.

Stopping criterion: \| \Phi k  - \Phi k+1\| < \tau or k \geq N .
Output: \widehat \Phi = \Phi end --- the estimated phase.
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In step (iii) of Algorithm 3.1 and elsewhere in this paper, we use the arithmetic convention
0
0 = 1. This is simply for ensuring the uniqueness of that step and has no effect on the
performance as well as the analysis of the algorithm.

Algorithm 3.1 is the combination of the GS method (steps (i)--(v)) and the regularization
scheme for the sparse phase constraint analyzed in section 2 (steps (vi)--(vii)). When applied
to SPR (1.1), the additional regularization step brings substantial advantages of the SROP
algorithm over the GS method; see section 5.

4. Convergence analysis. In this section, we will establish a local linear convergence
criterion for the SROP algorithm. We first show that the algorithm is equivalent to the cyclic
projection for solving the feasibility problem consisting of the three sets defined in (2.1). Then
the analysis of the cyclic projection for nonconvex feasibility recently developed in [17] can be
applied to the SROP algorithm.

The next lemma shows that the SROP algorithm is nothing else but the cyclic projection
method P\Omega 3P\Omega 2P\Omega 1 .

Lemma 4.1 (SROP as cyclic projection). The following statements hold true:
(i) The combination of steps (ii), (iii), and (iv) of Algorithm 3.1 amounts to yk \in P\Omega 1(xk).
(ii) Step (v) of Algorithm 3.1 amounts to zk \in P\Omega 2(yk).
(iii) The combination of steps (vi), (vii), and (i) of Algorithm 3.1 amounts to xk+1 \in 

P\Omega 3(zk).
In other words, the SROP algorithm is characterized by the fixed point operator T : \BbbC n\times n \rightrightarrows 
\BbbC n\times n given by

(4.1) x \mapsto \rightarrow T (x) \equiv P\Omega 3P\Omega 2P\Omega 1(x) \forall x \in \BbbC n\times n.

Proof. (i) From the definition of \Omega 1 in (2.1), we can write

(4.2) \Omega 1 =
\bigl\{ 
x \in \BbbC n\times n | \scrF 

\bigl( 
x \cdot e \mathrm{j}\Psi 

\bigr) 
\in C

\bigr\} 
,

where the set C is given by

(4.3) C \equiv 
\bigl\{ 
X \in \BbbC n\times n | | X| 2 = b

\bigr\} 
.

The following projection on the set C is straightforward from the simple structure of C defined
in (4.3) (recall that the arithmetic convention 0

0 = 1 is used in this paper):

(4.4)
\surd 
b \cdot X

| X| 
\in PC(X) \forall X \in \BbbC n\times n.

Let us define the linear operator \scrG : \BbbC n\times n \rightarrow \BbbC n\times n by

(4.5) x \mapsto \rightarrow \scrG (x) \equiv x \cdot e \mathrm{j}\Psi \forall x \in \BbbC n\times n.

Then \scrG is a unitary transform since \| x\| = \| \scrG (x)\| for all x \in \BbbC n\times n. Its inverse is also unitary
and given by \scrG  - 1(x) = e - \mathrm{j}\Psi \cdot x for all x \in \BbbC n\times n. Now using (4.2), we obtain that

P\Omega 1(x) = \scrG  - 1\scrF  - 1 (PC (\scrF \scrG (x))) \forall x \in \BbbC n\times n.(4.6)
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Combining steps (ii), (iii), and (iv) of Algorithm 3.1 in view of (4.4) and (4.6), we have that

yk = e - \mathrm{j}\Psi \cdot \scrF  - 1

\biggl( \surd 
b \cdot Xk

| Xk| 

\biggr) 
= \scrG  - 1\scrF  - 1

\Biggl( 
\surd 
b \cdot 

\scrF 
\bigl( 
xk \cdot e \mathrm{j}\Psi 

\bigr) 
| \scrF (xk \cdot e \mathrm{j}\Psi )| 

\Biggr) 

= \scrG  - 1\scrF  - 1

\biggl( \surd 
b \cdot \scrF \scrG (xk)

| \scrF \scrG (xk)| 

\biggr) 
\in \scrG  - 1\scrF  - 1 (PC (\scrF \scrG (xk))) = P\Omega 1(xk) \forall k \in \BbbN .

The proof of part (i) is complete.
(ii) This part follows by comparing step (v) of Algorithm 3.1 with the definition of \Omega 2 in

(2.1).
(iii) This part was already proved in Lemma 2.1.

