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Abstract 
Dense suspensions can be found in various industrial and natural processes. A relatively new 

technique uses the principle of additive manufacturing to produce products from a wide variety 

of materials by printing with dense suspensions. To reach a high print quality the suspension 

rheology must be understood very well. Current knowledge about suspension rheology however 

lacks the capability of predicting the exact behaviour of a predefined suspension, especially for 
dense suspensions. Direct numerical simulation (DNS) in combination with a second order 

accurate immersed boundary method (IBM) (Breugem, 2012) can be a useful tool to research 

suspension rheology. However, currently no numerical results are known for suspensions close 

to the jamming limit produced with this method.  

The current work validates the capability of the IBM to simulate dense suspensions by comparing 

produced results with existing numerical and experimental data. This is done by simulating a 

plane Couette flow for a range of particle volume fractions 𝜙 = 0.2 − 0.6, all of which are 

simulated with two friction coefficients (𝜇𝑐 = 0 and 0.39). Furthermore, the focus is on Stokes 

flow of neutrally buoyant non-colloidal suspensions with monodisperse spherical particles and 

the channel height was chosen equal to 13.5 particle diameters. DNS has been used to analyse the 

suspension rheology in terms of mean concentration profiles, velocity profiles, interactions in the 

microstructure and particle stress profiles. Steady-state concentration profiles of the simulated 

cases show a particle layering effect close to the confining walls. This layering effect alters the 

suspension rheology significantly and for that reason the wall regions are analysed separately 

from the core region. For both regions the microstructure, the relative viscosity and the normal 

particle stresses are analysed. The results agree well with existing numerical results (Gallier et al., 

2016) (Yeo & Maxey, 2010a). Comparison with experimental work (Dbouk et al., 2013) (Zarraga 

et al., 2000) shows that results for the relative viscosities of the unlayered core regions are lower 

in general, reasons for this difference can be higher friction factors or the use of non-spherical 

particles in experiments. However, the same asymptotic trend is observed for increasing 𝜙. The 

maximum packing fraction 𝜙𝑚  was found by fitting the relative viscosities to the Marron & Pierce 

equation (Maron & Pierce, 1956), which gave 𝜙𝑚 = 0.69 for 𝜇𝑐 = 0 and 𝜙𝑚 = 0.635 for 𝜇𝑐 = 0.39. 

These results for 𝜙𝑚  are in good agreement with results from (Gallier et al., 2014). 

In general the IBM turns out to be capable of reproducing existing numerical data. Furthermore, 

results have been obtained for suspensions closer to the jamming limit than known so far in 

numerical work on this particular flow regime. Besides that, the present results are obtained with 

an advanced soft-sphere collision model, including lubrication corrections for close approach of 

particles, which has been extensively validated with collision experiments in a previous study. 

Comparison of the results from this work with experimental data shows larger differences. The 

reason for this can be that the suspensions in experimental set-ups deviate from the idealized 

suspension in the simulations. Besides that experimental results differ significantly from each 

other, indicating that differences also exist between the experimental suspensions. These 

differences have to be clearly defined in order to make a valuable comparison. Therefore it is 

currently difficult to determine how accurately the IBM simulates suspension rheology. 
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1 Introduction 
Suspensions can be found in a wide variety of practical applications, many of which are industrial. 

Examples are the transportation of food, cosmetics, and fresh concrete through pipelines (Figure 

1-1a). The rheology of the simplest imaginable suspensions of a neutrally buoyant non-colloidal 

suspension of hard spheres in Stokes flow already shows very complex behaviour, especially for 

high particle volume fractions. Typical observed phenomena are jamming, shear thinning, shear 
thickening and normal stress differences. Precise knowledge of when and how these phenomena 

occur can help optimizing processes and reducing energy consumption in industry. Besides that 

also natural processes involve suspension flows, for example blood flow (Figure 1-1b), submarine 

avalanches and sediment transport in rivers (Figure 1-1c). Therefore, a better insight in 

suspension rheology will also help understanding and predicting natural phenomena.  

 

Figure 1-1, Examples of suspension flows. a: concrete flow (Southeast Asia Construction, 2018), b: blood flow (Vecteezy, 
2022), c: sediment transport in rivers (Stone-Ideas, 2020) 

A relatively new application of suspensions can be found in additive manufacturing. FDM (Fused 

Deposition Modelling) 3D-printers normally make use of a solid plastic filament wire that is 

melted to construct a print layer by layer. The applicability of this technique can be enlarged by 
making use of suspensions instead of filament wire. Printing with suspensions makes it possible 

to produce prints from materials like concrete (Figure 1-2a), paper pulp (Figure 1-2b), edible 

materials (Figure 1-2c), ceramics (Schwentenwein & Homa, 2014) and even organic materials 

(McCormack et al., 2020). Note that printable suspensions are generally relatively dense 

suspensions such that high quality products can be produced. In this literature study we define 

dense suspensions as suspensions with a particle volume fraction ≫ 1% up until the jamming 

limit. The viscosity of suspensions increases rapidly with the particle volume fraction, making 

transportation of dense suspensions difficult. In the worst case the jamming limit is reached such 

that the suspension will not flow at all. Besides that also particle segregation resulting in non-

uniform spatial particle distributions threatens the print quality (Bae & Halloran, 2019). Research 

with respect to rheological behaviour of suspensions will therefore contribute to the development 

of this technique and the improvement of print quality of printed products. 

