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HIGHLIGHTS

» Unified framework for Autoformer, Informer, and PatchTST variants.
+ Theoretical bounds on noise reduction and attention complexity.

+ 1500 experiments reveal robustness trade-offs under noise.

+ PatchTST Standard excels in both clean and noisy regimes.

« Lightweight modular Transformers for scientific forecasting.
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ABSTRACT

This paper presents a unified and systematic study of compact Transformer architectures for time series forecast-
ing. We introduce a modular framework that standardizes three widely used Transformer families—Autoformer,
Informer, and PatchTST—into three principled architectural variants: Minimal, Standard, and Full, enabling con-
trolled analysis of model capacity, inductive bias, and computational complexity. For each family, we provide
consistent mathematical formulations, layer-wise descriptions, and end-to-end complexity characterizations.

We conduct over 1500 controlled experiments on ten synthetic time series under varying patch lengths, fore-
cast horizons, and noise levels. The results reveal clear and reproducible performance regimes: PatchTST Standard
achieves the best overall accuracy and noise robustness, Autoformer variants excel on smooth and trend-
dominated signals, and Informer variants exhibit sensitivity to noise and long horizons despite improved
scalability. Complementing the empirical analysis, we derive new theoretical results that quantify noise at-
tenuation, bias-variance trade-offs, and approximation—complexity guarantees specific to each architectural
family.

Finally, we demonstrate that these compact Transformer variants serve as effective and interpretable tem-
poral encoders within an operator—theoretic forecasting framework. By embedding Autoformer, Informer, and
PatchTST backbones into a Koopman-based latent dynamics model, we extend their applicability beyond synthetic
benchmarks to real-world climate, cryptocurrency and electricity generation time series. Together, these results
position compact, modular Transformers as scalable and theoretically grounded building blocks for scientific time
series forecasting.

1. Introduction

temporal data, designing robust and scalable forecasting models has
become more critical than ever. Traditional statistical methods such

Time series forecasting is a fundamental task in various domains
including energy systems [1,2], finance [3], supply chain manage-
ment [4], healthcare [5], meteorology [6], and more. Accurate fore-
casting enables proactive decision-making, risk mitigation, and op-
timized planning. With the increasing availability of high-resolution

as Autoregressive Integrated Moving Average (ARIMA), Exponential
Smoothing, and Seasonal Decomposition have long served as the
backbone of time series analysis [7]. However, their capacity to model
complex patterns, multivariate dependencies, and non-linear dynamics
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$\mathcal {O}(N^2)$


$N$


$1/k$


$O(L^2 k^2)$


$k$


$\sigma ^2/p$


$\mathbb {E}{(z_j - s_{c_j})}^2 \le \tfrac {1}{16}L^2 p^2 + \sigma ^2/p$


$p$


$p$


$u$


$\Delta $


$\|y-\tilde y\| \le 2 V_{\max }\tfrac {L-u}{u}e^{-\Delta }$


$u$


$u=O(\log L_K)$


$O(L_Q \log L_K)$


$x = [x_1, x_2, \dots , x_T] \in \mathbb {R}^T$


$T$


$x_t \in \mathbb {R}$


$t$


$P$


$H$


$i \in \{1, 2, \dots , T - P - H + 1\}$


\begin {align}&\mathbf {x}_i = [x_i, x_{i+1}, \dots , x_{i+P-1}] \in \mathbb {R}^{P},\label {autoeq:1}\\ &\mathbf {y}_i = [x_{i+P}, x_{i+P+1}, \dots , x_{i+P+H-1}] \in \mathbb {R}^{H}.\label {autoeq:2}\end {align}


\begin {align}&\mathbf {x}_i = [x_i, x_{i+1}, \dots , x_{i+P-1}] \in \mathbb {R}^{P},\label {autoeq:1}\\ &\mathbf {y}_i = [x_{i+P}, x_{i+P+1}, \dots , x_{i+P+H-1}] \in \mathbb {R}^{H}.\label {autoeq:2}\end {align}


$f_\theta : \mathbb {R}^P \rightarrow \mathbb {R}^H$


\begin {align}\label {ieq1} \hat {\mathbf {y}}_i = f_\theta (\mathbf {x}_i).\end {align}


$\mathbf {x}_i$


\begin {align*}\mathbf {Z}_i = \mathbf {x}_i \cdot \mathbf {W}_e, \quad \mathbf {W}_e \in \mathbb {R}^{P \times d_{\text {model}}} \text {or } \mathbb {R}^{1 \times d_{\text {model}}}.\end {align*}


$\text {PE} \in \mathbb {R}^{P \times d_{\text {model}}}$


$\text {PE}_{(pos,2k)} = \sin \left (\frac {pos}{10000^{2k/d_{\text {model}}}}\right )$


$\text {PE}_{(pos,2k+1)} = \cos \left (\frac {pos}{10000^{2k/d_{\text {model}}}}\right )$


$\mathbf {Z} \in \mathbb {R}^{P \times d_{\text {model}}}$


\begin {align}\mathbf {H}^{(e)}&=\text {TransformerEncoder}(\mathbf {Z})= \text {LayerNorm}\left ( \mathbf {Z} + \text {FFN}\left (\text {MSA}(\mathbf {Z})\right ) \right ),\label {autoeq:4}\end {align}


$\mathbf {H}^{(e)} \in \mathbb {R}^{P \times d_{\text {model}}}$


$\mathbf {Z}^{(d)}$


$\mathbf {H}^{(e)}$


$\mathbf {Z}^{(d)}$


$\mathbf {H}^{(e)}$


\begin {align}\mathbf {H}^{(d)} &= \text {TransformerDecoder}(\mathbf {Z}^{(d)}, \mathbf {H}^{(e)}) \nonumber \\ &= \text {LayerNorm}\Bigg ( \mathbf {Z}^{(d)}+ \text {CrossAttention}\left (\text {SelfAttention}(\mathbf {Z}^{(d)}), \mathbf {H}^{(e)}\right ) \Bigg ).\label {autoeq:6}\end {align}


\begin {align*}\text {AvgPool}(\mathbf {H}) = \frac {1}{P} \sum _{p=1}^{P} \mathbf {H}_{p},\end {align*}


$\mathbf {H}_{p}$


$p$


\begin {align*}\hat {\mathbf {y}}_i = \mathbf {W}_o \cdot \mathbf {H}_i,\end {align*}


$\mathbf {W}_o \in \mathbb {R}^{d_{\text {model}} \times H}$


$\mathbf {h}_i$


$\mathbf {x}^{\text {trend}}$


$k$


$k$


$\mathbf {x}^{\text {seasonal}}$


$M(q_i)$


$q_i$


$M(q_i)$


$\mathbf {x}_i$


\begin {align}\label {ieq2} \mathbf {Z}_i = \mathbf {x}_i \cdot \mathbf {W}_e \in \mathbb {R}^{1 \times d_{\text {model}}},\end {align}


\begin {align}\label {ieq3} \mathbf {Z}_i^{\text {pos}} = \mathbf {Z}_i + \text {PE},\end {align}


\begin {align}\mathbf {H}_i &= \text {TransformerEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:7}\\ \hat {\mathbf {y}}_i &= \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i) \in \mathbb {R}^H,\label {autoeq:8}\end {align}


\begin {align}\mathbf {H}_i &= \text {TransformerEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:7}\\ \hat {\mathbf {y}}_i &= \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i) \in \mathbb {R}^H,\label {autoeq:8}\end {align}


$\text {PE} \in \mathbb {R}^{1 \times d_{\text {model}}}$


\begin {align}\label {ieq4} \mathbf {Z}_i^{\text {pos}} = \mathbf {x}_i \cdot \mathbf {W}_e + \text {PE},\end {align}


\begin {align*}\hat {\mathbf {y}}_i = \mathbf {W}_o \cdot \text {AvgPool}(\text {TransformerEncoder}(\mathbf {Z}_i^{\text {pos}})).\end {align*}


\begin {align}&\mathbf {Z}_i^{(e)} = \mathbf {x}_i \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)} \in \mathbb {R}^{P \times d_{\text {model}}},\label {autoeq:9}\\ &\mathbf {H}_i^{(e)} = \text {TransformerEncoder}(\mathbf {Z}_i^{(e)}).\label {autoeq:10}\end {align}


\begin {align}&\mathbf {Z}_i^{(e)} = \mathbf {x}_i \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)} \in \mathbb {R}^{P \times d_{\text {model}}},\label {autoeq:9}\\ &\mathbf {H}_i^{(e)} = \text {TransformerEncoder}(\mathbf {Z}_i^{(e)}).\label {autoeq:10}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^{H},\label {autoeq:11}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{H \times d_{\text {model}}},\label {autoeq:12}\\ &\mathbf {H}_i^{(d)} = \text {TransformerDecoder}(\mathbf {Z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:13}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^{H},\label {autoeq:11}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{H \times d_{\text {model}}},\label {autoeq:12}\\ &\mathbf {H}_i^{(d)} = \text {TransformerDecoder}(\mathbf {Z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:13}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^{H},\label {autoeq:11}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{H \times d_{\text {model}}},\label {autoeq:12}\\ &\mathbf {H}_i^{(d)} = \text {TransformerDecoder}(\mathbf {Z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:13}\end {align}


\begin {align}\label {ieq5} \hat {\mathbf {y}}_i = \mathbf {W}_o \cdot \mathbf {H}_i^{(d)} \in \mathbb {R}^{H}.\end {align}


$\mathcal {O}(P^2d_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$\mathcal {O}(P^2d_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$\mathcal {O}(P^2d_{\text {model}}\break {}+HPd_{\text {model}}\break {}+Hd_{\text {model}}^2)$


\begin {align}\label {ieq6} \mathbf {Z}_i = \mathbf {x}_i \cdot \mathbf {W}_e \in \mathbb {R}^{P \times d_{\text {model}}}.\end {align}


\begin {align}\label {ieq7} \mathbf {Z}_i^{\text {pos}} = \mathbf {Z}_i + \text {PE},\end {align}


\begin {align}\mathbf {H}_i &= \text {TransformerEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:14}\\ \hat {\mathbf {y}}_i &= \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i),\label {autoeq:15}\end {align}


\begin {align}\mathbf {H}_i &= \text {TransformerEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:14}\\ \hat {\mathbf {y}}_i &= \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i),\label {autoeq:15}\end {align}


$\mathbf {q}_i$


\begin {align}\label {ieq8} M(\mathbf {q}_i) = \max _j \left ( \frac {\mathbf {q}_i \cdot \mathbf {k}_j}{\sqrt {d_{\text {model}}}} \right ) - \frac {1}{P} \sum _{j=1}^{P} \frac {\mathbf {q}_i \cdot \mathbf {k}_j}{\sqrt {d_{\text {model}}}},\end {align}


$u$


$u = \mathcal {O}(\log P)$


\begin {align}&\mathbf {H}_i = \text {ProbSparseEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:16}\\ &\hat {\mathbf {y}}_i = \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i).\label {autoeq:17}\end {align}


\begin {align}&\mathbf {H}_i = \text {ProbSparseEncoder}(\mathbf {Z}_i^{\text {pos}}),\label {autoeq:16}\\ &\hat {\mathbf {y}}_i = \mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i).\label {autoeq:17}\end {align}


\begin {align}&\mathbf {Z}_i^{(e)} = \mathbf {x}_i \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)},\label {autoeq:18}\\ &\mathbf {H}_i^{(e)} = \text {ProbSparseEncoder}(\mathbf {Z}_i^{(e)}).\label {autoeq:19}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^H,\label {autoeq:20}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)},\label {autoeq:21}\\ &\mathbf {H}_i^{(d)} = \text {ProbSparseDecoder}(\mathbf {z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:22}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^H,\label {autoeq:20}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)},\label {autoeq:21}\\ &\mathbf {H}_i^{(d)} = \text {ProbSparseDecoder}(\mathbf {z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:22}\end {align}


\begin {align}&\mathbf {x}_i^{\text {rep}} = [x_{i+P-1}, \dots , x_{i+P-1}] \in \mathbb {R}^H,\label {autoeq:20}\\ &\mathbf {Z}_i^{(d)} = \mathbf {x}_i^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)},\label {autoeq:21}\\ &\mathbf {H}_i^{(d)} = \text {ProbSparseDecoder}(\mathbf {z}_i^{(d)}, \mathbf {H}_i^{(e)}).\label {autoeq:22}\end {align}


$\mathcal {O}(P^2d_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$\mathcal {O}(\log P\cdot Pd_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$\mathcal {O}(\log P\cdot Pd_{\text {model}}\break {}+\log H\cdot Hd_{\text {model}}\break {}+HPd_{\text {model}})$


$\text {MA}_k$


$k$


\begin {align}&\mathbf {x}_i^{\text {trend}} = \text {MA}_k(\mathbf {x}_i),\label {autoeq:23}\\ &\mathbf {x}_i^{\text {seasonal}} = \mathbf {x}_i - \mathbf {x}_i^{\text {trend}},\label {autoeq:24}\end {align}


\begin {align}&\mathbf {x}_i^{\text {trend}} = \text {MA}_k(\mathbf {x}_i),\label {autoeq:23}\\ &\mathbf {x}_i^{\text {seasonal}} = \mathbf {x}_i - \mathbf {x}_i^{\text {trend}},\label {autoeq:24}\end {align}


$k = 3$


\begin {align}&\mathbf {Z}_i = \text {Embed}(\mathbf {x}_i^{\text {seasonal}}) + \text {PE},\label {autoeq:25}\\ &\mathbf {H}_i = \text {TransformerEncoder}(\mathbf {Z}_i),\label {autoeq:26}\end {align}


\begin {align}\label {ieq10} \hat {\mathbf {y}}_i = \underbrace {\mathbf {W}_o \cdot \text {AvgPool}(\mathbf {H}_i)}_{\text {seasonal}} + \underbrace {\mathbf {W}_t \cdot \mathbf {x}_i^{\text {trend}}}_{\text {trend}}\end {align}


\begin {align*}\mathcal {O}_{\text {Standard}} = \underbrace {P^2 \cdot d_{\text {model}}}_{\text {Self-Attention}} + \underbrace {P \cdot d_{\text {model}}^2}_{\text {Feedforward Layers}}.\end {align*}


$k = 25$


\begin {align}&\mathbf {Z}_i^{(e)} = \mathbf {x}_i^{\text {seasonal}} \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)},\label {autoeq:27}\\ &\mathbf {H}_i^{(e)} = \text {TransformerEncoder}(\mathbf {Z}_i^{(e)}).\label {autoeq:28}\end {align}


\begin {align}&\mathbf {Z}_i^{(d)} = \mathbf {0}_{B \times H \times 1} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)},\label {autoeq:29}\\ &\mathbf {H}_i^{(d)} = \text {TransformerDecoder}(\mathbf {z}_i^{(d)}. \mathbf {H}_i^{(e)}).\label {autoeq:30}\end {align}


\begin {align}&\mathbf {Z}_i^{(d)} = \mathbf {0}_{B \times H \times 1} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)},\label {autoeq:29}\\ &\mathbf {H}_i^{(d)} = \text {TransformerDecoder}(\mathbf {z}_i^{(d)}. \mathbf {H}_i^{(e)}).\label {autoeq:30}\end {align}


$k=3$


$\mathcal {O}(P^2d_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$k=3$


$\mathcal {O}(P^2d_{\text {model}}\break {}+Pd_{\text {model}}^2)$


$k=25$


$\mathcal {O}(P^2d_{\text {model}}\break {}+H^2d_{\text {model}}\break {}+HPd_{\text {model}})$


$\mathbf {x} = s + \eta $


$s$


$\eta $


$\eta _t$


$\sigma ^2$


${\textrm {MA}}_k$


$k$


$h(t) = \tfrac {1}{k}\mathbf {1}_{\{0,\dots ,k-1\}}(t)$


$\mathbf {x}$


\begin {align*}\mathbf {x}_{{\textrm {trend}}} = h * \mathbf {x},\qquad \mathbf {x}_{{\textrm {seasonal}}} = \mathbf {x} - \mathbf {x}_{{\textrm {trend}}},\end {align*}


$*$


\begin {align*}{(h * \mathbf {x})}_t \;=\; \sum _{\tau \in \mathbb {Z}} h(\tau )\, \mathbf {x}_{t-\tau }.\end {align*}


$k$


$h(\tau )=\tfrac {1}{k}$


$\tau \in \{0,1,\dots ,k-1\}$


$h(\tau )=0$


$\ell _2$


$\mathbf {x} \mapsto {\textrm {MA}}_k(\mathbf {x})$


$\ell _2$


$\|h\|_2 = \sqrt {\sum _{t} h{(t)}^2} = k^{-1/2}$


$h(t)=1/k$


$t=0,\dots ,k-1$


$0$


$\|h\|_2^2 = \sum _{t=0}^{k-1} {(1/k)}^2 = k \cdot (1/k^2) = 1/k$


$\Box $


$\eta ={\{\eta _t\}}_{t\in \mathbb {Z}}$


$\mathbb {E}\,\eta _t=0$


${\textrm {Var}}(\eta _t)=\sigma ^2$


$h$


\begin {align*}{\textrm {Var}}\!\big [{(h*\eta )}_t\big ] \;=\; \sigma ^2 \sum _{\tau \in \mathbb {Z}} h{(\tau )}^2 \;=\; \sigma ^2 \,\|h\|_2^2 \qquad \text {for every } t\in \mathbb {Z}.\end {align*}


$t$


$h$


\begin {align*}{(h*\eta )}_t \;=\; \sum _{\tau } h(\tau )\,\eta _{t-\tau }.\end {align*}


\begin {align*}{\textrm {Var}}\!\big [{(h*\eta )}_t\big ] = \mathbb {E}\!\left [ {\left (\sum _{\tau } h(\tau )\,\eta _{t-\tau }\right )}^2 \right ] = \sum _{\tau }\sum _{\tau '} h(\tau )h(\tau ') \,\mathbb {E}\!\big [\eta _{t-\tau }\eta _{t-\tau '}\big ].\end {align*}


$\tau \neq \tau '$


$\mathbb {E}[\eta _{t-\tau }\eta _{t-\tau '}]=0$


$\tau =\tau '$


$\mathbb {E}[\eta _{t-\tau }^2]=\sigma ^2$


\begin {align*}{\textrm {Var}}\!\big [{(h*\eta )}_t\big ] \;=\; \sum _{\tau } h{(\tau )}^2 \,\sigma ^2 \;=\; \sigma ^2 \|h\|_2^2.\proofqed \end {align*}


$\eta _t$


$\mathbb {E}\,\eta _t=0$


${\textrm {Var}}(\eta _t)=\sigma ^2$


\begin {align*}&\mathbb {E}\big \| \mathbf {x}_{{\textrm {trend}}} - {\textrm {MA}}_k(s) \big \|_2^2 \;=\; \mathbb {E}\,\|h * \eta \|_2^2 \;=\; \sigma ^2 \|h\|_2^2 \, \cdot \mathcal {N}\text {with}\quad \|h\|_2^2=\tfrac {1}{k},\end {align*}


$\mathcal {N}$


$\ell _2$


\begin {align*}\mathbb {E}\!\left [ {\big ( {(h*\eta )}_t \big )}^2 \right ] \;=\; \frac {\sigma ^2}{k}.\end {align*}


$\mathbf {x}=s+\eta $


$h$


\begin {align*}\mathbf {x}_{{\textrm {trend}}} \;=\; h*\mathbf {x} \;=\; h*(s+\eta ) \;=\; (h*s) + (h*\eta ) \; =\; {\textrm {MA}}_k(s) + h*\eta .\end {align*}


\begin {align*}\mathbf {x}_{{\textrm {trend}}} - {\textrm {MA}}_k(s) \;=\; h*\eta .\end {align*}


$\|h\|_2^2=1/k$


\begin {align*}\mathbb {E}\!\left [ {\big ( {(h*\eta )}_t \big )}^2 \right ] \;=\; \sigma ^2 \|h\|_2^2 \;=\; \frac {\sigma ^2}{k}, \quad \forall t.\end {align*}


$\ell _2$


$\mathcal {T}$


$\mathcal {T}=\{1,\dots ,T\}$


\begin {align*}\mathbb {E}\,\|h*\eta \|_2^2 \;=\; \sum _{t\in \mathcal {T}} \mathbb {E}\!\left [ {\big ( {(h*\eta )}_t \big )}^2 \right ] \;\approx \; |\mathcal {T}| \cdot \frac {\sigma ^2}{k},\end {align*}


