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SUMMARY

This dissertation develops a unified framework for defining, computing, and cer-
tifying safe operating regions for autonomous dynamical systems operating under
deterministic, robust, and stochastic dynamics. As these systems are increasingly
deployed in safety-critical environments—ranging from autonomous vehicles and
air traffic management to robotics and automated decision-making—ensuring that
their behaviour remains within safe bounds is of vital importance. Classical reach-
ability methods offer strong theoretical guarantees, but they often rely on ide-
alised models, struggle with high-dimensional systems, and cannot formally cer-
tify learned approximations. This work addresses these limitations through new
safety definitions, robust generalisations of reachability theory, and a learning-
verification pipeline for scalable certification.

The first contribution focuses on the notion of safe sets themselves. Chapter 3
introduces the concept of the maneuverable control-invariant set—a novel refine-
ment of traditional invariant sets. Unlike classical safe sets, which guarantee that
the system can remain within a given region, maneuverable sets also ensure the sys-
tem’s ability to move between any two states within the set in a given time horizon.
Although such maneuverability and invariance cannot always be achieved simulta-
neously, this definition adds a valuable dimension to safety characterisation. The
set is computed using a combination of forward and backward reachable sets de-
rived from Hamilton-Jacobi (HJ) reachability analysis. Building on this, Chapter 4
presents an improved definition of a safe set that does guarantee both viability and
full internal maneuverability simultaneously. It is obtained through a different
combination of forward and backward reachable sets. While the first two chap-
ters establish refined definitions of safe sets under idealised dynamics, real-world
systems rarely operate with perfect models. To address this, the next contribution
turns to the challenge of ensuring safety under model uncertainty and disturbances.

Chapter 5 addresses robustness under model uncertainty. It extends the HJ reach-
ability framework by formulating a three-player differential game that includes un-
modelled dynamics as an additional adversary alongside external disturbances. The
resulting Robust Avoid Backward Reachable Tube (RABRT) generalises previous
formulations by ensuring safety in the presence of both disturbances and uncertain
system dynamics. The associated value function is shown to be the viscosity so-
lution to a well-defined Hamilton-Jacobi-Isaacs (HJI) partial differential equation
(PDE), and the method integrates with existing level-set tools, preserving compat-
ibility with standard computational frameworks. While this formulation provides
robustness to unmodelled dynamics, its computational demands grow quickly with
system dimensionality. As classical level-set methods struggle in high-dimensional
settings, recent work has turned to neural network-based approximations. The next

xi



xii Summary

chapter explores how such approximations can be made verifiable and trustworthy
through formal certification.

To overcome the curse of dimensionality inherent in classical reachability meth-
ods, Chapter 6 introduces the Certified Approximate Reachability (CARe) frame-
work. Instead of solving PDEs directly on grids, CARe leverages neural networks to
approximate the value function and then uses formal verification tools—specifically
Satisfiability Modulo Theory (SMT) solvers and Counterexample-Guided Inductive
Synthesis (CEGIS)—to certify the learned approximation within a bounded error.
This framework bridges the gap between deep learning and formal safety verifi-
cation, offering a scalable method for high-dimensional systems while preserving
correctness guarantees. While CARe provides a scalable and certifiable solution
for deterministic systems, many real-world applications involve stochastic dynam-
ics and probabilistic safety requirements. To address this, the final part of the thesis
extends the reachability framework to systems governed by uncertainty and noise.

Chapters 7 and 8 extend the thesis into the stochastic domain. Chapter 7 in-
troduces the Probabilistic Forced Backward Reachable Set, which identifies states
from which the system enters an undesirable set with high probability, regardless
of the control policy. The chapter develops convergent algorithms for computing
this set in both discrete and continuous settings and provides error bounds un-
der discretisation. Chapter 8 then presents the Safe Probable Backward Reachable
Set (SPBRS), which guarantees not only that the system will reach a target with a
given probability but also that it will remain inside a certified safe set throughout
the trajectory. This is especially important in stochastic systems where intermedi-
ate safety violations can occur despite a safe terminal state. Two algorithms are
developed—one computationally efficient and the other optimal—and their con-
vergence and tractability are formally analysed.

Each chapter is supported by theoretical proofs, algorithmic implementation,
and numerical validation on benchmark systems such as the Dubins car and dou-
ble integrator. This dissertation offers a cohesive and extensible framework for
analysing and certifying safety in both deterministic and stochastic systems. By in-
troducing new definitions of safety, developing scalable algorithms, and integrating
formal verification with deep learning, the work makes contributions that are both
foundational and practical. It addresses longstanding limitations in the scalability,
conservatism, and verifiability of reachability-based safety analysis. The results
have direct implications for real-world autonomous systems, including autonomous
vehicles, robotics, air traffic management, and safety-critical embedded systems.
More broadly, the methods contribute to the growing effort to make machine learn-
ing and autonomy formally trustworthy, especially in domains where safety cannot
be left to statistical performance alone. Looking ahead, this work lays the ground-
work for future research in adaptive safety verification, stochastic control synthesis,
and trustworthy decision-making in uncertain environments—pushing the bound-
aries of what is possible at the intersection of formal methods, control theory, and
autonomy.



INTRODUCTION

The motivation for this research stems from a fundamental requirement: ensuring that
autonomous systems operate safely in real-world environments. Traditionally, safety
assurance meant verifying every possible trajectory a system could take to prevent
failures. However, as autonomous systems become more complex, this task has grown
increasingly challenging.

Modern autonomous systems, such as quadcopters and self-driving cars, must
operate in dynamic and unstructured environments. These environments often
include unpredictable factors, such as other agents (e.g., humans, other vehicles),
environmental disturbances, and changing conditions. As a result, many real-world
implementations rely on heuristic safety measures, which may not be formally verified.
This lack of rigorous safety guarantees has, in some cases, led to severe consequences,
including accidents and system failures.

This dissertation addresses these issues by leveraging the concepts of backward and
forward reachable tubes to develop a unified framework for defining, computing, and
certifying safe operating regions for autonomous dynamic systems operating under
deterministic, robust, and stochastic dynamics. It provides a more effective method for
finding these regions and offers theoretical guarantees that the identified safe region is
indeed safe, ensuring that no accidents will occur as long as the system remains within
it. This chapter offers an introduction to the research by detailing the motivation,
surveying the existing literature, setting out the research objective and questions, and
describing its scope and methodology.



2 1. Introduction

1.1. THE NEED FOR SAFE AND EFFICIENT

AUTONOMOUS SYSTEMS

1.1.1. The Growing Role of Automation

Automation has become an essential part of modern technological advancement,
revolutionizing industries such as transportation [1-3], aerospace [4-6],
manufacturing [7], and robotics [8]. As systems grow more complex
and expectations for performance increase, automation is no longer just an
enhancement—it is a necessity. Several key factors drive the increasing need for
autonomous and automated systems, the first of which being efficiency [9, 10].
Automated systems can perform tasks faster, more accurately, and with greater
consistency than human operators. In industries such as logistics, autonomous
transportation, and industrial manufacturing, automation allows systems to
operate continuously with minimal downtime, maximizing output and reducing
operational costs [11]. For example, in autonomous vehicles, automation
optimizes fuel consumption and traffic flow, improving overall transportation
efficiency [12, 13]. Secondly, many industries involve inherently dangerous
tasks where automation can enhance safety. Robots and autonomous systems
are increasingly used in high-risk environments, reducing human exposure [14].
For example, autonomous drones assess structural damage after earthquakes,
eliminating the need for rescue teams to enter unstable buildings, while
autonomous mining equipment operates underground, reducing accidents from
cave-ins or gas leaks .

As technology advances, modern systems are becoming increasingly complex
[15, 16]. Manual management is impractical, as human operators cannot process
vast real-time data. For example, modern aircraft use automated flight control
systems to integrate sensor data, stabilize flight, and optimize performance
[17]. Without automation, such systems would be underutilized, error-prone,
or inefficient. Finally, a significant challenge in traditional manually operated
systems is the underutilization of system capabilities due to human limitations.
Automation enables these systems to function at their maximum potential while
maintaining safety and reliability [9, 18].

1.1.2. Consequences of Unsafe Automation

Automation has the potential to enhance efficiency, reduce human risk, and
optimize system performance, but when implemented without proper safety
guarantees, it can lead to unintended system behaviours, severe failures, financial
and reputational damage, legal and regulatory consequences, and even injury
or loss of life. Several major failures in automated systems highlight the risks
associated with inadequate safety verification and incorrect assumptions about
operational safety, for example the Boeing 737 MAX crashes from 2018 and
2019 [19]. The Manoeuvring Characteristics Augmentation System (MCAS) was
introduced to adjust the aircraft’s pitch in certain flight conditions, but it was
designed based on incomplete safety verification and a lack of redundancy in
sensor input. A proper rigorous safety analysis should have identified the risks
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Figure 1.2: Automation of logistics using small warehouse robots for reducing human
workload
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Figure 1.3: Autonomous multirotor inspecting a wind-turbine blade—shifting hazardous,
high-altitude maintenance to unmanned systems while requiring robust perception,
gust-resilient control, and fail-safe behaviours.

associated with using a single sensor without cross-checking redundancy, but the
verification process was inadequate. This failure resulted in two fatal crashes,
the loss of 346 lives, a global grounding of the fleet, and billions of dollars in
financial and reputational damage [19]. Automated robots in manufacturing
have caused severe workplace injuries due to incorrect safety zoning and
misclassification of human presence [20]. Dynamic locomotion in legged robots,
which has applications in industrial collaboration, is facing major barriers
to commercialization due to the lack of standardized safety testing. Unlike
traditional industrial automation, where regulatory safety frameworks exist,
legged robots operate in unstructured environments, requiring a new category of
safety validation [21]. Self-driving cars have been involved in multiple accidents
due to sensor misinterpretations, software errors, and failure to handle rare
edge cases [22]. These failures highlight the danger of overestimating system
capability and the lack of rigorous safety validation for real-world conditions.
Automation has the potential to enhance efficiency, reduce human risk, and
optimize system performance, but when implemented without proper safety
guarantees, it can lead to unintended system behaviours, severe failures, financial
and reputational damage, legal and regulatory consequences, and even injury
or loss of life. Several major failures in automated systems highlight the risks
associated with inadequate safety verification and incorrect assumptions about
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operational safety, for example the Boeing 737 MAX crashes from 2018 and
2019 [19]. The Manoeuvring Characteristics Augmentation System (MCAS) was
introduced to adjust the aircraft’s pitch in certain flight conditions, but it was
designed based on incomplete safety verification and a lack of redundancy in
sensor input. A proper rigorous safety analysis should have identified the risks
associated with using a single sensor without cross-checking redundancy, but the
verification process was inadequate. This failure resulted in two fatal crashes,
the loss of 346 lives, a global grounding of the fleet, and billions of dollars in
financial and reputational damage [19]. Automated robots in manufacturing
have caused severe workplace injuries due to incorrect safety zoning and
misclassification of human presence [20]. Dynamic locomotion in legged robots,
which has applications in industrial collaboration, is facing major barriers
to commercialization due to the lack of standardized safety testing. Unlike
traditional industrial automation, where regulatory safety frameworks exist,
legged robots operate in unstructured environments, requiring a new category of
safety validation [21]. Self-driving cars have been involved in multiple accidents
due to sensor misinterpretations, software errors, and failure to handle rare
edge cases [22]. These failures highlight the danger of overestimating system
capability and the lack of rigorous safety validation for real-world conditions.
Notable cases include the Uber ATG test vehicle striking a pedestrian in Tempe,
Arizona (2018) [23], the Tesla Autopilot crash near Williston, Florida (2016)
[24], and the California suspension and subsequent federal actions following a
Cruise robotaxi’s post-collision behaviour in San Francisco (2023) [25, 26]. In
rail transit, the Washington Metro Red Line collision (2009) revealed hazards
in automatic train control and track-circuit occupancy detection [27]. In
commercial aviation, automation-mode confusion and logic limits played roles in
Asiana Airlines 214 at SFO (2013) [28] and Qantas Flight 72’s uncommanded
pitch-down events due to ADIRU data spikes and flight-control computer logic
(2008) [29]. And historically, the first recorded robot-related fatality in a factory
(1979) underscores the need for robust safety guarantee for automation.[30, 31].

1.2. CHALLENGES IN ENSURING SAFE AUTOMATION

Ensuring the safety of autonomous systems is a complex and multi-faceted
challenge, stemming from inherent uncertainties, high-dimensional state spaces,
and unpredictable environments in which these systems operate. Unlike manually
controlled systems, autonomous agents must continuously evaluate their safety in
real time, often while operating under adversarial disturbances and dynamically
changing conditions.

For discrete-time dynamical systems, safety, liveness, and fairness properties
can be formally verified by analysing transition systems or by checking whether
the system satisfies specific properties using finite automata representations [32,
33]. While these techniques offer strong theoretical guarantees, they do not
scale well to continuous or hybrid systems, where the state space is infinite, and
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Figure 1.4: A crashed drone

Figure 1.5: Boeing 737 MAX nose with the angle-of-attack (AoA) vane circled; MCAS
relied on a single AoA input, a key factor in the 2018-2019 accidents [19].

system dynamics are often non-linear and coupled. In such settings, formal safety
verification techniques like reachability analysis and set-based methods become
essential for providing rigorous safety guarantees [34-36].

One of the primary challenges in this context is the ’curse of dimensionality’:
As the number of state variables increases, the computational cost of verification
grows exponentially [34, 35]. This problem, also known as state-space explosion,
significantly limits the feasibility of traditional grid-based methods, especially
for real-time or high-dimensional applications. Formal verification techniques
such as Hamilton-Jacobi (HJ) reachability rely on solving partial differential
equations (PDEs) over a discretized grid of the state space, which incurs
exponential computational complexity with respect to the number of dimensions
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Figure 1.6: Cabin overhead panel damage on Qantas Flight 72 after uncommanded
pitch-downs driven by erroneous ADIRU data and flight-control logic (in-flight upset, 7
Oct 2008, 154 km W of Learmonth, WA) [29].

[34-37]. While there have been efforts to address this—for instance, using
the Hopf-Lax formula combined with convex optimization for linear systems
[38, 39], or applying scalable methods for affine or polynomial systems
using polytopic or ellipsoidal set representations [40-45]—the general case of
nonlinear, high-dimensional systems remains computationally prohibitive.

Another key difficulty lies in our incomplete knowledge of a system’s true
safe operating region. These regions are often defined using empirical testing,
simplified mathematical models, or conservative rule-based heuristics, which
may not accurately reflect real-world behaviour. This can lead either to
overestimation, where the system operates beyond its actual safety limits and
becomes vulnerable to failures, or to over-conservatism, where it operates far
below its capacity, reducing efficiency [46, 47].

Compounding the issue is the dependence of most verification techniques
on precise system models, typically expressed through differential equations or
discrete-time transitions [34, 35, 37, 48]. However, in practice, these models are
often incomplete, only partially observed, or uncertain. As a result, even formally
verified safety guarantees may become invalid or misleading when deployed on
the actual system.

Practical autonomous systems deployed in real-world settings must operate
under unpredictable external disturbances and may even face adversarial agents
attempting to disrupt their behaviour [48, 49]. These factors, combined with
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Figure 1.7: Accident scene of Asiana Airlines Flight 214 at SFO: a low-energy approach
with automation-mode mismanagement (autothrottle HOLD) led to impact short of
runway 28L and a seawall strike [28].

continuous-time, nonlinear dynamics and uncertain environments, make scalable
and robust safety certification an extremely demanding problem [50, 51].

Finally, when addressing stochastic systems, the challenge goes beyond
ensuring safety in a purely deterministic sense. In safety-critical domains such
as robotics, biomedical engineering, and aerospace, it is essential to guarantee
that hard constraints are satisfied with high probability, rather than absolute
certainty [52-57]. A fundamental question in this setting is: From which initial
conditions can the system remain within a prescribed, time-varying set with at
least a specified probability, despite having limited control authority?

In summary, while a rich body of theoretical work has laid the groundwork
for verifying safety in autonomous systems, bridging the gap between formal
guarantees and real-world deployment remains an open and pressing challenge.
The limitations imposed by high-dimensional dynamics, model uncertainty,
environmental unpredictability, computational intractability, and the need for
probabilistic assurances underscore the need for scalable, adaptive, and model-
aware verification methods. Addressing these challenges is essential to enabling



1.3. Existing approaches and their limitations 9

Figure 1.8: Wreckage of the Tesla Model S (Williston, Florida). With Autopilot engaged,
the system failed to detect a crossing tractor-trailer; insufficient driver oversight resulted
in a fatal underride [24].

the safe, efficient, and reliable operation of autonomous systems in complex,
real-world environments. The following section reviews the current state of
the art in safety verification and highlights key methodologies that have been
developed to tackle these problems.

1.3. EXISTING APPROACHES AND THEIR LIMITATIONS

Over the years, a variety of approaches have been proposed to compute the
reachable sets, given a range of initial conditions, control inputs, and external
disturbances. These approaches differ in their underlying assumptions, scalability,
treatment of non-linearities, and the types of systems they can accommodate.
Broadly, existing work in reachability analysis can be grouped into seven
methodological categories: Hamilton—-Jacobi-based approaches, set-based over-
approximation techniques [58], simulation-guided or data-driven analysis, SMT
(Satisfiability Modulo Theories) and logic-based verification, probabilistic and
stochastic reachability, learning-based approximations, and game-theoretic or
adversarial reachability (Hamilton—-Jacobi-based approaches can be classified as
a special case of game-theoretic reachability).

Table 1.1 summarises the key features, strengths, and limitations of each
category, along with representative toolboxes while figure 1.15 provides a
decision tree for selecting a reachability analysis method.
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Hamilton-Jacobi (HJ) based methods offer rigorous and expressive frameworks
for computing reachable sets by solving partial differential equations such as the
Hamilton-Jacobi-Bellman (HJB) or Hamilton-Jacobi-Isaacs (HJI) equations [48,
59, 60]. These approaches are particularly well-suited to non-linear systems and
are capable of encoding both safety and optimality objectives. Tools such as
the Level Set Toolbox [61] and HelperOC [62], both implemented in MATLAB,
provide powerful abstractions for computing different types of reachable sets
under various control scenarios. BEACLS [63] extends these capabilities with
CUDA-based acceleration for improved performance. Despite their theoretical
robustness, a key drawback of HJ-based methods lies in their limited scalability:
Due to the curse of dimensionality, they are typically restricted to systems with
low dimensionality (often no more than five to six states) [36, 37].

Set-based reachability methods, on the other hand, take a geometric
perspective by representing reachable sets using mathematical objects such as
zonotopes, polytopes, or Taylor models [58]. These methods can accommodate
non-linear dynamics to an extent, often by leveraging linearisation techniques or
higher-order Taylor expansions. For instance, CORA [64] and JuliaReach [65]
offer efficient and modular reachability computations based on zonotopic and
support function representations. Flow* [66] employs Taylor model arithmetic
to deliver accurate approximations for systems with polynomial dynamics, while
SpaceEx [43] excels in scalable analysis of hybrid automata using polyhedral
over-approximations. Although set-based methods are computationally more
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Figure 1.10: Washington Metro Red Line collision near Fort Totten. An automatic
train-control/track-circuit occupancy failure commanded a following train into an
occupied block, causing a rear-end collision [27].

scalable than grid-based PDE solvers, they tend to produce conservative estimates
for highly non-linear systems and can still face challenges as system complexity
increases.

Simulation-guided or data-driven reachability offers a more empirical
alternative, especially suitable when analytical models are incomplete or
unavailable. These methods rely on system simulations or empirical trajectories
to estimate the reachable set by sweeping through a range of initial conditions
and input sequences. They are particularly attractive in scenarios involving
black-box models, such as legacy code or learned systems [67, 68]. DryVR
[68] is a Python-based tool that combines simulation traces with local sensitivity
analysis to infer bounded reachable tubes for hybrid systems. Hylaa [69] focuses
on linear approximations generated from simulations, while Verisig [70] enables
reachability analysis for systems that integrate neural networks with hybrid
dynamics. These tools are highly flexible and scalable, but they lack hard formal
guarantees, and their reliability hinges on the breadth and resolution of the
sampled trajectories.

In contrast, SMT [71] and logic-based reachability tools offer symbolic
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Figure 1.11: Uber ATG test vehicle (Volvo XC90) front-end damage and the pedestrian’s
bicycle. The ADS misclassified the pedestrian; OEM AEB was disabled for testing and the
safety driver did not intervene in time [23].

verification of bounded-time safety properties. These tools translate reachability
questions into logical formulas and solve them using specialised decision
procedures. Non-linear dynamics and hybrid transitions can be encoded directly,
although the complexity of the resulting formulas limits their use to systems
with small state dimensions. dReal [72] is a §-satisfiability solver that supports
non-linear ODEs and hybrid models, while HyST [73] acts as a model converter
interfacing with SMT solvers and other analysis tools. Unlike set-based or
PDE-based reachability tools that aim to construct reachable sets over time,
SMT-based approaches do not compute sets directly [74, 75]. Instead, they
answer bounded-time satisfiability queries—such as whether a particular unsafe
state or region is reachable from a given initial set. The result is a binary output
(satisfiable or unsatisfiable), rather than a geometric over-approximation of the
system’s evolution. While precise, these methods are not designed for full set
computation and generally do not scale well beyond three to five dimensions due
to their symbolic complexity [74].

Probabilistic or stochastic reachability extends the classical formulation by
incorporating randomness in the form of stochastic disturbances, uncertain
parameters, or probabilistic initial conditions. Rather than computing hard
reachable sets, these approaches estimate the likelihood of the system entering
a particular region within a given time horizon [57, 76-78]. This probabilistic



1.3. Existing approaches and their limitations 13

framing is particularly useful in risk-sensitive applications such as autonomous
navigation under sensor noise. Tools such as SReachTools [79] and ProbReach
[80] combine sampling-based methods with probabilistic decision procedures,
while PRISM [81] offers model checking capabilities for Markov decision
processes. These tools provide valuable insight into system behaviour under
uncertainty but are computationally intensive and do not provide formal
guarantees in the classical sense but in stochastic sense.

The rise of neural networks and learning-based control has inspired a new
class of reachability tools that use deep learning to approximate value functions,
reachable sets, or safety envelopes. These methods are especially effective for
systems with high-dimensional or black-box dynamics, such as neural ODEs or
reinforcement learning agents[35, 82, 83]. Tools such as DeepReach [35] employ
unsupervised training paradigms to infer the reachability structure of complex
systems from data. While these methods are highly scalable and computationally
efficient at runtime, they offer only approximate guarantees and require careful
validation to ensure robustness, especially in safety-critical applications.

Finally, game-theoretic or adversarial reachability casts the problem as a
two-player zero-sum differential game between a controller and a worst-case
disturbance [48, 59]. This framework naturally arises in safety-critical
settings where robustness against adversarial inputs is essential. Solving the
corresponding Hamilton-Jacobi-Isaacs (HJI) equation yields a value function
that encodes the optimal safety policy under worst-case scenarios. HelperOC [62]
and HJReachability.jl [65] support such formulations, while FaSTrack [39, 60]
integrates reachability into motion planning by tracking planner trajectories with
guaranteed error bounds. While game-theoretic methods provide strong safety
guarantees, they are subject to the same dimensional limitations as classical
HJ-based methods and are computationally expensive.
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Backward reachable set (time 5 sec)
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Figure 1.12: Backward reachable set (BRs) for a Dubins car over a 5s horizon in
(x,y,0). The green set encloses states that can reach the small goal region (blue
cylinder) within the horizon under constant speed and bounded turn rate, yielding a
characteristic helical geometry.

Forward reachable set (time 5 sec)

Figure 1.13: Forward reachable set (FRs) for a Dubins car over a 5s horizon in
(x,y, 0). Starting from an initial set (blue cylinder), the green volume captures all
states the vehicle can attain under constant speed and bounded curvature, illustrating the
nonconvex, swirl-like structure induced by the kinematics.
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Joint probability distribution of the reachbale set

Bl )

Figure 1.14: Stochastic forward reachable set for a planar double integrator: estimated
joint probability density p(x1,Xx2) over a finite horizon. The surface illustrates

how process uncertainty spreads probability mass across the state plane, emphasizing
risk-aware reachability.
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Figure 1.15: Decision Tree for Selecting a Reachability Analysis Method
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Table 1.1: Comparison of Reachability Analysis Methods

Property HJ Set-Based Simulation- SMT / Logic- | Stochastic / | Neural / | Game-
(Hamilton- Guided Based Probabilistic | Learning- Theoretic
Jacobi) Based

Nonlinearity | Full Partial (via | Full Symbolic Partial Full Full

Support linearisation) (sample-

based)
Model Re- | Full dynamics | Symbolic Black-box / | Symbolic Probabilistic Data / sim ac- | Full model
quirement or numeric | simulator model model cess + distur-
model bance bounds

Scalability Low (£ 5- | Medium (< | High (< 10 | Low (£ 5D) Medium (< | High (< 10 | Low (< 5-
6D) 5-10D) D) 5-10D) D) 6D)

Guarantees Yes Yes No Yes probabilistic Approximate | Yes

Reachable Yes Yes Yes No Yes Yes Yes

Set

Example Level Set | CORA, Ju- | DryVR, Hy- | dReal, HyST SReachTools, | DeepReach HelperOC,
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HelperOC, Flow*, PRISM ability.jl,
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1.4. RESEARCH OBJECTIVES

The objective of this research is to identify and certify safe operating regions
in the state space of dynamic systems. These regions, often referred to as safe
sets, are critical for ensuring that autonomous or safety-critical systems operate
within acceptable bounds—even in the presence of disturbances, uncertainties,
or modelling errors. The focus lies on developing theoretical frameworks
and practical algorithms for computing these sets under both deterministic
and stochastic settings. Additionally, the research aims to provide formal
certification for learned approximations of these sets, ensuring reliability even in
high-dimensional systems where classical methods struggle.

Main Research Question

How can we formally define, compute, and certify safe operating
regions for dynamic systems—under both deterministic and stochastic
settings—while ensuring scalability, robustness to uncertainty, and formal
correctness guarantees?

The dissertation is structured such that each chapter contributes to answering
the main research question, while building on each other. The remainder of this
section presents the research question and objective of each chapter.

Research question: Chapter 3 and 4

What is an appropriate definition of a safe set that ensures both
viability and maneuverability, and how can such sets be computed using
reachability analysis?

Existing definitions of safe sets neither guarantee viability nor ensure that a
system can transition between any two states within the set in a given time
horizon. The chapters identify this limitation and propose a new definition of
safe sets (Chapter 4), and introduce the concept of manoeuvre sets (Chapter 3):
control-invariant regions where two-way reachability is guaranteed within a time
limit. They provide algorithms to compute such sets using Hamilton-Jacobi
reachability tools, and show how they relate to forward and backward reachable
sets.

Research question: Chapter 5

How can bounded uncertainties and unmodelled dynamics be systemati-
cally incorporated into reachability analysis?

Traditional Hamilton-Jacobi-Isaacs (HJI) formulations involve two-player
games (controller vs disturbance) and assume perfect system models. To improve
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robustness, this dissertation extends this to a three-player differential game,
treating unmodelled dynamics as a third adversarial player. This framework
enables the computation of robust avoid backward reachable tubes that remain
valid under all realizations of disturbances and modelling errors.

Research question: Chapter 6

How can the correctness of learned reachable sets from neural
approximators be formally certified?

Level-set methods for reachability analysis suffer from the curse of
dimensionality, making them impractical for high-dimensional systems. Deep
learning approaches like DeepReach overcome this limitation but lack theoretical
guarantees on the safety of their outputs. This chapter introduces Certified
Approximate Reachability (CARe), a framework that uses SMT solvers to certify
satisfaction of a relaxed Hamilton-Jacobi PDE. Using Counterexample-Guided
Inductive Synthesis (CEGIS), it refines the neural network iteratively to improve
both accuracy and certifiability.

Research question: Chapter 7

What is the relationship between probabilistic backward reachable sets
and viable sets in stochastic systems, and how can such sets be computed
efficiently?

This chapter extends the concept of forced backward reachability to stochastic
systems and analyses its relationship with probabilistic invariance. Algorithms for
computing probabilistic forced backward reachable sets are developed, ensuring
that the system is driven into the target set with high probability. This
chapter establishes both the theoretical correctness and practical efficiency of the
proposed methods, enabling applications such as air traffic control and obstacle
avoidance.

Research question: Chapter 8

How can we compute stochastic backward reachable set that ensure safety
with high probability?

In stochastic settings, it is often desirable to identify sets that the system can
remain in with high probability while still reaching the target set or avoiding the
unsafe region. This chapter introduces the Safe Probable Backward Reachable
Set (SPBRS), a probabilistically control-invariant set guaranteeing that the system
avoids unsafe regions until reaching the target set. It provides two algorithms
for computing SPBRS in discrete and continuous state spaces, with convergence
guarantees and efficiency trade-offs.
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1.5. SCOPE OF THE RESEARCH

This research primarily focuses on the theoretical analysis and formal certification
of safe sets for dynamical systems. The core contributions lie in defining new
notions of safety, proving their properties mathematically, and developing or
adapting computational methods to obtain these sets under both deterministic
and stochastic settings.

The scope is deliberately limited to the computation and verification of the
safe sets themselves. While the value functions obtained via Hamilton-Jacobi
formulations inherently contain information about optimal controllers, this work
does not explore the synthesis, analysis, or implementation of the associated
control policies. Instead, the emphasis is placed on ensuring that the computed
sets possess the desired safety, invariance, and reachability properties.

Furthermore, this dissertation remains largely theoretical and simulation-based.
The proposed methods are validated on benchmark dynamical systems such as
the double integrator and the Dubins car, which are widely used in the literature.
However, the methods at the time of this writing not been applied to real-world
systems or hardware platforms. As such, issues related to sensing, actuation,
real-time computation, or implementation-specific constraints are beyond the
current scope.

This scope allows for a deep and rigorous treatment of the core prob-
lem—identifying and certifying safe operating regions—while leaving the
integration with control synthesis and real-world deployment as directions for
future work.

1.6. METHODOLOGY

This dissertation follows a theoretical and algorithmic approach to identifying
and certifying safe operating regions in dynamic systems. Across all research
questions, the methodology consists of three main components: formal definition
and mathematical proof, practical computation, and empirical validation. The
selected tools—Hamilton-Jacobi reachability analysis, dynamic programming,
viscosity solution theory, Satisfiability Modulo Theories (SMT), and learning-
based approximations—are grounded in well-established mathematical principles
and were chosen to address the central challenge of ensuring safety under both
deterministic and stochastic settings.

Each contribution begins with a theoretical formulation wherein the proposed
set—whether deterministic, robust, or stochastic—is shown to satisfy essential
safety properties. These include viability, two-way reachability, and probabilistic
safety guarantees. The properties are established through formal mathematical
proofs, ensuring that the sets possess the claimed characteristics under the
specified system dynamics and constraints. HJ reachability was foundational
to this work due to its ability to characterise sets of states from which a
system can satisfy a control objective under worst-case or constrained dynamics.
These PDE-based methods naturally model safety, reachability, and invariance as
properties of the value function—offering formal guarantees on system behaviour.
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Viability theory, with its emphasis on control-invariance and safe evolution,
aligns with the goal of constructing mathematically sound safe sets. The use of
forward and backward reachable sets to construct both maneuverable and viable
safe regions (as in Chapter 3 and 4) was especially useful because it allowed
the articulation of time-aware, geometry-sensitive safety definitions. These sets
encode both where a system can go and where it can stay—key for applications
such as navigation, recovery, and motion planning.

Following the theoretical development, practical computation of these sets is
carried out. In several chapters, new algorithms are designed to align with
the proposed definitions—particularly for stochastic systems, where existing
tools are insufficient. For deterministic settings, established toolboxes are
extended through minimal but meaningful modifications. Specifically, the
Level Set Toolbox [61] is utilised in the first three chapters, with adjustments
such as altering the target set structure or switching between forward and
backward reachability modes. In the case of neural network-based reachable set
approximations, the DeepReach [35] toolbox is employed to address the curse
of dimensionality, and is paired with the dReal [72] SMT solver to certify the
correctness of the learned value function. For high-dimensional systems, deep
learning approximators such as neural networks provide a scalable way to model
reachable sets. However, scalability often comes at the cost of formal guarantees.
The CARe framework innovatively employs SMT solvers and CEGIS to formally
certify these learned approximations. This choice of methodology is essential for
reintroducing trust and provability into learning-based reachability analysis—an
area traditionally seen as black-box and unverifiable.

For the stochastic chapters, where no ready-made tools were available, custom
algorithms were implemented in Matlab, designed to work with both discrete and
continuous state spaces. These implementations include grid-based methods with
convergence guarantees and optimisation-based formulations for probabilistic
reachability. For Chapter 7 and 8, stochastic safety analysis is framed in discrete
time. This modeling choice offers the dual benefit of computational tractability
and compatibility with real-world digital control systems. Discrete-time dynamics
also enable the formal definition of probabilistic safety sets (PFBRS, SPBRS) using
measurable transitions and Markov policies.

To validate the theoretical results and demonstrate the effectiveness of the
algorithms, numerical simulations are conducted using standard benchmark
systems. Specifically, the double integrator and the Dubins car models—widely
accepted in the reachability and control literature—are used. For each method,
the computed safe sets are visualised and tested to confirm the theoretical
properties established earlier. This consistent use of benchmark systems allows
for comparative analysis across different methods and highlights the versatility
and robustness of the proposed approaches.

In summary, the methodologies adopted in this work are well-suited to the
research objectives and have proven essential for enabling new perspectives on
safety certification under uncertainty. By combining control theory, reachability
analysis, learning, and logic-based verification, the dissertation aims to ensure
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that safe autonomy is mathematically grounded, computationally feasible, and
practically impactful.

1.7. GUIDE TO THE READER

This dissertation is organised into eight chapters. Chapter 1 detailed the
motivation, surveyed the existing literature, set out the research objective
and questions, and described its scope and methodology. Chapter 2 provides
the necessary background, covering reachability theory and various types of
reachable sets, an overview of SMT theory for verification, the basics of neural
networks for value function approximation, and key concepts from stochastic
systems theory. Chapter 3 to Chapter 8 each address a specific research question
and are written as standalone contributions. This format follows the article-based
dissertation structure used at TU Delft. Chapter 3 introduces the maneuverable
set, a redefined safe set that ensures viability and two-way reachability, and
presents methods to compute it using Hamilton-Jacobi tools. Chapter 4 builds on
the previous chapter to address the limitations of maneuverable sets introduced
in it. Chapter 5 extends reachability analysis to systems with unmodelled
dynamics through a three-player differential game formulation. Chapter 6
presents a method for certifying learned reachable sets using neural networks
and SMT solvers, addressing the challenge of high dimensionality. Chapter 7
focuses on computing probabilistic forced backward reachable sets and analysing
their relationship with stochastic invariance, providing efficient algorithms with
theoretical guarantees. Chapter 8 introduces the Safe Probable Backward
Reachable Set (SPBRS), a new notion of probabilistically control-invariant safety,
along with algorithms for both discrete and continuous systems. Finally,
Chapter 9 concludes the dissertation by summarising the main findings,
addressing the research questions, and outlining promising directions for future
work, including controller synthesis and application to real-world systems.



23

1.7. Guide to the reader

'SeaIe DIBISI DININY 9)JBIIPUI SMOLIR paysep ‘uoissaidoid
Tes1S8ojopoyiour,/fenydeduod 93edIpul SMolre prjos ‘9 1aideyd Ul UONEOYMISD/3urures] Sumno-ssod ynm ‘syuswdopasdp (g8 pue
£ s1a1deyd) omseyools pue (G o} ¢ sio}derd) dNSIUTULIDISP 0] uonsenb yoreasar urew ay) Sunjur] werderp mofj SISAYL :91°T 2anSig

‘aoueqIMISIp ‘18s Bn}
Aneuoisuswiq jo 8s1ND uljussald Auo Auieyaoun oliseyools
ayl 0y
‘20ueqInisIp uoneya. sy pue
urjuasaid Auo Aurepsoun Aineuolisuewid Jo esind SHg onseyools
! :sefus)ey) Sululeway Buizueyoeleyos
salinbai
18114198
ssumes 2JES OSEYD0]S
onseyools 01 ANigeyoeal piemioeq esuuaq
P840} J0 1d82U0D B8Y) SPUBIX] :NNsSay Eo_u_wr_..b_z
. .co:m:_M:E / *$195 9)qeIA ONSBY001S Yum diysuoneal
00] LINS U0 a91uBIENs ON 11Y1 SUIpUl pUE SYE 011SEYo03S Sunndwod sw
‘uopeonIeo / 19y} Bulpuly pue Syg o13sey203s Sun 0 swiy
"1oPOW WB1SAS 10EXS UB Pasu SSolnd
“‘RAineuoisuswip
:sadueeyn Sululewsy J09sind
suriessep
syiompu
1einaN
*LINS Buisn suonmos
310M}BU |BINBU PAJILAY NSy ‘uoneanow
/ SHI0MIBU |EINBU BIA PaUIRIqO S18S SUIAJILISD Wiy \
/ Aneuoisuawiq Jo 8sind
isisheue Aneuolsuawiq o 8sIN)
Aneuoisuswiq Jo 8sinD AREE é\ﬂm:ow:m::E_m 10U3Ng 188
9s 9 ay1ul Aiigeyoeal a1e)s-01-a1e1s
owr | . !
0 ou puea asuo uwum_ouhcw:m 19POUI WiaysAs Joexo Uk paau oM eIA 88)juBIENS UBD SN
:safuaney Sululeway g solweuAp
panapowun
ued moH
swes |enuasayip Jakeld
-994U) € Se |[H Se1eINwWIoley :Nnsay :uoneanop
swes

1enualayip Jake)d-saiu) e se sojweuAp payapowun
/ Buneauy Ag ssauysngol ayy Suinosdw swiny







REFERENCES

[1]

(2]

[3]

[4]

[5]

(6]

[7]

(8]

[9]

[10]

K. D. Kusano, K. Beatty, S. Schnelle, F. Favaro, C. Crary, and T. Victor.
“Collision avoidance testing of the waymo automated driving system”. In:
arXiv preprint arXiv:2212.08148 (2022).

G. Ma, B. Wang, and S. S. Ge. “Robust optimal control of connected
and automated vehicle platoons through improved particle swarm
optimization”. In: Transportation research part C: emerging technologies 135
(2022), p. 103488.

S. Wen and G. Guo. “Distributed trajectory optimization and sliding mode
control of heterogenous vehicular platoons”. In: IEEE Transactions on
Intelligent Transportation Systems 23.7 (2021), pp. 7096-7111.

K. M. Kabore and S. Giiler. “Distributed formation control of drones with
onboard perception”. In: IEEE/ASME Transactions on Mechatronics 27.5
(2021), pp. 3121-3131.

X. Liu, K. Lam, B. Alkouz, B. Shahzaad, and A. Bouguettaya. “Constraint-
based formation of drone swarms”. In: 2022 IEEE international conference
on pervasive computing and communications workshops and other affiliated
events (PerCom workshops). IEEE. 2022, pp. 73-75.

P. Zhang, G. Chen, Y. Li, and W. Dong. “Agile formation control of drone
flocking enhanced with active vision-based relative localization”. In: IEEE
Robotics and Automation Letters 7.3 (2022), pp. 6359-6366.

R. Ashima, A. Haleem, S. Bahl, M. Javaid, S. K. Mahla, and S.
Singh. “Automation and manufacturing of smart materials in Additive
Manufacturing technologies using Internet of Things towards the adoption
of Industry 4.0”. In: Materials Today: Proceedings 45 (2021), pp. 5081-5088.

S. Li, P. Zheng, S. Liu, Z. Wang, X. V. Wang, L. Zheng, and L. Wang.
“Proactive human-robot collaboration: Mutual-cognitive, predictable,
and self-organising perspectives”. In: Robotics and Computer-Integrated
Manufacturing 81 (2023), p. 102510.

E. Dinlersoz and Z. Wolf. “Automation, labor share, and productivity:
Plant-level evidence from US Manufacturing”. In: Economics of Innovation
and New Technology 33.4 (2024), pp. 604-626.

P. Aghion, C. Antonin, S. Bunel, and X. Jaravel. “The effects of automation
on labor demand”. In: Robots and AI (2023), pp. 15-39.

25



26

References

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

T. R. Mohan, J. P. Roselyn, R. A. Uthra, D. Devaraj, and K. Umachandran.
“Intelligent machine learning based total productive maintenance approach
for achieving zero downtime in industrial machinery”. In: Computers &
Industrial Engineering 157 (2021), p. 107267.

X. Shi, H. Yao, Z. Liang, and X. Li. “An empirical study on fuel consumption
of commercial automated vehicles”. In: Transportation Research Part D:
Transport and Environment 106 (2022), p. 103253.

Z. Yao, Y. Wang, B. Liu, B. Zhao, and Y. Jiang. “Fuel consumption and
transportation emissions evaluation of mixed traffic flow with connected
automated vehicles and human-driven vehicles on expressway”. In: Energy
230 (2021), p. 120766.

G. Wilk-Jakubowski, R. Harabin, and S. Ivanov. “Robotics in crisis
management: A review”. In: Technology in Society 68 (2022), p. 101935.

G. Bathla, K. Bhadane, R. K. Singh, R. Kumar, R. Aluvalu, R. Krishnamurthi,
A. Kumar, R. Thakur, and S. Basheer. “Autonomous vehicles and intelligent
automation: Applications, challenges, and opportunities”. In: Mobile
Information Systems 2022.1 (2022), p. 7632892.

M. A. Jamshed, K. Ali, Q. H. Abbasi, M. A. Imran, and M. Ur-Rehman.
“Challenges, applications, and future of wireless sensors in Internet of
Things: A review”. In: IEEE Sensors Journal 22.6 (2022), pp. 5482-5494.

M. Lungu. “Backstepping and dynamic inversion control techniques for
automatic landing of fixed wing unmanned aerial vehicles”. In: Aerospace
Science and Technology 120 (2022), p. 107261.

D. Hopkins and T. Schwanen. “Talking about automated vehicles: What do
levels of automation do?” In: Technology in Society 64 (2021), p. 101488.

J. Herkert, J. Borenstein, and K. Miller. “The Boeing 737 MAX: Lessons
for engineering ethics”. In: Science and engineering ethics 26 (2020),
pp. 2957-2974.

T. Backstrom and M. Do6os. “Absolute and relative frequencies of
automation accidents at different kinds of equipment and for different
occupational groups”. In: Journal of safety research 28.3 (1997), pp. 147-
158.

B. Weng, G. A. Castillo, Y.-S. Kang, and A. Hereid. “Towards standardized
disturbance rejection testing of legged robot locomotion with linear
impactor: A preliminary study, observations, and implications”. In: 2024
IEEE International Conference on Robotics and Automation (ICRA). IEEE.
2024, pp. 9946-9952.

N. Beckers, L. C. Siebert, M. Bruijnes, C. Jonker, and D. Abbink. “Drivers
of partially automated vehicles are blamed for crashes that they cannot
reasonably avoid”. In: Scientific reports 12.1 (2022), p. 16193.



References 27

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

National Transportation Safety Board. Collision Between Vehicle Controlled
by Developmental Automated Driving System and Pedestrian, Tempe, Ari-
zona, March 18, 2018. Tech. rep. NTSB/HAR-19/03. Corrected copy
issued June 26, 2020. NTSB, 2019. URL: https://www.ntsb.gov/
investigations/accidentreports/reports/harl903. pdf.

National Transportation Safety Board. Collision Between a Car Operating
With Automated Vehicle Control Systems and a Tractor-Semitrailer Truck
Near Williston, Florida, May 7, 2016. Tech. rep. NTSB/HAR-17/02.
NTSB, 2017. URL: https://www.ntsb.gov/Investigations/
Accidentreports/Reports/Harl702.pdf.

California Department of Motor Vehicles. DMV Statement on Cruise LLC
Suspension. Oct. 2023. URL: https://www.dmv.ca.gov/portal/news-
and-media/dmv-statement-on-cruise-1llc-suspension/

National Highway Traffic Safety Administration. Part 573 Safety Recall
Report 23E-086 (Cruise ADS Software). Tech. rep. NHTSA, Nov. 2023. URL:
https://static.nhtsa.gov/o0di/rcl/2023/RCLRPT - 23EQ86 -
7725 .PDF.

National Transportation Safety Board. Collision of Two Washington
Metropolitan Area Transit Authority Metrorail Trains Near Fort Totten
Station, Washington, D.C., June 22, 2009. Tech. rep. NTSB/RAR-10/02.
NTSB, 2010. URrRL: https://www.ntsb.gov/investigations/
accidentreports/reports/rarl002. pdf.

National Transportation Safety Board. Descent Below Visual Glidepath
and Impact With Seawall, Asiana Airlines Flight 214, Boeing 777-200ER,
San Francisco, California, July 6, 2013. Tech. rep. NTSB/AAR-14/01.
NTSB, 2014. urL: https://www.ntsb.gov/investigations/
accidentreports/reports/aarl40l. pdf.

Australian Transport Safety Bureau. In-flight upset, 154 km west of
Learmonth, Western Australia, 7 October 2008, VH-QPA, Airbus A330-303.
Tech. rep. AO-2008-070. ATSB, 2011. URL: https://www.atsb.gov.
au/sites/default/files/media/3532398/a02008070.pdf.

Guinness World Records. First human to be killed by a robot. Entry recounts
the death of Robert Williams on Jan 25, 1979, at Ford’s Flat Rock
plant. 1979. URL: https://guinnessworldrecords.com/world-
records/first-human-to-be-killed-by-a-robot

Williams v. Litton Systems, Inc., 449 N.W.2d 669 (Mich. 1989). Michigan
Supreme Court decision. 1989. URL: https://law. justia.com/
cases/michigan/supreme-court/1989/81951-5.html.

C. Belta, B. Yordanov, and E. A. Gol. Formal methods for discrete-time
dynamical systems. Vol. 89. Springer, 2017.

C. Baier and J.-P. Katoen. Principles of model checking. MIT press, 2008.



https://www.ntsb.gov/investigations/accidentreports/reports/har1903.pdf
https://www.ntsb.gov/investigations/accidentreports/reports/har1903.pdf
https://www.ntsb.gov/Investigations/Accidentreports/Reports/Har1702.pdf
https://www.ntsb.gov/Investigations/Accidentreports/Reports/Har1702.pdf
https://www.dmv.ca.gov/portal/news-and-media/dmv-statement-on-cruise-llc-suspension/
https://www.dmv.ca.gov/portal/news-and-media/dmv-statement-on-cruise-llc-suspension/
https://static.nhtsa.gov/odi/rcl/2023/RCLRPT-23E086-7725.PDF
https://static.nhtsa.gov/odi/rcl/2023/RCLRPT-23E086-7725.PDF
https://www.ntsb.gov/investigations/accidentreports/reports/rar1002.pdf
https://www.ntsb.gov/investigations/accidentreports/reports/rar1002.pdf
https://www.ntsb.gov/investigations/accidentreports/reports/aar1401.pdf
https://www.ntsb.gov/investigations/accidentreports/reports/aar1401.pdf
https://www.atsb.gov.au/sites/default/files/media/3532398/ao2008070.pdf
https://www.atsb.gov.au/sites/default/files/media/3532398/ao2008070.pdf
https://guinnessworldrecords.com/world-records/first-human-to-be-killed-by-a-robot
https://guinnessworldrecords.com/world-records/first-human-to-be-killed-by-a-robot
https://law.justia.com/cases/michigan/supreme-court/1989/81951-5.html
https://law.justia.com/cases/michigan/supreme-court/1989/81951-5.html

28

References

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

S. L. Herbert, S. Bansal, S. Ghosh, and C. J. Tomlin. “Reachability-based
safety guarantees using efficient initializations”. In: 2019 IEEE 58th
Conference on Decision and Control (CDC). IEEE. 2019, pp. 4810-4816.

S. Bansal and C. J. Tomlin. “Deepreach: A deep learning approach to
high-dimensional reachability”. In: 2021 IEEE International Conference on
Robotics and Automation (ICRA). IEEE. 2021, pp. 1817-1824.

M. Chen, S. L. Herbert, M. S. Vashishtha, S. Bansal, and C. J. Tomlin.
“Decomposition of reachable sets and tubes for a class of nonlinear
systems”. In: IEEE Transactions on Automatic Control 63.11 (2018),
pp. 3675-3688.

S. Bansal, M. Chen, S. Herbert, and C. J. Tomlin. “Hamilton-jacobi
reachability: A brief overview and recent advances”. In: 2017 IEEE
56th Annual Conference on Decision and Control (CDC). IEEE. 2017,
pp. 2242-2253.

J. Darbon and S. Osher. “Algorithms for overcoming the curse of
dimensionality for certain Hamilton-Jacobi equations arising in control
theory and elsewhere”. In: Research in the Mathematical Sciences 3.1 (2016),
p- 19.

M. Chen, S. L. Herbert, H. Hu, Y. Pu, J. F. Fisac, S. Bansal, S. Han,
and C. J. Tomlin. “Fastrack: a modular framework for real-time motion
planning and guaranteed safe tracking”. In: IEEE Transactions on Automatic
Control 66.12 (2021), pp. 5861-5876.

T. Dreossi, T. Dang, and C. Piazza. “Parallelotope bundles for polynomial
reachability”. In: Proceedings of the 19th International Conference on Hybrid
Systems: Computation and Control. 2016, pp. 297-306.

D. Henrion and M. Korda. “Convex computation of the region of attraction
of polynomial control systems”. In: IEEE Transactions on Automatic Control
59.2 (2013), pp. 297-312.

A. Majumdar, A. A. Ahmadi, and R. Tedrake. “Control design along
trajectories with sums of squares programming”. In: 2013 IEEE International
Conference on Robotics and Automation. IEEE. 2013, pp. 4054-4061.

G. Frehse, C. Le Guernic, A. Donzé, S. Cotton, R. Ray, O. Lebeltel, R.
Ripado, A. Girard, T. Dang, and O. Maler. “SpaceEx: Scalable verification
of hybrid systems”. In: Computer Aided Verification: 23rd International
Conference, CAV 2011, Snowbird, UT, USA, July 14-20, 2011. Proceedings
23. Springer. 2011, pp. 379-395.

A. B. Kurzhanski and P. Varaiya. “On ellipsoidal techniques for reachability
analysis. part ii: Internal approximations box-valued constraints”. In:
Optimization methods and software 17.2 (2002), pp. 207-237.

J. N. Maidens, S. Kaynama, I. M. Mitchell, M. M. Oishi, and G. A.
Dumont. “Lagrangian methods for approximating the viability kernel in
high-dimensional systems”. In: Automatica 49.7 (2013), pp. 2017-2029.



References 29

[46]

[47]

[48]

[49]
[501]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

P. Solanki, J. J. Van Beers, A. Jamshidnejad, and C. C. De Visser. “A novel
algorithmic approach to obtaining maneuverable control-invariant sets”.
In: 2024 IEEE International Conference on Robotics and Automation (ICRA).
IEEE. 2024, pp. 9916-9922.

T. Lombaerts, S. Schuet, K. Wheeler, D. M. Acosta, and J. Kaneshige. “Safe
maneuvering envelope estimation based on a physical approach”. In: Aiaa
guidance, navigation, and control (gnc) conference. 2013, p. 4618.

I. M. Mitchell, A. M. Bayen, and C. J. Tomlin. “A time-dependent Hamilton-
Jacobi formulation of reachable sets for continuous dynamic games”. In:
IEEE Transactions on automatic control 50.7 (2005), pp. 947-957.

E. N. Barron. Game theory: an introduction. John Wiley & Sons, 2024.

O. Bokanowski and H. Zidani. “Minimal time problems with moving targets
and obstacles”. In: IFAC Proceedings Volumes 44.1 (2011), pp. 2589-2593.

J. F. Fisac, M. Chen, C. J. Tomlin, and S. S. Sastry. “Reach-avoid problems
with time-varying dynamics, targets and constraints”. In: Proceedings of
the 18th international conference on hybrid systems: computation and control.
2015, pp. 11-20.

A. Abate. “A contractivity approach for probabilistic bisimulations of
diffusion processes”. In: Proceedings of the 48h IEEE Conference on Decision
and Control (CDC) held jointly with 2009 28th Chinese Control Conference.
IEEE. 2009, pp. 2230-2235.

A. J. Summers and P. Miiller. “Automating deductive verification for
weak-memory programs”. In: Tools and Algorithms for the Construction and
Analysis of Systems: 24th International Conference, TACAS 2018, Held as
Part of the European Joint Conferences on Theory and Practice of Software,
ETAPS 2018, Thessaloniki, Greece, April 14-20, 2018, Proceedings, Part I 24.
Springer. 2018, pp. 190-209.

N. Malone, K. Lesser, M. Oishi, and L. Tapia. “Stochastic reachability based
motion planning for multiple moving obstacle avoidance”. In: Proceedings
of the 17th international conference on Hybrid systems: computation and
control. 2014, pp. 51-60.

A. P. Vinod and M. M. Oishi. “Scalable underapproximation for the
stochastic reach-avoid problem for high-dimensional LTI systems using
Fourier transforms”. In: IEEE control systems letters 1.2 (2017), pp. 316-321.