To this end, the SROP algorithm is the cyclic projection algorithm for solving the associ-
ated feasibility problem of

(4.7) finding x \in \Omega 1 \cap \Omega 2 \cap \Omega 3,

which can be used to address the SPR problem (1.1). Note that in the noise-free setting, the
two problems are equivalent since x is a solution to (1.1) if and only if it is a solution to (4.7).

As a result, one can fully apply the convergence theory for the cyclic projection algorithm
developed in [17, section 3.1] to the SROP algorithm. It is worth mentioning that the above
mentioned theory also encompasses inconsistent feasibility, which in the setting of this paper
corresponds to the SROP algorithm applied to SPR (1.1) with noise. To avoid quite formidable
technical details inherently arising for inconsistent feasibility, this application paper presents
convergence results in the noise-free setting.

We next recall an amount of mathematical material which is sufficient for formulating a
local linear convergence criterion in a concise and memorable statement. Since phase retrieval
is a typical nonconvex problem and our approach requires no convex relaxations, we can only
prove local convergence of the SROP algorithm as iterations generated by the fixed point
operator T given by (4.1).

Recall that a set \Omega is called prox-regular at a point x \in \Omega if the projector P\Omega is single-
valued around x; see, for example, [21, 22]. \Omega is called a prox-regular set if it is prox-regular at
every point of it. The analysis regarding prox-regularity in the context of the phase retrieval
problem was first given in [14]. The following lemma provides the geometry of the feasibility
problem (4.7).

Lemma 4.2 (prox-regularity of \Omega i). The following statements regarding the sets defined in
(2.1) hold true:

(i) \Omega 1 is a prox-regular set.
(ii) \Omega 2 is a prox-regular set.
(iii) If s is the sparsity of the solutions with the sparsest phase to the problem (4.7), then

the set \Omega 3 is prox-regular at every point in \Omega 1 \cap \Omega 2 \cap \Omega 3.
As a consequence, in the setting of part (iii), the sets \Omega i (i = 1, 2, 3) are prox-regular at every
solution to the problem (4.7).

Proof. (i) The proof follows the idea of [14, section 3.1]. We first note that the set C
defined in (4.3) is prox-regular at every point of it since C is the product of a number of
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circles which are typical examples of prox-regular sets. It is clear from the definition of
\Omega 1 that \Omega 1 = \scrF  - 1\scrG  - 1(C), where \scrG is given by (4.5). Being a unitary transform, \scrF  - 1\scrG  - 1

preserves the geometrical structure of C; that is, \Omega 1 is also prox-regular at every point of it
and the proof is complete.

(ii) The argument for part (i) also encompasses part (ii).
(iii) Suppose that s is the sparsity of the solutions with the sparsest phase to (4.7). By its

definition, \Omega 3 is the union of
\bigl( 
n2

s

\bigr) 
sets, each of which we call a component of \Omega 3, and is the

product of s circles and n2  - s singletons. Here,
\bigl( 
n2

s

\bigr) 
denotes the binomial coefficient indexed

by the pair of integers n2 and s. In view of part (i), each component of \Omega 3 is a prox-regular
set. Taking an arbitrary point x \in \Omega 1 \cap \Omega 2 \cap \Omega 3, we will show that \Omega 3 is prox-regular at
x. By the definition of \Omega 3 and x \in \Omega 3, we can write x = \chi \cdot e \mathrm{j}\Phi , where \Phi \in ( - \pi , \pi ]n\times n

satisfying \| \Phi \| 0 \leq s. Let J \subset \scrJ be the set of indices of the nonzero entries of \Phi . Since x is a
solution to (4.7) and s is the sparsity of the solutions with the sparsest phase to this problem,
it holds that \| \Phi \| 0 \geq s. Hence, we have that \| \Phi \| 0 = s. This implies that there is the unique
component of \Omega 3 containing x, denoted by L. Since the component L is a prox-regular set, it
suffices to show the existence of a neighborhood U of x such that

(4.8) \Omega 3 \cap U = L \cap U.

Let us define

\theta \equiv min \{ | \Phi \xi | | \xi \in J\} ,(4.9)

r \equiv min \{ \chi \xi | \xi \in J\} ,(4.10)

\delta \equiv r| e \mathrm{j}\theta  - 1| .(4.11)

It is clear that \theta \in (0, \pi ], r > 0, \delta > 0, and

(4.12) | e \mathrm{j}\theta  - 1| \leq | e \mathrm{j}\Phi \xi  - 1| \forall \xi \in J.

