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Abstract

The weight of a randomly chosen link in the shortest path tree on the complete graph with
exponential i.i.d. link weights is studied. The corresponding exact probability generating function
and the asymptotic law are derived. As a remarkable coincidence, this asymptotic law is precisely
the same as the distribution of the cost of one “job” in the random assignment problem. We also
show that the asymptotic (scaled) maximum interattachment time to that shortest path tree, which
is a uniform recursive tree, equals the square of the Dedekind Eta function, a central function in
modular forms, elliptic functions and the theory of partitions.

1 Introduction

Here and as motivated in [21, Section 16.1], we assign i.i.d. exponentially distributed weights with
unit mean to links in the complete graph K41 with N + 1 nodes. The shortest path between two
nodes is the path for which the sum of the link weights is minimal. The shortest path tree (SPT)
rooted at a random node to the N other nodes is the union of the shortest paths from that node
to all N different nodes in the graph. The precise physical meaning of the link weight is irrelevant
here — it can refer to distance, delay, monetary cost, etc. —, as long as the weights are additive. The
confinement to the complete graph and i.i.d. exponential link weights has resulted in a shortest path
tree that is a uniform recursive tree (URT) as outlined in Section 2. To a good approximation, the
URT is also the shortest path tree in connected Erdss-Rényi random graphs (or dense homogeneous
graphs) with i.i.d. regular! weights [21, Section 16.1]. Extending the shortest path tree problem to
non-homogeneous networks or non-i.i.d. link weights seems exceedingly difficult, which justifies to
extend the URT-model as far as possible.

Items (e.g. packets, information) in real-world networks are most often transported along shortest
paths. Inferring the whole network topology (see e.g. [23]) via measurements based on transport is
inherently biased, because mainly shortest path links are observed. Here, we show that the distribution

of a uniformly chosen or random link weight in a shortest path tree is significantly different than that of
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a random link in the complete network. In particular, the weight of a random link in the URT and the
maximum of the interattachment times to the URT are studied. We found that both are close to each
other, at least in average and variance. The asymptotic laws of both are derived. The asymptotic
(scaled) maximum interattachment time to the URT equals, apart from an exponential factor, the
square of the Dedekind Eta function. The Dedekind Eta function plays an important role in modular
forms, elliptic functions and in number theory, in particular, in the theory of partitions (see e.g.
[3, 15, 4]). This observation complements Wistlund’s excitement [11] about the frequent appearance
of the Riemann Zeta function (at integer values) in asymptotic results of the URT. In addition to
those shown in Section 2 and [21, Chapter 16], the pdf in (23) and the “Dedekind distribution” in (25)
join the list of limit distributions, other than a Gaussian, that characterize properties of this shortest
path tree.

There is even a more remarkable fact?: my exotically looking asymptotic pdf (23) of the weight of
an arbitrary link in the URT was earlier derived by Aldous [2] in the context of the random assignment
problem. The similarity of the shortest path and the random assignment problem has been explored
by Wistlund in [25].

The paper is outlined as follows. Section 2 introduces the SPT and shows that it is a URT. Since
this paper builds upon and complements properties of the shortest path tree in a complete graph
with i.i.d. exponential link weights, we briefly overview earlier results on both the shortest path (in
Section 2.1) and the shortest path tree (in Section 2.2). A brief discussion on the random assignment
problem is incorporated in Section 2.3. After this short review in Section 2, we derive in Section 3
the probability generating function (pgf) of the weight of a random link. The exact pgf in any finite
URT of size N + 1 is stated in Theorem 1, from which the mean weight of a random link is derived
(in three ways) in Section 3.1 and the corresponding variance in Section 3.2. Section 3.3 focuses on
the asymptotic law of the weight of a random link in infinitely large URTs. Theorem 2 provides the
asymptotic pgf, that can be expressed in terms of the Hurwitz Zeta function (18), that generalizes
the Riemann Zeta function. The corresponding pdf is derived in Corollary 1. Any moment in (22)
of the asymptotic scaled weight of a random link in the URT, that elegantly follows from properties
of the Hurwitz Zeta function, is proportional to the Riemann Zeta function at integer values, again
illustrating the intriguing pervasiveness of the Riemann Zeta function.

Section 4 concentrates on the distribution of the minimum, but mainly of the maximum of the
interattachment times to the URT. As shown in (1), the weight of a random link can be written as a sum
of interattachment times. Theorem 3 gives the asymptotic law of the maximum interattachment time
to the URT, while Section 5 expresses this asymptotic law in terms of the Dedekind function. Section
5.1 relates the coefficients of the Taylor series of the asymptotic maximum interattachment time to
the URT to number theoretic functions, such as the partition function and the divisor function. The
sequel of Section 5 invokes the remarkably powerful modular transforms to compute the asymptotic
random variable’s moments (in Section 5.2) and to derive (in Section 5.3) fast converging series for

the pgf of the maximum interattachment time. The appendix contains analytic proofs.
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2 The URT as shortest path tree

In [21, 18], we have rephrased the shortest path problem between two random nodes in the complete
graph K11 with exponential link weights as a Markov discovery process, that starts the path searching
process at the source. The discovery process is a continuous-time Markov chain with N + 1 states.
Each state n represents the n already discovered nodes (including the source node). If, at some stage
in the Markov discovery process, n nodes are discovered, then the next node is reached with rate
n (N + 1 —n), which is the transition rate in the continuous time Markov chain. Since the discovering
of nodes at each stage only increases n, the Markov discovery process is a pure birth process with birth
rate n (N + 1 —n). We call 7, the interattachment time between the inclusion of the n-th and (n+1)-
th node to the SPT for n = 1,..., N. By the memoryless property of the exponential distribution
and the symmetry of the complete graph, a new node is added uniformly to an already discovered
node. Hence, the resulting SPT to all nodes is exactly a uniform recursive tree (URT). A URT of size
N + 1 is a random tree rooted at some source node and where at each stage a new node is attached
uniformly to one of the existing nodes until the total number of nodes is equal to N + 1. As proved
in [18] for large N, the URT is also asymptotically the SPT in the class of (connected) Erdos-Rényi
random graphs with i.i.d. exponential link weights. We believe that, when the number N of nodes
grows large, the URT is the asymptotic SPT in a larger class of graphs.

The interattachment time 7,, is exponentially distributed with parameter n(N + 1 —n) as follows
from the theory of Markov processes and the discovery time to the k-th discovered node from a source

node (root) equals

k
v = ZTn (1)
n=1

where 11, 79, - - - , T}, are independent, exponentially distributed random variables with parameter n(N +
1 —n) with 1 < n < k. The discovery time vy, also equals the length or total weight from the root
towards the k-th attached (discovered) node.

