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Πάντα χωρεῖ καὶ οὐδὲν μένει - All is flow, nothing is stationary.
Plato’s Cratylus, 402a
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Summary
Ocean surface topography (OST), the hills and valleys of the ocean surface, pro-
vides information on several physical phenomena at different spatial and tem-
poral scales. At scales between 100 km and 500 km, themesoscales, the currents of
theoceanflowbetween the topographichighs and lows. OSTmeasurements from
nadir radar altimeters have facilitated the study of the mean oceanic flow and
substantially improved oceanographic knowledge. At the smaller submesoscales,
10 km to 100 km, variations of the OST are related to eddies and fronts. Addition-
ally, tropical and extratropical cyclones produce strong disturbances of the sur-
face topography. At the lower end of the submesoscales, withwavelengths of only
a few kilometers, internal waves produced by the interaction of tidal currents and
bottom topography leave perturbations on the height of the surface.

There is growing evidence that submesoscale eddies, and fronts are crucial in
the transport of energy, mixing of heat and nutrients, and the sea state. Further-
more, scientists have inferred that a proportion of tidal energy is dissipated in the
form of internal waves. Several processes, related to tropical and extratropical
cyclones, are poorly parameterized due to a lack of observations. Observations
of the OST at the submesoscales are crucial in helping scientists study these phe-
nomena.

Synthetic-aperture radar (SAR) is a unique remote sensing instrument, particu-
larly at C-band, capable of sensing the ocean surface at the submesoscales, with a
wide swath, and in nearly all weather conditions. Harmony, the European Space
Agency’s 10th Earth Explorer, features two SAR companion satellites. Two, out of
a total of five, years of the mission’s life will be spent in a formation where the sys-
tem will operate as a cross-track interferometer. Cross-track interferometry (XTI)
is a technique that estimates the relative height of the surface from two SAR im-
ages of the same scene. Thus, Harmony could theoretically retrieve variations of
the OST. In other words, the system could operate as a bistatic wide-swath ocean
altimeter (WSOA). At the same time,Harmonywill retrieve stress-equivalentwind
fields, and instantaneous surface currents. Therefore, Harmony has the potential
of providing an unprecedented wealth of co-located simultaneous data related
to the ocean and the atmosphere. The aim of this thesis is to devise a method
to estimate submesoscale ocean surface topography with a bistatic SAR interfero-
meter, such as Harmony.

Estimating the relative topography, the relative sea-surfaceheight (RSSH), from
SAR images using XTI is challenging when the radars operate bistatically with a
squinted line of sight, as is the case for Harmony. Although performing XTI to
estimate land topography is part ofHarmony’s requirements, this doesnot ensure
that retrieving ocean topography with the same technique is feasible. There are

xi



xii Summary

two factors that complicate the retrieval of ocean topography: the dynamism of
the surface, and the small dynamic range of the geophysical signal.

XTI combines two SAR images taken from two locations with a cross-track sep-
aration to estimate the relative height of the surface. If the surface moves dur-
ing the elapsed time between the acquisition of the two images, then the two im-
ages lose coherence from one another and the interferometric estimate is noisy.
Thus, a key challenge in designing a bistatic WSOA is to reduce the temporal lag
between acquisitions sufficiently tominimize loss of coherencewithout reducing
the along-track separation of the satellite companions to the point where there
is risk of collision. At the same time, since the dynamic range of the geophysical
signal is small, the instrument sensitivity should be maximized.

Assessing the design of a bistaticWSOA requires knowledge of the interferomet-
ric sensitivity, and temporal lag. The first obstacle that we encountered was that
there is no model or analytical expression for these parameters that apply to a
bistatic SAR with a squinted line of sight. The established relations found in the
literature assume a zero-squint geometry. Hence, we use the Fourier Diffraction
SliceTheoremtoderive ananalytical expression for the interferometric sensitivity,
and the temporal lag. We show that forming an interferogram aligns the regions
of support of the two images in the Fourier domain at each resolution cell, and
that the temporal lag is the time offset that aligns the two regions. The sensitivity
is equal to the vertical component of the aligned wave vectors projected on the
elevation direction. We verify our results using simulations and confirm that our
analytical expressions agree with thewell-established relations for sensitivity and
temporal lag for zero-squint systems.

We use the analytical expressions of sensitivity and temporal lag to build an in-
terferometric performance model that computes the standard error of the height
estimate for a formation-flying cross-track interferometer. The model considers
the following random error sources: temporal decorrelation, thermal noise, spec-
tral shift, volumetric decorrelation, and the effect of removing the phase due to
motion of the surface using the individual phase centers of the instruments. Ad-
ditionally, we derive a relation between the formation parameters that, when sat-
isfied,minimizes the effective temporal lag, whilemaximizing the interferometric
sensitivity. We thenproceed toassess theperformanceover anorbit andalong the
250 km-swath of an optimized formation.

Our findings show that Harmony can achieve a standard error of 1 cm to 8 cm
over the entire swath at a wind speed of 5 m s−1, except for towards the poles. By
converting the error to a spectral noise floor and comparing it to models of the
OST’s power spectral density, we translate the performance to spatial scales of
38.7 km to 36.4 km depending on the slope of the spectral model. The resolution
improves with wind speed because the instrument performance is noise-driven,
and in the Bragg scattering regime electromagnetic scattering increases with sur-
face roughness, which increases with wind. At 10 m s−1 Harmony resolves OST at
wavelengths of 26 km to 11 km depending on the spectral slope.

In addition to the randomerrors, we assess the effect of systematic errors on the
performance. We provide models for the effect of the tropospheric path delay on
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the interferometric height estimate, for baseline errors, and set amaximumphase
synchronization error that would allow retrieval of heights at the submesoscales.
The error budget allocation for the synchronization error is 1 cm, which translates
to 0.045◦ of phase at C-band. Finally, we mathematically analyze the sea-state
bias in depth and show that the bias depends on the integral of the product of the
modulation transfer function and the surface elevation variance spectrum.

Simulations based on the aforementioned error budget suggest that Harmony,
and other bistatic radar satellite formations with similar design, can resolve sub-
mesoscale topography. However, recent studies suggest that Harmony’s global
navigation system (GNSS)-based synchronization scheme reduces the synchron-
ization error to approximately 1.6◦; leaving a residual two orders of magnitude
larger than the synchronization error allocation in Harmony’s OST error budget.
We devise a data-driven synchronization algorithm to eliminate the phase syn-
chronization residual that remains post-GNSS correction.

The algorithm uses multisquint processing and the difference in interferomet-
ric phase between regions that are sampled twicewith a small time lag to estimate
the derivative of the residual, and integrates the derivative to obtain an estimate
of the residual. The algorithm achieves an unbiased root mean square error of
0.010◦, reducing the phase synchronization error to within the error budget alloc-
ation. We use the wind, currents, ocean topography, significant wave height, and
directional wave spectra fromocean-atmosphere coupledmodels to simulate the
RSSHretrieval over a realistic scene. Our simulations confirm that before thedata-
driven calibration the synchronization residual dominates the signal, making the
retrieval of RSSH extremely challenging, while retrieval after calibrating the data
with the proposed algorithmbecomes possible, and is only limited by instrument
noise.

Overall, the thesis presents how one can design, analyze, and retrieve relat-
ive ocean topography at the submesoscales with a bistatic SAR interferometer.
It sets the foundations for an experimental OST product for the Harmony mis-
sion. Adding such a product to the mission would offer the first simultaneously
acquired observations of wind field, current field, directional wave spectrum, and
relative sea-surface height at high resolution and over a 250 km-wide swath.





Samenvatting
Topografie van het oceaanoppervlak (Ocean surface topography, OST), de heu-
vels en dalen van het oceaanoppervlak, geeft inzicht in verschillende fysische fe-
nomenen op verschillende ruimtelĳke en temporele schalen. Op schalen tussen
100 km en 500 km, de zogenaamde submesoscales, bewegen de zeestromen zich
tussendeheuvels endalenvandeoceaan.MetingenvandeOSTdoornadir altime-
ters hebben de studie van de gemiddelde oceaanstroming mogelĳk gemaakt en
de oceanografische kennis substantieel verbeterd. Op de kleinere submesoscales,
10 km tot 100 km, zĳnvariaties vandeOSTgerelateerdaaneddies en fronten.Daar-
naast veroorzaken tropische en extratropische cyclonen sterke verstoringen van
de oppervlaktetopografie. Aan de onderkant van de submesoscales, met golfleng-
tes van slechts een paar kilometer, laten inwendige golven, geproduceerd door de
interactie vangetĳdenstromingenenbodemtopografie, verstoringenachter opde
hoogte van het oppervlak.

Er is steeds meer bewĳs dat submesoscale eddies en fronten cruciaal zĳn voor
het transport van energie, hetmengen vanwarmte en voedingsstoffen en de staat
van de zee. Bovendien hebben wetenschappers afgeleid dat een deel van de getĳ-
denenergie verloren gaat in de vorm van inwendige golf. Verschillende processen
die verband houden met tropische en extratropische cyclonen zĳn slecht gepa-
rametriseerd door een gebrek aan metingen. Metingen van de OST op submeso-
scales zĳn cruciaal om wetenschappers te helpen deze fenomenen te bestuderen.

Synthetic-aperture radar (SAR) is een uniek remote sensing instrument, vooral
in C-band, waarmee het oceaanoppervlak op submesoscales kan worden waar-
genomen, met een grote swath en in bĳna alle weersomstandigheden. Harmony,
de 10e Earth Explorer van het Europees Ruimteagentschap, bestaat uit twee SAR-
satellieten. Twee van de in totaal vĳf jaar van de levensduur van de missie zullen
wordendoorgebracht in een formatiewaarin het systeemzalwerken als een cross-
track interferometer. Cross-track interferometry (XTI) is een techniek die de rela-
tieve hoogte van het oppervlak schat uit twee SAR-beelden van dezelfde scène.
Harmony zou dus theoretisch variaties van de OST kunnen schatten. Met andere
woorden, het systeem zou kunnen werken als een bistatische wide-swath ocean
altimeter (WSOA). Tegelĳkertĳd zalHarmony stres-equivalentewindvelden en in-
stantane zeestromen schatten. Daarom heeft Harmony het potentieel om een on-
gekende rĳkdom aan gelĳktĳdige gegevens vanaf dezelfde locatie over de oceaan
en de atmosfeer te leveren. Het doel van dit proefschrift is om een methode te
ontwikkelen om de topografie van het oceaanoppervlak op de submesoscales te
schatten met een bistatische SAR-interferometer, zoals Harmony.

Het schatten van de relatieve topografie, de relatieve hoogte van het zeeopper-
vlak (RSSH) genoemd, uit SAR-beeldenmet behulp van XTI is een uitdaging als de
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xvi Samenvatting (summary in Dutch)

radars bistatisch werken met een squinted line of sight, zoals het geval is bĳ Har-
mony.Hoewel het uitvoeren vanXTI om landtopografie te schatten deel uitmaakt
van de Harmony-vereisten, garandeert dit niet dat het schatten van oceaantopo-
grafiemet dezelfde techniekmogelĳk is. Er zĳn twee factoren die het schatten van
oceaantopografie ingewikkeldmaken: De dynamiek van het oppervlak; het kleine
dynamische bereik van het geofysische signaal.

XTI combineert twee SAR-beelden afkomstig van twee locaties met een cross-
track afstand om de relatieve hoogte van het oppervlak te schatten. Als het opper-
vlak beweegt tĳdens de tĳd die verstrĳkt tussen de opnames van de twee beelden,
verliezen de twee beelden hun onderlinge coherentie en is de interferometrische
schatting noisy. Een belangrĳke uitdaging bĳ het ontwerpen van een bistatische
WSOA is dus om het tĳdsverschil tussen de opnames voldoende te verkleinen om
het verlies aan coherentie te minimaliseren zonder de along-track afstand tussen
de satellieten zodanig te verkleinendat er een risicoopbotsingenontstaat. Tegelĳ-
kertĳd moet de gevoeligheid van het instrument worden gemaximaliseerd omdat
het dynamische bereik van het geofysische signaal klein is.

Het beoordelen van het ontwerp van een bistatische WSOA vereist kennis van
de interferometrische gevoeligheid en de temporele lag. Het eerste obstakel dat
we tegenkwamen was het ontbreken van een model of analytische uitdrukking
voordezeparametersdie van toepassing zĳnopeenbistatischeSARmeteen squin-
ted line of sight. De gevestigde relaties die we in de literatuur vinden, gaan uit van
een geometrie met een zero squint. Daarom gebruiken we de Fourier Diffraction
Slice Theorem om een analytische uitdrukking af te leiden voor de interferome-
trische gevoeligheid en de temporele lag. We laten zien dat het vormen van een
interferogramhet support vande tweebeelden inhet Fourier-domeinuitlĳnenbĳ
elke resolutiecel en dat de temporele lag het tĳdsverschil is dat de twee supports
uitlĳnen. De gevoeligheid is gelĳk aan de verticale component van de uitgelĳn-
de golfvectoren geprojecteerd op de hoogterichting. We verifiëren onze resulta-
ten met behulp van simulaties en bevestigen dat onze analytische uitdrukkingen
overeenkomenmetde gevestigde relaties voor gevoeligheid en temporele lag voor
een zero-squint system.

We gebruiken de analytische uitdrukkingen van gevoeligheid en temporele lag
om een interferometrisch prestatiemodel op te stellen dat de standaardfout van
de hoogteschatting berekent voor een interferometer die in formatie vliegt. Het
model houdt rekening met de volgende willekeurige foutbronnen: temporele de-
correlatie, thermische ruis, spectrale verschuiving, volumetrische decorrelatie en
het effect van het verwĳderen van de fase door beweging van het oppervlak met
behulp van de individuele fasecenters van de instrumenten. Daarnaast leiden we
een relatie af tussen de formatieparameters die, als eraan voldaanwordt, de effec-
tieve temporele lagminimaliseert en tegelĳkertĳd de interferometrische gevoelig-
heid maximaliseert. Vervolgens beoordelen we de prestaties voor een rotatie om
de aarde en langs de 250 km lange swath van een geoptimaliseerde formatie.

Onze bevindingen laten zien dat Harmony een standaardfout van 1 cm tot 8 cm
bereiken over het hele swath bĳ een windsnelheid van 5 m/s, behalve in de rich-
ting van de polen. Door de fout om te rekenen naar een spectrale noise floor en



xvii

deze te vergelĳkenmetmodellen van de power spectral density van deOST, verta-
len we de prestaties naar ruimtelĳke schalen van 38.7 km tot 36.4 km, afhankelĳk
van de spectral slope. De resolutie verbetert met de windsnelheid omdat de pres-
taties van het instrumentwordenbepaald door ruis en in het Bragg-regimeneemt
de elektromagnetische scattering toemet de surface roughness, die toeneemtmet
de wind. Bĳ 10 m s−1 lost Harmony OST op golflengten van 26 km tot 11 km op, af-
hankelĳk van de spectral slope.

Naast de willekeurige fouten beoordelen we het effect van systematische fou-
ten op de prestaties. We produceren modellen voor het effect van de troposferi-
sche path delay opde interferometrische hoogteschatting, voor baseline errors en
stellen een maximale fase synchronisatiefout vast waarmee hoogtes op submeso-
scales kunnen worden geschat. Het foutenbudget voor de synchronisatiefout is
1 cm, wat overeenkomt met 0.045◦ van de fase op C-band. Tot slot analyseren we
op wiskundige wĳze de bias van de zeestaat en laten we zien dat de bias afhangt
van de integraal van het product van demodulation transfer function en het spec-
trum van de surface elevation.

Simulaties gebaseerdophetbovengenoemde foutenbudget suggererendatHar-
mony, enanderebistatische radarsatellietformatiesmet eenvergelĳkbaarontwerp,
topografieop submesoscales kunnen schatten. Recente studies suggererenechter
dat het op het Global Navigation Satellite System (GNSS) gebaseerde synchroni-
satie van Harmony de synchronisatiefout vermindert tot ongeveer 1.6◦; er blĳft
een residu dat twee ordes van grootte groter is dan de synchronisatiefout die is
toegewezen in het OST-foutenbudget van Harmony. We ontwikkelen een data-
driven synchronisatiealgoritme om het fasesynchronisati residu dat overblĳft na
de GNSS-correctie te elimineren.

Het algoritme gebruikt multisquint processing en het verschil in interferome-
trische fase tussen gebieden die twee keer gesampled worden met een klein tĳds-
verschil, om de afgeleide van het residu te schatten, en integreert de afgeleide om
een schatting van het residu te verkrĳgen. Het algoritme bereikt een gemiddelde
unbiased fout van 0.010◦, waardoor de fasesynchronisatie error binnen het toe-
gewezen foutbudget blĳft. We gebruiken de wind, zeestromen, oceaantopografie,
significante golfhoogte en directionele golfspectra van oceaan-atmosfeer gekop-
pelde modellen om het schatten van RSSH over een realistische scène te simu-
leren. Onze simulaties bevestigen dat voorafgaand aan de data-driven kalibratie
het synchronisatieresidu het signaal domineert, waardoor het schatten van RSSH
extreem uitdagend wordt, terwĳl het schatten na kalibratie van de data met het
voorgestelde algoritme mogelĳk wordt en alleen beperkt wordt door instrument
noise.

In het algemeen laat dit proefschrift zien hoe men relatieve oceaantopografie
opsubmesoscales kanontwerpen, analyserenenophalenmet eenbistatischeSAR-
interferometer. Het legt de basis voor een experimenteel OST-product voor de
Harmony-missie. Het toevoegen van zo’n product aan de missie zou de eerste ge-
lĳktĳdig verkregen metingen van windveld, stromingsveld, directioneel golfspec-
trum en relatieve hoogte van het zeeoppervlak bieden met een hoge resolutie en
over een 250 km brede swath.





Σύνοψη
Ηωκεανική επιφανειακή τοπογραφία (Ocean Surface TopographyOST), η δια-

κύμανση της θαλάσσιας στάθμης σε σχέση με το γεωειδές, παρέχει πληροφο-
ρίες σχετικά με πολλά φυσικά φαινόμενα σε διάφορες χωρικές και χρονικές
κλίμακες. Στις κλίμακες μεταξύ 100 km και 500 km, επίσης γνωστές ως μεσαίες
κλίμακες, τα ωκεανικά ρεύματα ρέουν ανάμεσα στους λόφους και τις κοιλάδες
της επιφάνειας.Οι μετρήσεις τηςωκεανικής επιφανειακής τοπογραφίαςαπόδο-
ρυφορικά αλτίμετρα έχουν καταστήσει τη μελέτη της μέσης ωκεανικής ροής
δυνατή και έχουν εξελίξει την ωκεανογραφική γνώση σε αξιοσημείωτο βαθμό.
Στιςμικρότερες, ούτωκαλούμενεςυπομεσαίες, κλίμακεςμεταξύ 10 kmμε 100 km,
οι διακυμάνσεις της τοπογραφίας σχετίζονται με θαλάσσιες δίνες και μέτωπα.
Επίσης, οι τροπικοί και εξωτροπικοί κυκλώνες προκαλούν ισχυρές διαταραχές
στο ύψος της επιφάνειας. Στο χαμηλό όριο των υπομεσαίων κλιμάκων, όπου τα
φυσικά φαινόμενα έχουν μήκος κύματος μερικών μόλις χιλιομέτρων, τα παλιρ-
ροϊκά ρεύματα αλληλεπιδρούν με τα εσωτερικά κύματα και αφήνουν το αποτύ-
πωμα τους στην επιφάνεια υπό τη μορφή υψομετρικών διακυμάνσεων.

Υπάρχουν αυξανόμενα στοιχεία ότι οι δίνες και τα μέτωπα με μεγέθη υπομε-
σαίας κλίμακας είναι κρίσιμα στη μεταφορά ενέργειας, στην ανάμιξη θερμότη-
ταςκαι θρεπτικώνουσιών, καιστηνκατάστασηθαλάσσης. Επιπλέον, οι επιστή-
μονες έχουν συμπεράνει πως μέρος της παλιρροϊκής ενέργειας διαχέεται υπό
τη μορφή εσωτερικών κυμάτων. Αρκετές φυσικές διαδικασίες που σχετίζονται
με τροπικούς και εξωτροπικούς κυκλώνες, είναι ελλιπώς παραμετροποιημένες
λόγω έλλειψης μετρήσεων.Μετρήσεις τηςωκεανικής τοπογραφίαςστις υπομε-
σαίες κλίμακες είναι αναγκαίες για τη μελέτη αυτών των φαινομένων.

Τοραντάρσυνθετικούανοίγματος (synthetic-aperture radar SAR) είναι έναμο-
ναδικόόργανοτηλεπισκόπησης, ειδικάστη ζώνησυχνότηταςC, πουδύναται να
ανιχνεύσει τηνωκεανική επιφάνειαστις υπομεσαίες κλίμακες, μεμεγάλο εύρος
και σε σχεδόν όλες τις καιρικές συνθήκες. Η αποστολή Harmony, το δέκατο
Earth Explorer του Ευρωπαϊκού Οργανισμού Διαστήματος (ΕΟΔ), αποτελείται
από δύο δορυφόρους SAR. Στα δύο από τα πέντε χρόνια ζωής της αποστολής, οι
δορυφόροι θα είναι σε σχηματισμό μεταξύ τους επιτρέποντάς τους να λειτουρ-
γούν ως ένα εγκάρσιο συμβολόμετρο. Η εγκάρσια συμβολομετρία (cross-track
interferometryXTI) είναι μία τεχνικήπουεκτιμάτοσχετικόύψοςτης επιφάνειας
από δύο εικόνες SAR της ίδιας περιοχής. Επομένως, η Harmony θα έχει, θεωρη-
τικά, τη δυνατότητα να εκτιμήσει τις μεταβολές του OST. Με άλλα λόγια, το
σύστημα θα μπορούσε να λειτουργήσει ως ένα διστατικό ωκεανικό αλτίμετρο
μεγάλου πλάτους (wide-swath ocean altimeter WSOA). Ταυτόχρονα, η Harmony
θα μετρά πεδία τασικού αντίστοιχου ανέμου και επιφανειακά ρεύματα. Άρα, η
Harmony θα έχει τη δυνατότητα να παρέχει έναν άνευ προηγουμένου πλούτο
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xx Σύνοψη (summary in Greek)

ταυτόχρονων ταυτόχωρων (στην ίδια τοποθεσία) ωκεανικών και ατμοσφαιρι-
κών δεδομένων. Ο στόχος αυτής της διατριβής είναι η επαγωγή μίας μεθόδου
εκτίμησης της ωκεανικής τοπογραφίας υπομεσαίας κλίμακας με τη χρήση ενός
διστατικού συμβολόμετρου SAR, όπως το Harmony.

Η εκτίμηση της σχετικής τοπογραφίας, το σχετικό ύψος της επιφάνειας της
θάλασσας (RSSH), από εικόνες SAR μέσω του XTI αποτελεί πρόκληση όταν τα
ραντάρ λειτουργούν διστατικά με λοξή (μη κάθετη στην κατεύθυνση κίνησης
τουδορυφόρου) οπτική γραμμή, όπωςσυμβαίνειστοHarmony. Ενώηχρήσητου
XTI για την εκτίμηση της τοπογραφίας στη στεριά αποτελεί μέρος των απαιτή-
σεων του Harmony, αυτό δεν εξασφαλίζει ότι η εκτίμηση της ωκεανικής τοπο-
γραφίας με την ίδια τεχνική είναι εφικτή. Υπάρχουν δύο παράγοντες που περι-
πλέκουν την εκτίμηση της ωκεανικής τοπογραφίας: Η κίνηση της επιφάνειας,
και το μικρό δυναμικό εύρος του γεωφυσικού σήματος.

Το XTI συνδυάζει δύο εικόνες SAR της ίδιας περιοχής που έχουν ληφθεί από
δύο τοποθεσίες με κάθετη γραμμή βάσης για να εκτιμήσει το σχετικό ύψος της
επιφάνειας. Εάν η επιφάνεια κινείται κατά τη διάρκεια του χρόνου που μεσο-
λαβεί μεταξύ της λήψης των δύο εικόνων, τότε οι δύο εικόνες χάνουν τη συ-
νοχή τους και η συμβολομετρική εκτίμηση γίνεται θορυβώδης. Έτσι, μια βασική
πρόκλησηστονσχεδιασμό ενός διιστατικούWSOA είναι η μείωση της χρονικής
υστέρησης μεταξύ των λήψεωναρκετάώστε να ελαχιστοποιηθεί η απώλεια συ-
νοχής χωρίς να μειωθεί ο διαχωρισμός κατά μήκος της τροχιάς των δορυφόρων
σε σημείο που να υπάρχει κίνδυνος σύγκρουσης. Ταυτόχρονα, καθώς το δυνα-
μικόεύροςτουγεωφυσικούσήματοςείναιμικρό, η ευαισθησίατουοργάνουπρέ-
πει να μεγιστοποιηθεί.

Η αξιολόγηση του σχεδιασμού ενός διστατικού WSOA απαιτεί τη γνώση της
συμβολομετρικής ευαισθησίας και της χρονικής υστέρησης. Το πρώτο εμπόδιο
που συναντήσαμε ήταν ότι αυτές οι παράμετροι δεν έχουν κάποιο μοντέλο ή
αναλυτική παράσταση που να ισχύει στην περίπτωση ενός διστατικού SAR με
λοξή οπτική γραμμή, καθώς οι υπάρχουσες παραστάσεις στη βιβλιογραφία υπο-
θέτουνμία γεωμετρία χωρίς λοξήοπτική γραμμή.Ως εκ τούτου, χρησιμοποιούμε
το θεώρημα Fourier Diffraction Slice για να εξάγουμε μια αναλυτική έκφραση
για τη συμβολομετρική ευαισθησία και τη χρονική υστέρηση. Δείχνουμε ότι η
δημιουργία ενόςσυμβολογραφήματος ευθυγραμμίζει το πεδίο υποστήριξης των
δύο εικόνων, στο πεδίο Fourier, σε κάθε κελί και ότι η χρονική υστέρηση είναι
η χρονική μετατόπιση που ευθυγραμμίζει τα δύο πεδία. Η ευαισθησία είναι ίση
με την προβολή της κάθετηςσυνιστώσας της διαφοράς των ευθυγραμμισμένων
διανυσμάτων κύματος στην κατεύθυνση του ύψους. Επαληθεύουμε τα αποτε-
λέσματά μας χρησιμοποιώντας προσομοιώσεις και επιβεβαιώνουμε ότι οι ανα-
λυτικές εξισώσεις συμφωνούν με τις καθιερωμένες σχέσεις για την ευαισθησία
και τη χρονική υστέρηση για συστήματα μηδενικής λοξότητας.

Χρησιμοποιούμε τις αναλυτικές παραστάσεις της ευαισθησίας και της χρονι-
κής υστέρησης για να ορίσουμε ένα μοντέλο συμβολομετρικής απόδοσης που
υπολογίζει το τυπικό σφάλμα της εκτίμησης του ύψους ενός εγκάρσιου συμβο-
λόμετρου που αποτελείται από δορυφόρους σε σχηματισμό. Το μοντέλο λαμ-
βάνει υπόψη τις ακόλουθες τυχαίες πηγές σφαλμάτων: χρονική αποσυσχέτιση,
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θερμικό θόρυβο, φασματική μετατόπιση, ογκομετρική αποσυσχέτιση, και την
επίδραση της αφαίρεσης της φάσης λόγω της κίνησης της επιφάνειας χρησι-
μοποιώντας τα ξεχωριστά κέντρα φάσης των οργάνων. Επιπλέον, εξάγουμε μια
σχέση μεταξύ των παραμέτρων σχηματισμού που όταν ικανοποιείται ελαχιστο-
ποιεί τη χρονική υστέρηση, ενώ μεγιστοποιεί τη συμβολομετρική ευαισθησία.
Στη συνέχεια, προχωρούμε στην αξιολόγηση της απόδοσης σε μια τροχιά και
κατά μήκος του πλάτους εικόνας 250 km ενός βελτιστοποιημένου σχηματισμού.

Τα ευρήματάμαςδείχνουνότι τοHarmonyμπορεί να επιτύχει ένα τυπικόσφά-
λμα 1 cm με 8 cm όταν η ταχύτητα ανέμου ισούται με 5 m s−1 σε ολόκληρη την
τροχιά, με εξαίρεση τις πολικές περιοχές. Μετατρέποντας το σφάλμα σε φα-
σματικό θόρυβο και συγκρίνοντας το με μοντέλα της φασματικής πυκνότητας
ισχύος του OST, μεταφράζουμε την απόδοση στη δυνατότητα του οργάνου να
διακρίνει χωρικές κλίμακες 38.7 km με 36.4 km, ανάλογα της κλίσης του φασμα-
τικού μοντέλου. Η ανάλυση βελτιώνεται με την ταχύτητα του ανέμου επειδή
η απόδοση του οργάνου εξαρτάται από το θόρυβο και στο καθεστώς σκέδα-
σης Bragg η ηλεκτρομαγνητική σκέδαση αυξάνεται με την τραχύτητα της επι-
φάνειας, η οποία αυξάνεται με τον άνεμο. Σε 10 m s−1 το Harmony διακρίνει το
OST σε μήκη κύματος 26 km με 11 km ανάλογα της φασματικής κλίσης.

Πέρα από τα τυχαία σφάλματα, αξιολογούμε την επίδραση των συστηματι-
κών σφαλμάτων στην απόδοση. Παρέχουμε μοντέλα για την επίδραση της τρο-
ποσφαιρικής καθυστέρησης διαδρομής στην εκτίμηση του συμβολομετρικού
ύψους, για τα σφάλματα της γραμμής βάσης και ορίζουμε ένα μέγιστο σφάλμα
φασικού συγχρονισμού που θα επέτρεπε την διάκριση του μετρημένου ύψος
στις υπομεσαίες κλίμακες. Η συνεισφορά του σφάλματος συγχρονισμού στον
προϋπολογισμού σφάλματος είναι 1 cm, το οποίο μεταφράζεται σε φάση 0.045◦

στη ζώνη C. Εν τέλει, αναλύουμε μαθηματικά τη μεροληψία της κατάστασης
θαλάσσης και δείχνουμε ότι η μεροληψία εξαρτάται από το ολοκλήρωμα του
γινομένου της συνάρτησης μεταφοράς διαμόρφωσης και του φάσματος διακύ-
μανσης επιφανειακού ύψους.

Οιπροσομοιώσειςπουβασίζονταιστονπροαναφερθένταπροϋπολογισμόσφαλ-
μάτων δείχνουν ότι το Harmony, και άλλοι δορυφορικοί σχηματισμοί διστατι-
κώνραντάρμεπαρόμοιοσχεδιασμό, μπορούνναδιακρίνουν την τοπογραφίασε
υπομεσαία κλίμακα. Ωστόσο, πρόσφατες μελέτες δείχνουν ότι ο συγχρονισμός
του Harmony που βασίζεται στο Παγκόσμιο Δορυφορικό Σύστημα Πλοήγησης
(Global Navigation Satellite System GNSS) μειώνει το σφάλμα συγχρονισμού σε
περίπου 1.6◦· άρα υπολείπεται ένα σφάλμα δύο τάξεις μεγέθους μεγαλύτερο απ’
ό,τι θα έπρεπε βάσει του προϋπολογισμού. Έχουμε σχεδιάσει έναν αλγόριθμο
συγχρονισμούπου χρησιμοποιεί ταδεδομέναγια νααφαιρέσει το υπολειπόμενο
σφάλμα συγχρονισμού.