  

Figure 1-2, Examples of 3D printed suspensions. a: concrete (Material District, 2020), b: paper pulp (Beer Holthuis, 2018), 
c: edible material (3DPRINTING.com, 2019) 

a       b       c 

a                 b                            c 
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The rheology of suspensions has been a topic of research since the beginning of the 20th century. 

Nonetheless the mechanisms behind the rheological properties are still far from understood. 

From an engineering point of view this is problematic since it is not possible to exactly predict 

pressure drop or the occurrence of the jamming condition. Suspension flows in the viscous regime 

are the most researched but even in that regime big open questions remain, for example the 

mechanism behind non-Newtonian behaviour in viscosity dominated suspension flow. Inertial 

suspension flows are less researched, but direct numerical simulations can be of large value for 

this in the future. In this study the main focus is on a plane Couette flow driven by two walls 

moving at the same but opposite velocity. Apart from particle layering effects close to the walls 

the shear rate will be equal throughout the domain such that shear-induced particle migration 

(typically observed in Poiseuille flow) will not play a role. Therefore the solid distribution will be 

homogeneous, which is convenient for statistical analysis of the rheological flow behaviour.  

This work starts with a literature study in order to sort out the current state of knowledge related 

to suspension rheology and suspension simulation techniques. After that a detailed explanation is 

given about the numerical method used in this study. Section 5 gives details about the simulated 

domain and, the boundary conditions and the parameter space is defined. Various postprocessing 

routines are explained in section 6, which are used to produce the results that are finally 

presented in section 7.  
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2 Literature study 
Suspensions are considered a class of complex fluids that consist of particles suspended in a liquid. 

This class can be differentiated in subclasses according to the physical nature of the suspended 

particles. In this work we are mainly interested in non-colloidal dense suspensions of hard 

spheres in Stokes flow with very low Galileo numbers. Suspensions can be considered non-

colloidal when the particle diameter is larger than approximately 10 micron such that Brownian 
forces can be neglected. For suspensions with low Galileo numbers the viscous forces dominate 

the gravitational forces such that settling can be neglected. However, for suspensions in the Stokes 

regime inertial forces are not relevant, so suspensions with low Galileo numbers are effectively 

the same as neutrally buoyant suspensions. 

In this section scientific literature is addressed in order to sort out the current state of knowledge 

related to the rheology of suspensions with the characteristics mentioned above. The study is 

based on scientific articles that are of interest for this topic and all relevant aspects are covered in 

this section. First a dimensional analysis gives clarity about the assumptions we make and the role 

of the different variables. Then the rheological behaviour of suspensions is discussed by 

explaining the effects of shear stress on a suspension and their origins if known. After that the 

behaviour of dense suspensions in plane Couette flow and the effect of confinement are described. 

And finally different numerical methods capable of simulating suspension flow are given. 

2.1 Dimensional analysis  
The viscosity of a suspension of hard spheres in a Newtonian fluid in Couette flow can be described 

as a function of the following parameters (Stickel & Powell, 2005): 

 𝜂𝑠 = 𝑓(𝑑, 𝜌𝑠 , 𝑛, 𝜂𝑓 , 𝜌𝑓 , 𝑘𝑇, �̇�, 𝑡), (2.1) 

where 𝑑 is the particle diameter (for a monodisperse suspension), 𝜌𝑠  is the particle density, 𝑛 is 

the number concentration, 𝜂𝑓  is the fluid viscosity, 𝜌𝑓  is the fluid density, 𝑘𝑇 is the thermal energy 

(with 𝑘 the Boltzmann constant), �̇� is the rate of shear and 𝑡 is the time. After a dimensional 

analysis the following dimensionless groups can be formed: 

𝜂𝑟 =
𝜂𝑠

𝜂𝑓
, 𝜙 =

4𝜋

3
𝑛 (

𝑑

2
)

3

, 𝜌𝑟 =
𝜌𝑠

𝜌𝑓
, 𝑃𝑒 �̇� =

6𝜋𝜂𝑓𝑑3�̇�

𝑘𝑇
, 𝑅𝑒�̇� =

𝜌𝑓𝑑2�̇�

𝜂𝑓
, 𝑡𝑟 =

𝑡𝑘𝑇

𝜂𝑓𝑑3
 , 

 𝜂𝑟 = 𝑓(𝜙, 𝜌𝑟, 𝑃𝑒 �̇� , 𝑅𝑒 �̇� , 𝑡𝑟), (2.2) 

where 𝜂𝑟  is the relative dimensionless viscosity relating the suspension viscosity to the fluid 

viscosity. Different flow regimes can be defined by using the dimensionless numbers above. In the 

case of a neutrally buoyant (𝜌𝑟 = 1) steady-state flow (𝑡𝑟 ≫ 1) the relative viscosity will only be 

a function of 𝜙, 𝑅𝑒 �̇�  and 𝑃𝑒 �̇�. For a certain volume fraction the shear rate dependence can then 

be mapped in a 𝑃𝑒 �̇�𝑅𝑒 �̇�  – plane as shown in Figure 2-1. For small 𝑃𝑒 �̇� Brownian forces dominate 

viscous forces causing shear thinning behaviour and for large 𝑅𝑒 �̇� inertial forces dominate 

viscous forces causing shear thickening behaviour (Stickel & Powell, 2005). 
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Figure 2-1, Flow regime map based on a dimensional analysis (Stickel & Powell, 2005). 