2.1 Overview of results on the shortest path

The weight W41 of a shortest path from a root to a random node in K11 with i.i.d. exponential
link weights with mean 1 can be represented as
N

Wi = § Ukl{node k is the end node of the shortest path}
k=1

where it is understood that the end node is different from the root. The pgf o, ., (2) = E [e *VN+1]
of the weight W1 of the shortest path is derived [21, Chapter 16] from (1) as

k
n(N+1-n)
2
¢WN+1 NZ:E[Z+RN+1—R) ()

The pgf vy, (2) = E [zHNH] of hopcount Hpy 1, the number of links in the URT, is a classical
result, also derived in [21, Chapter 16],

(N +1+2)

1 N
pry+1(2) = mkl:[l (24 k) = I(N+2)(z+1)




The joint generating function E[sN+1e7WnN+1] of the hopcount Hyy; and the weight Wy of a

shortest path is computed in [8] as

N+1,—t NH1] = n(N+1-n) ['(k+ s)
Blsrerem ™ _NZ<Ht+nN+1—n)> k0 (s) (3)

In the anycast problem, the shortest path from a root to a set of m uniformly chosen nodes is

computed [22]. In the special case m = 1, we have shown that the asymptotic law of the weight of a

shortest path is

oo e*'u,

lim Pr[NWy —InN <t]=1—¢ / —du (4)
N—o0 e—t U

Janson was the first one to compute the asymptotics of NWxy — In N in [10], where he gave a short
proof that NWyx —In N converges in distribution to the convolution of the Gumbel distribution with
the logistic distribution, which is the difference of two independent Gumbel random variables, related

by the reflection formula for the Gamma function

T™r

=T(1 ra-
sin x (I+2)l'(1 =),
since T' (1 + ) is the pgf of a Gumbel random variable. Hence, Janson showed that

NWx —InN LV +V, — 13, (5)

where Vi, V5 and V3 are independent Gumbel distributed random variables.

2.2 The shortest path tree versus the minimal spanning tree

For large N, the asymptotic average weight of the complete shortest path tree is

1
EWarr] =¢(2)+0(5) ©
and the corresponding result for the variance is
4 1
Var [Wepr] = % to (N) (7)

while the scaled weight of the SPT tends to a Gaussian. In particular,
d
VN (Wspr — ¢ (2)) 5 N (0,03p)

where 02p = 4¢ (3) ~ 4.80823. These results are established in [20].
Earlier Frieze [6] has computed the average weight of the minimum spanning tree Wyst in the

complete graph with exponential with mean 1 link weights for large IV as
E[Wwust] — ¢(3)

Janson [9], and later Wstlund [24] and Janson and Wistlund [11], completed Frieze’s result by proving
that the scaled weight of the MST tends to a Gaussian,

VN (Waist — € (3)) % N (0,03151) »

4



where o3 = 6¢ (4) — 4¢ (3) ~ 1.6857.

The shortest path tree rooted at an arbitrary node is an instance of a spanning tree, but whose
weight Wgpr is generally larger than that of the minimum spanning tree Wyist. The shortest path
tree is often used as a heuristic to approximate the Steiner tree, for example, in multicasting. As
discussed in [21, p. 399], the ratio $2) 1367 indicates that the use of the SPT never performs, on

<B3)
average, more that 37% worse than the optimal Steiner tree.

2.3 The random assignment problem

The random assignment problem, as explained in [2], is the stochastic variant of the following task:
choose an assignment of N jobs to N machines with the objective to minimize the total cost of
performing the NV jobs, given the N x N matrix C' where the element c;; equals the cost of performing
job 7 on machine j. The assignment problem thus consists of determining the permutation 7 that

minimizes the sum Z Probability enters in the most simple setting when the elements c¢;;

=1 %j,m(3)"
arei.i.d. exponentially random variables with mean 1. The corresponding random assignment problem
(RAP) investigates the properties of the random variable Ry = min, Z =1 Cjn(h)-
The RAP has a long history of which parts are overviewed in [2] and [25]. Here, we only illustrate

the remarkable similarity with the shortest path tree problem. A basic result and analog of (6) is

N
RN:Z—Z (8)

which was asymptotically proved by Aldous [2], and for finite N, independently, by Linusson and
Wiistlund [12] and by Nair, Prabhakar and Sharma [13]. Earlier, Parisi [14] had conjectured (8) based
on simulations and Coppersmith and Sorkin [5] have extended the conjecture to partial assignments.

In [2], Aldous also shows that ¢ (1,7 (1)) converges, for large N, to the pdf given in the right-hand
side of (23) below, the (scaled) density of the weight of an arbitrary link in the URT. In addition,
Aldous shows that

A}im Prlc(1,7 (1)) is k-th smallest of the entries c11,c1a, . ..,cin] = 27F
—00

which is the asymptotic analogon of the probability that the degree of a node in the URT is k (see
e.g. [21, p. 369)).

All these asymptotic equivalences suggest that the underlying tree structure in both problems,
the Poisson-weighted infinite tree (PWIT) in the RAP in [2] and the URT in the shortest path tree
problem, have asymptotically many same properties, although both trees are not precisely equal. The
overwhelming similarity between these two different problems is striking and may be worth exploring

in more depth.

3 Distribution of the weight of a link in the shortest path tree
A URT U consisting of N + 1 nodes and with the root labeled by zero can be represented as

U=0+—1)(ng«—2)...(ny «— N) 9)



where (n; «— j) means that the j-th discovered node is attached to node n; € [0, — 1]. Hence, n;
is the predecessor of j and this relation is indicated by «—. The total number of URTs with N + 1
nodes equals N!. The weight Wspt of a shortest path tree from the root 0 to all N other nodes, which
is a URT U, is with (1) and vp = 0 and n; =0,

N N J
Y )= Y
j=1 j=1n=n;+1

In the URT, the integer n; is uniformly distributed over the interval [0, — 1]. It is more convenient

to use a discrete uniform random variable on [1, j] which we define as A; = n; + 1. We rewrite

N g N j N N
Wepr = Z Z Tn = Z Z 1{A]<n}7_n = ZTn Z 1{Aj<n}
j=ln=A; j=1n=1 n=1 j=n

The set {A;}, ;. are independent random variables with Pr[A; = k] = % for k € [1, j]. In addition,

we define for n € [1, N] the random variables

N
By, = Z L <n} (10)
j=n
to obtain
N
Wspr = ZBnTn (11)
n=1
The n random variables Bi, Bs,..., B, are dependent. The mean of the random variable B, <

Z;’V:n 1= N+ 1—n follows from (10) as

N N N
n
E[B)=Y E [1{Aj§n}} =Y Prig;<n]=3 " (12)
j=n j=n j=n’
Let w* denote the weight of a random link n; «— j in the URT consisting of N + 1 nodes, then
we have ‘ ' 4
J J J
W=ty Y = Y =3l 19
n=n;+1 n=A4; n=1

We can thus write the weight w* of a random link as the random variable,

N
* *
w = E wy 1{nj is end node}

j=1
N J
= Z l{n] is end node} Z 1{Aj <n}Tn (14)
J=1 n=1

We now compute the weight of a random link in the shortest path tree (or complete URT) from the
root to all NV other nodes in the graph.