Ο αλγόριθμος χρησιμοποιεί την τεχνική multisquint και τη διαφορά της συμ-
βολομετρικής φάσης περιοχών που δειγματοληπτούνται δύο φορές με μικρή
χρονική υστέρηση, για να εκτιμήσει την παράγωγο του υπολοίπου και να ολο-
κληρώσει την παράγωγο και να εκτιμήσει το υπολειπόμενο σφάλμα. Ο αλγόριθ-
μος επιτυγχάνει ένααμερόληπτομέσο τετραγωνικόσφάλμα 0.010◦, μειώνοντας
το σφάλμα συγχρονισμού κάτω από το όριο του προϋπολογισμού σφάλματος.



xxii Σύνοψη (summary in Greek)

Χρησιμοποιούμε τον άνεμο, τα ρεύματα, την τοπογραφία, το σημαντικό ύψος
κύματος και το κυματικό φάσμα από μοντέλα ωκεανού-ατμόσφαιρας για τη
ρεαλιστική προσομοίωση της εκτίμησης του RSSH. Οι προσομοιώσεις μας επι-
βεβαιώνουν ότι πριν από τη βαθμονόμηση βάσει δεδομένων το υπολειπόμενο
σφάλμασυγχρονισμούκυριαρχείστοσήμα,καθιστώνταςτηδιάκρισητουRSSH
δύσκολη, ενώ η διάκριση μετά την εφαρμογή του προτεινόμενου αλγόριθμου
καθίσταται δυνατή και περιορίζεται μόνο από το θόρυβο του οργάνου.

H διατριβή στο σύνολό της παρουσιάζει τον τρόπο σχεδιασμού, ανάλυσης,
και εκτίμησης του σχετικού θαλάσσιου ύψους στις υπομεσαίες κλίμακες με τη
χρήση διστατικού συμβολόμετρου SAR. Θέτει τις βάσεις για την πειραματική
μέτρησητουOSTαπότηναποστολήHarmony.Ηπροσθήκηαυτήςτηςμέτρησης
στην αποστολή θα προσέφερε τις πρώτες ταυτόχρονες μετρήσεις του πεδίου
ανέμου, τουπεδίουρεύματος, τουκυματικούφάσματοςκαι τουσχετικούύψους
της θαλάσσιας επιφάνειας σε υψηλή ανάλυση και με πλάτος 250 km.



1
Introduction

Ourplanet is adynamic systemwherea seriesofprocesses and feedbackmech-
anisms regulate the transport of heat and nutrients. The processes occur at

several spatial and temporal scales, and interact with one another due to their
non-linear physics. Any picture of these processes would be wholly inadequate
without the body of water that receives the majority of solar radiation and trans-
ports heat, carbon, and nutrients globally: the ocean. Currents are the primary
mechanism through which the ocean transports these properties. Thus, under-
standing the ocean currents is of critical importance tounderstanding the ocean’s
role in the planet’s uptake of heat and the exchange of heat, carbon, and nutrients
with the atmosphere.

The vastness of the ocean makes in situ measurement of the global circulation
ona regularbasis impractical. It is for this reason thatoceanographershave turned
to remote sensing to study the ocean. Since the 1980s and the launch of Seasat,
the data collected by remote sensing satellites, particularly radar nadir altimeters,
have been instrumental in improving oceanographic knowledge [1]. Despite their
contributions, limitations in the spatial footprint and the spatial samplingof nadir
altimeters mean that the instruments do not resolve processes that occur below
scales of 100 km.

Without information on these smaller scales, we cannot form a complete pic-
ture of the role that currents play on the climate, on the lateral, and on the ver-
tical transport of heat and nutrients in the ocean. At the same time, there has
been growing interest in multistatic synthetic-aperture radar (SAR) in the form of
companion satellites because of its flexibility and cost-effectiveness. This thesis
explores themodeling, design, and calibrationofmultistatic SAR instruments and
answers the question of how to design such an instrument to resolve ocean sub-
mesoscale currents.

1.1. Oceanic Submesoscale Currents
In the previous paragraphs we have talked about processes with spatial scales
smaller than 100 km. It is more apt to adopt the proper oceanographic terms for

1
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the processes, the mesoscales, and the submesoscales. The oceanic submeso-
scale currents are flows in the form of fronts, wakes, and vortices at the surface
and interior of the ocean. They have horizontal scales in the order of 0.1 km to
10 km, vertical scales from 0.01 km to 1 km, and temporal scales in the order of
hours to days [2]. Their name alludes to their intermediate size between meso-
scale currents and microscale turbulence.

There is growing evidence, through theoretical and numerical studies, that sub-
mesoscale currents play a critical role in the energy transfer, the mixing of heat
and nutrients, and the sea state. Studies suggest that the submesoscales act as a
conduit between the mesoscale eddies and the microscale turbulence, by break-
ing the geostrophic balance and forming an energy cascade to the dissipating mi-
croscales [2–4]. Submesoscale currents lead to the formationof fronts andvortices
with large vertical velocities [5], transferringproperties from theupper to thedeep
ocean [6]. Finally, SAR and altimeter observations confirm that submesoscale cur-
rents interact with waves, driving a significant part of their variability [7, 8].

1.2. Geostrophy: From Heights to Currents
You might be wondering why we have used currents and the need for their meas-
urement as a motivation for ocean altimeters, which are instruments that meas-
ure surface height. The answer lies in a phenomenon known as geostrophy. We
briefly introduce geostrophy in this section.

Over scales of tens of kilometers and away from the edges of the Ekman layer
the flow of the ocean is horizontally and vertically balanced. Horizontally, the
pressure gradient force due to currents, tides, and changes in barometric pressure
balances the Coriolis force due to Earth’s rotation. This balance is known as the
geostrophic balance, or simply as geostrophy[9]. Vertically, the pressure gradient
force balances the gravitational force. These two balances are approximately true
for the major current systems of the globe, such as the Gulf Stream, the Kuroshio,
and the Antarctic Circumpolar Current[10].

We will arrive at the geostrophic equations by starting from the Navier-Stokes
momentum balance

Dtv = −1
ρ

∇p− ∇Φ − 2Ω × v + Ff , (1.1)

where v is the parcel velocity, Dt represents the material derivative with respect
to time, ρ is the density of the water, ∇f is the gradient of scalar field f , p is the
pressure, Φ is the geopotential, Ω is Earth’s angular velocity, and Ff represents
the friction force per unit mass. The geopotential is the sum of the true gravit-
ational potential and the centrifugal potential. The term 2Ω × v is the Coriolis
acceleration.

We assume that the flow is steady and that the non-linear terms and the fric-
tion terms are small compared to the pressure and gravitational terms. Then (1.1)
becomes

2Ω × v = −1
ρ

∇p− ∇Φ. (1.2)
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Writing the horizontal and vertical components separately gives

∂xp = ρfv, (1.3)
∂yp = −ρfu, (1.4)
∂zp = −ρg, (1.5)

where in (1.3), and (1.4) f = 2Ω sinφ is the Coriolis parameter with φ represent-
ing the latitude. In (1.5) we have assumed that the vertical coordinate is small
compared to the distance to the Earth’s center of mass to approximate the geo-
potential as Φ = Φ0 + gz[9]. Equation (1.5) gives the well-known expression of
hydrostatic balance, while (1.3), and (1.4), are the geostrophic equations.

The geostrophic and hydrostatic relations tell us that the horizontal pressure
gradients determine the horizontal flow of the ocean. If we define z = 0 to be the
surface of the geoid, −h to be a level surface at a shallow depth below the geoid
and ζ to be the height of the sea surface, then integrating (1.5) gives the pressure
at the shallow depth

p = p0 +
∫ ζ

−h
ρ(z)g(φ, z) dz, (1.6)

where p0 is the atmospheric pressure at the geoid. Assuming a vertically homo-
geneous ocean over the small shallow layer between the sea surface and depth
−h, and assuming that the changes in the gravitational acceleration within the
shallow layer are negligible allows us to take ρ and g out of the integral in (1.6).
Substituting into (1.3) and (1.4) gives

v = g

f
∂xζ, (1.7)

u = − g

f
∂yζ. (1.8)

Equations (1.7), and (1.8) relate the horizontal components of the velocity to the
horizontal derivatives of the topography ζ. This property of geostrophic currents
allows us to estimate the mean currents from satellite altimeter measurements of
the ocean topography.

1.2.1. Note on Terminology
In this thesiswe investigate the retrieval of ocean topography fromSARdatawith a
techniquecalled cross-track interferometry. There are several termsof art relating
to the topography of the ocean. To help the reader disambiguate between them,
we explain the termsmost relevant to this thesis and illustrate them inFigure 1.2.1.

• The geoid is the level surface that the ocean would form if it was at rest.

• The reference ellipsoid is a smoothapproximationof the geoid, and it is used
to define Earth-based coordinate systems.

• The sea-surface height (SSH) is the distance between the sea surface and the
reference ellipsoid.
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Relative OST/SSH

Reference ellipsoid

Geoid

Sea surface

Spatially mean surface

Sea
Surface
Height (SSH)

Ocean
Surface
Topography
(OST)

Figure 1.1.: Ocean topography terms that are relevant to this thesis.

• The ocean surface topography (OST) is also a measurement of the surface
height, but with respect to the geoid instead of the reference ellipsoid.

• The spatially mean surface is the mean of the sea surface at a given instant
of time.

• The relativeOSTor relative SSH (RSSH) is the height of the surface above the
level of the spatially mean surface.

• The sea-surface height anomaly (SSHA) is the surface height relative to a
temporal mean of the SSH.

A cross-track interferometer senses variations in the surface height as changes
in the phase of the interferometric signal from −π rad to π rad. Thus, the interfer-
ometer is sensitive to the relative height with respect to the mean height of the
surface being imaged. In this thesis, we call this quantity relative SSH or relative
OST. It should not be confused with SSHA, which is the height relative to the tem-
poral mean of the surface not the instantaneous spatial mean.
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1.3. Tropical and Extratropical Cyclones
Tropical (TC) and extratropical cyclones (ETC) have a large impact on the ocean
and the atmosphere, and thus are an important part of understanding climate
change. They also have a significant societal impact, as they are one of the deadli-
est weather phenomena. Tropical and extratropical cyclones produce a series of
dangerous weather events such as extreme winds, high sea states, storm surges,
and intense rainfall. Accurate modeling and forecasting of these cyclones are im-
portant for both climate science and society.

TCs and ETCs draw most of their energy from the ocean in the form of heat,
and they interact with the atmosphere and the ocean through a series of feedback
mechanisms. Windvariations over theoceandrivewaves, which exchange energy
with cyclones. Strong winds enhance the transport of heat from the ocean, while
at the same time increasing the vertical transfer of heat in the ocean, lowering the
sea surface temperature and reducing the flow of heat to the cyclone. ETCs can
alsobe the focal pointofwaveenergy fromwhich swellwavesoriginate [11]. These
processes are not included inmodels or forecasts due to a lack of parametrization.

As cyclones move over the ocean, they leave behind them a wake, either in the
form of a plume or of inertial waves. The waves have strong, persistent signa-
tures that can be observed through several physical parameters. The strongest
anomalies are seen in temperature, and height and persist after the cyclone has
passed [12]. TCs interact with the sea surface temperature through heat transport
to the atmosphere, vertical mixing, and Ekman upwelling [13]. The strong vari-
ations of wind that cyclones induce form cold wakes, which present as anomalies
in the sea surface temperature with values up to 10 ◦C [14]. The strong pressure
variations within the cyclone cause vertical displacements, which manifest as sea
surface height anomalies. SSHAs can reach up to 30 cm to 50 cm [15, 16]. These
temperature and height phenomena play a role in the intensification of the cyc-
lone [13].

The interaction of cyclones with several geophysical properties of the ocean at
kilometer scale highlights the beneficial potential of high-resolution wide-swath
co-located observations of surface roughness, stress-equivalent wind, currents,
directional wave spectra, and relative SSH that a SAR can offer. Specifically, C-
band radar has less rain attenuation than higher-frequency radars or scatteromet-
ers, allowing it to receive scattering from within the eye of the cyclone. Currently,
no remote sensing instrument is capable of observing these geophysical paramet-
ers within the inner core of cyclones. Sentinel-1 data offers an opportunity to
study TC and ETC cases in terms of surface roughness, stress-equivalent wind
speed, andwave spectra [16]. However, the instrument is limited to a single line of
sight, precluding the retrieval of topography and of the asymmetric components
of the aforementioned parameters.

1.4. Harmony
Harmony is the European Space Agency’s tenth Earth Explorer. Earth Explorers
are breakthrough research missions proposed by the scientific community, and
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focusedondeliveringfindings to improve the scientificunderstandingofourplanet.
Harmony is a multi-domain mission that will provide measurements of surface
motion over land, ice, and the ocean.

The mission consists of two satellites, called companions, orbiting in convoy
with a Copernicus Sentinel-1 synthetic-aperture radar (SAR) satellite. Each com-
panion has two instruments: a passive SAR, which uses Sentinel-1’s radar as an
illuminator, and amulti-viewThermal Infra-red (TIR) instrument. Since the SARs
of thecompanionsuseSentinel-1’s radar as the illuminator, theyarebistatic radars.

The convoy will alternate between two different phases during the lifetime of
the mission. In the stereo phase, the convoy will share the orbital plane with
Sentinel-1. One companionwill lead, while the other will lag Sentinel-1 with each
of them having a mean separation of 350 km from Sentinel-1. In this phase, Har-
mony will use the different lines of sight of the companions to estimate velocity
vectors of the surface. Over the oceans, this translates to kilometer-scale estim-
ates of the instantaneous surface current velocity, stress-equivalentwind velocity,
and directional wave spectra. Harmony will be the first mission to provide simul-
taneous estimates of these parameters at kilometer scale.

The second phase is known as the cross-track interferometry (XTI) phase. In
this configuration, the companionsfly inaclose formation 350 kmbehindSentinel-
1. The formation is designed for cross-track interferometry, a technique that com-
bines two SAR images of the same scene taken from different positions to estim-
ate the surface height. The objectives of the XTI phase are to produce estimates of
three-dimensional landdeformation, and surface elevation time series of glaciers,
icebergs, and volcanoes.

The mission has no ocean-related objectives in the XTI phase. The reason is
that single-pass XTI of the ocean surface with a multisatellite bistatic system has
numerous challenges. The concept of using interferometry to estimate ocean to-
pography has been proposed by Rodríguez et al. as Wide-swath Ocean Altimetry
(WSOA)[17]. The concept employs two side-looking SARs, placed on a single satel-
lite with a cross-track separation, to interferometrically estimate the relative sur-
face heights over a swath of tens of kilometers together with a nadir altimeter that
provides absolute estimates of the surface topography. WSOAsolves the sampling
limitations of nadir altimeters that render them unable to resolve oceanic pro-
cesses with wavelengths below 100 km. On the 16th of December 2022, NASA and
CNES launched the SurfaceWater andOceanTopographymission that is the evol-
ution of the WSOA concept.

Bringing the WSOA concept to Harmony would provide two years of additional
data of ocean surface topography at the submesoscales. Furthermore, the height
estimates from Harmony complement the data from SWOT nicely, as an inter-
ferometer with a medium- to far-range incidence angle, as is the case with Har-
mony, will receive a signal with a high normalized radar cross-section (NRCS) at
medium to high winds, while an almost nadir-looking interferometer will receive
a signalwith decliningNRCS as thewind increases due to the dominant scattering
mechanismsbeingBragg and specular at these incidence angles, respectively. Im-
portantly, the synergy of a potential RSSH product with the other ocean-related
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Harmonyproductswill provide anunprecedented opportunity to study submeso-
scale eddies, fronts, cyclones, and internal waves.

In the XTI phase, Harmony loses one of its two views because one of the com-
panions moves from being symmetrically displaced from Sentinel-1 to a close
formation with the second companion. However, the system will maintain two
views (Sentinel-1 and thecompanions),making retrieval of two-dimensional stress-
equivalent wind vectors, and surface currents possible, albeit with degraded per-
formance. Directional wave spectra retrieval also remains viable. Thus, the ad-
dition of RSSH to the capabilities of Harmony will provide the first set of high-
resolution, wide-swath estimates of stress-equivalent wind vectors, surface cur-
rent vectors, directional wave spectra, and RSSH. This will be unique, particularly
in the case of TCs and ETCs, as it will allow scientists to study at least one projec-
tion of the inertial motion that the cyclone injects into the ocean, as well as the
vertical displacement of the surface, and the low-pressure surge. Due to the per-
sistence of the cold wake after the cyclone’s passing, the sea-surface temperature
of the cold wake might be visible at a later acquisition through Harmony’s TIR
instrument.

However, designing a multi-satellite bistatic interferometer is, as explained in
the following chapters, challenging. The work in this thesis aims to answer the
question of how to model and design a bistatic wide-swath ocean altimeter, how
to overcome the challenge of sensing a dynamic decorrelating surface, and how
to calibrate the data to retrieve ocean surface topography. The ultimate aim is to
introduce an experimental ocean surface topography product for Harmony.

1.5. Research Objectives
This thesis focuses on the following objective at the intersection of remote sens-
ing and oceanography: estimating submesoscale ocean surface topography with
bistatic SAR interferometry. Theobjective ismultifacetedand touches several top-
ics. Firstly, to determine if we can achieve it, we need to accuratelymodel the per-
formance of an interferometer estimating the ocean topography. Accurate mod-
eling requires studying the stochastic processes governing the surface and its rela-
tionshipwith the scattered electromagnetic signal. Secondly, theperformancede-
pends on parameters such as the sensitivity to height and the temporal lag which
do not have models for cases with highly squinted beams, as is the case for Har-
mony. Finally, one of the big challengeswith bistatic systems is phase synchroniz-
ation. Thus, any interferometer that aims to estimate small signals such as ocean
topography needs a calibration algorithm to remove dominant time- varying sys-
tematic errors such as phase synchronization residuals. The research presented
in the next chapters aims to answer the following questions:

Question 1. What is the expected accuracy of interferometric estimates of ocean
surface topography obtained from a bistatic system?

To answer the question, we need to identify the sources of error, random and
systematic, and model their effect on the interferometric estimate. One of the
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primary sources of error in interferometric estimates of the ocean topography is
temporal decorrelation. Temporal decorrelation occurs when the two SAR im-
ages that form the interferogram lose coherence because of changes in the scene
during the time that elapses between their acquisition. Formation-flying systems
have a tangential separation that varies along the orbit. Such systemshave a lower
boundon the tangential separation that safe satellite operationspermit. The lower
bound is larger than the coherence time of the ocean surface. Thus, retrieving
ocean surface topography from a formation-flying interferometer is challenging.

The accuracy of the interferometric estimate in terms of standard deviation
does not tell us the spatial scales that the instrument will resolve. In an ocean-
ographic context, spatial resolution is defined in terms of the wavelength. Thus,
to assess the spatial resolution, we determine the spectral envelope of the instru-
ment andcompare it against thepower spectral density (PSD)of theocean surface
topography.

Question 2. What is the sensitivity of an interferometer with a significantly squin-
ted beam?

The performance of an interferometer depends, particularly in cases where the
geophysical signal is small such as ocean surface topography, on the sensitivity to
height and motion. Mathematical formulations of the sensitivity assume a mono-
chromatic signal and planar zero-Doppler viewing geometry. Assumptions that
break down in forward- or backward-looking systems. Therefore, to assess the
performance of an interferometer with a squinted beam, we require a new model
for interferometric sensitivity.

Question 3. Towhat degree can we correct the data to reduce the phase-synchroni-
zation error with a data-driven algorithm?

In answering the first research question, we developed an error budget for the
OST estimate of a formation-flying interferometer. The error budget shows that
for a bistatic system, the phase synchronization error dominates the error budget.
Specifically, in the case of Harmony, the error, if left unmitigated, will render OST
retrieval impossible. Furthermore, it will impact core mission products. The Har-
mony engineers have designed a GNSS-based synchronization scheme to mitig-
ate the error. Initial studies suggest that the suppression achieved by this scheme
is not enough to allow retrieval of OST. Thus, we need to suppress the residual
that remainsafter synchronizing thephasesof theHarmony radarswith theGNSS-
based scheme further. Our approach is to use information included in the data to
do so.

1.6. Outline
In Chapter 2, we introduce a measurement concept for the retrieval of OST with
a multisatellite interferometer. We investigate two different systems: one with
the design ofHarmony, featuring a separate illuminator and two bistatic compan-
ions, and a quasi-monostatic system with one satellite acting as both transmitter
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and receiver, and a bistatic companion. We optimize the formation to leverage
the squint to reduce the effective temporal lag sufficiently to avoid complete tem-
poral decorrelation of the received signals. By identifying and characterizing the
sources of random error, we build a model for the standard deviation of the OST
estimate. We then convert the noise floor to a spectral envelope and intercept it
with different models of the PSD of the sea surface height to assess the spatial res-
olution of the instrument. Furthermore, we analyze the main sources of system-
atic errors andmathematically analyze in-depth the sea-state bias of the estimate.

Chapter 3 studies the fundamental relation between viewing geometry, and in-
terferometric sensitivity and spectral shift. Insteadofusingageometric approxim-
ation, as is commonly done in the literature, we use the Fourier Diffraction Slice
Theorem to derive the sensitivity from the region of support of the signals in the
Fourier domain. The analytical form of the sensitivity that we derive is valid for
both planar configurations, and configurations with widely squinted beams. Fur-
thermore, it works for monostatic, and multistatic systems. Thus, Chapter 3 an-
swers the second research question.

In Chapter 4 we set out to answer the third research question. We present an al-
gorithm that estimates the first order time derivative of the post-GNSS synchron-
ization residual, and then integrates it to estimate the residual. The algorithm
estimates the derivative by combining two techniques: multisquint processing,
which divides SAR images into subapertures and forms the differential interfero-
grams between the subapertures, computing the differential interferogramof cer-
tain regions in the SAR images that are acquired twice with a small lag between
the two acquisitions due to the sensing timeline of the instrument.

Weevaluate thealgorithmbysimulating the interferometric acquisitionsofHar-
mony over an oceanic scene. We start from a scene described by ocean topo-
graphy,wind, currents, andadirectionalwave spectrum, obtained fromtheMARC
dataset. Then, we feed these geophysical parameters into the performancemodel
that we created to answer the first research question. Simultaneously, we use
the method developed in answering the second research question to compute
the sensitivity and temporal lag of Harmony’s XTI formation at the scene. Ad-
ditionally, we simulate the phase synchronization residual that the measurement
will have after the GNSS-based correction. Finally, we produce simulated inter-
ferograms with the random errors coming from the performance model, and the
phase synchronization residual. We run the algorithmon the simulated data, and
assess its performance.

Lastly, Chapter 5 lists the conclusions and succinctly answers the researchques-
tions. Furthermore, we acknowledge the limitations of thework in this thesis, and
recommended improvements for the future.





2
Wide-Swath Ocean Altimetry

UsingMultisatellite
Single-Pass Interferometry

Prologue

This chapter is an updated version of [18].
The results in the publication were based on a geometric method of

calculating the interferometric sensitivity and the temporal lag. The
method uses the expressions of sensitivity, and temporal lag of a mono-
static system, andadjusts themtowork for abistatic systemwitha squin-
ted lineof sight. At the timeofwriting the article, thismethodwas in line
with the state of the art. Nevertheless, we were aware that the method
begins to lose its validity as the squint becomes significant. Thus, we in-
vestigated a new method that would not assume a monostatic system,
or a zero-squint line of sight. We explain the new method in depth in
Chapter 3.

Our findings showed that the differences in the two methods are sig-
nificant. Thus, we have adapted this chapter from the publication by
re-calculating the results using the spectral method of Chapter 3.

[18] A. Theodosiou, M. Kleinherenbrink and P. López-Dekker. ‘Wide-
SwathOceanAltimetryUsingMultisatellite Single-Pass Interferometry’.
In: IEEETransactionsonGeoscienceandRemoteSensing 61 (2023), pp. 1–
21

Estimating sea surface height using cross-track interferometry requires high sens-
itivity because the ocean surface signal is in the order of 10 cm. Additionally, the
interferometer requires a temporal delay of a few milliseconds to ensure coherency
of the moving ocean surface. We show that a squinted line of sight, in combina-
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tion with a Helix satellite formation allows optimizing the effective perpendicular
and along-track baselines to satisfy these conditions. This chapter presents amodel
to estimate the performance of a formation-flying cross-track interferometer with
a squinted line of sight. The tenth Earth Explorer, Harmony, which features two
bistatic SAR companions, and a theoretical system with one monostatic and one
bistatic SAR are used as case studies. The standard deviation of the height estimate
is 1 cm to 8 cm from the near to the far range respectively, at a wind speed of 5 m s−1

over an orbit except towards the polar latitudes. The power spectral density of the
elevation shows that spatial scales of approximately 39 km to 26 km can be resolved,
depending on the elevation spectrum. The performance improves at higher wind
speeds due to higher backscattering. At awind speed of 15 m s−1, wavelengths of ap-
proximately 23 km to 8 km can be resolved. The performance over a 250 km swath
enables the instantaneous estimation of the surface elevation at the submesoscales
for the first time.

2.1. Introduction

S atellite remote sensing instruments have significantly contributed to our
understanding of ocean dynamics. Estimates of the sea surface height (SSH)

made by radar altimeters have advanced oceanographic knowledge. Despite the
plethora of SSH data that has been made available in the past decades by remote
sensing instruments, ocean processes that occur at scales of 10 km to 100 km, the
so- called submesoscales, are not captured in the present data. Submesoscale
ocean motion plays an important role in the vertical transport of heat and nu-
trients [6], and the observational gap of capturing these scales has been identi-
fied [19].

Cross-track interferometry (XTI) is a technique that combines two complex-
valued SAR images of the same surface, taken from different sensor positions, to
estimate the relative surface height. Typical SAR instruments have swath widths
in the range of 30 km to 250 km with geometric resolutions of meters up to tens of
meters. Thus, an interferometric height estimate, computed at sufficiently high
resolution (depending on the amount of averaging), could provide relative SSH
estimates with sufficient sampling to resolve submesoscale (10 km to 100 km) phe-
nomena such as eddies, currents, tides, and wakes from tropical cyclones.

Two properties of a cross-track interferometer that determine its performance
are theperpendicular andalong-trackbaselines. Firstly, theperpendicularbaseline,
defined as the distance perpendicular to the line of sight (LoS) between the two
sensor positions, is directly proportional to the height sensitivity. However, the
maximum useful perpendicular baseline is constrained by decorrelation and the
height of ambiguity. Secondly, the along-track baseline is the distance corres-
ponding to the temporal lag between acquisitions of a given resolution cell on
the imaged surface. If the surface changes during the temporal lag, the signals of
the two acquisitions become decorrelated. The decorrelation manifests as noise
in the interferogram and its degree depends on the rate of change of the surface.
Therefore, topographicmapping of dynamic surfaces, such as the ocean, requires
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minimizing thealong-trackbaselinewhile keepinga sufficientperpendicularbase-
line for sensitivity.

The requirement of a minimum along-track baseline precludes repeat-pass in-
terferometry as apossible techniqueof estimatingSSH.Single-pass interferometry
can satisfy the requirement in the form of a single-platform interferometer or a
formation-flying system of two SAR satellites. Single-platform cross-track inter-
ferometers, such as the Wide-swath Ocean Altimetry (WSOA) concept [17], over-
come the issue by mechanically fixing the two SAR antennas on the satellite to
physically eliminate their along-track separation. Thus, due to structural andman-
ufacturing limitations, the two SAR antennas cannot be further apart than sev-
eral meters. This limit on the cross-track separation between the antennas puts,
for a given power budget, an upper bound on the sensitivity. Therefore, single-
platform interferometers trade geometric sensitivity for temporal coherence.

A formation-flying interferometer achieves, given appropriate formation para-
meters, larger interferometric baselines between the sensors. Specifically, the
Helix formation [20] allows optimizing the along-track and perpendicular separ-
ation of the satellites as a function of latitude. The formation can be configured
so that the radial separation results in an along-track separation that tends to a
minimum at polar latitudes and a maximum at mid-latitudes. Nevertheless, safe
proximity operation constrains theminimumalong-track separation above 100 m.
For an interferometer with lines of sight perpendicular to the along-track direc-
tion, which causes the along-track baseline to equal the along-track separation,
this is too large for coherent acquisitions of the ocean surface.

In this chapter we propose an alternative: introducing a squinted line of sight
to decrease the effective along-track baseline of a helix interferometer to allow
estimation of relative sea-surface heights while keeping a safe radial separation.
Optimizing the formation parameters allows for acquisitions with perpendicu-
lar baselines of hundreds of meters and effective along-track baselines of meters.
Therefore, sensitivity is maintained while temporal decorrelation is minimized.
The result is estimates of SSH with an accuracy in the order of 10 cm over wide
swaths, enabling the recovery of mesoscale and submesoscale processes of the
ocean surface in a single pass.

This chapter is structured as follows: Section 2.2 explains the measurement
concept, the bistatic geometry and formation, and the performance model. In
Section 2.3 we discuss the performance of two interferometers: Harmony, the
tenthEarthExplorer [21], andahypothetical quasi-monostatic systemof twoSARs
without a separate illuminator. Section 2.4 identifies the main sources of system-
atic errors andoutlines an estimate of their impact. Finally, Section 2.5 introduces
the oceanic and atmospheric biases, with a mathematical derivation of the sea-
state bias in appendix A, and their effect on the relative height estimate.
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Flight path

Tx

Rx

Resolution cell

Figure 2.1.: Top view of the line of sight of the monostatic equivalent. rt, rr1 , and
rp represent the position vectors of the transmitter, the first receiver,
and the resolution cell on the surface. The line of sight of the mono-
static equivalent is parallel to the angle bisector, lME, of the transmit-
ter and receiver lines of sight.

2.2. Measurement Concept and Related Work
2.2.1. Interferometric SAR Geometry
The purpose of this chapter is to present a performance model for single-pass
cross-track SAR interferometry over the oceans. One of the key findings that will
be discussed in the subsequent sections is that a squinted line of sight, in con-
trast to the conventional zero-Doppler line of sight, combinedwith aHelix forma-
tion enables coherent acquisitions of the ocean surface. In the performance ana-
lysis, we model the formation geometry using two monostatic equivalent SARs
with squinted lines of sight. The equivalent systems can represent monostatic
sensors or a bistatic system. The definition of the monostatic equivalent, the re-
lative motion of two spacecraft in close formation, and the effective along-track
and perpendicular baselines, quantities that are relevant to the interferometric
performance, are discussed in the following subsections.

Bistatic SAR and Monostatic Equivalent
Thegeometryof abistatic systemformsan important linkwithperformance through
the interferometric baselines. The different transmitter-to-target and target-to-
receiver paths of a bistatic SAR complicate the calculation of the interferometric
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baseline, particularly in the case of two receivers where there is a pair of surface-
to-receiver paths. The complication due to the asymmetry of the bistatic range
is well known in SAR processing, where an analytic formulation of the 2-D point-
target spectrum does not exist for this reason. A workaround is to locate the po-
sition where a monostatic radar would measure approximately the same signal
as the bistatic system. This concept is known as the monostatic equivalent in the
literature [22], and has been used to process bistatic SAR data with monostatic
focusing algorithms.

Geometrically, an equivalent system reduces an illuminator and receiver pair to
a single monostatic SAR. In the case of two bistatic receivers, the illuminator and
the two companions are transformed to two equivalent monostatic SARs. The in-
terferometric baseline becomes the distance between the points where the two
monostatic equivalents observe a given point on the ground with the same geo-
metry.

