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A B S T R A C T

In general, a finite width correction to stress intensity factor (SIF) is required in the fatigue crack growth. The
finite width correction factor can be explained physically from the energy point of view. It is assumed that the
finite width correction factor primarily constitutes an energy correction factor, i.e. it corrects the applied load for
the work applied. To evaluate the finite width correction for FMLs, constant amplitude load fatigue crack growth
tests were performed on monolithic aluminium 2024-T3 and the Fibre Metal Laminate GLARE containing 2024-
T3 aluminium layers. The loads and displacements were recorded to quantify the total amount of work applied
throughout each fatigue test. The crack length and delamination size were monitored by using digital image
correlation technique to evaluate the dissipative energy. It appears that the Feddersen’s and all other standard
finite width correction significantly overestimates the effect for FMLs. The finite width correction to SIF for FMLs
is small but cannot be neglected, and it is also greatly related to the Glare grades, stress ratio and stress level.

1. Introduction

For many decades, fatigue crack growth is predicted using Linear
Elastic Fracture Mechanics (LEFM). In particular the Stress Intensity
Factor (SIF) is commonly applied, as originally correlated to the crack
growth rate by Paris [1]. It is generally acknowledged that the ex-
pression for the SIF must be modified with corrections factors in case
finite dimensions are considered [2]. These finite width correction
factors are considered scale factors to obtain solutions for finite plates
using the expression for infinite plates [3].

As for a through-thickness centre cracked sheet of width W , thick-
ness B and crack length a2 , a tensile force is applied to produce a
uniform tensile stress normal to the plane of crack extension. Reviewing
the early literature, various corrections have been proposed, with the
predominant focus on increasing accuracy in particular for high values
of 2a/W [4–15]. Irwin [4] developed a correction that appeared to be
valid at most to 2a/W < 0.5. Isida [5] developed a correction using
series expansion, which appeared to be equally accurate as the equation
proposed by Feddersen [6]. The excellent correlation between this se-
cant formulation by Feddersen with Isida’s correction, has for a while
led to the idea that this Feddersen’s equation may be in fact exact [7].
However, Koiter [8] demonstrated the exact limit of F(a) for 2a/W→ 0,

and proposed a formulation which was slightly more accurate than the
formulations of Isida and Feddersen, in particular for 2a/W > 0.8.
Several finite width correction schemes proposed by the above authors
are listed in Table 1.

Fig. 1 provides the finite width correction factors given in Table 1. It
can be observed that the Feddersen’s, Koiter’s and Isida’s curves cor-
relate very well. But the ‘secant-formula’ of Feddersen’s finite width
correction factor is the most simple form. In brief, most work aims at
the mathematical exercise to develop a closed form solution for the
finite width correction in relation to the linear elastic stress field
equations, like the ones developed in parallel by respectively Wester-
gaard [10] and Koiter [11]. Recently, the net-section strain energy
method proposed by Chandran [15] was used to explain the finite width
correction factor. Furthermore, some nonlinear effects due to crack
front plastic yield effect and possible small crack extension prior to
fracture instability were studied with a nonlinear energy correction
[16]. What seems to receive attention to lesser extent is the validity
and/or the physical meaning of these linear elastic stress field correc-
tions for the case of crack tip plasticity, in particular large scale plas-
ticity at 2a/W > 0.8, which invalidates the concept of SIF in LEFM.

As for Fibre Metal Laminates (FMLs), two specific observations in
that respect have led to the research discussed in the current paper. The
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first observation relates to the fatigue crack growth prediction methods
developed for FMLs [17], in which two distinct SIFs are superimposed;
one is the SIF for a centre crack under far field uniaxial loading, and the
other the SIF for the bridging stresses at either the crack flank or the
delamination contour restraining the crack opening. Both Alderliesten
[18] and Wilson [19] observed that the finite width correction factor
should not be incorporated in the SIF for the centre crack under far field
uniaxial loading. If the Feddersen correction would be applied in that
expression, the fatigue crack growth for FMLs would be significantly
over-predicted. Leaving the correction out of the expression for this SIF
led to only a slight underestimation of the growth. Hence, current crack
growth methods for FMLs do not incorporate finite width corrections.