A. P. Vinod and M. M. Oishi. “Scalable underapproximative verification of
stochastic LTI systems using convexity and compactness”. In: Proceedings
of the 21st International Conference on Hybrid Systems: Computation and
Control (Part of CPS Week). 2018, pp. 1-10.

A. P. Vinod and M. M. Oishi. “Stochastic reachability of a target tube:
Theory and computation”. In: Automatica 125 (2021), p. 109458.




30

References

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]
[67]

[68]

[69]

[70]

[71]

M. Althoff, G. Frehse, and A. Girard. “Set propagation techniques
for reachability analysis”. In: Annual Review of Control, Robotics, and
Autonomous Systems 4.1 (2021), pp. 369-395.

J. Lygeros. “On reachability and minimum cost optimal control”. In:
Automatica 40.6 (2004), pp. 917-927.

S. L. Herbert, M. Chen, S. Han, S. Bansal, J. F. Fisac, and C. J. Tomlin.
“FaSTrack: A modular framework for fast and guaranteed safe motion
planning”. In: 2017 IEEE 56th Annual Conference on Decision and Control
(CDC). IEEE. 2017, pp. 1517-1522.

I. Mitchell, A. Bayen, and C. J. Tomlin. “Computing reachable sets for
continuous dynamic games using level set methods”. In: Submitted January
(2004).

C. Jongho. helperOC. URL: https://github.com/HJReachability/
helpero0C.

C. Jongho. BEACLS. URL: https://hjreachability.github.io/
beacls/.

M. Althoff. “An introduction to CORA 2015”. In: Proc. of the workshop on
applied verification for continuous and hybrid systems. 2015, pp. 120-151.

S. Bogomolov, M. Forets, G. Frehse, K. Potomkin, and C. Schilling.
“JuliaReach: a toolbox for set-based reachability”. In: Proceedings of the
22nd ACM International Conference on Hybrid Systems: Computation and
Control. 2019, pp. 39-44.

X. Chen. User’s Manual of Flow v1. 2.0. 2013.

W. Xiang, H.-D. Tran, X. Yang, and T. T. Johnson. “Reachable set estimation
for neural network control systems: A simulation-guided approach”. In:
IEEE Transactions on Neural Networks and Learning Systems 32.5 (2020),
pp. 1821-1830.

C. Fan, B. Qi, S. Mitra, and M. Viswanathan. “DryVR: Data-driven
verification and compositional reasoning for automotive systems”. In:
International Conference on Computer Aided Verification. Springer. 2017,
pp. 441-461.

S. Bak and P. S. Duggirala. “Hylaa: A tool for computing simulation-
equivalent reachability for linear systems”. In: Proceedings of the 20th
International Conference on Hybrid Systems: Computation and Control. 2017,
pp- 173-178.

R. Ivanov, J. Weimer, R. Alur, G. J. Pappas, and I. Lee. “Verisig: verifying
safety properties of hybrid systems with neural network controllers”. In:
Proceedings of the 22nd ACM International Conference on Hybrid Systems:
Computation and Control. 2019, pp. 169-178.

C. Barrett and C. Tinelli. “Satisfiability modulo theories”. In: Handbook of
model checking (2018), pp. 305-343.


https://github.com/HJReachability/helperOC
https://github.com/HJReachability/helperOC
https://hjreachability.github.io/beacls/
https://hjreachability.github.io/beacls/

References 31

[72]

[73]

[74]

[75]

[76]

[77]

[78]

[791]

[80]

[81]

[82]

[83]

S. Gao, S. Kong, and E. M. Clarke. “dReal: An SMT solver for nonlinear
theories over the reals”. In: International conference on automated deduction.
Springer. 2013, pp. 208-214.

S. Bak, S. Bogomolov, and T. T. Johnson. “HYST: a source transformation
and translation tool for hybrid automaton models”. In: Proceedings of the
18th International Conference on Hybrid Systems: Computation and Control.
2015, pp. 128-133.

A. Abate, A. Edwards, and M. Giacobbe. “Neural abstractions”. In: Advances
in Neural Information Processing Systems 35 (2022), pp. 26432-26447.

A. Abate, C. David, P. Kesseli, D. Kroening, and E. Polgreen. “Coun-
terexample guided inductive synthesis modulo theories”. In: International
Conference on Computer Aided Verification. Springer. 2018, pp. 270-288.

J. D. Gleason, A. P. Vinod, and M. M. Oishi. “Lagrangian approximations
for stochastic reachability of a target tube”. In: Automatica 128 (2021),
p. 109546.

L. M. Bujorianu. Stochastic reachability analysis of hybrid systems. Springer
Science & Business Media, 2012.

A. P. Vinod, B. HomChaudhuri, and M. M. Oishi. “Forward stochastic
reachability analysis for uncontrolled linear systems using fourier
transforms”. In: Proceedings of the 20th International Conference on Hybrid
Systems: Computation and Control. 2017, pp. 35-44.

A. P. Vinod, J. D. Gleason, and M. M. Oishi. “SReachTools: a
MATLAB stochastic reachability toolbox”. In: Proceedings of the 22nd ACM
international conference on hybrid systems: computation and control. 2019,
pp- 33-38.

F. Shmarov and P. Zuliani. “ProbReach: A Tool for Guaranteed Reachability
Analysis of Stochastic Hybrid Systems.” In: SNR@ CAV. 2015, pp. 40-48.

M. Kwiatkowska, G. Norman, and D. Parker. “PRISM 4.0: Verification
of probabilistic real-time systems”. In: Computer Aided Verification: 23rd
International Conference, CAV 2011, Snowbird, UT, USA, July 14-20, 2011.
Proceedings 23. Springer. 2011, pp. 585-591.

A. Lin and S. Bansal. “Verification of neural reachable tubes via scenario
optimization and conformal prediction”. In: 6th Annual Learning for
Dynamics & Control Conference. PMLR. 2024, pp. 719-731.

A. Lin and S. Bansal. “Generating formal safety assurances for high-
dimensional reachability”. In: 2023 IEEE International Conference on
Robotics and Automation (ICRA). IEEE. 2023, pp. 10525-10531.







BACKGROUND

This chapter presents the theoretical foundations necessary for the developments in
subsequent chapters, each of which contributes to safe decision-making for autonomous
systems under various forms of uncertainty. It begins with Hamilton-Jacobi (HJ)
reachability analysis in section 2.1, a robust optimal control framework that underlies
our formulations of manoeuvrable and safe sets, and which we later extend to model
uncertainty and stochastic settings. It then covers neural networks in section 2.2, which
serve as function approximators for high-dimensional PDE solutions, and Satisfiability
Modulo Theories (SMT) in section 2.3, which provide formal tools for certifying
solution error bounds. Finally, it reviews essential concepts from measure theory
and probability in sections 2.4 and 2.5 respectively, which are foundational to our
construction of stochastic reachable and avoid sets, and their associated properties.
Together, these topics form the mathematical and computational basis for the novel
theoretical contributions and algorithms introduced in the remainder of the thesis.
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34 2. Background

2.1. HAMILTON-JACOBI REACHABILITY:
FOUNDATIONS AND APPLICATIONS

Hamilton-Jacobi (HJ) reachability analysis is a powerful control-theoretic
framework for reasoning about safety and performance guarantees in dynamical
systems operating under uncertainty [1-3]. It is particularly suited to
safety-critical applications such as autonomous driving[4], aircraft collision
avoidance[5], and human-robot interaction[6], where worst-case behaviours
must be accounted for[7, 8].

2.1.1. Optimal Control and the Hamilton-Jacobi-Bellman
Equation

Optimal control theory provides a mathematical framework for making optimal

decisions for dynamical systems. Consider a control-affine system of the form:

x(t) =f(x(t), u(t)), u(t)el, 2.1

where x(t) € R" is the system state, u(t) is the control input, and f is the system
dynamics. The goal is to find a control input u(-) that minimises a cost function

of the form:
-

Je(x;u(+)) = f L(x(s), u(s)) ds + M(x(T)), (2.2)
t
where L(X, u) is a running cost and M(x) is a terminal cost.
The optimal cost-to-go from a state X at time t is captured by the value
function:
V(t,x) = i?gh(x; u(-)). (2.3)
u .

Using Bellman’s principle of optimality, the value function satisfies the
Hamilton-Jacobi-Bellman (HJB) partial differential equation [9]:

4
T+ Inf {06 W)+ TV(E0 S0 W =0, V(T 0=MG). (2.4

This is a final-time Partial Differential Equation (PDE) that propagates the
value function backwards in time. The optimal control can be recovered via [9]:

u*(t,x)=arg Te'ar) {L(x, u) + VxV(t,x)-f(x, u)}. (2.5)

The quantity inside the minimisation (L(Xx, u) + VxV/(t, x) - f(x, u)), is known
as the Hamiltonian of the optimal control problem. In classical mechanics, the
Hamiltonian represents the total energy (kinetic plus potential) of a system. In
optimal control, it generalises this notion by encoding both the dynamics and
the cost in a single scalar quantity that guides decision-making over time. The
structure of the HJB equation is deeply connected to the Pontryagin Maximum
Principle (PMP), which provides necessary conditions for optimality. PMP states
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that for an optimal trajectory, there exists a costate variable such that the control
input must maximise (or minimise) the Hamiltonian pointwise in time. Thus,
the Hamiltonian serves as the key object linking dynamic programming and
variational approaches to optimal control.

Even though the value function may not be differentiable everywhere, it can be
shown that the HJB equation admits a unique viscosity solution under standard
Lipschitz continuity assumptions on f, L, and M [9].

2.1.2. Robust Optimal Control and Hamilton-Jacobi-Isaacs
Equations
In many real-world systems, there exist uncertainties in the form of model
mismatch or external disturbances. To handle such situations, we move from
standard optimal control to robust optimal control, which seeks control strategies
that perform well under worst-case disturbances. This gives rise to a two-player
zero-sum dynamic game between the controller and the disturbance [7, 10].
Consider the disturbed dynamics:

x(t) = f(x(t), u(®), d(t)), u(t)eu, d(t)eD, (2.6)

where d(t) denotes a disturbance or adversarial input bounded in a compact
set D. The goal is now to find a control policy that minimises the cost in the
presence of worst-case disturbance:

T

Je(x;u(-), d())) = f L(x(s), u(s), d(s)) ds + M(x(T)), (2.7)

t

with the robust value function given by:

V(t, x) = supinf/e(x; u(-), d(-)). (2.8)
d() ul)

This formulation is known as a zero-sum differential game, where the controller
(Player 1) aims to minimise the cost while the disturbance (Player 2) aims to
maximise it. Importantly, the disturbance is assumed to use non-anticipative
strategies—meaning it cannot anticipate future values of the control input and
can only react causally. This assumption balances the information available to
both players during gameplay [1, 10].

Using dynamic programming principles, the value function satisfies the
Hamilton-Jacobi-Isaacs (HJI) partial differential equation [10]:

4
Z—t(t, x)+rl}1in mcg {L(x, u, d)+VxV(t,x)-f(x,u,d)} =0, V(T,x)=M(x).

€U de

(2.9)
The optimal feedback strategies for both players are obtained as:

u*(t,x)=argminmax {L(x, u, d) + VxV(t,x)-f(x, u,d)}, (2.10)
uel deD
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d*(t,x) =arg max {L(x, u*(t, x), d) + VxV(t, x) - f(x, u*(t, x), d)}. (2.11)
€

This robust optimal control framework forms the foundation of Hamilton-Jacobi
reachability, where the goal is to reason about sets of states that can (or cannot)
be reached under adversarial dynamics. In the next section, we discuss how
these problems are formulated within the HJI framework.

2.1.3. Hamilton-Jacobi Reachability as a Robust Optimal
Control Problem

Hamilton-Jacobi (HJ) reachability analysis arises naturally from robust optimal
control theory. Instead of minimising a cumulative cost, HJ reachability focuses
on whether or not the system can reach a desired target set (or avoid an
undesired one), regardless of worst-case disturbances. These problems are
therefore formulated as games of kind, where the outcome is binary — success
or failure — rather than numerical cost [2, 7].

To formalise this, consider a system with the following dynamics:

x(t) = f(x(t), u(t), d(t)), u(t)eu, d(t)eD, (2.12)

and a target set £ C R", represented as the subzero level set of a Lipschitz
continuous function [ : R" — R:

L={xeR"|l(x)<0}. (2.13)
We define the cost function as:
Je(x; u(-), d(+)) = (x(T)), (2.14)

which encodes the signed distance to the target set at the terminal time T. The
value function is then given by:

V(t, x) = infsup ((ELY(T)), (2.15)
U() d() x,t

where Eﬁ:g(-) denotes the system trajectory starting from x at time t under
control u(-) and disturbance d(-).
The corresponding Hamilton-Jacobi-Isaacs equation is:

1
—(t, x)+ minmaxVyxV(t,x)-f(x,u,d)=0, V(T,x)=IUx). (2.16)
ot ueu deD

The subzero level set of this value function at time ¢,
{xeR"|V(t,x) <0}, (2.17)

defines the Backward Reachable Set (BRS) — the set of states from which
the system can be driven into the target set by time T, despite the worst-case
disturbance [1].
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HJ reachability problems are often games of kind, where the outcome is binary:
either the system reaches a target set or it does not. These are reformulated as
games of degree by defining a continuous value function whose zero sublevel set
encodes the reachability property. This transforms the binary decision problem
into a continuous optimisation problem over trajectories and controls. The
resulting Hamilton-Jacobi-Isaacs PDE is then solved numerically using the level
set method [11, 12], and the solution is interpreted in the viscosity sense [10].

The power of this approach lies in the viscosity solution framework, which
allows for the existence and uniqueness of solutions even when the value function
is not differentiable[7, 13]. The level set method provides a robust computational
scheme for propagating the value function on a fixed grid, without requiring
explicit parameterisation of the evolving set boundary [11, 14]. This flexibility
enables generalisation to reach-avoid, viability, and time-varying formulations,
which we explore in the following sections.

2.1.4. Reachability and the HJI PDE

Reachability analysis seeks to determine the set of states from which a system
can be guaranteed to reach (or avoid) a specified set within a given time horizon,
under constrained dynamics and adversarial or cooperative interactions[1, 3].
These problems are formulated as optimal control or differential game problems,
and are characterised by the value function V/(t, x), which represents the
minimal cost-to-go under worst-case scenarios.

This value function is obtained as the viscosity solution of a corresponding
Hamilton-Jacobi-Isaacs partial differential equation. The desired reachable
or avoidable set is given by the zero sublevel set of the value function [10]:

{xeR"|V(t,x) <0} (2.18)
Given system dynamics
x=f(x,ud), uel, deD, (2.19)

and terminal cost V/(0, x) = [(x), the HJI PDE takes the form:

oV
—0G )+ minmax Vi V(E, x)-f(x,u,d)=0 2.20
at( )ueludeDXX( )-f(x,u,d) (2.20)

2.1.5. Variations of Reachability

Hamilton-Jacobi reachability is a highly expressive framework that supports a
variety of problem formulations depending on the desired safety or performance
guarantee. In this section, we explore common variations and explain how
different assumptions about control and disturbance roles lead to different
optimisation structures in the Hamiltonian.
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Roles of the Control and Disturbance

In robust control and differential games, the controller and the disturbance play
adversarial roles. Depending on the question posed, the order of infimum and
supremum in the value function — and thus in the Hamiltonian — changes.

For example, in a safety problem where we wish to compute the set of states
from which the disturbance can drive the system into a target set despite any
control:

Vasrs(8) = {x | Yu(), 3d(): £49(T) e £}, (2.21)
the corresponding Hamiltonian takes the form:

H(x,VV)=minmaxVV - f(x, u, d). (2.22)
ueld deD

On the other hand, in a goal-satisfaction problem where the controller is trying
to steer the system into a target set despite all disturbances:

Vars(8) = {x | Ju(), vd(): 44T e L}, (2.23)
we use:
H(x,VV) = rpg/[x rglllg VV-f(x, u,d). (2.24)

In general, whenever we seek a guarantee that something holds for all controls
or disturbances, we use the outer maximisation. When we are trying to find an
existence, the inner minimisation applies.

Reachable Sets vs Reachable Tubes

The traditional reachable set considers states from which the system can enter
the target at exactly time T. This is appropriate for planning or reach-avoid
problems where timing matters[15].

However, for safety applications, we are often interested in whether the
system can reach the target at any point during the time horizon. This leads to
the concept of the reachable tube,[15] which tracks reachability over the full
interval [t, T]. The cost function becomes:

Je(x; u(-), d(+)) = sg?tilr} ] l(x(s)), (2.25)

and the associated value function solves a Hamilton-Jacobi variational inequality
(HJI VD) [16]:

min {% + H(x,VV), l(x)—V(t, x)} =0, V(T,x)=Ix). (2.26)
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Viability Kernels

Closely related to reachable tubes is the viability kernel, the set of states from
which the system can stay within a given safe set £ for the entire horizon. It is
defined as[15]:

K(t)={x|3u(), Vd(:), Vse[t,T]: E¥I(s) e L}. (2.27)

This can be computed by solving the Backward Reachable Tube (BRT) for the
complement of the safe set £¢. Let [(x) represent the signed distance to the safe
set. Then the HJI VI for the viability kernel becomes [7, 15, 17]:

min {% + H(x,VV), —Il(x)— V(t, x)} =0, V(T,x)=-Il(x), (2.28)

and the viability kernel is recovered as:

K(t)={xeR"|V(t x)>0}. (2.29)

Forward vs Backward Reachability

In contrast to backward reachable sets, the forward reachable set (FRS)
describes the set of states that the system can reach from a known initial set. The
HJI formulation for forward reachability is an initial value PDE [15]:

ow
— +sup inf VW -f(x,u,d)=0, W(O0,x) = l(x), (2.30)
at ueuU deD

where [(X) represents the initial condition (e.g., an indicator or distance function
for the initial set). The forward reachable set at time t is:

Vers(t) = {x e R" | W(t, x) < 0}. (2.31)

Similarly, the forward reachable tube (FRT) tracks the system’s evolution
over the interval and can be computed via an HJI VI:

ow
max {E + H(x, VW), W(x,t)— l(x)} =0. (2.32)

Reach-Avoid Sets with State Constraints

Finally, many real-world problems involve reaching a target set while avoiding
an unsafe set (obstacle) for the entire time horizon. This leads to the reach-avoid
problem, defined as[15]:

Veas(t) = {x | 3u(), Vd(), 3Te[t, T], E4I(D) €, ELI(S) £ 0, Vse[t, T]}.
(2.33)
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This corresponds to a double-obstacle HJI VI, with terminal condition:
V(T, x) = max{l(x), —g(T, x)}, (2.34)

and dynamics governed by:
oV
max {min {E + H(x, VV, I((x)—V(t, x)} , —g(t, x)— V(¢ x)} =0. (2.35)

The level set framework allows elegant encoding of both time-varying targets
and obstacles, enabling general and robust analysis of reachability under complex
constraints.

2.1.6. Formal Definitions of Reachable Sets and HJI
Formulation

Let Ei’g(’r) denote the trajectory of the system starting from state X at time ¢
under control u(-) and disturbance d(-).

Avoid Backward Reachable Set (Avoid-BRS): The Avoid-BRS is the set of all
states from which the system can be forced into a target set £L= {x | {(x) <0}
at the final time T, regardless of the control action [15].

Vers(t) = {x 13d(), Vu(), E44(T) e £} (2.36)
Value function:
V(t,x) = supinf(X9(T)) (2.37)
u(y 90 %
HJI equation:
oV
— + maxminVV-f(x,u,d)=0 (2.38)

ot ueld deD

Avoid Backward Reachable Tube (Avoid-BRT): The Avoid-BRT includes all
states from which the system can be forced into the target set at some time
T€[t, T][15].

Verr(t) = {x | 3d(-), Vu(-), 3T€[t, T]: E+9(1) e £} (2.39)
Value function: J
V(t, x) = inf mi u 2.
(0 =4 (52 240

HJI variational inequality:

1
min {E + H(x,VV), V(t, x)— l(x)} =0 (2.41)
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BRS: The BRS is the set of states from which the system is guaranteed to enter
aset O={x]|o(x) <0} at time T, despite any disturbance [15].

Vasrs(t) = {x | 3u(), vd(-), §49(T) € 0} (2.42)
Value function:
V(t,x) = infsupo(§+9(T)) (2.43)
u) d() X,
HJI equation:
1%
— +minmaxVV-f(x,u,d)= (2.44)

ot ueU deD

BRT: This set includes all states from which the system is guaranteed to enter
the set at some time in [t, T] [15].

Vaprr(t) = {x | Vu(), 3d(-), e[t T]: E+4(1) € O} (2.45)
Value function:

V(t,x) = infsup_min o(&Y 9(1)) (2.46)
u() g telt,T]

HJI variational inequality:

14
min {E + H(x, VV), V(t,x)— o(x)} =0 (2.47)

Reach-Avoid BRT: This set consists of all states from which the system can be
driven to a goal set G = {x | g(x) < 0} at any time T € [t, T], while avoiding
an unsafe set O throughout the trajectory [15].

Vrar(t) = {x | Ju(-), Vd(-), 3te[t,T], §49(1) €g, E4%(s) ¢ 0, Vse[t, 11}
(2.48)
Value function:

V(t, x) = inf , ud 2.
(t,x)= Lrg)sdt(l?Tr?tlr}]mGX{g(E 9() sren[gg]O(Exlt(S))} (2.49)

HJI variational inequality:

max {min {% +H,V(tx)— g(x)}, V(t,x)— o(x)} =0 (2.50)
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Forward Reachable Set (FRS): The FRS contains all states that the system can
reach at time T from a given initial condition Xo, under control u(-) and against
adversarial disturbance d(-) [15].

Vers(T) = {x | 3u("), Vd(-): §49,(T) =x} (2.51)
Value function:
W(x, t) = infsup ¢(E4 (T)) (2.52)
uC) d() X0,
HJI PDE (forward-time, with adversarial disturbance):
ow
— +minmaxVW . f(x,u,d)=0, W(x,0)=¢(x) (2.53)

ot ueu deD

where ¢(x) is an initial condition encoding the initial state X, often a signed
distance or indicator function.

Forward Reachable Tube (FRT): The FRT contains all states that the system
can reach at some time within the time horizon [, T], under admissible control
and despite adversarial disturbance [15].

Verr(t) = {x | 3u("), Vd(-), ITe[t,T]: gg;j’t(r)=x} (2.54)

Value function:

W(x, t) = mfsup rr[nn (1)(5XO t(T)) (2.55)
)d() T
HJI Variational Inequality:
. [oW .
min {E + min mgixVW -f(x, u,d), W(x,t)— (p(x)} =0 (2.56)

Reachable Set (Reach Set): The reach set generally refers to all states that can
be reached by the system from an initial condition, and is commonly associated
with the forward reachable set. In safety analysis, it may be interpreted as the
complement of an avoid set. It is a core object of interest in control synthesis,
verification, and exploration [7, 18]. The example in the following subsection
serves as an illustration of the section above.

2.1.7. Example: Double Integrator and Backward Reachable
Tube (BRT)

Consider the one-dimensional double integrator system:
xX=v, v=u, uel[-1,1] (2.57)

where:
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+ X € R is the position,
+ v € R is the velocity,
- ue[—1, 1] is the control input.

The state vector is represented as s = (X, V) € R2, and the system dynamics
can be written compactly as:

$= [Z] (2.58)

We define the target set £ C R? as a ball of radius R > O centered at the
origin:
L£={(x,v) eR?|x?+v? <R?} (2.59)

The corresponding target function (or terminal cost) is defined as:

l(x, v)=vVx%2+Vv2—R (2.60)

This function is negative inside the target set, zero on its boundary, and positive
outside.

We are interested in computing the BRT: the set of all initial states from which
the system can be driven into the target set £ at some time T € [t, T], using
admissible control inputs.

The value function that encodes this reachability information is given by:

v t) = f ((g%? 2.61
O v, ) =supinf min 1(E55(7) (2.61)

where:
. ‘ngv),t('r) is the state trajectory starting from (X, v) at time ¢,
* u(-) is the control policy,
« d(-) is the disturbance (can be ignored or set to 0 in this example).

The associated HJI variational inequality that characterises this value function
is:
. (eV
min Y +H(x,v,VV), V(x,v,t)—Il(x,v); =0 (2.62)

The Hamiltonian is defined as:

H(x, v, p) = uerp_alxl] (pxV + pvu) (2.63)

where p = (px, pv) = VV is the gradient (costate vector) of the value function.
This running example demonstrates how the BRT captures the evolution of

the reachable set over time. As the time horizon T increases, the reachable

tube expands to include more initial states from which it is possible to steer
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the system into the target region £. This is especially useful in verifying the
temporal flexibility of reaching goals in safety-critical systems.

Reach/Avoid Set Problem Corresponding HJI PDE

Converted to optimisation problem\ /Viscosity solution

Value Function

Zero level set

Y

Reach/Avoid Set

Figure 2.1: HJB Reachability logic flow: Both optimisation and HJI PDE yield the value
function, whose zero level set defines the reach/avoid set.

2.2. BACKGROUND ON NEURAL NETWORKS

Neural networks (NNs) are a class of machine learning models inspired by the
structure and function of biological neural systems. Over the past decade, they
have become central to modern artificial intelligence, with applications ranging
from image recognition and natural language processing to robotics and control.
Neural networks are particularly effective due to their ability to approximate
highly nonlinear functions from data, making them ideal for systems with
complex dynamics and high-dimensional inputs.

Note - all the background on Neural Networks presented in the thesis is based on
the [19]

2.2.1. Feedforward Neural Networks

A feedforward neural network (FNN), also known as a multilayer perceptron
(MLP), is one of the most commonly used NN architectures. It is composed of
an input layer, one or more hidden layers, and an output layer. Information
flows through the network in a single direction—from inputs to outputs—without
forming cycles.

Formally, for an input vector X € R", a feedforward neural network with N
layers (including the output layer) computes the output as:

f(x;0)=¢nopn—10---0p1(X), (2.64)
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where 6 denotes the collection of all trainable parameters in the network,
operator o represents composition of functions, and each ¢; corresponds to the
operation of layer :

¢i(z)=0:(Wiz+by), i=1,...,N—1. (2.65)

Here, W; € RM*Mi-1 js the weight matrix, b; € R™ is the bias vector, and 0; is a
nonlinear activation function (e.g., ReLU, sigmoid, or tanh) applied elementwise.
For the final layer (often a regression or classification output), we typically apply
no activation:

on(Z) = Whnz + by. (2.66)

The ReLU (Rectified Linear Unit) activation is a popular choice for hidden
layers, defined as:

ReLU(z) = max(0, z), applied elementwise. (2.67)

Example: A neural network with a single hidden layer (i.e., two layers in total)
has the form:
f(x;0)=Woo(Wix+ b1)+ by, (2.68)

where 0 is the activation function (e.g., ReLU or tanh), and the output is a linear
combination of the hidden units.

Geometrically, each hidden unit computes a hyperplane partitioning of the
input space, and applies a nonlinear transformation. Together, the network
partitions the input space into polytopes, and within each region the function is
affine. For ReLU networks, the output is a piecewise linear function.

2.2.2. Universal Approximation Theorem

A foundation underpinning the use of neural networks is the universal
approximation theorem, which states that a feedforward network with a single
hidden layer containing a finite number of neurons can approximate any
continuous function on a compact subset of R”, given sufficient width and
appropriate weights.

Formally, let f : R” — R be continuous, and let € > 0. Then there exists a
neural network fyy such that:

sup |f(x) — fan(X)| < €, (2.69)
xeK

for any compact set K C R".

2.2.3. Training Neural Networks
Training a neural network involves adjusting the parameters 6 = {W;, b[}f.V: 1
to minimise a loss function over a dataset D = {(Xx;, yi)}?i ,- This is typically
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formulated as an optimisation problem:

e* i 1%[: ;0 2.70
_argmelnﬁi=1 (f(xll )Iyl)l (- )

where £ is a task-dependent loss function. For regression tasks, a common choice
is the mean squared error (MSE):

1 M
Luse = - > If(xi; 6) = yill® 2.71)
i=1

Optimisation is typically performed via stochastic gradient descent (SGD) or
its variants (e.g., Adam, RMSProp), using backpropagation to compute gradients
efficiently via the chain rule.

2.2.4. Relevance to Control and Robotics

In robotics and control, neural networks are increasingly used to approximate
value functions, policies, and system dynamics. Their expressiveness allows them
to capture complex, nonlinear mappings—such as from sensory input to control
actions or from system states to safety margins—especially when analytical
models are unavailable or intractable. Recent advances have further combined
NNs with tools from control theory (e.g., Lyapunov analysis [20], reachability
[21]) to ensure safe and stable operation.

2.3. MATHEMATICAL FOUNDATIONS OF

SATISFIABILITY MODULO THEORIES (SMT)

The Satisfiability Modulo Theories (SMT) problem generalises the classical Boolean
satisfiability problem (SAT) to richer domains by allowing reasoning over
background theories, such as arithmetic, arrays, and data structures. Formally, the
SMT problem asks whether a first-order logic (FOL) formula ¢ is satisfiable with
respect to a background theory 7:

SMT(¢, 7) := 30 € Model(7) such that 0 |= ¢ (2.72)

Here, ¢ is a logical formula, 7 defines the interpretation of function and
predicate symbols, and 0 is a variable assignment consistent with both ¢ and 7.
Note - all the background on the SMT presented in the thesis us based on [22].

2.3.1. Preliminaries and Formal Definitions

Let X be a signature consisting of function symbols F, predicate symbols P, and
constant symbols C. A first-order formula ¢ € FOL[ X] is constructed via:

e Terms: t ::=c | x| f(t1,...,tn),
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e Formulas: ¢ ::=t1 =t | p(t1, ..., th) | 7@ | @1 A @2 | VX.@ | IX.0.
Given a theory 7 with a model class M7, the SMT problem becomes:
SMT(¢, T) :=1s there M € M such that M |= ¢? (2.73)

Example: Let ¢ = (X > 3) A (X < 1), and 7 = Th(R), the theory of real
arithmetic. Then SMT(¢@, 7) = UNSAT, since no real x satisfies both constraints.

2.3.2. Common Background Theories
The power of SMT arises from its support for various decidable theories:

Theory 7 | Domain Description

Teur Uninterpreted functions | Equality logic with uninterpreted functions
TLiA Integers Linear Integer Arithmetic

TirA Reals Linear Real Arithmetic

Tsv Bit-vectors Fixed-size word-level arithmetic

Tarrays Arrays Memory indexing with select/store
TUF+RA Combined Uninterpreted + real arithmetic

TNRA Nonlinear reals e.g., X -y, sin(x) (often undecidable)

Table 2.1: Typical SMT background theories

Some theories are decidable (e.g., linear arithmetic), while others are only
6-decidable—solvable up to numerical error 6 (e.g., nonlinear real arithmetic
with transcendental functions as supported by dReal).

2.3.3. The DPLL(T) Framework

Modern SMT solvers use a modular architecture known as DPLL(T). It combines:

1. Boolean abstraction: Replace each theory atom with a propositional
variable to obtain a Boolean skeleton:

(pbool =A1 A (A2 _,A3) A —|A4 A... (274)

2. SAT solving: A SAT solver searches for a satisfying assignment
v: {A;} — {true, false}.

3. Theory consistency check: The theory solver checks the theory literals
under the current assignment:

T |= A; if V(A;) = true (2.75)
If inconsistent, a conflict clause is added to guide backtracking.
A theory solver is a decision procedure:
S7 : Set of literals — {SAT, UNSAT} (2.76)

using techniques such as:
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+ Simplex algorithm (for 7ira),
+ Fourier-Motzkin elimination (for quantified constraints),
+ Congruence closure (for Trur),

« Interval constraint propagation (for 7yra)-

2.3.4. Model-Theoretic Semantics

Let £ be a first-order language and 7 = (£, A) be a theory with axioms A. The
SMT decision problem becomes:

Tl=3Ix. p(x) < Satisfiability of TU {@} (2.77)

That is, SMT determines if ¢ is satisfiable in any model of 7.

2.3.5. Applications in Formal Methods and Control
SMT solving is foundational in:

« Program verification and static analysis,

+ Symbolic execution and test generation,

- Formal synthesis from temporal logic specifications,

« Verification of hybrid systems and reachability analysis,

« Motion planning under logical and geometric constraints,

+ Control synthesis and falsification in cyber-physical systems.

For example, in reachability analysis for hybrid systems with dynamics
X = f(x, u) and unsafe region Xynsafe, We encode:

.
SMT(/\ Xt € Xunsafe A Xt+1 = f(Xt, Ut), 7T\IRA) (2.78)
t=0

Such encodings are solvable using dReal [23] or Z3 [24] with nonlinear
arithmetic capabilities. In summary, SMT provides a unifying logic-based
formalism for reasoning about real-world systems with arithmetic, functional,
and structural constraints. It serves as a powerful tool for verification, synthesis,
and analysis in embedded, robotic, and safety-critical systems.
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2.4. MEASURE THEORY

Measure theory was developed to provide a rigorous and general framework for
dealing with the concepts of length, area, volume, and integration, especially
in cases where classical methods like Riemann integration fail. In classical
calculus, integration is defined over intervals using sums of function values over
subdivisions of the domain. However, this approach breaks down for functions
that are highly discontinuous or for domains that are not simple intervals.

Lebesgue’s insight was to define the integral by slicing the range of the function
rather than the domain, and summing up the measures of the level sets where the
function takes certain values. This new perspective allows us to integrate a much
wider class of functions, including those that are discontinuous on dense subsets
of their domain.

Measure theory is indispensable in modern mathematics, particularly in
probability theory, where we interpret probability as a measure. It also plays a
central role in real analysis, functional analysis, ergodic theory, and the study
of partial differential equations. Without measure theory, many tools used in
modern analysis, such as LP spaces and weak convergence, would not have a
rigorous foundation.

Note - all the measure theory background presented in the thesis is based on [25]

2.4.1. Main Concepts in Measure Theory

To understand measure theory, we begin by building a framework that allows us
to assign a meaningful notion of “size” or “volume” to sets, even those that are
irregular or infinite, and to integrate functions that may be too discontinuous for
classical (Riemann) methods. This framework is constructed using four central
ideas: 0-algebras, measures, measurable functions, and the Lebesgue integral.

A o-algebra F over a set X is a collection of subsets of X that satisfies three
properties:

1. XeF,
2. If A € F, then the complement A€ € F,
3. f A1, A2,As3,... € F, then | J  Ap € F.

This structure ensures that we can perform standard set operations (like unions
and complements) without leaving the space of measurable sets. For example,
the collection of all open intervals on R generates the Borel 0-algebra, which
includes most sets used in real analysis.

A measure U is a function that assigns a non-negative extended real number
to each set in a 0-algebra. It must satisfy:

1. u(@)=0,
2. If A1, A3, ... are disjoint sets in F, then

.U(U An) = Z U(An). (2.79)
n=1 n=1
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This property is called countable additivity, and it ensures that the measure
behaves predictably under infinite operations. A canonical example is the Lebesgue
measure on R, which assigns length to intervals: for instance, u([a, b]) =b—a.

A measurable function is a function f : X — R such that for every a € R,
the set {x € X : f(x) < a} € F. This condition ensures we can integrate f with
respect to the measure. It generalises the idea of continuity: all continuous
functions are measurable, but measurable functions can be much more irregular.

The Lebesgue integral defines integration using the measure of the function’s
value-level sets. Instead of summing over partitions of the domain, as in Riemann
integration, the Lebesgue integral slices the range of the function. Formally, if f
is a non-negative measurable function, the integral is defined as:

f fdu=-sup {f sdu:0<s<f, sis simple}, (2.80)
X X
where a simple function is a finite linear combination of indicator functions:
n
s(x) = ZaiXAi(X): a;=>0,A;eF. (2.81)
i=1

This approach is much more powerful. For example, let

F(xX) = Xon[o,11(x), (2.82)
ie, f(xX)=1if xe€e Qn[0,1], and f(x) = O otherwise. This function is

not Riemann integrable because it is discontinuous everywhere. But since the
rationals in [0, 1] have Lebesgue measure zero, we have:

1
f f(x)dx =0, (2.83)
0
showing that f(-) is Lebesgue integrable.

Monotone Convergence Theorem (MCT)
Theorem. Let {fp ";°=1 be a sequence of measurable functions such that

0<fixX)<fa(x)<--- forall x€X, (2.84)

and define f(x) = limp—eo fn(X). Then

lim an du = f fdau. (2.85)
= Jx X

This theorem tells us that when a sequence of non-negative measurable
functions increases pointwise to a limit, then the integrals of those functions also
converge to the integral of the limiting function. It allows us to approximate
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complex functions using simpler ones, building them from below. MCT is
fundamental to the construction of the Lebesgue integral. It ensures that
integration is well-behaved under limits, especially when we use simple functions
to approximate more general ones. This theorem is particularly useful when
defining integrals or when working with sequences of truncated or bounded
functions. It guarantees convergence of integrals under monotonic growth.
Example. Let
fn(x) =min(x,n), xe€[0, ). (2.86)

Then f,(Xx) 1 X, and for a fixed kK > O,

k Kk k 1
f fn(x)dx =f min(x, n) dx —»f xdx = —k2. (2.87)
0 0 0 2
By MCT, we have:
k Kk
lim f fn(x)dx = f x dx. (2.88)
n—0o0 0 0

Fatou’s Lemma

Theorem. Let {fn};’f:l be a sequence of non-negative measurable functions.
Then:

f liminff,du < Iiminff fndu. (2.89)
X n—oo n—oo X

Fatou’s Lemma provides a lower bound on the integral of the limit inferior of a
sequence of non-negative functions. It tells us that even if the sequence does not
converge nicely, the integral of the lim inf cannot be larger than the lim inf of
the integrals. It is a foundational result that allows us to deal with convergence
problems in integration, especially when we do not have monotonicity. It often
serves as a tool in existence proofs or in proving inequalities involving integrals.
Fatou’s Lemma is commonly used when studying the convergence of integrals or
expectations in real analysis, probability, or functional analysis. It helps establish
inequality relations in weak convergence arguments.

Example. Let:

1
fn(x)= EX[n,n+1](X)r (2.90)

defined on R. Then for any fixed X, we have liminff,(x) = 0. Hence,

J Iiminff,,(x)dx:f 0dx =0. (2.91)
R R

Each individual integral is:

1
f fn(xX)dx=—-—0. (2.92)
R n
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So we get:
fliminffn < Iiminfffn, (2.93)

with both sides equal to zero, verifying Fatou’s Lemma in this case.

Dominated Convergence Theorem (DCT)
Theorem. Let {fp ;‘le be a sequence of measurable functions such that:

e fn(x) — f(x) pointwise almost everywhere on X,

- and there exists an integrable function g € L1(u) such that |f,(x)| < g(x)
for all n and almost every X.

Then:
ALrQO Lfn du = fo au. (2.94)

The Dominated Convergence Theorem states that if a sequence of functions
converges pointwise to a limit and all the functions are bounded in absolute value
by a single integrable function, then we can safely interchange the limit and the
integral. DCT is widely used when dealing with convergence of expectations or
integrals, especially in contexts where we lack monotonicity. It offers a practical
and general condition under which limits and integrals commute. It is essential
in probability theory, PDEs, and functional analysis, especially when verifying
convergence of expectations, solutions, or likelihood functions.

Example. Define:

fn(x)=x" on[O0,1]. (2.95)

Then f(x) — 0 for x € [0, 1), and fn(1) =1, so:
0, ifxe[0,1),

f&x)= (2.96)
1, ifx=1.

We can dominate all f, by the constant function g(x) = 1, which is integrable.
Hence, by DCT:

1 1
r!l_g(;)f fn(x)dx = f f(x)dx=1. (2.97)
0 0

Fubini’s Theorem

Theorem. Let (X, F, i) and (Y, G, v) be oO-finite measure spaces, and let
f: X xY — R be a measurable function such that:

[F O I x v)(X, y) < co. (2.98)
XxY
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Then:

fOy)d(ux v)(x, y) = L ny(x, y) dV(y)) du(x) (2.99)

XxY

= f U fx, y) du(X)) av(y) (2.100)
Y X

Fubini’s Theorem lets us compute a double integral by integrating one variable
at a time. Provided the function is absolutely integrable on the product space,
we can change the order of integration freely. This theorem is foundational for
multivariable integration, joint probability distributions, and product measures.
It allows us to simplify complex integrals and gives rigorous justification for
separating variables. Fubini’s Theorem is essential in probability when computing
expectations of jointly distributed random variables. It is also used in PDEs and
multivariate calculus when transforming integrals.

Example. Let:

f(x,y)=eXY on[0, ©)?. (2.101)

We compute:

J. f e *Vdydx = (f eX dx) (J e’ d)’) =1l-1=1 (2102)
o Jo 0 0

Since f > 0 and integrable, Fubini’s Theorem applies and confirms the result.

Carathéodory’s Criterion for Measurability

Lemma. Let u* be an outer measure on R". A set E C R" is Lebesgue
measurable if and only if for every set A C R",

UA)=u*(AnE)+ u*(A\E). (2.103)

Explanation. This lemma provides a formal criterion to test whether a set
behaves well with respect to the outer measure. If the measure of any set A
can be broken into the measure of its parts inside and outside E, then E is
measurable.

Why it’s important. Carathéodory’s criterion is the basis for defining Lebesgue
measurable sets. Though rarely applied directly, it underpins most of the theory
of measurable sets.

Use case. We use it implicitly every time we assert that unions, intersections,
or complements of measurable sets are measurable.

Example. Any open interval (@, b) C R is measurable. Since the collection
of open intervals generates the Borel 0-algebra, and the Lebesgue measure is
complete, all Borel sets are measurable.
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Radon-Nikodym Theorem

Theorem. Let v and U be o-finite measures on a measurable space (X, F), and
suppose V < [, that is:

H(A)=0=>Vv(A)=0 forallAeF. (2.104)

Then there exists a measurable function f : X — [0, c0) such that for every
measurable set A,

V(A) = f fdu. (2.105)
A

This function f is called the Radon-Nikodym derivative of Vv with respect to U,
and is written:
dv
f=—. (2.106)
du
The theorem tells us that if one measure is absolutely continuous with respect

to another, then it must arise from the other via integration of some density
function. This derivative Z—Z acts like a weight that locally relates v to u. The
Radon-Nikodym Theorem is essential in probability theory for defining densities

of distributions. It underlies concepts like likelihood functions, conditional
probabilities, and change-of-measure techniques in stochastic processes. If a
probability distribution Px has a density with respect to Lebesgue measure A,
then:

P(Xe€eA)= f FO) dA(x), (2.107)
A

where f = %.

Example. Let u be Lebesgue measure on [0, 1], and define:
V(A) = f 3x2 dx. (2.108)
A
Then v < U, and the Radon-Nikodym derivative is:
dv
—(x) = 3x°. (2.109)
du
Thus, for any measurable set A € [0, 1],

V(A) =J 3x2 du(x). (2.110)
A

Why and How Do We Prove a Set is Measurable?

Measurable sets are essential in measure theory because integration is only
defined over such sets. In probability theory, events must be measurable in
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order for probabilities to be well-defined. Similarly, a function is considered
measurable only if the pre-image of every Borel set is measurable. Without
ensuring that sets and functions are measurable, the core theorems of measure
theory — including the Monotone Convergence Theorem, Fatou’s Lemma, and
the Dominated Convergence Theorem — cannot be properly applied.

There are two standard methods to prove that a set is measurable. One is to use
Carathéodory’s criterion directly, which characterises measurable sets in terms
of their compatibility with outer measure. The other, more common method,
involves constructing measurable sets using known measurable sets (like open
or closed intervals) and applying the closure properties of 0-algebras, such as
countable unions, intersections, and complements. In practice, most constructions
rely on the fact that Borel sets — generated from open intervals through these
operations — are measurable with respect to the Lebesgue measure.

2.5. PROBABILITY THEORY: FUNDAMENTALS

Probability theory is deeply rooted in measure theory and provides a mathematical
language for quantifying uncertainty. It is essential in systems where outcomes
are inherently unpredictable, such as robotics, finance, and engineering systems.

Note - all the probability theory background presented in the thesis is based on [26]

2.5.1. Probability Space and Random Variables

A probability space provides a formal structure for mathematically modeling
random experiments. It comprises three essential components: a sample
space (Q) , which includes all possible outcomes; a sigma-algebra (F), a
structured collection of events (subsets of the sample space) that satisfies
certain mathematical conditions such as closure under complementation and
countable unions; and a probability measure (P), which assigns a numerical
probability to each event, respecting axioms like non-negativity, normalization
(total probability equals one), and countable additivity for disjoint events. This
framework ensures that probabilistic analyses are rigorous and well-defined. A
probability space is formally defined as a triple (Q, F, P) where:

- Sample Space (Q): Set of all possible outcomes.

+ Sigma-Algebra (F): Collection of subsets of Q, closed under complements
and countable unions.

« Probability Measure (P): A measure satisfying:

P(Q) =1, P(GAi) = > P(A) (2.111)
= i=1

A random variable is a function mapping the outcomes of a random experiment
to numerical values. By assigning numbers to outcomes, random variables allow
for quantitative analyses of random phenomena, simplifying calculations and
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interpretations. They form the cornerstone of probability theory, enabling us
to succinctly describe events in terms of numbers. For example, when flipping
a coin, a random variable could represent the number of heads obtained,
converting qualitative outcomes (heads or tails) into quantitative values (0 or 1).
A random variable X is a measurable function:

X:Q-R X 1(B)eF VBeB(R) (2.112)

2.5.2. Distribution Functions and Probability Densities

The cumulative distribution function (CDF) describes the probability that a
random variable takes a value less than or equal to a specific value. The CDF
fully characterizes the distribution of a random variable and is used extensively
in probability and statistics to summarize probabilities succinctly. For instance,
if the random variable represents the outcome of rolling a die, then the CDF at 3
would indicate the probability of rolling a 3 or less. Formally CDF of random
variable X is given as:

Fx(x) =P(X < x) (2.113)

A probability density function (PDF) applies to continuous random variables
and provides a detailed description of how probability is distributed over
continuous intervals. Intuitively, the PDF gives the relative likelihood of the
random variable being found at a particular point. Areas under the PDF curve
between two points indicate the probability of the variable falling within that
interval. Formally PDF for continuous random variables is given as:

X d
Fx(x) =J x@dt,  fx(x) = &FX(X) (2.114)

2.5.3. Expectation and Variance

The expectation or mean of a random variable provides a measure of its central
tendency or "average" value if the experiment is repeated infinitely many times.
Mathematically, it is computed as the integral (or sum, in the discrete case)
of the possible outcomes weighted by their probabilities. The expectation is a
fundamental concept in probability and statistics, offering an intuitive measure
of what one can typically expect to observe. Formally we find expectation as:

o0
E[ X] =f X(w)dP(w) =J Xfx(x)dx (2.115)

Q —o0
The variance of a random variable measures how spread out the values of
that variable are around its expectation. Formally, it’s the expectation of the
squared deviation of the random variable from its mean. A large variance implies
outcomes are widely dispersed from the mean, while a small variance means
outcomes cluster closely around it. Variance is crucial for quantifying uncertainty
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and variability in applications ranging from finance to robotics. Formally we find
variance as:
Var(X) = E[ X?] — E[ X]? (2.116)

2.5.4. Important Inequalities

Markov’s inequality provides a fundamental bound relating the probability that
a non-negative random variable exceeds a certain value to its expectation. It is
particularly useful when little is known about the detailed probability distribution
beyond its mean. Markov’s inequality states that the probability of the random
variable exceeding a number a is at most the expectation of the variable divided
by a. Formally Markov’s inequality is given as:

E[X]

Chebyshev’s inequality offers a way to bound the probability that a random
variable deviates from its expectation by more than a certain distance, using
only its variance. It provides a conservative estimate, stating that the probability
a variable deviates from its mean by at least a is no more than the variance
divided by a?. This inequality is essential when exact distributions are unknown
or hard to compute, ensuring robustness in probabilistic estimates. Formally
Chebyshev’s inequality is given as:

ar(X)

a2

\%
P(X—=E[X]|=a) < (2.118)

2.5.5. Convergence of Random Variables
Convergence of random variables is concerned with how sequences of random

variables behave as they approach some limit. Different types of convergence
are used depending on context: Convergence in probability means that random
variables get arbitrarily close to the limit with high probability:
Xn > X if Ve > 0, P(|Xy — X| > €) = 0 (2.119)
While almost sure convergence is stronger, stating that variables approach the
limit almost every time in repeated trials:

Xn <2 X i P( Jim Xo =X) =1 (2.120)

And convergence in distribution means the cumulative distribution functions
approach the limit distribution.

Xn 2 X if Fx, (x) = Fx(X) (2.121)

Understanding convergence is crucial, particularly for statistical inference and
proving theorems such as the Law of Large Numbers or Central Limit Theorem.
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2.5.6. Law of Large Numbers (LLN)

The Law of Large Numbers (LLN) describes the stability of long-term averages of
random experiments. It states that as the number of trials increases, the average
outcome will get closer to the expected value. There are two forms: the weak
LLN states convergence in probability, while the strong LLN ensures almost sure
convergence. The LLN is the reason empirical averages observed in experiments
or surveys provide reliable estimates of underlying probabilities and expected
values in real-world scenarios. The are formally defined as:

Weak LLN:
14 »
_le_,u (2.122)
ni=
Strong LLN:
1 4 a.s.
_in__,u (2.123)
niz1

2.5.7. Central Limit Theorem (CLT)

The Central Limit Theorem (CLT) explains why the normal (Gaussian)
distribution frequently appears in nature. It states that the sum or average of
many independent, identically distributed random variables with finite mean
and variance tends toward a normal distribution, regardless of the original
distribution’s shape. The CLT underpins many statistical methods, including
hypothesis testing and confidence intervals, allowing us to approximate complex
distributions simply by knowing their mean and variance.

Z?_l(xi_l'l) d
—_— 0,1 2.124
e N(0,1) ( )

2.5.8. Conditional Probability and Independence

Conditional probability quantifies the probability of an event given that another
event has already occurred. It updates our probability estimates based on
new information, forming the foundation of Bayesian statistics and inference.
Conditional Probability is formally given as:

P(ANB)

Independence between two events means that the occurrence of one event
does not influence the probability of the other. Formally, two events are
independent if the probability of their intersection equals the product of their
individual probabilities. Independence simplifies complex probability calculations
and is a fundamental assumption in many probabilistic and statistical models.
Independence is formally given as
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P(AnB)=P(A)P(B) (2.126)

2.5.9. Markov Chains and Markov Processes

The Markov property describes systems or processes in which the future state
depends only on the current state, not on any past states. Such systems are called
"memoryless." This property significantly simplifies analysis and computation for
dynamic systems, enabling easier prediction of future states. For example, a
robot’s future position might depend solely on its current position and velocity,
rather than its entire history of previous states. A Markov chain is a mathematical
system evolving randomly from one state to another, possessing the Markov
property. It describes systems where transitions depend only on the current state.
Markov chains are widely applied in areas such as robotics, queuing theory, and
biological modeling, providing a structured way to handle uncertainty over time.

P(X¢t €A|Xf1 =X1,...,Xt, =Xp) = P(X¢ €A|th = Xp) (2.127)

A Markov Process is a generalization of a Markov chain, describing a system
where transitions between states can occur continuously over time, and the state
space can be continuous or discrete. It also satisfies the Markov property: the
future state depends solely on the current state, not the entire past.

A transition probability matrix is a key concept in probability theory,
particularly for describing Markov chains. It is a mathematical tool used to
represent how a system moves from one state to another over discrete time steps.
Formally transition probability matrix is defined as:

Py =P(Xn+1=jIXn = 1) (2.128)

The Chapman-Kolmogorov equations provide a method for computing multi-
step transition probabilities in Markov chains. These equations express multi-step
transitions as sums of products of single-step transition probabilities. They are
fundamental to analyzing the long-term behavior of Markov processes, enabling
calculations of probabilities over extended sequences of events or states.

Chapman-Kolmogorov Equations:

(n+m) (n) p(m)
Py = Z P Py (2.129)
k

2.6. CONCLUSION

This chapter has outlined the theoretical foundations and computational
techniques required to understand the reachability-based safety guarantees
developed in the remainder of this dissertation. It began with optimal control
and differential games, leading to Hamilton-Jacobi reachability as a robust
verification framework. It then introduced neural networks and SMT-based
formal methods to support data-driven and certifiable approximations of value
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functions. Finally, it reviewed measure and probability theory as tools for
reasoning about stochastic behaviour and probabilistic safety.

From this point onward, each chapter builds on these foundations to present a
distinct research contribution. These include new definitions of manoeuvrability
and safety grounded in HJ theory, extensions of the HJ framework to model
uncertainty, certified neural approximations of PDE solutions, and the formulation
of stochastic safe and control-invariant sets. Each contribution is self-contained
but conceptually linked by the core themes introduced in this chapter.
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A NOVEL ALGORITHMIC
APPROACH TO OBTAINING
MANEUVERABLE VIABLE SETS

Ensuring safety in autonomous systems is essential as they become more integrated
with modern society. One way to accomplish this is to identify and maintain a safe
operating space. To this end, much effort has been devoted in the field of reachability
analysis to obtaining viable sets which ensure that a system inside of these sets
can remain in these sets, and are thus essential for guaranteeing a system’s safety.
However, viability does not imply that a system can move from any state in the viable
set to any other state in the viable set, within a given time horizon. In this paper,
we develop an algorithm to obtain a viable set that allows a given system to move
from any state in the set to any other state in the set within a given time horizon.
We call this the ‘maneuver set’, M. We substantiate the algorithm’s efficacy through
mathematical proof, affirming that the maneuver set obtained through the algorithm is
indeed viable. Furthermore, we prove that the system is indeed able to move from any
state within this set to any other state in the set. To illustrate the use of our algorithm,
we provide the numerical example of a Dubins car, utilising Hamilton-Jacobi-Bellman
reachability analysis along with the proposed algorithm in order to obtain M.