Theorem 1 The weight w* of a random link in a URT consisting of N + 1 nodes possesses the pgf
B = LS T (1)

N4~ z4+n(N+1—n)
Proof: A random link is uniformly chosen out of the N links in the URT, which means that any

node j has equal probability to be the end node of that link. Then, with the definition (13) applied
to a specific URT U specified in (9),

J

N
U]—%;E exp | —z Z T

Since any URT is equally probable, unconditioning yields

E [e*w*

TR N-1 | N j
Pe] =i Y Y Y Ay plen(— Y
n1=0mn2=0 ny=0 j=1 n=n;+1
Since all 7, are independent, we have
J J J
_ n(N+1-n)
Elexp | —=z Z Tn = H E[e ZT"]— H
n=n;+1 n=mn;+1 n=n +lZ + TL(N +1- n)

and

n1=0n2=0 ny=0 j=1n=n;+1
! 20321: N—1< f[ n(N+1-n) 13[ n(N+1—n)
= = ) - L
N n1=0mn2=0 nn=0 n:n1+12 + TL(N +1 Tl) 2+12 + TL(N +1 n)
N
n(N+1-n)
Tt H z—i—n(N—i—l—n))
n=ny-+1

-1 0o 1 N-1
1 n(N+1-n)
= v | | — E E E 1
N n;=0 n:anrIZ +n(N+1-n) n1=0n2=0  ny=0

N0 sum over n;

Hence, we arrive at (15). O



3.1 The average weight of a random link in the URT

We first compute the average weight of a link in the shortest path tree as the negative of the derivative

of (15) with respect to z and evaluated at z = 0. This results in

j
ZnN—i—l—n)

n==k

ZIH
NE
S

<.
Il
-

Ew*] =

1
n(N—i—l—n)Zl

k=1

- I

2|

S|

<
Il
-
3
I

1

1
(N+1-n)

M) =
Mu

1
J

2|~
.
i
X
3
i
I

Using the identity S =17 LS v - % = Z;V: = proved in [20], we arrive at

1 1
O
n=1
This results can also obtained directly from Wgspp = Zj\;l w;’f after taking the expectation since
E[Wspr] = 32N # as first proved in [19], and refined in [20].

A third method starts from (14). Taking the expectation of both sides gives the average weight of
a link in the SPT as

E[w ZE

7j=1

1{n] is end node} Z 1{A <n}7-n]

n=1

J

1 N J 1 N
= N ZZ |:1{A <n}7'ni| = N Z E |:1{Aj§"}i| FE [Tn]
j=1n=1 j=1n=1
1 L n 1 X1 1
NZZ;n N—i—l—n):NZ;Z(N—i-l—n)

j=1ln=1 j=1" n=1

which is again (16).

3.2 The variance of the weight of a random link

The second moment is the second derivative of (15) with respect to z, evaluated at z = 0,

J

. 1 1 J J
o] -y 213 (;MH_”) 3




Using the identity, proved in [20],

N1 1 N o\’ 3 X 2 N
DD iy par e S (Z‘) NOEAP PaEa ] P

j=1 n=1 k=1
we obtain
N 2 N N N
1 1 3 1 2 1
n = e (L8 e o e (2
N(N +1) —n N(N +1) —n N(N+1) k:lk =
The second term is
n—1

9 N 1 n—1 n—1 1
T=5252 2.2
N o ot nm(N+1—-n)(N+1—-m)
N Jj n—1 m
2 1 1
=N > 1
Nj:1janmzlnm(N+1—n)(N+1—m) P
N J n(N+1—n) N+1-m
j=1" n=2
Using the identity, proved in [20],
N j n—1 N k N
1 1 2 1 1 3 1
2> 5> P> P et D B ety
]:IanlnN+1_n m:lN+1_ N+1k 114:]':1‘7 (N+1) kzlk (N+1)
we find )
N k N N
2 1 1 3 1 1 1
7 > EY 1S k- vy ()
N(N+1)k:1k Pl N(N+1) kzlk N (N +1)* \/=n
Hence,
4 X
(w) LR N(N+1)Zk3

from which the variance Var[w*] = F [(w*)z] — (E[w*])? follows as

N N 2
4 1 1 1
Varlw'] = mi—s—m@ﬁ)

2

(17)

In summary, for large IV, the average link weight scales as E [w*] = %% ~ % with standard

deviation o, = 4/ Var[w*] equal to oy = 4C(3J)V_§2(2) + O (N7%) and /4¢ (3) — (2 (2) ~ 1.44997.

Thus, the standard deviation is about the same as the mean itself.



3.3 Asymptotic distribution of w*

Theorem 1 gives the exact pgf, from which we here derive the asymptotic distribution. A generalization
of the Riemann Zeta function ((s) is the Hurwitz Zeta function, defined for Re(s) > 1 and Re(a) > 0

as .
1
:Z(a—i—k

k=1

(18)

which shows that ((s,0) = ((s).

Theorem 2 The weight w* of a random link in an infinitely large URT possesses, for |x| < 1, the
asymptotic pqf

. 1 > 1
lim Ele V™' | = —— _ 44 19
N T S v drsy 1

that is written in terms of the Hurwitz Zeta function as

lim E [e_wa*} =1-2((2,2) (20)

N—oo

Proof: Following a similar procedure as in [22], we write

N +1)\? N+1 N +1)\? N+1
z4n(N+1—n)= <—> +z+———n <—> +z—(———n)
2 2 2
and define y = \/(%)2 + z. Then,
li[ n(N+1-n) N+1— H li[ 1
— ) N+1 N+1
n:kz+n(N+ 1 TL) (k ' y+ + n) " (y— T+ —|—n)

_y.(N+1—k). F(y+%—j) I (y— 23 +k)
(k=D!N =D (y+ 5L —k+1) D (y— 5L +j5+1)

and, substituted in (15), yields

E{_zw} Z G-DID(y+52 - ZN+1— I'(y— 52 +k)
= (NI (y N+1+J+1 ) = I'(y+283H —k+1)
For large N and |z| < N, we have® that y = /(&F)2 4+ 2 ~ 22 + £ such that
E[e—zw}wl (;—1)'1“(N+——y+1z]:N+1— I(%+k)
N (N=DIT (F+5+1) &= ' T(N+%-k+2)

We now introduce the scaling z = Nz, where |z| < 1 since |z| < N,

— Now* I(N+1-j+z) T(z +l<: D(N+1—-k+1)
E|: wai| 21
¢ NZF x—i—j+1 (N+1-7) Zl T(Ntl—ktatl) (21)

*The notation f () ~ g (z) for large  means that lim,_ .