The second observation is more recent, and discussed by Alderliesten
[20], where the stress ratio correction for monolithic metals generally
attributed to plasticity induced crack closure, is explained to relate
mostly to correcting a stress-based method for the physical strain en-
ergy dissipation process that fatigue crack growth constitutes. These
two observations may be interpreted in the following way. In constant
amplitude loading, the change in compliance results in an increase in
maximum displacement, which implies that the amount of work ap-
plied to the specimen is increasing throughout the test. To capture the
effect of this increase, the finite width correction is applied. This change
in compliance is smaller for FMLs compared to monolithic metals be-
cause of the bridging fibres.

Thus, the hypothesis for the current paper is that the finite width
correction primarily corrects for the different amount of work applied
to the sample or structure throughout the test. To test this hypothesis,
fatigue tests have been performed on both monolithic aluminium panels
and Glare laminates.

2. Experiments

2.1. Materials

Glare as a member of Fibre Metal Laminates [21], consists of al-
ternating layers of thin aluminium 2024-T3 sheets and S2-glass fibres
adhesively bonded together in a FM94 adhesive system. A clear coding
system was used to identify the Glare grade and lay-up. Glare has six
standard grades: Glare 1, Glare2A, Glare2B, Glare3, Glare4A and
Glare4B, Glare 5, Glare 6A and Glare 6B, which are respectively cor-
responding to different prepreg orientations in fibre layer relative to the
rolling direction of the aluminium: 0/0, 0/0, 90/90, 0/90, 0/90/0, 90/
0/90, 0/90/90/0, +45/−45 and −45/+45 respectively. Each grade
has a large amount of lay-ups. For instance, the code Glare 3-5/4-0.4
means respectively the Glare 3 grade, the lay-up with [2024-T3/0 glass
fibre/90 glass fibre /2024-T3/0 glass fibre/90 glass fibre/2024-T3/90
glass fibre/0 glass fibre/2024-T3/90 glass fibre/0 glass fibre/2024-T3].
In the present study, the symmetrical Glare laminate lay-ups were used
to avoid bending effects from unsymmetrical internal stresses. In this
work, materials had Aluminium 2024-T3 panels with thickness 1.2mm
and three kinds of Glare grades.

2.2. Test matrix and test procedure

Based on the ASTM E647-15el standard [22], the middle-tension (M
(T)) fatigue tests with aluminium and different Glare grades, stress ratio
and stress level were conducted to study their effect on the finite width
correction factors. The detail geometry dimensions of all fatigue

Table 1
Overview of the finite width corrections proposed by various authors.

Year Author Correction Validity Reference

1959 Koiter
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Fig. 1. Illustration of finite width correction factors given in Table 1.

Fig. 2. The middle tension (M(T)) specimen (all dimensions in mm) and crack delamination contour during fatigue test.
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specimen are shown in Fig. 2. The length and width of the specimen are
400mm and 140mm, respectively. To produce a centre crack, a hole
with 1.5mm radius is drilled in the centre of the specimen. Two 1mm
length initial cracks along the width direction are cut from the interior
edge of the hole using a jig saw. To illustrate the different factors (Glare
grades, stress ratio and stress level), the test matrix in this work is listed
in Table 2.

The monolithic Aluminium 2024-T3 panels are used to validate the
earlier mentioned finite width corrections. The interior stress in the
Aluminium layers in each Glare lay-up can be calculated using the
classical laminate theory [23–25]. For the applied stress levels, these
stresses are listed in Table 3. It can be observed that the Aluminium
stress in Glare 2A-4/3-0.4 under 200MPa stress and 0.05 stress ratio is
similar to that in Glare 3-5/4-0.4 under 180MPa stress and 0.5 stress
ratio. Similarly, Glare 3-5/4-0.4 under 120MPa stress and 0.05 stress
ratio, Glare 2A-4/3-0.4 under 160MPa stress and 0.05 stress ratio are
corresponding to Glare 4B-5/4-0.4 under 100MPa stress and 0.05 stress
ratio, Glare 4B-5/4-0.4 under 120MPa stress and 0.05 stress ratio, re-
spectively.