${(h*x)}_t$


$\mathcal {N}$


$T-k+1$


$\sigma ^2/k$


$(k-1)$


$\mathbb {E}\|h*\eta \|_2^2 = T\cdot \sigma ^2/k$


$\mathcal {N}:=|\mathcal {T}|$


$\widehat {h}(\omega )$


$h$


$S_{\eta \eta }(\omega )=\sigma ^2$


$\frac {1}{2\pi }\int _{-\pi }^{\pi } |\widehat {h}(\omega )|^2 S_{\eta \eta }(\omega )\,d\omega = \sigma ^2 \cdot \frac {1}{2\pi }\int |\widehat {h}|^2 = \sigma ^2 \|h\|_2^2,$


$\eta _t$


$\sigma ^2$


${(h*\eta )}_t$


$\sigma ^2\|h\|_2^2=\sigma ^2/k$


$\le \sigma ^2/k$


$s$


$\mathcal {L}$


$t$


\begin {align*}\Big | {\textrm {MA}}_k{(s)}_t - s_t \Big | \le \frac {\mathcal {L}}{k}\sum _{j=0}^{k-1} |t-j - t| = \frac {\mathcal {L}}{k}\sum _{j=0}^{k-1} j = \frac {\mathcal {L}(k-1)}{2}.\end {align*}


$\mathcal {O}(\mathcal {L}^2 k^2)$


$\sigma ^2/k$


$|s_{t-j} - s_t|\le \mathcal {L}|j|$


$j=0,\dots ,k-1$


$(k-1)$


$(k-1)k/2$


$k$


$\sigma ^2/k$


$k$


$k$


$p$


$z_j = \frac {1}{p}\sum _{t=jp}^{(j+1)p-1} x_t$


${\textrm {Var}}(z_j) = \frac {\sigma ^2}{p}.$


$\eta _t$


$\sigma ^2$


$z_j$


$\sigma ^2/p$


${\textrm {Var}}(\frac {1}{p}\sum \eta _t) = \frac {1}{p^2}\sum {\textrm {Var}}(\eta _t) = \sigma ^2/p$


$1/p$


$x_t = s_t + \eta _t$


${(\eta _t)}_{t\in \mathbb {Z}}$


$\mathbb {E}\,\eta _t = 0$


$\operatorname {Var}(\eta _t)=\sigma ^2$


$p\in \mathbb {N}$


\begin {align*}z_j \;=\; \frac {1}{p}\sum _{t=jp}^{(j+1)p-1} x_t, \
c_j \;=\; jp+\frac {p-1}{2}\quad (\text {patch center, for odd }p).\end {align*}


$s$


$\mathcal {L}$


$|s_t-s_u|\le \mathcal {L} |t-u|$


$t,u$


$C_1=\tfrac {1}{16}$


$C_2=1$


$p$


\begin {align*}z_j - s_{c_j} = \frac {1}{p}\sum _{t=jp}^{(j+1)p-1}\!\!(s_t - s_{c_j}) \;+\; \frac {1}{p}\sum _{t=jp}^{(j+1)p-1}\!\!\eta _t =: B_j + N_j.\end {align*}


$|s_t - s_{c_j}| \le \mathcal {L} \,|t-c_j|$


\begin {align*}|B_j| \;\le \; \frac {\mathcal {L}}{p}\sum _{t=jp}^{(j+1)p-1} |t-c_j|.\end {align*}


$p$


$t=c_j+m$


$m\in \{-(p-1)/2,\dots ,(p-1)/2\}$


\begin {align*}\sum _{m=-(p-1)/2}^{(p-1)/2} |m| = 2\sum _{m=1}^{(p-1)/2} m = \frac {p^2-1}{4},\end {align*}


\begin {align*}|B_j| \le \frac {\mathcal {L}}{p}\cdot \frac {p^2-1}{4} = \mathcal {\mathcal {L}}\,\frac {p^2-1}{4p} \le \frac {\mathcal {L} p}{4}, \qquad B_j^2 \le \frac {\mathcal {L}^2}{16}\,p^2.\end {align*}


$\eta _t$


$\sigma ^2$


\begin {align*}\operatorname {Var}(N_j) = \operatorname {Var}\!\left (\frac {1}{p}\sum _{t=jp}^{(j+1)p-1}\eta _t\right ) = \frac {1}{p^2}\sum _{t=jp}^{(j+1)p-1}\operatorname {Var}(\eta _t) = \frac {\sigma ^2}{p}.\end {align*}


$\mathbb {E}N_j=0$


$B_j$


$s$


\begin {align*}\mathbb {E}{\bigl (z_j-s_{c_j}\bigr )}^2 = B_j^2 + \operatorname {Var}(N_j) \le \frac {1}{16}L^2 p^2 + \frac {\sigma ^2}{p}.\end {align*}


$C_1=\tfrac {1}{16}$


$C_2=1$


$p$


$p$


$p$


$B_j^2 \le \frac {\mathcal {L}^2}{4}p^2$


$C_1$


$\eta _t$


$\sigma ^2$


$\sigma ^2/p$


$\sigma ^2/p$


$\operatorname {Var}(N_j)$


$p$


$u$


$a_j = \langle q,k_j \rangle /\sqrt {d}$


$\alpha _j = \exp (a_j)/\sum _{\ell =1}^{L}\exp (a_\ell )$


$S$


$u$


$|S|=u$


$\tilde {\alpha }_j$


$S$


\begin {align*}y \;=\; \sum _{j=1}^L \alpha _j v_j, \qquad \tilde {y} \;=\; \sum _{j\in S} \tilde {\alpha }_j v_j.\end {align*}


$u$


$a_j=\langle q,k_j\rangle /\sqrt {d}$


$S$


$u$


$\Delta >0$


$\max _{j\notin S} a_j \le \min _{j\in S} a_j - \Delta $


$\alpha _j=\exp (a_j)/\sum _{\ell =1}^{L}\exp (a_\ell )$


\begin {align*}\sum _{j\notin S} \alpha _j \;\le \; \frac {L-u}{u}\,e^{-\Delta }.\end {align*}


$m:=\min _{j\in S} a_j$


$j\notin S$


$e^{a_j} \le e^{m-\Delta }$


\begin {align*}\sum _{j\notin S} e^{a_j} \;\le \; (L-u)e^{m-\Delta }.\end {align*}


$\sum _{j\in S} e^{a_j} \ge u e^{m}$


\begin {align*}\sum _{j\notin S}\alpha _j =\frac {\sum _{j\notin S} e^{a_j}}{\sum _{\ell }e^{a_\ell }} \le \frac {(L-u)e^{m-\Delta }}{\sum _{j\in S} e^{a_j}} \le \frac {(L-u)e^{m-\Delta }}{u e^{m}} = \frac {L-u}{u}e^{-\Delta }.\proofqed \end {align*}


$y\!=\!\sum _{j=1}^{L}\break {} \alpha _j v_j$


$\tilde y=\sum _{j\in S}\tilde \alpha _j v_j$


$\tilde \alpha _j=\alpha _j/\sum _{\ell \in S}\alpha _\ell $


$j\in S$


$\|v_j\|_2\le V_{\max }$


\begin {align*}\|y-\tilde y\|_2 \;\le \; 2V_{\max }\sum _{j\notin S}\alpha _j \;\le \; 2V_{\max }\,\frac {L-u}{u}\,e^{-\Delta }.\end {align*}


$\sum _{j\in S}\alpha _j v_j$


\begin {align*}\|y-\tilde y\|_2 &= \Big \|\sum _{j\notin S}\alpha _j v_j + \sum _{j\in S}(\alpha _j-\tilde \alpha _j)v_j\Big \|_2\\ &\le \Big \|\sum _{j\notin S}\alpha _j v_j\Big \|_2 + \Big \|\sum _{j\in S}(\alpha _j-\tilde \alpha _j)v_j\Big \|_2 \\ &\le V_{\max }\!\left (\sum _{j\notin S}\alpha _j + \sum _{j\in S}\lvert \alpha _j-\tilde \alpha _j\rvert \right ).\end {align*}


\begin {align*}\sum _{j\in S}\lvert \alpha _j-\tilde \alpha _j\rvert = \sum _{j\in S}\alpha _j\left |1-\frac {1}{\sum _{\ell \in S}\alpha _\ell }\right | = \sum _{j\in S}\alpha _j \frac {\sum _{\ell \notin S}\alpha _\ell }{\sum _{\ell \in S}\alpha _\ell } \le \sum _{\ell \notin S}\alpha _\ell .\end {align*}


\begin {align*}\|y-\tilde y\|_2 \;\le \; 2V_{\max }\sum _{j\notin S}\alpha _j.\end {align*}


$\sum _{j\notin S}\alpha _j \le \frac {L-u}{u}e^{-\Delta }$


$\|\cdot \|$


$\|v_j\|\le V_{\max }$


$\|y-\tilde y\|\le 2V_{\max }\frac {L-u}{u}e^{-\Delta }$


$\sum _{j\notin S}\alpha _j \le (L-u)e^{-\Delta }$


$\sum _{j\in S}e^{a_j}\ge u e^{m}$


$\frac {L-u}{u}$


$(L-u)$


$q_i$


$M(q_i,K)$


$O(\log L_K)$


$u$


$u=O(\log L_K)$


$1-\delta $


$u$


$q_i$


$S_i \subseteq [L_K]$


$u$


$M(q_i,K)$


$u=O(\log L_K)$


$\widehat S_i$


$S_i$


$1-\delta $


$O(\log L_K)$


$q_i$


$M(q_i,K)$


$S_i$


$O(\log L_K)$


$O(\log L_K)$


$L_K$


$\widehat S_i$


$|\widehat S_i| = u = O(\log L_K)$


$\tilde y_i = \sum _{j\in \widehat S_i} \tilde \alpha _{ij} v_j$


$O(u)$


$L_K$


$O(\log L_K)$


$\mathcal {E}_i:=\{\widehat S_i = S_i\}$


$O(\log L_K)$


$L_Q$


$\mathcal {E}:=\bigcap _{i=1}^{L_Q}\mathcal {E}_i$


$O(L_Q\log L_K)$


$\mathbb {P}(\mathcal {E}) \ge 1 - L_Q \delta $


$\delta \le L_Q^{-2}$


$u$


$\mathbb {P}(\mathcal {E}) \ge 1 - L_Q\cdot L_Q^{-2} = 1 - L_Q^{-1}$


$L_Q$


$O(L_Q\log L_K)$


$O(L_Q\log L_K)$


$O(L_Q L_K)$


$\mathcal {E}$


$\widehat S_i=S_i$


$i$


$a_j = \langle q,k_j \rangle /\sqrt {d}$


$\alpha _j = e^{a_j}/\sum _{\ell =1}^{L_K} e^{a_\ell }$


$u$


$S$


$\tilde \alpha _j = \alpha _j / \sum _{\ell \in S} \alpha _\ell $


$j\in S$


$y=\sum _{j=1}^{L_K} \alpha _j v_j$


$\tilde y=\sum _{j\in S} \tilde \alpha _j v_j$


$v_j = \bar {v}_j + \xi _j$


$\xi _j$


$\mathbb {E}\xi _j=0$


$\mathbb {E}\|\xi _j\|_2^2=\tau ^2$


$\mathbb {E}\| \sum _j \alpha _j \xi _j \|_2^2 = \tau ^2 \sum _j \alpha _j^2$


$u$


$\mathbb {E}\| \sum _{j\in S} \tilde {\alpha }_j \xi _j \|_2^2 = \tau ^2 \sum _{j\in S} \tilde {\alpha }_j^2 \in [\tau ^2/u, \tau ^2]$


$S$


$u$


$\Delta $


$\tilde {\alpha }$


$\alpha $


$\Delta $


${\textrm {Var}}(\sum w_j \xi _j)=\tau ^2\sum w_j^2$


$u$


$\sum w_j^2 \ge 1/u$


$u=\mathcal {O}(\log L)$


$\Delta $


$v$


$u$


$\propto 1/k$


$k$


$\propto 1/p$


$\propto p$


$\sum \tilde {\alpha }_j^2$


$u$


$t \in \{0, 1, 2, \dots \}$


$s(t)$


\begin {align*}&\text {Sine:} \quad s(t) = \sin \left ( \frac {2\pi t}{40} \right ), \\ &\text {Cosine + Trend:} \quad s(t) = 0.01t + \cos \left ( \frac {2\pi t}{50} \right ), \\ &\text {Exponential decay} \times \text {Sine:} \quad s(t) = e^{-0.01t} \cdot \sin \left ( \frac {2\pi t}{50} \right ), \\ &\text {2nd Order Polynomial:} \quad s(t) = 0.0001t^2 - 0.03t + 3, \\ &\text {Log} \times \text {Sine:} \quad s(t) = \log (1 + t) \cdot \sin \left ( \frac {2\pi t}{80} \right ), \\ &\text {Gaussian bump:} \quad s(t) = \exp \left ( -\frac {{(t - 250)}^2}{2 \cdot 50^2} \right ), \\ &\text {Long period sine:} \quad s(t) = \sin \left ( \frac {2\pi t}{100} \right ), \\ &\text {Cubic polynomial:} \quad s(t) = 0.00001{(t - 250)}^3 + 0.05t, \\ &\text {Exponential growth:} \quad s(t) = e^{0.005t}, \\ &\text {Cosine envelope} \times \text {Sine:} \quad {} s(t) = \left (1 + 0.5\cos \left ( \frac {2\pi t}{100} \right ) \right ) \cdot \sin \left ( \frac {2\pi t}{30} \right ).\end {align*}


$\times $


$\times $


$\times $


\begin {align*}s_{\text {noisy}}(t) = s(t) + \mathcal {N}(0, 0.10).\end {align*}


\begin {align*}s_{\text {noisy}}(t) \leftarrow s_{\text {noisy}}(t) \cdot (1 + \mathcal {N}(0, 0.08)).\end {align*}


$\Delta t \in [-10, 10]$


\begin {align*}s_{\text {noisy}}(t) \leftarrow s_{\text {noisy}}(t + \Delta t).\end {align*}


$[0, 1]$


\begin {align*}\hat {s}(t) = \frac {s(t) - \min _t s(t)}{\max _t s(t) - \min _t s(t)},\end {align*}


$[0,1]$


$80$


$256$


$d_{model}$


$8$


$2$


$32$


$2$


$10^{-3}$


$3 \times 5 \times 5 \times 10$


$\times $


$\times $


$\times $


$\times $


$\times $


$\times $


$3 \,\times \,5 \,\times \,5 \,\times \,10$


$\times $


$\times $


$\times $


$\times $


$\times $


$\times $


$3 \times 5 \times 5 \times 10$


$\times $


$\times $


$\times $


$\times $


$\times $


$\times $


$X_t=[\mathbf {x}_{t-P+1},\dots ,\mathbf {x}_t]\in \mathbb {R}^{P\times d},$


$\mathcal {E}_\theta $


\begin {align}\mathbf {z}_t=\mathcal {E}_\theta (X_t),\qquad \mathbf {z}_t\in \mathbb {R}^{d_{{\textrm {latent}}}}, \label {eq:latent_compact}\end {align}


$\theta $


$d_{{\textrm {latent}}}$


$d_{{\textrm {latent}}}\neq d_{{\textrm {model}}}$


\begin {align}\mathbf {z}_{t+1}=\mathbf {K}\, \mathbf {z}_t, \label {eq:koop_refine_compact}\end {align}


$\mathbf {K}$


\begin {align}&\mathbf {K} = \mathbf {U}\,{\textrm {diag}}(\mathbf {\Sigma })\,\mathbf {V}^\top ,\label {autoeq:31}\\ &\mathbf {U}^\top \mathbf {U}=\mathbf {I},\qquad \mathbf {V}^\top \mathbf {V}=\mathbf {I},\label {autoeq:32}\\ &\Sigma _i=\rho _{\max }\,\sigma (\Sigma _i^{{\textrm {raw}}}),\qquad 0<\rho _{\max }<1, \label {eq:odo_compact}\end {align}


\begin {align}&\mathbf {K} = \mathbf {U}\,{\textrm {diag}}(\mathbf {\Sigma })\,\mathbf {V}^\top ,\label {autoeq:31}\\ &\mathbf {U}^\top \mathbf {U}=\mathbf {I},\qquad \mathbf {V}^\top \mathbf {V}=\mathbf {I},\label {autoeq:32}\\ &\Sigma _i=\rho _{\max }\,\sigma (\Sigma _i^{{\textrm {raw}}}),\qquad 0<\rho _{\max }<1, \label {eq:odo_compact}\end {align}


\begin {align}&\mathbf {K} = \mathbf {U}\,{\textrm {diag}}(\mathbf {\Sigma })\,\mathbf {V}^\top ,\label {autoeq:31}\\ &\mathbf {U}^\top \mathbf {U}=\mathbf {I},\qquad \mathbf {V}^\top \mathbf {V}=\mathbf {I},\label {autoeq:32}\\ &\Sigma _i=\rho _{\max }\,\sigma (\Sigma _i^{{\textrm {raw}}}),\qquad 0<\rho _{\max }<1, \label {eq:odo_compact}\end {align}


$\sigma (\cdot )$


\begin {align}\|\mathbf {K}\|_2=\max _i \Sigma _i \le \rho _{\max }<1, \label {eq:K_bound_compact}\end {align}


$\mathbf {K}$


\begin {align}\hat {\mathbf {x}}_{t+1}=\mathcal {D}_\phi (\mathbf {z}_{t+1})=\mathbf {W}\,\mathbf {z}_{t+1}, \qquad \mathbf {W}\in \mathbb {R}^{d\times d_{{\textrm {latent}}}}, \label {eq:decoder_compact}\end {align}


\begin {align}\mathcal {L}_{{\textrm {Lyap}}} =\lambda \,{\textrm {ReLU}}\!\left (\|\mathbf {z}_{t+1}\|^2-\|\mathbf {z}_t\|^2\right ),\qquad \lambda >0, \label {eq:lyap_compact}\end {align}


\begin {align}\mathcal {L}_{{\textrm {Total}}} =\mathcal {L}_{{\textrm {Forecast}}}+\lambda _{{\textrm {Lyap}}}\,\mathcal {L}_{{\textrm {Lyap}}}. \label {eq:total_loss_compact}\end {align}


$\mathcal {L}_{{\textrm {Lyap}}}$


\begin {align}\|\hat {\mathbf {x}}_{t+h}-\tilde {\mathbf {x}}_{t+h}\| \le \|\mathbf {W}\|_2\,\rho _{\max }^{\,h}\,\|\mathbf {z}_t-\tilde {\mathbf {z}}_t\|. \label {eq:robust_compact}\end {align}


$\mathcal {E}_\theta $


$d_{{\textrm {latent}}}=d_{{\textrm {model}}}$


$d_{{\textrm {model}}}$


$d_{{\textrm {latent}}}$


\begin {align*}d_{{\textrm {model}}} \in \{8, 16, 24, 32, 40, 48\},\end {align*}


\begin {align*}H \in \{10, 15, 20, 25, 30\}.\end {align*}


$96$


$d_{\text {model}} \in \{8, 16, 24, 32, 40, 48\}$


$d_{\text {model}}$


$p=120$


$H=25$


$d_{\text {model}}=16$


$p=120$


$H=25$


$d_{\text {model}}=16$


$P=120$


$H \in \{10, 15, 20, 25, 30\}$


$d_{\text {model}}=48$


\begin {align*}p \in \{80, 90, 100, 110, 120, 130\},\end {align*}


$p$


$64$


$10^{-4}$


$10^{-3}$


$0.03$


$p=120$


$H=25$


$d_{\text {model}}=48$


$64$


$(2900,\, 2)$


$d_{\text {model}} = 48$


$p = \{40,\, 50,\, 60,\, 70,\, 80,\, 90,\, 100\}$


$H = \{2,\, 4,\, 6,\, 8,\, 10,\, 12,\, 14,\, 16\}$


$4{,}000$


$3 \times 10^{-4}$


$\lambda = 0.1$


$H \leq 6$


$p \geq 80$


$p \geq 70$


$H = 2$


$p = 80$


$H = 16$


$d_{\text {model}} = 48$


$p = 40$


$p = 80$


$p = 40$


$H = 16$


$d_{\text {model}}=48$


$48$


$p = 80$


$H = 16$


$d_{\text {model}}=48$


$48$


$(3500,\, 6)$


$p = \{70, 80, 90, 100, 110, 120, 130\}$


$H = \{2, 4, 6, 8, 10, 12, 14, 16\}$


$d_{\text {model}} = 96$


$H = 2, 4$


$H = 2$


$\mathbf {z}_t$


$\mathbf {z}_{t+1} = W \mathbf {z}_t$


$W$


$\mathbf {K}$


$\rho (\mathbf {K}) < 0.99$


$\mathbf {K}$


$\rho (\mathbf {K}) < 0.99$


$\lambda _{\text {Lyap}} = 0.1$


$3$


$4$


$d_{\text {model}} = d_{\text {latent}} = 96$


$d_{\text {ff}} = 96$


$96$


$80\%/20\%$


$P$


$H$


$p \in \{70,80,90,100,110,120,130\}$


$H \in \{2,4,6,8,10,12,14,16\}$


$3\times 10^{-4}$


$4000$


\begin {align*}\mathcal {L}_{\text {total}} = \mathcal {L}_{\text {forecast}} + \lambda _{\text {Lyap}} \, \mathcal {L}_{\text {Lyap}},\end {align*}