10



Let m = N + 1 — k in the k-sum such that

o] s T() T(N+1l-j+a2) T(m+1) T(N+1-m-+a
E[eN }Nﬁzf‘x(]) (N+1-j+a) 3 (m+1) T(N+ + )

(x+j+1) T'(N+1-j) nﬁNHﬁFOn+x+” I'N+1—-m)

Introducing (46), proved in Lemma 4 in the appendix,

E{e_N“T“’*} _I(N+z+2) Z 1 D(N+1-j+a) ii G+z+k+1) L (k+x)
NT (z) T(@+j+1) T(N+1-7) Kl (x+k+1) T'(N+2z+k+2)
°°l (k+z) T(N+z+2) ir (z+j+1+k)D(N+1—j+z)
) & JP(N+20+k+2) & T(a+j+1) T(N+1-j)
Using the alternative series (50) for the j-sum yields
oo N-1
 Naw* I'(N+z+2) 1 ['(N+z+1)
Ele N | o 2N T (k)T (@ + 14k
[e } NZ (k+a) U@+ 1+8) m oy o b+ 2 S (k=))'T2 (@ +2+ )T (N —j)

Z I'(N+z+1) ir(k+x)r(x+1+k) I'(N+z+2)
N 2 ( x+2+j)F(N—j)k:0 (k—7)! I'(N+2z+k+2)
where the reversal is allowed by absolute convergence and convergence of the k-sum, because the terms
decrease as O (k:j*Q*N ) for large k. The latter is verified by applying the asymptotic expansion |1,

6.1.7] of the Gamma function, ?giz)) = o0 (1 + 0 (2_1)), for large z = k and fixed a and b. We now
apply this asymptotic expansion to the k-sum for large NNV,

—Nzw* - (N+z+1) T(k+z)D(z+1+k) -
E[e N. } ~ TN~ IZF2 x+2+j)F(N—j)ij ) N k‘(1+O(N )

— N Z - x+j2v++;;”r+(2_j) (PG+2)T(z+1+) N7 +0 (N1}

U 1Nzlr (N+z+ )T +z)T (z+1+7)
7=0

NI
F2 (x+2+7) (N —j)

N-1
e I'(N+z+1) _y
+0O | N*2 : NI
JZW@HH)P(N—g)

Again applying the asymptotic expansion of the Gamma function to the j-sum yields

_ Npw* ~T(j+2)T(x+1+7) 1
B [emNe] O (N
¢ sz% 2 (z+42+7) +O(NT)

2

1
(x+1+7)2(x+))

=T

M

Il
=)

+O0 (N1

from which we obtain the asymptotic pgf (19) of Nw*. Partial fraction decomposition gives

_

N-1

1 1 - 1 gy 1
Z 2 N N ._Z

= (e +1+7) (x+7) :0(x+]) (x+1+37) j:0($+1—+j)2

=2

=2

.
o

<.

8|~

N
_$+N le'+]
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and
N

Ble ] <123 —— 4oV

o (@ +7)
After taking the limit N — oo and using the definition of the Hurwitz Zeta function (18), we find
(20). O
The Hurwitz form (20) of the pgf E [e*N ‘“"*] is particularly well suited to compute all moments.
We verify immediately from (20), by differentiation with respect to x evaluated at = = 0, that

lim E[Nw*]=((2)

N—oo

More generally, since the k-th derivative of the Hurwitz Zeta function ((s,z) in (18) with respect to

T 18

Tet) e
we obtain from (20), by Leibniz’ differentiation rule,
mlERNwﬁ}:(nkdku_xqzw)
N—oo dxk 2—0
)it dk*j
- Z (5 s 2.2
=0
— U e () + b G|
Thus, any k-th moment of the asymptotic random variable limy_,oo Nw* is
Jim B [(Nw*)k] = kEIC(k + 1) (22)

Corollary 1 The asymptotic pdf of the weight w* of a random link in an infinitely large URT is, for
t>0,

lim fue (1) = (t—14et)e

N=o0 (1—et)? 29

Proof: The inverse Laplace transform of (19) is

1 c+ioco :ctd e 1 c+1i00 :ctd
e ()= 5= [ G / A
270 Jomico (x4 1) o 2miJe (x+1+7)°(xz+7)

where ¢ > 0. When closing the contour over the negative Re (z)-plane equals, we encounter a simple

pole at x = —j and a double pole at z = —j — 1. By Cauchy residue theorem, we have

xt xt

1 cHeoo xeTtdx . Te d ze®

: = lim —— 5+ lim
210 Jorivo (x+1+5)2(x4j) o= (x+144)* =i 1dz (z +j)
= (j+1)te” Ut _ jeit (1—€)

Hence,

faw () = Z (j + 1) te”UHDE _ jo=it (1—e M) =(t—-1+e" Zje*jt
j=0

12



After computing the sum, we find (23). O
Observe that direct application of the asymptotic expansion of the Gamma function, for large N

and fixed z, into (21) is only valid for fixed j,

I D(z+k) T(N- I<:+2 JFerk X .

+O(N
S T T e i Py o)
_$F($+]+1)

(z+ DI ()

By ignoring this restriction, we would erroneously deduce

I
=

+O (N1

g N o VD (Ntz—j+1) (j—DID(N4z—j+1)
E|:7wai|N N—%— 2
¢ x+1 = F'(N—-j+1) +0 Z N—-)HT'(z+j+1)
N DN tatl) f; T (j)
(x+1)?* T(N) TG +z+1)

Since Z] 1T ]Jr(izrl) = lel(x) - xFI(‘S\]fV—:;I—s)-l) = O (N™%), it is tempting to conclude that
x 1
E {e—wa } ~ > +0 (N—x—2)
(x+1)

whose leading term is the pgf of the sum of two exponential random variables with mean 1. In this
way, only the first term in the exact asymptotic pgf (19) is found, which shows that this heuristic

derivation is therefore demonstrably incorrect.

4 Distribution of extreme interattachment times

Since the set of link weights in the URT, {(v1 — vo), (v2 — Uny) ;- .., (UN — Uny )}, are dependent ran-
dom variables, we focus in the sequel on the set of the independent interattachment times to the
URT.