In the special case of a non-colloidal (𝑃𝑒 �̇� → ∞) flow in the Stokes regime (𝑅𝑒�̇� ≪ 1) Brownian 

forces and inertial forces are negligible such that there is only the viscous force scale. Therefore 

the suspension rheology is expected be independent of the shear rate and the dependency of 𝜂𝑟  

reduces to: 

 𝜂𝑟 = 𝑓(𝜙) (2.3) 

This means that for this special case the suspension viscosity is only a function of the particle 

volume fraction. The independence of the relative viscosity with respect to the shear rate can be 

referred to as Newtonian behaviour. Note however that other non-Newtonian effects like normal 

stress differences will still be present in this regime. These effects are further explained in section 

2.2.2. 

Suspension flow of higher 𝑅𝑒�̇� is less researched, but more complex behaviour can be expected 

since inertial forces will compete with viscous forces. Various instabilities can arise depending on 

the flow type (Morris, 2020). Suspension flow of lower 𝑃𝑒 �̇� are referred to as colloidal 

suspensions. In this regime the particles are small enough to experience Brownian motion, this 

will result in more uniformly distributed particles in general (Morris, 2009). 

For suspensions with 𝜙 ≳ 0.4 interparticle forces will dominate the viscous forces (Guazelli & 

Pouliquen, 2018). Interparticle forces have a normal and a tangential part which are related to 

each other by: 

 𝑭𝑝,𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 ≤ 𝜇𝑐𝑭𝑝,𝑛𝑜𝑟𝑚𝑎𝑙 , (2.4) 

where 𝜇𝑐  is the Coulomb coefficient of sliding friction. One could argue that the relative viscosity 

of a non-colloidal neutrally buoyant suspension in Stokes flow will also depend on this friction 

coefficient (Morris et al., 2018). 
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2.2 Suspension rheology 
Suspension rheology is usually described for the general case of a suspension sheared in Couette 

flow. The advantage of the description based on a Couette flow is that the suspension experiences 

an approximately constant shear stress over the complete volume, given by: 

 𝜏 = 𝜂𝑠�̇�, (2.5) 

where the shear rate is defined as �̇� = 𝑈/ℎ, with 𝑈 the velocity difference between the upper and 

the lower plate and ℎ the gap width. Various types of Couette flow rheometers are used to 

determine suspension viscosity making use of this relation. This flow geometry is assumed in this 

section unless stated otherwise. 

2.2.1 Viscosity 
The viscosity of monodisperse, neutrally buoyant, non-colloidal suspensions of hard spheres in 

Stokes flow can be described as a function of the particle volume fraction as shown before. The 

suspension viscosity can therefore be defined as: 

 𝜂𝑠 = 𝜂𝑓𝜂𝑟(𝜙). (2.6) 

The dependency on the particle volume fraction has been a field of research since the early 1900s 

with the first significant result by (Einstein, 1911). He found a relation for the viscosity of non-

Brownian suspensions in the dilute limit 𝜙 → 0 by considering perturbations in the fluid phase 

caused by a single solid particle in shear flow. Shear flows can be decomposed in a rotating motion 

and a straining motion as visualised in Figure 2-2. Hard spheres tend to co-rotate with the 

surrounding fluid, but will resist against straining. The straining motion creates a stresslet acting 

on the particle, which increases the viscous dissipation rate and hence the effective viscosity of 

the suspension. Einstein found the following relation: 

 
𝜂𝑟 = 1 +

5

2
𝜙. (2.7) 

 

Figure 2-2, The decomposition of a shearing motion into a rotating motion and a straining motion (Guazelli & Pouliquen, 
2018). 

For larger volume fractions particle interactions will play a significant role. Particles will find 

themselves in the disturbance flow of other particles as the distances between particles get 

smaller. Later the relation from Einstein was improved, by taking particle interactions in the semi-

dilute regime (𝜙 ≈ 0.10 − 0.15) into accounting. This resulted in the following relation (Batchelor 

& Green, 1972): 

 
𝜂𝑟 = 1 +

5

2
𝜙 + 6.95𝜙2 . (2.8) 

Deriving the particle volume fraction dependence for the more dense regime is too complex to 

achieve in an analytical manner, mainly due to the amount of multibody interactions for increasing 

volume fractions. Furthermore, the rheology will not only be influenced by hydrodynamic 

interactions but also by direct mechanical contact between particles. For large particle volume 

fractions the mechanical contact interactions will dominate the flow behaviour (Guazelli & 
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Pouliquen, 2018). In this regime the suspension viscosity will eventually go to infinity when the 

jamming transition is reached (𝜙 = 𝜙𝑚); in this state the particle volume fraction is so high that 

the suspension no longer behaves like a fluid when sheared in Couette flow. Various experiments 

are performed in this regime using different kinds of rheometers. The exact numerical value of 

𝜙𝑚  differs between experiments, but after normalisation the results all follow the same trendline. 