63



64 3. A novel algorithmic approach to obtaining maneuverable viable sets

3.1. INTRODUCTION

The proliferation of automated systems in our daily lives underscores the growing
importance of ensuring their safety. Indeed, as shown in [1], the predominant
factor contributing to robot failures is loss-of-control. Furthermore, recent
research in [2] has flagged a noteworthy correlation between the escalation of
automation and robotics, and an increased incidence of accidents. These findings
emphasize the need for better safety measures and strategies within these
domains. Various engineering disciplines explore the safety concerns associated
with such systems. One effective approach for providing safety guarantees
is reachability analysis, which revolves around the conceptual framework of
reachable sets. Reachability problems focus on identifying the set of states for
which an attainable control policy exists, either to guide the system towards a
specified state or to avoid particular states. Much effort has been devoted in the
field of reachability analysis to obtain viable sets. These sets ensure that, if the
system is inside of these sets, there exists an attainable control input such that
the system remains within the viable set and are thus essential for guaranteeing
a system’s safety. However, viability does not imply that the system can move
from any state in the viable set to any other state in the viable set, within the
given time horizon. Thus, this paper is motivated by the aim of finding a set that
is both viable and allows the system to move from any state in the set to any
other state in the set within the given time horizon. We call this set ‘maneuver
set’, M.

3.1.1. Related work

When addressing reachability problems, a variety of avenues have contributed
useful approaches, often under different terminologies. @Among these, the
most prevalent term is ‘capture basin’ [3]. An alternative approach to obtain
the capture basin is articulated within the framework of viability theory, as
expounded in [4]. Another method for tackling the reachability problem
involves formulating a value function incorporating optimal control principles,
subsequently yielding a Hamilton-Jacobi-Bellman (HJB) equation. The solution
to this equation is obtained through level set methods, wherein the zero level set
of the HIB equation provides the solution to the reachability problem [5], [6],
[7]. To address the challenges posed by the curse of dimensionality inherent to
such grid-based approaches, innovative strategies have been explored, such as
those based on Gaussian mixtures [8], convex optimization [9], particle filters
[10], Lagrangian methods [11], and Monte Carlo simulations [12].

Apart from reachability analysis, another way for ensuring system safety
involves the implicit design of a safety controller capable of modifying nominal
control actions to preserve system integrity, as discussed in [13].

3.1.2. Contributions

The central contribution of this paper is the development of an algorithm for
the computation of the maneuver set, M. This set is a viable set that allows
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the system to move from any state in the set to any other state in the set
within the given time horizon. This set is constructed utilizing forward and
backward reachable sets which are obtained through standard HJB reachability
analysis. We prove that the maneuver set obtained through the application of
the developed algorithm is indeed viable. Additionally, we further prove that the
system is able to move from any state within M to any other state in M, thereby
affirming the utility of the algorithm. To illustrate our findings, we provide the
numerical example of a Dubins car. In this example, HJB reachability analysis is
used to obtain the forward and backward reachable sets of the car from which
the maneuver set is derived using the developed algorithm.

3.1.3. Organisation

Section 3.2 establishes the foundational context required and describes the
problem statement. Section 3.3 introduces the algorithm and presents the
accompanying mathematical proofs. Section 3.4 delivers a concise introduction
to HJB reachability analysis, while section 3.5 offers an introductory overview of
the numerical example. Section 3.6 presents the results and Section 3.7 concludes
the paper.

3.2. PROBLEM SETUP
Let the system be described by equation 3.1.

dx
E:x:;‘(x,u,d,'r),'re[t,T]glR,tZO,xeXglR”,ue[Ug[Rm,

deDCR” (3.1)

where x are the states of the system, u(-) is the input policy into the system,
d is the disturbance to the system (input policy is also represented as u, due
to space considerations). X,U and D are continuous spaces (infinite sets), R
is the set of real numbers and [ is the set of all measurable functions. [U-tr is
the set of all possible input policies in time horizon [t, T] (whenever the time
interval is obvious, [UtT is replaced by U for the sake of readability). The system
desrcibed by equation 3.1 is assumed to be locally Lipschitz continuous. U

is compact and time invariant (for the given time interval), i.e., [Ug = Ut[:tzz.
d

Furthermore, [UtTl c [UtT2 for T2 > T1. g7 (T) is the state of the system under
control policy u(-), with initial state X and initial time t evaluated at time T.

It is further assumed that C;’ g(T) = Cg:fﬂz("r + t2) (this follows directly from
the time-invariance of the system). The disturbance is assumed to be bounded,
compact and time invariant (maximum and minimum disturbance is fixed).

In this paper, the disturbance, d, is a map, d : U — D, i.e., player 2
(disturbance) is restricted to a strategy dependent upon player 1 (input), such
that it always opposes the goals of player 1. Furthermore, it is assumed that
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player 2 can only draw from non-anticipative strategies (equation (3.2)). This is
a general assumption in robust control problems [14].

de /\tT = {N:U@t) - D(t):=u(t)=0a(T)a.e. Te[t, T]} 3.2
= N[ul(Tt) =N[a]l(T) a.e. T€[t, T]

This means that player 2 cannot produce a different strategy in response to
player 1’s strategy until player 1’s strategy changes. Thus, player 2 cannot set
their strategy based on the anticipated future strategy of player 1. However,
in this setting player 2 has the advantage of deciding their strategy based on
player 1 at every time instance. Thus, the disturbance has an instantaneous
informational advantage. The reason for this is that, in robust problems, the
worst case scenario is expected. The above assumptions guarantee the existence
and uniqueness of the solution of the system equation (3.1).

The forward reachable set is the set of states for which there exists at least one
control policy, for all possible disturbances, that will drive the system into the
set from its initial set, £, within the given time horizon. It is given by equation
3.3. This set is also called the robust forward reachable set.

Virr([t, T1, £) :={y:JueU],VdeD],ITe[t, Tl x € £, ¢*%(T) = y}
(3.3)

The forced forward reachable set is the set of states for which there exists at
least one possible disturbance, for all control policies, that will drive the system
into the set from its initial set, £, within the time horizon. It is given by equation
3.4.

Veert([t, T1, £) :={y:YueU!,3d e [DZ', dtet, Tl xeL, Ci’?(‘r) =y}
(3.4)

The backward reachable set is the set of all initial states from which there
exists at least one control policy, for all possible disturbances, that will lead the
system into the required set, £, within the time horizon. It is given by equation
3.5. This set is also known as the robust backward reachable set.

Verr([t, T], £) :={x:3Juel],vdeD],31€[t, T], %I (1) e L}  (3.5)

The forced backward reachable set is the set of all the initial states from which
there exists at least one possible disturbance, for all control policies, that will
lead the system into the required set, £, within the time horizon. It is given by
equation 3.6. This set is also known as the avoid backward reachable set [7].

Vesrr([t, T1, £) := {x:VueU],3ddeD],3t€[t, T], ¢4 (1) e L} (3.6)

The viable set is defined as the set of states such that, if the system is inside
of the viable set, there exists a control policy such that the system stays inside
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of the viable set for the given time horizon. Equation 3.7 defines the viable set,
Veinv([ £, T]1). The union of all viable sets for the given time horizon is called the
viable kernel and is denoted by Kinv([t, T]), i.e., the viable kernel is the biggest
viable set. It is also referred to as robust viable set and robust viable kernel,
respectively.

Veinv([t, T]) :={x:3Jue [UT, Vd e DZ—’ Vte[t, T],x € Veinv([t T,
g49(T) € Ve[t T} (3.7)

The intersection of forward and backward reachable set (often called the safe
set in literature [15],[16],[17]) is shown in equation 3.8. In this paper we will
refer to this set as intersection set.

Vine([t, T1, £) = Vrr([t, T], £) N VErr([ £, T], £) (3.8)

In this paper we define a set called maneuver set. It is a viable set in which
the system can travel form any state in the maneuver set to any other state in the
maneuver set within the given time horizon. The set is denoted as M([t, T]).

We also define a trajectory set. Given a control policy (u), a time horizon
([t, TD, and an initial state (Xx), this is the set of all the states that the system
transitions to from the initial state in the time horizon under the control policy.

We represent this set as {Ciﬁ:?(T)}. One must note that since disturbance
d is dependent on the control input (in a robust sense) the trajectory set is
deterministic in nature.

The definitions of the sets provided above are valid under the assumption that
the control policy set (UT) and the disturbance set ([DD are compact in nature,
i.e., they are bounded and closed sets. The control set is usually assumed to
be compact, which is true for the systems of interest (i.e., physical systems).
However, the disturbance set can be bounded or unbounded based on the
environment.

3.3. THE MANEUVER SET

The algorithm developed in this paper (algorithm 3.1) aims to find a viable set
in which the system can travel from any state to any state within a given time
horizon. Algorithm 1, in essence, utilises the forward and backward reachable
sets of an initial set, £ and obtains their intersection. Then it computes the
complement of this intersection and finds the forced backward reachable set of
this complement. It then subtracts this forced backward reachable set from the
intersection, resulting in the set with the desired properties, i.e., the maneuver
set (set M).

The first part of the algorithm to obtain the maneuver set (M) involves taking
the intersection of the forward and backward reachable sets of an initial set, £
and thus obtaining the intersection set, S (Vint([t, T]1, £)). As proven in lemma
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Algorithm 3.1: An algorithm to obtain maneuver set (M)
Require: Vgrr([t, T1, £), Verr([t, T1, £)
S « Verr([t, T, £) N Verr([t, T], £) Note: Vine([t, T], L) =S
Obtain S =X\S
Q < Veerr([t, T]. S)
M=5\0

1, within the set S, the system can transition from any state to any state. That is
because any state inside of the intersection set is also part of set £’s backward
reachable set. Per definition this means that within the time horizon 0 to T the
system can reach set £. Furthermore, as per definition £ is a subset of its own
forward reachable set. Thus, the system can start from any state within £ and
can reach any state in the forward reachable set within the time horizon O to T.
Lemma 1: The system can transition from any state in the Viy([ 0, T], £) to
any other state in Vin([ 0, T], £) within the time horizon of [0,2T].
Proof : Let X, X1 € Vint([0, T], £)

Since X € Vint([0, T], £) = x € Vrr([0, T], £)
,d
=>3Jue [Ug, Vd e ID(T), A7€[0,T], st. G o(T)=xc €L

Since the system is time invariant Vgrr([ 0, T], £) = Verr([T, T + 71, £)

= X" € Vine([0, T1, £) = X’ € Vere([ T, T + 7], £)

=3 eV, V' eDI*7, 3T € [T, T+ 1], XL €L, C;Zd_r/("l'/) =x’

= 3u” e U7, vd” e D37, 377 € [0, 2T] s.t. X, X" € Vine([0, T], £),
/I,dll
o (1) =X

However, this does not imply that the intersection set is viable, as depicted in
figure 3.1. It can be observed that the system at any state within the set S can
transition to any state in £ (as Vx € S = x € Vprr([t, T], £)) but the only way
to do so might be by leaving set S, as illustrated by the red trajectory in figure
3.1. In contrast, for the blue dot there exists a control, and thus a trajectory,
which leads the system into set £ while ensuring that the complete trajectory
stays inside the intersection set during the given time frame.

Lemma 2 proves that set M is viable. After finding the intersection of the
forward and backward reachable set of set £, we now want to find all the states
in this intersection that force the system to leave the intersection in order to
reach set £, similar to the red trajectory in figure 3.1. These states are found
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by using the complement of the intersection set (represented by S) and finding
the forced backward reachable set of this complement, Q (Vesrr([t, T1, S)).
Q consists of all the states that force the system into the complement of the
intersection set S (which by definition is outside of the intersection set). Thus,
we are provided with the set of states that we want to eliminate from the
intersection set. These states are subsequently removed from the intersection set.

If we now take any state in this transformed intersection set (i.e. M), we can
be sure that the system will never leave the original intersection set since all
states that would force it to leave have been eliminated from it. We also prove
that the system will stay inside set M at all times. This is because any state
inside set M is also a state in the backward reachable set of set £. It is not
possible that there exists a trajectory to £ (e.g., the red trajectory in figure 2)
that exits set M and crosses any state we have removed from the intersection set
(illustrated by area Q in figure 3.2).

That is because if such a trajectory existed, it would imply that there is a direct
trajectory from a state in Q to £ which does not force the system outside of the
intersection set. But if that was the case, this state would not have been part of
Q in the first place. Therefore, the set M is viable.

Lemma 2: The set M is a viable.

Proof: Part I

Since SUS = X

= Q = Verr([t, T],S)C S

§ = Vepr([t, T1, £)
nVgrt((t, T], £)

Vgrr([t, T, £)

Figure 3.1: Illustration to provide a visual understanding of Lemma 1: (—),(—) and (—)
represent the trajectory set.
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AS= 5

Figure 3.2: Illustration to provide a visual understanding of Lemma 2: (—),(—) and (—)
represent the trajectory set .

Part 11

Let xe M=> X €S AX¢&Q where A is the ‘AND’ operation

if x € Q = Veprr([t, T],5) > YueU],3d e D], AT €[, T], st. {4I(T) €S
Since x ¢ Q = Jue U], ¥d e D/, VT €[t T], st. {Y(1) €S
XeM=5\Q=3Iuel],VdeD],VTe[t,T], st (LT €S

Part III

Let X’ e M= x’ €S =x" € Varr([t, T], L)
N Verr([t, T, £) = x" € Verr([t, T1, £)

’ T T ’ u’,dg. s
=3u el,,VdeD,, 3T €[t T] st Cx,’t(r)eﬁ

It is evident from definition of the set S that L C S
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’,d
=3u' eU],vdeD],3T" €[t, T] st G/ (T) €S

Let {C;:'?(T' )} be the trajectory set then using part II {Cﬁ;’?(’l’/)} cs

Part IV
Claim: QN {C;;’?(T’)} = ¢, Where ¢ is empty set

Let the claim be false = QN {Z4/%(1)} #£ ¢ = 31”7 e [t, '] s.t. {4(7")

=x"€Qn{gL (1)}

Since x” € {¢47¢(1')} = 3u’ e U], vd e D],

4
VT e[, U] st. §onl (T") €S

Since X € Q=>VueU],3de D], IT€[t, T], st ¢4 (1) €S

This is a contradiction; thus the claim is true and by using part II, III and IV

X' e M=3u’ eU],vd e D], VT €[t T]st. {49(1) €5\ Q

Lemma 3 proves that within set M the system can travel from any state to any
state. Here M is a subset of the intersection set, for which lemma 1 has proven
that the system can travel from any state to any state. Using the same argument
we can show that the system can travel from any state to any state in set M.

As illustrated by figure 3, from any state in set M the system can take a
trajectory to £ (yellow trajectory), and from L the system can go to any state
within M (blue trajectory).

Lemma 3: The system can transition from any state in M to any other state in
M, in time horizon [0, 2T].

Proof: Let x € M

letx € M = x € S = x € Vgre([0,T],£) n Ver([0,T], £)

=>x € Vprr([0,T],£L)=>3Juel,VdeD,AT [0, T] s.t. Cﬂ:g(f) =x"eL
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Since LS S=x" €S = x" € Vgr([0,T], £)
=3u' €U, VdeD, AT €[0, T] s.t. cﬁﬁ'g’(r’) =x"

Since system is assumed to be time invariant

= 3u’ €U, Vd e D, 37 €[T, 2T] s.t. {9(17") = x”

= u” € U,vd € D,37" € [0,2T],x, X" € Mst ZL(T) = x”

3.4. HAMILTON JACOBI BELLMAN REACHABILITY

ANALYSIS
In this subsection a short overview of Hamilton-Jacobi-Bellman (HJB) reachability
analysis is provided. This technique is used to obtain the forward/backward
reachable set pertaining to both reach and avoid scenarios [18-21]. A cost
function is designed as shown in equation 3.9.

T

J(x, t,u) = f c(x(T), u(t))dt + (X(T)) (3.9

t

Figure 3.3: Illustration to provide a visual understanding of Lemma 3: (—) and (—)
represents the trajectory set and S\ Q = M.
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Then an optimal control problem is formulated such that the cost function is
minimised with the system dynamics as one of the constraints as shown in
equation (3.10).

V(x(t), t) = inf[J(x, t, u)] (3.10)
subject to x = f(x(T1), u(1)), Vvt e[t T]
u(t) [UtT

This optimal control problem is solved using dynamic programming, giving rise
to a partial differential equation (PDE) called HJB PDE for the continuous case,
or a recursive update equation called Bellman backup/equation in the case of
discrete systems. The zero level set of the solution of this PDE provides us with
the set of interest. This method further produces a control law or a controller that
can keep the system in the set of interest. We obtain different value functions
for different sets of interest, which correspond to different HJB PDE [22]. For
backward reachable sets the value function is given by equation 3.11 and the
corresponding PDE is given by equation 3.12

_: : u,d
Verr([t, T], £) = inf sup 'Irréltr,lTl(cX't (1) (3.11)

min{l(x,t)—V(x, t), DtV + irbf sup DxV -f(x,u)} =0 (3.12)
d

The optimal control at any given time and state is given by equation 3.13

u*(x, t) = arginf sup [DxV - f(x(t), u(t))] (3.13)
U d

For forced backward reachable sets the value function is given by equation 3.14
and the corresponding PDE is given by equation 3.15

_ . . U,d
Vesrr([t, T], £) = sup ngjf ?elng’(Cx,t () (3.14)

min{l(x, t)— V(x, t), D+V + sup irbf DxV-f(x,u)} =0 (3.15)
u

The optimal control at any given time and state is given by equation 3.16

u*(x, t) = argsup irbf [DxV - f(x(t), u(t))] (3.16)

For forward reachable sets the value function is given by equation 3.17 and the
corresponding PDE by equation 3.18.

— u,d
Verr([t, T, £) = inf sgjp rTneegch(Cx,t (1) (3.17)
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max{l(x, t)— V(x, t), D¢V — irbf sup DxV - f(x,u)} =0 (3.18)
d

The optimal control at any given time and state is given by equation 3.19

u*(x, t) =arg inf sup [—DxV - f(x(t), u(t))] (3.19)
4 d

The obtained HJB PDE is solved using numerical methods. One of the most
common methods is the level set method [23], [24]. There are also toolboxes
available that are specifically created to solve HJB PDE for reachability analysis.

3.5. NUMERICAL EXAMPLE: DUBINS CAR

To demonstrate the theoretical results of the preceding sections, we employ the
Dubins car with a constant speed v as the system model, shown in equation 3.20.

X v cos(0) dx
y|=|vsin(@) |+ |dy|, we[-1,1] (3.20)
0 w de

where X is the position along the x-axis, y is the position along the y-axis, 6
is the turn angle, w is the input to the system and Vv is the constant velocity
of the car which is assumed to be 1 m/s. It is assumed that w is bounded
between [—1, 1]. Furthermore, the disturbance is also assumed to be bounded
with dx € [—0.1,0.1], dy € [—0.1,0.1] and dg € [—0.1, 0.1]. We follow the
steps of the algorithm as explained in section III.

3.6. RESULTS AND DISCUSSION

To obtain the forward and backward reachable sets, a cylinder with a radius of
1 centred at origin was chosen as the initial set £. Physically this initialisation
means that the Dubins car could be situated at any state within a circle of radius
1 with an initial orientation of any angle between 0 and 360. Using the level
set method and a customised version of the toolbox [25], equation 3.18 is solved
to compute the forward reachable set of the initial set £. Figure 3.4 shows
the outer contour of the forward reachable set (Vprr([t, T], £)) of the system
represented by equation 3.20 for a time horizon of 5 seconds in green, while the
outer contour of initial set (£) is depicted in blue. The x-axis and y-axis of the
figure represent distances in metres. The z-axis represents the turn angle or yaw
angle of the system in radians.

Using the same toolbox, the backward reachable set of the initial set £ is found
through equation 3.12. Figure 3.5 shows the outer contour of the backward
reachable set (Vprr([t, T]1, £)) of the system represented by equation 3.20 for a
time horizon of 5 seconds in green colour, while the outer contour of initial set
(£) is depicted using blue colour. The x-axis and y-axis of the figure represent
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Forward reachable set (time 5 sec)

Figure 3.4: Outer contour of the forward reachable set denoted by colour (—) and
initial set denoted by colour (—)

Backward reachable set (time 5 sec)

Figure 3.5: Outer contour of the backward reachable set denoted by colour () and
initial set denoted by colour (—)

the distances travelled in metres. The z-axis represents the turn angle or yaw
angle of the system in radians.

Using the forward and backward reachable sets as inputs into the algorithm
developed in this paper and once again using the modified toolbox, we arrive at
the maneuver set M. Figure 3.6 shows the outer contour of the maneuver set
(M) of the system represented by equation 3.20 for a time horizon of 5 seconds
in green colour. The x-axis and y-axis of the figure represent the distances
travelled in metres. The z-axis represents the turn angle or yaw angle of the
system in radians.

To illustrate that the system is able to stay within the maneuver set, we chose
a random state within the maneuver set and show that the system is able to stay
inside it for 5 seconds. This serves as an illustration for the set’s viability. Figure
3.7 shows the outer contour of the maneuver set (M) of the system represented
by equation 3.20 for a time horizon of 5 seconds in green colour, an initial
condition of the system in blue colour and the trajectory followed by the system
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Maneuver set (time 5 sec)

y (meter)

Figure 3.6: Outer contour of the maneuver set denoted by colour (—)

in red colour. The x-axis and y-axis of the figure represent the distances travelled
in metres. The z-axis represents the turn angle or yaw angle of the system in
radians.

3.7. CONCLUSIONS

To ensure the safety of automated systems it is essential that they are aware of
the region in the state space where they have the control authority to move
safely, and the capability to stay within that region. We have derived a definition
of such a set, called the maneuver set, which can be computed from forward and
backward reachable sets. We illustrated the computation of the set through an
example. In future we would like to expand the concept of the maneuver set
into the probabilistic domain to obtain probabilistic viable sets that guarantee
the system to move from one state to another state with a certain probability.
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Maneuver set (time 5 seconds)

Figure 3.7: Outer contour of the maneuver set denoted by colour (—), initial state
denoted by colour (—) and the trajectory taken by the system denoted by colour (—)
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A NOVEL APPROACH TO THE SAFE
SET ANDITS ESTIMATION FOR
SYSTEMS WITH BOUNDED
DISTURBANCES

This paper introduces a new definition of the safe set for nonlinear control systems
over finite horizons, motivated by the need for certifiable safe operating envelopes.
The prevalent approach of defining the safe set as the intersection of forward and
backward reachable tubes, does not, in general, guarantee control invariance or
internal reachability. We instead define safety via round-trip reachability: a state is
safe if it can be reached from, and returned to, a designated initial set within a finite
horizon. We prove that the resulting set is control invariant over all sub-horizons.
Moreover, if the initial set is internally controllable with a bounded transition time,
then any two states in the safe set are mutually reachable without leaving the set.
We further characterize the proposed safe set as a union of time-sliced intersections
of forward and backward reachable tubes, enabling computation with reachability
tools. In parallel, we formalize the limitation of the intersection-based definition,
showing it is control invariant only under a restrictive conditions. All results extend
to bounded disturbances under non-anticipative adversarial strategies. Together, these
results provide a unified, theoretically grounded framework for finite-horizon safety
verification, with implications for motion planning, control synthesis and envelope
protection.
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4.1. INTRODUCTION

4.1.1. Motivation

The increasing integration of autonomous systems into safety-critical applications,
such as aircraft flight control, autonomous driving, and robotic manipulation, has
intensified the need for rigorous safety verification methods. Empirical studies
show that a large number of robotic failures arise due to loss of control [1],
and recent research highlights a correlation between the rise in automation and
increased accident rates [2]. These findings underscore the need for formal
methods that guarantee system safety not only locally but also over long-term
operation in uncertain environments.

In the context of flight safety the discussion is often through the notion of
a safe operational/flight envelope. It is usually considered as the collection
of aircraft states and operating conditions under which the vehicle remains
controllable and is able to avoid loss-of-control scenarios despite actuator limits,
aerodynamic nonlinearities, and external perturbations. A key point is that a
practically meaningful flight envelope is not merely a static set of constraints,
nor only a local invariance region around a single equilibrium. Rather, it must
support maneuverability with recovery. The aircraft should be able to deviate
from a trim or nominal operating set and still be able to return to that trim
set within a relevant time horizon, while remaining within acceptable operating
limits throughout the maneuver. This perspective is central to flight safety.

Reachability theory offers a principled way to reason about such questions over
finite horizons under dynamics and control constraints. Reachability analysis
provides tools to compute sets of states that a system can reach or avoid over
a finite time horizon under given dynamics and control constraints. Classical
constructs in this domain include the forward reachable tube (FRT)[3], which
captures all states that can be reached from a given initial set, and the backward
reachable tube (BRT) [4], which represents states that can reach a target set.
Another widely studied concept is the control invariant set [5-7], which is the
subset of the state space that can be rendered positively invariant by a suitable
choice of control inputs.

However, in many practical applications, safety requires more than reachability
or control invariance in isolation. For instance during level flight in aircraft,
the goal is not just to remain within a control invariant operating region, but
also to ensure that the system can recover back to a trim condition after desired
deviation, and that it can transition freely between different states within a safe
operational envelope. The control invariant set around a single equilibrium point
does not guarantee such round-trip behaviour. The BRT alone does not indicate
where one can go safely after reaching a target, and the FRT does not ensure
whether return is possible. These are the issues that this paper aims to tackle.

4.1.2. Related work

The problem of computing safe operating regions in nonlinear systems has been
studied extensively across control theory, robotics, and formal verification, under
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a variety of names and formulations. One foundational perspective is offered
by viability theory, where the goal is to compute the so-called viability kernel
or capture basin: the set of states from which the system can remain within
a constraint set under admissible control inputs [8]. Classical approaches to
computing capture basins using differential inclusions have been developed in [9,
10], but such methods remain difficult to scale beyond low-dimensional systems.

Another powerful approach is based on Hamilton-Jacobi (HJ) reachability
analysis, in which a value function encoding the worst-case cost-to-go is used to
estimate the reachable sets and is governed by a HJ partial differential equation
(PDE). The zero level set of this value function defines the reachable set under
either optimal control or differential game formulations [4, 11, 12]. Grid-based
HJ methods offer strong theoretical guarantees and are supported by open-source
toolboxes [13, 14], but suffer from the curse of dimensionality. To address
this, various approximation techniques have been proposed, including Gaussian
mixture models [15], convex optimisation [16], particle filtering [17], and Monte
Carlo-based reachability [18]. While these methods improve scalability, they
typically sacrifice exactness or robustness guarantees.

From a system safety perspective, reachability-based methods can be grouped
into four main paradigms. The first involves computing avoid backward reachable
tubes from unsafe states and ensuring the system does not enter them [14, 19,
20]. The second uses forward reachable tubes to forecast system evolution and
check for potential future violations [21-24]. The third approach maintains the
system within a control invariant set [5, 25], while the fourth defines a “safe
set” as the intersection of forward and backward reachable tubes from a given
set [26-30].

This intersection-based safe set definition is particularly common in applications
such as flight envelope protection and autonomous maneuvering. It is appealing
in practice because it captures the idea that states in the set can be both reached
from, and returned to, a designated operating set within a finite time horizon.
However, it implicitly assumes that every point in the set is reachable from, and
can return to, the initial set within a single finite time horizon. As demonstrated
by [30] and reinforced in this paper, the control invariance of such sets is
not ensured unless strict assumptions are met. While the forward/backward
reachable tube-based approaches provide system safety for a certain time horizon,
they do not guarantee that the system will not enter a state that will lead to an
unavoidable unsafe scenario beyond the time horizon. In particular, the widely
used definition fails to account for whether a full round-trip trajectory remains
within the intersection set itself, or whether point-to-point transitions between
internal states are feasible. These properties are crucial in practice for safety
critical control synthesis, motion planning, and certification. Furthermore, this
definition lacks a constructive relationship to control invariant sets or control
invariance properties under disturbance, limiting its theoretical robustness.
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4.1.3. Contributions

In this work, we adopt a control invariance theoretic perspective: a set is
considered safe if it is control invariant, meaning that the system can remain
within the set over a given time horizon using admissible control inputs. This
control invariance based view leads to a new definition of safe sets that subsumes
the forward-backward intersection approach, while ensuring stronger guarantees
of control invariance and point-to-point maneuverability.

This paper introduces a new definition of the safe set for nonlinear control
systems that guarantees both control invariance and internal reachability under
significantly weaker assumptions than those required by intersection based
formulation. The proposed safe set consists of all states that can be reached
from, and returned to, a designated initial set within a finite time horizon under
admissible control inputs. We prove that this round-trip condition is sufficient
to ensure two essential properties: control invariance (the system can remain
within the set for the entire horizon under some admissible control strategy); and
internal reachability (any two states in the set can be connected by a trajectory
that remains entirely within the set).

We rigorously analyse the standard definition of the safe set, which is based
on the intersection of the forward and backward reachable tubes from an initial
set. While this intersection is widely used in safety critical applications such
as flight envelope protection and motion planning, we show that it is neither
control invariant nor does it guarantee internal reachability, given time horizon.
We prove that this intersection based set is only control invariant under a strict
condition. This limitation is often overlooked in the literature and undermines
key safety guarantees typically assumed.

A central contribution of this work is a constructive characterisation of the
proposed safe set using classical reachability tools. Specifically, we show that the
safe set can be expressed as the union of intersections of forward and backward
reachable tubes over varying intermediate time splits. This not only generalises
the standard definition but also offers a practical computational strategy for safe
set construction using existing reachability algorithms.

Finally, we extend all theoretical results to systems subject to bounded
disturbances by modelling disturbances as non-anticipative adversarial inputs.
We prove that the proposed safe set remains control invariant and internally
reachable in this robust setting, thus enabling safety guarantees even under
worst-case disturbances. Together, these contributions offer a principled and
computationally tractable framework for safe set computation, bridging control
invariance, reachability analysis, and robust control.

4.1.4. Structure of the paper

The remainder of this paper is structured as follows. In section 4.2 we define
key concepts such as the forward and backward reachable tubes and the control
invariant set and critically analyse the widely used definition of the safe set
as the intersection of the forward and backward reachable tubes [28, 30]. In
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section 4.3, we introduce the problem formulation and formalise the assumptions
used throughout the paper. We then prove several theoretical properties of
the proposed safe set, including its control invariance over any sub-horizon
and its internal reachability: the ability to transition between any two points
within the set without leaving it. In the same section we also show that the
backward reachable tube is control invariant under a certain condition on the
target set. Furthermore, we establish a constructive relationship between the
proposed safe set and the reachability tubes, showing it can be expressed as a
union over time-sliced intersections of forward and backward reachable tubes.
In section 4.3.2, we extend all theoretical results to systems subject to bounded
disturbances, using non-anticipative disturbance strategies. In section 4.4, we
present several systems as a case study to demonstrate the validity of our
results in practice. Finally, section 4.5 provides numerical results supporting
the theoretical claims, and section 4.6 concludes the paper with a discussion of
implications and future work.

4.2, CRITICAL ANALYSIS OF THE STANDARD SAFE SET
DEFINITION

In order to critique the standard definition of the safe set, we begin by formally
recalling the standard reachability constructs commonly used in safety-critical
control literature. These definitions serve as the building blocks of our critical
analysis and our proposed alternative.

4.2.1. Set Definitions and Safe Set Formulation

We begin by introducing standard definitions of reachable tubes and control
invariant sets.

The forward reachable tube is defined in equation (4.1). It contains all states
that can be reached from an initial set £ within a time horizon [t, T], under at
least one admissible control policy:

Vert([t, T1,£) :={x: Jue U], e [t,T], Ixo €L, & (D) =x} (41)

The backward reachable tube, defined in equation (4.2), is the set of all states
from which there exists a control policy that leads the system into the set £
within the time horizon [t, T]:

Verr([t, T1,£) :={x:Juel], 3te[t,T], ¢ (1) e} (4.2)

The (finite-horizon) control invariant set with respect to the constraint set K
is the set of all states from which there exists a control policy that keeps the
trajectory inside K for the entire time horizon [ ¢, T]:

Va((t, T1,K):={xeK:3uel], VTe[tT], ¢ (1) ek} (4.3)
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A common definition of the safe set, widely adopted in the literature on
flight envelope protection and maneuvering safety (e.g., [26-28, 31]), is the
intersection of the forward and backward reachable tubes from a designated set
L, typically representing a collection of trimmable or stable equilibrium states.
Formally, this standard safe set is given by

Vine([t, T1, £) := Vrrr([t, T1, £) N Ver1([t, T, £). 4.4

The underlying assumption is that states in Vi, are both forward and backward
reachable from £, and hence lie within a region of safe maneuverability [27]. In
many applications, this set is treated as control invariant and further internal
reachability is assumed between arbitrary states in Vi, under admissible control
policies.

However, these assumptions are not generally valid. In what follows, we
provide a formal critique of this definition, showing that the intersection set Vint
fails to guarantee either control invariance or internal reachability in general.

Non-control invariance of the intersection set

The fundamental flaw in (4.4) lies in the inability to guarantee that a trajectory
remains in the set for the entire time horizon [t, T]. Specifically, while
x € Vine([t, T], £) implies that the state x is reachable from £ and can reach
back to £ within the horizon, it does not imply that the system can be kept
within Viy: during this round-trip evolution. This is because Vfgrr and VgrT are
not control invariant sets in general, and their intersection need not be either.
Let us consider a trajectory C)‘éort(-) such that x = ;o,t(T’ ) € Vint and

C)L:IT,(T) € L for some T’ < T<T. Even if X lies in the intersection, the
trajectory may pass through states outside of Vin: before returning to £. This
violates the requirement for control invariance and invalidates the assumption of
guaranteed safety throughout the maneuver.

Control invariance does not survive intersection, even under strong
assumptions

One might argue that if both the forward reachable tube and the backward
reachable tube are themselves control invariant sets, then their intersection
should also be control invariant. However, this assumption is flawed. Control
invariance is not necessarily preserved under intersection. Formally, let

A:=Vrrr([t, T],£) and B:=Vgrr([t, T], L),

and suppose both A and B are control invariant sets over [t, T]. That is, for each
X € A (resp. X € B), there exists a control policy u(-) that ensures C;’, (T) €A
(resp. in B) for all T € [t, T]. Still, the intersection A N B is not guaranteed to be
control invariant.

The reason is that the control policy that keeps a trajectory in A may not
keep it in B, and vice versa. Control invariance is a property that depends
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jointly on both the set and the control strategy that maintains it. There is
no reason to expect that the intersection inherits a common admissible control
that respects the constraints of both A and B simultaneously. Hence, even
under strong assumptions such as control invariance of the reachable tubes, their
intersection cannot be assumed to be control invariant. This underscores the
theoretical fragility of defining safety based solely on the intersection of forward
and backward reachable tubes.

Intersection does not imply internal reachability

It is often implicitly assumed that the intersection of the forward and backward
reachable tubes from a set £ supports internal reachability. That is, for any
two states X1, X2 € Vine([ £, T1, £), one might expect the existence of a control
policy u(-) such that the system can be steered from X1 to X within the time
horizon [t, T], while staying in the set. However, this assumption is not valid
in general. The key reason lies in the structure of the forward and backward
reachable tubes. Specifically:

* X1 € VBrr([t, T], £) implies that the system can be driven from xj into
the set £ within time [ ¢, T] under some admissible control.

* X2 € VrrT([t, T], £) implies that the system can be driven to X from some
point in £ within time [¢, T].

While this supports a two-hop argument, namely, X7 — £ — X3, it does not
imply the existence of a direct trajectory from X3 to X2. More importantly, there
is no guarantee that the arrival state of the trajectory from X1 to £ is the same
as the departure state needed to reach x> via the forward reachable tube.

To guarantee internal reachability, one would require that the forward
reachable tube from L is reachable from every point in £, that is,

xz2€ () VXLt T]) (4.5)
x'eL

where V;‘;{T denotes the forward reachable set from the singleton {x’}. However,

in general, Vrrr([t, T], £) only guarantees that there exists some X’ € L such
that x, is reachable from Xx’. Hence, without additional structure (e.g., full
controllability or strong connectivity of £ under system dynamics), we cannot
assert that x1 and X, are mutually reachable via a concatenated trajectory
through L.

Conclusion of the Critical Analysis

We conclude that the standard definition of the safe set as the intersection of
forward and backward reachable tubes:

- does not ensure control invariance.

- does not ensure internal reachability.
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These shortcomings highlight the need for a more robust definition of the safe
set, one that guarantees both internal reachability and control invariance under
admissible controls. In what follows, we formalise this intuition by presenting a
new problem formulation grounded in control invariance theory. We introduce
the mathematical framework and system assumptions that underpin our proposed
definition, and demonstrate how it captures and extends the desirable properties
of Vint, while avoiding its limitations.

4.3. PROBLEM FORMULATION AND PROPOSED
APPROACH

This section presents the mathematical setting, formal assumptions, and problem
scope considered in this work. We focus on systems governed by nonlinear
control dynamics, operating either in the absence of external disturbances or
under bounded disturbances. In both cases, our goal is to rigorously define and
characterise safe sets, regions of the state space from which the system can be
guaranteed to remain safe under admissible control inputs.

4.3.1. Absence of Disturbances
We begin by considering a deterministic nonlinear system of the form:

x=f(x,u,t), (4.6)

where x € X C R™ denotes the state vector, and u(-) € U C F represents the
control input. Here, X and U are continuous spaces, R is the set of real numbers,
and F denotes the space of measurable functions. We define [UtT as the set of all
admissible control input functions defined on the time interval [t, T]. When the
time interval is clear from context, we will drop the subscript and write U for
readability.

Given a control policy u(-) and an initial state x at time t, we denote by

;,t(T) the unique solution (trajectory) of (4.6) evaluated at time 7. The

trajectory segment between t and T is denoted by:

(¢4 (0): 0 et 71} 4.7)

Throughout the paper, we often abbreviate the control policy u(-) as u for
notational simplicity.
We make the following standard assumptions on the system and input space:

Assumption 1 (Local Lipschitz Continuity) The dynamics f(x, u, t) are locally
Lipschitz continuous in X and U for fixed t. This ensures the existence and uniqueness
of solutions to (4.6) on finite time intervals.

Assumption 2 (Compactness and Time Invariance of Input Space) The admis-
sible input space [Ug is compact and time-invariant; that is,

UT=U{2 foralt; eR.
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Assumption 3 (Temporal Nesting of Control Policies) For any T, > Ti, the
admissible input sets satisfy

T1 T2
U;™ €U~

Assumption 4 (Time-Invariance of Trajectories) The system is time-invariant in
the sense that:

u — 7u

x,t(T) = x,t+t2(T+ t2), foralt; eR.

These assumptions are standard in the analysis of controlled dynamical
systems. They hold for a wide class of models, including time-invariant nonlinear
systems with compact input constraints. Together, they provide a foundation
for developing the theoretical properties of the proposed safe set, particularly
in relation to time-shifted reachability, concatenated trajectories, and control
invariance.

Properties of the Proposed Safe Set

We now propose a new definition of the safe set, shown in equation (4.8). This
set contains all states that can be both reached from the initial set £ and returned
to £ within the time horizon [t, T]. Formally, the safe set is defined as:

Vs([t, T, £):={x€R": Jue U], 3T, T2 €[, T] with T1 < T2, Ixp € L :

Y TD=x, ¢L (T eL). (48)

In contrast, existing literature such as [26-28, 31] defines the safe set
as the intersection of the forward and backward reachable tubes, shown in
equation (4.9). We denote this as the "old safe set":

Vine([t, T, £) := Vrrr([t, T], £) N Verr([t, T], £) (4.9

Having defined the proposed safe set Vs([t, T], £) in equation (4.8), we now
establish its key theoretical properties. Specifically, we show that it guarantees
both reachability to and returnability from the designated set £ under admissible
control policies (internal reachability. Unlike the standard definition Vi, the set
Vs satisfies the control invariance condition.

To support our new definition of the safe set, we define two properties that
capture different levels of controllability of an initial set £ C R".

Definition 1 (Initial Set Properties) Let t < T be a finite time horizon. We define
the following:

1. The set L is said to satisfy the strong property SP1(t, T) if it is viable over
the interval [t, T, ie.,

VxeL, Juel], VTe[t, T]: ¢4 (T)eL.
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2. The set L is said to satisfy the weak property SP2(t, T) if every initial state in
L can return to £ at some future time within the horizon:

VxeL, JueU], AITe(t, T]: ¢4 (T) €L (4.10)

Remark 1 The SP2 property captures a minimal form of returnability: the system
only needs to be able to re-enter the initial set once, not remain within it. SP1 implies
a uniform stay-inside guarantee, and is thus strictly stronger.

Lemma 1 (SP1 Implies SP2) If L satisfies SPL1(t,T), then it also satisfies
SP2(t, T).

Proof : Let x € L. By SP1, there exists a control policy u € [UtT such that:
VTel[tT], )‘: (D EL.
Choose any T € (t, T]. Then:
G (DEeL,

which satisfies the SP2 condition O.

Corollary 1 Any result proven under the weaker assumption SP2(t, T) is also valid
under SP1(t, T).

This hierarchy of assumptions allows us to prove safe set properties under the
minimal SP2 condition, ensuring the broadest applicability of our results. In what
follows, we begin by studying how reach-return trajectories define membership
in the safe set and then examine the set’s control invariance properties over
varying horizons.

To that end, we first formalise a basic monotonicity result for control invariant
sets, which will be instrumental in establishing the control invariance of our
proposed safe set under shorter horizons.

Theorem 1 Let T > T1 = t. Then the (finite-horizon) control invariant sets defined
in equation (4.3) satisfy

VC]([t, TZ], ]C) c VCI([tr Tl]r IC)

Proof : Let x € V¢i([t, T2], K). By definition of the (finite-horizon) control
invariant set in equation (4.3), there exists a control policy u € [Uth such that

Vtel[t T2], g (D EX.
In particular, this implies that

Vtel[t Ti], it('r) ek.
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Consider now the restriction of u to the shorter time interval [t, T1], which
we denote by ul[¢,1,]. This restricted control is admissible on [, T1], i.e.,
ulie, 1] € [Uz-l, and it keeps the trajectory inside K for all T € [, T1].
Therefore, X satisfies the control invariance condition over the horizon [, T1],
and hence
x € Val([t, T1], K).

Since X was arbitrary, we conclude that
Val(lt, 721, K) € Val(lt, T1], K).

O
To establish that the proposed safe set Vs([, T], £) is itself control invariant,
we now introduce two supporting lemmas. The first shows that if the initial set
L satisfies the returnability condition SP2(t, T), then every point in £ must also
lie within the safe set. The second lemma demonstrates that the entire trajectory
from any point in the safe set back to £ remains contained within the safe set.
Together, these results are key to proving the control invariance of Vs([ £, T], £)
under suitable control policies.

Lemma 2 Let £ satisfy SP2(t, T) and let T > T. Then:
£ g VS([tI T]I E)'

Proof : Let x € L. By SP2(¢t, T), there exists a control u € [UZ- and a time

T € (t, T] such that
)‘é (D eL.

Since T < T, we can regard u as an element of [UtT and we still have T € [t, T].
Now set
X0 =X, T, :=t, Ty :=T.
Then
Y (T1)=x€ L and C; Tl(TZ) = )‘f (D ecL

Xo,t

By definition of the safe set Vs([t, T], £) (reach-return to £ within [t, T] under
some admissible control), this implies

Since X € £ was arbitrary, the inclusion £ € Vs([t, T], £) follows.

Lemma 3 Let X € Vs([t, T1, £). Then there exists a control u € U] and a time
T € [t, T] such that:

u
x,t(T) €L, and

;t(s) e Vs([t, T], L) foralselt,T].
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Proof : By definition of the safe set, there exists:
« a control input u € U7,
+ a point Xg € L,
 times T1, T2 € [t, T] with T1 < T>,
such that:
(T1)=x, and C;TI(TZ) €L

Xo t
Now define the composite trajectory:

(s) forselt, T1],
S— xo,t
¢(S)"{ v () forse[T1, T2l

This defines a continuous trajectory from Xo € £ to g} T1(T2) € L, passing

through x at s =Tj.
Let T:=T,—T1+t. Then C“ (T) (Tz) € L (by time invariance of the

dynamics). Since each segment of the trajectory satisfies the safe set condition
(reach and return to £), and x € Vs([t, T], £), it follows that:

G t(S) e Vs([t, T], £) Vse[t, T].
O

Theorem 2 (Control invariance of the safe set) Let £ C R" satisfy SP2(t, ),
and let T > T. Then, for any T1 with t < T1 < T, the safe set Vs([t, T], L) is
(finite-horizon) control invariant on [t, T1]. That is,

Vx € Vs([t, T1,£), JueU*, VTe[t, T1]: ¢ (1) e Vs([t, T1,£). (4.11)

Equivalently,
Vs([t, T1, £) = Va([t T1], Vs([t, T1, £)), (4.12)

where V¢ is the (finite-horizon) control invariant set defined in equation (4.3).

Proof : Let
K:=Vs([t T] L)

be the constraint set under consideration. We first show that

K C Val([t T1], K). (4.13)

Step 1: Construction of a safe control for an arbitrary initial condition.
Fix an arbitrary Xo € K. Following Lemma 3, there exists a control u(®) € [Uz-
and a time 77 € [, T] such that

C“(O) (T1) e LS K (by Lemma 2),

C“(O)(s) €K Vsel[t 11].
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Define
u(®

Xo,t

to:=t, t1:=71, x1:=¢%Y (th)eLCcK.

Step 2: Iterative extension via concatenation.
Suppose we have constructed times

t=tg<ti <--- <t <T,

states Xj € K for j=0, ..., k, and a control uk) e [U? such that

uk)
Xo,t

(s)e K Vselt, tl,

%i)t(tj) for each j.

If tx = T1, we stop: the control u := uk) restricted to [t, T1] already satisfies

and x; =¢

;O,t(s) e Vse[t, T1],

and hence xg € Vci([ £, T1], K).
Otherwise, if tx < T1, then in particular xx € K. Apply Lemma 3 to Xk: there
exists a control (I € [UZ- and a time Tx € [t, T] such that

e e(T)ELEK,

gi,t(s) ek Vselt %].

By time invariance of the dynamics (Assumption 4), we can shift (ix to start at
ti: there exists a control segment Uk defined on an interval [ tk, tx+1] with

teer ==t + (Tk— ) € (&, T1,
such that the trajectory from (tk, Xx) under ux agrees with the shifted trajectory

under (g and satisfies

Uk
Xk, tk

()€K Vseltiteerl & (tir) €LEK.
We then define the extended control uc*1) on [t, tes1] by

k
ke D(sy .= (U, selt b,
uk(s), se(t te+1l.

By construction, the trajectory under utk+1) remains in K on [t, tx+1], and we

set
yk+1)

Xk+1 1= <X0,t

Repeating this procedure as long as tx < T7 defines a control u on the entire
interval [, T1] for which

(tk+1)ELCK.

;‘O,t(s) e Vsel[t T1].
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Hence xg € Vci([t, T1],K). Since Xxo € K was arbitrary, we obtain the
inclusion (4.13).

Step 3: Reverse inclusion and equivalence.
By the definition of the control invariant set in (4.3), the set Vci([t, T1], K) is
a subset of K:
Val([t, T1], K) C K,

since membership requires x € K as part of the definition.
Combining this with (4.13) gives

K= VC]([t, Tl]l K:)/

which is precisely (4.12) with K = Vs([t, T], £).

Finally, unwrapping the definition of V¢ in (4.3) yields the explicit control
invariance property (4.11). This completes the proof O.

Having established the control invariance of the safe set, we now turn to
its structural characterisation. In particular, we show that the safe set can be
expressed as a union over time-indexed intersections of forward and backward
reachable tubes. To prove this result, we first establish time-invariance properties
of the forward and backward reachable sets under the stated assumptions on the
dynamics and control space.

Lemma 4 Under Assumptions 1-4, the forward reachable set is time-invariant in the
sense that:

Vert([t, T1, £) = Verr([t+ t2, T + 2], £) Vi €R.
Proof : By definition:
Vert([t, T1, £) = {x: Jue U], 3te[t,T], Ixo €L, G¥ (1) =x}.

Using Assumptions 3 (time-shift invariance of control space) and 4 (time-
invariance of trajectories), we get:

u — 7u
XO,t(T) - Xo,t+t2(T + t2 )I
and Tot
T _ +02
[Ut - [Ut+t2 ’

Therefore, the same reachable states are obtained under the shifted time interval.
Hence:
Vert([t, T]1, £) = Verr([t+ t2, T + t2], £).

Lemma 5 Under Assumptions 1-4, the backward reachable set is time-invariant in
the sense that:

Verr([t, T], £) = Verr([t+ t2, T+ t2], L) Vt2 €R.
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Proof : Follows directly from the same reasoning as Lemma 4, using time
invariance of dynamics and control domain.

Theorem 3 (Safe Set as a Union of Intersected Reachable Tubes) Let the for-
ward reachable tube over [ t, T] be defined as:

Verr([t, 71, £) := {x €R" : Ju e U], Is€[t, 7], Ixo € £, 4 () =x},
and the backward reachable tube over [ T, T] as:
Verr([7,T1,£):={x €eR": Juel], 3se[7,T], ¢ (s)eL}.
Then the safe set satisfies:

Vs([t, TL L) = ) (Verr([t, T], £) N Verr([T, T], £)).
T€E[L,T]

Proof : We prove both inclusions.

(1) C direction: Let x € V([ t, T], £). Then, by definition of the safe set, there
exist:

« a control input u € U7,
+ an initial point Xg € £,
s times T’ €[t,T]and T€ [T/, T],

such that:
u Y u
XO,t(T ) - xl CX,T'(T) € ‘C’
Then:
« x € Vert([t, T’], £), since it lies on a trajectory from £ within [t, T’],

« x € Vprr([T’, T], £), since starting from X at time T’, the trajectory
returns to £ by time T€ [T/, T].

Letting T := T’, we conclude:
x € Verr([t, 7], £) N Verr([ 7, T], £),
so:
xe |J Verr([t, 7], £) N Verr([T, T, £)).
TE[L,T]

(2) 2 direction: Let:

xX € Vert([t, T], £)NVerT([T,T], £) for some TE€[t, T].
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Then there exist: - Xg € £, u; € UY, and s1 € [t, T] such that Czé +(s1) =Xx; -

uz € [UI, and s> € [T, T] such that C;ZT(SZ) eL.
We now define a concatenated control input u € [UZ- as:

__Jui(s), forse[t 7],
u(s) = {uz(s), forse (T, T].

This is well-defined and admissible due to Assumption 2 (control space is
time-invariant) and measurability.
Let T’ := 51 €[t, T]. Then:

4 (Th=x.

Xo,t

To complete the safe set definition, we must show that starting from X at time
T’, the system returns to £ at some later time. We already know:

Gy (52) €L,

but this return is from time T, not T’.
To fix this, we use Assumption 4 (time-invariance of the dynamics). Define:

v =so—(1=T)e[T/,T].
Then:
gY (s2)=¢! (T e L.

So we have: C>L<lo (T =x,8; +(T)eL,
and hence x € V([ t, T], £).

Conclusion: Both inclusions hold. Therefore,

Vs([t, T L) = [ (Verr([t, 7], £)N Verr([T, T, £)).
T€E[L,T]

Assumption 5 (Internal controllability of £ with bounded bridging time) There
exists 8, = 0 such that for any start time T and any X1,X» € L, there exist a
duration § < 6, and a control U € [UF‘S for which, with o := T + 6,

C;LT(S) €L VselT a], &;‘LT(O{)=X2.

Remark 2 Assumption 5, formalizes the ability to “re-dock” at any point of £ within
a uniformly bounded time 6. It is strictly stronger than SP2 and independent of SP1.

Theorem 3 provides a structural decomposition of the safe set as a union
of intersected reachable tubes, making explicit its dependency on both forward
and backward dynamics relative to the set £. Building on this characterisation,
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we now show that the safe set supports £-mediated pairwise reachability with
explicit horizon accounting: under the internal controllability assumption on £,
the system can transition between any two states in the safe set by first reaching
L, performing a bounded transfer within £, and then departing to the target
state, while staying entirely within the safe set.

Inbound/Outbound durations: For x € Vs([t, T], £) define the inbound
duration

Tin(X) :=inf{A€[0, T—t] : Jue U2 s.t. ¥ (t+A)eL}.
For x’ € Vs([t, T], £) define the outbound duration
Tout(x') :=inf{A€[0, T—t] : Jue U4, Ix e Ls.t. Gy J(t+D)=x}.

