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Split-as-a-Pro: behavioral control via operator splitting and alternating projections

Yu Tang, Carlo Cenedese, Alessio Rimoldi, Florian Dörfler, John Lygeros, Alberto Padoan

Abstract— The paper introduces Split-as-a-Pro, a control
framework that integrates behavioral systems theory, operator
splitting methods, and alternating projection algorithms. The
framework reduces dynamic optimization problems — arising
in both control and estimation — to efficient projection compu-
tations. Split-as-a-Pro builds on a non-parametric formulation
that exploits system structure to separate dynamic constraints
imposed by individual subsystems from external ones — such as
interconnection constraints and input/output constraints. This
enables the use of arbitrary system representations, as long
as the associated projection is efficiently computable, thereby
enhancing scalability and compatibility with gray-box modeling.
We demonstrate the effectiveness of Split-as-a-Pro by developing
a distributed algorithm for solving finite-horizon linear quadratic
control problems and illustrate its use in predictive control.
Our numerical case studies show that algorithms obtained
using Split-as-a-Pro significantly outperform their centralized
counterparts in runtime and scalability across various standard
graph topologies, while seamlessly leveraging both model-based
and data-driven system representations.

I. INTRODUCTION

Control across scales is one of the grand challenges in
our field [1]. Closing this gap is essential for controlling
increasingly complex systems, like future energy grids, traffic
networks and supply chains. While the literature on the subject
is vast and opinions differ on the best approach, there is
broad consensus that effective solutions should exploit system
structure, integrate prior knowledge when available, and
combine model-based with data-driven control — particularly
when some subsystems are well-modeled and others are not.

The paper introduces operator Splitting and scalable
alternating Projections (Split-as-a-Pro), a new control frame-
work that merges non-parametric system modeling with ad-
vanced optimization tools, offering a tractable and principled
way to address complexity. We base our approach on behav-
ioral systems theory [2], which models dynamical systems
as sets of trajectories, independent of specific representations.
The key idea is to reduce dynamic optimization problems to
efficient projection computations. Leveraging operator split-
ting methods [3 , 4] and alternating projection algorithms [5],
we decouple constraints imposed by individual subsystems
from external ones, such as interconnection and input/output
constraints, allowing the projection to be computed efficiently.
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Split-as-a-Pro offers several advantages. First, non-parametric
modeling based on behavioral system theory captures any
system representation as a special case and makes no distinc-
tion between inputs and outputs. This provides a rigorous
foundation for networked control with gray-box models that
leverage both model-based and data-driven representations.
Second, recognizing projections as the key bottleneck enables
a systematic separation of constraints, making it possible
to exploit structure, parallelize computations, and design
scalable control algorithms. Third, Split-as-a-Pro does not
rely on a system being linear or finite-dimensional, nor on
the cost function of being quadratic, thus allowing for broad
generalizations to be explored. To illustrate our findings, we
revisit the finite-horizon Linear Quadratic Tracking (LQT)
problem [6], a textbook example in control theory, yet one
whose scalability still drives active research [7 , 8].

Related work. Behavioral systems theory [2] has gained
renewed attention with the rise of data-driven control, largely
due to Willems’ fundamental lemma [9]. The lemma enables
various data-driven control frameworks [10 – 12] and, over
finite time horizons, solutions to the LQT problem [13], which
underpin recent direct predictive control algorithms [14 – 16].
The scalability of the LQT problem has been widely studied
for state-space systems [7], as it forms the backbone of Model
Predictive Control (MPC) [17]. Recent work has focused on
enforcing locality constraints [8] through the System Level
Synthesis (SLS) parameterization [18], and on decoupling net-
work behavior from individual subsystems using data-driven
representations to enforce dissipativity properties [19 , 20]. In
contrast, we develop a scalable framework that supports both
model-based and data-driven representations.

Contributions. The paper offers two main contributions.
First, we introduce Split-as-a-Pro, a new control framework
that combines behavioral systems theory, operator splitting
methods, and alternating projection algorithms. Second, we
present two algorithms that showcase the Split-as-a-Pro
framework allowing one to scale efficiently the solution
of the LQT problem to large systems, while seamlessly
integrating model-based and data-driven representations, as
well as handling constraints on inputs and outputs.