We will show that the neighborhood

U \equiv 
\bigl\{ 
z \in \BbbC n\times n | \| z  - x\| \infty < \delta 

\bigr\} 
(4.13)

of x satisfies condition (4.8). Since the inclusion (\Omega 3 \cap U) \supset (L \cap U) is trivial, we only need
to prove the converse one, that is, (\Omega 3 \cap U) \subset (L \cap U). Let us take an arbitrary z \in \Omega 3 \cap U .
Note that | z| = \chi (elementwise) since z \in \Omega 3 \subset \Omega 2. Also by z \in \Omega 3, we can write z = \chi \cdot e \mathrm{j}\varphi ,
where \varphi \in ( - \pi , \pi ]n\times n satisfying \| \varphi \| 0 \leq s. Then for every index \xi \in J , using the triangle
inequality, (4.13), (4.10), (4.12), and (4.11) successively, we have that

| z\xi  - \chi \xi | \geq | x\xi  - \chi \xi |  - | x\xi  - z\xi | 
= \chi \xi | e \mathrm{j}\Phi \xi  - 1|  - | x\xi  - z\xi | 
> \chi \xi | e \mathrm{j}\Phi \xi  - 1|  - \delta 

\geq r| e \mathrm{j}\theta  - 1|  - \delta = \delta  - \delta = 0.

This in particular implies that \varphi \xi \not = 0 for all \xi \in J and thus \| \varphi \| 0 = s. Hence, J is also the
set of indices of nonzero entries of \varphi . That is, z \in L and the proof is complete.
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We are now ready to formulate a local linear convergence criterion for the SROP algorithm.

Theorem 4.3 (linear convergence of SROP). Let \Phi be a solution with the sparsest phase to
the SPR problem (1.1), and let \| \Phi \| 0 = s. Suppose that the set-valued mapping \Theta \equiv Id - T ,
where Id is the identity mapping and T is defined in (4.1), is metrically subregular at x \equiv 
\chi \cdot e \mathrm{j}\Phi for 0 \in \BbbC n\times n; that is, there are constants \kappa > 0 and \delta > 0 such that

\kappa dist(z,\Theta  - 1(0)) \leq dist(0,\Theta (z)) \forall z \in \BbbB \delta (x).

Then every iterative sequence generated by T converges linearly to a point in FixT , provided
that the initial point is sufficiently close to x.

Proof. Since \| \Phi \| 0 = s and s is the sparsity of the sparsest phase solutions to the SPR
problem (1.1), \Phi is a sparsest phase solution to (1.1) if and only if x = \chi \cdot e\mathrm{j}\Phi is a solution
to (4.7). By Lemma 4.2, the sets \Omega i (i = 1, 2, 3) defined in (2.1) are prox-regular at x. By
[8, Theorem 2.14(ii)], the projectors P\Omega i (i = 1, 2, 3) are almost firmly nonexpansive [17,
Definition 2.2] with a violation that can be made arbitrarily small by shrinking the effective
neighborhood of x if necessary. Then by [17, Proposition 2.4(iii)], there is a neighborhood
U of x such that the mapping T is almost averaged on U with averaging constant 3/4 and
violation \varepsilon , which can be made arbitrarily small. Hence, taking also the metric subregularity
of \Theta = Id - T at x for 0 into account, we can apply [17, Corollary 2.3] to obtain the local
linear convergence of T as claimed.

The above proof is mostly built on the results proved in [17], which require much more
background, for example, the foundations of pointwise almost averaged operators. In this
application paper, we choose to use the theory established in our recent paper [17], not to
rederive it, since a self-contained proof would be neither instructive nor useful for the emphasis
on the novelty of this work. In the remainder of this section, we discuss several frequently
asked questions around the convergence result formulated in Theorem 4.3.

Remark 4.4 (convergence to a fixed point). The limit of an iterative sequence generated by
a general mapping T is not necessarily a point of FixT , which is the only case of interest when
analyzing T as an iterative algorithm. For example, any sequence generated by T : \BbbR \rightarrow \BbbR 
given by

T (t) \equiv 

\Biggl\{ 
t/2 if t \not = 0,

1 if t = 0

converges linearly with rate 1/2 to 0, but 0 /\in FixT = \emptyset . In Theorem 4.3, the limit is
guaranteed to be a point of FixT thanks to the almost averagedness of T on the effective
neighborhood of x. The latter property is derived from the physical structure of the SPR
problem (1.1); see Lemma 4.2.