Theorem 4 (L-Mediated Pairwise Reachability) Assume L satisfies the internal
controllability condition (Assumption 5). Suppose SP2(t, T) holds and let T—t > T.
Then, for any x, x’ € Vs([t, T1, L), there exists a control u € [Ut“ and a time

a = t+ Tin(X) + 62+ Tour(X’) € [t, t+2(T—t)+ 6]
such that
d@)=x" and ! ,(s)eVs([t,T] L) Vse[t al

Moreover, if Tin(X) + 62 + Tout(X’) < T —t, then the transition is achieved within
the original horizon [t, T].

Proof. Let X, x’ € Vs([t, T], £).
Step 1 (Inbound to £). By Lemma 3, Ju; € [UtT and 11 € [t, T] with

Gt =xine L, Gl(s)eVs([t T1, L) Vselt 11l
Set Tin(x) :=11 —t.
Step 2 (Bounded transfer in £). By Assumption 5, 3u; and 6 < 6~ such that
G 1, (S)ELCVS([L,T], £) Vse[T1, T1+6], G 1, (T1+68) =Xout € L.

Step 3 (Outbound from L to X’). By Lemma 2, Ju; € [UZ- and T € [t, T] with

o t(12) =X, o t(S) € Vs([t,T1, £) Vs e[t T2].

Xout, Xout,

By time invariance (Assumption 4), define the shift d,(s) ;= ux(s—T1— 6+ t)
forse[T1+6, T1+6+ T2 —t]. Set Tout(X’') := T2 —t.

Step 4 (Concatenation and budget). Define
ui(s), selt 11l

u(s)=< ui(s), se(ty, 11+6],
(2(s), se(t1+6, T1+6+T12—t],
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andsetof := T1+0+ To—t =t+Tin(X)+ 6.+ Tout(X’). Thena < t+2(T—t)+6,
and
wel@=x", & (s)eVs([t,T], L) Vse[t al.

If Tin(X)+ 62+ Tout(X’) £ T—t, then a < T and the transition fits within [t, T].

While Theorem 4 establishes £-mediated maneuverability between elements of
the safe set under Assumption 5, it is also important to relate this set to the
standard definition based on intersecting reachable tubes. The following lemma
shows that every state in the classical intersection-based set Vit also satisfies the
round-trip reachability condition of our proposed safe set, albeit potentially over
a longer time horizon.

Lemma 6 The intersection set
Vine([t, T], £) := Verr([t, T], £) n Verr([t, T], £)
is contained in the safe set over an extended horizon:
Vine([t, T], £) € Vs([t, 2T — t], £).
Proof: Let x € Vint([t, T], £). Then, by definition,
x € VrrT([t, T], £) and x € Vgrr([t, T], £).
From the forward reachable tube membership, there exist
ufe[UtT, Ti1€[tT], X0l

such that

o HT) =x. (4.14)

From the backward reachable tube membership, there exist
upeU!, Tel[tT]

such that
g (T) e L. (4.15)

We now use time invariance of the dynamics (Assumption 4) to shift the
backward trajectory so that it starts at time 77 instead of t. Define the time shift

thy :=T1—-t¢,
and a shifted control
Up(s) :=up(s—t2), se[Ty, T1+(T—1)].

By Assumption 4, the corresponding trajectories satisfy

e (1) = ¢ (Tr+ (T1— 1)),
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Set
T2:=T1+(T-1).

Since T € [t, T], we have
To€[T1, T+ (T—=t)]C[t 2T—t].
Combining with (4.15), this gives

& (T2) €L, (4.16)
with T1 < T < 2T —t.
We now construct a single control u € [UfT_t by concatenating ur and (p:
uf(s), selt T1],
u(s) ;=1 lp(s), se(T1, T2l
u(s), se(72,2T—-t],
where U(+) is any admissible control on (T, 2T — t] (its specific choice is
irrelevant for the round-trip construction). Since all pieces take values in the
admissible input set and are measurable, the concatenated u is admissible on
[t,2T —t],ie. ue UYL
Under this control u, the trajectory from Xxq satisfies
xot(T1) = Gy (T1)=x
by (4.14), and
o (T2) = Cx r(T2)erL
by (4.16). Thus we have found
eUZ™™t, xoeL, Ti,T2€[t,2T—t], T1<T
such that
Xo t(Tl) X, ngl(Tz) € L.
By the definition of the safe set Vs([t, 2T — t], £) in (4.8), this implies
x € Vs([t, 2T —t], £).
Since X € Vine([ £, T], £) was arbitrary, we conclude
Vint([tr T]I 'C) g VS([tI 2T — t], 'C)'
O

Lemma 6 shows that the classical intersection-based set Vjy; is always contained
within the proposed safe set Vs over an extended time horizon. However, this
inclusion is generally strict. The next theorem provides a necessary and sufficient
condition under which the two sets coincide, namely, when every state in the
safe set can both be reached from and returned to £ within the original time
horizon [t, T]. This reveals that the classical definition only recovers the true
safe set under strong symmetry assumptions on time-to-reach and time-to-return.
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Theorem 5 We have equality between the intersection set and the extended safe set:
Vint([tl T], ‘C) = VS([ ¢, 2T — t]r ‘C)

if and only if for every x € Vs([t, 2T — t], L), both the reach time from L to X and
the return time from X to L lie within the time interval [t, T].

Proof : If the condition holds, then equality follows:
Assume that for every x € Vs([ t, 2T — t], £), there exists:

Ty, T2 €[t,T], xo €L, u€ U] such that & (T1)=x, Gy (T2) € L.

Then clearly: x € VerT([t, T], £), X € VBrT([t, T], £)
So x € Vine([E, T, £)
Hence:

VS([ t, 2T — t]r ‘C) - Vint([tl T]/ [,)

From Lemma 6, we already have the reverse inclusion.

Therefore:
VS([ t, 2T— t]l ‘C) = Vint([t' T]I [-")'

If sets are equal, then reach and return must occur within [, T]:
Assume Vs([t, 2T —t], £) = Vine([£, T], £).
Let x € Vs([t, 2T — t], £). Then:

x € Verr([t, T], £) = Jue U], 3T" €[t T], ¢ (T)=x,

x€Verr([t, T],£)=>3uel], AT [t,T], ¢ (1) e L.

Therefore, both reach and return occur within [t, T] for all x € Vs([t, 2T —
t], £).

4.3.2. Bounded Disturbances
We now extend the results established for the disturbance-free case to the
setting where the system is subject to bounded disturbances. This extension is
particularly relevant for practical applications, where uncertainties or adversarial
effects must be accounted for in safety analysis.

The system dynamics in the presence of bounded disturbances are given by:

x=f(x,ud,t), (4.17)

where X € X € R™ is the system state, u(-) € U C F is the control policy,
and d(-) € D C F is the disturbance policy. The spaces X, U, D are compact,
and F denotes the space of measurable functions. For a time interval [t, T],
the admissible control and disturbance policy sets are denoted Utr and IDtT,
respectively. The solution to (4.17) under input policy u and disturbance d,

starting from initial state x at time t, evaluated at time T, is denoted by Cﬁ’?('{).
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We adopt standard assumptions: The function f is Lipschitz continuous in X,
uniformly continuous in (u, d, t). Both control and disturbance sets U’, [D)Z- are
compact and time-invariant:

T _ T+t T1 T2
Ui =U, U €U for T2 2Ty,
with analogous properties for D. The system is time-invariant:

u,d — ~ud
Cx,t ()= Cx,t+t2(T+ t;) Vit eR.

In the robust control framework, the disturbance acts adversarially via a
non-anticipative strategy [3]:

N ={N:U] > D] |Vu,aeU], Vse[t,T], (u=aae. on [t s]) = N[ul(s) =N[m

We write the disturbance signal induced by a control u as d = N[u], with
NeNn.

That is, player 2 (the disturbance) cannot respond to future values of the
control input; they can only react based on its current and past values.
However, player 2 has the advantage of observing the current control action
before responding, reflecting the worst-case assumption typically made in robust
formulations. We now define the robust counterparts of the forward and
backward reachable tubes.

Robust forward reachable tube: the set of states for which there exists
at least one control policy, for all the possible disturbances, that will drive the
system into the set from its initial set £ within the given time horizon [t,T], as
follows:

Veerr(Lt, T1, £) := {x : Jue UL, YN e AT, 3s € [t, T], 3x0 € £, ¢ ) (s) = 3.
(4.18)
Robust backward reachable tube: the set of all the initial states from which
there exists at least one control policy, for all possible disturbances, that will lead
the system into the required set £ within the given time horizon [t,T], as follows:

u,Nu]
x,t

Vrert([t, T1, £) :={x : Juel], VN eA], 3s€[t,T], ¢ (s)er}
(4.19)
Robust control invariant set: Let X C R™ be a constraint set and consider
the disturbed system (4.17) with non-anticipative disturbance strategies /\Z-. The
(finite-horizon) robust control invariant set with respect to X over the horizon

[t, T] is defined as

u,Nul
x,t

Veal([t, T1,K) :={xeK: Juel], VN eAl, VTe[t,T], ¢ (1) e k}.

(4.20)
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Robust Safe Set: We now define the robust safe set analogously to the
disturbance-free case, with the added requirement that the reach-return condition
holds uniformly over all disturbances.

Ves([t, T, £):={x : Jue U], VN eA], AT' €[t,T], AT€[T’,T], Ix0 € L,
N N
Gape T =x, gt

x, T

(mDeLl} 421

That is, the system must be able to reach x from £, and return to £ from X,
via a single control policy u, under all possible disturbance strategies.

Remark 3 The robust safe set guarantees safety under the worst-case disturbance
policy. In contrast to the disturbance-free case, the reach-return condition must be
satisfied for all non-anticipative disturbance signals d € AtT’ which makes the problem
inherently more conservative but better suited for safety-critical applications.

Lemma 7 (Family of effective dynamics) For each non-anticipative strategy N' €
AtT’ define

Pl u, ) = f(x, u, NTul(t), t).

Then trajectories under (u, N) solve X = fn(X, u, t). Moreover, if f is Lipschitz in X
uniformly in (u, d, t), then each fys is Lipschitz in X uniformly in (u, t).

This_is a notational device: all robust statements must still hold for every
N e /\Z-. No single far can replace the universal quantifier.

Assumption 6 (Robust internal controllability of £) There exists 5?*’ > 0 such
that for all start times 0 and all X1, X2 € L there exist 6 < 5r£ob and U € [Ug” with

VN € N9*8 ; c;'lf,\g[“](s) €L Vse[o,0+6], C;'l{\g[“](a+ 8) = x7.

Theorem 6 (Robust pairwise reachability) Assume SP2(t, T)and T—t>T.
Under Assumption 6, for any X, x’ € Vrs([t, T], L) there exists a control u and a
time

a=t+T%(x)+ 670 + TIOP(x’)

out
such that, for all N € N9,

getay=x, e (s) e Vas([t, T1, £) Vselt,al,

with T/2°(x), T°P(x") < T—t. Hence ar < t+ 2(T —t) + 670, If T/ (x) + 670° +

Tg%kt’ (x”) < T —t, the transition fits within [t, T].

Conclusion Replacing each nominal tube by its robust counterpart (RFRT/RBRT
and VRs) preserves the structural results for every non-anticipative disturbance
strategy. In particular, safe set results and under Assumption 6, the
pairwise-reachability result holds.
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4.4. NUMERICAL EXAMPLES

To illustrate and validate the theoretical results developed in this paper, we
consider three benchmark systems commonly used in reachability-based safety
analysis: the double integrator, a standard second-order model representing a 2D
cart; the Dubins car, a nonlinear 3D system that captures curvature-constrained
motion; and a point-mass aircraft model based on the RCAM (Research Civil
Aircraft Model) slow dynamics, which has been extensively used for flight
envelope estimation and loss-of-control prevention [11, 27]. These systems are
selected for their simplicity, controllability, and relevance in practical scenarios
such as mobile robotics, aerial vehicles, and transport aircraft.

Our objective is to compute the proposed safe set for each system and compare
it against the classical intersection-based safe set. We adopt Hamilton-Jacobi
(HJ) reachability analysis as our numerical framework, assuming full knowledge
of the system dynamics. The HJ formalism enables the computation of forward
and backward reachable tubes under optimal control policies, along with the
corresponding value functions [32-35].

To solve the HJ partial differential equations (PDEs), we employ level set
methods, which are widely recognised as a robust and accurate approach for
reachable set estimation [36, 37]. These methods discretise the state space
and evolve a value function over time to capture the evolving boundary of
the reachable region. We implement this using the Level Set Toolbox and the
HelperOC Toolbox [4, 38], which provide efficient and well-documented solvers
tailored for safety-critical applications. These examples also demonstrate that the
proposed safe set can be constructed directly using existing reachability tools,
offering a practical pathway for implementation in real systems.

4.4.1. System Dynamics: Double Integrator

We consider a standard double integrator system, often used to model a simplified
2D cart or velocity-controlled robot. The system is described by the following
dynamics:
X1 _ X2 T
(9)=%], weumr-r1 42)
where X1 denotes position, X2 denotes velocity, and u is the control input
constrained within a compact set U.
To compute the safe set, we assume a circular target set (or operating region)
defined as:
L£:={xeR?: (x| <R}, withR>0, (4.23)

where the origin corresponds to the nominal operating point, and R specifies the
safe neighbourhood radius. To compute this set numerically, we adopt Hamilton
Jacobi reachability analysis. Specifically, we first compute the forward reachable
tube VrrT([t, T], £) from L using the system dynamics. We then compute the
backward reachable tube VgrT([ T, T], £) back into £ and finally construct the
safe set as shown in Theorem 3. The resulting set is computed using HJ PDE
solver : Level Set Toolbox [13] and the HelperOC Toolbox [33].
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4.4.2. System Dynamics: Dubins Car

To further demonstrate the applicability of our proposed safe set construction, we
consider the Dubins car model, a widely studied nonlinear system representing a
unicycle with bounded turning rate. This system is relevant for applications such
as mobile robot navigation, autonomous vehicles, and air traffic control where
curvature constraints play a critical role.

The dynamics of the Dubins car are given by:

X1 cos(0)
>'<_2 =|sin(@) |, ueU:=[-1,1], (4.24)
6 u

where (X1, X2) denotes the position in the plane, 6 the orientation, and U is the
angular control input.

We define the target set as a small disc of radius R > 0 in the spatial
dimensions centred at the origin with arbitrary heading:

£:={0a,x2,0) eR? x ST G +x3 <R}, (4.25)

As with the double integrator case, we compute the safe set over a finite time
horizon [t, T] using the round-trip reachability formulation. Specifically, we
calculate the forward reachable tube Vrry([t, T], £) and backward reachable
tube VBRrT([ T, T], £) and then obtain the safe set.

4.4.3. System Dynamics: RCAM Slow Flight Envelope Model

Finally, we consider a more realistic aircraft example based on the slow dynamics
of the Research Civil Aircraft Model (RCAM), following the physically motivated
envelope-estimation framework of [27]. The goal is to characterise a safe
manoeuvring envelope in the (V, y)-plane, where V denotes airspeed and 7y the
flight-path angle.

The full RCAM model is nine-dimensional, but a time-scale separation argument
allows the longitudinal motion in the vertical plane to be approximated by a
two-dimensional point-mass model for (V, ), with roll angle ¢, angle of attack
a, sideslip 3, and thrust T treated as (virtual) control inputs [27]. The resulting
slow dynamics can be written as

.
x:=[ﬂ, U= g , (4.26)
¢

and

x=f(x,u)= [ﬂ . (4.27)
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Under standard small-angle approximations for o and B, and neglecting
high-frequency dynamics, the longitudinal point-mass equations reduce to
(cf. [27])

. pSs 5 ) 1
V=—-—V (CDO+CDaa+ Cpgz )—gsm'y+ —T, (4.28)
2m m

7——gcosy+£V(C +C or)coscp—EVC Bsing (4.29)
v >, V(Co+ Cra >,V Cre , .

where m is the aircraft mass, g the gravitational acceleration, p the air
density, and S the wing reference area. @ The aerodynamic coefficients
Cpo, Cpa, Cpg2, CLo, CrLa, Cyp are taken from the RCAM database and represent
drag, lift, and sideforce derivatives, respectively. For our numerical experiments
we use the same parameter values and input bounds as in [27], corresponding to
a large transport aircraft at near sea-level conditions. Typical limits are

T € [Tmin, Tmax], o € [Omin, Amax], B € [Bmin, Bmax], ¢ € [Pmin, Pmax],
(4.30)

Wlth Tm|n = 205 X 104 N, Tmax =4.11 x 105 N, Omin = 00, Omax = 14.50,
Bmin = —5°, Bmax = 5°, and $min = —60°, ¢max = 60°. Following [27], we
define a stable trim envelope as:

£:={(V, 1) €R? : Vimin <V < Vinax, Ymin < ¥ < Ymax}, (4.31)
with
Vmin =60 m/s,  Vmax =100 m/s, Ymin =—10°, Ymax=10° (4.32)
Equivalently, £ is the zero-superlevel set of the implicit function

£(x) :=min {V_ Vmin, Vmax =V, ¥ — Ymin, Ymax — Y}: (4.33)

4.5. RESULTS

This section presents numerical results that validate the theoretical framework
developed in the preceding sections. We apply Hamilton Jacobi (HJ) reachability
analysis to three representative systems: the double integrator, the Dubins car,
and the RCAM based point mass aircraft model introduced in Section 4.4.
For each case, we compute the forward reachable tube (FRT) and backward
reachable tube (BRT) from a designated target set £ over a finite time horizon.
Using these, we construct two different notions of safe sets: the classical safe
set, defined as the intersection of FRT and BRT over the same time interval, and
the proposed safe set, defined as the union of their intersections across varying
intermediate time splits, as formalised in Theorem 3. The HJ partial differential
equations are solved numerically using level set methods, implemented via the
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Level Set Toolbox and the HelperOC Toolbox [13, 33]. These tools allow efficient
approximation of reachable sets by discretising the state space and evolving a
value function backward or forward in time. For the double integrator and
Dubins car, we fix the time horizon to T = 5 seconds, and perform computations
over the domain T € [0, T]. For the RCAM example, we follow the envelope
estimation literature and use a shorter horizon of T = 2 seconds. For the
double integrator system, the resulting sets are visualised in the (X1, X2) space.
As shown in Figure 4.1, the classical intersection-based safe set V([ 0, 5]) is
significantly smaller than the proposed safe set Vs([0, 10]), thereby confirming
our theoretical result in Lemma 6. In the case of the Dubins car, the computed
sets, shown in Figure 4.2a-4.3b, illustrate the progression of our analysis. The
forward reachable tube (FRT) is depicted in Figure 4.2a. The backward reachable
tube (BRT) is shown in Figure 4.2b. The classical safe set is presented in
Figure 4.3a, and the proposed safe set obtained via round-trip reachability is
shown in Figure 4.3b. For the RCAM slow-flight envelope example, where the
state is given by the airspeed V and flight-path angle ¥, and the target set
L represents a rectangular trim envelope in the (V, y) plane (see Section 4.4).
The BRT and FRT for a horizon of T = 2s are shown in Figures 4.4a and 4.4b.
The classical safe set obtained as the intersection of FRT and BRT is plotted in
Figure 4.5a. This set surrounds the trim region and includes pronounced bulges
near the upper and lower left corners, corresponding to states with low speed and
large pitch-up or pitch-down excursions that are both reachable and recoverable
when considered separately. However, as shown in Figures 4.5b and 4.5c, many
of these corner states do not admit a single round-trip trajectory that leaves £
and returns within T = 2s. The proposed safe set V([ 0, 2], £) is therefore a
strict subset of the classical intersection. Overall, the numerical results support
the main theoretical claims of the paper.
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Figure 4.1: Comparison of classical and proposed safe sets for the double integrator in

the (x1, x2)-plane.

Forward reachable tube (t = 5 sec) Backward reachable tube (t = 5 sec)

0 (rad)

10

0
5 5
y (meters) 10 -10 X (meters)

’ /10 5 10
0 5 0 5
0

5 5
y (meters) 10 -10 X (meters)

(a) Forward reachable tube (b) Backward reachable tube

Figure 4.2: Forward and backward reachable tubes for the Dubins car.
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Figure 4.3: Comparison of classical and proposed safe sets for the Dubins car.
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Figure 4.4: Forward and backward reachable tubes for the RCAM slow-flight envelope

in the (V, y)-plane.
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Figure 4.5: Classical intersection-based safe set and proposed round-trip safe set for the

RCAM slow-flight envelope.
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4.6. CONCLUSIONS

Finite horizon safety cannot, in general, be captured by the intersection of
forward and backward reachable tubes when safety is intended to mean control
invariance, without strong symmetry assumptions, such an intersection may fail
to guarantee control invariance and may not support safe connectivity between
states.

A finite-horizon safe set defined via round-trip reachability, states that are
reachable from a designated initial set and returnable to that set within the
horizon does guarantee control invariance over all sub-horizons. Moreover, when
the initial set is internally controllable, the resulting safe set supports internal
reachability, any two states in the set can be connected by a trajectory that
remains within the set throughout.

The round-trip safe set is equal to the union over intermediate times of
intersections between forward and backward reachable tubes. This representation
enables computation using standard Hamilton Jacobi reachability machinery
without altering solver structure.

For systems with bounded disturbances, defining safety with non-anticipative
disturbance strategies yields an analogous robust notion, the control invariance
and internal reachability persist in a game theoretic (worst case) sense.
Numerical studies demonstrate that the round trip definition can differ from
tube intersections and leads to safety conclusions consistent with invariance and
robust feasibility.
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ROBUST AVOID BACKWARD
REACHABLE TUBE

Ensuring safety in complex systems with uncertainty is a critical challenge in
engineering. Reachability analysis, which computes sets of states satisfying safety
criteria, is a key tool for verification. Traditional approaches use Hamilton-Jacobi-
Bellman (HJB) or Hamilton-Jacobi-Isaacs (HJI) equations but assume deterministic
models, limiting their applicability under unmodeled dynamics and uncertainties. In
this paper we introduce a three-player game framework, extending the HJI equation
to include unmodeled dynamics as a third adversarial player. We prove that the
value function derived from this formulation is the viscosity solution to the extended
HJI equation. Using this foundation, we define the robust avoid backward reachable
tube, capturing initial states that will reach an avoid set under worst-case disturbances
and all realisations of the system dynamics. We establish that the zero sub-level
set of the value function characterises the robust avoid backward reachable tube.
A numerical example demonstrates the framework’s integration with existing level
set-based toolboxes, validating its effectiveness in addressing safety verification in
circumstances of uncertain system dynamics.
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5.1. INTRODUCTION

As systems design grows increasingly complex, ensuring their accuracy and safety
has become a significant challenge. Consequently, verification and validation
have emerged as critical areas of study across various engineering disciplines. The
simplest form of computational validation is simulation, which, although widely
used, is inherently limited. Simulations are non-exhaustive by nature, particularly
for continuous-state systems. To address these limitations, researchers have
turned to the computation of reachable sets, which capture the behaviour of
entire families of trajectories simultaneously. Due to their importance, questions
of reachability have been extensively studied in the dynamics and control
literature [1], [2], with applications spanning from engineering [3] to economics
[4].

For instance, reachability analysis plays a pivotal role in addressing safety
problems in domains such as ground transportation systems [5], [6], air traffic
management systems [7] [8], and flight control [9-11]. Direct characterisation
of reachability concepts has been a key topic in viability theory [12], [13],
while hybrid systems literature proposes methods for exact and approximate
computation of reachable sets for certain classes of continuous dynamics [14],
[15]. These contributions have led to the development of computational tools
for reachability analysis, enabling their application across diverse system classes
[16-18].

Reachability problems can also be formulated as optimal control problems,
where reachable, viable, or invariant sets are characterised as level sets of the
value function. By leveraging dynamic programming, the value function is
expressed as the solution to a Hamilton-Jacobi (HJ) partial differential equation
(PDE) [1, 10, 19-21]. For instance, reachability problems can be encoded as
optimal control problems where the cost function is the minimum value of
a state-dependent function over a given time horizon. A notable example is
the avoid-reachable set (or avoid-reachable tube), where the controller aims to
maximise this minimum value [10, 22-24]. This framework is further extended
to account for disturbances by formulating the problem as a two-player game,
where the disturbance seeks to minimise the minimum value while the controller
seeks to maximise it [18]. Recent advancements have also explored solving
the HJ PDE for a specific class of systems [20], [25], and using deep learning
methods to approximate the PDE solutions [2].

Despite these developments, most dynamic programming-based approaches
assume that the system model is deterministic and fully known. Although there
are extensions for multi-modal systems [26], these approaches are limited to
discrete mode switches and do not address continuous uncertainties or the impact
of disturbances over a given horizon. Furthermore, reachability analysis has
historically given limited attention to uncertain system dynamics, and to the best
of our knowledge, such uncertainty has not been previously considered together
with bounded disturbances. This gap restricts the applicability of HJ reachability
analysis in real-world scenarios, where unmodeled dynamics and uncertainties
can significantly influence system behaviour.
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To address these limitations, this work builds on the foundational contributions
of [10, 27, 28] by formulating a three-player game framework to extend
the classical Hamilton-Jacobi-Isaacs (HJI) PDE. The author of [27] rigorously
established the connection between differential games and the HJI equation,
providing a representation of the value function as a viscosity solution and
enabling the formulation of optimal control problems under adversarial dynamics
[27]. Building on this, we introduce a novel extension to the two player
game by introducing a third adversarial player which represents the unmodeled
which exacerbate the worst-case scenarios. That is, the adversarial players work
"collaboratively’ against the controller. Thus, the proposed three-player game is
where the controller seeks to maximise safety, the disturbance acts to minimise
it, and a third player representing unmodeled dynamics seeks to further minimise
safety by exacerbating worst-case scenarios.

In concrete terms, we first integrate this three-player game formulation into
the value function and prove that this value function is the viscosity solution of a
certain HJI equation. We then provide the definition for a robust avoid backward
reachable tube, building upon the avoid backward reachable tube framework
developed in [10]. Next, we establish the connection between the value function
and the robust avoid backward reachable tube, demonstrating that the level set of
the value function is the robust avoid backward reachable tube. By introducing
unmodeled dynamics, we derive a robust characterisation of backward reachable
tubes, enabling safety verification under both adversarial disturbances and
dynamic uncertainties. This extension incorporates system uncertainties directly
into the Hamiltonian, allowing robust solutions that account for real-world
unpredictability.

Finally, we provide a numerical example showing that this extension can be
easily incorporated with existing toolboxes such as [29], and those based on
level set methods [30], [31]. Numerical simulations demonstrate the efficacy of
this approach in ensuring system safety in uncertain systems.

The remainder of the paper is structured as follows: Section 5.2 develops
the HJI PDE extension with the three-player game value function. Section 5.3
defines the robust avoid backward reachable tube and establishes its relationship
with the value function and the corresponding HJI PDE. Section 5.4 provides a
numerical example of the developed method using existing toolboxes, and section
5.5 concludes the paper.

5.2. ROBUST DYNAMIC PROGRAMMING FOR CONTROL
SYSTEMS WITH UNCERTAINTY

In this section, we extend the dynamic programming framework to optimal
control problems with uncertain dynamics by formulating a three-player game.
This formulation builds on the classical Hamilton-Jacobi-Isaacs (HJI) equations
by incorporating an additional player to account for unmodeled dynamics in
the system. We are particularly interested in the robust optimisation of control
systems in adversarial and uncertain systems. The primary focus is to characterise
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the value function for this class of problems and demonstrate that it satisfies a
Hamilton-Jacobi-Bellman-Isaacs (HJBI) PDE as a viscosity solution, establishing
a sound mathematical foundation for robust control under uncertain dynamics.

Let us fix T >t >0, x € R™ and consider the ordinary differential equation
(ODE) given by equation 5.1

5<(s) = f(s, x(s), a(s), u(s), d(s)) t<s<T
x(t) =x, u:[t, T1-U, d:[t, T]—-D, 5.1
a:[t,T]- A

a,u and d are measurable functions, &/ ¢ R, D c R! are compact sets, and A
is a compact parametric set, where X is system state, t, S represents time, U is
the input policy to the system, d is the disturbance policy, and o is the system
parametres. We assume that:

f:[0,TIxR"x AxU xD—R™ (5.2)

We assume that f is uniformly continuous with the properties 5.3 and 5.4 for
come constant C; and all0 <t<T

If(t,x, a,u,d)| <Cy (5.3)

If(t,x, o, u, d)—f(t, X, o, u,d)| < C1|x —X]| (5.4)

and x,x € R", a € A, u €U, d € D. The (unique) solution for each a € A of
the ODE is the response of the system to the control u(-), d(-), and is represented
by x(-). We define an associated payoff/cost function to the ODE:

T

P(a, u, d) = Px,t(a(-), u(-), d(-)) = J h(s, x(s), a(s), u(s), d(s))ds+g(x(T))
t
(5.5)
where g : R™ — R is uniformly continuous and satisfies
9Ol < C2 (5.6)
l9(x)—g(X)| < C2|x—X| (5.7)

and h: [0, T]xR™ x Ax U x D— {0, R*} is uniformly continuous with

|A(t, x, a, u, d)| £ C3 (5.8)
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|h(t, x, a, u, d)—h(t, X, a, u, d)| < C3|x—X| (5.9)
and we also assume that, h(-) is time invariant.

for constants Co, C3 and all 0 <t<T,xX € R", ae€ A ueid, d €D and
a € A. The goal of a and d is to minimise P(a, u, d), whereas the goal of u is
to maximise the P(a, u, d).

The sets K(t), M(t), and N(t) are the sets of all parameters, control and
disturbance policies respectively defined as

K(t)={a:[t, T] - Ala measurable}
M(t)={u:[t, T] — U|u measurable}
N(@)={d:[t, T] — U|d measurable}

Now we will identify the input policy (u), disturbance (d), and parameters
(o) that agree a.e. (almost everywhere). Following [32], [27], and [33], a
mapping is defined as

B M(t) — N (1)

which is the strategy of the disturbance (beginning at time t) provided for
eacht<s<T,u, 0e M(t)

u(t)y=a(t) fora.e. t<T<s

= Blul(t)=p[a](T) fora.e. t<T<s

Let A(t) be the set of all such disturbance strategies beginning at time ¢.
Similarly we define a mapping

o M(t) x N(t) = K(t)

which is the system parameter provided for each t < s < T, u, i € M(t),
d,deN(t)

u(t)y=a(t) fora.e. t<T<s

d(t)=d(t) fora.e. t<T<s

= a[u, d](t)=a[d, d](T) fora.e. t<T<s
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We will for the sake of brevity use o instead of a[u, d]. Let A(t) be the set of
all such system parameters beginning at time t. Now finally we define the value
function as equation 5.10.

V(t,x)= inf inf sup inf
acA(t) BeAt)  yem(t) TElLT]

[f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1))] (5.10)
t

where x(-) solves the ODE in equation 5.1 for u(-), B[u](-) and a. Now in the
following theorem we want to show that the value function defined in equation
5.10 has Bellman optimality principle [27]. This is necessary because we will
later prove that the value function given in equation 5.10 is the viscosity solution
of a certain HJI PDE.

Theorem 7 The value function defined in equation 5.10 has Bellman optimality
principle, i.e.,

V(t,x)= inf inf sup min
acA(t) BeA)  yem(t)
t+o

{V((t+0), x(t+0))+ f h(s, x(s), a(s), u(s), Blul(s))ds,

t

inf [J h(s, x(s), a(s), u(s), Blul(s))ds + g(x(1))1}
t

T€E[t, t+0]

Proof: The proof is based on a similar logic as the proof of the Bellman
condition in [27].

Let W(t,x) = inf inf sup min
acA(t) BeEA)  yem(t)
t+o

{V((t+0), x(t+0))+ f h(s, x(s), a(s), u(s), B[ul(s)ds,

t

inf [f h(s, x(s), a(s), u(s), B[ul(s))ds + g(x(T1))1}
t

TE[t, t+0]

Then for a fixed € > 0, according to the definition of infinum, for all u € M(t)
there exists § € A(t) and a* € A(t) such that:

W(t,x) = min{V((t+ 0), x(t+ 0))

t+o
+ J h(s, x(s), a*(s), u(s), 6[ul(s))ds,
t

TE[t, t+0]

inf [f h(s, x(s), a*(s), u(s), 6[ul(s))ds + g(x(s))1} —2€ (5.11)
t
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From equation 5.10 we have:

V(t+ o x(t+0))= inf inf sup inf
acA(t) BeA(t+0)  yeM(t+o) ~ TE[t+0.T]
T

[ h(s, x(s), a(s), u(s), B[ul(s))ds + g(x(7))]

t+o

Based on the definition of infinum, for a fixed € > 0, for all u € M(t+ o)
there exists 6 € A(t + 0) and a** € A(t + 0), such that

V(t+o,x(t+0))=> inf
TE[t+0,T]

[|  h(s x(s), a**(t), u(s), 5[ul(s))ds + g(x(1))] — 2¢€

t+o

6(s) ift<s<t+o
8(s) ift+o0<s<T

Let pBlul(s) = {

a* ift<s<t+o
a** ift+0<s<T

Let a(s)=alu, Bl(s) = {

then by substituting the above in equation 5.11 we get

W(t,x) = min{ inf
TE€[t+0,T]
T

[ h(s, x(s), a(s), u(s), BLul(s))ds + g(x(T))]

t+o

t+o
+ f h(s, x(s), a(s), u(s), BLul(s))ds,
t

inf [J (h(s, x(s), a(s), u(s), BLul(s))ds + g(x(s))]1} — 4e
t

TE[t, t+0]

= W(t,x) = min{ inf
TE€[t+0,T]

[f (h(s, x(s), a(s), u(s), Blul(s))ds + g(x(T))],
t

[itntf+ ][ f (h(s, x(s), a(s), u(s), Blul(s))ds
TE|L,T+0 t
+9(x(1))]1} —4e
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= W(t,x)= inf
TE[L,T]

[f (h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1))] — 4e
t
This holds true for all u € M(t) thus:

W(t,x) = su inf
( ) ueM?t) TE[t,T]

[J h(s, x(s), a(s), u(s), Blul(s))ds + g(x(7))] — 4¢€
t
= W(t,x)> inf inf sup inf

GeA(t) BED()  yem(t) TEILTI

[f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(7))] — 4e
t

= W(t,x) = V(t x)—4e (5.12)
Furthermore, for all a € A(t) and B € A(t)

W(t,x) < sup min{V((t + o), x(t+ o))+
ueM(t)

t+o
J h(s, x(s), a(s), u(s), B[ul(s))ds,
t

inf [J h(s, x(s), a(s), u(s), B[ul(s))ds + g(x(T1))1}
t

TE[t, t+0]

Then for a fixed € > 0, according to the definition of the supremum, there
exists a u; € M(t), such that

W(t, x) < min{V((t + o), x(t + o))+

t+o
J h(s, x(s), a(s), u1(s), Blu11(s))ds,
t

inf [J h(s, x(s), a(s), u1(s), Blu11(s))ds + g(x(T1))1} + €
t

TE[t, t+0]
Now for each u € M(t + o) we define i € M(t) by

ui(s) ift<s<t+o
u(s) ift+o<s<T

G(s) = {
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and we also define [j € A(t+ 0) and a € A(t + 0) by

Blul(s) =pLal(s) (t+o0<s<T)
a(s)=a[d,BI(s) (t+0<s<T)

V(t+ o, x(t+ o))
= inf inf sup inf
aeA(t+o)  BeA(t+0)  yemM(t+o)  TE[t+0,T]
T

[ h(s, x(s), a(s), u(s), Blul(s))ds + g(x(7))]

t+o

Then for all & € A(t+ 0) and Be A(t + 0) we have

V(t+o,x(t+0))< sup inf
ueM(t+o)  TE[t+0,T]
T

[ h(s, x(s), a(s), u(s), Blul(s))ds + g(x(7))]

t+o

Then for a fixed € > 0, according to the definition of supremum, Juy; € M(t+0),
such that

V(t+o,x(t+0))< inf
TE€[t+0,T]

T

[ h(s, x(s), a(s), uz(s), Bluz21(s))ds + g(x(1))] + €

t+o

ui(s) ift<ss<t+o
uz(s) ift+o<s<T

u(s) = {
Thus we get

W(t, x) < min {TG[iI‘T-E',T]
[ h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1))]

t+o

t+o
+ J h(s, x(s), a(s), u(s), BLul(s))ds,
t

inf [f h(s, x(s), a(s), u(s), Blul(s))ds + g(x(1))]} + 2€
t

T€E[t, t+0]
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Since inf(f(x)) + g(y) = inf(f(x) + g(y))

= W(t,x) <min{ inf
T€[t+0,T]

[f h(s, x(s), a(s), u(s), Blul(s))ds + g(x(1))],
t

inf [f h(s, x(s), a(s), u(s), B[ ul(s))ds
t

TE[t, t+0]

+9(x(7))]1} + 2¢

= W(t, x)< inf
TE[L,T]

[J h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1))] + 2e (5.13)
t
Now from equation 5.10

V(t,x)= inf inf sup inf
acA(t) BEA)  yem(r)  TELLT]

[ f h(s, x(s), a(s), u(s), B[ ul(s))ds + g(x(7))]
t

Thus there exists o € A(t) and 8 € A(t), such that for a given € > O:

V(t,x)= su inf
(&%) ueMF()t) T€E[L,T]

[f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(7))] — 2¢
t

Thus for all u € M(t) we get

V(t,x)+2e> inf
T€E[L,T]

T
[f h(s, x(s), a(s), u(s), Blul(s))ds + g(x(T)] (5.14)
t
Therefore, combining equations 5.13 and 5.14 yields:

= W(t,x) < V(t,x)+ 4e (5.15)
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Finally, from equations 5.12 and 5.15

V(t,x)= inf inf sup min
acA(t) BEAD)  yeM(b)
t+o

{V((t+ o), x(t+ 0))+f h(s, x(s), a(s), u(s), Bl ul(s))ds,

t

inf [J h(s, x(s), a(s), u(s), Blul(s))ds + g(x(1))]}
t

TE[t, t+0]

Now we will prove two Lemma that shows the monotonicity of the value
function in both state and time. These Lemmas are required to prove the final
result that the value function is the viscosity solution of a certain HJI PDE.

Lemma 8 For all (t,x) €[0,T] x R™

V(E,x)SV(t+6,x)+ inf inf sup
acA(t) BEA)  yem(t)

t+6
f h(s, x(s), a(s), u(s), BLul(s))ds
t
and V(T, x) = g(x(T))

Proof: The V(T, x) = g(x(T)) is trivial and can be directly observed from the
definition of the value function (equation 5.10). Now

V(t,x)= inf inf sup inf
acA(t)  BeA)  uem(t)  TELLT]

T
[f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(T))]
t
Thus let us assume for the sake of contradiction that

V(i x)>V(t+6,x)+ inf inf sup
acA(t) BeEA)  yem(t)

t+6
J h(s, x(s), a(s), u(s), B[ul(s))ds
t
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= inf inf sup inf
a1€A(t))  B1eA)  yem(t)y  TElLT]

[J h(s, x1(s), a1(s), u1(s), B1[ul(s))ds + g(x1(7))]
t

> inf inf su inf
T2 A(t+6))  P2EA(t+6)  yrem(t+s)  TE[E+S,T]
T
[ h(s, x2(s), a2(s), u2(s), B2[u](s))ds + g(x2(T1))]
t+6

+ inf inf sup
a3€A(t)  B3EAt)  uzem(t)

t+6
[ J h(s, x3(s), a3 (s), uz(s), B3[ul(s))ds]
t

Then for all a7 € A(t), there exists a pair (a2 € A(t + 6), a3 € A(t)) and for all
B1 € A(t) there exists a pair (82 € A(t + 6), B3 € A(t)), such that

= sup inf
ureM(t)  TE[LT]

[f h(s, x1(s), a1(s), u1(s), B1[ul(s))ds + g(x1(7))]
t

> sup inf
upeM(t+6)  TE[t+6,T]
[ h(s, x2(s), a2(s), u2(s), B2[ul(s))ds + g(x2(1))]
t+6

+ sup
useM(t)

t+6
[f h(s, x3(s), az(s), uz(s), B3[ul(s))ds]
t

Furthermore, for all (ux € M(t + 6), us € M(t)) there exists u; € M(t), such
that

inf
TE[L,T]

[J h(s, x1(s), a1(s), u1(s), B1[ul(s))ds + g(x1(7))]
t

> inf
TE[t+65,T]
T

[ h(s, x2(s), az2(s), u2(s), B2[ul(s))ds + g(x2(7))]
t+6

t+6
+ f h(s, x3(s), az(s), us(s), B3[ul(s))ds
t
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Now let us define:

u(s) = ui(s) ift<s<t+$6
T lui(s) ift+6<s<T

B3l[ul(s) ift<s<t+6

Blul(s) = {Bz[u](s) ift+6<s<T

— ._|o3(s) ift<ss<t+é
a(s)_{az(s) ift+6<s<T

= inf][f h(s, x1(s), a(s), u(s), BLul(s))ds + g(x1(7))]
t

TE[L, T

T

> inf [ h(s, x2(s), a(s), u(s), BLul(s))ds + g(x2(1))]
TE[t+6,T] Ji4s

t+6
+ J h(s, x3(s), a(s), u(s), Bl ul(s))ds
t
We also know that

{dd— = f(s, x1(5), a(s), u(s), BLul(s))

x1(t) =x

X2 = f(s, x2(s), a(s), u(s), BLul(s))
X2(t+6) =x

Since h(-) is a non-negative function, and using the uniqueness of the solution of
equation 5.1 we get

= inf
T€E[L,T]

[ J h(s, x1(s), a(s), u(s), BLul(s))ds + g(x1(T))]
t

> _inf [J h(s, x1(s), a(s), u(s), BLul(s))ds + g(x1(T))]
t

TE[t+6,T]

This is a contradiction.
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Lemma 9 For all (t,x) €[0,T] x R™

V(E,X)<V(Et+6,x(t+8))+ inf inf sup
acA(t) BeA)  yeM(t)

t+5
f h(s, x(s), a(s), u(s), B[ul(s))ds <
t

inf inf sup
acA(t) BeA®)  yem(t)

T
( f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1)))
t

and V(T, x) = g(x(T))

Proof: The V(T,x) = g(x(T)) is trivial and can be directly observed
from the definition of the value function (equation 5.10). Furthermore
Vi, xX) S V(t+ 6, x(t+8)) + infan(t) infgea(t)  SUPuem(t)

ftt+5 h(s, x(s), a(s), u(s), B[ul(s))ds can be observed directly from the
Theorem 7. Now we will prove the final part : Let us assume for the contradiction

that

V(t+ 6, x(t+6))+ inf inf sup
acA(t) BEA®)  uyeM(b)

t+6
J h(s, x(s), a(s), u(s), B[ ul(s))ds >
t

inf inf sup
aeA(t) BeA)  yem(t)

T
( f h(s, x(s), a(s), u(s), BLul(s))ds + g(x(1)))
t

Then for all a; € A(t), there exists a pair (a2 € A(t+ 6), a3 € A(t)), for
all B1 € A(t) there exists a pair (B2 € A(t + 6), 083 € A(t)) and for all
(up € M(t+ 96), us € M(t)) there exists u; € M(t), such that:

;
f h(s, x(s), a1(s), ui(s), B1[ul(s))ds + g(x(T))
t

< inf
TE[t+65,T]
T

[ 5h(s, x(s), a2(s), u2(s), B2[ul(s))ds + g(x(T1))]
t+

t+6
‘ f h(s, x(s), Ta(s), us(s), B[ u]())ds
t
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Now let us define:

_jui(s) ift<s<t+5$
“(5)‘{u1(s) ift+6<s<T

B3l[ul(s) ift<s<t+6

Alul(s) = {Bz[u](s) ift+6<s<T

az(s) ift<s<t+6
az(s) ift+6<s<T

a(s) = {

;
= J h(s, x(s), a(s), u(s), B[ul(s))ds + g(x(T))
t

< inf
TE[t+6,T]

[f h(s, x(s), a(s), u(s), Blul(s))ds + g(x(1))]
t

This is a contradiction as the infimum over a larger set is always less than or
equal to any value in the set.

Now we will prove two lemmas that show that the value function given in
equation 5.10 is bounded and Lipschitz continuous. These are standard results
required to prove the existence and uniqueness of the solution [10] [28].

Lemma 10 The value function given in equation 5.10 is bounded, i.e., |V (t, X)| < Ca,
where C4 is a constant.

Proof:

-
P(a, u, d) = J. h(s, x(s), a(s), u(s), d(s))ds + g(x(T))
t
Using equations 5.6 and 5.8 we can say that |P(a, u, d)| < TC3 + C3. This holds
forall u e, d € D and a € A, thus implying |V(t, X)| < Ca.

Lemma 11 The value function given in the equation 5.10 is Lipschitz continuous
ie. |V(E,X)—V(t,X)| <Ca(lt—t|+|x—X]) forall 0<t<T,0<t<Tand
X, X € RM.

Proof: The proof is based on the on the proof of theorem 3.2 of [27] and follows

the same logic.

T

Let P(T,a, u, d) = J h(s, x(s), a(s), u(s), d(s))ds + g(x(1))
t



132 5. Robust avoid backward reachable tube

Part I
We will show that V(t1, x1) — V(t2, x2) < C(|t1 — t2| + |x1 — x2|) + 4€

V(t1,x1)= inf inf su inf  P(t,a,u,Bl[u])
acA(ty)  BeA(t1) ueM&) T€E[t1,T] h

Based on the definition of supremum we have for a fixed € > 0, Jup € M(t1),
such that for all T € [t1, T], for all o € A(t1) and B € A(t1) we have

V(t1,x1) < P(T,a, ug, BLup]) + € (5.16)

We define for any u € M(tz2), { € M(t1) as follows

up(s) ifti1st<ty
u(s) ifta<t<T

((s) = {
Now we define for g € A(t2) by setting for each u € M(t2) as follows

Blul(s)=pLal(s) (t2<s<T)

We also define a € A(t2) by setting for each u € M(t2) and ,l~3 € A(ty) for
th <s<T

alu, Blull(s)=ald, plall(s) (t2<s<T)

Following the definition of infinum, da € A(t2), [j € A(tz) and T€[tp, T] for
all u € M(tz), such that

V(t2, x2) 2 P(T, a, u, Blu]) — 3¢ (5.17)
Then combining equations 5.16 and 5.17

V(t1, x1)—V(t2, x2) < P(t, a, G, B[a])—P(T, a, u, E[u]) + 4¢ (5.18)

Now let x1(+) solve the following system for the time horizon (t1 < s<T)

&1 = f(s, x1(s), a(s), 4(s), BLAI(S))
x1(t1) =x1
Let X2 (+) solve the following system for the time horizon (t; < s<T)

{"d— =f(s,x2(s), a(s), u(s), BLul(s))

x2(t2) =x2
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We can prove that

Ix1(t2) —x1| < C1|ty —t2] (5.19)

The proof of the statement above can be found in the appendix. Furthermore,
since u= 0, B[u] =P[0] and a = a for t; < s < T we have

Ix1(s) — x2(s)|

=1 | f(s,x1(s), a(s), a(s), BLaI(s))ds— | f(s, x2(s), a(s), u(s), B[ul(s))ds|
t1 )

t2

=|| f(s x1(5), a(s), a(s), B[ {](s))ds

t1

S
+ | (f(s, x1(8), a(s), a(s), BLE1(s))

t2

—f(s, x2(s), a(s), u(s), B[u](s)))ds|
Using equations 5.19,5.4 we get
[X1(8) —x2(s)| £ C(|t1 —t2|+ [x1—x2]) for t <s<T (5.20)
where C is a constant. Now from equation 5.18 we get
V(t1, x1)—V(t2, x2) < P(T, a, 4, BLG]) — P(T, @, u, B[u]) + 4e

This is valid for all T € (t, T), thus we get

V(t1, x1)— V(t2, x2) < P(z, &, &, BLa]) — P(T, @, u, Blu]) + 4€

= J " h(s, x1(s), a(s), i(s), BLA(s))ds + 9(x1(1))
t

1

- J h(s, x2(s), a(s), u(s), Bul(s))ds — g(x2(T)) + 4€
t

2

t2
= f h(s, x1(s), a(s), a(s), pLal(s))ds
t

1

+ f h(s, x1(s), a(s), a(s), BLal(s))ds + g(x1(T))
t

2

- JN h(s, x2(s), a(s), u(s), Blu](s))ds — g(x2(1)) + 4€
t

2
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In the time interval of t; < s < T we have that a = @, (i = u and B[ 4] = B[ u],
thus

t2

= J h(s, x1(s), a(s), a(s), BLa1(s))ds
t

1

+ | (h(s, x1(s), A(s), u(s), BLUI(S))
t2

— h(s, x2(5), a(s), u(s), Bl ul(s)))ds
+9(x1(1)) —9(x2(1)) + 4e€

Thus using equations 5.7, 5.8, 5.9, and 5.20 we get
V(t, x1) — V(t2,x2) < C(t1 — to] + |x1 — x2) + 4e (5.21)
where C is a constant.
Part II —
Now we will show that V(t, x2)— V(t1, x1) < C(|t1 — t2]| + |x1 — x2]|) + 4e€.
Following the similar logic as part I we get that for all T [t2, T]:
V(t2, x2) <P(T,a,u,Bl[ul) +€ (5.22)
Now for each u € M(t1) we defined u € M(t2) by
u(s)=u(s) (t2<s<T)

Now for any fixed Bo € A(t1) we define [;’ € A(t1) by

~ _ |Bo t1<s<ty
B= BLU]l t<s<T

Also for any fixed ag € A(t1) we define & € A(t1) by

~ _ |00 t1<s<t
afu,B] t2<s<T

Now we choose ag and B¢ such that all for u € M(t1)

V(ty,x1)> inf P(T, oo, u, Bo[u]) — 2€
T€E[t1,T]

Then according to the definition of infinum there exists a T € [t;, T] such that

V(t1, x1) = P(%, &, u, B[u]) — 3€ (5.23)
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Using equations 5.22 and 5.23 we get

V(t2, x2)—V(t1,x1) < P(T, a,u, B[ul) — P(%, &, u, B[ u]) + 4¢ (5.24)

Now let X1 (+) solve the following from t; < s < T

{%1 = f(s, x1(s), &(s), u, fLu])

x1(t1) =x1

And let x2(-) solve the following from t; < s < T

x2(t2) = x>

{dd— = £(s, x2(5), a(s), u, BLul)

Using equation 5.19 And since & = o and u = { and B[u] = B[u] for
th<s<T

[x1(s) —x2(s)| < Clx1(t2) —x2| < C(|t1 — t2] + |[x1 —x21)

Now from equation 5.24

T

V(t2, x2)— V(t1,x1) < f h(s, x2(s), a(s), u(s), Bl ul(s))ds + g(x2(T1))
t2

- J h(s, x1(s), &(s), u(s), BLul(s))ds — g(x1 (%)) + 4e
t

1
Now we can have 2 cases:
cT>1
N )

For the case T > t, the proof is similar to Part I. Thus we get

V(t2, x2) — V(t1, x1) < C(|t1 — t2| + [x1 — x2]) + de

For the case T < t>
V(t2, x2)—V(t1,x1) <

f h(s, x2(s), a(s), u(s), Blul(s))ds + g(x2(1))—
t

2

f h(s, x1(s), &(s), u(s), Blul(s))ds — g(x1(T)) + 4 (5.25)
t

1
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< J h(s, x2(s), a(s), u(s), Bl ul(s))ds + g(x2(T))—
t

2

f h(s, x1(s), &(s), u(s), flul(s))ds — g(x1(1))
t

1

+ f h(s, x1(s), &(s), u(s), FLul(s))ds

T

—ﬁ h(s, x1(s), &(s), u(s), BLul(s))ds + 4€

T
Since & = g and u = ( and Blul =pf[u] fort; <s<T.

< | (h(s, x2(5), a(s), u(s), BLul(s))
t2

— h(s, x1(s), a(s), u(s), B[ul(s)))ds
+ 9(x2(1)) — g(x1(1))
+ f h(s, x1(s), &(s), u(s), Blul(s))ds

T

t2
- J h(s, x1(s), &(s), u(s), fLul(s))ds + 4¢€
t

1

Thus using equations 5.7, 5.8, 5.9 and 5.25 we get
V(t2, x2) — V(t1, x1) < C(It1 — t2| + [x1 — X2|) + 4e (5.26)

Thus using equations 5.21 and 5.26 we get |V(t, x) — V(£, X)| < Ca(Jt —t| +
Ix — X]).

Now we will prove two more lemmas that enable us to prove one of the main
results of the paper, namely that the value function given in equation 5.10 is the
viscosity solution of a certain HJI PDE.