One of the most famous correlations, making use of this normalisation is the Krieger-Dougherty 

correlation (Krieger & Dougherty, 1959): 

 
𝜂𝑟 = (1 −

𝜙

𝜙𝑚
)

−𝜆

, (2.9) 

where 𝜆 = 2 gives the best representation and the relation is called the Maron-Pierce equation in 

that case (Maron & Pierce, 1956). Another famous correlation is Eilers’ correlation (Eilers, 1941), 

which gives reasonable values for the complete range of particle volume fractions: 

 

𝜂𝑟 = (1 +

5𝜙
4

1 −
𝜙

𝜙𝑚

)

2

. (2.10) 

 

Figure 2-3, The suspension viscosity as a function of the normalised particle volume fraction for numerical and 
experimental results and correlations (Guazelli & Pouliquen, 2018). 

The various correlations along with a number of experimental results are plotted in Figure 2-3. 

From this figure it is clear that the suspension viscosity increases with an increasing particle 

volume fraction. In the dilute regime this increase in viscosity is caused by the distortion of the 

shear flow and for slightly denser suspensions particle interactions of three or more particles will 

also increase the viscosity (Stickel & Powell, 2005). In this dilute regime particles will likely not 

make any contact since a lubrication film prevents this, and in theory lubrication forces will make 

contact between smooth particles impossible. However, at higher volume fractions the distance 

between particles will be smaller, in fact so small that the distance between two particles can be 

of the same order as the roughness of the particles itself. Therefore mechanical contact between 

particles will occur, which means that the particle friction factor 𝜇𝑐  will be relevant for dense 
suspensions. At a certain particle volume fraction 𝜙𝑚  the jamming condition will be reached. The 

viscosity of the suspension will go to infinity at the jamming condition meaning that from this 

point it’s not possible anymore to flow the suspension. This condition is also referred to as the 

maximum flowable volume fraction. The fraction at which this happens is dependent on 



 A DNS study of the rheology of dense suspensions in plane Couette flow – Master Thesis 

12 
 

polydispersity (Pednekar et al., 2018) and the interparticle friction coefficient (Gallier et al., 

2014). The maximum flowable volume fraction is in general smaller than the random close 

packing fraction 𝜙𝑅𝐶𝑃 , which is the volume fraction that can be reached by vibrating or 

continuously tapping granular suspensions (for monodisperse spherical particles: 𝜙𝑅𝐶𝑃 ≈ 0.64) 

(Guazelli & Pouliquen, 2018). As a result of the solid-like behaviour at the jamming condition the 

suspension will exhibit a yield stress. 

2.2.2 Normal particle stress 
The change in viscosity does not give a complete view of the rheology of a suspension. Normal 

stresses are also affected by the particles present in the fluid. To take this into account the 

determination of the mixture model stress tensor for suspensions requires the term 𝛔𝒑 for the 

particle pressure (Stickel & Powell, 2005). The complete stress tensor is given by: 

 𝛔 = −𝑝𝑓𝑰 + 2𝜂𝑓𝒆 + 𝛔𝑝, (2.11) 

where 𝑝𝑓  is the suspending fluid pressure and 𝒆 is the rate-of-strain tensor. The particle pressure 

is a result of interparticle collisions in the sheared suspension. Particles will impose a positive 

pressure on the bounding walls, the fluid however will compensate for this pressure since it is 

incompressible resulting in a negative normal stress. Normal stress is present in all three normal 
directions. Just like the shear stress, these normal stresses scale viscously. The normal particle 

stresses can be described by: 

 

𝛔𝒑
𝑛𝑜𝑟𝑚𝑎𝑙 = −𝜂𝑓|𝒆| (

𝜂𝑛,𝑥(𝜙) 0 0

0 𝜂𝑛,𝑦(𝜙) 0

0 0 𝜂𝑛,𝑧(𝜙)

), (2.12) 

where |𝒆| is equal to the rate of strain �̇�. The functions 𝜂𝑛,𝑖(𝜙) all tend to 0 in dilute regime and 

just like the viscosity converge while approaching the jamming condition (Guazelli & Pouliquen, 

2018). Directions 𝑥, 𝑦 and 𝑧 represent the vorticity, the velocity and the velocity gradient 

directions respectively as indicated in Figure 2-4.  