$\mathcal {L}_{\text {Lyap}}$


$\lambda _{\text {Lyap}} = 0.1$


$\lambda _{\text {Lyap}} = 0$


$(p,H)$


$10^{-3}$


$10^{-2}$


$10^{-1}$


$p=70$


$H=4$


$d_{\text {model}}=96$


$p = 130$


$H = 16$


$d_{\text {model}}=96$


$96$


$\times $


$d_{\text {model}}=8$


$u$


$\mathbf {x} \in \mathbb {R}^{B \times P \times 1}$


$H$


$d_{\text {model}}$


$\hat {\mathbf {y}} \in \mathbb {R}^{B \times H}$


\begin {align*}\mathbf {Z}^{\text {enc}} = \mathbf {x} \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)} \in \mathbb {R}^{B \times P \times d_{\text {model}}}\end {align*}


$\ell = 1, \dots , L$


\begin {align*}&Q = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^{Q}_\ell ,\quad K = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^{K}_\ell ,\quad V = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^{V}_\ell \\ &\text {head}_i = \text {Softmax}\left ( \frac {Q_i K_i^\top }{\sqrt {d_{\text {model}}/h}} \right ) V_i\\ &\text {MHAttn} = \text {Concat}(\text {head}_1, \dots , \text {head}_h) \cdot \mathbf {W}^{O}_\ell \end {align*}


\begin {align*}\mathbf {Z}^{\text {enc}} \gets \text {LayerNorm}(\mathbf {Z}^{\text {enc}} + \text {MHAttn})\end {align*}


\begin {align*}\mathbf {Z}^{\text {enc}} \gets \text {LayerNorm}(\mathbf {Z}^{\text {enc}} + \text {FFN}(\mathbf {Z}^{\text {enc}}))\end {align*}


$\mathbf {H}^{\text {enc}} = \mathbf {Z}^{\text {enc}}$


$H$


\begin {align*}\mathbf {x}^{\text {rep}} = \text {Repeat}(\mathbf {x}_{:, -1, :}, H) \in \mathbb {R}^{B \times H \times 1}\end {align*}


\begin {align*}\mathbf {Z}^{\text {dec}} = \mathbf {x}^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{B \times H \times d_{\text {model}}}\end {align*}


\begin {align*}&Q = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_d},\quad K = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{K_d},\quad V = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{V_d}\\ &\text {SelfAttn} = \text {Softmax}\left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


\begin {align*}&Q = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_c},\quad K = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{K_c},\quad V = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{V_c}\\ &\text {CrossAttn} = \text {Softmax}\left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


\begin {align*}&\mathbf {Z}^{\text {dec}} \gets \text {LayerNorm}(\mathbf {Z}^{\text {dec}} + \text {SelfAttn})\\ &\mathbf {Z}^{\text {dec}} \gets \text {LayerNorm}(\mathbf {Z}^{\text {dec}} + \text {CrossAttn})\\ &\mathbf {Z}^{\text {dec}} \gets \text {LayerNorm}(\mathbf {Z}^{\text {dec}} + \text {FFN}(\mathbf {Z}^{\text {dec}}))\end {align*}


\begin {align*}\hat {\mathbf {y}} = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}_o \in \mathbb {R}^{B \times H \times 1}\end {align*}


$\hat {\mathbf {y}}$


$\mathbb {R}^{B \times H}$


$\mathbf {x} \in \mathbb {R}^{B \times P \times 1}$


$H$


$d_{\text {model}}$


$\hat {\mathbf {y}} \in \mathbb {R}^{B \times H}$


\begin {align*}\mathbf {Z}^{\text {enc}} = \mathbf {x} \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)} \in \mathbb {R}^{B \times P \times d_{\text {model}}}\end {align*}


\begin {align*}Q = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^Q, \quad K = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^K, \quad V = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^V\end {align*}


$q_i$


\begin {align*}M(q_i) = \max _j \left ( \frac {q_i k_j^\top }{\sqrt {d_{\text {model}}}} \right ) - \frac {1}{P} \sum _{j=1}^{P} \frac {q_i k_j^\top }{\sqrt {d_{\text {model}}}}\end {align*}


$u$


$u = c \log P$


$M(q_i)$


$u$


\begin {align*}\text {Attn}(q_i, K, V) = \text {Softmax} \left ( \frac {q_i K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


$u$


$\mathbf {H}^{\text {enc}} \in \mathbb {R}^{B \times P \times d_{\text {model}}}$


$H$


\begin {align*}\mathbf {x}^{\text {rep}} = \text {Repeat}(\mathbf {x}_{:, -1, :}, H) \in \mathbb {R}^{B \times H \times 1}\end {align*}


\begin {align*}\mathbf {Z}^{\text {dec}} = \mathbf {x}^{\text {rep}} \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{B \times H \times d_{\text {model}}}\end {align*}


\begin {align*}&Q = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_d}, \quad K = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{K_d}, \quad V = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{V_d}\\ &\text {SelfAttn} = \text {SparseAttention}(Q, K, V)\end {align*}


\begin {align*}&Q = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_c}, \quad K = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{K_c}, \quad V = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{V_c}\\ &\text {CrossAttn} = \text {Softmax}\left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


$\mathbf {H}^{\text {dec}} \in \mathbb {R}^{B \times H \times d_{\text {model}}}$


\begin {align*}\hat {\mathbf {y}} = \mathbf {H}^{\text {dec}} \cdot \mathbf {W}_o \in \mathbb {R}^{B \times H \times 1}\end {align*}


$\hat {\mathbf {y}}$


$\mathbb {R}^{B \times H}$


$\mathbf {x} \in \mathbb {R}^{B \times P \times 1}$


$H$


$d_{\text {model}}$


$\hat {\mathbf {y}} \in \mathbb {R}^{B \times H}$


$k$


\begin {align*}\mathbf {x}^{\text {trend}} = \text {MA}_k(\mathbf {x}), \quad \mathbf {x}^{\text {seasonal}} = \mathbf {x} - \mathbf {x}^{\text {trend}}\end {align*}


\begin {align*}\mathbf {Z}^{\text {enc}} = \mathbf {x}^{\text {seasonal}} \cdot \mathbf {W}_e^{(e)} + \text {PE}^{(e)} \in \mathbb {R}^{B \times P \times d_{\text {model}}}\end {align*}


$L$


\begin {align*}&Q = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^Q, \quad K = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^K, \quad V = \mathbf {Z}^{\text {enc}} \cdot \mathbf {W}^V\\ &\text {SelfAttn}(Q, K, V) = \text {Softmax}\left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


$\mathbf {H}^{\text {enc}} \in \mathbb {R}^{B \times P \times d_{\text {model}}}$


\begin {align*}\mathbf {z}^{\text {dec}}_0 = \mathbf {0} \in \mathbb {R}^{B \times H \times 1}\end {align*}


\begin {align*}\mathbf {Z}^{\text {dec}} = \mathbf {z}^{\text {dec}}_0 \cdot \mathbf {W}_e^{(d)} + \text {PE}^{(d)} \in \mathbb {R}^{B \times H \times d_{\text {model}}}\end {align*}


\begin {align*}&Q = K = V = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_d}, \mathbf {W}^{K_d}, \mathbf {W}^{V_d}\\ &\text {SelfAttn} = \text {Softmax} \left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


\begin {align*}&Q = \mathbf {Z}^{\text {dec}} \cdot \mathbf {W}^{Q_c}, \quad K = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{K_c}, \quad V = \mathbf {H}^{\text {enc}} \cdot \mathbf {W}^{V_c}\\ &\text {CrossAttn} = \text {Softmax} \left ( \frac {Q K^\top }{\sqrt {d_{\text {model}}}} \right ) V\end {align*}


$\mathbf {H}^{\text {dec}} \in \mathbb {R}^{B \times H \times d_{\text {model}}}$


\begin {align*}\hat {\mathbf {y}}^{\text {seasonal}} = \mathbf {H}^{\text {dec}} \cdot \mathbf {W}_o \in \mathbb {R}^{B \times H}\end {align*}


\begin {align*}\hat {\mathbf {y}}^{\text {trend}} = \mathbf {x}^{\text {trend}} \cdot \mathbf {W}_t \in \mathbb {R}^{B \times H}\end {align*}


\begin {align*}\hat {\mathbf {y}} = \hat {\mathbf {y}}^{\text {seasonal}} + \hat {\mathbf {y}}^{\text {trend}} \in \mathbb {R}^{B \times H}\end {align*}


$\hat {\mathbf {y}}$


\begin {align*}\mathbf {Z}_i^{\text {pos}} = \mathbf {Z}_i + \text {PE},\end {align*}


\begin {align}&\mathbf {Z}_i = \text {Embed}(\mathbf {x}_i^{\text {seasonal}}) + \text {PE},\label {autoeq:25}\\ &\mathbf {H}_i = \text {TransformerEncoder}(\mathbf {Z}_i),\label {autoeq:26}\end {align}


\begin {align*}\mathbb {E}{\bigl (z_j - s_{c_j}\bigr )}^2 \;\le \; C_1\,\mathcal {L}^2 p^2 \;+\; C_2\,\frac {\sigma ^2}{p},\end {align*}


\begin {align}\hat {\mathbf {x}}_{t+1}=\mathcal {D}_\phi \!\left (\mathbf {K}\,\mathcal {E}_\theta (X_t)\right ). \label {eq:end2end_compact}\end {align}
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is inherently limited, particularly in large-scale or non-stationary
datasets.

In recent years, machine learning (ML) and deep learning (DL) models
have emerged as powerful alternatives to classical methods due to their
data-driven learning capacity and flexibility. Recurrent Neural Networks
(RNN s), Long Short-Term Memory (LSTM) networks, and Temporal
Convolutional Networks (TCN s) have been successfully applied to time
series forecasting tasks, demonstrating superior performance in captur-
ing temporal dependencies and non-linear patterns [8]. Nevertheless,
these models often suffer from challenges such as vanishing gradients,
sequential bottlenecks, and limited scalability [9-11].

Among recent advancements in DL, Transformer models have
revolutionized sequence modeling, particularly in Natural Language
Processing (NLP) [12]. Introduced by Ref. [13], the Transformer ar-
chitecture replaces recurrence with self-attention mechanisms, enabling
parallel computation and long-range dependency modeling. Its success
has quickly spread to other domains such as Computer Vision (CV) [14],
speech processing [15], and more recently, time series forecasting [16].
Transformers provide an appealing framework for time series model-
ing due to their flexibility in handling variable-length inputs, modeling
contextual dependencies, and learning rich representations [17].

However, applying Transformers directly to time series forecasting
is not straightforward. Time series data differ from text or images in
several key aspects. First, time series are continuous and regularly sam-
pled, whereas text and vision data have discrete semantic tokens (e.g.,
words, pixels). Second, time series often exhibit strong autocorrelation,
trends, and seasonalities—features that need to be explicitly modeled.
Third, computational efficiency is a major concern, especially for long-
term forecasting where the input sequence can be significantly large.
The standard Transformer has quadratic complexity O(N?2) with respect
to the sequence length N, making it computationally expensive for
high-resolution temporal data [18].

To overcome these challenges, a variety of Transformer-based archi-
tectures have been proposed for time series forecasting. Informer [19]
introduces ProbSparse attention to select important queries and reduce
redundancy in self-attention computation. Autoformer [20] incorpo-
rates a decomposition block to handle trends and seasonality explicitly,
while FEDf ormer [21] integrates Fourier-based decomposition to reduce
complexity. Pyraformer [22] utilizes a pyramidal attention mecha-
nism to capture hierarchical temporal features. Despite their differences,
these models share a common goal: reducing computational cost while
preserving or enhancing predictive accuracy.

Nevertheless, a recent study by Ref. [23] challenges the assumption
that complex Transformer models are necessary for high-accuracy time
series forecasting. The authors propose a simple linear model, DLinear,
which surprisingly outperforms many sophisticated models on standard
benchmarks. This raises fundamental questions about the design of deep
models for time series and whether architectural complexity always
translates to improved performance. In [24], the authors introduced
PatchTST to enhance the model’s ability to capture local and semantic
dependencies through patching, and to simplify the design by leveraging
channel-independent learning.

Unlike traditional Transformer variants that treat each time step as
a token, PatchTST argues that aggregating multiple time steps into local
patches better reflects the temporal structure of time series data. This ap-
proach is inspired by techniques in Vision Transformers (ViT) [25] and
speech models such as Wav2Vec 2.0 [26], where patches or segments
are used to encode meaningful context.

Furthermore, in multivariate time series, the common practice is to
mix channels—i.e., combine features from all variables into a single
token. While this enables joint learning, it may obscure individual pat-
terns and increase overfitting risks. In PatchTST a channel-independent
formulation has been adopted, where each channel (i.e., time series
variable) is treated separately during embedding and encoding. This
strategy has been shown to work well in Convolutional Neural Network

Neurocomputing 677 (2026) 133140

(CNN) and linear models [23,27], and has been extended in PatchTST for
Transformer-based models.

Even though Transformer-based architectures have revolutionized
sequential modeling in natural language processing and computer
vision, yet their adoption in time series forecasting remains under-
developed. Unlike textual data, time series are often governed by
latent temporal dynamics, periodic structures, and long-range dependen-
cies that challenge standard attention mechanisms. Moreover, existing
Transformer variants such as Autoformer, Informer, and PatchTST have
been proposed independently, each introducing unique architectural
innovations—but without a unified framework for comparison. This lack
of standardization hinders practical model selection, reproducibility,
and theoretical understanding. To address this gap, we conduct a system-
atic study of these models, introduce consistent architectural variants,
and evaluate them under controlled experimental settings. Our goal is
to clarify the design trade-offs, computational properties, and forecast-
ing behaviors of Transformer models, ultimately guiding practitioners
toward more informed and effective forecasting solutions.

(i) Architectural variant framework. We design and evaluate three prin-
cipled variant classes—Minimal, Standard, and Full—for each of the
Autoformer, Informer, and PatchTST families. These variants rep-
resent increasing architectural complexity, ranging from lightweight
encoder-only models to full encoder—decoder configurations with au-
toregressive decoding. This design space allows us to isolate the impact
of architectural choices on performance, scalability, and robustness.
(ii) Unified forecasting and complexity formulation. All variants are an-
alyzed within a shared theoretical framework, encompassing patch-
based input encoding, trend-seasonal decomposition (Autoformer),
ProbSparse attention (Informer), and temporal patch tokenization
(PatchTST). We provide consistent mathematical formulations, com-
putational complexity comparisons, and layer-by-layer forward pass
descriptions that contextualize how each model processes temporal
inputs.

(iii) Comprehensive empirical benchmarking under noise. We conduct 1500
controlled experiments (750 clean + 750 noisy) across 10 synthetic
signals, 5 patch lengths, and 5 forecast horizons for each model fam-
ily. Our analysis reveals clear and consistent trends: PatchTST Standard
achieves the best overall performance under clean and noisy con-
ditions; Autoformer Minimal and Autoformer Standard excel on
smooth and trend-dominated signals, especially in noisy regimes; while
Informer variants exhibit higher error and instability under noise and
long-horizon forecasting. Aggregated heatmaps and per-signal tables
highlight the trade-offs between robustness, sensitivity, and generaliza-
tion across the architectural spectrum.

(iv) New theoretical guarantees tailored to each family. We formalize
noise-robustness, bias—variance trade-offs, and approximation/complex-
ity bounds:

» Autoformer: Moving-average trend extraction attenuates
white/sub-Gaussian noise by a factor 1/k in per-time vari-
ance, with an explicit Lipschitz-bias scaling O(L?k?)—quantifying
the robustness—fidelity trade-off in the kernel size k.

PatchTST: Non-overlapping patch means reduce noise variance as
o2 /p with an explicit MSE bound E(z; — scj)2 < %szz + 62 /p for
odd p, making the bias—variance trade-off in patch length p explicit.
Informer (ProbSparse): Truncating to top-u keys under a score
margin A yields an attention output error ||y — j|| < 2Vmax?e‘A
and, under reliable top-u recovery with u = O(log L), total atten-
tion cost O(L log L) with high probability. These results quantify

both approximation and sublinear complexity.

Building on compact Transformer variants (Autoformer, Informer,
and PatchTST) and their Minimal, Standard, and Full configurations,
we explicitly embed these lightweight yet expressive backbones into a
larger operator-theoretic architecture, namely DeepKoopFormer. Rather
than treating compact Transformers as stand-alone forecasters, we use
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them as structured encoders that lift high-dimensional time series into a
latent space in which a Koopman operator governs temporal evolution.
This integration allows the efficiency, noise robustness, and inductive
biases of compact Transformers to be preserved while introducing a
physically meaningful and spectrally controlled latent dynamics model.
We validate this hybrid design on two challenging real-world domains—
climate forecasting using CMIP6 [28],! a financial time series dataset?
for cryptocurrency market analysis, and electricity generation® time
series—demonstrating that compact Transformer backbones, when cou-
pled with Koopman dynamics, scale effectively from controlled synthetic
benchmarks to complex, high-dimensional environmental and energy
systems.

Together, these benchmarks provide a rigorous and heterogeneous
testbed for evaluating the robustness, scalability, and cross-domain
generalization capabilities of the proposed models.

Paper organization and roadmap. The paper is structured to provide
a coherent progression from model formulation to theoretical analy-
sis and empirical validation. In Section 2, we introduce the forecasting
setup and notation, establishing a common foundation for all sub-
sequent developments. Sections 3, Section 4, and Section 5 describe
the proposed compact Transformer variants for time series forecasting,
namely PatchTST, Informer, and Autoformer, together with their ar-
chitectural design principles and computational complexity analyses.
Section 6 presents theoretical results on noise robustness, approximation
properties, and scalability behavior for each architecture. In Section 7,
we evaluate the proposed methods through extensive experiments on
synthetic benchmarks as well as real-world climate (CMIP6), cryptocur-
rency and electricity time series using Koopman-enhanced architectures,
highlighting key performance trends and robustness characteristics.
Finally, Section 8 concludes the paper and outlines directions for future
work.

2. Preliminaries and notation

We begin by formalizing the forecasting setup and introducing
common notation and operations used throughout this work.

Time series data.  Let x = [x,,X,, ..., x;] € RT denote a univariate time
series of length T, where x, € R represents the observation at time step
t. Our objective is to predict future values of the sequence based on
historical observations.

Forecasting task. Given a historical context window of fixed length
P, the model forecasts the next H steps. For each starting index i €
{1,2,...,T — P— H + 1}, we define:

Xiypoi] €RP, €8]

Xippen—1] € RY. (2)

X; = [X;, X5
Yi = [Xipps Xigpits -

The goal is to learn a forecasting function f, : R — R that maps the
historical window to future values:

¥i = fo(x)). (3)

Common operations and notation. ~Throughout the article, we use the
following notation:

» Input Embedding: Each input x; is mapped to a latent representation
via a linear embedding:

Z,=x,-W, W,e RP>dmodel o R 1 Xdmodel |

! https://cds.climate.copernicus.eu/datasets/projections-cordex-domains-
single-levels?tab = overview.

2 https://github.com/Chisomnwa/Cryptocurrency-Data-Analysis.

