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Disordered superconductors offer new impedance regimes for quantum cir-
cuits, enable a pathway to protected qubits, and can improve superconducting
detectors due to their high kinetic inductance and sheet resistance. The per-
formance of these devices can be limited, however, by quasiparticles—the
fundamental excitations of a superconductor. While experiments have shown

that disorder affects the relaxation of quasiparticles drastically, the micro-
scopic mechanisms are still not understood. We address this issue by mea-
suring quasiparticle relaxation in a disordered §-Ta film, which we pattern as
the inductor of a microwave resonator. We observe that quasiparticle
recombination is governed by the phonon scattering time, which is faster than
conventional recombination in ordered superconductors. We interpret the
results as recombination of localized quasiparticles, induced by disorder,
which first delocalize via phonon absorption. We analyze quasiparticle
relaxation measurements on superconductors with different degrees of dis-
order and conclude that this phenomenon is inherent to disordered

superconductors.

Disordered superconductors have a high resistance in their normal
state, leading to a competition between electronic localization effects
and the global phase coherence of superconductivity. A large amount
of disorder can induce electronic granularity, pre-formed Cooper-
pairs, ultimately causing a superconductor-to-insulator phase
transition'?,

Localization effects weaken the superfluid stiffness, thereby
increasing the kinetic inductance (L) of the superconductor. This
enables new regimes in high impedance quantum circuits and the
development of protected qubits?®, as well as highly non-linear ele-
ments for parametric amplification®. For superconducting single
photon detectors®®, the high normal state resistance of disordered
superconductors increases the broadband photon absorption
efficiency’® and photon responsivity®°.

Quasiparticles, the elementary excitations in a superconductor,
play a central role in these applications. In quantum circuits,

quasiparticles cause decoherence and microwave loss. Considerable
efforts have been made to mitigate excess quasiparticles”™ and to
explain the non-vanishing quasiparticle density at low temperatures'*™,
For superconducting radiation detectors, the relaxation of photon-
generated quasiparticles dictates the detector performance®.

As disorder increases, the limiting relaxation time at low tem-
peratures becomes shorter”. In contrast, quasiparticle relaxation
times on the order of seconds have been measured in granular Al,
which is highly disordered due to oxidized grain boundaries®. Fur-
thermore, when exciting disordered superconductors with electro-
magnetic radiation, an anomalous quasiparticle response has been
measured”** and microwave loss typically increases with L,”. This
hinders the use of disordered superconductors in quantum circuits
and superconducting radiation detectors. These observations sug-
gest that disorder affects quasiparticle relaxation, but the underlying
mechanisms remain poorly understood.
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Fig. 1| Quasiparticle fluctuation measurement and the inferred effect of dis-
order on quasiparticle recombination. a Micrograph of the microwave resonator
consisting of a NbTiN capacitor and S-Ta inductor on a membrane, which is high-
lighted in red. Inside the white circle, the figure is two times enlarged. We measure
fluctuations in resonance frequency (§f), which are proportional to complex con-
ductivity fluctuations (6a,). b Sketch of the -Ta inductor on the 110-nm-thick SiN
membrane. When two quasiparticles (green) recombine into a Cooper-pair (blue), a
phonon is emitted (yellow curvy arrows). A change in the number of quasiparticles
or Cooper-pairs changes g,, which we measure. The emitted phonon is trapped by
the membrane, as indicated. We measure two resonators: one with the inductor on a
SiN membrane (as sketched) and one with the SiN patch on solid Si substrate.

¢ Sketch of traditional quasiparticle recombination with emission of a phonon with
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energy >24,, which can subsequently break a Cooper-pair. The BCS density of state
(DOS) is sketched on the right, which has the same energy y-axis. d Sketch of
quasiparticle recombination in disordered superconductors. Disorder can suppress
the gap locally, inducing quasiparticle localization at a typical length scale of r, ~ £°.
Quasiparticles can delocalize via absorption of a phonon, after which they relax and
rapidly recombine on-site, emitting a phonon with less than 24, energy. Since
phonon absorption is slow in disordered superconductors”*° and subsequent on-
site recombination is fast*-, delocalization limits this process. On the right, the
position-averaged DOS is sketched with a broadened coherence peak, para-
meterized by 1, and a subgap tail consisting of localized states, parameterized by
rcail“’“-