 

Figure 2-4, Axis orientation for shear flow 

For single-phase fluid flow all normal stresses will be equal at a certain location in the fluid. But 

unlike single-phase flows, suspension flows can show normal stress differences. The first and 

second normal-stress differences are defined as: 

 𝑁1 = σ𝑝,𝑦𝑦 − σ𝑝,𝑧𝑧 , (2.13) 

 𝑁2 = σ𝑝,𝑧𝑧 − σ𝑝,𝑥𝑥 . (2.14) 

Normal stress differences in sheared suspensions are caused by nonuniform relative particle 

distributions. The particles in a suspension will be more likely to find themselves in certain 
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regions with respect to each other compared to other regions. This will be explained in more detail 

in section 2.2.4. Using equation (2.12) the particle pressure tensor the normal-stress differences 

can be rewritten as the shear stress times a function of the volume fraction: 

 𝑁1 = 𝛼1(𝜙)|𝜏|, (2.15) 

 𝑁2 = 𝛼2(𝜙)|𝜏|. (2.16) 

Experimental and numerical data sets of 𝛼1(𝜙) and 𝛼2(𝜙) are given in Figure 2-5. The sign of 

𝛼1(𝜙) varies for the different data sets, an explanation of these variations can be the occurrence 

of particle layering near the wall (which promotes a positive sign) (Guazelli & Pouliquen, 2018). 

The sign of 𝛼2(𝜙) is accepted to be negative and in general |𝑁1| < |𝑁2| (Stickel & Powell, 2005). 

The normal stress differences are caused by both hydrodynamic and particle contact forces, but 

the contributions are not equal. Numerical work of (Gallier et al., 2014) shows that 𝑁1 is mostly of 

hydrodynamic origin while 𝑁2 is mostly caused by contact forces, the contributions to the stress 

differences for varying volume fraction are given in Figure 2-6. The difference in particle 

contribution can be explained by the fact that particle collisions will occur more or less equally in 

the velocity and the velocity gradient direction, but significantly less in the vorticity direction: 

σ𝑝,𝑥𝑥 ≪ σ𝑝,𝑦𝑦 ≈ σ𝑝,𝑧𝑧  (Gallier et al., 2014). 

 

Figure 2-5, Normal-stress difference coefficients 𝛼1 (left) and 𝛼2 (right) as a function of 𝜙 for multiple experimental and 
numerical results (Guazelli & Pouliquen, 2018). 

 

Figure 2-6, Hydrodynamic and contact contributions of the normal stress differences. Red squares and blue circles 
represent contact and hydrodynamic forces respectively (Guazelli & Pouliquen, 2018). 

The total isotropic pressure in the suspension will be equal to 𝑝 = 𝑝𝑓 + 𝑝𝑝, with 𝑝𝑝 =

−
1

3
𝑡𝑟(𝛔𝒑) (Stickel & Powell, 2005). The particles in a dense suspension sheared between two 
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parallel plates will exert a positive pressure 𝑝𝑝 onto the plates. But this pressure will be 

compensated by a negative pressure in the fluid phase, since the suspension is incompressible. So 

the particles will push on the wall, and the wall will pull on the fluid (Guazelli & Pouliquen, 2018). 

This particle pressure can be considered analogue to an osmotic pressure. 

2.2.3 Friction factor dependence 
In the dimensional analysis it was already mentioned that besides the particle volume fraction 

also the interparticle friction factor can be of interest for predicting the rheological properties of 

a suspension. The friction factor is defined as the ratio of the tangential and the normal contact 

forces: 

 
𝜇𝑐 =

𝑭𝑐,𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙

𝑭𝑐,𝑛𝑜𝑟𝑚𝑎𝑙
 (2.17) 

Besides that it also defines a limit for the tangential forces given by: 𝑭𝑝,𝑡𝑎𝑛𝑔𝑒𝑛𝑡𝑖𝑎𝑙 ≤ 𝜇𝑐𝑭𝑝,𝑛𝑜𝑟𝑚𝑎𝑙 . 

Tangential forces that tend to exceed this limit will cause slip between the two surfaces. The effect 

of the friction factor on rheological properties is hard to determine experimentally since it is 

difficult to vary the friction factor itself. In numerical simulations however the value can be 

changed very easily. Simulations of (Gallier et al., 2014) predict the relative viscosity for different 

friction factors. These results were later compared to experimental results, as shown in Figure 

2-7. From this it becomes clear that simulations with higher friction factors agree better with the 

experimental results. We can also conclude that the hydrodynamic contribution of the relative 

viscosity is not affected by the increase in friction factor, the increase in viscosity originates from 

the contact contribution only. The friction factor also influences the maximum flowable volume 

fraction 𝜙𝑚  at which jamming will occur, higher friction factors will lead to lower 𝜙𝑚  (Guazelli & 

Pouliquen, 2018). This effect is also visible in Figure 2-7 as the viscosity for suspensions with 

higher friction factors diverge at lower volume fractions. 

 

Figure 2-7, Left: relative viscosity for varying friction factor, Right: Hydrodynamic and contact contributions for two 
friction factors (Gallier et al., 2014). 

The first and second normal stress differences also show a friction factor dependence, as shown 

in Figure 2-8. Decomposing the stress differences in hydrodynamic and contact contributions 

shows that contact forces are mainly responsible for this friction factor dependence. The first 

normal stress difference 𝑁1 becomes less negative for increasing friction factor while 𝑁2 becomes 

more negative, besides that the effect on 𝑁2 is significantly larger. This can be explained by the 

fact that 𝑁2 is for the largest part caused by contact interactions while 𝑁1 has a hydrodynamic 

origin. 
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Figure 2-8, Friction factor dependence of the first and second normal stress differences (Gallier et al., 2014). 

