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This thesis develops a hierarchy of Bayesian estimation methods for Wiener-type state-
space models, motivated by autonomous underwater vehicle (AUV) bathymetric mapping
and related robotic perception problems. The focus is on a class of models in which a known
linear dynamical process is observed through an unknown, possibly nonlinear output map
whose parameters must be inferred from noisy input-output data. In this setting, the
observation model is driven by latent, stochastic system states. The central objective is
to design parameter estimators that are both statistically accurate and computationally
tractable, enabling their embedding within navigation and mapping pipelines.

The work begins with a maximum a posteriori (MAP) estimator for identifying an
unknown output map, formulated as a linear time-varying (LTV) observation-model iden-
ti!cation problem. In this setting, the MAP estimation problem is posed over the entire
state-parameter trajectory and shown to be non-convex. A semide!nite-programming
(SDP) relaxation based on linear matrix inequalities (LMIs) is then derived to obtain a
conservative but tractable approximation, whose solution serves as a warm start for quasi-
Newton re!nement. Numerical experiments validate the e$cacy of the proposed method
in terms of estimation accuracy and computational e$ciency.

The thesis further develops a Bayesian a$ne minimum mean-squared error (MMSE)
estimator for parametric Wiener models, in which the static nonlinear observation function
is represented as a !nite combination of known basis functions. A key ingredient is the
dynamic basis statistics (DBS), which capture the mean and covariance of basis-function
evaluations along the stochastic state trajectory, thereby summarizing how process noise
propagates through the nonlinear observation model. Within this structure, a closed-form
optimal a$neMMSE estimator for the observation parameters is derived, expressed entirely
in terms of DBS, prior statistics, and noise covariances. The resulting closed-form error
expression is then used to design optimal inputs, also known as active learning, by selecting
input signals that further reduce the mean-squared error of the optimal a$ne estimator.
Specializing the framework to Fourier basis functions yields explicit DBS formulas thatmake
the a$ne MMSE estimator computationally tractable in this setting, while also revealing
an inherent inconsistency of the a$ne estimator for single-trajectory identi!cation under
stochastically unstable dynamics.

The framework is then extended beyond purely a$ne estimators by proposing a non-
linear estimator architecture based on !xed-point characterizations that couple two a$ne
MMSE estimators: one for the unknown parameters and another for the latent variables.
Two constructions are investigated. The dual basis-parameter (DB-P) estimator jointly
uses an a$ne estimator for basis-function evaluations and the a$ne parameter estimator,
whereas the dual state-parameter (DS-P) estimator !rst computes a$ne state estimates and
covariances, then maps these statistics through a Gaussian DBS operator to obtain updated
DBS. Both architectures give rise to coupled algebraic equations whose solutions can be
implemented as !xed-point iterations that alternate between updating parameter estimates
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and DBS or state statistics, using only means and covariances rather than full posterior
distributions. Numerical experiments on representative Wiener-type models illustrate the
e%ectiveness of these dual estimators and, in particular, the bene!ts of propagating both
parameter and latent-variable statistics within a uni!ed !xed-point framework.

In summary, the thesis develops a systematic perspective on Bayesian parameter estima-
tion forWiener-type models, starting with one-shot MAP formulations for LTV observation
models and progressing to a$ne MMSE estimators and dual nonlinear !xed-point schemes
built around DBS. Across these contributions, a recurring theme is the explicit exploitation
of problem structure, namely, semide!nite relaxations in the LTV setting and DBS in
the parametric nonlinear setting, to achieve estimators that are statistically principled
without requiring full posterior inference. The a$ne MMSE estimator is further shown
to be a natural building block for dual !xed-point architectures that propagate parameter
and latent-variable statistics using only the mean and covariance, thereby extending the
framework to more sophisticated nonlinear estimators. Collectively, these results o%er a
hierarchical set of Bayesian estimation tools for Wiener-type models and suggest a general
approach to tractable, structure-exploiting estimators for nonlinear state-space problems.
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Dit proefschrift ontwikkelt een hiërarchie van Bayesiaanse schattingsmethoden voor
Wiener-type toestandsruimtemodellen, gemotiveerd door bathymetrische kartering met
AUV’s en verwante problemen binnen de robotica. De focus ligt op een klasse modellen
waarin een bekend lineair dynamisch proces wordt waargenomen via een onbekende,
mogelijk niet-lineaire outputmap, waarvan de parameters moeten worden geschat uit met
ruis verstoorde input-outputdata. In deze context wordt het observatiemodel aangedreven
door latente, stochastische systeemtoestanden. Het centrale doel is het ontwikkelen van
parameterschatters die zowel statistisch nauwkeurig als computationeel tractabel zijn,
zodat ze kunnen worden ingebed in navigatie- en karteringspijplijnen.

Het onderzoek begint met een MAP-schatter voor het identi!ceren van een onbekende
outputmap, geformuleerd als een LTV-identi!catieprobleem voor observatiemodellen. In
deze context wordt het MAP-schattingsprobleem geformuleerd over het volledige toestand-
parametertraject en wordt aangetoond dat dit probleem niet-convex is. Vervolgens wordt
een relaxatie op basis van semide!niete programmering met lineaire matrixongelijkheden
afgeleid om een conservatieve maar tractabele benadering te verkrijgen, waarvan de op-
lossing dient als warm start voor een quasi-Newton-ver!jning. Numerieke experimenten
bevestigen de e%ectiviteit van de voorgestelde methode in termen van schattingsnauwkeu-
righeid en computationele e$ciëntie.

Daarna ontwikkelt het proefschrift een Bayesiaanse a$ene MMSE-schatter voor pa-
rametrische Wiener-modellen, waarin de statische niet-lineaire observatiefunctie wordt
gerepresenteerd als een eindige combinatie van bekende basisfuncties. Een essentieel
onderdeel hierbij is de DBS, die het gemiddelde en de covariantie van evaluaties van de
basisfuncties langs het stochastische toestandstraject vastlegt en daarmee samenvat hoe
procesruis zich door het niet-lineaire observatiemodel propageert. Binnen dit raamwerk
wordt de optimale a$ene MMSE-schatter voor de observatieparameters in gesloten vorm
afgeleid, volledig uitgedrukt in termen van de DBS, a-prioristatistieken en ruiscovarianties.
De resulterende gesloten uitdrukking voor de schattingsfout wordt vervolgens gebruikt
voor het ontwerpen van optimale inputs, ook bekend als active learning, door invoersigna-
len te kiezen die de gemiddelde kwadratische fout van de optimale a$ene schatter verder
verlagen. Door het raamwerk toe te passen op Fourier-basisfuncties ontstaan expliciete
DBS-formules die de a$ene MMSE-schatter in deze setting computationeel tractabel ma-
ken, terwijl tevens de inherente inconsistentie van de a$ene schatter bij identi!catie op
basis van een enkel traject onder stochastisch instabiele dynamica wordt aangetoond.

Vervolgens wordt het raamwerk uitgebreid voorbij puur a$ene schatters door een
niet-lineaire schattingsarchitectuur voor te stellen op basis van vastepuntformuleringen,
die twee a$ene MMSE-schatters koppelen: één voor de onbekende parameters en één voor
de latente variabelen. Daarbij worden twee constructies onderzocht. De DB-P-schatter
gebruikt gezamenlijk een a$ene schatter voor basisfunctiewaarden en de a$ene para-
meterschatter, terwijl de DS-P-schatter eerst a$ene toestandsschattingen en covarianties
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berekent en deze statistieken vervolgens via een Gaussiaanse DBS-operator afbeeldt om
de bijgewerkte DBS te verkrijgen. Beide architecturen leiden tot gekoppelde algebraïsche
vergelijkingen waarvan de oplossingen kunnen worden geïmplementeerd als vastepunt-
iteraties die afwisselend parameterschattingen en DBS- of toestandsstatistieken bijwerken,
waarbij uitsluitend gemiddelden en covarianties worden gebruikt in plaats van volledige
posterieure verdelingen. Numerieke experimenten op representatieve Wiener-type model-
len illustreren de e%ectiviteit van deze duale schatters en, in het bijzonder, de voordelen
van het gezamenlijk propageren van statistieken van parameters en latente variabelen
binnen een verenigd vastepunt-raamwerk.

Samenvattend ontwikkelt het proefschrift een systematisch perspectief op Bayesi-
aanse parameterschatting voor Wiener-type modellen, van one-shot MAP-formuleringen
voor LTV-observatiemodellen tot a$ene MMSE-schatters en duale niet-lineaire vastepunt-
schema’s gebaseerd op DBS. In al deze bijdragen staat het expliciet benutten van pro-
bleemstructuur centraal, namelijk semide!niete relaxaties in de LTV-setting en DBS in de
parametrisch niet-lineaire setting, om schatters te verkrijgen die statistisch gefundeerd
zijn zonder volledige posterior-inferentie te vereisen. De a$ene MMSE-schatter blijkt
daarbij een natuurlijk bouwblok voor duale vastepunt-architecturen die parameter- en
latente-variabelenstatistieken propageren met uitsluitend het gemiddelde en de covariantie,
waarmee het raamwerk wordt uitgebreid naar meer geavanceerde niet-lineaire schatters.
Gezamenlijk bieden deze resultaten een hiërarchische verzameling Bayesiaanse schattings-
instrumenten voor Wiener-type modellen en wijzen zij op een algemene benadering voor
tractabele, structuurbenuttende schatters voor niet-lineaire toestandsruimtemodellen.
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Bathymetric charts describe the sea&oor topography by mapping water depth as a function
of horizontal position. Accurate bathymetric maps are critical for maritime navigation
and route planning, coastal-zone management, and hazard assessment [78, 99]. They also
underpin the design, installation, and maintenance of subsea infrastructure, including
telecommunication and power cables, pipelines, and o%shore structures [108]. As demand
for o%shore energy, communication bandwidth, and marine resources continues to grow,
so does the need for reliable, high-resolution seabed maps.

Conventional bathymetric surveys are typically performed by crewed surface vessels
equipped with global navigation satellite systems (GNSS), such as the global positioning
system (GPS), for georeferencing and single- or multibeam sonar systems for depth mea-
surements [45]. Survey lines are often planned in “lawnmower” patterns to guarantee
coverage and strip overlap [48]. These practices can achieve high accuracy but they require
expensive ships, specialized crews, and signi!cant fuel and time resources, which limit
spatial and temporal coverage [78, 99]. After acquisition, individual soundings are inter-
polated onto regular grids to form digital terrain models, using methods such as kriging,
splines, or other spatial interpolators [25, 78]. These methods primarily focus on denoising
and gap-!lling while making relatively weak assumptions about the underlying seabed
structure. This combination can lead to conservative sampling densities and underuse of
domain-speci!c statistical patterns.

The high operational costs and limited &exibility of traditional surveys have driven a
shift towards more autonomous, scalable mapping strategies. Autonomous underwater
vehicles (AUVs) have emerged as a key technology in this context [150]. Equipped with
onboard navigation sensors, sonar payloads, and mission controllers, AUVs can operate
close to the sea&oor, follow complex trajectories, and conduct high-resolution surveys
in regions that are di$cult or hazardous for surface vessels. Multiple AUVs can operate
concurrently, increasing coverage while reducing dependence on large survey ships [150].
AUV-based bathymetric simultaneous localization and mapping (SLAM) has become a
vibrant research area, with recent reviews summarizing advances in navigation, mapping,
and loop-closure techniques tailored to bathymetric data [83].
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At the algorithmic level, recent work has begun to move from interpolation-centric
terrain models towards probabilistic, model-driven representations of the seabed. Gaussian-
process-based bathymetric SLAM, for example, models depth as a spatially correlated
random !eld, enabling simultaneous estimation of vehicle pose and sea&oor elevation with
quanti!ed uncertainty [74]. Other approaches exploit machine learning and statistical
methods to retrieve bathymetry from multisensor data, including optical imagery and
airborne laser bathymetry [72, 149]. Related bathymetric SLAM frameworks explicitly
incorporate prior bathymetric maps into distributed particle !lters to improve both naviga-
tion and mapping performance [8–10]. These methods leverage statistical patterns in the
data and existing charts to improve map consistency and provide principled uncertainty
estimates, which are valuable for risk-aware planning and follow-up survey design.

Despite these advances, underwater mapping remains challenging. Navigation is partic-
ularly di$cult because absolute position !xes (e.g., GPS) are unavailable underwater, and
acoustic communication is intermittent and bandwidth-limited [83, 99]. As a result, AUVs
must rely on onboard estimation algorithms that fuse inertial, acoustic, and bathymetric
cues to maintain an accurate belief over their state. At the same time, there is a growing
awareness of the ecological impact of repeated surveys: extensive sea&oor coverage can
disturb sensitive benthic habitats, and regulatory frameworks increasingly constrain where
and how long vehicles may operate [72, 99]. This tension between the need for detailed
maps and the imperative to minimize environmental disturbance motivates methods that
can extract as much information as possible from limited data.

In this context, there is a strong incentive to develop probabilistic mapping and estima-
tion algorithms that (i) explicitly model the coupling between vehicle dynamics, sensor
noise, and sea&oor structure, (ii) provide both point estimates and uncertainty quanti!cation
for the seabed map, and (iii) can be integrated with planning and safety veri!cation tools
for autonomous operation. From a modeling perspective, this naturally leads to state-space
formulations in which the vehicle dynamics are described by a (known or identi!ed) linear
or linearized model, and the seabed is represented as an unknown function of the vehicle
state, observed through noisy measurements. Nonparametric models, such as Gaussian
processes (GPs) and other kernel or data-driven methods, can &exibly capture unknown
nonlinear seabed structures and have been successfully applied to bathymetric mapping
and retrieval tasks [72, 74, 149]. However, when embedded in dynamical state-space models,
the resulting probabilistic inference problems can become computationally demanding,
and closed-form expressions are rarely available. As such, the present thesis focuses on
Bayesian estimation of parametric observation models, with an emphasis on tractable,
closed-form or !xed-point estimation architectures that are well suited for integration into
larger navigation and mapping pipelines.

1.1 B&+%*$&" %*)$(&)$!" $"W$%"%’3)+4% (!2%#*
AUVs operating in deep-sea environments face challenges arising from the interplay
between vehicle dynamics and an unknown nonlinear seabed observation model. The
bathymetric mapping task, as illustrated in Figure 1.1, can be abstracted as a class of
dynamical systems in which a known linear process evolves in time and is observed
through an unknown static nonlinear output function. This structure is commonly referred
to as a Wiener model: a linear dynamical block followed by a static nonlinearity [129]. We
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Figure 1.1: Autonomous underwater vehicle bathymetric mapping.

consider a discrete-time linear time-varying (LTV) state-space model

x𝜔+1 = A𝜔x𝜔 + B𝜔u𝜔 + w𝜔+1, 𝜔 = 0,… , 𝜀 ω 1, (1.1)

where x𝜔 ε ℝ𝜗x is the system state vector, A𝜔 ε ℝ𝜗xϑ𝜗x and B𝜔 ε ℝ𝜗xϑ𝜗u are known system
matrices, and u𝜔 ε ℝ𝜗u is a vector of known or controlled inputs. The process noise
w𝜔+1 ε ℝ𝜗x is modeled as a zero-mean random vector with known covariance ϖw𝜔+1 , and
the initial state x0 is drawn from a known distribution. In the AUV bathymetric mapping
example, x𝜔 may encode the vehicle’s position, orientation, and possibly additional internal
states, while u𝜔 represents commanded velocities or other control inputs. The system is
observed through a static nonlinear output map

y𝜔 = 𝜛𝜚(x𝜔) + v𝜔 , 𝜔 = 0,… , 𝜀 , (1.2)

where y𝜔 ε ℝ𝜗y is the observation vector, v𝜔 ε ℝ𝜗y is measurement noise with known
covariance ϖv𝜔 , and 𝜛𝜚 ϱ ℝ𝜗x ⋛ ℝ𝜗y is an unknown static nonlinear function parameterized
by the unknown variables 𝜚 ε ς. In the bathymetric mapping setting, y𝜔 can be interpreted
as a depth-type measurement.

Given the static output map (1.2) and the state representation in (1.1), together with
the sequence of measurements y = [y0,… , y𝜀 ]

T, the Bayesian estimation framework seeks
an estimator 𝜍𝜚(⋜) that minimizes an expected loss function ⋝(⋜, ⋜) associated with a chosen
performance criterion [76, Ch. 4] as

min
𝜍𝜚(⋜)εF𝜚

"⌋⋝⌈𝜚, 𝜍𝜚(y)⌉{ = min
𝜍𝜚(⋜)εF𝜚

}
ℝ𝜗y(𝜀+1)ϑς

⋝⌈𝜚, 𝜍𝜚(y)⌉𝜑(𝜚, y)d𝜚dy, (1.3)

where F𝜚 ϱ=
⦃
𝜍𝜚ϱ ℝ𝜗y(𝜀+1) ⋛ ς

⦄
denotes the class of all estimators, 𝜀 + 1 is the length

of the data sequence, and ς is the parameter space. It can be shown [76, Ch. 4] that
solving (1.3) is equivalent to computing, for each realization of the observations y, an
estimator of the form

𝜍𝜚(y) = argmin
𝛻ες

}
ς
⋝(𝜚,𝛻)𝜑(𝜚 φy)d𝜚, (1.4)
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which depends on the posterior distribution 𝜑(𝜚 φ y). Among the many loss functions
that can be considered in the Bayesian framework, two common choices are norm-based
losses, such as the squared Euclidean norm ⋝(𝜚,𝛻) = ⟨𝜚 ω 𝛻⟨2, and the indicator-type
loss ⋝(𝜚,𝛻) = 1 ω 1⟨𝜚ω𝛻⟨∇⋞𝜕(𝜚). The the squared Euclidean norm loss yields the minimum
mean-squared error (MMSE) estimator,

𝜍𝜚MMSE = "[𝜚 φy] = }
ς
𝜚 𝜑(𝜚 φy) d𝜚 = }

ς
𝜚 𝜑(y φ𝜚)𝜑(𝜚) d𝜚, (1.5)

whereas the indicator-type loss, also known as the Notch function loss [76, Ch. 4], penalizes
all estimates outside an 𝜕-neighborhood of the true parameter. In the limiting case 𝜕 ⋛ 0,
the corresponding Bayesian estimator for this latter loss function converges to themaximum
a posteriori (MAP) estimator, de!ned by

𝜍𝜚MAP = argmax
𝜚

𝜑(𝜚 φy) = argmax
𝜚

𝜑(y φ𝜚)𝜑(𝜚), (1.6)

where the last equalities in (1.5) and (1.6) follow from Bayes’ rule. Both the MMSE and
MAP estimators thus require two probabilistic ingredients:

(i) Prior: a prior distribution for the unknown parameter vector, with density 𝜑(𝜚);

(ii) Likelihood: a likelihood function that describes the relation between the data and
the parameters, given by the conditional density 𝜑(y φ𝜚).

In the bathymetric mapping context, the prior 𝜑(𝜚) could in principle be informed
by coarse-resolution legacy charts, results from previous missions in the same region, or
generic assumptions about seabed roughness and variability.

A central di$culty in computing the Bayesian estimator 𝜍𝜚 in (1.4) arises from the
posterior distribution 𝜑(𝜚 φ y). The state sequence {x𝜔}𝜀𝜔=0 is stochastic and correlated
in time due to the process noise and the dynamics in (1.1). Consequently, the “inputs”
to the output function (1.2), i.e., {x𝜔}, are neither directly observed nor independently
distributed. This latent and correlated nature of the states complicates the speci!cation
and evaluation of the likelihood 𝜑(y φ 𝜚). Even when the likelihood is well de!ned, the
resulting MAP estimator (1.6) generally leads to a non-convex optimization problem in
𝜚, and the integral in the MMSE estimator (1.5) typically has no closed-form solution.
For the Wiener-type models of interest, these challenges make exact Bayesian MMSE or
MAP estimation analytically intractable and motivate the development of approximate
inference techniques. The next section provides an overview of commonly used methods
for addressing this intractability and discusses how the tractable estimators proposed in
this thesis exploit the special structure of the Wiener setting.

1.2 E5$*)$"/ &44’!&,6%*
The Bayesian estimation problems outlined in Section 1.1 sit at the intersection of nonlinear
system identi!cation and Bayesian state-space inference. This section brie&y reviews
common modeling choices for observation functions in Wiener-type systems and the main
classes of inference algorithms used to tackle the resulting estimation problems.
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1.2.1 N!"#$"%&’ *+*)%( $2%")$7$,&)$!"
A standard way to model nonlinear dynamical systems is to start from a linear state-space
description and introduce structured nonlinearities in the input or output channels [87,
103, 133]. Block-oriented models, such as Hammerstein, Wiener, and Hammerstein-Wiener
structures, are particularly popular because they combine interpretability with moderate
complexity [46, 129, 154]. In the Wiener case, which is central to this thesis, a linear
dynamic block is followed by a static nonlinear function acting on the state or output
signal. Several forms of parametrization of the static nonlinearity have been studied in the
literature. Classical approaches use polynomials or piecewise-polynomial functions, often
combined with separable least-squares or two-stage identi!cation schemes [4, 129]. Other
works employ basis-function expansions, such as radial basis functions (RBFs), so that the
nonlinear map becomes linear in a !nite set of parameters [3, 109, 129].

Beyond parametric models, nonparametric and kernel-based methods provide &exible
alternatives for representing static nonlinearities. These include kernel-based regularization
methods for linear and nonlinear systems [31, 110] and Gaussian process (GP) models for
static maps embedded in dynamical systems [117]. In the bathymetric mapping setting,
GP-based models have been used to represent sea&oor elevation !elds and to perform
bathymetric SLAM with uncertainty quanti!cation [74]. While highly expressive, such
nonparametric models can be computationally demanding when combined with full state-
space dynamics and joint state-parameter inference.

The present thesis focuses on parametric observation models in Wiener-type systems,
in which the static nonlinearity is represented as follows:

(i) Chapter 2: An LTV observation model, in which the nonlinear map is approximated
by a piecewise linear time-varying model

y𝜔 = C𝜔x𝜔 + v𝜔 , 𝜔 = 0,… , 𝜀 , (1.7)

where C𝜔 represents the unknown slope (or gain) of each linear segment. Figure 1.2
illustrates such a piecewise a$ne approximation in the context of bathymetric map-
ping, where the solid red curve represents an underlying nonlinear function, the
blue markers denote sampled data points, and the blue dashed segments depict the
piecewise linear interpolation between samples.

(ii) Chapters 3 and 4: A basis expansion with a !nite-dimensional parameter vector,

y𝜔 =
N

⟩
𝜗=0

𝜚𝜗ℵ𝜗(x𝜔) + v𝜔 , 𝜔 = 0,… , 𝜀 , (1.8)

where the unknown observation function is represented as a !nite sum of known
basis functions ℵ𝜗(x𝜔) with unknown coe$cients 𝜚𝜗.

While the piecewise linear model in Chapter 2 can perform well within observed input
ranges, it cannot extrapolate to unseen states and lacks probabilistic error guarantees. The
nonlinear basis-function expansion adopted in Chapters 3 and 4 helps overcome these
limitations by providing a smoother functional representation and, in the Bayesian setting,
explicit access to closed-form parameter estimates and their estimation-error covariance.
In addition, these two chapters specialize the novel estimation methods to Fourier basis
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x

𝜛(x)

Figure 1.2: Piecewise a$ne approximation of a nonlinear function from sampled data.

functions and thereby connect to the framework of random Fourier features, which approx-
imate shift-invariant kernel machines via randomized low-dimensional feature maps with
probabilistic approximation guarantees [115]. In principle, employing such random feature
constructions in conjunction with an extension of the estimation methods proposed in
Chapters 3 and 4 can reduce computational cost while retaining kernel-style &exibility
and theoretical approximation guarantees. This combination is attractive for bathymetric
mapping in regimes where nonparametric function classes are more suitable.

1.2.2 B&+%*$&" %*)$(&)$!" (%)6!2*
When both the process and observation models are linear and the noise is Gaussian, the
Bayesian !ltering and smoothing problems admit closed-form solutions via the Kalman
!lter and the Rauch–Tung–Striebel (RTS) smoother [70, 119]. These classical algorithms
provide optimal MMSE estimates of the state trajectory and form the foundation of many
state-estimation and navigation systems [7, 126]. Parameter estimation in dynamical
systems, however, is more challenging because it involves two coupled sets of unknowns:
the parameters 𝜚 and the latent state trajectory {x0,… , x𝜀 }. The presence of the unknown
system states fundamentally complicates the design of the parameter estimator 𝜍𝜚(y) in (1.4)
and has led to a wide range of solution methods.

In this thesis, we classify parameter-estimation methods according to their algorithmic
structure for handling the latent states, distinguishing between one-shot optimization and
!xed-point characterization techniques, as shown in Figure 1.3. In the one-shot optimization
approach, a single loss function is minimized with respect to either 𝜚 alone or both 𝜚 and
the latent state trajectory {x0,… , x𝜀 }. As such, the state trajectory is either marginalized
out analytically or optimized jointly within the same objective, without introducing a
separate loss function dedicated solely to the latent states. We refer to this paradigm as
cooperative, since the unknown parameters and states are treated within one collective
optimization problem whose ultimate purpose is to construct 𝜍𝜚(y). By contrast, !xed-
point characterization techniques introduce two coupled estimators, one for 𝜚 and one
for {x0,… , x𝜀 }. Each estimator is de!ned as the minimizer of its own loss function of
the form (1.4), while using the output of the other estimator as part of its input. This
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Parameter estimator
𝜍𝜚(y)

Cooperative viewpoint:
one-shot optimization

Competitive viewpoint:
"xed-point characterization

Figure 1.3: Taxonomy of parameter-estimation methods considered in this thesis, grouped according to the
algorithmic structure of the unknown-parameter estimator.

competitive paradigm leads to iterative schemes in which the parameter and state estimators
are updated in turn, and under suitable conditions the iterates converge to a !xed point
that simultaneously satis!es the local optimality conditions of both estimators.

O"%3*6!) !4)$($8&)$!": & ,!!4%’&)$-% -$%14!$")
In this class, the estimation problem is formulated as the minimization of a single loss
function, without alternating between separate state- and parameter-estimation steps.
Within this one-shot optimization paradigm, the decision variables are either (i) associated
only with parameter-only estimators, where the latent state process enters the objective
function solely through its contribution to the marginal data likelihood [41, 61], or (ii) the
states and parameters jointly, by embedding the parameters into an augmented state vector
and applying a single !lter or smoother to this enlarged model [30, 71, 87].

In the parameter-only setting, when the system dynamics are linear and Gaussian,
a standard approach is to treat the latent state trajectory as a nuisance variable and ex-
press the likelihood of the measurements given the parameters via the prediction-error
decomposition obtained from a single run of the Kalman !lter [41, 61, 73]. The resulting
likelihood is then optimized directly with respect to the parameters, while state trajectories
are subsequently reconstructed, if needed, in a separate smoothing step under the !tted
model [41]. For nonlinear state-space models, related ideas have been pursued by construct-
ing tractable variational lower bounds on the marginal likelihood and optimizing these
bounds with respect to the model parameters (and associated variational quantities), rather
than designing an explicit alternating state-parameter estimator [34]. This non-iterative
parameter-only viewpoint also underlies the MAP and MMSE estimators developed in
Chapters 2 and 3, respectively, where state-related uncertainty is summarized through
suitable statistics and the resulting optimization problem is solved with respect to the
decision variables of the parameter-only estimators.

A structurally di%erent subclass within one-shot optimization comprises augmented
state-parameter methods. In these approaches, the unknown parameters are modeled as
additional, often static or slowly varying, state components. Consequently, the prediction-
update recursions propagate a joint estimate of the state-parameter vector without explicitly
separating the two estimation tasks [30, 71]. These estimators thus perform joint state-
parameter inference, but di%er from parameter-only methods and alternating estimators in
that they neither marginalize out the latent state process nor alternate between separate
state- and parameter-inference steps. Instead, state and parameter information is updated
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(I)
Parameter estimator

(II)
State estimator

{y0,… , y𝜀 } 𝜑(x0,… , x𝜀 )𝜑(𝜚)

Sx0 ,…,x𝜀

S𝜚

Figure 1.4: Block diagram of !xed-point characterization algorithms for joint state and parameter estimation. The
parameter estimator block (I) produces parameter summaries S𝜚 that are fed into the state estimator block (II),
while the state estimator block returns state-related summaries Sx0 ,…,x𝜀 back to the parameter estimator block.
Depending on the method, these summaries may correspond to point estimates, smoothing distributions, particle-
based trajectory samples, or pairs of estimates and estimation-error covariances.

together within a single recursive inference mechanism, so that the augmented state
estimation directly in&uences the parameter estimates, resulting in simultaneous state-
parameter estimation [19].

F$5%234!$") ,6&’&,)%’$8&)$!": & ,!(4%)$)$-% -$%14!$")
The !xed-point characterization techniques, on the other hand, comprise approaches that
di%er mainly in how they estimate the latent state trajectory or its posterior distribution
and feed this information into a parameter estimator. In this class of methods, state
and parameter estimator steps are iterated and exchange information, as illustrated in
Figure 1.4. In this abstract architecture, {y0,… , y𝜀 }, 𝜑(x0,… , x𝜀 ), and 𝜑(𝜚) denote the
measurement sequence, the prior density of the full state trajectory, and the prior density
of the unknown parameters, respectively. The “Parameter estimator” block (I) and “State
estimator” block (II) represent the parameter- and state-estimation components, and their
outputs S𝜚 and Sx0 ,…,x𝜀 denote statistical summaries that, depending on the speci!c method,
may correspond to point estimates [104], smoothing distributions [38], particle-based
trajectory samples [2, 71], or pairs of estimates and estimation-error covariance, as in the
dual estimator proposed in Chapter 4.

A canonical method in this category is the expectation-maximization (EM) algorithm,
which is a standard tool for maximum likelihood and MAP estimation in latent variable
models [38]. In the dynamical system context, EM alternates between
(i) E-step: computes (or approximates) the posterior distribution of the latent state tra-

jectory given the current parameter estimates. This step corresponds to the “State esti-
mator” block (II) in Figure 1.4, and the posterior distribution 𝜑(x0,… , x𝜀 φy0,… , y𝜀 , 𝜚)
plays the role of the state-related summary statistics Sx0 ,…,x𝜀 ;

(ii) M-step: maximizes, with respect to the model parameters, the expected complete-data
log-likelihood under this current smoothing distribution of the latent states [53, 132].
This step corresponds to the “Parameter estimator” block (I) in Figure 1.4, and the
resulting point estimate 𝜍𝜚 plays the role of the parameter summary statistics S𝜚.
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For linear Gaussian models, both steps admit closed-form expressions, and EM can be
implemented using Kalman !ltering and RTS smoothing in the E-step [53, 126, 132].

For nonlinear or non-Gaussian state-space models, exact smoothing is typically in-
tractable, and EM must rely on approximations in the E-step. Approaches include extended
or unscented Kalman smoothers, particle smoothers, and other approximate Bayesian
smoothers, often combined with gradient-based or numerical optimization in the M-
step [58, 127], except in special cases where the nonlinearities are modeled by Gaussian
radial basis functions (RBFs), for which the M-step admits a closed-form solution [54].
While EM retains an appealing interpretation and can work well in practice, approximate
E-steps can violate the monotonic-likelihood property of the exact EM algorithm, which
in turn can lead to sensitivity to initialization and convergence to suboptimal modes [5].
Additionally, in these cases the resulting objective function in the M-step is generally
non-convex and computationally demanding.

Beyond EM, a second family of this iterative methods explicitly separates the state
and parameter updates into two coupled estimator components, where each solves a MAP
problem given that the other unknown is !xed. Dual Kalman !lters (and their smoother
counterparts) are classical examples: one estimator focuses on the latent state trajectory
given the parameter estimates, while a second estimator focuses on the parameters given
the state estimates, and the two are iterated until convergence or until the estimates
stabilize [63, 65, 104, 114]. This architecture can also be viewed in Figure 1.4, where the
resulting point estimates {𝜍x0,… ,𝜍x𝜀 } and 𝜍𝜚 play the role of the state and parameter summary
statistics Sx0 ,…,x𝜀 and S𝜚, respectively.

In these schemes, the updated state and parameter estimates produced by one compo-
nent are fed into the other at the next iteration. Variants of this idea have been developed
using extended or unscented Kalman !lters for the state and parameter blocks, as well as
ensemble-based and other approximate Gaussian !lters [125, 147, 148]. These methods
share the same alternating state-parameter structure at the algorithmic level as EM, but are
conceptually distinct from EM in that they propagate point estimates and solve separate
MAP problems rather than optimizing an explicit marginal likelihood. Consequently, these
methods can be viewed as implementing a deterministic two-block !xed-point iteration
for joint Bayesian state-parameter estimation [90].

Another instantiation of the !xed-point characterization paradigm arises in fully
Bayesian methods for joint state-parameter inference in nonlinear state-space models.
In these approaches, at each iteration, sequential Monte Carlo (SMC) smoothers draw
entire state trajectories from an approximation of the conditional state posterior distribu-
tion 𝜑(x0,… , x𝜀 φy0,… , y𝜀 , 𝜚) under the current parameter values, typically by combining
a forward particle !lter with a backward-smoothing pass to obtain weighted trajectory
samples that represent the latent state posterior [21, 32, 40, 57]. Using these candidate
trajectories from the smoothing distribution, the parameters are then updated from their
conditional distribution given the sampled trajectory, as in particle Markov chain Monte
Carlo (PMCMC) schemes such as particle marginal Metropolis–Hastings (MH) and particle
Gibbs [2].

In this setting, the particle smoother naturally forms the “State estimator” block (II) of
the alternating architecture in Figure 1.4, and parameter updates, i.e., “Parameter estimator”
block (I), are performed on the basis of entire smoothed trajectories rather than solely
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on !ltering distributions [71]. As such, in Figure 1.4, trajectory samples {𝜍x0,… ,𝜍x𝜀 } and 𝜍𝜚
play the role of the state and parameter summary statistics Sx0 ,…,x𝜀 and S𝜚, respectively.
These algorithms have been successfully employed in Bayesian identi!cation of stochastic
nonlinear state-space models, where accurate smoothing is crucial for learning dynamics
and quantifying uncertainty [138]. Although these methods are usually presented as
components of a single composite sampler, their roles mirror the deterministic alternating
schemes discussed earlier: smoothed trajectory samples provide posterior information
about the latent dynamics to the parameter update, and updated parameters in turn de!ne
the state-space model used in the next smoothing or !ltering step. In this sense, particle
smoothing with parameter updates provides a fully stochastic counterpart to the !xed-
point characterization algorithms in the taxonomy, with the iterations implemented via
coupled Monte Carlo updates rather than closed-form or deterministic estimators, but still
grounded in the same joint state-parameter estimation objective [26].

A fourth !xed-point characterization architecture, developed in Chapter 4, is based on
dual a$ne Bayesian MMSE estimators that operate on !rst- and second-moment statistics
rather than full smoothing distributions or pure point estimates. In this framework, one
a$ne MMSE estimator targets the nonlinear observation parameters, while a second a$ne
MMSE estimator targets either basis-function statistics or the latent states themselves,
and the two components are coupled via dynamic basis statistics (DBS), which summa-
rize nonlinear basis-function evaluations in terms of means and covariances. Each dual
estimator admits a !xed-point characterization in which the parameter- and state-related
moments are updated in a Jacobi-style two-block iteration process, with the outputs of
one a$ne MMSE block providing the prior statistics for the other. As such, Sx0 ,…,x𝜀 and
S𝜚 in Figure 1.4 correspond to pairs of estimates and estimation-error covariances rather
than complete distributions or point estimates. This moment-based dual structure di%ers
from the EM and dual Kalman schemes, which respectively alternate between smoothing
distributions and point-estimate smoothers, and from PMCMC methods, which alternate
between state trajectory and parameter samples. At the same time, our proposed dual
structure retains a deterministic, closed-form update structure grounded in the same joint
Bayesian state-parameter estimation scheme. We summarize the speci!c contributions
of each chapter with respect to this taxonomy and outline the overall structure of the
dissertation in the subsequent sections.

1.3 T6%*$* ,!")’$9.)$!"*
This thesis develops a hierarchy of Bayesian estimation methods for Wiener-type state-
space models, organized according to the taxonomy of parameter estimators in Figure 1.3.
Throughout the thesis, the numerical experiments are synthetic, with system dynamics,
parameter variations, and noise levels chosen to be qualitatively representative of AUV
bathymetric mapping and related robotic perception scenarios.