In this work, we demonstrate that localization effects govern the
relaxation of quasiparticles in disordered superconductors. Disorder
induces local gap inhomogeneities that serve as localization sites
where quasiparticles rapidly recombine. Consequently, the relaxation
process is not governed by recombination of mobile quasiparticles, as
in ordered superconductors (Fig. 1c), but rather by delocalization and
subsequent on-site recombination with a localized quasiparticle
(Fig. 1d). This leads to a shorter relaxation time with a weaker tem-
perature dependence than in the absence of localization effects. Such a
short relaxation time will help to mitigate excess quasiparticles in
quantum circuits'. On the other hand, at low temperatures and qua-
siparticle generation rates, a background of localized quasiparticles
may induce additional microwave loss* and limit the response of
superconducting detectors®?*.

Results

Fluctuation measurements

We measure the quasiparticle relaxation time (7) and density (ngp) in
a 40-nm-thick disordered B-Ta film*, which is patterned as the
inductor in a microwave resonator. The device is shown in Fig. 1a. The
[S-Ta film is disordered as the loffe-Regel parameter, kg/, is close to

one, with kr the Fermi wave number and [ the electronic mean free
path. We therefore expect localization effects to become important.
Moreover, gl is much smaller than unity, with g the phonon wave
number of a phonon with energy 24,, which is the BCS super-
conducting gap energy at low temperatures. This means the film is
disordered with respect to electron-phonon interactions”. The
characterization of the film is outlined in the “Methods” section.

We cool the resonators to bath temperatures ranging from 20 mK
to 300 mK. For each bath temperature, we drive the resonator at its
resonance frequency and measure time streams of the complex
microwave transmission in a homodyne setup (see “Methods”). From
that, we extract the Power Spectral Density (PSD) of the fluctuations in
02, Ss0,/10/(@), where ¢ = 01 - io; is the complex conductivity. This is
equivalent to measuring the resonator frequency noise. These fluc-
tuations are characterized by a Lorentzian spectrum”, We fit a Lor-
entzian spectrum and extract the variance, s%, and relaxation time, 7, as
described in the “Methods” section.

The measured 7 and s* are shown in Fig. 2a, b. For higher and
lower bath temperatures than shown in Fig. 2, the quasiparticle fluc-
tuations were obscured by other noise sources such as 1/f and ampli-
fier noise.
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Fig. 2 | Measured relaxation time and variance compared with quasiparticle
fluctuation theory. The gray circles and red squares are determined from a fit to
the measured fluctuation spectra (see “Methods”), which gives the relaxation time
(a) and variance (b) of the quasiparticle fluctuation. The red squares are for the
inductor on a SiN membrane (see Fig. 1b) and the gray circles on a SiN/Si solid
substrate, as indicated by the legend. Error bars from statistical fit errors are
smaller than the data points. The dashed lines in (a) are calculations for electron-
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phonon scattering time, Equation (3), which is 2D for T< 165 mK* and 3D for higher
temperatures”. The dashed lines in (b) are the variance of quasiparticle fluctua-
tions for scattering events. The solid lines are for recombination. The red solid line
in (a) includes the expected increase in relaxation time due to phonon trapping by
the membrane (Fig. 1b). These curves are calculated without fit parameters, see
“Methods”. The right axis in (b) gives the quasiparticle density corresponding to
the variance of recombination events (the solid line).

Phonon scattering limited quasiparticle relaxation

We compare these measured values to the theory for quasiparticle
relaxation. At low temperatures, kg7 < 4o with T the bath temperature
and kg the Boltzmann constant, 7 is governed by electron-phonon
interactions, because ngq, is low compared to the normal state carrier
density”. As a check, we compared the electron-electron and electron-
phonon interaction times® and find that the electron-phonon inter-
action has the shortest relevant timescales in our system, as outlined in
the Supplementary Section 1.

There are two inelastic electron-phonon processes that con-
tribute to the relaxation of quasiparticles: recombination and
scattering.

During a recombination event, two quasiparticles recombine into
a Cooper-pair and emit a phonon with energy Q > 24, as illustrated in
Fig. 1c. Quasiparticle generation is the same process, but time-
reversed. The recombination time, T, is proportional to 1/ngp,
which exponentially decreases with temperature, i.e.,”*

7
Trec(T) = THC) /%eAD/kBT.

T. is the critical temperature and /€€ is a proportionality constant
that does not depend on temperature, but does depend on disorder
and dimensionality (see “Methods”).