Remark 4.5 (necessity of metric subregularity). There are two types of regularity properties
often required to establish a convergence criterion in the nonconvex optimization literature.
The physical structure of the SPR problem automatically satisfies one type of regularity
(Lemma 4.2). It is not a secret that the second type of regularity, named metric subregularity
in Theorem 4.3, is difficult to verify, but as has been recently shown in [16], this condition
is not only sufficient but also necessary for local linear convergence. In other words, there
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is no way around it. Several concrete examples in [17] show that this property is satisfied
almost always for phase retrieval, but a systematic study is way beyond the scope of the
present article. In the setting of set feasibility, this property is closely related to the mutual
arrangement of the sets at the reference point [8, 10, 11, 12, 13]. A deeper look at this type
of regularity for the collection of sets \{ \Omega 1,\Omega 2,\Omega 3\} defined in (2.1) is obviously of importance
but again beyond the scope of this paper.

Remark 4.6 (global convergence of cyclic projection for nonconvex feasibility). With very
few exceptions, there is no global convergence guarantee for nonconvex problems. A notable
exception is sparse affine feasibility: under an asymmetric restricted isometry assumption,
cyclic projection was shown to be globally linearly convergent to a global solution [9]. However,
even in that situation, verifying the restricted isometry condition is as expensive as solving
the original problem.

5. Numerical simulations. This section demonstrates that the new regularization scheme
for the sparse phase constraint is efficient for the SPR problem (1.1). Since existing solution
algorithms in the literature of sparse signal recovery, for example, [19, 20, 23], are not applica-
ble to SPR as explained in section 1, only the comparison between the SROP algorithm and
the corresponding algorithm, but without the regularization step, is presented in this section.
The latter one is the GS algorithm [7].

The common parameters for all experiments in this section are below:
\circ image size: 128\times 128 pixels;
\circ circular aperture: diameter 64 pixels;
\circ amplitude modulation \chi : constant across the aperture with unity value;
\circ phase diversity: \Psi = 4Z0

2 , where Z0
2 (\rho ) = 2\rho 2  - 1 is the Zernike polynomial of order 2

and azimuthal frequency zero;

\circ PSF image: b =
\bigm| \bigm| \scrF \bigl( \chi \cdot e \mathrm{j}(\Phi +\Psi )

\bigr) \bigm| \bigm| 2, where \Phi is the simulation phase;
\circ initial phase guess: zero phase everywhere;
\circ noise: Poisson noise introduced to the PSF b by using the MATLAB function imnoise;
and

\circ number of iterations: 1200.
The other input data and parameters, such as the simulation phase \Phi , its sparsity level

\| \Phi \| 0, and the sparsity parameter s, will be specified for each of the experiments.
Numerical performance is measured by two output quantities: (1) the change of the dis-

tance between two consecutive iterations \| \Phi k  - \Phi k+1\| , which is of interest for understanding
convergence properties of the algorithms, and (2) the feasibility gap \| \Phi k  - \Phi \| , which indicates
the quality of phase retrieval in iteration.

5.1. Effectiveness of sparsity regularization on phase. This section numerically demon-
strates the effectiveness of the proposed regularization scheme for capturing the sparse phase
constraint of the SPR problem (1.1). This is done by comparing SROP with the GS algorithm;
the former one is the combination of the latter one and the new regularization scheme.

Experiment setup:
\circ simulation phase: \Phi randomly generated with values in ( - \pi , \pi ],
\circ sparsity level: \| \Phi \| 0 = 319 (the pixel totality of the aperture is 3168), and

D
ow

nl
oa

de
d 

06
/0

9/
26

 to
 1

54
.5

9.
12

4.
11

3 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

C
C

B
Y

 li
ce

ns
e 



© 2020 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license

PHASE RETRIEVAL WITH SPARSE PHASE CONSTRAINT 259

\circ sparsity parameter: s = 335 (about 105\% of the sparsity level).
The performance of the SROP algorithm for solving the SPR problem (1.1) compared

to the GS algorithm in the two settings without and with noise is summarized in Figures
1 and 2, respectively. Thanks to the additional regularization step, the SROP algorithm
(the blue curves) exhibits faster convergence (the left figures) and more accurate restoration
(the right figures) compared to the GS method (the red curves). In the noise-free setting,
the SROP algorithm restores the exact solution, as indicated by the zero feasibility gap in
Figure 1 (right), while the GS algorithm does not. We mention that the features observed
from Figures 1 and 2 are consistent for experiments with different realizations of \Phi . These
numerical results show substantial advantages of the SROP algorithm over the GS method
thanks to the additional regularization step.

0 200 400 600 800 1000 1200
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Figure 1. Experiment shows the effectiveness of the proposed regularization scheme for capturing the sparse
phase constraint of SPR in the noise-free setting. Thanks to the additional regularization step, the SROP
algorithm (the blue curves) clearly exhibits faster convergence (the left figure) and more accurate restoration
(the right figure) compared to the GS method (the red curves).