Paper organization. Section II introduces notation, ter-
minology, and preliminary results. Section III recalls the
finite-horizon LQT problem, which serves as a motivating
example throughout the paper. Section IV illustrates how the
Split-as-a-Pro framework solves the LQT problem by dis-
tributing computations efficiently and incorporating additional
constraints. Section V presents numerical case studies that
demonstrate our main results. Section VI concludes with a
summary and an outlook on future research directions.
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II. PRELIMINARIES

A. Notation and terminology

The set of positive integer numbers is denoted by N. The set
of real and non-negative real numbers are denoted by R and
R`, respectively. For T P N, the set of integers t1, 2, . . . , T u

is denoted by T. A map f from X to Y is denoted by
f : X Ñ Y ; pY qX denotes the set of all such maps. The
restriction of f : X Ñ Y to a set X 1, with X 1 X X ‰ H,
is denoted by f |X1 and is defined by f |X1 pxq for x P X 1;
if F Ď pY qX , then F |X1 is defined as tf |X1 : f P Fu.
Notation for convex analysis is mostly borrowed from [4]. The
gradient of a differentiable function f is denoted by ∇f . The
subdifferential of a proper function f is denoted by Bf . The
proximal operator of a Convex, Closed, and Proper (CCP)
function f is denoted by proxf and defined as in [4, Sec.
1.3.4]. The indicator function of the set C is denoted by ιC
and the projection onto the set by PC . The identity operator
is denoted by id. The set of zeros of an operator T is denoted
by zerpT q.

B. Behavioral systems theory

1) Sequences, shift operator, and Hankel matrices. A
sequence is a function w : S Ñ Rq , also denoted by twkukPS ,
with S a (non-empty) subset of consecutive elements of N;
the sequence w is finite if S is finite, infinite otherwise. We
use the terms sequence and trajectory interchangeably. By
convention, a finite sequence w P pRqq

T is often identified
with the column vector w “ colpwp1q, . . . , wpT qq P RqT .

The concatenation of sequences w and v is denoted by
w ^ v and defined as in [21], with w ^ v “ colpw, vq if w
and v are finite sequences identified with column vectors.

The shift operator σ : pRqq
N

Ñ pRqq
N is defined as

σwptq “ wpt`1q. By convention, the shift operator acts on all
elements of a set W Ď pRqq

N, that is, σW “ tσw : w P Wu.
Given a permutation matrix Π P Rqˆq and an integer

0 ă m ă q, the map defined by the equation

pu, yq “ Πw (1)

induces a partition of each w P Rq into the variables u P Rm

and y P Rq´m. We write w „ pu, yq if (1) holds for
some permutation matrix Π P Rqˆq and integer 0 ă m ă q.
Any partition of the form (1) induces natural projections
πu : w ÞÑ u and πy : w ÞÑ y.

The Hankel matrix of depth L P T associated with the
sequence w P pRqq

T is defined as

HLpwq“

»

—

—

—

–

wp1q wp2q ¨ ¨ ¨ wpT ´ L ` 1q

wp2q wp3q ¨ ¨ ¨ wpT ´ L ` 2q

...
...

. . .
...

wpLq wpL ` 1q ¨ ¨ ¨ wpT q

fi

ffi

ffi

ffi

fl

.

2) Systems. In behavioral systems theory [2], a system is a
triple Σ “ pT ,W,Bq, where T is the time set, W is the signal
set, and B Ď pWqT is the behavior of the system. Throughout
this work, we exclusively focus on discrete-time systems,
with T “ N and W “ Rq . We adapt definitions accordingly,

emphasizing this assumption when necessary. We also identify
each system Σ with the corresponding behavior B.

3) Linear Time-Invariant (LTI) systems. A system B is
linear if B is a linear subspace, time-invariant if B is shift-
invariant, i.e., σpBq Ď B, and complete if B is closed in
the topology of pointwise convergence [22]. The set of all
(discrete-time) complete LTI systems is denoted by Lq. We
often simply write B P Lq .

4) Kernel representations. Every LTI system B P Lq

admits a kernel representation of the form B “ kerRpσq,
where Rpσq is the operator defined by the polynomial matrix
Rpzq “ R0 ` R1z ` . . . ` Rℓz

ℓ, with Ri P Rpˆq for i P ℓ,
and kerRpσq “ tw P pRqq

N
: Rpσqw “ 0u. Without loss

of generality, we assume that kerRpσq is a minimal kernel
representation of B, i.e., Rpσq has full row rank [23].