In our experiment, we probe the entire inductor volume and
therefore measure the relaxation of an ensemble of quasiparticles. The
bulk recombination time is given by?,

@

T‘rec = Trec(1+ Tese /Tpp) /2, (03
where Te . is the escape time and 7, is the pair-breaking time of a 24,
phonon. The last division by two in Equation (2) describes the pair-wise
nature of recombination. The factor in parentheses is the phonon
trapping factor and takes into account that the emitted 24,-phonon
can subsequently break another pair. Quasiparticles in an ordered
superconductor, like Al and a-Ta with g/ > 1, relax with a relaxation
time given by Equation (2), which increases when phonon trapping is
enhanced”**,

For the substrate case, with 8-Ta on a SiN/Si substrate, we estimate
the phonon trapping factor to be 2.0 from the acoustic mismatch

theory set out in refs. 33,34. Using the parameters of the film (see
“Methods”), which are independently measured without fitting to the
data, we obtain the solid black line in Fig. 2a. Details on the calculation
of the curves in Fig. 2 are presented in Supplementary Section 1.

We increase 7.s. experimentally by etching the Si under the SiN
patch of the resonators, such that the -Ta inductor is suspended on a
110-nm-thick membrane. This is shown in Fig. 1b. Via a simple geo-
metric calculation (Supplementary Section 1), we estimate that the
membrane results in an increase of 7.s. by factor 58 compared to the
substrate case. That would increase 7'y by a factor 29, which is shown
in Fig. 2a as the red solid line. We observe that the quasiparticle
relaxation time is identical for both the substrate and membrane case,
which is not in agreement with conventional quasiparticle recombi-
nation. Moreover, the temperature dependence of the relaxation time
is much weaker than the conventional exponential temperature
dependence (Equation (2)).

The dashed lines in Fig. 2a are for quasiparticle-phonon scattering.
During a scattering event, a quasiparticle absorbs a thermal phonon of
energy ~-kgT. The inelastic time related to scattering, Tsc.., iS propor-
tional to the phonon occupation and therefore follows a power law
versus temperature,

Tscat(T) = Tgcat <TL> . ’ 3

C

with 2<n<9/2. nand 15 depend on disorder and the electron and
phonon dimensionality”*25*, In our film, thermal phonons are 2D for
T 5165 mK and 3D for higher temperatures. This changes the exponent
n from 9/2 in 3D¥ to 7/2 in 2D*. This results in the dashed lines in
Fig. 2a. We divide Equation (3) by a factor 2 in Fig. 2a to account for
pair-wise recombination after the phonon scattering event, similar to
Equation (2).

The agreement between the measured quasiparticle relaxation
time and the power-law temperature dependence of phonon scatter-
ing indicates that quasiparticle relaxation is governed by phonon
scattering. This is the main experimental result of this work and is in
sharp contrast to ordered superconductors, such as Al and a-Ta?"*,
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Verification of quasiparticle generation-recombination
fluctuations

To examine which relaxation process we observe, we compare the
measured variance to the calculated variance of quasiparticle
generation-recombination and scattering fluctuations in g,. This
is shown in Fig. 2b. We calculate the generation-recombination
noise variance with 52:(nqp/V)(d(az/\o|)/dnqp)228, where V is the
S-Ta volume, and the factor in parentheses is the responsivity of
the complex conductivity to changes in the quasiparticle density.
This results in the solid line in Fig. 2b. This variance is equal for
the membrane and substrate case, because it does not depend on
phonon trapping. The responsivity factor is approximately con-
stant with temperature (<2% deviation in our measurement
regime) and known from theory**%, which allows us to directly
measure the quasiparticle density from the variance®. The right
axis of Fig. 2d gives the quasiparticle density corresponding to
the variance.

The dashed lines in Fig. 2b give the variance for scattering inter-
actions. It is orders of magnitude lower than the variance for recom-
bination events, because the energy difference of a scattering event is
much less than that of a recombination event, kg7 < 4. The variance of
the fluctuations clearly corresponds to the recombination of thermal
quasiparticles?. We attribute the small deviation from the thermal line
at low temperatures to microwave read-out power effects”.

