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Restrictions on the Weight Distribution of Binary Linear
Codes Imposed by the Structure of Reed-Muller Codes

Juriaan Simonis

Abstract—The words of a binary linear [r, k] code C whose weights
belong to a given subset I C {0,1,---,n} constitute a word in a certain
Reed-Muller code RM(r, k). Appropriate choices of I result in low values
of the order r and thus yield restrictions on the weight distribution of C.

Index Terms— Binary linear code, affine code, weight distribution,
Reed-Muller code.

1. INTRODUCTION

The even words in a binary linear code C fill either half or all of
C. This simple fact has recently been generalized by Brouwer [1],
who proved the following three theorems.

Theorem 1: Let C be a binary linear code with parameters
[n, &, d] all of whose words have even weight, and suppose that
the maximum dimension of a doubly even subcode of C is £. Let D
be the set of words in C with weight divisible by 4. Then

ID| € {2k—1 _ ot gk=l gk—1 +2t71.

Theorem 2: Let a > 1 be an integer, and let C be a binary linear
code all of whose words have weight divisible by 2*~*. Let D be
the set of words in C with weight divisible by 2°. Then

1
Dl 2 5ICl

and if equality holds, D is a subspace of C.

Theorem 3: Let a > 1 be an integer, and let C be a binary linear
code all of whose words have weight divisible by 2%~ 1. Let £ be the
set of words in C with weight not divisible by 2°. If £ # ¢, then

1
€1 > 2l

and if equality holds then £ is a coset of a subspace of C.

Several elements in these theorems suggest Reed—-Muller codes.

i) The nonzero weights in the second order Reed—Muller code
RIN(2, k) are of the form 25~ or 281 & 2,

ii) The minimum weight of the ath order Reed-Muller code
RM(a, k) is equal to 2¥7°,

iii) The words of minimum weight in ®0t(a, k) are the (k — a)
flats in the affine space F%.

The purpose of this paper is to show that these similarities are no
coincidence. The main idea is as follows.

Consider the set St C F3 consisting of the words whose weight
belongs to a given subset I C {0, 1,:--,n}. Let deg(Ss) be the
degree of Sy, i.e., the degree of its characteristic function as a subset
of F3. Then any binary linear [n, k] code C intersects Sy in a subset
of degree r < deg(Ss), and C N S; can be viewed as a word in
the Reed-Muller code RM(r, k). Hence the number 3., A:(C)
of words in C with weight € I must be a weight in RIM(r, k),
which, especially for small values of 7, puts a severe restriction on
the weight distribution of C.
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After a short section on Reed-Muller codes, we shall discuss the
following two questions.

i) For what subsets I C {0, 1,---,n} is deg(S;) small?

ii) What conditions on the code C guarantee that the degree of
C N S; is small compared to deg (Sr)?

The obtained results, extensions of Brouwer’s theorems, may be
useful in nonexistence proofs for binary linear codes with given
parameters.

II. REED-MULLER CODES

The standard reference is [6, chap. 13, 14, and 15]. A more
geometric description can be found in [7].

Let £ be a k-dimensional F»-affine space. The power set B(E)
of £ is a 2*-dimensional F-vector space under the usual addition
X+ Y= (XUIYNXNY).

Definition 1: For 0 < r < k, the rth order Reed—Muller code
RM(r, £) over £ is the linear subspace of P(£) generated by the
(k — r)-flats (r-codimensional affine subspaces) of the space £. Set
RM(r, £):= {¢} for 7 < 0 and RM(r, £): = P(E) for r > k.
If £:= F%, the standard F»-affine space, we write R9M(r, k) for
RM(r, &).

Examples: i) RIMN(0, &) = {¢, £}.

i) RIM(1, £) = {¢, £, the affine hyperplanes}. (It is the dual of
an extended Hamming code with parameters [2*, 2F — k — 1, 4].)

iii) Rk, £) = P(E).

iv) ROk — 1, &) = {X¥ C £]|X| = 0 (mod 2)}.

V) Rk - 2,8) = {X¥ € RMk - 1, k)| 1oxex X = 0}
[RIN(k—2, £) is the extended Hamming code mentioned under ii)].

Basic Properties: i) If r < s, then RIM(r, £) C RM(s, ).

i) If X € RM(r, £), Y € RM(s, £), then X NY € RM(r +
s, £).

iii) If dim(£) = dim(€’), then the codes RM(r, £) and
RM(r, £’) are equivalent.

A. Degree

Definition 2: The degree deg (X) = deg, (X) of a subset X C £
is the minimum of {r | X € RM(r, £)}.

Note:

i) deg (¥ + V) < max {deg (), deg())}.

i) deg (X' NY) < deg(X) + deg().

iii) If C € £ is an affine subspace, then deg, (¥ NC) < deg, (X).

B. Some Properties of R (r, £)
Proposition 1:
i) dimRM(r, £) = T7_, (£).
i) RM(r, )* = ROk —r — 1, £).
iii) Hence deg (X) < r if and only if |¥ N Z| = 0 (mod 2) for a
generating set of elements Z € RIM(k —r — 1, &).