MAP estimator for LTV observation models. At one end of the spectrum, Chapter 2
develops a one-shot optimization method for Bayesian maximum a posteriori (MAP)
estimation of linear time-varying (LTV) observation maps and shows how a non-convex
smoothing problem can be approximated by a tractable SDP relaxation that warm-starts a
quasi-Newton local optimizer with superlinear convergence rate. Numerical experiments
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indicate that the resulting estimator achieves lower parameter-estimation error than EM and
dual Kalman smoother (DKS) approaches from the !xed-point characterization category,
particularly as the process-noise uncertainty increases. This contribution is based on [139]:

“Linear Time-Varying Parameter Estimation: Maximum A Posteriori Approach
via Semide!nite Programming,” Sasan Vakili, Mohammad Khosravi, Peyman
Mohajerin Esfahani, and Manuel Mazo Jr., IEEE Control Systems Letters, vol. 8,
pp. 73–78, 2023.

A!ne MMSE estimators for Wiener models. Chapter 3 focuses on a one-shot opti-
mization method for parametric Wiener models with nonlinear basis-function observation
maps. We derive a closed-form optimal a$ne MMSE estimator together with an active
input design strategy that exploits the analytical MMSE expression. This work targets
Bayesian MMSE estimation by marginalizing the latent states through the dynamic basis
statistics (DBS), which summarize the e%ect of state uncertainty on nonlinear basis-function
evaluations in terms of their means and covariances. We further analyze the consistency of
the estimator under suitable assumptions. Extensive numerical experiments demonstrate
that explicitly capturing this contribution of latent-state uncertainty through DBS leads
to almost surely lower parameter estimation mean-squared error (MSE) than classical
regularized least-squares estimators, which implement a prediction-error minimization
approach within the one-shot optimization category of the parameter-estimator taxonomy
in Figure 1.3. This contribution is based on [140]:

“Optimal Bayesian A$ne Estimator and Active Learning for theWiener Model,”
Sasan Vakili, Manuel Mazo Jr., and Peyman Mohajerin Esfahani, Transactions
on Automatic Control, under revision, 2025.

Dual a!ne MMSE estimators and "xed-point characterization. Chapter 4 develops
nonlinear dual estimator architectures that sit at the !xed-point characterization end
of the taxonomy in Figure 1.3. Building on the a$ne MMSE parameter estimator and
the dynamic basis statistics (DBS) framework from Chapter 3, we construct two coupled
a$ne MMSE estimators: one for the observation parameters and one for latent quantities.
These two a$ne estimators are interconnected through DBS so that each block uses the
other’s mean and covariance estimates as prior information. The dual basis-parameter
(DB-P) estimator combines an a$ne estimator for basis-function evaluations with the
a$ne parameter estimator, while the dual state-parameter (DS-P) estimator !rst computes
a$ne state estimates and their covariances and then maps these state statistics through a
Gaussian DBS operator to obtain basis statistics, thereby exploiting the system dynamics
more directly. Both dual architectures admit !xed-point characterizations implemented
by Jacobi-style two-block iterations, as in Figure 1.4, that exchange only !rst- and second-
order moments between the parameter and state (or basis) estimator blocks, providing
a deterministic moment-based alternative to EM, dual Kalman, and PMCMC schemes.
Extensive Monte Carlo experiments show that the DS-P estimator systematically achieves
the lowest empirical parameter MSE, outperforming the a$ne MMSE estimator from the
one-shot optimization class, the DB-P estimator, and fully Bayesian particle-Gibbs and EM
methods from the !xed-point characterization class in Wiener models with Fourier basis
functions. This contribution is based on [141]:
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“Nonlinear Bayesian Estimator for Parameter Learning: A Fixed-Point Charac-
terization,” Sasan Vakili, Daniël Woonings, Pradyumna Paruchuri, and Peyman
Mohajerin Esfahani, Journal of Machine Learning Research, under review, 2026.

1.4 T6%*$* !.)#$"%
The bulk of the thesis is based on journal papers that are published or under review. Each
technical chapter is written to be largely self-contained, with its own notation, assumptions,
and detailed proofs, so that it can be read independently of the others. The dissertation is
organized as follows:

• Chapter 1: Introduction.
The present chapter motivates the problem from the perspective of AUV-based bathy-
metric mapping, formulates the Bayesian estimation problems in Wiener-type state-
space models, reviews existing approaches in nonlinear system identi!cation and
Bayesian estimation methods, and introduces the taxonomy of parameter estimators
that underpins the subsequent chapters.

• Chapter 2: Time-varying parameter estimators for linear systems.
This chapter develops a MAP estimator formulation for the parameters of linear
time-varying (LTV) observation models, derives a nonconvex optimization problem
based on the full trajectory model, and presents a semide!nite-programming (SDP)
relaxation that warm-starts a quasi-Newton re!nement. We illustrate the proposed
MAP estimator on a synthetic LTV system with randomly generated parameters that
mimic plausible variation rates in observation models. The synthetic experimental
study benchmarks the proposed estimator against the DKS and EM approaches, and
compares estimation accuracy and computational e%ort.

• Chapter 3: A!ne estimators and active learning for Wiener models.
This chapter introduces the Bayesian MMSE setting for Wiener models, de!nes the
dynamic basis statistics (DBS), and derives the optimal a$ne MMSE parameter esti-
mator together with its key properties, including estimation mean and covariance
statistics, error monotonicity, and consistency. The framework is then specialized
to Fourier bases, with explicit DBS formulas and the associated inconsistency phe-
nomenon discussed for this choice of basis functions. Finally, the chapter presents
an active input design procedure and evaluates the estimator’s performance, both
with and without this procedure, against classical regularized least-squares methods.
The performance of the a$ne MMSE estimator is evaluated on synthetic Wiener
models designed to re&ect both low and high process-noise regimes, with parameter
magnitudes that stress-test the method in uncertain environments.

• Chapter 4: Nonlinear estimators via "xed-point characterization.
This chapter formulates the nonlinear dual estimator architecture that couples a$ne
MMSE parameter and latent-variable estimators via dynamic basis statistics (DBS),
leading to !xed-point characterizations and Jacobi-style iterations. The dual basis-
parameter (DB-P) and dual state-parameter (DS-P) variants are developed, and their
per-iteration complexity is analyzed. The convergence behavior of these dual esti-
mators is examined empirically, and extensive Monte Carlo studies provide a com-
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prehensive comparison of the two dual estimators with the a$ne MMSE baseline
and SMC-based methods, including Particle Gibbs and EM. The dual estimators are
tested on synthetic Wiener-type models similar to those in Chapter 3, again with
parameters and noise levels chosen to stress-test the method.

• Chapter 5: Conclusions.
The !nal chapter synthesizes the main insights from the preceding chapters and
discusses the implications for Bayesian identi!cation of Wiener-type models. The
thesis then outlines several directions for future research, including asymptotic anal-
ysis, extensions to richer model classes, recursive implementations, and real-time
implementations for AUV-based bathymetry.
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This chapter studies the problem of identifying a linear time-varying output map frommeasure-
ments and linear time-varying system states, which are perturbed with Gaussian observation
noise and process uncertainty, respectively. Employing a stochastic model as prior knowl-
edge for the parameters of the unknown output map, we reconstruct their estimates from
input-output pairs via a Bayesian approach to optimize the posterior probability density of
the output map parameters. The resulting problem is a non-convex optimization, for which
we propose a tractable linear matrix inequalities approximation to warm-start a !rst-order
subsequent method. The e"cacy of our algorithm is shown experimentally against classical
expectation-maximization and dual Kalman smoother approaches.

This chapter is based on! S. Vakili, M. Khosravi, P. Mohajerin Esfahani, and M. Mazo Jr. “Linear Time-Varying
Parameter Estimation: Maximum A Posteriori Approach via Semi-de!nite Programming,” IEEE Control Systems
Letters, vol. 8, pp. 73–78, 2023 [139].
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2.1 I")’!2.,)$!"
Bayesian approaches for estimating characteristics of dynamical systems have been a
subject of studies for decades and have recently received extensive attention [7, 144]. In
systems theory, the signi!cance of the Bayesian approach is highlighted in state estimation
of dynamical systems [69, 118], e.g., through the celebrated recursive Kalman !lter. The
Rauch–Tung–Striebel (RTS) smoother counterparts [118], on the other hand, are (o’ine)
iterative non-causal algorithms incorporating future measurements into the current state
estimation.

An alternative to Bayesian estimation, which requires a prior distribution of the pa-
rameters of interest, is the minimax estimation approach, assuming instead the knowledge
of ambiguity sets. The least favorable uncertainty model from this ambiguity set is then
used for estimation [106, 131, 152, 153]. In this chapter, we focus instead on designing a
classical smoother for a di%erent problem: system parameters estimation from input-output
measurements via Bayesian estimation. This problem arises in, e.g., robot mapping in
unknown environments, such as Autonomous Underwater Vehicles (AUVs) operating in
the deep sea where global positioning is expensive due to low visibility and lack of radio
communications.

Given unknown parameters with random states, applying a Bayesian estimation frame-
work leads to severe non-convexities in the resulting optimization problem. As such,
iterative schemes are typically employed to overcome theses non-convexities. Assum-
ing the parameters also follow a statistical formulation, two main types of smoother
approaches, dual Kalman smoother (DKS) and expectation-maximization (EM), are available
in the literature [63].

Dual Kalman smoothers (and !lters) attempt to maximize the joint probability space of
parameters and state (conditioned on input and output observations), iterating between
estimating the system states using the last parameters’ estimates followed by estimating
the parameters from the currently estimated states. Although DKS is computationally
e$cient according to its recursive structure, its estimation performance can be signi!-
cantly suboptimal due to the bilinearity between the parameters and states. Unlike DKS,
expectation-maximization learns the parameters of statistical models by maximizing the
posterior distribution of the parameters from the observed data and their prior density
function when incomplete data or hidden variables exist [11, 86, 155].

Considering the states of a dynamical system as hidden variables [53, 124, 127], EM
estimates the parameters of a dynamical system in two steps by integrating all possible
values of the states in which the model could have generated the observations. The
distribution over hidden variables is maximized in the E-Step using the parameters estimates
from the previous iteration. Subsequently, the M-Step maximizes a lower bound of the
original cost by !xing the hidden variables distribution to the one optimized in the E-Step.
A closed-form solution of the M-Step is provided in [53] for estimating the parameters of
linear time-invariant (LTI) dynamical systems and in [63, Chapter 6] for estimating the
parameters of a Gaussian radial basis function (RBF) approximator. Both solutions consider
the maximum likelihood case, where no prior exists for the parameters.

Finding a closed-form expression for the parameters update in the M-Step of a maxi-
mum a posteriori (MAP) smoothing problem when the parameters are time-varying and in
the presence of a priori knowledge is non-trivial. This challenge leads to a slow conver-
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gence of the EM algorithm utilizing computationally demanding approaches to solve the
optimization in M-step, e.g., !rst-order methods. The slow convergence of EM is shown
experimentally in [102], and further analyses in [5, 151] demonstrate the slow convergence
rate of the gradient variant of the EM algorithm for Gaussian mixture models (GMMs).

Alternatives to the iterative schemes can be found in the parameter estimation problem
of an elliptically contoured distribution [68, Page 107], employing recent conic geometric
optimization methods [134]. These methods, however, require reformulating the MAP
problem via techniques, such as those proposed in [66, Section 3], which result in losing
the output map’s original structure. Retaining such a structure to leverage the available a
priori knowledge is essential to our problem.

In this work, we consider systems with known linear time-varying (LTV) dynamics
a%ected by process and measurement Gaussian noise but with unknown time-varying
output maps. We propose a method to estimate the unknown parameters of the output
map having as a priori information, i.e., a linear stochastic system encoding the evolution
of the parameters. We derive an optimization problem applying a fully Bayesian approach,
maximizing the exact posterior distribution of the parameters when unfolded over the
whole time horizon. A tractable conservative approximation to the resulting optimization
problem is derived via semide!nite-programming (SDP) using linear matrix inequalities
(LMIs) techniques. The solution from this approximation then provides a warm-start
for a !rst-order quasi-Newton algorithm that enjoys a locally superlinear convergence
rate. This combination allows us to enjoy both the computational advantage of DKS and
outperform the statistical performance of EM. We illustrate the e$cacy and performance of
our proposed method in comparison with DKS and EM through a Monte Carlo experiment
with di%erent signal-to-noise ratios (SNRs) in Section 2.5.

Notation. Throughout this chapter, ℤ+, ℝ and ℝ𝜗ϑℶ denote the set of positive integers,
real numbers, and 𝜗 byℶ real matrices, respectively. We indicate diag(A1,… ,Aℷ) as a block
diagonal matrix with diagonal entries of given matrices A1,… ,Aℷ . The symbol $ denotes
the identity matrix, the transpose of a matrix A is denoted by A

T, and tr(⋜) is the trace
operator. Given A ε ℝℶϑ𝜗, a matrix with columns a1,… , a𝜗 ε ℝℶ, we de!ne vec(A) as the
vector [aT1,… , a

T

𝜗]
T
ε ℝℶϑ𝜗. For a positive symmetric matrix A ε ℝ𝜗ϑ𝜗, ∂(A) ϱ= ⌈ℸ⊳(A)⌉

𝜗

⊳=1
indicates the vector of eigenvalues of A in descending order, i.e., ℸ⊳(A) is the ⊳th largest
eigenvalue ofA. A multivariate normal (Gaussian) distribution with mean ⊲ and covariance
matrix ϖ is denoted by N(⊲,ϖ), and the symbol − stands for “distributed according to.”

2.2 P’!9#%( 2%7$"$)$!"
Consider a discrete-time linear time-varying dynamical system described by the process
model

x𝜔+1 = A𝜔x𝜔 + B𝜔u𝜔 + w𝜔 , 𝜔 ε ℤ+, (2.1)

where 𝜔 denotes the time index, x𝜔 ε ℝ𝜗x is the vector of state variables, A𝜔 ε ℝ𝜗xϑ𝜗x is the
state transition matrix, u𝜔 ε ℝ𝜗u is the vector of inputs, B𝜔 ε ℝ𝜗xϑ𝜗u is the input matrix,
and w𝜔 ε ℝ𝜗x is an independent realization at time 𝜔 of the process noise with Gaussian
distribution N(0,ϖw𝜔 ). The initial state of system (2.1), denoted by x0, is also assumed to
be drawn from a Gaussian distribution N(⊲x0 ,ϖx0 ). For 𝜔 ε ℤ+, the state of the system is
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observed at time instant 𝜔 through a perturbed linear time-varying map

y𝜔 = C𝜔x𝜔 + v𝜔 , 𝜔 ε ℤ+, (2.2)

where y𝜔 ε ℝ𝜗y denotes the output measurements, C𝜔 ε ℝ𝜗yϑ𝜗x is an unknown time-varying
observation matrix, and v𝜔 ε ℝ𝜗y is the vector of measurement noise signals with Gaussian
distribution N(0,ϖv𝜔 ). Let 𝜚𝜔 be the vector of all parameters at each time index 𝜔,

𝜚𝜔 ϱ= vec(C
T

𝜔 ), (2.3)

which implies that C𝜔 and 𝜚𝜔 uniquely characterize each other. We introduce the following
assumption, providing a form of a priori information. This plays a role akin to that of a
regularizer in non-Bayesian techniques, such as in Supervised Learning, where algorithms
without such regularizers are prone to over!tting.

Assumption 2.1 (Output map dynamics). The dynamics of the output map are governed
by the di#erence equation

𝜚𝜔+1 = 𝜚𝜔 + 0𝜔 , 𝜔 ε ℤ+, (2.4)

where 𝜔 denotes the time index, 𝜚𝜔 ε ℝ𝜗yϑ𝜗x is the vector of parameters driven by the vector
of process noise 0𝜔 ε ℝ𝜗yϑ𝜗x with Gaussian distribution N(⊲0𝜔 ,ϖ0𝜔 ). Further, assume that the
initial parameter in (2.4), denoted by 𝜚0, is drawn from the normal distribution N(⊲𝜚0 ,ϖ𝜚0 ).

Assumption 2.1 imposes a Gaussian random walk dynamics on the evolution of the
parameters, which is the minimal structure and assumption on the variations of the pa-
rameters because of the maximum entropy feature of the Gaussian distributions. This
assumption allows us to employ a stochastic belief of a deterministic reality in the Bayesian
viewpoint. Let the inputs and outputs of system (2.1)-(2.2) be measured for 𝜔 = 0,… , 𝜀 ,
where (𝜀 + 1) ε ℤ+ denotes the length of the measurement data. More precisely, the
input-output trajectory data is given by D = {(u𝜔 , y𝜔) φ 𝜔 = 0,… , 𝜀 }. In addition, we make
the following assumption:

Assumption 2.2 (Noise). The process, measurement, and output map noise realizations, i.e.,
w𝜔 , v𝜔 and 0𝜔 , respectively, for all 𝜔 ε {0,… , 𝜀 }, are independent. Furthermore, the means ⊲x0 ,
⊲𝜚0 , ⊲0𝜔 , and covariance matrices ϖx0 , ϖw𝜔 , ϖv𝜔 , ϖ𝜚0 and ϖ0𝜔 , for 𝜔 ε {0,… , 𝜀 }, are known.

Remark 2.2.1 (A priori knowledge). While we assume ⊲𝜚0 , ⊲0𝜔 , ϖ𝜚0 , and ϖ0𝜔 to be readily
known, in practical applications, these parameters can be obtained through various means
depending on the context, e.g., employing prior knowledge of the nominal model, empirically
from previous experiments’ data, or employing a suitable hyperparameter estimation method
when ⊲0𝜔 = ⊲𝜚0 and ϖ0𝜔 = ϖ𝜚0 , for 𝜔 ε ℤ+.

Ultimately, the question is whether the observation model (2.2) could be estimated.
More precisely, we would like to address the following problem:

Problem 2.1 (Time-Varying parameter estimator). Given the process and observation
models (2.1) and (2.2), input-output measurement data D, and under Assumptions 2.1-2.2,
estimate the unknown time-varying observation matrices C𝜔 in an e"cient and tractable way.

To address the problem 2.1, we develop a MAP approach in the next section, followed
by a tractable reformulation using LMIs techniques in Section 2.4.
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2.3 M&5$(.( & 4!*)%’$!’$ %*)$(&)$!"
In this section, we propose a Bayesian method for estimating the unknown observation
matrices C0,… ,C𝜀 . The three main elements in Bayesian estimation methods are a prior
density function, an observation model, and a loss function, which we brie&y explain for
solving our problem with the MAP approach.

2.3.1 L$7)%2 4’!,%** &"2 !9*%’-&)$!" (!2%#
Let us represent the process model (2.1) in the following lifted matrix form:

x = A(u + wx), (2.5)

where x = [x
T

0,… , x
T

𝜀 ]
T is the system states vector for the entire horizon up to time 𝜀 , while

the input vector is modi!ed to include the initial state u = [⊲
T

x0 , (B0u0)
T
,… , (B𝜀ω1u𝜀ω1)

T
]
T,

and the noise vector comprises the initial-state uncertainty and the process-noise terms,
wx = [w

T

x0 ,w
T

0,… ,w
T

𝜀ω1]
T, where wx0 − N(0,ϖx0 ). Given that the process noise and initial

state uncertainty are uncorrelated from Assumption 2.2, we can specify wx in terms of a
multivariate normal distribution N(0,ϖwx), in which ϖwx = diag(ϖx0 ,ϖw0 ,… ,ϖw𝜀ω1 ). The
lifted transition matrix A has the following lower triangular form:

A =

⟪
⟫
⟫
⟫
⟫
⟫
⟫
⟫
❲

$ 0 0 … 0

A0 $ 0 …
...

A1A0 A1 $
. . .

...
...

...
...

. . . 0
A𝜀ω1 …A0 A𝜀ω1 …A1 … A𝜀ω1 $

❳
/
/
/
/
/
/
/
\

.

Similarly, the observation model (2.2) for the entire trajectory can be expressed as

y = Cx + v, (2.6)

where y = [y
T

0,… , y
T

𝜀 ]
T is the vector of all measurements, v − N(0,ϖv) is the vector of

all measurement noise realizations with ϖv = diag(ϖv0 ,ϖv1 ,… ,ϖv𝜀 ), and C is the lifted
observation matrix

C = diag(C0,C1,… ,C𝜀 ).

Finally, we describe the dynamics of the output map parameters 𝜚 for the entire trajectory

𝜚 = ⊲𝜚 + w𝜚, (2.7)

where 𝜚 = [𝜚
T

0,… , 𝜚
T

𝜀 ]
T, and ⊲𝜚 results from the summation of the biases of the initial

parameter and the noise ⊲𝜚 = [⊲
T

𝜚0 , ⊲
T

𝜚0 + ⊲
T

00 ,… , ⊲
T

𝜚0 +(𝜀ω1
⊳=0 ⊲

T

0⊳]
T. Similarly, the noise signal

w𝜚 results from the integration over the entire horizon including the uncertainty of the
initial parameter as w𝜚 = D0, where 0 = [0

T

𝜚0 , 0
T

0,… , 0
T

𝜀ω1]
T and 0𝜚0 − N(0,ϖ𝜚0 ), with

D =

⟪
⟫
⟫
⟫
⟫
⟫
❲

$ 0 … 0

$ $
. . .

...
...

...
. . . 0

$ $ … $

❳
/
/
/
/
/
\

.
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Since the parameters are assumed independent (Assumption 2.2), we have w𝜚 − N(0,ϖw𝜚 ),
ϖw𝜚 = Dϖ0D

T , with ϖ0 = diag(ϖ𝜚0 ,ϖ00 ,… ,ϖ0𝜀ω1 ). Ultimately, the model (2.7) is used to
specify the prior density function. In what follows, we represent C as C(𝜚) to emphasize
the dependence of C on 𝜚 according to (2.3). Consequently, substituting x in (2.6) with the
expression from (2.5) results in the observation model, with unknown C(𝜚), describing the
measurements y as a function of the applied inputs u:

y = C(𝜚)Au + wy(𝜚), (2.8)

where wy(𝜚) = C(𝜚)Awx + v. Also, from Assumption 2.2:

wy(𝜚) φ𝜚 − N(0,ϖwy(𝜚)),

where ϖwy(𝜚) = C(𝜚)AϖwxA
T
C
T
(𝜚) + ϖv . This model is used later to specify the conditional

probability density function of the measurements. Note thatwy(𝜚)|𝜚 remains Gaussian with
the derived covariance since both noise sources, wx and v, are Gaussian and independent.

2.3.2 MAP #!** 7.",)$!"
In MAP estimation, one aims to !nd an estimate 𝜍𝜚 for the parameters by minimizing the
cost function "[1 ω 1⟨𝜚ω𝜍𝜚⟨∇⋞𝜕

(𝜚)], where 𝜚 is the vector of random variables, 1(⋜) is an
indicator function, and 𝜕 is a small scalar [30]. Minimizing the expectation of such a loss
function implies maximizing the conditional probability density of 𝜚 given the vector of
observations and inputs [76, Chapter 4],

𝜍𝜚 = argmax
𝜚

𝜑(𝜚 φy, u), (2.9)

where 𝜍𝜚 is the estimate of the true parameter 𝜚. The following lemma formalizes this !rst
step to compute the MAP estimation.

Lemma 2.3.1 (MAP optimization problem). De!ne Jϱℝ𝜗yϑ𝜗xϑ(𝜀+1) ⋛ ℝ as

J(𝜚) ϱ= logdet(ϖwy(𝜚)) + )
)y ω C(𝜚)Au))

2
ϖω1wy(𝜚)

+ )
)𝜚 ω ⊲𝜚))

2
ϖω1w𝜚

. (2.10)

The MAP estimation is then equivalent to

𝜍𝜚 = argmin
𝜚

J(𝜚). (2.11)

Proof. Using Bayes’ rule, the MAP estimation can be reformulated as

max
𝜚

𝜑(𝜚 φy, u) = max
𝜚

𝜑(y φ𝜚, u)𝜑(𝜚 φu)
𝜑(y φu)

. (2.12)

We !rst note that the denominator of (2.12) does not depend on 𝜚 and, hence, can be
neglected without changing the optimizer. Moreover, we note that the dynamics of 𝜚
in (2.4) (or equivalently in the lifted form in (2.7)) do not depend on the input sequence
of u (i.e., 𝜑(𝜚 φu) = 𝜑(𝜚)). Next, using a straightforward computation, one can derive the
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probability density functions 𝜑(𝜚) and 𝜑(y φ𝜚, u). Speci!cally, from (2.7), we know that the
variable 𝜚 is Gaussian with the probability density function

𝜑(𝜚) =
exp⌈ ω 1

2 (𝜚 ω ⊲𝜚)
T
ϖ
ω1
w𝜚
(𝜚 ω ⊲𝜚)⌉

⦅
(21)(𝜀+1)𝜗y𝜗x det(ϖw𝜚 )

.

Similarly, we know from (2.8) that given 𝜚 and the input sequence u, the output sequence y
is also Gaussian with the conditional probability density function

𝜑(y φ𝜚, u) =
exp⌈ ω 1

2 (y ω C(𝜚)Au)
T
ϖ
ω1
wy
(𝜚)(y ω C(𝜚)Au)⌉

⦆
(21)(𝜀+1)𝜗y det(ϖwy(𝜚))

.

Finally, applying the monotonically increasing function log and observing that all terms in
the denominators except det(ϖwy(𝜚)) are constant, we arrive at the minimization problem
of the function J de!ned in (2.11).

In the next section, we propose a tractable conservative approximation using LMIs
techniques to tackle the non-convex objective function J(𝜚) de!ned in (2.10).

Remark 2.3.2 (Robust estimation). Alternatively, a robust minimax estimation formula-
tion similar to [153] could be employed. This approach, however, requires !nding an ambiguity
set to approximate non-Gaussian observation uncertainties due to the multiplication of Gaus-
sian variables in wy(𝜚).

2.4 P’!4!*%2 *!#.)$!"
The optimization problem (2.11) is non-convex not only because of the weight ϖω1wy

(𝜚), being
quadratic in the parameters 𝜚, in the second term but also because of the log-determinant
operator in the !rst term. A typical approach is to use !rst-order algorithms to !nd a
solution due to the mentioned non-convexities. These algorithms, however, only guarantee
convergence to a local optimum. Therefore, selecting an appropriate initial starting point
is crucial to the obtained quality of the solution. We propose to solve the problem in two
steps: !rst, we perform a convex relaxation of (2.11) into a set of LMIs, which we use to
compute an initial approximate minimizer; next, we employ this approximate minimizer
to initialize (warm-start) a !rst-order optimization method, e.g., steepest descent [89] or
quasi-Newton algorithms [107], to solve (2.11) thus re!ning our initial minimizer estimate.

Theorem 2.4.1 (LMI conservative approximation). Consider the following LMIs:

min
S,𝜚,2 ,3

tr(S ω $) + 2 + 3

s.t.
[

ωϖ
ω1
wx

A
T
C
T
(𝜚)

C(𝜚)A ϖv ω S ]
+ 0,

[

ωS (y ω C(𝜚)Au)

(y ω C(𝜚)Au)
T

ω2 ]
+ 0,

[

ωϖw𝜚 (𝜚 ω ⊲𝜚)

(𝜚 ω ⊲𝜚)
T

ω3 ]
+ 0.

(2.13)
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Then, the optimal value of the nonlinear program (2.11) is upper bounded by

J 4 + )
)y ω C(𝜚4)Au))

2
(ϖω1wy(𝜚

4)ωS4
ω1

),

where J 4 and (S4, 𝜚4) are the optimal value and the optimizer of (2.13), respectively.

Proof. Consider a matrix S 5 0 upper bounding the covariance matrix ϖwy(𝜚) 5 0 as

ϖwy(𝜚) = C(𝜚)AϖwxA
T
C
T
(𝜚) + ϖv + S. (2.14)

Thus, ℸ⊳(ϖwy(𝜚)) ⋞ ℸ⊳(S), for ⊳ = 1,… , 𝜗y(𝜀 + 1), which implies that

logdet(ϖwy(𝜚)) ⋞ logdet(S).

Since logdet(S) = (
𝜗y(𝜀+1)
⊳=1 log ℸ⊳(S) and tr(S) = (

𝜗y(𝜀+1)
⊳=1 ℸ⊳(S), we also have

logdet(ϖwy(𝜚)) ⋞ logdet(S) ⋞ tr(S ω $).

Using the Schur complement, one can see that (2.14) is equivalent to the following linear
matrix inequality (LMI)

[

ωϖ
ω1
wx

A
T
C
T
(𝜚)

C(𝜚)A ϖv ω S ]
+ 0.

Similarly, considering 2 ⋟ 0 and 3 ⋟ 0 such that

(y ω C(𝜚)Au)
T
S
ω1
(y ω C(𝜚)Au) ⋞ (y ω C(𝜚)Au)

T
ϖ
ω1
wy
(𝜚)(y ω C(𝜚)Au) ⋞ 2 , (2.15)

and
(𝜚 ω ⊲𝜚)

T
ϖ
ω1
w𝜚
(𝜚 ω ⊲𝜚) ⋞ 3, (2.16)

we can apply again the Schur complement to the inequalities in (2.15) and (2.16) to obtain the
last two LMIs in (2.13). Finally, replacing the terms in the cost function J(𝜚) in (2.10) with
their bounds and including the corresponding LMIs as constraints arrives at the LMIs (2.13).
Note further that by de!nition, we have

J 4 + )
)y ω C(𝜚4)Au))

2
(ϖω1wy(𝜚

4)ωS4
ω1

) = J(𝜚4) + tr(S4 ω $) ω logdet(ϖwy(𝜚
4)) ⋟ J(𝜚4), (2.17)

where the function J(𝜚4) is de!ned in (2.10), and the last inequality follows from (2.14).

The tightness of the inequality in (2.17) mainly depends on the gap between log det(S)
and tr(S ω $) since log det(S) is bounded from above by tr(S ω $), which is negligible when
ℸ⊳(S) ± 1, for ⊳ = 1,… , 𝜗y(𝜀 + 1). One may employ a suitable matrix W to scale the
eigenvalues of S, replace log det(S) with log det(WSW) ω 2 log det(W) and approximate
log det(WSW) with tr(WSW ω $). Furthermore, the closeness of J 4 and J(𝜚4) in (2.17)
is proportional to the !tness quality of the measurements and whether S4 is close to the
covariance matrix accordingly.
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In addition, Theorem 2.4.1 provides an approximation of (2.11), producing an initial
near-optimal solution. As indicated earlier, we propose to employ this solution to warm-
start a local (non-convex) optimizer. Due to its fast convergence, we propose to employ,
as a re!ning optimizer, the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm [107,
Chapter 6], a variant of quasi-Newton methods. The BFGS algorithm approximates the
Hessian matrix for its search directions relying on an analytical expression of the gradient
∓𝜚J(𝜚). The gradient of the cost function (2.10) with respect to the parameters 𝜚

∓𝜚J(𝜚) =
⟦
6J
6𝜚1

,⋠ , 6J
6𝜚𝜗y𝜗x(𝜀+1) ⟧

T

, (2.18)

can be easily derived applying the following chain rule:

6J
6𝜚⊳7ℷ

= 2tr⌊⌈AϖwxA
T
C
T
(𝜚)ϖ

ω1
wy
(𝜚)⌉C

⊳7
ℷ (𝜚)

ω ⌈AϖwxA
T
C
T
(𝜚)ϖ

ω1
wy
(𝜚)(y ω C(𝜚)Au)(y ω C(𝜚)Au)

T
ϖ
ω1
wy
(𝜚)⌉C

⊳7
ℷ (𝜚)

ω ⌈Au(y ω C(𝜚)Au)
T
ϖ
ω1
wy
(𝜚)⌉C

⊳7
ℷ (𝜚)⌋ + ⌈(𝜚 ω ⊲𝜚)

T
ϖ
ω1
w𝜚⌉𝜚

⊳7ℷ ,

where C⊳7
ℷ (𝜚) is the single-entry matrix of C(𝜚) with the block matrix of Cℷ(𝜚) having 1

at index (⊳, 7) and zero elsewhere, and 𝜚⊳7ℷ is the single-entry vector of 𝜚 with 1 at index
⊳7ℷ and zero elsewhere. The LMIs (2.13) initializes the original non-convex problem with
a locally optimal solution. Thus, the computational complexity of the proposed method
consists of the well-known computational complexity of solving the SDP problems [105],
i.e., a one-time solution of (2.13), and the computation of the gradient (2.18) per iteration
of the !rst-order method, i.e.,

O⌈
𝜗3x(𝜀 + 1)3 + 𝜗2x(𝜀 + 1)2

2
+ 𝜗y𝜗2x(𝜀 + 1)2 + 𝜗x𝜗2y(𝜀 + 1)3 + (𝜗y)3(𝜀 + 1)3⌉,

which is O(𝜀 3) when 𝜗x, 𝜗y 8 𝜀 .

2.5 N.(%’$,&# %54%’$(%")*
In this section, we provide a numerical example to verify the e$cacy and performance of
the proposed method: employing the LMIs (2.13) to warm-start the solution of (2.11) via
the BFGS optimizer. Additionally, we compare the resulting solution with the estimates
obtained from EM and DKS algorithms. To have a fair comparison, we also employ the
same BFGS optimizer for the M-Step of the EM estimation. We demonstrate our solution
on the following system:

x𝜔+1 =
⟪
⟫
⟫
❲

0.7 0.25 0
0 0.5 0
0 0.25 0.7

❳
/
/
\

x𝜔 +
⟪
⟫
⟫
❲

0
1
1

❳
/
/
\
⌈3.5 + cos(2𝜔)⌉ + w𝜔 ,

with ⊲x0 = ⌋1, 0.5, 2{
T

. The observation is a two-dimensional model, i.e., the number of
measurements per time instant is 𝜗y = 2. The system has sampled input and measurement
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Figure 2.1: The MSE of the three methods across four scenarios for 100 experiments.

pairs in D every 100 milliseconds for 10 seconds, i.e., 𝜀 = 100. Thus, the number of
parameters to be estimated is 𝜗y ϑ 𝜗x ϑ (𝜀 + 1) = 606. The noise covariance of process,
observation and output map dynamics, ϖw𝜔 , ϖv𝜔 and ϖ0𝜔 , are assumed to remain constant
across the entire horizon. Moreover, the initial state and parameter noise covariance
are similar to the noise covariance of process and output map dynamics, respectively
(i.e., ϖx0 = ϖw𝜔 and ϖ𝜚0 = ϖ0𝜔 ). The output map noise biases ⊲0𝜔 are generated such that
⊲1,0𝜔 = 5 + cos(0.4𝜔)eω0.6𝜔 , ⊲2,0𝜔 = 1.5 + sin(0.025𝜔)eω0.6𝜔 , ⊲3,0𝜔 = 2, ⊲4,0𝜔 = 5 + cos(0.4𝜔)eω0.6𝜔 ,
⊲5,0𝜔 = 1.5 + sin(0.025𝜔)eω0.6𝜔 , and ⊲6,0𝜔 = 2. The initial parameter bias, ⊲𝜚0 , is derived from
⊲00 by setting 𝜔 = 0, and the DKS and EM algorithms’ initialization is according to these
noise bias values. We examine the performance of our algorithm, hereafter called SDP-GD,
compared with EM and DKS on four scenarios generated by employing High/Low SNRs
for the process and observation noise, particularly 30 and 10 decibels (dBs), and High/Low
parameter variation of:

⌈
High: ϖ0𝜔 = diag(2.17, 0.076, 1.19, 1.38, 0.87, 1.27),

Low: ϖ0𝜔 = diag(6.9, 0.2, 3.8, 4.4, 2.8, 4) ϑ 10ω2.

Combined results from 100 experiments for each of the four scenarios, keeping the same
ground-truth realization in each scenario, are illustrated in Figure 2.1. The plots demon-
strate the median (vertical dotted lines) and distribution across experiments based on
the mean-squared error (MSE), i.e. MSE = 1

𝜀+1(
𝜀
𝜔=0 ⟨𝜚𝜔 ω 𝜍𝜚𝜔 ⟨22. One can observe how the

DKS underperforms compared to the EM and our SDP-GD solutions in more challenging
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Elapsed time per seconds (mean ± std)

Experiment Scenario DKS EM SDP-GD
10

dB Low Parameter Variation 18 ± 4 14265 ± 3112 1265 ± 109
High Parameter Variation 27 ± 13 22547 ± 6768 1542 ± 178

30
dB Low Parameter Variation 9 ± 3 7999 ± 802 1543 ± 132

High Parameter Variation 21 ± 13 3796 ± 412 1605 ± 128

Table 2.1: The Average computation performance across all scenarios for 100 experiments.

scenarios where the process-observation model noise is high or in the presence of High
parameter variation.