3 https://github.com/afshinfaramarzi/Energy-Demand-electricity-price-
Forecasting/tree/main.
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« Positional Encoding (PE): To inject temporal order, a positional
encoding PE € RP*?mol is added:

7" =7, +PE,

where PE is either:
. . . . o pos —
— Fixed sinusoidal: PE,,,,,, = sin <m), PE (s 0641) =

cos (—” 03 )
1000025 /4model )

— or Learnable: parameters optimized during training.
Transformer Encoder: Given a sequence Z € RFPXmosel, the
Transformer encoder applies multiple layers of multi-head self-
attention (MSA) and feedforward networks (FFN):

H© = TransformerEncoder(Z) = LayerNorm (Z + FFN (MSA(Z))),
4

where H® € RP*¥model,

Transformer decoder: Given a decoder input Z® and encoder out-
put H®, the Transformer decoder applies self-attention over Z(¢)
and cross-attention with H®:

HY = TransformerDecoder(Z(d), H(E))

= LayerNorm(Z(d) + CrossAttention (SelfAttention(Z(d>), H(e)) )

(5)

Average pooling (AvgPool): After encoding, we often apply average
pooling over the sequence (token) dimension to obtain a fixed-size
vector:

P
AvgPool(H) = % Z H,,
p=1

where H,, denotes the p-th token embedding.
Output projection: The final output is generated by projecting the
pooled or decoded representation:

¥i =W, -H;,
where W, € R¥moei*H and h; is the pooled hidden state.

In the Autoformer model, the time series is decomposed into trend
and seasonal components. The trend component, x"*, is obtained by
applying a moving average (MA) filter with a kernel size k. The kernel
size k defines the window over which the average is computed. This filter
smooths the time series to capture long-term trends, while the residual
seasonal component, x%4°"l captures short-term periodic fluctuations.

In Informer, the attention mechanism is enhanced using a sparse
attention approach to improve efficiency. The sparsity score M(g;) for
each query ¢; is computed by first calculating the attention between each
query and all keys, and then applying a softmax function to identify the
most relevant keys for each query. The sparsity score M(g;) is the differ-
ence between the maximum attention value and the average attention
value over all keys, ensuring that only the most important keys are se-
lected for attention computation. This enables the model to focus on a
smaller subset of keys, significantly reducing computational complexity
while retaining high performance.

The definitions and operations introduced in this section provide a
unified foundation for the Transformer-based forecasting frameworks
developed in the following sections. In particular, the common embed-
ding formulation, attention mechanisms, and pooling operations enable
a consistent description and fair comparison of different architectural
variants. Building on this shared formulation, the next sections systemat-
ically introduce the PatchTST, Informer, and Autoformer architectures
and their corresponding Minimal, Standard, and Full variants, highlight-
ing how specific design choices affect modeling capacity, computational
complexity, and robustness to noise.


https://cds.climate.copernicus.eu/datasets/projections-cordex-domains-single-levels?tab=overview
https://cds.climate.copernicus.eu/datasets/projections-cordex-domains-single-levels?tab=overview
https://github.com/Chisomnwa/Cryptocurrency-Data-Analysis
https://github.com/afshinfaramarzi/Energy-Demand-electricity-price-Forecasting/tree/main
https://github.com/afshinfaramarzi/Energy-Demand-electricity-price-Forecasting/tree/main

A. Forootani and M. Khosravi

3. PatchTST Variants: architecture and computational complexity

The PatchTST framework addresses accurate forecating of univari-
ate time series by first segmenting the input sequence into overlapping
or non-overlapping patches of fixed-length, then modeling temporal de-
pendencies using a Transformer-based architecture. In this section, we
present and justify three architectural variants—Minimal, Standard, and
Full—each representing a progressively more flexible and expressive
model design.

3.1. PatchTST Minimal: a lightweight transformer backbone

The Minimal variant serves as a baseline design, emphasizing sim-
plicity and computational efficiency. Each input patch x; is linearly
projected into a higher-dimensional latent space:

Z, =%, - W, € Rmodet 6)

Fixed sinusoidal positional encodings are added to incorporate temporal
information:

7 =7, +PE, @)

This encoded representation is passed through a Transformer encoder,
followed by average pooling and a linear projection:

H; = TransformerEncoder(ZF™"), ®
¥, = W, - AvgPool(H,) € R¥, ©)

This variant is lightweight and suitable for short sequences or fast,
interpretable inference.

Computational complexity.

OMinimat = P - d;

model

+ P2 dmodel -
——

Feedforward ~ Self-Attention

3.2. PatchTST Standard: learning data-driven positional embeddings

The Standard variant replaces the fixed positional encodings with a
learnable global positional embedding PE € R!*?model:

2P =x;-W, +PE, (10)

This embedding is shared across all positions and learned during train-
ing, allowing the model to adapt its temporal representation. The rest of
the architecture remains identical to Minimal architecture:

Vyi=W,- AvgPool(TransformerEncoder(ZgJ ).

Computational complexity.

OStandard = (9Minimal + O(dmodel)
——

Embedding overhead (negligible)

3.3. PatchTST Full: a flexible encoder-decoder architecture

The Full variant introduces a decoder with cross-attention, allow-
ing the model to explicitly learn dependencies between past inputs and
future predictions.

Encoder. The input patch is embedded and encoded with sinusoidal
positional encodings:

Z’@ =x - Wie) +PE® e RP*¥model a1

Hﬁe) = TransformerEncoder(Zl(,e) ). 12)
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Table 1
Comparison of PatchTST variants.
Model variant Positional Architecture Time
encoding complexity
Minimal PatchTST Sinusoidal Encoder-only O(Pd, 40
+Pd] )
Standard PatchTST  Trainable Encoder-only O(P?d, 040
(global) +Pd? D
Full PatchTST Sinusoidal Encoder-Decoder  O(P%d,qq
(dual) + HPd, 4
+Hd2 D

Decoder.  The decoder input is formed by repeating the last element of
the patch to enable autoregressive-style conditioning:

Xfep =[x p_is- s Xippoy] € RH, 13)

2 =X - WD + PE@ € R moce (14)
i i e ’

H‘(.d) = TransformerDecoder(Zl(.d), H?e)). (15)

Output. The decoder output is projected to obtain the forecast:

5,=W, -H" e R, (16)

Computational complexity.

— 2 2 2
Opa = P-d qqt P dpogea +H-d q+H - P-dpgge -
——
Encoder FFN  Encoder Attention  Decoder FEN Cross-Attention

3.4. Comparative summary

Each PatchTST variant is designed to address different forecast-
ing needs and trade-offs: (i) The Minimal variant provides fast train-
ing and interpretable forecasts, well-suited for small datasets and
short horizons; (ii) The Standard variant adds learnable temporal
representations, improving adaptability to real-world signals with-
out significant computational overhead; (iii) The Full variant intro-
duces an encoder—decoder structure that improves long-horizon mod-
eling at the cost of increased complexity. A comparative overview of
PatchTST variants is shown in Table 1, and the complete forecast-
ing procedure for the Full variant is provided as an Algorithm in
Appendix.

4. Informer variants: architecture and computational complexity

Transformer models have demonstrated strong performance in se-
quence modeling, yet their standard self-attention mechanism suffers
from quadratic time complexity with respect to input length. This poses a
bottleneck for long time series forecasting. To overcome this, we present
three variants based on the Informer framework—Minimal, Standard,
and Full—each offering a different balance between expressiveness and
computational efficiency.

4.1. Informer Minimal: baseline with full self-attention

The Minimal variant adopts a standard encoder-only Transformer ar-
chitecture. Each input patch is projected into a latent space using a linear
transformation:

Z,=x;,-W, € RP>dmodel a7

To retain temporal information, fixed sinusoidal positional encodings
are added:

7 =7, +PE, 1s)
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This sequence is passed through a multi-layer Transformer encoder:

H, = TransformerEncoder(Zfos), (19)
¥, = W, - AvgPool(H;), (20)

This model serves as a full-attention baseline, but its complexity in-
creases quadratically with the input length.

Computational complexity.

model

OMinimal = P2 dmoget + P+ d;
——

Self-Attention  Feedforward Layers

Remark 1. The primary difference between PatchTST Minimal and
Informer Minimal lies in how they process time series data and the
underlying architectural philosophy they follow. PatchTST Minimal
adopts a patch-based approach where the input sequence is segmented
into fixed-length patches, which are then embedded and processed by
a Transformer encoder. This design focuses on capturing local pat-
terns efficiently, reducing the input sequence length and computational
complexity. In contrast, Informer Minimal follows a more conven-
tional Transformer structure, directly operating on the full-resolution
time series using positional encoding and self-attention across all time
steps. This enables it to retain fine-grained temporal dependencies
but can be more computationally intensive for long sequences. While
PatchTST Minimal excels in modeling smooth, low-frequency patterns
with fewer tokens, Informer Minimal is better suited for capturing
detailed, high-frequency dynamics in time series data.

4.2. Informer Standard: ProbSparse attention for scalable forecasting

The Standard variant improves scalability by replacing full attention
with a sparse approximation known as ProbSparse attention. This mech-
anism identifies a subset of “informative” queries and restricts attention
to them.

Query selection.  For each query vector q;, a sparsity score is computed:

LK,
M(q;) = max <q'—j 21
J

se)1f e
dmodel P j=1 dmodel
Only the top-u queries with the highest scores (where u = O(log P))

are selected to perform full attention over all keys.

Encoding. These selected queries are processed using the ProbSparse
encoder:

H, = ProbSpaIseEncoder(meS), (22)
§: = W, - AvgPool(H,). (23

Computational complexity.

2
model

Ostandard =10g P+ P - dypoge + P - d,
— ——

Sparse Attention Feedforward Layers

This represents a significant improvement over the quadratic com-
plexity of the Minimal variant.

4.3. Informer Full: sequence-to-sequence architecture with dual attention

The Full variant extends Informer into a full encoder-decoder ar-
chitecture. Both the encoder and decoder employ ProbSparse attention,
enabling modeling of long-range dependencies in both input and output
sequences.
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Table 2
Comparison of Informer variants.
Model variant Attention Architecture Time
type complexity
Minimal Informer Full Self- Encoder-only O(P?d 0401
Attention +Pd2 )
Standard Informer ProbSparse Encoder-only O(log P -
(log-scaled) Pd o401
+ Pdr%u)de])
Full Informer ProbSparse Encoder-Decoder O(log P -
(dual) Pd el
+logH -
Hdmodcl
+H Pdyyoqe1)
Encoder.
7\ =x;- W + PE©, 24
Hl(.e) = ProbSparseEncoder(ZEe>). (25)
Decoder.
xfepz[xi+P_1,...,xi+P_|]eRH, (26)
(d) _ rep  yw(d) (d)
27 =x" WO+ PEY, @7
H,@ = ProbSparseDecoder(zgd), ng)). (28)
Output.
5 =W, -HY eRr. (29)
Computational complexity.
OFull = 10g pP-P- dmodel + 10g H-H- dmodel +H-P- dmodel

Encoder Sparse Attention  Decoder Sparse Attention Cross-Attention

4.4. Comparative summary

Each Informer variant offers different strengths: (i) Minimal serves
as a full-attention benchmark and is effective for short sequences,
but computationally expensive; (ii) Standard improves scalability using
probabilistic attention, offering a good balance of efficiency and accu-
racy; (iii) Full introduces a sequence-to-sequence structure for modeling
long-term, non-stationary patterns, at higher computational cost. A com-
parative overview is shown in Table 2, and the complete forecasting
procedure for the Full variant is provided as an Algorithm in Appendix.
The following Theorem we prove the reduction in complexity resulted
by employing ProbSparse technique.

5. Autoformer Variants: architecture and computational
complexity

Autoformer addresses the limitations of Transformer-based time
series forecasting by introducing a decomposition architecture that
separates each input sequence into trend and seasonal components.
This inductive bias improves forecasting stability and interpretability,
especially for signals with periodic or long-term structural patterns.
We present three architectural variants—Minimal, Standard, and
Full—tailored to different forecasting tasks and computational budgets.

Autoformer applies a moving average filter MA, of kernel size k to
decompose each input into trend and seasonal components:

xend = MA, (x,), (30)

X?easona] =x; — X;rend’ (31)

This decomposition is used throughout all model variants.
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5.1. Autoformer Minimal: lightweight forecasting with minimal overhead

The Minimal variant retains the decomposition structure but ap-
plies a short moving average (e.g., k = 3) and a shallow encoder-only
Transformer. The seasonal component is embedded and positionally
encoded:

Z; = Embed(x{*°") + PE, (32)
H; = TransformerEncoder(Z,), (33)

The final prediction combines the seasonal output with a linear
projection of the trend:

§: = W, - AvgPool(H,) + W, - x™" (34
———

seasonal trend

Computational complexity.

model

2 2
OSimple =P dyggat+ P-d
——

Self-Attention  Feedforward Layers
5.2. Autoformer Standard: improved stability with enhanced
decomposition awareness

The Standard variant builds on the Minimal design, retaining the
same decomposition mechanism and encoder structure, but with deeper
residual blocks, better weight initialization, and loss balancing for
trend and seasonal outputs. These improvements enhance robustness on
medium-term horizons.

Computational complexity.

model

(DStL\ndurd =P dnoger + P+ d’
——

Self-Attention  Feedforward Layers
5.3. Autoformer Full: sequence-to-sequence modeling for long-horizon
forecasts

The Full variant introduces a sequence-to-sequence encoder-decoder
design with longer moving average filtering (e.g., k = 25). This variant
is built for complex, long-horizon forecasting where future sequences
differ structurally from the past.

Encoder.
(e) _ sonal
Zi — X?eaﬂnna . Wie) +PE(e), (35)
Hf.e) = TransformerEncoder(Z,(.E)). (36)
Decoder.  The seasonal decoder input is initialized to zeros:
Z = 01y - WD + PE@D), (37
H‘(.d) = TransformerDecoder(zEd).Hl(.e)). (38)
Output.
=W, - HY + W, . xiend, (39)
—— Y—
seasonal trend

Computational complexity.

Opun = P dnodel + H*- dinodet +H - P - dioqer -
—_— e e —

Encoder Self-Attn ~ Decoder Self-Attn Cross-Attention
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Table 3
Comparison of Autoformer variants.
Model variant ~ Decomposition details Architecture Time
complexity
Minimal MA filter (k = 3), Encoder-only O(P?d 001
Autoformer additive output +Pd2 )
Standard MA filter (k = 3), tuned Encoder-only O(P*d 401
Autoformer encoder + Pdrzmdcl)
Full MA filter (k = 25), Encoder-Decoder  O(P%d, 4.
Autoformer sequence-to-sequence + H?d,040
+ H Pdy,)

5.4. Comparative summary

The three Autoformer variants provide flexible options depending on
the forecasting setting: (i) Autoformer Minimal is fast and interpretable,
ideal for clean signals or short horizons; (ii) Autoformer Standard
is a balanced architecture that improves generalization with little
added cost; (iii) Autoformer Full provides high capacity and long-range
modeling power, suitable for highly dynamic time series. Each vari-
ant leverages trend-seasonal decomposition, enabling consistent signal
separation while scaling from minimal to full-capacity architectures.
A comparative overview is shown in Table 3, and the complete fore-
casting procedure for the Full variant is provided as an Algorithm in
Appendix.

Remark 2 (Role of the modular transformer framework). The ob-
jective of the modular Transformer framework proposed in this pa-
per is not to compete with ever-growing, monolithic Transformer
architectures on benchmark accuracy, but to provide a scientifi-
cally grounded and composable backbone for time-series modeling.
Autoformer, Informer, and PatchTST are chosen because they encode
complementary and interpretable inductive biases—trend—seasonal de-
composition, sparse long-range attention, and patch-wise temporal
representation—that admit theoretical analysis and controlled abla-
tion. These properties make them particularly suitable as building
blocks in larger hybrid systems, such as physics-informed, operator-
theoretic, or Koopman-enhanced forecasting architectures, where stabil-
ity, robustness, and interpretability are as important as raw predictive
performance.

Relation to recent transformer forecasters. ~ Although recent models such
as iTransformer [29], TimesNet [30], Crossformer [31], FEDformer
[21], and Pyraformer [22] are not explicitly benchmarked in this study,
their core mechanisms can be mapped directly onto the architectural
axes analyzed in our modular framework. Specifically, iTransformer
emphasizes cross-channel token mixing, which corresponds to a full-
capacity extension of the channel-independent or patch-based represen-
tations studied in PatchTST. TimesNet introduces multi-period temporal
blocks that act as a learned form of decomposition across time scales,
closely related to the trend-seasonal and frequency-based decomposi-
tion principles embodied by Autoformer and FEDformer. Crossformer
employs cross-dimension and cross-time attention, which can be inter-
preted as a structured generalization of sparse and hierarchical atten-
tion, placing it along the same efficiency and scalability axis explored
by Informer.

From this perspective, many high-performing modern archi-
tectures can be viewed as hybrid compositions of the three
fundamental inductive biases investigated here: decomposition
(Autoformer/FEDformer/TimesNet), sparse or hierarchical atten-
tion (Informer/Pyraformer/Crossformer), and patch-wise or
channel-wise tokenization (PatchTST/iTransformer). By system-
atically analyzing these primitives in isolation and in controlled
variants, our framework provides a transferable understanding
that extends naturally to more complex and recent Transformer
forecasters.
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6. Theoretical properties of the proposed transformer variants

We formalize noise-robustness, bias-variance trade-offs, and ap-
proximation/complexity guarantees that are tailored to Autoformer,
PatchTST, and Informer (ProbSparse). Throughout, let an observed se-
quence be x = s + n with unknown clean signal s and additive noise #.
We assume 7, are zero-mean, independent, sub-Gaussian with parameter
o% (Gauss is a special case).

6.1. Autoformer: moving-average decomposition attenuates noise

Let MA, be the length-k moving average (uniform) filter with finite
impulse response (FIR) A(t) = il (0,... k1) (®). Autoformer decomposes x
into

Xirend = 1 * X, Xseasonal = X ~ Xtrend>

where * denotes the convolution and is defined as

= Z h(D)X,_,.

T€L

(h *x),

For the length-k moving average (MA,), h(r) =
and A(r) = 0 otherwise.

%forre 0,1,....k—1}

Lemma 1 (¢,-gain of MAy). The operator x — MA,(x) has ¢,-gain

lall, = /3, h()? = k7172

Proof Since A(r) = 1/k for t = 0,...,k — 1 and 0O otherwise, ||h||§ =
,_0 F(1/k)% = k- (1/K) = 1/k. O

Lemma 2 (Output variance of FIR filtering of white noise). Let n =
{n:},ez beiid withEn, =0 and Var(y,) = 2. For any FIR kernel h,

Varl(h = n),] = o* Y h=)? = o |IAll}

TEL

for everyt € Z.

Proof. Fix . Since A has finite support,
Z (D) 1,

Using zero mean and independence,

(h*n), =

Var(h = n),] = (Z h(z)n,_ ) =2 W@ B, m0].-

If  # 7/, independence and zero mean give E[n,_.n,_]1 = 0; if r = 7/,
we get E[#2 | = o%. Hence only diagonal terms remain:

2 )i o

Var|(h = n),] = o?||hl2.

Theorem 1 (Noise attenuation in Autoformer trend). If #, are iid.
with Ey, = 0 and Var(y,) = ¢?, then

2
E|[Xpena = MAO)|, = Ellh s nll3 = olI3 - Nwith 1AIE = 1,

where N is the number of time indices over which the ¢, norm is taken (see
the discussion below). Equivalently, per time index

E[(nem)] = 2.

Proof. Let x = s +  be the observed sequence, and let  be the MA,
kernel. Linearity of convolution gives

Xgend = h*X = hs(s+n) = (hxs)+(h=n) =

MA(s)+ h = .

Neurocomputing 677 (2026) 133140
Thus the (trend) error relative to the filtered clean signal is

Xirend — MAL(5) = h = 7.

By Lemma 2 and ||h||2 1/k for MA,

9 2
B[ ()] = IIE = %, v

If the ¢, norm is taken over a finite index set 7 (e.g., 7 = {1,..., T}
with a specified boundary convention), then by stationarity away from
boundaries,

Ellhsnl3 = Y E[(hem,)] ~ m.%

teT

up to edge effects (see Remark 3). Writing N' := |T| yields the stated
form. O

Remark 3 (Boundary conditions and edge effects). For finite se-
quences, one must specify how (h * x), is computed near the boundaries:
(i) valid convolution (drop indices that require samples beyond the
ends), (ii) same with zero/padded reflection, or (iii) circular (periodic)
convolution. Under (i), the count N becomes T — k + 1, and the
per-time variance formula remains ¢?/k on the valid region. Under
(ii), the first/last (k — 1) indices have slightly smaller output variance
due to partial windows. Under (iii), stationarity holds exactly and
Elh* 2 =T-o?/k.

Remark 4 (Fourier/Parseval view (optional)). Let ?L(a)) be the DTFT
of h. For wide-sense stationary white noise with power spectral den-
sity S, (@) = o2, the output variance is i 5 @) S, (@) do = 6% -
1 po

= [P =
Corollary 1 (Sub-Gaussian noise). If 5, are iid. sub-Gaussian with

proxy o2, then (h « n), is sub-Gaussian with proxy o?||h|l5 = o*/k, and
the per-time variance bound remains < ¢2/k.