C. Polynomial Functions on F&
From the coordinate functions
&
zit F3 = F2, (a1, a2,---,ax) — ai,

we form the monomial functions

ar:I::Hmi I C{1,2,---,k}).

(1
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Since z;z; = x;, all polynomial functions are linear combinations
of the z!. There is a one-one correspondence between the subsets
X C F% and the functions f: F& — Fs: to a subset X' corresponds
its characteristic function xx, and, conversely, to a function f
corresponds its support supp (f). A simple counting argument shows
that all functions f: F§ — F2 are polynomial. If we define the
degree of a function f:= 3 ; a ;2! in the obvious way, we have

deg (f) = deg (supp (F)),

so RM(r, k) = {X C Fk|deg(xx) < r}. (This is the usual
definition of Reed-Muller codes.)

D. The Weights of Reed—Muller Codes

We list a few known facts:

Proposition 2: i) The weight of all elements X' € RM(r, £) is
divisible by 2L*~1/"]_ Hence, the occurring weights in RI(1, &)
are 0, 2¢~' and 2*.

ji) The minimum weight of RM(r, £) is equal to 25"

iii) The words of minimum weight in RI(r, ) are the (k — r)
flats.

iv) If X € ®RM(r, £) and |X] < 257711, then

|X! - 2k~r+1 - 2k—r+1—v

for some integer v.

v) The occurring weights in RIN(2, £) are 0, 2%, 2871, and
2%(1 = 27°) where s is the rank of the quadratic form xx determined
by the word X. (Cf. Dieudonné {2, p. 33].) Explicit formulas for the
weight distribution of RM(2, &) can be found in [6].

vi) In [3], the authors claim a classification of all X C F§ with
|X| < 5-2%="=!, The results are stated without proof, and the reader
is referred to the report [4]. Apart from this result, not very much
more is known.

1. THE DEGREE OF SYMMETRIC SUBSETS OF F3

We consider subsets of F7 that are invariant under all coordinate
permutations. These sets form a (n + 1)-dimensional linear subspace
& C P(F3), and the constant weight sets

Si={X e Fz|IX| =4}

constitute a basis of &. Thus, any element of & can be represented
in the form

Sri= ZSi

i€l
where I is a subset of {0, 1,---,n}. The subsets
B;: = supp Z xl)

[I]=:
of degree i form another basis of &. These two bases are related

as follows.
Proposition 3:

5-2()

where (;)2:: (%)(mod 2).

i
3

S: and S]=Z(;) B;
2

2

Proof: A word X € F3 of weight ¢ is contained in B; if and
only if an odd number of monomials z” with |J| = j take the
value 1 in X. But this number is equal to (;) The second equality
follows from the fact that the binary (n + 1) x (n + 1)-matrix

[(;)21 is equal to its inverse. (Use the standard binomial identity

X (@) =27() m
The following result of Lucas permits us to describe the sets Sy
with deg (S;) < 2™ more explicitly.
Theorem 4: (Lucas [5]). If 3, 22%, 3., jo2* are the binary
expansions of the nonnegative integers %, j, then '

(),-11C:)

Corollary 1: The degree of S; is smaller than 2™ if and only if
the subset I C {0, 1,---,n} is periodic, with period 2™.

Both X:= {X¥ € 6|deg(X) < 2™} and P:=
{81 |1 is periodic with period 2™} are 2™-dimensional linear
subspaces of &. So we only have to show that the basis
{Bo, B1,+--,Bam_1} of X is contained in . By Proposition

3, we have
B, =S5, with I:= {i|(1.) # 0}.
J /2

Suppose that j < 2™. Then Lucas’ theorem implies that (;)2 =
(‘+]?m) for all nonnegative integers i. Hence, I is periodic with
period 2™. O
Another useful consequence of Lucas’ theorem is the following.
Proposition 4: If Y ' j.2* is the binary expansion of the
nonnegative integer j < n, then

m=—1
Yo Si= (] Bae + (1= ja)FE).
i=j(2™m) a=0

Hence, deg (3, ;om) Si) = minimum {2™ — 1, n}.
Proof: Proposition 3 and Lucas’ theorem imply that

—_— l.a L — i L —
S S ST R
Obviously, we have

Z Si = Baa + F; (the complement of Baa).

ig=0
Substitute these two expressions in the right-hand side of the equality

m—1
> os=NY s O
i=j(2™) a=0%a=jq4
IV. THE DEGREE OF C N S; FOR AFFINE CODES C

Let C C F3 be a k-dimensional affine code, i.e., a coset in F3 of a
k-dimensional linear code. The intersection Ar: = C N Sr obviously

" consists of the words in C whose weight belongs to the index set I.

The mere fact that deg. (A7) < deg(Sr) allows us to draw all kinds
of conclusions, for instance:

Proposition 5: A linear code C of dimension > 4 has at least one
nonzero word whose weight is divisible by 4.

Proof: By Proposition 4, the set 3°,_,, Si has degree 3. So,
by Proposition 2 i), the set 3°,_,4, A consists of an even number
of codewords. (One of the referees pointed out that we obtain another
proof by applying Theorem 1 to the even weight subcode of C.) O

We can say more if we have additional information on the code
C. The following proposition, for instance, is a straightforward
consequence of Proposition 4.