2.2.4 Microstructure 
The rheology of a suspension is completely determined by interactions on the microscale. In 

Stokes flow the Navier-Stokes equations become linear which implies that the flow is reversible. 

The trajectories of particle interactions between only two particles will therefore be mirror 

symmetric across the 𝑦 = 0 plane (Morris, 2009), this is illustrated in Figure 2-9. This means that 

the likelihood of finding another particle on the point of symmetry across this plane is equal for 

every point outside the particle. This pure hydrodynamic interaction therefore predicts 

Newtonian behaviour without any shear rate dependence. However non-Newtonian behaviour is 

typically observed in experimental research, which is an effect of irreversibility in the particle 

interactions. These irreversibilities arise from two mechanisms (Morris, 2009), the first of which 

is because of the chaotic behaviour of multibody interactions. For dense suspensions particle 

interactions will likely occur between more than two particles which introduces nonlinearity in 

the hydrodynamic resistance. The second mechanism is due to particle distances getting 

infinitesimally small due to lubrication forces, distances even decrease to the same order of the 

particle roughness. At that point it’s reasonable to assume that interparticle contact forces are 

present.  

 

Figure 2-9, Particle path-lines of two particles in Couette flow 

A much used tool for representing the microstructure of a suspension is the pair distribution 

function (PDF) 𝑔(𝒓). This function gives the probability of finding another particle at distance 𝒓 

from a particle. It is usually normalised with the probability of finding another particle in a 

perfectly homogeneous particle distribution, such that the 𝑔(𝒓) ≈ 1 far away from the origin. The 

PDF is in general hard to determine for experiments, however experimental PDF’s have been 

produced using an index-matching technique (Blanc et al., 2013). Results are given in Figure 2-10. 

For a dilute suspension with 𝜙 = 0.05 the PDF shows a slight asymmetry in the distribution across 

the 𝑦 = 0 plane. This asymmetry can be explained by the particle roughness playing a role when 
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particles get close to each other, as mentioned before. For larger particle volume fractions we can 

see that the high pair correlation zone rotates to the compressional quadrant (𝑦𝑧 < 0). At even 

higher 𝜙 this zone splits into two zones with one roughly at the top/bottom and the other one on 

the velocity direction of the particle. For 𝜙 = 0.55 the jamming condition is almost reached, there 

we can see that a layered structure exists. The rotation of the high pair correlation zone towards 

the velocity direction agrees with the change in sign for the contact contribution of 𝑁1 proposed 

by (Gallier et al., 2014). Direct numerical simulation suggests that contact forces promote a 

positive 𝑁1 in the dilute regime as contact occurs mainly in the velocity gradient direction. For 

larger particle volume fractions a negative 𝑁1 is promoted by the high pair correlation zones 

shifting to the velocity direction. 

 

Figure 2-10, Experimental PDF for different particle volume fractions in the sheared plane (Blanc et al., 2013). Note: the 
sheared plane here is defined as the 𝑥𝑦-plane in contrast to the standard in this work. 

2.2.5 Pressure imposed rheology 
The rheology of a suspension can also be described from the perspective of granular flows 

immersed in a fluid. Examples of such flows are submarine avalanches in geophysics or flow of 

heavy grains in a tumbler. This approach originates from studies on dry granular flows. The 

volume fraction is typically not constant for such flows, instead the pressure on the granular bed 

is fixed. When the pressure 𝑃𝑝 is prescribed dry granular flows are determined by only one 

dimensionless number, the Inertial number: 

 
𝐼 = 𝑑�̇�√𝜌𝑝/𝑃𝑝 =

𝑡𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙

𝑡𝑠𝑡𝑟𝑎𝑖𝑛
, (2.18) 

where 𝑡𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙 = 𝑑√𝜌𝑝/𝑃𝑝 is the inertial time scale pertaining to the microstructure and 𝑡𝑠𝑡𝑟𝑎𝑖𝑛 =

1/�̇� is the time of strain pertaining to the macrostructure. A similar expression can be formulated 

for suspensions in Stokes flow, here the flow is determined by the Viscous number: 

 
𝐼𝑣 =

𝜂𝑓�̇�

𝑃𝑝
=

𝑡𝑣𝑖𝑠𝑐𝑜𝑢𝑠

𝑡𝑠𝑡𝑟𝑎𝑖𝑛
, (2.19) 

where 𝑡𝑣𝑖𝑠𝑐𝑜𝑢𝑠 = 𝜂𝑓/𝑃𝑝 is the viscous timescale. Note that in this work we assume that 𝑡𝑣𝑖𝑠𝑐𝑜𝑢𝑠 ≪

𝑡𝑖𝑛𝑒𝑟𝑡𝑖𝑎𝑙  and hence the viscous timescale is more important. For suspensions two constitutive laws 

can be expressed as function of 𝐼𝑣: 

 𝜏 = 𝜇(𝐼𝑣 )𝑃𝑝, (2.20) 
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 𝜙 = 𝜙(𝐼𝑣), (2.21) 

where 𝜇 is the effective friction coefficient. The particle volume fraction is a function of the Viscous 

number since fluid can enter and leave the suspension. In order to plot these two relations 

experiments have been performed using rheometers with one porous side (Boyer et al., 2011). 