4.1 The minimum interattachment time to the URT

. . . . . . 1
Since the set of {7;}, <j<n are independent, exponential random var1ables with mean TN the

minimum [21, p. 51] is again exponentially distributed with mean From [15, pp. 1]

(N+1 )’

ij(NH_j): N(N+1)(N+2) _ (N+2>

3! 3

we find that the pdf of the minimum interattachment time to the URT is

N(N +1)(N +2 N(N +1)(N +2
Frin ;< s (%) = ( 3?( )exp <— ( 3?( )x>

The pdf of the minimum link weight in the whole complete graph Kpy1, where all link weights
are i.i.d. with mean 1, is fminzeKN+1 w () = M%l exp (—Wm), where w; is the weight of link /.
Hence, the minimum interattachment time can be significantly smaller than the minimum link weight

in Ky+1, and thus in any URT.

13



4.2 The maximum interattachment time to the URT

Analogously, the maximum interattachment time to the URT satisfies

N
Pr <zl = (1 _ —j(N+1—j)x> 24
{m%\/ 7 4 IT(1-e (24)
7j=1
The remainder of the article is devoted to the maximum interattachment time to the URT 7pnax =

maxi<;j<y 7;. We start with the Theorem 3, from which the relation between 7. and w* for large
N will be deduced.

Theorem 3 The asymptotic law of Tymax for large N is

)
Jim Pr [N < €] = mr_[fl — eémy? (25)
We give two proofs. In Appendix B, we present an analytic proof that, beside the correct scaling
T = %, actually gives a more precise result including an error term. Once the correct scaling law is
known, we can verify Theorem 3 more elegantly. The short proof is given here.
Proof: We rewrite (24) as

Pr[wpax < 2] = ﬁ (1 — e*J'(NH*J')w) ﬁ (1 _ efj(NHfj)m)

j=1 j=a+1

Letting kK = N 4+ 1 — j in the last product, then 1 <k < N —a

ﬁ (1 _ e—j(N+1—j)x> _ ﬁ <1 oI (N+1-j) )Jh < —(N41- k)kx)

Jj=1 Jj=1

Choosing a = N —a, results in a = %, where the integer nature of a for large N can be ignored. With

the scaling x = %, we have

7=1
aNP -1 % 9
= (1 _ i ) H (1 _ it L)) (26)
where a > 0 and 0 < 8 < 1 such that 1 — =1—0(N) in the first product. In the second product,

all exponentials vanish when N — oo such that

N
2 ‘ 12
lim (1= e 0=5)) =1
NHOOj:aNfB
Taking the limit N — oo in (26) finally leads to (25). O

14



5 The Dedekind Eta function

The Dedekind Eta function [15] is, for ¢ € C with Im (¢) > 0,

_ 7rzt/12 H 27rztm (27)

and it obeys the modular transformation equations [15, p. 163],
n(t+b) = ™ (1)

0(5g) = @by

where a, b, c,d are integers and f (a,b,c,d) is specified in [15, p. 163] in terms the Legendre-Jacobi

o(-3)=ni (29)

Let us denote the asymptotic random variable by Tihax = imy_— 00 NTmax- By (27) and (28), (25) can

symbol of number theory. In particular,

be expressed as
PI‘ T nax |oo| 75m eT%TZ2 i (29)
- et 27

= 2%@?%772 (%Z) (30)

Hence, a functional equation for the distribution of T,y follows as

e%(tf%) 2

Pr |:Tmax < T:|

Pr[Thax < 27t] =

We found the appearance of the Dedekind function in probability theory surprising since it may
hint to a connection with analytic number theory. The sequel is devoted to compute the moments
and pgf of the asymptotic random variable Ty ,x, by using amazing properties of the Dedekind Eta
function.

5.1 Taylor series of Pr [T}, <¢]

The computation of the Taylor series of Pr [Tiax < —logq] = [[5°_;(1 — ¢™)? where ¢ = e~ requires
a brief review of some classical results. Euler discovered the series

o0 oo

(L=q™) = Y (~1)rgemty lq| <1 (31)
II >

m=1 n=-—oo

from which the famous pentagonal number theorem is deduced [4, p. 124][15, p. 173]. Jacobi found
that

[Ta-a™ =3 (-0 @n+1)g"™D g <1 (32)
m=1 n=0
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and the generating function of the number of partitions p (m) is,

H 1—¢™) Zp gl <1 (33)

where p(0) =1, p(1) =1,p(2) =2,p(3) =3,p(4) =5, p(5) =7, p(6) = 11, after which the prime
sequence stops since p (7) = 15, p (8) = 22 and so on. The “singularly happy” collaboration of Hardy
and Ramanujan, as coined by Littlewood [3, Section 5.1] and narrated in [7], has led to a beautiful
and remarkably accurate asymptotic formula for p (m), that was later perfected by Rademacher (see
[3, 15]). At last, we mention Ramanujan’s tau function that features a similar functional equation
as the Riemann Zeta function [7, Chapter X], defined by the generating function > .7, 7 (n)¢" =
q[Tm=i (1 - q")*.

These results on integer powers of [[o-_; (1 —¢™) provide several ways to compute the Taylor series

of Pr[Thax < —loggq|. Multiplying (32), rewritten as a power series in ¢, and (33) yields

TL0 0™ = 3 (0 @kt D1, sanya™ > p()a
m=1 m=0 n=0

— Z {Zp(m—n) (=1)* (2k+1)1{n:M}}qm
m=0 \(n=0 ?

Hence, the Taylor expansion for Pr [T < —logg] is

e}

H 1 - q Z amq (34)

m=1

where the Taylor coefficients are all integers,
[3(VBm+I-1)]
k(k+1
am = > (=D)FEE+1)p <m — M) (35)

2
k=0
and [z] denote the largest integer smaller of equal to . We list the first 22 coefficients,

ap = 1 ay = =2
a9 = -1 as =

ag = 1 as =

Qg = -2 ar

as = =2 ag = =2
apg = 1 a1 =

a2 = 0 a3 = 2
ayy = 3 ais = —2
a1 — 2 a7y = 0
ag = 0 a9 — —2
agsny = —2 a1 = 0

These Taylor coefficients a,, of Pr[Tyax < —logq| apparently lack a nice number theoretic interpre-

tation and they form a less elegant series? than the Taylor coefficients of the first and third power of