196 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 40, NO. 1, JANUARY 1994

Proposition 6: Let m > p and j arbitrary. If all weights in C are
divisible by 27, then the degree of the set 3°._.,m) A: does not
exceed 2™ — 2P,

Proof: If the set 3 ._;,m) Ai is empty, the proposition is
trivial. If 37, ;my A: is nonempty, then j must be divisible by
2P, Hence, the set }°,_ ;ymy Si of degree 2™ — 1 is contained in
the set 3, —q(ppy Si of degree 27 — 1. By assumption, the latter set
contains the code C, so deg; (C N 3-,_;(sp) Si) = 0. Hence,

> 4

i=j(2m)

<@ -1 -@r-1=2"-2". O

degs | CN Z Si | = deg

i=5(2™)

Note that Brouwer’s theorem 1 corresponds to the case p = 1,
m = 2, and j = 0. It directly follows from known facts about
the structure of second order Reed—Muller codes. Much more can be
said if p = m — 1.

Proposition 7: If all weights in the linear code C are divisible by
2™, then the degree of 3, _,m) Ai does not exceed m.

Proof: (Based on Brouwer’s proofs of Theorems 2 and 3.) In
virtue of Proposition 1, part iii), we have to show that an (m + 1)-
dimensional linear code C all of whose words have weight divisible
by 2™~ must have an even number of codewords whose weight is
divisible by 2™. We proceed by induction on m. The case m =1 is
trivial. Take m > 2 and choose a minimal codeword X € C such that
|X| = 2™~1(2™). (We are done if X does not exist.) The formula

X +Y|-|Y|=|X|-2|XNnY]|

implies that | X NY| = 0(2™2) for all Y € C. The punctured code
Cx:= {Y\X |Y € C} satisfies the induction hypothesis for m — 1,
$0 it contains an even number of words with [Y\X| = 0(2™ ).
Now from

1X+Y|=|Y|2™) e 21X NY| .
=271 2™) & [Y\X| =273 2em )

we infer that an even number of cosets of {¢, X} in C contains
exactly one word whose weights is divisible by 2™ and each of the
remaining cosets contains an even number of words whose weight is
divisible by 2™. O

Open Problem: Does a result comparable to Proposition 7 exist
for p < m —27? The first nontrivial case is m = 4, p = 2. Proposition
6 implies that in all doubly even codes the words whose weight is
divisible by 16 constitute a set of degree < 12. On the other hand,
the direct sum of three [7, 3, 4] simplex codes is 9-dimensional code
for which the zero vector is the only word whose weight is divisible
by 16. Does a doubly even code with deg (3-,-o(;6) A:) = 10 exist?
The following proposition may be of some value.

Proposition 8: Let C be a binary linear [z, k] code, and let X C C

be any subset. Then deg. (X) < k — = if and only if all shortened
codes CT with respect to coordinate sets T of cardinality < r intersect
X in an even number of codewords.

Proof: The codes CT with |T| < r generate the Reed-Muller '

code R’M(r, C). Now apply part iii) of Proposition 1. O
Example: Let C be the extended binary Golay code, and let
:= {0, 16}. Using the fact that the words of fixed weight in C
form a five-design, we calculate the number of codewords in CN A;.
For |T| = 0, 1, 2, 3, 4, 5, this number is 760, 254, 78, 22, 6, 2,
respectively, but for |T'| = 6, odd intersections must occur. Hence,
deg(A;) = 6.
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On a Class of Optimal Nonbinary Linear
Unequal-Error-Protection Codes for Two Sets of Messages

Robert H. Morelos-Zaragoza and Shu Lin

Abstract— Several authors have addressed the problem of designing
good linear unequal error protection (LUEP) codes. However, very little
is known about good ronbinary LUEP codes. We present a class of optimal
nonbinary LUEP codes for two different sets of messages. By combining
t-error-correcting Reed-Solomon (RS) codes and shortened nonbinary
Hamming codes, we obtain nenbinary LUEP codes that protect one set
of messages against any ¢ or fewer symbol errors and the remaining set of
messages against any single symbeol error. For ¢ > 2, we show that these
codes are optimal in the sense of achieving the Hamming lower bound
on the number of redundant symbols of a nonbinary LUEP coede with
the same parameters.

Index Term—Unequal error protection codes.

1. INTRODUCTION

Let C be a linear (n, k) block code over GF (q) with gererator
matrix G. Let message vectors @ € GF(q)* consist of 2 parts
W1, B2 where U; is a k;-symbol component message, for ¢ = 1, 2,
k = kl + kz, i.e.,

= (W, W), u €GF(¢)*, u e GF(g)*.
Define the separation vector of C as
3(G) = (81(G), 52(Q))
with
5:(G) = min {wt (ZG)[7; € GF ()", j =1, 2, T # 0}
where i =1, 2, k = k1 + k2, and wt (T) is the Hamming weight of
T € GF(g)". The parameter
#(G) 2 |(s:(G) - 1)/21,
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