The average and standard deviation of the computation time of each method across 100
experiments are reported in Table 2.1. We performed all the experiments on a cluster node
with 384G memory and 40 CPU cores (2 Intel Xeon Gold 6148 @ 2.40GHz). The elapsed
execution times con!rm our hypothesis that EM is computationally more expensive than
the other alternatives. The performance of EM and DKS algorithms highly depends on the
initialization, while in contrast, our proposed solution takes advantage of a warm-start
initializer obtained from solving a convexi!ed approximation of the original optimization
problem. This initialization helps converge to a better local optimum faster than the EM
algorithm. In addition, the M-step of the EM algorithm, in this problem, does not hold a
closed-form solution, which results in utilizing a !rst-order method. This gradient M-Step
also plays a part in the general slowness of the EM algorithm. Our algorithm, however,
requires a one-time execution of the set of LMIs followed by an iterative quasi-Newton
method with a superlinear convergence rate. Hence, it provides the best of both worlds,
i.e., better estimations than EM and DKS with less computation time than EM.

2.6 C!",#.*$!"
We have introduced a method for estimating an unknown output map of a linear time-
varying system by employing a stochastic characterization of the evolution of the output
map parameters, which serves as a priori information for MAP estimation. The derived
MAP optimization problem is solved by relaxing the optimization as a set of LMIs, whose
solution provides a warm-start for a gradient descent algorithm. Compared with standard
approaches to solve this problem, namely EM and DKS, we showed experimentally the
superiority of our method in estimation performance and lower computational demands
compared to EM. Future work will explore the incorporation of other types of a priori
knowledge on the output map, the development of e$cient causal !lters following similar
approaches, the minimax formulation for robust estimation, considering noise models with
more general structures, and introducing methods for e$cient design of the control input.
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This chapter presents a Bayesian estimation framework forWiener models, focusing on learning
nonlinear output functions under known linear state dynamics. We derive a closed-form
optimal a"ne estimator for the unknown parameters, characterized by the so-called “dynamic
basis statistics” (DBS). Several properties of the resulting estimator are established, including
Bayesian unbiasedness, closed-form approximate posterior statistics, error monotonicity with
respect to trajectory length, and consistency under a persistent-excitation condition. In the
special case of Fourier basis functions, we demonstrate that the closed-form description is
computationally available, as the Fourier DBS enjoys explicit expressions. Furthermore, we
identify an inherent inconsistency in the Fourier bases for single-trajectory measurements,
regardless of the input excitation. Leveraging the closed-form estimation error, we develop an
active learning algorithm synthesizing input signals to minimize estimation error. Numerical
experiments validate the e"cacy of our approach, showing signi!cant improvements over
regularized least-squares methods.

This chapter is based on! S. Vakili, M. Mazo Jr., and P. Mohajerin Esfahani “Optimal Bayesian A"ne Estimator
and Active Learning for the Wiener Model,” Transactions on Automatic Control, under revision, 2025 [140].
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3.1 I")’!2.,)$!"
System modeling and identi!cation quality are essential for practical analysis, prediction,
and control of complex phenomena across disciplines. Classical system identi!cation
techniques combine theoretical frameworks with empirical data to select appropriate
model structures and estimate parameters for constructing accurate models of dynamic sys-
tems [36, 87, 133, 145]. While linear system identi!cation has a well-established foundation,
identifying nonlinear systems remains an evolving area of research [103].

Parametric approaches for nonlinear system identi!cation, such as extending linear
state-space models to incorporate polynomial nonlinear terms [109], have shown signif-
icant achievements [88]. However, these methods require a trade-o% between bias and
variance in model order selection [112, 128]. Recent regularization-based approaches ad-
dress this challenge by exploring high-dimensional search spaces through kernel-based
methods [31, 110]. These techniques enhance robustness in model selection by using contin-
uous regularization parameters instead of discrete model orders. Furthermore, leveraging
in!nite-dimensional reproducing kernel Hilbert spaces (RKHS) via Gaussian process (GP)
models [117] o%ers a probabilistic framework for nonlinear system identi!cation [111],
allowing prior knowledge about system properties, such as stability and smoothness, in
the identi!cation process.

While robust for system identi!cation, kernel-based methods are computationally ex-
pensive for large-scale problems due to operations like matrix inversion in high dimensions.
To address this challenge, randomized low-dimensional feature spaces, particularly Fourier
basis functions, were introduced to accelerate kernel machine training [115]. Various
techniques, including probabilistic variational methods [64], have since been proposed to
approximate radial basis kernels using random Fourier features [84]. Additionally, approxi-
mations have been developed to handle input noise in GP regression [55, 95], enhancing
applicability to real-world scenarios. This work addresses similar challenges for identifying
an unknown nonlinear function in&uenced by time-varying correlated noise in its inputs.
We propose an optimal Bayesian estimator for nonlinear functions represented as !nite
combinations of basis functions, focusing on Fourier bases.

Our problem can also be classi!ed within the block-oriented nonlinear models, specif-
ically Wiener systems characterized by a linear process followed by a static nonlinear
observation model [129]. Existing Wiener system identi!cation techniques span a range
of methodologies. Some approaches use GP models for the static nonlinear block and ap-
proximate posterior densities using Markov chain Monte Carlo (MCMC) methods [82, 120].
Others model the static nonlinearity as a polynomial of known order or approximate
it as a linear combination of prede!ned basis functions, employing the prediction error
method (PEM) or Gaussian sum !ltering with expectation-maximization (EM) algorithms
for inference [20, 29, 137]. Additionally, studies on parameter estimation consistency us-
ing PEM and maximum likelihood under various noise assumptions [59, 60] demonstrate
that traditional least-squares methods can lead to biased estimates when process noise is
present.

Unlike these existing techniques, our work focuses solely on the Bayesian estimation
of static nonlinear observation parameters in Wiener systems with known linear time-
varying dynamics a%ected by process and measurement noise. This problem arises in many
applications, such as robot mapping in unknown environments. For instance, Autonomous
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Underwater Vehicles (AUVs) mapping the seabed in deep-sea environments face challenges
due to the interplay between vehicle dynamics and unknown nonlinear seabed observation
models. Our proposed Bayesian a$ne minimum mean-squared error (MMSE) estimator
analytically computes estimates and estimation errors. By accounting for process noise
correlations over time through information gained from the covariance of the observation
model, our method avoids divergence issues observed in approximate PEM.

While our Bayesian a$ne MMSE estimator addresses parameter estimation robustness
against noise correlations, the quality of identi!cation depends heavily on the choice of
input signals used to excite the system. Active learning and optimal input design maximize
information gain by selecting informative samples [130] or constructing input signals
that optimize experimental criteria like Fisher or mutual information [44, 96]. Numerous
studies have explored strategies for optimizing input selection for both linear [79, 146] and
nonlinear systems [52, 93, 142, 143], where di%erent experimental design criteria have led to
varied approaches. In this work, we derive an optimal input design by directly minimizing
the analytical estimation error of our parameter estimates, speci!cally by minimizing the
trace of the estimation-error covariance matrix. Integrating this optimal input design with
our Bayesian a$ne MMSE estimator prior to conducting experiments enhances the e$cacy
of identifying static nonlinear observation parameters under correlated noise conditions.

Contributions. The main contributions are as follows:

• Optimal Bayesian a!ne estimator: Introducing a Bayesian setting, we derive the
closed-form solution of the optimal a$ne estimator for the unknown parameters of
the output function (Theorem 3.3.2), which is characterized in terms of the so-called
“dynamic basis statistics” (DBS).

• Optimal estimator features: The proposed optimal estimator enjoys the following
properties: (i) Bayesian unbiasedness (Proposition 3.3.3), (ii) Closed-form updates
for approximate posterior statistics (Remark 3.3.4), (iii) Monotonic error reduction
(Corollary 3.3.5), and (iv) Consistency under speci!c conditions (Proposition 3.4.3).

• Fourier basis explicit solution: The generic closed-form solution of the Bayesian
estimator requires the respective DBS of the basis functions, which can be computa-
tionally demanding. We show that these statistics admit explicit expressions in the
special case of Fourier basis (Lemma 3.4.1). We further identify an inherent incon-
sistency of single-trajectory measurements for the Fourier bases, irrespective of the
input trajectory (even if unbounded and persistently excited), when the underlying
dynamics are stochastically unstable (Proposition 3.4.2).

• Active learning: Leveraging the closed-form description of the estimation error,
we propose a !rst-order algorithm to actively design an input signal that locally
minimizes it (Section 3.5).

The theoretical results are validated through extensive numerical experiments, demonstrat-
ing the superiority of our Bayesian estimator with active learning over classical regularized
least-squares methods (cf. Figure 3.2). To facilitate reproducibility, we provide an open-
source MATLAB library available at “https://github.com/sasanvakili/Bayesian4Wiener.”

https://github.com/sasanvakili/Bayesian4Wiener
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Organization. Section 3.2 introduces the modeling setting and problem formulation.
Section 3.3 presents the solution approaches: classical regularized least-squares and the
Bayesian a$ne MMSE estimator with its properties. Section 3.4 provides explicit expres-
sions for the special case of Fourier basis functions and discusses the consistency condition.
Section 3.5 describes a !rst-order algorithm for actively learning input signals. Section 3.6
outlines an experimental setup to examine the consistency condition and compares the
proposed Bayesian a$ne estimator across four benchmarks, and Section 3.7 concludes the
chapter. Detailed proofs of mathematical statements are provided in the “Technical Proofs”
subsection of each corresponding section.

Notation. Throughout this chapter, ℤ+, ℝ, ℝ+, ℝ𝜗ϑℶ, and %𝜗+ denote the set of positive
integers, the real numbers, nonnegative real numbers, 𝜗 ϑℶ real matrices, and the space of
all symmetric positive semide!nite matrices in ℝ𝜗ϑ𝜗, respectively. The symbol $ refers to
the identity matrix, subscripts denote elements of a vector or matrix, while superscripts
represent the time index of vector or matrix elements. The trace operator is denoted by
tr(⋜), the transpose of a matrix A is denoted by A

T, and diag(A1,… ,Aℷ) represents a block-
diagonal matrix with diagonal entries A1,… ,Aℷ . The inner product of two vectors x and y
is given by ⌉x, y{ = x

T
y, and the respective 2-norm is ⟨x⟨ =

⦅
⌉x, x{. For a matrix A ε ℝ𝜗ϑ𝜗,

the largest (smallest) absolute value of eigenvalues is denoted by ℸmax(A) (ℸmin(A)). The
conic inequality A + B means that the matrix di%erence B ω A is positive semide!nite,
i.e., B ω A ( 0. The notation ℙ(⊲,ϖ) refers to an arbitrary distribution with mean ⊲ and
covariance matrix ϖ, while a multivariate normal (Gaussian) distribution is denoted by
N(⊲,ϖ) and a uniform distribution over [9, .] is denoted by U(9, .). The symbol − stands
for “distributed according to.”

3.2 P’!9#%( 2%*,’$4)$!"
Consider a known discrete-time linear time-varying dynamical system where the states at
time 𝜔 are observed through an unknown observation model

x𝜔+1 = A𝜔x𝜔 + B𝜔u𝜔 + w𝜔+1,

y𝜔 = 𝜛𝜚(x𝜔) + v𝜔 .
(3.1)

Here, 𝜔 = {0,… , 𝜀 } represents the time index starting from 0 and ending at time 𝜀 , x𝜔 ε ℝ𝜗x

is the vector of state variables, A𝜔 ε ℝ𝜗xϑ𝜗x is the state transition matrix, u𝜔 ε ℝ𝜗u is the
vector of inputs, B𝜔 ε ℝ𝜗xϑ𝜗u is the input matrix, and w𝜔+1 ε ℝ𝜗x is the process noise, which
has a distribution given by ℙ(0,ϖw𝜔+1 ). Additionally, the initial state x0 is characterized
by a mean vector ⊲x0 and covariance matrix ϖx0 . Observations are made through the
scalar output measurements y𝜔 ε ℝ, while v𝜔 ε ℝ represents the measurement noise with
a distribution ℙ(0,,2

v𝜔 ). The output function 𝜛𝜚 ϱ ℝ𝜗x ⋛ ℝ is de!ned as a !nite linear
combination of known basis functions ℵ𝜗 ϱ ℝ𝜗x ⋛ ℂ:

𝜛𝜚(x) =
N

⟩
𝜗=0

𝜚𝜗ℵ𝜗(x) = ⌉ℵ(x), 𝜚{, (3.2)

where 𝜚 = [𝜚0,… , 𝜚N]
T is the vector of unknown parameters, ℵ(x) = [ℵ0(x),… ,ℵN(x)]

T is
the vector of basis functions evaluated at x, and N+ 1 is the number of basis functions. We
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note that the setting (3.1), i.e., linear dynamics followed by nonlinear output function, is
referred to as theWiener model.

Remark 3.2.1 (Modeling setting). Two important points are worth noting regarding the
modeling setting of this study:
(i) Multivariate output measurements: For measurements in higher dimensions where

y𝜔 ε ℝ𝜗y , the output function (3.2) extends to a vector form 𝜛𝜚(x) = [𝜛1𝜚(x),… , 𝜛
𝜗y
𝜚 (x)]

T,
where the goal is to learn each function 𝜛⊳𝜚(x) separately, parameterized as in (3.2). A
common assumption in many applications is that the parameters of each 𝜛⊳𝜚(x) are inde-
pendent of those of other components, e#ectively reducing the learning of a multivariate
output function to multiple single-variate outputs. Therefore, for the simplicity of the
exposition, we focus on single-output measurements (𝜗y = 1) in this study.

(ii) Bayesian prior interpretation: A fundamental aspect of the Bayesian framework
is incorporating prior information about unknown parameters. This information is
formalized mathematically through a probability distribution, which in this study is
characterized solely by its mean and covariance, i.e., the prior distribution belongs to
ℙ(⊲𝜚 ,ϖ𝜚), where ⊲𝜚 and ϖ𝜚 are given modeling parameters.

Let the process noise w𝜔 , the measurement noise v𝜔 , the initial state x0, and the vector
of parameters 𝜚 be independent of one another at all times. Our objective is to identify
the model parameters 𝜚 from the measurement data y𝜔 at all time steps, represented as
y = [y0,… , y𝜀 ]

T. This task can also be interpreted as estimating the parameters of a linear or
nonlinear function in&uenced by time-varying correlated noise in its inputs. The problem
can be formally described as follows:

Problem 3.1 (Bayesian estimator for Wiener model). Given measurements y ε ℝ𝜀+1

and the parameters prior information ℙ(⊲𝜚 ,ϖ𝜚), design the optimal estimator 𝜍𝜚ϱ ℝ𝜀+1 ⋛ ς
that minimizes the expected loss, min𝜍𝜚(⋜) "[⋝(𝜚,

𝜍𝜚(y))], where ς is the parameter space and
⋝(⋜, ⋜) is a prede!ned loss function quantifying the discrepancy between the true parameters 𝜚
and their estimate 𝜍𝜚(y).

3.3 S!#.)$!" &44’!&,6%*
The unknown function 𝜛𝜚(x𝜔) in the observation model of (3.1) is assumed to belong
exactly to the hypothesis class de!ned in (3.2). Consequently, the output function can be
reformulated and expressed in lifted matrix form as

y = )
T
𝜚 + v, (3.3)

where y=[y0,… , y𝜀 ]
T, )=[ℵ(x0),… ,ℵ(x𝜀 )] is the basis aggregation matrix, 𝜚=[𝜚0,… , 𝜚N]

T,
and v = [v0,… , v𝜀 ]

T is the measurement noise vector. The measurement noise follows
v − ℙ(0,ϖv), where ϖv =diag(,2

v0 ,… ,,2
v𝜀 ) assuming v𝜔 are independent from each other at

all times. Let us recall that the prior information about 𝜚 is characterized by a probability
distribution de!ned by its mean and covariance, ℙ(⊲𝜚 ,ϖ𝜚) (cf. Remark 3.2.1-ii). The propa-
gation of the state trajectory of the dynamical system through the output basis function is
a key object in characterizing our proposed Bayesian estimator.
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De"nition 3.1 (Dynamic basis statistics). Let x𝜔 be the dynamics trajectory of the sys-
tem (3.1), and ℵ(<) be the set of basis functions of the output function (3.2). The dynamic
basis statistics (DBS), denoted by (⊲𝜔ℵ,ϖ

𝜔𝜔0
) ), is the mean and covariance of ℵ(x𝜔) at two time

instants (𝜔, 𝜔0), i.e.,

⊲𝜔ℵ = "[ℵ(x𝜔)], ϖ𝜔𝜔0
) = "[ℵ(x𝜔)ℵ

T
(x𝜔0)] ω "[ℵ(x𝜔)]"[ℵ(x𝜔0)]

T
. (3.4)

Given the randomness of the elements of ) as de!ned in De!nition 3.1, the observation
model can be rewritten as y = ("[)] + 1))

T
𝜚 + v, where 1) is a zero-mean random matrix.

If 1) were deterministic, however, a solution to Problem 3.1 could be obtained via the
classical least-squares methods of supervised learning, as discussed in the next subsection.

3.3.1 C#&**$,&# ’%/.#&’$8%2 #%&*)3*:&’%*
Regularized least squares (RLS), also called ridge regression, identi!es unknown parameters
by extending the ordinary least-squares method with a penalty on the parameters, known as
the L2 regularization [17, Ch. 3]. This regularization reduces model complexity, helping to
avoid over!tting and improving generalization to new, unseen data. Since ) in observation
model (3.3) is a random matrix, as noted in (3.4), one can approximate its columns by
ℏ) = [ ℏℵ(x0),… , ℏℵ(x𝜀 )] in two ways:

(i) Dead reckoning least squares (DLS): ℏℵ(x𝜔) = ⌋ℵ0("[x𝜔]),… ,ℵN("[x𝜔]){
T

.

(ii) Mean least squares (MLS): ℏℵ(x𝜔) = ⊲𝜔ℵ = ⌋"[ℵ0(x𝜔)],… ,"[ℵN(x𝜔)]{
T

.

Using either of these approximations, the regularized least-squares method provides an
estimator by solving the optimization problem

min
𝜚

)
)y ω ℏ)

T
𝜚))

2 + ℸ⟨𝜚⟨2, (3.5a)

where ℸ is a hyperparameter. The closed-form optimal solution yields a linear estimator
with respect to the measurements y [17, Ch. 3] as

𝜍𝜚LS(y) = ( ℏ) ℏ)
T
+ ℸ$)

ω1 ℏ)y. (3.5b)

This estimator requires inverting a square matrix with dimensions equal to the number of
basis functions. Consequently, the computational complexity of (3.5b) is OLS(N2𝜀 + N3),
depending on the number of measurements and unknown parameters. This complexity
further simpli!es to OLS(𝜀 ) when N 8 𝜀 . These approximate PEM approaches are used to
evaluate the performance of this method through numerical experiments in Section 3.6.

3.3.2 O4)$(&# B&+%*$&" &77$"% %*)$(&)!’
Given the input-output trajectory data, the optimal Bayesian estimator 𝜍𝜚ϱ ℝ𝜀+1 ⋛ ς,
which addresses Problem 3.1, is obtained by solving

𝜍𝜚(y) = argmin
𝛻ες

"[⋝(𝜚,𝛻) φy] = argmin
𝛻ες }

ς
⋝(𝜚,𝛻)𝜑(y φ𝜚)𝜑(𝜚)d𝜚,
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where the second equality follows from Bayes’ rule. Here, ⋝(𝜚, 𝜍𝜚(y)) is a loss function that
de!nes the performance criterion for estimating the unknown parameters using 𝜍𝜚(y). The
term 𝜑(y φ𝜚) represents the likelihood, i.e., the probability density function of the data given
the unknown parameters, which is derived from the relationship between the data and
the parameters. Meanwhile, 𝜑(𝜚) is the prior probability density function of the unknown
parameters. Consequently, the Bayesian estimation approach requires both a performance
criterion and a prior distribution as its starting point.

Among various performance criteria, the mean squared loss function, de!ned as
⋝(𝜚,𝛻) = ⟨𝜚 ω 𝛻⟨2, leads to the minimum mean-squared error (MMSE) estimate. This
estimate corresponds to the mean of the posterior distribution of the unknown parameters
𝜚 given the measurements [76, Ch. 4], i.e.,

𝜍𝜚(y) = "[𝜚 φy] = }
ς
𝜚𝜑(y φ𝜚)𝜑(d𝜚). (3.6)

However, computing the posterior solution (3.6) is often challenging due to either an
incomplete speci!cation of the likelihood distribution 𝜑(y φ𝜚) or because the integral does
not have a closed-form solution. For certain special classes of joint distributions, such
as elliptical distributions, the posterior distribution admits an analytical solution. The
distribution ℙ of a random vector > ε ℝ𝜗⋆ is called elliptical, denoted as ℙ = E

𝜗⋆
≨ (⊲,ϖ),

if its characteristic function is given by 𝐴(⋆ ) = exp(7⌉⋆ , ⊲{)≨(⋆
T
ϖ⋆ ), where ⊲ ε ℝ𝜗⋆ is a

location parameter, ϖ ε %
𝜗⋆
+ is the dispersion matrix, and ≨ ϱ ℝ+ ⋛ ℝ is the characteristic

generator [68, p. 107].

Remark 3.3.1 (MMSE estimate of elliptical distributions). If the joint distribution of the
unknown parameters 𝜚 and the measurements y is elliptical, then the conditional distribution
𝜑(𝜚 φy) is elliptical, and its !rst moment, forming the optimal solution (3.6), is a"ne in the
variable y [24, Thm. 5].

A fundamental classical result in these cases is that the mean of the posterior belongs to
the class of a$ne estimators when the joint distribution is Gaussian [7, Ch. 2]. Inspired by
Remark 3.3.1 and to enhance computational e$ciency, we restrict the family of estimators
in Problem 3.1 to a$ne functions for the remainder of this study. The following theorem
presents the optimal closed-form solution for this class of estimators.

Theorem 3.3.2 (Optimal Bayesian a!ne MMSE estimator). The optimal Bayesian
a"ne MMSE estimator of Problem 3.1 is of the form 𝜍𝜚B(y) = 24y + 𝐵4, where

24 = ϖ𝜚⊲)⌈⊲
T

)ϖ𝜚⊲) +M + ϖv⌉
ω1
, 𝐵4 = ⊲𝜚 ω 24⊲

T

)⊲𝜚 , (3.7a)

⊲) = [⊲0ℵ,… , ⊲𝜀ℵ ], the (𝜔 + 1, 𝜔0 + 1)th element of matrix M is M𝜔𝜔0 = tr⌈ϖ𝜔𝜔0
) (ϖ𝜚 + ⊲𝜚⊲

T

𝜚)⌉, in
which (⊲𝜔ℵ,ϖ

𝜔𝜔0
) ) is the respective DBS of ℵ(x𝜔) in the sense of De!nition 3.1. Consequently, the

optimal mean-squared estimation error is

J 4
B = tr⌈ϖ𝜚 ω ϖ𝜚⊲)⌈⊲

T

)ϖ𝜚⊲) +M + ϖv⌉
ω1
⊲
T

)ϖ𝜚⌉. (3.7b)
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We note that the technical proofs of the theoretical results are provided in Subsec-
tion 3.3.3. The computational complexity of the derived optimal Bayesian a$ne MMSE
estimator is OB(N2𝜀 2 + 𝜀 3), depending on the number of measurements and unknown
parameters. When N 8 𝜀 , the computational complexity simpli!es toOB(𝜀 3), which is sig-
ni!cantly higher than that of the DLS and MLS linear estimators discussed in Section 3.3.1.
While computationally more expensive, the Bayesian MMSE estimator accounts for process
noise correlations over time and provides unbiased estimates relative to the prior.

Proposition 3.3.3 (Bayesian unbiasedness). The a"ne MMSE estimator (3.7a) is Bayesian
unbiased, i.e., "[𝜚 ω 𝜍𝜚B(y)] = 0, where 𝜚 represents the true unknown parameters and the
expectation is taken with respect to the joint distribution of (𝜚, y).

Given that the estimator is unbiased with respect to the prior, one can update the prior
with the result obtained from this MMSE estimation.

Remark 3.3.4 (Bayesian update via posterior distribution). Using the measurements y
and the proposed a"ne MMSE estimator, the unknown parameters follow an approximate
posterior distribution, i.e., 𝜚 φy − ℙ(⊲

pos

𝜚 ,ϖ
pos

𝜚 ), with known mean and covariance, given by

⌈
⊲

pos

𝜚 = ⊲𝜚 + 24(y ω ⊲
T

)⊲𝜚),

ϖ
pos

𝜚 = ϖ𝜚 ω ϖ𝜚⊲)⌈⊲
T

)ϖ𝜚⊲) +M + ϖv⌉
ω1
⊲
T

)ϖ𝜚 .
(3.8)

The proposed optimal a$ne estimator achieves the minimum variance among all a$ne
estimators and reduces the variance relative to the prior distribution, i.e., ϖ𝜚 ( ϖ

pos

𝜚 , as
evident from (3.8).

Corollary 3.3.5 (Bayesian error monotonicity). Let J 4
B (𝜔) be the MMSE of the a"ne

estimator de!ned in (3.7) at time 𝜔 corresponding the measurement vector y = [y0,… , y𝜔]
T.

Then, with one extra measurement at time (𝜔+1), the estimation error decreases monotonically,
i.e., J 4

B (𝜔 + 1) ⋞ J 4
B (𝜔).

In the following section, we present Fourier basis functions as a particular case of
our generic solution and further illustrate the e$cacy and performance of that through
numerical analyses in Section 3.6.

3.3.3 T%,6"$,&# 4’!!7*
This subsection contains detailed proofs of the theoretical results introduced earlier.

Proof of Theorem 3.3.2. Using the a$ne estimator structure 𝜍𝜚(y) = 2y + 𝐵, the proof
consists of solving the following MMSE problem:

min
2,𝐵

"⌋⟨𝜚 ω 2y ω 𝐵⟨2{. (3.9)

Decompose ) = ⊲) + 1), where ⊲) = "[)] and 1) is a zero-mean random matrix.
Speci!cally, ⊲) = [⊲0ℵ,… , ⊲𝜀ℵ ], with ⊲𝜔ℵ = "[ℵ(x𝜔)] as de!ned by the DBS in (3.4). Expanding
the MMSE objective in (3.9) by substituting the measurement vector y with its model
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from (3.3) and using the decompositions) = ⊲)+1) and 𝜚 = ⊲𝜚+1𝜚, where1𝜚 − ℙ(0,ϖ𝜚),
results in the following optimization problem:

min
2,𝐵

"⌋⌈1𝜚 ω 2(⊲) + 1))
T
1𝜚 ω 2v ω 21)

T
⊲𝜚⌉

T

⌈1𝜚 ω 2(⊲) + 1))
T
1𝜚 ω 2v ω 21)

T
⊲𝜚⌉{

ω 2"⌋⌈1𝜚 ω 2(⊲) + 1))
T
1𝜚 ω 2v ω 21)

T
⊲𝜚⌉

T

⌈𝐵 ω ⊲𝜚 + 2⊲
T

)⊲𝜚⌉{

+ "⌋⌈𝐵 ω ⊲𝜚 + 2⊲
T

)⊲𝜚⌉
T

⌈𝐵 ω ⊲𝜚 + 2⊲
T

)⊲𝜚⌉{.
(3.10)

The second term in the above optimization is zero because all random variables are zero-
mean, i.e., "[1𝜚] = 0, "[1)] = 0, "[v] = 0, "[1𝜚

T
1)] = 0 from the stochastic indepen-

dence of 𝜚 and w𝜔 at all times, and 𝐵 ω ⊲𝜚 + 2⊲
T

)⊲𝜚 is a constant. In addition, the last term
in (3.10) is zero if 𝐵 = ⊲𝜚 ω 2⊲

T

)⊲𝜚 . Therefore, minimizing (3.10) over the variable 2 yields

𝐵4 = ⊲𝜚 ω 24⊲
T

)⊲𝜚 .

Expanding the !rst term of (3.10), applying the trace operator, noting that all the random
variables are independent, and after some algebraic manipulation, the problem (3.10)
reduces to minimizing the following cost function over 2:

J (2) = tr⌈ϖ𝜚 ω 22
T
ϖ𝜚⊲) + 2

T
2(⊲

T

)ϖ𝜚⊲) + H + V + ϖv)⌉,

where H = "[1)
T
1𝜚1𝜚

T
1)] and V = "[1)

T
⊲𝜚⊲

T

𝜚1)]. The minimum of J (2) is obtained
from setting its partial derivative to zero, hence,

6J
62

}
}
}2=24

= ω2ϖ𝜚⊲) + 224
⌈⊲

T

)ϖ𝜚⊲) + H + V + ϖv⌉ = 0

⋡ 24 = ϖ𝜚⊲)⌈⊲
T

)ϖ𝜚⊲) + H + V + ϖv⌉
ω1
.

Since ϖv = diag(,2
v0 ,… ,,2

v𝜀 ) 5 0, we have ⊲T)ϖ𝜚⊲) + H + V + ϖv 5 0. As such, this matrix
is invertible and 24 has a unique solution. It remains to !nd the elements of matrices H
and V. The (𝜔 + 1, 𝜔0 + 1)th elements of matrices H and V is calculated based on the (𝜔 + 1)th

and (𝜔0 + 1)th columns of matrix 1) de!ned as 1ℵ(x𝜔) and 1ℵ(x𝜔0), respectively. Applying
the trace operator to each of their elements,

H𝜔𝜔0 = "[1ℵ
T
(x𝜔)1𝜚1𝜚

T
1ℵ(x𝜔0)] = "⌋tr⌈1ℵ(x𝜔0)1ℵ

T
(x𝜔)1𝜚1𝜚

T

⌉{,

V𝜔𝜔0 = "[1ℵ
T
(x𝜔)⊲𝜚⊲

T

𝜚1ℵ(x𝜔0)] = "⌋tr⌈1ℵ(x𝜔0)1ℵ
T
(x𝜔)⊲𝜚⊲

T

𝜚⌉{.

Noting that 1ℵ(x𝜔0)1ℵ
T
(x𝜔) and 1𝜚 are independent, one could observe that

H𝜔𝜔0 = tr⌈"[1ℵ(x𝜔0)1ℵ
T
(x𝜔)]ϖ𝜚⌉,

V𝜔𝜔0 = tr⌈"[1ℵ(x𝜔0)1ℵ
T
(x𝜔)]⊲𝜚⊲

T

𝜚⌉.

Finally, rewriting 1ℵ(x𝜔) = ℵ(x𝜔) ω "[ℵ(x𝜔)], it is straightforward to obtain

"[1ℵ(x𝜔0)1ℵ
T
(x𝜔)] = "[ℵ(x𝜔0)ℵ

T
(x𝜔)] ω "[ℵ(x𝜔0)]"[ℵ(x𝜔)]

T
,
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hence, we have

H𝜔𝜔0 = tr⌈("[ℵ(x𝜔0)ℵ
T
(x𝜔)] ω "[ℵ(x𝜔0)]"[ℵ(x𝜔)]

T
)ϖ𝜚⌉,

V𝜔𝜔0 = tr⌈("[ℵ(x𝜔0)ℵ
T
(x𝜔)] ω "[ℵ(x𝜔0)]"[ℵ(x𝜔)]

T
)⊲𝜚⊲

T

𝜚⌉.

Introducing matrix M ϱ= H + V, its (𝜔 + 1, 𝜔0 + 1)th element is

M𝜔𝜔0 = H𝜔𝜔0 + V𝜔𝜔0 = tr⌈ϖ
𝜔0𝜔
) (ϖ𝜚 + ⊲𝜚⊲

T

𝜚)⌉,

where ϖ𝜔0𝜔
) = "[ℵ(x𝜔0)ℵ

T
(x𝜔)]ω"[ℵ(x𝜔0)]"[ℵ(x𝜔)]

T according to the DBS de!nition 3.1. Since

tr⌈ϖ
𝜔0𝜔
) (ϖ𝜚 + ⊲𝜚⊲

T

𝜚)⌉ = tr⌈ϖ
𝜔𝜔0
) (ϖ𝜚 + ⊲𝜚⊲

T

𝜚)⌉,

wewriteM𝜔𝜔0 = tr⌈ϖ𝜔𝜔0
) (ϖ𝜚+⊲𝜚⊲

T

𝜚)⌉. Ultimately, substituting24 = ϖ𝜚⊲)⌈⊲
T

)ϖ𝜚⊲)+M+ϖv⌉
ω1

and 𝐵4 = ⊲𝜚 ω 24⊲
T

)⊲𝜚 in (3.10) results in the last two terms to be zero and the optimal
MMSE error J 4

B after a simple algebraic manipulation arrives at (3.7b), which concludes
the proof.

Proof of Proposition 3.3.3. Showing that "[𝜚 ω 𝜍𝜚B(y)] = 0 indicates that the estimator is
Bayesian unbiased. We substitute 𝜍𝜚B(y) with its optimal estimator (3.7a), which leads to

"[𝜚 ω 𝜍𝜚B(y)] = "[𝜚] ω "[24y + 𝐵4] = ⊲𝜚 ω 24"[y] ω ⊲𝜚 + 24⊲
T

)⊲𝜚 = 24
⌈⊲

T

)⊲𝜚 ω "[y]⌉.

Noting that "[y] = "[)]⊲𝜚 from the stochastic independence of 𝜚 and w𝜔 at all times, and
that "[)] = ⊲), it follows that "[𝜚 ω 𝜍𝜚B(y)] = 0.

Proof of Corollary 3.3.5. Let us de!ne R ϱ= M + ϖv , then the optimal MMSE in (3.7b) is

J 4
B = tr⌈ϖ𝜚 ω ϖ𝜚⊲)⌈⊲

T

)ϖ𝜚⊲) + R⌉
ω1
⊲
T

)ϖ𝜚⌉.

Applying the matrix inversion lemma [15], we derive the equivalent expression

ϖ𝜚 ω ϖ𝜚⊲)⌈⊲
T

)ϖ𝜚⊲) + R⌉
ω1
⊲
T

)ϖ𝜚 = ⌈ϖ
ω1
𝜚 + ⊲)R

ω1
⊲
T

)⌉
ω1
, (3.11)

which allows us to rewrite (3.7b) as J 4
B = tr⌈⌈ϖ

ω1
𝜚 + ⊲)R

ω1
⊲
T

)⌉
ω1

⌉. Let J 4
B (𝜔 + 1) denote the

estimation error at time (𝜔 + 1) using measurements y = [y0,… , y(𝜔+1)]
T. De!ne matrices

⊲)(𝜔 + 1)=[⊲)(𝜔), ⊲
(𝜔+1)
ℵ ], R(𝜔 + 1)=

⟦
R(𝜔) c(𝜔 + 1)

c
T
(𝜔 + 1) r(𝜔 + 1)⟧

,

with ⊲)(𝜔) = [⊲0ℵ,… , ⊲𝜔ℵ], c(𝜔 + 1) = [M0(𝜔+1),… ,M𝜔(𝜔+1)]
T, and r(𝜔 + 1) = M(𝜔+1)(𝜔+1) + ,2

v(𝜔+1) .
Using the Schur complement [15],

R
ω1
(𝜔 + 1) =

⟦
$ ωR

ω1
(𝜔)c(𝜔 + 1)

0 $ ⟧ [

R
ω1
(𝜔) 0

0 ⌈r(𝜔 + 1) ω c
T
(𝜔 + 1)R

ω1
(𝜔)c(𝜔 + 1)⌉

ω1
]

ϑ
⟦

$ 0
ωc

T
(𝜔 + 1)R

ω1
(𝜔) $⟧

. (3.12)
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We de!ne S(𝜔 + 1) ϱ= ⊲)(𝜔 + 1)R
ω1
(𝜔 + 1)⊲

T

)(𝜔 + 1) and S(𝜔) ϱ= ⊲)(𝜔)R
ω1
(𝜔)⊲

T

)(𝜔), which
decomposes as 1S(𝜔 + 1) ϱ= S(𝜔 + 1) ω S(𝜔), where

⦃⦄⦄⦄
⟨⦄⦄⦄⟩

1S(𝜔 + 1) = 2 (𝜔 + 1)
ω1
s(𝜔 + 1)s

T
(𝜔 + 1),

s(𝜔 + 1) = ⊲)(𝜔)R
ω1
(𝜔)c(𝜔 + 1) ω ⊲(𝜔+1)ℵ ,

2 (𝜔 + 1) = r(𝜔 + 1) ω c
T
(𝜔 + 1)R

ω1
(𝜔)c(𝜔 + 1).

Given R(𝜔 + 1) = M(𝜔 + 1) + ϖv(𝜔 + 1) 5 0, one can observe from (3.12) that

⌈r(𝜔 + 1) ω c
T
(𝜔 + 1)R

ω1
(𝜔)c(𝜔 + 1)⌉

ω1
> 0,

implying that 1S(𝜔 + 1) ( 0. Since, ϖω1𝜚 ( 0 and S(𝜔) ( 0, we obtain

⌈ϖ
ω1
𝜚 + S(𝜔) + 1S(𝜔 + 1)⌉

ω1
+ ⌈ϖ

ω1
𝜚 + S(𝜔)⌉

ω1
.