5) Integer invariants. The structure of an LTI system
B P Lq is characterized by a set of integer invariants [22],
defined as

‚ the number of inputs mpBq “ q ´ row dimRpσq,
‚ the number of outputs ppBq “ row dimRpσq,
‚ the lag ℓpBq “ maxiPptdeg rowiRpσqu, and
‚ the order npBq “

ř

iPp deg rowiRpσq,

where kerRpσq is a minimal kernel representation of B,
while row dimR and deg rowiR are the number of rows and
the degree of the i-th row of Rpzq, respectively. The integer
invariants are intrinsic properties of a system, as they do
not depend on its representation [22]. Thus, we omit the
dependence on the particular behavior if clear from context.

6) State-space representations. Every LTI system B P Lq

can be described by the equations

σx “ Ax ` Bu, y “ Cx ` Du, (2)

and admits a (minimal) input/state/output representation

B“
␣

pu, yq „ w P pRqqN : Dx P pRnqN s.t. (2) holds
(

, (3)

where
„

A B
C D

ȷ

P Rpn`pqˆpn`mq and m, n, and p are the
number of inputs, the order, and the number of outputs,
respectively.

7) Data-driven representations. Data-driven representa-
tions describe system behaviors using raw data matrices,
leveraging the fact that, over a finite time horizon, the behavior
of an LTI system is a subspace with dimension defined by the
integer invariants and time horizon. Next, we summarize a
version of this principle known as the fundamental lemma [9].

Lemma 1. [21] Let B P Lq and w P B|r1,T s. Fix L P T,
with L ą ℓ. Then B|r1,Ls “ imHLpwq if and only if

rankHLpwq “ mL ` n. (4)

The rank condition (4) is referred to as the generalized
persistency of excitation condition [21]. Different variations of
this principle can be formulated under a range of assumptions,
see, e.g., the survey [21] for an overview and [24 , 25] for
some recent extensions.
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III. PROBLEM FORMULATION

We consider the finite-horizon LQT problem — a textbook
example of control design [6]. Despite its simplicity, this
example highlights the generality and tractability of our
framework in addressing fundamental control problems, the
scalability of which is nontrivial and still an active area of
research both in model-based and data-driven contexts [7 , 8].

Given an LTI system B P Lq, the goal of LQT is to find
a trajectory w‹

f P B that is as close as possible to a given
reference trajectory wref. Over a finite-horizon, the problem
can be formulated as that of minimizing the quadratic cost [13]

∥w ´ wref∥2IbΦ “

Tf
ÿ

t“1

pwptq ´wrefptqqTΦpwptq ´wrefptqq, (5)

where Φ P Rqˆq is a given symmetric positive definite matrix.

Problem 1 (Finite-horizon LQT). Given an LTI system
B P Lq , a reference trajectory wref P RqTf , an initial trajectory
wini P B|r1,Tinis, and a symmetric positive definite matrix
Φ P Rqˆq , find a trajectory w‹

f P B|r1,Tfs that minimizes the
quadratic cost (5) and has wini as a prefix trajectory, i.e.,

min
wfPR

qTf
∥wf ´ wref∥2IbΦ

s.t. wini ^ wf P B|r1,Tini`Tfs.
(6)

For Tini ě ℓ, the prefix trajectory wini implicitly fixes the
initial condition for the optimal control problem (6), leading
to a unique solution w‹

f that can be explicitly calculated [13].
This reduces to solving a constrained least squares problem,
requiring Tfpm ` p ` nqpm ` nq2 operations [26, p.368].
Complexity grows only linearly in the time horizon Tf, but
cubically in the order of the system n and the number of in-
puts m. Moreover, this formulation does not readily integrate
different system representations or exploit prior knowledge
(e.g., interconnection topology). To address these limitations,
we leverage the Split-as-a-Pro framework, exploiting system
structure via operator splitting methods [4] and alternating
projection algorithms [5].