We performed the same analysis to the measured dissipative
fluctuations, 60y, see “Methods”. The results show the same phe-
nomenology as Fig. 2: a relaxation time governed by phonon
scattering and a generation-recombination noise variance. This
shows that we measure quasiparticle recombination events®®?°,

To summarize the above, we observe that the quasiparticle
relaxation in this disordered film is governed by fast quasiparticle
recombination with a time scale given by phonon scattering, which is
not affected by phonon trapping. This is in sharp contrast to ordered
superconductors®.

Recombination of localized quasiparticles

We explain these observations by localized quasiparticles that delo-
calize via phonon absorption. A delocalized quasiparticle relaxes again
to another localization site and subsequently recombines on-site
(Fig. 1d). Phonon absorption is relatively slow in a disordered (gl < 1)
metal*® and the subsequent on-site recombination is fast, since the
quasiparticles relax to the same location'®. Therefore, phonon
absorption limits the relaxation time, as observed in Fig. 2a. Even in the
membrane case, where recombination should be slow due to phonon
trapping, phonon absorption limits the relaxation time. The reason for
this could be the following. The phonon that is emitted during on-site
recombination has an energy below 24, since the delocalized quasi-
particle relaxes further into a localization site (Fig. 1d). The chance for
such a phonon to break a Cooper-pair is very low, because the density
of localized states with E < 4 is very low (inset of Fig. 1d). Therefore,
the phonon trapping effect for on-site recombination should be largely
reduced”. This is consistent with Fig. 2, where we observe the relaxa-
tion time to be equal to the scattering time for both the membrane and
substrate case.

To support this interpretation of the results, we modeled the
quasiparticle fluctuations with the master equation approach descri-
bed in ref. 28. We describe the quasiparticles as localized such that
their recombination rate depends on the average distance between
two quasiparticles, as set out in ref. 16. For vanishing temperatures, this
results in an exponentially long relaxation time and an excess quasi-
particle density'®. We however measure at a finite temperature where
quasiparticles can delocalize via inelastic phonon scattering. We
therefore include a second quasiparticle level to describe mobile
quasiparticles, and set the delocalization time to 75, from Equation
(3). We assume the localization time to be much shorter, such that the

mobile quasiparticle density is small. We include an on-site recombi-
nation term, where a mobile quasiparticle relaxes and recombines on-
site with a localized quasiparticle (Fig. 1d). We set the characteristic
time for on-site recombination, 79 c.f. 7J€C in Equation (1), such that
on-site recombination is much faster than localization.

The resulting fluctuation spectra for the total number of quasi-
particles follow the observed behavior, see “Methods”. When analyti-
cally examining this model, we see that in the limit of fast on-site
recombination, the quasiparticle relaxation time is given by 7..,¢/2 (the
dashed lines in Fig. 2a) and the variance is equal to ng, (black line in
Fig. 2b). For details on the model calculations, see Supplementary
Section 5.

The proposed origin of the localized states is local gap variations
induced by disorder. This is described by the theory of refs. 42,43,
which extends the Larkin-Ovchinnikov inhomogeneous pairing
theory*‘. Such gap variations have been measured in highly disordered
TiN®. The effect of inhomogeneous pairing on the density of states is
two-fold: (1) the coherence peak is broadened with a pair-breaking
parameter n, which is equivalent to the Abrikosov-Gor’kov description
of magnetic impurities*®, and (2) the density of states acquires an
exponential subgap tail of localized states, characterized by ;. This is
sketched in the inset of Fig. 1d. The values of r and I',; depend on the
strength of the local gap variations.

Because the thickness of our -Ta film is on the order of the
coherence length, £ (see “Methods”), we take both Coulomb-induced
mesoscopic fluctuations and finite thickness effects into account and
obtain 17 = 2.4 x 10*2, To estimate I,;;, we consider our film quasi-2D,
in which case Coulomb-enhanced mesoscopic fluctuations dominate
and give /4o = 1.5 x 1072 Quasiparticle states in this subgap tail
overlap, and quasiparticles in these states will relax further. The
effective localization radius at which this process stops can be esti-
mated from I, and n and is on the order of &°. With the values
mentioned above, r. = 3.5 = 65 nm. This gives an estimate of density of
localized quasiparticle states of fz'acp =3/(4mrg) ~ 8.5x 10? yum~3. For
details see Supplementary Section 6.