Thus, the estimation error decreases monotonically, i.e.,

J 4
B (𝜔 + 1) = tr⌈⌈ϖ

ω1
𝜚 + S(𝜔) + 1S(𝜔 + 1)⌉

ω1

⌉ ⋞ tr⌈⌈ϖ
ω1
𝜚 + S(𝜔)⌉

ω1

⌉ = J 4
B (𝜔).

3.4 F!.’$%’ 9&*$*
The question that arises concerns the extent to which the matrices ⊲) and M of Theo-
rem 3.3.2 in (3.7) depend on the respective DBS (⊲𝜔ℵ,ϖ𝜔𝜔0

) ) introduced in De!nition 3.1. By
employing Fourier basis functions, one can leverage their unique properties to e$ciently
compute these expectations via their characteristic function. Furthermore, any su$ciently
well-behaved function can be approximated as a sum of Fourier series [123], with the dis-
crete Fourier transform (DFT) providing an e$cient method for calculating the coe$cients
of these series. The Fourier basis function is de!ned as

⦃⦄⦄
⟨⦄⦄⟩

ℵ0(x) = 1 𝜗 = 0

ℵ𝜗(x) =(
⋝ε{ω1,1}

exp(7⌉⋝⋆𝜗, x{) 𝜗 ⋟ 1, (3.13)

where ⋆𝜗 ε ℝ𝜗x represents a known frequency, and 𝜗 denotes the frequency index. To ensure
that the codomain of 𝜛𝜚(⋜) in (3.2) remains in ℝ, symmetry is imposed on the frequencies
and their corresponding parameters to eliminate imaginary components. Speci!cally, the
basis function is constructed such that identical parameters are assigned to terms with
positive and negative frequencies, ⋆𝜗 and ω⋆𝜗. Additionally, ℵ0(x) = 1 corresponds to a
Fourier basis with ⋆0 = 0. Using the Fourier basis functions de!ned in (3.13), we derive
explicit expressions for the elements of the mean vectors ⊲𝜔ℵ and covariance matrices ϖ𝜔𝜔0

) ,
which are required for the analytical formulation of the a$ne MMSE estimator outlined in
Theorem 3.3.2. These expressions are presented in a compact form, which relies on the
lifted matrix representation introduced in the following section.
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3.4.1 L$7)%2 4’!,%** (!2%#
We represent the process model in (3.1) for the entire trajectory in the lifted matrix form

x = A(Bu + w), (3.14)

where x = [x
T

0,… , x
T

𝜀 ]
Tconsists of the system states vector, u = [⊲

T

x0 , u
T

0,… , u
T

𝜀ω1]
T is the input

vector with the initial state mean as its !rst element, and w = [w
T

0,w
T

1,… ,w
T

𝜀 ]
T denotes the

noise vector in which the !rst element corresponds to the uncertainty of the initial state.
As such, w0 − ℙ(0,ϖx0 ) and w is a zero-mean uncertainty, i.e., w − ℙ(0,ϖw), ϖw ( 0. The
covariance matrix is diagonal only if w𝜔 are independent, i.e., ϖw = diag(ϖx0 ,ϖw1 ,… ,ϖw𝜀 ).
Furthermore, the matrices A and B have the following lower triangular and block-diagonal
structures, respectively:

A =

⟪
⟫
⟫
⟫
⟫
⟫
⟫
⟫
⟫
❲

$ 0 0 … 0

A0 $ 0 …
...

A1A0 A1 $
. . .

...
...

...
...

. . . 0
𝜀ω1
⟪
⊳=0

A⊳

𝜀ω1
⟪
⊳=1

A⊳ … A𝜀ω1 $

❳
/
/
/
/
/
/
/
/
\

, B = diag($,B0,… ,B𝜀ω1), (3.15)

where
𝜔0

⟪
⊳=𝜔

A⊳ = A𝜔0 …A𝜔 . The lifted matrix representation in (3.14) provides a compact

expression for the mean and covariance of the random variable x𝜔 as a function of u and
ϖw , given by x𝜔 = A𝜔(Bu + w) and x𝜔 − ℙ(A𝜔Bu,A𝜔ϖwA

T

𝜔 ), where A𝜔 corresponds to the
(𝜔 + 1)th block-row of A in (3.15), i.e.,

A𝜔 = ⟦

𝜔ω1
⟪
⊳=0

A⊳

𝜔ω1
⟪
⊳=1

A⊳ … $ 0 … 0
⟧
. (3.16)

This representation serves as the foundation for deriving the DBS of Fourier bases presented
in the next subsection.

3.4.2 F!.’$%’ 9&*$* *)&)$*)$,*
To compute the expectation of a Fourier basis, the concept of the characteristic function is
directly relevant, as it provides a mechanism for deriving such expectations.

De"nition 3.2 (Characteristic function). The characteristic function of a random vector
is de!ned as the sign-reversed Fourier transform of its probability density function [56],
i.e., for a random vector > − ℙ(0, $), the characteristic function at frequency ⋆ is given by
𝐴(⋆ ) ϱ= "[exp(7⌉⋆ , >{)].

Using characteristic functions, the following lemma derives explicit expressions for
the elements of ⊲𝜔ℵ and ϖ𝜔𝜔0

) , which are essential for the optimal Bayesian a$ne MMSE
estimator presented in Theorem 3.3.2.
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Lemma 3.4.1 (Fourier DBS explicit expression). For Fourier basis functions (3.13) and
the dynamics of (3.1), let the respective DBS introduced in De!nition 3.1, denoted by (⊲𝜔ℵ,ϖ

𝜔𝜔0
) ).

Additionally, let A𝜔 and A𝜔0 represent the matrices de!ned analogously to (3.16). Then, the
following expressions hold:

(i) DBS mean: The !rst element of the mean vector is ⊲𝜔ℵ0
= 1, and its (𝜗 + 1)th element is

⊲𝜔ℵ𝜗
=⟩

⋝ε{ω1,1}

exp(7⌉A
T

𝜔 ⋝⋆𝜗,Bu{)𝐴(ϖ
1
2

wA
T

𝜔 ⋝⋆𝜗), 𝜗 ⋟ 1. (3.17a)

(ii) DBS covariance: The (ℶ + 1, 𝜗 + 1)th element of the covariance matrix is ϖ𝜔𝜔0
ℵℶ𝜗

= 0 if
ℶ = 0 or 𝜗 = 0. For ℶ, 𝜗 ⋟ 1, this element is

ϖ𝜔𝜔0
ℵℶ𝜗

= ⟩
⋝,⋝ 0ε{ω1,1}

exp(7⌉A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗,Bu{)

ϑ ⌈𝐴⌈ϖ
1
2

w(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗)⌉ ω 𝐴(ϖ

1
2

wA
T

𝜔 ⋝⋆ℶ)𝐴(ϖ
1
2

wA
T

𝜔0⋝
0⋆𝜗)⌉.
(3.17b)

The technical proofs of the theoretical statements presented in this section are deferred
to Subsection 3.4.4. Using the explicit expressions provided in Lemma 3.4.1, one can
analytically compute ⊲𝜔ℵ and ϖ𝜔𝜔0

) when the process noise is drawn from known distributions.

Example 3.1 (Gaussian explicit characteristic). When the process noise is Gaussian,
w − N(0,ϖw), the system states x𝜔 follow a Gaussian distribution as x𝜔 − N(A𝜔Bu,A𝜔ϖwA

T

𝜔 ),
with A𝜔 de!ned in (3.16). In this case, the explicit expressions for (3.17) are obtained from
the analytical characteristic function of a multivariate normal distribution [47, Ch. 10],

𝐴(ϖ
1
2

wA
T

𝜔 ⋝⋆𝜗) = exp⌈ω
1
2
⋝⋆

T

𝜗A𝜔ϖwA
T

𝜔 ⋝⋆𝜗⌉,

𝐴⌈ϖ
1
2

w(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗)⌉ = exp⌈ω

1
2
(⋝⋆

T

ℶA𝜔 + ⋝ 0⋆
T

𝜗A𝜔0)ϖw(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗)⌉.

(3.18)

From the analytical expressions of the optimal estimator in Theorem 3.3.2, under the
assumption of Gaussian process noise, we examine the consistency property of the a$ne
estimator in the following subsection.

3.4.3 B&+%*$&" &77$"%MMSE %*)$(&)!’ ,!"*$*)%",+
As noted in previous sections, the proposed Bayesian a$ne estimator (3.7) requires the
computation of the inverse of the observation covariance matrix, which depends on the
matrices ⊲) andM. These matrices, and consequently the optimal MSE (3.7b), are signi!-
cantly in&uenced by the underlying dynamical system. The following proposition identi!es
the conditions under which the estimation error fails to converge to zero as the number
of dependent samples from a trajectory length 𝜀 approaches in!nity, highlighting cases
where the estimator is inconsistent.

Proposition 3.4.2 (Inherent inconsistency). Consider a stochastically unstable linear
time-invariant (LTI) system (3.1), where A𝜔 = A and ℸmax(A) ⋟ 1. Let the process noise be
Gaussian, w − N(0,ϖw), and have an observation model (3.2) with N ⋟ 1 spanned by the
Fourier basis (3.13). Then, the optimal estimation error (3.7b) is uniformly away from zero,
i.e., lim𝜔⋛∇ J 4

B (𝜔) > 0, for any unbounded and persistently excited input trajectory {u𝜔}𝜔εℤ+ .
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In cases where the underlying dynamical system is marginally stable or unstable,
multiple statistically independent trajectories of data help reduce the estimation error and
ensure that the estimator remains consistent, provided trajectories are persistently excited
and the number of independent trajectories approaches in!nity. We extend our formulation
to accommodate 𝐶 multiple statistically independent trajectories of data. For each trajectory
⊳, the time index 𝜔 independently starts from 0 and continues for a horizon 𝜀⊳, resulting in
independent trajectories {0,… , 𝜀1},… , {0,… , 𝜀𝐶}. In this extended formulation, the lifted
matrix forms of A and B in the process model (3.14) change to block-diagonal matrices,
i.e., A = diag(A1,… ,A𝐶) and B = diag(B1,… ,B𝐶), where A⊳ and B⊳ are de!ned as in (3.15)
for each trajectory ⊳. All other aspects of the formulation remain identical to the single-
trajectory case, with their sizes extended according to the total number of data points
𝜀 𝐶= (𝜀1 + 1) +⋠ + (𝜀𝐶 + 1). The following proposition formally speci!es the condition to
provide consistency for the proposed optimal Bayesian a$ne MMSE estimator.

Proposition 3.4.3 (Consistency via independent trajectories). Let J 4
B (𝐶, 𝜀

𝐶) denote
the optimal estimation error (3.7b) using 𝐶 statistically independent trajectories (or “batches”)
with the the total length of 𝜀 𝐶= (𝜀1 + 1) +⋠ + (𝜀𝐶 + 1) data points, where each trajectory ⊳
contains (𝜀⊳ + 1) measurements, i.e., y⊳ = [y0,… , y𝜀⊳]

T. Then, for any prior distribution and
any set of basis functions ℵ(x) in (3.2), the optimal Bayesian MSE (3.7b) converges to zero as
𝐶 tends to ∇ if the minimum eigenvalue of the so-called “information matrix” of the basis
functions diverges to in!nity, i.e.,

lim
𝐶⋛∇

ℸmin⌈
𝐶

⟩
⊳=1

⊲0ℵ(⊳)⊲
0
T

ℵ (⊳)

M00(⊳) + ,2
v0 (⊳)

⌉ = ∇ ⋢ lim
𝐶⋛∇

J 4
B (𝐶, 𝜀

𝐶) = 0, (3.19)

where M00(⊳) = tr⌈ϖ00
) (⊳)(ϖ𝜚 + ⊲𝜚⊲

T

𝜚)⌉, ,
2
v0 (⊳) is the measurement noise variance, and ⊲0ℵ(⊳)

and ϖ00
) (⊳) are the respective DBS as described in De!nition 3.1,

⊲0ℵ(⊳) = "[ℵ(x0(⊳))], ϖ00
) (⊳) = "[ℵ(x0(⊳))ℵ

T
(x0(⊳))] ω "[ℵ(x0(⊳))]"[ℵ(x0(⊳))]

T
,

all evaluated at the initial state of the ⊳th trajectory.

Condition (3.19) shows that estimates of 𝜚 from the optimal Bayesian a$ne MMSE
estimator (3.7) converge to their true values if the initial states in statistically independent
trajectories are indeed persistently excited. However, the rate at which the estimation
error decays also depends on the persistent excitation of dependent data within individual
trajectories. Persistent excitation can be achieved through the strategic selection of inputs
u by actively minimizing the optimal Bayesian MSE (3.7b). In the subsequent section, we
address this input optimization framework, commonly referred to as active learning.

3.4.4 T%,6"$,&# 4’!!7*
We provide detailed proofs supporting the theoretical statements of this section.

Proof of Lemma 3.4.1. The random vector x𝜔 follows the distribution x𝜔 −ℙ(A𝜔Bu,A𝜔ϖwA
T

𝜔 ),
where A𝜔 is de!ned in (3.16) and the covariance matrix A𝜔ϖwA

T

𝜔 is symmetric and positive
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de!nite. Therefore, x𝜔 can be expressed as an a$ne transformation, x𝜔 = A𝜔Bu+A𝜔ϖ
1
2
w> , of

the standard random vector > − ℙ(0, $) under the condition that this mapping transforms
the distribution of > to that of w. Consequently, the characteristic function of the random
vector x𝜔 from that of > , according to De!nition 3.2, is

"[exp(7⌉⋆ , x𝜔{)] = exp(7⌉⋆ ,A𝜔Bu{)𝐴(ϖ
1
2

wA
T

𝜔 ⋆ ). (3.20)

Using the Fourier basis (3.13), the (𝜗 + 1)th element of the mean vector ⊲𝜔ℵ is given by

"[ℵ𝜗(x𝜔)] =

⦃⦄⦄
⟨⦄⦄⟩

1 𝜗 = 0

(
⋝ε{ω1,1}

exp(7⌉A
T

𝜔 ⋝⋆𝜗,Bu{)𝐴(ϖ
1
2
wA

T

𝜔 ⋝⋆𝜗) 𝜗 ⋟ 1.

In addition, the (ℶ + 1, 𝜗 + 1)th element of the covariance matrix ϖ𝜔𝜔0
) is expressed as

ϖ𝜔𝜔0
ℵℶ𝜗

= "[ℵℶ(x𝜔)ℵ𝜗(x𝜔0)] ω "[ℵℶ(x𝜔)]"[ℵ𝜗(x𝜔0)],

which can also be derived from (3.13) and (3.20). When at least one index is zero (ℶ = 0 or
𝜗 = 0), the element simpli!es to

ϖ𝜔𝜔0
ℵ00

= "[ℵ0(x𝜔)ℵ0(x𝜔0)] ω "[ℵ0(x𝜔)]"[ℵ0(x𝜔0)] = 0,

ϖ𝜔𝜔0
ℵℶ0

= "[ℵℶ(x𝜔)ℵ0(x𝜔0)] ω "[ℵℶ(x𝜔)]"[ℵ0(x𝜔0)] = 0,

ϖ𝜔𝜔0
ℵ0𝜗

= "[ℵ0(x𝜔)ℵ𝜗(x𝜔0)] ω "[ℵ0(x𝜔)]"[ℵ𝜗(x𝜔0)] = 0.

Finally, for the case where both ℶ ⋟ 1 and 𝜗 ⋟ 1, the term ℵℶ(x𝜔)ℵ𝜗(x𝜔0) is a summation of
the following four terms:

ℵℶ(x𝜔)ℵ𝜗(x𝜔0) = ⟩
⋝,⋝ 0ε{ω1,1}

exp(7⌉⋝⋆ℶ, x𝜔{)exp(7⌉⋝ 0⋆𝜗, x𝜔0{).

Given x𝜔 = A𝜔Bu + A𝜔ϖ
1
2
w> and x𝜔0 = A𝜔0Bu + A𝜔0ϖ

1
2
w> , ℵℶ(x𝜔)ℵ𝜗(x𝜔0) can be simpli!ed to

ℵℶ(x𝜔)ℵ𝜗(x𝜔0) = ⟩
⋝,⋝ 0ε{ω1,1}

exp(7⌉A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗,Bu{)exp(7⌉ϖ

1
2

w(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗), >{).

Thus, when ℶ, 𝜗 ⋟ 1, the (ℶ + 1, 𝜗 + 1)th element of the covariance matrix ϖ𝜔𝜔0
) is

ϖ𝜔𝜔0
ℵℶ𝜗

= ω⊲𝜔ℵℶ
⊲𝜔

0

ℵ𝜗
+ ⟩

⋝,⋝ 0ε{ω1,1}

exp(7⌉A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗,Bu{)𝐴⌈ϖ

1
2

w(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗)⌉,

which can be rewritten as (3.17b), completing the proof.

Proof of Proposition 3.4.2. Let J 4
B (𝜔) be the optimal estimation error (3.7b) at time 𝜔 given

an output measurement trajectory with length 𝜔 + 1, and consider its equivalent represen-
tation in (3.11). From Corollary 3.3.5, we derive

J 4
B (𝜔) = tr⌈⌈ϖ

ω1
𝜚 + S(𝜔 ω 1) + 1S(𝜔)⌉

ω1

⌉, (3.21)
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where S(𝜔 ω 1) = ⊲)(𝜔 ω 1)R
ω1
(𝜔 ω 1)⊲

T

)(𝜔 ω 1), 1S(𝜔) = 2
ω1
(𝜔)s(𝜔)s

T
(𝜔),

⦃⦄⦄⦄⦄⦄
⟨⦄⦄⦄⦄⦄⟩

s(𝜔) = ⊲)(𝜔 ω 1)R
ω1
(𝜔 ω 1)c(𝜔) ω ⊲𝜔ℵ,

2 (𝜔) = r(𝜔) ω c
T
(𝜔)R

ω1
(𝜔 ω 1)c(𝜔) > 0,

r(𝜔) = M𝜔𝜔 + ,2
v𝜔 ,

c(𝜔) = [M0𝜔 ,… ,M(𝜔ω1)𝜔]
T
.

(3.22)

Recursively applying the decomposition (3.21) from 𝜔 ω 1 to 1, we obtain

J 4
B (𝜔) = tr⌈⌈ϖ

ω1
𝜚 + S(0) + 1S(1) +⋠ + 1S(𝜔)⌉

ω1

⌉ = tr⌈⌈ϖ
ω1
𝜚 + S(0) +

𝜔

⟩
⊳=1

1
2 (⊳)

s(⊳)s
T
(⊳)⌉

ω1

⌉.

Since ϖω1𝜚 ( 0 and S(0) ( 0, J 4
B (𝜔) tends to 0 as 𝜔 goes to ∇, if and only if the smallest

eigenvalue of the information matrix diverges to in!nity, i.e.,

lim
𝜔⋛∇

J 4
B (𝜔) = 0 ⋡ lim

𝜔⋛∇
ℸmax⟫⌈ϖ

ω1
𝜚 + S(0) +

𝜔

⟩
⊳=1

1
2 (⊳)

s(⊳)s
T
(⊳)⌉

ω1

❲ = 0,

⋡ lim
𝜔⋛∇

ℸmin⌈ϖ
ω1
𝜚 + S(0) +

𝜔

⟩
⊳=1

1
2 (⊳)

s(⊳)s
T
(⊳)⌉ = ∇.

Equivalently, the eigenvalues diverge if and only if for every unit vector 𝜍𝐷 ε ℝ(N+1), i.e.,
⟨𝜍𝐷 ⟨ = 1, the above series diverges to in!nity, i.e.,

lim
𝜔⋛∇

ℸmin⌈ϖ
ω1
𝜚+S(0)+

𝜔

⟩
⊳=1

1
2 (⊳)

s(⊳)s
T
(⊳)⌉=∇⋡ 3𝜍𝐷 ε ℝ(N+1), ⟨𝜍𝐷 ⟨=1, lim

𝜔⋛∇

𝜔

⟩
⊳=1

1
2 (⊳)

(𝜍𝐷
T
s(⊳))2 =∇.

Hence, the necessary and su$cient condition for the convergence of the estimator to the
true value is

lim
𝜔⋛∇

J 4
B (𝜔) = 0 ⋡ lim

𝜔⋛∇
inf
⟨𝐷⟨=1⟫

𝜔

⟩
⊳=1

1
2 (⊳)

(𝜍𝐷
T
s(⊳))2❲ = ∇. (3.23)

For the sake of contradiction, let us choose the vector 𝛚{𝜗} as the 𝜗th standard basis vector,

𝛚{𝜗} = [0,… , 0, 1, 0,… , 0]
T
, 𝜗 ⋟ 1.

⋣
𝜗th

Substituting this unit vector into the convergence condition (3.23), we have

1
2 (⊳)

(𝛚
T

{𝜗}s(⊳))
2 =

1
2 (⊳)

(𝛚
T

{𝜗}⊲)(⊳ ω 1)R
ω1
(⊳ ω 1)c(⊳) ω 𝛚

T

{𝜗}⊲
⊳
ℵ)

2 =
1

2 (⊳)
(
⊳ω1

⟩
7=0

1
2 (7)

⊲7ℵ𝜗
M7⊳ ω ⊲⊳ℵ𝜗

)2,

and

lim
𝜔⋛∇

𝜔

⟩
⊳=1

1
2 (⊳)

(𝛚
T

{𝜗}s(⊳))
2 =

∇

⟩
⊳=1

1
2 (⊳)

(
⊳ω1

⟩
7=0

1
2 (7)

⊲7ℵ𝜗
M7⊳ ω ⊲⊳ℵ𝜗

)2, (3.24)
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where 2 (0) = M00 + ,2
v0 . From the structure of ⊲⊳ℵ𝜗

and ϖ7⊳
ℵ𝜗ℶ

for the Fourier basis with
Gaussian process noise in (3.18), i.e.,

⦃⦄⦄⦄⦄⦄⦄⦄⦄⦄
⟨⦄⦄⦄⦄⦄⦄⦄⦄⦄⟩

⊲⊳ℵ𝜗
= 𝐸 ⊳

𝜗exp⌈ω
1
2⋆

T

𝜗A⊳ϖwA
T

⊳ ⋆𝜗⌉, ω2 ⋞ 𝐸 ⊳
𝜗 ⋞ 2,

ϖ7⊳
ℵℶ𝜗

= 𝐹7⊳ℶ𝜗exp⌈ω
1
2⋆

T

𝜗A⊳ϖwA
T

⊳ ⋆𝜗⌉, ω2 ⋞ 𝐹7⊳ℶ𝜗 ⋞ 2,

𝐸 ⊳
𝜗 =(

⋝ε{ω1,1}
exp(7⌉A

T

⊳ ⋝⋆𝜗,Bu{),

𝐹7⊳ℶ𝜗 = (
⋝,⋝ 0ε{ω1,1}

exp(7⌉A
T

7 ⋝⋆ℶ + A
T

⊳ ⋝
0⋆𝜗,Bu{)⌈exp⌈ω⋝⋆

T

ℶA7ϖwA
T

⊳ ⋝
0⋆𝜗⌉ ω 1⌉

ϑ exp⌈ω
1
2
⋆
T

ℶA7ϖwA
T

7 ⋆ℶ⌉,

we have the following properties:
(i) Bounded coe$cients: ⊲⊳ℵ𝜗

<∇, ⊲7ℵ𝜗
<∇, ϖ7⊳

)<∇ for all values of ⊳ and 7 . Also, from (3.22),

M7⊳ = tr⌈ϖ
7⊳
)(ϖ𝜚+⊲𝜚⊲

T

𝜚)⌉ < ∇, 0 < 2 (⊳) ⋞ M⊳⊳+,2
v⊳ < ∇, 0 < 2 (7) ⋞ M77+,2

v7 < ∇.

(ii) Impact of stochastic instability: For the special case of marginally stable or unstable
LTI system, i.e., ℸmax(A) ⋟ 1,

ℏ𝐷
T
(A⊳ϖwA

T

⊳ ) ℏ𝐷 =
⊳

⟩
ℷ=0

ℏ𝐷
T
Aℷϖw(⊳ωℷ)A

ℷ
T

ℏ𝐷 =
⊳

⟩
ℷ=0

|ℸ𝐺(A)|2ℷ ℏ𝐷
T
ϖw(⊳ωℷ) ℏ𝐷,

where ℏ𝐷 is the eigenvector of matrix A corresponding to ℸmax(A) and ϖw0 = ϖx0 . It
is evident from the equality that A⊳ϖwA

T

⊳ grows unbounded and exp(ω 1
2⋆

T

𝜗A⊳ϖwA
T

⊳ ⋆𝜗)
decays to zero.

(iii) Decay of terms: The elements ⊲7ℵ𝜗
, M7⊳, and ⊲⊳ℵ𝜗

in (3.24) decay exponentially to
zero due to exp(ω 1

2⋆
T

𝜗A⊳ϖwA
T

⊳ ⋆𝜗). From (3.22), one can also observe that c(⊳) decays
exponentially to zero, while r(⊳) exponentially converges to ,2

v⊳ . Consequently, 2 (⊳)
and 2 (7) also exponentially converge to ,2

v⊳ and ,2
v7 , respectively.

Thus, the numerator of the series (3.24) decays exponentially as O⌈exp(ω 1
2⋆

T

𝜗A⊳ϖwA
T

⊳ ⋆𝜗)⌉,
and therefore, the summation converges to a bounded value, i.e.,

lim
𝜔⋛∇

𝜔

⟩
⊳=1

1
2 (⊳)

(𝛚
T

{𝜗}s(⊳))
2 < ∇.

Consequently, there exists a unit vector 𝜍𝐷 = 𝛚{𝜗} and 𝜗 ⋟ 1, such that the series converges,
violating the condition (3.23). Therefore, lim𝜔⋛∇ J 4

B (𝜔) > 0, proving the Bayesian a$ne
MMSE estimator is not consistent for Fourier bases and stochastically unstable LTI systems
with Gaussian process noise w.

Proof of Proposition 3.4.3. Let J 4
B (𝐶, 𝜀

𝐶) denote the Bayesian MMSE (3.7b), where 𝐶 is the
number of statistically independent output trajectories, each with the length of (𝜀⊳ + 1),
namely, y⊳ = [y0,… , y𝜀⊳]

T, ⊳ ε {1, ..., 𝐶}. Thus, a total of 𝜀 𝐶 = (𝜀1 + 1) + ⋠ + (𝜀𝐶 + 1)
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measurements are used. Since the error decreases monotonically with additional dependent
measurements, as stated in Corollary 3.3.5, one can infer that

J 4
B (𝐶, 𝜀

𝐶) ⋞ J 4
B (𝐶, 𝐶), (3.25)

where J 4
B (𝐶, 𝐶) represents the estimation error using 𝐶 statistically independent trajec-

tories each with single measurements, 𝜀 𝐶 = 𝐶, where each trajectory ⊳ contains a single
independent measurement, i.e., y⊳ = y0. Using the equivalent representation of the optimal
MMSE (3.11), we have

J 4
B (𝐶, 𝐶) = tr⌈⌈ϖ

ω1
𝜚 + ⊲)(𝐶)R

ω1
(𝐶)⊲

T

)(𝐶)⌉
ω1

⌉,

where R(𝐶) ϱ= M(𝐶) + ϖv(𝐶). Consider the matrix de!nition and decompositions

⦃⦄⦄⦄
⟨⦄⦄⦄⟩

S ϱ= ⊲)(𝐶)R
ω1
(𝐶)⊲

T

)(𝐶),

⊲)(𝐶) = [⊲0ℵ(1),… , ⊲0ℵ(𝐶)],

R(𝐶) = diag⌈r(1),… , r(𝐶)⌉,

with r(⊳) = M00(⊳)+,2
v0 (⊳) > 0 for batch ⊳, andM00(⊳) = tr⌈ϖ00

) (⊳)(ϖ𝜚+⊲𝜚⊲
T

𝜚)⌉. The statistical
independence between batches ensures R(𝐶) is diagonal, leading to

S =
𝐶

⟩
⊳=1

1
r(⊳)

⊲0ℵ(⊳)⊲
0
T

ℵ (⊳).

Following the reasoning in the proof of Proposition 3.4.2, the necessary and su$cient
condition for the convergence of the MMSE estimator with independent and identically
distributed (i.i.d.) data is

lim
𝐶⋛∇

J 4
B (𝐶, 𝐶) = 0 ⋡ lim

𝐶⋛∇
ℸmin⟫

𝐶

⟩
⊳=1

1
r(⊳)

⊲0ℵ(⊳)⊲
0
T

ℵ (⊳)❲ = ∇.

From the inequality (3.25), the above provides a su$cient condition for J 4
B (𝐶, 𝜀

𝐶) to
converge to 0.

3.5 A,)$-% #%&’"$"/
Active learning seeks to develop input signals that maximize information gain, thereby
reducing estimation error. While our proposed a$ne MMSE estimator in Theorem 3.3.2
is optimal among all a$ne estimators, it can be coupled with an optimal input signal
to improve estimation performance further. To this end, our approach leverages the
analytical expression of the estimation error (3.7b), distinguishing it from most active
learning methods that rely on maximizing information gain as a proxy for the estimation
error, which is typically unavailable. Consequently, the optimal inputs can be determined
independently of measurements, either a-priori or in real-time, by solving the following
optimization problem:

u4 ε argmin
uε(

"⌋⟨𝜚 ω 𝜍𝜚B(y)⟨2{ = argmin
uε(

J 4
B (u), (3.26)
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where ( represents the input space, which may impose physical constraints on feasible
inputs for estimation. Since only the second term of J 4

B in (3.7b) depends on u and is
negative, the optimization problem (3.26) is equivalent to maximizing the second term
of (3.7b). Nevertheless, we present this problem in its minimization form and solve it using
an iterative !rst-order method, such as steepest descent or projected steepest descent when
constraints are involved [16], while leveraging an analytical expression for its gradient. It
should be noted that (3.26) is potentially non-convex due to how u in&uences matrices ⊲)
andM. The iterative update rule for projected gradient descent is given by

uk+1 = P(⌋u
k ω 𝐻k∓uJ 4

B (u
k){, ∓uJ 4

B =
⟦
6J 4

B

6u1
,⋠ , 6J 4

B

6u(𝜗x+𝜀𝜗u) ⟧

T

, (3.27)

where k represents the current iteration step, P([⋜] denotes the projection operator that
maps the argument onto (, 𝐻k is a positive stepsize, and ∓uJ 4

B (u
k) is the gradient of

the cost function evaluated at uk. Various algorithms exist for selecting the stepsize 𝐻k,
including the standard approach of diminishing stepsize rules [16, p. 69]. Furthermore,
since the explicit description of J 4

B is available in (3.7b) (aka. zero-order information),
more sophisticated methods such as exact line search can also be employed; we refer
interested readers to [16, Ch. 2] for further details. It is worth noting that these stepsize
rules may require parameter tuning (e.g., a constant in diminishing stepsize methods) or
involve computational overhead in line search techniques. To circumvent these possible
limitations, one can also utilize the recent, easy-to-implement, adaptive stepsize from [92]
de!ned as

𝐻k =min

❳⦅
1 + 3kω1𝐻kω1,

)
)u

k ω ukω1))
2))∓uJ

4
B (uk) ω ∓uJ 4

B (ukω1)))

/
, 3k =

𝐻k

𝐻kω1

, ℷ ⋟ 1,

with initial conditions 30 = ∇ and 𝐻0 = 10ω10. Finally, the gradient of the optimal Bayesian
estimation error (3.7b) with respect to each u⊳ of the input vector is derived by applying
the chain rule to J 4

B (u), resulting in

6J 4
B

6u⊳
= tr⌈2

4T246u⊳
M+ 224T(24⊲

T

) ω $)ϖ𝜚6u⊳
⊲)⌉, (3.28)

where 24 is de!ned in (3.7a). The partial derivative terms 6u⊳
M and 6u⊳

⊲) depend on the
gradient of the respective DBS as follows:

• 6u⊳
⊲) = [6u⊳

⊲0ℵ,… , 6u⊳
⊲𝜀ℵ ],

• the (𝜔 + 1, 𝜔0 + 1)th element of 6u⊳
M is 6u⊳

M𝜔𝜔0 = tr⌈(ϖ𝜚 + ⊲𝜚⊲
T

𝜚)6u⊳
ϖ𝜔𝜔0
) ⌉,

• the (𝜗 + 1)th element of 6u⊳
⊲𝜔ℵ and (ℶ + 1, 𝜗 + 1)th element of 6u⊳

ϖ𝜔𝜔0
) are

6u⊳
⊲𝜔ℵ𝜗

=
6"[ℵ𝜗(x𝜔)]

6u⊳
, 6u⊳

ϖ𝜔𝜔0
ℵℶ𝜗

=
6"[ℵℶ(x𝜔)ℵ

T

𝜗(x𝜔0)]
6u⊳

ω 6u⊳
⊲𝜔ℵℶ

⊲𝜔
0

ℵ𝜗
ω ⊲𝜔ℵℶ

6u⊳
⊲𝜔

0

ℵ𝜗
.

For Fourier basis functions (3.13), with the explicit expressions of the DBS (⊲𝜔ℵ,ϖ𝜔𝜔0
) ) provided

in Lemma 3.4.1, the partial derivatives 6u⊳
⊲𝜔ℵ and 6u⊳

ϖ𝜔𝜔0
) , are the following DBS gradients:
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(i) DBS mean gradient: 6u⊳
⊲𝜔ℵ0

= 0, and for 𝜗 ⋟ 1,

6u⊳
⊲𝜔ℵ𝜗

=⟩
⋝ε{ω1,1}

7⋝⋆
T

𝜗A𝜔B𝛚{⊳}exp(7⌉A
T

𝜔 ⋝⋆𝜗,Bu{)𝐴(ϖ
1
2

wA
T

𝜔 ⋝⋆𝜗), (3.29a)

(ii) DBS covariance gradient: 6u⊳
ϖ𝜔𝜔0
ℵℶ𝜗

= 0 if ℶ = 0 or 𝜗 = 0. For ℶ, 𝜗 ⋟ 1,

6u⊳
ϖ𝜔𝜔0
ℵℶ𝜗

= ⟩
⋝,⋝ 0ε{ω1,1}

7⌈⋝⋆
T

ℶA𝜔 + ⋝ 0⋆
T

𝜗A𝜔0⌉B𝛚{⊳}exp(7⌉A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗,Bu{)

ϑ ⌈𝐴⌈ϖ
1
2

w(A
T

𝜔 ⋝⋆ℶ + A
T

𝜔0⋝
0⋆𝜗)⌉ ω 𝐴(ϖ

1
2

wA
T

𝜔 ⋝⋆ℶ)𝐴(ϖ
1
2

wA
T

𝜔0⋝
0⋆𝜗)⌉,
(3.29b)

where A𝜔 and A𝜔0 are de!ned analogously to (3.16), and 𝛚{⊳} is the single-entry vector with
1 at index ⊳ and zero elsewhere, i.e.,

𝛚{⊳} = [0,… , 0, 1, 0,… , 0]
T
.

⋣
⊳th

In the case of Gaussian noise, it is su$cient to substitute the characteristic functions in the
derived terms of (3.29) with their corresponding expressions in (3.18). The computational
complexity of computing the gradient (3.28) for each element of input per iteration of the
!rst-order method is equivalent to that of the optimal Bayesian a$ne MMSE estimator,
which scales as O⌈𝜀 3⌉ when N 8 𝜀 . In the following section, we numerically demonstrate
the reduction in estimation error achieved by applying this active learning technique.

3.6 N.(%’$,&# %54%’$(%")*
In this section, we evaluate the performance of four estimators through numerical examples:
two approximate regularized least-squares (RLS) linear estimators (DLS and MLS) from
Subsection 3.3.1, the optimal Bayesian a$ne MMSE estimator (BMS) from Subsection 3.3.2,
and its integration with active learning (BAL) from Subsection 3.5. The MATLAB library
provided at “https://github.com/sasanvakili/Bayesian4Wiener” enables reproducibility of
the experiments in this section. Using a marginally stable dynamical system with a true
function in Fourier subspace, we observe the e%ects of increasing process noise uncertainty
and demonstrate the inherent inconsistency discussed in Proposition 3.4.2. We compare
estimators using the squared error criterion, ⟨𝜚ω 𝜍𝜚(y)⟨2, over 10,000 simulations, employing
identical realizations of w and v across all estimators for fair comparison. In the resulting
plots, dashed lines represent the analytically computed mean squared error, "[⟨𝜚 ω 𝜍𝜚(y)⟨2],
for each method. Non-histogram plots display shaded areas representing the 20th to 80th

percentile range of squared error, while histograms show probability densities.