All tests were performed using an MTS 250 kN fatigue testing ma-
chine at a frequency of 10 Hz in unconditioned ambient lab-air en-
vironment. Hence, it should be noted that if the applied stress was
small, the testing time extended over day-time and night-time. As a
consequence, the diurnal temperature may in some cases influence the
testing results, as will be explained later. All tests were performed ap-
plying a constant amplitude load spectrum.

2.3. Measurement techniques and data evaluation

In order to study the fatigue crack propagation and delamination
growth behaviour, the crack length and delamination shapes were

recorded during the fatigue test using digital image correlation (DIC)
technique, as shown in Fig. 3a. DIC is an innovative, full-field, non-
contact optical technique to track the surface displacements of de-
forming materials. It is based on comparing digital images obtained by
CCD cameras at different stages of deformation: one before deformation
(known as reference image) and the other one after deformation
(known as deformed image) [26–28]. The accuracy of adopting DIC for
this purpose has been verified by the chemical etching specimens post-
mortem [29]. The principle of observing subsurface delamination
shapes by recording surface deformations is based on the difference of
strain between delaminated and non-delaminated areas. As for Glare,
the metal layers of delaminated areas do not carry any or negligible
load, because most of the load is transferred to the fibre layers [30].
Thus, boundaries of delamination region can be clearly distinguished,
as demonstrated in Fig. 3b. The delamination area was calculated by
integrating the delamination shape. The crack propagation length was
obtained by measuring the deformed surface photos. Images were taken
with the DIC camera with intervals of which the length was selected
based on observed crack growth rate.

If one assumes that the load-displacement curve runs through the
origin, then the applied work UN can be estimated with the maximum
loads and displacements measured during the fatigue tests [31]:

=U P δ1
2N N Nmax, max, (1)

where P Nmax, is the maximum load applied at the cycle number N, δ Nmax,

is the maximum displacement at the cycle number N. The reader should
note that a more accurate estimation of the applied work requires
multiple measurements through the load-displacement fatigue cycle.

The original applied work U0 relates to a specimen containing no
crack, which cannot be established with the test specimen after the pre-
crack has been created. Theoretically, U0 can be calculated using the
material’s Young’s modulus in combination with the specimen dimen-
sions, but it can also be approximated with the data obtained at the first
load cycle. Hence for the first load cycle Eq. (1) one obtains:

=U P δ1
20 max,0 max,0 (2)

where Pmax,0 is the maximum force at the first cycle, δmax,0 is the cor-
responding displacement at the first cycle.

Here, the finite width correction factor can be expressed by

=F a U
U

( ) N

0 (3)

In agreement with standard finite width corrections, the F(a) was
calculated and then plotted following the UN/U0 against 2a/W.

3. Results and discussion

3.1. Width correction factor for Aluminium 2024-T3

The fatigue tests for Aluminium 2024-T3 with centre crack under
maximum stress 100MPa and 60MPa were both conducted with a
stress ratio of 0.05, as listed in Table 2. The applied load and maximum
displacement were recorded to calculate the F(a) using Eqs. (1)–(3). To
examine whether the finite width correction is indeed explained by the
application of energy, the F(a) – 2a/W curves of Aluminium 2024-T3
obtained from these two fatigue tests are plotted together with tradi-
tional finite width correction factors in Fig. 4. It can be observed that
the correction factor obtained from the test with maximum stress
100MPa is in good agreement with the traditional finite width cor-
rection factors, but the results obtained from the test with maximum
stress 60MPa deviates from the trend. The finite width correction for
Aluminium 2024-T3 under maximum stress 60MPa drops below 1 to
about on average 0.97–0.98.

This deviation is the consequence of estimating the applied work

Table 2
Test matrix.