62||h||2, by Parseval/Plancherel, giving the same result.

Proposition 1 (Bias of trend for smooth signals). If the clean signal s
is L-Lipschitz (discrete), then for any index t,

k-1

= o L. Lk=1
MAk(S),—S( ;Z lt—j—tl= kj;)/— -
Consequently, over a window, the squared bias of the trend scales as O(L*k?),
while the variance scales as ¢* /k.

Proof. Triangle inequality and Lipschitzness yield |s,_;—s,| < L|/], aver-
ageover j =0,...,k—1. Sum of the first (k—1) integers equals (k— 1)k /2;
divide by «. O

Implication. Autoformer’s trend channel trades variance reduction
(62/k) against bias that grows with k for nonsymmetric windows.
Choice of k thus controls robustness vs. fidelity—mirroring empirical
noise-regime performance.

6.2. PatchTST: patching reduces noise variance with a quantified bias

Consider non-overlapping patching with patch length p, z; =

i ZEL J;I]))”_] x, (extension to overlap is analogous).
Theorem 2 (Variance reduction by patching). Under the noise model
above, Var(z;) = é. More generally, for sub-Gaussian n, with proxy 2, z g
remains sub-Gaussian with proxy ¢2/p.

Proof. Independence gives Var(i )= 1% Y Var(n,) = ¢*/p. For sub-
Gaussian variables, averages scale the proxy by 1/p. O

Proposition 2 (Patch mean: bias-variance tradeoff). Let x; = s, +1,,
where (1,),c;, are iid. with En, = 0 and Var(y,) = 2. Fix a patch length
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p € N and define the non-overlapping patch average

j+1)p—1
1(1 )p ' P

-1
z; = — Z X, € :]p+T

i (patch center, for odd p).
L=

Assume the clean signal s is (discrete) L-Lipschitz, i.e., |s,
for all t,u. Then

— s, < L]t —ul

E(z, - scj)z

2.2 52
: QL+ G

with the explicit constants C; = - and C, =
window with odd p.

1 for the centered symmetric

Proof. Write

1(1+1)P 1 (j+1)p 1
- Z(S, Se )+— Z n = B;+N,.
P t=jp t=jp

Bias. By Lipschitzness, |s, — Scjl < L|t—c¢;l, hence

G+Dp—1

L
|B;| < > Y lt=¢l.

1=jp

For odd p, lett = ¢; + m with m € {—~(p— 1)/2,...,(p = 1)/2}. Then

(p=1)/2 (p-1)/2

CEE R

m==(p=1)/2

and therefore

Variance. Since the 7, are i.i.d. with variance o2,

| U Dp-1
Var(N/-):Var<; > >

=ip

(+1p-1

> Var() =

1=jp

MSE. Because EN; = 0 and B; is deterministic given s,
2 _ 2 1 2.2 o
E(z;—s,,)” = Bj + Var(N)) < gL+

Thus C, = — and C, =1 for the centered symmetric (odd p) window.

O

Remark 5 (Even p and sub-Gaussian noise). If p is even (center at
the mid-point), the same steps give B/? < %2 p?; the bound still holds
with a larger constant C,. If #, are i.i.d. sub-Gaussian with proxy o2, the
patch mean remains sub-Gaussian with proxy ¢2/p, so the variance term
62 /p continues to upper bound Var(N -

Implication. PatchTST reduces noise variance linearly in p (Theorem 2)
while incurring a controllable low-frequency bias (Prop. 2). This formal-
izes why medium patch sizes are robust in noisy settings while very large
patches can oversmooth.

6.3. Informer (ProbSparse): truncation error and robustness of top-u
attention

Let attention logits be a; = (q.k;)/ \/E with softmax weights «; =
exp(a;)/ 21,5:1 exp(a,). Let S be the index set of the top-u logits (|.S| = u)
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and & ; be the softmax restricted to .S (renormalized). Define the attention
outputs

<
1]
M=
K2
5
Uy

Lemma 3 (Mass outside top-u under a margin). Let a; = (g,k;) /\/E
and let S be the index set of the top-u logits. If there exists A > 0 such that
max;gg a; < minjes a; — A, then with a; = exp(a;)/ Zézl exp(ay),

Za < — e_A.

JES

Proof. Let m :=min;c5a;. For j & S, ¢% < "%, hence
Y el < (L—we" ™,

JES

Also, 3. ¢ e > ue™. Therefore

. e%i _ m—A — m—A _
Zaj_Z,gs Lowe ™t (L-wet  L-u

JjES B Zf e Zjes e T ue™ u

Theorem 3 (Truncation error of probsparse attention) Let y= ZL

; be the full attention output and j = ;.5 &;v; the restricted output
where @ =a;/ Yse5ap for j € S. Assume ||v;l, < Vyyx and the margin
condmon of Lemma 3. Then

”y y”2 <2 maxza <2 max A'
JES

Proof. Add and subtract ¥ ;¢ a;v;
lly=7ll, = ” Z a;v; + Z(“/ - “ﬂ”/”z
= JjE€S

1 gl ol G-l
<t o+ B0

v; and use the triangle inequality:

JES JES
Now note
_—_ 1 1 _ Yrgs % <
Do —l= Y q i IS S 2
JjES JjES res Yt jES resS ‘ES
Hence,
||y—J7||2 = maxza

JES

Apply Lemma 3 to bound the dropped mass: }; jgs @) < Lt -A which

u

yields the claim. O
Remark 6. The proof is norm-agnostic: for any norm || - || with ||v;|| <
Vx> the same steps give ||y — 7|l < 2V Lu“ ~A. If only the weaker

bound Y jes® < (L - u)e~® is available (e.g., when omitting the

Yjes €Y = ue™ step),
by (L —u).

Theorem 4 (Conditional complexity of ProbSparse with reliable
top-u recovery). Assume for each query g; we can (i) estimate the sparsity
score M(q;, K) using O(log Lg) key probes so that the top-u keys with
u = O(log L) are recovered with probability at least 1 — 6 (under a
score-gap condition), and (ii) restrict attention to these u keys.

Proof. Fix a query ¢; and denote by S; C [Lg] the (true) index set
of the top-u keys according to the sparsity score M(q;, K), with u =
O(log Lg). Let .SA‘[ be the set returned by the probe procedure, which—
by assumption—recovers S; exactly with probability at least 1 — § using
O(log L) key probes. For a single query g;:
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(a) Scoring/probing. By assumption, computing M (g;, K) (or an esti-
mator sufficient to identify .S;) uses O(log L) key probes, hence
O(log L) time in Lg.

(b) Restricted attention. Once §, is identified with | A,-l = u =
O(log Ly ), computing the restricted attention y;, = Zj 5, j0;
costs O(u) operations in L, i.e., O(log Lg) (suppressing dimen-
sions that do not scale with sequence length).

Thus, conditional on the success event &; := {:S‘:- = .5;}, the per-query
cost is O(log Lg). Across L queries, the total cost conditional on & :=
N2 & is O(Lg log L)

By a union bound, P(§) > 1 — Lyé. Choosing the probe budget so
that § < Lj (which is standard for subsampled/top-u identification un-
der a fixed score gap) yields P(€) > 1 — Ly - Léz =1- L7, ie., with
high probability in L, the total cost is O(L log Lg). (Equivalently, the
expected total cost is O(Lg log L) since the failure event has vanish-
ing probability and the algorithm never performs O(LyLg) work by
construction.)

Work on the event & so that S, = S, for every query. For a fixed
query (drop the subscript i), let attention logits be a; = (g, k;)/ \/E with

softmax weights a; = %/ ZZI e, and define the top-u set .S and re-
stricted, renormalized weights &@; = a;/ Y ,c5 @, for j € S. Let the full

and restricted outputs be y = Z/L:"l a;v;and j =306 &;0;. O

Corollary 2 (Noise robustness via support truncation). Suppose val-
ues contain additive noise v; = 0; +¢&;, with &; iid, E¢; =0, E||§j||§ =72,
The output noise variance under full attention is E|| 3, a;¢ 3=y ; a/?.

2

Under ProbSparse with support size u, E|| ¥ ¢ @&k = 77 Yies® €

J
[72 /u, %], with the lower endpoint attained by uniform weights on S. When
the top-u are well separated (large A), Theorem 3 guarantees & close to a

and the dropped-noise contribution is exponentially small in A.

Proof. Independence plus Var(}, w;¢;) = t> ), w/?. For any distribution
on a support of size u, Y, wl2. > 1/u by Cauchy-Schwarz. Combine with
Theorem 3. O

Implication. ProbSparse yields (i) sublinear complexity with u =
O(log L) while (ii) preserving the full-attention output up to an error
that decays exponentially with the score margin A (Theorem 3). Under
noise in v, truncation bounds the output variance by the concentrated
mass over the top-u terms (Corollary 2), explaining robustness when
informative keys dominate.

Remark 7. Autoformer reduces variance via low-pass trend extraction
(ex 1/k) but introduces smoothing bias for large k. PatchTST reduces
variance via patch averaging (« 1/p) with an explicit local smooth-
ing bias (e« p). Informer achieves sublinear-time attention with an
exponentially controlled truncation error when informative keys are
margin-separated; output noise depends on the retained mass geometry
< &j?) over top-u keys.

7. Numerical simulations

To systematically evaluate the performance of Transformer-based
forecasting models, we construct a diverse set of synthetic signals that
reflect various temporal dynamics observed in real-world time series.
Lett € {0,1,2,... }. The clean signals s(¢) are mathematically defined as:

Sine:  s(f) = sin <%> ,

40
Cosine + Trend: s(r) = 0.017 + cos (%) s
Exponential decay X Sine:  s(t) = e~001 L sin (%) s

2nd Order Polynomial:  s(r) = 0.00017% — 0.03f + 3,

Log x Sine:  s(f) = log(1 + 1) - sin (%) s
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. (t = 250)
G b : 1) = -——,
aussian bump:  s(f) = exp < 750

odsine: st = sin ( 271
Long period sine:  s(f) = sin ( 100) s
Cubic polynomial: s(¢) = 0.00001(r — 250)3 + 0.05¢,

0.005¢

Exponential growth: s(f) = e R

. . 2rt . (2nmt
) 1 : l = (1 ’ ( 100 ) > ’ (_ ) ’
Cosine envelope X Sine:  s(f) +0.5cos 100 sin 30

These synthetic signals are intentionally crafted to isolate different
forecasting challenges:

Sine, Long period sine: Clean periodic structures that assess
the model’s ability to recognize short versus long cycles.

Cosine + Trend, Exponential Growth: Trends and compound
effects that test extrapolation capabilities.

Exponential decay X Sine: Decreasing amplitude signals that
challenge long-term memory and decay modeling.

2nd Order and Cubic polynomial: Smooth non-periodic curva-
ture for evaluating structural generalization and overfitting.

Log X Sine: Combines slow growth and fast oscillations, requir-
ing flexible temporal representation.

Gaussian bump: Localized pulse to test event detection within
longer sequences.

Cosine envelope X Sine: Modulated oscillation to assess adapt-
ability to evolving amplitude and frequency.

7.1. Noise injection strategy

To mimic realistic imperfections in real-world data, we inject noise
into the clean signals through a multi-component process:
(i) Additive Gaussian noise: Models measurement uncertainty with:

snoisy(’) = S(t) + N(O, 010)

(ii) Multiplicative amplitude jitter: Simulates sensor variability or cali-
bration drift:

Snoisy (1) < Spoisy () - (1 + N(0,0.08)).

(iii) Random temporal shift: With 10% probability, a small shift Ar €
[-10, 10] is applied to model event misalignment:

smisy(l) — snoisy(t + Af).

This noise scheme provides a controlled yet diverse perturbation,
effectively testing the robustness and generalization capacity of fore-
casting models under noisy conditions. Moreover, all signals (clean and
noisy) are normalized to the unit interval [0, 1] using the transformation:

N s(t) — min, s(t)
= —————,
max, s(t) — min, s(t)

This step ensures scale invariance and facilitates stable training and
comparison across signals of varying magnitudes.

Design and stability of synthetic signal parameters. The synthetic sig-
nals are parameterized to provide a controlled yet diverse testbed for
time-series forecasting. Frequencies, growth rates, decay constants, and
polynomial coefficients are chosen so that all signals exhibit compara-
ble dynamic ranges after normalization to [0, 1], while still representing
distinct temporal regimes: periodic, trend-dominated, damped oscil-
latory, polynomial, logarithmic-oscillatory, localized, and amplitude-
modulated dynamics. This construction ensures that no single signal
is trivially easier or harder due to scale alone, and that differences
in performance arise from the models’ ability to capture temporal
structure.
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Parameter stability is ensured by two mechanisms. First, all clean sig-
nals are smooth deterministic functions with bounded variation, so small
changes in frequency, slope, or decay rate lead only to small changes
in trajectory shape. Second, robustness is explicitly validated through
the multi-component noise injection scheme (additive Gaussian noise,
multiplicative jitter, and random temporal shifts), which perturbs am-
plitudes and time indices while preserving the underlying functional
form. The consistent behavior of models across clean and noisy settings
demonstrates that the experimental conclusions are not sensitive to spe-
cific parameter choices but reflect stable, structural properties of the
tested forecasting architectures.

7.2. Hardware setup

All deep learning model training was performed on a high-
performance computing node equipped with an NVIDIA A100 GPU fea-
turing 80 GB of high-bandwidth Video RAM (VRAM), optimized for
large-scale machine learning workloads. The system was configured
with 256 GB of main memory accessible per CPU core, ensuring effi-
cient handling of high-dimensional data and large batch sizes. Training
tasks were orchestrated using the Simple Linux Utility for Resource
Management (SLURM), which allocated compute resources with job-
specific constraints to ensure optimal utilization of the A100’s memory
architecture. This hardware-software configuration significantly accel-
erated the training process and maintained computational stability,
which was critical for learning long-range temporal dependencies in
wind power time series data.

7.3. Training setup

To ensure a fair and consistent comparison across different
Transformer-based architectures, we standardized the model configu-
ration parameters for all variants. Specifically, each model—including
Autoformer, Informer, and PatchTST variants—was implemented with
a model dimension (d,,,4;) of 8, number of attention heads set to 2,
feedforward network dimension of 32, and 2 encoder layers (and 1
decoder layer where applicable). This uniform setup minimizes the in-
fluence of architectural hyperparameter variations, thereby allowing the
evaluation to focus solely on the intrinsic differences in model design
and attention mechanisms. Such standardization is crucial for isolating
the effects of core architectural innovations in comparative forecasting
tasks.

All models were trained for 300, and 600 epochs with the Adam
optimizer (learning rate = 10~3), minimizing the mean squared error
(MSE) between predictions and ground truth for clean and noisy signals,
respectively.

Each PatchTST, Informer, and Autoformer variant is evaluated
across 5 different patch lengths and 5 forecast horizons on a suite of 10
synthetic signals, resulting in a total of 750 configurations (3x5x5x 10)
for clean signals. To assess robustness under realistic conditions, an ad-
ditional set of 750 configurations is tested on noisy versions of the same
signals, yielding a comprehensive total of 1500 model evaluations. To
enhance clarity and interpretability, we present the results as heatmaps
averaged over all signals for each model variant. Forecasting perfor-
mance is measured using root mean square error (RMSE) and mean
absolute error (MAE), evaluated over grids of patch lengths and forecast
horizons.

Code availability statement. The complete source code used in this
study—including the full implementation of the Transformer-based
models for time-series forecasting—is openly available in the dedicated
compactformer GitHub repository* and Zenodo.® compactformer is a

4 https://github.com/Ali-Forootani/compactformer or https://github.com/
Ali-Forootani/compact-transformers/tree/main.

5 https://zenodo.org/records/15518817, https://zenodo.org/records/15518
836.
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modular, research-grade Python package that offers a unified interface
for Transformer-based time-series forecasting, enabling reproducible
experimentation and rapid prototyping.

7.4. Evaluation of PatchTST Variants under clean and noisy conditions

Fig. 1 presents heatmaps of RMSE and MAE averaged over all signals,
separately for clean and noisy conditions. Each cell corresponds to the
mean forecast error for a given patch length and forecast horizon com-
bination. Table 4 highlights the best-performing configuration for each
signal under clean conditions, while Table 5 reports the corresponding
results for noisy signals.

These tables present the best-performing PatchTST model for each
signal type based on RMSE and MAE values, highlighting the optimal
configurations of patch length and forecast horizon for both clean and
noisy signals.

Minimal variant. The PatchTST Minimal variant demonstrates com-
petitive performance, especially in configurations with shorter forecast
horizons. Across different patch lengths and horizons, it consistently
maintains low RMSE and MAE values, with the best results observed
at smaller patch lengths and short to mid-range horizons. Specifically,
for clean signals, it achieves its best performance with patch lengths of 4
or 8 and forecast horizons of 2 or 4, showing strong forecasting accuracy
(RMSE as low as 0.0270 and MAE as low as 0.0205).

For noisy signals, the Minimal variant still exhibits strong robust-
ness, although the performance is slightly reduced compared to clean
signals. The variant continues to perform well in the shorter horizon
configurations (patch lengths of 4, 8, and 12) with RMSE and MAE val-
ues maintaining a good balance between accuracy and computational
efficiency. In the noisy environment, the RMSE stays around 0.0623 to
0.0757 and the MAE varies between 0.0501 and 0.0596.

Standard variant. =~ The PatchTST Standard variant demonstrates the
best overall performance across various configurations, showing excel-
lent accuracy and stability in both clean and noisy conditions. For clean
signals, it consistently achieves low RMSE and MAE across all patch
lengths and forecast horizons. The variant shows its best results at a
patch length of 12 and a forecast horizon of 4 or 8, with RMSE values
as low as 0.0260 and MAE values as low as 0.0232, making it a highly
reliable choice for a variety of signal types.

In noisy environments, the Standard variant maintains impressive
robustness. Although the performance slightly declines compared to
clean signals, the variant continues to deliver competitive RMSE (rang-
ing from 0.0521 to 0.0847) and MAE (ranging from 0.0414 to 0.0601)
values. This suggests that the Standard variant is particularly suited
for applications requiring stable performance across different levels of
noise.

Full variant performance. ~The PatchTST Full variant excels in config-
urations involving complex, nonlinear signals, especially under noisy
conditions. It consistently achieves strong performance across a vari-
ety of patch lengths and forecast horizons, though it is computationally
more demanding than the Minimal and Standard variants.

For clean signals, the Full variant performs well across all configura-
tions. It shows its best results with a patch length of 12 and a forecast
horizon of 8 or 20, achieving RMSE values as low as 0.0302 and MAE
values as low as 0.0234. This indicates that the Full variant is capable
of capturing intricate temporal dependencies effectively.

In noisy environments, the Full variant remains robust but slightly
less accurate compared to clean signals. It performs particularly well
with longer patch lengths (12 and 20) and longer forecast horizons (8
and 20). For example, at a patch length of 12 and horizon 20, it achieves
RMSE values around 0.0447 and MAE values near 0.0357, demonstrat-
ing its ability to handle noisy signals while maintaining solid forecasting
accuracy.


https://github.com/Ali-Forootani/compactformer
https://github.com/Ali-Forootani/compact-transformers/tree/main
https://github.com/Ali-Forootani/compact-transformers/tree/main
https://zenodo.org/records/15518817
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PatchTST Performance: Noisy vs Clean Signals
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Fig. 1. Performance of PatchTST variants (Minimal, Standard, Full) on various patch lengths

heatmaps. Right column: MAE heatmaps.