The monostatic equivalent of each bistatic system lies along the bisector of the
bistatic angle formed by the illuminator-to-surface and the surface-to-receiver
range and has a line of sight parallel to:

lME = −rt + rp

∥−rt + rp∥
+ −rri + rp

∥−rri + rp∥
, (2.1)

where rt is thepositionvectorof the transmitter, rp thepositionvectorof thepoint
scatterer on the illuminated surface, and rri the position vector of the ith receiver
where i ∈ {1, 2}. Figure 2.1 shows a visual representation of (2.1).

Relative Motion
Flying the SAR satellites in a Helix formation allows optimizing the along- and
cross-track separation for cross-track interferometry. The formation-flying ele-
ments discussed in this section apply equally to a monostatic and a bistatic SAR.
In the case of Harmony, the mission consists of two passive companion satel-
lites, which we refer to as Concordia and Discordia, flying in close formation with
Sentinel-1 (S1) as the illuminator. In the XTI mission phase, Concordia and Dis-
cordia will fly behind S1, in a Helix formation [23] with a configurable along and
cross-track separation, as shown in Figure 2.2. We employ the relative inclination
and eccentricity vector formulation of relative motion [20] to model the effect of
the formation on interferometric performance.

The orbital frame of reference is used as the basis for all calculations. It consists
of three unit vectorsmoving together: êR along the radial direction (positive away
from the Earth’s center), êT in the along-track (tangential) direction of the satel-
lite motion, and the unit vector êN normal to the orbital plane in the direction of
the positive angular momentum vector (cross track). This triad denotes a right-
handed system, with two time-dependent vectors êR and êT; êN is time invariant
under the Keplerian approximation [20].

The relativemotionof the second satellite (deputy), indicatedbyC in Figure 2.3,
with respect to the first (main), indicated byM , is expressed in the orbital frame
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Figure 2.2.: The Harmony XTI configuration. The two companions, Concordia
and Discordia, fly in close formation behind Sentinel-1D.

centered on the main satellite
∆r = r2 − r1

= ∆rRêR + ∆rT êT + ∆rN êN, (2.2)
where rj for j = {1, 2} is the position vector of the main and deputy satellites
respectively and ∆rR, ∆rT , ∆rN are the distances between the two satellites along
the directions corresponding to each unit vector.

For near-circular orbits in close formation, which is the case for the orbits dis-
cussed in this chapter, we linearize the motion according to [20]. Thus, the com-
ponents of the relative position vector ∆r are∆rR/a

∆rT /a
∆rN/a

 =

∆a/a 0 −∆eX −∆eY
∆u −3∆a/(2a) −2∆eY +2∆eX
0 0 −∆iY +∆iX

×


1

u− u0
cosu
sin u

 , (2.3)

where a is the semi-major axis of the orbit, ∆e and ∆i are the differences between
the eccentricity and inclination vectors, respectively; the subscripts X,Y repres-
ent the first and second components of the vector, u is the mean argument of
latitude, and u− u0 is the argument at reference epoch t0.

Setting ∆eX = 0 and ∆iX = 0 and the second component of the relative eccent-
ricity and inclination vectors to a non-zero value provides passive stability to the
formation because the two orbits are spatially separated. The two orbits pass over
one another near the poles, when u = π/2, where the normal separation goes to
0 but the radial separation tends to its maximum. The opposite occurs near the
equator, where the radial component goes to 0 and the normal ismaximized. The
oscillation of ∆rR and ∆rN with a phase difference of π/2 forms the known helix-
like formation introduced in [20]. For the purposes of relative topography estima-
tion, constant orbital anomaly and semi-major axis offsets are counterproductive,
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Figure 2.3.: Orbital frame of reference for the relative motion between two satel-
lites.

hence ∆u and ∆a are set to 0. Thus, the relative position vector of the formation
is determined by ∆eY and ∆iY . The latter is approximated by

∆iY ≈ ∆Ω sin i, (2.4)

where i is the inclination of the orbit and ∆Ω is the difference in the right ascen-
sion of the ascending node of the two spacecraft.

Along-Track Baseline
A time interval between the two SAR acquisitions forming an interferogram pro-
duces a phase difference directly proportional to the velocity of the imaged sur-
face [24]. We refer to the distance traveled in the flight direction during this time
interval as the along-track (interferometric) baseline. In a conventional interfero-
meter where both images are acquired by monostatic instruments looking along
the zero-Doppler plane, the along-track baseline equals the along-track separa-
tion. For a cross-track interferometer, an along-track baseline reduces the accur-
acy of the height estimate because a part of the interferometric phase comes from
the velocity of the surface rather than the topography.

Figure 2.4 illustrates the top-view geometry of two SAR satellites separated in
the along and cross-track directions. The lines of sight of the two SAR antennas
are looking forward with respect to the zero-Doppler direction. We give the term
“squint” to the angle between the lines of sight and the zero-Doppler plane. The
ground-projected squint of the antenna is labeled η. In this projection the an-
tenna look angle is not visible as it is directed into the page.

The figure shows that for a zero Doppler configuration (η = 0◦) the along-track
baseline is equal to the physical separation of the two satellites in the tangential
direction. If η is non-zero, the baseline that arises due to the temporal lag is no
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longer the same as the physical separation. The squinted line of sight and the
normal separation ∆rN cause the second satellite to observe the same point asM,
e.g. resolution cell P in the diagram, before it moves ∆rT along êT . The effective
baseline becomes

B∥ = ∆rT − ∆rN tan η. (2.5)

Equation (2.5) shows that setting tan η = ∆rT /∆rN gives a zero effective along-
track baseline. According to (2.3), the two components of interest depend on the
following formation parameters ∆u,∆a,∆e,∆i. For a stable formation, the de-
pendence reduces to ∆eY and ∆Ω sin i. Substituting (2.3) into (2.5) and setting
the baseline to zero yields the condition that the ratio ∆eY /∆Ω must meet:

∆eY
∆Ω

= sin i
2

tan η. (2.6)

Figure 2.5 shows the along-track physical separation and the effective along-
track baseline at the near range for a set of formation parameters that have been
optimized according to (2.6). We note that while the separation reaches 230 m
the effective baseline has a maximum magnitude of 38 m. The variation of the ef-
fective along-track baseline follows this sinusoidal pattern for all incidence angles
with decreasing amplitude towards the middle range and increasing amplitude
from the middle to the far range. The effective baseline does not exceed 80 m for
this set of formation parameters.

Perpendicular Baseline
Todiscuss thecalculationof theperpendicularbaselinewestart fromanon-squinted
configurationwhere the two SAR sensors are in the same radial-normal plane. We
consider the projection along the radial-normal plane as illustrated in Figure 2.6.
The perpendicular baseline B⊥ is the distance between the two planes spanned
by the flight direction (along-track) and the line of sight (antenna beam-pointing
direction) of each satellite:

B⊥ = bX1 + bX2 ,

= ∆rN cos θ + ∆rR sin θ. (2.7)

Introducing a squint to the line of sight changes the effective perpendicular
baseline, as was the case for the along-track baseline. Figure 2.7 illustrates such a
configuration. To find the effective baseline, the line of sight and the co-registra-
tion need to be taken into account. As discussed in Section 2.2.1, after co-registra-
tionof the twoSAR images, the along-track separationof the two sensors becomes
∆rN tan η. This is equivalent to rolling forwards the position of the deputy satel-
lite along its orbital path so that it shares the same radial-line-of-sight plane as
the main satellite.
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Figure 2.4.: Top view of the formation with a squinted line of sight. M represents
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Figure 2.5.: The left panel shows the along-track physical separation of a forma-
tion with parameters a∆e = 117 m and a∆Ω = 650 m and the right
panel shows the effective along-track baseline for the same formation.

At the point where the two satellites view the same resolution cell their separa-
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Figure 2.6.: View along the radial-normal plane. The squint angle in this view
would be into/out of the page. The look angle θ is the angle formed
by the direction of the beam center and the nadir.

tion is given by

b3D =

 ∆rR
∆rN tan η

∆rN

 , (2.8)

where tan η is the tangent of the ground-projected squint. tan η is also givenby the
ratio of the along-track component to the normal component of the unit vector
parallel to the line of sight l̂. The perpendicular baseline is given by

B⊥ = ∥b3D∥ sinψ,

= ∥b3D × l̂∥, (2.9)

where ψ is the angle between b3D and l̂. Equation (2.9) shows that the physical
separation components and the ground-projected squint can be tuned to give a
B⊥ that is sufficiently large to offer good sensitivity to height. At the same time,
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∆rT does not affect B⊥, thus it can be selected together with angle η to minim-
ize B∥ according to (2.5). Equation (2.9) shows that the effective perpendicular
baseline is the projection of the physical separation perpendicular to the line of
sight, after aligning the lines of sight of the two receivers. Therefore, it largely fol-
lows the perpendicular baseline of the formation, which varies sinusoidally with
the mean argument of latitude with a maximum around 0◦ and minima towards
the poles where the two satellites cross each other. Due to the squint the amp-
litude of the sinusoidal variation decreases slightly with incidence angle.

2.2.2. Cross-track Interferometry Model
Inmonostatic systems, the two-way rangedifferencebetween the two instruments
and the surface candirectlybecoupled to surfaceelevation. For single-transmitter
systems, such as a single-pass interferometer where only one SAR transmits, the
same is true except that it depends solely on the single-way range difference. The
interferometric phase between two images of the same scene obtained from two
SARs is

ϕ = −p2π
λ

∆Rs, (2.10)

where p = 2 for “ping-pong” systems and p = 1 for single-transmitter systems,
λ is the carrier wavelength and ∆Rs is the slant range difference from a point on
the surface to the two antennas. The expression for the phase difference can be
approximated by

ϕ ≈ −2π
ha

∆h, (2.11)

where ∆h is the relative height of the surface and ha is the height of ambiguity:

ha = λRs sin θi
pB⊥

, (2.12)

whereRs is the slant range and θi is the incident angle. The height of ambiguity is
used in the performance model to convert the interferometric phase error to the
height estimate error.

2.2.3. Measurement Error
General Model
The interferometric phase measured by a single-pass cross-track interferometer,
where the two satellites are in a close formation,will have contributions both from
the topography of the scene ϕtopo, and from motion in the direction of the line of
sight ϕ∥ due to the perpendicular and along-track baseline respectively. Addition-
ally, the interferometric phase signal ϕ will be modified by white noise ϕn due to
the thermal noise of the SAR electronics and the decorrelation of the scene

ϕ = ϕtopo + ϕ∥ + ϕn. (2.13)
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Figure 2.7.: Cross-track baseline with squinted line of sight.

We assume that the receiving SAR instruments follow the design of the Har-
mony companions. Each has a planar antenna made from two subapertures sep-
arated along the antenna’s longitudinal axis. One subaperture is at the aft of the
antenna structure, and the other at the fore as illustrated in Figure 2.8. Each of
the two subapertures forms a separate SAR image. The instrument forms an im-
proved SAR image by combining the images from the individual phase centers,
resulting in a better Noise-equivalent Sigma Zero (NESZ) and Azimuth Ambiguity
to Signal Ratio (AASR). Unless stated otherwise, the imaging and interferometric
performance discussed in the chapter refer to the performance of the combined
signal rather than that of the single-channel signal.

Each receiving SAR estimates the phase due to themotion of the surfaceϕ∥, also
known as the “along-track interferometry (ATI) phase”, using its two individual
phase centers. The estimate ϕ̂∥ is subtracted from the measured phase to remove
the undesired motion component, giving an estimate of the topographic phase.
The error of the height estimate includes the error of estimating the ATI phase ϵ∥

ϕ̂topo = ϕtopo + ϵ∥ + ϕn, (2.14)

ϵ∥ = ϕ∥ −
B∥

B∥s
ϕ̂∥, (2.15)

where the estimate of the ATI phase acquired using the two on-board phase cen-
ters is scaled by B∥/B∥s. The scaling factor arises because the estimate of the
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Figure 2.8.: The planar antenna array assumed by the performance model. Two
phase centers are positioned at the aft and fore of the antenna struc-
ture.

motion phase is obtained with the on-board along-track baseline, B∥s, which is
different from the effective baseline of the formation.

We use the Cramer-Rao lower bound [25] to estimate the standard deviation of
the interferometric phase

σϕ =

√
1 − γ2

2Nlγ2 , (2.16)

where γ is the coherence andNl is the number of independent looks. The coher-
ence is the product of the partial coherence factors [26]

γ ≈ γSNRγBγtγAmbγVol, (2.17)
where the right-hand side of the equation describes the contributions to the er-
ror due to noise including quantization errors (γSNR), baseline decorrelation (γB),
temporal decorrelation (γt), ambiguities (γAmb), and volumetric scattering (γVol).
Since the effect of ambiguities on Harmony is addressed in [27], we do not con-
sider it in this chapter.

At C-band, the electromagnetic signal practically does not propagate into the
water. However, scatterers within a resolution cell follow the highly varying sur-
face topography of the ocean, which produces volumetric decorrelation. We fol-
low the same approach as in [28] and model the mean topographic height of the
ocean surface as a Gaussian variable with zero mean. The volumetric decorrela-
tion due to the surface waves is given by

γVol = e− 1
2 (2π/ha)2σ2

h , (2.18)
where the standard deviation of the ocean height is related to the significant wave
height (SWH) by SWH = 4σh.

The coherence due to temporal decorrelation depends on the temporal lag be-
tween acquisitions [29]

γt = e−τ2/τ2
c , (2.19)
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where τ = B∥
2v is the lag between acquisitions due to the effective along-track

baseline B∥
2 and platform velocity v, and τc ≈ 3.29λ/U approximates the coher-

ence time at wind speed U [26].
Baseline decorrelation occurs due to spectral shifts between SAR acquisitions

with different incidence angles. However, filtering the two SAR signals to a com-
mon frequency band avoids the decorrelation [30] at the cost of reducing the ef-
fective number of looks. We assume that the SAR signals are filtered to correct for
the spectral shift. Therefore, we assume γB = 1 and account for the reduction
in the number of looks by a factor γB = 1 − B⊥/B⊥,c, where B⊥,c is the critical
baseline [31].

Instrument Specific Parameters
The coherence due to noise depends on the signal-to-noise ratio (SNR), which is
a function of the NESZ and the normalized radar cross-section (NRCS), σ0, of a
given resolution cell [32] [33]

γSNR = 1
1 + SNR (σ0,NESZ)−1 . (2.20)

The NESZ depends on the system parameters and the antenna gains of both the
transmitter and receiver. Thus, to produce performance estimates, assumptions
need to be made about the antenna gain and pattern. In the Harmony case study,
the antenna pattern of the transmitter is calculated using the specification of Sen-
tinel-1. The effective area of the Harmony companions is computed for three ele-
ments with identical, 2.6 m × 0.66 m, fore and aft elements that are separated by
10 m. The dimensions were selected to match the design from industry. When
all phase centers on-board the Harmony satellites are used as a single antenna,
the NESZ varies from −22 dB to −28.5 dB as shown in Figure 2.9. In the quasi-
monostatic case study, the transmit and receive antennas are the same, and any
realistic parameters can be used. However, as will be explained in the next sec-
tion, the aim of the quasi-monostatic case is to illustrate the effect of optimizing
the squint without being constrained by the need to have a good overlap of the re-
ceiver and transmitter beams on the surface. Thus, all systemparameters, includ-
ing the NESZ, NRCS, and on-board phase center separation, are kept the same as
those in the Harmony case except for the antenna squint.

The backscattering coefficient of a SAR system observing the ocean surface de-
pends on many factors such as the instrument viewing geometry, surface rough-
ness, the dielectric properties of the sea, and the waves being driven by the wind.
Three mechanisms drive the wave-induced changes to the backscattered power:
specular reflection, Bragg scattering, and wave breaking. We apply a multistatic
NRCS model based on the model developed by Yuan [34] to the geometry of Har-
mony, i.e. the incident and scattered azimuth and incidence angles due to the sep-
aration of transmitter and receiver, to estimate σ0 at different wind speeds. The
NRCS for 5 m s−1, 10 m s−1 and 15 m s−1 downwind is shown in Figure 2.10.
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Figure 2.9.: The estimated NESZ of Harmony with Sentinel-1 as the illuminator.
The three subswaths of Sentinel-1’s IW mode are visible by the dis-
continuities between the three quadratic curves.
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Figure 2.10.: The estimated NRCS in the vertical co-polarized channel for Har-
mony over a sea surface that is driven by a wind with speeds 5 m s−1,
10 m s−1 and 15 m s−1. The magnitude of the normalized radar cross-
section falls as the incidence angle moves towards the far range. .

The number of independent looks is the ratio of the product resolution ρL2 and



2

26 2. WSOA Using Multisatellite Single-Pass Interferometry

Incidence angle

& LoS vector

Wind speed
& wind direction
 NESZ

NRCS (model) SNR

Thermal coherence

Baselines Coherence time

Temporal coherenceTotal coherenceGeometric 

resolution

Level-2 product
resolution


Number of independent
looks

Standard deviation of
interferometric phase

Standard deviation
of relative elevation

Height of 

ambiguity

Volumetric coherence

SWH

Figure 2.11.: Flowchart of the interferometric height standard deviation calcula-
tion.

nominal geometric resolution ρ2D

Nl = γB
ρL2

ρ2D
. (2.21)

Sentinel-1 in IW mode has a spatial resolution of 5 m × 20 m. The level-2 product
resolution depends on the accuracy we want to achieve. For relative elevation
measurementswith accuracy of 10 cm over themajority of the swath and latitudes,
3 km × 3 km is sufficient which corresponds toNl = 90 × 103γB .

With the geometry of the formation, the number of looks, and the SNR determ-
ined we compute the total coherence of the interferometer

γ = γSNRγtγVol. (2.22)

Following the same procedure, we also calculate the coherence due to the tem-
poral and thermal decorrelation of the ATI phase estimate. Volumetric decorrel-
ation does not impact the on-board along-track phase estimate because the sep-
aration of the phase centers only has a small residual perpendicular component.
The standard deviation for these two sources of uncertainty is calculated using
the Cramer-Rao lower bound given in (2.16). Due to the addition of the estima-
tion error to the estimate of the topographic phase (2.14), the uncertainty of the
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ATI phase estimate contributes to the overall system uncertainty

σϕ =

√
σ2
ϕn

+
(
B∥

B∥s

)2

σ2
ϕ̂ATI

. (2.23)

The addition of the two uncertainties implicitly assumes that the two are statist-
ically independent. Figure 2.11 shows a schematic representation of the method
used to obtain the standard deviation of the height estimate. The process illus-
trated in the flowchart is applied separately to the main interferometer, formed
by theHelix formation of SAR satellites, and to the along-track on-board interfero-
meter, formed by the two wing phase centers on-board each satellite, to calculate
σϕn andσϕ̂ATI

. The SNRof the latter is less than the SNRof the formerbecauseonly
one of the phase centers of the receive antenna is used to obtain the on-board ATI
phase estimate. Additionally, the temporal coherences of the two systems differ
due to thedifferent geometry of the satellite formation compared to the twophase
centers on-board one of the two companions. The on-board ATI phase estimate
has afixedpurely along-track baselinebetween the twophase centerswhile the ef-
fective baseline of the main interferometer varies along the orbit due to the Helix
formation.

2.3. Performance Analysis
The interferometric model presented in Section 2.2.2 is applied to two case stud-
ies: the Harmony companions with Sentinel-1 as the transmitter; A pair of SARs
in a Helix formation with one of the two acting as the transmitter. We use a wind
speed of 5 m s−1 in both case studies, while the performance of Harmony is also
evaluated at U = 10 m s−1 and U = 15 m s−1 to assess the change in performance
with wind speed. For the purposes of interferometric performance the track is
symmetric over the ascending and descending parts of the orbit; hence, only the
descending part of the orbit is used to compute the results. In both case studies,
once the state vector of the main satellite of the Helix formation is determined,
the position of the deputy satellite is computed by applying the formation para-
meters to (2.3). Then, the relative position vector and the line of sight of the main
satellite are used in (2.5) and (2.9) to calculate the effective baselines. With the
effective baselines computed, the measurement uncertainty is calculated as ex-
plained in 2.2.3.

2.3.1. Harmony
Sentinel-1 [35] defines the reference orbit and the Harmony companions fly in
a Helix formation lagging Sentinel-1 by 350 km. The parameters relevant to the
model are listed in Table 2.1. Once the orbit of Sentinel-1 is computed, the posi-
tion of the first companion, Concordia, which is used as the reference vehicle of
the close formation, is calculated using the same orbital parameters as Sentinel-
1 but with the mean anomaly of the orbit at the same epoch shifted to lag S1 by
350 km. Thus, Concordia travels in the same orbital plane as S1 with a mean lag of
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Figure 2.12.: Harmony’s sensitivity to height andheight of ambiguity of the optim-
ized formation. The latitudes of maximum sensitivity and minimum
height of ambiguity occurwhere the effective perpendicular baseline
reaches its maximum.

350 km and Discordia has an orbit relative to Concordia determined by the form-
ation parameters.

SAR imaging requires sufficient overlap of the transmitter and receiver beam
on the imaged surface. Hence, Concordia steers its antenna beam to align with
that of Sentinel-1 on the surface, leading to a range-dependent squint. As a result,
tan η cannot freely adhere to (2.6) to minimize B∥. B∥ passes through zero if the
ratio of eY to ∆Ω follows (2.6). However, the squint of the receiver decreases with
range as it tracks the line of sight of the illuminator. Consequently, B∥ cannot be
reduced to 0 for the entire swath.

The close formation is defined by two parameters: the vertical separation due
to a difference in the magnitude of the eccentricity vector a∆e, and a horizontal
separation due to a difference in the ascending nodes a∆Ω. Two formations are
considered in the analysis: One that does not follow the condition shown in (2.6)
for minimizing B∥; and a second formation that does so that the effect of using
the squint to enhance performance can be illustrated. The parameters of the two
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Table 2.1.: Relevant orbital and processing parameters. IW refers to Sentinel-1’s
Interferometric Wide Swath operating mode. The number of inde-
pendent looks is calculated according to (2.21) for a product resolution
of 3 km × 3 km and the nominal geometric resolution of S1 in IW mode
(5 m × 20 m).

Parameter Value Unit
Center frequency 5.405 GHz

Platform mean speed 7590 m s−1

Incident angle Sentinel-1 (IW) 30–46 ◦

Lag between Sentinel-1 and Harmony formation 350 km
Separation due to inclination difference 0 m

Companion constant along-track separation 0 m
Number of independent looks 90 × 103 -

formations are listed in Table 2.2.
The careful reader would raise the question of the optimal combination of ∆e

and ∆Ω. Forcing the along-track baseline to go through zero can be achieved by
selecting ∆e and ∆Ω to follow the ratio of (2.6). However, the condition places
no constraints on the magnitude of the values. A strategy of having the smallest
B∥ at all latitudes and incidence angles would require selecting the smallest pos-
sible values that are operationally safe. Yet, this would mean that sensitivity to
height would be too small to achieve good performance. On the other hand, rais-
ing the two parameters leads to higher sensitivity at the cost of higher extreme
values of along-track baseline and smaller height of ambiguity. Heights of ambi-
guity smaller than 30 m can cause phase-unwrapping problems in regions with
rough terrain.

Since Harmony will also perform acquisitions over land, the formation para-
meters of the optimized case were selected as the highest values that provide a
minimum ha = 30 m. Figure 2.12 shows the sensitivity and height of ambiguity
of Harmony for the optimized formation. The sensitivity reaches its maximum
at the middle latitudes, where the effective perpendicular baseline is at its largest
value. The sensitivity varies from 0.01 rad m−1 to 0.24 rad m−1, except for a zone
from 67.5◦ to 75◦S where the satellites of the formation cross and the separation
tends to zero causing the sensitivity to also tend to zero. The height of ambiguity
follows the inverse progression ranging fromaminimumof 30 m to amaximumof
1000 m. Values above 180 m are not shown in the plot to avoid losing the detail in
the variation of the small values of ha which are critical. The sensitivity and height
of ambiguity of the non-optimized formation follow the same pattern as those of
the optimized formation, but the sensitivity has a maximum at 0.25 rad m−1 and
the height of ambiguity a minimum of 25 m.

An additional parameter that affects the performance is the significant wave
height. The volumetric decorrelation depends inversely on the SWHand the sens-
itivity. Figure 2.13 illustrates γVol, at the latitude with the largest perpendicular
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Figure 2.13.: The volumetric correlation as a function of incidence angle for differ-
ent values of significant wave height. The mean thermal coherence
is plotted using the black dashed line.

baseline of the optimized formation, for different values of SWH and the mean
γSNR as a function of incidence angle. The figure shows that even at 8 m of signi-
ficant wave height, the volumetric decorrelation is not as significant as thermal
decorrelation. From this point on, we assume a significant wave height of 6 m for
both case studies, which is a conservative number since the majority of the ocean
has smaller waves.

Figure 2.14 illustrates the estimated sea surface height error of the interfero-
meter at a wind speed of 5 m s−1. The error shown in the figure is due to the
thermal, temporal, and volumetric decorrelation of the signal. The results indic-
ate that the error is within 5 cm over the majority of the swath and latitudes. The
performance rapidly deteriorates close to the poles because the two companions
fly over one another and B⊥ tends to its minimum value. In turn, the height of
ambiguity tends to its maximum, pushing the uncertainty up. At the midpoint of
an ascending or descending pass, the coherence due to the time lag τ is at its min-
imum because B∥ reaches its maximum at the near range. However, this is not
visible because B⊥ tends to a maximum at the same point and compensates for
the loss of along-track coherence. Theorbital parameters of the second formation
are chosen to minimize B∥ at the mid-range, resulting in a wider valley of low er-
ror in the second formation compared to the unoptimized formation. Both plots
show a slight deterioration of performance at the far range due to the decrease of
NRCS with increasing incidence angle.

Bothplots in Figure 2.14 exhibit discontinuities at θi = 36.5◦ and θi = 41.9◦. The
discontinuities are caused by the jumps in the NESZ of the illuminator between
subswaths 1–2 and 2–3 as shown in Figure 2.9. These abrupt changes in the NESZ
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Figure 2.14.: The estimated SSH uncertainty of the system due to thermal, spa-
tial and temporal decorrelation of the signal in terms of 1σ at a wind
speed of 5 m s−1.

Table 2.2.: The two companion formations considered in the simulations. We
refer to the first as the unoptimized formation and to the second as the
optimized formation. Each is defined by the vertical separation due to
a difference in the magnitude of the eccentricity vector a∆e, and a ho-
rizontal separation due to a difference in the ascending nodes a∆Ω.

a∆e/m a∆Ω/m

50 500
199 860

of the instrument are the result of the TOPS operation [36]. The discontinuities in
the NESZ propagate to σn and σϕ̂ATI

through (2.20) and (2.16). Hence, they appear
in the results of the SSH uncertainty that follow.

The second source of uncertainty comes from the ATI phase estimate produced
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Figure 2.15.: The uncertainty of the phase estimate due to the along-track separ-
ation in terms of 1σ at a wind speed of 5 m s−1. The ATI phase es-
timate ϕATI is obtained using the two phase centers on-board each
Harmony companion.

by the two phase centers on-board theHarmony companions. The error is shown
in Figure 2.15. Structurally the uncertainty of the ATI phase is similar to that of
the system, with the error peaking close to the poles, and deteriorating towards
the far-range of the swath. Yet, we observe that the error contribution of the ATI
estimate is larger than the error of the system, particularly in the unoptimized
formation. There are two effects driving this phenomenon:

1. The SNRof the two SAR images, coming from the individual on-board phase
centers, fromwhich theATIphase is estimated is 4.25 dBworse than the SNR
of the combined system. The effect of the reduced SNR is particularly visible
in the mid to far range of the optimized formation.

2. The scaling factor haB∥/B∥s that converts the individual estimator’s stand-
ard deviation to the standard deviation of the combined system estimator
increases the error. Particularly in the unoptimized formation, where B∥
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Figure 2.16.: The total SSH uncertainty in terms of 1σ at a wind speed of 5 m s−1.
The total uncertainty is combinedby summing theuncertainty of the
interferometer shown in Figure 2.14 with the uncertainty due to the
ATI phase estimate shown in Figure 2.15. In order to sum the two un-
certainties the assumption that they are uncorrelated is made. From
the results it can be seen that the uncertainty due to the ATI phase
estimate dominates the overall performance of the interferometer.

does not tend to 0 m at any point, the scaling of the error by the ratio of the
system along-track baseline to the on-board baseline dominates the error.

The total error of the SSHmeasurement is shown in Figure 2.16. The total stand-
ard deviation is found using (2.23). The error is in the order of 10 cm over the ma-
jority of the swath, throughout the orbit, except towards the poles. The best per-
formance is achievednear theEquator because at that point the formationhas the
largest cross-track baseline. The performance of the optimized formation shown
in Figure 2.16 achieves a standard error of 6 cm or less over the entire swath, and
over the majority of the track. At latitudes below 50◦S and above 75◦N the stand-
ard error increases, particularly in the far range. The latitudes that correspond to
the crossing point of the formation show a severe deterioration of performance
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Figure 2.17.: The total SSHuncertainty in terms of 1σ for the optimized formation.
The left panel shows the error at a wind speed of 10 m s−1 and the
right panel at a wind speed of 15 m s−1.

due to the perpendicular baseline tending to zero. The standard error of the op-
timized formation at wind speeds of 10 m s−1 and 15 m s−1 is shown in Figure 2.17.
The error is considerably improved at higher wind speeds, with 4 cm or less at al-
most the entire range and all latitudes except for the crossing point of the Helix
formation. The improvement in performance is driven by the higher SNR due to
the brighter NRCS of the sea surface.

2.3.2. Quasi-monostatic Interferometer
Importantly, despite the improvement that using a squinted line of sight to de-
crease the effective along-track baseline brings to the interferometric height es-
timate, there are two factors limiting the performance of a bistatic interferometer
like the one presented in the Harmony case study. The first is the drop in SNR,
particularly in the signal coming from the individual phase centers at the far range
which is visible at lowwind speeds, where the surface is less bright. Since the SNR
is driven by the NESZ of the instrument and the NRCS, improving this aspect of
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Figure 2.18.: The total SSH uncertainty in terms of 1σ of the quasi-monostatic in-
terferometer at a wind speed of 5 m s−1.

the performance can only be achieved by changing the design of the instrument,
which is outside the scope of this chapter.

The second factor is the dependence of the squint on the incidence angle. The
dependence means that for a given point in the satellite formation, there is not
a single squint angle that minimizes B∥ but rather a locus of angles. Minimiz-
ing B∥ would require a range-dependent steering of the antenna beam. For Har-
mony this ranges from 5◦ to 12◦, which is difficult to implement. This requirement
can be relaxed if one of the satellites of the Helix formation acts as the transmit-
ter. In other words, one of the two satellites of the Helix formation would be a
monostatic SAR with the second satellite being a bistatic receiver. Overlapping
the beams, while still necessary, becomes trivial, and the squint is virtually range
independent because the along-track transmitter-receiver separation is on the or-
der of meters instead of kilometers.

In this section we present the performance of a quasi-monostatic SAR flying
in a Helix formation with a passive companion. The antenna beams are steered
according to (2.6) to minimize B∥. Unless stated, parameters are kept the same
with the Harmony case to highlight the effect of the squint on the performance.
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Figure 2.18 shows the standard error of the quasi-monostatic configuration.
The results show a lower error at 5 m s−1 compared to that of the Harmony case

at the same wind speed. Sub-5 cm error is achieved for the entire swath between
70◦S and 70◦Nand the performance starts to degrade at latitudes higher and lower
of 70◦ and −70◦. The plots are shifted in latitude compared to those of Harmony
because the main satellite of the close formation has been assumed to have the
mean anomaly of S1, whereas in the Harmony case it is displaced behind S1 by
350 km.