Comparing this number to the right axis of Fig. 2b, we conclude
that the thermally generated quasiparticles localize due to gap varia-
tions for temperatures T <178 mK. This leads to the situation in Fig. 1d.
For higher temperatures, the thermal quasiparticle density is larger
than the density of localized states. This alters the quasiparticle loca-
lization dynamics and might be related to the plateau we observe in
Fig. 2a for T > 175 mK.

Discussion

Following the same line of reasoning, we expect to see the same
phenomenology in other disordered superconductors. Indeed, a weak
temperature dependence of the quasiparticle relaxation time is also
observed in TiN for different levels of disorder’’, which was not
understood before. The electron-phonon scattering time at 7. has also
been measured for these films*®, which provides an accurate estimate
of 734 and 7J€C in Equations (1) and (3). We analyzed those results
and found that static scatterers cause a power law temperature
dependence of the phonon scattering time with n = 2°°. Taking this into
account, the relaxation times for these TiN films follow both the
temperature and disorder dependence of electron-phonon scattering,
similar to Fig. 2a, see Supplementary Section 3. With s &N these
films are in the same regime as -Ta, where ng,(T)< h(%: and gl < 1.
Therefore, also in these films, thermal quasiparticles localize, and the
recombination process is limited to delocalization via phonon
absorption (Fig. 1d).

Even in an ordered superconductor, a small amount of disorder
could induce quasiparticle localization at low temperatures'. In ref. 32,
we observed for Al that there is no effect of phonon trapping on the
relaxation time in the saturation regime at low temperatures. We
explained that by the presence of an excess number of localized
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Fig. 3 | Different regimes of quasiparticle recombination as a function of
temperature and disorder. Each regime (indicated in a shade of gray) is char-
acterized by a different temperature dependence of the quasiparticle (QP) relaxa-
tion time. The x-axis is chosen such that the dotted vertical line, gl = 1 for 24,
phonons, is approximately on the same point for different superconductors. For
simplicity, we take gl for 24, phonons only in this sketch, such that on the right side
of the gl =1 dotted line, both recombination and scattering interactions are dis-
ordered. The solid line gives the values at which the thermal quasiparticle number
equals the number of localized quasiparticle states, which we estimate as

n SS =3/ (4m€>). Below this solid line, quasiparticles will localize and recombine on-
site. Below the dashed line, the scattering time, Equation (3), is longer than the
recombination time, Equation (1), at a quasiparticle density equal to r"llgg ,i.e.,

disorder (1/\/§_A)'

rrec(ﬁlgg )*#. In that regime, delocalization via phonon absorption limits quasi-

particle recombination (Fig. 1d), which is indicated in light gray. For gl <1 (the right
side of the dotted line), phonon absorption is always slower than recombination at
n (?S The colored areas give the experimental conditions of refs. 21,32,47 and Fig,. 2.
The fade at lower temperatures for refs. 21,47 are added because these are mea-
surements via a pulsed excitation, which does not give information on the quasi-
particle temperature. In ref. 21, disorder is increased by implanting ions. There is
however no data on how much 1/./€A increased in these films, which we indicated
by an additional fade to higher disorder. The recombination regimes are consistent
with the observed temperature dependence of the relaxation time in the respective
experiments.

quasiparticles. We estimate that the density of localized
quasiparticle states for the quasi-2D Al film is given by,
n'?f ~1/(mrZ d) ~ 160 yum~3, where we take r. - & = 200 nm. If all
these states are filled due to a non-equilibrium generation process, the
quasiparticle density corresponds to the observed saturation time of
1ms in ref. 32. An increase in disorder increases the number of loca-
lized quasiparticle states and decreases this saturation time. This is
experimentally shown in ref. 21 for Al and a-Ta. Furthermore, the most
disordered Al film in ref. 21 shows a weaker temperature dependence
of 7, which points toward the same phenomenology as observed
in Fig. 2a.

In Fig. 3, we sketch these different quasiparticle recombination
regimes. Above the solid line, the thermal quasiparticle density is lar-
ger than the density of localized quasiparticle states. In that regime,
the relaxation time follows the free quasiparticle recombination time,
T'rec (T) given by Equations (1) and (2) and shown in Fig. 1c. Below the
solid line, quasiparticles recombine within a localization site. The
relaxation time saturates to the recombination time at a quasiparticle
density equal to the number of localization sites, n ((])S , as observed in
refs. 21,32. However, if the phonon scattering time is longer than this
saturation time, quasiparticle localization via phonon absorption limits
the relaxation, and the temperature dependence of the relaxation time
is altered to the power-law of ..., Equation (3). This regime is indi-
cated as the light gray area in Fig. 3. The results of refs. 21,32,47, which
were previously unexplained, and Fig. 2 are shown in the appropriate