Experiment setup. Our experiments are based on time-invariant Gaussian measurement
noise v𝜔 − N(0,,2

v$), time-invariant Gaussian process noise w𝜔+1 − N(0,,2
w$), and an

initial state x0 − N(⊲x0 ,,
2
x0$), with ,2

x0 = ,2
w. To examine the impact of process noise,

we use three incremental variances, ,2
w = {0, 0.001, 0.01}, while maintaining a consistent

measurement noise variance of ,2
v = 0.01 across all experiments. Our experimental design

involves generating 100 independent samples each of 𝜚, w, and v for various trajectory
lengths 𝜀 , resulting in 10,000 experiments. The dynamical system under study is a linear

https://github.com/sasanvakili/Bayesian4Wiener
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Figure 3.1: Squared errors of DLS, MLS, and BMS for di%erent ℸ values.

time-invariant (LTI) kinematic model representing a robot moving in two dimensions.
In this model, the system states x𝜔 ε ℝ2 correspond to the robot’s position, while the
inputs u𝜔 ε ℝ2 represent velocities in each dimension. The system dynamics are de!ned
by A𝜔 = $ and B𝜔 = 1𝜔$, with a sampling time 1𝜔 = 0.1. We use ⊲x0 = [3.2, 2.8]

T and u𝜔 =
4.5(𝐼ε4[cos(𝐼𝜔1𝜔), sin(𝐼𝜔1𝜔)]

T , 4 = {3, 5, 10, 20, 100}, for DLS, MLS, and BMS experiments,
as well as for initializing the projected steepest descent algorithm of BAL. Each dimension of
u𝜔 is constrained within [ω200, 200], representing the robot’s achievable velocity range. The
BAL estimator derives u4 within this input range as described in Subsection 3.5. To ensure
consistent initial states across all estimators, BAL does not optimize the !rst element of u,
namely ⊲x0 . Following the Fourier basis representation in (3.13), we employ 11 unknown
parameters 𝜚𝜗, i.e., 𝜗 = 0,… , 10, with known frequency vectors ⋆𝜗 ε ℝ2. Speci!cally,
⋆0 = [0, 0]

T , ⋆𝜗 = [𝜗 21
10 , 0]

T for 𝜗 = {1, 2, 3}, and ⋆𝜗 = [(𝜗 ω 7) 2110 ,
21
6 ]

T for 𝜗 = {4, ..., 10}.
The prior distributions of the unknown parameters follow a uniform distribution U(2, 8),
implying ⊲𝜚𝜗 = 5 and ,2

𝜚𝜗 = 3, from which the true parameter values are drawn.

Benchmark 1 (Optimal Bayesian vs. RLS expected error). Our !rst numerical bench-
mark involves 10,000 simulations for a trajectory of 𝜀 = 100, i.e., 101 total measurements,
to tune the hyperparameter ℸ of DLS andMLS for three incremental process noise scenarios.
The error of BMS remains constant across ℸ values, as it does not depend on this hyperpa-
rameter. Figure 3.1 illustrates that the squared error of DLS and MLS deviates increasingly
from BMS as the process noise variance increases. When ,2

w = 0, as shown in the left plot of
Figure 3.1, all three estimators perform comparably for small ℸ values. However, the middle
and right plots of Figure 3.1 demonstrate that DLS and MLS signi!cantly underperform
compared to BMS when ,2

w = {0.001, 0.01}.

Benchmark 2 (Optimal Bayesian vs. optimal RLS error histogram). After tuning the
hyperparameter ℸ from Benchmark 1 and determining the optimal hyperparameter ℸ4 for
MLS in each process noise case for a trajectory length of 𝜀 = 100, we compare the squared
error di%erence between methods. The estimates are denoted as follows: MLS using ℸ4 as
𝜍𝜚MLS(y, ℸ4), BMS as 𝜍𝜚BMS(y), and BAL as 𝜍𝜚BAL(y, u4), where BAL utilizes optimal inputs u4.
Figure 3.2 presents the probability density histogram of squared error di%erences between
these pairs for 101 total measurements and across 10,000 simulations. Each histogram’s area
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Figure 3.2: Distribution of squared error di%erences between pairs of estimators.

sums to unity, representing the probability density function, with dashed lines indicating
the analytically computed mean of the di%erences. The red, blue, and orange distributions
correspond to process noise variances of ,2

w = 0, 0.001, and 0.01, respectively. As observed
in the left plots, MLS shows less squared error than BMS in only 1.62% and 0.03% of cases
when ,2

w = 0.001 and 0.01, respectively. The middle plot demonstrates that MLS never
outperforms BAL. These results indicate that BMS and BAL almost surely outperform
MLS when process noise exists. Without process noise, BMS and MLS yield similar results,
as evident by the smaller red histogram centered around zero on the left plot. The right
plot shows that BAL with u4 consistently provides lower error than BMS with the input
indicated in Experiment Setup when ,2

w = 0 or 0.001, while BMS outperforms BAL in 1.7%
of cases when ,2

w = 0.01.

Benchmark 3 (Impact of trajectory length and process noise). Building on our
previous benchmarks, we extend our analysis to 10,000 simulations, each featuring trajec-
tories of varying lengths, 𝜀 ε {0, 4, 10, 13, 16, 20, 25, 32, 40, 50, 63, 79, 100}. Figure 3.3
compares the squared errors, shown as shaded areas, and analytically computed mean
squared errors, represented by dashed lines, for DLS, MLS, BMS, and BAL across three
process noise variances. For DLS and MLS, we employ the optimal hyperparameter ℸ4,
while BAL utilizes optimized input u4, derived separately for each trajectory length. The
results con!rm that input optimization signi!cantly reduces squared error when the mea-
surement count equals the number of unknown parameters. In the presence of process
noise, i.e., ,2

w = {0.001, 0.01}, DLS and MLS diverge as they fail to account for system
states drift due to accumulated process noise. In contrast, Bayesian methods maintain
robustness by precisely calculating the covariance matrices. Notably, the estimation error
reduction of Bayesian estimators slows considerably with increasing statistically dependent
measurements. This observation con!rms the inconsistency described in Proposition 3.4.2,
which arises from the marginal stability of the chosen dynamical system.

Benchmark 4 (Evaluation with multiple trajectories). Lastly, we address the slowing
rate of estimation error reduction observed in Figure 3.3 of the previous benchmark by
employingmultiple batches of independent trajectories which demonstrates the consistency
condition of the BAL estimator as outlined in Proposition 3.4.3. We conduct an experiment
using 10,000 simulations, comparing three settings with di%erent numbers of independent
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Figure 3.3: Squared errors of DLS, MLS, BMS, and BAL for varying trajectory length 𝜀 .

trajectories: 𝐶 = {1, 11, 101}. The same realizations of w and v were maintained across
all cases. When 𝐶 = 101, each trajectory consists of 1 sample; when 𝐶 = 11, we have
10 trajectories of 10 samples each and 1 trajectory of 1 sample; and when 𝐶 = 1, there
is only 1 trajectory of 101 samples, representing the performance of the BAL estimator
from the two previous benchmarks with 𝜀 = 100. For each setting, optimal inputs u4 are
obtained using (3.26), which includes ⊲x0 for di%erent trajectories except the !rst. The
optimization of ⊲x0 for the !rst batch is excluded to ensure that the BAL estimates for 𝐶 = 1
are identical to those obtained from 𝜀 = 100 in Benchmarks 2 and 3. Figure 3.4 compares
the probability density histograms of the squared estimation error for all three settings
under process noise variances ,2

w = 0.001 and 0.01. Unlike Figure 3.2, the horizontal
axes here use a logarithmic scale to better resolve di%erences in the error distributions.
The ,2

w = 0 scenario is excluded because, in the absence of process noise, measurements
across time steps become statistically independent, providing similar results for all three
settings. Results show that the BAL estimator achieves the least estimation error with
101 independent samples, followed by 11 independent trajectories, and then 1 trajectory
of 101 correlated samples. The comparison between the two plots demonstrates that
the estimation error increases with process noise, highlighting its impact on estimation
performance. This experiment con!rms the consistency condition in Proposition 3.4.3.

Experimental analysis summary. Benchmark 1 and Benchmark 2 demonstrate the su-
periority of the Bayesian a$ne MMSE estimator, showing that it almost surely outperforms
the approximate regularized least-squares method (cf. Figure 3.1 and Figure 3.2). Further-
more, when paired with active learning, the Bayesian a$ne MMSE estimator achieves the
lowest estimation error (cf. Figure 3.2 and Figure 3.3). Benchmark 3 further investigates
the impact of process noise in a marginally stable dynamical system, emphasizing that
unbounded growth in process noise slows down estimation error reduction (cf. Figure 3.3).
As the number of dependent data points increases, the information gained from each new
measurement diminishes, preventing convergence to the true value even with in!nite
measurements. Benchmark 4 highlights the importance of using multiple statistically inde-
pendent trajectories for accurate parameter estimation under process noise. It demonstrates
convergence as the number of independent trajectories increases (cf. Figure 3.4).



3

50 3 A88%&# E$,%.!,)($ !&4 A*,%/# L#!(&%&0 8)(W%#&#(M)4#3$

Pr
ob

ab
ili

ty
 D

en
si

ty

Pr
ob

ab
ili

ty
 D

en
si

ty

Figure 3.4: Distribution of squared errors for multiple statistically independent trajectories 𝐶.

3.7 C!",#.*$!"
This chapter has developed a Bayesian a$ne MMSE estimator for nonlinear output func-
tions in Wiener models with known linear state dynamics, characterized in terms of
dynamic basis statistics (DBS) that encode how the stochastic state trajectory propagates
through the basis functions. The estimator admits closed-form approximate posterior
statistics, is Bayesian unbiased, and its error decreases monotonically with the trajec-
tory length. We also established a condition under which the use of multiple statistically
independent trajectories guarantees consistency. The closed-form error expression was
used to synthesize informative input signals via an active learning scheme, thereby fur-
ther reducing parameter estimation error. For Fourier bases, explicit DBS expressions
were derived, revealing an inherent inconsistency in single-trajectory identi!cation under
stochastically unstable dynamics. Finally, numerical results showed that the proposed
estimator consistently outperforms approximate regularized least-squares methods across
various scenarios, positioning the a$ne MMSE with DBS framework as a principled and
computationally tractable alternative to classical linear estimators in Wiener-type models.
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This chapter presents a nonlinear parameter estimator for Wiener-type state-space models
obtained as a !xed-point architecture that couples two a"ne minimum mean-squared error
(MMSE) estimators: one for the unknown parameters and one for latent variables. The
architecture retains the functional structure of the optimal a"ne MMSE parameter estimator
while incorporating “dynamic basis statistics” (DBS) estimates that summarize nonlinear
basis-function evaluations. Two DBS construction strategies are developed, leading to two
nonlinear estimator frameworks. The dual basis-parameter estimator combines an a"ne basis
estimator with the a"ne parameter estimator, whereas the dual state-parameter estimator
!rst computes a"ne state estimates and their covariances, then maps these state-estimate
statistics through a Gaussian DBS operator to obtain DBS estimates. Both dual estimators
admit !xed-point characterizations that alternate between estimating each component using
the updated prior of the other, obtained from that component’s plug-in estimate statistics from
the previous iteration. The e"cacy of the proposed methods is examined via extensive Monte
Carlo experiments, showing that the dual basis-parameter estimator attains parameter mean-
squared errors comparable to those of the purely a"ne parameter estimator, while the dual
state-parameter estimator achieves the lowest parameter mean-squared error, outperforming
both the dual basis-parameter and purely a"ne parameter estimators, as well as sequential
Monte Carlo variants of classical particle Gibbs and expectation-maximization schemes.

This chapter is based on! S. Vakili, D. Woonings, P. Paruchuri, and P. Mohajerin Esfahani “Nonlinear Bayesian
Estimator for Parameter Learning: A Fixed-Point Characterization,” Journal of Machine Learning Research, under
review, 2026 [141].
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4.1 I")’!2.,)$!"
The identi!cation of unknown parameters in mathematical models is a foundational prob-
lem that has been studied extensively using a wide range of techniques, including subspace
methods in system identi!cation [87] and statistical inference [17]. Among the two main
paradigms of parameter inference, namely the frequentist and Bayesian approaches, the
Bayesian approach has received increasing attention in recent years due to its ability to
quantify parameter uncertainty and incorporate prior information within a coherent prob-
abilistic framework [51, 91]. Identifying a parametrized unknown output function becomes
particularly challenging when the inputs are corrupted by correlated noise arising from
underlying state dynamics, as in state-space models, because these additional sources of
randomness further complicate the inference process [126]. Consider a known discrete-time
linear time-varying (LTV) dynamical system

x𝜔+1 = A𝜔x𝜔 + B𝜔u𝜔 + w𝜔+1, y𝜔 = 𝜛𝜚(x𝜔) + v𝜔 , (4.1)

where 𝜔 is the time index, x𝜔 ε ℝ𝜗x denotes the system state vector, A𝜔 ε ℝ𝜗xϑ𝜗x and
B𝜔 ε ℝ𝜗xϑ𝜗u are known system matrices, and u𝜔 ε ℝ𝜗u represents the sequence of known or
controlled inputs. The process noise w𝜔+1 ε ℝ𝜗x is modeled as a zero-mean random vector
with known covariance ϖw𝜔+1 , i.e., w𝜔+1 − ℙ(0,ϖw𝜔+1 ). The observation y𝜔 ε ℝ𝜗y is generated
via an unknown parameterized function 𝜛𝜚 ϱ ℝ𝜗x⋛ℝ𝜗y corrupted by measurement noise
v𝜔 ε ℝ𝜗y and v𝜔 − ℙ(0,ϖv𝜔 ). Throughout this work, and without loss of generality, we
focus on the single-output case 𝜗y =1, since the extension to multi-output measurements
(y𝜔 ε ℝ𝜗y ) is straightforward and essentially reduces to a set of independent single-output
problems, see Remark 3.2.1 and [140, Rem. 2.1]. The objective is to estimate the unknown
parameter vector 𝜚 characterizing the observation model 𝜛𝜚(⋜), given only the noisy obser-
vations y𝜔 and known inputs u𝜔 . We further parameterize the output function 𝜛𝜚 ϱ ℝ𝜗x⋛ℝ
as a linear combination of known basis functions ℵ𝜗 ϱ ℝ𝜗x⋛ℂ, i.e.,

𝜛𝜚(x𝜔) =
N

⟩
𝜗=0

𝜚𝜗ℵ𝜗(x𝜔) = ⌉ℵ(x𝜔), 𝜚{, (4.2)

where the number of basis functions isN+1, the coe$cient vector 𝜚 = [𝜚0,… , 𝜚N]
T contains

the unknown parameters, and ℵ(x𝜔) = [ℵ0(x𝜔),… ,ℵN(x𝜔)]
T is the vector of basis functions

evaluated at x𝜔 . Additionally, we incorporate prior information about the unknown pa-
rameters through a probability distribution characterized by mean ⊲𝜚 and covariance ϖ𝜚 ,
i.e., 𝜚 − ℙ(⊲𝜚 ,ϖ𝜚). This formulation encompasses many nonlinear system identi!cation
problems. Such systems are important in many application domains that are modeled as
block-oriented structures consisting of a linear dynamical process followed by a static
nonlinear observation model, commonly known as Wiener models [129]. In this setting,
parameter estimation is inherently challenging because the system states, x𝜔 , are stochastic
due to the process noise, w𝜔 , which propagates uncertainty through the linear dynamics.
Given this stochastic nature of the system states appearing as inputs to the nonlinear
function 𝜛𝜚(⋜), the probability density function of the observations y𝜔 is, in general, not
available in closed-form [40, 126]. This intractability fundamentally complicates Bayesian
parameter estimation and necessitates the use of approximate inference techniques [17]. In



4.1 I&,()4-*,%)&

4

53

particular, the optimal Bayesian minimum mean-squared error (MMSE) estimator requires
integrating over the joint distribution of the unobserved states and unknown parameters,
which is computationally prohibitive. As a result, research in this area has mainly focused
on fully Bayesian inference techniques [39, 136] as well as more tractable alternatives such
as maximum a posteriori (MAP) estimation [26].

Fully Bayesian methods aim to characterize the entire posterior distribution, typically
only approximately, using techniques such as Markov chain Monte Carlo (MCMC) [121,
Ch. 6], sequential Monte Carlo (SMC) [2, 32, 101], and variational inference [18, 34]. MCMC
algorithms construct a Markov chain that converges in distribution to the posterior of the
unknown [122]. Classic examples include the Metropolis-Hastings (MH) algorithm [62, 97]
and the Gibbs sampler [50]. However, in nonlinear, non-Gaussian state-space models, such
conventional MCMC algorithms cannot be applied directly, since MH method requires
evaluating the likelihood up to a normalizing constant, and Gibbs sampler relies on sampling
from exact conditional distributions, both of which are generally infeasible in this setting.

To address these challenges, several approximate variants have been developed, such
as MCMC methods that incorporate the unscented Kalman !lter (UKF-MCMC) [49], and
combinations of MCMC and SMC techniques [113], collectively referred to as particle
Markov chain Monte Carlo (PMCMC) algorithms. By exploiting di%erent theoretical
properties of the SMC framework [32], the MH and Gibbs sampler algorithms can be
extended to the particle marginal Metropolis-Hastings (PMMH) method [127] and the
particle Gibbs (PG) algorithm [33], respectively. Although these methods provide reliable
uncertainty quanti!cation and improved performance, they are typically computationally
demanding [35] and scale poorly to high-dimensional problems [6, 116]. In this work, the
particle Gibbs with ancestor sampling (PGAS) algorithm [81], a prominent particle sampler
for Bayesian learning of state-space models, is included as one of the benchmark methods
for numerical evaluation.

In contrast to fully Bayesian approaches, MAP estimation seeks point estimates by
identifying the mode of the posterior. The expectation-maximization (EM) algorithm is
widely used for maximum likelihood (ML) and MAP estimation in the presence of latent
variable models. EM alternates between estimating the distribution over latent variables
(E-step) and updating model parameters (M-step). In dynamical systems with unobserved
latent states [38, 127], the E-step entails a smoothing problem, where the latent states
distribution given all observations is estimated, while the M-step maximizes the expected
complete-data log-likelihood, typically incorporating prior information.

When both steps have closed-form solutions, as in linear Gaussian models [53], EM
guarantees a monotonic increase in the likelihood [51, Ch. 13]. However, for nonlinear or
non-Gaussian models, these quantities are generally intractable, so approximate methods
are used in the E-step, such as extended Kalman smoothing [63, Ch. 6], stochastic meth-
ods [37], and variational approaches [13]. Among approximate E-step methods, particle
!lters and kernels such as PGAS sample the smoothing distribution to approximate the
likelihood [80, 127]. These approximations, while often e%ective, do not guarantee mono-
tonic likelihood improvement and can lead to suboptimal modes or slow convergence [5].
Nevertheless, we use the EM algorithm [127] as a benchmark in our experiments.

A recent perspective focuses on a$ne estimators rather than approximating full poste-
rior distributions, see Chapter 3 and [140]. Speci!cally, this approach leverages the fact
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that the optimal Bayesian MMSE estimator is a$ne when the joint distribution of the
observations and parameters is elliptical. The resulting closed-form a$ne estimator for un-
known parameters relies on computing the so-called Dynamic Basis Statistics (DBS), which
capture the in&uence of stochastic system states on the estimation process. In particular,
when 𝜛𝜚(⋜) is expressed as a linear combination of known basis functions as in (4.2), the
DBS encode the statistics of these basis functions evaluated at di%erent time steps along the
stochastic state trajectory. However, in the presence of a latent state variable, the optimal
Bayesian MMSE estimator can become highly nonlinear and deviate signi!cantly from the
a$ne estimator. To illustrate how state uncertainty a%ects the estimation of the parameter
vector 𝜚, we consider the following simple example with a linear basis function ℵ(x𝜔) = x𝜔
in (4.1), where 𝜚 is a scalar parameter inferred from a single measurement. Speci!cally, we
focus on a one-dimensional dynamical system with 𝜗x = 1 and only an initial-state prior
x0 − ℙ(⊲x0 ,ϖx0 ). In this setting, the empirical MMSE estimator is tractable and is taken to
represent the optimal Bayesian MMSE estimator.

Example 4.1 (1-D linear state-space model). Let the output function 𝜛𝜚 in (4.1)
be de!ned using a single linear basis function, ℵ𝜗(x) = x, so that

y = 𝜚x + v, (4.3)

where x ε ℝ is the initial state with x − N(⊲x ,,2
x), 𝜚 ε ℝ is an unknown scalar pa-

rameter, and v − N(0,,2
v) is measurement noise with ,2

v = 0.16. In this simulation,
the prior on 𝜚 is taken to be the uniform distribution on [ω1, 5] with mean ⊲𝜚 = 2
and variance ,2

𝜚 = 3. Figure 4.1 shows the optimal a$ne and empirical MMSE
estimators for 𝜚 as functions of the measurement y for two choices of initial-state
statistics: (⊲x,,2

x) = (0.5, 0.05) (left plot) and (⊲x,,
2
x) = (0.5, 4) (right plot). The em-

pirical MMSE estimator (red) is computed using MCMC methods, while the a$ne
MMSE estimator (blue) is obtained from the analytical expression in Theorem 3.3.2.
This example illustrates that, depending on the prior on x and the measurement
range, the true MMSE estimator may be close to the optimal a$ne MMSE estimator
in some regions of y, while exhibiting nonlinear deviations in others.
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Figure 4.1: Optimal MMSE in (4.5) vs. a$ne MMSE in (4.10a) for estimating 𝜚 given y.
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(I)
A!ne Parameter Estimator

(Section 4.2)

(II)
Dynamic Basis Statistics
Estimator (Section 4.3)

{y0,… , y𝜀 } 𝜑(x0,… , x𝜀 )(⊲𝜚 ,ϖ𝜚)

(𝜍),ϖ𝜍))

(𝜍𝜚,ϖ𝜍𝜚)

Figure 4.2: Architecture of the proposed nonlinear parameter estimator.

Contributions. In this chapter, we propose an analytical approach to construct a nonlin-
ear estimator that improves upon the a$ne class. Building on this direction, we propose a
nonlinear parameter estimator that retains the functional structure of the a$ne MMSE
estimator for the unknown parameters while using new DBS estimates to reduce the
mean-squared estimation error, as illustrated in Figure 4.2. As shown in the block dia-
gram, the proposed estimator consists of two coupled components: block (I), described in
Section 4.2, implements the a$ne MMSE parameter estimator, which takes as input the
entire measurement sequence {y0,… , y𝜀 }, the prior (⊲𝜚 ,ϖ𝜚) on the unknown parameters,
and DBS estimates (𝜍),ϖ𝜍)) summarizing basis-function evaluations. This block produces
the parameter estimates and their estimation-error covariance (𝜍𝜚,ϖ𝜍𝜚), which are used as
input to the DBS estimator in block (II). Block (II), discussed in Section 4.3, implements
the DBS estimator, which uses the parameter estimates (𝜍𝜚,ϖ𝜍𝜚), the same measurement
sequence, and information about the state-trajectory distribution 𝜑(x0,… , x𝜀 ) to construct
updated DBS statistics. This nonlinear estimator architecture induces an interdependence
between the two blocks: the parameter estimator requires DBS statistics, and the DBS
estimator, in turn, depends on the parameter estimates. We resolve this interdependence
via a !xed-point characterization that iteratively re!nes both sets of statistics. Leveraging
the closed-form structure of the a$ne MMSE estimator, we investigate two DBS estimation
methods for the DBS estimator in block (II) of Figure 4.2, as detailed in Figure 4.3:

• Basis-estimation approach (II-A): This approach directly estimates basis-function
evaluations over the entire trajectory. We derive a closed-form expression for the opti-
mal a$ne MMSE estimator of these unknown basis evaluations (Lemma 4.3.1), which
depends on the prior mean and covariance of the unknown parameters. As shown
in sub!gure (II-A), the DBS estimator uses information about the state-trajectory
distribution 𝜑(x0,… , x𝜀 ) to construct prior DBS statistics (⊲),ϖ)) for the basis evalu-
ations via De!nition 4.1. This prior, together with the measurement sequence and
the parameter-estimate statistics, is then processed by the a$ne basis estimator to
obtain DBS estimates (𝜍),ϖ𝜍)). Using this DBS estimator in block (II) and combining it
with the a$ne parameter estimator in block (I) yields the dual basis-parameter (DB-P)
estimator within the architecture of Figure 4.2. However, numerical experiments show
that this approach can underperform the purely a$ne MMSE parameter estimator in
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Dynamic Basis Statistics
(De"nition 4.1)

A!ne Basis Estimator
(Subsection 4.3.1)

(𝜍𝜚,ϖ𝜍𝜚)

{y0,… , y𝜀 }

𝜑(x0,… , x𝜀 )

(𝜍),ϖ𝜍))

(⊲),ϖ))

(II-A) Basis-estimation approach

A!ne State Estimator
(Subsection 4.3.2)

Gaussian DBS Operator
(De"nition 4.2)

(𝜍𝜚,ϖ𝜍𝜚)

{y0,… , y𝜀 } 𝜑(x0,… , x𝜀 )

(𝜍),ϖ𝜍))

(𝜍x,ϖ𝜍x)

(II-B) State-estimation approach

Figure 4.3: Architectures of the Dynamic Basis Statistics estimator.

certain regimes (cf. Figure 4.6), highlighting the limitations discussed in Remark 4.3.3
and the importance of explicitly estimating the latent state dynamics.

• State-estimation approach (II-B): In contrast to the basis-estimation approach, this
method !rst estimates the latent state trajectory and then constructs the DBS from
the resulting state estimates. Assuming Gaussian process noise, w𝜔+1 − N(0,ϖw𝜔+1 ),
we derive a closed-form expression for the optimal a$ne MMSE state estimator
(Lemma 4.3.5). As shown in sub!gure (II-B), the a$ne state estimator uses information
about the state-trajectory distribution 𝜑(x0,… , x𝜀 ), along with the measurement
sequence and the parameter-estimate statistics (𝜍𝜚,ϖ𝜍𝜚) in place of its prior, to compute
state estimates and their estimation-error covariance. These state-estimate statistics
(𝜍x,ϖ𝜍x) are then interpreted as the mean and covariance of a Gaussian prior over the
system states and passed to the Gaussian DBS operator in De!nition 4.2 to obtain DBS
estimates (𝜍),ϖ𝜍)). Using this DBS estimator in block (II) and pairing it with the a$ne
parameter estimator in block (I) yields the dual state-parameter (DS-P) estimator
within the architecture of Figure 4.2. Extensive numerical experiments indicate that
this approach achieves a lower average parameter estimation error than both the
dual basis-parameter (DB-P) estimator and a purely a$ne parameter estimator in two
di%erent con!gurations (cf. Figures 4.6, 4.7, and 4.8).

Combining either of the proposed DBS estimation methods with the a$ne parameter
estimator induces an interdependence between the parameters and the DBS statistics,
resolved by the algebraic equations de!ning DB-P and DS-P estimators. These estima-
tors naturally lead to !xed-point characterizations, implemented by Algorithm 1, that
alternate between estimating each set of unknowns using the updated prior of the other
set derived from that set’s estimate statistics from the previous iteration (see the plug-in
interpretation in Remark 4.2.5 for the prior-update concept). This mechanism is enabled
by the structure of the a$ne MMSE estimators, whose coe$cients depend only on the
means and covariances of the unknowns rather than their full distributions [140]. All
a$ne estimators in DB-P and DS-P admit explicit expressions for Fourier basis func-
tions, yielding fully explicit DBS formulas in this case [140]. To facilitate reproducibil-
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ity, an open-source MATLAB library implementing all proposed methods is provided at
“https://github.com/sasanvakili/nonlinearBayesian4Wiener.”

Similar ideas of alternating between state and parameter estimates have been explored
in the literature, most notably in the dual Kalman smoother (DKS) of [147], the iterative
smoothing scheme of the dual estimation method [63, Ch. 5], and in SMC-based approaches
such as PGAS [81] and SMC-EM (particle EM) [127]. Both DKS and PGAS target the joint
smoothing distribution 𝜑(𝜚, {x𝜔}𝜀𝜔=0 φ {y𝜔}

𝜀
𝜔=0) and conceptually treat the two unknown sets

as separate blocks, updating one while treating the other as !xed at its current estimate.
DKS approximates the conditional posteriors of the latent trajectory and the parameters
by Gaussian distributions and alternates between two conditional smoother blocks: it
iteratively estimates the system states using the latest parameter estimates via an extended
Kalman smoother, and then estimates the parameters from the currently smoothed states
until convergence. By contrast, PGAS does not make this Gaussian approximation and
instead alternates between sampling the latent trajectory and the parameters from their full
conditional posteriors. EM-based methods, on the other hand, treat the parameters as !xed
in the E-step to approximate the state-trajectory posterior 𝜑({x𝜔}𝜀𝜔=0 φ𝜚, {y𝜔}𝜀𝜔=0), and then
update 𝜚 in the M-step by maximizing an objective function obtained from integrating over
this posterior. Our approach di%ers from these schemes in that it propagates both !rst- and
second-order statistics between the coupled estimators. Extensive numerical experiments
show that the proposed dual state-parameter (DS-P) estimator achieves a lower average
parameter estimation error than both PGAS and the EM-based method (cf. Figure 4.9).

Organization. Section 4.2 formulates the MMSE estimation problem for the parame-
terized output function (4.2), reviews the a$ne parameter estimator of Chapter 3, and
motivates the nonlinear parameter estimator structure. Section 4.3 develops two approaches
for constructing DBS estimates and introduces their !xed-point characterizations when
combined with the parameter estimator, resulting in the dual basis-parameter and dual
state-parameter estimators. Section 4.4 presents numerical experiments comparing the
proposed dual estimators with the a$ne parameter estimator and SMC-based methods.
Detailed proofs of all mathematical statements are provided in Section 4.6.

Notation. Throughout this chapter, ℝ and ℝ𝜗ϑℶ denote the set of real numbers and the set
of 𝜗 ϑ ℶ real matrices, respectively. The symbol $ refers to the identity matrix. Subscripts
denote elements of a vector (e.g., x𝜔,⊳ represents the ⊳th element of the vector x𝜔 ), while
superscripts represent the time index of vector or matrix elements. The trace operator
is denoted by tr(⋜), the transpose of a matrix A is denoted by A

T, and diag(A1,… ,Aℷ)
represents a block-diagonal matrix with diagonal entries A1,… ,Aℷ . Given A ε ℝℶϑ𝜗, a
matrix with columns a1,… , a𝜗 ε ℝℶ, vec(A) is the vector [aT1,… , a

T

𝜗]
T
ε ℝℶ𝜗. The inner

product of two vectors x and y is given by ⌉x, y{ = x
T
y, and the corresponding 2-norm is

⟨x⟨ =
⦅
⌉x, x{. The inner product of two matrices A,B ε ℝℶϑ𝜗 is de!ned as ⌉A,B{ = tr(A

T
B).

The conic inequality A + B means that the matrix di%erence B ωA is positive semide!nite,
i.e., B ω A ( 0. The notation ℙ(⊲,ϖ) refers to an arbitrary distribution with mean ⊲ and
covariance matrix ϖ, while a multivariate normal (Gaussian) distribution is denoted by
N(⊲,ϖ) and a uniform distribution over [9, .] is denoted by U(9, .). The symbol − stands
for “distributed according to.”

https://github.com/sasanvakili/nonlinearBayesian4Wiener
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4.2 B&+%*$&" %*)$(&)$!" 7!’W$%"%’ (!2%#
In this section, we formulate the Bayesian MMSE estimation problem for the Wiener model
and review the Bayesian a$ne MMSE estimator from Chapter 3. We then discuss the
relevance of these results and their connections to the proposed nonlinear estimator.

4.2.1 P’!9#%( 2%*,’$4)$!"
Let the process noise w𝜔 , the measurement noise v𝜔 , the initial state x0, and the vector
of parameters 𝜚 be independent of one another at all times. Given the parametrized
observation model (4.2) and state representation in (4.1), together with the sequence of
measurements y = [y0,… , y𝜀 ]

T, our objective is to design an estimator 𝜍𝜚(⋜) that minimizes
the following mean-squared error (MSE):

min
𝜍𝜚(⋜)εF𝜚

"⌋))𝜚 ω 𝜍𝜚(y)))
2
{, (4.4)

where F𝜚 ϱ=
⦃
𝜍𝜚ϱ ℝ𝜀+1⋛ς

⦄
denotes the class of all estimators, 𝜀 + 1 is the length of

the data sequence, and ς is the parameter space. By de!nition, among all 𝜍𝜚 in F𝜚, the
optimal Bayesian MMSE estimator 𝜍𝜚opt for (4.4) coincides with the posterior mean of 𝜚
given the measurements [76, Ch. 4]. Accordingly, the parameter estimate 𝜍𝜚opt and its error
covariance ϖ𝜍𝜚opt

are

𝜍𝜚opt = "[𝜚 φy] = }
ς
𝜚𝜑(𝜚 φy)d𝜚, ϖ𝜍𝜚opt

= "[(𝜚 ω 𝜍𝜚opt)(𝜚 ω 𝜍𝜚opt)
T
]. (4.5)

However, this estimator is generally computationally intractable due to the complexity
of the posterior distribution 𝜑(𝜚 φy) and the lack of an explicit solution for the associated
integral. In the following subsection, we brie&y review the a$ne MMSE parameter es-
timator, which admits a closed-form solution and serves as the foundation for the new
contributions presented in this work.

4.2.2 F’!( &77$"% )! "!"#$"%&’ %*)$(&)!’*
To obtain a tractable alternative to the Bayesian MMSE estimator in (4.5), we !rst restrict
attention to the class of a$ne estimators, characterize the corresponding MMSE solution,
and subsequently use this construction as a stepping stone towards more general nonlinear
estimators. The following generic result characterizes the optimal a$ne MMSE estimator
in terms of the mean and covariance of a pair of random vectors, serving as the basis for
our subsequent specialization to the parameter estimation.

Lemma 4.2.1 (A!ne MMSE estimator). Consider a random 𝐹 = (𝐹1, 𝐹2) with components
𝐹1 ε ℝ𝜗1 and 𝐹2 ε ℝ𝜗2 , whose joint distribution is

⟦
𝐹1
𝐹2⟧

− ℙ
\⟦

⊲1
⊲2⟧

,
⟦
ϖ11 ϖ12

ϖ21 ϖ22⟧(
,

where ⊲⊳ ϱ= "[𝐹⊳] and ϖ⊳7 ϱ= "[(𝐹⊳ ω ⊲⊳)(𝐹7 ω ⊲7 )
T
] for ⊳, 7 ε {1, 2} denote the means and

covariances, respectively. Suppose that ϖ22 is invertible and restrict the estimation of 𝐹1 from
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𝐹2 to a"ne estimators,

A𝐽 ϱ=
)
𝜍𝐹1(𝐹2) = 2𝐹2 + 𝐵 }

}
}
2 ε ℝ𝜗1ϑ𝜗2 , 𝐵 ε ℝ𝜗1

⦅
. (4.6)

For the Bayesian MMSE problem J 4 ϱ= min𝜍𝐹1(⋜)εA𝐽
"[⟨𝐹1 ω 𝜍𝐹1(𝐹2)⟨2], the solution comprises

the a"ne MMSE estimate, its error covariance, and optimal cost:

⦃⦄⦄⦄⦄
⟨⦄⦄⦄⦄⟩

𝜍𝐹1(𝐹2) = 24𝐹2 + 𝐵4,

ϖ𝜍𝐹1
ϱ= "⌋⌈𝐹1 ω 𝜍𝐹1(𝐹2)⌉⌈𝐹1 ω 𝜍𝐹1(𝐹2)⌉

T

{ = ϖ11 ω ϖ12ϖ
ω1
22ϖ21,

J 4 = tr(ϖ𝜍𝐹1
),

(4.7a)

with the optimal coe"cients given by

24 = ϖ12ϖ
ω1
22, 𝐵4 = ⊲1 ω 24⊲2. (4.7b)

The proof of this lemma is provided in Section 4.6. Finding the a$ne MMSE estimator
for estimating 𝜚 from y using Lemma 4.2.1 requires the observation covariance ϖy and the
cross-covariance between the unknown parameters and the observation vector, ϖ𝜚y. This
task is nontrivial because the observation model (4.2) depends on the inner product of two
unknown quantities, namely the basis-function evaluations of the unknown system states
ℵ(x) and the unknown parameters 𝜚. A central component in characterizing the a$ne
estimator for the MMSE problem (4.4) is the propagation of the state trajectory through the
output basis functions. The resulting quantities, known as dynamic basis statistics (DBS),
are formalized as follows.

De"nition 4.1 (Dynamic basis statistics). Let the state sequence x = [x
T

0,… , x
T

𝜀 ]
T be a

trajectory of (4.1) for 𝜔 ε {0,… , 𝜀 }, and let )(x) = [ℵ(x0),… ,ℵ(x𝜀 )] be the matrix whose
columns are the basis function vectors evaluated at each x𝜔 as in (4.2). The dynamic basis
statistics (DBS) collection with respect to the joint distribution of the state trajectory is

⊲) = [⊲0ℵ,… , ⊲𝜀ℵ ], ϖ) =

⟪
⟫
⟫
⟫
❲

ϖ
00

ℵ … ϖ
0𝜀

ℵ
...