*Taylor coefficients of []%°_, (1 — ¢™)” for any complex z can be computed exactly (in terms of the divisor function
o(n)= de d), which straightforwardly extends the machinery in the next subsection from the present case of interest
x = 2 to any x. Numerical evaluations of the first 100 Taylor coefficients for positive integers x = k shows that none of
the cases k = 2 nor k € [4,100] exhibits a regular structure, only the cases k = 1 and k = 3. Order estimates of the high
order Taylor coeflicients at negative, integer values of k have been found by Meinardus (see e.g. [3, Chapter 6]).
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[Ln=i (1 =q™).
Finally, we remark that the Taylor series (34) is, in fact, also a convergent asymptotic series for
large £, such that

0o 0o
Pr [Tmax < 5] = H (1 - e—m§)2 = Z ame_mE
m=0

m=1

— 2t —e X 42310 (6_45) (36)

5.2 The moments of T},

We compute the Mellin transform using (25) and (34),

2
[e'e) d 0
Blrin] = [ @ (Tla-ce) a
o  d§ ml_zll
[T L (S ) e
o &\ =
=Y am(-m) [ e md¢
m=1 0
Thus®,
B ] — _ Am
B |Tha] =T (8+1) P (37)
is a Dirichlet series that converges for § > 0 as seen from (34) because Y °_; a,, = —1. Moreover, for
large 3, the Dirichlet series (37) reveals that
B | T o
= =242 T =2(14+2F ) +0(37F 38
S ;mﬁ (1+2777) +0(37) (38)

A well-known fact of Dirichlet series is the slow convergence, especially for small values of 5: For
m € [1000, 2000], we found F [wpax] = 1.70 £ 0.01 and in m € [2000, 3000], E [wmax] = 1.703 + 0.005
and, similarly, Var[wmax| = 1.042. One of the spectacular properties of the Dedekind transform (28)
— essentially a modular transform that also is characteristic to Jacobi’s theta-functions —, is that they

enable amazingly fast convergence. Indeed, after partial integration,
00 oo
E [Tlﬁax} - ﬁ/ gh-1 (1 - JIa- e—fm)2> dt
0 m=1

we write the integrand in terms of the Dedekind function (29),

E {Tflax} = B (2r)° /00 w1t (1 —ey (zu)) du (39)

0

®A power series o _obm (eﬂ”)m, convergent for z > 0, may be multiplied by z*~! where s > 0, and integrated

term-by-term, provided only that the resulting series is convergent [16, Sec. 1.79, p. 47].
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We split the integration interval as,

/ w7 (1= P (i) ) du = / P (1 — P (i) ) du +/ W (1= P (i) ) du
0 0 y
B ©© U
— % - ufle's n (zu) du+/ w1 (1 —€e6n (zu)) du
0 C

and apply the transform (28) to the argument in the first integral

o0 U Cﬁ ¢ Tu o0 Tu
/ uf! <1—€?77 (u )) du———/ uP=2e’e 772< )du—i—/ w1 <1—67772(iu)> du
0 B 0 u c
CB o0 s o0 Ty
=5/, uPesin? (iu) du+/ uPt (1 —e6n? (iu)) du
= C
The procedure followed here actually mimics Riemann’s famous second derivation of the functional

equation of the Riemann Zeta function [17, Chapter 2] using Jacobi’s (third) theta-function.

Partial integration of the last integral results in

/oouﬁ_l(1—e%n2(iu)>du:—§<l—e6n ﬁ/ 6677( ))du

[

Hence,

/Ooouﬁ—l (1_6%772( )>du—§€%c772( c) — /;O 566u17 (1u) du+6/ 6677 (i ))du

Introducing (34) yields

(o @]
/ (1 _ e7r6u77 ( ) Z am672ﬂ'mc Z am/ esue +27Tm)’LLdu
0
2 — o
— % Z mam/ ule2mm gy

m=1 ¢
We proceed further for the moments, where 8 = k > 0 are positive integers, because then the last

integral is

/oouk€27rumdu _ %/oo ZEkeimdiE _ F(kﬁ+ 1,27Tm0)
c 2

2rm)k+l fy o (27rm)k+1
_ klem2mme (2nme)’
— (2rm)ktHl = 4!

where we have used the expansion of the incomplete Gamma function [1, 6.5]. Thus,

k—1 i

2 J
( w;?c) k (2m) Z am / kegu e (§H2mm)ugy,

(0.0] —
E [Tr’;ax} = @ref{1-m Y e
m=1 =0

Unfortunately, the remaining integral cannot be evaluated in closed formS, but, it is bounded by

o0
/ ufﬁe%e_(%+2”m)“du<e% Pe (§+2mm) % <e6( %)05
1

5There are results in terms of Bessel functions, but they are far less attractive than the integral itself. By partial
integration, a recursion similarly to that of the incomplete Gamma function can be derived from which an asymptotic
series is obtained.
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Hence, by choosing ¢ small enough for 8 > 0, the integral can be made sufficiently small to neglect.

However, choosing ¢ very small, enlarges the factor (6_2&;,6 and the need to evaluate more terms in

2mme
m-sum to achieve a prescribed level of accuracy. A minimization of terms in the m-sum is achieved
by making both integrals about equally large, thus, for ¢ = 1. This choice — Riemann’s original choice

— expresses the average of all (integer powers) of Tiax in terms of a fast converging series

—2rm k-1

k 2 ame 27rm )
B [Tha] = Cr) S 1- 0 Y S 3o k (2m) Zam / o (5 2mm)ug,
m=1

7=0

Compared with the Dirichlet series, only 5 terms in the m-sum provide an accuracy of 10 digits. Thus,

we find, with 15 digits accuracy, F [Tmax] = 1.702955978947701 and Var[Tiax] = 1.040903835036823.
We list a table of the first 10 moments,

E[Twax) = 1702955979  E[T2,.] = 3.940962901
E[T3.] = 1219707256  E[Tp.] = 48.78787933
E[T3.] = 2426083708  E[TS,] = 1449.044606
E[TI.] = 1011437171  E[T8,] = 80784.44155
E (T2, 726430.2004  E[TX0.] = 7261016.766
In summary, in addition to the relation E [Tmin] = 1/ Var [Tmin] =~ NL for large N, the following
first order estimates
E [Tmax] ~ —1'17\?3 Var [Timax] ~ —1'2741
E [w*] ~ —1'16\?5 Var [w*] ~ 1'—]3[5

illustrate the curious point that, for large N, the mean of a random weight in the URT and of the

maximum of the interattachment times to the URT are close to each other!