Lemma 12 Let ¢ be CL. Then if ¢ satisfies
* Dt¢(to, xo0) + H(to, Xo, Dx¢(to, X0)) < —6
then for a small enough 6 > 0, there exists B € A(tg) and o € A(tg) for all
u € M(to) such that
¢ ((to + 6), x(to + 6)) — ¢(to, x0)

to+6 06
+ f h(s, x(s), a(s), u(s), BLul(s))ds < —5
t

0
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and if
+ Dt@(to, x0) + H(to, X0, Dx¢(to, x0)) = 6

then for a small enough 6 > 0, there exists u € M(to) for all B € A(to) and
o € A(tg) such that

¢((to + ), x(to + 8)) — ¢(to, Xo0)

to+6 06
+ J h(s, x(s), a(s), u(s), Blul(s))ds = 7
t

0

Where 6 > 0 and H(t,x,p) =max min min
uel deD acA

[f(t,x,a,u,d)-p+ h(t,x,a,u, d)]

Note: Dx¢(t, x) = a"’gng) and Dt¢(t, X) = a¢gtt,x)
Proof: Part I Let

A(t, x, a, u, d) = De¢(t, x) + f(t, x, a, u, d) - Dxp(t, x) + h(t, x, a, u, d)

If maXyey Mingep Minge 4 A(to, Xo, a, u, d) < —6 < 0, then for each u € U
there exists d = d(u) € D and for each u, d there exists a = a(u, d) € A such
that A(to, X0, U, d, a) < —80. Since A is uniformly continuous we have in fact

—36
N(to, X0, a,0,d) < T

for all 0 € B(u, r) nU and some r = r(u) > 0. Since U/ is compact, there exist
finitely many distinct points Ui, Uz,...Un €U, d1,d>,...dn € D, a1, a2, ...0pn €
Aand ri,rz,...rhn > 0 such that

n
Uuc U B(uy, ri)
i=1

and
N(to, X0, 0, 0,d)) < _T for o € B(uj, ri)
We define
m :U—D .
{sz UXD— A by setting

m1(u) = di if m1(u) € B(dk, i) \ UK BUdi, 1)

m2(u, d) = o if m(u, d) € Blow, i) \ Ui, Blai, 1)
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Thus A(to, xo0, m2(u, m1(u)), u, my1(u)) < _T3e for all u e U. Since A is

uniformly continuous we therefore have for each sufficiently small § > 0

A(s, x(s), ma(u, T2 (), u, T (u)) < _7

for all ue U, to <s <tg+ 6 and any solution x(-) of ODE on (to, to + 6)
for any d(-), u(-), a(-) with initial candidates xX(to) = Xo. Finally we define
B € A(tp) in the following way:

Blul(s) = m(u(s))
and define o € A(tp) in the following way:

a(s) = ma(u(s), B(s))

for each u € M(tg),to <s<T,

N(s, x(s), a, u(s), Blul(s)) < _79 (to<s<t)

for each u € M(tg). We integrate the above for tp to tg + 8, adding and
subtracting ¢(to, Xo) and we get

¢(to + 6, x(to + 6)) — ¢(to, Xo)

to+6 —05
+ J. h(s, x(s), a(s), u(s), B[ul(s))ds < -
t

0

Part II Let

N, x, a,u,d)y=Dtd(t,x)+ f(t, x, a,u,d)-Dx¢(t, x)+ h(t, x, a, u, d)

then if

max min mln/\(to,xo, a,u,d)=6=>0
uelU deD ae

Thus there exists a u™ € U such that
min min A(tg, Xg, o, u™,d) > 6

deD aeA

Since A is uniformly continuous, we have that

6
A(s, x(s), a,u*,d) > 5
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provided tg < s < tp + & (for any small 6 > 0) and x(-) which solves the ODE
on (to, to + 6) for any u(-),_d(-), a(-) with initial candidates x(tg) = Xo. Hence,
for u(-) = u* and any a € A(tp), B € A(to)

Dtp(s, x(5)) + f(s, x(s), @, u(s), B[ul(s)) - Dx(s, x(s))
+ h(s, x(s), 3, u(s), BLul(s)) = g

Integrating this expression from tg to to + 6, adding and subtracting ¢(to, Xo)
we get

¢((to + 8), x(to + 6)) — ¢(to, xo0)

to+6 05
+ f h(s, x(s), a(s), u(s), BLul(s))ds = 5
to
Lemma 13 Let ¢ be CL. Then if ¢ satisfies that

* Dt¢(to, X0) + MaxXueyy Mingep Minge 4 h(to, X0, a, u,d) < —6

then for a small enough & > 0, there exists B € A(tg) and o € A(tg) for all
u € M(to), such that

®((to + 6), x(to)) — ¢(to, X0)
to+6 06
+ f h(s, x(s), a(s), u(s), B[ul(s))ds < Y
t

0
and if
* Dt¢(to, X0) + MaxXyeyy Mingep Minge 4 h(to, Xo, a, u, d) > 6

then for a small enough 6 > O, there exists u € M(to) for all B € A(to) and
a € A(tp), such that

¢((to + 6), x(to)) — ¢(to, x0)
to+6 06
+ f h(s, x(s), a(s), u(s), B[ ul(s))ds > >
t

0

Where 6 > 0

Proof: The proof of Lemma is similar to the proof of the Lemma 12 and follows
the same logic.

Now we have all the intermediate results to prove that the value function is a
viscosity solution of a certain HJI PDE. The proof follows a similar logic to the
legacy proof of theorem 1 in [10], theorem 4.1 in [27].
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Theorem 8 V/(t, x) is the viscosity solution of the terminal value HJI PDE:

D:V(t,x)+ min{max min minh(t,x, a,u,d), H(x,t,DxV)} =0
ueu deD aeA

V(T, x) =g(x)

where

H(t, x, p)= rpecbx g\elg g]elﬂ[f(t, x,a,ud)-p+h(t,x,a,u, d)]

Proof: To prove this, it is sufficient to prove the following claims [34], [27], [6],
[28]:

1. For ¢(x, t) € c}(R™ x (—0, 0]), such that V — ¢ has a local maxima at
(X0, to) € R™ x (oo, 0] then

Dt¢p(xo, tp) + min{max min
#(xo, to) {ueu min

min h(to, X0, a, u, d), H(to, xo, DxV)} > 0
acA

2. For ¢(x, t) € c}(R™ x (—o0, 0], such that V — ¢ has a local minimum at
(xo, tg) € R™M x (—oo0, 0] then

Dtp(xo, to) + min{max min
t¢(xo, to) +min{max  min

min h(to, X0, @, u, d), H(to, X0, DxV)} <0
aeA

Claim 1

For ¢(x,t) € c}(R™ x (—o0,0]), such that V—¢ has a local maxima at

(X0, to) € R™ x (o0, 0] and let us assume for the sake of contradiction that
36 > 0, such that

D@ (X0, to) + min{max min min
t¢( 0 0) mm{ uey deD aeA
h(to, X0, a, u, d), H(to, X0, DxV)} <—6

Now there are two cases.

Case I

to, X0, DxV) <max min minh(tg, xo, o, u,d
H(O 0 X) uey deD aeA (0 0 )
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then

Did(xo, to) + H(to, X0, DxV) < —6

= According to Lemma 12

¢((to + 6, xo(to + 8)) — ¢(to, x0) + inf inf sup
acA(tg) BeA(to)  ueM(to)

to+6 —05
J h(s, x(s), a(s), u(s), BLul(s))ds < 5
t

0

Since we know that V — ¢ has a local maxima at (Xg, tg) thus

V(to, Xo) — ¢(to, Xo0) = V(to + 8, Xo(to + 6)) — ¢(to + 6, Xo(to + 5))

= V(to + 6, xo(to + 6)) — V(to, Xo) <
¢(to + 6, xo(to + 6)) — ¢(to, xo0)

= V(to + 6, xo(to + 6)) — V(to, xo) + inf inf sup
acA(ty) BeA(to)  ueM(to)

to+6 —05
f h(s, x(s), a(s), u(s), B[ul(s))ds < =
t

0

But from Theorem 7 we know that

V(X)) SV(E+6, x(t+06))+ inf inf sup
acA(t) BeA)  yem(t)

t+6
J h(s, x(s), a(s), u(s), B[ ul(s))ds
t

This leads to

—06
0<—
2

which is a contradiction.
Case II

max min  minh(to, X0, a, u, d) < H(to, X0, DxV)
ueuU deD aeA

then

Dtp(xo, to) + max min  minh(tg, Xo, o, u,d) <—6
t@(xo, to) nax min - min (to, X0 )
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according to Lemma 13

¢((to + 6, x0) — ¢(to, x0) + inf inf sup
FeA(to) BeEB(to)  ueM(to)

to+6 —05
J h(s, x(s), a(s), u(s), B[ul(s))ds < T
to

Since we know that V — ¢ has a local maxima at (Xg, o) thus

V(to, Xo0) — ¢(to, Xo0) = V(to + 8, xo0) — ¢(to + 6, Xo)
= V(to + 6, x0) — V(to, x0) < ¢(to + 6, x0) — ¢(to, X0)

= V(to+ 6, x0)— V(to, Xo) + inf inf sup
acA(ty) BeAto)  ueM(to)

to+6 —06
J h(s, x(s), a(s), u(s), Blul(s))ds < —
t

0

But from Lemma 8 we know that

V(t,x)SV(t+6x)+ inf inf sup
acA(tg) BeA(to)  ueM(to)

to+6
f h(s, x(s), a(s), u(s), B[ ul(s))ds
t

0
This leads to

—66
0<—
2

which is a contradiction.
Thus claim 1 is true.

Claim 2
For ¢(x, t) € c}(R™ x (—o0, 0], such that V(-) — @¢(:) has a local minimum at
(x0, to) € R™M x (—oo, 0] and let us assume for the purpose of a contradiction
that 36 > 0, such that

Dtd(xo, to) + min{max min minh(t, x, a, u, d),
uey deD acA

H(tOI XO: DXV)} Z 9

then

Dtd(Xxo, to) + max min  minh(tg, Xo, o, u,d) > 6
t@(xo, to) nax min - min (to, X0 )
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and furthermore

Dt¢(xo, to) + H(to, X0, DxV) > 6

and from Lemma 12 and Lemma 13 we get

¢((to + 6), x(to + 6)) — ¢(to, xo) + inf inf sup
acA(ty)  BeA(to)  ueM(to)

to+6 06
J. h(s, x(s), a(s), u(s), Blul(s))ds = 5
t

0

¢((to + ), x0) — ¢(to, x0) + inf inf sup
acA(tg) BeAlto)  ueM(to)

to+6 06
f h(s, x(s), a(s), u(s), B[ ul(s))ds > >
to

Since V(-) — ¢(+) has a local minimum at (to, Xo)

V(to, x0) — ¢(to, x0) < V(to + 6, x(to + 8)) — ¢(to + 6, x(to + 6))

= ¢(to + 6, x(to + 6)) — ¢(to, Xo)
< V(to+ 6, x(to + 6)) — V(to, x0)

= V(tg + 6, x(to + 6)) — V(to, x0)+

inf inf sup
acA  BeA(to)  ueM(ty)

to+6 05
f h(s, x(s), a(s), u(s), Blul(s))ds = 5 (5.27)
t

0

Using the same logic we can also get

= V(to + 6, x0) — V(to, Xo)+

inf inf sup
aeA  BeA(to)  ueM(to)

to+6 06
f h(s, x(s), a(s), u(s), Blul(s))ds = > (5.28)
to

Now there are two cases based on theorem 7.
Case I
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to+6

V(to + 6, x(to + 6)) + f h(s, x(s), a(s), u(s), B[ ul(s))ds
to

< min (| h(s x(s), a(s), u(s), Blul(s))ds + g(x(T)))

1€ to, to+6] to

then

V(to,x) =V(to + 6, x(to + 6))+ inf inf sup
acA(ty) BeAto)  ueM(to)

to+6
J h(s, x(s), u(s), Bl ul(s))ds
t

0

substituting this in equation 5.27 leads to

06
— <0
2

This is a contradiction.
Case II

min (| h(s, x(s), a(s), u(s), B[ul(s))ds

TE[ to,to+8] to

+ g(x(1))) < V(to + 6, x(to + 6))+

to+6
f h(s, x(s), a(s), u(s), Blul(s))ds
t

0

then

V(to, Xp) = inf inf sup min
acA(ty) BeA(to)  uyem(ty)  TE[to,to+d]

(| h(s x(s), a(s), u(s), BLul(s))ds + g(x(T1)))
to

Then there exits a T € [tg, to + 6] that minimises V(tg, Xg) thus we have:

V(to, xp) = inf inf sup
acA(ty) BEAto)  ueM(ty)

(| h(s, x(s), a(s), u(s), Blul(s))ds + g(x(T1)))
to
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Then using lemma 9 we get that:

V(T,x(T'))+ inf inf sup
aeA(to)  BeA(to)  ueM(to)

/

f h(s, x(s), a(s), u(s), B[ul(s))ds < V(to, X0)
t

0
T’ €[tg, T]

This will lead to a contradiction with equation 5.27.

5.3. RELATIONSHIP WITH THE AVOID BACKWARD
REACHABLE TUBE

After deriving the Hamilton-Jacobi-Isaacs (HJI) PDE for systems with uncertain
dynamics, we now establish its connection to the concept of avoid backward
reachable tubes. The avoid backward reachable tube for a given system is
defined as the set of initial states for which there exists a disturbance that drives
the system into a specified avoid set, irrespective of any control action taken,
within a given time horizon [23], [24]. This concept builds on the concept of the
backward reachable set, which was introduced in [11] as the set of initial states
for which a control action exists to drive the system into a target set at an exact
given time. In [10], this idea was generalised to include a time horizon, resulting
in the backward reachable tube. This concept was further extended in [35] using
a game-theoretic approach and showing that the avoid backward reachable tube
could be computed using a Hamilton-Jacobi-Isaacs (HJI) equation. The level
set of the value function in the HJI equation provides a representation of the
avoid tube, as defined in [10] and other foundational works. This approach
applies to systems with deterministic dynamics. However, if the dynamics are
uncertain and the uncertainty is bounded, the problem becomes significantly
more complex. To address this, we formulate a three-player game, where:

+ Player 1 represents the control input,
- Player 2 represents the disturbance, and

« Player 3 represents the uncertain system dynamics.

In the robust framework, we require the avoid backward reachable tube to be
valid for any realisation of the bounded system dynamics. This approach parallels
the method proposed in [35], where disturbances are incorporated as adversarial
players. However, here, the third player accounts for unmodeled dynamics, and
robustness is achieved by ensuring that the avoid tube is valid for all possible
realisations of the system.

We now define a complementary system to the ordinary differential equation
described in equation (5.1):

FiI0,TIXxR"x AxUx D —R™ (5.29)
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such that:

>;<(S) =f(s, X(s), &(s), 4(s), d(s)) = x(T —s) =
f(T—5,x(T—5),a(T—5),u(T—5),d(T—5))

We also define:

K(T —t)=K(t)
M(T —t) = M(b)
N(T—-t)=N(t)

and:

ANT—t)=At) B(T—1t)=p(t)
AT—86)=At) a(T—t)=a(t)

With this setup, the trajectory of the system given in equation (5.1) is
identical to the trajectory of the complementary system described in equation
(5.29), provided that X(t) = x(T — t) for the respective parameters, control, and
disturbance.

Now the robust avoid backward reachable tube is defined as the set of initial
states for which there exists a disturbance that drives the system into a specified
avoid set, irrespective of any control action taken, within a given time horizon
and for any realisation of the system dynamics. The set is represented as shown
in equation 5.30.

VRagrT(T, £) = {x e R™ : A& € A(T), Vit € M(T), 3B € A(T),
3te[0,T], X(t) e L} (5.30)

where £ is the avoid set. In a differential game setting, the information
available to each player significantly impacts the outcome. For this work, we
adopt the following information structure:

+ Player 1 (Input): Does not anticipate the actions of Players 2 and 3.

« Player 2 (Disturbance): Uses non-anticipative strategies, meaning it cannot
react to input signals from Player 1 before they occur.

+ Player 3 (System Dynamics): Has full knowledge of the strategies of both
Player 1 and Player 2 and uses non-anticipative strategies for both.

This structure aligns with the assumptions made in [35] and [24]. The choice to
give the disturbance and uncertain dynamics an informational advantage ensures
that the derived robust sets account for worst-case scenarios, making them valid
for all possible inputs and system realisations. We make the following assumption
regarding the avoid set:
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Assumption 7 The avoid set of our reachability problem is closed and can be
represented as the zero sub-level set of a bounded and Lipschitz-continuous function,
as defined in Section 5.2.

L={xeR":g(x)<0}

Remark: If the avoid set is closed (L), then the robust avoid backward reachable tube,
VRrRaBrT (L, T) is also closed.

Lemma 14 The value function given in equation 5.10 with h(-) = O provides the
avoid robust backward reachable set given in equation 5.30, i.e.,

X € VRagrT(t, LY =& V(T—t,x)<0

Note: The Vrapr7(t, L) is for the complementary system (equation 5.29) while the
value function is for the original system (equation 5.1).

Proof: To prove this we will show the following:
e X € VRABRT(tr ,C) = V(T— t,X) <0
« V(T —t,x) <0=>x € Vgagrr(t, £)

Part I Let us say for contradiction purposes that:

X € Vragrr(t, L) = V(T —t,x) >0

Since V(T —t,x) > 0, from the definition of the value function (equation
5.10), for all @ € A(T —t) and B € A(T — t) we have

su inf x(1))>0
ueM('IF')—t)TE[T—f,T] g(x(T)

This implies that there exists a u; € M(T —t), such that for any € > 0 we
have, forall Te [T—¢t, T]

gx(1)+€e=>0

Now fromNthe definition of Vragr7(t, £) (equation 5.30) we kI}OW that there
exists & € A(t), B € A(t), T €[0,t], such that for all (i € M(t) we have
X(T) € L. From assumption 7 we know that

g(x(1)) <0

Let =& B=0, T=7 and { = u;. This implies that both the original
system (5.1) and the complementary system (5.29) have the same trajectory.
Thus g(X(T)) = g(x(T)). This is a contradiction.
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Part II For the second part we contradict the compliment of the statement.
Since we want to prove V(T —t,x) < 0 = x € Vgagr7(t, £), this implies
X € Vragr7(t, £) = V(T —t, x) > 0. Now we assume the contradiction:

X & VRagr7(t, L) => V(T—t,x) <0

Since V(T —t, x) < 0, from the definition of the value function (equation 5.10)
there exist a € A(T —t) and B € A(T — t), such that for any € > 0 we have

su inf x(T)) < 2¢
ueM(?—t)TE[T—t,T] g(x(T)

This implies that for all u € M(T — t) we have

inf <2
ety 9K S 26

Thus for any € > 0, there existsa T€ [T —t, T]
9(x(1)) < 3¢

From the definition of Vragr7(t, £) (equation 5.30) we know that, for all
ae A(t), BeA(t), Te€[0,t], there exists a i € M(t), such that X(T) & L.
From assumption 7 we know that

g(x(1)) >0

Let @ =a, 3=, T=T and u = (. This implies that both the original system
(5.1) and the complementary system (5.29) have the same trajectory. Thus
g(X(7)) = g(x(7)). This is a contradiction.

Theorem 9 Let V(t, X) be the viscosity solution of the terminal value HJI PDE given
below

D:V(t,x) + min{0, H(x,t,DxV)} =0

V(T, x)=g(x)

where

H(t,x,p)=rD€(1L{x gyg gwelﬂ[f(t,x,a,u,d)-p]

Then the sub zero level set of the V(t, x) provides the VraprT(T — t, L) for the
complementary system given in equation 5.29.
VrRagrT(T—t, L) = {x e R™: V(t,x) < 0}

Proof: The proof of the theorem follows directly from Lemma 14 and Theorem
8.
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5.4. NUMERICAL EXAMPLE

In this section, we demonstrate the application of the proposed framework using
the Dubins car system as an example. The Dubins car is a simple model often
used to represent systems with bounded turning rates and forward velocity
constraints. The system dynamics are given by:

X = vcos(0) + dx,
y =vsin(0) + dy, (5.31)

6=u+dy,
where:
« (X, ¥) € R? represents the position of the car,
+ 0 € R represents the heading angle,
+ ve[0.5,0.7] is the forward velocity of the car,
e ue€[—1, 1] is the control input (turning rate), and

* dx,dy,de € [—(0.1,0.1,0.7),(0.1,0.1,0.7)] is the disturbance acting
on the system.

The objective is to compute the robust avoid backward reachable tube for an
avoid set defined as:

L={(xy, 0)eR3:g(x,y,0) <0}, (5.32)

where g(x,y, 0) is a Lipschitz-continuous function defining the unsafe
states. The avoid set is a cylinder with height along 6 and a radius of 1
centered at origin. Using the extended Hamilton-Jacobi-Isaacs (HJI) framework,
we compute the value function V(t, X, Yy, ), where the zero sub-level set
{(x,y,08):V(t x,y, 6) <0} characterises the robust avoid backward reachable
tube.

Note: In this case, the original system and the complementary system are the same.
This is typically true for time-invariant system dynamics.

The numerical computations were performed using level set methods
implemented in the Level Set method based Toolbox [29] with a time horizon of
T = 2. The results of the computation are visualised in Figures 5.1 and 5.2.

The results validate the proposed framework by demonstrating its ability
to compute robust avoid backward reachable tubes for systems with bounded
uncertainties. The inclusion of unmodeled dynamics (third player) ensures
robustness to worst-case realisations of the system, as shown by the conservative
nature of the computed tube. This example illustrates how the proposed three-
player game framework can be integrated seamlessly with existing numerical
tools, such as the Level Set Toolbox, to provide rigorous safety verification under
uncertain dynamics.
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3D Contour of Robust Avoid Backward Reachable Tube - Zero Level Contour of VRABRT

I Zero Level Contour of Vi oo
2 [ Contour of Avoid Set

¢ (rad)

R

-1

-2
Y (meter) g X (meter)

Figure 5.1: Zero level contour of the VRaBRrT

5.5. CONCLUSIONS

In this paper, we extended the Hamilton-Jacobi-Isaacs (HJI) framework to
address optimal control problems for systems with bounded uncertain dynamics.
By formulating a three-player game, we incorporated unmodeled dynamics
alongside the controller and disturbance, enhancing the robustness of reachability
analysis. We proved that the value function associated with this game is the
viscosity solution to the extended HJI equation, providing a rigorous theoretical
foundation for robust control. Using this framework, we defined the robust avoid
backward reachable tube, which characterises the set of initial states that will
reach an avoid set under worst-case disturbances and all realisations of system
dynamics. We established a direct connection between the value function and
the robust avoid backward reachable tube, demonstrating that the zero sub-level
set of the value function precisely represents this robust set. Finally, a numerical
example highlighted the practical applicability of our approach, showcasing its
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2D Sslice of Robust Avoid F Tube - #Theta=0° 2D Slgce of Robust Avoid d Tube - #Theta = 45°
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Slice of Avoid Set Slice of Avoid Set
>0 >0 )
5 5
5 0 5 -5 0 5
X X
2D Sl5ice of Robust Avoid F Tube - #Theta = 90° 2D Slisce of Robust Avoid F Tube - #Theta = 135°
Zero Level Slice of Voo Zero Level Slice of Voo
Slice of Avoid Set Slice of Avoid Set
7 T ~\ Va —_—
>0 U >0 (
5 5
5 0 5 -5 0 5
X X

Figure 5.2: Slices of the zero level contour of the VrRaBRT

integration with existing level set-based toolboxes. This work provides a robust
method for safety verification under uncertainty, offering a pathway for future
developments in reachability analysis for complex and uncertain systems.

While this work extends the Hamilton-Jacobi-Isaacs (HJI) framework to
incorporate bounded uncertain dynamics using a three-player game, there
remain several avenues for further exploration. One promising direction
is to extend this approach to stochastic HJI equations, where the system
dynamics include stochastic perturbations or noise. Stochastic dynamics present
additional challenges, as they require accounting for probabilistic uncertainties
and formulating the value function in terms of expected costs or risks. Integrating
stochasticity into the current framework would enable robust safety verification
in environments with both adversarial and random uncertainties, expanding the
applicability of this method to a broader class of real-world systems.

5.6. APPENDIX
5.7. PROOF OF EQUATION 5.19

The following is to prove the equation 5.19.

Ix1(t2) — x1| = [x1(t2) — x1(t1)]
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t2 t1

=|| f(s,x2(s), a(s), u(s), d(s))— | f(s,x(s), a(s), u(s), d(s))|
t t
Using equation 5.3

< |Ci(ty —t)—Ci(t1 —t)| < Ca1|t1 — 12|

The above holds for any u € i/, d € D and a € A.
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CERTIFIED APPROXIMATE
REACHABILITY (CARE)

Recent approaches to leveraging deep learning for computing reachable sets of
continuous-time dynamical systems have gained popularity over traditional level-set
methods, as they overcome the curse of dimensionality. = However, as with
level-set methods, considerable care needs to be taken in limiting approximation
errors, particularly since no guarantees are provided during training on the
accuracy of the learned reachable set. To address this limitation, we introduce
an €-approximate Hamilton-Jacobi Partial Differential Equation (HJ-PDE), which
establishes a relationship between training loss and accuracy of the true reachable
set. To formally certify this approximation, we leverage Satisfiability Modulo Theories
(SMT) solvers to bound the residual error of the HJ-based loss function across
the domain of interest. Leveraging Counter Example Guided Inductive Synthesis
(CEGIS), we close the loop around learning and verification, by fine-tuning the neural
network on counterexamples found by the SMT solver, thus improving the accuracy
of the learned reachable set. To the best of our knowledge, Certified Approximate
Reachability (CARe) is the first approach to provide soundness guarantees on learned
reachable sets of continuous dynamical systems.
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6.1. INTRODUCTION

Ensuring the safety of autonomous systems under uncertainty is a fundamental
challenge in control and verification. Reachability analysis plays a key role in
addressing safety concerns across various domains, including spacecraft trajectory
design [1, 2], ground transportation systems [3, 4], air traffic management [5,
6], and flight control [7-9]. The theoretical foundations of reachability stem
from viability theory [10, 11], while computational techniques have been
developed for both exact and approximate reachable set computations in hybrid
systems [12-16]. These advances have formulated reachability analysis as
an optimal control problem, where reachable, viable, or invariant sets are
represented as level sets of a value function satisfying a Hamilton-Jacobi (HJ)
partial differential equation (PDE) [8, 17-20].

Traditionally, level set methods are used to compute the unique viscosity
solution of the HJ equation [15]. However, even with high-order numerical
schemes such as WENO methods, the non-differentiability of the value function
introduces numerical inaccuracies [21]. While refining the grid used in finite
element methods such as level set methods improves numerical accuracy, it
is hard to predict what constitutes a sufficiently fine grid. Moreover, these
grid-based approaches suffer from the curse of dimensionality, as the number of
required grid points grows exponentially with system dimensionality.

Deepreach [22], a recent approach leveraging neural networks, has enabled
solving the HJ equation without relying on finite difference methods. If the
loss function enforcing the PDE conditions converges to zero in the region
of interest, the learned value function is the unique viscosity solution of the
HJ-PDE, ensuring that its zero-level set correctly represents the reachable set.
This approach improves scalability to higher-dimensional systems by mitigating
the curse of dimensionality.

In this work, we demonstrate an additional advantage of using neural networks
to approximate the value function: the ability to provide a formally bounded
€-accurate reachable set. While both level-set methods and DeepReach yield
empirically accurate solutions, their adherence to the HJ-PDE conditions—and
thus the validity of the reachable set-has not been quantified. Follow-up
work to DeepReach uses probabilistic methods to recover the reachable set
[23-25]. In contrast, we provide a formal approach to verification that does not
rely on recovery of the reachable set, but rather provides a sound over- and
under-approximation of the reachable set. Our key contributions are:

1. We establish a formal bound € on the residual error, ensuring that the
absolute value of the HJ-based loss function remains within a specified
threshold across the domain of interest.

2. We demonstrate that the neural network-based value function, constrained
by €, provides a certified approximation of the true value function, allowing
for over- and under-approximation of the reachable set.

The remainder of the paper is structured as follows: Section 6.2 provides an
overview of the reachability problems and introduces the Hamilton-Jacobi (HJ)



6.2. Problem Setup 159

partial differential equation (PDE) whose solution we aim to learn. Section
6.3 presents the deep learning approach for computing the reachable set, while
Section 6.4 discusses the formal verification method used to derive and certify an
upper bound on the loss across the entire domain of interest. In Section 6.5, we
introduce our main contribution, establishing a connection between the residual
training loss and an under- and over-approximation of the reachable set. Finally,
Section 6.6 provides implementation details and a case study.

6.2. PROBLEM SETUP

In reachability theory, a key objective is to compute the backward reachable set
(BRS) of a dynamical system, which consists of all states from which trajectories
can reach a given target set at the end of the time horizon. In contrast, the
backward reachable tube (BRT) represents the set of states that can reach the
target set within a specified time horizon [17]. If the target set represents
unsafe states, the BRS/BRT identifies states that may lead to unsafe conditions
and should be avoided. To account for adversarial disturbances, safety-critical
scenarios are often modeled as a two-player game, where Player 1 represents the
control input and Player 2 represents the disturbance input [26].

Mathematically, consider a dynamical system with state X € R™ governed by
the ordinary differential equation (ODE)

x(s) € f(s, x(s),u(s),d(s)), to<s<T, (6.1)

where T > tg is the fixed time horizon. The initial state is given by x(to) = Xo,
and the control and disturbance inputs are measurable functions

u:lto, T1=u, d:[to, T]=D,

with &/ ¢ R¥ and D c R! being compact sets. The dynamics f : [to, T] x R™ x
U x D — R™M satisfy the following conditions for some constants C1, C>:

If(t, x, u, d)| < Cy, (6.2)
If(t, x, u, d)—f(t, X, u,d)| < Ca2|x—X|, (6.3)

forall te[ty, T], x, X € R, u€U, and d € D. These assumptions ensure that
the ODE (6.1) admits a unique solution

x(t) = ¢(t, to, xo, u(-), d(-)). (6.4)
Next, we define the sets of control and disturbance policies:

Mt 11 ={u:[t, T] - U | u is measurable},
Mtr)={d:[t, T] = D|d is measurable}.

A nonanticipative strategy is a mapping B : M[t, 1] = MN¢t,7] such that for all
s €[t T] and for all u, & € Myt 13, if u(t) = () for almost every T € [t, s],
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then B[ul(t) = B[ &](T) for almost every T € [t, s]. The class of such strategies
is denoted as A[¢,7].

Given a target set G with a signed distance function g(x) such that
g(x) £ 0 < x € g, the BRT is defined as

BRTg([to, T1) ={x | 3B € Nito, 77, YU € M[t5,7], (6.5)
Is e [to, T1: ¢(s, to, X0, u(+), B(-)) € G}.

Equivalently, the BRT is given by the subzero level set of the value function
V*(t, x), where

V*(t,x)= _inf sup inf g(é(7,t x, u(-),B())). (6.6)
BeA[t,T] UeEM[t 1] T€E[L,T]

Let us introduce the shorthand notation DxV(t, x) = VX and D:V(t, x) =

ax
W. Then, a standard result of HJ reachability [17, 26, 27] allows us to

reduce the optimization problem in Equation (6.6) from an infinite-dimensional
optimization over policies to an optimization over control and disturbance inputs
by formulating the value function as the viscosity solution of the HJ-PDE:

D«V*(t, x) + min{0, #(t,x, DxV*)} =0,
V*(T, x) = g(x), (6.7)

with the Hamiltonian defined as

tl ’ = i tl ’ 4 ¢ .
H(t, x, p) rpe%lxg\elg[f( X, u,d)-p]

The HJ-PDE can be solved using level-set methods [8, 16, 28] or through
curriculum training of a neural network [22].

6.3. DEEP LEARNING APPROACH TO HJ REACHABILITY

Inspired by the self-supervised framework of Physics-Informed Neural Networks
(PINNs) [29], the solution of the PDE (6.7) can be effectively learned, as
demonstrated in [22].

Let Vg denote the approximate value function learned by a neural network. To
ensure that the zero level set of Vg correctly represents the BRT, the network
must achieve zero loss for the loss function defined as

L(t, xi;0) = 1(ti=T)L1(xi; 0) + AL2(ti, x5 6), (6.8)
L1(xi; 0) = |[Va(T, x) — g(x)ll, (6.9)
L2(ti, xi; 0) = [|IDeVo(ti, xi) + min[ 0, H(ti, xi, DxVe)1ll, (6.10)

where 1(t; = T) is an indicator function ensuring that L3 is only applied at
ti=T, and A controls the balance between the two loss terms. The non-linear
nature of the neural network might result in areas of the state space with
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significantly higher loss than empirically observed during training. This acute
shortcoming necessitates a formal approach to verifying the approximation
errors. To this end, in the subsequent sections, we will

1. establish a verification method to ensure |£1(X; 8)| < €1 and |£2(t, X; 0)| <
€> for all x and t within the domain of interest; and

2. derive upper and lower bounds on Vjy in terms of viscosity solutions to the
HJ-PDE, thus enabling under- and over-approximations of the BRT/BRS.

6.4. FORMAL SYNTHESIS OF NEURAL VALUE
FUNCTIONS

Our approach to synthesizing the value function solution follows a two-phase
process—a learning phase and a certification phase-that alternates in a Counter
Example Guided Inductive Synthesis (CEGIS) loop [30]. The learning phase
employs a curriculum training approach, discussed in detail in Section 6.6,
terminating when we empirically satisfy |£1(Xx;; 8)| < €1 and |£2(t;, X;; 0)] < €2,
for N randomly sampled points (t1, X1), ..., (tn, Xn).

To further ensure that |[£1(X; 0)| < €1 and |£2(t, X; 8)| < €3 for all x in the
domain of interest X and for all t € [tg, T], we design a sound certification
phase: this certification is performed via SMT (Satisfiability Modulo Theories)
solving, which symbolically reasons over the continuous domain [tg, T] x X,
hence generalizing across the sample-based loss error. While computationally
intensive, formal verification provides soundness guarantees, allowing us to
rigorously validate the learned value function as an approximate solution to the
HJ-PDE.

Several approaches exist for certifying the accuracy of the learned value
function. To remain general in our choice of dynamical systems, we employ
an SMT solver capable of handling quantifier-free nonlinear real arithmetic
formulae [31]. This allows us to incorporate arbitrary nonlinear activation
functions into the neural network. Furthermore, it enables us to address systems
with nonlinear dynamics, which induce nonlinearities in the Hamiltonian.
Specifically, we employ dReal [32], which supports both polynomial and
non-polynomial terms, such as transcendental functions (e.g., trigonometric and
exponential functions).

After generating a symbolic representation of the neural network, the
SMT solver searches for an assignment of variables (t,x) that satisfies the
quantifier-free formula

(x € X A IVo(T, x)— g(x)| > €1) v (6.11)
(xex atelty, T] A
ID:Ve(t, x) + min[ 0, H(t, x, DxVe)]ll > €2) (6.12)

The logical disjunction between (6.11) and (6.12) allows us to split the SMT
call into separate parallel queries. If one query identifies a valid assignment,
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i.e., a counterexample to either [£1(x;0)| < €1 or |L3(t, x;0)| < €2, the
remaining SMT calls terminate. A counterexample indicates the necessity to
finetune the neural network, as it does not yet approximate a valid value
function with sufficient accuracy. We leverage the counterexample for targeted
training specifically at inputs where the network is insufficiently accurate. We
sample additional training data points for finetuning in close proximity to the
counterexample, thus reducing the need for extensive sampling in regions of the
input space that are already well approximated. Finetuning and certification are
alternately repeated within an inductive synthesis loop (CEGIS), progressively
improving the neural value function in targeted regions of the input space,
until the certifier determines the Formulae (6.11) and (6.12) to be unsatisfiable.
This implies that there exists no counterexample to |£1(x;60)| < €1 and
|L2(t, x; B)| < €3, formally proving the validity of the learned value function
over the entire domain of interest. In the following section, we derive results
establishing how this formal certification can be leveraged to obtain sound over-
and under-approximations of the BRT and BRS from the neural value function.

6.5. €-ACCURATE VALUE FUNCTIONS

The certification of the neural value function in the previous section established

that for all (t, x) € [to, T] x X, there exists some € € [0, €2] such that
[IDtVo(t, x) + min[ 0, H(t, x, DxVe)]ll = €,

which can equivalently be rewritten as

|DeVa(t, x) + min[£€, #(t, x, DxVe)]| = €,
7(t,x, p) = maxmin[f(t,x,u,d)-pxé€].
H( P) uel deD [f( ) p ]

We consider the worst-case realisation of €, i.e., € = €. We will now show that,
for € = (€1 + €2(T — 1)),

Ve(t,X)—e < V*(t,x) < Vo(t, x)+ €, (6.13)

which allows us to use the neural value function to reason about the true BRT
and BRS.
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6.5.1. Bounding the True Value Function

To derive these bounds, we introduce the modified value functions V and V,
which are the unique viscosity solutions under the worst-case realizations of €:

V(t,x)= inf sup
BCIEAETY u(-)e Myt 1

int [ J ezds+g(¢>(f,t,x,u(-),/3(-)))] 6.14)
t

TE[L,T]

V(t,x)= inf sup
- B( )GA[t T] u( )EM[t T]

inf [J —exds+ g(o(T, t, x, u(-), B(-)))} . (6.15)
t

TE[L,T]
Since €3 is a positive constant, it follows that
V(t, x) < V*(t,x) < V(t, x). (6.16)
Furthermore, using the inequality —€>(T —t) < ftT—ez ds, we obtain:

inf_g(o(7, t,x, u(), B())) —e€2(T —1t)

T€E[L,T]

gTemf [9(¢(T t, x, u(-), B(: )))—f

t

T

€> ds}.

Similarly, using €2(T —t) > ftT €> ds, we obtain:

inf_g(¢(, t,x, u(-), B(-))) + €2(T — t)

T€E[L,T]

> infT] [g(cp('r, t,x, u(),BC-N)+ J € ds} .
t

T€E[t,
Thus, we derive the key bound:

V(t,x)—ea(T—t) S V*(t, x) < V(t, x)+ e2(T —t). (6.17)

6.5.2. Relating Bounds to the Neural Value Function

To relate V and V to the neural value function, we need to establish that these
auxiliary value functions are the unique viscosity solutions of the €-modified
HJ-PDE. This result is formalized in the following theorem.

Theorem 10 The function V(t, x) is the unique viscosity solution of the €-modified
HJ-PDE:

D:V(t, x) + min {ez,H(t, X, DXV)} =0
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with the Hamiltonian defined as

H(t, x, p) = e il [f(t.x,u,d)-p+e€z],

and the terminal condition
V(T, x) = g(x).
Similarly, V(t, x) is the unique viscosity solution of the €-modified HJ-PDE:
D¢V(t, x) + min{—e€2, H(t, x, DxV)} = 0,
with the Hamiltonian

H(t, x, p) = max min [f(t,x,u,d)-p—e2l,

and the terminal condition
V(T, x) = g(x).

The proof of Theorem 10 is given in the appendix.
As a consequence of Theorem 10, we obtain

V(t, x) < Vo(t, x) < V(t, X). (6.18)
Finally, incorporating €1, which perturbs the boundary condition, we have:
Vo(T, x) = g(x) £ €1. (6.19)

Thus, by combining Equation (6.17) with Equations (6.18) and (6.19), we recover
the bound in Equation (6.13).

Ve
4”{ Finemning J e Ve’ 6
Training (Xcex teex)
CEGIS

Figure 6.1: Learner-verifier training framework with curriculum and certification loop.

6.6. CASE STUDIES

Given the page limitations, we prioritize detailing the key steps of the training
and verification loop to ensure clarity, and thus omit a full comparison of
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different reach/avoid examples. The provided toolbox' includes additional
examples, such as an evader-pursuer scenario, forward and backward reachability
problems, and implementations of both the reachable tube and the reachable set.

Let us consider the simple double integrator example, a canonical second-order
control system, X1 = X2, X2 = U, where X1 represents position, X represents
velocity, and u is the control input. We consider the problem of learning the
forward reachable set, with the initial set defined by

9(x) =x3 +x5—R?, (6.20)

with R2 = 0.5.

6.6.1. Training of value function

The training procedure, outlined in Algorithm 1 and illustrated in Fig. 6.1
follows a curriculum learning strategy with three phases:

 Pretraining phase: Focuses on boundary conditions at the final time t =T.

« Curriculum phase: Gradually extends the time horizon from [T, T] to
[to. T1.

 Finetuning phase: Further refines the model to minimize loss before
certification.

Each training epoch involves generating a random batch of samples and
computing the loss L£(t;, x;, 6) for each sample i € {1,..., N}. The formal error
bounds on the reachable set can be conservative as the results in Theorem 10
assume the worst-case realisation of €, along any trajectory. Consequently, even
when the mean training loss is low, the existence of regions of the state space
with high network loss can lead to conservative over- or under-approximations
of the reachable set. To mitigate this, we not only minimize the mean error
over the batch but also the maximum error, leading to the training objective of
minimizing:

— E L (i 9) A m ( 9)
ir Xi, + ax L t',X', .
N i lr AL max i r Al

Here, Amax is set to 10% during the curriculum phase and 30% during the
finetuning phase. The finetuning phase uses a patience counter, terminating only
when the loss consistently stays below a threshold Ac€2, with A¢ = 95%. This
modified approach to the curriculum training scheme presented in [22] reduces
the total training time while ensuring sufficient confidence in the model prior to
progressing to the certification phase.

To improve performance and enable smaller networks to approximate the
value function effectively, we introduce a polynomial layer as the first layer of
the network. This allows subsequent layers to operate not only on the original
inputs (t, x) but also on polynomial transformations, such as (t2, x2).

Thttps://github.com/nikovert/CARe
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Algorithm 6.1: Training of Vg(t, X)

1: Input: Thresholds €7 and €;

2: Initialize: Model Vg, tcurrent — T

3: while Training do

4: Generate samples X; and &; € [ tcyrrent, T]

5: Compute model output y = Vg(t;, X;)

6: Compute loss Ltotal = Lmean + Amax * Lmax

7: Backpropagate Ltotq and update parameters 6
8: if Ppre—training and max(£1) < €1 then

9: Progress to Pcurriculum

10: else if Pcyrriculum and max(£>) < €, then

11: Expand time horizon: tcyrrent < tcurrent — At
12: if tcurrent = 0 then

13: Progress to Pfinetune

14: p<20

15: else if Pgnetune and max(L£>) < Ac€2 then

16: p—p+1

17: if p > 1000 then

18: break > Stop training

19: Output: Trained model Vg

6.6.2. Formal Verification

To formally verify that the trained network represents an €-accurate value
function, we generate a symbolic representation Vg(f, x) to instantiate the
quantifier-free SMT query described in Section 6.4. To obtain the corresponding
derivative terms D¢V (t, X) and #H(t, X, DxVg) we apply symbolic differentiation.
To further parallelize the SMT call, we decompose the absolute value expressions
of Equations (6.11)—(6.12) into separate calls, e.g., we seek X s.t.

X € X A Ve(T,x)—9g(x) > €1,
vXxeXxAVe(T,x)—g(x) <—e€1.

As SMT with nonlinear real arithmetic is undecidable in general, no exact decision
procedure can exist for arbitrary HJ-PDEs [33]. However, dreal provides a
é-complete decision procedure that allows for user-specified § deviations in the
satisfying assignments [34, 35]. Consequently, while satisfying assignments may
be spurious, unsatisfiability carries over to the exact problem. Hence, if the SMT
query is unsatisfiable, it formally establishes a global upper bound on the loss
function across the entire domain of interest.

Checking SMT queries with nonlinear real arithmetic can be computationally
expensive, especially as unsatisfiability constitutes a full proof for validity. In
practice, if a counterexample exists, the SMT query typically terminates within a
reasonable timeframe.

For illustration, we consider training and verifying the double integrator
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Figure 6.2: The over-approximated reachable set is shown in red, while the learned
reachable set is depicted in blue. The initial set at time to = O is a circle around the
centre of radius 0.25, the time horizon is T = 1.

Table 6.1: Training and verification results of the CEGIS loop

Iter. € Training (s) | Verif. (s) Result
1 0.30 836.92 1367 Certified
2 0.27 - 22 Counterexample found
3 0.27 181.27 2735 Certified
4 0.243 - 5537 Certified
5 10.2187 - 237 Counterexample found
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system using a single hidden layer with 16 neurons, employing sine
activation functions. After training with € := (€1 + €2(T — tp)), and
T=1ty=0,e; = 0.95¢ = 0.285,€1 = 0.05¢ = 0.015 we progress to
certification, which takes 1367 seconds resulting in no counterexample being
found. Subsequently, we attempt to reduce € by 10%. Within 22 seconds, one
of the parallelized SMT queries finds a counterexample. Thus, at this stage, our
trained neural network satisfies £(t, x) < 0.3 but not £(t, x) < 0.27. Following
a Counterexample-Guided Inductive Synthesis (CEGIS) approach, we leverage
the identified counterexample to refine our model (Fig. 6.1). Specifically, we
re-enter the finetuning phase of training with the reduced € this time ensuring
that 10% of our samples are drawn near the counterexample. This refinement
improves the model such that a subsequent verification attempt fails to find
a new counterexample, thereby establishing a tighter bound on the loss. We
continue the CEGIS loop for a total of 5 iterations with the results shown in
Table 6.1. The fine-tuning phase of the final iteration is unable to obtain an
empirical loss below 0.2187, thus, the best certifiable result with € = 0.243 is
used to produce the final over-approximated reachable set, shown in Fig. 6.2.

Our approach is applicable to arbitrary continuous-time reachability problems.
However, the use of dreal practically limits the network size, as increasing
the depth and number of neurons adds complexity to the formulas (6.11)-(6.12).
If an empirical result is satisfactory, Theorem 10 can provide an over- or
under-approximation of the reachable set, even when only an empirical bound
on the loss is available.

6.7. CONCLUSIONS

The primary goal of this paper is to establish a relation between the training
loss and the induced level of approximation error on the final BRS/BRT. To this
end, we introduce a modified HJ-PDE allowing us to relate a bound on the loss
function used during training, to the true solutions of the reachability problem.
To obtain the bound on the loss function, we could use an empirical data-driven
approach to estimating the bound on the training loss, though this would fail to
constitute a formal certificate. Thus we introduce an approach to verification
using a Satisfiability Modulo Theory solver, enabling us to provide a formal
certificate for approximate reachability.

This work opens several promising directions for future research. One
avenue is the extension of the SMT-based verification framework to systems
with stochastic dynamics, where uncertainty arises not just from bounded
disturbances but also from probabilistic transitions. Another direction involves
tightening the conservativeness of the computed certificates, either by improving
the expressiveness of the neural network architecture or by integrating more
refined numerical bounds on residual errors. Finally, exploring scalability of the
proposed method to high-dimensional systems and longer time horizons remains
a crucial step toward real-world deployment.
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6.8. APPENDIX: CHAPTER 6

For the proofs in the remaining sections, we ease notation by omitting the
subscript of €, i.e. €2 = €. We introduce the payoff function:

P(u, d) = Px,t(u(-), B(-))

T
= f eds+ g(o(T, t, x, u(-), B())), (6.21)
t
where g : R™ — R satisfies the following conditions:
lg(x)| < Ca, (6.22)
lg(x)—g(X)| < C2|x — X, (6.23)

for some constant C> and for all to <t<T, x,X€R™, ueif, and d €D. In
the differential game setup considered in this paper, the control u is chosen
to maximize P(u, d), while the disturbance d is chosen to minimize P(u, d).
The term € represents a positive perturbation (€ € R*). Since the proofs
for V follow directly from those of V, we focus only on the case of V and
ease notation by using V to denote V. We ease notation by introducing

Xu,p(T) = ¢(7, t, x, u(-), B(-)).

6.8.1. Bellman Optimality

Theorem 11 The value function defined in Equation (6.14) satisfies the Bellman
optimality principle:

V(t,x)= _inf sup min{
B(IEA L t+0] u(-)EMt t+0]
t+o

V(t+ 0, xup(t+0))+ f eds,
t

TE[t, t+0]

inf [LT eds+ g(xu,ﬁ(r))]}.

Proof:
We define

W(t,x)= inf sup min{
B(IEAt t+0] u(-)eMt t+0]

t+o

V(t+ o, xup(t+0))+ J eds,
t

Te[i&ial [L eds+ g(xul,g('r))} }
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Part I: Lower bound of W(t, x):
Fix v > 0, and choose 81 € A[t,t+0] such that:

W(t, x) = sup min {
ui(-)eEMit, t+o]
t+o

V(t+ 0, Xy, (t+0)) + f eds,
t

inf U eds+ g(xul,pl('r))] } —.
t

TE[t, t+0]

Thus, for all ui(-) € Mt t+0], there exists a B1 € A[¢,t+0] such that:
t+o

W(t, x) = min {V(t+ 0, Xyy,6,(t+ 0)) + f €ds,
t

inf [f eds+ g(xul,ﬁl(r))} } —. (6.24)
t

TE[t, t+0]

Now, consider the term V(t + g, X):

T
V(t+0o,x)= inf sup inf [J €ds
t

B(')EA[f+0’,T] u(')eM[f+0,T] TE[t"’U,T] +0

+ g(¢(T, t+o,x, U('), ﬁ(')))]

Similarly, we can find a 82(-) € A[t+0,7] and U2(+) € M[t4+0,7] such that:

T
V(t+o0,x)> inf [J €ds
t

T€[t+0,T] +o

+ g(¢(T, t+o,x, Uz('), BZ(')))] -Y.

Now, define the combined control policy u(-) € M[¢1] and disturbance
strategy B(-) € Ar¢, 1] as:

u(t) = ui(t) ift<t<t+o,

T \uz(t) ift+0<T<LT.
Bilui1l(T) ift<T<t+o0,
B2[uz](t) ift+o0<T<LT.

B[U](T)={
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Subsequently, we obtain:

t+o
W(t, x) > min{f eds+
t

inf U e€ds+ g(o(T, t+ o, x, uz(-), ,82(-)))],
t

T€[t+0,T] +o

TE[t, t+0]

inf U eds+9g(¢(7.t,x, u1(-),[31(-)))}}—2%
t
Zmin{

inf U eds+g(o(t, t+ o,x,Uz(°),Bz(-)))]
t

T€[t+0,T] +o
inf U eds+ g(o(T, t, x, Ul(‘)rﬁl(‘))):|}—2'}’,
Te[t,t+0] | J¢
— inf [ f eds+g(¢('r,t,x,u(-),ﬁ(°)))]—27-
Te[t, T J¢

This holds true for all u(-) € Myt 1], and hence we conclude:

T
W(t,x)= sup inf [J eds+g(xu,,3("r))]—2y.
u(-)e./\/l[t,r] T€[t,T] t

Finally, this gives:
W(t,x)+ 2y = V(t, x).

Part II: Upper Bound W(t, x)
For all B1(:) € A[t,t+0], we have:

W(t, x) < sup min{
u(-)eMitt+o]
t+o

V(t+ 0, Xy, (t+0))+ j € ds,
t

inf U eds+g(xu,31('r))}}.
t

TE[t, t+0]
Then for a fixed y > 0, there exists a U1 € M[t,t+0] such that:

t+o

W(t, x) < min{V(t+ 0, Xuy,p, (t+ 0)) + J eds,
t

inf [J €ds+ g(xul,pl(‘r))]} +7.
t

TE[t, t+0]
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Consider the term

V(t+o,xup(t+0))=__inf >Up
BEA[t+0,T] u(-)eMit+o,1]

inf [f eds+g(¢(t, t+ 0, x, u(-), B(')))].
t

T€[t+0,T] +0
Then for all B2 € A[t+0,7], We have:

V(t+0,x) < sup
u(-)eMitro,1]

inf [f €ds+g(¢(T, t+0,x,u(-), Bz(-)))].
t

TE[t+0,T] +o

For a fixed 'y > 0, there exists a Uy € M[t+0,7] such that:

T
V(t+o,x)< inf f eds
t

TE[t+0,T] +0

+9(9(T, t+ 0, %, u2(-), B2(D] + v.

We define the combined control policy u(-) € M[¢ 1] and disturbance strategy
B(-) € Art, 17 as before, such that:

W(t,x)Smin{

inf [J eds+g((T, t+ 0, x, u2(-), B2())) ],
t

TE€[t+0,T] +0o

inf [J €ds + g(xuy, 5, (T ]} + 2.
t

TE[t, t+0]

Smin{

T€[t+0,T]

inf [J eds+g(e(T, t+0,x, uZ(-),Bz(-)))],
t

inf [JTed5+ g(xu,ﬁl('r)]} + 27.
t

T€E[t, t+0]

T
< inf d 2. 2
< ol eootmaan] v 2v o

It follows from Equation (6.14) that:

T
V(t,x)= inf su inf eds + g(xyp(T)) |-
( ) ﬁGA[t,T] UEM[F:,T] TG[t,T]I:J; g( u,ﬁ( ))]
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Thus, there exists B € A[¢, 77 such that for a given y > 0:

T
V(t,x)= su inf f eds+ g(xyg(TH|—7.
ue/\/l[ar] TG[RT][ ¢ 9WXup ] Y

Thus for all u € Mt 1], we get:

T
V(t,x)+y> inf [ f €ds +g(xup(1)]. (6.26)
T t

i
€[t,T]
Combining this with Equation (6.25), we get:

W(t, x) < V(t, x)+ 3. (6.27)

Finally, since 7y is arbitrary, we can let y — O and obtain:

V(t,x) = inf sup min
B(IEA L t+0] u(-)eMt t+0] {

t+o

V(t+ 0o, xup(t+0))+ f €eds,
t

inf [f €ds + g(xup(T)]}.

TE[t, t+0]

The proof of Theorem 10 relies on several further properties of the value
function, which will be provided in the form of Lemmas 15-18. As in the
previous section, we will use V for ease of notation. We begin with the
monotonicity of the value function.