Remark 1 (Constraints). While not part of the original LQT
problem, constraints are crucial for MPC applications and
recent data-driven variants [14 – 16], which solve the finite-
horizon LQT problem in a receding-horizon fashion. Con-
straints can easily be incorporated into the LQT problem (6)
by enforcing the additional constraint wf P C, for a suitable
choice of C. As discussed in Section IV-C and illustrated
numerically in Section V, constraints are readily handled by
the Split-as-a-Pro framework, provided that the projection
onto C is “simple,” as is the case of box, non-negativity, or
half-space constraints arising in predictive control [27]. △

IV. MAIN RESULTS

The Split-as-a-Pro framework takes advantage of structural
properties to efficiently solve dynamic optimization problems
(e.g., control and filtering) using behavioral, non-parametric
system representations. Split-as-a-Pro involves three key steps
summarized next and developed further individually in the
remainder of the section.

A. Monotone inclusion problem: Reformulate the original
optimization problem as a monotone inclusion problem,
possibly in a higher-dimensional space.

B. Operator splitting: Select an operator splitting method
to derive an iterative algorithm that solves the monotone
inclusion problem, with convergence guarantees tied to
the specific splitting method. The main idea is to make
the primary computational bottleneck the projection onto
the intersection of multiple closed, convex sets.

C. Alternating projections: Decompose the projection task
using an alternating projection algorithm into simpler
projections onto individual sets, whose intersection forms
the target set. This step reduces computational load by
replacing a single complex projection with efficient,
parallelizable projections, isolating subsystem-specific
constraints from interconnection or dynamic constraints.

Next, we apply this framework to the LQT problem, showing
how it enables the design of scalable algorithms that leverage
non-parametric, finite-horizon system representations, com-
patible with both model-based and data-driven approaches.

A. Monotone inclusion problem

The first step in our analysis is to reformulate problem (6)
as a monotone inclusion problem. To illustrate the flexibility
of Split-as-a-Pro, we present two possible reformulations.

1) Monotone inclusion with two operators. The first is
given by the (higher-dimensional) optimization problem

min
wPRqpTini`Tfq

gpwq ` hpwq, (7)

where g and h are extended real-valued functions, defined as

gpwq “ ιB|r1,Tini`Tfs
pwq ` ιtwiniupπinipwqq, (8a)

hpwq “ ∥πfpwq ´ wref∥2IbΦ , (8b)

where the projections πini : w ÞÑ Πiniw and πf : w ÞÑ Πfw
are defined by the matrices Πini “ rIqTini 0qTiniˆqTf s and
Πf “ r0qTfˆqTini IqTf s, respectively.

This reformulation replaces the optimization variable wf
with the higher-dimensional variable w, constrained to have
a fixed prefix wini. The constraints w P B|r1,Tini`Tfs and
πinipwq “ wini are lifted into the objective via indicator
functions. The corresponding monotone inclusion problem is

0 PBg ` ∇h. (9)

Fact 1. Consider the optimization problem (6) and the
monotone inclusion problem (9), with g and h defined as
in (8). Assume Φ P Rqˆq is symmetric and positive definite,
wini P B|r1,Tinis, and Tini ě ℓ. Then w‹ P zerpBg`∇hq if and
only if πfpw

‹q is a minimizer of (6).

Various reformulations can be tailored to use different operator
splitting methods that take advantage of the particular prop-
erties of the terms appearing in the inclusion. An alternative
reformulation with three operators better suits scalability
requirements and accommodates additional constraints, such
as those arising in predictive control, as discussed next.
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2) Monotone inclusion with three operators. Another
possible equivalent reformulation of problem (6) is given
by the optimization problem

min
wPRqpTini`Tfq

fpwq ` gpwq ` hpwq, (10)

where f , g, and h extended real-valued functions, defined as

fpwq “ ιB|r1,Tini`Tfs
pwq, (11a)

gpwq “ ιtwiniupπinipwqq, (11b)

hpwq “ ∥πfpwq ´ wref∥2IbΦ . (11c)

This reformulation mirrors the previous one, but differs
by explicitly separating the constraints w P B|r1,Tini`Tfs and
πinipwq “ wini, enabling distributed algorithms that scale
efficiently and naturally accommodate additional constraints.
The corresponding monotone inclusion problem is

0 PBf ` Bg ` ∇h. (12)

Fact 2. Consider the optimization problem (6) and the
monotone inclusion problem (12), with g and h defined as
in (11). Assume Φ P Rqˆq is symmetric and positive definite,
wini P B|r1,Tinis, and Tini ě ℓ. Then w‹ P zerpBf ` Bg `∇hq

if and only if πfpw
‹q is a minimizer of (6).