This allows the fluid to pass but it keeps the particles in the measured domain such that the 

particle volume fraction is not fixed. The pressure on the bed was fixed for the experiments. 

Results of these experiments are given in Figure 2-11. It is clear that 𝜏 is an increasing function of 

�̇�, which is why 𝜇 is an increasing function of the Viscous number. For very small Viscous numbers 

there still remains an effective friction factor of approximately 0.32, this value is similar to friction 

factors for dry-granular flows. The particle volume fraction is a decreasing function of the Viscous 

number, which can be explained by the increasing particle pressure for larger strain rates. For 

very small Viscous numbers the maximum volume fraction is reached in the bed. 

 

Figure 2-11, The effective friction coefficient and particle volume fraction versus the Viscous number 𝐼𝑣  (Boyer et al., 
2011). 

This pressure imposed description can be related to the case of a constant volume by defining the 

relative viscosity and the normal stress to the Viscous number: 

 
𝜂𝑟(𝜙) =

𝜇[𝐼𝑣(𝜙)]

𝐼𝑣(𝜙)
, 

(2.22) 

 
𝜂𝑛,𝑧(𝜙) =

1

𝐼𝑣(𝜙)
 

(2.23) 

Conversion from Viscous number dependence to volume fraction dependence of the experimental 

data from (Boyer et al., 2011) agrees well with Eilers’ fit and the Krieger-Dougherty correlation. 
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2.3 Suspension flow in confinement 
The rheology of suspensions is usually experimentally determined with rheometers in confined 

domains, for example a plane Couette flow or a Taylor Couette flow. Confining walls have different 

effects on the liquid and the solid phase. Fluid at the wall will behave according to the no-slip and 

no-penetration boundary conditions, particles at the wall however will only behave according to 

the no-penetration boundary condition. This means that particles can actually have slip with the 

walls where the fluid cannot (Jana et al., 1995). Besides that the no-penetration boundary 

conditions will align particles with the wall promoting a layered structure in the region close to 

the wall (Yeo & Maxey, 2010a). Numerical simulations of (Gallier et al., 2016) showed that the 

effect of particle layering in plane Couette flow increases with the particle volume fraction 𝜙 and 

reduces with the particle friction factor 𝜇𝑐 . A visualization of one of their simulations is shown in 

Figure 2-12. For this simulation there is a clear transition from the layered wall region to the 

chaotic core region. Note that besides the layering in the wall normal direction there also exists a 

layering in the vorticity direction. The layering in both directions ultimately forms a hexagonal 

ordering in the plane perpendicular to the sheared plane. Different types of layer structuring can 

be observed depending on the distance between two confining walls for a specific value of 𝜙 (Yeo 

& Maxey, 2010b). 

 

Figure 2-12, Steady-state particle ordering of a confined suspension with 𝜙 = 0.5 and 𝜇𝑐 = 0. (a) particle ordering in the 
sheared plane, (b) particle ordering in the plane perpendicular to the sheared plane. Particle diameters are shown half 

the actual size for visualization (Gallier et al., 2016). Note: the axis orientations differ from the orientation of the axes in 
this work. 

The viscosity of a confined suspension with strong layering effects is significantly lower than for 

an unbounded suspensions with the same properties (Gallier et al., 2016). This effect is strong 

enough to break asymptotic behaviour of suspension viscosity for increasing 𝜙 as the layering 

effect also increases with 𝜙. Besides that the distance between two confining walls also plays a 

large role as this allows for different kind of layer orderings. Some results of the relative viscosity 

for varying wall distances are shown in Figure 2-13 (Yeo & Maxey, 2010b). These results show 

that the formation of various ordered structures promote different trends for the suspension 

viscosity. 
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Figure 2-13, The relative viscosity 𝜂𝑟 (denoted as 𝜇𝑟 here) as a function of 𝜙 for different wall separations 𝐻𝑦/𝑎, where 𝑎 

is the particle radius (Yeo & Maxey, 2010b). 

Besides the viscosity, confinement of suspensions also affects the normal stresses and therefore 

the normal stress differences 𝑁1 and 𝑁2. Numerical results show that particle layering promotes 

positive values for 𝑁1 and an even more negative 𝑁2 as shown in Figure 2-14 (Gallier et al., 2016). 

This effect can be an explanation for the positive values of 𝑁1 found for some experimental studies 

on suspension rheology. 

 

Figure 2-14, The normal stress differences 𝑁1 and 𝑁2 as a function of 𝜙 for both confined and unbounded suspensions 
(Gallier et al., 2016). 
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2.4 Numerical methods 
Research with respect to suspension microstructure is generally hard to perform experimentally 

since suspensions are often opaque. Besides that, it can be difficult and expensive to reach extreme 

conditions in experimental set-ups. Therefore numerical methods gained a lot of interest in the 

field of suspension rheology. Numerical simulations provide detailed steady-state or transient 

flow field data and the possible conditions are less restricted compared to experimental research. 

Various numerical methods capable of simulating suspension flow have been developed. 