. . .
...

ϖ
𝜀 0

ℵ … ϖ
𝜀𝜀

ℵ

❳
/
/
/
\

, (4.8)

where ⊲𝜔ℵ and ϖ𝜔𝜔0

ℵ are the mean of ℵ(x𝜔) and the covariance between ℵ(x𝜔) and ℵ(x𝜔0), respec-

tively, and (⊲𝜔ℵ,ϖ
𝜔𝜔0

ℵ ) denotes the DBS de!ned in De!nition 3.1, given by

⊲𝜔ℵ ϱ= "[ℵ(x𝜔)], ϖ
𝜔𝜔0

ℵ ϱ= "[ℵ(x𝜔)ℵ
T
(x𝜔0)] ω "[ℵ(x𝜔)]"[ℵ(x𝜔0)]

T
. (4.9)

This DBS collection enables marginalization over the latent system states, which in
turn allows derivation of the closed-form solution for the Bayesian a$ne MMSE estimator.
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Theorem 4.2.2 (A!ne MMSE parameter estimator [140, Thm. 3.2]). The Bayesian
MMSE estimator of Problem 4.4 within the a"ne class, analogous to (4.6), and its corresponding
estimation-error covariance with the optimal cost, as functions of ⊲) and ϖ), are given by

⦃⦄⦄⦄⦄
⟨⦄⦄⦄⦄⟩

𝜍𝜚af(y; ⊲),ϖ)) = 24
𝜚 (⊲),ϖ))y + 𝐵4

𝜚(⊲),ϖ)),

ϖ𝜍𝜚af
(⊲),ϖ)) = ϖ𝜚 ω ϖ𝜚⊲)⌈⊲

T

)ϖ𝜚⊲) +M(ϖ)) + ϖv⌉
ω1
⊲
T

)ϖ𝜚 ,

J 4
𝜚 (⊲),ϖ)) = tr(ϖ𝜍𝜚af

(⊲),ϖ))),

(4.10a)

where the coe"cient matrices are de!ned as

24
𝜚 (⊲),ϖ)) = ϖ𝜚⊲)⌈⊲

T

)ϖ𝜚⊲)+M(ϖ))+ϖv⌉
ω1
, 𝐵4

𝜚(⊲),ϖ)) = ⊲𝜚ω24
𝜚 (⊲),ϖ))⊲

T

)⊲𝜚 , (4.10b)

Mϱ ℝ((N+1)(𝜀+1))2⋛ℝ(𝜀+1)2 is a linear operator whose (𝜔, 𝜔0)th component is

M
𝜔𝜔0(ϖ)) = ⌉ϖ

𝜔𝜔0

ℵ , (ϖ𝜚 + ⊲𝜚⊲
T

𝜚){, (4.10c)

and ϖv is the covariance matrix of the measurement noise sequence v = [v0,… , v𝜀 ]
T, which is

the diagonal matrix ϖv = diag(,2
v0 ,… ,,2

v𝜀 ), when they are mutually independent.

Remark 4.2.3 (Functional dependence). In principle, 𝜍𝜚af(⋜) is a function of three argu-
ments, (y, ⊲),ϖ)). However, the notation used in (4.10a), i.e., 𝜍𝜚af(y; ⊲),ϖ)), emphasizes the
dependence of the estimator on the DBS collection (⊲),ϖ)) in the last two arguments. The
estimator 𝜍𝜚af(⋜) depends linearly on the measurements y and nonlinearly on (⊲),ϖ)). Note
that the DBS collection itself is generated by a nonlinear transformation of the inputs and
system dynamics and does not involve the measurements.

Given De!nition 4.1, the proof of Theorem 4.2.2 follows directly from the generic
a$ne MMSE estimator of Lemma 4.2.1 by setting 𝐹1 = 𝜚 and 𝐹2 = y (see Section 3.3.3 for a
complete proof). While 𝜍𝜚af(⋜) is provably optimal within the a$ne class, the proximity of its
MSE to that of the Bayesian MMSE estimator, 𝜍𝜚opt, remains an open question. When perfect
state knowledge is available, the measurements contain uncertainty only through the
measurement noise. In this case, the a$ne MMSE estimator returns 𝜍𝜚opt if the prior on the
unknown parameters, ℙ(⊲𝜚 ,ϖ𝜚), and the distribution of the measurement noise sequence,
ℙ(0,ϖv), belong to an elliptical family [140, Rem. 3.1] (alternatively, see Remark 3.3.1). As
observed in the simple case of Example 4.1, 𝜍𝜚af(⋜) can track 𝜍𝜚opt well for certain priors on x
and ranges of y, particularly when the state uncertainty is small. Let us revisit Example 4.1
to see how Theorem 4.2.2 specializes to an explicit expression for the a$ne estimator.

Example 4.1 (continued). In the setting of (4.3), the dynamical system is one-
dimensional, and the observation model involves the linear basis function ℵ(x) = x.
In this case, the DBS from De!nition 4.1 simplify to

⊲) = ⊲x , ϖ) = ,2
x ,
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and the a$ne MMSE estimator and its estimation-error covariance from Theo-
rem 4.2.2 are

𝜍𝜚af(y; ⊲x ,,2
x) = ⊲𝜚 +

,2
𝜚⊲x

⊲2x,
2
𝜚 + ,2

x,
2
𝜚 + ,2

x⊲
2
𝜚 + ,2

v
(y ω ⊲x⊲𝜚),

ϖ𝜍𝜚af
(⊲x ,,2

x) = ,2
𝜚 ω

,4
𝜚⊲

2
x

⊲2x,
2
𝜚 + ,2

x,
2
𝜚 + ,2

x⊲
2
𝜚 + ,2

v

.
(4.11)

However, as shown in Figure 4.1, the Bayesian MMSE estimator for Example 4.1 can
become highly nonlinear as the uncertainty in the system state increases. Consequently,
the MSE of the a$ne estimator in (4.11) may be far from that of 𝜍𝜚opt. More generally, for
hidden Markov processes (HMPs), the MSE decomposes into two terms [42, 43]: the MSE
achieved when the system state is perfectly known, and an additional cross-error term for
which no explicit expression is generally available. An analogous decomposition holds for
the class of a$ne estimators marginalized over the latent system states. The following
lemma demonstrates that the expected error of the a$ne MMSE estimator is bounded
below by the fundamental limit corresponding to complete knowledge of the system state.

Lemma 4.2.4 (Lower bound on the MSE of the a!ne estimator). Consider the a"ne
MMSE estimator 𝜍𝜚af(y; ⊲),ϖ)) and its optimal error J 4

𝜚 (⊲),ϖ)) as de!ned in (4.10a). The
following inequality then holds:

J 4
𝜚 (⊲),ϖ)) ⋟ "x⌋J

4
𝜚 ()(x), 0){ = "x⌊ min

𝜍𝜚(⋜)εA𝜚

"⌋))𝜚 ω 𝜍𝜚(y)))
2 }
} x{⌋, (4.12)

where x is the state trajectory, )(x) is the matrix collection of basis functions as in De!nition 4.1,
the set A𝜚 denotes the class of a"ne estimators of 𝜚 from y, analogous to (4.6), and the inner
expectation on the right-hand side is conditional on x, while the outer expectation is taken
with respect to the marginal distribution of x.

The proof can be found in Section 4.6. Notably, the term J 4
𝜚 ()(x), 0) in (4.12) is indeed

the optimal estimation error achievable by an a$ne MMSE estimator when the state
trajectory x is perfectly known. In this light, the lower bound in Lemma 4.2.4 suggests a
fundamental performance limit attainable by a$ne estimators when the state trajectory
is perfectly known. In practice, however, the a$ne MMSE estimator (4.10) operates with
DBS collection (⊲),ϖ)) that summarize the distribution of the latent state trajectory,
so its MSE generally remains strictly above this perfect-state benchmark and may be
far from the Bayesian MMSE 𝜍𝜚opt. This gap motivates the development of nonlinear
parameter estimators that more e%ectively exploit the DBS structure and the latent state
information, with the aim of reducing the di%erence between the achievable MSE and the
fundamental limit suggested by Lemma 4.2.4. Consequently, this study proposes a nonlinear
parameter estimator by composing the a$ne MMSE mapping (4.10) with data-dependent
DBS estimates. Let 𝜍)(y) and ϖ𝜍)(y) denote estimates of the DBS collection components
⊲) and ϖ) constructed from the measurements y. Substituting these estimates into a$ne
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MMSE expressions 𝜍𝜚af(y; ⋜, ⋜) and ϖ𝜍𝜚af
(⋜, ⋜) in (4.10a) yields the nonlinear estimator

⌈
𝜍𝜚nl(y) = 𝜍𝜚af⌈y; 𝜍)(y),ϖ𝜍)(y)⌉,

ϖ𝜍𝜚nl
(y) = ϖ𝜍𝜚af⌈

𝜍)(y),ϖ𝜍)(y)⌉.
(4.13)

Thus, 𝜍𝜚nl(y) has the same functional form as the a$ne MMSE estimator, but is nonlinear
with respect to y because its DBS arguments are replaced by data-driven estimates.

Remark 4.2.5 (Plug-in interpretation). The nonlinear estimator (4.13) can be interpreted
as a plug-in construction with respect to the DBS statistics. Whereas the a"ne MMSE esti-
mator (4.10a) treats (⊲),ϖ)) as known hyperparameters, the nonlinear variant substitutes
their data-dependent estimates ⌈𝜍)(y),ϖ𝜍)(y)⌉ into the same a"ne formulas. This procedure
is analogous to empirical Bayes methods, where hyperparameters are !rst estimated from
data and subsequently treated as !xed when evaluating the conditional estimator [27]. Conse-
quently, the independence assumptions underlying the a"ne derivation no longer hold exactly,
since the e#ective DBS now depend on y. The covariance ϖ𝜍𝜚nl

(y) is thus computed under the
approximation that the plugged-in DBS are !xed rather than random. Nevertheless, this
construction retains the a"ne functional form while incorporating DBS estimates.

The subsequent section presents two approaches for constructing such DBS estimates,
each resulting in a !xed-point characterization of the nonlinear parameter estimator.

4.3 F$5%234!$") ,6&’&,)%’$8&)$!"
The nonlinear parameter estimator (4.13) depends critically on accurate DBS estimates
(𝜍)(y),ϖ𝜍)(y)) that improve parameter estimation performance beyond the a$ne counter-
part. Since (⊲),ϖ)) are determined by the latent state sequence, we investigate two distinct
strategies: (i) direct estimation of the basis-function evaluations ℵ(x) in (4.2) over the
entire trajectory, and (ii) estimation of the internal latent system states x followed by DBS
construction from the resulting state estimates. Crucially, an interdependency arises in
both strategies, as the DBS estimates require parameter estimates and vice versa, which
are addressed by !nding a !xed-point solution in the following subsections.

4.3.1 D.&# 9&*$*34&’&(%)%’ %*)$(&)$!"
The fundamental limit implied by the lower bound in Lemma 4.2.4 suggests that DBS
estimates should satisfy 𝜍)(y)⋛)(x) and ϖ𝜍)(y)⋛0 to improve the estimation performance
of the nonlinear estimator (4.13) compared to the a$ne counterpart (4.10a). This subsection
implements the !rst strategy by estimating the basis-function evaluations ℵ(x) in (4.2)
via an a$ne MMSE estimator, and then forming 𝜍)(y) and ϖ𝜍)(y) from the resulting basis
estimates and their estimation-error covariance. The following lemma is analogous to
Theorem 4.2.2 and formalizes this construction as an immediate consequence of the generic
a$ne MMSE estimator described in Lemma 4.2.1.

Lemma 4.3.1 (DBS estimation via a!ne MMSE basis estimator). Let )(x) be the
unknown basis-function matrix over the trajectory, with prior DBS collection (⊲),ϖ)) as in Def-
inition 4.1, and de!ne the stacked basis-function vector ℵϱ= vec()(x)) = [ℵ

T
(x0),… ,ℵ

T
(x𝜀 )]

T.
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Given the prior mean and covariance of the unknown parameters (⊲𝜚 ,ϖ𝜚), the Bayesian a"ne
MMSE estimator of ℵ admits the closed form 𝜍ℵaf(y; ⊲𝜚 ,ϖ𝜚) = 24

ℵ (⊲𝜚 ,ϖ𝜚)y+𝐵4
ℵ(⊲𝜚 ,ϖ𝜚), where

24
ℵ (⊲𝜚 ,ϖ𝜚) = ϖ)⊲ς⌈⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv⌉
ω1
, 𝐵4

ℵ(⊲𝜚 ,ϖ𝜚) = 𝐾ℵ ω 24
ℵ (⊲𝜚 ,ϖ𝜚)⊲

T

)⊲𝜚 , (4.14a)

with 𝐾ℵ = vec(⊲)), ⊲ς = diag(⊲0𝜚,… , ⊲𝜀𝜚 ) where ⊲
𝜔
𝜚 = ⊲𝜚 for each 𝜔 ε {0,… , 𝜀 }, ϖv identical to

that in (4.10), and the linear operator Sϱ ℝ(N+1)2⋛ℝ(𝜀+1)2 having (𝜔, 𝜔0)th component

S
𝜔𝜔0(ϖ𝜚) = ⌉ϖ𝜚 , (ϖ

𝜔𝜔0

ℵ + ⊲𝜔ℵ⊲
𝜔0
T

ℵ ){. (4.14b)

Consequently, the resulting DBS estimates and the corresponding MMSE are

⦃⦄⦄⦄⦄
⟨⦄⦄⦄⦄⟩

𝜍)af(y; ⊲𝜚 ,ϖ𝜚) = [𝜍ℵ 0
af(y; ⊲𝜚 ,ϖ𝜚),… , 𝜍ℵ𝜀

af(y; ⊲𝜚 ,ϖ𝜚)],

ϖ𝜍)af
(⊲𝜚 ,ϖ𝜚) = ϖ) ω ϖ)⊲ς⌈⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv⌉
ω1
⊲
T

ςϖ),

J 4
ℵ (⊲𝜚 ,ϖ𝜚) = tr(ϖ𝜍)af

(⊲𝜚 ,ϖ𝜚)),

(4.14c)

where 𝜍ℵ𝜔
af(y; ⊲𝜚 ,ϖ𝜚) is the estimate of ℵ(x𝜔).

Remark 4.3.2 (Observation covariance forms). The Bayesian a"ne MMSE estimators
for the parameters in (4.10) and for the basis collection in (4.14) both rely on the observation
covariance

ϖy = ⊲
T

)ϖ𝜚⊲) +M(ϖ)) + ϖv = ⊲
T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv , (4.15)

whereM(ϖ)) and S(ϖ𝜚) are de!ned in (4.10c) and (4.14b), respectively. The two expressions
follow from the lifted observation model written either as y = )

T
(x)𝜚 + v in Chapter 3 or

y = G
T

𝜚ℵ + v in (4.37), where ℵ = vec()(x)) and G𝜚 = diag(𝜚0,… , 𝜚𝜀 ) with with 𝜚𝜔 = 𝜚 for
all 𝜔 ε {0,… , 𝜀 } (see also the proof of Lemma 4.3.1 in Section 4.6). The former highlights the
dependence on DBS and is used for a"ne parameter estimation, whereas the latter highlights
the dependence on the parameter prior and is used for a"ne estimation of DBS.

For the proof of Lemma 4.3.1, see Section 4.6. In the context of Example 4.1, the DBS
estimation admits an explicit expression via Lemma 4.3.1. In this setting, because the basis
function is linear, basis evaluations and states coincide. Hence, the DBS estimates in (4.14c)
for a single measurement is essentially an optimal a$ne MMSE state estimator.

Example 4.1 (continued). Given the linear basis function ℵ(x) = x in (4.3),
the DBS estimator described in (4.14c) is equal to the optimal a$ne MMSE state
estimator

𝜍)af(y; ⊲𝜚 ,,2
𝜚) = ⊲x +

,2
x⊲𝜚

⊲2𝜚,
2
x + ,2

𝜚,
2
x + ,2

𝜚⊲
2
x + ,2

v
(y ω ⊲x⊲𝜚),

ϖ𝜍)af
(⊲𝜚 ,,2

𝜚) = ,2
x ω

,4
x⊲

2
𝜚

⊲2𝜚,
2
x + ,2

𝜚,
2
x + ,2

𝜚⊲
2
x + ,2

v

.
(4.16)
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Observe that the operators in (4.10c) and (4.14b) evaluate to

M(,2
x) = ,2

x(,
2
𝜚 + ⊲2𝜚), S(,2

𝜚) = ,2
𝜚(,

2
x + ⊲2x),

and that the denominators in (4.11) and (4.16) are equal, representing the observation
covariance for a scalar measurement.

The DBS estimates in (4.14c) depend on the prior parameter statistics (⊲𝜚 ,ϖ𝜚). Leverag-
ing the fact that these estimates would improve if we had perfect knowledge of 𝜚, we apply
a plug-in interpretation analogous to Remark 4.2.5 by treating the parameter estimates
(𝜍𝜚(y),ϖ𝜍𝜚(y)) as !xed prior moments,

⌈
𝜍)nl(y) = 𝜍)af(y; 𝜍𝜚(y),ϖ𝜍𝜚(y)),

ϖ𝜍)nl
(y) = ϖ𝜍)af

(𝜍𝜚(y),ϖ𝜍𝜚(y)).
(4.17)

The mutual substitution of (4.17) and (4.13) creates a circular dependency: the DBS es-
timates require the parameter estimates, which in turn require the DBS estimates. This
interdependency yields a nonlinear estimator, the main message of this study, characterized
as a solution (a.k.a. !xed-point) to the following algebraic equations.

Dual basis-parameter estimator: For any measurements vector y, there exists a
tuple of basis-parameter estimators ⌈𝜍𝜚4nl,ϖ4

𝜍𝜚nl
, 𝜍)4

nl,ϖ
4
𝜍)nl
⌉ such that

⌈
𝜍𝜚4nl = 𝜍𝜚af(y; 𝜍)4

nl,ϖ
4
𝜍)nl
),

ϖ4
𝜍𝜚nl

= ϖ𝜍𝜚af
(𝜍)4

nl,ϖ
4
𝜍)nl
),

⌈
𝜍)4
nl = 𝜍)af(y; 𝜍𝜚4nl,ϖ

4
𝜍𝜚nl
),

ϖ4
𝜍)nl

= ϖ𝜍)af
(𝜍𝜚4nl,ϖ

4
𝜍𝜚nl
),

(DB-P)

where the functions (𝜍𝜚af(⋜),ϖ𝜍𝜚af
(⋜)) and (𝜍)af(⋜),ϖ𝜍)af

(⋜)) are the closed form solutions
of the Bayesian a$ne MMSE de!ned in (4.10a) and (4.14c), respectively.

The dual basis-parameter estimation framework thus comprises two a$ne MMSE
estimators, each relying on the estimates of the other. Using the closed-form expressions
of the a$ne MMSE parameter and DBS estimates in (4.11) and (4.16) for Example 4.1, we
illustrate the dual basis-parameter (DB-P) estimator on the same data and compare it with
the a$ne and empirical MMSE estimators.

Example 4.1 (continued). The dual basis-parameter (DB-P) estimator for 𝜚 given
a single measurement, constructed using the a$ne MMSE parameter and basis
estimators in (4.11) and (4.16), is shown in green in Figure 4.4. The algorithm
used to construct the dual basis-parameter estimator (green curve) is described in
subsection 4.3.3. As can be seen, the resulting nonlinearity closely follows the one
obtained from the empirical MMSE estimator (red curve).
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Figure 4.4: Dual basis-parameter (DB-P), optimal MMSE (4.5), and a$ne MMSE (4.10a) estimators.

In the above example, the basis function is linear, so estimating basis-function evalua-
tions is equivalent to estimating the latent state. However, for nonlinear basis functions,
this equivalence no longer holds, and the dual basis-parameter estimator can become both
statistically and computationally ine$cient.

Remark 4.3.3 (Limitations of the dual basis-parameter estimator). Two notable
limitations of the dual basis-parameter estimator are
(i) Elliptical-distribution approximation: The a"ne MMSE estimators rely only on

mean and covariance statistics and are exact when the joint distributions are Gaussian
or, more generally, elliptical. In non-Gaussian settings, the performance of such estima-
tors is limited to what one can achieve by approximating the true prior and posterior
distributions of the unknown quantities by elliptical models, which may not hold in
practice. In particular, the distribution of the stacked basis-function vector ℵ = vec()(x))
is generally unknown (e.g., when using Fourier basis functions), making such elliptical
approximations potentially poor.

(ii) High-dimensional basis representation: In practice, the number of unknown basis
functions, (N + 1)(𝜀 + 1), typically exceeds the dimensionality of the state sequence x,
which is (𝜗x)(𝜀 + 1). This high-dimensional representation increases both the statistical
and computational complexity of the estimation problem.

Given these limitations, an alternative approach exploits the system dynamics in (4.1)
by !rst estimating the latent states and then computing DBS from these estimates statistics.
This state-based DBS approach, developed in the next subsection, estimates the system
states directly rather than the basis-function evaluations.

4.3.2 D.&# *)&)%34&’&(%)%’ %*)$(&)$!"
In contrast to the previous approach, which directly estimates the basis collection as
in (4.14c), this second approach constructs DBS estimates from the state estimate sequence
𝜍x(y) = [𝜍x

T

0 (y),… ,𝜍x
T

𝜀 (y)]
T and its corresponding covariance ϖ𝜍x(y). This approach is par-

ticularly e%ective when the process noise is Gaussian, addressing a key limitation of the
previous method discussed in Remark 4.3.3.
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Assumption 4.1 (Gaussian process noise). Throughout this subsection, the initial state
and the process noise are drawn from a Gaussian distribution, i.e., x0 − N(⊲x0 ,ϖx0 ) and
w𝜔+1 − N(0,ϖw𝜔+1 ).

Under this assumption, the state trajectory admits a Gaussian prior distribution. We
adopt the lifted matrix representation of the process model (4.1) as

x = A(Bu + w), (4.18)

where the input sequence u = [⊲
T

x0 , u
T

0,… , u
T

𝜀ω1]
T starts with the initial state mean, and

the process noise sequence w = [w
T

0,w
T

1,… ,w
T

𝜀 ]
T includes the initial state uncertainty,

with w0 − ℙ(0,ϖx0 ). The lifted matrices A and B have the following lower-triangular and
block-diagonal structure, respectively:

A =

⟪
⟫
⟫
⟫
⟫
⟫
⟫
⟫
⟫
❲

$ 0 0 … 0

A0 $ 0 …
...

A1A0 A1 $
. . .

...
...

...
...

. . . 0
𝜀ω1
⟪
⊳=0

A⊳

𝜀ω1
⟪
⊳=1

A⊳ … A𝜀ω1 $

❳
/
/
/
/
/
/
/
/
\

, B = diag($,B0,… ,B𝜀ω1), (4.19)

where
𝜔0

⟪
⊳=𝜔

A⊳ = A𝜔0 …A𝜔 . The process noise vector w − N(0,ϖw) follows a block-diagonal

covariance structure under temporal independence, ϖw = diag(ϖx0 ,ϖw1 ,… ,ϖw𝜀 ). Temporal
correlations may also be incorporated if the corresponding covariance matrix is known.
With the lifted representation (4.18), the state trajectory prior becomes x − N(ABu,AϖwA

T
),

which is Gaussian and enables a systematic computation of the DBS. Since a Gaussian
distribution is fully characterized by its mean and covariance, the DBS computation in
De!nition 4.1 can be specialized to an operator requiring only these moments rather than
the full distribution or higher moments. The following Gaussian DBS operator formalizes
this specialization.

De"nition 4.2 (Gaussian DBS operator). For a Gaussian state trajectory > − N(⊲> ,ϖ> ),
the DBS collection can be computed from only the mean and covariance as

(⊲)(>),ϖ)(>)) = )#(⊲> ,ϖ> ), (4.20)

where )# ϱ ℝ𝜗x(𝜀+1) ϑ ℝ(𝜗x(𝜀+1))2⋛ℝ(N+1)(𝜀+1) ϑ ℝ((N+1)(𝜀+1))2 maps the !rst two moments of
the state trajectory to the basis statistics as in De!nition 4.1.

Given the linearity of the basis function in Example 4.1, the Gaussian DBS operator
reduces to the identity map. To highlight its nontrivial behavior, we now consider another
one-dimensional dynamical system in which the output function (4.2) contains a single
sinusoidal basis function. In this setting, the Gaussian DBS operator transforms the mean
and covariance of a single state into the exact statistics of the corresponding basis-function
evaluation, illustrated in the following example.
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Example 4.2 (1-D Wiener model with sinusoidal basis function). Consider
the following sinusoidal nonlinearity in the measurement model:

y = 𝜚 sin(⋆ x) + v. (4.21)

where x ε ℝ is a scalar variable representing the initial state, with x − ℙ(⊲x ,,2
x),

and ⋆ is a known frequency. The Gaussian DBS operator )#(⋜, ⋜) in De!nition 4.2
maps the statistics of x to the following DBS, evaluated using Lemma 3.4.1 and
Example 3.1; see also [140, Lem. 4.1, Ex. 1]:

⊲) = exp(ω
1
2
⋆ 2,2

x) sin(⋆ ⊲x),

ϖ) =
1
2
ω
1
2
exp(ω2⋆ 2,2

x) cos(2⋆ ⊲x) ω exp(ω⋆ 2,2
x) sin

2(⋆ ⊲x).
(4.22)

For the lifted prior in (4.18), the Gaussian DBS operator provides an equivalent com-
putation of the basis statistics from De!nition 4.1 via (⊲),ϖ)) = )#(ABu,AϖwA

T
). Once

state estimates 𝜍x(y) and estimation-error covariance ϖ𝜍x(y) are obtained, we apply a plug-in
interpretation analogous to Remark 4.2.5: the estimated mean and covariance are treated
as !xed values of a Gaussian prior distribution for the subsequent DBS computation, i.e.,
x − N(𝜍x(y),ϖ𝜍x(y)), analogous to an empirical Bayes procedure applied to the state trajec-
tory. This procedure leads to data-driven DBS estimates via the Gaussian DBS operator,

⌈𝜍)(y),ϖ𝜍)(y)⌉ = )#(𝜍x(y),ϖ𝜍x(y)). (4.23)

The a$ne MMSE state estimator is a natural choice for providing 𝜍x(y) and ϖ𝜍x(y), as
it computes the posterior mean and covariance under a Gaussian approximation of the
state trajectory posterior. The derivation of the a$ne MMSE state estimator as a direct
consequence of Lemma 4.2.1 requires the cross-covariance ϖxy between the state trajectory
and observation sequence. Under Assumption 4.1, this cross-covariance can be explicitly
derived using Stein’s identity.

Remark 4.3.4 (Cross-covariance via Stein’s identity). For a random vector > − N(⊲,ϖ)
and a di#erentiable function 𝜛with appropriate integrability conditions (su"cient for applying
Fubini’s theorem [98]), Stein’s identity [135] states

"[(> ω ⊲)𝜛(>)] = ϖ"[∓>𝜛(>)]. (4.24)

While this study applies Stein’s identity under Gaussian noise, the identity extends to elliptical
distributions [75], enabling broader applicability to process noise models. Additionally, exten-
sions to other distributions such as Poisson and 𝜔-distributions exist [85], suggesting potential
avenues for non-elliptical process noise distributions.

The following lemma leverages this identity to derive the closed-form a$ne MMSE
state estimator.
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Lemma 4.3.5 (A!ne MMSE state estimator). Under Assumption 4.1, suppose that for
each basis function ℵ𝜗(⋜) de!ned in (4.2), the gradient vector ∓x𝜔 ℵ𝜗(x𝜔), for 𝜔 ε {0,… , 𝜀 }, has
components that are continuous almost everywhere and satisfy the following condition:

∓x𝜔 ℵ𝜗(x𝜔) = ⟦
6ℵ𝜗(x𝜔)
6x𝜔,1

,⋠ ,6ℵ𝜗(x𝜔)
6x𝜔,𝜗x ⟧

T

, "⌊
}
}
6ℵ𝜗(x𝜔)
6x𝜔,⊳

}
}⌋ < ∇, 𝜗 = 0,… ,N, ⊳ = 1,… , 𝜗x, (4.25)

where x𝜔,⊳ denotes the ⊳th element of the state vector x𝜔 ε ℝ𝜗x . Then, the a"ne MMSE estimator
for the state trajectory (4.18), its estimation-error covariance, and the optimal MSE, all as
functions of (⊲𝜚 ,ϖ𝜚), are given by

⦃⦄⦄⦄
⟨⦄⦄⦄⟩

𝜍xaf(y; ⊲𝜚 ,ϖ𝜚) = 24
x (⊲𝜚 ,ϖ𝜚)y + 𝐵4

x (⊲𝜚 ,ϖ𝜚),

ϖ𝜍xaf(⊲𝜚 ,ϖ𝜚) = AϖwA
T
ω AϖwA

T
C
T
⊲ς(⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv)
ω1
⊲
T

ςCAϖwA
T
,

J 4
x (⊲𝜚 ,ϖ𝜚) = tr(ϖ𝜍xaf(⊲𝜚 ,ϖ𝜚)),

(4.26a)

with the optimal coe"cient matrices

24
x (⊲𝜚 ,ϖ𝜚) = AϖwA

T
C
T
⊲ς(⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv)
ω1
, 𝐵4

x (⊲𝜚 ,ϖ𝜚) = ABu ω 24
x (⊲𝜚 ,ϖ𝜚)⊲

T

)⊲𝜚 ,
(4.26b)

where (⊲),ϖ)) = )#(ABu,AϖwA
T
) is the DBS collection for the Gaussian state trajectory prior

from De!nition 4.2, ⊲ς = diag(⊲0𝜚,… , ⊲𝜀𝜚 ) with ⊲𝜔𝜚 = ⊲𝜚 for 𝜔 ε {0,… , 𝜀 }, the linear operator
S(⋜) is de!ned in (4.14b), and

C = diag(C0,… ,C𝜀 ), C𝜔 = "[Jℵ(x𝜔)], (4.26c)

with Jℵ(x𝜔)=⌋∓x𝜔 ℵ0(x𝜔),… ,∓x𝜔 ℵN(x𝜔){
T

being the Jacobian of basis functions evaluated at x𝜔 .

A detailed proof is presented in Section 4.6. The explicit computation and tractability
of the a$ne MMSE state estimator depend on the choice of basis functions, since the
closed-form expression (4.26a) requires both the DBS (⊲),ϖ)) and the expected Jacobian
of the basis functions for constructing the matrix C in (4.26c). The sinusoidal basis of
Example 4.2 satis!es the bounded expectation condition in (4.25), and the corresponding
matrix C admits a closed-form expression, as discussed below.

Example 4.2 (continued). In the context of (4.21), the matrix C is given by

C = "[
6ℵ(x)
6x

] = "[⋆ cos(⋆ x)] = ⋆ exp(ω
1
2
⋆ 2,2

x) cos(⋆ ⊲x), (4.27)

where Jℵ(x) in (4.26c) reduces to a scalar derivative since x is a scalar variable.
Given the explicit expressions for the DBS quantities in (4.22) and for C in (4.27),
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the a$ne MMSE state estimator (4.26a) yields

𝜍xaf(y; ⊲𝜚 ,ϖ𝜚) = ⊲x +
,2
xC⊲𝜚

⊲2𝜚ϖ) + ,2
𝜚ϖ) + ,2

𝜚⊲
2
) + ,2

v
(y ω ⊲)⊲𝜚),

ϖ𝜍xaf(⊲𝜚 ,ϖ𝜚) = ,2
x ω

,4
xC

2⊲2𝜚
⊲2𝜚ϖ) + ,2

𝜚ϖ) + ,2
𝜚⊲

2
) + ,2

v

.
(4.28)

Furthermore, the a$ne MMSE parameter and basis estimators for the setting
of (4.21) follow their descriptions in Example 4.1, given in (4.11) and (4.16), respec-
tively, after replacing the pair (⊲x ,,2

x) in those expressions with the DBS quantities
obtained in (4.22).

In the more general Fourier-basis setting, both the DBS, (⊲),ϖ)), and the matrix C
admit explicit expressions via the characteristic function of the Gaussian distribution [140,
Lem. 4.1, Ex. 1] (alternatively, see Lemma 3.4.1 and Example 3.1), relying on the lifted
representation (4.18). The following remark shows that the a$ne MMSE state estimates
preserve this lifted structure, enabling the same explicit formulas to be applied in the
plug-in construction (4.23).

Remark 4.3.6 (Lifted plug-in prior for DBS estimates). An equivalent representation of
the a"ne MMSE state estimator in Lemma 4.3.5 is

𝜍xaf(y; ⊲𝜚 ,ϖ𝜚) = A(Bu + 𝐽 ), ϖ𝜍xaf(⊲𝜚 ,ϖ𝜚) = A(ϖw ω 𝐿)A
T
,

with measurement-driven corrections
⌈
𝐽 = ϖwA

T
C
T
⊲ς(⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv)
ω1
(y ω ⊲

T

)⊲𝜚),

𝐿 = ϖwA
T
C
T
⊲ς(⊲

T

ςϖ)⊲ς + S(ϖ𝜚) + ϖv)
ω1
⊲
T

ςCAϖw .

Thus, the plug-in empirical Bayes Gaussian prior on x induced by the a"ne estimator can be
written in lifted form as x − N(A(Bu + 𝐽 ),A(ϖw ω 𝐿)A

T
). For Fourier basis functions, this

structure results in closed-form DBS estimates in (4.23) via the explicit characteristic-function
formulas of Example 3.1.

The a$ne state estimator in (4.26a) is parameterized by the prior statistics (⊲𝜚 ,ϖ𝜚). Since
knowledge of 𝜚would improve these estimates, we adopt the empirical Bayes perspective of
Remark 4.2.5 and construct a nonlinear state estimator by inserting the parameter estimates
⌈𝜍𝜚(y),ϖ𝜍𝜚(y)⌉ as if they were the true prior moments,

⌈
𝜍xnl(y) = 𝜍xaf(y; 𝜍𝜚(y),ϖ𝜍𝜚(y)),

ϖ𝜍xnl(y) = ϖ𝜍xaf(
𝜍𝜚(y),ϖ𝜍𝜚(y)).

(4.29)

Using (4.29) within the DBS estimates construction (4.23) for the nonlinear parameter esti-
mator (4.13), and simultaneously feeding the resulting parameter estimates back into (4.29),
induces a circular dependence: the state estimates require the parameter estimates, while
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the parameter estimates depend on DBS computed from those same state estimates. This
coupling gives rise to a nonlinear dual state-parameter estimator, de!ned as a solution of
the resulting system of algebraic equations.

Dual state-parameter estimator: For any measurements vector y, there exists a
tuple of state-parameter estimators ⌈𝜍𝜚4nl,ϖ4

𝜍𝜚nl
,𝜍x4nl,ϖ

4
𝜍xnl⌉ such that

⌈
𝜍𝜚4nl = 𝜍𝜚af⌈y;)#(𝜍x4nl,ϖ

4
𝜍xnl
)⌉,

ϖ4
𝜍𝜚nl

= ϖ𝜍𝜚af⌈)#(𝜍x4nl,ϖ
4
𝜍xnl
)⌉,

⌈
𝜍x4nl = 𝜍xaf⌈y; 𝜍𝜚4nl,ϖ

4
𝜍𝜚nl
⌉

ϖ4
𝜍xnl

= ϖ𝜍xaf⌈
𝜍𝜚4nl,ϖ

4
𝜍𝜚nl
⌉

(DS-P)

where )#(𝜍x4nl,ϖ
4
𝜍xnl
) returns the DBS estimates (𝜍)(y),ϖ𝜍)(y)) according to (4.23) and

De!nition 4.2, and the functions (𝜍𝜚af(⋜),ϖ𝜍𝜚af
(⋜)) and (𝜍xaf(⋜),ϖ𝜍xaf(⋜)) are the closed form

solutions of the Bayesian a$ne MMSE de!ned in (4.10a) and (4.26a), respectively.

The dual state-parameter (DS-P) estimation framework likewise couples two a$ne
MMSE estimators, one for the parameters and one for the states, each depending on the
estimates produced by the other. Although this approach addresses the limitations of
DB-P estimator raised in Remark 4.3.3, the asymptotic performance of the parameter esti-
mates with in!nitely many samples depends critically on the properties of the underlying
dynamical system [140, Prop. 4.2] (alternatively, see Proposition 3.4.2).

Remark 4.3.7 (Asymptotic performance). While the state-estimation step in DS-P esti-
mator reduces the e#ective process-noise uncertainty, consistency of the nonlinear parameter
estimator requires that the state-estimation error remain suitably bounded over the trajectory,
playing a role analogous to the multiple-trajectory condition in Proposition 3.4.2. Characteriz-
ing conditions under which the state-estimation error is bounded and the nonlinear parameter
estimator is consistent is an interesting direction for future research. Nevertheless, for !nite
data, the numerical experiments in Section 4.4 demonstrate that the proposed dual state-
parameter estimator can substantially outperform existing a"ne and nonlinear alternatives
when Fourier bases are employed.