6.8.2. Monotonicity of the value function
Lemma 15 For all (t,x)€[0,T] x R™

t+o

V(t,x)<V(t+o,x)+ f €ds
t

and V(T, x) = g(x)

Proof:
V(T, x) = g(x) is trivial and can be directly observed from the definition of the
value function, Equation (6.14). Consider

T
V(t,x)= inf su inf eds+ g(x T
0=, pf sup inf [| "eds - gtxus(o)]
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Let us assume for the sake of contradiction that

t+o

V(t,x) > V(t+ o,x)+J eds,
t

which can be equivalently stated as

T
inf su inf €ds+ g(xyy,6,(7))
BIGA[L‘,T] UleM?t,T] TG[t,T]I:J;. g u1,f1 ]

T
> inf sup inf f €ds
t

B2€A[t+0,T] upeM[tro,1) TELEHO.TI" J 1o
t+o

+9(8(T, t+ 0, X, Uz (), 2] + f e ds.

t

Thus, for all B1 € A[t,7], there exists a B2 € A[¢+¢,7] such that

T
su inf eds + g(xyu;,6,(7))
UIGM?[',T] TE[t,T]I:L ui Bl ]

T
> sup inf J €ds

U2€Mtro,1) TEILHOT]™ 4o
t+o

+ 9(¢(T, t+ 0, x, u2(-), Bz(-)))] + f € ds.

t
Furthermore, for all Uy € M¢+0,7], there exists U1 € Mt 1] such that

T
inf
Tel[r},T][L eds+ Q(Xul,ﬁl(T))]

> inf [J eds+ g(¢(t, t+ o, x, uz(-), /32(-)))]
t

T€[t+0,T] +0o

t+o
+J eds.
t

Now let us define:

ui(t) ift<st<t+o,
ui(t) ift+o<t<T

u(t) = {

and

B1lul(T) ift<T<t+o0,
Bo[ul(t) ift+0<T<T.

ﬁ[u](T)E{
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Using the uniqueness of the solution of the ODE (6.1), it follows that

TE[L,T]

inf [LT €ds + g(xup(T))]

> inf [J eds+g(9(T, t+0,x, u(), B())) ]
t

TE[t+0,T] +o

> inf [J eds+g(¢(t, t+0,x, u(-),B(')))],
t

TE[t+0,T]

which is a contradiction, as the infimum over a larger set is always less than or
equal to the infimum over a smaller set.

As an immediate corollary of Lemma 15, we have

Corollary 2 For all (t,x) € [0,T] x R™M

T
V(T,x(1))+ inf sup fedss
BeltT]  ueMim Jt
T

inf sup (| eds+ g(xyg(T))
Bet,T] UGM[F:,T] t IXup

6.8.3. Existence and Uniqueness

We provide 2 lemmas that show that the value function is bounded and Lipschitz
continuous. This is required for the existence and uniqueness guarantees.

Lemma 16 The value function, defined in the Equation (6.14), is bounded i.e.
|V(t, x)| < C4 Where Cq4 is a constant

Proof:

T

P(u(-), B(})) = f eds+g(¢(T. t, x, u(-), B(:)))

t

Using Equation (6.22) and the fact that € is a constant, it follows that
[P(u(-), B(-NI £ (T—t)e + C. This holds for all u(-) € M[¢,71 and B(-) € Ar¢,77.
Thus implying |V(¢, x)| < Ca.

Lemma 17 The value function, defined in Equation (6.14), is Lipschitz continuous
ie. |V(t,x)—V(t,X)| <Ca(lt—t]|+|x—X]) foral 0<t<T, 0<t<T and
X, X € RM.
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Proof:
We introduce the following notation

T

Ptx(T, u, Blu]) == J €ds + g(xy,p(T))

t

Part I
We will show that V(t1, x1)— V(t2, x2) < C(Jt1 — t2| + |X1 — x2]) + 37y, where
C is some constant. Without loss of generality we can assume that t; < t>.
Furthermore, for any 31

V(t1,x1)=__inf sup inf Ptm(TUﬁ[U])

BEAt), T ue My, 1y TEltLT

< sup |nf Pt1 xl(T u, B1lu])
UEM[t1,T] Te[t1, T

Subsequently, for a fixed ¥ > 0, Ju1 € M|, 1] such that for all T € [t1, T] we
have

V(t1, x1) < Pty,x, (T, u1, B1lur]) + v (6.28)
Similarly, we can show that for a fixed y > 0, 382 € A[¢,, 7] such that

V(tz, x2)= sup |nf Ptz x (T, u, B2lul)—vy (6.29)

UEM[t,,T] Te[t2, T

For an arbitrary u; € M, 7] we have that

V(t2, x2) > inf_ Pe,x, (T, u1, Blurl) =y
TE€[t1,T]

where B[ u1] is defined as

Bilui1l(r) if t1<T<t

o= {200 BI5

Using the definition of infimum 3T € [t1, T] such that

V(t2, X2) = Pty x, (T, u1, Blu1]) — 2y
= —V/(t2, X2) £ =Pt x, (T, u1, Blu1l) + 2y (6.30)

Now let x1(-) be the solution for the time horizon (t1 < s < T) of the
following ODE

{Xm =f(s, x1(s), u1(s), BLu11(s))

x1(t1) =x1
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Let X2(-) be the solution for the time horizon (t < s < T) of the ODE

{"d— = f(5, x2(5), u1(s), B2[u11(s))

x2(t2) =x2
Then it follows from equation (6.28) and (6.30), that
V(t1, x1)—V(t2,x2) <
Pt,x1 (T, U1, B1lU11)—Pey x, (T, u1, BLuil) + 3y

T T
= f €ds+g(x1(7))— | €ds—g(x2(7))+ 3y
t t2
=9g(x1(1))—g(x2(1)) + 37 + (t2 —t1)e (6.31)
Using Equation (6.23), it follows that
|9(x1(1)) — g(x2(T))| < C2|x1(T) — X2(7)| (6.32)

Furthermore, since B[ u1](s) = B2[u11(s) for all s € [t,, T], we have that

Ix1(7) —x2(7)| =

x1+ | f(s,x1(5), u1(s), Blu1l(s))ds
t1

—x2— | f(s,x2(5), u1(s), B2[u1l(s))ds
t2

t2
= |x1 + | F(s,x1(5), ur(s), Blu1l(s))ds — X2
t1

+ | f(s,x1(5), ui(s), B2[u1l(s))

t2

—f(s,x2(5), u1(s), Bz[ul](s))d5|

< ‘X1(t2)—><2(f2)|
+J |f(5,X1(S),U1(5),Bz[u1](s))
t2
— f(s5,x2(5), u1(s), Bz[ul](s)))ds

T

<t —xe@)|+c1 | paE)-xa(s)ds
t

< |X1(f2) - ><2(’-‘2)|F-‘(T_t2)c:l

where the second inequality uses Equations (6.2) and (6.3) and the last inequality
is due to the Bellman-Gronwall Lemma [36].
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Using Equation (6.2), the following holds for any u € 4, d € D

Ix1(t2) —x1| < C3ft1 —t2], (6.33)
t2
a(t)=xa(t)l = | | fls,x2(s), u(s), d(s)) ds
t
t

— | f(s,x(s), u(s), d(s))ds
t

< |Ci(ty —t)—Ca(t1 —1)]
< Cilty —ta].

Thus we obtain
|9(x1(1)) — 9(x2(T))| < C2|x1(T) — x2(7)|
< C2e(™ 20 x; () — x2(t2))
< C2el™ ) xy () — x|
+ C2e(T )01 X1 — x;|
< C3elT )0t — | + e(T12)CL xg — x|

Subsequently, there exists some constant E, such that
V(t1, x1) — V(t2, x2) < C(It1 — t2| + [x1 — Xx2[) + 3¥ (6.34)

Part I1
Now we will show that V(tz, x2)— V(t1, x1) < C(|t1 — t2] + |x1 — x2]) + 37.
We have that

V(ty,x2)= inf sup infT] Pty x, (T, u, Bl ul)

BELLt, T ueMyt,, 1) TElt2,
Thus for all B € Art,,7]-

V(tz2,x2) £ sup inf__ Pt x, (T, u, Blul)
ueM(ty) T€lt2.T]

Subsequently, for a fixed ¥ > 0, Ju € M[¢,, 17 such that for all T € [t2, T] we
have

V(t2,x2) < Pty x, (T, uz, Blua]) + v (6.35)
Similarly, we can show that for a fixed y > 0, 381 € A[¢;, 7] such that

V(t1,x1) = sup inf Pt x, (T, u, B1lul)—vy (6.36)
UEM[t,T] T€[t1,T]
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For an arbitrary ui € Mi¢, 71 we have that

V(t1,x1) = inf_ Pt x, (T, u1, Bilui])—v
TE€[t1,T]

Using the definition of infimum, 3T € [t1, T] such that

V(t1, x1) = Pty x, (T, u1, B1[ui]) — 2y
= —V(t1,X1) £ —Pt;,x, (T, u1, B1[ui]) + 2y (6.37)

Let us define the extended policy

ui(t) if hstT<b
ux(t) if 6L <T<T

() = {
Now by using Equation (6.35) and (6.37), it follows that

V(tz2, x2)—V(t1, x1) <
Ptz,XZ(Tf a, Bl[a])_Ptl,Xl(Tr l:l, Bl[a]) + 3Y (6.38)

Following similar arguments as in Part 1 and since we can choose Yy to be
arbitrarily small, we obtain |V(t, x) — V(t, X)| < Ca(|t — t| + |x — X]).

Next, let us recall the definition of the modified Hamiltonian

H(E, x, p) = maxmin[f(t,x,u,d)-p+€]. (6.39)
ued deD

Then the final Lemma required for Theorem 10 is
Lemma 18 Let ¢ € C1([to, T] x R™) and 6 > 0. Then if ¢ satisfies
Dto(to, x0) + H(to, X0, Dx¢(to, X0)) < —6 < 0. (6.40)

then for a small enough 0 > 0, there exists B € A[ty,ty+0] Such that for all
U € Mty to+0]

¢((to + 0), ¢(to + o, to, X0, u(-), B(-))) — @(to, Xo0)

to+o 0o
+J €ds<——
£ 2

0

Conversely, if ¢ satisfies
Dto(to, Xo0) + H(to, Xo, Dx@(to, X0)) = 6= 0 (6.41)

then for a small enough 0 > O, there exists U € M[ty,to+0] Such that for all
ﬁ € A[to,lL()+Cf]

o((to + 0), ¢(to + 0, to, x0, u(-), B(-))) — ¢(to, Xo0)

to+o 00
+f €ds > —.
t 2

0
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Proof:
Part I we define

At x, u,d)=Deo(t, x)+ f(t, x,u,d)-Dxo(t, x) + €.

Then if maxyey Mingep A(to, Xo, U, d) < —0 < 0 then for each u € U there
exists d = d(u) € D such that A(tg, xo,u,d) < —6. Since A is uniformly
continuous we have

) —36

for all € B(u,r)ny and some r = r(u) > 0. Since U is compact there
exist finitely many distinct points ui, uz,...un € U, di,d>,...dp € D and
ri, ra,...rp > 0 such that

n

Uuc U B(uj, ri)
i=1

and

—30
N(to, X0, G, d;) < T for e B(ug,ri)

We define 81 : U — D, setting
k—1
B1(u) = dxifueBluk, r)\ |J Blu,r) (k=1,...,n).
i=1

Thus A(to, X0, u, B1(u)) < _T39 for all u € Y. Since A is uniformly continuous
we therefore have for each sufficiently small § > 0

-0
A(s, x(s), u, B1(u)) < >

for all ueU,to < s <tp+ 46 and any solution x(-) of Equation (6.1) on
(to, to + 6) for any d(-), u(-) with initial condition x(to) = Xo.
Finally we define B € A[¢,, 7] in the following way:

BLul(s) = B1(u(s))

for each u € M[¢,,7]. It then follows that

N(s, x(s), u(s), Bl ul(s)) < _79 (to<s<to+0),
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for each u € M¢,,7]. Notice that

@(to + 0, x(to + 0)) = ¢(to, xo0)

to+0
+j f(s,x(s), u(s), Blul(s)) - Dxe(s, x(s))
t

0

+Dto(s, x(s))ds, (6.42)
such that integrating over A yields

to+o —00

o(to + g, x(to + 0)) — @(to, x0) + f eds < 5
to

Part II Set
NA(t, x, u,d) =Dro(t,x)+ f(t,x, u,d) - Dxe(t, x) + €.
Then if

max minA(to, Xo, u,d)=6 >0,
ueud deD

there exists a u* € U such that

min A(to, Xo, u*,d). >0
min (to, xo0 )

Since A is uniformly continuous, we have that
0
A(s, x(s), u*,d) > >

provided tg < s < tg+ 6 (for any small § > 0) and x(+) solves ODE on (tg, to+ &)
for any u(-), d(-) with initial candidates x(tp) = Xo. Hence for u(:) = u* and
any and 8 € A[¢,, 7]

Dto(s, x(s)) + f(s, x(s), u(s), BLul(s)) - Dx¢(s, x(s))

o
+e= -
2

Integrating this expression form tp to tp+ 0 and subtracting @(to, Xp) we
obtain
to+o 00

@((to + 0), x(to + 8)) — ¢(to, x0) + J eds > >

to

We are now in a position to provide the proof of Theorem 10
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6.8.4. Proof of Theorem 10

Proof:
To prove this it is sufficient to prove the following ([371, [16], [6])

1. For @(t, x) € C1([0, T] x R™) such that V — ¢ attains a local maximum at
(to, x0) €[0,T] x R™ then

D:o(to, xo) + min{e, H(to, X0, Dx®(to, X0))} =0

2. For ¢(t,x) € C1([0, T] x R™) such that V — ¢ has a local minimum at
(to,x0) €[0, T] x R™ then

D¢o(to, x0) + min{e, H(to, X0, Dx¢(to, X0))} <0

Part 1
Let ¢(t, x) € C1([0, T] x R™) and suppose that V — ¢ attains a local maximum
at (to,xo) € [0, T] x R™. Let us assume, for the sake of contradiction, that
36 > 0 such that

Dto(to, x0) + min{e€, H(to, X0, Dx¢(to, X0))} <—6 <0
Case I: H(to, X0, Dx®(to, X0)) < €.

Dto(to, x0) + H(to, X0, Dx@(to, X0)) < —6
According to the Lemma 18, this implies

to+0 —00

o(to + o, x(to + 0))— @(to, x0) + f €ds < 5 (6.43)
to

Since we know that V — ¢ has a maximum at (tg,Xo), it follows that

V(to, Xo0)— @(to, Xo) = V(to + 0, xo(to + 0))— @(to + 0, Xo(to + 0)), such that,

using the result of Equation (6.43),

to+0 0o

eds + - < V(to, Xo0)

V(to + 0, xo(to + 0)) + f
to

But this leads to a contradiction, since we know from Theorem 11 that

t+o

V(t,x)<V(t+o,x(t+0))+ f €ds.
t

Case II: € < H(to, X0, Dx¢(to, X0))

Dio(to, xg)+€ <—6
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Integrating the above from &g to tp + 0, it follows that

to+0

o(to + 0, x0) — @(to, x0) + f eds <—00 (6.44)

to

Since we know that V — ¢ has a maximum, following similar argumentation as
before,

to+o
V(to+o,xo)+f €ds + 60 < V(to, xo)
to

But from Lemma 15 we know that

to+o
V(t,x)<V(t+o,x)+ J €ds.

to
This contradiction implies
Dto(to, Xo) + min{e, H(to, X0, Dx®(to, X0))} =0

Part 2
Let ¢(t, x) € C1([0, T] x R™) and suppose that V — ¢ attains a local minimum
at (tg, Xo) € [0, T] x R™. We assume, for the sake of contradiction, that 36 > 0
such that

Dto(to, xo) + min{e, H(to, X0, DxV)} = 6. (6.45)
This implies
Dio(to, x0)+€=>06

such that

to+o 00
o(to + o, x(to + 0)) — e(to, x0) + f €ds = 60 > -5
to

Furthermore, Equation (6.45) implies
Dto(to, x0) + H(to, X0, DxV) = 6.
such that by Lemma 18, we obtain

to+o 0o
(0((fo+0),X(fo+0))—(0(to,Xo)+f €ds > >
to
Since V — ¢ obtains a local minimum at (tg, Xg), i.e.
V(to, X0) — ¢(to, X0) <
V(to + 0, x(to + 0)) — @(to + 0, x(to + 0)).
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it follows that

to+o 00
V(to + g, x(to + 0)) — V(to, x0) + f €eds > 5 (6.46)
to
Following the same logic and we also obtain
to+0 00
V(to + 0, x0)— V(to, x0) + f €ds > > (6.47)
to

Recall the definition of V/(t, x) obtained from Theorem 11. We consider two
cases

Case I
to+o
V(to + o, x(to + 0)) + J €ds
to
T
< inf eds+ g(x(t
T€[ to, to+0] [Lo 9(x( ))]
then
to+0
V(to, X0) = V(to + 0, x(to + 0)) + f eds
to
substituting this in equation (6.46) leads to a contradiction.
Case II
T
inf €ds+g(x(1))| <
ot [fto gOx(M)] <
to+o
V(to + 0, x(to + 0)) + f €ds
to
Then
V(to, x0) = inf sup

|
B(-)€L[tg,t9+01 V()EM(ty,ty+0]

inf [JT eds + g(x(1))]
to

T€E[ to,to+0]

The minima in T must occur at T = tp and the minimizer is unique. If this was
not true then there would exist some T € [ tg, to + 0] such that

V(to, x0) = inf sup
B, tg+01 u(-)EM(tg,tg+0]

[Jt €ds+ g(x('r))]
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Thus using corollary 2 we get that

T
V(T, x(1))+ f €ds < V(to, x0), TE€/[to,to+ 0]
to

This will lead to contradiction with equation (6.46). Furthermore, we know that
for all T € [tg, to + 0] using Lemma 15

V(to, x0) < V(to + 0, X0)+

to+0
inf sup f €ds < g(xo)
B(EA Lo to+0]  u()EMitg tg+01 J to

Therefore we have

V(to, x0) = V(to + 0, X0)+

to+0
inf sup f eds = g(xo)
BCIEAtg,to+0]  u(-)eMitg,to+01 J to

This along with equation (6.47) leads to contradiction.
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THE STOCHASTIC AVOID
PROBLEM WITH COMPUTATION

In safety-critical systems, concepts such as invariance and reachability play pivotal
roles in ensuring safe operation regions. Deterministic or robust settings typically
consider forced backward reachable sets, defining regions from which a system
is inevitably driven into an avoid set regardless of control actions and invariant
sets as the region in which system has the capability to stay for the whole time
horizon. Extending this to stochastic domains, where disturbances are considered in
a stochastic setting, introduces the concept of probabilistic forced backward reachable
sets. This paper explores the relationship between the stochastic counterpart of
forced backward reachable sets and invariant sets, addressing challenges in tractable
algorithm development and convergence guarantees. By iteratively solving optimization
problems, the paper provides algorithms for discrete and continuous systems to
compute the probabilistic forced backward reachable set. In the paper we both the
theoretical proofs that the developed algorithms indeed find the probabilistic forced
backward reachable sets and the computational expense of the algorithms. The
proposed framework enhances applicability in scenarios such as obstacle avoidance
and air traffic control, showcasing its utility through illustrative examples. Through
rigorous analysis and algorithmic development, this work contributes to advancing
safety assurance methodologies in stochastic systems.
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7.1. INTRODUCTION

Concepts such as invariance [1],[2],[3] and reachability [4],[5] play a central
role in safety assurance and in the identification of safe operation regions [6],
[7]1. In a deterministic (no disturbance) or robust (for all possible realisations of
disturbances) settings, a forced backward reachable set is a region in space from
where the system will be driven to a particular set (usually called avoid set)
irrespective of which control action is taken. The stochastic counterpart of such
a set would be a region in space from where the probability of the system to be
driven into a particular set is higher than a particular probability value.

Thorough research has been conducted on the forced backward reachable
set [8],[9] and the control invariant set [10],[11] in deterministic and robust
settings. These sets in robust settings are inherently more conservative, thus the
stochastic counterpart of these sets reduces the conservatism by allowing some
stochastic violations. This furthermore enhances the applicability of the forced
backward reachable set for cases with unbounded disturbance. The paper is
motivated by problems of reliable control [12],[13], stochastic MPC [14],[15],
safety-critical control [16] and related applications such as path planning [17],
obstacle avoidance [18] and air traffic control [19]. In this article we call the
stochastic counterpart of the forced backward reachable set the ’probabilistic
forced backward reachable set’.

The main problem this paper addresses is that, given a set of states £, a time
horizon T and a probability value 7 € [0, 1], which state should the system
start at such that despite all the available control actions the system enters £
with a probability of at least 7. The problem of obtaining the forced backward
reachable set is solved by converting the problem into an optimisation problem
using dynamic programming and solving it backwards in time in an iterative
manner for all possible disturbances [8]. Thus, for obtaining the probabilistic
forced backward reachable set we follow a similar idea, but replace the forced
backward reachable set with the probabilistic forced backward reachable set.
The main challenges for achieving this are firstly to develop a tractable algorithm
especially for continuous spaces to obtain the probabilistic forced backward
reachable set, and secondly to guarantee convergence of the set in both space
and time.

There are some stochastic extensions of sets similar to forced backward
reachable sets such as the stochastic reach-avoid problem [20], in which the
system has certain target states and avoid states. The solution of the stochastic
reach-avoid problem is the set of initial states from which the system can reach
the target states while avoiding the avoid states. This extension is not directly
applicable to problems where the target set is unavailable or is constantly
changing, and only the avoid set is known, i.e., the problem of obstacle
avoidance. Another method developed in the context of a stochastic reach avoid
problem includes methods based on stochastic contingent sets [21]. Geared
towards a similar objective of almost-certain reachability, [22] introduced a new
class of stochastic target problems and characterized their solution using dynamic
programming. The authors of [22] also examined the differential properties
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of the almost-certain reachable set based on a geometric partial differential
equation analogous to the HJB equation [23] in that context. However, while
almost-certain versions of reachability specifications are intriguing, they may be
overly stringent in some applications, particularly when the goal is simply to
control the probability of undesirable events occurring.

Other work related to safety assurance involves stochastic extension of viable
sets. A viable set is a region in state space where the system has the ability to
remain in the set using an available control action. The stochastic counterpart
of such a set is a region in space where the system has an ability to remain in
the set with a probability higher than a particular probability value. In [24]
a target set is used to obtain a stabilisation value, and in [25] a definition
of the stochastic control invariant set is provided. [26] is an application of
[25] for the financial system. Similar to [25], [27] provides a definition of
stochastic invariance for one-step model predictive control. [28] and [29]
provide a definition of stochastic invariance for linear systems without input, the
papers explore the polyhedral probabilistic invariant set approximations using
Chebyshev’s inequality. There exists a strong connection between the stochastic
avoid problem and the stochastic control invariant set thus this paper is focused
on the stochastic counterpart of the forced backward reachable set and its
relationship with the stochastic counterpart of the control invariant set.

7.1.1. Contribution and organisation

The contributions of this paper are as follows: Firstly, we extend the definition
of the forced backward reachable set from the robust domain to the stochastic
domain: Given a designated set £ € B(X), a horizon T € N, and a probability
value 7 € [0, 1], the set of all states (x € X) such that for all Markov control
policies (u € M) there exists a step (T € [0, T]) such that the value of the
probability measure of the state to transition into the designated set at step T is
greater than or equal to the given probability value. Note: We assume that the
time step T € N. This definition is appropriate if we do not have any target state
and only obstacle avoidance is the main objective. The definition is applicable
to discrete time stochastic systems. We then provide the fundamental properties
such as measurability along with the proofs, and we also prove the relationship
between probabilistic forced backward reachable sets and stochastic invariant
sets. We furthermore provide and prove a sufficient condition for the convergence
in time of a probabilistic forced backward reachable set of 7 probability. On the
computational side, we provide an algorithm along with the cost of computation
for discrete space systems that computes the exact probabilistic forced backward
reachable set. We also provide an extension of this algorithm for continuous
space systems and prove that the set obtained via this algorithm, while an
estimation, converges to the probabilistic forced backward reachable set. The
extension involves a discretisation of the state space. We furthermore provide
the error bounds that are introduced due to the discretisation.

The paper is organised as follows. In Section 7.1 we introduce the problem
statement and the need for the avoid set motivating the paper. In Section 7.2 we
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set up the problem statement and some preliminaries. In Section 7.3 we develop
an algorithm to obtain the probable forced backward reachable set for both
discrete and continuous space systems. In 7.4 we prove the sufficient condition
for the probable forced backward reachable set to exist and its relationship with
the invariant set. In Section 7.5 we provide a toy example to demonstrate the
algorithms and finally we conclude the paper and give future recommendations
in Section 7.6.

7.2. SETTING OF THE PROBLEM STATEMENT

In our study, we consider a stochastic Markov control system denoted as
S=(X=R",U=R", P), where:

« X represents the state space, equipped with the corresponding Borel
o-algebra B(X).

+ U is the control space, accompanied by the Borel g-algebra B(U).

« P is a Borel-measurable stochastic kernel. Given X x U, it assigns to each
pair (X, u) a probability measure on the Borel space (X, B(X)) where
X € X and u € U. Formally, probability measure on the Borel space
(X, B(X)) : P(+|x, u) can be defined as a function: P : B(X)x XxU — [0, 1]

* n, m € N where N is the set of natural numbers.

We assume that the Uyx is a non-empty subset of U of all the control
actions for each x € X. Given a finite horizon T € N, a control policy is
said to be a Markov control policy if it only depends on the current state,
i.e., Uk(x(k)) = ux(x(k),x(k—1),....),k € N. For brevity ux(x(k)) will be
represented as U.

Definition 1 (Markov control policy): A Markov control policy u for a given system
S is a sequence u = (Ui, Uz, ...Uy—1) of universally measurable maps, i.e.:

u:NxX-0, Vk e N

Note 1: A subset A of a space Z is universally measurable if the set A is
measurable with respect to all the complete measures on the space Z, that
measure all Borel sets of space Z (B(Z)). A function f : Z — Y is universally
measurable if the inverse image (f~1(A)) of all the sets A € B(Y) is universally
measurable. For showing the existence of a solution to a stochastic optimal
problem the condition of universal measurability is a weaker condition than the
Borel measurability [30],[31],[32].

Note 2: In a substantial subset of stochastic optimal control problems, the
utilization of Markov policies proves to be adequate in delineating the optimal
policy [31]. Given that the adoption of a randomized Markov policy does not
contribute to the increase in the maximum probability that the state stays within
a designated set or reaches a particular set, our focus in this paper will be on
deterministic Markov policies. We denote the set of all Markov policies by M.
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Given a control policy u € M, a horizon 7 (T € N) and a state x € X, the
probability represented as PT(x7|X, u) is read as the probability to transition to
state X at step T, given that the state at step O is X, under the control policy
u, i.e. P(Xt=x¢|Xo =x, u), T €N. Given a control policy u € M, a time step
TeN, a state X € X and a set A € B(X), the probability PT(x; € A|x, u) is read
as the probability that the state X is in set A, given that the state at step 0 is X,
under the control policy u, i.e. P(X: =x7r € AlXo=x,u), TEN.

Let us define an indicator function fa : X — {0, 1} of a Borel set A € B(X), as
shown in equation 7.1.

1, 1fx€A} 7.1)

fax) = {o, it x & A

Using the indicator function (equation 7.1) and following the dynamic
programming principle as applied in [33], we can define a value function
Vi : X —>[0,1]1, 7€ [0, T] € N by the process of backward recursion as
shown in equation 7.2, where £ is the compliment of set £ in X.

Vei,c(X)=fc(xX)+ inf f7(x) f Ver1,c(X)P(dX'Ix, u), x € X (7.2)
uUemM X

This value function at T = O provides the probability distribution as
infy sup; Pt(x’ € £|x, u). The value function is initialised as V7 £(x) = fr(x).
The proof of above statement can be found in section 7.7.

Assumption 8 The set Ux(T, J) given by equation 7.3

Ux(t, J)=A{ue [Ulf V1, c(XYP(dX'|x, u) = T} (7.3)
X

is compact for all x € X, TeNp,7, 7 €[0, 1].
Thus if assumption 1 holds, then Vx € X, the existence of a Markov policy that
satisfies equation 7.2 is guaranteed and is given by equation 7.4.

ug ) =arg inf fz(x) fx V1, c(X)P(dX'|x, ),

x € X\ L, keN[o,r-11 (7.9

7.3. AVOID SET PROPERTIES AND COMPUTATION

In this section we firstly prove that the probabilistic forced backward reachable
set is universally measurable. After that we show that the value function used
for obtaining the probabilistic forced backward reachable set converges. The
convergence of the value function is used to obtain the termination time of the
algorithm that computes the probabilistic forced backward reachable set. We
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then introduce the algorithm for computing this set, along with its discrete space
implementation and the associated computational cost. To extend these results
to the continuous space, we propose a discretisation procedure for which we
prove that the approximate value function used for obtaining the approximate
probabilistic forced backward reachable set for the discretised space converges
to the value function for the continuous space as the grid size approaches zero.
This also proves that the approximate probabilistic avoid backward reachable set
converges to the avoid backward reachable set for the continuous space as the
grid size diminishes to zero.

Given a designated set £ € B(X), a horizon T € N, and a probability value
J € [0, 1], the probable forced backward reachable set is the set of all states
(x € X) such that, for all Markov control policies (U € M), there exists a step
(Tt €[0,T]) such that the value of the probability measure of the state to
transition into the designated set at step T is greater than or equal to the given
probability value. We denote this set as Vppprs(T, £, 7). Mathematically the set
is given by the equation 7.5

Verprs(T, £, 7) = {x: Yu e M, 3T € N[o,1], P (xr € L|x, u) > T}
={x: igfsup PT(xr € LIx,u) = J,ue M, TeN[o, 11} (7.5
T

Let S be a set of all the singleton x € X as shown in equation 7.6.

S={{x}: xeX} (7.6)

It is clear from the definition of the probable backward reachable set (equation
7.5) that it is contained in set 0(S), where 0(S) is the sigma algebra generated
by S.

Lemma 19 The 0(S) is contained in the B(X) where 0(S) is the sigma algebra
generated by S (set of all singletons) and B(X) is the Borel sigma algebra generated
by X (X = R").

Proof : Let set F be defined as follows:

F = {F C X : F is countable or F¢ is countable}
Where F€ is the compliment of F (7.7)

It can be trivially shown that F is a 0-algebra on R". Furthermore, {x} € F for
every X € R", thus 0(S) C F as F is the sigma algebra that consists of singletons
and 0(S) is the smallest 0-algebra containing singletons. On the other hand if
F is countable, then F can be expressed as the countable union of singletons
implying F € 0(S), while if F¢ is countable we can use the same logic to
show F¢ € 0(S). Since sigma algebra are closed under compliment, this implies
F € 0(S) thus F € 0(S). Thus F = o(S).

Intuitively it can be understood that since singletons are included in the Borel
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set, the generated Borel 0-algebra must also contain the smallest sigma-algebra
generated by the set of all singletons. Using Lemma 19 we can say that
Verers([T], £, J) € 0(S) € B(R").

Note: The sigma algebra o(S) is a proper subset of B(R™). This can
be easily shown as: 0(S) € B(R™) using Lemma 19 and (0,1)" € R" but
(0, 1)" ¢ F =0a(S).

Lemma 20 For S € B(X) the set Vprers(T, £, J) € S is universally measurable.

Proof : If Vprers(T, £, J) = S, then it implies Vpgprs(T, £, J) € B(X) and thus
Vprsrs(T, £, J) is also measurable. If Vppprs(T, £, J) C S then the proof is as
follows:

Let function /¢, : X = R, T € N[o,7] be defined in the following manner:

Jr,c(X) = Ve (x), Vx € X (7.8)

Following the same logic as in [30] it can be shown that J7 ,(Xx) is lower
semi-analytic on any set in B(X). Using definitions 7.20 and 7.21 [31], the
function J1 £(X) is also universally measurable for any set in B(X). Furthermore
using Lemma 19, /1 £(X) is also universally measurable for any set in 0(S). Thus
the function J,£(Xx) adheres to equation 7.9.

J1 (D) = {x € XUJz,c(x) € T} (7.9)

Where 7 € B(R) and the set jT E(I) is universally measurable. From the
definition of the probable forced backward reachable set we have

Versrs(T, £, J) = {x €S :infsup PT(xr € LIX,u) = T, u(-) € M, T€N[o,71}
T
={x:Vo,(x)=2J} (7.10)

Versrs(T, £, 7) = {x €S : 12 ;L) 2 J} (7.11)

Vrpeers(T, £, J) =J;2(I) (7.12)

Thus Vpeers(T, £, J) is universally measurable.
The following preposition aims to show that the probable forced backward
reachable set can only grow as we increase the time horizon.

Proposition 1 For T1,T2 € N with To > T1 the set Vppsrs(T1, L, J) C
Vprers(T2, £, J)

Proof : The proof directly follows from the fact that infy sup.¢[o,7,] P(x: €
LIx, u) > infysupepo, 1,1 P(Xr € LIx, u) forany T2 > T1, T1, T2 €N
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Theorem 12 Given that V1 £(X) = V41, £(X) implies V¢, £(X) = Vo, (X)

Proof : From equation 7.2
Vr,c(x) =fc(x)+ inf fc(X)J Vay1,c(XYP(dX'|x, u) =
ueM X

fo(x)+ inAfAfz(X)f Vz, (X YP(dX|x, u) = V—1,2(X)
ue X

Thus using same logic we can say V¢, £(X) = Vo, (X)

7.3.1. Probable forced backward reachable set computation

This subsection covers the problem of computing the probable forced backward
reachable set given a time horizon (T), an avoid set (£) and a probability value
(J €[0,1]). To tackle this problem, we start with an avoid set and find the
probable forced backward reachable set either until the value function converges
or until the time horizon ends, as shown in Algorithm 7.1.

Algorithm 7.1: Probable forced backward reachable set

Require: £, T, J

1: Initialize V7 £(X) = f£(X)

2: Compute k1 =0, V7_i,,£(X), Vx e X

3: Compute k2 = k1 + 1, Vr_i,, £(X), VX € X

if Vr—ky,c(X) = V1—k,,c(X), VX € X then
Go to 4

else if V1_k,,£(X) # V1—ky,£(X), VX € X then
k1 — k2, VT—ky,2(X) «= VT—,,c(X)

Go_to 3
ko=T

4: Set V1_x,,c(X) = Vo,(x) [Theorem 12]
Verers([T], £, J) < Vo,c(xX) = L

To show that algorithm 7.1 is practically implementable, the algorithm
must be computationally viable. In the following section we show that for
discrete state and control space the computational tractability of the Algorithm
7.1 is guaranteed. For the continuous state and control space, we will
provide a discretisation scheme that guarantees convergence and thus preserves
computational tractability.

Discrete state space and control space

If the state space and control space are discrete, the stochastic kernel P is a
transition matrix, denoted as 7(x’|x, u), that provides the probability of the
transition of state X € X to state X’ € X under the control action u € M.
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The probability transition matrix follows the total law of probability, i.e.
drex T(X'|x, u) =1, Vx € X, u € M. With state space and control space being
discrete, the value function Vg (Xx) can be computed exactly, using linear
programming [34]. Furthermore, the existence of the optimal Markov policy is
always guaranteed.

Lemma 21 Given an avoid set £ C X the value function V¢ (X) as presented in
equation 7.2 is obtained by solving the linear programming problem

max Z ZVT(X) (7.13)

7€[0,T] xeX

s.t. Ve(X) < vir(x) + Z T |x, U)Vrs1(X)
x’eX
VT eN[o,7-1], VX € X, Vu € Uy
vri(x) <fr(x),Vx e X
vz(x) € [0, 1]

Proof : The proof is exactly the same as the proof of Theorem 1 in [34].

The optimal solution obtained from the linear program 7.13 provides the value
give function at respective time step i.e, V¢ 2 = v7(x), Vx € X and T € Njo,77].
The linear program further provides the optimal Markov control policy u* such
that equation 7.14 is satisfied [34], where v;‘ (x) is the optimal value.

VIO =vr)+ Y. T Ix u)vr, (%) (7.14)

x’eX

Note: If the cardinality of the state space is |X|, the cardinality of the
control space is |U|, and the time horizon is T, then the maximum number of
decision variables and constrains are |X|(T + 1) and |X|(T|U| + 1) respectively.
Thus solving the linear program implementation of algorithm 7.1 in the case
of discrete state and control space has a maximum implementation time of
O(IXI?(TIU| + 1)) [35].

Continuous state space and control space

For the computation tractability of the value function and the algorithm the
continuous state space and the control space are discretised while providing a
convergence guarantee. Furthermore, the Algorithm 7.1 is altered to provide an
approximation of the probable forced backward reachable set. For any given set
L € B(X), we denote the Lebesgue measure of the set as {/(£). The stochastic
kernel P(:|x, u) projects a probability density kernel denoted as p(:|x, u). The
probability density kernel, p(z|x, u) represents the probability density of z given
the current state (x) and the control policy (u). We assume that there is a region
of interest denoted G such that £ € G ¢ X € B(X). Set G is compact and L is
a closed subset of G and thus compact, therefore §(£) and ¢(G) are bounded.
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Furthermore we assume that the probability density function and the stochastic
kernel P(:|x, u) satisfy the following assumption:

Assumption 9 For any X,x’ € G\ L,z,Z’ € G\ L and u,u’ € U, there exists a
constant n such that equation 7.15 is valid, i.e., the probability density function is
Lipschitz continuous.

Ip(zlx, u)—p(Z' X, u) < nUlz=Z'[| + [Ix = X[ + [lu = u’|]) (7.15)

Assumption 10 For any X,x’ € G\ L,z,Z € G\ L and u, u’ € U, there exists a
constant K such that equation 7.16 is valid, i.e., the stochastic kernel is Lipschitz
continuous.

IP(zIx, u) =P’ |IX", W) < n2(llz= 2| + [Ix = x| + llu— Wl (7.16)

Where n, Nz are Lipschitz constant.

Assumption 11 Similar to [36], we assume that p(z|x, u) is a probability density
on region of interest i.e. G. Thus p(z|x, u) satisfies equation 7.17, where Kp is a
positive constant.

J p(z|x, u)dz =1 while p(z|x, u) € [0, kp] (7.17)
g

Lemma 22 The set (G \ £) € B(X) if G, £ € B(X)

Proof : The proof directly follows from the fact that G\ £L =GN L = (G°U L) and
o-algebra are closed under complements and countable union, thus G\ £ € B(X).
Where A€ is compliment of set A

We discretise G into kx + 1 pairwise disjoint non-empty Borel sets g;
and £, where i € [1,kx] € N, such that G = U:-Zlg[ UL, GaNGp = 9,
GeNL=¢ for any a,b,c € [1,kx] € N,a #b. FEach subset is then
represented by a representative state denoted by g; € G; and L is represented
by a representative state [ € £. Furthermore we define the set of all the
representative states as ¢ =1l gi:i€[1,kx] € N}, maximum set member
norm as dx; = SUPy x’eq, [IX — X’|| and Dx,max = SUPie[1,k,1(dx). In the
same fashion we also discretise U, into k, pairwise disjoint non-empty Borel
sets denoted by Fi, i €[1,ky] €N, thus satisfying U = Uje[1,k,]Fi- Similar
to the state space discretisation, each disjoint Borel set is represented by an
element in the set, (; € F;. Let the set of representative control policies
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be denoted by U= {0;:i€[1 ky] €N}, dy =supyyerllu—u’ll and
Dy,max = Supie[l,kx](dui)-

We assume the grid size to be constant A > max(Dy max, Dx,max).- For X € G
we define the admissible control set as 7.18.

Ux={0e€U:||lu—0all <A for some u € Ug, x € G} (7.18)

Where g; is the representative state of G; such that X € G;. Similar to [36], in
Lemma 23 we show that for each x € G there exists a non-empty discrete control
set.

Lemma 23 For dll g; € G the set of available inputs is non-empty, i.e., Z/A{gi # ¢ and
the available input at all state X € G; set is equal to L?gi, ie Uy = Z/A{gl, Vx € G;

Proof : Since Ux # ¢, Vx € X, Uy, is also non-empty. Thus 3d € U such
that [lu—d]| < A for all u € Ug,, thus Z/{gl is non-empty. Moreover, from the
definition of L{X it is trivial to obtain Z/Ig, = L{x

Following the steps of [36], we define a function p: G\ L x G x U — Rt as
shown in equation 7.19 that provides a unified probability density function to all
X € G;, such that all x € G; have the same probability kernel. We also assume
that fﬁ p(z|x, u)dz =1,V¥x € L. Note that this assumption does not violate the
assumption 4 as LC G

P(gyx’19x, Q) ; J
oo g I JgP(gzgx, 0)dz > 1} (7.19)

P(xX'|x, 4) =1 [gP(gz19x.2)dz
P(9x’19x, 4) otherwise

Where gy’ and gx are the respective representative states of the set of states that
X’ and x belong to. This gives rise to an approximate stochastic control system
Sg = (G, U, P), where P is the transition probability defined as P(gjlgi, ) =
fgjﬁ(xllgb aydx’, (9,9) €6, 9j € G,gi € Gu,P(Ulgi, 4) = [, H(X'|gi, Q)dx’,
P, )= [, p(X’|, @)dx’ =1 and G €U

We define a function similar to equation 7.1 as f‘[ G- {0, 1} as shown in the
following equation

A 1, ifgi=1
fl(gi) = {0, if gt # l} (7.20)

For the discrete system Sg, the value function given by equation 7.2 boils down
to equation 7.21, where [ is a set of all states in G except [, i.e., the complement
of lin G.

kx
Va,1(90) = Fi(90) + f(90) miB(Z Vzr1,1(9)P(g1l9: @),
ue j=1
VTte[0,TIEN (7.21)
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For x € G, \7T,1(x) = \A/Tll(gl-) for all T € [0, T] € N. The discrete optimal control
policy is defined as shown in equation 7.22.

kx

a:l'k,PFBRS(gi) =arg Te'u'j(zl: \A/T+1,l(9j)[ﬁ°(9j|gi, a) (7.22)
j=

Note: As observed above, the discrete system & has a finite states and control
policy space. Thus the value V7,/(g;) can be calculated using the linear program
as shown in Lemma 21, while the optimal control policy can be computed using

7.14. The value of the value function \A/T, 1(9;) represents the shared probability
of all states in G; to reach L.

In the following, we guarantee the convergence of the value function as the
grid size approaches zero. To prove the convergence of the approximate system’s

value function to the continuous state space value function we need two more
Lemmas.

Lemma 24 If assumptions 1 and 3 are satisfied, then, for any states X, X,” € G \ L,
the value function is Lipschitz continuous, i.e., V1 £(X) satisfies equation 7.23

IVr,£00) = Ve, (X < k19 (G)lIx = x|, VT € [0, T EN (7.23)

Proof : At T =T the value function is equal to equation 7.1. Thus
VT £ (X)—V1 £(X")| < k¢||x—X||, VX, X’ € G\ L holds trivially. For T € [0, T—1]
using equation 7.2 we get:

IV, 00 = Vg, e (X = If £ (x) + igffz(x)f Vi1, (X)P(dX|X, u)
X

—fe(x)— igffz(x’)f Ve, c()P(AXIX, W)l, VX, x" €g
X

=inf f Ves,e(OP(AX]x, u) — inf f Vern, cCOP(ARIX, W),
X X

Vx,x' €egG\ L

< igflf Vi1, ()P(dX|X, U)—f Ver1,cOOP(AXIX, u)l, VX, x" € G\L
X X

< igflf Vo1, cC)(PAxIx, u) — P(AXIX", u))l,  Vx,x" € G\ L
X
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< igffx|Vr+1,c(>‘<)ll(7>(d>'<lx, u) — P(Ax|x’, W), Vx,x" € G\ L
Since V41,2(%) €0, 1]
< igffXI(P(dilx,u) — Plxix,w)l, vx,x* € g\ L
< infg(@)kllx — x|l = kag(DlIx = Xll

Lemma 25 If assumptions 2 and 4 are satisfied, then VX’ € G\ £ and g; € S\ {1}
the integration of the modulus of difference of the approximate probability density with
actual probability density over the space G is bounded for all G4 € U, ie., equation
7.24 holds.

J 1p(X’1gi, 1) — p(X’|g;, Q)ldX” < 2Kk2(GIA (7.24)
g

Proof: If fg p(9x’1gi, G)dx’ < 1 then using assumption 2, the above lemma
holds trivially. If | gP(gx’19i, 0)dx’ = 1 then:

Firstly, 0 < f p(9x’1g9i, B)dx’ —1
g

0 SJ p(gx’1gi, @)dx’ — f p(x’lgi, @)dx’
g g

< J lp(gx19i, ) — p(x’|gi, D)ldXx” < kK2 (G)A
g

Using assumption 2

Secondly, we havef 1p(X’|gi, @) — p(X’|gi, B)|dx’
g

lp(gx'19:, @) — p(X’19:, @) [ P(921gi, @)dz|
= ~ dx’
G Jgp(azlg, 4)dz
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< f lp(gx1gi, 0) — p(X’1g;, a)f p(9zlg9i, G)dz|dx’
g g

< J lp(gx19i, G) — p(x’|gi, ) dx’+
g

J lp(x’|gi, 4) — p(X'|9i, a)f p(g:z1gi, Q)dz|dx’
g g

< J lp(gx19i, &) — p(x’lgi, )|dx"+
g
IJ p(9zlgi, G)dz— 1|f Ip(X’|gi, @)ldXx” < 2Kk2(GIA
g g

In the following lemma we prove the convergence of the discretised value
function to the actual value function as the grid size tends to zero.

Lemma 26 If assumption 2-4 are satisfied, then for all x € G the difference between
the value function and the discretised value function is bounded as shown in equation
7.25.

IV, £(X) — Ve, ()| < fr(GIA (7.25)

Proof: For x € L we have \7T,[;(X) =Vie(x) =1 for all T €[O0,T].
Thus equation 7.25 holds trivially. For all x e G\ £, and 7 =T,
V1 o(X) = V1. 2(X) = 0. Proceeding using induction we assume that for some
T+ 1, |Vri1,0(6) = Vzi1,£00] < fr+1(G)A. For any g; € Gi, i € [0, kx] € N,
we denote u;‘ as the input policy that minimises the wvalue function,

ie., u;‘ = arginfyey fg Vrs1,c(X)P(dX’|gi, u).  Furthermore we denote
0: as the input policy that minimises the approximate value function, i.e
0; = arginfyep fg \71+1,5(x’)75(dX’|9i, (). Thus we have

Vir,2(90) — Vr,2(90) =

J Var1,c(X)P(dX'|gi, uy) — f V1, (X' YP(dX’|gi, @)
g g

=f [V, (X YP(dX’|gi, ur)| — f V1, c(YP(dX’|gi, 0F)
g g
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<| f IVar1,c(X)P(dX’ g0, u? )] — f Va1, £(x)P(dx’|gi, aX)|
g g

< f Vs, cOIP(AXGs, U?) = Va1, (< YP(dX’lgi, 02
g

< f Va1, c(XYP(AX’ g0, uX) — Vey1, (X" YP(dX'|gi, u )]+
g

L Va1, c(XYP(AX g0, uX) — Ver1, (X' YP(dX'|gy, GF)]
Since V741,2(X’)<1,VX€G
< Jg P(dx’|gi, 0 )—P(dx’|gy, u’ )|+L V1, £00—Vre1,cCONIP(AX |9, ub)|
< 2K2¢(GA + fr+1(G)A

and for Vz,£(9) — Vz,£(90) =

J Ver1,c(x)P(dX’|g;, 0;‘)—f Vrr1, £ (X )P(dX’|gi, uy)
g g
SJ IVz+1,£(x)P(dX’|gs, GJ)I—J. |Ver1,c(XYP(dX'|gi, W)

g g

< J V1, c(XYP(AX’|gi, ) = Va1, £ (X" YP(dX’|gi, 0F)
g
+ Vey1,c(XYP(AX'19, G ) = Viey1, (X YP(dX |93, GF)]

< 2K20(GIA + fr1(GA

This leads to  |V,2(90) — Vr, (90| < 2K20(GIA + Fre1(GIA
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Since for any X € G;, i € [0, T]1 € N,V £(X) = V¢ £(9:)
IV, £(¢) = Vg, £(X)] = [Vig, £(X) = Vz, £(g0)

< |V, £(x) = Vg, £(g)| + [V, £(gi— V-, £(g0)

< (K1 + 22)Y(GA + fr41(GIA = fr(G)A

Thus the above lemma assures the convergence of the approximate value
function to the true value function as the grid size tends to zero. For the
discretised space, the probabilistic forced backward reachable set can be defined
as shown in equation 7.26

Verprs(T, £, J) =
{xeS:infsupPT(x’ e Llx,0)>J, 0 €U, TeNg T} (7.26)
u T

Theorem 13 If assumptions 1-4 hold, then the probabilistic forced backward
reachable set’s Vppprs(T, L, J) approximate counterpart in the discretised space S is

given by \A/pFBRs(T, L, j) where j =J +f‘l’(g))\

Proof: As per the discretisation routine, for all x € G;, for all T€[0,T] € N
we have Vi £(X) = Vi, £(gi). Thus if Vg £(x) > J, then using Lemma 26 and
triangle inequality Vo, £(x) = Vo,c(x) — f(9).

Thus with an appropriate grid size 0 < A < J%, the problem of obtaining

Vpeesrs(T, £, J) boils down to calculating the approximate probabilistic forced
backward reachable set, Vpprs(T, £, J), with an appropriate J = J + fr(G)A.
Algorithm 7.2 is an adaptation of algorithm 7.1 for the approximate system
space S created by discretisation. After the discretisation process, algorithm 7.2
follows similar steps as algorithm 7.1 to obtain the approximate forced backward
reachable sets.

Note: Following similar arguments as for the computation cost for algorithm

7.1 and [35] we can say that algorithm 7.2 has a computation time of
O(lkx|2(TIKyl + 1)).

7.4. CONVERGENCE IN TIME

In this section we focus on the convergence of the forced backward reachable
set in time. Firstly we provide the sufficient condition required for the set to
converge. Before we move to convergence in time, we need to define a few
concepts.

Definition 2 (Stationary Markov control policy) : A stationary Markov policy is a
Markov policy u € M with u= (4, q,...), ad : X — U that is not changing with
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Algorithm 7.2: Approximate probable forced backward reachable set

Require: £, T,7,7,G
1: Discretise Select grid size 0 < A <

2: Initialise VT, c(X)=fr(x)

3: Compute k1 =0, \A/T_kllg(x), Vx e(

4: Compute: k; = ki + 1, Vr_kz,g(x), Vx g

if \A/T_kllg(x) = \7T_k2,£(x), Vx € G then
Goto 5 . .

else if V1_i;,c(X) # VT—k,,c(X), VX € G then
k1 — k2, Vi1, £(X) = V7—iy,£(X)

Go to4
ko =T

5: Set V1_k,,c(X) = Vo,2(x) [Theorem 12]
Vprers([T1, £, J) « Vo,c(X) = J [Theorem 13]

< f (g) Z and discretise G\ L

time and is universally measurable.

Given a state x and a stationary Markov policy u, we define a P®(x’ € L|x, u)
as the maximum probability that the state X will transition into state X’ € £ at
any T € N. Thus we can define the infinite time variant of the probabilistic
forced backward reachable set as shown in equation 7.27.

Vorgrs (£ J) = {x:Yue M, 3T eN,PT(xr € LIx,u) 2 T}
= {x :infsupPT(xr € LIx, u) 2 7, u(-) € M, TEN}
T

={x: igf[ﬁ>°°(x’ eLlx,u)=>TJ, ue M} (7.27)

For the set V;;BRS(/.Z, J), Lemma 20 holds, i.e., PFBRS(C J) is universally
measurable. Furthermore, following dynamic programming principles we define
a value function V: ot X — [0, 1], T € N similar to [30] as shown in equation

7.28.

r 00 =F()+ Jnf fﬁ(x)f 11 . XDP(AX|x, u), x € X (7.28)

Assumption 12 There exists a T € N such that the set Ux(T, J) as defined in
equation 7.29 is compact for all x € X, 7 € [0, 1] and T € N.

Ux(T, 7)) ={ue [Ulf VT*,E(X’)P(dx’lx, u)=>J} (7.29)
X
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If assumption 12 holds then as proven in [30], the limit Vo"; C(x) exists for all
X € X and satisfies equation 7.30.

V;,E(x) =fr(x)+ uiQLff(X) Jx V;lﬁ(x’)P(dx’lx, u), xeXx (7.30)

Moreover, the optimal stationary Markov policy is given by equation 7.31.

1= inf  fz VE (X! ‘Ix, u), X 31
u=arg uel)lxr}T,j)fc(X)JX o, cXIPAX X, u),  Xx€ (7.31)

This value function represents the probability measure, inf,P®(x’ € L|x, u).
The value function is initialised as f.(x).