5.3 Asymptotic pgf of T}.«

The probability generating function of the random variable Tiax = limy_— 0o N7Tmax 1S

~ 2
ot (2) = B [ Tnx] = /0 e—zfd% (1‘_[(1—6—5m)) de (40)

which converges for Re (z) > —1 as follows from (36). Introducing the power series (34)

Plina (2) = /OOO e (Z amem) d§

and reversing the sum and integral, yields

o0 o0
M Qm
=— =1 41
P () == 30 Ly 30 ()
m=1 m=1

The series (41) is a partial fraction expansion that converges everywhere, except at the poles z = —m
with m € N. Indeed, we have that

DTS R D SRR SIS,

fmtz| T e~ lm + z| _mzlm—\z\ “=m m—l+|z\m(1_|;i>




and

c- |am| = Jam| o 12l o~ Jam 2]
> el ooy s By Bl Eiom)
m:1+|z|m( _R> m=1+|z| k=0 m=1+|z|
o lam] o lam]
= 2 SotlEol X T
m=1+|z| m=1+|z|

Since the Dirichlet series > °_; fn—’% converges for 8 > 0, it converges absolutely for 8 > 1 [16, p. 292].
This proves convergence of (41) for any complex z, except at the poles z = —m. Due to the pole at
Nk k
z = —1, the Taylor series of 1, (2) =D 1y U)Ji#‘”‘]zk around z = 0 has a radius of convergence

equal to 1, a fact that also follows from (38).
The slow converge of the partial fraction expansion (41) again suggests us to invoke the Dedekind

transform (28) to obtain fast converging series. After partial integration of (40),

Plmax (2) = 2 /OOO e (H (1- e_gm)> dg (42)

m=1

we introduce (29) into (42)

00 .
Plim (2) = 2/ e Hetr? (§> dé

0 2T

Applying the Dedekind transform (30) combined with (34) gives

€ 2.
such that
(o) %) ) )
P () =223 ay, [ Gl O
0

For Re(a) > 0 and Re (b) > 0 and any s € C, the integral is written in terms of the modified Bessel
function [26, Section 6.22]

0o b s/2
/ g e /Ty — 2 <—> K, (2@) (43)
0 a

L
122

OTiay (2) = 472 i am Ko (47r\/<z — 1—12> <m + 1—12>) (44)

m=0

and we obtain, only for Re (z) >

This series (44) converges amazingly faster than (41): for z = %, only 9 terms in the m-sum achieve a
10 digits accuracy, whereas (41) provides only 2 digits with 3000 terms; for z = 1, four terms in (44)
provide 10 digits accuracy, while (41) remains at 2 digits with 3000 terms.

Following a similar approach, we present a related series for o7, . (z). We use Euler’s pentagonal
number series (31),

s

m=1 n=-—oo
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The Dedekind transform gives
&\ _ [ (o

Since n (2i ) =3 Zflo:_oo(—l)”efén(?’”ﬂ)g, it follows that

2 _en? & 1 (@n?
n (%z) = ¢ 2% Z (—1)*e 3 k(3k+1) =
k=—00
such that
V N 11 ,1((%) +1k(3k+1)(2m) )
OTonax (z) = zV2r Z (—1 k / 52 - ﬁ+5n(3n+1))e Z e
k=—00 n=—oo

Invoking the integral (43) for the modified Bessel function, we have

I= /Oo 5%716_ —91+3 n(3n+1)) _<(27T) ik k(3k+1)(2ﬂ-))
0

1

k(3k+1) 1
B = + 1 naBr+D)\ (1  kBk+1)
2\/27r< 24+ (3n+1)> K% (4#\/ z 24+—2 24+—2

An exact expression for K 1 () exists [1, 10.2.17], in particular, K5 (2) = y/5;¢~ %, which, when
applied, leads to
00 —47r\/ In(3n+1)) (L +ik(Bk+1))
z) =4mz —1)k -1 45
P (2) k;)o( ) n:zoo( 4 \/242 —1+12n(3n+ 1) 45)

We still see that the term n = 0 limits the validity to Re(z) > i. Only a few terms in the k- and
n-series already provide a good accuracy.
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A Sums of Gamma functions

Lemma 4 For any integer N and Re (z) > 0, we have that

i I'(m+1) I(N+1-m+az) T (N+x+2 ii G+z+k+1)  T(k+a)
_ T

'm+xz+1) T'(N+1-—m) (x+k+1) T(N+2z+k+2)
(46)

m=N+1—j

Proof: We introduce the Beta function integral [1, 6.2.1],

B (w, 2) = % —/O FL( = 0P g
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which is valid for Re (z) > 0 and Re (w) > 0, in

- i I'(m+1) T(N+1-m+2)
. N+17jf‘(m+x+1) I'(N+1-m)
such that, for Re (z) > 0,
A /ldt(l—t)""l i F<N+1_m+$)tm

I'(z) Jo T F'(N+1-m)
1 /1 o1 k+$ N-+1—k

pu— t
I'(z) Jo Z
e Hr k:—l—l—l—:c) 1\*

= /dtl—t"“tNZ (—)
I'(z) Jo =0 t

Introducing Euler’s integral for the Gamma function into the k-sum yields
7j—1 ]71 7j—1
I'(k 1 o0 0 1 k
+ +x / uk+z67udu — / ute Y 2 :_ (E) du
0 k! \t
k=0 k:() k=0

We now employ

<.
I

1 k E u
A R NCE B L
. = Yy e Ydy

=
Il

where the incomplete Gamma function is defined [1, 6.5.3] as T (a,z) = [ y* e ¥dy such that

j—1

k
ZF k+1+x) <_> = —1_ /OO duu®e tet /Ooyjleydy
t I'(4) Jo u

0 u

tac+1 00 . o 1
= — dw w*e™" ew/ ¥y e Vdy
') /0 w

<.

Partial integration yields

T (k+1 1\* gt g w
Zw<_> _F / dw w]lew/ e
k! 3 I'(5) Jo 0

k=0

<.
[y

We compute the u-integral as

r+k+1

w 00 k fw 00 k
z u(l—t) _ (1 — t) / z+k _ (1 — t) w
/ e du =) o udu > @+k+1)

0 k=0 : k=0

Hence,

7—1

k oo 00
3 Dk+1+a) (1\"_ " 3 (1—8)F 1 / du k1w
2T H i) T THL W @rk+D

N S (1-F T (o +k+1)
_F(j)kzo k! (x+k+1)
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Substituting this series, results in

1 1T (j+x+k+1) [t ho1 LN
T=—-——) = dt (1 —t)" AR
';k! (x+Ek+1) /0 ( )

B 1 iif‘(j—i—x—i—k—i—1)I‘(N+:B+2)F(k+x)
_r(x)r(j)kzok! (x+k+1) ['(N+2x+k+2)

which establishes (46). O
Although proven under the restriction that Re (x) > 0, Lemma 4 seems also valid for negative real

x, but clearly not for x = 0.