The mutual dependence between the estimator characterizations in DB-P and DS-P
naturally suggests viewing the nonlinear parameter estimator architecture (cf. Figure 4.2)
as a !xed point of suitable mappings. This perspective motivates computing the estimator
via an iterative !xed-point scheme, in which the coupled estimators are applied repeatedly
until convergence. From this viewpoint, each iteration can be interpreted as propagating
information between the DBS and parameter estimator blocks, gradually reconciling their
respective posterior summaries. Once the iterative scheme has converged, the resulting
parameter estimates generally exhibit a highly nonlinear dependence on the measurement
value. Whether the proposed estimators produce estimates close to the optimal a$ne
MMSE parameter estimator or deviate signi!cantly from it depends sensitively on the
measurement region and on the prior distribution of the latent system states. To illustrate
this nonlinear behavior in a concrete setting, we now revisit Example 4.2 and examine
the DB-P and DS-P estimators for di%erent measurement values, while the discussion of the
algorithmic aspects of the !xed-point characterization is deferred to the next subsection.
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Example 4.2 (continued). For the parameter-estimation simulations, consider
the observation model (4.21) with sinusoidal frequency ⋆ = 1

6 , a scalar latent state
x − N(⊲x ,,2

x) (interpreted as the initial state of a dynamical system) with ⊲x = 0.5
and two choices of variance, ,2

x = 0.05 (left plot) and,2
x = 4 (right plot), an unknown

parameter 𝜚 ε ℝ with prior 𝜚 − U(ω1, 5), and measurement noise v − N(0,,2
v)with

,2
v = 0.16. Figure 4.5 shows the estimates of the unknown parameter 𝜚 as a function

of the measurement value for four estimators: the DS-P estimator (orange), the DB-P
estimator (green), the empirical MMSE estimator computed via MCMC methods
(red), and the a$ne MMSE estimator obtained from (4.10a) (blue). As anticipated
from the !xed-point perspective, the dual estimators exhibit notable nonlinearities
relative to the a$ne MMSE estimator. The algorithms used to construct these dual
estimators are described in the next subsection.
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Figure 4.5: Dual state-parameter (DS-P), Dual basis-parameter (DB-P), optimal MMSE (4.5), and a$ne
MMSE (4.10a) estimators.

4.3.3 F$5%234!$") &#/!’$)6(
The dual basis-parameter (DB-P) and dual state-parameter (DS-P) estimators can be equiv-
alently characterized by a !xed-point solution 𝐽 4 of an operator F satisfying 𝐽 4 = F(𝐽 4).
We collect the estimates and their covariances into a tuple 𝐽 . For the DB-P estimator,
𝐽 =(𝜍𝜚nl,ϖ𝜍𝜚nl

, 𝜍)nl,ϖ𝜍)nl
), whereas for the DS-P estimator, 𝐽 =(𝜍𝜚nl,ϖ𝜍𝜚nl

,𝜍xnl,ϖ𝜍xnl ). For a given
measurement sequence y, the corresponding !xed-point operators are de!ned as
⌈
DB-P ϱ F(𝐽 ) ϱ= ⌈𝜍𝜚af(y; 𝜍)nl,ϖ𝜍)nl

), ϖ𝜍𝜚af
(𝜍)nl,ϖ𝜍)nl

), 𝜍)af(y; 𝜍𝜚nl,ϖ𝜍𝜚nl
), ϖ𝜍)af

(𝜍𝜚nl,ϖ𝜍𝜚nl
)⌉,

DS-P ϱ F(𝐽 ) ϱ= ⌈𝜍𝜚af⌈y;)#(𝜍xnl,ϖ𝜍xnl )⌉, ϖ𝜍𝜚af⌈)#(𝜍xnl,ϖ𝜍xnl )⌉, 𝜍xaf(y;
𝜍𝜚nl,ϖ𝜍𝜚nl

), ϖ𝜍xaf(
𝜍𝜚nl,ϖ𝜍𝜚nl

)⌉,

respectively. A !xed point can be computed via the simultaneous (Jacobi-style) iteration
𝐽 (ℷ+1) = F(𝐽 (ℷ)), whose pseudo-code for both variants is given inAlgorithm 1. The following
averaged update with 0 < 𝐻 ⋞ 1 may improve stability, albeit with slower convergence:

𝐽 (ℷ+1) = 𝐽 (ℷ) + 𝐻⌈F(𝐽
(ℷ)) ω 𝐽 (ℷ)⌉, (4.30)

where 𝐻 = 1 recovers the Jacobi-style iteration used in Algorithm 1. Alternating (Gauss–
Seidel-style) updates, which update the components of 𝐽 sequentially, are also common for
coupled !xed-point problems and may improve convergence [23, Ch. 7].
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Remark 4.3.8 (Convergence condition). The convergence of the sequence of iterates
{𝐽 (ℷ)}ℷ⋟0 in (4.30) depends on the properties of the operator F. A su"cient condition is that
F is nonexpansive [12, Thm. 5.14]. A rigorous analysis of the convergence of these iterations
and the properties of F for both dual estimators is left for future work; however, the empirical
results provide encouraging evidence supporting this behavior.

The iterative scheme in Algorithm 1 initializes the means and covariances of the
parameters and DBS-related quantities from their respective priors. At iteration ℷ = 1, the
tuple 𝐽 (1) is obtained from a single pass of the Bayesian a$ne MMSE estimators for the
unknown parameters and either the DBS or the system states, depending on the chosen
variant. In the DB-P variant, the DBS is computed only at initialization from the prior of the
system state x, whereas in the DS-P variant, it is recomputed at every iteration by applying
the Gaussian DBS operator )#(⋜, ⋜) to the current state mean and covariance estimates. In
the latter case, the matrix C in (4.26c) is evaluated only once, since it depends solely on
the prior of the system state x. The stopping criterion of Algorithm 1 is either a maximum
number of iterations 𝑀 or a threshold 𝜕 on the change in the parameter MSE cost J𝜚(⋜, ⋜)
in (4.10a); that is, the iteration terminates when |J (ℷ)

𝜚 ω J (ℷω1)
𝜚 | < 𝜕.

Remark 4.3.9 (Per-iteration computational complexity). Both nonlinear estimators,
dual basis-parameter (DB-P) and dual state-parameter (DS-P), have a per-iteration computa-
tional complexity of O(𝜀 3) when N, 𝜗x 8 𝜀 . This complexity is dominated by the covariance
matrix inversions in the a"ne MMSE updates.

Algorithm 1 Dual estimator: basis-parameter (DB-P) or state-parameter (DS-P)
Variant: Choose either DB-P or DS-P
Require: Tolerance 𝜕, maximum iterations 𝑀
Ensure: (𝜍𝜚nl,ϖ𝜍𝜚nl

) and DB-P: (𝜍)nl,ϖ𝜍)nl
) or DS-P: (𝜍xnl,ϖ𝜍xnl )

1: (𝜍𝜚 (0)
nl ,ϖ

(0)
𝜍𝜚nl
) ⋤ (⊲𝜚 ,ϖ𝜚) 𝑁 𝜚 prior information

2: J (0)
𝜚 ⋤ 0 𝑁 initial cost

3: (𝜍)(0)
nl ,ϖ

(0)
𝜍)nl
) ⋤ (⊲),ϖ)) 𝑁 DBS, De!nition 4.1

4: for ℷ = 1, 2,… ,𝑀 do
5: (𝜍𝜚 (ℷ)

nl ,ϖ
(ℷ)
𝜍𝜚nl
) ⋤ ⌈𝜍𝜚af(y; 𝜍)

(ℷω1)
nl ,ϖ(ℷω1)

𝜍)nl
),ϖ𝜍𝜚af

(𝜍)(ℷω1)
nl ,ϖ(ℷω1)

𝜍)nl
)⌉ 𝑁 a$ne MMSE, (4.10a)

6: J (ℷ)
𝜚 ⋤ J 4

𝜚 (𝜍)
(ℷω1)
nl ,ϖ(ℷω1)

𝜍)nl
) 𝑁 associated cost

7: DB-P: (𝜍)(ℷ)
nl ,ϖ

(ℷ)
𝜍)nl
) ⋤ ⌈𝜍)af(y; 𝜍𝜚

(ℷω1)
nl ,ϖ(ℷω1)

𝜍𝜚nl
),ϖ𝜍)af

(𝜍𝜚 (ℷω1)
nl ,ϖ(ℷω1)

𝜍𝜚nl
)⌉ 𝑁 a$ne MMSE, (4.14c)

8: DS-P: (𝜍x(ℷ)nl ,ϖ
(ℷ)
𝜍xnl
) ⋤ ⌈𝜍xaf(y; 𝜍𝜚

(ℷω1)
nl ,ϖ(ℷω1)

𝜍𝜚nl
),ϖ𝜍xaf(

𝜍𝜚 (ℷω1)
nl ,ϖ(ℷω1)

𝜍𝜚nl
)⌉ 𝑁 a$ne MMSE, (4.26a)

9: DS-P: (𝜍)(ℷ)
nl ,ϖ

(ℷ)
𝜍)nl
) ⋤ )#(𝜍x

(ℷ)
nl ,ϖ

(ℷ)
𝜍xnl
) 𝑁 Gaussian DBS, De!nition 4.2

10: if }}J
(ℷ)
𝜚 ω J (ℷω1)

𝜚
}
} < 𝜕 then 𝑁 stopping criterion

11: break
12: end if
13: end for



4.4 N-.#(%*!3 #6’#(%.#&,$

4

73

4.4 N.(%’$,&# %54%’$(%")*
In this section, we evaluate the proposed nonlinear estimators, dual basis-parameter (DB-P)
and dual state-parameter (DS-P), against the a$ne MMSE parameter estimator (Theo-
rem 4.2.2), hereafter called A-MMSE, across two setups: (N = 2, 𝜗x = 10) with more states
than parameters, and (𝜗x = 2,N = 10) with more parameters than states. We then bench-
mark the dual state-parameter estimator (DS-P) against two established sampling-based
methods: Particle Gibbs with Ancestor Sampling (PGAS) [81] and SMC-EM [127]. Both
methods perform SMC-based smoothing at each iteration to draw from the state posterior.
SMC methods su%er from particle degeneracy, which necessitates an exponential growth in
the number of particles with state dimension [14]. While modern methods such as nested
sequential Monte Carlo (NSMC) [100] can improve SMC scalability in high dimensions, we
restrict the benchmark comparisons to the second setup (𝜗x = 2,N = 10) for two reasons:
(i) the !rst setup primarily illustrates a regime where the dual basis-parameter (DB-P)
estimator underperforms the a$ne MMSE estimator, demonstrating the limitations of the
elliptical-distribution approximation discussed in Remark 4.3.3; (ii) adapting PGAS and
SMC-EM to use NSMC-based smoothing would require substantial additional development
and tuning, beyond the scope of a fair performance comparison. Focusing on the lower-
dimensional state case (𝜗x = 2,N = 10) mitigates the impact of state dimensionality on
SMC-based methods and enables a more meaningful and interpretable comparison. We
use a marginally stable linear time-invariant (LTI) dynamical system (A𝜔 = $) with a true
function in the Fourier subspace

⦃⦄⦄
⟨⦄⦄⟩

ℵ0(x) = 1 𝜗 = 0

ℵ𝜗(x) =(
⋝ε{ω1,1}

exp(7⌉⋝⋆𝜗, x{) 𝜗 ⋟ 1, (4.31)

where ⋆𝜗 ε ℝ𝜗x represents a known frequency. This Fourier basis choice enables explicit com-
putation of the DBS and cross-covariance terms, and it allows us to examine how increasing
state uncertainty a%ects estimator performance as the number of measurements grows.
The experiments use time-invariant Gaussian noise: v𝜔 − N(0,,2

v$), w𝜔+1 − N(0,,2
w$),

and x0 − N(⊲x0 ,,
2
x0$), with ,2

x0 = ,2
w. To assess the impact of process noise, we vary

,2
w ε {0.001, 0.01} while holding the measurement-noise variance !xed at ,2

v = 0.01 across
all experiments. The input trajectories are generated using the active-learning procedure
from Section 3.5, conducted prior to the experiments and optimized for the a$ne MMSE
estimator. These same inputs are used for all methods in the study to ensure a fair com-
parison. For reproducibility, a MATLAB library implementing the a$ne MMSE estimator
with optimal input design, as well as the dual basis-parameter and dual state-parameter
estimators, is available at “https://github.com/sasanvakili/nonlinearBayesian4Wiener.”

For each con!guration, we generate 100 independent samples of 𝜚 and 100 independent
samples of (w, v) for each trajectory length 𝜀 , resulting in 10,000 experiments in total. We
evaluate estimators using the squared-error criterion ⟨𝜚ω 𝜍𝜚(y)⟨2 and ensure fair comparison
by using identical realizations of w and v across all methods. In the provided plots, dashed
lines show the empirically computed MSE, "[⟨𝜚ω 𝜍𝜚(y)⟨2], for each method. Non-histogram
plots include shaded regions indicating the 15th-85th percentile range of the squared error.
Histograms display the probability density of log ⟨𝜚 ω 𝜍𝜚(y)⟨2 on a logarithmic vertical scale

https://github.com/sasanvakili/nonlinearBayesian4Wiener
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to resolve di%erences in the squared-error distributions. All histograms within each plot
use the same bin width, and each histogram integrates to unity.

Experiment setup 1 (𝛆 = 𝛝,𝝎𝛡 = 𝛚𝛠). This setup considers an LTI system with 𝜗x = 10
states and 𝜗u = 2 control inputs. The system dynamics are A𝜔 = $ and B𝜔 = 1𝜔[$,… , $]

T,
where 1𝜔 = 0.1 is the sampling interval and the identity matrices have dimensions con-
formable with 𝜗x and 𝜗u. The initial state is drawn from a standard normal distribu-
tion, ⊲x0 − N(0, $) and the input sequence u𝜔 = 4.5(𝐼ε4[cos(𝐼𝜔1𝜔), sin(𝐼𝜔1𝜔)]

T, where
4 ε {3, 5, 10, 20, 100}, is used to initialize the projected steepest descent algorithm in the
active-learning procedure of Section 3.5, with each component constrained to [ω200, 200].
The optimal input u4 is precomputed once and used for all methods evaluated under this
con!guration. The unknown parameters follow the Fourier basis representation in (4.31).
We use three unknown parameters 𝜚𝜗 (𝜗 = 0, 1, 2) with known frequency vectors ⋆𝜗 ε ℝ10.
Speci!cally, ⋆0 = 0 (the constant basis), and the nonzero frequencies are drawn indepen-
dently as ⋆𝜗 − N(0, $) for 𝜗 ε {1, 2}. The prior over the unknown parameters is uniform,
𝜚𝜗 − U(2, 8) for each 𝜗, implying prior moments ⊲𝜚𝜗 = 5 and ,2

𝜚𝜗 = 3. True parameter
values are generated from this same prior.

Benchmark 1.1 (High-dimensional states). This benchmark uses Experiment setup 1
with trajectory length 𝜀 = 100 (i.e., 101 measurements) and two process-noise variances
,2
w ε {0.001, 0.01}, with 10,000 simulations per con!guration. Using identical realizations

of (w, v) across methods, we compute parameter estimates 𝜍𝜚(y) from A-MMSE (4.10a) and
the dual estimators DB-P and DS-P. Figure 4.6 shows histograms of log ⟨𝜚 ω 𝜍𝜚(y)⟨2 over
all simulations, with dashed vertical lines indicating the empirical MSE: orange for DB-P,
blue for A-MMSE, and red for DS-P. Although one might expect DB-P to perform best,
given that only two unknown basis variables and a scalar observation y𝜔 are involved
at each time, this setup provides a counterexample. In both noise regimes, DB-P leads
to a higher empirical MSE than A-MMSE. This underperformance is consistent with the
elliptical prior approximation used in the basis estimation (cf. Remark 4.3.3). With a scalar
measurement at each time and a high state dimension (𝜗x = 10), the latent states remain
substantially uncertain, limiting the bene!t of dual state-parameter estimation relative
to the a$ne approach. Nevertheless, DS-P consistently achieves the lowest empirical
MSE (red), demonstrating that joint estimation of latent states and parameters improves
parameter inference on average when the process noise is Gaussian.

Experiment setup 2 (𝛆 = 𝛚𝛠,𝝎𝛡 = 𝛝). This setup focuses on the complementary con!g-
uration of low-dimensional states and a larger number of parameters. The LTI system has
two states, x𝜔 ε ℝ2, and shares the same structure as Experiment setup 1: u𝜔 ε ℝ2, A𝜔 = $,
and B𝜔 = 1𝜔$, with 1𝜔 = 0.1. The initial state is set to ⊲x0 = [3.2, 2.8]

T. The active-learning
procedure uses the same input initialization structure u𝜔 = 4.5(𝐼ε4[cos(𝐼𝜔1𝜔), sin(𝐼𝜔1𝜔)]

T,
with 4 ε {3, 5, 10, 20, 100} and bounds [ω200, 200], and the resulting optimal trajectory
u4 is used for all methods in this setup. Under the Fourier basis representation in (4.31),
we use eleven unknown parameters 𝜚𝜗 (𝜗 = 0,… , 10) with known frequency vectors
⋆𝜗 ε ℝ2 de!ned as: ⋆0 = [0, 0]

T, ⋆𝜗 = [𝜗 21
10 , 0]

T for 𝜗 ε {1, 2, 3}, and ⋆𝜗 = [(𝜗 ω 7) 2110 ,
21
6 ]

T for
𝜗 ε {4,… , 10}. The unknown parameters follow the prior U(2, 8), corresponding to ⊲𝜚𝜗 = 5
and ,2

𝜚𝜗 = 3, from which true parameter values are sampled.
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Figure 4.6: Parameter estimation squared-error distributions for Experiment setup 1.

Benchmark 2.1 (High-dimensional parameters). This benchmark uses Experiment
setup 2 with trajectory length 𝜀 = 100 (i.e., 101 measurements) and two process-noise
variances ,2

w ε {0.001, 0.01}, with 10,000 simulations per con!guration. Using identi-
cal realizations of (w, v) across methods, we compute parameter estimates 𝜍𝜚(y) from
A-MMSE (4.10a) and the dual estimators DB-P and DS-P. Figure 4.7 shows histograms of
log ⟨𝜚 ω 𝜍𝜚(y)⟨2 over all simulations, with dashed vertical lines indicating the empirical MSE
for each estimator: orange for A-MMSE, blue for DB-P, and red for DS-P. In contrast to Ex-
periment setup 1, this con!guration has only two latent states but ten unknown parameters,
leading to a practically relevant identi!cation problem with high-dimensional parameters
and low-dimensional dynamics. In both noise regimes, A-MMSE (orange) exhibits a higher
empirical MSE than both dual estimators. The low state dimension (𝜗x = 2) enables DS-P
to exploit latent-state dynamics more e%ectively than DB-P, achieving the lowest empiri-
cal MSE (red) and demonstrating that explicit state estimation can substantially enhance
parameter inference when Gaussian linear dynamics govern the latent states.
Benchmark 2.2 (Trajectory horizon). This experiment considers 10,000 simulations
with trajectories of varying lengths, 𝜀 ε {0, 4, 10, 13, 16, 20, 25, 32, 40, 50, 63, 79, 100}, to
examine how parameter estimation error evolves as the number of measurements increases.
Figure 4.8 compares the squared errors for A-MMSE (orange), DB-P (blue), and DS-P
(red) under two process-noise variances ,2

w ε {0.001, 0.01}. Shaded regions show the
15th-85th percentile range of the squared error, while dashed lines indicate the empirical
MSE. All estimators use the identical optimized input u4 designed separately for each
trajectory length. The results con!rm that input optimization signi!cantly reduces squared
error for all three estimators when the number of measurements matches the number of
unknown parameters. For both noise levels, the error reduction of A-MMSE and DB-P
slows markedly as 𝜀 increases and measurements become more strongly correlated. This
behavior aligns with the established limitations of A-MMSE for marginally stable systems
(cf. Proposition 3.4.2), and the similar trend for DB-P suggests it may su%er from related
limitations. In contrast, DS-P exhibits a sustained downward trend in empirical MSE as 𝜀
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Figure 4.7: Parameter estimation squared-error distributions for Experiment setup 2.

grows. In the low process-noise case (,2
w = 0.001), the red dashed line decreases steadily

with increasing 𝜀 . For higher process noise (,2
w = 0.01), the red dashed line shows slight

local increases between 𝜀 = 32 and 40 and between 50 and 63, before decreasing again for
larger 𝜀 . These small increases re&ect heavier upper tails (above the 85th percentile) of the
squared-error distribution, as the central 15th-85th percentile range continues to decrease
steadily. These results highlight the advantages of DS-P in the high-dimensional parameter
regime and motivate a comparison with SMC-based methods in Benchmark 2.3.
Benchmark 2.3 (Dual state-parameter vs. SMC methods). In this !nal benchmark,
DS-P is compared with two well-known SMC-based approaches, PGAS and SMC-EM.
Both methods alternate between updating the latent states given the current parameter
estimates and updating the parameters given sampled state trajectories, whereas DS-P
alternates between parameter and state updates using summary statistics of the other block
rather than full conditional sampling. The comparison uses Experiment setup 2 with 10,000
simulations, trajectory length 𝜀 = 100, and two process-noise levels ,2

w ε {0.001, 0.01}.
Identical realizations of (w, v) and the same optimized input u4 from the active-learning
procedure are used for all three methods. In summary, the two SMC-based approaches are:
(i) PGAS [81, Alg. 4]: PGAS is a PMCMCmethod that targets the joint posterior over the

latent state trajectory and the parameters. At each iteration ℷ, it alternates between:
(i) drawing a new state trajectory xℷ using the PGAS Markov kernel [81, Alg. 3]
given 𝜚ℷω1, and (ii) sampling 𝜚ℷ from the conditional posterior 𝜑(𝜚 φ xℷ , y). We use
𝑂𝑃 = 6000 particles and run the algorithm for 𝑀 = 5000 iterations. The initial state
trajectory is obtained from a bootstrap particle !lter, and the initial parameters are
drawn from the prior U(2, 8). At each iteration, the parameters are sampled from a
multivariate truncated Gaussian distribution [77] as their conditional posterior, and
the proposal is accepted or rejected via an MH step. The !nal estimate is the empirical
mean of the retained samples, after discarding the !rst 2500 burn-in samples.

(ii) SMC-EM [127, Alg. 4]: SMC-EM is a maximum-likelihood method that embeds
particle smoothing within the EM framework. At each EM iteration ℷ, it treats the
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Figure 4.8: Parameter estimation squared-error vs. trajectory length 𝜀 for Experiment setup 2.

full state trajectory as missing data and alternates between: (i) E-step: given 𝜚ℷω1,
approximating the EM 𝑄-function (the expected complete-data log-likelihood) by
running a particle smoother to approximate the smoothing distribution of x; and
(ii) M-step: maximizing this approximate 𝑄-function with respect to 𝜚 to obtain
𝜚ℷ . In our implementation, the original forward-backward smoother [127, Alg. 2-3]
is replaced by the Metropolis-Hastings forward-!ltering backward-proposing (MH-
FFBP) joint smoother [22, Fig. 5], which is an MCMC-based re!nement of forward
!ltering backward smoothing methods [40, 57]. We use a standard particle !lter
with 𝑂𝑅 = 6000 particles in the forward pass [22, Fig. 1] and, in the backward
pass, 𝑂𝑆 = 700 smoothing particles with MH chain length 𝑇 = 300. This choice
follows the complexity trade-o% analysis in [22] and aims to improve computational
e$ciency while maintaining particle diversity. With a uniform prior on 𝜚, the M-step
reduces to a constrained maximization of the approximate 𝑄-function over the prior
support, equivalent to a MAP update. The algorithm is initialized at 𝜚0 = ⊲𝜚 and
run for a !xed 𝑀 = 1000 iterations, since the particle-based approximation of the
𝑄-function precludes reliable likelihood-based convergence diagnostics. The !nal
estimate represents a local optimum of theMonte Carlo approximation of the posterior
objective rather than a guaranteed stationary point of the true posterior.

From a practical standpoint, the three methods di%er notably in tuning requirements
and computational e%ort. PGAS and SMC-EM require careful selection of multiple hyper-
parameters (particle numbers 𝑂𝑃 for PGAS and (𝑂𝑅 ,𝑂𝑆) for SMC-EM, plus the chain length
𝑇 in the MH-FFBP smoother), which must be set conservatively large to mitigate Monte
Carlo error, thereby increasing computational cost. In contrast, DS-P requires no such
Monte Carlo tuning beyond specifying the prior mean and covariance. A further practical
advantage of DS-P is its rapid convergence: we set the stopping tolerance 𝜕 = 10ω6 in
Algorithm 1 with a maximum of 𝑀 = 10,000 iterations. For ,2

w = 0.001, the state-parameter
variant (DS-P) of Algorithm 1 requires at most 56 iterations to satisfy the stopping criterion
across all experiments. For ,2

w = 0.01, only 3 out of 10,000 experiments reach the maximum
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Figure 4.9: Squared-error distributions: dual state-parameter vs. SMC-based methods.

iteration limit, while the remaining runs converge in at most 229 iterations. In contrast,
PGAS required 5000 iterations for su$cient posterior samples, and SMC-EM was run for
1000 iterations with no reliable convergence diagnostics.

Figure 4.9 compares the distributions of log ⟨𝜚 ω 𝜍𝜚(y)⟨2 over all 10,000 simulations
for PGAS (green), SMC-EM (blue), and DS-P (red), with dashed vertical lines indicating
the empirical MSEs. In the low process-noise case (,2

w = 0.001), SMC-EM produces an
error distribution that overlaps partially with that of DS-P but also exhibits a substantial
number of simulations with noticeably larger errors, raising its overall MSE. PGAS shows
a similar pattern: one concentration of errors near DS-P and another at much larger
values, again leading to a higher MSE. When the process noise increases to ,2

w = 0.01, the
squared-error distributions of both SMC-EM and PGAS shift further away from the main
concentration region of DS-P, and their empirical MSEs increase correspondingly. In this
higher-noise regime, the SMC-based methods produce a small fraction of simulations with
errors comparable to DS-P, while most realizations fall into higher-error regions. In both
noise scenarios, DS-P attains the lowest empirical MSE and the most tightly concentrated
error distribution, demonstrating more robust parameter-estimation performance as the
process-noise level increases.

4.5 C!",#.*$!"
This chapter presented a nonlinear parameter estimator as a !xed-point characterization of
two a$ne MMSE estimators, one for the unknown parameters and one for latent variables,
which use the summary statistics of each other to re!ne their estimates iteratively. Two
variants were developed, both requiring no tuning beyond specifying the prior: the dual
basis-parameter (DB-P) estimator, which directly estimates the DBS via an a$ne MMSE
basis estimator, and the dual state-parameter (DS-P) estimator, which uses a$ne MMSE
state estimates as inputs for DBS estimates construction. Extensive numerical experiments
validated that DS-P consistently achieves the lowest empirical MSE, outperforming DB-P,
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the a$ne MMSE parameter estimator, and two established SMC-based methods (PGAS
and SMC-EM). The superior performance of DS-P stems from two mechanisms: the state-
estimation step reduces the e%ective process-noise uncertainty, and the joint !xed-point
iteration mutually re!nes both parameter and state estimates.

These results motivate several directions for future research. Although both algorithm
variants converged to a !xed point in almost all experiments, a formal convergence analysis
of the dual !xed-point iteration would provide valuable theoretical guarantees. Addition-
ally, when the dual state-parameter variant (DS-P) is used, the consistency of the nonlinear
parameter estimator depends on the state estimation error remaining suitably bounded
along the trajectory. Characterizing conditions that guarantee such boundedness would
establish asymptotic performance guarantees for the proposed estimator. For !nite data,
however, extensive simulations indicate that the dual state-parameter estimator can substan-
tially reduce parameter estimation error as the trajectory length increases (cf. Figure 4.8).
Other promising extensions include generalizing the framework to nonparametric models,
accommodating nonlinear state dynamics, and developing recursive implementations that
enable scalability to large datasets by reducing computational complexity.

4.6 T%,6"$,&# 4’!!7*
This section presents detailed proofs of the theoretical results introduced in this chapter.

Proof of Lemma 4.2.1. The proof follows the !rst-order optimality over the constants of
the a$ne estimator (4.6). To this end, we apply the decompositions 𝐹1 = ⊲1 + 1𝐹1 and
𝐹2 = ⊲2+1𝐹2, where1𝐹1 and1𝐹2 are zero-mean random variables describing the uncertainty
in 𝐹1 and 𝐹2, and then expand the objective as

min
2,𝐵

"[(1𝐹1 ω 21𝐹2)
T
(1𝐹1 ω 21𝐹2)] ω 2"[(1𝐹1 ω 21𝐹2)

T
(𝐵 + 2⊲2 ω ⊲1)]

+ "[(𝐵 + 2⊲2 ω ⊲1)
T
(𝐵 + 2⊲2 ω ⊲1)].

The second term of the !rst line vanishes because 𝐵 + 2⊲2 ω ⊲1 is deterministic, and
the random variables (1𝐹1,1𝐹2) are zero mean, i.e., "[1𝐹1] = 0 and "[1𝐹2] = 0. The last
term is minimized and its contribution set to zero by choosing 𝐵4 = ⊲1 ω 2⊲2. With
this choice, applying the trace operator, and de!ning the covariances ϖ11 ϱ= "[1𝐹11𝐹

T

1 ],
ϖ12 ϱ= "[1𝐹11𝐹

T

2 ], and ϖ22 ϱ= "[1𝐹21𝐹
T

2 ], where 1𝐹1 = 𝐹1 ω ⊲1 and 1𝐹2 = 𝐹2 ω ⊲2, the
optimization reduces to minimizing

J (2) = tr(ϖ11 ω 22ϖ21 + 2ϖ222
T
),

with ϖ21 = ϖ
T

12. The optimizer 24 is found by setting the partial derivative of J (2) with
respect to 2 to zero, i.e.,

6J
62

}
}
}2=24

= ω2ϖ12 + 224ϖ22 = 0,

which yields 24 = ϖ12ϖ
ω1
22. Since ϖ22 is invertible, J (2) is a strictly convex quadratic in 2,

so this stationary point is the unique global minimizer. Substituting 24 and 𝐵4 = ⊲1 ω24⊲2
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into the estimation-error covariance ϖ𝜍𝐹1
ϱ= "[(𝐹1 ω 2𝐹2 ω 𝐵)(𝐹1 ω 2𝐹2 ω 𝐵)

T
], yields the

expressions in (4.7a), which completes the proof.

Proof of Lemma 4.2.4. By the law of total expectation [28, Ch. 4],

J 4
𝜚 (⊲),ϖ)) = "⌋⟨𝜚 ω 𝜍𝜚af(y; ⊲),ϖ))⟨2{ = "x⌊"⌋⟨𝜚 ω 𝜍𝜚af(y; ⊲),ϖ))⟨2 }} x{⌋, (4.32)

where 𝜍𝜚af(y; ⊲),ϖ)) is the a$ne MMSE estimator with its optimal MSE J 4
𝜚 (⊲),ϖ)) as

de!ned in (4.10a). Let A𝜚 denote the class of a$ne estimators of 𝜚 from y, analogous
to (4.6). Since 𝜍𝜚af(y; ⊲),ϖ)) ε A𝜚, the conditional MSE of this estimator cannot be smaller
than the minimum conditional MSE over all a$ne estimators in A𝜚 for each !xed x, i.e.,

"x⌊"⌋⟨𝜚 ω 𝜍𝜚af(y; ⊲),ϖ))⟨2 }} x{⌋ ⋟ "x⌊ min
𝜍𝜚(⋜)εA𝜚

"⌋))𝜚 ω 𝜍𝜚(y)))
2 }
} x{⌋. (4.33)

Moreover, for each !xed state trajectory x, the optimizer of the minimum conditional MSE
and its corresponding a$ne MMSE value are given by

⌈
𝜍𝜚af(y;)(x), 0) = argmin𝜍𝜚(⋜)εA𝜚

"⌋))𝜚 ω 𝜍𝜚(y)))
2 }
} x{,

J 4
𝜚 ()(x), 0) = "⌋⟨𝜚 ω 𝜍𝜚af(y;)(x), 0)⟨2 }} x{.

(4.34)

Combining (4.32), (4.33), and (4.34) arrives at the desired bound in (4.12).

Proof of Lemma 4.3.1. De!ne the stacked basis-function vector

ℵ ϱ= vec()(x)) = [ℵ
T
(x0),… ,ℵ

T
(x𝜀 )]

T
, (4.35)

where ℵ(x𝜔) is de!ned in (4.2). By De!nition 4.1, the prior DBS (⊲),ϖ)) induce the prior
mean and covariance of ℵ as

𝐾ℵ ϱ= "[ℵ] = "[vec()(x))] = vec(⊲)), "[(ℵ ω 𝐾ℵ)(ℵ ω 𝐾ℵ)
T
] = ϖ). (4.36)

Next, introduce the lifted observation model over the trajectory. Stacking the sequence of
measurements as y = [y0,… , y𝜀 ]

T and using (4.2) yields

y = G
T

𝜚ℵ + v, (4.37)

where G𝜚 = diag(𝜚0,… , 𝜚𝜀 ) with 𝜚𝜔 = 𝜚 for all 𝜔 ε {0,… , 𝜀 }, and v = [v0,… , v𝜀 ]
T has

covariance matrix ϖv . The a$ne MMSE estimator of ℵ given y follows from the generic
a$ne MMSE estimator of Lemma 4.2.1 with 𝐹1 = ℵ and 𝐹2 = y, resulting in the form
𝜍ℵaf(y) = 24

ℵy + 𝐵4
ℵ, with coe$cients (cf. (4.7b))

24
ℵ = ϖℵyϖ

ω1
y , 𝐵4

ℵ = 𝐾ℵ ω 24
ℵ⊲y, (4.38)

where 𝐾ℵ is the mean of ℵ de!ned in (4.36), ⊲y is the observation mean, ϖℵy is the cross-
covariance between ℵ and y, and ϖy is the observation covariance. To express these
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quantities, apply the decompositions: ℵ = 𝐾ℵ + 1ℵ and G𝜚 = ⊲ς + 1G𝜚, where 1ℵ and
1G𝜚 are zero-mean random quantities, and ⊲ς ϱ= "[G𝜚] = diag(⊲0𝜚,… , ⊲𝜀𝜚 ) with ⊲𝜔𝜚 = ⊲𝜚
for all 𝜔 ε {0,… , 𝜀 }. By construction, "[1ℵ1ℵ

T
] = ϖ) and "[(𝜚𝜔 ω ⊲𝜔𝜚)(𝜚

𝜔 ω ⊲𝜔𝜚)
T
] = ϖ𝜚 .

From the independence assumptions between ℵ, 𝜚 and v it follows that "[1GT

𝜚1ℵ] = 0
and "[1G

T

𝜚1ℵv
T
] = 0. Using (4.37) together with these decompositions, and exploiting the

zero-mean and independence properties, yields

⊲y = "[(⊲ς + 1G𝜚)
T
( 𝐾ℵ + 1ℵ) + v] = ⊲

T

ς
𝐾ℵ = ⊲

T

)⊲𝜚 ,

ϖℵy = "⌋1ℵ⌈(⊲ς + 1G𝜚)
T
( 𝐾ℵ + 1ℵ) + v ω ⊲

T

ς
𝐾ℵ⌉
T

{ = "[1ℵ1ℵ
T
]⊲ς = ϖ)⊲ς,

ϖy = "[(y ω ⊲
T

ς
𝐾ℵ)(y ω ⊲

T

ς
𝐾ℵ)
T
] = ⊲

T

ςϖ)⊲ς + P + Q + S + S
T
+ ϖv ,

(4.39)

where P = "⌋1G
T

𝜚1ℵ1ℵ
T
1G𝜚{, Q = "⌋1G

T

𝜚
𝐾ℵ 𝐾ℵ

T
1G𝜚{ and S = "[1G

T

𝜚
𝐾ℵ1ℵ

T
1G𝜚]. Consider

the (𝜔, 𝜔0)th components of these matrices, denoted by P𝜔𝜔0 , Q𝜔𝜔0 , and S𝜔𝜔0 . Using the block-
diagonal structure of G𝜚 and ⊲ς and denoting by 1𝜚 the random parameter vector in each
block, we have

P𝜔𝜔0 = "[1𝜚
T
1ℵ(x𝜔)1ℵ

T
(x𝜔0)1𝜚] = "[tr(1𝜚

T
1ℵ(x𝜔)1ℵ

T
(x𝜔0)1𝜚)] = tr(ϖ𝜚ϖ

𝜔𝜔0

ℵ ),

Q𝜔𝜔0 = "[1𝜚
T
⊲𝜔ℵ⊲

𝜔0
T

ℵ 1𝜚] = "[tr(1𝜚
T
⊲𝜔ℵ⊲

𝜔0
T

ℵ 1𝜚)] = tr(ϖ𝜚⊲𝜔ℵ⊲
𝜔0
T

ℵ ),

S𝜔𝜔0 = "[1𝜚
T
⊲𝜔ℵ1ℵ

T
(x𝜔0)1𝜚] = "[tr(1𝜚

T
⊲𝜔ℵ1ℵ

T
(x𝜔0)1𝜚)] = tr⌈"[1𝜚1𝜚

T
]⊲𝜔ℵ"[1ℵ

T
(x𝜔0)]⌉ = 0,

which shows that S = 0 since "[1ℵ(x𝜔0)] = 0 by construction. Collecting these expressions,
de!ne the linear operator Sϱ ℝ(N+1)2⋛ℝ(𝜀+1)2 by its (𝜔, 𝜔0)th element

S
𝜔𝜔0(ϖ𝜚) = tr⌈ϖ𝜚(ϖ

𝜔𝜔0

ℵ + ⊲𝜔ℵ⊲
𝜔0
T

ℵ )⌉.