The degradation due to the SNR at the far range only starts to become appar-
ent at the edge of the swath and at the two ends of the latitude where the per-
pendicular baseline decreases. B∥ is kept to sub-meter values at all values of in-
cidence angle and latitude. Thus, γATI of the formation is kept close to 1 at the
far range which keeps the total coherence is still high despite the SNR degrada-
tion. The error due to theon-board along-trackphase estimatemakes anegligible,
sub-centimeter, contribution to the total error due to the scaling factor haB∥/B∥s
being small.

2.3.3. Spatial and Spectral Scales
To assess the instrument performance in terms of whether it can capture the to-
pography of the ocean at the submesoscales (scales between 10 km and 100 km),
the standard deviation of the height estimate, illustrated in Figure 2.16, needs to
be translated into a power spectral density and compared with the variation of
the power spectral density of the sea surface height as a function of wavenumber.
The density of the instrument’s random error forms a noise floor, and its inter-
section with the density of the SSH signal determines the spatial scales that the
instrument resolves.

The power spectral density of SSH is approximated by a power law in the wave-
length range of 70 km to 250 km derived from along-track altimeter observations.
The spectral slope in the 30 km to 120 km wavelength range is between −1.56 and
−2.14 in the low-latitude (30◦S–30◦N) regions [37]. The spectral slope in the 80 km
to 280 km wavelength range is − 11

3 in the midlatitudes (30◦S–60◦S and 30◦N–60◦N)
and reaches −5 in the high latitude regions on average [38]. We assume that the
power law that governs the SSH power spectral density extends down to 1 km,
similarly to [19], and extrapolate two SSH power spectral densities with spectral
slopes of −1.56 and − 11

3 . The flatter slope is chosen for the low-latitude regions
because it is derived from Sentinel-3A data which can resolve finer spatial scales
than the altimeters which are used to derive the steeper slope [37]. − 11

3 is chosen
as an average slope representative of the midlatitudes. A spectral slope for high
latitudes is not used in the analysis because the perpendicular baseline tends to
zero in the polar part of the orbit, and the interferometric performance is not rep-
resentative of the system capabilities.

The instrument random error is modeled as white noise with a flat power spec-
tral density. The spectral law for altimeter data is specified as a one-dimensional
spectrum in the azimuth direction. The level of the density is determined by the



2.3. Performance Analysis

2

37

1510152550100

Wavelength /km

10−2 10−1 100

Linear wavenumber /km
−1

10−3

10−1

101

103

105

S
S

H
P

S
D
/c

m
2
/k

m
−

1

SSH PSD with -11/3 spectral slope

SSH PSD with -1.56 spectral slope

Noise floor with 5 m/s wind

Noise floor with 10 m/s wind

Noise floor with 15 m/s wind

Figure 2.19.: The power spectral density of the sea surface height modeled us-
ing a power law and the noise floor of the Harmony interferometer.
The solid black line uses a spectral slope of − 11

3 which is the aver-
age at middle latitudes (30◦S–60◦S and 30◦N–60◦N). The dashed red
line uses a spectral slope of −1.56 which is the average at low latit-
udes (30◦S–30◦N). The horizontal dashed, dashed and dotted, and
dotted lines are the noise floor for wind speeds of 5 m s−1, 10 m s−1

and 15 m s−1 respectively. The point of intersection of the noise floor
with the SSH spectrum determines the smallest wavelength that the
system can resolve. The intersections of the noise floors are indic-
ated in blue for the spectrum with − 11

3 slope and green for the spec-
trum with a slope of −1.56.

variance of the error and the sampling linear wavenumber of the instrument

Shh = σ2
h

νsxQ
, (2.24)

whereShh is thepower spectral densityof the randomerror and νsx
is the sampling

linear wavenumber determined by the level-2 resolution of the relative height es-
timate. Since the SSH density is one-dimensional in azimuth, we can average the
samples in rangeup to theNyquist sampling interval that corresponds to the smal-
lest scale that the interferometer should resolve. Q is the oversampling factor in
the range direction given by the ratio of the range sampling wavenumber to the
Nyquist wavenumber.

To evaluate the noise floor against the spectral density of the measurement we
set the smallest separable scale in range to 15 km. Resolving wavelengths down
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Figure 2.20.: The power spectral density of the sea surface height and the noise
floor of the quasi-monostatic interferometer. The PSD of the SSH is
the same as the one used in Figure 2.19.

to 15 km requires a Nyquist interval of 7.5 km leading to an oversampling factor of
2.5 for a product resolution of 3 km × 3 km. We then convert the one-dimensional
power spectral density of the error to a single-sided density by multiplying it by 2.

Weuse the standarderrorof the relativeheight estimatepresented inFigure2.16
to compute the spectral density of the noise floor. As previously discussed, the
standard deviation of the relative height estimate varies with range and with the
position of the satellite along its orbit. To compare the power spectral density of
the SSHandof the error, a singular value is needed forσh. Becauseof the tendency
of the error to peak towards high values at the far range that are not representative
of themajority of the swath, themedianof the standarddeviation is used toobtain
a representative average value of the standard deviation. The values at the cross-
ing of the two companion satellites are not considered in the calculation because
the interferometric performance at that point in the formation is not representat-
ive of the systemcapabilities. In theHarmony case study, themedian standardde-
viation is 3.4 cm, 1.7 cm and 1.4 cm while in the quasi-monostatic case, it is 1.2 cm,
0.6 cm and 0.5 cm for the three wind speeds, respectively. The density of the noise
floor is computed by substituting themedian standard error into (2.24). The spec-
tral densities of the SSH, modeled with spectral slopes of −1.56 and − 11

3 , and the
noise floors corresponding to Harmony and the quasi-monostatic interferometer
are shown in Figures 2.19 and 2.20 respectively. We note that the error spectrum
does not include systematic errors which we expect to have a non-flat spectral
envelope. Thus, the resolution described in the following paragraphs shows the
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potential of formation-flying interferometers, rather than a complete description
of the instrument resolution, which will deteriorate when systematic errors with
components in the submesoscale wavenumbers are included in the spectrum.

The intersection of the noise floor with the spectrum of the SSH determines
the smallest wavelength that can be resolved by the instrument before the estim-
ate is flooded by noise. The intersections of the Harmony noise floor with the
steeper spectrum correspond to wavelengths of 38.7 km, 26.4 km and 23.3 km for
wind speeds of 5 m s−1, 10 m s−1 and 15 m s−1 respectively. In the case of a spec-
trumwith a flatter slope, as is the case with low-latitude regions, amore favorable
performance is achieved with wavelengths of 26.4 km, 10.7 km and 8.0 km for the
same respective wave speeds. The results show that the performance is strongly
dependent on wind speed. Higher wind speeds lead to a rougher ocean surface
and a higher NRCS, which in turn improves the signal-to-noise ratio and lowers
the noise floor. The results suggest that Harmony has the potential to resolve
ocean surface height variations at spatial scales of approximately 26 km and 8 km
wavelengths for moderate to high speeds.

The spectral density plot of the quasi-monostatic interferometer shows better
results than the Harmony case. The noise floor intersects the steeper spectral
density at wavelengths of 21.9 km, 14.7 km and 12.2 km and the flatter density at
7.0 km, 2.7 km and 1.8 km wavelengths. It should be noted that wavelengths be-
low 15 km would not be resolvable in the range direction as a sampling interval
of 7.5 km was assumed. The numbers represent the potential of the instrument
in combination with a squinted line of sight that is optimized for a given form-
ation. Figure 2.20 illustrates that the concept of using a squinted line of sight to
decrease the effective along-trackbaseline and reduce the temporal decorrelation
of the surface allows the estimation of relative SSH at submesoscales, from 22 km
to 15 km, at all wind conditions and over a wide swath.

2.3.4. Error Breakdown
In addition to the random error of the instrument, systematic errors and oceanic
and atmospheric biases also affect the quality of the SSH estimate. Table 2.3 con-
tains a breakdown of the main sources of error that we expect a formation-flying
interferometer that uses the optimized formation to have. Since some of the er-
rors are stronglywinddependent,weprovidemeanvalues atwindspeedsof 5 m s−1

and 15 m s−1. The random instrument error also depends on the design of the in-
strument and theoperationof the radars (bistatic/quasi-monostatic). InTable 2.3
we show the mean instrument error of Harmony over all incidence angles and lat-
itudes, excluding values above 45◦ of incidence angle and latitudes lower than
70◦S. We exclude these values because the standard error rises sharply in the last
1◦ of the swath and at the latitudes when the two satellites cross, strongly biasing
the mean towards a value that is not representative of the majority of the swath
and latitudes.

The error due to the troposphere is assumed to be constant with wind speed,
and the mean value over the incidence angles is used in the table. The sea-state
bias depends on the wind speed and direction. The bias will be constant over
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the swath and opposite in sign to near-nadir-looking altimeters. We expect to
achieve similar performance in terms of sea-state bias estimation and removal as
near nadir-looking altimeters.

The baseline error consists of components in the along-track, perpendicular,
and line of sight directions. The first two are in the order of mm, while the third
has a slope in range that is significant for relative SSH estimation. We calculate
the mean error in the line-of-sight direction for a resolution cell of 3 km by calcu-
lating themean gradient of the error over all latitudes, except for the latitudes that
the satellites cross, integrating it over the length of a resolution cell. Finally, the
phase synchronization error shows an allocation of the error that a synchroniza-
tion algorithm should achieve to ensure centimetric accuracy of the SSH estimate.
The systematic errors and the oceanic and atmospheric biases are analyzed in sec-
tions 2.4 and 2.5 respectively.

2.3.5. Comparison With Single-platform Designs
One might wonder how a formation-flying cross-track interferometer compares
to a single-platform interferometer. Recently the Surface Water and Ocean Topo-
graphy (SWOT) mission has been successfully launched with the aim of provid-
ing accurate measurements of SSH at the submesoscales. SWOT is the current
state-of-the-art single-platform ocean altimeter, so it serves as a benchmark for
an alternative concept such as the formation-flying XTI.

Under most conditions, SWOT will achieve higher accuracy when estimating
SSH. Harmony will provide similar accuracy at high, above 10 m s−1, wind speeds.
At medium-to-high incidence angles, the dominant scattering mechanism over
the ocean is Bragg scattering, which increases with surface roughness. Thus, scat-
tering and by extension, accuracy increases with wind speed, while nadir and
side-looking swathaltimeterswith small incidenceangles lose accuracywithwind
speed because scattering is primarily specular. Furthermore, side-looking inter-
ferometers have larger swaths.

The design of Harmony had to fit in the constraints imposed by using an ex-
isting SAR satellite as an illuminator. As such, the squint of the companions is
determined by the beam of the illuminator and cannot be freely optimized to re-
duce the effective along-track baseline throughout the swath. A quasi-monostatic
interferometer would not have this constraint and achieves better performance
that is comparable to SWOT. Furthermore, the benefit of a formation-flying inter-
ferometer is that the formation can be reconfigured in flight to serve the needs of
different applications, such as land topography and surface current estimation.

2.4. Systematic Errors
This section provides an analysis of the systematic errors in a formation-flying
interferometer. The focus is on identifying and accounting for the main bias con-
tributions to the height estimate rather than on detailed modeling of the biases.
We discuss the baseline errors and the phase synchronization error.
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Table 2.3.: Error breakdown.
Error component Mean value /cm

U = 5 m s−1 U = 15 m s−1

Instrument random error 4.2 1.6
Troposphere 0.3 0.3

Baseline 2.2 2.2
Phase synchronization 1.0 1.0

2.4.1. Baseline Error
The interferometric model presented in section 2.2.2 uses the cross and along-
track baselines to estimate the standard deviation of the sea surface height estim-
ate. The model assumes knowledge of the physical separation of the formation
elements, which requires knowledge of the position of the companions. Error-
free position information is not possible, and errors in the baseline estimation of
the companions will introduce systematic errors in the height measurement.

From sections 2.2.1 and 2.2.1 we know that due to the squinted line of sight of
the two SAR satellites, the along-track baseline is a function of the along-track and
normal separation of the companions. The perpendicular baseline is a function
of the radial and normal components of the separation vector. As a result, an
error in the normal component of the separation leads to an error in both the
along-track and perpendicular baselines. A systematic error in the knowledge of
the effective along-track baseline would result in a bias of the ATI phase estimate.
Following (2.23), an error in the effective along-track baseline, ϵATI, leads to a bias
of the relative height estimate

ϵh = haϵATI

2πB∥
ϕ̂ATI. (2.25)

Substituting the relation between interferometric phase and radial velocity into
the equation gives

ϵh = ha
ϵATI

B∥

τs sin θi
λ

vr, (2.26)

where τs is the time lag due to the on-board along-track baseline and vr is the
relative radial velocity of the surface with respect to the receiver. Therefore, with
a height of ambiguity of 60 m, which is typical for the formations presented in this
chapter, an error in the knowledge of the effective along-track baseline of 1 mm
translates to a height bias of ±0.10 mm for a radial velocity of 1 m s−1.

Moving on to the perpendicular baseline error ϵBX
. Given that the height sens-

itivity is inversely proportional to the perpendicular baseline, the error is [23]

ϵh = h
ϵBX

B⊥
, (2.27)
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where h is the surface height. For a surface height of h = 1 m and an effective
perpendicular baseline ofB⊥ = 300 m, a baseline error of ϵBX

= 1 m will lead to a
height error of ϵh = ±3.3 mm.

An error in the position of the receiver along the line of sight direction leads
to an over or underestimation of the interferometric phase, resulting in a vertical
displacement of the digital elevation model produced by the interferometer [23]

ϵh = ha
λ
ϵBl

. (2.28)

As the height of ambiguity varies with look angle, ϵh due to an error along the line
of sight changeswith range. Equation (2.28) gives the error locally at a given range.
Since the interferometric height estimate is a measure of the relative height of the
surface, the slope of error is more important than the bias of the absolute value.
Taking the largest value of ha for the optimized formation and dividing the differ-
ence of ha between the near and far range with the swath width gives a slope of
0.89 cm per kilometer of ground range for a 1 mm error in along the line of sight dir-
ection. Thiswill produce a ramp in theheight estimate that needs tobe accounted
for.

2.4.2. Phase Synchronization Error
Bistatic radarshave, bydefinition, separate transmitters and receivers. Each trans-
mitter and receiver has its own modulator/demodulator and its own oscillator.
The low-frequency phase errors introduced in the signal by the transmit oscillator
are independent from those of the receive oscillator and do not completely can-
cel out when the receiver demodulates the signal. After demodulation, the signal
has a residual phase error due to the mismatch of the transmit and receive oscil-
lator phases. The error defocuses the images produced by the SAR and produces
a low-frequency modulation in azimuth in the digital elevation models. The is-
sue applies both when two receivers operate bistatically, such as Harmony, and
when one of the two instruments operate bistatically, such as the case discussed
in Section 2.3.2.

High-resolution measurement of the ocean surface topography requires syn-
chronizing the receiver oscillators. A model of the synchronization error is out
of the chapter’s scope. Instead, we focus on setting the requirement of relative
phase error appropriate for SSH estimation. To maintain centimetric accuracy,
we set the maximum error due to the clock to 1 cm. This translates to 0.175◦ of
phase error for the height of ambiguity of the optimized formation.

A potential solution is the precise orbit determination (POD)-global navigation
satellite system (GNSS) scheme presented in [39]. The scheme uses a common
reference oscillator for the GNSS receiver and the SAR instrument, making the re-
sidual phase error proportional to the GNSS error of the two satellites. Thus, we
scale the phase error by fl/(

√
2fc) to convert it to a synchronization error, where

fc is the radar carrier frequencyand fl is the carrier frequencyof thenavigation sig-
nal. For a radar carrier of fc = 5.405 GHz and a navigation carrier of fl = 1.5 GHz
the synchronization error is 0.045◦.
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Alternatively, the error canbe remedied inpost-processingby aband-stopfilter.
The error affects the signal in azimuthbecause of the stability of the oscillator over
shorter time scales. Thus, a band-stop filter with a stopband in azimuth covering
the affected wavenumbers can mitigate the effect of the error at the cost of losing
information over the stopband.

2.5. Oceanic and Atmospheric Biases
2.5.1. Tropospheric Path Delay
The tropospheric delay causes range geolocation errors in SAR images due to an
overestimation of the distance between the instrument and the surface along the
line of sight. Estimates of the tropospheric delay at the time of acquisition either
from models or from radiometers can be used to correct for this range shift. The
troposphere also affects interferometric height estimates of single-pass interfer-
ometers, such as the one discussed in this chapter. The two SAR instruments of
the interferometer image the surface with a different incidence angle. Hence, the
paths from a given scatterer to each sensor undergo different tropospheric delays,
leading to a residual interferometric phase in the interferogram.

The shift in the interferometric phase leads to a shift in the height estimate. The
error in the height estimate is proportional to the product of the tropospheric
delay with the tangent of the incidence angle. The variation of the error due to
the troposphere is [40]

ϵTPD =
∥∥δz(tan2 θi − 1)

∥∥ , (2.29)

where δz is the nadir tropospheric path delay. The error decreases with incidence
angle and reaches 0 cm at 45◦. The dry andwet delay sum to 2.1 m to 2.5 m depend-
ing on atmospheric conditions. Without correction, this error would be too large
for ocean topography estimation.

Numericalweathermodels, suchasERA5 fromtheEuropeanCenter forMedium-
Range Weather Forecasts (ECMWF), provide estimates of the tropospheric path
delay. Using such models, we can estimate the value of ϵTPD and correct for it in
our estimate of the SSH. After correction, the error becomes the residual between
the estimate of the nadir path delay from themodel and the true value. Vieira et al.
have found that the RMS error between the wet tropospheric delay and the delay
measured from radiometers varies from 0.6 cm to 1.7 cm [38], depending on latit-
ude. Taking an average value of 1.15 cm for the residual in the nadir direction and
substituting it in (2.29) in place of δz provides an estimate of the error after correc-
tion. The error decreases from 0.6 cm at near range to 0 cm at 45◦ and increases to
0.4 cm from 45◦ to the far range. Since ϵTPD varies with incidence angle, its power
spectral density will have a component in the wavenumbers that correspond to
the submesoscales and the error has to be taken into account in the error budget
of the interferometer.
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2.5.2. Sea-state Bias
Relative height estimates are obtained from two or more SAR images using the
method of interferometry. The modulus of the interferogram is proportional to
the normalized radar cross-section. The most commonly used estimator for the
relative height in SAR interferometry is themaximum-likelihood estimator, which
uses speckled averaged interferometric phase to estimate the relative height. The
bias of an estimator is defined as the distance between the expected value of the
estimator and the true value of the estimated quantity. If theNRCS is a function of
height, then the expected value of the estimator will include a term proportional
to the correlation of the NRCS with the surface height which will bias the expect-
ation away from the true value of the height.

In the case of the ocean, the waves on the surface have a difference in rough-
ness between crests and troughs. This leads to more scattering of the SAR signal
coming from the crests than the troughs [41], correlating the NRCS with the sur-
face height. The roughness of the ocean surface depends on the wind speed and
other parameters related to the state of the sea, giving thename “sea-state bias” to
this phenomenon [42]. In this section we present a summary of the effect and the
main findings as they relate to bistatic SAR cross-track interferometers. A detailed
derivation is included in the appendix.

The height estimated by an interferometer ĥ(x) after the formation of an inter-
ferogramaveraging over independent speckle realizations is givenby the convolu-
tion of the product of the NRCS σ0(x) and sea surface height z(x) with the square
of the instrument response function χ(x). For simplicity, we will consider only
one dimension, so the height estimate is

ĥ(x) ≈ A
1

σ̄0(x)
(σ0z ∗ ∥χ∥2)(x), (2.30)

where σ̄0(x) = (σ0 ∗ ∥χ∥2)(x) and A is a term that includes the antenna gain and
constants of proportionality. From this point on, the height estimate is computed
for a region around x0, and the spatial variability of the instrument-response av-
eraged cross-section is assumed to be negligible in this region σ̄0(x) = σ̄. Addi-
tionally, we express σ(x) in terms of the average cross-section σ̄ and a spatially
varying component δσ(x)

σ(x) = σ̄(1 + δσ(x)).
Applying this relation to (2.30) yields

ĥ(x) ≈ A((1 + δσ)z ∗ ∥χ∥2)(x). (2.31)

The bias of the estimator is evaluated by computing its expected value over the
ensemble of the waves

Ew[ĥ(x)] ≈ A(Ew[z(x)] + Ew[δσ(x)z(x)]) ∗ ∥χ(x)∥2. (2.32)

Equation (2.32)demonstrates that theestimator isbiasedaway fromthe truevalue
of the surface height z(x) because of the second term that arises due to the cross-
correlation of the spatial variation of theNRCSwith the height. The estimator will
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be unbiased only in caseswhere the cross-correlationE[δσ(x)z(x)] is 0. According
to the linear modulation theory of Hasselmann and Hasselmann [43], the spatial
variation of the NRCS δ̃σ(k) is related to the surface wave amplitude Z(k) via a
modulation transfer function (MTF) T (k) in the angular wavenumber domain

δ̃σ(k) = T (k)Z(k). (2.33)

Substituting (2.33) into (2.32) in terms of the inverse Fourier transform of δ̃σ(k)
leads to the following expression for the bias

Bias(ĥ, z) =
∫
T (k)Ψ(k) dk

∫
∥χ(x)∥2 dx, (2.34)

whereE[Z(k)Z(k′)] := Ψ(k)δ(k−k′) is the surfaceelevationvariance spectrum[43].
In caseswhere the squared instrument response function is normalized, the integ-
ral of ∥χ(x)∥2 with respect to x integrates to unity, and the bias is determined by
the integral of themodulation transfer functionand the surface elevationvariance
spectrum.

Integrating over all numbers in R2 is not of interest as we only expect to come
across waves with maximum wavelengths of 250 m. Computations of (A.19) using
the Elfouhaily spectrum [44] for Ψ and the MTF defined by Schulz-Stellenfleth et
al [45] for T were carried out using a dimensionless fetch of 100 × 103. The bias
of the height estimate due to the sea-state is shown in Figure 2.21 as a function of
wind speed for wind azimuths of 0◦, 45◦ and 90◦, using a solid black line, a dashed
red line, and a dotted blue line respectively. The bias is much stronger for winds
alignedwith the radar look direction than for crosswinds and increases approxim-
ately linearly with wind speed between 5 m s−1 to 10 m s−1 for all wind directions.

Quantitatively, the bias varies between 1.5 cm to 12.5 cm which is significant
when compared to the standard deviation of the total random error of the height
shown in Figure 2.16. Nevertheless, the interferometric height estimate is relative;
therefore, a systematic bias that is independent of ground range and azimuth will
not impact the accuracy of the relative values as long as the bias does not cause
the interferometric phase to wrap over 2π. Given that the formations discussed
have a minimum height of ambiguity of 30 m, biases of up to 12.5 cm are unlikely
to cause phase wrapping.

2.6. Conclusion
We have presented a model to estimate the random and systematic errors in the
ocean elevation measurement of a bistatic SAR interferometer with a squinted
line of sight. Two case studies were used to investigate the performance of the
concept: the Harmony mission in its cross-track interferometry phase, and a pair
of SAR satellites flying in close formation with one acting as a transmitter and re-
ceiver and the other bistatically. The discussion has included the impact of co-
herence losses due to noise, volume scattering, and temporal lag between acquis-
itions. We investigated the simulated performance of the two systems over an
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Figure 2.21.: Bias of the height estimate as a function of wind speed for azimuth
directions of 0, 45 and 90 degrees.

orbit and the challenges involved in the estimation of relative heights from SAR
images of the sea surface. The key benefit of the XTI operation of a closed forma-
tion with a squinted line of sight is allowing for effective perpendicular baselines
that are sufficiently large to observe the ocean surface with sub-meter accuracy
while minimizing the temporal decorrelation without compromising the safety
of the formation. Minimizing the temporal delay reduces the temporal decorrel-
ation sufficiently to allow estimation of the relative SSH.

In the case of Harmony, the squinted line of sight is a result of the bistatic op-
eration. The beams of the companions follow that of Sentinel-1, resulting in an
off-boresight lineof sight at the receivers. However, bistatic operationwith an illu-
minator that is several kilometers displaced along the orbital track is not required;
the same effect can be achieved using one monostatic and one bistatic SAR sys-
tem with a squinted line of sight. The performance of the interferometer can be
enhanced by taking advantage of the two on-board phase centers of the receivers
to estimate the contribution of the relative surface motion to the interferometric
phase and remove it. The results show a standard error of 1 cm to 8 cm over the en-
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tire swath for optimized formation parameters at a wind speed of 5 m s−1, except
for towards the poles. This corresponds to spatial scales of 38.7 km and 36.4 km
for spectral slopes of − 11

3 and −1.56 respectively. The performance improves at
higher wind speeds due to more backscattering. With a wind speed of 10 m s−1,
wavelengths of approximately 26 km and 11 km can be resolved.

In the case of the quasi-monostatic system, the constraint to align the beam of
the two SARs in theHelix formationwith the beamof an illuminator that is several
kilometers ahead along the track is lifted. Thus, the squint of the line of sight is not
range dependent as in the case of Harmony, and can be optimized for the entire
swath at all latitudes. The performance combined with the wide swath of a SAR
enables the recovery of submesoscale ocean features at high wind speeds. The
results of the quasi-monostatic system show a standard error of less than 5 cm for
the entire swath with the performance degrading only near the crossing point of
the formation. The error translates to resolving scales of approximately 22 km for
5 m s−1 wind and 12 km for 15 m s−1 wind speed for the steeper spectrum.

The estimate of the sea surface height will be impacted by systematic errors.
We have considered the main sources of systematic errors including phase syn-
chronization, baseline estimation, and electromagnetic modulation of the backs-
cattered signal. The phase synchronization error has a significant impact on the
estimation. Therefore, cross-track interferometersmust be designedwith this po-
tential limitation inmind. Alternatively, given that the error has a known shape in
the wavenumber domain, band limited in the azimuth direction and negligible in
the range direction, it could be removed from the signal using a filter. A detailed
derivation of the sea-state bias for both a frozen and a dynamic surface has been
presented for a bistatic interferometer. In particular, we have shown that the time
dependence of the backscattering does not affect the sea-state bias under the as-
sumption of a sufficiently broad SAR processing bandwidth and that the bias is a
function of the hydrodynamic modulation and the surface height variance spec-
trum.

In the future we would like to complete the model by providing spectral envel-
opes for the systematic errors and biases. Furthermore, a more complete char-
acterization of the phase synchronization error, and mitigation algorithms are
needed. Finally, we would like to use the model to compute the azimuth cutoff
wavenumber at different latitudes, incidence angles, and wind speeds.
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3
On the Sensitivity to Height
andMotion of Bistatic SAR

Interferometry
A Spectral View

Assessing the performance of interferometers andprocessing interferograms require
accurate knowledge of the temporal lag, sensitivity, and spectral shift. While these
parameters are well-defined for conventional interferometric configurations, their
definitionbecomesopaque for complex configurations, suchasbistatic systemswith
formation-flying satellites. According to the principle of diffraction tomography,
each instrument samples adistinct regionof the scattering surface’s Fourier domain.
Using this principle, we introduce a wavenumber-domain method for calculating
the temporal lag, spectral shift, and sensitivity to height of synthetic-aperture radar
(SAR) interferometers. The method calculates interferometric parameters by align-
ing the ground-projected wavenumber support of the SAR images forming the in-
terferogram. Although the wavenumber-support method agrees with the conven-
tional geometric formulations of the temporal lag and sensitivity in geometrically
simple cases, the two methods diverge in more complex geometries. We show that
when the two SAR satellites fly in a close-formation or have lines of sight that are
squinted with respect to the zero-Doppler direction, then the geometric formula-
tions are inadequate and the wavenumber-support method is needed to accurately
estimate the interferometric parameters.

This chapter has been published as A. Theodosiou and P. López-Dekker. ‘On the Sensitivity to
Height and Motion of Bistatic SAR Interferometry: A Spectral View’. In: IEEE Transactions on
Geoscience and Remote Sensing 62 (2024), pp. 1–12
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3.1. Introduction

What is the temporal lag and the height sensitivity of a synthetic-aperture
radar (SAR) interferometer? Scientists familiar with the instrument would

consider the answer obvious. When the instrument look direction is perpendicu-
lar to theflight direction, these twoparameters areproportional to theprojections
of the antennas’ physical separation in the relevant directions. For example, an
along-track interferometer (ATI)with twoantennasona singleplatformhasa tem-
poral lag directly proportional to the along-track separation [47–49]. Similarly, a
cross-track interferometer (XTI) with sensors that are only separated in the plane
normal to the flight direction has a sensitivity proportional to the baseline of the
two antennas perpendicular to the line of sight [50, 51].

The linkbetween interferometricparameters, namelyheight sensitivity and tem-
poral lag, and geometric parameters stems from a geometric approach to inter-
ferometry. The geometric approach relates the phase of an interferogram to, in
the case of XTI, the elevation of the surface, and in the case of ATI to the radial
motion of the surface. This approach hinges on the assumption that the SAR sig-
nal is monochromatic. In other words, it assumes that the signal bandwidth in
range and azimuth is small enough to be considered negligible. The monochro-
matic assumption hides the role that the ground reflectivity spectrum plays in in-
terferometry. Gatelli explained the implications of considering the ground-range
wavenumber shift for a conventional XTI[30]. One that has separation only per-
pendicular to the line of sight. This has led to the introduction of spectral shift
filtering in the processing of interferograms [30, 52, 53].

Nevertheless, the monochromatic approach remains the primary view of in-
terferometry, if for no other reason than being intuitive. The approach and con-
sequently thegeometricmethodsof calculating interferometricparameters,while
intuitive, break down in more complex geometries. Consider an interferometer
operatingbistaticallywitha squinted lineof sight, e.g. a systemsimilar toTanDEM-
X [23] or Harmony [21]. The time taken for the lagging phase center to see a given
point on the surface with the same viewing geometry as the leading phase center
is not a function of the along-track separation alone. Hence, the temporal lag is
not equal to half the tangential separation of the phase centers, as is the case for
bistatic interferometers with a line of sight perpendicular to the flight direction.

Likewise, since the bistatic lines of sight do not share a common radial-normal
plane, they first need to be aligned before calculating the perpendicular baseline,
which drives the geometric expression of the sensitivity. However, the lines of
sight of the two sensors do not necessarily align during the illumination time of a
given point, since the transmitter-receiver pairs have a bistatic line of sight with a
common ending point but different starting points and different directions. Thus,
applying the geometric method is not possible.

Employing themonostatic equivalent (ME)of each transmitter-receiverpair [22]
provides a workaround to this problem and allows one to geometrically compute
the interferometric baselines. Nevertheless, the location of the monostatic equi-
valent of a system that has a three-dimensional separation and squinted line of
sightbecomescomplicated. Adifferentmonostatic equivalent exists for eachcom-
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bination of slow time and look angle, as Figure 3.1 shows.
In this chapter, we present a more accurate method to solving this problem.

The fundamental relation of diffraction tomography states that the field scattered
by an object is directly proportional to the object function’s Fourier transform
at the wavenumbers that correspond to the incident and scattered wave vectors.
Building on this idea, we propose using the wavenumber support of the two SAR
images to calculate these interferometric parameters. In the following sections,
we show that by finding the temporal and spectral shifts that align the wavenum-
ber supports of the two sensors, we can calculate the temporal lag and the interfer-
ometer sensitivity. Our technique applies to all interferometers, monostatic and
bistatic, with temporally varying or fixed separations, and regardless of squint.