B. Operator splitting

The second step in our framework is to solve the monotone
inclusion problem through a fixed-point iteration of the form

wk`1 “ T pwkq, k P N, (13)

with T an operator defined by a given splitting method [4].
1) Forward-Backward (FB) splitting. One of the most well-

known splitting methods is the Forward-Backward splitting [4,
p.46]. Since g and h are CCP functions, with h differentiable,
this method is applicable to problem (7). The solution is
defined by the fixed-point iteration (13), with T defined as

T “ proxαBg pid´α∇hq . (14)

Since g is the indicator function of the affine set

A|r1,Tini`Tfs “ tw P B|r1,Tini`Tfs | w|r1,Tinis “ winiu, (15)

this yields a standard projected gradient algorithm [4, p.49],
described in pseudo-code in Algorithm 1.

Algorithm 1
Input: Initial trajectory wini P RqTini , reference trajectory
wref P RqTf , weight matrix Φ P Rqˆq, parameter α P R`,
initial guess w1 P RqpTf`Tiniq.
Output: Sequence of iterates twkukPN.

1: for k “ 1, 2, . . . do
2: zk`1 “ 2Πf

T
pI b ΦqpΠfwk ´ wrefq

3: wk`1 “ PA|r1,Tini`Tfs
pwk ´ αzk`1q

4: end for

The next statement gives conditions for Algorithm 1 to yield
the desired solution. The proof is deferred to the appendix.

Theorem 1 (Convergence of Algorithm 1). Consider the
optimization problem (7), with g and h defined as in (8). Let
Φ P Rqˆq be symmetric and positive definite, wini P B|r1,Tinis,
with Tini ě ℓ, and α P p0, 1{ρpΦqq. Then the sequence
twkukPN generated by Algorithm 1 converges to the unique
global optimum of the optimization problem (7).

2) Davis-Yin (DY) Splitting. Another particularly useful
splitting for our purposes is the DY splitting [4, p.48]. Since
f , g, and h are CCP functions, with h differentiable, this
method applies to problem (10). The solution is defined by
the fixed-point iteration (13), with T defined as

T “ id´proxαBg ` proxαBf

`

2proxαBg ´ id´α∇h ˝ proxαBg

˘

.

(16)
Since f and g are indicator functions of specific sets — the
subspace B|r1,Tini`Tfs and the singleton twiniu — the proximal
operator of their subdifferentials reduces to a projection
onto such sets [4, p.42]. The resulting iterative algorithm
is described in pseudocode in Algorithm 2.

Algorithm 2
Input: Initial trajectory wini P RqTini , reference trajectory
wref P RqTf , weight matrix Φ P Rqˆq, parameter α P R`,
initial guess w1 P RqpTf`Tiniq.
Output: Sequence of iterates twkukPN.

1: for k “ 1, 2, . . . , do
2: zk`1{2 “ wini ^ Πfwk

3: zk`1 “ 2Πf
T

pI b ΦqpΠfzk`1{2 ´ wrefq

4: vk`1 “ PB|r1,Tini`Tfs

`

2zk`1{2 ´ wk ´ αzk`1

˘

5: wk`1 “ wk ` vk`1 ´ zk`1{2

6: end for

Next, we provide conditions for Algorithm 2 to produce the
desired solution. The proof can be found in the appendix.

Theorem 2 (Convergence of Algorithm 2). Consider the
optimization problem (10), with f , g, and h defined as
in (11). Let Φ P Rqˆq be symmetric and positive definite,
wini P B|r1,Tinis, with Tini ě ℓ, and α P p0, 1{ρpΦqq. Then the
sequence twkukPN generated by Algorithm 2 converges to
the unique global optimum of the optimization problem (10).

By design, Algorithms 1 and 2 yield the desired solution to
the associated problems. All steps are highly parallelizable
and conducive to scalable implementation, particularly when
the cost is separable (e.g., Φ block-diagonal) [27]. The only
exception is the projection onto the sets A|r1,Tini`Tfs and
B|r1,Tini`Tfs, which poses a fundamental scalability challenge.
For an LTI system B P Lq, the projection can be efficiently
computed either in closed form or by solving a linear system
in saddle point form [28]. If B P RqpTini`Tfqˆr is a matrix
with orthonormal columns spanning the subspace B|r1,Tini`Tfs,
the projection is given by

PB|r1,Tini`Tfs
pwq “ BpBTBq´1BTw.