disorder and temperature regimes and are consistent with the
observed temperature dependence of the measured relaxation times.
A saturation of the quasiparticle relaxation time requires a non-
equilibrium quasiparticle generation process such as microwave read-
out power"”, cosmic rays', radioactivity” and stray light'*. In Fig. 3, this
can be viewed as a saturation of 7/T., when T is an effective quasi-
particle temperature. We assume that there is a number of excess
quasiparticles present in our experiment due to the continuous
microwave read-out”, which is small compared to the thermal quasi-
particle density. To verify this, we measure 7and s in the same way, but
for higher read-out powers, see “Methods”. We observe that the excess
quasiparticle generated by read-out power is minimized at a read-out
power equivalent to a number of photons in the resonator of
Ry ~ 6 X 10*, which was used to obtain Fig. 2. For an estimation of the
read-out power effects at this read-out power, see Supplementary
Section 7. If we would reduce the bath temperature and minimize this
generation process further, quasiparticles can become fully localized,
which enhances the relaxation time exponentially’. For example, a
relaxation time in granular Al on the order of seconds has been mea-
sured with f,, ~1—300 at 25 mK*. This relaxation time decreases
with increasing n,,;,, indicating a saturated excess quasiparticle density
that is sustained by microwave power. To verify that this originates
from the localized quasiparticle dynamics presented in ref. 16, an
experiment that independently probes both the relaxation rate and the
quasiparticle effective temperature is needed. Such an experiment
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would be similar to this work, but at much lower temperatures and
generation rates.

During the review process of this article, some related studies
became available, which we reference here for completeness*~'.

To conclude, we showed that quasiparticle relaxation in a dis-
ordered superconductor (with gl < 1) is governed by quasiparticle
localization. After delocalization via phonon absorption, quasiparticles
relax and recombine rapidly on-site (Fig. 1d), which enhances the
relaxation rate. This impacts the performance of superconducting
devices. For radiation detectors that measure the presence of photon-
generated quasiparticles, the signal will be reduced as a result of the
faster relaxation time. This presents a trade-off between photon
absorption efficiency (increasing with disorder) and signal (decreasing
with disorder). In quantum circuits, the short relaxation time will help
eliminate excess quasiparticles at critical elements such as Josephson
junctions, thereby improving coherence™. At low temperatures and
small quasiparticle generation rates, localized quasiparticles could
however increase microwave loss?>**. Therefore, the fundamentally
different quasiparticle dynamics presented in this work must be con-
sidered when implementing disordered superconductors in quantum
circuits and radiation detectors.

Methods

Device design and fabrication

The capacitive part of the resonator is an interdigitated capacitor
(IDC), with 20 pm wide fingers and 10 um wide gap. It is patterned
using an SF¢ Reactive lon Etch (RIE) in a 150-nm-thick NbTiN film® with
a critical temperature of 14.0 K and resistivity of 260 pQcm. This
design minimizes noise from Two Level Systems (TLS)** and ensures
that the resonance frequency is highly sensitive to changes in the
inductive -Ta section, where the current density is high. The inductor
is a strip of -Ta, see Table 1, patterned with an SF¢ RIE etch. We place
the S-Ta film on a SiN patch, which serves as a membrane for one of the
resonators after the Si wafer is etched away from the backside using
KOH, see Fig. 2a, b. The inductor is shorted at the end to the NbTiN
ground plane to make a quarter-wave resonator. Quasiparticles in the
[-Ta are confined to the inductor volume due to the higher super-
conducting gap of the NbTiN.

The resonance frequency is 5.1 GHz for the membrane resonator
and 5.3 GHz for the substrate resonator, which is set by the finger
lengths of the IDC. We set the coupling quality factor, Q., to ~10,000
by tuning the length of the coupling bar next to the read-out line. The
internal quality factor, Q;, at 20 mK is approximately 400,000.