3.2. A Spectral Approach to SAR Interferometry
3.2.1. The Fundamental Relation of Diffraction Tomography
Beforedelving into interferometry,wewill firstmotivateourwavenumber-domain
approach by linking the fundamental principle of diffraction tomography to the
region of support, i.e. the subset of the image domain that maps to non-zero val-
ues, of a SAR image. Consider an instrument illuminating anobject, with complex
reflectivity o(rs) where rs represents the position vector, with a monochromatic
electromagnetic wave. A second instrument receives the scattered electromag-
netic wave. Assuming that the object is homogeneous, that the Born approxima-
tion is valid, and neglecting geometric attenuation, the received field is [54]

u(rT, rR) =
∫∫∫

V

o(r′
s)e−jk0(RT (rT,r′

s)+RR(rR,r′
s)) dr′

s, (3.1)

where rT, rR are the positions of the transmitter and receiver respectively,RT , RR
are the distances to the object from the transmitter and receiver, respectively, and
the integration is taken over the volume of the object.

We now consider a small neighborhood around the object at r0 and carry out
the first-order Taylor expansion of the distances for a given position of the trans-
mitter and receiver. The expansion yields the well-known plane wave approxim-
ation of spherical waves

Rn(rn, rs) ≈ Rn(r0) + ∇Rn(r0) · (rs − r0), (3.2)

where the subscript n can be either T orR. ∇Rn is the gradient of the slant range
and since Rn represents the distance along a spherical wave, the gradient points
in the line of sight direction. For a typical SAR satellite in a low-Earth orbit, such
as Sentinel-1, with altitude 693 km, a look angle of 26◦, assuming a rectilinear geo-
metry, and setting rs = (10 m, 2.5 m, 0 m)T to correspond to half a resolution cell,
the relative error between the expansion in (3.2) and the true slant range is 8.8 ×
10−9 %. Hence, from this point on, we proceed with our analysis using the plane
wave approximation.



3

52 3. A Spectral View of Sensitivity to Height and Motion

x

y

z

Fligh
t d

irec
tion

Transmitter

Receiver

ME1
ME2

Increasing look angle

Figure 3.1.: The locations of the monostatic equivalents for a given slow time and
two different look angles. As the look angle increases, the location of
the monostatic equivalent shifts along the line segment connecting
the transmitter to the receiver. Thus, the monostatic equivalent sys-
tem does not have a single location for a given slow time, as a true
monostatic system would.

Substituting (3.2) into (3.1), and moving the constant phase terms out of the
integral, we note that the volume integral becomes the three-dimensional Fourier
transform of the scattering density õ [55]:

u(rT, rR) ≈ õ(kT + kR) (3.3)

where kT = k0∇RT (r0) and kR = k0∇RR(r0) are the transmitter and receiver
wave vectors respectively, and we have neglected the leading phase term. This
is the fundamental principle of diffraction tomography [55, 56]. Equation (3.3)
states that the receivedfield isproportional to theFourier transformof the illumin-
atedobject at the components of the totalwave vector, kT+kR. The result demon-
strates that the instrument samples the Fourier space of the object’s reflectivity at
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one point in the spatial frequency domain [57]. The line of sight of the instrument
and the carrierwavelengthdetermine thepoint in the spatial frequencydomain at
which the object is sampled. By varying the viewing geometry, for example, mov-
ing the location of the transmitter and receiver or changing the look and squint
angles of the antennas, the instrument can sample different points of the Fourier
domain.

A SAR samples the scattered electromagnetic field with a certain impulse re-
sponse. Thus, the signal of the SAR image becomes[50]

u(x, η) = e−jk0R0(f ∗ χ)(x, η), (3.4)

where ∗ denotes the linear two-dimensional convolution, R0 = RT (r0) +RR(r0),
and we have used the range coordinate, η, and the azimuth coordinate, x, as the
image coordinates, and the elevation, ζ, which is perpendicular to both as the
third axis. In this expression, we have assumed that setting the azimuth position
sets the positions of the receiver and transmitter. χ(x, η) is the system impulse
response, and we have defined the following symbol for brevity:

f(x, η) = e−jk·rs

∫
Z

o(rs) dζ. (3.5)

The planewave exponential has beenmoved out of the integral because any com-
ponent of rs along the elevation direction will, by definition, be perpendicular
to the wave vector. Additionally, the system impulse response does not depend
on the elevation, since it is perpendicular to the plane of the SAR image. Con-
sequently, the integralwith respect to elevationonly contains theobject’s reflectiv-
ity. It represents the projection of the scattering object onto the range and azi-
muth axes. Thus, each sample in a SAR image is a single tomographic projection
of the scattering object, shifted by the plane wave exponential and filtered by the
instrument’s impulse response [50].

SARs do not transmit and receivemonochromatic waves. On the contrary, they
use chirp waveforms that have a certain bandwidth. Therefore, with each pulse,
the radar samples theFourier domainof theobject along the linek0(fr)(∇RT (r0)+
∇RR(r0)), where k0(fr) is the instantaneouswavenumber that corresponds to the
frequency fr of the chirp signal. Acquiring a second SAR image, from a differ-
ent position, produces a different tomographic projection of the scattering object.
Cross-track interferometry uses these two different projections of the scattering
object to infer the relative height of the scatterer.

3.2.2. A Mathematical Derivation of the Spectral Shift in Two
Dimensions

The fundamental principle of the method discussed in this chapter is that only
the energy that comes from the wavenumbers that coincide between the two im-
ages contributes to the interferometric signal. In cases where the wavenumber
supports of the two images are disjoint, the interferometric signal drops to zero.
Therefore, forming an interferogram aligns the wavenumber supports of the two
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images, and the temporal lag and wavenumber shifts correspond to the moment
in time and shift in frequency where the wavenumber supports of the two images
are aligned. Prati and Rocca first proved this in [53] for the range wavenumbers
and for an interferometer that has only a perpendicular separation. Gatelli et al.
[30] expanded on the spectral shift due to different look angles and on its exploit-
ation for the improvement of interferometric techniques. The idea that only the
overlapping parts of the spectra in two dimensions, in range and azimuth, con-
tribute to interferometric information has also been used in [58] to correct for
the large angle between acquisitions coming from satellites that followed cross-
ing orbits. In this section we provide a derivation of this principle in two dimen-
sions, range and azimuth, for a bistatic interferometer with an arbitrary separa-
tion between the two SARs that compose it.

Consider a cross-track interferometer where two bistatic SARs illuminate a re-
gion on the surface as shown in Figure 3.2. The first pair of instruments illuminate
the surface with look angles θ1T

, θ1R
and squints ψ1T

, ψ1R
, while the second pair

has look angles θ2T
, θ2R

and squints ψ2T
, ψ2R

, where subscripts T and R refer to
transmitter and receiver respectively. The azimuth direction is x and the ground
range direction is y; the two-way slant range to the center of the resolution cell is
R0. The signal representing the processed image of the ith SAR for i ∈ {1, 2} is

ui(x, y) = e−jk0R0(fi ∗ χ)(x, y), (3.6)

whereχ(x, y)denotes the system impulse response in termsof azimuthandground
range. We introduce the following symbols in the interest of brevity:

fi(x, y) = s(x, y)e−jki·rs , (3.7)
rs = (x, y, z(x, y))T , (3.8)

kiT = k0(sinψiT , cosψiT sin θiT ,− cosψiT cos θiT )T , (3.9)
kiR = k0(sinψiR , cosψiR sin θiR ,− cosψiR cos θiR)T , (3.10)

ki = kiT + kiR , (3.11)

where ki is the ith bistaticwave vector, andwehave assumed that the surface scat-
tering described by the reflectivity s(x, y) is coming from the surface described by
z(x, y). The carrier wavenumber, k0 = 2π/λ0, depends on the carrier wavelength
λ0 of the instrument, which we assume is common between the two sensors. The
wave vectors kiT and kiR are equivalent to those in Section 3.2.1, but herewe have
defined them in terms of the look and squint angles of the instruments instead
of the gradients of the slant ranges. In monostatic operation, the wave vector ki
reduces to 2kiT , and the modulus is two times the carrier wavenumber. The mod-
ulus of the bistatic wave vector is smaller than 2k0.

We express a single realization of an interferogram as

V (x, y) = u1(x, y)u2(x, y)∗. (3.12)
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Figure 3.2.: An illustrationof the twoSAR instruments samplingground-projected
range and azimuth wavenumbers of a given resolution cell. ki is
the surface-projected wavenumber vector that the ith instrument
samples.

The Fourier transform of the interferogram is

Ṽ (k′
x, k

′
y) = F{u1(x, y)u2(x, y)∗}(kx, ky),

= (ũ1 ⋆ ũ2)(kx, ky),

=
∫∫

ũ1(kx, ky)∗
ũ2(kx + k′

x, ky + k′
y) dkx dky, (3.13)

where ⋆ denotes the cross-correlation operation and the Fourier transform of the
image (3.6) is given by

ũi(kx, ky) = f̃i(kx, ky)χ̃(kx, ky). (3.14)

Assuming that the vertical component of rs is constant with x and y allows us to
express the Fourier transformof the image as the shifted reflectivity filtered by the
instrument frequency response in the wavenumber domain

ũi(kx, ky) = s̃(kx + kix, ky + kiy)e−jkizzχ̃(kx, ky), (3.15)

where thenotationkij denotes the jth componentofwavevectorki and j ∈ {x, y, z}.
Equation (3.15) states that each sensor samples the surface reflectivity across a
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band of range and azimuth wavenumbers. Since the surface reflectivity is not
band-limited, the bandwidth of the image is determined by the system frequency
response. Each ground-range and azimuthwavenumber atwhich the sensor sam-
ples the reflectivity is shifted by kiy and kix respectively. Thus, each instrument
captures a different wavenumber band of the surface reflectivity. The band that
each instrument captures depends on the wave vector of the instrument.

Substituting (3.15) into (3.13) yields the linear cross-correlation of the two im-
age spectra

Ṽ (kx, ky) =
∫∫

s̃(k′
x + k1x, k

′
y + k1y)

∗
s̃(k′

x + k2x + kx, k
′
y + k2y + ky)

ej∆kzzχ̃(k′
x, k

′
y)

∗
χ̃(kx′ + kx, k

′
y + ky) dk′

x dk′
y, (3.16)

where ∆kz = k1z − k2z is the z component of the wave vector difference.
We assume that the surface reflectivity, s(x, y), is a circular complex stochastic

process. Thus, as shown in the Appendix, the Fourier transform of the surface
reflectivity, s̃(kx, ky), is uncorrelated

E[s̃(kx, ky)s̃(κx, κy)∗] = R̃s(kx, ky)δ(kx − κx, ky − κy), (3.17)
where R̃s(kx, ky) is the Fourier transformof the surface reflectivity’s spatial correl-
ation. For awide-sense stationary process R̃s(kx, ky) is the power spectral density
of the surface reflectivity, according to the Wiener-Khinchin theorem. The Dirac
delta function in (3.17) represents an idealized case, which follows from the as-
sumption that at the scales of interest, the autocorrelation length of the surface
roughness is short. A practical surface can be modeled by replacing the Dirac
delta with a finite-bandwidth function, such as a Gaussian kernel, to model the
distribution of the power spectral density over a band of wavenumbers.

Weare interested in theexpected interferogram, sowe take theexpectationover
the surface ensemble of (3.16) and apply (3.17)

Ĩ(kx, ky) =
∫∫

R̃s(kx′ + k1x, ky
′ + k1y)δ(kx + ∆kx, ky + ∆ky)

ej∆kzzχ̃(kx′, ky
′)∗
χ̃(kx′ + kx, k

′
y + ky) dk′

x dk′
y, (3.18)

where ∆kx = k1x − k2x, and ∆ky = k1y − k2y. The Dirac delta function is not
a function of the integration variables, so we can move it out of the integral. We
describe Ĩ as the product of the delta function and the cross-correlation of the
frequency responsewith itself filtered by the power spectral density of the surface
reflectivity

Ĩ(kx, ky) = δ(kx + ∆kx, ky + ∆ky)ej∆kzz(R̃′
sX ⋆X)(kx, ky), (3.19)

where R̃′
s is the shifted Fourier transform of the spatial correlation of the surface

reflectivity R̃′
s(kx, ky) = R̃s(kx + k1x, ky + k1y). Taking the inverse Fourier trans-

form of (3.19) yields
I(x, y) = F−1{Ĩ(kx, ky)}(x, y)

= ej∆kzzK̃(∆kx,∆ky)ej(∆kxx+∆kyy), (3.20)
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where K̃(kx, ky) = (R̃′
sχ̃ ⋆ χ̃)(kx, ky). We can readily interpret (3.20). The expec-

ted interferogram is a complex sinusoid in the spatial domain, with phase pro-
portional to the height of the surface. The amplitude is the wavenumber-domain
cross-correlation of the product R̃′

sχ̃ with the system frequency response, evalu-
ated at the shift between the two images. The product R̃′

sχ̃ is the frequency re-
sponse of the system filtered by the shifted power spectral density of the reflectiv-
ity.

3.2.3. The Wavenumber Support
We express the wavenumber support of a SAR image as a function of slow time,
t, and range frequency fr. The wavenumbers forming the support of a resolution
cell located at the transmitter look angle θl satisfy

ki(t, fr; θl) = k0(fr)( ˆlTi(t) + ˆlRi(t)), (3.21)

where k0(fr) = 2πfr/c0 is thewavenumbermagnitude, ˆlTi is the unit vector in the
directionof the transmitter’s line of sight, and ˆlRi is theunit vector in thedirection
of the receiver’s line of sight. The line of sight of the ith sensor is

ˆlSi(t) = rSi(t) − rp

∥rSi(t) − rp∥
, (3.22)

whereS is eitherT for the transmitter lineof sight, orR for the receiver lineof sight,
and rp is the position vector of the resolution cell. The time variable for a given
resolution cell varies from τc − τl/2 to τc + τl/2, where τc is the beam center time
and τl is the illumination duration. The range frequency is centered around the
carrier frequency, fc, and itsboundsare givenby thebandwidthof the transmitted
pulse.

Equation (3.21) provides insight into the relationship between the signal space
and the observation space. For a given resolution cell, slow time and range fre-
quency parameterize the signal space, while in the observation space range and
azimuthwavenumbers are theparameters. Assume theconventional viewinggeo-
metry of a monostatic SAR that is looking perpendicular to the azimuth direction.
For a given slow time, the instrument samples the resolution cell with a band of
frequencies determined by the transmitted pulse. The sampling of the resolution
cell repeats every pulse repetition interval during the illumination time. The locus
of slow time and range frequency that constitute the samples of the resolution cell
are shown on the left panel of Figure 3.3a. The vertical extent of the region is the
illumination time of the instrument, and the width is the pulse bandwidth.

The support of the signal in terms of slow time and range frequency maps to
wavenumbers projected on the plane tangent to the surface at the resolution cell
according to (3.21). The regionof support of a resolutioncell in termsofwavenum-
bers is shown in the right panel of Figure 3.3a. The diagram has been produced
by exaggerating the illumination time to highlight the curvature of the region of
support as time moves away from the beam center time.
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Wenowmove on to a bistatic casewith a common transmitter. Assume that the
transmitter maintains the same viewing geometry and transmits the same pulse
as in the previous case. The receiver lags the transmitter along the same orbital
plane. As a result, ˆlR is squinted forward with respect to l̂T. Since the transmitted
pulse and the illumination time have not changed, the time-frequency support of
the signal is the same as before. However, the different viewing geometry changes
the mapping to the wavenumber domain. The squint of the bistatic line of sight
means that for a fixed slow time, as the range frequency is sweeping, both the
range and the azimuth wavenumbers are changing, as Figure 3.3b shows. Addi-
tionally, for a fixed range frequency the line of sight of the instrument is always
squinted, which breaks the symmetry of the wavenumber support about kx. The
coupling of the range and azimuth wavenumbers means that they are no longer
separable in terms of time and range frequency. The isolines in the left panel of
Figure 3.3b show that a fixed value of range or azimuth wavenumbers traverses
both time and frequency.

3.2.4. Temporal Lag and Spectral Shift
We are interested in the difference between the supports of two SAR images ac-
quired by two instruments with a physical separation ∆r(t). We express thewave-
numbers in the support of the first sensor by setting i = 1 in (3.21), and define the
support of the second sensor as

k2(t, fr; θl) = k0(fr)
( ˆlT1(t) + ˆlR1(t) + ∆lT(t) + ∆lR(t)

)
, (3.23)

where
∆lS(t) = rS1(t) + ∆rS(t) − rp

∥rS1(t) + ∆rS(t) − rp∥
− ˆlS1(t), (3.24)

is the difference between the line of sight vectors due to the relative position of
the second instrument with respect to the first. The first-order Taylor expansion
of (3.23) about (τc, fc) is

k2(t, fr; θl) ≈ (k0 + ∆k)( ˆlT1(τc) + ˆlR1(τc) + ∆lT(τc) + ∆lR(τc))

+ k0
∂

∂t
( ˆlT1 + ˆlR1 + ∆lT + ∆lR)(τc)∆t (3.25)

= k1(t, fr; θl) + (k0 + ∆k)∆l(τc) + k0
∂∆l
∂t

(τc)∆t, (3.26)

wherewe have used k0 = k0(fc), ∆k = ∂k0
∂fr

(fc)(fr−fc), ∆t = t−τc, ∆l = ∆lT(τc)+
∆lR(τc) for brevity, and we have neglected ∆f∆t cross terms.

To align the two images we fix the support of the first image at the beam cross-
ing time and at the center frequency and solve for the (∆t,∆k) where the second
support intersects the first

k1(τc, fc; θl) = k2(t, fr; θl). (3.27)
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Simplifying (3.27) leads to

∆k(l + ∆l) + k0
∂(l + ∆l)

∂t
(τc)∆t = −k0∆l(τc), (3.28)

where l = ˆlT1(τc) + ˆlR1(τc).
Until now, no assumption has been made on the reference frame of vectors

k1 and k2. Recalling 3.2.2, the information in the interferogram comes from the
surface-projected wavenumbers where the regions of support of the two images
coincide. Thus, to relate the difference in the support to the temporal lag and
spectral shift, we need to solve (3.27) in a reference frame where two of the basis
vectors are alignedwith the ground range and azimuthdirections. Equation (3.28)
is an overdetermined system of three equations and two unknowns. However,
we can remove one equation from the system by projecting the wavenumbers
on the plane tangent to the surface. After coordinate transformation and projec-
tion, (3.27) becomes

k1xy(τc, fc; θl) = k2xy(t, fr; θl), (3.29)

where k1xy(τc, fc; θl) = Γk1(τc, fc; θl) and k2xy(t, fr; θl) = Γk2(t, fr; θl) and Γ is
a matrix representing the surface projection to the tangent plane of the resolu-
tion cell. Figure 3.4 shows the tangent plane for a given point on the surface, the
two basis vectors along the plane and the basis vector normal to the plane, and
the wave vectors of two instruments and their projections at the temporal lag and
spectral shift where they align.

We model the surface projection by

Γ = QXx
(
I − n̂n̂T

)
, (3.30)

where QXx is the direction cosine matrix from the reference frame that the vec-
tors are expressed in to the local tangent frame, and n̂ is the unit vector normal
to the surface expressed in the reference frame of the wavenumber vectors. We
define the local tangent planewith two basis vectors that lie within the plane, one
alignedwith the interferogram’s ground rangedirectionandonewith the azimuth
direction, and complete it with n̂. The second term of (3.30) projects the vector
on the tangent plane, while the first term transforms the vector to the local tan-
gent frame. Hence, a vector multiplied by Γ defined in (3.30) will have a third
component equal to zero.

Multiplying both sides of (3.28) by Γ yields(
k0(∂(l+∆l)

∂t (τc))x (l + ∆l)x
k0(∂(l+∆l)

∂t (τc))y (l + ∆l)y

)(
∆t
∆k

)
= −k0∆l. (3.31)

Equation (3.31) provides an analytic solution to ∆t and ∆k, and it is valid if ∆t
and ∆k are sufficiently small for second and higher order terms to be neglected.
In cases where the first-order expansion is invalid, we can compute the solution
to (3.27) numerically using an optimization method.
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3.2.5. Height Sensitivity
After solving for the temporal and spectral shift according to (3.31), the sensitivity
can be computed from the difference of the aligned wavenumber supports. The
interferometric phase of a resolution cell is

ϕ(∆t,∆f) = ∆k(∆t,∆f) · ζ, (3.32)

where ζ is the elevation vector and ∆k(∆t,∆f) is the difference of the aligned
supports

∆k(∆t,∆f) = k2(τ + ∆t, fc + ∆f ; θl) − k1(τ, fc; θl). (3.33)
Figure 3.4 illustrates the supports of the aligned surface-projected wavenumber
supports. The orange line on the tangent plane represents the surface projection
of the first support k1xy at the beam crossing time τc. Examining the definition
of the wave vector in (3.21) reveals that by not fixing the range frequency of the
wave vector, k1xy becomes a line that is parallel to the surface projection of the
line of sight and passes through the origin. At the solution of (3.29), the surface-
projected support of the second wave vector coincides in the Fourier space with
the surface-projected support of the first acquisition at the beam crossing time
and center frequency. While the surface projections of the supports are equal to
each other, their components in the normal direction to the surface are different.
The dot product of this differencewith the elevation gives rise to the interferomet-
ric phase, and drives the sensitivity.

In a SAR image, a scatterer is placed at the intersection of the iso-range and iso-
Doppler surfaces. In the monostatic case, these reduce to the known iso-range
sphere and iso-Doppler cone. Generally, the range and Doppler surfaces are

R ellipsoid: R = ∥lT(t)∥ + ∥lR(t)∥ (3.34)

fD surface: fD = 1
λc

(
l̂T(t) · vT(t) + ˆlR(t) · vR(t)

)
= ν̃c

(
ˆlT0(t) · vT(t) + ˆlR0(t) · vR(t)

+ r
∥lT0(t) + r∥

· vt(t) + r
∥lR0(t) + r∥

· vR(t)
)

≈ fD(r0) + ν̃cr ·
(

vT(t)
∥lT0∥

+ vR(t)
∥lR0∥

)
, (3.35)

where in the equation of the Doppler shift we have expressed the scatterer loca-
tion as the sum of a reference position and a relative position rp = r0 + r and
approximated ∥lT0(t) + r∥ and ∥lR0(t) + r∥ as ∥lT0∥ and ∥lR0∥ respectively. The
locus of points that satisfy conditions (3.34) and (3.35) is a line. Conventionally,
SAR images are focused at the zero-Doppler location, i.e. fD = 0. Thus, the solu-
tion lies on a line on the surface of the range ellipsoid. All scatterers at the same
range and with the same zero-Doppler location are positioned along this line, re-
gardless of the incidence angle of their location.

Cross-track interferometry (XTI) solves for themissing third dimension by posi-
tioning a scatterer at a look angle on the line of constant range and Doppler. After
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applying the plane-wave approximation at the vicinity of the scatterer, the curve
along which the solution lies becomes a straight line. XTI locates the scatterer
along the fronts of the plane wave. Hence, an interferometer is sensitive to the
elevation along this line, normal to the range and Doppler directions. The height
normal to the surface is related to the elevation

z(t) = ζ(t)ζ̂ · ẑ, (3.36)

where ζ is orthogonal to both the iso-range lines and the iso-Doppler lines

ζ = (l̂T + ˆlR) ×
(

vT

∥lT∥
+ vR

∥lR∥

)
(3.37)

and ζ̂ = ζ/∥ζ∥.
Taking the derivative of the interferometric phase (3.32) with respect to height

yields the sensitivity of the interferometer to height

∂ϕ

∂z
= ∆kζ(∆t,∆f)∂ζ

∂z
, (3.38)

where∆kζ(∆t,∆f) is the ζ componentof thealigned supportdifferenceand from(3.36)
we can express thederivative of the elevationwith respect to height as 1/ζ̂ ·ẑ. Thus,
the sensitivity is the difference between the aligned supports, in the elevation dir-
ection, inverted to the vertical direction.

3.3. Simulations and Results
3.3.1. Simulations
We simulate three different interferometers. In all three, the receiving SAR satel-
lites are flying in aHelix formation [20]. The first has a tangential and radial separ-
ation between the two sensors, and we simulate both monostatic and bistatic op-
eration with a common transmitter. The two antennas point in the zero-Doppler
direction. The second also looks in the zero-Doppler direction, but only has a
normal separation and operates monostatically. Thus, the effective temporal lag
is 0 s. The third is a system inspired by Harmony and consists of three SAR satel-
lites: an illuminator and two formation-flying receivers, that lag the illuminator
by 350 km [59]. The Helix formation combines radial, normal, and tangential sep-
arations that vary sinusoidally along the orbit. Due to the bistatic operation the
two receivers are looking forward, i.e. they have a squint, with respect to the zero-
Doppler direction. Table 3.1 lists theparameters of the three simulation scenarios,
where a∆e and a∆Ω are the magnitudes of the relative eccentricity and relative
inclination vectors of the formation, as defined in [20], and both vectors have a
phase of −π/2. Figure 3.5 illustrates the satellite configurations of the three cases.

The first two scenarios use a formation that models a pure ATI and a pure XTI
respectively. In the first case, we expect the temporal lag calculated using the
wavenumber method to match the along-track physical separation between the
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Table 3.1.: The parameters of the interferometer used in the different simulation
scenarios.

Case a∆e / m a∆Ω / m Operation
1 50 0 Monostatic & Bistatic
2 0 650 Bistatic
3 125 650 Bistatic

two formation satellites. Similarly, we expect the sensitivity of the cross-track in-
terferometer to match the sensitivity calculated from the conventional equation
in the second case. We simulate the second case in a flat-Earth frame to eliminate
the effect of the Earth’s rotation and curvature. In the other cases, we carry out
the simulations in an Earth-centered Earth-fixed frame before transforming to a
local-tangent local-normal frame as discussed in (3.30).

The last scenario poses challenges, as it cannot be accuratelymodeledwith con-
ventional geometric approaches. The combination of bistatic operation and a
squinted line of sight results in under or overestimating the temporal lag if only
the physical separation is used. Locating the shift needed for the lines of sight of
the two receivers to align yields a more accurate estimate, but the bistatic opera-
tion means that the two receivers do not have a single line of sight between them
and the surface.

Using themonostatic equivalent can offer away out, but the questions ofwhere
to place the equivalent system and how to convert the along-track and perpen-
dicular baselines of the formation to those of the equivalent system are not trivial.
Our numerical experiments have shown that using the geometricmethodof align-
ing the monostatically equivalent lines of sight of the two systems approaches
the results of the wavenumber method when the monostatic equivalent system is
placed at the intersection of the bistatic line of sight and the line segment between
the transmitter and receiver. Hence, a unique ME exists for each combination of
incidence angle and slow time, as Figure 3.1 illustrates. The geometric method is
explained in detail in the Appendix.

3.3.2. Results
In this subsection, we present the temporal lag and sensitivity to height of three
different interferometric configurationsbasedoncomputational simulations. Fig-
ure 3.6 shows the temporal lag of a Helix interferometer with only an a∆e com-
ponent (case 1). This means that the along-track separation of the interferometer
varies sinusoidally along the orbit with an amplitude of 2a∆e [20]. The temporal
lag of a monostatic interferometer that looks perpendicular to the flight direction
is equal to the along-track separationdividedby theflight velocity. If the interfero-
meter operates bistatically, then the along-track baseline halves. The along-track
baseline, calculated using the wavenumber method of (3.31), matches the expec-
ted result.
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Figure 3.7 illustrates the sensitivity to height of a Helix formation that has a sep-
aration only in the normal direction (case 2). The sensitivity is calculated as fol-
lows:

1. Find the temporal lag and a frequency shift given by (3.31).

2. Compute the spectral support of the first sensor at the beam crossing time
and thecenter frequency. Compute the spectral support of the secondsensor
at the shifts found in the previous step.

3. Calculate the sensitivity using (3.38).
The sensitivity of amonostatic cross-track interferometerwith anunsquinted line
of sight is described by the well-known expression in the literature [50, 51]. The
right panel in Figure 3.7 shows the relative error between the sensitivity calculated
using the method proposed in this chapter and the classical expression of the in-
terferometric sensitivity.

Moving on to a more complex geometry, Figure 3.8 shows the temporal lag of
Helix interferometer with a∆e = 125 m and a∆Ω = 650 m (case 3). In this case,
two factors complicate the geometry:

1. The bistatic operation of the receivers with an illuminator that is signific-
antly ahead of the Helix formation.

2. The significant line-of-sight squintof the receiving instruments that isneeded
to follow the transmitter’s beam.

We compare the temporal lag obtainedusing thewavenumbermethod to the tem-
poral lag calculated using the geometric method of finding the along-track shift
that aligns the lines of sight of the monostatic equivalents. The absolute error
between the two methods peaks at 0.40 ms.

The sensitivity to height of the configuration is shown on the left panel of Fig-
ure 3.9. The right panel displays the relative difference between the spectrally
derived sensitivity and the sensitivity calculated using the monostatic equival-
ent method explained in the Appendix. We used the angle between the mono-
static equivalent’s line of sight and the normal to the surface as the incidence
angle when computing the sensitivity with the geometric method. A different
result, which is closer to the sensitivity obtained with the spectral method, is ob-
tained when the complementary angle to the angle between the elevation dir-
ection ζ̂ and the normal to the surface is used as the incidence angle. We have
defined this angle mathematically in (C.7). Figure 3.10 shows the relative differ-
ence between the spectrally derived sensitivity and the sensitivity based on the
geometric method, with the latter definition of the incidence angle.

3.4. Discussion
The first two simulation scenarios act as tests to validate that the proposed wave-
number method for calculating the temporal lag and sensitivity produces sens-
ible results. In the first scenario, we are testing the calculation of the temporal lag.
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Hence,we setupaHelix formationwhose separationvectorhas adominant along-
track component, and a smaller radial component. In the baseline case, which is
shown in the left panel of Figure 3.6, we model both instruments as monostatic
SARs with no squint. In this case, we expect to see the along-track baseline to
closely match the along-track separation of the formation and to have a small de-
pendence on range. If the second receiver operates bistatically, using the first in-
strument as a transmitter, then the along-track baseline should be half the along-
track separation. The results in Figure 3.6 match these results.

In the second simulation scenario, we set up a Helix formation with a signific-
ant normal separation. Like the first scenario, we assume that the instruments
operate monostatically and look in the zero-Doppler direction. Hence, we expect
the spectrally derived sensitivity to agree with the expression for the sensitivity
found in the literature. Figure 3.7 shows that the results are in agreement with
the conventional expression for the sensitivity.

We have verified that the wavenumber method agrees with the conventional
expressions of along-track baseline and sensitivity for geometrically simple cases.
We now move on to the more interesting case of a bistatic interferometer with an
illuminator that leads the receivers by 350 km. The receivers are flying in a Helix
formation with both an ascending node difference and an eccentricity difference.
Thus, the separation of the receiving satellites varies in all three directions, the
radial, the normal, and the tangential, sinusoidally with time.

Figure 3.8 shows the temporal lag estimatedusing (3.31) on the left, and the geo-
metric approximation on the right. Here we are starting to see the two methods
diverging. While a peak absolute difference of 0.40 ms might sound small, it is con-
siderable when two SAR images need to be precisely aligned before processing
is carried out to produce interferometric estimates. Furthermore, considerable
effort was spent to have the geometrically calculated temporal lag approach the
spectral temporal lag. Each satellite position and each incidence angle produce a
unique monostatic equivalent system for each of the two pairs of transmitter and
receiver.