Thus, computing the projection PB|r1,Tini`Tfs
requires inverting

a r ˆ r matrix and 2r3{3 operations [26, p.210]. Since

1498

Authorized licensed use limited to: TU Delft Library. Downloaded on April 16,2026 at 07:49:26 UTC from IEEE Xplore.  Restrictions apply. 



r “ dimB|r1,Tini`Tfs “ mpTini ` Tfq ` n [9], the complexity
grows cubically with the number of inputs m and the system
order n, posing a challenge in predictive control applications,
where projections must be computed repeatedly in a receding-
horizon fashion. In such settings, the projection matrix can
be precomputed offline, reducing each projection to a matrix-
vector multiplication costing q2pTini ` Tfq

2 operations [29,
p.4]. Yet, the offline computation can be prohibitively ex-
pensive—or even impossible—when dealing with large-scale
systems with subsystems that are accessible only through
local input-output data. Similar complexity considerations
apply to the projection onto the affine set A|r1,Tini`Tfs. To
address these limitations, we use alternating projections to
exploit system structure, distribute projection computations,
and support the simultaneous use of model-based and data-
driven system representations, as discussed next.

C. Alternating projections

The third step in our analysis leverages alternating projec-
tion algorithms to exploit system structure.

1) Alternating projection algorithms. Alternating projec-
tion algorithms aim to find a point in the intersection of
two sets [5]. A classical alternating projection algorithm,
introduced by von Neumann [5], is defined by the iteration

wk`1 “ PC2
pPC1

pwkqq , k P N, (17)

where C1 and C2 are closed subspaces of a Hilbert space with
non-empty intersection. The main advantage is that, while
projecting onto the intersection may be costly, projections
onto individual sets are often efficient. This idea generalizes
to more than two sets. A well-known extension for multiple
sets is Dykstra’s algorithm [3, p.556], defined by the iteration

wk`1 “ PCs

`

PCs´1
p¨ ¨ ¨PC1

pwkq ¨ ¨ ¨ q
˘

, k P N. (18)

where C1, C2, . . . , Cs, are closed convex subsets of a Hilbert
space with non-empty intersection.

Alternating projection algorithms can be used to replace
the monolithic projection steps in Algorithms 1 and 2. The
key idea is to decompose the sets A|r1,Tini`Tfs and B|r1,Tini`Tfs

into sets onto which projections can be computed efficiently.
For example, this applies when B|r1,Tini`Tfs arises from an
interconnected LTI system, which one can model as the
intersection of the set of all isolated subsystem behaviors C1
with the set C2 of all interconnection constraints [19 , 20]. The
decomposition simplifies the projection step and lends itself
to parallel implementation, which is advantageous in large-
scale settings. In Algorithm 1, this replaces the projection
onto the affine set (15) with projections onto three sets: two
sets C1 and C2 whose intersection define B|r1,Tini`Tfs together
with the affine set defined by the constraint πinipwq “ wini.
In Algorithm 2, the projection onto B|r1,Tini`Tfs is similarly
replaced by alternating projections onto C1 and C2.

The alternating projection framework also extends naturally
to constraints not originally part of the LQT problem.
For instance, additional constraints can be incorporated by
introducing convex sets C3, . . . , Cs and applying Dykstra’s
iteration (18) over C1, C2, . . . , Cs. As noted in Remark 1,

such constraints are standard in MPC and recent data-driven
variants, and often include box or non-negativity constraints
(e.g., for saturation or physical limits). These constraints fit
naturally within the Split-as-a-Pro framework, as the required
projections are straightforward to compute, e.g., for standard
sets like box, non-negativity, or half-space constraints [27,
Section 6]. Section V provides numerical illustrations of this
extension in the context of data-driven predictive control.

2) LQT with Split-as-a-Pro. Returning to the LQT problem,
we now illustrate how to replace single-step projections with
alternating projection algorithms. For illustration, we consider
Algorithm 2 and substitute the projection in Step 4 with von
Neumann’s iteration (17). This yields a distributed version
of Algorithm 2, whose pseudocode is given in Algorithm 3.