Table 4

Best PatchTST model per signal based on RMSE & MAE (Clean signals).
Signal Model Patch Horizon RMSE MAE
2nd Order Poly Standard 8 4 0.0389 0.0297
Cos + Trend Minimal 20 16 0.0020 0.0015
CosEnv X Sine Minimal 20 12 0.0027 0.0020
Cubic Poly Full 12 8 0.0389 0.0297
ExpDec x Sine Full 12 20 0.0000 0.0000
Exp Growth Standard 20 20 0.0575 0.0418
Gauss Bump Standard 12 4 0.0607 0.0496
Log X Sine Standard 20 4 0.0076 0.0062
Long Sine Full 12 4 0.0706 0.0528
Sine Standard 20 8 0.0001 0.0001

Table 5

Best PatchTST model per signal based on RMSE & MAE (Noisy signals).
Signal Model Patch Horizon RMSE MAE
2nd Order Poly Standard 8 4 0.1015 0.0828
Cos + Trend Minimal 20 16 0.0216 0.0175
CosEnv X Sine Minimal 20 12 0.0338 0.0269
Cubic Poly Full 12 8 0.0357 0.0279
ExpDec x Sine Full 12 20 0.0447 0.0357
Exp Growth Standard 20 20 0.0782 0.0613
Gauss Bump Standard 12 4 0.0607 0.0496
Log X Sine Standard 20 4 0.0076 0.0062
Long Sine Full 12 4 0.0374 0.0312
Sine Standard 20 8 0.0364 0.0300

Sensitivity to patch and horizon lengths. ~ As demonstrated in the figures,
all PatchTST variants exhibit varying degrees of sensitivity to patch
length and forecast horizon. Generally, increasing the patch length up
to 12 or 16 improves forecasting accuracy, though performance gains
level off or even degrade slightly for longer patch lengths in noisy
conditions. The Minimal variant is most effective for short forecast hori-
zons, while the Standard variant maintains strong performance across
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and forecast horizons, averaged over all signals. Left column: RMSE

a broader range of horizons. The Full variant tends to perform bet-
ter on longer horizons, especially when dealing with complex or noisy
signals.

7.5. Evaluation of Informer Variants under clean and noisy conditions

We evaluate three Informer variants—Minimal, Standard, and
Full—across a grid of five patch lengths and five forecast horizons for
each of ten synthetic signals, resulting in a total of 750 configurations
(3 X 5 x 5 x 10) per dataset. To provide a comprehensive overview of
model behavior, Fig. 2 displays heatmaps of mean RMSE and MAE val-
ues, averaged across all signals. Results are reported separately for clean
and noisy inputs. These visualizations help identify performance trends
with respect to model complexity, patch size, and forecast horizon.
Table 6 highlights the best-performing configuration for each signal un-
der clean conditions, while Table 7 shows the corresponding results for
noisy signals. These tables present the best-performing Informer model
for each signal type based on RMSE and MAE values, highlighting the op-
timal configurations of patch length and forecast horizon for both clean
and noisy signals.

Minimal variant performance. ~ The Informer Minimal variant performs
well across different configurations, showing the lowest RMSE and MAE
values for clean signals, especially in shorter forecast horizons and
smaller patch lengths. For clean signals, it achieves its best results at
patch lengths of 4 and 8, with RMSE values as low as 0.0491 and MAE
values around 0.0410. As the forecast horizon increases, the perfor-
mance slightly degrades, but the model remains effective across various
configurations.

In noisy environments, the Minimal variant experiences a reduction
in performance compared to clean signals, but it still performs relatively
well. The RMSE values for noisy signals range from 0.0699 to 0.0964,
and the MAE ranges from 0.0559 to 0.0796, with the best performance
observed at shorter forecast horizons (2 and 4) and smaller patch lengths
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Fig. 2. Performance of Informer variants (Minimal, Standard, Full) on various patch lengths and forecast horizons, averaged over all signals.
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Table 6
Best Informer model per signal based on RMSE & MAE (Clean signals).
Signal Model Patch Horizon RMSE MAE
2nd Order Polynomial Standard 12 10 0.0421 0.0309
Cosine + Trend Standard 12 2 0.0127 0.0100
CosEnvelope x Sine Minimal 20 2 0.0068 0.0052
Cubic Polynomial Full 4 8 0.0400 0.0300
Exp. Decay x Sine Minimal 16 2 0.0002 0.0001
Exponential Growth Standard 12 4 0.0271 0.0206
Gaussian Bump Standard 8 6 0.0006 0.0005
Log x Sine Full 20 2 0.0042 0.0038
Long Period Sine Full 20 2 0.0014 0.0011
Sine Full 8 2 0.0011 0.0009
Table 7
Best Informer model per signal based on RMSE & MAE (Noisy signals).
Signal Model Patch Horizon RMSE MAE
2nd Order polynomial Full 16 4 0.0832 0.0677
Cosine + Trend Minimal 20 10 0.0172 0.0132
CosEnvelope x Sine Standard 16 2 0.0379 0.0301
Cubic polynomial Full 20 10 0.0290 0.0200
Exp. Decay X Sine Minimal 8 2 0.0448 0.0343
Exponential growth Full 4 2 0.0597 0.0453
Gaussian bump Minimal 4 2 0.0589 0.0463
Log x Sine Standard 12 2 0.0093 0.0071
Long period sine Minimal 12 4 0.0375 0.0304
Sine Standard 20 8 0.0368 0.0299

(4 and 8). Despite the added noise, the Minimal variant remains ro-
bust, especially in configurations with shorter patch lengths and forecast
horizons.

Standard variant performance. The Informer Standard variant shows
strong performance across a variety of configurations, with consistent
results for both clean and noisy signals. For clean signals, it achieves its
best performance at a patch length of 12 and a forecast horizon of 4 or

12

8, where it records RMSE values as low as 0.0525 and MAE values as
low as 0.0399. As the forecast horizon increases, the model maintains
strong performance, though slight increases in RMSE and MAE can be
observed, particularly at longer patch lengths.

In noisy environments, the Standard variant’s performance does de-
grade slightly compared to clean signals, but it still shows resilience. The
RMSE values for noisy signals range from 0.0680 to 0.1060, and the MAE
ranges from 0.0546 to 0.0796. The best performance is achieved with
smaller patch lengths (4 and 8) and shorter forecast horizons (2 and
4). Despite the added noise, the Standard variant performs admirably
across most configurations, making it a versatile choice for a wide range
of time series forecasting tasks.

Full variant. The Informer Full variant demonstrates strong perfor-
mance across a variety of patch lengths and forecast horizons, particu-
larly for noisy signals. For clean signals, the Full variant performs well
across all configurations, with the best results typically seen with patch
lengths of 12 and 16 and forecast horizons of 4 or 8. It achieves RMSE
values as low as 0.0353 and MAE values around 0.0265. The perfor-
mance remains solid as the forecast horizon increases, although the
RMSE and MAE do rise slightly as the patch length and horizon increase.

In noisy environments, the Full variant still performs well but with
a noticeable decline compared to clean signals. The RMSE for noisy sig-
nals ranges from 0.0709 to 0.1101, and the MAE varies between 0.0566
and 0.0876. The best performance is typically observed at smaller patch
lengths (4 and 8) and shorter forecast horizons (2 and 4). Despite this
reduction in performance due to noise, the Full variant maintains robust
forecasting accuracy, especially for longer horizons.

Sensitivity to patch and horizon lengths.  All three variants exhibit sensi-
tivity to both patch size and forecast horizon. On clean signals, shorter
horizons (up to 4 steps) yield the best RMSE and MAE values for Minimal
and Standard models. In contrast, the Full variant maintains stable
performance even at longer horizons, reflecting its superior ability to
abstract temporal structure. Across variants, optimal patch lengths are
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Fig. 3. Performance of Autoformer variants (Minimal, Standard, Full) on various patch lengths and forecast horizons, averaged over all signals.

typically found in the 12 to 16 range. Short patches (e.g., length 4) often
lead to underfitting, while longer patches (e.g., length 20) occasionally
degrade performance, particularly under noisy conditions. This suggests
aneed to balance context length with model capacity to avoid overfitting
or loss of resolution.

7.6. Evaluation of Autoformer Variants under clean and noisy conditions

We evaluated three Autoformer variants—Minimal, Standard, and
Full—on a collection of ten synthetic time series. Each experiment spans
five patch lengths and five forecast horizons, resulting in a total of 750
configurations per setting (3 X 5 X 5 x 10). Fig. 3 presents heatmaps of
the mean RMSE and MAE values, averaged across all signals, under both
clean and noisy conditions. Table 8 highlights the best-performing con-
figuration for each signal under clean conditions, while Table 9 shows
the corresponding results for noisy signals. These tables display the
top-performing Autoformer model for each signal type according to
RMSE and MAE metrics, emphasizing the best patch length and forecast
horizon settings for both clean and noisy signals.

Minimal variant. The Autoformer Minimal variant demonstrates
strong performance in both clean and noisy environments, with particu-
larly low RMSE and MAE values for clean signals. For clean signals, the
best performance is achieved with smaller patch lengths (4 and 8) and
shorter forecast horizons (2 and 4). The RMSE values range from 0.0051
to 0.0167, while the MAE values range from 0.0031 to 0.0132, showing
that the Minimal variant excels in predicting simple signals with high
accuracy at these configurations.

In noisy conditions, the Minimal variant exhibits some decline in
performance but continues to perform well across a variety of configu-
rations. The RMSE values for noisy signals range from 0.0278 to 0.0562,
and the MAE values range from 0.0220 to 0.0457, indicating that it re-
mains relatively robust in noisy scenarios. The best performance in noisy
environments is observed at shorter patch lengths (4 and 8) and horizons
of 2 and 4.
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Table 8

Best Autoformer model per signal based on RMSE & MAE (Clean signals).
Signal Model Patch Horizon RMSE MAE
2nd order polynomial Standard 4 2 0.0081 0.0064
Cosine + Trend Minimal 20 4 0.0007 0.0007
CosEnvelope x Sine Standard 16 2 0.0020 0.0017
Cubic polynomial Minimal 16 4 0.0020 0.0016
Exp. Decay X Sine Minimal 12 6 0.0001 0.0001
Exponential growth Standard 8 2 0.0001 0.0001
Gaussian bump Standard 12 2 0.0002 0.0002
Log x Sine Minimal 16 2 0.0022 0.0020
Long period sine Minimal 20 10 0.0005 0.0004
Sine Standard 20 8 0.0004 0.0003

Table 9

Best Autoformer model per signal based on RMSE & MAE (Noisy signals).
Signal Model Patch Horizon RMSE MAE
2nd order polynomial Minimal 12 4 0.0064 0.0052
Cosine + Trend Minimal 20 4 0.0138 0.0105
CosEnvelope x Sine Full 20 8 0.0392 0.0314
Cubic polynomial Minimal 16 8 0.0033 0.0027
Exp. Decay X Sine Full 12 20 0.0444 0.0354
Exponential growth Minimal 20 12 0.0072 0.0057
Gaussian bump Full 12 12 0.0591 0.0482
Log x Sine Minimal 16 8 0.0074 0.0059
Long period sine Full 16 4 0.0367 0.0285
Sine Standard 20 4 0.0358 0.0294

Standard variant. The Autoformer Standard variant shows consistent
and reliable performance across various patch lengths and forecast hori-
zons, with both clean and noisy signals. For clean signals, it achieves
its best performance with patch lengths of 4 and 8 and shorter fore-
cast horizons (2 and 4). The RMSE values for clean signals range from
0.0147 to 0.0296, and the MAE values range from 0.0057 to 0.0219,
demonstrating its ability to capture the patterns in simpler signals
effectively.



A. Forootani and M. Khosravi

In noisy environments, the Standard variant experiences a slight
degradation in performance, but it still performs relatively well. The
RMSE for noisy signals ranges from 0.0335 to 0.0617, and the MAE
ranges from 0.0235 to 0.0469. The best results in noisy conditions are
typically seen at shorter patch lengths (4 and 8) and shorter forecast
horizons (2 and 4), where the model maintains a good balance between
accuracy and computational efficiency.

Full variant.  The Autoformer Full variant shows strong performance,
especially in noisy environments, where its ability to model complex
patterns comes to the fore. For clean signals, the Full variant performs
well across all configurations. The best performance is observed with
shorter patch lengths (4 and 8) and forecast horizons of 4 and 8, achiev-
ing RMSE values as low as 0.0705 and MAE values around 0.0541. As
the patch length and horizon increase, the performance remains stable,
although there is a slight increase in RMSE and MAE values.

In noisy conditions, the Full variant still maintains strong perfor-
mance, though it experiences a noticeable decline compared to clean
signals. The RMSE for noisy signals ranges from 0.0793 to 0.1101, and
the MAE ranges from 0.0541 to 0.0731. The best performance in noisy
conditions is generally seen with shorter patch lengths (4 and 8) and
forecast horizons of 2 and 4. Despite the noise, the Full variant continues
to capture complex temporal dependencies effectively.

Sensitivity to patch and horizon lengths.  Across both clean and noisy
conditions, the most accurate forecasts are observed when patch lengths
range from 12 to 16. Shorter patches (e.g., length 4) generally lead to
underfitting due to insufficient context, while very long patches (e.g.,
length 20) introduce variability and can degrade performance. Forecast
accuracy declines with increasing horizon length across all variants, but
this degradation is least severe for the Standard variant. In contrast,
the Minimal and Full variants experience sharper performance drops at
longer horizons, particularly under noisy conditions.

7.7. Interpreting noise effects across model variants

The three noise components introduced earlier, i.e., additive
Gaussian noise, multiplicative amplitude jitter, and random temporal
shifts—stress different aspects of the Transformer architectures, and
their impact varies systematically across the Autoformer, PatchTST,
and Informer families. Additive Gaussian noise primarily injects high-
frequency perturbations. As predicted by the theoretical results in
Section 6, this type of noise is most effectively suppressed by architec-
tures that perform temporal averaging: Autoformer reduces variance
through its moving-average trend filter, while PatchTST reduces vari-
ance via patch-wise averaging. Informer variants, which do not ex-
plicitly smooth in time, are therefore more sensitive to Gaussian noise
unless the ProbSparse mechanism successfully concentrates attention
on a small set of informative keys.

Multiplicative amplitude jitter introduces scale fluctuations over
time. PatchTST variants exhibit strong robustness in this regime
because patch averaging normalizes local amplitude changes, and
Autoformer absorbs part of the jitter into the trend channel before mod-
eling the seasonal residuals. In contrast, Informer variants—especially
the Minimal version—are more affected because amplitude variations
directly modify attention scores and can disrupt the sparsity structure
used by ProbSparse attention.

Random temporal shifts introduce local misalignment of events and
phases. These perturbations primarily test the ability to model long-
range and phase-invariant temporal dependencies. Informer Standard
and Full benefit from ProbSparse attention when dominant keys remain
well separated, while PatchTST mitigates small shifts through patch-
level aggregation. Autoformer is more sensitive to such shifts in the
seasonal component, although its trend pathway remains largely un-
affected. These patterns explain the robustness trends observed in the
heatmaps of Figs. 1-3 and clarify how each architectural inductive bias
interacts with different noise sources.
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7.8. From compact transformers to koopman-enhanced forecasting

The architectural variants developed in this article are not in-
tended as terminal models, but as screening backbones for physics-aware
and operator-theoretic forecasting pipelines. The systematic analysis in
previous part identifies which Transformer design choices—patching,
sparse attention, or trend-seasonal decomposition—provide the most fa-
vorable robustness—complexity trade-offs under noise and long-horizon
forecasting.

These findings directly motivate the DeepKoopFormer framework
[32], in which the best-performing compact encoders are embedded
into a Koopman-constrained latent dynamical system. In this architec-
ture, the Transformer is used solely as a representation learner, while
temporal evolution is governed by a spectrally stable linear operator
that enforces Lyapunov dissipation, bounded gradients, and provable
error decay. This resolves the fundamental limitations of standard
Transformers—namely instability, lack of interpretability, and uncon-
trolled long-horizon drift—while preserving their expressive modeling
capacity.

7.8.1. DeepKoopFormer Building blocks

DeepKoopFormer is a modular forecasting architecture that combines
a Transformer backbone for representation learning with a Koopman-
inspired latent refinement layer that enforces stability and improves con-
ditioning. The model follows an encoder-Koopman-decoder pipeline,
where the backbone captures nonlinear temporal structure and the
Koopman layer regularizes the latent transition.

Transformer encoder (representation learning).  Given a historical input
window X, = [X,_p,,...,X,] € RP*4 a Transformer-based encoder &,
maps the sequence to a latent state

z, = Ey(X,), z, € Rlatent (40)
where 6 denotes the encoder parameters. The self-attention mechanism
enables learning both local and global temporal dependencies, and the
latent dimension dj,p; can differ from the backbone embedding width
(i'e'! dlatent # dmodel)'

Koopman latent refinement (spectrally stable transition). Instead of an
unconstrained latent update, DeepKoopFormer applies a linear Koopman
map to the encoded representation:
7z, =Kz, 41)
where K is parameterized via an orthogonal-diagonal-orthogonal
(ODO) factorization

K = Udiag(®) VT, (42)
U'u=1 vViv=l (43)
% = Pax OE), 0 < ppy < 1, (44)

with a squashing nonlinearity o(-) (e.g., Sigmoid) to ensure bounded
singular values. Consequently,

”KHZ = l’Ill{:lXE,- < Pmax < L, (45)

which yields a contractive latent transition and uniformly bounded gra-
dients. In our forecasting pipeline, this Koopman layer acts as a stability-
inducing projection on the encoded features. In particular, the backbone
remains responsible for learning trends, seasonality, and long-range de-
pendencies, while K regularizes the latent dynamics and mitigates error
amplification. For Autoformer, the explicit trend pathway bypasses the
Koopman refinement, and the Koopman layer primarily governs residual
(seasonal/stationary) dynamics.
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Linear decoder (forecast readout). Predictions are obtained via a linear
readout from the refined latent state:

)A(H_l = D¢(ZH_1) = Wzt+1’ We ]RdXdlatent’ (46)
leading to the end-to-end mapping
X1 = Dy (KEX)). (47)

The linear decoder preserves interpretability (Koopman-mode-style
readout) and supports closed-form stability analysis.

Stability regularization (Lyapunov penalty). To discourage transient
growth in the latent space, training includes a Lyapunov-inspired
penalty

Liyap = ARELU(llzp I” = llz,]1%) . 2> 0, (48)
combined with the forecasting loss:
ETotal = EForecast + ’lLyap ELyap- (49)

While (45) already ensures contraction in operator norm, Liyap PTO-
motes sample-wise energy decay and stabilizes optimization.

Operator-level robustness guarantee. ~ The spectral constraint implies ex-
ponentially decaying sensitivity of latent (and decoded) trajectories to
perturbations under repeated application:

A o h ~
”xx+h - X[+h” S ”WHZ pmaX ”Zx - Z,”. (50)

This bound is operator-theoretic characterizes controlled error propa-
gation through the Koopman transition and does not substitute for a
full generalization bound of the learned encoder. Nevertheless, it for-
malizes the intended role of the Koopman layer as a stability-certified
latent refinement module within an otherwise expressive Transformer
forecasting backbone.

To rigorously evaluate the proposed DeepKoopFormer framework
across a broad spectrum of dynamical behaviors, we explicitly inte-
grate the compact Transformer variants developed in our companion
study on compact Transformer variants into the Koopman-enhanced
pipeline. Rather than designing a bespoke encoder, DeepKoopFormer
is constructed as a plug-and-play operator-theoretic wrapper around the
three systematically benchmarked Transformer families—PatchTST,
Autoformer, and Informer—each in their Minimal, Standard, and Full
variants.

This integration allows us to lift the compact backbones—
whose noise robustness, bias-variance trade-offs, and computa-
tional scaling were analytically and empirically characterized in
the Compact-Transformers study—into a stability-certified dynamical
forecasting architecture. Concretely, each compact Transformer vari-
ant serves as the nonlinear encoder &, while a shared spectrally-
constrained Koopman layer provides stability, conditioning, and error-
control in latent space. This construction yields a unified family
of models: DeepKoopFormer-PatchTST, DeepKoopFormer-Autoformer,
DeepKoopFormer-Informer, where the Koopman operator is identical
across all variants and only the compact Transformer backbone is
changed.

We include CMIP6 climate simulations, which test the interaction
between structured physical dynamics and data-driven representation
learning.

Across all experiments, we compare the Koopman-augmented com-
pact Transformers against a standard LSTM baseline under identi-
cal training protocols. This experimental design isolates the effect of
Koopman augmentation while preserving the inductive biases of the
compact Transformer variants identified in the preceding study. To
ensure fair comparison across architectures, we set digent = dmodel
throughout; however, these quantities play conceptually different roles,
with d .qe gOVerning representation capacity and dje; defining the
dimension of the Koopman-refined dynamical subspace.
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7.8.2. Wind speed time series forecasting
In this experiment, we conduct systematic grid sweeps over the latent
dimension

diodel € 18, 16,24,32, 40,48},
and the forecast horizon
H € {10,15,20,25,30}.

All transformer-based backbones are implemented with three encoder
layers, four attention heads, sinusoidal positional encodings, and a feed-
forward network width of 96. To ensure a fair comparison in terms of
representational capacity, the LSTM baseline uses two stacked recurrent
layers with hidden size d .4, € {8.16,24,32,40,48}.