Given a set Vgi(T, J) and a probability value 7 we call this set a stochastic
invariant set if, for every state in the set, for all time horizons T, there exists a
control input U such that the probability of a state to stay in the set is greater
than 7. This is a refined definition of the maximum probabilistic safe set as
defined in [30] as by requiring any state in the Vgi(T, J) to have a probability
to stay in Vgi(T, J) of at least J. The stochastic invariant set as defined above
is called an absorbing set if tho control input is given to the system and J =1
[371.

Note: Maximum probabilistic safe set as defined in [30] Given an initial set A, a

probability value 7, and a time horizon T € N, the set of all states x € A such
that, for all time horizons, there exists a control policy such that the probability
of the system to stay in set A is greater than or equal to 7.
Let the maximum probabilistic safe set be denoted as Vypss(T, A). It can be
shown that the set Vpss(T, A) is universally measurable under few assumptions.
The proof of the previous statement along with the assumptions can be found in
[30].

Lemma 27 infysup,PT(xT € A|x, u) is equal to 1 — sup, inf; PT(xT & A|x, u)
given that P(X|x, u) =1

Proof :

igfsup PI(xT e Alx, u) = irJf(— irT1f(—7?T(xT € Alx, u)))
T
= irJf(— irT1f(1 —PT(xT ¢ Alx, u))) =—sup—(— igf(l —PT(xT ¢ Alx, u)))
u

=—sup irTmf(l —PI(xT ¢ Alx,u))=1—sup irTmfPT(xT & Alx, u)
u u

Lemma 28 The set of states Q is a stochastic invariant set with a probability value
J=1and T = oo if and onlyifVo";L(x)=0,Vx€ Q given that LN Q = ¢ and
assumption 1 holds.
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Proof : Firstly for the if part, i.e., given that V3 ,=0forall xeQ, Qisa
stochastic invariant set.

Ve, r ) =Fr(x)+ uienjf/tfﬁ-(x) J.x V:O,L(x’)P(dx’lx, u), xeX

* — * ’ ’
Voolﬁ(x) = u|€n/& Jx Voolﬁ(x YP(dx'|x,u), xeX—-L

Let U be the input policy that minimises the value function
V;Iﬁ(x) = J V;Iﬁ(x’)P(dx’lx, a)
X\Q

+ f Ve (OXDPlAXIx, @), xeX\L
0 &

J v C(x’)P(dx’lx, )=0,x€Q
_Q ’

Since we know V (X)) #0,Vx ¢ Q thus

f P(dx’|x,0)=0, x€Q,VTeN
—Q

Thus P(Q|x,0)=1,x€ Q,VT €N

Now for the only if part, i.e. if Q is a stochastic invariant set, then
V:o, £ = 0,Vx € Q. We are given that Q is an infinite time stochastic invari-
ant set with 7 = 1. Thus for all x € Q, sup,inf;PT(x" € Q|x, u) = 1.
From Lemma 27 we know that inf,sup,PT(x" ¢ Q|x,u) = 0, thus
infysup; PT(xT € X\ Q|x,u) = 0. Furthermore since 9N L = ¢, we re-
ceive inf, sup, PT(x" € L|x, u) = 0. Hence V:olﬁ(x) =0,Vx € Q.

Theorem 14 If there exists an infinite time stochastic invariant set Q with J =1
and infy inf PT(xT € Q|x, u) # 0O from some X € X, then there exists a probability

value 0 < J’ < 1 such that V;;BRS(A J’)\ L is non-empty.

Proof: We are given that there exists an infinite time stochastic invariant
set Q with 7 =1 and inf,inf; PT(x" € Q|x, u) # 0 from some x € X. We
know that VJ L(x) # 0 for x € X\ Q using Lemma 28. Furthermore since




210 7. The Stochastic avoid problem with computation

P(x' € Qlx, u)+P(x’' € X\ 9|x, u) =P(x’ € X|x,u) =1 and inf,inf; PT(x" €
Qlx, u) < P(x’ € Q|x, u) we get that P(x’ € X\ Q|x, u) < 1.

Ve (X)) =fr(x)+ Jnf f200 fx Ve (XDP(AX'|x,u),  xeX

* o * / /
Voolﬁ(x) = u|€nAf4 fx Voolﬁ(x YP(dx’|x,u), xeX—-L

Let U be the input policy that minimises the value function

VE ()= J g Ve O, )+ L V2 O)P(AX[x, @),

XeEX—-L

0< Vo*o,[:(x) < JX\Q V;,E(x’)P(dx’lx, a) <

f PlaX'|x,a)=P(xX e X\ Q|x,u)<1l, xeX\LuQ
X\Q

7.5. EXAMPLE

We consider the system of a 2-D cart as used in [8] as an illustrative example.
The system is given by equation 7.32.

a=[0 Yo=[c=[0 | oam

The input policy is constrained by |u| < 1, w is considered stochastic with
zero mean Gaussian distribution with a variance of 2. Since the noise in the
chosen example is supporting the whole space rather than only the region of
interest, we decided to apply the boundary condition as value function at the or
beyond the boundary is zero. This approximation introduces some errors which
can be reduced by increasing the size on the grid and only checking the value
function further away from the boundary. The value function of the computed
probabilistic forced backward reachable set is shown in Figure 7.1. The initial
set L for the example system was taken as a states in 1 meter radius circle with
origin as center. The original grid was taken from [-10 to 10] with the region
of interest being [-5 to 5] in both X, y dimensions. This was done to reduce the
error generated by the boundary condition as stated above. Furthermore random
points were selected in the .8 contour region of the value function of the example

X1+1 =AXT + BUT + CWT



7.6. Conclusions 211

t=3.00 sec

Y {meters)

4 2 0 2 4
X (meters)

Figure 7.1: Value function of computed probabilistic forced backward reachable set

system and was driven under the respective optimal control policy. It was
observed that out of 1000 simulations, 782 times the system entered the avoid
set. This of course does not serve as a validation but as a demonstrative example
that if the system is present in the .8 contour region of the value function, then
there is a 0.8 probability that the system will enter the avoid region even if the
optimal control policy is applied to stop the system from entering the avoid set.
The contour regions of the value function of the example system is shown in
figure 7.2.

7.6. CONCLUSIONS

In this paper we focused on the forced backward reachable set in a stochastic
setting. We proposed an algorithm for finding the set about certain sets of states
that we want the system to avoid and in turn obtaining the region that the system
needs to avoid entering the avoid states with a certain probability. The proposed
algorithm is iterative in nature and computes the exact avoid region for a
discrete space and time system. For a continuous space and discrete time system
we append the previous algorithm and thus are able to estimate the probable
forced backward reachable set with an error that is upper-bounded on the grid
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t =3 sec
5 x —
4r 1 109
31 | 108
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407
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Figure 7.2: contours of value function of computed probabilistic forced backward
reachable set

size. We also proved the convergence of the estimated probable forced backward
reachable set to the probable forced backward reachable set as the grid size tends
to zero. The algorithms proposed in the paper are computationally tractable and
we also provided the maximum computation cost of each algorithm. For the
aspects of convergence of the set in time, we provided and proved a sufficient
condition. We also provided the relationship of the probable forced backward
reachable set with the invariant set.

7.7. APPENDIX

In the context of avoid problem the avoid set £ is same as saying that state in
the state will stay in the set for the whole time horizon with a probability of
one ie. if x€ L=>PT(x; € L|x,u)=1,VT €N, Yu € U. This implies that the
probability value of any state x € X to transition in to the avoid set £ is given
by equation 7.33

1 1fxe£} 7.33)

_ [
PR (xr € LIx, u) = {IPT(XT € L|x, u) else
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For at T = 0 the we can safely assume that the P°(xq € £|x, u) = fz(x), Vu € Uy
where fr(x) is the indicator function. Furthermore using indicator function
equation 7.33 can be given as 7.34.

PT(x1 € LIx, u) = fr(x) + f2(X)PT(x1 € L|X, u) (7.34)

In the lemma 29 we will prove the connection between the value function and
the probability measure using induction.

Lemma 29 Foragiven u € U the function V1—k, £ (Xx) = fr(xX)+f7(x) fx Vr—k+1,c(X)PAX|x, u)
Pk(x” € L|x, u), x € X given that VT £ (X) = fr(X)

Proof:

Vrc(x) = fo(x) =PO(x” € L|x, u)

Fork = 1 PY(x” € L|x, u) = fo(x) + f2()PL(x” € L|x, u) =

200 + F200 f BOX € £Ix’, WyP(dX’Ix, ) =
x’eX

fe(x) +f5(X)f VT, (X )P(dX’|x, u) = V1—1,£(x)
x’eX

Assume for k PK(x”" € L|x, u) = fr(x) + f2(X)PK(x” € L|x, u) =

fr(x) +fg‘(X)J PA—1(x” e £|x’, W)P(dX’|x, u) =
x’eX

fr(x) +fg‘(X)f VT—k+1,c(XYP(dX’|x, u) = Vg, £(X)
x’eX

For k+1 PK*1(x” € £|x, u) =
o) + fr )Pk (x"” € £|x, u) =

fr(x)+ fﬁ-(x)f PK(x"” € £|x’, u)P(dX’|x, u)
x’eX

=fe(X)+fz(x) Vr—k,c(XYP(dX'|x, u) = Vr—k—1,£(x)
x’eX
We can further change the variable in the subscript of the value

function as V¢ (x) thus the value function is given as V(X)) =
FO) + f2(X) [ Vas1, (X YP(AX|x, u) = PT=T(x"” € L|x, u), x € X.
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Thus for a given input policy the probability that a state X transition to a given
set £ within a interval [0, T] is given by sup.e[o 7] PT(X’ € L|x, u). We will
now prove that for the probabilistic avoid problem Sup- ¢, 77 PT(x’ € L|x, u) =

PT(x’ € L|x, u).For that we need to prove another result shown in Lemma 30.
The proof of the following lemma is based on induction.

Lemma 30 The value function as given in equation 7.2 is a non decreasing function,
e Vor1,r(X) < Vo (x),VTE[O, T].

Proof:
For T=T, V1 o(X)—Vr_1,c(X) =
fL(X)—(fL(X)+fz(X) J V1, (X" )P(dX’|x, u)) =—fz(><)f VT, (X YP(dX’|x, u)
X X
= Vrc(X) £ Vr_1,£(X)

Assume for k = Viy1,2(X) < Vi, £(X) = Vikr1,c(X) — Vi, c(X) <0

For k+1Vi42,2(X) — Vis1,2(x) =

fe(x) + fz(x) J Vicr1,(XYP(dX|x, u)
X

—fr(x) —fg(X)f Vi,c(xX")YP(dX’|x, u) =
X
fc(X)f (Vik+1,2(x") = Vi, (X" ))P(dx’|x, u) < 0
X

Now using Lemmas 30 and 29 it can be trivially shown that the PT(x’ €
Llx,u) < P™1(x’ € LIx,u). Thus implying that the SUP;crg7]PT(X’ €
Llx, u) =PT(x’ € L|x, u).

Finally forced backward reachable set is given by equation 7.5 can be obtained
by taking the infinum over all the control policies. Thus we obtain equation
7.2 and the value function at T = O provides the probability distribution as
infy, sup; Pt(x’ € L|x, u).
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SAFE PROBABLE BACKWARD
REACHABLESETS: THEORY AND
ALGORITHMS

In this paper, we extend the existing concept of the stochastic backward reachable
set by introducing a novel set termed the ’Safe Probable Backward Reachable Set’
(Vspers(T, £, J)). Unlike the stochastic backward reachable set, the Vspgrs(T, £, J)
is stochastically viable, ensuring that the system remains within this set with a
certain probability until it reaches the target set. The advantage of a set defined
in this manner is that it can be directly used for safety assurances in stochastic
settings. We present two algorithms for computing Vspprs(T, £, J) and rigorously
prove that the sets generated by both algorithms are indeed the Vspprs(T, L, J).
Additionally, we demonstrate that the set produced by Algorithm 8.2 is the largest
possible Vspprs(T, £, J). We implement both algorithms for discrete state-space
systems, where they compute the exact Vspprs(T, £, 7). Moreover, we extend these
algorithms to continuous state spaces by discretising the state space, and we prove
that the sets obtained converge to the true Vspgrs(T, £, J) as the grid size approaches
zero. Finally, we analyse the computational costs for both algorithms for both discrete
and continuous spaces, showing that Algorithm 8.1 is computationally more efficient
than Algorithm 8.2. However, while algorithm 1 produces a set which satisfies the
Vspprs(T, £, J) properties, it is not guaranteed to be the largest possible set.

219
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8.1. INTRODUCTION

For many automated systems, the guarantee of their safe operation is integral to
their accepted use in society. Concepts such as invariance, viability [1-3]and
reachability [4-6] play a central role in safety assurance and in the identification
of safe operating regions [7]. One such safe operating region is the so-called
backward reachable set. This set is a region in state space from where the system
has the control authority to reach a particular set, often referred to as the target
set. Thorough research has been conducted on the backward reachable set [8],
[9] and the viable set [10],[11] in both deterministic (i.e. no disturbance) and
robust (i.e. worst-case disturbance) settings. These sets in robust settings are
inherently more conservative. The conservatism of these sets can be reduced
through the stochastic counterpart which allows stochastic violations. The
stochastic counterpart of the backward reachable set is the region in state space
from where the probability of the system to reach the target set is higher than
a particular probability value [12], [13], [14]. Furthermore, in the robust
context, the worst case realisation of the disturbance is assumed which forces the
disturbance to be bounded. Similarly, in deterministic settings, the disturbance
is neglected entirely. In contrast to these approaches, the stochastic counterpart
of the backward reachable set permits cases with unbounded disturbances.
Stochastic reachability provides an established mathematical framework to
address the question of the stochastic counterpart of the backward reachable
set [15], [12]. In this article we will call the stochastic counterpart of the
backward reachable set the ’stochastic backward reachable set’ (SBRS). This set
has applications in guaranteeing the safety and performance of the stochastical
dynamical system in the fields of robotics [12, 14-19], biomedical applications
[20], [21], and spacecraft [22],[23].

The formal definition of the SBRS is as follows: Given a time horizon T, a
target set £, and a probability value .7, the SBRS is the set of all states for which
there exists an input policy u such that the probability of the system to reach £
within the time horizon T is equal to or greater than 7 [12],[14]. Although
this definition looks like a natural counterpart of the deterministic or robust
backward reachable set, the set suffers from a crucial drawback. Consequently, it
cannot be directly utilised to guarantee the safety of systems. As illustrated by
figure 8.1, in the case of the non-stochastic sets, the system can remain within
the backward reachable set at all times during its trajectory towards the target
set. However, in the case of the SBRS, it not possible to guarantee that the system
remains within the SBRS at all times during its trajectory towards the target set.
In the example shown in figure 8.1b, there is a probability that the system leaves
the SBRS during the transition. The system’s safety cannot be guaranteed while
it is outside the SBRS.

Similar to the SBRS, there are some other stochastic extensions of sets similar
to backward reachable sets such as the stochastic reach-avoid problem [24]. For
such sets, the system has certain target states and avoid states with a certain
probability.
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(a) Backward Reachable Set (BRS)

(b) Stochastic Backward Reachable Set (SBRS)

(e) Safe Probable Backward Reachable Set (SPBRS)

Figure 8.1: In the BRS, trajectories leading to £ stay inside the BRS for the whole time
horizon. The SBRS provides us with the net probability of a state transitioning to £. The
SPBRS provides us with the probability of the set transitioning to £ while staying in a
certain region.
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The solution of the stochastic reach-avoid problem is the set of initial states
from which the system can reach the target states while avoiding the avoid states.
Another method developed in the context of a stochastic reach avoid problem
is based on stochastic contingent sets [25]. Geared towards a similar objective
of almost-certain reachability, [26] introduced a new class of stochastic target
problems and characterized their solution using dynamic programming. The
authors of [26] also examined the differential properties of the almost-certain
reachable set based on a geometric partial differential equation analogous to
the HJB equation [27] in that context. However, none of these extensions are
directly applicable to problems where the avoid set is unavailable or is constantly
changing. We therefore introduce an alternative stochastic extension of the SBRS
that guarantees system safety even when the avoid set is unknown.

The contributions of this paper are as follows: First, we extend the existing
definition of the SBRS and introduce a new set which we call the ’Safe probable
backward reachable set’ (Vspprs(T, £, J)). Given a time horizon T, a target
set £, and a probability value 7, a set is called a Vspprs(T, £, J) if for all
states inside the set there exists an input policy u such that the probability
of the system to reach £ within the time horizon T while staying inside
Vsprs(T, £, J) is equal to or greater than [J. Note: We assume that the time
step T € N. The definition is applicable to discrete time stochastic systems. The
advantage of a set defined in this manner is that it can be directly used for
safety assurances in stochastic settings. Secondly, we provide two algorithms
to obtain Vgpprs(T, £, J) and formally prove that the sets produced by both
the algortihms are indeed Vspprs(T, £, J). We further prove that one of these
algorithms in fact produces the largest possible Vgspprs(T, £, J). Then we prove
that for the discrete time systems, the algorithms can be implemented using
linear programming. For discrete space systems, both algorithms compute an
exact Vspprs(T, £, J). Furthermore, we provide an extension of both algorithms
for continuous space systems. This extension involves a discretisation of the state
space. Subsequently, we prove that the sets obtained via these algorithms for the
discretised space, despite being estimates, converge to the actual Vspprs(T, £, J)
as the grid size approaches zero. Moreover, we provide the computational
cost for both algorithms for both discrete and continuous spaces and show that
Algorithm 8.1 is computationally less expensive than Algorithm 8.2.

The paper is motivated by problems of reliable control [28], [29], stochastic
MPC [30], [31], safety-critical control [32] and related applications such as path
planning [33], obstacle avoidance [34] and air traffic control [35].

The paper is structured as follows: In Section 8.2, we outline the problem
statement and some preliminary information used throughout the paper. In
Section 8.3, we provide Algorithm 8.1 and rigorously prove that the set obtained
is indeed Vspprs(T, £, J). Likewise, in Section 8.4 we provide Algorithm 8.2 and
rigorously prove that the set obtained is indeed Vspprs(T, £, J), and that the
set estimated using Algorithm 8.2 is indeed the biggest possible Vspprs(T, £, J).
Section 8.5 is divided one subsection per algorithm where we prove that for
the discrete time systems, the algorithms can be implemented using linear
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programming. In Section 8.6 we explain how we discretise the state space and
provide the continuous space implementation of Algorithm 8.1 and Algorithm
8.2 respectively in two subsections. This is followed by a conclusion in Section
8.8.

8.2. SETTING AND PROBLEM STATEMENT

In this section, we provide the necessary definitions and preliminary information
for setting up the proofs. We consider a stochastic Markov control system
denoted as S = (X =R", U =R™, P), where:

« X represents the state space, equipped with the corresponding Borel
o-algebra B(X).

« U is the control space, accompanied by the Borel g-algebra B(U).

- P is a Borel-measurable stochastic kernel. Given (X, u) € (X x U), it assigns
to each pair (X, u) a probability measure on the Borel space (X, B(X)).
Formally, the probability measure on the Borel space (X, B(X)) : P(-|x, u)
can be defined as a function: P : B(X) x X x U — [0, 1]

* n, m € N where N is the set of natural numbers.

We assume that the Uy is a non-empty subset of U of all the control actions
for each x € X. Given a finite time horizon T € N, a control policy is said
to be a Markov control policy if it only depends on the current state, i.e.,
ur(x(k)) = ug(x(k), x(k—1),....) for k e N.

Definition 1 (Markov control policy): A Markov control policy u for a given system
S is a sequence U = (Ui, Uz, ...Un—1) of universally measurable maps.

Uu:Nx X-U, Vk e N

For brevity uyx(x(k)) will be represented as u. Note 1: A subset A of a space Z
is universally measurable if the set A is measurable with respect to all complete
measures on space Z that measure all Borel sets of space Z (B(Z)). A function
f:Z — Y is universally measurable if the inverse image (f~1(.A)) of all the sets
A € B(Y) is universally measurable. For showing the existence of a solution to a
stochastic optimal problem the condition of universal measurability is a weaker
condition than the Borel measurability [15],[36],[37].
Note 2: In a substantial subset of stochastic optimal control problems, the
utilization of Markov policies proves to be adequate in delineating the optimal
policy [36]. Given that the adoption of a randomized Markov policy does not
contribute to the increase in the maximum probability of the state staying within
a designated set or reaching a particular set, our focus in this paper will be on
deterministic Markov policies. We denote the set of all Markov policies by M.
Given a control policy u € M, a horizon T € N and a state x € X, the
probability represented as P(x7|x, u) is read as the probability to transition to
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state X" at step T, given that the state at step 0 is X, under the control policy
u, i.e. P(XT=x7|X% =x, u), T € N. Given a control policy u € M, a time step
TE€N, a state X € X and a set A € B(X), the probability P(xT € A|x, u) is read
as the probability that the state x7 is in set A, given that the state at step O is X,
under the control policy u, i.e. P(XT =xT € A|X% = x, u), T € N. For brevity
the transition probability for one time step is represented by omitting the time
step from X7 to simply X, for example P(x|x’, u).

Given a target set of states (£), a time horizon ([0, T]) and a probability value
(), the Safe Probable Backward Reachable Set (Vspprs(T, £, J)) is defined as
the set of states (X € X) for which there exists a control action (U € M), a time
step (k € [0, T] € N) such that the probability of the state to transition to the
set £, while staying in the Vgspprs(T, £, J) for all time steps is greater than or
equal to 7. The set is defined in set builder notation in equation 8.1.

Vspers(T, £, J)
={x:3ueM,ke[0,TISN,P(xkeL,xKe Vsrs(T, £, 1),
XK1 € Vspprs(T, £, T), ..., IX® € Vspprs (T, £, 7)) = T

=sup sup P(xKe L, xke Vepprs(T, £, T), X1 € Vspprs(T, £, T), ...
ue M keN[o,1]

x! € Vpers(T, £, J)Ix° € Vepprs(T, £, 7)) = T} (8.1)
In the context of probable reach problems for the target set (£), we assume that
once the state is in the target set £, it will remain in £ for the whole time
horizon with a probability of one, i.e., if xX0eL=>Px"er,x'"ler,..,xte
L]x9%, u), VT € N, Vu € U. Thus, if the system has the Markov property then
Pix"T e, x"Yer, .., xk e, xK e, xk e Veprrs(T, £, ),

xk=1 € Vgpprs(T, £, T), ..., IX° € Vepprs(T, £, 7))
=px" e, x"Yer, .. xXKtlerxker, u)P(xk e, xk e Vepprs(T, £, 7),

xk=1 € Vgpprs(T, £, 7)), ..., IX° € Vepprs(T, £, 7))
=P(x¥ € £, x¥ € Vpprs(T, £, 7), x*™1 € Vispers(T, £, 7). ..., IX° € Vepprs(T, £, 7))

Furthermore, we define an indicator function of a Borel set A € B(X),
fa:X— {0, 1} as shown in equation 8.2.

1, if x € A
fax) = {o, if x ¢A}

Similarly, we define an inclusion function T4 : X = R, 0 < a € R as shown in
equation 8.3, where V(X) is a function mapping X to R

(8.2)

V(x), if V(x) = a
rra(v(X))={ 0, if V(x) <a }

Furthermore, we assume that P(x” € £|x7, u) = f-(x").

(8.3)
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8.3. AN ALGORITHM TO COMPUTE A SAFE PROBABLE
BACKWARD REACHABLE SET

@ vw=rxeLi)=g
@ =P ecin<g

(a) Algorithm 8.1 explanation step 1 (b) Algorithm 8.1 explanation Step 2

@ ) =J
@ <J

(c) Algorithm 8.1 explanation Step 3 (d) Algorithm 8.1 explanation Step 4

Figure 8.2: Explanation of Algorithm 8.1 in four steps.

In this section we develop an algorithm that provides us with a Vspgrs(T, £, J).
Among the two algorithms presented in the paper, this one is computationally
less expensive. The algorithm finds the set using backward recursion, i.e., we
start from the target set and move backwards in time to find the Vgspprs(T, £, J).
Subsequently we prove that the set produced by the algorithm satisfies the
properties of the Vgpprs(T, £, J). The algorithm works according to the following
process: It sets the values of all the points in the target set as equal to 1 and the
values of all other points equal to zero. Then it calculates the 1-step transition
probability from every point in our domain to every other point. The value
of each of these points in the next time step is equal to the product of their
transition probabilities and the value assigned to them at the previous time step.
Figure 8.2a shows the points with a probability of greater than [J to transition
into the target set in green and the others in red. Subsequently, all points with
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a value of less than 7 are set as equal to O (Figure 8.2b). Thus, we receive a
set from any point of which the system can transition into the target set with a
probability of greater than 7. Then the process is repeated until the end of the
time horizon (Figures 8.2c and 8.2d). In essence, with every time step we receive
a set from which the system can transition to the previous set with a probability
of greater than J.

Using the indicator function (equation 8.2) and inclusion function (equation
8.3), we can define a value function Vr—¢ - : X —[0,1],k €[0,T] € N by
the process of backward recursion as shown in equation 8.4, where £ is the
complement of set £ in X.

Vr_k(x) = su/a (fc(x) + fz(x) M7 (Vr—k+1(X))P(dX’|x, u)),
ue x’eX

xeX, Je€[0,1] (8.4)

Where V7(x) = fr(x) and using the value function we define a set as shown in
equation 8.5.

Sk={x:Vr—«(x) =2 7} (8.5)

Assumption 13 The set given by equation 8.6

Ux(T, J)={ue MIJ M7 (Ves,, 7 (XNPAX |x, u) = T} (8.6)
X

is compact for all x € X, T € N[o,77, J € [0, 1].

Thus, if Assumption 13 holds, then VX € X, the existence of a Markov policy that
satisfies equation 8.4 is guaranteed and is given by equation 8.7.

*

Uz opprs(X) = Qrg iggfz(x) . M7 (V1,27 ))P(dX’|x, u),
x € X\ L, TeN[o,7-1] (8.7)

Algorithm 8.1 is used to obtain the Safe Probable Backward Reachable Set.
Now we will prove that the Sx obtained using algorithm 8.1 is indeed a
Vspers(T, £, J). For this we need the following two lemmas.

Lemma 31 The value function in equation 8.4 is a non-decreasing function with k
ie, VT—k(X) £ Vr—k-1(x).

Proof: We will use induction to prove the result. We know V7(x) = fr(x),
then based on the definition of the value function (equation 8.4) it is trivial
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Algorithm 8.1: An algorithm to obtain a Safe Probable Backward Reachable Set
(Vspprs(T, £, J))
Require: £, 7, T
V1 (x) « fr(x) equation 8.2
ke—1
while K < T do
Obtain V7_k(x) using equation 8.4
if VT_k(x) = V7_k41(x) then
Vo(x) « Vr—k(x) using Theorem 15
kT
Obtain Sk using equation 8.5
k—k+1
VSPBRS(TI E, j) «— Sk using Theorem 16

to see that V7(x) < Vr—_1(x). Furthermore, V7(x) < V7_1(x) = M7 (V1(x)) <
TT7(V1-1(x)) (using equation 8.3). For kK =1 we have:

Vr—1(x) = seuAa )+ fz0) M7 (VT (x"))P(dX’|x, u))

x’eX

< Su/a(fz:(X) +fz:(x) Mg (V-1 (X" ))P(dX’|x, u)) = Vr—2(x)
ue x’eX

= V7r—_1(x) £ V7_2(x) Hence true for k = 1.
Assume for k=n<T = Vr_n(x) < Vr—p—1(x)

By using equation 8.3 = TT7(V7—n(x)) < M7 (VT_p—1(x))

fork=n+1

Vien-1= suﬁ (fe(x) + fz(x) M7 (VT—n (X" ))P(dX’|x, u))

x’eX

< sup(fe(x) + f2(x) M7 (Vr—n—10)PAX|x, u)) = Vr—n—2(x)
uemM x’eX

Lemma 31 states that the value function cannot decrease as we go backwards in

time (i.e., as the time horizon increases). Since we start from set £ and work our

way backwards in time, the value function can only expand or stay the same as

we proceed through the time step index k.
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Theorem 15 supycro, 77 V7—k(X) = Vo(x)
Proof: The proof directly follows from Lemma 31.

Corollary 3 The sets (Sk) produced by algorithm 8.1 are a non-decreasing sequence
of sets, i.e., Sk C Sk+1 Vk€[0,T] and So = L.

Proof: The proof is trivial and follows directly from the definition of set Sk
(equation 8.5) and Lemma 31.

In the next lemma we prove that for any kK € [0, T], the VT_(X) is less than
the joint probability of state X transitioning into the set £ at time step k while
staying in set Sk for all time steps until k.

Lemma 32 V71_k(x%) = sup e P(xK € £, xK € Sp, xk"1 € 54, ...,
x1 e Sk 1|x% u) forany k € [1, T] and x° € Sk

Proof: We use induction to prove the result for all x € Sg.

For k = 0 we have: V7_k(x) = f(X)

and we know that

P(x € LIx, u) = fr(x)
Thus, V7 (x) = P(x € L|x, u)

For k = 1 we have

Vr_1(x) = suﬁ(fc(X) + fz(x) M7 (VT (x1))P(dx1|x, u))

X1€X

Since TT7(V7(x)) = 0 for all x ¢ Sp

= sup (fz(x) + f7(x) Vr(x1)P(dx1lx, u))

uem X1€So

= suﬁUc(X) + fi:(x) P(x1 € LIx1, u)P(dx1lx, u))

X1€So

= sup(fz(x) + fz(X)P(x1 € £, X1 € Solx, u))
uemM
Since we know that x € S; and LC S

= sup P(x1 € L, X1 € So|x, u)
ueM
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Assume for kK = n:

Vr_n(x) = sup(P(x" € £, x" € So, x""1 €51, ..., x* € Sp_1|x, u))

uemM
Fork=n+1
Vr—p-1(x) = sup(fz(x) + f7(x) M7 (Vr—n(x1))P(dX1]X, u))
uemM X1€X
= sup(fz(x) + fz(x) Vr—n(x1)P(dx1]x, u))
ueM X1€Sp
= sup (fz(x) + fz(x) sup(P(x""t e,
uemM X1€S, UEM

x"*1 e Sy, x" €S, ..., x% € Sp_1|xt, u))P(dx1|x, u))

We know that the system has Markov property and, furthermore, that the
probability is bounded and always non-negative. Thus, following the same logic
as above, we get

= sup(P(x"*! e £, x"! € Sp,x" € Sy,..,xt

ueM

€ Shlx, u))

Corollary 4 V7_k(x) < supyepm P(XK € £, xK € Si, xk~1 e Sy, ..., x* € Sk|x, u)
for any given x € Sk

Proof: The proof directly follows form the fact that, using Corollary 3, one
can say P(xK € £,xK € So,xk"1 € S1,...,x1 € S_1|x,u) < P(xk e £, xk e
Sk, xk"1 e 5, ..., x* € Sk|x, u) for any U € M. Thus, using Lemma 4 implies
Vr—k(X) < supyepm P(xK € £, xK € S, xk—1 € Sy, ..., x* € Sk|x, ).

Finally, now we have all necessary intermediate results to prove that the set
obtained using algorithm 8.1 is a Vspgrs(T, £, 7).

Theorem 16 The set St is a Safe Probable Backward Reachable Set Vspprs(T, L, J),
ie, VX € St the supycn SUPkero, 1) P(X< € £,xK e St xk"1 e 57,...,x1 €
ST|X, U) =>J

Proof: Using Corollary 4 we can say that for any k € [0, T]

Vi—k(x) < supP(xk € £,xK € S, xk1 e S, ..., x1

ueM

€ Sklx, u)

= sup V7_k(x) < sup sup
ke[0,T] ke[0,T] ueM

P(xK e £, xK € Sk, xk 1 e Sy, ..., x1 € Sk|x, u)
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By using Theorem 15

= Vo(x) < sup sup P(xK e £,xK € S, xk71 € Sk, ..., x* € Sklx, u)
ueMke[0,T]

Since VX € S , we have 7 < Vp(x)

= J < sup sup P(xK € £,xK € Si, xk71 e Sk, ..., xt e Sklx, u)
ueMke[0,T]

Algorithm 8.1 produces a set St. Through theorem 16, we have shown that St
is indeed a Vspgrs(+). Thus, algorithm 8.1 produces a valid Vspgrs(:). However,
we do not yet have a guarantee that the obtained set is the largest possible set.
To address this, we propose algorithm 8.2.

8.4. AN ALGORITHM TO COMPUTE THE LARGEST
POSSIBLE SAFE PROBABLE BACKWARD
REACHABLE SET

In this section, we develop an algorithm that provides the largest possible
Vsprs(T, £, J). The algorithm finds this set using multiple loops of backward
recursion. The process works in the following way: First, the algorithm obtains
the stochastic backward reachable set (5(1) in figure 8.3) of the target set L.
This contains all points from which a system can reach the target set with a
probability of greater than 7 (the green points in figure 8.3a). In the next
iteration, the points outside this set (red in the figure) are given the value O.
Then the algorithm again finds the SBRS of the target set while keeping the
points outside the earlier set fixed to 0. Thus, the next SBRS will be smaller (set
5% in figure 8.3b) because it does not contain the points that require the system
to leave the SBRS. We then repeat the iterations until the domain converges,
implying that the obtained set is the Vspgrs(-). In essence, the algorithm reduces
the domain through which the system is allowed to transition, thus restricting it
from moving out of Sé. The set obtained in this manner is the largest possible
Vspars(+) because for the set to be equal to a Vspgrs(-) it needs to converge.

In theorem 19 we prove that the set obtained is indeed a Vspprs(T, £, J).

Subsequently, in theorem 20 we prove that the set obtained in this manner is
indeed the largest possible Vspprs(T, £, J).
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QVvwWm=Jg
. VP <J

Qi) =g
QVit<J

(a) Algorithm 8.2 explanation Step 1 (b) Algorithm 8.2 explanation Step 2

(c) Algorithm 8.2 explanation Step 3

Figure 8.3: In Step 8.3a, we obtain the probability of transition to £ and set each state’s
value accordingly. If the value is less than 7, it is set to zero, yielding the set Sé.

Step 8.3b computes the value for transitioning to £ while staying within S1, zeroing out
values outside it, producing Sg. This process repeats in Step 8.3c.

For the second algorithm we define a value function by using equations 8.8
and 8.9. Here, n is the number of times the whole iteration has been carried out
while k is used for time-indexing.

Vi (x)= seuﬁfc(X)+fz(X)fsn(X) f for (XYW, O )YP(AX|x, u)
u x’eX
(8.8)

Where V;’. =fr(x) (8.9)

Furthermore, we define the set using equations 8.10 and 8.11.

S"={x: Vg x) = 7} (8.10)
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Where SO = X (8.11)

Assumption 14 The set given by equation 8.12

Ux(T, J) = {u € Mlfsn (x)f forOXWVI_, L (X)P(AXIx,u) =T} (8.12)
x’eX

is compact for all x € X, TeNp,1, 7 €[0, 1].

Thus, if Assumption 14 holds, then Vx € X, the existence of a Markov policy that
satisfies equation 8.4 is guaranteed and is given by equation 8.13.

¢ spprs(X) = Arg sup fz(x)fsn(x) fer VI, (X))
ueu x’eX

P(dx’|x,u),xeX—L,k € Nro,7—11 (8.13)

u

Algorithm 8.2 obtains the largest possible Safe Probable Backward Reachable
Set.

Algorithm 8.2: An algorithm to obtain the largest Safe Probable Backward Reachable
Set (Vspers(T, £, J))
Require: £, 7, T
n<o0
S0 « X As in equation 8.11
a = 0 Break condition for outer-loop
while a # 1 do
Vg’.(x) «— fr(x) As in equation 8.2
k<1
while kK < T do
Obtain V7 _, (x) Using equation 8.8
if V;’._k(x) = V;"'._k+1(x) then
Vg (x) < VI_, (x) Theorem 17
kT
k—k+1
nen+1
Obtain S" Using equation 8.10
if S" =S"~1 then
Vspers(T, £, J) « S Theorem 19
a1

To prove that the set obtained using this algorithm is a Vspprs(T, £, J), as
shown in Theorem 19, we firstly need Theorem 18, which requires Lemma 34,
and Theorem 17, which requires Lemma 33. We furthermore need Lemma 35
and Lemma 36.
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Lemma 33 The value function in equation 8.8 is a non-decreasing function with k
ie., V?_k(x) < VQ_k_l(x).

Proof: The proof is similar to the proof in Lemma 31.

Corollary 5 The set L is always a subset of the set S" i.e., L C S"

Proof: The proof is trivial and directly follows from the fact that 7 € [0, 1],
V?.(x) = fr(x), and from Lemma 33.

Theorem 17 supyero, 11 V7, (X) = V{(x)

Proof: The proof directly follows from Lemma 33.
Theorem 17 has proven that the value function is non-decreasing and thus a
supremum over time is equal to the value function at the final time.

Lemma 34 For a given U € M and any k € [0,T], sup ey P(XK € £, xK €
Sh,xk~lesn, ..., xteS"x0es", u)=Vv7_ (x°) for all x° € S".

Proof: The proof uses induction. First of all, k = 0, P(x°? € £|x° € S", u) =
fr(x9) = V?(XO). This follows from the assumption that the system is Markov

and from Corollary 5. For readability we will represent x° by x for this proof.

Fork=1:V] (x)= SUAFBIfz:(X)+fz(X)f5"(X)J 1 Fsn(xXMVI(xYP(dx?[x, u)
ue xteX

sup fr(x) + J P(xt e £|xt, u)P(dxt|x € S"\ £, u)
ueM xlesn

supP(x! e £, xt € S"|x € 5", u) u

ueM

Since the relation holds for kK = 1, we assume for K = m

VD (x)=supP(x" eL,x"eS", x"1es", ..., xt €S"x €S, u)
ueM

Then for Kk = m + 1 we have that

v: o )= suﬁfg(x)+fg(x)fsn(x) f fon(XYWE_ OXYP(AX|x, u)
ue x’eX

= sup fo(x)+f7(x)fsn (x) sup P(x™l e, xm™les xMesn, ...,
uemM xlesn ueM

x2 € S"|xY, u)P(dxt|x, u)
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Since we know that the system has Markov property and that the probability is
bounded and always non-negative, following a similar logic as above, we get

=sup P(x™le,x™les", x"es, ..., x?eS", x1 €S"|x e S", u)
ueM

Theorem 18 The value function given by equation 8.8 provides the probability

that there exists a control u € M and there exists a time k € [0, T] such that

a state inside set S" transitions to set L, while remaining in set S". ie.,

SUPyer SUPkero,7] P(XK € £,xK € S", xk=1 e 5", .., x! € S"|x0 € S",u) =
0

Vg(x ).

Proof: The proof directly follows from Theorem 17 and Lemma 34.

Lemma 35 If Vg~ (x) = V](x) = S" = S"+1

Proof: The proof directly follows from the definition of set S” given in equation

8.10. Since S" = {x: Vg "' (x) 2 J} = {x: VI(x) 2 J} = S"+}

Lemma 36 If S” = S5"*1 = V1(x) = V{*!(x)

Proof: We will use induction for this proof. We are given that S” = S"*1. We
know from equation 8.9 that V;’.(x) = V;’-H(x) and we know that the set £ does
not change in different time steps.

Fork =1,V  =V2 = su/afg(x)+
fi(X)fs"(X)f st"(X')V?(X')P(dX'IX, u)
x'e

= sgﬁfc(X) + f£0)fsn (x) VR YP(dX'|x, u)

x/esn

= sup fz(X) + fz(x)fsn+1(X) VL (X YP(dX|x, u) = VIF1(x)
uemM x’/esgn+1

Assume fork=m: Vv =yn+l
T—m T—m

Fork=m+1: VI _ . =supfc(x)+
uemM

F200fsn(x) f S VR 0P(aXx, 1)
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sélﬁf‘:(x) + f£(X)fsn (x) Ve OYP(AX |x, u)

x’esn

sup fz(x) + f2(X)fsn+1(X) VIl (X )YP(dx’|x, u) = VIFL  (x)
ueM x’esn+1

Lemma 36 implies that if the set has converged, i.e., the set does not change
over an iteration, then the corresponding value functions must also be equal to
each other.

Theorem 19 The set obtained from algorithm 8.2 is indeed a Safe Probable Backward
Reachable Set. This means that S” is a Vspgrs if and only if S" converges, i.e.,
Sn = VSPBRS ifand only ifS” = Sn+1.

Proof: If S" is Vspprs, then for x € S" the J < supyea SUPkefo, 71 P(XT €
L,xTeS",xTlesn . xes"x®esu) = V(’)’(X) (using Theorem 18).
This implies x € S"*1 (using equation 8.10). Furthermore, if S" = S"*1, for
x € S"*1 (using equation 8.10) we have J < Vi(x) = V8+1(X) (using Lemma
36). This implies (using Theorem 18) that J < SUpyeaq SUPkeo, 7] P(XT €
L, xTesntl xm™=1legntl  x1esn*t1|x0esntl ) and S" is a Vsppgs.

Now we will prove that the Vspprs obtained using algorithm 8.2 is the largest

possible Vspgrs if the SO = X. To prove that, we first need to prove two other
lemmas.

Lemma 37 Given that S C S"~1, the value function follows V7 _, (x) < V?:,% (x).

Proof: The proof is obtained using induction. We know that V7’3 )= V?-_l(x) =
fr(x) and using equation 8.8

Ve ()= Sgﬁfc(x) + f£0)fsn(x) f fon (XWX YP(dX'|x, u)
u x’eX
< su/af[;(x) + f7()fsn-1(x) for1 (X WV (XIP(dX'|x, u)
ue x’eX

seuﬁfc(x)+ F00)fgn-1(x) Fsn1(XIWVIHXYP(dX|x, u) = VI~ 1(x)

x’eX

— m- \/N n—1
Assume for k =m: VI (x) < VI~ (x)

For Kk =m+ 1, we have:




236 8. Safe Probable Backward Reachable Sets: Theory and Algorithms

Vi, (X)) = supf,c(X)+fg(><)fsn(X)J for(X)WVI_ (X YP(dX'|x, u)
x’eX

< sujafg(x) + f(X)fsn-1(x) for-1(XHVE_ (X YP(dX'|x, u)

x’eX

< sup frO)+Hf2(X)fsn-1(X) | fenr (X IVITL (XYP(dXIx, u) = VI~L(X)
uem x’eX

Corollary 6 Given that S” C S"~1, the value function follows Vg x) < Vg_l(x).

Proof: This corollary directly follows from Lemma 37.

Lemma 38 The set S” C S"~1 for any n € N.

Proof: The proof uses induction. We will use the fact that V’T7_m(x) €[0,1].

The proof of this statement is trivial and can be directly obtained from equation
8.8.

For n=1: S®=Xand S* = {x: Vj(x) > J}

We know that V(x) € [0, 1] and J € [0, 1]

=St ={x:Vj() e[, 11} € {x: V() €[0,1]} = 5°

Assume for n = k that SK ¢ sk—1 = Vg x) < Vg_l(x)(using Corollary 6)

For n=k+1: S**1 = {x: V§(x) 2 7} € {x: VE1(x) = 7} =SK

Theorem 20 The Vspprs obtained via algorithm 8.2 is the largest possible Vspprs.

Proof: The theorem follows directly from the fact that the set obtained after
each iteration of algorithm 8.2 is a subset of, or equal to, the previous set as
shown in Lemma 38. By using theorem 19 it is shown that the produced set is a
Vspers once the set converges.

8.5. DISCRETE SPACE IMPLEMENTATION

In this section, we provide the discrete space implementation of both the
algorithms. If the state space and control space are discrete, the stochastic kernel
P is a transition matrix, denoted as 7T(x’|x, u), that provides the probability of
the transition of state X € X to state X’ € X under the control action u € M.
The probability transition matrix follows the total law of probability, i.e.,
dwex TXIx,u)=1,VxeX, ueM.
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8.5.1. Discrete space implementation of Algorithm 8.1
With state space and control space being discrete, the value function V1_k(x)

(equation 8.4) can be computed exactly, using linear programming [38].
Furthermore, the existence of an optimal Markov policy is always guaranteed.

Theorem 21 Given a reach set L C X, the value function Vo(X) as presented in
equation 8.4 is obtained by solving the linear programming problem

max Z ZVT(X) (8.14)

7€[0,T] xeX
Such that
Va(x) = Vr(x)+
fe > Me(Var (K NT X Ix, 1)

x’'eX
VT eN[o,7-1], VX € X, Vu € Uy
Vi(x) <fr(x),Vx e X
Vz(x) €[0, 1]

Proof: The proof is exactly the same as the proof of Theorem 1 in [38].

The optimal solution obtained from the linear program 8.14 provides the
value given in equation 8.4 at the final time step. That is, Vp(x) =
MOX D rer0,7] 2uxex Vr(x), for all x € X and T € N[g,7]. The linear program
further provides the optimal Markov control policy u* such that equation 8.15
is satisfied [38], where VT* (x) is the optimal value.

VEO) = Vr(x) + ) Te(VE DT Ix, u*) (8.15)

x’'eX

Note: If the cardinality of the state space is |N|, the cardinality of the control
space is |U|, and the time horizon is T steps, then the maximum number of
decision variables and constraints are |N|(T + 1) and |[N|(T|U| + 1) respectively.
Thus, solving the linear program implementation of the algorithm in the case
of discrete state and control space has a maximum implementation time of
O(INI?(T|U| + 1)) [39].

8.5.2. Discrete space implementation of Algorithm 8.2

With state space and control space being discrete, the value function V?_k(x)
(equation 8.8) can be computed exactly through linear programming [38].
Furthermore, the existence of the optimal Markov policy is always guaranteed.
For a single iteration the value function can be computed using Lemma 39. The
Vspers can be obtained following Algorithm 8.2.
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Lemma 39 Given a reach set £ C X, the value function V7(x) as presented in
equation 8.8 is obtained by solving the linear programming problem

max Z ng(x) (8.16)

T7€[0,T] xeX
such that
V2(x) = V7(x) + fz(x)fsn(x)
D7 Fsn (WL (XT (X [x, u)

x’'eX
VTeN[o,7-1], VX € X,Vu € Uy
VQ(X) < fr(x), Vx e X

V;’(x)e [0,1]

Proof: The proof is exactly the same as the proof of theorem 1 in [38].

The optimal solution obtained from the linear program 8.16 provides the value
function given in equation 8.8 at the final time step for each iteration, i.e.,
Vg = max ZTG[O,T] Doxex V2(x),Vx € X and T € Njo,7]. The linear program
further provides the optimal Markov control policy u* such that equation 8.17
is satisfied [38], where V:* (x) is the optimal value.

V¥ (X) = Vr(x) + F(0)fsn () D fsn (X WV 2 (X)T(X X, u*) (8.17)

x’eX

Note: If the cardinality of the state space is |[N|, the cardinality of the control
space is |U|, and the time horizon is T steps, then the maximum number of
decision variables and constraints are |[N|(T + 1) and |N|(T|U| + 1) respectively.
Thus, solving the linear program implementation of algorithm 8.2 in the case
of discrete state and control space has a maximum computational cost of
O(IN|2(T|U| + 1)) per iteration [39]. It can be seen that for discrete systems,
the computational cost of algorithm 8.1 is lower than the computational cost of
algorithm 8.2.

8.6. CONTINUOUS SPACE IMPLEMENTATION

Many systems are continuous in nature. Thus, in this section, we provide a
discretisation routine for continuous state and control spaces. We also provide a
guarantee that the value function estimated via the discretised space converges
to the true value function as the grid size tends to zero. For any given set
L € B(X), we denote the Lebesgue measure of the set as ¢(£). The stochastic
kernel P(:|x, u) projects a probability density kernel denoted as p(:|x, u). The
probability density kernel p(z|x, u) represents the probability density of z given
the current state (x) and the control policy (u). We assume that there is a region
of interest denoted by G such that £ c G ¢ X € B(X). Set G is compact and £
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is a closed subset of G and is thus also compact. Therefore, ¢(£) and ¢(G) are
bounded. Furthermore, we assume that the probability density function and the
stochastic kernel P(-|x, u) satisfy the following assumptions:

Assumption 15 The probability density function is Lipschitz continuous, i.e., for any
x,x" €G\L,z,Z2 € G\ L and u, u’ € U, there exists a constant n such that equation
8.18 is valid.

lp(zlx, u)— p(Z’'Ix", U < nllz— 2" + |Ix = x’|| + [lu—u’]) (8.18)

Assumption 16 The stochastic kernel is Lipschitz continuous, ie., for any
x,x’ € G\L,z,Z € G\ L and u,u’ € U, there exists a constant ny such that
equation 8.19 is valid.

IPzIx, u) =P X, U < n20llz= 21 + [Ix=XII + [lu=u'l)  (8.19)

where n, n, are Lipschitz constants.

Assumption 17 Similar to [40], we assume that p(z|X, u) is a probability density
on the region of interest G. Thus, p(z|x, u) satisfies equation 8.20, where Kp is a
positive constant.

f p(z|x, u)dz =1 while p(z|x, u) € [0, kp] (8.20)
g

Lemma 40 The set (G\ £) € B(X) if G, £ € B(X)

Proof: The proof directly follows from the fact that G\ £L = GN LS = (G U L) and
o-algebra are closed under complements and countable union, thus G\ £ € B(X),
where A€ is compliment of set A

We discretise G into kx + 1 pairwise disjoint non-empty Borel sets §;
and £, where i € [1,kx] € N, such that G = U:.Zlgi UL and GaNGp = @,
GeNL=¢ forany a,b,c €[1, kx] €N, a # b. Each subset is then represented
by a representative state denoted by g; € G; and L is represented by a
representative state [ € £. Furthermore, we define the set of all the representative
states as G = {[,g;: i € [1, kx] € N}, the maximum set member norm as
dx; = SUPx xeg; |1X — X’|| and Dx, max = SUPje[ 1, k] (Ax;)-

In the same fashion we also discretise U, into k, pairwise disjoint non-empty
Borel sets denoted by Fj, i € [ 1, k] € N, thus satisfying U = Uje[1,k,]Fi- Similar
to the state space discretisation, each disjoint Borel set is represented by an
element in the set, (; € F;. Let the set of representative control policies be
denoted by U = {{; : i € [1, k] € N}, the maximum set member norm as
du; = supy yer llu— u’|| and Dy max = SUPie[ 1,k (du;)-

We assume the grid size to be constant
A = max(Dy,max, Dx,max)- For x € G we define the admissible control 8.21.

Ux={0e€U:|lu—0a|l <A for some u € Ug, x € G} (8.21)
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where g; is the representative state of G; such that x € G;. Similar to [40], in
Lemma 41 we show that for each x € G there exists a non-empty discrete control
set.

Lemma 41 For dll g; € G the set of available lnputs is non- empty, ie., ngl # ¢ and
the available input at all states X € G; is equal to L{g , Le. L{X = Z/{gl, Vx € G;

Proof: Since Ux # ¢, Vx € X, Uy, is also non-empty, 30 € U such that
[lu=a|| <A forallue [Ug,, thus Ugl is non-empty. Moreover, from the definition
of Uy it is trivial to obtain L{g = Ukx.

Following the steps of [40], we define a function p : (G\ £) x G x U — Rt as
shown in equation 8.22 that provides a unified probability density function to all
X € G;, such that all x € G; have the same probability kernel. We also assume
that f »P(z]x,u)dz=1,V¥x € L. Note that this assumption does not violate
assumption 4 as £ C G.

PGxlgx.d) . J
BlonD it [ p(glgy, 1)z > 1} 5.22)

P(X’|x, () = { Jop(gIgx 0)dz
P(9x’19x, () otherwise

Here gx» and gx are the respective representative states of the grid
cell to which x’ and Xx belong. This gives rise to an approxi-
mate stochastic control system Sg = (G, U, P), where P is the transi-
tion probability defined as P(gjlg;, 0) = fg p(x’|gi, @)ax’, (gj.9i) € G,
9j € G.gi € GulP(ligi, @) = [, p(X’|gi, W)dx’, (L, &) = [, p(X'|l, @)dx” = 1
and 0 € U.

8.6.1. Continuous space implementation of Algorithm 8.1

We define a function similar to equation 8.2 as f[ ¢ — {0, 1}, shown in the
following equation

2o~ _[1,ifgi=1

For the discrete system S_g, the value function given by equation 8.4 boils down
to equation 8.24, where [ is the complement of [ in G.

kx
Vr—k(g0) =fi(9:) + fi(g0) ma@x(z M7 (Vr—k+1(9)))P(gjl9: @),
ue j=1
Vke[0, TICN (8.24)
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For x € G;, Vr_k(x) = \A/T_k(g[-) for all T€[0,T] € N. The discrete optimal
control policy is defined by equation 8.25.

kx

07 spons(90) = argm 28(2 Mg (Vr—k+1,1(9))P(g)lg:, 0) (8.25)
j=

Note: The discrete system S has a finite state and control policy space. Thus, the
value V71_k(g;) can be calculated using the linear program shown in Theorem
21. The corresponding optimal control policy can be computed using equation
8.14.

In the following, we guarantee the convergence of the value function as the
grid size approaches zero. To prove the convergence of the approximate system’s
value function to its continuous counterpart we need two more Lemmas.

Lemma 42 If assumptions 13 and 15 are satisfied and 0 < J, then, for any states
X,X,” € Sk \ L, the value function is Lipschitz continuous, i.e., V1—_x(X) satisfies
equation 8.26.