The computationally cheaper and conceptually simpler approach of position-
ing the monostatic equivalent at the midpoint of the transmitter and receiver,
thus having a common ME position for all incidence angles at a given instance
of time, performs worse compared to the results presented in Figure 3.8. The sim-
pler geometricmethodoverestimates the extremesof the temporal lagby 7 ms and
misses its distributionwith respect to time and range. In contrast to both variants
of the geometric approach, the wavenumber method works for both monostatic
and bistatic systems without requiring the calculation of virtual equivalent sys-
tems.

Figure 3.9 illustrates the sensitivity to height of the same Helix formation in the
left panel. The distribution of the values, and the variation with time and incid-
ence angle are in agreement between the two methods. There is a small but not
insignificant difference in themagnitude of the sensitivity. The relative difference
in the sensitivity estimatedwith the twomethods is plotted in the right panel. The
largest difference, which tends to 7%, is in the near range and over the equator,
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which is where the normal separation of the formation also reaches its maximum.
During our experiments, we have found that changing the incidence angle used

for the computation of the geometric sensitivity to the one defined by the com-
plementary angle to the angle between the elevation and the normal directions
reduces the relative error between the spectral sensitivity and the geometric sens-
itivity in scenarios that involve a complex formation, such as in the third scenario
of Table 3.1. Figure 3.10, illustrates the improvement in the relative error, with a
reduction of the maximum relative difference from 7% to 0.12% in the near range
at equatorial latitudes, and a marked improvement throughout the domain. The
latter definition of θi accounts for the fact that the line of sight and the elevation
direction arenot coplanar, when the line of sight is squinted. The spectralmethod
accounts for this directly by computing thewavenumber support difference along
ζ̂. Thus,making this adjustment to the geometricmethodbrings the results closer
to those obtained with the spectral method.

Furthermore, for both sensitivity calculations of scenario 3 we have scaled the
expression of the sensitivity by the modulus of the bistatic line of sight. Whereas
in a truemonostatic system the scaling factor would be equal to 2, in a bistatic sys-
tem, the modulus of the line of sight is less than 2. The divergence of the modulus
from 2 increases as the bistatic angle increases. Thus, in the monostatic equival-
ent of such an interferometer, the truemodulus of the line of sight should be used.
We discuss the line of sight modulus scaling factor and its effect on the results fur-
ther in the Appendix.

We note to the reader that we were able to arrive to these modifications to the
conventional expression of the sensitivity by iteratively experimentingwith differ-
ent adjustments and scaling factors. In light of this, the result of Figure 3.10 serves
as a cross-check of the geometric method against the spectral method. In config-
urationswith larger bistatic angles or larger separations, the twomethods diverge
further.

The divergence stems from the fact that no monostatic system can capture the
radiometric and interferometric properties of a bistatic system with sufficiently
large baselines over different look angles and slow-time instants. As Figure 3.1
shows, different look angles have different monostatic equivalent positions. Yet
thedifferencebetween thesepositions is significantly larger than thedistance that
the satellite would travel in the time taken for the echoes of adjacent resolution
cells to reach the instrument. Thus, the spectral method of calculating the tem-
poral lag, spectral shift, and sensitivity to height is superior, as it works regardless
of the complexity of the separation between the two SARs or whether the system
operates mono- or bistatically without the need to compute virtual systems and
introduce scaling factors.

3.5. Conclusion
We have presented a method that uses the wavenumber support to compute the
temporal lag and sensitivity of single-pass interferometers. Ourmethod solves the
problems that arise due to the difficulty of applying themonostatic equivalent ap-
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proximation to interferometers with complex geometries. The proposed method
accommodates both monostatic and bistatic interferometers without requiring
adjustments to switch between the two. Furthermore, using the first-order linear
expansion of the spectral support provides a simple system of equations that can
be efficiently solved computationally.

Results fromsimulations show that for aHelix formation, thegeometricmethod
overestimates the temporal lag. Furthermore, the sensitivity estimated using the
geometricmethodhas a relative difference of up to 7%compared to the sensitivity
estimated using thewavenumbermethod. Accurate knowledge of these paramet-
ers is necessary when designing cross-track interferometers to estimate the rel-
ative topography of dynamic surfaces, such as the ocean. Additionally, accurate
knowledge of the temporal lag and wavenumber shift between SAR surveys will
benefit the processing of interferograms from future SAR missions that will fea-
ture squinted lines of sight and bistatic operation. The method is also useful for
repeat-pass interferometry, as it allows the accurate computation of the reference
orbits for processing. In the future, we aim to expand on this work by validating
the method with an end-to-end simulation of SAR observables from a dynamic
surface.
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Figure 3.3.: The time-frequency and the corresponding wavenumber region of
support of a resolution cell for (a) a monostatic and (b) a bistatic in-
terferometer. We note that the modulus of the bistatic wave vectors is
smaller than that of the monostatic wave vectors for the same range
frequency. We illustrate the modulus of the bistatic wave vector at
the minimum range frequency in both support diagrams. The differ-
ence of the moduli is exaggerated in the diagram for the purposes of
illustration. Furthermore, the aperture time thatwe consider for these
diagrams is larger than what is typically used in real-world systems to
illustrate the shape of the region of support. In a real-world radar, the
wavenumber region of support in (a) would look rectangular, and that
in (b) trapezoidal, as they would only be a slice of illustrated regions.



3

68 3. A Spectral View of Sensitivity to Height and Motion

Surface

Tangent plane

Flight path
N

ad
ir 

lin
e

Figure 3.4.: The figure shows the plane tangent to a given point on the surface and
the basis vectors of the reference frame used to align thewavenumber
support of the two SAR systems. Two SAR satellites with different look
angles and squints are shown. Thewavevectors of thefirst and second
system are shown in orange and blue colors, respectively. For ease of
illustration, thefigure omits the transmitting satellites and insteaddis-
plays two monostatic satellites; thus the bistatic wave vector reduces
to ki = 2kiT . The concept remains the same for bistatic systems. The
surface-projected wave vectors of the two instruments, k1xy and k2xy ,
at the moment of alignment, are shown on the tangent plane. The
circle at the midpoint of k1xy represents the point at which we fix the
support of the first acquisition when solving (3.29). The figure also il-
lustrates the component of the difference of the aligned wave vectors
in the elevation direction, ∆kζ(∆t,∆f). The difference of these vec-
tors drives the sensitivity to the surface height.
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Figure 3.5.: An illustration of the three different satellite configurations used for
the simulation experiments.
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Figure 3.6.: The temporal lag of case number 1 in Table 3.1. The left panel shows
the temporal lag ofmonostatic interferometer and the right panel that
of a bistatic interferometer.
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Figure 3.7.: A formation with a 650 m ascending node difference. Left panel: The
sensitivity to height. Right panel: The relative error of the sensitivity
calculated using the wavenumbermethodwith respect to the conven-
tional sensitivity expression.
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Figure 3.8.: A formation with a 650 m ascending node difference and a 125 m ra-
dial difference. Left panel: The temporal lag using the wavenumber
method. Right panel: The absolute error between the temporal lag
calculated spectrally and the temporal lag calculated using the geo-
metric method.
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Figure 3.9.: A formationwith a 650 m ascending node difference and a 125 m radial
difference. Left panel: The sensitivity to height. Right panel: The rel-
ative error of the sensitivity calculated using thewavenumbermethod
with respect to the conventional sensitivity expression.



3

74 3. A Spectral View of Sensitivity to Height and Motion

Figure 3.10.: The relative difference between the height sensitivity obtained
with the proposed wavenumber-domain method and the range-
dependent adjusted geometric approach discussed in the Appendix.



4
Synchronizing Bistatic SAR

Signals fromData
Or How to Tackle the Elephant in the Room

TheHarmonymission features twobistatic synthetic-aperture radar (SAR) compan-
ions of Sentinel-1. As with any multistatic system, frequency deviations among
the oscillators of the receivers cause a phase error in the phase of the demodulated
SAR signal. Given that interferometry will be used to retrieve geophysical paramet-
ers from Harmony’s radar instruments, an erroneous phase difference between the
SAR signals of the two companions will bias the retrieval. The companions will use
a global-navigation system (GNSS)-based method to synchronize the phase of the
signals. The residual phase that remains after the synchronization is significant
enough to make the retrieval of relative sea-surface height (RSSH) impossible. In
this chapter, we present a data-driven algorithm to remove the synchronization re-
sidual. The algorithm uses the multisquint processing approach, together with the
overlap regions of the TOPSAR acquisition mode, to estimate the derivative of the
residual. After running the algorithm, simulations suggest that the error signal re-
duces from a standard deviation of 4◦ to 0.01◦, allowing the retrieval of RSSH from
Harmony data.

4.1. Introduction
B istatic and multistatic synthetic-aperture radars (SARs) offer the following

advantages over monostatic SARs: flexible interferometric baselines, line of
sight diversity, lower cost and simplicity of electronics due to a common trans-
mitter. These benefits come at the cost of the complexity, in terms of mission
planning, operations, and processing. By definition, bistatic SARs use different
oscillators to modulate the radar carrier at the transmitter and to demodulate the
carrier at the receiver. Any deviation in the instantaneous frequency or phase
of the oscillators introduces a phase error in the radar signal. The error will de-
grade any measurement that leverages the phase of the signal, such as synthetic-

75
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aperture radar interferometry (InSAR) and synthetic-aperture radar tomography
based measurements. Thus, in addition to the aforementioned costs, phase syn-
chronization is an unavoidable challenge of multistatic systems.

One suchapplicationof single-pass cross-track interferometry (XTI) is themeas-
urement of the sea-surface height (SSH). SSH is the elevation of the sea surface
with respect to the reference ellipsoid, and XTI measures the height variation re-
lative to the mean height of the surface. In this chapter, we refer to this relative
elevation as relative sea-surface height. Using the height of the mean surface of
an acquisition relative to the reference ellipsoid, one can obtain the SSH from
measurements of the RSSH. Oceanographic studies, both theoretical and numer-
ical, show that flows with horizontal scales in the order of 0.1 km to 10 km, the so
called submesoscales [2], play a critical role in the oceanic and atmospheric energy
transfer, the mixing of heat and nutrients, and the sea state [2, 5, 6, 60]. Measure-
ments of the SSH at a resolution sufficient to resolve these scales are necessary to
validate these studies and improving our understanding of oceanic physics.

Until recently, no remote sensing instrument was able to provide such meas-
urements. The observational gap [19], was one of the primary motivations for
the Surface Water and Ocean Topography (SWOT) mission of NASA/CNES [61].
SWOT characterizes ocean circulation from SSH measurements at spatial resolu-
tions of 15 km, by using a single-platform cross-track interferometer made of two
Ka-band SARs.

Harmony, the European Space Agency’s 10th Earth Explorer [21], consists of
two satellites that will fly together with Sentinel-1. Each spacecraft will carry a
passive SAR that will use Sentinel-1 as a transmitter, and a thermal infrared in-
strument. Harmony is a multipurpose mission, that aims to quantify small-scale
motion and deformation fields of the ocean surface, glaciers and ice sheets, and
solid Earth [21]. In [62], the authors propose a measurement concept to retrieve
RSSH using a formation of bistatic SARs, with the potential to resolve submeso-
scale RSSH. We have been working to introduce an experimental RSSH product
for Harmony using this concept. However, the concept requires phase synchron-
ization to work.

There are different techniques to synchronize bistatic SAR data. The most dir-
ect method is using a bidirectional synchronization link between the satellites to
exchange clock information, as employed in TanDEM-X [23, 63]. We refer to bi-
static systems that exchange clock information as cooperative [64]. Cooperative
systems require additional hardware to enable the informationexchangebetween
the satellites.

Phase synchronization of non-cooperative systems, i.e. systems that do not ex-
change clock information, unavoidably relies on information either directly from
the SAR signals or fromauxiliary data. Harmony is a non-cooperative system, as it
does not have the means to exchange information between the companions. The
impact of the lack of synchronization on bistatic SAR imaging was first discussed
by Auterman in [65]. Massonet and Vadon discussed the use of repeat-pass inter-
ferometry to estimate the clock drift of the EuropeanRemote Sensing satellite [66].
The DLR-ONERA team discussed the synchronization of bistatic SAR signals, and
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demonstratedbistatic XTI fromanairborne system [67]. The synchronizationwas
based on information from the monostatic and bistatic SAR signals. Estimating
the synchronization phase from the received signals, also known as autosync, has
been demonstrated with a spaceborne sensor using TanDEM-X experiments [68].
Autosync’s performance depends on the backscattering of the scene, making it
suboptimal for interferometric applications.

Recent advances in the field show that the phase synchronization error can be
reliably corrected using a global navigation satellite system (GNSS) based tech-
nique [69]. This follows from the fact that the part of the GNSS solution is the
phase difference between the GNSS-receiver reference clock and the GNSS ref-
erence. Therefore, after making sure that the GNSS receiver and the radar pay-
load share a common reference oscillator, phase-synchronization becomes a by-
product of the PreciseOrbitDetermination (POD) step. The results of [69] suggest
that this approach can estimate the phase synchronization error if systematic er-
rors are suppressed. Specifically, at C-band themethod achieves synchronization
with a standard deviation of 1.6◦. Since the estimation of the error happens at the
carrier frequency of the GNSS signal (L-band), the solution degrades, assuming
spectral purity of frequency conversion stages, linearly with frequency, reaching
a cutoff in terms of usability near X-band [69].

Harmony’s RSSH error budget allocates a synchronization error with a 1.0 cm
standard deviation [62]. This value is set to allow the resolution of RSSH at the
submesoscales. By using the minimum and maximum interferometric sensitivity
ofHarmony reported in [46], we convert this value to aphase error of 0.04◦ to 0.10◦.
Therefore, we need to improve upon the GNSS-based phase synchronization to
make the retrieval of RSSH possible.

In this article, we present a data-driven calibration algorithm that reduces the
residual phase synchronization error that is left in the radar signal after the GNSS-
based synchronization has been carried out. The algorithm suits the retrieval of
small signals that require a high sensitivity, such as RSSH. Our algorithm builds
upon the multisquint processing introduced in [70, 71], as well as autosync [68],
and uses the system inversion approach similarly to [72]. It leverages the over-
lap regions, where samples are acquired twice for the same region on the sur-
face, of the Terrain Observation by Progressive Scans (TOPSAR) mode by using
the samples at the overlaps as additional, more robust estimates of the finite dif-
ference of the phase synchronization residual.

The structure of the chapter is as follows: We start by introducing a model for
the phase of the bistatic SAR signal due to the non-synchronous operation, and
a model for the residual error that remains after GNSS-based synchronization in
Section 4.2. In Section 4.4, we simulate the RSSH thatHarmonywould retrieve for
a scene based on the outputs of a coupled ocean-atmosphere model in the Bay of
Biscay, France, and run the algorithmon the simulateddata. Section 4.5 discusses
the results and the performance of algorithm in terms of the semivariogram, iden-
tifies two sources of errors, discuss potential solutions. Finally, in Section 4.6 we
conclude the article by giving an overview of potential improvements to the al-
gorithm.
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4.2. Origin and Characteristics of Phase
Synchronization Error in Bistatic SAR

4.2.1. Where Does The Error Come From?
The separation of transmitter and receiver inherent in bistatic systems leads to
the need for three different types of synchronization [73]:

1. Time or reception window synchronization: The reception window of the
receiver must align or include the transmission window of the transmitter
for the duration of the acquisition.

2. Beam synchronization: The transmit and receive antennas must illuminate
the same region on the ground at the same time.

3. Phase synchronization: The difference in the instantaneous phases of the
oscillators in the transmitter and the receiver must be minimized.

The algorithm of this article tackles 3). Bistatic SARs have spatially separate trans-
mitter and receivers. Therefore, each receiver has its own oscillator with an inde-
pendent instantaneous phase. The instantaneous phase of the ith receiver is [65,
74]

ψi(t) = 2π
∫ t

τ0

fi(τ) dτ + ϕi,0, (4.1)

where τ0 is the initial time offset, {fi(t), t ≥ 0} is a stochastic process represent-
ing the instantaneous frequency of the ith oscillator, and ϕi,0 is a constant phase
offset. fi is the sum of the oscillator’s central frequency, fi,c, and a zero-mean
stochastic process representing deviations from the central frequency, {δfi(t), t ≥
0} [69]

fi(t) = fi,c + δf i(t). (4.2)
Setting i = u for the first receiver and i = v for the second, we see that each

oscillatorwill introduce a different instantaneous phase during the demodulation
of the signals. When two SAR images from different receivers are interfered to
form an interferogram, the phase of the first SAR signal is subtracted from that of
the second. This operation leaves a phase synchronization error, ψvu(t) = ψv(t)−
ψu(t), present in the phase of the interferogram. The error remains even when
the oscillators have the same central frequency as the deviations from the central
frequency are independent processes.

The severity of the phase synchronization error depends on its magnitude rel-
ative to the geophysical signal that the instrument is estimating. As an example,
consider a single-pass cross-track interferometer with a 30 m height of ambiguity.
A phase synchronization error of 1◦ translates to an error of 8.3 cm in the retrieved
relative height. For land topography which can have relative heights of meters,
such an error might be accommodated. However, for smaller-scale parameters,
such as RSSH which spans at most tens of centimeters, such an error would com-
pletely degrade themeasurement. Thus, the retrieval of smaller-scale geophysical
parameters using single-pass bistatic interferometry, such as the retrieval of RSSH
by Harmony, requires a refinement of the GNSS-based phase synchronization.
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Figure 4.1.: The phase residual after applying the GNSS-based synchronization
scheme is a stochastic process characterized by a flat narrowband
spectrum.

4.2.2. Post-GNSS Synchronization Phase Residual
In [69] Rodrigues-Silva et al. present a GNSS-based synchronization scheme for
multistatic SAR systems such as Harmony. By designing the system to share the
oscillator between the satellite’s GNSS receiver and the payload, the scheme es-
timates and corrects the phase synchronization from the combined navigation
and precise-orbit determination data. The scheme achieves a residual error after
correction with a standard deviation of 1.6◦ at C band. As discussed in 4.2, such a
standard deviation is insufficient for retrieval of RSSH.

Before correcting for it, one ought to first characterize the residual error sig-
nal after the GNSS synchronization. We model the signal as a stochastic process,
{ψc(t), t ≥ 0} with a flat non-zero power spectral density (PSD) between 0 Hz and
fb, and a zero PSD outside this band

Sψc
(f) =


σ2
ψc

2fb
, if − fb ≤ f ≤ fb,

0, otherwise.
(4.3)

The non-zero part of the PSD has a value of σ2
ψc
/(2fb) and units of rad2/Hz, where

σ2
ψc

is the variance of the residual phase post-GNSS correction. For the purposes
of the simulations in this article, we set fb = 2 Hz, σψc

= 4◦. We have arrived at
the spectral characterization given by (4.3) after consulting the authors of [69].

We simulate realizations of the residual error that adhere to (4.3) with the fol-
lowing procedure [75]:

1. Discretize the PSD.

2. Convert the discrete PSD to the amplitude of theDiscrete Fourier Transform
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of ψc according to
√
NfsSψc

[f ], whereN is the number of points in the dis-
crete PSD, and fs is the sampling frequency.

3. Assign a random phase to each point of the DFT of ψc for f ≥ 0, sampled
from a uniform distribution between 0 and 2π.

4. Set the phase of the negative frequencies of the DFT so that the DFT is even
symmetric.

5. Compute the inverse DFT.

Figure 4.1a shows the PSD described by (4.3) and Figure 4.1b shows a realiza-
tion of the stochastic process that has such a PSD. We have simulated the realiza-
tion from the PSD according to the procedure we have described in the previous
paragraph.

4.3. Calibration Algorithm
The algorithm that we are presenting is designed to work on the interferometric
phase residual after the GNSS-based synchronization of [69]. Consequently, the
algorithmestimates a realization of the stochastic process described by (4.3) from
noisy observations of its finite difference, i.e. approximations of the derivative ob-
tained by the difference of the signal sampled at two different instants of time. We
obtain the finite difference via two distinct methods, by computing the differen-
tial interferometric phase of the overlap regions, and by computing the differen-
tial interferometric phase of subaperture images. We introduce the terms overlap
regions, and subapertures images in the following two paragraphs.

The algorithm assumes the following: the SAR image has azimuth lines that are
sampled twice at different instants of time, not more than a few seconds apart.
From here on, we call these azimuth lines “overlap regions”. The overlap regions
occur periodically at fixed azimuth intervals, as is the case in TOPSAR mode [36].
In TOPSAR, the overlap regions occurwhenever the instrument completes a scan-
ning cycle and returns to a given subswath. To ensure that no gaps occur in azi-
muth between bursts the first azimuth lines of a burst overlap with the last azi-
muth lines of the preceding burst. These overlap regions are typically not visible
inprocessedSAR imagesbecauseprocessorsmergebursts bykeeping the samples
of only the early or the late burst for a given azimuth to create a continuous image.

The algorithm’s second source of observations come from subaperture images.
SAR processing focuses the echoes that the instrument collects from each scat-
terer at different time instants, and consequently squint angles, during the illu-
mination time to the correct resolution cell. The length of the synthetic aperture
and the instrument’s line of sight define the range of squint angles. The raw sig-
nal can be focused with a different central squint than that of the instrument, res-
ulting in a SAR image with reduced bandwidth, known as a subaperture image.
Several subaperture images can be formed out of a SAR image by focusing the
raw signal with different central squints. Each subaperture image contains signal
collected during the illumination time by a different part of the full aperture.
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A fundamental assumption of the algorithm is that the geophysical signal re-
mains constant during the illumination time, while instrument and platform in-
duced errors vary continuously. Hence, by comparing the signal from different
subaperture images, the instrument, and platform errors can be estimated. This
technique is knownasmultisquint processing [76], and it has beenused to correct
for residual motion errors [70], estimate the azimuth motion of glaciers [71], and
it has been proposed to synchronize the phase of tomographic acquisitions[72].

The heart of the algorithm lies in leveraging the variance and invariance of the
synchronization residual and the topographic phase, respectively, between inter-
ferograms of adjacent subapertures and overlap regions. We model the interfero-
metric phase of the interferogram between the ith subapertures as

ϕi(t, τ) = ϕt(t, τ) + ϕm(tc,i, τ) + ψc(tc,i) + ni(t, τ), (4.4)

where t represents the slow time corresponding to an azimuth position in the fo-
cused image, tc,i represent the azimuth beam-center time of the ith subaperture,
and τ is the range (fast) time. ϕi has several components, the topographic com-
ponent ϕt, in the case that there is an along-track baseline between the SAR ac-
quisitions a motion component ϕm, the synchronization residual ψc, and noise
ni.

We explicitly include the subaperture index i as subscript to highlight the as-
sumption that the topographic phase stays constant in each subaperture, while
the other phase contributions change with subaperture. Furthermore, we have
assumed that the residualψc does not varywith range because for a given azimuth
position, samples are collected over the swath width in fractions of a millisecond,
a time interval that is much shorter than the period of the highest frequency com-
ponent of ψc.

The beam-center time of the ith subaperture is

tc,i = t− Ta
2

+ Ta
N

(
i− 1

2

)
, (4.5)

whereTa is the aperture time, andN is the number of subapertures [77]. Thus, the
interferograms fromdifferent subapertures capture thephase synchronization re-
sidual at different time instants. Furthermore, the interferometric phase due to
the motion of the surface also changes between the subapertures. The phase due
to motion, also known as the along-track interferometric (ATI) phase is[49]

ϕm =
2πB∥

λvp
vs · l̂i (4.6)

whereB∥ is the effective along-track baseline of the interferometer, vp is the velo-
city of the platform, vs is the vector representing the velocity of the surface, and l̂
is a unit vector parallel to the instrument’s line of sight. Since each pair of subap-
erture images corresponds to processing the signal with a different central squint,
l̂ changes for each subaperture. The line of sight unit vector of the ith subaperture
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is
l̂i =

(
sin(η + ηi)

cos(η + ηi) sin θ

)
, (4.7)

where η is the squint of the line of sight, ηi = −β
2 + β

N (i− 1
2 ) is the squint offsetwith

respect to η of ith subaperture, and β is the instrument’s azimuth beamwidth.
Thephase of the differential interferogrambetween the interferogramof subap-

erture images i and that of subaperture images i + 1, which we call the spectral
diversity phase [70], is given by the following equation:

∆ϕi(t, τ) = ϕm(tc,i+1, τ) − ϕm(tc, τ) + ψc(tc,i+1)
− ψc(tc,i) + ni+1(t, τ) − ni(t, τ). (4.8)

Equation (4.8) shows that the topographic phase cancels out in the differential in-
terferogram. The phase due to motion, however, does not as it depends on the
look direction which changes with subaperture. Thus, if the cross-track interfer-
ometer has an effective along-track baseline, which is unavoidable in formation-
flying systems, the spectral diversity phase will have a motion component, a re-
sidual synchronization component, and noise.

The motion component of the spectral diversity phase is [78]

∆ϕm,i(t, τ) =
2πB∥

λvp
2 sin β

N
( − 2sρ sin(η +mi)

+ 2sa cos(η +mi)),

(4.9)

=
2πB∥

λvp
2 sin

(
β

N

)
vs · x̂i, (4.10)

where mi = β(−1/2 + i/N), η + mi is the mean squint of the subapertures used
to form the spectral diversity phase, and x̂i = (cos(η + mi),− sin(η + mi))T is the
azimuth direction defined bymi. We have identified the term inside the brackets
in (4.9) as the projection of the velocity vector on the mean azimuth direction of
the subapertures that form the differential interferogram. Therefore, the spectral
diversity phase of adjacent subapertures is directly proportional to the motion in
themean azimuth direction. Importantly, forN subapertures, one can formN−1
spectral diversity phases and each will have an azimuth motion component. The
mean azimuth direction rotates in increments of β

N between successive subaper-
ture pairs.

Spectral diversity techniques, including multisquint processing, assume that
no geophysical signal is present in the spectral diversity phase. Thus, they treat
the spectral diversity phase as an estimate of the derivative of azimuth errors. The
integral of the spectral diversity phase yields an estimate of the azimuth error,
which they use to correct the interferograms. The assumption is valid in scenes
where the surface is static in the time between the SAR acquisitions, which is the
case over land. From (4.10), we can tell that this assumption is invalid for dynamic
surfaces, such as the ocean.
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Consequently, we need to remove the azimuth motion component from the
spectral diversity phase before using it to estimate the phase synchronization re-
sidual. TheHarmony satellites feature an antenna that has a fore and an aft phase
center. Each satellite forms two SAR images from the signals received by the fore
and aft phase centers. We will refer to these as the individual phase center (IPC)
images. They then combine the signals received by these phase centers to create
an improved SAR image that we will call the combined phase center (CPC) image.

Thephase centers are separated along the longitudinal axis of the antenna, thus
having an effective along-track baseline. Therefore, we can perform along-track
interferometry with the SAR images from the individual phase centers to estim-
ate the ATI phase. By scaling the estimate by the ratio of the effective along-track
baseline of the formation to the along-track baseline of the on-board phase cen-
ters, we can compute the ATI phase of the CPC interferogram. Once we have an
estimate of ϕm we can subtract it from the phase of the interferogram[62]. Then,
the subaperture-dependent motion component will be eliminated from the spec-
tral diversity phase and (4.8) will only include the synchronization residual term
and noise. Figure 4.2 shows a flowchart of the interferogram generation, includ-
ing the correction of the ATI phase.

The ATI phase estimate from the IPCswill have an error with respect to the true
ATI phase that is determined by the coherence of the IPC SAR images. Scaling
the ATI phase and subtracting it from the interferometric phase of the CPCs will
increase the noise of the interferometric phase. Therefore, removing the bias due
to surface motion comes at the cost of making the interferometric, and by exten-
sion the spectral diversity, phase noisier.

4.3.1. Phase Synchronization using Multisquint Processing
Once the subaperture interferograms have been cleaned from the phase due to
motion, the spectral diversity phase becomes

∆ϕi(t, τ) = ψc(tc,i+1) − ψc(tc,i) + nsd,i(t, τ), (4.11)
where nsd,i represents the noise of the spectral diversity phase. nsd,i includes the
error from the subaperture interferogram and the error of the ATI phase correc-
tion. Hence, we can now treat the spectral diversity phase as the finite difference
of the synchronization residual and apply an adaptation of EnhancedMultisquint
Processing [70].

We can convert the finite difference of the residual to the derivative by dividing
∆ϕi by the temporal separationof adjacent subapertures∆t = Ta/N . The fraction
of the aperture time used to form each subaperture determines the quality of the
derivative. The SAR produces the phase synchronization residual by integrating
the synchronization error weighted by the azimuth envelope along the aperture.
Therefore, a smaller subaperture captures the high frequency components of the
residual and leads to a better estimate. On the other hand, longer subapertures
use more of the azimuth bandwidth, leading to less noise.

Usingmultiple subapertures and then coherently combining themasperMulti-
squint Processing, combines the benefit of short aperture timeswhilemaking use
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SLCIPC,A
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Scaled 
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Motion 
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Figure 4.2.: High-level flowchart of theHarmony single-pass interferogramgener-
ation, including the removal of the ATI phase. SLCCPC,i stands for the
SLC image of the combined phase center, and SLCIPC,i represents the
SLC image of the individual phase centers coming from the wing an-
tennas of each Harmony companion, where subscript i can beA orB
to refer to thefirst or secondcompanion respectively. CoSLCi refers to
the coregistered SLC image, SPI is the single-pass interferogram, B∥
is the interferometric along-track baseline of the satellite formation,
and B∥s is the along-track baseline of the fore and aft phase centers.
In the diagram, the ×2 annotation next to the SLCIPC,i highlights that
each companion produces two SLC images from the two wing phase
centers, and the along-track interferometric processing involves the
creation of an interferogram from two independent pairs of SLC im-
ages.

of all the available bandwidth. Thus, we produceN subapertures, from which we
createN − 1 spectral diversity phases. Each spectral diversity phase samples the
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finite difference of the interferogram phases at

tsd,i = tc,i + Ta
2N

. (4.12)

As a result, to average the spectral diversity phases, wefirst need to resample them
to the sampling times of the full aperture interferogram. The averaged spectral
diversity phase is

∆ϕ(t) = 1
N − 1

N−1∑
i=1

M−1∑
k=0

sinc
(
t− tsd,i[0] − kT

T

)
∆ϕi[k], (4.13)

where ∆ϕi[k] represents the kth sample of the ith spectral diversity phase. The
square brackets denote a discrete-time signal ∆ϕi[t] := ∆ϕi(tsd,i[0] + kT ) with
T = 1/fs where T is the sampling period and fs the sampling frequency. Using
the same notation, tsd,i,[0] is the initial value of the ith spectral diversity slow time.
Finally,M is the number of samples per subaperture.

Taking the mean value of the average spectral diversity phase over range, and
dividing by the temporal separation of adjacent subapertures, ∆t, yields an estim-
ate of the derivative of the synchronization residual at t,

ψ̂c
′(t) = Eτ [∆ϕ(t, τ)]

∆t
, (4.14)

where Eτ is the expectation operator over range.
Moreover, the differential interferogram between two full-aperture interfero-

grams at the overlap regions measures the finite difference of the synchroniza-
tion residual, ∆ψc, at the azimuths that fall within these regions. The measure-
ments from the overlap regions have less noise than the derivatives obtained us-
ing the multisquint method, as they use the full bandwidth of the signal. Thus,
thesemeasurements are expected to bemore accurate. Finally, since the time dif-
ference between the samples of the overlap regions is larger than the difference
between adjacent subapertures, the overlap difference constrains the estimate of
ψc.