Fig. 4 presents a comprehensive comparison of wind speed fore-
casting accuracy for the LSTM and the three DeepKoopFormer variants
(PatchTST, Autoformer, and Informer), where d, .4 is varied to align
the model capacity across all architectures. The results indicate that all
Koopman-augmented transformer models consistently outperform the
LSTM baseline in both MSE and MAE over nearly the entire grid of con-
figurations. This advantage becomes increasingly pronounced as both
the latent dimension and the forecast horizon grow. Although enlarging
the LSTM hidden state improves its performance, it remains systemati-
cally inferior to the transformer-based approaches, especially for long-
horizon forecasts. Among the DeepKoopFormer variants, PatchTST and
Informer achieve the lowest error levels, highlighting the effective-
ness of patch-based representations and sparse attention mechanisms
in capturing the complex, multi-scale dynamics of wind speed. The
Autoformer also performs strongly, typically exceeding the LSTM but
generally lagging behind PatchTST and Informer. Overall, these results
demonstrate the superior scalability, robustness, and predictive accu-
racy of Koopman-augmented transformer architectures for multistep,
multivariate wind speed forecasting, while emphasizing the intrinsic
limitations of purely recurrent models.

Fig. 5 illustrates representative prediction trajectories at five spa-
tial locations for a fixed patch length of p = 120, a forecast horizon of
H =25, and d,;,4,] = 16. Across all channels, the DeepKoopFormer vari-
ants closely follow the ground-truth wind speed signals and consistently
outperform the LSTM, particularly in capturing sharp peaks and rapid
temporal fluctuations.

7.8.3. Pressure surface time series forecasting

For surface pressure forecasting, we employ a unified experimen-
tal protocol across four architectures: Koopman-augmented PatchTST,
Autoformer, Informer, and an LSTM baseline. All models operate on
input windows of fixed length P = 120 with up to five spatial chan-
nels and produce multi-step predictions over forecast horizons H €
{10, 15,20,25,30}. For the transformer-based backbones, the latent di-
mension is set to d 4 = 48, using three encoder layers with four
attention heads per layer. The patch-based models (PatchTST and
Informer) adopt patch lengths

p € {80,90, 100, 110, 120, 130},

with each patch projected into the latent space prior to temporal encod-
ing. The Autoformer instead applies a moving-average window of size
p to extract trend components. The LSTM baseline consists of two recur-
rent layers with hidden size 64, and all models use a linear output head
for multi-step forecasting.

The quantitative comparisons in Fig. 6 show that all methods achieve
consistently low errors across the full range of patch sizes and forecast
horizons. Both the LSTM and the DeepKoopFormer variants typically
attain MSE values in the range 10~*-10~3, with MAE remaining be-
low 0.03 in most settings. Among the transformer-based approaches,
PatchTST and Informer exhibit the strongest and most stable perfor-
mance, often surpassing the LSTM, especially for longer horizons and
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Model Comparison: MSE and MAE (Wind Speed)
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Fig. 4. DeepKoopFormer, built by augmenting compact Transformer backbones with

CMIP6 wind speed forecasting under Scenario Section 7.8.2.

larger patch sizes. The Autoformer also remains competitive, although
it displays slightly elevated MAE in certain configurations, which may
be attributed to the limited benefit of trend-seasonal decomposition for
the comparatively smooth and slowly varying surface pressure dynam-
ics. At shorter horizons and smaller patch sizes, the LSTM remains highly
competitive, highlighting its robustness on near-stationary time se-
ries. Overall, these results indicate that surface pressure—characterized
by regular and low-volatility temporal structure—can be forecast ac-
curately by both recurrent and transformer-based models, with the
transformer variants offering a modest advantage in longer-horizon
and higher-capacity regimes. This conclusion is further corroborated in
Fig. 7, where all models produce closely aligned prediction trajectories.

7.9. Financial time series forecasting

We employ a large-scale cryptocurrency market dataset consisting
of 27,585 daily records covering the top 10 cryptocurrencies traded on
the Binance Exchange from September 1, 2018 to September 5, 2022.
The dataset contains essential market attributes, including opening, clos-
ing, high, and low prices, trading volume, and market capitalization,
thereby offering a comprehensive temporal and cross-sectional view of
cryptocurrency market behavior.®

For this experimental setup, we utilize the Cryptocurrency dataset
and preprocess the ClosePrice time series by dividing it into
two equal segments, each comprising 2,900 samples. This proce-
dure yields a two-channel input array of size (2900, 2), enabling the

© https://github.com/Chisomnwa/Cryptocurrency-Data-Analysis.
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a Koopman latent dynamics module, compared against the LSTM baseline for

DeepKoopFormer model to exploit parallel streams of historical price in-
formation within a multi-channel forecasting framework. The dataset
is subsequently split into training and testing subsets following an
80%/20% ratio.

The core hyperparameters of the DeepKoopFormer-based architec-
tures include an encoder with three layers, each equipped with four
attention heads, and a latent embedding dimension of d .4, = 48.
Temporal patching is implemented by varying the patch length over
the set p = {40, 50, 60, 70, 80, 90, 100}, while the prediction horizon is
swept across H = {2, 4, 6, 8, 10, 12, 14, 16}. All models are trained us-
ing a fixed input sequence length and optimized for up to 4,000 epochs
with the Adam optimizer and a learning rate of 3 x 10~%.

For the LSTM baseline, we adopt a two-layer configuration with
48 hidden units per layer. Transformer-based baselines incorporate
positional encodings and, when applicable, patch embedding mecha-
nisms or series decomposition strategies. All DeepKoopFormer variants
enforce strict Koopman operator stability through Lyapunov regular-
ization with a penalty coefficient of 4 = 0.1. Model performance
is assessed using mean squared error (MSE) and mean absolute er-
ror (MAE), with results reported across all combinations of model
type, patch length, and forecast horizon for both training and testing
sets.

The inherent diversity and high volatility of cryptocurrency mar-
kets, arising from heterogeneous assets and rapidly changing market
conditions, provide a challenging benchmark for evaluating the ca-
pability of the proposed models to learn complex nonlinear tempo-
ral dynamics. Experimental results on this real-world dataset demon-
strate the strong predictive performance and generalization potential
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Fig. 5. Comparison of DeepKoopFormer—constructed by augmenting compact Transformer backbones with Koopman latent dynamics—and the LSTM baseline for
CMIP6 wind speed forecasting with p = 120, H = 25, and d,, .4, = 16.
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Model Comparison: MSE and MAE (Pressure Surface)
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Fig. 6. DeepKoopFormer—constructed by augmenting compact Transformer backbones with Koopman latent dynamics—versus the LSTM baseline for CMIP6 surface

pressure forecasting in Section 7.8.3.

of DeepKoopFormer for cryptocurrency price forecasting under varying
market regimes.

The training heatmaps shown in Fig. 8 indicate that all mod-
els achieve relatively low error values across the explored ranges of
patch lengths and forecast horizons, reflecting their ability to effec-
tively fit the training data. Among the evaluated methods, the LSTM
baseline consistently attains the lowest MSE values, particularly for
short-term forecasts (e.g., H < 6), where simpler recurrent struc-
tures are well-suited to capturing short-range temporal dependencies. In
contrast, DeepKoopFormer-based PatchTST models exhibit competitive
performance, especially at larger patch sizes (e.g., p > 80), highlight-
ing their advantage in learning richer temporal representations. Both
Autoformer and Informer also demonstrate strong training perfor-
mance, although Autoformer shows slightly higher variability in MAE
under certain configurations. Notably, PatchTST and Informer present
smoother and more stable error landscapes, suggesting their robustness
in extracting latent temporal structures over broad ranges of horizons
and patch lengths. Overall, these observations confirm the effectiveness
of Transformer-based architectures, particularly DeepKoopFormer vari-
ants, in leveraging inductive biases during training on highly dynamic
cryptocurrency data.

Generalization performance on the test set, illustrated in Fig. 9, re-
veals more pronounced differences among the competing approaches.
Although LSTM performs well during training, it exhibits a substantial
increase in MAE as both the patch length and prediction horizon grow,
indicating limited generalization beyond short-term temporal patterns.
In contrast, DeepKoopFormer variants, especially PatchTST, demonstrate
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consistently strong performance across a wide range of configura-
tions, maintaining low MSE and MAE values even at larger patch sizes
(p = 70) and longer forecasting horizons. Meanwhile, Autoformer and
Informer tend to incur higher test errors, with Autoformer occasion-
ally exhibiting peaks in MAE (e.g., H = 2, p = 80), which may reflect
sensitivity to specific hyperparameter settings or mild overfitting. The
ability of DeepKoopFormer to preserve low test errors across diverse
experimental regimes underscores its effectiveness in capturing the un-
derlying Koopman dynamics governing complex and volatile financial
time series. Such robustness is particularly desirable for real-world fi-
nancial forecasting applications, where stability and adaptability across
evolving market conditions are critical.

To further evaluate predictive accuracy, we present qualitative com-
parisons between model forecasts and ground truth signals in Figs. 10
and Fig. 11. These visualizations correspond to two representative
test windows using a forecast horizon of H = 16 and an embedding
dimension of d,,4, = 48, with patch lengths set to p = 40 and p = 80,
respectively.

Across both experimental configurations, the LSTM baseline consis-
tently lags behind Transformer-based approaches. In particular, LSTM
exhibits delayed responses to abrupt trend changes and fails to ac-
curately reproduce the magnitude of sharp price fluctuations. This
shortcoming is especially evident in Time Window 1 of Fig. 10, where
LSTM significantly underestimates the signal during a rapid downward
movement. In contrast, DeepKoopFormer variants achieve closer align-
ment with the ground truth, more accurately capturing turning points
and local oscillations.
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Fig. 7. Surface pressure forecasting on CMIP6 using DeepKoopFormer—built by augmenting compact Transformer backbones with Koopman latent dynamics—with
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Model Comparison: MSE and MAE (Train, Crypto Coin)
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Fig. 8. DeepKoopFormer models compared with the LSTM baseline across a grid of hyperparameter settings on the training set for financial time series forecasting in

Section 7.9.

The advantage of DeepKoopFormer-based models becomes even more
pronounced at larger patch sizes, as shown in Fig. 11, further empha-
sizing their ability to leverage extended temporal context. Collectively,
these qualitative results reinforce the quantitative findings from the er-
ror heatmaps and highlight the limitations of LSTM architectures in
long-horizon, high-volatility financial forecasting scenarios.

7.10. Electricity time series forecasting

A dedicated subset of the original energy dataset was extracted over
the available temporal horizon. After preprocessing and cleaning, the
resulting dataset focuses on electricity generation from actively operat-
ing sources, including biomass, fossil brown coal/lignite, fossil gas, fossil
hard coal, fossil oil, and geothermal energy. Each generation category
exhibits distinct temporal patterns influenced by operational dispatch
strategies, demand cycles, and external environmental factors. The
data are recorded at an hourly resolution, and a contiguous segment
spanning indices 4000 to 7500 was selected to construct a tempo-
rally coherent window that preserves both daily and weekly periodic
dynamics.

This preprocessing step yields a multi-channel input tensor of shape
(3500, 6), enabling the DeepKoopFormer model to simultaneously learn
from multiple correlated electricity generation streams within a unified
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forecasting framework. The dataset is subsequently divided into training
and testing subsets using an 80 %/20 % split.

The DeepKoopFormer-based forecasting experiments were designed
to systematically evaluate model performance across a broad range
of temporal scales and architectural configurations. In particular, the
patch length, which controls the degree of temporal aggregation or
smoothing depending on the underlying DeepKoopFormer variant, was
varied over the set p = {70, 80,90, 100, 110, 120, 130}. For PatchTST-style
embeddings, this parameter determines the temporal granularity of in-
put tokens, whereas for Autoformer-style architectures it corresponds
to the effective size of the moving-average decomposition window.
The prediction horizon was swept over H {2,4,6,8,10,12,14, 16}
to assess both short-term and long-range forecasting performance. All
DeepKoopFormer variants employed a latent embedding dimension of
dodel = 96, which governs the representational capacity used for tempo-
ral encoding, Koopman operator learning, and downstream prediction.
Together, these settings provide a balanced trade-off between model
expressiveness and computational efficiency across the evaluated con-
figurations.

Fig. 12 summarizes the training performance of the different
DeepKoopFormer-based forecasting architectures over the full grid of
patch lengths and forecast horizons.
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Fig. 9. DeepKoopFormer models compared with the LSTM baseline
Scenario Section 7.9.

The training results indicate that PatchTST consistently achieves
the lowest MSE and MAE across nearly all experimental settings, high-
lighting its strong capability to capture temporal dependencies through
patch-based representations. The Informer model demonstrates com-
petitive performance with moderate error values, particularly for shorter
prediction horizons, whereas Autoformer generally exhibits higher
training errors, especially at extended horizons. These observations
suggest that DeepKoopFormer-PatchTST provides the most stable and
accurate convergence behavior during training, followed by Informer,
while Autoformer appears more sensitive to the choice of forecasting
window and smoothing scale. Furthermore, PatchTST and Informer out-
perform the LSTM baseline across most configurations. In contrast,
Autoformer does not consistently surpass LSTM performance, particu-
larly for shorter horizons (e.g., H = 2,4).

As illustrated in Fig. 13, the generalization trends observed on the
test set further emphasize the superiority of PatchTST. This variant
consistently attains the lowest MSE and MAE across a wide range
of patch lengths and forecast horizons, with error values remaining
stable even for long-range predictions. Such behavior indicates ro-
bust temporal representation learning and effective enforcement of
Koopman-stable dynamics. The Informer model exhibits moderate gen-
eralization performance, particularly at intermediate horizons, although
its accuracy degrades slightly for extended forecasting windows. In con-
trast, Autoformer records the largest test errors overall, especially at
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the test set for financial time series forecasting in

larger patch sizes, which may be attributed to excessive smoothing
during trend decomposition.

Overall, PatchTST achieves the most favorable balance between
training accuracy and test generalization, confirming its suitability for
real-world electricity generation forecasting tasks. The LSTM baseline
demonstrates the weakest generalization performance among the evalu-
ated models, except for very short-term predictions (e.g., H = 2), where
its results remain comparatively competitive (Table 10).

7.11. Ablation analysis and extended baseline evaluation for time series
forecasting

To isolate the effect of the latent dynamical propagator in
DeepKoopFormer, we perform a controlled ablation study in which all
models share the same temporal encoder and differ only in how latent
dynamics are parameterized and propagated. In particular, we adopt
PatchTST Minimal as a common backbone and systematically replace
the latent evolution module with increasingly expressive alternatives,
ranging from purely linear baselines to Koopman-structured operators
with Lyapunov regularization. The following six model variants are
considered:

« DLinear [33]: a lightweight, channel-wise linear baseline that op-
erates directly on the input window without attention, latent states,
or temporal propagation.



A. Forootani and M. Khosravi

Neurocomputing 677 (2026) 133140

0.91 === Autoformer

= =« |nformer

—_— True
| STM
0.8 PatchTST

0.74

0.6

0.51

Time Window 1

0.44

=== Autoformer
=« Informer

0.6

0.51

0.44

0.31

Time Window 2

0.21

0 100 200

300 400 500

Sample Index

Fig. 10. Comparison of DeepKoopFormer on the test dataset for Cryptocurrency forecasting with p = 40, H = 16 and d,, .4, = 48, the LSTM hidden size is 48.
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Fig. 11. Comparison of DeepKoopFormer on the test dataset for Cryptocurrency forecasting with p = 80, H = 16 and d,, .4, = 48, the LSTM hidden size is 48.

« LSTM: a two-layer recurrent network whose hidden dimension is
matched to the Transformer width to ensure comparable represen-
tational capacity.

PatchTST (Baseline Transformer): a pure Transformer forecaster in
which the PatchTST encoder is followed by a linear projection
head that maps the final token embeddings directly to the forecast
horizon, without any explicit latent dynamical model.
PatchTST-LinearLatent (Unconstrained latent model): a latent-
state extension of PatchTST in which the encoder output is mapped
to a latent vectorz, that evolves according to an unconstrained
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linear operatorz,,; = W, followed by a linear decoder. No
spectral or stability constraints are imposed on W.
KoopPatchTST_NoLyap (Koopman ODO without Lyapunov): a
Koopman-augmented PatchTST model in which the latent
transition is governed by a strictly stable operator K param-
eterized via operator decomposition (ODO) with spectral ra-
dius constrained as p(K) < 0.99, but without any Lyapunov
regularization.

KoopPatchTST_Full (Full DeepKoopFormer variant): the complete
Koopman-enhanced model in which the same ODO-parameterized
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Fig. 12. DeepKoopFormer models
forecasting in Section 7.10.

operator K withp(K) < 0.99 is further regularized by a Lyapunov-
inspired stability penalty with weight 4, ,, = 0.1.

All PatchTST-based models share an identical encoder architecture
consisting of a 1D patch embedding layer followed by a Transformer en-
coder with 3 layers, 4 attention heads, model dimension d,,y4e; = djaient =
96, and feedforward width d; = 96. The LSTM baseline employs two
stacked recurrent layers with hidden dimension 96, yielding a parameter
count comparable to that of the Transformer-based models. The DLinear
model is intentionally much smaller and serves as a strong low-capacity
linear reference.

To guarantee strict comparability across all methods, we train ev-
ery model using the same chronological train—test split, adopting an
80%/20% partition along the time axis. A fixed subset of five input
channels is used throughout, and all features are scaled via MinMax nor-
malization computed on the training set and subsequently applied to the
test data. Sliding-window datasets are constructed with context length
P set equal to the patch length and forecast horizon H corresponding
to the number of predicted time steps. We perform a systematic grid
sweep over patch lengths p € {70, 80,90, 100, 110, 120, 130} and forecast
horizons H € {2,4,6,8,10,12,14,16}.

All models are optimized using the Adam optimizer with a learning
rate of 3 x 10~* and trained for a fixed budget of 4000 epochs without

compared with the LSTM baseline across a grid of hyperparameter configurations
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on the training set for electricity generation

early stopping, in order to eliminate confounding effects arising from dif-
ferent convergence criteria. The primary supervision signal is the mean
squared error (MSE) between predicted and ground-truth trajectories on
the normalized scale. For Koopman-based models, the total objective is
given by

Elotal = £forecast + }'Lyap ELyap’

where £ ,, denotes the Lyapunov-inspired stability penalty defined in
(48). We set ALyap = 0.1 for KoopPatchTST_Full and ALyap = 0 for all
remaining variants. For each model and every (p, H) configuration, both
the mean squared error (MSE) and the mean absolute error (MAE) are
reported on the training and test sets.

7.11.1. Results on electricity generation time series

The training heatmaps for the electricity-generation benchmark
(Fig. 14) exhibit a highly structured and consistent pattern across the
entire grid of patch lengths and forecast horizons. Among all evaluated
methods, KoopPatchTST_Full achieves the lowest training MSE for
the vast majority of configurations, with KoopPatchTST_NoLyap oc-
casionally attaining comparable minima. Their errors remain tightly
concentrated around 1073 across the grid, forming a distinct low-error
plateau that is both dark and spatially uniform. This behavior indi-
cates that the ODO-parameterized Koopman operator, and further its
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Fig. 13. DeepKoopFormer models compared with the LSTM baseline across a grid of hyperparameter configurations on the test set for electricity generation forecasting

in Section 7.10.

Table 10
Train-set average MSE comparison across Koopman-augmented Transformer
baselines in Section 7.8.3, Section 7.8.2, Section 7.9, Section 7.10.

Dataset DeepKoop- DeepKoop- DeepKoop- LSTM
Autoformer Informer PatchTST
Cryptocurrency 0.00088 0.00065 0.00075 0.00096
Electricity generation  0.00735 0.00187 0.00156 0.00471
Pressure surface 0.00232 0.00131 0.00121 0.00216
Wind speed 0.00676 0.00391 0.00362 0.00591

Lyapunov regularization in the full variant, yields a latent dynamical
model that fits the complex energy-system trajectories with high fidelity
while preserving structured and stable evolution.