Film characterization

To obtain a measure of disorder and electron and phonon dimen-
sionalities, we performed a measurement of the resistance versus
temperature, which provides the normal state resistivity, pn, and T,
the Hall resistance at 1K, which provides the charge carrier density, n.,
and the upper critical field as a function of temperature, which pro-
vides the diffusion constant, D. The results can be found in Table 1 and
the details of these measurements are given in Supplementary Sec-
tion 2. The loffe-Regel parameter, kgl, with k¢ the Fermi wave number
and [ the electron mean free path, is of order unity. Therefore, the film

is electronically disordered and we expect localization effects become
important. References 42,43 describe what electronic disorder does to
the superconducting state: it introduces a broadening of the density of
states and a subgap tail, consisting of localized quasiparticle states
(see Fig. 1d).

For phonon-mediated superconductivity, disorder is character-
ized with respect to the electron-phonon interaction, i.e., g/, with g the
phonon wave number. We calculate g/ at two phonon energies: 24,
corresponding to recombination phonons and kg7, typical phonon
energies for scattering. We use the mass density, p, and the long-
itudinal and transverse phonon velocities, ¢; and cr, from ref. 55, see
Table 1. We only consider transverse phonons because these are the
fastest relaxation rates in our case, as (cy/c,)>«17%. With that, we
calculate g(240)! = 0.070 and g(0.2K)/ = 0.0046: both much smaller
than 1, so the film is disordered with respect to electron-phonon
interactions. We therefore use quasiparticle relaxation time calcula-
tions of Reizer and Sergeyev” and Devereaux and Belitz** which are in
the disordered limit (gl < 1), instead of the widely used pure limit
(gl > 1) results of Kaplan et al.”’. The main difference is that the scat-
tering time (Equation (3)) has a steeper temperature dependence in
the disordered case (n > n + 1) and the proportionality constants in
Equations (1) and (3), 1%, and T%cat, become proportional to 1/py,
which reflects the weakening of the electron-phonon coupling as dis-
order increases®.

For electronic dimensionality, the dirty limit coherence length
divided by the film thickness is, £/d = \/I§,/d=0.39 <1, with [ = 0.30
nm and & = 0.79 um, the Pippard coherence length. Therefore, the S-
Ta film is a 3D superconductor, although it is close to 2D.

For the phonon dimensionality, we compare the phonon
wavenumbers to the film thickness, gd. For recombination phonons,
the film is 3D (g(240)d = 9.3 > 1), and we can use the results of ref. 27
for T?ec . For scattering phonons, the film is 2D for T<165 mK (when
q(kgT)d <1/2) and 3D for higher temperatures. The phonon dimen-
sionality dictates the temperature dependence, while the electronic
dimensionality dictates the disorder dependence®. We therefore
use the 2D results of ref. 35 with n = 7/2 for the low temperature
regime and the 3D result of ref. 27 with n = 9/2 for the high
temperatures.

Setup

The sample is cooled in a dilution refrigerator, shielded from
stray light with a box-in-a-box setup'. Magnetic interference is
reduced by a factor of 10 by a CRYOPHY and superconducting
niobium shield. The forward transmission measurement is per-
formed in a homodyne setup. The microwave signal is attenuated
at each temperature stage before it reaches the sample. After the
signal passes the sample, it is amplified by a HEMT amplifier at 3 K
and by a room temperature amplifier before it is mixed with the
original microwave signal by an 1Q mixer. For details on all the
components, see ref. 56.

Fluctuation measurement
Before each fluctuation measurement, we sweep the probe fre-
quency to find the resonance frequency, fo, and calibrate the

Table 1| Geometry, electronic properties and phonon properties for 3-Ta

Geometry Measured electronic properties Values from ref. 55

d w L s on(T =1K) D Ne p cL cr To
(nm) (um) (um) (K) (Ocm) (cm?/s) (1m?) RRR kel (g/cm®) (km/s) (km/s) (K)
40 10 90 0.87 206 0.74 9.3 x10"° 1.03 4.2 16.6 4.34 1.73 221

The electronic properties are obtained via a resistance versus temperature, a Hall resistance versus magnetic field and an upper critical field versus temperature measurement, as set out in

Supplementary Section 2.
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Fig. 4 | Measured and simulated power spectral densities of the complex
conductivity. Different colors are for different bath temperatures, as indicated by
the colorbar. Other noise sources, such as amplifier noise and 1/f-noise have been
subtracted from the measured spectra in (a) and (b), as explained in the Supple-
mentary Section 4. The dashed black line in (b) is an example fit using Equation (5).
¢, d Calculated power spectral densities for quasiparticle fluctuations at the same