To sum up, we have the following two sets of observations:

1. Themultisquint-based derivative of the synchronization residual at each in-
stant of sensing time.

2. The difference of the synchronization residual at the overlap regions from
the full-bandwidth differential interferogram.

To estimate the synchronization residual from these observations we formulate
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the problem as a linear system

ψ̂c
′[0]

ψ̂c
′[1]
...

ψ̂c
′[N − 2]

∆ψco[0]
...

∆ψco[K − 1]
0


=

 ∆
O

J1,N/N




ψc[0]
ψc[1]

...
ψc[N − 1]

 . (4.15)

ψc[n] represents the nth sample of the synchronization residual and the square
brackets denote a discrete-time signal ψc[n] := ψc(nT ) with T = 1/fs where T is
the sampling period and fs the sampling frequency. ∆ψco[n] is the nth sample of
the signal’s finite difference at the overlap regions. ∆ is an (N − 1) × N matrix,
O is a K × N matrix, and J1,N is the 1 × N unit matrix. Together they form the
system’s design matrix. The three matrices are defined as follows:

∆ = diag(∆t)


1 −1 0 . . . 0
0 1 −1 . . . 0
0 0 1 . . . 0
...

... . . . . . . ...
0 0 · · · 1 −1

 (4.16)

Oi,j =


1, if j is the early sample of the ith overlap,
−1, if j is the late sample of the ith overlap,
0, otherwise,

(4.17)

J1,Nk = 1 (4.18)
for k = 1, 2, . . . , N . We use J1,N to provide an additional equation to the system,
postulating that themean value of the residual is 0◦. The vector ∆t of lengthN−1
represents the temporal separation between subapertures. Since each subswath
has a different aperture time, the vector takes values 1/∆t1, 1/∆t2, and 1/∆t3 for
the subaperture separation of the first, second, third subswath respectively,

∆ti =



1
∆t1

, if the ith sample comes from subswath 1,
1

∆t2
, if the ith sample comes from subswath 2,

1
∆t3

, if the ith sample comes from subswath 3.

(4.19)

Equation (4.15) describes an overdetermined system of equations with N para-
meters and N + K observations. We estimate the parameters by inverting the



4.4. Simulations and Results

4

87

system using weighted least squares (WLS) and setting the weights to the inverse
of the variance of the observations. We define the weight matrix as follows:

W = diag
(
σsd[0]−2

, . . . , σsd[N − 2]−2
, σ0[0]−2

, . . . ,

σ0[K − 1]−2
, (100 max σsd)−2), (4.20)

where the standard deviation of the spectral diversity derivative of the phase, ψ′
c

relates to the standard deviation of the subaperture phase, according to

σsd[i] =
√

2√
N − 1∆ti

σsub[i]. (4.21)

σsub is the standard deviation of the subaperture phase. We use the Cramer-Rao
lower bound (CRLB) of interferometric phase and the ratio of the subaperture
bandwidth,Bsub, to the full-aperture bandwidth,Ba, to define σsub [25]

σsub =

√
1 − γ2

2NLγ2
Ba
Bsub

, (4.22)

where γ is the interferometric coherence, and NL is the number of looks. The
standard deviation of the differential phase at the overlap regions is given by

σ0[i] =
√
σψc [li]2 + σψc [ki]2, (4.23)

where li is the late sample of the ith overlap, and ki is the early sample of the ith
overlap. We set the weight of the prior to correspond to a variance that is larger
than the maximum variance of the observations. The reason for this is that we
want the algorithm to givemoreweight to the observations than the prior assump-
tion.

4.4. Simulations and Results
4.4.1. Simulations
To assess the performance of the algorithm, we simulate the multilooked interfer-
ometric phase that Harmony in its XTI phase would produce. We break down the
simulation into three components:

1. We use coupled ocean-atmosphere models to model an oceanic scene. The
variables of interest include RSSH, surface current vector, wind vector, and
two-directional wave spectrum.

2. Wepass theoutputsof theocean-atmospheremodel toHarmony’s scientific
workbench, and run the forward to chain to produce multilooked normal-
ized radar cross-section (NRCS) over the scene.
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3. We feed the scene observables and the NRCS into Harmony’s XTI perform-
ance model [62] to estimate the height of ambiguity and the standard devi-
ation of the interferometric phase.

Once we have the results from these three operations, we can construct syn-
thetic images of the multilooked interferometric phase. We do so by constructing
theTOPSARsensing timeline. Webreak the interferogram intobursts andassign a
sensing time to each azimuth line within each burst. We simulate the burst over-
laps by repeating the last azimuth lines of the current burst at the first azimuth
lines of the next burst for each subswath. The repeated azimuth lines of the over-
laps have non-overlapping sensing times that are separated by the cycle time of
the TOPSAR mode.

We assign a phase to each resolution cell of the interferogram by taking the
height from theRSSHof themodel, converting it to a phase using theheight of am-
biguity of the cell, and adding noise to it according to the CRLB. Additionally, we
generate a realizationof the synchronization residual as described in Section 4.2.2
and then resample it to the sensing timesof the interferogramcells. Since eachazi-
muth line of each subswath, including the lines of the overlapping regions, has its
own sensing time, a different phase synchronization residual is assigned to each
cell even if they are spatially overlapping.

Once we have the interferometric phase and the phase synchronization resid-
ual of each cell, we proceed with simulating the subapertures. For each azimuth
line, we interpolate the synchronization residual to N different times according
to (4.5). We then add noise, which we model as a zero-mean Gaussian with a
standard deviation given by (4.22), to each of the subaperture phases. Next, we
form N − 1 spectral diversity phases by subtracting adjacent subapertures from
oneanother asper (4.11), and thenwecoherently average themasdescribed in (4.13).

With the averaged spectral diversity phase computed, we proceedwith convert-
ing the spectral diversity phases into derivatives by dividing each sample by ∆ti,
and averaging in range. Furthermore, we compute the overlap differential phases
by finding the difference in interferometric phase at the overlap regions. Finally,
we form the linear systemof (4.15), define W using the standard deviation of each
cell computed by the performance model, and solve for ψc.

4.4.2. Results
Wesimulate an interferometric acquisition ofHarmony over the ocean and in par-
ticular over the coast of France. We use numerical model data from the MARC
project [79–81]which uses Ifremer’sMARS 2D[82], 3D [83]models, and theWAVE-
WATCH III model [84]. After taking the wind, current, and wave spectra from
the data, we resample them to a common 1 km × 1 km grid, and cut a 250 km ×
255 km slice in range and azimuth, respectively, to use as the acquisition. Fig-
ure 4.3 shows the wind, current, significant wave height, and sea-surface height
anomaly predicted by the MARC project on 2024-01-01 at midnight, while Fig-
ure 4.4 illustrates the directional wave spectrum from WAVEWATCH III.

The region that is used to simulate a Harmony acquisition is enclosed within a
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Figure 4.3.: Outputs from ocean-atmosphere coupled model. Clockwise from top
left: Stress-equivalent wind; Surface current; Significant wave height;
Sea-surface height anomaly. The area used for the simulated Har-
mony acquisition is indicated by the dashed yellow rectangle.

yellow dashed rectangle. The area shows medium wind and weak current, which
will produce amediumsignal-to-noise ratio. Wenote to the reader that themodel
provides the sea-surface height anomaly, i.e. the height relative to the temporal
mean of the sea-surface height at a given location. In our simulations, we use
this model output as the RSSH. The two quantities have similar dynamic range
over the same spatial scales; thus, the anomaly serves as a realistic simulation
of the RSSH. The height anomaly in the region is weak, varying between −4 cm
to 4 cm. Thus, the scene will be a stress test for both the calibration algorithm
and the performance of the instrument (expected accuracy in medium wind of
approximately 5 cm).
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Figure 4.4.: Directional wave spectrum from WAVEWATCH III model.

Collecting the data that Figures 4.3 and 4.4 illustrate corresponds to step 1 of
the preprocessing components outlined in section 4.4.1. After completing the re-
maining steps, we form full- and subaperture images of the interferometric phase
and run the algorithm on them. We also run a simplified version of the algorithm
that does not use the overlap regions. This simplification corresponds to drop-
ping the samples ∆ψco[0], . . . ,∆ψco[K − 1] from the observations vector on the
left-hand side of (4.15), and O from the right-hand side of (4.15).

The top panel of Figure 4.5 shows the true RSSH within the acquisition. The
field corresponds to the yellow rectangle in the bottom right panel of Figure 4.3.
The bottom panel of Figure 4.5 shows the height that Harmony would retrieve
without calibration, and with taking the measurement noise into account. There
are gaps at the top and the bottom of the three subswaths due to the TOPSAR
operation.

Figure 4.6 illustrates the retrievedheight after running the calibrationalgorithm.
The top panel shows the result after calibrating without taking advantage of the
information at the overlap regions, while the bottom panel shows the result after
calibrating with the information at the overlap regions. We illustrate the error
between the synchronization residual estimated with the overlaps and the true
synchronization residual in Figure 4.7.

The error between the true and estimated signal provides a metric on the per-
formance of the algorithm. However, it lacks information on the spatial depend-
ence of the algorithm performance. We use the semivariogram [85] to assess the
spatial dependence of uncalibrated and calibrated signals. We compute the dir-
ectional semivariograms of the uncalibrated noisy RSSH, i.e. the signal shown in
the bottom panel of Figure 4.5. Figure 4.8 shows the semivariogram in the range
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direction, and Figure 4.9 shows the semivariogram in the azimuth direction. The
top panels of the figures show the histograms of the lag classes used for the experi-
mental semivariograms and the green lines in the bottompanels show aGaussian
model fitted to the data.

Figure 4.10 illustrates a more realistic result. The figure presents the retrieved
calibratedheightwithmeasurementnoise. Themeasurementhasbeenprocessed
with a Gaussian filter to a resolution of 5 km × 5 km. Figures 4.11 and 4.12 illus-
trate the directional semivariograms of the corrected RSSH, prior to filtering, in
the range and azimuth directions, respectively. We have computed the semivari-
ograms with the Matheron estimator [86], and we have set the maximum lag to
not exceed half the extent of the scene [87].

4.5. Discussion
4.5.1. Data-driven Calibration
The top panel of Figure 4.5 introduces the geophysical signal that the interfero-
meter will retrieve. The signal varies from −4 cm in the southwest corner of the
scene to 4 cm in the northeast. A prominent front features along the northwest to
southeast axis where the height anomaly goes through 0 m.

The bottom panel paints a somber picture and demonstrates the crux of the is-
sue. The post-GNSS phase sync residual dominates the signal and removes the
geophysical signature of the signal. The measurement noise is also visible in the
figure, particularly at the edges of the subswaths where the NESZ deteriorates.
Nevertheless, the noise is not as dominant as the horizontal stripe-like pattern
imposed on the data by the phase synchronization residual. This illustrates our
earlier assertion that the phase-sync residual, left uncalibrated, will dominate the
error budget. Furthermore, it makes clear the need for a calibration of the phase
sync residual.

The retrieved heights shown in Figure 4.6 demonstrate that the proposed al-
gorithm successfully estimates and removes most of the phase synchronization
residual. The top panel illustrates that calibrating the signal without using the
overlaps removes the majority of the synchronization residual. Artifacts are vis-
ible particularly near burst boundaries. The lack of sampling of the residual dif-
ference between TOPSAR cycles likely causes these artifacts. Taking advantage of
the differential phase at the burst overlaps enhances the calibration and removes
the block-shaped artifacts, as shown in the bottom panel of Figure 4.6.

The observant reader will notice that the corrected signal is more positive than
the true RSSH. This is noticeable particularly at the southeast corner, where the
corrected signal has a lighter blue color in Figure 4.6 than in the top panel of Fig-
ure 4.5. The shift is due to theunknown integration constant that cannot be estim-
ated from the derivatives of the signal. The last line of (4.15) essentially postulates
that the integration constant equals zero, yet this not true. This prior assumption
causes the estimator to under- or overestimate the synchronization residual at all
times. In cases where the synchronization residual has a positive DC term, the es-
timator will underestimate the signal while when the residual has a negative DC
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term, the estimator will overestimate it as it will always push the estimate towards
0◦. Figure 4.7 demonstrates this shift. The error fluctuates about 0.044◦ which is
the mean value of the synchronization residual.

Despite the shift, the estimator follows the true signal and provides an estimate
that tracks the high- and low-frequency variations of the synchronization resid-
ual. Given that a cross-track interferometer estimates the relative height of the
surface, a constant shift becomes a bias that does not affect the relative height er-
ror. The calibration accuracy in terms of the root mean squared error (RMSE) is
0.046◦ when the algorithm with the overlaps is used, and it deteriorates to 0.062◦

when the overlaps are neglected. The constant shift dominates the RMSE. To as-
sess theability of the calibration to capture thefluctuationsof the synchronization
residual, we compute the RMSE after removing the mean of the residual from it.
Then, RMSE drops to 0.010◦ and 0.043◦ for the calibration with the overlaps and
without them, respectively. The error budget for Harmony’s RSSH estimate sets
theupperboundof thephase synchronization error to 0.06◦. Thus, the calibration
algorithm meets the requirement.

We highlight to the reader that the calibrated heights in Figure 4.6 are fictitious
and not a realistic representation of the calibrated RSSH product. They are ficti-
tious because they do not include any errors, random or systematic, other than
the residual from the phase synchronization error that the calibration fails to re-
move. Such a result would never be visible in the real data, as it would be im-
possible to remove the measurement noise. However, we are choosing to show
the results in this manner to highlight the effect of the calibration without any
other factors impacting the visualization of the results. Furthermore, we note to
the reader that while the measurement noise is removed from the data for the
purposes of visualization, the calibration is runwith noisy observations in accord-
ance with the phase model of (4.11) and the statistics defined in (4.21).

In addition to the estimate error shown in Figure 4.7, and the RMSE which pro-
vide globalmetrics of the algorithm’s performance, we use the semivariograms of
the signal prior to, and post calibration to study the algorithm in terms of spatial
lag. Beforediscussing the featuresof thedirectional semivariograms inFigures 4.8
and 4.9, we note that since the synchronization residual dominates the retrieved
signal before calibration, the semivariograms describe the statistical properties of
the residual. We have verified this finding by computing the directional semivari-
ograms of the synchronization residual and confirming that they closely match
those of the uncalibrated noisy signal.

The directional semivariograms in Figures 4.8 and 4.9 show that the principal
direction of continuity of the uncalibrated signal is ground range. We can read-
ily confirm this by looking at the retrieved RSSH before calibration in the bottom
panel of Figure 4.5, where we see the synchronization residual producing hori-
zontal stripes within each subswath. The range of spatial correlation is 117 km
in the ground range direction, and 7.5 km in the azimuth direction. The strong
anisotropy is because the sync residual is a 1D signal in time that is mapped to
two dimensions by the operation of the instrument and formation of the image.
Within a burst, the signal varies only with azimuth, or equivalently sensing time.
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The switchingof the instrumentbetweendifferent subswaths introduces aground
rangedependence[36] to the synchronization residual,while thecycle timebetween
adjacent bursts introduces discontinuities in azimuth.

In Figure 4.10 we take the result of calibrating the RSSH with the overlap re-
gions, and we add the measurement noise back, as predicted by the XTI model.
We then filter the result to a 5 km × 5 km resolution to reduce the noise, at the cost
of reducing the resolution by a factor of 5 in each dimension. It is striking that the
pre-calibration synchronization error dominated signal becomes a noise-limited
signal post-calibration. In terms of calibration, this is a positive result as it shows
that retrieving the geospatial signal is possible, despite the synchronization resid-
ual dominating the error budget of the signal. Finally, the result reveals that the
RSSH of this scene lies at the edge of the interferometric performance of the in-
strument, in line with our expectations.

Figures 4.11 and 4.12 show that the spatial dependence of the calibrated RSSH
are significantly different from those before the calibration. The variance in both
directions shows an order of magnitude decrease. The ground-range semivari-
ogram shows spatial independence, consistent with the white noise that domin-
ated the calibratedRSSHbefore filtering, up to lags of 60 km and anupwards trend
for larger lags. The trend is likely due to the increasing variance of the measure-
ment error at the mid- to far range. The azimuth semivariogram shows spatial
independence for all lags. We postulate that this is because the noise dominates
the signal, making the geophysical signature not visible, and because the depend-
ence of the noise’s variance on azimuth is weak. Importantly, the signature of the
synchronization residual is missing in both directions at all lags.

4.5.2. Calibration Errors
During our simulations of the acquisition timeline and the calibration algorithm,
wehave arrived at the conclusion that there are two effects that can cause errors in
the calibration. The first effect is due to the incorrect azimuth positioning of scat-
terers caused by their radial motion [88]. If the translation of scatterers in the av-
eraged spectral diversity phase is the same as the translation in the interferogram,
then the estimated phase that will be applied to the interferogram to correct the
synchronization residual will also have the same translation, and the calibration
will not be affected. In cases, however, where the motion of the scatterers lead
to different translations in each subaperture, the spectral diversity phases will be
offsetwith respect to one another. The sensing time assigned to each subaperture
will be wrong by different amounts, leading to misaligned averaging and estima-
tion errors.

We recommend two potential solutions to this error. The first solution is to
form the subapertures from the raw data, then focus to obtain subaperture SAR
images, rather than running the algorithm on subapertures formed from the fo-
cused SAR images. Thus, each subaperture will have the correct sensing time,
and resampling and averaging can be done without errors. The second solution
is to use the Doppler of the subapertures to estimate the velocity and the azimuth
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translation due to the radial motion of the scatterers. We can then use the estim-
ate to correct for the misregistration, prior to calibrating.

The second error comes from insufficient sampling of the synchronization re-
sidual’s derivative. The insufficient sampling occurs when the subaperture dura-
tion is not an integral multiple of the sampling period in azimuth. This condition
can be readily derived from (4.5). For the sampling of the derivative to have no
gaps, the kth sample of subaperture i + 1 must coincide in time with the k + nth
sample of the ith subaperture. Setting tc,i[k + n] equal to tc,i+1[k] and solving for
the sampling period gives

T = Ta
nN

, (4.24)

where Ta/N is the subaperture integration time, and n is the offset in samples
before the sensing times coincide.

In cases where (4.24) does not hold, the interval over which the algorithm com-
putes the finite phase difference is smaller than the step between consecutive
samples of the derivative. This leads to gaps in the sampling of the derivative,
which cause estimation errors. As the estimator performs an integration step,
these errors accumulate. Our simulations confirm that the estimation errors scale
with the variance of the synchronization residual. Thus, it is beneficial to match
the subaperture integration time to, or a multiple of, the sampling period of the
derivative. Practically, this is difficult to achieve because of the bursts produced
by TOPSAR, and because of the antenna weighting which would tend to weigh
subaperture samples differently, changing the effective sensing times.

4.6. Conclusion
We have presented an algorithm to remove the phase-synchronization residual
that remains in the bistatic SAR signal of Harmony after the GNSS-based syn-
chronization. The algorithm takes advantage of the periodic sampling overlaps
between adjacent bursts in azimuth that occur in TOPSAR to improve the long-
term sampling of the residual’s derivative. Furthermore, our phase model ac-
counts for the interferometric phase due to themotionof the surface, andwehave
shown that with a system like Harmony that can produce SAR images from indi-
vidual phase centers this component of the phase can be estimated and removed.

To assess the validity of the calibration, we have developed a simulation chain
that produces acquisitions of the interferometric phase and estimated RSSH from
geophysicalmodel outputsdescribing the scene. Themodeloutputs includewind,
currents, directional wave spectra and RSSH. The simulation chain also models
realizations of the phase synchronization error according to the power spectral
density of the residual. Running the calibration on the simulated acquisitions
shows that we can remove the effect of the synchronization residual and estim-
ate the RSSH. The calibration achieves a root-mean-square error of 0.046◦, which
satisfies the limit for the phase synchronization error needed for Harmony to re-
trieve submesoscale RSSH.
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In the future, we plan to improve on the calibration algorithmby estimator. We
can derive the autocorrelation length from the PSD of the phase synchronization
residual. The autocorrelation of the derivative can then be incorporated in the
estimator by using a Wiener filter to reduce the noise in the subaperture phase
prior to running the calibration.

Additionally, we have discussed two sources of error in the calibration. The first
error results from themotionof the surface. Since the instrumentwill be sampling
the ocean surface, the surface will have a mean motion. Thus, the radial compon-
ent of the motion will cause an azimuth misregistration. If the misregistration
varies with subaperture, then the sensing times assigned to the spectral diversity
derivatives will be wrong, which will lead to an error. Forming the subapertures
directly fromthe rawdata, insteadoffiltering the focused full-aperturedata,mitig-
ates this problem. Weplan to verify this approach using theHarmony end-to-end
simulator. The second error is due to gaps in the sampling of the derivative. The
gaps are avoided when the subaperture integration time is an integral multiple of
the derivative’s sampling period.

Acknowledgment
The authorswould like to thankDr.-Ing. Pau Prats-Iraola andDr.-Ing.Marc Rodri-
guez-Cassola for the constructive discussions on the topic.



4

96 4. Synchronizing Bistatic SAR Signals from Data

Figure 4.5.: Top: RSSH from the MARS-3D model. Bottom: Retrieved RSSH by
Harmony without calibrating for the phase synchronization residual.
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Figure 4.6.: Top: Calibrated retrieved RSSH without using the information in the
overlap regions. Bottom: Calibrated retrieved RSSH with the inform-
ation in the overlap regions.
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Figure 4.7.: Estimate error between the true phase synchronization residual and
the estimated synchronization residual. The error centers about
0.044◦ because of the lack of knowledge of the integration constant
during the estimation.

Figure 4.8.: The directional semivariogram of the uncalibrated retrieved RSSH,
shown in the bottom panel of Figure 4.5, in the ground range direc-
tion. The effective range is 117 km and binning of the samples used to
compute the semivariogram are shown at the top panel.
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Figure 4.9.: The directional semivariogram of the uncalibrated retrieved RSSH,
shown in thebottompanel of Figure 4.5, in the azimuthdirection. The
effective range is 7.5 km and binning of the samples used to compute
the semivariogram are shown at the top panel.

Figure 4.10.: Calibrated retrievedRSSH,withmeasurementnoisefilteredat 5 km×
5 km.
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Figure 4.11.: The directional semivariogram of the corrected RSSH in the ground
range direction. The semivariogram shows spatial independence.

Figure 4.12.: The directional semivariogram of the corrected RSSH in the azimuth
range direction. The semivariogram shows spatial independence.
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Conclusion

H ow well, if at all, can a multisatellite SAR interferometer estimate OST? The
research presented in this dissertation can be summarized as an answer to

this question. The research questions, the individual chapters, the motivation
for the work, all stem from this question. In Chapter 2 we present the measure-
ment concept, and we model the accuracy of the instrument. While working on
Chapter 2, it became clear that the interferometric parameters relevant to the ac-
curacy of the instrument, sensitivity, temporal lag, and spectral shift, have defin-
itions that lose their validity for instruments with significantly squinted beams.
Thus, in Chapter 3 we delve into the mathematical fundamentals of interfero-
metry and derive these parameters. In Chapter 4 we present an algorithm that
significantly reduces the largest error in the error budget of themeasurement, the
phase synchronization residual.

5.1. Recapitulation
What is the expected accuracy of interferometric estimates of ocean sur-
face topography obtained from a bistatic system?

We investigate this question by constructing a model to compute the standard er-
ror of the OST estimate from a bistatic interferometer. The model considers the
thermal, temporal, baseline, and volumetric decorrelation. Formation-flying in-
terferometers suffer from temporal decorrelation because operational safety ne-
cessitates a tangential separation. We present a measurement concept that lever-
ages the squint of the radar beam to reduce the effective temporal lag without re-
ducing the physical tangential separation, thus without affecting the operational
safety. Specifically, we have found that setting the ratio of the formation’s second
component of the eccentricity vector to the relative RAAN according to

∆ey
∆Ω

= sin i
2

tan η, (5.1)

reduces the effective temporal lag to 0 s for a given squint.

101
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We compute the expected standard error of the OST estimate using our per-
formance model for two interferometers: Harmony, and a quasi-monostatic in-
terferometer. Intercepting the noise floor of the instrument with the PSD of the
OST shows that Harmony will resolve wavelengths of 38.7 km to 36.4 km at winds
of 5 m s−1 depending on the slope assumed for the density of the OST. At 10 m s−1

wind, Harmonywill have a resolution of 26.4 km to 10.7 km depending on the spec-
tral slope. A quasi-monostatic interferometer is not constrained to synchronize
its beamswith thatof the illuminator. Therefore, it achieves a resolutionof 21.9 km
to 7 km at a 5 m s−1 wind, and 14.7 km to 2.7 km at a wind speed of 10 m s−1.

In addition to the model for the random errors, we have introduced models
for systematic errors, i.e. baseline errors, the troposphere error, and the sea-state
bias. Themodel for the sea-state bias shows that it is a function of the surface elev-
ation variance spectrum and the modulation transfer function, and not affected
by the instrument’s impulse response function. The bias will be between 1.5 cm
and 12.5 cm depending on the wind speed and direction. Given Harmony’s, and
other SAR systems’, ability to estimate wind speed and wave spectra, we will be
able to estimate the bias and remove it from the estimates of OST.

What is the sensitivity of an interferometerwithawidely squintedbeam?

Weanswer this question bymathematically analyzing the support of the signals
forming the interferogram. We use the Fourier Diffraction Projection Theorem to
show that a SAR image gives a tomographic projection of the object, filteredby the
impulse response function of the instrument. For a given frequency and time dur-
ing the illumination time, a SAR recovers the object function for a certain pair of
azimuth and range wavenumbers. Over the bandwidth and illumination time of
the acquisition, these points trace out concentric circles for monostatic radars, or
ellipses for bistatic radars. This region in the Fourier domain is the region of sup-
port of the received signal. The information of an interferogram comes from the
coherent parts of the interfering signals, which require coincident wavenumbers.
Thus, we show that the temporal lag, and the spectral shift are the time shift, and
frequency change that achieve wavenumber coincidence in the range-azimuth
plane. Moreover, we show that the sensitivity to height is proportional to the el-
evation component of the wave vector difference at the time and frequency shifts
where the wave vectors coincide.

We verify that the wavenumber method of computing the sensitivity and tem-
poral lag converge to the conventional geometric definitions used in the literature
for configurations where the assumptions of the geometric definitions are valid.
Specifically, we simulate interferometerswithout squint. For the temporal lag, we
use a configuration with only a tangential separation, while for the sensitivity, we
use a configuration with a purely cross-track separation.

Furthermore, we compare the conventional expressions of sensitivity and tem-
poral lag, with adjustments for bistatic operation and squinted lines of sight, with
the wavenumber methods for a Harmony-like interferometer. The simulations
show that the conventional expression for the temporal lag has an absolute error
of 0.4 ms. The conventional expression for sensitivity has a relative error of 7%.
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From the simulation results, we conclude that the conventional expressions for
sensitivity and temporal lag arenot as accurate as thewavenumber-basedmethod
for interferometers with squinted beams. They require the use of a scaling factor
and an equivalent, virtual, system to approach the wavenumber-based method.
On the other hand, the wavenumber-based method works for both monostatic
and bistatic interferometers, and with all types of viewing geometries.

Towhatdegree canwecorrect thedata to reduce thephase-synchronization
error with a data-driven algorithm?

To answer this question, we first set up a simulation chain that produces the in-
terferometric phase that Harmony will observe over a scene in the Bay of Biscay.
We use a dataset from the MARC project [79–81] that contains high resolution to-
pography, wind, currents, significant wave height, and directional wave spectra.
By using the method for calculating the sensitivity and temporal lag of Chapter 3,
and the performance model of Chapter 2, we compute the standard deviation of
the interferometric phase due to random errors. Additionally, we simulate the
post-GNSS phase synchronization residual from its PSD. We then calculate the
acquisition timeline of the instrument according to the TOPSAR parameters that
Harmony will use and construct the interferometric phase of the acquisition with
random errors and the phase synchronization residual.

Oncewehave the simulated interferometric phase, weproceedwith the calibra-
tion using the algorithm presented in Chapter 4. The algorithm uses multisquint
processing [70], and thedifferences in interferometricphasebetween theoverlaps
between adjacent bursts within the same subswath [36] to estimate the phase syn-
chronization residual from the corrupted signal. The simulations firstly verify our
expectation that the post-GNSS residual dominates the retrieved interferometric
phase. Secondly, they show that the algorithm estimates the phase synchroniz-
ation residual with an unbiased RMSE of 0.010◦. In terms of the algorithm, the
findings show that the additional information provided by the TOPSAR overlaps
improves the estimate, from an unbiased RMSE of 0.043◦ to 0.010◦, by constrain-
ing the low-frequency variation of the phase synchronization residual.

5.2. Contributions
This research has provided the following contributions to the field:

• Developmentof themultisatellitewide-swathoceanaltimetrymeasurement
concept andperformancemodel for the retrieval of relative sea-surfaceheight
at the submesoscales from a formation-flying SAR interferometer, leading
to the definition of an experimental sea-surface height product for the Har-
mony mission.

• Development of an analytical model for sea-state bias in measurements of
sea-surface height from bistatic single-pass cross-track interferometry.
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• Introduction of the wavenumber-support method allowing the accurate de-
termination of the temporal lag, spectral shift, and sensitivity to height of
bistatic, and monostatic, SAR interferometers.

• Development of the data-driven phase synchronization algorithm for Har-
mony’s relative sea-surface height product.

The work included in this dissertation was carried out within the Harmony Sci-
ence Consolidation Studies. The author had the privilege of participating in a
breadth of activities, beyond the confines of this dissertation, with a collaborat-
ive group. As a result, contributions to the following developments were made
that are strongly linked to, but not discussed in this dissertation:

• Development of theHarmony ScientificWorkbench software for simulation
ofHarmony’s level-1 and level-2products fromheterogeneousoceanic scenes.

• Harmony’s rough surface scattering model, accounting for the bistatic op-
eration and viewing geometry.

• Incorporation of the WaveWatch III, and MARS3D models into Harmony’s
scientific workbench, allowing the simulation of the RSSH from heterogen-
eous scenes.

5.3. Recommendations
The thesis presents a complete story, from measurement concept and perform-
ance to retrieval of the geophysical parameter of interest, on how to design and
model a bistatic interferometer to retrieveOST. It is the sincere hope of the author
that the findings of the research will be used not only for the experimental ocean
altimetry product of the Harmony mission but also in the design and modeling of
future bistatic missions. That is not to imply that the work is complete, far from
it. Several questions and ideas arose while carrying out this work that have not
been addressed due to lack of time. We elaborate on the most prominent in the
following paragraphs.

In Chapter 2 we have assessed the resolution of the instrument in terms of the
OST wavelength. While this is the correct approach, as it relates the variance of
the instrument errors to the PSD of the geophysical signal at different scales, it
can be improved. A reasonable next step would be spectrally characterizing the
systematic errors and biases presented in Sections 2.4 and 2.5 and including them
in the spectral envelope of the error.

In the analysis of spatial and spectral scales in Section 2.3.3we use twodifferent
models for the PSD of the topography:

1. A power law model with a slope of −1.56 representing the low latitudes.

2. A power law model with a slope of − 11
3 representing the midlatitudes.



5.3. Recommendations

5

105

These models were developed from nadir altimeter data, which do not have a
swath. Hence, they are 1D models. In our analysis, we have assumed a direc-
tionally homogeneous spectral density when converting the standard error of the
estimate to a 1D spectral noise floor. A wide-swath ocean altimeter resolves the
surface in range, in addition to azimuth. Therefore, in the case of a heterogeneous
ocean, the spectrum would be different in range and azimuth, resulting in differ-
ent range and azimuth resolutions. We expect that with SWOT data, we will be
able to test our assumption of a directionally homogeneous spectrum. Addition-
ally, in the future we expect new spectral models of ocean topography to emerge
withpotentially different spectral slopes in eachdirection, allowingus to compute
the differences in range and azimuth resolution.