Algorithm 3
Input: Initial trajectory wini P RqTini , reference trajectory
wref P RqTf , weight matrix Φ P Rqˆq, parameters α P R`,
number of inner loop iterations J P N, initial guess
w1 P RqpTf`Tiniq.
Output: Sequence of iterates twkukPN.

1: for k “ 1, 2, . . . , do
2: zk`1{2 “ wini ^ Πfwk

3: zk`1 “ Πf
T

pI b ΦqpΠfzk`1{2 ´ wrefq

4: vk`1,0 “ 2zk`1 ´ wk ´ 2αzk`1{2

5: for j “ 0, 1, 2, . . . , J ´ 1 do
6: vk`1,j`1{2 “ PC1

pvk`1,jq

7: vk`1,j`1 “ PC2

`

vk`1,j`1{2

˘

8: end for
9: wk`1 “ wk ` vk`1,J ´ zk`1{2

10: end for

The inner loop of Algorithm 3 performs J iterations, each
involving two projections. If projections onto the individual
sets are efficient, with worst-case per-iteration cost Oprq,
the total cost scales as OpJrq. This can offer significant
advantages when the interconnection structure is sparse and
projections decompose well. A detailed analysis of how to ex-
ploit such structure and implement the associated projections
efficiently is deferred to future work. As previously discussed,
the alternating projection step can accommodate additional
constraints by introducing further sets C3, C4, . . . , Cn and
applying Dykstra’s iteration (18). Section V presents empirical
evidence that Algorithm 3 outperforms centralized methods
in sparse interconnection settings and, despite its simplicity,
yields control performance on par with state-of-the-art data-
driven predictive control algorithms.

Remark 2 (Early termination). Residual errors due to early
termination of the inner loop are inevitable in Algorithm 3.
Thus, it is crucial to determine whether Algorithm 2 converges
after a minimum number of alternating projection iterations
while accounting for these errors. With a judicious choice
of inner loop iterations J , convergence can be established
using Fejér monotonicity [3] or inexact operator splitting
methods [4]. The detailed proof of convergence is deferred
to future work due to space constraints. △
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V. NUMERICAL CASE STUDIES

We now illustrate the scalability of Split-as-a-Pro by
comparing the (centralized) Algorithm 2 and the (distributed)
Algorithm 3 on three common graph topologies — chain,
ring, and lattice — by increasing the number of subsystems ν
and analyzing runtime performance on a fixed LQT problem.

1) Scalable control for interconnected system. We consider
an interconnected system inspired by [18], which consists of
ν P N subsystems described by the state-space representations

xipt ` 1q “ Aixiptq ` Biuiptq `
ÿ

j ­“i

Biui,jptq,

yiptq “ Cixiptq,
(19)

where xiptq P R2, uiptq P R, ui,jptq P R, yiptq P R, and

Ai “

„

1 ∆t

´Ki

mi
∆t 1 ´ di

mi
∆t

ȷ

, Bi “

„

0
1

ȷ

, Ci “
”

ki

mi
∆t 0

ı

,

with mi ą 0, di ą 0, ki ą 0, Ki ą 0, and ∆t ą 0. To il-
lustrate compatibility with gray-box modeling, we model
half of the subsystems using state-space representations,
while the other half are represented by Hankel matrices
derived from suitably collected data [21]. The parameters
of each subsystem are sampled from a uniform distribution.
We select Tini “ 2ν ` 1 and Tf “ 5. We collect input-
output data wd „ pud, ydq by applying pseudo-random
inputs from a uniform distribution in r´1, 1s, with T “

νpTini `Tfq`200 samples. The parameters in Algorithms 1, 2
and 3 are selected as α “ 0.1 and Φ “ I , respectively. For
Algorithm 3, we set J “ 5, which empirically generates
satisfactory controller performance. Figure 1 compares the
mean runtime of Algorithms 1, 2 and 3 across the three
graph topologies averaged over five different runs. For all
three graph topologies, Algorithms 1 and 2 are outperformed
by Algorithm 3 even for moderately large-scale systems.