Consequently, ϖy = ⊲
T

ςϖ)⊲ς+S(ϖ𝜚)+ϖv , which is invertible because ϖv 5 0. Using this ϖy

together with ⊲y and ϖℵy from (4.39) to substitute into (4.38) yields the closed-form expres-
sions for24

ℵ (⊲𝜚 ,ϖ𝜚) and𝐵4
ℵ(⊲𝜚 ,ϖ𝜚) in (4.14a), both as functions of (⊲𝜚 ,ϖ𝜚). Hence the a$ne

MMSE basis estimator can be written as 𝜍ℵaf(y; ⊲𝜚 ,ϖ𝜚) = 24
ℵ (⊲𝜚 ,ϖ𝜚)y + 𝐵4

ℵ(⊲𝜚 ,ϖ𝜚), empha-
sizing the dependence of the estimator on the prior mean and covariance of the unknown
parameters. Furthermore, the corresponding estimation-error covariance and MMSE of
this estimator follow from (4.7a). Since 𝜍ℵaf(y; ⊲𝜚 ,ϖ𝜚) is stacked as in (4.35), its components
𝜍ℵ𝜔
af(y; ⊲𝜚 ,ϖ𝜚) directly de!ne the column-wise DBS estimate 𝜍)af(y; ⊲𝜚 ,ϖ𝜚), together with

ϖ𝜍)af
(⊲𝜚 ,ϖ𝜚) in (4.14c), with the corresponding MMSE J 4

ℵ (⊲𝜚 ,ϖ𝜚) = tr(ϖ𝜍)af
(⊲𝜚 ,ϖ𝜚)).

Proof of Lemma 4.3.5. The a$neMMSE estimator of x given y follows from the a$neMMSE
estimator of Lemma 4.2.1 with 𝐹1 = x and 𝐹2 = y, resulting in the form 𝜍xaf(y) = 24

x y + 𝐵4
x ,

where the optimal coe$cients (cf. (4.7b)) are 24
x = ϖxyϖ

ω1
y and 𝐵4

x = ⊲x ω 24
x ⊲y. Moreover,

the estimation-error covariance and optimal MSE (cf. (4.7a)) are ϖ𝜍xaf = ϖx ω ϖxyϖ
ω1
y ϖ

T

xy and
J 4 = tr(ϖ𝜍xaf ), respectively. From (4.18), we have ⊲x = ABu and ϖx = AϖwA

T. Furthermore,
from (4.39) in the proof of Lemma 4.3.1, we have ⊲y = ⊲

T

)⊲𝜚 and ϖy = ⊲
T

ςϖ)⊲ς + S(ϖ𝜚) +ϖv .
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Thus, it remains to compute the cross-covariance matrix ϖxy between the state trajectory x
and the observation sequence y. In particular,

ϖxy = "[(x ω ABu)()
T
(x)𝜚 + v ω ⊲

T

)⊲𝜚)
T
] = "[(x ω ABu)⊲

T

𝜚)(x)], (4.40)

where the observation model y = )
T
(x)𝜚 + v is used as in Chapter 3, and the equality

follows from algebraic expansion using the independence of 𝜚 from x (and hence from
)(x)), which yields "[x𝜚T)(x)] = "[x⊲

T

𝜚)(x)], together with "[xv
T
] = 0 by independence

of x and v. Consider the (𝜔, 𝜔0)th block of this cross-covariance matrix, ϖ𝜔𝜔0
xy , which captures

the cross-covariance between x𝜔 and y𝜔0 . The state x𝜔 can be written as x𝜔 = A𝜔(Bu + w),
where A𝜔 is the (𝜔 + 1)th block-row of A as in (4.19), i.e.,

A𝜔 = ⟦

𝜔ω1
⟪
⊳=0

A⊳

𝜔ω1
⟪
⊳=1

A⊳ … $ 0 … 0
⟧
. (4.41)

The (𝜔, 𝜔0)th block of the cross-covariance matrix can then be expressed as

ϖ𝜔𝜔0
xy = "[(x𝜔 ω A𝜔Bu)⊲

T

𝜚ℵ(x𝜔0)] =
N

⟩
𝜗=0

"[(x𝜔 ω A𝜔Bu)ℵ𝜗(x𝜔0)]⊲𝜚𝜗 , (4.42)

where ℵ(x𝜔0) is the (𝜔0 + 1)th column of the basis collection matrix )(x), according to De!ni-
tion 4.1, and ⊲𝜚𝜗 denotes the 𝜗th component of the prior mean ⊲𝜚 for the unknown parameter
vector 𝜚. Under Assumption 4.1, w − N(0,ϖw), hence x𝜔 and x𝜔0 are both multivariate
Gaussian random variables with x𝜔 − N(A𝜔Bu,A𝜔ϖwA

T

𝜔) and x𝜔0 − N(A𝜔0Bu,A𝜔0ϖwA
T

𝜔0),
where A𝜔0 is the (𝜔0 + 1)th block-row of A analogous to (4.41). These variables can be
represented as a$ne transformations of a standard Gaussian random vector > − N(0, $):
x𝜔 = A𝜔Bu + A𝜔ϖ

1
2
w> and x𝜔0 = A𝜔0Bu + A𝜔0ϖ

1
2
w> . Under the regularity conditions (4.25) on

ℵ𝜗(⋜) (continuity almost everywhere and bounded expectation of partial derivatives) for all
𝜗 ε {0,… ,N}, de!ne g(>) ϱ= ℵ𝜗(A𝜔0Bu + A𝜔0ϖ

1
2
w>). By Stein’s identity [135],

"[(x𝜔 ω A𝜔Bu)ℵ𝜗(x𝜔0)] = "[A𝜔ϖ
1
2

w>g(>)] = A𝜔ϖ
1
2

w"[∓>g(>)]. (4.43)

Using the chain rule, "[∓>g(>)] = ϖ
1
2
wA

T

𝜔0"[∓xℵ𝜗(x𝜔0)], where ∓xℵ𝜗(x𝜔0) is the gradient of
ℵ𝜗(⋜) evaluated at x𝜔0 . Substituting this into (4.43) gives

"[(x𝜔 ω A𝜔Bu)ℵ𝜗(x𝜔0)] = A𝜔ϖwA
T

𝜔0"[∓xℵ𝜗(x𝜔0)]. (4.44)

Finally, inserting (4.44) into (4.42), we obtain

ϖ𝜔𝜔0
xy =

N

⟩
𝜗=0

A𝜔ϖwA
T

𝜔0"[∓xℵ𝜗(x𝜔0)]⊲𝜚𝜗 = A𝜔ϖwA
T

𝜔0C
T

𝜔0⊲𝜚 , (4.45)

where C𝜔0 = "[Jℵ(x𝜔0)], and Jℵ(x𝜔0) = ⌋∓xℵ0(x𝜔0),… , ∓xℵN(x𝜔0){
T

is the Jacobian matrix
evaluated at x𝜔0 . Assembling these blocks for all pairs (𝜔, 𝜔0) with 𝜔, 𝜔0 ε {0,… , 𝜀 } results in
the full form of the cross-covariance matrix (4.40),

ϖxy = AϖwA
T
C
T
⊲ς, C = diag(C0,… ,C𝜀 ), (4.46)
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with ⊲ς = diag(⊲0𝜚,… , ⊲𝜀𝜚 ) and ⊲𝜔𝜚 = ⊲𝜚 for all 𝜔 ε {0,… , 𝜀 }. Using ϖxy from (4.46), along
with the previously derived means and covariances, in the generic a$ne MMSE formulas
provides the closed-form expressions for 24

x (⊲𝜚 ,ϖ𝜚) and 𝐵4
x (⊲𝜚 ,ϖ𝜚) in (4.26b), both as

functions of (⊲𝜚 ,ϖ𝜚). Hence,𝜍xaf(y; ⊲𝜚 ,ϖ𝜚) = 24
x (⊲𝜚 ,ϖ𝜚)y+𝐵4

x (⊲𝜚 ,ϖ𝜚) explicitly emphasizes
the dependence of the a$ne MMSE state estimator on the prior parameter statistics (⊲𝜚 ,ϖ𝜚).
The corresponding estimation-error covariance ϖ𝜍xaf(⊲𝜚 ,ϖ𝜚) and optimal MSE J 4

x (⊲𝜚 ,ϖ𝜚)
follow directly from (4.26a), completing the proof.
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This thesis develops a hierarchy of Bayesian estimationmethods for parameter identi!cation
in Wiener-type state-space models, where linear dynamics are observed through unknown
static nonlinear functions corrupted by measurement noise. The research is motivated
by practical challenges in autonomous underwater vehicle (AUV) bathymetric mapping,
where vehicles must simultaneously navigate and map an unknown seabed topography
under signi!cant process and measurement uncertainty. The proposed methods address
fundamental computational and statistical challenges that arise when latent system states,
corrupted by correlated process noise, serve as inputs to unknown parametric observation
functions.

5.1 S.((&’+ !7 ,!")’$9.)$!"*
The thesis contributions are organized according to a taxonomy that distinguishes be-
tween one-shot optimization and !xed-point characterization approaches for constructing
parameter estimators. This taxonomy provides a unifying lens for understanding existing
methods and for situating the novel contributions developed across the technical chapters.
Across all chapters, the performance of the proposed estimators is assessed on synthetic
dynamical systems with known ground truth, allowing comparison of statistical accuracy
and computational e$ciency.

T$(%3-&’+$"/ 4&’&(%)%’ %*)$(&)!’* 7!’ #$"%&’ *+*)%(*
Chapter 2 develops a one-shot optimization method for Bayesian maximum a posteriori
(MAP) estimation of linear time-varying (LTV) observation maps. The central contri-
bution is a tractable semide!nite programming (SDP) relaxation, formulated via linear
matrix inequalities (LMIs), that provides a high-quality initialization for subsequent local
re!nement using quasi-Newton methods. This two-stage pipeline, including convex relax-
ation followed by nonlinear re!nement, combines computational e$ciency with improved
statistical performance.

Extensive numerical experiments show that the proposed SDP-initialized gradient-
based scheme attains a lower parameter mean-squared error (MSE) than both expectation-
maximization (EM) and the dual Kalman smoother (DKS), representative methods from the
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!xed-point characterization class, particularly in high process-noise regimes where the
bilinear coupling between states and parameters is more pronounced. With computational
complexity O(𝜀 3) in the trajectory length 𝜀 , the method compares favorably with EM,
which in this setting lacks guaranteed monotonic likelihood improvement and requires
repeated state smoothing in the E-step, as well as gradient-based optimization in the M-step
due to the absence of a closed-form update. In this context, the SDP-based warm-start
strategy is especially e%ective in mitigating sensitivity to the initialization and in reducing
the risk of convergence to poor local optima for gradient-based re!nements.

A77$"% %*)$(&)!’* &"2 &,)$-% #%&’"$"/ 7!’W$%"%’ (!2%#*
Chapter 3 develops a theoretical framework for Bayesian minimum mean-squared error
(MMSE) estimation in parametric Wiener models with nonlinear basis-function observa-
tion maps. The central contribution is a closed-form optimal a$ne MMSE estimator that
marginalizes the latent state trajectory via dynamic basis statistics (DBS), which capture the
means and covariances of basis-function evaluations along the stochastic state trajectory.
Specialization to Fourier basis functions yields computational tractability through explicit
DBS expressions derived from the characteristic function of the state trajectory. The
chapter establishes several theoretical properties of the a$ne MMSE estimator, including
an inherent inconsistency of single-trajectory measurements with Fourier bases under
stochastically unstable dynamics. It further provides a consistency condition under which
the parameter estimates converge to their true values when multiple statistically indepen-
dent trajectories are available, and their initial-state distributions yield an increasingly
informative basis-function information matrix.

On the practical side, the chapter introduces an active learning algorithm that syn-
thesizes input signals to minimize the analytical estimation error expression. By directly
optimizing the closed-form MMSE criterion, the active learning procedure generates excita-
tion signals that systematically reduce parameter uncertainty and improve the rate at which
the estimation error decays. Numerical experiments demonstrate that the a$ne MMSE
estimator, particularly when combined with optimized inputs, achieves over an order of
magnitude lower parameter MSE values than regularized least-squares methods, which
adopt a prediction-error minimization viewpoint and do not account for the contribution
of state uncertainty to the observations. The Fourier specialization also links the results to
random Fourier features, suggesting extensions to approximate kernel methods.

N!"#$"%&’ %*)$(&)!’* -$& 7$5%234!$") ,6&’&,)%’$8&)$!"
Chapter 4 develops nonlinear dual-estimator architectures that extend the a$ne MMSE
framework via !xed-point characterizations that couple two a$ne MMSE estimators:
one for the unknown observation parameters and one for latent variables (basis-function
evaluations or system states). This work marks a transition from the one-shot optimization
paradigm of Chapters 2 and 3 to the !xed-point characterization end of the taxonomy, and
introduces a deterministic moment-based alternative to iterative schemes such as EM, dual
Kalman methods, and particle-based Markov chain Monte Carlo (PMCMC) techniques.
Two variants are developed and analyzed:

(i) Dual basis-parameter (DB-P) estimator: This architecture combines an a$ne
basis estimator that directly estimates basis-function evaluations over the trajectory
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with the a$ne parameter estimator from Chapter 3. The basis estimator provides
DBS estimates that serve as inputs to the parameter estimator, while the parameter
estimates in turn de!ne the prior statistics for the basis estimator. The resulting
!xed-point equations admit a Jacobi-style iteration that alternates between updating
each component using the other’s plug-in statistics.

(ii) Dual state-parameter (DS-P) estimator: This architecture !rst computes a$ne
MMSE state estimates and their estimation-error covariances, and then maps these
state statistics through a Gaussian DBS operator to obtain basis statistics. By explicitly
estimating the state dynamics over the entire trajectory rather than relying on higher-
dimensional basis evaluations, the DS-P estimator more directly exploits the system
structure and mitigates the limitations of the elliptical-distribution approximation
inherent in the DB-P approach.

The dual architectures show how !xed-point characterizations can be constructed
entirely from mean and covariance, providing a deterministic, moment-based alternative to
likelihood-driven or sampling-based methods for joint state-parameter estimation. The DS-
P estimator, in particular, illustrates that explicitly propagating state-estimate covariances
through the DBS operator can alleviate inconsistency and correlation-induced degradation
observed in purely a$ne parameter estimators for marginally stable systems.

Extensive Monte Carlo experiments across multiple con!gurations show that the DS-P
estimator consistently achieves the lowest empirical parameter MSE among all methods
tested, outperforming the purely a$neMMSE estimator fromChapter 3, the DB-P estimator,
sequential Monte Carlo (SMC)-based EM methods, and fully Bayesian particle Gibbs with
ancestor sampling (PGAS). In the high-dimensional parameter regimes (low-dimensional
states with many unknown parameters), the DS-P estimator yields typical reductions in
parameter MSE on the order of 70–90% relative to the a$ne MMSE estimator and roughly
an order of magnitude MSE reduction over the chosen SMC-based methods. This dual
estimator further maintains error reduction as the trajectory length increases, in contrast
to the a$ne MMSE baseline, whose convergence slows due to increasing measurement
correlations in marginally stable systems and the inherent inconsistency discussed in
Chapter 3. The !xed-point iterations of the DS-P estimator exhibit rapid convergence in
practice and, when combined with a per-iteration computational complexity of O(𝜀 3) in
the trajectory length 𝜀 , render it practically viable for moderate-horizon problems.

5.2 M%)6!2!#!/$,&# $"*$/6)*
Beyond the individual chapter-level contributions, this thesis yields several methodological
insights that span the speci!c estimators and models. These insights are discussed in detail
in the remainder of this section.

T6% ’!#% !7 D+"&($, B&*$* S)&)$*)$,*
A unifying conceptual thread throughout Chapters 3 and 4 is the central role of dynamic
basis statistics (DBS) as a su$cient statistic for marginalizing the latent state trajectory in the
parameter estimation problem. The DBS construction summarizes the contribution of state
uncertainty to the observations through the !rst twomoments of basis-function evaluations
along the stochastic state trajectory. This moment-based representation enables closed-
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form a$ne MMSE estimators while avoiding the computational burden of full posterior
inference over high-dimensional state sequences.

The DBS framework allows one to decompose the parameter estimation error into
two components: the irreducible error corresponding to perfect state knowledge and
an additional cross-error term arising from state uncertainty. Chapter 4 formalizes this
decomposition and establishes a lower bound on the a$ne MMSE error, suggesting that
improved DBS estimates obtained through dual estimation can systematically reduce the
gap between the achievable a$ne MSE and the fundamental perfect-state benchmark.

O"%3*6!) !4)$($8&)$!" -%’*.* 7$5%234!$") ,6&’&,)%’$8&)$!"
The taxonomy introduced in Chapter 1 provides insight into the landscape of parameter
estimation methods for dynamical systems. One-shot optimization methods (Chapters 2
and 3) formulate a single objective function for minimization with respect to parameter-
only decision variables, either by marginalizing the latent states analytically (as in the a$ne
MMSE estimator via DBS) or by jointly optimizing over an augmented state-parameter
space. These methods bene!t from clear optimality principles and, when tractable, admit
e$cient implementations. Fixed-point characterization methods (Chapter 4), in contrast,
introduce two coupled estimators with separate loss functions that iteratively re!ne both
state and parameter estimates. While this architecture introduces additional algorithmic
complexity, it enables each estimator to exploit problem structure appropriate to its target
variables. For instance, the dual state-parameter estimator leverages Gaussian linear
dynamics in the state-estimation step, providing more accurate state statistics than would
be obtained by directly estimating the nonlinear basis evaluations.

The synthetic experimental evidence in this thesis suggests that the choice between
these paradigms depends on problem characteristics. For linear time-varying (LTV) obser-
vation maps (Chapter 2), the one-shot MAP formulation with SDP warm-start outperforms
iterative dual methods. For nonlinear Wiener models with basis-function observations
(Chapters 3 and 4), the one-shot a$ne MMSE estimator provides a strong baseline; however,
the dual state-parameter estimator achieves further gains in this model class by iteratively
re!ning state and parameter statistics.

C!(4&’$*!" 1$)6 *&(4#$"/39&*%2 (%)6!2*
The deterministic moment-based dual estimators developed in Chapter 4 occupy a distinct
position relative to fully Bayesian sampling methods such as particle Gibbs with ancestor
sampling (PGAS) and SMC-EM. Particle methods aim to characterize the full posterior dis-
tribution over states and parameters through Monte Carlo samples, providing uncertainty
quanti!cation beyond second-order moments. However, this generality comes at a substan-
tial computational cost: particle !lters and smoothers require careful tuning of multiple
hyperparameters (particle numbers, resampling schemes, proposal distributions) [32] and
scale poorly with state dimension due to particle degeneracy [14].

In contrast, the dual state-parameter (DS-P) estimator achieves lower parameter MSE
values than PGAS and SMC-EM in the experiments of Chapter 4, with signi!cantly reduced
computational cost and required no hyperparameter tuning beyond prior speci!cation.
This advantage arises from three factors: (i) the closed-form a$ne structure avoids Monte
Carlo approximation errors; (ii) the Gaussian assumption on process noise, while restrictive,
enables accurate state estimates via a$ne MMSE smoothing; and (iii) the moment-based
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representation remains computationally tractable in moderate state dimensions where
particle methods would require prohibitively many particles. The DS-P estimator thus
sacri!ces distributional generality (restricting attention to Gaussian process noise and a$ne
estimator classes) in exchange for computational tractability and, empirically, superior
parameter estimation accuracy in the Wiener models with Fourier bases and Gaussian
linear dynamics considered in Chapter 4.

I(4#$,&)$!"* 7!’ "!"#$"%&’ *+*)%( $2%")$7$,&)$!"
The methods developed in this thesis contribute to the broader !eld of nonlinear sys-
tem identi!cation by providing tractable Bayesian alternatives to classical techniques.
Traditional identi!cation methods for Wiener systems often employ prediction-error mini-
mization or two-stage procedures that estimate the linear dynamics and static nonlinearity
separately. These approaches typically do not provide principled uncertainty quanti!ca-
tion for the estimated parameters, and their statistical e$ciency can be suboptimal when
process noise introduces signi!cant state uncertainty. The Bayesian framework adopted
throughout this thesis o%ers several advantages:

(i) Principled uncertainty quanti"cation: The a$ne and dual MMSE estimators
provide explicit estimation-error covariances alongside point estimates, enabling
risk-aware decision-making in downstream applications such as model predictive
control or safety veri!cation.

(ii) Prior incorporation: The MAP (Chapter 2) and MMSE (Chapters 3-4) frameworks
naturally accommodate prior information about parameters, which can encode physi-
cal constraints, regularization preferences, or knowledge from previous experiments.

(iii) Process noise accounting: By explicitly modeling and marginalizing latent state
uncertainty through DBS or SDP-based formulations, the proposed methods avoid
potential estimation-error degradation observed in approximate prediction-error
minimization approaches that neglect process-noise correlations.

(iv) Active learning integration: The closed-form MMSE expressions enable gradient-
based input design (Chapter 3), providing a principled approach to experimental
design that maximizes information gain rather than relying on generic excitation
signals such as pseudorandom binary sequences (PRBS).

Although the numerical evidence is based on synthetic case studies, these contributions
position the thesis methods as valuable tools for applications that require both accurate
parameter estimates and reliable uncertainty bounds, particularly when process noise
cannot be neglected or prior information is available. Such settings arise naturally in
several engineering domains. In AUV bathymetric mapping, the proposed methods can
estimate the seabed observation model parameters directly from sonar measurements
while accounting for vehicle navigation uncertainty, yielding depth maps with quanti!ed
reconstruction errors. In robotic manipulation and locomotion, where contact dynamics
introduce non-negligible process noise and the robot’s kinematics are known, the dual
MMSE estimators provide a tractable approach to onlinemodel re!nement with uncertainty-
aware control. Finally, the Fourier basis specialization connects the proposed framework
to kernel-based learning via random Fourier features, enabling nonparametric function
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approximation with probabilistic error bounds that support the use of reliable con!dence
intervals of the learned model in safety veri!cation applications.

5.3 F.).’% ’%*%&’,6 2$’%,)$!"*
This thesis formalizes a tractable Bayesian estimation in Wiener-type models and suggests
several theoretical and practical directions for future work. The following directions
summarize some of the most promising avenues for further investigation.

C!"-%’/%",% &"2 ,!"*$*)%",+ !7 2.&# %*)$(&)!’*
The !xed-point iterations underlying the dual estimators converge reliably in the numerical
experiments of Chapter 4, with rapid convergence observed for the dual state-parameter
(DS-P) variant. The dual architecture induces a nonlinear mapping on the joint space of
parameter and DBS statistics, and the iteration corresponds to a simultaneous (Jacobi-style)
!xed-point scheme. However, formal convergence guarantees and conditions under which
convergence to a !xed point is assured, remain to be established.

Analyzing convergence would require studying the spectral properties of the Jacobian
of this mapping in a neighborhood of the !xed point. Su$cient conditions for contraction,
such as the mapping being a strict contraction in an appropriate norm, would guarantee
local convergence. Alternatively, if the dual system can be shown to decrease a Lyapunov-
like function at each iteration (analogous to the monotonic likelihood increase in exact
EM), global convergence results might be obtained. This analysis is complicated by the
plug-in interpretation of the dual estimators, which treats estimated statistics as !xed
hyperparameters and thereby violates the independence assumptions underlying the a$ne
MMSE derivations.

The consistency properties of the dual state-parameter (DS-P) estimator also remain
an open question. The a$ne MMSE estimator analyzed in Chapter 3 exhibits consistency
for linear dynamical systems under suitable persistent-excitation conditions on the initial
states of multiple statistically independent trajectories. The DS-P estimator modi!es this
a$ne MMSE baseline by iteratively re!ning both state and parameter estimates, e%ectively
reducing the in&uence of process noise through improved state estimation. Intuitively, if
the state estimation error remains bounded as the trajectory length increases, the DS-P
parameter estimates should inherit the consistency properties of an a$ne estimator applied
with multiple statistically independent trajectories.

Formalizing this intuition requires characterizing conditions under which the state
estimation error remains bounded along the trajectory. For time-invariant detectable and
stabilizable systems, standard Kalman !ltering and smoothing results show that the state
estimation error covariances converge to steady-state limits determined by the system
dynamics and the relative magnitudes of the process and measurement noise covariances [1,
126]. However, the DS-P estimator uses parameter estimates as inputs to the state estimator,
introducing an additional source of errors that couples the two estimation problems.
A rigorous consistency analysis would need to account for this coupling, potentially
employing techniques from stochastic approximation theory or establishing uniform error
bounds on the state estimator as a function of parameter error. Such an analysis could
provide asymptotic error rates and sample-complexity bounds for the dual estimators,
complementing the !nite-sample numerical evidence presented in Chapter 4.
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R%#&5$"/ G&.**$&" &**.(4)$!"* &"2 ’!9.*)"%**
The dual state-parameter (DS-P) estimator in Chapter 4 assumes Gaussian process noise,
which enables closed-form expressions for the a$ne MMSE state estimator via Stein’s
identity and the Gaussian DBS operator. This assumption is restrictive and may not
hold in applications with heavy-tailed disturbances, multi-modal uncertainties, or non-
Gaussian measurement noise. Extensions to elliptical distributions (which include Gaussian,
Student-𝜔, and other symmetric heavy-tailed families) are conceptually straightforward,
as Stein’s identity generalizes to elliptical models. However, broader relaxations to non-
elliptical process noise would require fundamentally di%erent tools. Moment-matching
approximations (e.g., unscented transforms) or variational inference techniques could
provide approximate Gaussian DBS under non-Gaussian dynamics, trading exactness
for wider applicability. Assessing the robustness of the dual estimators to misspeci!ed
process-noise distributions is therefore an important direction for future work.

More generally, the Bayesian framework adopted throughout this thesis assumes known
noise distributions and exact prior speci!cations. In practice, these assumptions may be
violated due to model mismatch, unmodeled disturbances, or adversarial perturbations.
Robust and distributionally robust variants of the proposed methods could provide perfor-
mance guarantees under such uncertainties. One approach would employ distributionally
robust optimization techniques, replacing exact noise distributions with ambiguity sets (e.g.,
Wasserstein balls around nominal models) and optimizing over the worst-case distribution
in the set. The SDP relaxation techniques developed in Chapter 2 could potentially be
adapted to incorporate distributional-robustness constraints, providing tractable conserva-
tive approximations to robust MAP problems. Another direction would be to incorporate
robust loss functions, such as Huber or other M-estimator losses [67, 94] that downweight
outliers, into the a$ne estimation framework, yielding robust minimum-risk estimators
that may still admit !xed-point characterizations analogous to those developed for the
dual architectures in Chapter 4.

S,&#&9$#$)+ &"2 ’%,.’*$-% $(4#%(%")&)$!"*
The per-iteration complexity of O(𝜀 3) for both a$ne and dual MMSE estimators (where 𝜀
is the trajectory length) arises from inverting the (𝜀 + 1) ϑ (𝜀 + 1) observation covariance
matrix in the a$ne MMSE updates. This cubic scaling limits applicability to large-horizon
problems, such as the long trajectories encountered in extended AUV missions, where
the computational burden becomes prohibitive. One approximate strategy is to split long
trajectories into smaller batches and use the !nal estimate from each batch as the prior for
the unknown variables in the subsequent batch. A more principled approach to reduce
complexity is to develop recursive implementations, similar to recursive least-squares, that
process measurements sequentially and update a !xed-size set of summary statistics rather
than reprocessing the entire trajectory. Developing such recursive variants would require
reformulating the batch DBS and parameter updates as !ltering recursions, analogous to
the relationship between Rauch–Tung–Striebel (RTS) smoothing and Kalman !ltering [7].
This reformulation is non-trivial because the a$ne parameter estimator depends on the
entire trajectory through the DBS, and recursively updating DBS requires propagating the
joint statistics of basis-function evaluations over time.

The batch formulations developed in this thesis are designed for o’ine settings where
all data are available before estimation begins. Many applications, including the AUV
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bathymetric mapping problem, require online parameter updates as new measurements
arrive. For the a$ne MMSE estimator, a recursive formulation would involve deriving a
!ltering recursion that updates parameter estimates and DBS as each new measurement is
processed. For the dual estimators, a recursive implementation would require interleaving
state !ltering, DBS updates, and parameter updates at each time step before processing the
subsequent measurement. Analyzing the tracking performance and stability of such online
dual estimators is a natural avenue for future research.

N!"4&’&(%)’$, !9*%’-&)$!" (!2%#* &"2 "!"#$"%&’ 2+"&($,*
The parametric model adopted in Chapters 3 and 4 assumes a known !nite-dimensional
basis set, with unknown coe$cients to be estimated. While the connection to random
Fourier features suggests a path toward approximating kernel methods, directly extending
the a$ne MMSE framework to in!nite-dimensional reproducing kernel Hilbert spaces
(RKHS) remains an open problem. In particular, when the system states are stochastic,
treating the observation function as a Gaussian process introduces an in!nite-dimensional
prior over a function evaluated along a random trajectory, which makes it nontrivial to
identify in!nite-dimensional statistics that play the role of DBS within an RKHS or kernel-
based representation. In such settings, kernel-based representations, for example via mean
embeddings of state-observation joint distributions, could be explored as an alternative
way to construct moment-like summaries.

The linear dynamics assumption, on the other hand, is fundamental to the tractability of
the DBS framework and to the a$ne MMSE state estimator in the dual state-parameter (DS-
P) architecture. Many practical systems, however, exhibit nonlinear dynamics that cannot
be adequately approximated by linearization. Extending the dual estimator framework to
nonlinear dynamics would therefore be a natural direction for future work. One possible
avenue is to employ a hierarchical construction, analogous in spirit to hierarchical empirical
Bayes methods [27], in which the dual estimator is formulated by coupling the a$ne MMSE
parameter estimator with an a$ne MMSE process-noise estimator, rather than with an
a$ne state estimator. Such a structure would retain a linear dynamical model for the process
noise while incorporating the nonlinear system dynamics into the construction of the
a$ne estimators. Analyzing how to compute the corresponding DBS for this architecture
remains an open research problem.

A44#$,&)$!" )! AUV 9&)6+(%)’$, SLAM
Although the thesis is motivated by AUV bathymetric mapping, the numerical experiments
throughout focus on synthetic dynamical systems with known ground truth to enable
rigorous statistical evaluation of the proposed estimators. Demonstrating the performance
of the dual state-parameter estimator on real bathymetric datasets, or on high-!delity
simulations that mimic operational conditions, remains an important validation step.

The lack of absolute position !xes (as GPS is unavailable underwater) necessitates joint
estimation of the vehicle trajectory and map, a structure for which the dual state-parameter
architecture and DBS framework are naturally suited. Integrating the dual state-parameter
estimator into a bathymetric SLAM pipeline would build on the existing architecture by
representing the seabed as a spatial !eld parameterized by suitable spatial basis functions
and treating the vehicle trajectory as the latent state sequence. Since the sea&oor is a
spatially extended !eld over a two-dimensional domain, the basis-function parametrization



5.4 C)&*3-4%&0 (#.!(1$

5

93

developed in this thesis provides a natural way to model bathymetry, albeit at a much
larger spatial scale and with a correspondingly high-dimensional parameter vector.

Extending and validating this approach on realistic bathymetric SLAM scenarios would
also require addressing other established challenges, such as nonlinear vehicle kinematics
with a six-degree-of-freedom pose (position and orientation) and sonar measurements with
complex error characteristics, including multipath e%ects, beam geometry, and outliers.
Nonlinear vehicle dynamics could be handled by locally linearizing the motion model
around a nominal trajectory and interpreting the resulting linearization error as additional
process noise, thereby preserving an e%ective linear-Gaussian representation at the esti-
mator level. In such a formulation, the DBS framework would capture the correlations
between basis-function evaluations induced by the uncertain vehicle trajectory, providing
a principled mechanism for joint estimation. Beyond bathymetry, the methods developed
in this thesis are applicable to other robotic perception problems that involve mapping
unknown spatial !elds from noisy mobile sensor platforms.

5.4 C!",#.2$"/ ’%(&’0*
This thesis has developed a systematic approach to tractable Bayesian parameter estimation
forWiener-type state-space models, progressing from one-shotMAP andMMSEmethods to
nonlinear dual estimators characterized as !xed points of coupled a$neMMSE components.
The introduction of dynamic basis statistics (DBS) as a central organizing principle enables
closed-form MMSE estimators that explicitly account for uncertainty in the latent system
states, thereby avoiding the approximation errors inherent in methods that neglect or
inadequately model process-noise correlations.

The SDP warm-start strategy for MAP estimation and the active learning framework for
input design in the MMSE setting further illustrate how problem structure can be exploited
to enhance both statistical performance and computational e$ciency. The nonlinear
MMSE estimator architecture highlights how an a$ne estimator class can be leveraged to
maintain computational tractability through deterministic moment-based updates within
its !xed-point scheme. The experimental evidence demonstrates that the proposed methods
achieve superior accuracy of parameter estimation over representative baselines, with
the nonlinear MMSE dual state–parameter estimator emerging as the most advanced and
e%ective instance of the overall framework.

The thesis further opens several avenues for extending tractable Bayesian estimation
to richer model classes, developing recursive implementations for online operation, and
applying these methods to challenging real-world problems such as autonomous under-
water vehicle navigation and mapping. The !xed-point characterization framework, in
particular, o%ers a &exible architecture for coupling specialized estimators that can incor-
porate additional structure while retaining the computational advantages of moment-based
propagation. Ultimately, the aim of this line of research is to enable autonomous systems to
learn and adapt reliably in uncertain and dynamic environments, quantify their uncertainty,
and make principled decisions under incomplete information. The methods developed in
this thesis represent a step toward that aim, providing a foundation for future work that
balances statistical rigor, computational feasibility, and practical applicability.
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A-MMSE a$ne minimum mean-squared error parameter estimator.
AUV autonomous underwater vehicle.

BAL Bayesian a$ne minimum mean-squared error estimator with active learning.
BFGS Broyden–Fletcher–Goldfarb–Shanno.
BMS Bayesian a$ne minimum mean-squared error estimator.

DB-P dual basis-parameter.
DBS dynamic basis statistics.
DFT discrete Fourier transform.
DKS dual Kalman smoother.
DLS dead reckoning least squares.
DS-P dual state-parameter.

EM expectation-maximization.

GMM Gaussian mixture model.
GNSS global navigation satellite system.
GP Gaussian process.
GPS global positioning system.

HMP hidden Markov process.

LMI linear matrix inequality.
LTI linear time-invariant.
LTV linear time-varying.

MAP maximum a posteriori.
MCMC Markov chain Monte Carlo.
MH Metropolis–Hastings.
MH-FFBP Metropolis-Hastings forward-!ltering backward-proposing.
ML maximum likelihood.
MLS Mean least squares.
MMSE minimum mean-squared error.
MSE mean-squared error.

NSMC nested sequential Monte Carlo.

PEM prediction error method.
PG particle Gibbs.
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PGAS particle Gibbs with ancestor sampling.
PMCMC particle Markov chain Monte Carlo.
PMMH particle marginal Metropolis-Hastings.
PRBS pseudorandom binary sequence.

RBF radial basis function.
RKHS reproducing kernel Hilbert space.
RLS regularized least squares.
RTS Rauch–Tung–Striebel.

SDP semide!nite-programming.
SDP-GD semide!nite-programming-enhanced gradient descent.
SLAM simultaneous localization and mapping.
SMC sequential Monte Carlo.
SNR signal-to-noise ratio.

UKF unscented Kalman !lter.
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