VT (X) — VT_k(X")| < k19 (G)lIx —X’||, Vk € [0, T] S N (8.26)

Proof: At k = 0 the value function is equal to f.(x). Thus, |VT £ (X)— V7 c(X’)| <
K||x—x’||, VX, x” € Sk \ L holds trivially. For k € [0, T] using equation 8.4 we
get:

IVr—k () = Vr—k(X)| = If () + igffz(x)j M7 (Vr—k+1(X))P(dX|X, u)
X

—fr(x’)— igffz(x')f M7 (Vr—k+10C))P(dxIX’, u)l
X

Using equation 8.5 and since 0 < 7

= ing VT—k+1(X)P(dX|x, u) — ing Vr—k+1()P(dX|X’, u)l,
Sk+1

Sk+1

Vx,x" €St_k\ L

IA

inf] VT—k+1()(P(dX|x, u) — P(dx|x’, u))|, VX, x" € ST \ L
Sk+1

Since VT_k+1(X) €0, 1]
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< igff |(P(dX|x, u) — P(dx|x’, u))|, Vx, x" € St—,k \ L
Sk+1

< infg(@)kalix — x|l = kg (AlIx — x|

Lemma 43 If assumptions 14 and 16 are satisfied, then VX’ € G\ L and g; € S\ {l}
the integration of the modulus of the difference between the approximate probability
density and the actual probability density over the space G is bounded for all ( € U,
i.e., equation 8.27 holds. Where K3 is a constant

f 16(X"1gi, @) — p(X’|gi, G)|dx" < 2K2¢(GIA (8.27)
g

Proof: The proof of the following lemma is the same as the proof of Lemma 9 in
[41],

In the following Theorem we prove the convergence of the discretised value
function to the actual value function as the grid size tends to zero.

Theorem 22 If assumptions 14 -16 are satisfied, then for all X € G, the difference
between the continuous value function (V1—k(x)) and the discretised value function

V7_k(x) is bounded through equation 8.28, where h(k) is a constant depending on
k.

IVr—k(X) — Vr—k ()] < h(K)P(G)A (8.28)

Proof: For X € £ we have \A/T—k(X) =V7_k(xX) =1 for all k € [0,T]. Thus,
equation 8.28 holds trivially. Similarly for x € G\ Sk we have Vr—k(x) =
Vr—_k(x) =0 for all Kk € [0, T]. Thus, equation 8.28 holds trivially. For all
xe€S\L,and k=0, V7—k(x) = Vr_k(x) = 0. Proceeding using induction we
assume that for some k + 1, |V1_k+1(X) — Vr—k+1(X)| < h(k + 1)¢(G)A. For
any g; € Gi, (€ [0, kx] € N, we denote u;*._k as the input policy that minimises
the value function. Furthermore, we denote a;ﬁ_k as the input policy that
minimises the discretised value function. Thus, from equation 8.5 and since
0 < J, we have

Vr—k(9)) — Vr—k(90) = f Vr—ke1 (X )P(dX'|gi, uf_, )

Sk+1

- f V71 OCYPLAX g, )
5k+1

< J VT 1 (X YPAX'|gi, uf_ ) = Vr—ks1 (X )P(dX 1gi, GF_ )|
5k+1
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< f IVT—ks1(X)P(AX' |91, ur_ ) — V41 (X )P(dX'|gi, ur_, )
Sk+1

+ J IVT—ke 1 (X YP(AX 91 uF_, ) — Ve n (X )P(dX gy, O3 )
Sk+1
Since Vr_k+1(X’) < 1,Vx€G

SJ 1P(dx’|gi, GF_, ) —P(dxX’|gi, uy_, )+
Sk+1

f IVr—k41(X) = Vr—k+10QIIP(dX |, ur_ I
Sk+1

Using Lemma 43 and the induction assumption, we get:

< 2k2¢(G)A + h(k + 1)P(G)A

And similarly for

Vrk(9) — Vr—k(90) = f VT—ke1(X'YP(dX19:, GF_, )

Sk+1

- f Vr—k+1(xX)P(dX’|gi, uf_,)
Sk+1

< J VT—ke 1 (X YP(AX 190, GF_ ) — Vi1 (X )P(dX’|gi, AF_,)
Sk+1

+ Vi1 (X)PAX’|gi, 0 ) — Vi 1 (X YP(dX9i, 05, )

< 2k2¢(G)A + h(k + 1)P(G)A

This leads to
IV1_k(91) — V=i (9| < 2Kk20(GIA + h(k + 1)P(GIA

Since for any x € G;, i € [0, kx] C N, Vr—k(x) = Vr—k(90)

IVr—k (%) = Vr—k ()] = [V1—k(x) — Vr—k(g0)I
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< V() = Vr—k (@) + IVT—k(gi) — Vr—k (gi)

< h(k+ 1)¢(G)A

Thus, this theorem assures the convergence of the approximate value function to
the true value function as the grid size tends to zero.

Note: Following similar arguments as for the computation cost for algorithm
8.1 and [39], we can say that for continuous space systems, algorithm 8.1 has a
computation time of O(|kx|2(T|ky| + 1)).

8.6.2. Continuous space implementation of Algorithm 8.2

In this subsection we prove that the safe probable set obtained via Algorithm
8.2 for the discretised space converges to the safe probable set of the continuous
space as the grid size tends to zero. To prove this, we need two Lemmas.

Lemma 44 If assumptions 1 and 3 are satisfied, then, for any states X, X', € G\ L
and for any iteration n, the value function is Lipschitz continuous, ie., V1—k(X)
satisfies equation 8.29, where K3 is the Lipschitz constant.

VI ,00—=VI O <k3p@lx—x'||,Vke[0,TIEN,neN  (8.29)

Proof: The proof of this Lemma is exactly same as the proof of Lemma 42.
In the following Lemma we prove the convergence of the discretised value
function to the actual value function as the grid size tends to zero.

Theorem 23 If assumptions 2-4 are satisfied, then for all x € G the difference
between the value function and the discretised value function is bounded for any
iteration as shown in equation 8.30.

IV7_ 00 —=V7_, ()l < h(K)Y(GA, Vn N (8.30)

Proof: The proof of this Theorem is exactly the same as the proof of Theorem
22, but Lemma 42 is replaced by Lemma 8.29

Note: Following similar arguments as for the computation cost for algorithm
8.2 and [39], we can say that for continuous space systems, algorithm 8.2 has a
computation time of O(|kx|2(T|ky| + 1)) per iteration. Furthermore, similar to
the case of discrete systems, here too the computational cost of algorithm 8.1 is
lower than the computational cost of algorithm 8.2.

8.7. EXAMPLE

To demonstrate the above algorithms, we make use of a the discrete Dubin’s car
system. The model given in equation 8.31 describes the motion of a system in a
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two-dimensional plane. The equations for the system’s position and orientation
at the next time step k + 1 are given by:

Xk+1 = Xk + V- cos(6k) - At,
Yk+1 =Yk + v-sin(6k) - At, (8.31)
Ok+1 = Ok + Wi - At + di - At.

Here, Xx and y represent the Cartesian coordinates of the system at time
step k, and Ok is its orientation in radians. The velocity v determines the
speed of motion, while wk is the yaw rate, representing the rate of change of
the orientation. di accounts for any disturbances affecting the orientation. The
parameter At is the time step length.
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Figure 8.4: The slices of Vspprs(+) for the system given in equation 8.31.

The disturbance was discretised in a grid of 4 x 1 and the probability mass
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function of the disturbance for the range [—0.8, 0.8] is given as follows:

o

u:

’

.6
— =~ 0.2667,
6 (8.32)

=

o=

» (d))?
Probability mass(d;) = exp| ——————= | .
2-(0.2667)2

The input was discretised in a grid of 3 x 1 in a range of [—1,1]. The state
space was discretised with a grid space of 0.2 in all the dimension of the system
in a range of [—5, 5] for X, y and [0, 2m] for 6. Using this system, we obtained
the largest possible Vspprs(+) with a time period of 4 seconds. £ was taken to the
cylinder with a radius of 1 about the origin, 7 is equal to 0.6, and the velocity
of the system was taken to 1. The Vgpprs(+) for the system given in equation
8.31 is shown in figure 8.4.

8.8. CONCLUSIONS

In this paper we provided a new extension of the stochastic reachable set, which
we call the Safe Probable Backward Reachable Set Vspprs(T, £, J). This new
set is viable in the sense that if the system starts within Vspprs(T, £, J), it
will remain within Vgpprs(T, £, J) until it reaches the target set with a certain
probability. We then developed two algorithms to compute Vspprs(T, £, J) and
formally demonstrated that the sets generated by both algorithms are indeed
Vspers(T, £, J). Additionally, we established that the Vspprs(T, £, J) produced
by Algorithm 8.2 represents the largest possible set of this kind. We implemented
these algorithms for discrete state-space systems, where both methods accurately
compute the exact Vspprs(T, £, J), although we were only able to show one
example due to a lack of space. Furthermore, we extended these algorithms to
continuous state-space systems through a discretisation approach. We proved
that the sets obtained in this discretised space, though estimates, converge to the
true Vspprs(T, £, J) as the grid size approaches zero. Finally, we analysed the
computational costs associated with both algorithms for discrete and continuous
spaces. Our findings show that Algorithm 8.1 is computationally more efficient
than Algorithm 8.2.
In future works we would like to integrate the

Vspers(T, £, J) with Control Barrier Functions (CBF) and Control Lyapunov
Functions (CLF)-based controllers in order to overcome the problem of finding
the CBF and CLF. We would also like to integrate the Vspprs(T, £, J) with Model
Predictive Control (MPC) to produce a controller similar to the stochastic tube
MPC. Furthermore, we also aim to explore the tractability of the developed
algorithms for different systems and attempt to increase the efficiency of
algorithms for certain classes of systems such as linear systems. Finally, we
are also interested in exploring the use of function approximation techniques
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to approximate the value function of the Vspprs(T, £, J), thus enabling us to
estimate the Vspprs(T, £, J) with very high computational efficiency.
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CONCLUSIONS AND FUTURE
DIRECTIONS

This chapter synthesises the core contributions of the dissertation, which centres on defin-
ing, computing, and certifying safe operating regions for autonomous dynamic systems
under both deterministic and stochastic settings. It revisits the research objectives and
outlines how each chapter addressed key questions—ranging from maneuverable safety
definitions and robust reachable set formulations to neural network certification and
probabilistic safety guarantees. The chapter also reflects on methodological limitations,
discusses the broader impact of the work, and outlines promising future directions, es-
tablishing a foundation for scalable and formally sound safety assurance in real-world
autonomous systems.
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9.1. OVERVIEW

This work addressed the fundamental question of how to rigorously define, com-
pute, and certify safe operating regions—commonly referred to as safe sets—in
both deterministic and stochastic settings. The contributions include the introduc-
tion of maneuverable viable sets, which redefine what it means for a region of the
state space to be not just safe but operationally viable; the refinement of classical
safe set definitions through their relationship with forward and backward reach-
able sets; the formulation of robust avoid backward reachable sets under unmod-
elled dynamics; and the provision of formal certification methods for neural net-
work-based reachable set approximations using SMT-based synthesis techniques.
The work further extends into the stochastic domain, offering new constructs such
as the Stochastic Avoid Backward Reachable Set and the Safe Probable Backward
Reachable Set, which establish probabilistic safety guarantees under uncertainty.

At the technical core of the dissertation lies a unified and rigorous framework
for certifying the safety of autonomous dynamical systems through reachability
analysis. Central to this framework is the concept of maneuverable viable sets, a
novel definition that ensures not only viability but also the ability to maneuver
between states within a finite time horizon. The thesis further refines the classi-
cal notion of safe sets by characterizing their structure via Forward and Backward
Reachable Sets, thereby enhancing both theoretical clarity and computational fea-
sibility. To address robustness in uncertain environments, the concept of Robust
Avoid Backward Reachable Sets is introduced and shown to satisfy a Hamilton-
Jacobi-Isaacs (HJI) partial differential equation in the viscosity sense. Recognising
the limitations of classical methods in high-dimensional spaces, the work provides
formal certification of neural network-based reach and avoid sets using Satisfia-
bility Modulo Theory (SMT) through Counterexample-Guided Inductive Synthesis
(CEGIS). In the stochastic domain, the dissertation proposes both the Stochastic
Avoid Backward Reachable Set and the Safe Probable Backward Reachable Set,
the latter guaranteeing probabilistic viability until a target is reached. Together,
these contributions advance the frontiers of formal safety analysis in autonomous
systems, offering scalable, certifiable strategies applicable to a wide range of real-
world scenarios.

The remainder of this chapter is organised as follows. Section 9.1.1 restates the
central research objectives that shaped the trajectory of the dissertation. Section
9.2.1 synthesises the key contributions of each chapter, offering a detailed discus-
sion of their theoretical and practical implications. Section 9.3 presents a critical
assessment of the limitations associated with each contribution, both in terms of
scope and applicability. Section 9.4 outlines several promising directions for future
research, building upon the ideas introduced in this work. Section 9.5 discusses the
broader impact of the research across various scientific and societal domains. Fi-
nally, Section 9.6 closes the dissertation with final remarks.
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9.1.1. Restatement of Research Objectives

The primary objective of this research was to identify, compute, and certify safe
operating regions—commonly referred to as safe sets—in the state space of dy-
namical systems. These regions are essential for ensuring that autonomous and
safety-critical systems operate reliably, even in the presence of external distur-
bances, modelling uncertainties, or high-dimensional complexity. Traditional ap-
proaches to reachability and safety verification often fall short in handling these
challenges, particularly in terms of robustness and scalability. This dissertation
aimed to overcome these limitations through a combination of novel theoretical
definitions, computational tools, and formal verification techniques.

In particular, the research sought to redefine safe sets in terms of both viability
and maneuverability, integrate uncertainty into reachability formulations through
robust and adversarial models, and extend safety analysis to probabilistic domains.
Furthermore, it aimed to address the curse of dimensionality by leveraging neural
networks for approximation—while simultaneously introducing SMT-based tools
to provide formal certification of these approximations. Taken together, these ob-
jectives formed a cohesive and forward-looking agenda for the scalable and reliable
certification of safety in autonomous dynamical systems.

9.2. CONCLUSIONS

9.2.1. Detailed Summary of Contributions

This dissertation presents a unified, rigorous, and scalable framework for the for-
mal certification of safe operating regions for dynamic systems. It addresses the
central research question: How can we formally define, compute, and certify safe
operating regions for dynamic systems—under both deterministic and stochastic
settings—while ensuring scalability, robustness to uncertainty, and formal correct-
ness guarantees? Each chapter makes a distinct theoretical and practical contribu-
tion to this overarching goal, structured around the specific sub-questions posed in
the introduction.

Research question: Chapter 3 and 4

What is an appropriate definition of a safe set that ensures both viability
and maneuverability, and how can such sets be computed using reachability
analysis?

The prevalence of control failures in robotics and automation highlights a press-
ing need to define safe operating regions that go beyond static containment. Tra-
ditional viable sets ensure that a system, once inside the set, can be kept there
indefinitely through appropriate control inputs. However, such sets cannot guar-
antee the system’s ability to move within that set. For safety-critical autonomous
systems, the ability to reconfigure and maneuver freely—without compromising
safety—is indispensable.
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To bridge this gap, this research introduced two related but conceptually distinct
sets: the maneuverable viable set (or maneuver set) and an improved safe set.
Both are defined using Hamilton-Jacobi reachability tools and constructed from
specific combinations of Forward Reachable Sets (FRS) and Backward Reachable
Sets (BRS). However, they differ fundamentally in what they guarantee.

The maneuver set is a region in the state space that satisfies two important prop-
erties: (i) it is viable, meaning the system can remain within the set over a given
time horizon; and (ii) it allows the system to travel from any state in the set to any
other state within the time horizon. These properties are verified using a construc-
tive algorithm based on HJ reachability analysis, and theoretical results prove that
such sets exist under well-defined conditions. However, as noted in the chapter,
these two properties—viability and two-way maneuverability—cannot always be
guaranteed simultaneously in practice. That is, the system may be able to remain
within the maneuver set indefinitely or move between any two points, but not both
without possibly leaving the set during the transition.

To resolve this limitation, an improved definition of the safe set was proposed.
This set is more restrictive but more powerful: it contains only those states from
which the system that can both remain inside the set (viability) and transition to
any other point within the set without ever leaving it.

The contribution of this chapter, therefore, lies in both the conceptual innova-
tion and the mathematical formalisation of these sets. The maneuver set provides
a less restrictive, more flexible notion useful in scenarios where brief exits from a
region are tolerable or can be accounted for. In contrast, the improved safe set of-
fers a stricter—but operationally more robust—definition suitable for applications
demanding continuous containment and transition capabilities.

These constructs were validated using numerical case studies, including the Du-
bins car and a double integrator system. These examples illustrate how the in-
terplay between forward and backward reachability can be leveraged to define
and compute safe sets that go beyond classical viability kernels. Together, the
maneuver set and the improved safe set represent a foundational step forward in
reachability-based safety analysis, offering richer guarantees and greater applica-
bility in real-world autonomous systems.

Research question: Chapter 5

How can bounded uncertainties and unmodelled dynamics be systematically
incorporated into reachability analysis?

As modern autonomous systems become more complex and safety-critical, classi-
cal validation techniques such as simulation fall short of offering guarantees. Sim-
ulations, while useful, are inherently incomplete for continuous-state systems, as
they can only explore a limited subset of possible trajectories. To overcome this
limitation, reachability analysis has emerged as a powerful framework for formal
safety verification, as it captures the behaviour of all possible trajectories under
worst-case disturbances. However, traditional Hamilton-Jacobi (HJ) reachability
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formulations rely on fully known, deterministic system models and are primarily
limited to two-player games—between the controller and a disturbance. This limits
their robustness and applicability in real-world settings, where system models are
often incomplete and exhibit unmodelled dynamics.

To address this challenge, this dissertation develops a significant extension of
the classical HJ framework by formulating a three-player differential game, where
the third player represents unmodelled dynamics. In this framework, the controller
seeks to maintain safety, while two adversarial players—one representing known
disturbances and the other representing unmodelled dynamics—act collaboratively
to drive the system toward unsafe regions. This game-theoretic construction cap-
tures the compounded worst-case behaviour that arises when systems face both
environmental disturbances and internal model uncertainties simultaneously.

The chapter defines a new construct: the Robust Avoid Backward Reachable Tube
(RABRT). This tube characterises the set of initial states from which the system,
under worst-case inputs from both adversaries, is guaranteed to enter an avoid set
within a finite time horizon. Importantly, the value function corresponding to this
game is shown to be the viscosity solution of an extended Hamilton-Jacobi-Isaacs
(HJI) partial differential equation, thereby generalising the classical two-player
framework in a mathematically rigorous way. This ensures that the RABRT is not
just conceptually intuitive but also analytically well-defined and computationally
tractable.

One of the major strengths of this formulation is its modularity and compatibility
with existing tools. The robust Hamiltonian can be easily implemented using level-
set methods and toolboxes such as those developed by [1], making it practical for
integration into safety-critical applications. A numerical example is provided in
the chapter, demonstrating the feasibility and effectiveness of computing robust
reachable tubes in a system subject to uncertain dynamics.

This work provides a methodological advancement for safety analysis under
bounded model uncertainty. It enables the direct incorporation of real-world un-
predictability into the verification pipeline—something not previously addressed
in HJ reachability analysis. By defining a principled way to account for adversarial
model uncertainty, it paves the way for robust safety guarantees in applications
such as aircraft collision avoidance, autonomous vehicle navigation, and robotic
manipulation in unstructured environments.

Research question: Chapter 6

How can the correctness of learned reachable sets from neural approxima-
tors be formally certified?

As autonomous systems become more sophisticated and are deployed in increas-
ingly high-dimensional and uncertain environments, the need for scalable yet re-
liable safety verification methods becomes paramount. To tackle the curse of di-
mensionality inherent to grid-based HJB reachability analysis, learning-based ap-
proaches such as DeepReach have emerged, using neural networks to approximate
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the value function that characterises the reachable set. These methods bypass the
need for spatial discretisation and exhibit impressive scalability. However, they
trade off theoretical guarantees for empirical performance: although DeepReach
solutions converge in practice, there exists no formal assurance that the neural
network solution satisfies the HJ PDE or that the zero-level set of the approxima-
tion corresponds to the true reachable set.

This dissertation bridges that critical gap by introducing a formal framework—Certified
Approximate Reachability (CARe), which allows for the certification of neural net-
work approximations of reachable sets. The key idea is to treat the neural network
approximation not merely as a solution surrogate but as a candidate for formal
verification. The chapter first introduces a modified HJ-PDE formulation that con-
nects the training loss directly to the approximation error on the final reachable
set. It then establishes a formal residual bound, denoted €, on the PDE loss, such
that any deviation from the HJ-PDE remains within this bounded error across the
domain of interest.

To go beyond empirical estimation, the framework employs Satisfiability Mod-
ulo Theory (SMT) solvers in combination with Counterexample-Guided Inductive
Synthesis (CEGIS) to certify that the network approximation satisfies the modi-
fied PDE constraints within the €-bound. This allows the construction of provably
sound over- and under-approximations of the true reachable set, marking the first
formal certification of deep learning-based reachability analysis.

This contribution has multiple implications. Theoretically, it provides the miss-
ing link between deep learning and formal verification in reachability settings,
offering a path toward verifiable neural approximators. Practically, it enables scal-
able safety analysis in high-dimensional systems where classical methods fail, such
as aerial swarms, robotic manipulators, and multi-agent systems, without compro-
mising on correctness.

Research question: Chapter 7

What is the relationship between probabilistic backward reachable sets and
viable sets in stochastic systems, and how can such sets be computed effi-
ciently?

In stochastic systems, safety assurance requires fundamentally different tools
than those used in deterministic or robust frameworks. While deterministic forced
backward reachable sets define the states from which a system will inevitably reach
an undesired region (an “avoid set”), the stochastic counterpart relaxes this notion
by allowing for a probabilistic threshold. This is not only less conservative, but also
essential in many practical domains where uncertainty is inherent and complete
avoidance is infeasible. Applications such as air traffic control, stochastic model
predictive control, and obstacle avoidance in uncertain environments demand such
nuanced safety specifications.

To address this, the dissertation introduces and formalises the concept of the
Probabilistic Forced Backward Reachable Set (PFBRS): the set of all states from
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which the system, regardless of the applied control policy, will enter a designated
avoid set with at least a specified probability within a finite time horizon. This
probabilistic extension of the classical avoid problem makes the safety analysis
framework significantly more applicable to systems influenced by random distur-
bances, such as sensor noise, environmental variability, or model uncertainties.

The work presents a rigorous mathematical formulation of PFBRS in discrete-
time stochastic systems and establishes its fundamental properties, including mea-
surability, convergence in time, and its relationship to stochastic viable sets. The
chapter proves that under suitable conditions, the PFBRS converges in time and
that it shares structural connections with the stochastic control viable set. The
latter is a set in which the system can remain, with a high probability, for the
whole time horizon—thereby linking safety in terms of avoidance and viable in a
probabilistic setting.

From a computational standpoint, the dissertation provides an algorithmic frame-
work for computing the PFBRS. For discrete space systems, an exact iterative algo-
rithm is provided. For continuous state spaces, which are more typical in real-world
applications, the chapter extends the method by discretising the state space, and
proves that the resulting approximation converges to the true PFBRS as the grid res-
olution increases. The algorithm includes quantified error bounds due to discreti-
sation, ensuring that the approximations can be interpreted within a well-defined
tolerance. Furthermore, the computational complexity is analysed, confirming the
tractability of the approach even for moderately large systems.

This contribution is especially valuable in scenarios where safety must be guar-
anteed not absolutely, but with high probability. It provides a theoretical and
computational bridge between deterministic reachability and stochastic control,
expanding the reach of formal safety analysis into domains previously beyond its
scope. It also clarifies the nuanced relationship between reachability and viability
in stochastic settings, offering a unified language for probabilistic safety verifica-
tion.

Research question: Chapter 8

How can we compute stochastic backward reachable sets that ensure safety
with high probability?

For autonomous systems operating under uncertainty, ensuring high-probability
safety is critical to their acceptance in society and deployment in high-stakes en-
vironments. Classical tools such as deterministic and robust backward reachable
sets provide rigorous guarantees, but often at the cost of conservatism. To over-
come this, stochastic counterparts to these constructs—like the Stochastic Back-
ward Reachable Set (SBRS)—have been introduced. These sets define the region
of states from which a system can reach a target set within a time horizon with at
least a certain probability. However, a critical limitation of the SBRS is that it does
not ensure the system remains within the set during the transition. This lack of vi-
ability during execution means the SBRS alone is not sufficient for safety assurance
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in many applications.

To address this fundamental limitation, this chapter introduces the Safe Proba-
ble Backward Reachable Set (SPBRS), a new set that guarantees not only that the
system reaches a target set with high probability, but also that it remains within
the set throughout the transition. Formally, the SPBRS is defined as the set of all
initial states from which there exists a control policy such that the probability of
reaching the target set within a given time horizon, while remaining within the
SPBRS itself at all times, is at least a specified threshold. This definition endows
the SPBRS with a probabilistic viability property—making it uniquely suitable for
safety-critical applications where intermediate violations are unacceptable.

The dissertation provides two algorithms to compute the SPBRS in discrete-time
stochastic systems. One algorithm guarantees the computation of the largest possi-
ble SPBRS, while the other is computationally more efficient. Both algorithms are
proven to produce valid SPBRSs under the proposed definition. Furthermore, for
discrete state spaces, these algorithms yield exact sets, while for continuous state
spaces, the dissertation presents discretised approximations and formally proves
convergence to the true SPBRS as the grid resolution is refined. The associated
computational complexity is analysed for both algorithms, providing insight into
their scalability and performance across different system types.

This contribution not only provides a theoretically grounded and computation-
ally tractable framework for synthesising high-probability safe sets, but also ad-
dresses a longstanding gap in the literature: the lack of probabilistic reachability
tools that ensure safety throughout the entire trajectory, not just at the endpoint.
The SPBRS framework thus fills a critical void between reachability, viability, and
practical safety assurances in uncertain environments.

In future work, the SPBRS can serve as a building block for probabilistic safety-
aware control frameworks, including integration with Model Predictive Control
(MPC), Control Barrier Functions (CBFs), and Control Lyapunov Functions (CLFs).
Such integration would enable real-time, policy-driven safety enforcement in dy-
namic and uncertain environments. Additionally, the use of function approxima-
tion techniques to estimate the SPBRS could open the door to efficient computa-
tion even in high-dimensional systems, further extending the practical reach of this
methodology.

9.3. LIMITATIONS

This section presents an assessment of the theoretical, computational, and practical
limitations inherent to each contribution. These reflections are intended not only
to contextualise the scope of the work but also to highlight promising directions
for future research and refinement.
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9.3.1. Critical Reflections: Limitations of Maneuverable viable
Sets and Safe Sets Chapter 3 and 4

This chapter introduces two novel constructs that redefine how safety and viability
are understood in autonomous systems: the maneuverable viable set (or maneuver
set) and an improved definition of a set that ensures safety. It also proposes an al-
gorithmic framework grounded in Hamilton-Jacobi reachability to compute these
sets using the intersection of forward and backward reachable sets. The proposed
framework presents a novel perspective on defining and computing safe regions for
autonomous systems. Nonetheless, its reliance on deterministic, perfectly known
models, high computational overhead, and absence of policy synthesis or robust-
ness to uncertainty constrain its current impact.

High Computational Cost Due to Double Reachability Analysis

The algorithms require the computation of both forward and backward reachable
sets—each of which is already computationally demanding in its own right. Their
intersection to define the maneuver set introduces an additional layer of complex-
ity, especially for high-dimensional systems. This makes real-time implementation
or even offline computation for large-scale systems challenging, thus limiting prac-
tical scalability.

Conservative Approximation of the Safe Set

While the improved definition of the safe set provides simultaneous guarantees of
viability and internal reachability, it does so at the cost of being more restrictive. As
aresult, the computed safe sets may be considerably smaller than traditional viable
sets or maneuver sets. This conservatism, while ensuring stronger guarantees, may
lead to underutilisation of the system’s capabilities in applications where some
degree of flexibility or risk is tolerable.

Applicability Limited to Perfectly Modelled Systems

The computation of both the maneuver set and the safe set relies on the assump-
tion of accurate, fully known system dynamics. Any mismatch between the model
used for reachability analysis and the true system dynamics can compromise the
correctness of the computed sets. This limitation restricts the applicability of the
framework in uncertain or learning-based environments where the system model
is either unavailable or evolving.

Lack of Generalisation to Stochastic or Uncertain Domains

The current work is confined to deterministic systems. Neither the maneuver set
nor the improved safe set is defined or proven to exist under stochastic dynamics.
In practice, most systems are exposed to stochastic disturbances and noise, mean-
ing that these deterministic guarantees, while strong, are not directly transferable
to more realistic settings with stochastic disturbance without significant reformu-
lation.
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9.3.2. Critical Reflections: Limitations of Robust Avoid
Backward Reachable Tube Chapter 5

The introduction of the Robust Avoid Backward Reachable Tube (RABRT) repre-
sents an advance in extending Hamilton-Jacobi (HJ) reachability analysis to sys-
tems subject to both bounded disturbances and unmodelled dynamics. By formu-
lating the problem as a three-player differential game, this work offers a principled
framework for synthesising robust safety certificates that remain valid even under
adversarial and uncertain conditions. However, the RABRT comes with trade-offs
in conservatism, computational complexity, and practical tractability.

Conservatism Due to Worst-Case Assumptions

The RABRT framework assumes that both the disturbance and the unmodelled dy-
namics act adversarially and jointly attempt to drive the system into unsafe regions.
While this formulation ensures strong safety guarantees, it also induces conser-
vatism. In practice, not all uncertainty behaves in a worst-case fashion. This could
lead to overly pessimistic safe sets that limit the available state space unnecessarily,
reducing system performance or feasibility in real-world deployments.

Applicability Limited to Bounded, Deterministic Uncertainty

Although the formulation captures unmodelled dynamics as an adversarial input, it
assumes that the disturbances and unmodelled components are bounded and deter-
ministic. This limits its applicability in settings involving stochastic or unbounded
noise, such as those encountered in finance, epidemiology, or autonomous naviga-
tion in dynamic urban environments. In such cases, a stochastic formulation (e.g.
SPBRS) may be more appropriate.

Computational Burden for High-Dimensional Systems

The RABRT, like all level-set-based reachability methods, suffers from the curse
of dimensionality. The additional complexity introduced by the third player com-
pounds the computational challenges already present in solving HJ-Isaacs PDEs.
Computing RABRTs remains infeasible for systems of dimension higher than five
to seven without substantial simplifications or problem-specific structure.

Static Disturbance Bounds and Lack of Online Adaptivity

The framework presumes that the bounds on disturbances and unmodelled dynam-
ics are known a priori and remain constant throughout the analysis. In real systems,
however, uncertainty can vary over time or across operating conditions. Without
mechanisms for online adaptation or re-certification, the RABRT may either un-
derestimate risk (if the bounds were underestimated) or be too conservative (if
overestimated).



9.3. Limitations 263

9.3.3. Critical Reflections: Limitations of Certified
Approximate Reachability (CARe) Chapter 6

The Certified Approximate Reachability (CARe) framework presents a significant
advancement in reconciling the scalability of neural approximators with the rigour
of formal verification in reachability analysis. By leveraging Satisfiability Modulo
Theory (SMT) solvers and Counterexample-Guided Inductive Synthesis (CEGIS),
the framework is able to provide formal error bounds on neural network-based
approximations of reachable sets. However, several theoretical and computational
challenges remain. Most notably, the scalability of the verification stage and the
lack of dynamic feedback during synthesis limit its immediate applicability to large-
scale, real-world systems.

Scalability of the Formal Verification Pipeline

While the use of neural networks enables the approximation of reachable sets in
high-dimensional spaces, the formal certification process using SMT solvers (e.g.,
dReal) is computationally expensive. In particular, the verification stage becomes a
bottleneck as the size of the network or the complexity of the domain increases. As a
result, CARe currently balances scalability in training with a verification procedure
that does not yet scale accordingly.

Localised Error Guarantees and Coverage Limitations

The formal guarantees provided by CARe are typically local in nature—bounded
within a specified region of interest or a discretised domain. While this is ac-
ceptable in many applications, it leaves open the possibility of unverified (and
potentially unsafe) behaviour in regions not explicitly included in the verification
set. The guarantees are thus conditional on the verification domain and do not
necessarily imply global correctness across the entire state space.

Sensitivity to Network Architecture and Training Dynamics

The framework assumes that the neural network approximator is sufficiently ex-
pressive and well-trained to approximate the true value function. However, neural
networks are known to be sensitive to hyperparameter choices, training loss land-
scapes, and data sampling strategies. A poorly trained model may converge to a
function that appears accurate but exhibits subtle violations of the HJ PDE, thus
increasing the burden on the verification part of the pipeline.

Limited Applicability to Non-HJ Reachability Problems

CARe is specifically designed around the structure of the Hamilton-Jacobi PDE and
the notion of viscosity solutions. While this covers a broad class of reachability
problems, it does not easily extend to other verification domains such as stochas-
tic or probabilistic reachability (e.g., SPBRS), where the underlying mathematical
formalism differs. Generalising the CARe methodology to other classes of dynamic
programming equations remains a non-trivial challenge.
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Non-stochastic Guarantees

The framework currently outputs a binary certification: the network either sat-
isfies the error bound or it does not. This binary certification can be limiting in
practical settings, where a “confidence gradient” would allow systems to operate
more flexibly under partial or probabilistic guarantees. Developing probabilistic or
risk-aware variants of CARe would enhance its utility for applications with varying
safety requirements.

Dependence on Overapproximation of Error Bounds

To remain sound, the error bounds derived in CARe must conservatively enclose the
true PDE residual. In doing so, they may be overly pessimistic, leading to tighter-
than-necessary reachable set approximations. This conservatism, while necessary
for formal guarantees, may limit the use of the certified sets in control synthesis,
especially in tight or constrained operating environments.

9.3.4. Critical Reflections: Limitations of the Stochastic Avoid
Problem with Computation Chapter 7

The stochastic avoid problem addresses one of the most foundational safety con-
cerns in uncertain dynamical systems: how to ensure that a system avoids undesir-
able (unsafe) states with high probability over a given time horizon. This chapter
introduces a formal framework for defining and computing the Probabilistic Forced
Backward Reachable Set—the stochastic counterpart of the forced backward reach-
able set—and develops computationally tractable algorithms for its estimation. It
makes a meaningful theoretical and computational contribution to safety analysis
under uncertainty. Still, several limitations remain, particularly in its applicabil-
ity to continuous-time systems, trajectory-wide safety guarantees, policy synthesis,
model robustness, and computational scalability.

Applicability to Discrete-Time Systems Only

The theoretical formulation and algorithms developed are explicitly designed for
discrete-time stochastic systems. While many control architectures operate in dis-
crete time, this assumption restricts direct application to systems naturally mod-
elled in continuous time—particularly in aerospace, finance, or certain biologi-
cal processes. Extending the framework to continuous-time stochastic dynamics
would require more sophisticated tools, such as stochastic differential equations or
measure-theoretic formulations, which remain an open and non-trivial direction.

No Guarantees of Trajectory-Wide Safety

While the probabilistic forced backward reachable set provides guarantees that
the system will eventually reach an avoid set with a certain probability under any
control policy, it does not ensure that the system remains outside unsafe regions at
all times during the trajectory. This limits its utility in scenarios where safety must
be enforced continuously, not just asymptotically.
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Heavy Dependence on Model Accuracy

The correctness of the computed probabilistic reachable sets hinges on an accurate
stochastic model of the system’s dynamics, including the transition probabilities.
Any mismatch between the model used and the true system behaviour—such as
unmodelled non-Gaussian noise or environment-dependent stochasticity—can un-
dermine the reliability of the safety guarantees. This limits the method’s robustness
in data-driven, learned, or partially known systems.

Absence of Control Synthesis

The framework is focused on set computation, and while it formalises the prob-
ability that a system will violate safety under any policy, it does not provide or
synthesise a control strategy that minimises or shapes this probability. In practice,
it is often not enough to know that safety violations are probable—an actionable
policy is needed to avoid such outcomes. This disconnect limits immediate control-
theoretic application and leaves a gap between analysis and deployment.

Computational Tractability Limited by Discretisation

The algorithms proposed for continuous state spaces rely on discretising the space
and simulating the stochastic evolution of the system. Although convergence guar-
antees are provided, the method becomes computationally intensive as the dimen-
sionality increases or finer resolutions are required. In high-dimensional systems,
the discretisation step can become infeasible without additional structure (e.g.,
sparsity, symmetry) or approximation techniques.

Rigid Dependence on a Predefined Avoid Set

The formulation presumes that the avoid set is well-defined and fixed over time.
However, in many real-world applications—such as navigation through dynamic or
partially known environments—the avoid set may be time-varying, probabilistic,
or defined implicitly through sensor data or learned risk functions. The current
framework does not directly support such generalisations, limiting its applicability
in adaptive or perception-driven settings.

9.3.5. Critical Reflections: Limitations of Safe Probable
Backward Reachability Chapter 8

While the introduction of the Safe Probable Backward Reachable Set (SPBRS) presents

anovel and rigorously grounded method for certifying probabilistic safety in stochas-
tic systems, its full real-world deployment will require addressing challenges of
scalability, adaptability, and policy integration.

Discrete-Time Limitations and Generalisation Challenges

The current formulation and accompanying algorithms are designed specifically
for discrete-time stochastic systems. While this makes the analysis mathemati-
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cally tractable and aligns with many digital control systems, it may limit direct ap-
plicability in continuous-time domains. Extending the SPBRS to continuous-time
systems would likely involve solving stochastic partial differential equations or
employing time-discretisation approximations, both of which introduce additional
complexity and potential approximation error.

Dependence on State-Space Discretisation

The computational algorithms for continuous-state systems rely on discretising the
state space. Although convergence of the estimated SPBRS to the true SPBRS is
formally proved as grid resolution increases, in practice this discretisation intro-
duces significant computational burden, especially in higher-dimensional systems
(more than four or five dimensions). This limitation is a manifestation of the well-
known curse of dimensionality and poses challenges for scalability beyond low to
moderately sized systems.

Assumption of Perfect Model Knowledge

The analysis assumes that the system dynamics (i.e. transition probabilities) and
noise models are fully known and accurately specified. In many real-world appli-
cations, such complete model fidelity is not realistic. Model mismatch—especially
in the stochastic transition kernel—can lead to mischaracterisation of the true safe
region, thereby undermining the safety guarantees offered by the SPBRS.

No Explicit Handling of Time-Varying or Uncertain Targets

The current formulation of the SPBRS assumes a fixed target set £ over a finite time
horizon. However, many real-world systems, especially in robotics and air traffic
control, operate in environments with dynamically evolving goals and constraints.
Extending the SPBRS framework to handle such nonstationary or uncertain targets
remains an open challenge.

Lack of Policy Synthesis Within the Framework

While the SPBRS guarantees the existence of a policy that satisfies the probabilistic
safety requirement, the framework does not directly synthesise the corresponding
control policy. This limits its immediate integration with feedback control archi-
tectures. A natural next step is to develop constructive methods for synthesising
optimal or robust feedback policies that explicitly keep the system within the SP-
BRS while ensuring target reachability.

9.4. FUTURE WORK

The future directions outlined in this section are motivated by a desire to extend
the applicability, scalability, and practical impact of the methodologies developed
in this work. These include enhancing computational efficiency, improving policy
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synthesis, adapting the frameworks to uncertain or time-varying models, and inte-
grating the proposed methods into real-time control architectures. Some directions
also aim to relax conservative assumptions, while others explore opportunities to
bridge formal guarantees with data-driven learning approaches.

By pursuing these extensions, future work can continue to close the gap between
formal verification and practical deployment—ensuring that autonomous systems
can operate safely, flexibly, and reliably in increasingly uncertain and complex
environments.

9.4.1. Future Work: Maneuverable viable Sets and Safe Sets
Chapter 3 and 4

While the algorithmic framework developed for maneuverable viable and safe sets
provides a strong theoretical foundation, its full potential lies in its adaptation
to uncertainty, scalability, and integration with control and learning frameworks.
These directions represent not only natural continuations of this work but also
critical steps toward closing the gap between formal safety guarantees and real-
world autonomy.

Policy Synthesis from Certified Sets

While the theoretical existence of control strategies is guaranteed for both the ma-
neuver set and the improved safe set, no explicit method for synthesising such
policies has been proposed. Developing constructive algorithms for control synthe-
sis—especially those that provide feedback policies guaranteeing transitions within
the set—would bridge the gap between offline analysis and online deployment. A
natural direction is to integrate these sets with online control architectures such
as Model Predictive Control (MPC) [2] or Control Barrier Function (CBF)-based
safety filters [3]. Doing so would enable real-time enforcement of maneuverability
or viability properties.

Generalisation to High-Dimensional and Hybrid Systems

The computational burden of computing maneuverable sets grows significantly
with system dimensionality due to the need for both forward and backward reach-
ability analysis. Future work could explore scalable approximations using de-
composition techniques, sampling-based reachability, or neural approximators [4],
[5],[6]. Some ideas in this direction include approaches similar to Deepreach [4],
or using re-enforcement learning [7] to approximate the value function.

Data-Driven and Learning-Based Estimation

For systems where analytical models are unavailable, learning-based estimation
of maneuverable or safe sets presents a compelling alternative. One promising
direction involves using trajectory data or simulator rollouts to empirically estimate
forward and backward reachability, from which the maneuver set can be inferred.
Combining such methods with formal guarantees—e.g., via probabilistic bounds or
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statistical learning theory—could open new frontiers for model-free safety analysis

[8].

Time-Varying and Goal-Driven Extensions

In practical scenarios, safety requirements are often time-varying or goal-dependent.
Extending the definitions of maneuverable and safe sets to incorporate time-dependent
constraints, moving targets, or dynamic avoid regions would enhance their rele-
vance in applications such as motion planning [9], pursuit-evasion games [10],
and real-time navigation in dynamic environments [11].

9.4.2. Future Work: Robust Avoid Backward Reachable Tube
Chapter 5

While the RABRT framework provides a robust foundation for safety verification
under model uncertainty and adversarial disturbance, its full potential can be un-
locked by addressing the challenges of scalability, stochasticity, and integration
with data-driven modelling.

Extension to Stochastic and Probabilistic Uncertainty Models

While the current formulation accounts for bounded deterministic uncertainty and
adversarial dynamics, real-world systems often experience unbounded stochastic
disturbances. A natural extension would be to generalise the RABRT framework to
stochastic dynamics, leading to a synthesis of robust and probabilistic reachabil-
ity. This would require reformulating the Hamilton-Jacobi-Isaacs equation under
a stochastic framework [12], possibly incorporating expectations or probabilistic
risk metrics into the value function.

Scalable Numerical Methods and Decomposition Techniques

The computational burden of solving three-player HJI PDEs grows rapidly with
system dimensionality. Future work should focus on approximate and scalable
solvers, possibly using domain decomposition [13], tensor-train approximations
[14], or deep learning—based PDE solvers [15],[16]. Exploring reduced-order mod-
els or structure-exploiting formulations could enable robust reachability analysis
in high-dimensional applications such as robotic manipulators or UAV swarms.

Application to Hybrid and Switching Systems

The RABRT framework is currently limited to systems with continuous dynamics.
Many modern autonomous systems exhibit hybrid or switching behaviour (e.g.,
drones switching between flight modes, or vehicles transitioning between highway
and urban driving). Extending the robust reachability analysis to such hybrid sys-
tems—possibly via mode-dependent value functions or switched HJI formulations
[17].
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9.4.3. Future Work: Certified Approximate Reachability
(CARe) Chapter 6

The Certified Approximate Reachability (CARe) framework presents a novel syn-
thesis of deep learning and formal methods to certify neural approximations of
reachable sets. It introduces a methodology to quantify the error between a neural
value function and the true solution of the Hamilton-Jacobi PDE, offering formal
guarantees in regions of interest. While the framework makes a significant contri-
bution, it also opens several promising avenues for further research—particularly
around improving expressivity, generalisation, and the tractability of verification.

Lipschitz-Based Certification for Scalable Guarantees

One promising direction is the incorporation of Lipschitz continuity bounds into
the certification framework [18]. Neural networks with bounded Lipschitz con-
stants can offer uniform guarantees on function deviation, enabling the deriva-
tion of global or local error margins without relying solely on expensive point-
wise SMT checks. Such Lipschitz-based analysis may allow for over- and under-
approximations of the reachable set that hold over continuous regions, offering a
powerful alternative or complement to the current CEGIS-based verification.

Use of Kolmogorov-Arnold Neural Architectures

Standard feedforward neural networks (e.g. MLPs or ReLU-based DNNs) often
require substantial capacity and careful training to accurately approximate non-
smooth viscosity solutions of HJ PDEs. Kolmogorov—Arnold Networks (KANSs),
which are built on the Kolmogorov—Arnold representation theorem, offer stronger
expressivity for approximating multivariate functions via compositions of univari-
ate functions [19]. Future work could explore using KANs as an alternative ar-
chitecture for value function learning, with the potential for better approximation
accuracy and smoother loss landscapes. Additionally, their structure may allow
tighter analytical bounds—potentially facilitating symbolic or hybrid verification
methods in CARe.

Extension to Stochastic or Uncertain Systems

CARe is presently focused on certifying reachable sets for deterministic systems
governed by HJ PDEs. Extending the framework to stochastic dynamics—such as
those governed by Hamilton-Jacobi-Bellman (HJB) [12] or Fokker-Planck equa-
tions—would enable certification under probabilistic uncertainty [20]. This may
require defining new loss functions, introducing expectation-based PDE relaxations,
or integrating probabilistic SMT solvers to accommodate stochastic terms in the dy-
namics.
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9.4.4. Future Work: Stochastic Avoidance and Safe Probable
Backward Reachability Chapter 7 and 8

The probabilistic forced backward reachable set and the Safe Probable Backward
Reachable Set (SPBRS) formalise stochastic safety guarantees by relaxing the con-
servatism of robust approaches, while still offering precise, probability-aware cer-
tification for systems subject to random disturbances. However, their full potential
will be realised through extensions to control synthesis, high-dimensional scal-
ability and continuous-time dynamics. These directions offer fertile ground for
bridging theoretical safety guarantees with real-time, risk-aware decision-making
in uncertain environments.

Extension to Continuous-Time Stochastic Systems

Both the stochastic avoid and SPBRS frameworks are currently formulated in
discrete-time. However, many physical systems—such as those in aerospace, en-
ergy, and continuous control—are better modelled in continuous time [21]. Future
work could adapt the reachability definitions and algorithms to stochastic differ-
ential equations (SDEs), possibly by leveraging stochastic viscosity solutions [22],
[23]. This extension would close the gap between formal theory and high-fidelity
physical modelling.

Policy Synthesis for Safe Execution

The SPBRS is a natural candidate for a terminal constraint or viable set in Stochas-
tic MPC [24]. Integrating SPBRS into MPC pipelines would yield formal guarantees
on recursive feasibility and safety under uncertainty. Moreover, SPBRS-based con-
straints could improve the interpretability and reliability of MPC in applications
such as path planning, air traffic management, or automated vehicles.

Algorithmic Scalability and Learning-Based Approximations

While the current algorithms for computing the stochastic avoid and SPBRS sets
are theoretically sound and converge with grid refinement, they face scalability
issues in high-dimensional systems. One direction is to develop sampling-based or
data-driven approximations of the value function—e.g., using Gaussian Processes
[25], neural networks [4], [7], or randomized value iteration—with statistical con-
fidence bounds.

Robustness to Model Uncertainty and Online Adaptivity

Both frameworks assume that the transition probabilities of the system are pre-
cisely known. In practice, these probabilities may be uncertain, time-varying, or
learned from data. A promising direction is to develop robust stochastic reachabil-
ity frameworks where the transition model lies within a known ambiguity set, such
as a confidence region or a Wasserstein ball. This would ensure safety guarantees
even in the presence of imperfect knowledge [26], [27].
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9.5. RESEARCH IMPACT

This dissertation contributes fundamentally to the theory and computation of safety
guarantees for autonomous dynamic systems, offering a set of general-purpose,
mathematically rigorous tools that are both novel in formulation and adaptable
to real-world contexts. While the work is grounded in control theory and formal
methods, its broader implications extend beyond academic boundaries. The po-
tential impact of this research spans several technological domains and addresses
pressing societal challenges at the interface of autonomy, safety, and trust.

9.5.1. Autonomous Transportation Systems

In domains such as autonomous driving, drone navigation, and aerospace systems,
ensuring the safety of motion under uncertainty is paramount. The definitions and
algorithms developed in this work—particularly the maneuverable safe sets, ro-
bust avoid tubes, and the SPBRS—provide certifiable guarantees that can inform
decision-making modules in autonomous vehicles. By supporting both determin-
istic and stochastic safety guarantees, this thesis contributes to the formal certi-
fication of autonomy stacks, potentially accelerating regulatory approval, public
adoption, and integration into transportation infrastructure.

9.5.2. Robotics and Human-Robot Interaction

This dissertation contributes to the ongoing discourse on trustworthy Al by demon-
strating how learning-based methods—such as neural networks—can be rigorously
certified when used to approximate safety-critical functions. The CARe framework
offers a hybrid of symbolic and data-driven methods, providing a path forward for
verifiable Al in control systems. As concerns about the safety and reliability of
black-box Al systems continue to grow, this work shows that formal guarantees
can, in fact, be extended to neural approximators used in safety-critical loops.

9.5.3. Aerospace and Mission-Critical Systems

In aerospace applications, such as spacecraft trajectory planning, re-entry opera-
tions, and air traffic control, safety verification under uncertainty is a regulatory
and operational necessity. The backward reachability tools, particularly those ex-
tended to the stochastic domain, can enable safer planning in these contexts. More-
over, the use of certified neural approximators could allow for faster onboard com-
putation while maintaining formal guarantees—something traditional grid-based
methods cannot achieve.

9.5.4. Healthcare and Biomedical Applications

In systems where safety is defined in probabilistic rather than absolute terms—such
as in treatment planning, robotic surgery, or real-time diagnostic decision sup-
port—the stochastic reachability and viability frameworks developed here could
play a crucial role. They provide a way to reason about patient-specific uncer-
tainty and guarantee safe interventions within bounded risk thresholds.




272 9. Conclusions and Future Directions

9.5.5. Impact on the Foundations of Control Theory

From a theoretical standpoint, the dissertation contributes new mathematical struc-
tures—such as maneuverable viable sets and SPBRS—that refine the traditional no-
tions of viability, reachability. These constructs enrich the vocabulary of control
theory and open new directions in the design of safety certificates that account not
only for where a system can remain, but also where it can go, and how reliably it
can get there.

9.5.6. Societal Trust in Autonomous Technologies

Finally, this dissertation contributes to building the infrastructure of trust required
for the societal deployment of autonomous systems. The proposed frameworks
enable designers, regulators, and users to quantify and communicate risk in formal
terms. By translating theoretical safety guarantees into computationally tractable
and certifiable tools, this work supports the creation of systems that are not only
autonomous, but verifiably safe.

9.6. FINAL REMARKS

This dissertation brings to a close several years of research that have been both
challenging and rewarding. It presents a collection of ideas and tools aimed at im-
proving how we understand, compute, and certify safety in autonomous dynamical
systems—ranging from maneuverable viable sets to stochastic safety guarantees
and certified learning-based approximations. While the contributions are specific
to reachability and verification, I hope they offer useful building blocks for others
working on similar problems in control, robotics, and formal methods.
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Propositions

accompanying the dissertation

Safe operation region estimation and

certification
by
Prashant SOLANKI

1. Without knowledge of the safe operation region, executing any task amounts
to gambling. Once the system enters an unsafe region, no controller can
guarantee recovery or prevent failure. [this thesis]

2. Without mathematically sound guarantees, safety estimation reduces to guess-
work. In the absence of rigorous proofs, any claim of safety remains specula-
tive. [this thesis]

3. Neural networks can approximate the solutions to high-dimensional reacha-
bility problems, but they are admissible only when their error is controlled
and certified. [this thesis]

4. In control synthesis, round-trip reachability is a necessary condition for point-
to-point safety, and surpasses classical viability conditions when system re-
versibility or returnability is essential. [this thesis]

5. In stochastic safety, ambiguity in outcome is acceptable; ambiguity in defini-
tion is not.

6. Taking risks is a luxury reserved for those with infinite lives and nothing to
lose. In safety-critical systems, we have neither. Where failure costs lives,
guesswork is not courage, it is negligence.

7. An unsafe system is often tolerated as long as it maximises shareholder value.

8. Science is a tool. In the hands of the wise, it saves lives. In the hands of
capital, it surveils, displaces, and destroys. Let this research be for protection,
not policing; for movement, not militarisation.

9. Few experiences illustrate the limits of self-regulation better than missing a
time management workshop because of bad time management.

10. Let it be known: no unsafe set, no failed proof, and no reviewer comment
ever survived the healing powers of bubble water.

These propositions are regarded as opposable and defendable, and have been
approved as such by the promotor Dr. ir. C.C. de Visser and the copromotor Dr.
A. Jamshidnejad.