Material Maximum stress
[MPa]

Stress ratio
[–]

Comments

Aluminium 2024-
T3

100 0.05 Two stress levels and
one stress ratio60 0.05

Glare 2A-4/3-0.4 160 0.05 Four stress levels and
two stress ratios200

240 0.5
280

Glare3-5/4-0.4 120 0.05 Four stress levels and
two stress ratios180 0.5

200
240

Glare4B-5/4-0.4 100 0.05 Three stress levels and
two stress ratios120

180 0.5

Table 3
Aluminium stresses in each Glare grades with different applied stresses and
stress ratios.

FMLs Applied stresses Aluminium layer stresses

Smax [MPa] R Smax [MPa] R

Glare2A-4/3-0.4 160 0.05 208.5 0.184
200 0.05 253.3 0.16
240 0.5 298.2 0.56
280 0.5 343 0.554

Glare3-5/4-0.4 120 0.05 172 0.151
180 0.5 248.9 0.543
200 0.5 274.5 0.539
240 0.5 325.8 0.534

Glare4B-5/4-0.4 100 0.05 167 0.157
120 0.05 196.7 0.141
180 0.5 285.7 0.569
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using maximum load and displacement only (assuming the curve
through the origin) in combination with the experimental environment.
The fatigue test of the specimen under maximum stress of 60MPa took
many hours, which implies running overnight. Throughout the test, the
ambient temperature was not controlled with the consequence that it
dropped a few degrees overnight. The stiffness of the specimen changes
with the ambient temperature following the coefficient of thermal ex-
pansion and the dependency of the material’s Young’s modulus on
temperature. Under force-controlled conditions, this imposes the load-
displacement curve to move left with a slightly increased slope, as il-
lustrated in Fig. 5. Theoretically, the work applied remains the area
underneath the load-displacement curve, implying that the work is only

affected by the change in Young’s modulus. However, here only max-
imum load and displacement were used, assuming that the load dis-
placement curve went through the origin. As Fig. 5 illustrates, this in-
troduces the influence of thermal expansion. For Aluminium 2024-T3,
the coefficient of thermal expansion α and elastic modulus are
23.2·10−6 m/m/°C and 73 GPa, respectively. The theoretically applied
work on the uncracked Aluminium panel follows from Eq. (1):

= = =
×

= ×−

U P δ AL
σ

E
AL

AL

1
2

1
2

60
2 73000

2.4658·10 (N·mm)

0 max,0 max,0
max,0
2 2

2 (4)

where Aand L are the cross-section and length of specimen, respec-
tively. If the temperature reduces with for example 2 °C at night, Eq. (2)
effectively becomes

′ = = −

= × × − × = ×− −

( )
( )

U P δ ALσ α T

AL AL

Δ

60 23.2·10 2 2.3268·10 (N·mm)

σ
E

AL

0
1
2 max,0 max,0

1
2 max,0

2
60

73000
6 2 2

max,0

(5)

where, α is the coefficient of thermal expansion, TΔ is the diurnal
temperature. Then Eq. (3) yields =F a( )

′ = =− −U U/ 2.3268·10 /2.4658·10 0.940 0
2 2 , which is below 1. In reality, the

correction data should be calculated based on the actual stiffness
without the effect of the coefficient of thermal expansion. Thus, the
environmental temperature has an effect on the finite width correction,
through its effect on the material’s Young’s modulus. To eliminate this
effect, it is better to control the environmental temperature, and keep it
unchanged during fatigue tests.