5.2. Solvability versus sparsity level. This section numerically addresses the following
question: to which sparsity level of the phase \Phi is the SROP algorithm effective for the SPR
problem?

Experiment setup:
\circ simulation phase: 120 realizations of \Phi with 120 different sparsity levels randomly
generated with values in ( - \pi , \pi ],

\circ sparsity level: 120 different values of \| \Phi \| 0 = 4k for k = 1, 2, . . . , 120, and
\circ sparsity parameter: s \simeq 1.05\| \Phi \| 0.

The performance of SROP compared to the GS algorithm for 120 experiments in the
presence of noise is summarized in Figure 3. The right figure shows that the SROP algorithm
(the blue curve) is highly accurate for SPR with sparsity level up to 10\% (330 over the totality
of 3168 pixels). Within that range of sparsity level, the SROP algorithm is convergent, as
shown in the left figure. The SROP algorithm clearly outperforms the GS method (the red
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Figure 2. Experiment shows the effectiveness of the proposed regularization scheme for capturing the sparse
phase constraint of SPR in the presence of noise. The overall features are similar to the ones in the noise-free
setting shown in Figure 1, except that only approximate solutions can be restored as expected (the right figure).

curves) in both convergence speed and accuracy thanks to the additional regularization step
already observed in section 5.1. As mentioned in section 1, the analysis of this paper can
be applied to characterizing phase-only objects in a number of applications in optical science
where the phase object occupies less than 10\% of the whole optical field. The results of this
section show that the SROP algorithm is efficient for potential applications with phase objects
of that level of sparsity.
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Figure 3. Experiment shows the solvability of the SROP algorithm for SPR with different sparsity levels
in the presence of noise. For sparsity level up to 330 pixels (> 10\%), the algorithm (the blue curves) exhibits
convergence (the left figure) and accurate restoration (the right figure). It clearly outperforms the GS method
(the red curves) in both convergence speed and accuracy.
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5.3. Analysis of sparsity parameter. In application, the sparsity level of the phase object
is unknown. In this section, we numerically analyze the sensitivity of the SROP algorithm
with respect to the tuning of the sparsity parameter.

Experiment setup:
\circ simulation phase: \Phi randomly generated with values in ( - \pi , \pi ],
\circ sparsity level: \| \Phi \| 0 = 319 (the pixel totality is 3168), and
\circ sparsity parameter: 120 different values s = 168 + 25k for k = 1, 2, . . . , 120.

The performance of SROP for 120 experiments in the presence of noise is summarized
in Figure 4. For a sparsity parameter smaller than the exact sparsity level of \Phi (that is,
s < \| \Phi \| 0), SROP is not able to find an accurate solution, as indicated by the high values at
the beginning of the curve in the right figure. Note that in this case the feasibility problem
(4.7) is inconsistent even in the noise-free setting. For a sparsity parameter from 100\% up to
about 500\% of the exact sparsity level, the right figure shows highly accurate restoration by
the algorithm. Within that range of sparsity parameter, SROP is convergent, as shown in the
left figure. These results show that the SROP algorithm is not sensitive to the tuning of the
sparsity parameter s.
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Figure 4. Experiment shows the stability of the SROP algorithm with respect to the sparsity parameter in
the presence of noise. For a sparsity parameter from 100\% up to 500\% of the exact sparsity level, the algorithm
exhibits convergence (the left figure) and highly accurate restoration (the right figure).

6. Conclusion. Phase retrieval with sparse phase constraint (SPR) was investigated in
this paper for the first time. The problem encompasses a number of important applications in
optical science where the phase object occupies a small portion of the whole optical field. A
new regularization scheme was proposed for capturing the sparse phase constraint of the SPR
problem. The combination of this regularization scheme and the classical GS method forms
the so-called SROP algorithm for solving the SPR problem in the setting that only one PSF
image is given. Numerical results clearly demonstrated the effectiveness and efficiency of the
SROP algorithm for this class of phase retrieval problems. From the viewpoint of projection
methods, the SROP algorithm is equivalent to the cyclic projection for solving an associated
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three-set feasibility problem. Analyzing regularity properties of the involved sets and using
the recently developed convergence analysis scheme based on the theory of almost averaged
operators, we formulated a linear convergence criterion for the SROP algorithm.

Acknowledgment. The authors thank the two anonymous reviewers for their careful read-
ing and constructive comments that have helped to improve their manuscript.
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