The remaining nonlinear baselines—namely the LSTM and the
Transformer-based variants (PatchTST and PatchTST- Linear-
Latent)—also achieve low training errors, but these are consistently
higher and more spatially variable than those of the Koopman-
augmented models. Their heatmaps show mild sensitivity to patch
length and forecast horizon, suggesting that without an explicit spectral
structure, the learned latent dynamics are less uniformly optimal across
scales.
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By contrast, the linear DLinear baseline exhibits the highest
training MSE throughout the entire patch-horizon grid, with val-
ues in the range 1072-10"!, i.e., more than an order of magni-
tude larger than those of the Koopman-based models. Its nearly
uniform high-error plateau indicates that a purely decomposition—
linear representation is fundamentally insufficient to capture the mul-
tiscale and nonlinear interactions that characterise modern energy-
system time series. Overall, the training results already suggest that
structured nonlinear latent propagators are essential for this task,
with KoopPatchTST_Full providing the most accurate and stable
fits.

The corresponding test-set heatmaps in Fig. 15 reveal an even
clearer separation between linear and nonlinear models. Across all
patch lengths and forecast horizons, DLinear yields the largest er-
rors in both MSE and MAE, forming a uniformly high-error region
over the entire grid. This confirms that the electricity-generation dy-
namics exhibit strong nonlinear and cross-scale temporal dependencies
that cannot be captured by a simple decomposition-linear model.
The recurrent LSTM baseline improves upon DLinear but remains sub-
stantially inferior to all Transformer-based and Koopman-augmented
architectures.
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Model Comparison: MSE and MAE (Train, Energy-System Benchmark)

DLinear
MSE - Train
o~ 0.0465 0.0462 0.0468 0.0461 0.0465
<+ IXE 00676 | 0.0684 | 00682 | 0.0677
IS 00766 00772 | 00768 | 00774 | 0.0769
S © 0.0758 0.0761 0.0765 0.0763 0.0768
5 S I 00770 | 00768 | 00769 | 0.0769
i 0.0784 0.0784 0.0788 0.0789 0.0785
3 0.0780 0.0781 0.0788 0.0783 0.0784
R 00767 00788 | 00785 | 0.0787 | 0.0790
100
PatchLen
LSTM
MSE - Train
[N 0.0015 | 0.0016 0.0016
<
co
R
<o
52
o
3 0.0031
o) 0.0036
70 80 90 100 110 120 130
PatchLen
PatchTST
MSE - Train

0.0017
0.0019
0.0025
0.0024

0.0015
0.0020

0.0016
0.0018

Horizon
161412108 6 4 2

1
0.0034
0.0037

PatchLen

PatchTST + LinearLatent

MSE - Train
0.0014 0.0011
0.0016
0.0019

0.0015
0.0018
0.0019
0.0020

0.0011
0.0014
0.0017

Horizon
161412108 6 4 2

PatchLen

KoopPatchTST (No Lyap)
MSE - Train
0.0015 3] 00011
0.0019

0.0012 0.0014
0.0016 0.0013
0. 0 7 0.0049
0. 0 0.0016
0.0021 0.0082

0.0018

0.0027

0.0009
0.0015

Horizon
161412108 6 4 2

PatchLen
KoopPatchTST (Full)
MSE - Train

0.0011
0.0013

0.0015
0.0016
0.0015

0.0012
0.0012
0.0014
0.0016
0.0020
0.00,

0.0010
0.0013
0.0016 0.0016 0.0015
0.0018 0.0020 0.0016
0.0021 0
0.00.
0.0020
0.0019

0.0012
0.0011

Horizon

~
<
©
©
o
2
&
<
=
°
2

PatchLen

0.05

Horizon Horizon Horizon Horizon Horizon
161412108 6 4 2

161412108 6 4 2

Horizon
161412108 6 4 2

Error

DLinear
MAE - Train
~ 0.1701 0.1708 0.1700 0.1695 0.1716 0.1699 0.1713
< | 02228 | 02227 | 02225 | 02225 | 02231 | 02234 | 02226
© 4 02490 | 02497 | 02495 | 02498 | 0249 | 0.2502 | 02499
© - 0.2453 0.2460 0.2458 0.2459 0.2462 0.2462 0.2467
S 4 02462 0.2466 0.2467 0.2471 0.2471 0.2473 0.2472
N 02514 | 02515 | 02520 | 02518 | 02522 | 0.2524 | 02522
S 4 02502 0.2503 0.2509 0.2507 0.2513 0.2509 0.2510
Q {02502 | 02504 | 02505 | 02511 | 02511 | 0.2513 | 02515
] ; ; ; ; ; ;
70 80 90 100 110 120 130
PatchLen
LSTM
MAE - Train
~
<
© [E]
® E 0.0411
ER 00405 | 00414 8 0.0363 00397 | 0.0370
IS 00415 | 00437 | 00421 | 00404 | 00406 | 0.0417 | 00404
R 00405 | 00402 | 00420 | 00433 | 00408 | 0.0418 | 00457
[ 00220 | 00432 | 00453 | 00482 | 00440 | 0.0407 | 00427
70 80 %0 100 110 120 130
PatchLen
PatchTST
MAE - Train

0.0364

0.0410
0.0426
0.0437
0.0431

0.0441
0.0

0.0424
0.0444

0.0420
0.0446

100

PatchLen
PatchTST + LinearLatent
MAE - Train
~ 0.0247
<« 0.0272
© 0.0307
® 0.0331
] [XEER
N 0.0367 0.0351
3 0.0377
=1 0.0401 0.0406
100
PatchLen
KoopPatchTST (No Lyap)
MAE - Train

0.0266
0.0304
0.0501
0.0696

0.0247
0.0294
0.0330

0.0257
0.0255
0.0533
0.0284
0.0692
0.0303
0.0375
0.0320

0.0252
0.0274
0.0294

0.0361
0.0349

0.0311

0.0379 0.0344

PatchLen

KoopPatchTST (Full)
MAE - Train
0.0
0.0255
0.0280

0.02
0.0249

0.0274 0

0.0288

0.0332

0.0294

0.0458 0
0.0336
0.0340

0.0314
0.0305

PatchLen

0.20 0.25

Fig. 14. Grid search over patch lengths and forecast horizons on the training set for electricity generation forecasting, comparing DeepKoopFormer—constructed by
augmenting compact Transformer backbones with Koopman latent dynamics—with all baseline models (Section 7.11.1).

Among the Transformer baselines, PatchTST achieves the low-
est average test errors and displays a relatively smooth error sur-
face, particularly for short and medium forecast horizons. The
PatchTST-LinearLatent variant benefits from its explicit latent
propagation and attains slightly lower errors for some configu-
rations; however, its heatmaps are more irregular, indicating a
mild tendency toward overfitting for longer horizons and larger
patches.

The Koopman-based models provide the most coherent and robust
generalization across the entire grid. In particular, KoopPatchTST_Full
combines near-optimal predictive accuracy with the smallest variance of
test error over patch lengths and horizons, yielding the smoothest and
most horizon-robust error surface among all nonlinear models. While
KoopPatchTST_NoLyap occasionally matches or slightly exceeds the full

25

model for specific patch lengths, its error landscape is visibly less regu-
lar, confirming the stabilising role of Lyapunov regularization. Overall,
these results demonstrate that spectrally constrained and Lyapunov-
regularized Koopman dynamics provide superior and more reliable
generalization on the energy-system forecasting task.

Fig. 16 illustrates representative forecast trajectories for six elec-
tricity generation sources on the test set using patch length p = 70,
forecast horizon H = 4, and embedding dimension d . = 96.
The linear DLinear baseline (blue) captures only slowly varying com-
ponents and fails to reproduce the high-frequency variability observed
in the ground truth, resulting in systematic amplitude and phase errors
across all energy sources. The LSTM baseline better tracks global trends
but exhibits noticeable phase delays and excessive smoothing, especially
for highly dynamic series such as Fossil Gas and Geothermal Energy.
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Model Comparison: MSE and MAE (Test, Energy-System Benchmark)
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Fig. 15. Grid search over patch lengths and forecast horizons on the test set for electricity generation forecasting, comparing DeepKoopFormer—constructed by
augmenting compact Transformer backbones with Koopman latent dynamics—with all baseline models (Scenario Section 7.11.1).

In contrast, the Transformer-based and Koopman-augmented mod-
els (PatchTST, PatchTST-LinearLatent, KoopPatchTST_NoLyap, and
KoopPatchTST_Full) closely follow the reference trajectories and
faithfully reconstruct both sharp ramps and fast oscillations. In partic-
ular, the Koopman-based variants produce trajectories that are nearly
indistinguishable from the ground truth for sources such as Fossil
Hard Coal, Fossil Oil, and Geothermal Energy, demonstrating that the
introduction of a Koopman latent propagator does not compromise
short-term accuracy while providing additional stability and structure.
Overall, this visual comparison further confirms the superiority of
Koopman-augmented PatchTST models over purely linear and recurrent
baselines for modeling heterogeneous electricity-generation dynamics.
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Summary of experimental findings.  Across all benchmarks, the experi-
mental results reveal consistent performance trends among the proposed
architectures. PatchTST Standard achieves the most stable accuracy
across clean and noisy regimes, providing the best overall trade-off
between robustness and computational efficiency. Autoformer vari-
ants perform particularly well on smooth and trend-dominated signals
due to their explicit decomposition structure, while Informer vari-
ants exhibit higher sensitivity to noise and long forecasting horizons
despite their scalability advantages. These findings confirm that care-
fully designed compact Transformer architectures can achieve strong
generalization performance while maintaining favorable efficiency and
robustness characteristics.
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8. Conclusion and future direction

This study presents a unified empirical investigation of Transformer-
based model families for univariate time series forecasting under both
clean and noisy signal conditions. We bench-marked three prominent
architectures—Autoformer, Informer, and PatchTST —each imple-
mented in three variants: Minimal, Standard, and Full, representing
increasing levels of architectural complexity.

Across 10 synthetic signals and 5 x 5 configurations of patch lengths
and forecast horizons, we conduct 750 experiments per noise regime, to-
taling 1500 evaluations for each model family. This dual-setting analysis
(clean + noisy) enables robust insights into the forecasting capabilities,
stability, and noise resilience of each architecture.

PatchTST Standard emerged as the most consistent and robust vari-
ant across both clean and noisy environments. It delivered low RMSE
and MAE even under signal perturbations, demonstrating resilience
in long-horizon, non-stationary, and noisy conditions while remaining
computationally efficient. Patch-based attention with learned temporal
embeddings proved highly effective.

Autoformer Minimal and Autoformer Standard maintained com-
petitive accuracy, particularly in clean, short-to-medium horizon
tasks. Their performance was bolstered by trend-seasonal de-
composition, which imparts stability and interpretability. Notably,
Autoformer continued to outperform in noisy settings—confirming its
structural advantage in capturing underlying signal trends even amidst
distortion.

Informer Standard and Informer Full exhibited clear performance
degradation under noise. While sparse attention offers scalability, it
led to unstable forecasts, especially at longer horizons and with larger
patch sizes. Informer struggled most with noisy inputs, indicating its
limited generalization in structured low-noise or high-variance time
series.

For all three model families, performance was sensitive to both fore-
cast horizon and patch length. Optimal results were generally found
with patch lengths in the range of 12-16 and forecast horizons of 2-6.
Increasing patch size beyond this range did not reliably improve ac-
curacy and may induce overfitting, particularly in clean settings. In
conclusion, encoder-only models such as PatchTST Standard offered the
best trade-off between forecasting accuracy, robustness, and scalabil-
ity across noise regimes. Trend decomposition of Autoformer remained
beneficial under distortion, while Informer was less suited to structured
and noisy time series.

The extended ablation study across proposed variants reveals that
much of the forecasting power of modern Transformer architectures
arises from a small set of core inductive biases—temporal patching,
decomposition, and sparse attention—rather than from large hidden di-
mensions or deep stacks of layers. Our large-scale grid search over patch
lengths, forecast horizons, and model capacities demonstrates that com-
pact Transformer backbones already achieve strong accuracy and robust-
ness when these inductive biases are correctly instantiated. Importantly,
the new real-world experiments on CMIP6 climate data and electricity
generation confirm that these lightweight architectures do not merely
succeed on synthetic benchmarks, but also scale effectively to high-
dimensional, non-stationary systems. This validates the central design
principle of this work: compact, modular Transformer variants provide
a principled and efficient foundation for building larger, more struc-
tured forecasting systems without sacrificing predictive performance or
interpretability.

Although Informer was originally developed for ultra-long sequence
forecasting, its ProbSparse attention mechanism relies on reliable mar-
gin separation between dominant and non-dominant keys, which in
turn requires sufficiently large embedding dimensions and clean atten-
tion scores. In the compact regime considered in this work (d o4 = 8
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with short-to-medium context windows), this separation is weakened,
especially under additive and multiplicative noise, leading to unsta-
ble top-u query selection and degraded attention quality. Consequently,
Informer exhibits higher sensitivity to noise and long-horizon error
growth compared to PatchTST and Autoformer in our controlled ex-
periments. Importantly, this behavior is not an artifact of tuning but
reflects a fundamental bias-variance trade-off of sparse attention in
low-dimensional latent spaces. To demonstrate that this limitation is
architectural rather than intrinsic, we further embed Informer into
a larger framework namely DeepKoopFormer [32] framework, where
sparse attention is used only as a latent encoder and temporal propa-
gation is governed by a spectrally controlled Koopman operator. In this
hybrid setting, Informer regains stability and achieves competitive long-
horizon accuracy on real-world climate and energy datasets, confirming
that ProbSparse attention remains effective when deployed within a
properly structured operator-theoretic forecasting architecture.

Future work.  As a promising direction for future research, we aim to
extend the current Transformer-based forecasting models by integrating
them with Koopman operator theory, giving rise to a hybrid archi-
tecture we term DeepKoopFormer as it is discussed briefly in [32,34].
This framework will combine the expressive power of Transformer en-
coders with the stability and interpretability of linear latent dynamics
induced by a Koopman operator [35-37]. By introducing constraints
on spectral stability and Lyapunov-inspired regularization in the latent
space [38-40], DeepKoopFormer will address critical limitations of stan-
dard Transformer models, such as latent instability, error accumulation
in long-horizon forecasts, and lack of interpretability. This integration
is expected to enable more robust and physically consistent modeling
of nonlinear and oscillatory systems, aligning data-driven forecasts with
the underlying dynamical structure of the process.

Finally as part of future work, we plan to integrate the com-
pact Transformer framework developed in this study with Learnable-
DeepKoopFormer architecture [41], which introduces trainable spectral
control, stability-aware propagation, and low-rank Koopman parameter-
izations on top of Transformer encoders. This extension enables adap-
tive latent dynamics while preserving the interpretability and robust-
ness benefits of operator-theoretic modeling. Combining the modular
Transformer variants analyzed here with learnable Koopman operators
will allow a unified evaluation of fixed versus adaptive latent dynamics
and will further clarify the trade-offs between expressiveness, stabil-
ity, and long-horizon forecasting performance in Transformer-based
time-series models.
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Appendix A. Algorithms pseudo code

This section provides the pseudo code for the discussed Informer,
Autoformer, and PatchTST architectures in this article.
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Algorithm 1 PatchTST full forecasting procedure.

1:

o))

13:

14:
15:

16:

17:

18:

19:

Input: Patch sequence x € RE*PXIl; forecast horizon H; model

dimension d, 4.

: Output: Forecast § € RE*H
: Step 1: Encoder Input Projection and Positional Encoding

7 = x . W© 4 PE© g RBXPXdmoqel
e

: Step 2: Transformer Encoder Layers
: for each encoder layer # = 1,..., L do

Compute attention heads:

Q:Zencle K=ZenC~W§ V=ZenC~W)L/
¢’ ’ 7
KT

2ty
dmodel / h

MHAttn = Concat(head,, ... ,head) - W?

head; = Softmax (

Apply residual connection and layer normalization:
Z°"° — LayerNorm(Z" + MHA(tn)
Apply feedforward and second residual block:

7%  LayerNorm(Ze™ + FFN(Z™))

: end for
10:
11:
12:

Encoder output: H®"® = Z°"°
Step 3: Decoder Input Construction and Projection
Repeat the final time step H times:

X"P = Repeat(x. _, ., H) € RBXHx!
Project and encode with positional embedding:
Zdec

= x'P . W@ 4 PE@ g RBXHXdmodel
e

Step 4: Transformer Decoder Layer
Compute self-attention on decoder input:

0 =7% . W, V = 7% WV

T
SelfAttn = Softmax <QL> |4

\Y% dmodel

Compute encoder-decoder cross-attention:

K = 74 ~WKd,

Q — Zdec . WQ‘, V = He"C . WV‘

T
CrossAttn = Softmax <&> 14

\% dmodel

Apply decoder residual blocks:

K = He"® -WKC,

7%  LayerNorm(Z* + SelfAttn)
7% — LayerNorm(Z%* + CrossAttn)

7% — LayerNorm(Z%* + FFEN(Z%°))
Step 5: Output Projection
5} — Zdec W e RBXHXI

4

return § reshaped to REXH
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Algorithm 2 Full Informer forecasting procedure with probsparse
attention.

1:

[l

10:
11:
12:
13:
14:
15:

16:

17:
18:
19:

20:

21:
22:
23:
24:

25:

Input: Input sequence x € RE*XPXI| forecast horizon H, model

dimension d, 4

: Output: Forecast sequence § € REXH
: Step 1: Encoder Projection and Positional Encoding

7 = x . W© 4 PE© ¢ RBXPXdmoqel
e

: Step 2: ProbSparse Transformer Encoder
: for each encoder layer do

Compute attention triplets:

Q=ZCHC-WQ, K=ZC"C~WK, V=ZC"C-WV

Compute sparsity score for each g¢;:
Qik}— Qik}—

1 P
V dmodel ) - P /gl V dmodel

Select top-u queries (u = clog P) based on M(g;)
For top-u queries, compute full attention:

M (g;) = max <
J

CIiKT

— v
\% dmodel >

For other queries, use top-u keys (sparse approximation)
Apply feedforward layers and residual connections

end for

Let encoder output: H*™ € RBXPXdmodel

Step 3: Decoder Initialization

Repeat last input value H times:

Attn(g;, K, V') = Softmax <

X"P = Repeat(x. _, ., H) € RBXHx!

Project and add positional encoding:

Zdec = xP . W(d) + PE(d) c RBXHdeudel
e

Step 4: ProbSparse Transformer Decoder
for each decoder layer do
Compute self-attention using ProbSparse:
V = Zdec . WVd

0= Zdec . WQ‘I, K = Zdec . WK‘I,

SelfAttn = SparseAttention(Q, K, V')
Compute cross-attention with encoder output:

Q — Zdec . WQ’-' V= Hee . WVC
T
CrossAttn = Softmax <QL> |4

\Y% dmodel

Apply residual and feedforward layers
end for
Let decoder output: HI¢ € REXHXdmodel
Step 5: Output Projection

K = He"¢ . WKC

5, — Hdec . Wo e RBXHXI

return § (squeezed to shape REXH)
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Algorithm 3 Full Autoformer forecasting procedure.

1:

w

11:

12:
13:
14:

15:

16:
17:
18:
19:
20:

21:

22:

23:

Input: Sequence x € REXPX!  forecast horizon H, model dimension
d

model

: Output: Forecast § € REXH
: Step 1: Series Decomposition
: Apply moving average of kernel size k:

trend

Xtrend - MAk(X), Xseasonal =x—xX

: Step 2: Encoder Path
: Project seasonal input:

Zene — Xseasonal . Wie) + PE(e) c RBXPdeodel

: Apply L encoder layers (self-attention + FFN + residual + norm).

For each layer:

Q:Zenc ~WQ, K = 7°¢ ~WK, V:Zenc.WV

_OKT

V dmodel

SelfAttn(Q, K, V') = Softmax 14

: Let encoder output: H™ € RE*PXdmodel
: Step 3: Decoder Initialization
10:

Zero initialize seasonal decoder input:
zgec =0c RBxHxl

Project decoder input:

Zdec

= zgec . ng) +PE@ g RBXHXdmodel

Step 4: Transformer Decoder
for each decoder layer do
(a) Self-Attention:

0=K=V=72% Wo Wk W

T
SelfAttn = Softmax & |4
V dmodcl
(b) Cross-Attention:
0= Zdec . WQC K = He"C . WKC V = He"e . WVc
T
CrossAttn = Softmax & |4

\% dmodel

Apply FFN, residuals, and normalization
end for
Let decoder output: HI¢ g REXHXdmodel
Step 5: Forecast Projection
Forecast seasonal output:

yseasonal = Hdc . Wo c RBxH
Forecast trend output:
ytrend — xtrend | Wt e RBxH
Step 6: Final Output

}A, — yscasonal + ytrcnd e RBXH

return y
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Appendix B. Supplementary data

Supplementary data to this article can be found online at doi:10.
1016/j.neucom.2026.133140.

Data availability

No data was used for the research described in the article.
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