3.2. Evaluation of finite width correction for Glare with different grades

Fig. 6 illustrates the finite width corrections according to Eq. (3) for
Glare with different grades based on the maximum applied work. It can
be observed in Fig. 6 that the finite width corrections are greatly dif-
ferent for the different Glares under different maximum stress and stress
ratios. The correction factors change with crack propagation ratio (from
2a/W is 0.0 to 0.8) from about 1 to 1.175, as shown in Fig. 6(a), which
is a relative small correction in comparison to the standard finite width
correction. The Glare finite width corrections increase slower with the
crack length, not asymptotically up to infinite, but to a finite value for
2a/W=1. When 2a/W=1, it is assumed that all metal layers are
cracked and that the laminate stiffness is defined by intact fibres layers
only. Therefore the width correction factor F(a) for 2a/W=1 is ex-
pressed as:

=F a
U
U

( ) f

0 (6)

where Uf and U0 are the maximum possible applied work for 2a/W=1
and the original applied work. In theory, Uf and U0 can be calculated
using the material’s Young’s modulus in combination with the specimen

Fig. 3. (a) Measurement setup and (b) surface displacement field of Glare specimen.

Fig. 4. Comparison between correction factor obtained by energy and the
standard finite width correction factors without considering thermal deforma-
tion.

Fig. 5. Illustration of the inadequacy of estimating the applied work based on
maximum load and displacements only in the case where the ambient tem-
perature changes.
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dimensions as following:

=U
σ
E

1
2f

eff

f

2

(7)

=U
σ
E

1
2

appl

lam
0

2

(8)

where σeff and σappl are the effective stress and applied stress respec-
tively, Ef and Elam are the Young’s modulus for intact fibre layers and
laminate. Writing σeff and σappl in terms of load,

=σ
P
W t·eff

f

max,0

(9)

=σ
P

W t·appl
lam

max,0

(10)

where tf is the total thickness of intact fibre layers and tlam is the
thickness of laminate. Hence, on the basic of Eqs. (7)-(10), Eq. (6) be-
comes,

⎜ ⎟= ⎛
⎝

⎞
⎠

F a E
E

t
t

( ) ·lam

f

lam

f

2

(11)

Eq. (11) is the finite value for 2a/W=1. It can be observed that for
each Glare grade, the finite values for 2a/W=1 are different.

Fig. 6(b)–(d) are the individual finite width corrections for Glare 2A,
Glare 3 and Glare 4B, respectively. It can be observed in Fig. 6(c) and
(d) that the higher the maximum applied stress, the closer the curves
move towards the standard finite width correction. This trend seems
less clear for Glare 2A compared to the other two, which can be at-
tributed to the higher laminate stiffness. The noise in the displacement
measurements is higher for stiffer laminates, because the displacements
are lower. It can be observed in Fig. 6(b) that the F(a)−a/W curve for
Glare 2A with a relative small maximum stress 160MPa greatly de-
viated from the origin of the correction data. As for the Glare 2A with

Fig. 6. F(a)−a/W curves for different Glares: (a) all Glares, (b) Glare 2A, (c) Glare 3, (d) Glare 4B.

Fig. 7. Delamination shapes corresponding to 2a/W=0.4, 0.5 and 0.6 for (a)
Glare 3, and (b) Glare 4B.
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maximum stress 240MPa and 280MPa, the noise in the displacement
becomes small, and the obtained results are good.

The delamination shapes of Glare 3 and Glare 4B at equal crack
length corresponding to 2a/W=0.4, 0.5 or 0.6 are shown in Fig. 7. As
for the same stress ratio, different maximum stresses for Glare 3 or
Glare 4B have similar delamination shapes as shown in Fig. 7(a) and
(b). But with different stress ratio, the delamination shapes for Glare 3
and Glare4B are different. When the maximum stress applied on Glare
does not have a great difference, the vertical delamination width close
to the crack tip for R= 0.05 is larger than that for R= 0.5. Thus, the
delamination area for R=0.05 is bigger than for R= 0.5 when the
crack length is same and the maximum stress applied on the Glare is
little difference. The far field stress in the Aluminium layer will increase
with the increase of delamination area. Then, the finite width correc-
tion factor will increase as well. Both Glare 3 and Glare 4B at the same
stress ratio, the delamination area increases with increase of the max-
imum stress. It also can be seen in Fig. 7 that with the increase of crack
length, the delamination length in the horizontal and vertical directions
a0 and b0 also increase, but to a different extent. It can be observed that
the stiffer the laminate is, the more noise in the results, yielding not
always clear curves. At equal crack length, the delamination for lower
stress ratio is larger, which means a higher specimen compliance.
Hence, the force-displacement of Glare becomes less steep when larger
delamination are present, which brings it closer to the standard cor-
rection.