2) Beyond linear quadratic tracking. The Split-as-a-Pro
framework extends well beyond LQT problems — for in-
stance, to input-constrained problems. For illustration, we use
a variant of Algorithm 3, which includes an additional projec-
tion step onto the input constraint set, to solve the Data-driven
Model Predictive Control (DD-MPC) problem from [16] in
a receding horizon fashion. We consider the LTI system
described above with ν “ 2 subsystems arranged in a chain
graph topology. The reference is selected as wref „ puref, yrefq,
with uref “ 0.25 and yref “ 0.25. The cost is defined by
the block diagonal matrix Φ “ diagp0.1I, 10Iq. We add
input box constraints uiptq P r´0.5, 0.5s. Thus, we leverage
von Neumanns’s alternating projection algorithm (17), with
C1 “ B|r1,Tini`Tfs and C2 “ r´0.5, 0.5smpTini`Tfq. We also
add a disturbance to the system at the time t “ 50. Fig. 2
shows the input/output trajectory of the first subsystem
obtained using the DD-MPC algorithm given in [16] with
a Quadratic Programming (QP) solver (solid) and Split-as-
a-Pro (dashdotted), together with reference values (dashed)
and constraints (shaded). The results show that Split-as-a-Pro
attains control performance on par with those obtained using
a QP solver, while effectively enforcing input constraints and
adapting to exogenous disturbances.
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Fig. 1: Runtime of Algorithms 1, 2 and 3 as a function of
the number of interconnected subsystems ν for chain (top),
ring (center), and lattice (bottom) topologies.
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Fig. 2: Control performance of DD-MPC using a QP solver
(solid) and Split-as-a-Pro (dashdotted), together with reference
values (dashed) and input constraints set (shaded).
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VI. CONCLUSION

The paper has introduced Split-as-a-Pro, a control frame-
work that integrates behavioral systems theory with opera-
tor splitting methods and alternating projection algorithms.
The framework reduces large-scale control problems to the
efficient computation of a projection, offering advantages
in terms of scalability and compatibility with gray box
modeling. We have showcased the benefits of Split-as-a-
Pro by developing a distributed algorithm for solving finite-
horizon linear quadratic control problems, showing that it
significantly outperforms its centralized counterparts for large-
scale systems across various graph topologies and match state-
of-the-art data-driven predictive control algorithms. Future
research will extend the Split-as-a-Pro framework to a wider
class of dynamic optimization problems.
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APPENDIX

A. Proofs of Theorems 1 and 2

We recall sufficient conditions for convergence of the fixed
point iteration (13) with T defined as in (16) [4, Ch. 2].

Lemma 2 (Convergence of DY splitting algorithm). Consider
the optimization problem (10). Assume

(i) f and g are CCP functions,
(ii) h is a convex function with γ-Lipschitz gradient,

(iii) zerpBf ` Bg ` ∇hq ­“ H,
(iv) α P p0, 2{γq.
Then the sequence twkukPN defined by (13), with T defined
as in (16), converges to some w‹ P zerpBf ` Bg ` ∇hq.

If g “ 0 in (16) then we retrieve (14) where Bg :“ Bf . This
lemma also implies convergence of the sequence attained
from (13), with T as in (14), to w‹ P zerpBg ` ∇hq under
the same assumptions on g and h. We now prove Theorem 2;
the proof of Theorem 1 is analogous and, hence, omitted.
Proof of Theorem 2: First, we show that the assumptions of
Lemma 2 hold, with f , g, and h defined as in (11).

(i) If a set C Ď Rn is convex, closed, and non-empty,
then its indicator function ιC is CCP [4, p.8]. Thus, since
f “ ιB|r1,Tini`Tfs

and B|r1,Tini`Tfs is a linear subspace of
RqpTini`Tfq [21], f is CCP [4, p.8]. Similarly, g is convex,
closed, since its epigraph is closed, and proper, as g is finite
if w “ colpwini, wfq for some wf and equals `8, otherwise.

(ii) Satisfied by design since Φ is positive definite.
(iii) Since wini P B|r1,Tinis and Tini ě ℓ, any trajectory of the

form wini ^ wf P B|r1,Tini`Tfs is feasible, ensuring zerpBf `

Bg ` ∇hq ‰ H.
(iv) This condition is satisfied by design.

By Lemma 2, wk Ñ w‹ P zerpBf ` Bg ` ∇hq as k Ñ 8.
Uniqueness of w‹ follows from Φ being positive definite and
the one-to-one correspondence established by Fact 2 between
solutions of (6) and (10).
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