Frequency (Hz)

bath temperatures as the measurements. The quasiparticle fluctuation spectra are
calculated with the framework described in ref. 28, including the localized quasi-
particle dynamics described in ref. 16. The quasiparticle density fluctuations are
analytically converted to 0,/|o|-fluctuations. For details on the model and calcula-
tions, see Supplementary Section 6.

complex forward transmission to an amplitude, 64, and phase, 6,
with respect to the resonance circle’®*. We set the microwave
power of the on-chip probe tone relatively low at - 98dBm
to limit non-equilibrium effects such as quasiparticle
redistribution”. We measure 6 during 40 s at 50 kHz sampling
frequency and 1 s at 1 MHz. We disregard parts of the time traces
that contain pulses from cosmic rays and calculate the Power
Spectral Densities (PSDs)** and stitch the two PSDs from the 50
kHz and 1 MHz data at 20 kHz and downsample the spectrum to
30 points per decade to obtain Sg(w) for a single bath tempera-
ture. The fluctuations in o0,, fo and 6 are related via,

4\2
S60,/10/(@) = (@) St £, (@)

1 2
- (am) So(®@)-

Here, 0 = 01 - io, is the complex conductivity and |o]| is the absolute
mean value at the set bath temperature. At low temperatures
(kgT < 4p) 0] = 0, Q=(1/Q; +1/QC)’1 is the loaded quality factor and
ay = Li/Lo is the kinetic inductance fraction of the §-Ta volume with
respect to the entire resonator. 8 is a correction factor for the film
thickness, which we set to 2 since we are in the thin film limit (1 > d,
with A = 1.6 um, the penetration depth)*®.

“)

Q and a are measured in a separate measurement where we
sweep the probe frequency to get the resonance curve at each bath
temperature. We fit a Lorentzian resonance dip to those curves and
extract fo, Q; and Q. versus temperature. From fo(7), we determine o,
which in our case is oy = 0.44.

We disregard the 50 Hz, amplifier and 1/f noise contributions in
the PSD, see Supplementary Section 4. This results in the PSDs shown
in Fig. 4a, b. Panels ¢ and d of Fig. 4 show the calculated PSDs from a
fluctuation model that includes localized recombination, see Supple-
mentary Section 5. We fit a Lorentzian spectrum to the measured
Sta,/10)(@) With,

4s%t

Stie(@)= m’

©)

to extract the variance s* and relaxation time 7 from the fluctua-
tions. An example fit is shown in Fig. 4b as the dashed line.
The relaxation time and variance obtained this way are shown in Fig. 2.
Following the same measurement procedure for o; results in the
relaxation time and variance shown in Fig. 5. Using higher microwave
powers for the probe tone alters the relaxation time and variance as
shown in Fig. 6.

The resonance frequencies and quality factors result in a reso-
nator bandwidth of Af =f,/(2Q) = 0.3MHz (or equivalently, a resonator
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dissipative part of the complex conductivity, 6o;. Error bars indicating statistical fit
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errors are smaller than the data points. The quasiparticle signal in g; is a few times
lower than in 0,>, which results in a smaller usable temperature range. For the
substrate resonator, we did not observe any Lorentzian signatures in the PSDs of g;.
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a Relaxation time versus temperature for the membrane resonator at different on-
chip read-out powers, indicated by the colors. The red data points and theory lines are
the same as in Fig. 2. b Corresponding variances extracted from the same fits to o,
fluctuations. Error bars indicating the statistical fit errors are smaller than the data
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points, for both panels. A higher read-out power leads to a larger variance and smaller
lifetime, which is consistent with microwave power-induced excess quasiparticles”.
To limit these effects, we set the read-out power to the minimal value in this figure
(red data set) and obtain the data in Fig. 2. See Supplementary Section 7 for an
estimation of the read-out power effects at this lowest read-out power.

ring time of ~0.6 ps), which is outside of the frequency range used for
the fits. We therefore do not consider the effects of the resonator roll-
off on the PSDs.

The datasets for membrane and substrate have been measured at
two different times in the same setup and experimental conditions.

Data availability

All data used in this study have been deposited in the Zenodo database
under accession code 13380277: https://doi.org/10.5281/zenodo.
13380277.

Code availability
All analysis scripts used in this study have been deposited in the
Zenodo database under accession code 13380277: https://doi.org/10.
5281/zenodo.13380277.
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