The F(a)−a/W curves and delamination shape for different Glare
grades under same stress ratios and with similar far field stress in
Aluminium layer also can be examined as shown in Figs. 8 and 9. The
far field stress and stress ratio in the Aluminium layers of Glare 3 under
200MPa R=0.5 are 274.5MPa and 0.539, which are similar with

285.7MPa and 0.569 for Glare 4B under 180MPa and R=0.5, as listed
in Table 3. The F(a)−a/W curves and delamination shape for Glare 3
and Glare 4B under R=0.5 are shown in Figs. 8(a) and 9(a). It can be
observed that Glare 3 under 200MPa, R=0.5 and Glare 4B under
180MPa, R= 0.5 have similar correction curves, because the delami-
nation shapes were similar.

Similarly, the far field stress and stress ratio in Aluminium layer of
Glare 3 under 120MPa R=0.05 similar with Glare 4B under 100MPa
R=0.05 and Glare 4B under 120MPa R=0.05 as listed in Table 3.
However, the difference between Glare 4B under maximum 120MPa
R=0.05 and Glare 4B under maximum 100MPa R=0.05 is apparent.
Purely based on the delamination shapes shown in Fig. 9(b), one would
expect the F(a) for Glare4B at 100MPa to be close to the curves of
Glare3 and Glare4B at 120MPa. However, great extent of the difference
seen in Fig. 8(b), may be attributed to the fact that the test on Glare4B
at 100MPa, run over night as well, yielding similar temperature in-
fluences as the monolithic aluminium specimen tested at 60MPa.

It can be seen in Fig. 8(b) that the F(a)−a/W curve for Glare 4B
under maximum 120MPa R=0.05 is gradually higher than that for
Glare 3 under maximum 120MPa R=0.05. As for 2a/W=0.4 and 0.5,
the delamination area for Glare 3 under maximum 120MPa R=0.05 is
larger than that of Glare 4B under maximum 120MPa R=0.05. The
phenomenon is contrary when 2a/W equals to 0.6 as shown in Fig. 9(b).
The change of delamination is in agreement with the change trend of F
(a)−a/W curve for Glare 4B under maximum 120MPa R=0.05 and
Glare 3 under maximum 120MPa R=0.05.

4. Conclusions

The finite width correction factor can be interpreted as the correc-
tion to the applied work to the specimen in case of constant amplitude

Fig. 8. F(a)−a/W curves for different Glares with similar far field stress in the
aluminium layer: (a) R=0.5 and (b) R=0.05.

Fig. 9. Delamination shape for different Glares with similar far field stress in
the aluminium layer corresponding to 2a/W=0.4, 0.5 and 0.6, (a) R= 0.5 and
(b) R=0.05.
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loading, which is briefly validated with data obtained from monolithic
aluminium. As for Glare, the finite width correction factor obtained
from the applied work is significantly smaller than that of standard fi-
nite width corrections. The standard finite width corrections, such as
Feddersen’s and Dixon’s correction, are inappropriate for FMLs. The
maximum stress, stress ratio and Glare grades all influence the finite
width correction factor for different Glares, mostly through the effec-
tive size of the delaminations generated. Generally, the finite width
correction factor is moving towards the standard finite width correction
factor with the increase of maximum stress. This change of finite width
correction factor is related to the delamination area between fibre
layers and aluminium layers, which is influenced by maximum applied
stress, stress ratio and Glare grades.

The one fatigue test on aluminium that deviated from the standard
finite width correction illustrated the effect of environment on the finite
width correction factor. Although in the current study this factor was
insufficiently based on the applied work calculated with maximum load
and displacement, this deviation does reveal that ambient temperature
variations do impose scatter to the data, when it is not accounted for
with standard finite width corrections. The relationship between tem-
perature and finite width correction factor will be further studied in the
future.
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