Lemma 5 The sum

N . .
1 P'y+j+k—p)I'(N+y+p—J)
H == - - 47
O < P s | 7 R gy 4
obeys the recursion
_F(y+1+k)F(N+y)
and equals
sz:l F'(y+1+k) ['(N +vy) (49)
(k—p— J'F2(y+p+1+J)F(N—p—j)

Jj=

Proof: Using the binomial recursion (‘;:;) = (“Eﬁ jl) (% o 1) yields

D(y+i+k—p) (N+y+p—1-j+1\ <= Tly+i+k—p) (N+y+p—1—j
W= 2 ) N —j “ 2 T N—j—-1
Jj=p+1 J=p+1
S F(y+j+k—p)<N+y+p—1—j+1>_ i F(y+j+k—p—1)(N+y+p—j>
S T+ N—j S, Tly+i-1) N—j
_r<y+1+k><N+y—1>+ 5 {r<y+j+k—p>_r<y+j+k—p—1>}<N+y+p—j>
Ply+p+D\N-p-1/ 2=, T (y+37) ly+7—-1) N—j
With . , ,
Ply+itk—p) Lytjtk-p-1) _ . Lt+ithk-p-1
I'(y+ ) L(y+j—1) I'(y+7)
we obtain
N . .
I(y+1+k) T(N+y) Ply+j+k—(p+1)(N+y+(+1)—1-
W= py T Y 2 R N
j=+1)+1
which equals the recursion (48). Iterating the recursion (48) g-times yields
g T(y+1+k)  T(N+y) b=ty
(k- p—J‘Fz(y+p+1+J) (N=p=j) (k—p—gt """

Since Hy (y) = 0, we arrive with ¢ = N — p at (49). O
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From the definition (47)

N .
G- ZI‘(&U+]+1+I€)F(N+1—]+&:)

T(x+j+1) T(N+1—j) =T (z+1) Ho (z+1)

j=1
we obtain with (49)

N-1
1
G=Tr nr 24+ k) I(N 1)
(z+ )T (z+2+k)T(N+a+ ]2_% _J,F2x+2+])F(N_j) (50)
B Proof of Theorem 3
We start by considering the logarithm of (24),
N oo 1 N
_ _ _—iN+1-j)z) N L —H(N+1—j)ka
log Pr [Tmax < z] = Zlog<1 eJ J )_Zkzej j
7=1 k=1 j=1
0o efwlm N Na1n2
. Ny
= Z — Zekf’f(FT) (51)
k=1 j=1

Lemma 6 formally shows, provided the ¢-sum converges, that

N 0o 1
ke(—)? _ o kvt N A1 Bag T (a+3) ( 13 ) )
e 2 ) =2—e¢ + dkz)! —==-M | g+ =, =, kx(N +1)7/4

Z 2 ;(Qq)!( ) I (3) g+ 55 k(N +1)7/

We now embark on the limiting process for large N. For large z and Re(z) > 0, the asymptotic
expansion of the Kummer function [1, 13.1.4] is s Ll py (a,b,2) = #2070 (1 +0 <|z|71)>. Thus,

S T

N 4 ke(N+1)2/4 g 1
km(ﬁM)Q — 9 _ ka(N+1)?/4 2e 2¢q N+1)2% (1
; o ¢ TR qz_(:) g FeWNF )1+ 0 oy

The generating function of the Bernoulli numbers,

t o tQTL
— By —— f t <2
2+; 2 or |t| <2r

shows that the g-sum converges, provided kz(N + 1) < 2,

> By, og  kz(N+1)  kx(N+1)
q—Zo 2o PPN U = e 2

such that, for kx(N + 1) < 2,

T P P 017 (S SENE | DY (S S
Ze 2 =24 hr(Ni1) —1 2e e 1 1 2 o k(N +1)2

Substltutlng this series into (51) yields

. (N+1)2
e~
—log Pr [Tmaxgx‘]zz Zek” =
k=1
1
=2 1+O< (N +1)2 ))ZE 2(N+1)



Now,

1SS B ()

ZE 2kt 122%26 :ZZ L

k=1 k=1" m=1 m=1 k=1

= Z log (1 — e ™) = —log (H (1 e_%mt))
m=1 m=1
such that, for large N,
log Pr [Tiax < z] = 2log (H (1- eI(NJrl)m)) +0 (z7'N7?)
m=1

In order to have a finite limit as N — oo, we need to scale = as x (N + 1) = ¢ and this proves (25).
O

Lemma 6 Provided the g-sum converges, there holds that

N oo 1
y(j—M)Z _ o9 _ y(N+1)%/4 N+1 } : Baq q r (q + 5) 1 § 2

where By, are the Bernoulli numbers and where the Kummer function [1, 15.1.2] is

Proof: We rewrite the j-sum as

N a2 (N-1)/2 (N-1)/2 (N 1)/2
Zey(fT) = Z Vit =142 Z e —1+22 Z §2m
j=1 j=—(N-1)/2

Applying the relation [1, 23.1.4] involving Bernoulli numbers By,

j—1 km jm+1 i (m + 1>B j_k
= k
— m+1 Pt k

yields

N o) m 2m
y(j—21)? (y(N +1)%/4) 2m + 1 2 \1
;e< ) _1+(N+1)Z m!(2m + 1) < q )Bq<N+1>

We reverse the m- and k-series,

(j—N41)? B, [ 2 \! & (2m)!(y(N+1)2/9)"
Zeyy —1+(N+1)q§g<z\r+1> —L[i:l] m!((Qym+1—q)!)

© B / 2 \7U%
=1+ (N+1 = ==
( )qz::oq! <N—|—1>
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which simplifies, since Bygy1 = 0 for ¢ > 0, to

N [e'¢)
y(J;M N 1 N+1) /4)
2 3 St

(o)
+ (N +1) Z

q=

> (y(N +1)2/4)™
(]
=0

m+1).

2(m+ @) (y(N +1)2/4)™
z_: m+q '(2m + 1)!

—_

The reversal of m- and k-sum is only allowed provided the ¢g-sum converges. The second sum is

© (y(N+ 124" 1
g_:o (m+1)! *y(N+1)2/4<ey

(N+1)%/4 _ 1)

The remaining m-sums can be rewritten, after using the duplication formula I' (2z)

= ﬁZQZ*IF (2)T (2 +3)
of the Gamma function [1, 6.1.18], in terms of the Kummer function (53)

2
. Indeed, with w =
y(N + 1)2/4, we have that
i 2(m +q)) _ i (m+q—3)! (4w)"
— (m+q)! 2m+1) m: (2m+1)!
. m+q——)'w
=2 Z Tmid)
F(q+—) ( 13
=921 2/ 01 (g4 2,2 w
3 9 9
() 22
and, the first m-sum is M = 5. Combining all yields (52). U
m)!(2m+1)
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