Another limitation is that in an attempt to give a global picture, we compute the
performance using the median noise floor over an entire track. In a formation-
flying system, such as Harmony, there are significant variations of performance
over half an orbit. A more accurate picture of performance can be obtained by
computing the median noise floor over smaller regions and intersecting it with
the spectral model of topography that is valid in that region.

In termsof systematic errors andbiases, twoerrors dominate: the sea-statebias,
and the phase synchronization error. In XTI, the sea-state bias results from the
cross-correlation between the wave height, the NRCS, and the radial orbital velo-
cities of the surface. The bias can be broken down into the following components:

1. In the near-nadir region of incidence angles, the NRCS changes due to vari-
ations of the incidence angle relative to the local surface normal. This effect
is known as the tilt modulation, and it decreases with incidence angle up to
45◦ [89, 90].

2. The interaction between the longwaves and the short Bragg resonant waves
causes a difference in roughness, and thus a difference inNRCSbetween the
crests and troughs of long waves. Troughs scatter more than crests, hence
modulating theNRCS inaneffect knownas thehydrodynamicmodulation [91–
93].

3. A radar focuses the signal coming from several points on the surface to a
single range cell due to the elevation distribution of waves. This effect is
known as range bunching in SAR imaging [28, 94], and tends to mix signal
coming from crests and troughs. In a wide-swath altimeter with near-nadir
incidence angles this biases the height estimate. The effect diminishes with
increasing incidence angle.

4. A SAR shifts signal contributions coming from facets with orbital velocities.
This effect is known as velocity bunching[95].

The first two sources of bias are due to the cross-correlation of the NRCS with
the surface, and are known as electromagnetic bias in nadir altimetry. We math-
ematically analyze the bias of the sea-state on the height estimate in Section 2.5.2
and in Appendices A.1, and A.2.
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In our analysis we consider the tilt modulation and range bunching negligible
at the medium to high incidence angles that we study. We show that the effect
of velocity bunching leads to higher or lower density of certain facets in the inter-
ferogramwhich can potentially bias the estimate. Duringmultilooking, the facets
with higher and lower densities are averaged together, canceling this effect, as
long as the final product resolution is larger than the wavelength. In our analysis
we assume that this is true, in which case the bias of a dynamic surface reduces to
that of a frozen surface. If, however, the wave steepness is significant, then velo-
city bunching becomes non-linear and this assumption breaks [96]. Thus, in the
future one would need to evaluate the effect and frequency of large wave steep-
ness.

Our computations show that the sea-state bias varies between 1.5 cm to 12.5 cm.
Quantitatively, the sea-state bias is large relative to the dynamic range of the OST.
However, a bias that is constant in range andazimuthwill not impact the accuracy
of the interferometric estimate, which is a relative quantity, as long as it does not
cause the interferometric phase to wrap. Given that the height of ambiguity of
the interferometers we consider is a few tens of meters, such biases are unlikely
to cause wrapping.

Furthermore, the mathematical model that we have established suggests that
the sea-state bias depends only on the instrument response function, the MTF,
and the elevation variance spectrum of the surface. The MTF has been studied,
and there are various models for it in the literature. The instrument response
function depends only on instrument parameters and can be readily defined for
a given instrument. Thus, if we know the surface elevation variance spectrum,
we can compute the sea-state bias and remove it from the height estimates. Har-
mony, and potentially other future SAR mission, will provide a surface elevation
variance spectrum as one of its products [97]. Consequently, we can use estim-
ates of the elevation variance spectrum derived from the same data as the inter-
ferometric height to remove the sea-state bias from the latter. We recommend
carrying out a study using Harmony’s end-to-end simulator [98] to verify this ap-
proach to the retrieval.

Moving on to the recommendations regarding the phase synchronization al-
gorithm, thealgorithmofChapter 4 shows satisfactoryperformanceand is smaller
than the error budget allocation made in Table 2.3. Nevertheless, we believe we
can improve the algorithmbyusing the synchronization residual’s PSDor second-
order statistics to adaptively estimate the solution. In the future, we would also
like to verify the results of Chapter 4 by running the algorithm on data from Har-
mony’s end-to-end simulator.

Moreover, our simulations of the acquisition timeline and the phase synchron-
ization algorithm have allowed us to reach the following findings:

1. If different subapertures experience different train-off-the-track shifts, then
theywill have a relativemisregistration. Thiswill lead to awrong resampling
step, and the averaging step is no longer coherent.

2. If the subapertureduration isnot an integralmultipleof the samplingperiod,
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then interval over which the algorithm computes the finite phase difference
is smaller than the stepbetweenconsecutive estimatesof thederivative. This
leads to a phase estimation error, as the algorithm misses variations of the
phase difference that occur in the gaps between samples of adjacent subap-
ertures.

We recommend two solutions to the first issue. The first is to form the subap-
ertures from the raw data, before focusing. Then focus the subapertures, run the
algorithm to calibrate to estimate the synchronization residual, remove the estim-
ated phase residual from the raw data, and refocus the full-aperture signals. The
second is to estimate the Doppler in each subaperture, use the Doppler to calcu-
late the shift due to the train-off-the-track effect, and apply the correction before
calibrating.

The second issue is difficult to solve. In principle, we can solve it by matching
the subaperture integration time to the sampling period, or an integral multiple
thereof. In practice this is difficult to achieve because of the bursts of the TOPSAR
mode, and theantennaweightingof the sampleswhichaffect the effective sensing
times.

5.4. Looking to the Future
Measurements of RSSH with the accuracy and resolution presented in this dis-
sertation have the potential to enable the quantification of ocean submesoscale
dynamics. As amatter of fact, state of the artWSOAhas alreadybegan to shed light
on these processes through the SWOT mission [99, 100]. The improved capability
in resolving oceanic spatial scales will bring along a new set of challenges.

The first challenge, which the careful reader might have already pondered, is
the retrieval of surface current velocities from RSSH measurements of submeso-
scale flows. The velocity of oceanic flows is retrieved from altimeter measure-
ments of RSSHby solving themomentum-balance equations under the condition
of geostrophy. However, when the velocity gradients approach the Coriolis force,
flows are not in geostrophic balance. Submesoscale eddies are not in geostrophic
balance, but in gradientwind balance. Thus, retrieving their velocities fromRSSH
requires solving the momentum balance equations for the non-geostrophic re-
gime [99].

Moreover,while the focusof thisdissertationhasbeenon resolving the submeso-
scales spatially, the temporal sampling of the system is also important. Typical
Earth observation missions have repeat cycles of days, resulting in poor temporal
sampling for the rapidly evolving submesoscales. Data assimilation techniques
could provide a solution to these sampling gaps.

Finally, as the instrument resolves finer scales,more phenomena begin to influ-
ence the measurement of RSSH. At the submesoscales, internal waves produce
RSSH signatures of comparable magnitude to the currents [99, 100]. Therefore,
the surface current retrieval algorithm would have to estimate the internal wave
RSSH and remove it from the measurement [101], in a similar way that the wave-
Doppler contribution has to be removed from ATI measurements before the in-
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stantaneous surface current is retrieved. Flexible multi-domain remote sensing
missions, such as Harmony, are uniquely equipped to face these challenges by
exploiting simultaneous measurements of different physical quantities, such as
SST, wave spectra, surface stress without having to assimilate data from other in-
struments or models.

These challenges show that the road towards translating the measurement pro-
posed in thiswork to scientific insight is long. However, at the endof the roadnew
possibilities await. SAR is the only remote sensing instrument capable of measur-
ing submesoscale processes during atmospheric and oceanic extreme conditions.
Particularly C-band SAR, as it suffers less from rain contamination than higher-
frequency instruments. Thus, the simultaneous measurement of RSSH, SST, sur-
face stress, wave spectra, and potentially surface current vectors, albeit with de-
graded performance, by Harmony will allow us to parameterize air-sea interac-
tions in TCs, and ETCs. Additionally, the capability of the system to produce this
data from the surface below the eye will enable studying the role of oceanic feed-
back to the intensification of cyclones. For submesoscale flows, RSSH measure-
ments could extend our present estimates of the kinetic energy spectrum down
to 10 km scales, strengthening our knowledge of the ocean energy budget.
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A
Analysis of Sea-state Bias

A.1. Surface Height Estimate of a Frozen Random
Backscattering Surface

In this section we investigate the sea-state bias in the height estimate produced
froman interferogram for two cases: a frozen randombackscattering surface, and
a moving random backscattering surface. In both cases we assume that the inter-
ferogram isproducedbyapair of images acquiredwitha zeroeffective along-track
baseline. Consequently, the timedependenceof the surfacemanifests itself in the
scattering coefficient but not in the interferometric phase.

In the analysis, we apply the plane wave approximation to the far field of the
instrument. kq = k0(sinψq, cosψq sin θq, cosψq cos θq)T is the wave vector, where
θ is the look angle, ψ is the squint with respect to the antenna boresight, k0 =
2π/λ0 is thewavenumber of the carrier and the subscript q ∈ {T,R} stands for the
transmitter and the receiver respectively. RB is the bistatic range to the location
where the plane wave approximation is applied. The image produced by the ith
SAR of the interferometer is [50]

ui(x, y) = e−jk0RBi

∫∫∫
s(r′)e−jkBi ·r′

χ(x− x′, y − y′) dV ′, (A.1)

where s(r′) represents the complex scattering coefficient in a Cartesian coordin-
ate system with the origin set at the plane wave expansion point and x being the
azimuth direction, y the ground range direction and z the elevation direction. We
use the shorthand r = (x, y, z)T for functions of (x, y, z). We represent the system
imaging transfer function, including the point target response and the processing
filters, by χ(x, y), and the bistatic wave vector by kB = kT + kR.

This chapter has beenpublished as A. Theodosiou,M. Kleinherenbrink andP. López-Dekker. ‘Wide-
Swath Ocean Altimetry Using Multisatellite Single-Pass Interferometry’. In: IEEE Transactions on
Geoscience and Remote Sensing 61 (2023), pp. 1–21
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Let u1(x, ρ) and u2(x, ρ) be the two SAR images forming the interferogram

ν(x, ρ) = u1(x, ρ)u2(x, ρ)∗,

where the superscript ∗ denotes complex conjugation. We assume that the scat-
tering coefficient is a white stochastic process

Es[s(r1)s∗(r2)] = σ0(r1)δ(r1 − r2).

Then the expected value of the interferogram is

I(x, ρ) = Es [ν(x, ρ)]

= e−jk0∆RB

∫∫∫ ∫∫∫
σ0(r′)δ(r′ − r′′)χ(x− x′, y − y′)χ(x− x′′, y − y′′)∗

e−jkB1 ·r′
ejkB2 ·r′′

dV ′ dV ′′,

where ∆RB = RB1 −RB2 .
We use the even and sifting properties of the Dirac delta function to reduce the

expected value of the interferogram to

I(x, ρ) = A

∫∫∫
σ0(r′)e−j∆kB·r′

∥χ(x− x′, ρ− ρ′)∥2 dV ′, (A.2)

where A = e−jk0∆RB and ∆kB = kB1 − kB2 is the difference of the bistatic wave
vectors.

We are primarily interested in the topographic mapping of the ocean surface,
wherewecanassume that themostprominent contribution to the scattering amp-
litude comes from the surface. Additionally, the frozen surface ζ(x, y) is a func-
tion of the two horizontal plane coordinates describing the surface height along
z. The slant range to a point on the surface at a given azimuth depends solely on
the ground range. Thus, (A.2) reduces to an integral over the surface

I(x, y) = A

∫∫
σ0(r′

p)e−j∆kRR
·r′

p∥χ(x− x′, ρ− ρ′)∥2 dx′ dy′, (A.3)

and the integral can be expressed as the convolution of the backscatter and inter-
ferometric phase terms with the norm of the system impulse response function

I(x, y) = A(σ0β ∗ ∥χ∥2)(x, y) (A.4)

where r′
p = (x′, y′)T is the position vector on the surface and β(rp) = e−j∆kRR

·rp .
We assume that the wave height is small compared to the height of ambiguity

and expand the exponential in β. The expectation of the interferogram after ex-
panding the complex exponential is

I(x, y) = A(σ0(1 − j∆kR · r′
p) ∗ ∥χ∥2)(x, y). (A.5)



A.1. SSH Estimate of a Frozen Random Backscattering Surface

A

121

Rodriguez and Martin [102] have shown that the maximum-likelihood estimator
of interferometric phase is

ϕ̂ = arctan

ℑ
(∑Nl

n=1 ν[n]
)

ℜ
(∑Nl

n=1 ν[n]
)
, (A.6)

where Nl is the number of independent interferometric looks. Noting that for
small interferometric phase tan ϕ̂ ≈ ϕ̂, the phase and height estimators are

ϕ̂ ≈
ℑ
(∑Nl

n=1 ν[n]
)

ℜ
(∑Nl

n=1 ν[n]
) , (A.7)

ĥ = −ha
2π
ϕ̂, (A.8)

where ha is the height of ambiguity. Assuming that the scattering stochastic pro-
cess is correlation ergodic and that we use a sufficient number of looks allows us
to substitute (A.5) into (A.8)

ĥ ≈ K

σ̄(rp)

∫∫
σ0(r′

p)∆kR · r′
p∥χ(x− x′, ρ− ρ′)∥2 dS′ (A.9)

where

dS′ = dx′ dy′

K = ha
2π

σ̄(rp) =
∫∫

σ0(r′
p)∥χ(x− x′, ρ− ρ′)∥2 dx′ dy′.

Henceforth,wewill assume that the spatial variability of the instrument-response
averaged cross-section can be neglected, i.e. σ̄(rp) = σ̄. Additionally, we will de-
compose the radar cross-section into a spatially averaged constant component
and a spatially varying component [96] [28]

σ0(x, y) = σ̄ + σ̄δσ(x, y).

Then (A.9) can be re-written as

ĥ ≈ K

∫∫
σ̄(1 + δσ(x′, y′))∆kR · r′

p

σ̄
∥χ(x− x′, ρ− ρ′)∥2 dS′, (A.10)

which agrees with the equation for the height measurement of the SWOT interfer-
ometer presented in [28].

We can see that the first term is proportional to the phase difference of the two
SAR images, which is defined by ocean surface but the product in the second
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term δσ(x′, y)∆kR · r′
p introduces a correlation between the NRCS and the sur-

face height that biases the estimate. The NRCS can, in the context of linear modu-
lation theory as demonstrated by Hasselmann and Hasselmann, be expressed as
a function of the surface elevation [43]

σ0(rp, t) = σ̄(1 +
∫∫

k
δ̃σ(k)e−j(kw·rp−ωwt) dkx dkρ),

where k is the 2D wavenumber of the surface waves whose positive and negative
values are included in the domain of integration. σ̄ denotes the spatially averaged
NRCS and ωw =

√
gk is the gravity wave angular frequency. The cross-section

modulation factor δ̃σ(k) and surfacewave amplitudeZ(k) are related through the
modulation transfer function (MTF) [43]

δ̃σ(k) = T
(
k
)
Z
(
k
)
, (A.11)

where capital letters represent the Fourier transform of functions notated by the
corresponding lowercase symbols. In cases where capitalization leads to a sym-
bol that conventionally has an established meaning, e.g. δσ, we use the tilde to
represent the Fourier transform.

Thus, the variation in cross section δσ(x, y) canbeexpressedas the inverseFour-
ier transform of the product of the MTF and the surface wave amplitude

δσ(x, y)
σ̄(x0, y0)

= F−1
{
T
(
k
)
Z
(
k
)}

(x, y). (A.12)

Equation (A.12) can be used to simplify (A.10). The dot product of thewave vector
difference with the position of the resolution cell is

(kR1 − kR2) · r = kR1

[
2x sin ∆ψ/2 cosψ + y(sin θ1 cosψ1 − sin θ2 cosψ2)

+ z(− cos θ1 cosψ1 + cos θ2 cosψ2)
]
, (A.13)

where ψ = (ψR1 + ψR2)/2 and we have assumed that both receivers use the same
carrier frequency. In equation (A.13) we have made the assumption that the dif-
ference in look angles and squint is small. Substituting back to the expression for
the surface wave height estimate

ĥ = Kq(1 + F−1
{
T
(
k
)
Z
(
k
)}

)z ∗ ∥χ(x, ρ)∥2, (A.14)

with
q = kR1(− cos θ1 cosψ1 + cos θ2 cosψ2),

where we have expressed the MLE of the measured height as a convolution of the
product of the height and cross section with the instrument response function.
Additionally, we have neglected the terms proportional to x and y because while
there is a local correlation between (x, y) and the NRCS we expect that globally
the offset in NRCS due to the variation of the waves in the horizontal direction
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will not be systematic. We express the height of ambiguity in terms of the incident
and squint angles

ha := 2π
(
∂ϕ

∂z

)−1

= 2π
kR1(− cos θ1 cosψ1 + cos θ2 cosψ2)

which simplifies the leading constant of ĥ to unity.
To evaluate the bias of the estimator we need to compute the expected value of

the estimator over the ensemble of wave surfaces. We express the expected value
of the estimator in terms of the inverse Fourier transforms of δσ and z. The focus
is on the second term of (A.14), which we label A(x, y) = δσ(x, y)z(x, y)

Ew[A(x, y)] = Ew[F−1{T (k)Z(k)}F−1{Z(k)}]

= Ew
[ ∫

T (k′)Z(k′)e−j(k′·rp) dk′
∫
Z(k′′)e−j(k′′·rp) dk′′

]
, (A.15)

where we can use the fact that the ocean wave field is real z(x, y) = z(x, y)∗ and
the linearity of the expected value and the Fourier transform to simplify the ex-
pression

Ew[A(x, y)] =
∫∫

T (k′)Ew[Z(k′)Z(k′′)∗]e−j((k′−k′′)·rp) dk′ dk′′

=
∫∫

T (k′)Ψ(k′)δ(k′
x − k′′

x)δ(k′
y − k′′

y )e−j((k′−k′′)·rp) dk′ dk′′

=
∫
T (k)Ψ(k) dk. (A.16)

The definition of the surface elevation variance spectrum, as defined in [96]

Ew[Z(k)Z(k′)] := Ψ(k)δ(k − k′), (A.17)

and the sifting property of the Dirac delta function were used to simplify the ex-
pression of the bias term. Substituting (A.16) into (A.14) yields

Ew [ĥ] = Ew[z(x, y)] ∗ ∥χ(x, y)∥2 +
∫
T (k)Ψ(k) dk

∫∫
∥χ(x, y)∥2 dxdy. (A.18)

Equation (A.18) shows that the expected value of the estimator is the ensemble
mean of the surface wave height filtered by the instrument response plus an addi-
tional term that is a function of the MTF and elevation spectrum. The additional
term biases the estimator away from the true value of the surface height. The ef-
fect is well known in nadir altimetry as electromagnetic bias [42].

The expression for Ew [ĥ(r)] gives us the expected height estimate as a function
of the spatial coordinates in the horizontal plane. We can obtain a measure of the
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bias due to themodulation of theNRCS by the surface-wave height by computing
the integral of the second term in (A.18)

Bias(ĥ, z) =
∫
T (k)Ψ(k) dk

∫∫
∥χ(x, y)∥2 dxdy. (A.19)

For the purposes of investigating the effect of the instrument target response on
thebias, let us assume thatχ(x, y)2 is a two-dimensional squared sinc function [28]

χ(x, y)2 = 1
δρxδρy

sinc
(

x

δρx

)2

sinc
(

y

δρy

)2

with spatial resolutions δρx and δρy in azimuth and ground range respectively.
The integral over χ(x, y)2 evaluates to unity, and the bias becomes a function only
of the MTF and the elevation spectrum of the surface.

A.2. Surface Height Estimate of a Moving Random
Backscattering Surface

The derivation of the height bias for the case of a moving surface largely follows
that of a frozen surface presented in the previous section of the appendix with
a key difference. Since the surface is now not assumed to be frozen, the scatter-
ing coefficient depends on both space and time. The synthetic aperture of the
instrument records the temporal variation of the scattering coefficient during the
illumination time. Therefore, the interferogram and the height estimate can no
longer be expressed as two-dimensional convolutions of thepoint target response
and the NRCS as in (A.3) and (A.18).

The time dependence of the scattering coefficient means that the azimuth pro-
cessing of the SAR image needs to be accounted for to arrive at an expression of
the image. The derivation of the expected value of the interferometric height es-
timate in this section is based on Hasselmann’s [96] derivation of the mean SAR
image intensity for a moving surface. To make the analysis easier to follow, we
only consider the azimuth coordinate of the scattering coefficient, the point tar-
get response, and the impulse responseof theprocessingfilter. Given that sensing
in the range direction occurs at the speed of light, we are neglecting themotion of
the backscattering surface in the range dimension. The results of this subsection
can be extended to the range direction by following the derivation of the previous
section.

Theprocessed signal is obtainedbymatchedfiltering in range, followedbymatched
filtering in azimuth. Sinceweare interested in the interferometric height estimate,
we include in our equations the phase term due to the range to the surface that is
part of the signal after range compression even though we do not go through the
range processing in the analysis. Consequently, we express the processed signal
as the matched filtering of the received signal and the exponential phase term

ui(x) =
∫∫

f2(x− x′′)f1(x′′ − x′)s(x′, t′′)e−jk0R
′
Bi dx′ dx′′, (A.20)
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where RBi
is the bistatic range to a scatterer, f1(x) is the azimuth point target

response and f2(x) is the azimuth matched filter. As noted in [96], (A.20) cannot
be contracted into a convolution of two functions of x as in (A.1). The azimuth
point target response and the matched filter are

f1(x) = e−jk0/Rx
2
w1(x) (A.21)

f2(x) = e+jk0/Rx
2
w2(x), (A.22)

where w1(x) is the antenna pattern in azimuth and w2(x) is a weighting function
over the integration time of the SAR processor TI .

We substitute the transfer functions (A.21) and (A.22) in the expression for the
processed signal, and after expansion of the quadratic terms in the exponentials
and making a substitution for the second variable of integration, equation (A.20)
may be expressed as an integral over the finite resolution Fourier transform of
s(x, t) [96]

ui(x) =
∫

e−jk0R
′
BiN ′s̃(x′, TI , ω) dx′ (A.23)

where

s̃(x′, TI , ω) =
∫
w(t̂, ω)s(x′, t′ + t̂)e−jωt̂ dt̂,

ω = k0v(x− x′)
RBi

,

and we have grouped the two filter responses into a single function

w(t̂, ω) = w1(vt̂)w2

(
RBi

ω

k0v
− vt̂

)
N−1.

The normalization factorsN andN ′ are the same as in [96] with the bistatic range
replacing the monostatic range.

Equation (A.23) is a generalized expression for the imaging of a dynamic backs-
cattering surface analogous to that of a frozen surface (A.1). Therefore, we can
proceed as in the previous section to obtain an expression for the height estim-
ate using the maximum-likelihood estimator of interferometric phase. Applying
the assumption that the surface is spatially white, and correlation ergodic, and
expanding the exponential as in the case of a frozen surface yields

ĥ =
∫

1
σ̄0(x)

N2σ0(x′, TI)z(x′)R̃ss(x′, TI ;ω) dx′, (A.24)

where in this case the averaged NRCS takes the form

σ̄0(x) =
∫
N2σ(x′, TI)R̃ss(x′, TI ;ω) dx′.

Themodelused for theexpectationover theensembleof speckle realizations is [96]

Es[s(x, t)s(x+ x′, t+ τ)] = σ0(x, t)Rss(x, t; τ)δ(x′)
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and the equivalent relation in the frequency domain is

Es[s̃(x, TI ;ω)s̃(x+ x′, TI ;ω)∗] = σ̃0(x, T )R̃ss(x, TI ;ω)δ(x′).

R̃ss(x, TI ;ω) is the normalized variance spectrum of the scattering element with
azimuth position x at a frequency offset given by ω. The variance spectrum is
of finite resolution due to the bandwidth of the SAR processor in azimuth which
is set by the integration time TI . The frequency offset ω arises due to the time
dependence, i.e. the motion, of the scatterer at a given azimuth position during
the integration time. The spectral components of the surface reflectivity at x′ are
given by s̃(x′, TI ;ω). The variance spectrum is a measure of the intensity of the
SAR image as a function of the offset frequency. If the Doppler processing band-
width is larger than the bandwidth of the variance spectrum, then the motion of
the surface results in a smearing of the height estimate without loss of spectral
information.

Taking the expectation of the estimator over the wave ensemble yields

Ew[ĥ] =
∫

1
σ̄0(x)

N2 E[σ0(x′, TI)z(x′)]R̃ss(x′, TI ;ω) dx′.

Expanding σ0(x′, TI) = σ̄0(x)(1 + δσ(x′, TI)) and substituting the MTF into the
expression yields an analogous expression to the one for the frozen surface but
instead of the square of the imaging transfer function χ(x, y)2 we have the finite
resolution variance spectrum of the scattering surface

Ew [ĥ] =
∫
N2 E[z(x′, y)]R̃rr(x′, TI ;ω) dx′

+
∫
T (k)Ψ(k) dk

∫
N2R̃rr(x′, TI ;ω) dx′. (A.25)

In the case of multilooking, we can assume that the azimuth bandwidth of sur-
face reflectivity is smaller than the processing bandwidth andN2 is independent
of frequency [96] and can be taken out of the integrals in the numerator and de-
nominator of (A.24)

Ew [ĥ] =
∫

E[z(x′, y)]R̃rr(x′, TI ;ω) dx′

+
∫
T (k)Ψ(k) dk

∫
R̃rr(x′, TI ;ω) dx′. (A.26)

Since the variance spectrum is normalized,
∫
R̃rr(x′, TI ;ω) dx′ integrates to unity

and the height bias is determined exclusively by the MTF and the elevation spec-
trum of the surface, as in the case of the frozen surface.



B
Circular ComplexWide-Sense
Stationary Processes and Their

Frequency Components
To prove (3.17) we need to assume that the complex stochastic process s(x) has

a mean of zero, E[s(x)] = 0, and that it is circular, i.e. E[s(x)s(u)] = 0. Thus,
the second-order statistics of the process are encapsulated by the autocorrelation
function

E[s(x)s(u)∗] = Rs(x, u). (B.1)
The following proof is an extension of theorem 4 of [103] to continuous processes.
The correlation of the Fourier transform of the stochastic process, s̃(kx), is

E[s̃(k)s̃(κ)∗] = E
[∫

s(x)e−jkx dx
(∫

s(u)e−jκu du
)∗]

=
∫∫

E[s(x)s(u)∗]e−jkx dxejκu du

=
∫∫

Rs(x− u)e−jkx dxejκu du

= R̃s(k)
∫

ej(κ−k)u du

= R̃s(k)δ(k − κ), (B.2)

where the last equality follows from the definition of the delta function. Further-
more, since s(x) is a circular complex process, then by the Fourier inversion the-
orem s̃(kx) is alsoa circular complexprocess. Thus, thewavenumber components
of s̃(kx) are uncorrelated.

This chapter has been published as A. Theodosiou and P. López-Dekker. ‘On the Sensitivity to
Height and Motion of Bistatic SAR Interferometry: A Spectral View’. In: IEEE Transactions on
Geoscience and Remote Sensing 62 (2024), pp. 1–12
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C
The Geometric Method for
Calculating the Sensitivity

In the case of bistatic SAR, where the transmitter has position vector rt and the
receiver has position vector rr, the line of sight to a point on the surface rp is

le = rt − rp

∥rt − rp∥
+ rr − rp

∥rr − rp∥
. (C.1)

We define the monostatic equivalent as the system that would observe a given
point with the same line of sight as the bistatic SAR. Thus, the line of sight of the
monostatic equivalent is parallel to le. We position the monostatic equivalent at
the intersection of the line that starts at rp and follows le, and the line segment
that connects the transmitter and receiver. Thus, we can find the position of the
monostatic equivalent by solving the following system of equations

rp + sle = rt + q(rr − rt) (C.2)

where s, and q are the unknowns to solve for.
rp varies with look angle and time, while the positions of the transmitter and

receiver vary with time only. Thus, (C.2) has a unique solution for each combina-
tion of look angle and time. Consequently, each resolution cell in the SAR signal
will have a corresponding pair of monostatic equivalents, one for each receiver.

Once the two monostatic equivalents for a given resolution cell are found, the
relative position vector of the two equivalent systems is

∆re = re2 − re1, (C.3)

where re2 is thepositionof theequivalent systemof the transmitterwith the second
receiver, and re1 that of the transmitter with the first receiver. We use the relative

This chapter has been published as A. Theodosiou and P. López-Dekker. ‘On the Sensitivity to
Height and Motion of Bistatic SAR Interferometry: A Spectral View’. In: IEEE Transactions on
Geoscience and Remote Sensing 62 (2024), pp. 1–12
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positionof theequivalent systems tocalculate theeffective along-trackbaseline [59]

B∥ = −∆reT
+ ∆reN

leT

leN

, (C.4)

where the subscriptsT andN denote the tangential andnormal component of the
vector respectively. The temporal lagbetweenacquisitions is equal to theeffective
along-track baseline divided by the flight speed of the satellite.

The perpendicular baseline of the interferometer is

B⊥ = ∆rc · ζ̂, (C.5)

where ∆rc = (∆reN
leT

/leN
,∆reN ,∆reR)T is the relative position after shifting

the two equivalent systems to align their lines of sight. We use the perpendicu-
lar baseline to calculate the sensitivity to height of the interferometer using the
conventional relation [50, 51]

∂ϕ

∂h
= 2π∥le∥B⊥

λ0Rs sin θi
, (C.6)

where in this case the slant range Rs is equal to the slant range from the position
of the monostatic equivalent to the resolution cell, and the incidence angle θi is
the angle formed by the bistatic line of sight and the normal to the surface.

The careful reader would have noticed that the sensitivity is scaled by the mod-
ulus of the bistatic line of sight. It effectively scales the wavelength by the inverse
of the modulus of the bistatic line of sight. The scaling arises because the modu-
lus of the bistatic line of sight is smaller than the modulus of the monostatic line
of sight. While the monostatic, two-way line of sight has a modulus of 2, the bi-
static line of sight is smaller than that by the cosine of half the bistatic angle. The
smaller modulus scales the wave vector. Hence, where the monostatic wave vec-
tor would have a modulus of 2k0, the bistatic wave vector would have a modulus
of ∥ ˆlTi + ˆlRi∥k0, effectively scaling the wavenumber, thus the wavelength.

An alternative for the incidence angle is to calculate it based on the elevation
vector and the normal to the surface

θi = arcsin
(
ζ̂ · n̂

)
. (C.7)

The two definitions of θi are congruent for a monostatic system with line of sight
in the zero-Doppler direction.

FigureC.1 shows the relative difference between the spectrally-derived sensitiv-
ity and the sensitivity obtainedwith the geometricmethod according to (C.6). For
this result, we replaced ∥le∥ by 2 and used (C.7) for θi. Comparing the results with
Figure 3.10 shows that ignoring the scaling due to the bistatic wave vector, and in-
stead modeling the system as a monostatic interferometer, produces a markedly
less accurate result.
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Figure C.1.: The relative error of the sensitivity calculated using the wavenumber
method with respect to the conventional sensitivity expression. For
the expression of the sensitivity, the incidence angle is computed ac-
cording to (C.7) and the scaling of thewavelength described in (C.6) is
omitted. A scaling factor of 2, corresponding to a monostatic system,
is used instead.
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