Stokesian Dynamics is the most used method, but recently Direct Numerical Simulation (DNS) 

gained more interest because of the large field of possible applications. DNS is able to produce a 

fully resolved solution of the flow field at the smallest relevant length scale. For the simulation of 

suspension this typically implies solving the Navier-Stokes equations for the fluid phase and 

solving the Newton-Euler equations for the particle phase. Note that no further assumptions are 

made, which makes this method widely applicable. DNS is capable of simulating arbitrary shaped 

solid particles, non-Newtonian fluids and high Reynolds number flows. Various DNS methods exist 

for suspension flows where the main difference is in the coupling between the fluid and the 

particle phase. At the interface a no-slip and no-penetration boundary condition must be applied, 

for which multiple approaches exist. Examples are the Immersed Boundary Method (IBM) and the 

Fictitious Domain Method (FDM). The possibilities with DNS are much less restricted compared 

to other simulation methods, but the cost of this is that the method is computationally very 

expensive. Small timesteps are needed to fully resolve all the physics especially for higher 

Reynolds numbers. However, computational power is increasing rapidly, making DNS more 

interesting for simulations of suspensions close to the jamming limit.  

In this section three numerical methods are discussed in more detail namely: Stokesian Dynamics, 

Immersed Boundary Method and Fictitious Domain Method. 

2.4.1 Stokesian Dynamics 
Currently most numerical research on suspensions is performed using Stokesian Dynamics (SD). 

This is a numerical method that makes use of the approximation 𝑅𝑒�̇� = 0, which linearizes the 

Navier-Stokes equations. Forces on particles are subdivided in three categories: hydrodynamic 

forces 𝑭𝐻 , inter particle forces 𝑭𝑃  and Brownian forces 𝑭𝐵 . The following particle momentum 

balance can then be constructed (Brady & Bossis, 1988): 

 
𝒎 ∙

𝑑𝑼

𝑑𝑡
= 𝑭𝐻 + 𝑭𝑃 + 𝑭𝐵 , (2.24) 

with: 

 𝑭𝐻 = −𝑹𝐹𝑈(𝒙𝑁) ∙ (𝑼 − 𝑼∞) + 𝑹𝐹𝐸 ∙ 𝑬∞, (2.25) 

where 𝑹𝐹𝑈  and 𝑹𝐹𝐸 are configuration dependent resistance matrices representing the 

hydrodynamic force and torque respectively. The inter-particle force 𝑭𝑃  can be of any form 

depending on the contact model. The Brownian force 𝑭𝐵  results from thermal fluctuations and is 

arbitrary by nature. The resistance matrices must be approximated since the amount of particles 

is typically too large to find an exact solution (Brady & Bossis, 1988). Stokesian Dynamics is not 

limited to simulation of monodisperse suspensions of spherical particles since the model can be 

extended to deal with non-spherical or polydisperse suspensions. However a major limitation to 

the SD method is that it is restricted to Stokes flow, since the assumption 𝑅𝑒�̇� = 0 is in the core of 

this method. Besides that it’s also not possible to simulate suspensions consisting of non-

Newtonian fluids using SD. 
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Simulations of suspensions using SD are able to show reasonable volume fraction dependence and 

shear thickening behaviour (Ryohei Seto, 2013). However, for a SD solver to show rate 

dependence an extra force scale must be added. An electrostatic repulsion model proposed by 

(Mari et al., 2014) gives proper results.  

2.4.2 Immersed Boundary Method 
The Immersed Boundary Method (IBM) is a two phase simulation method that makes use of a 

fixed grid (usually Cartesian). Interfaces between the two phases do not necessarily have to 

coincide with the grid cell boundaries, since boundary conditions are applied by using a forcing 

method (Mittal & Iaccarino, 2005). The IBM is interesting for the simulation of suspension flow 

since no regridding will be needed. However, direct numerical simulation of suspension flow 

typically requires moving boundary conditions. An IBM proposed by (Breugem, 2012) makes use 

of a Lagrangian grid to define the position of the particle interface, this grid can move freely over 

the fixed Eulerian grid. The no-slip and no-penetration boundary condition between the two 

phases is realized by adding a body forcing term to the Navier-Stokes equations at boundary 

points. This forcing term is computed such that the fluid velocity is equal to the particle surface 

velocity for every particle (Haeri & Shrimpton, 2012).  

Discrete forcing is a method that determines the body forcing term directly from discretization of 

the Navier-Stokes equations. However the Eulerian and Lagrangian grid points do not coincide, so 

we need a way to translate velocity and force vectors from one grid to the other. This can be done 

by using a so-called regularized delta function. This function makes use of the values 

corresponding to grid points in the neighbourhood and weighs them based on the distance to the 

grid point of interest. A regularized delta function can be used to interpolate the velocity vectors 

from the Eulerian grid to the Lagrangian grid, such that the body forcing terms can be computed. 

After that the body forcing terms can be spread back to the Eulerian grid using the same delta 

function. This process is visualized in Figure 2-15. The downside of this approach is that during 

the spreading operation forcing terms will disturb each other. Therefore, the accuracy of this 

method is improved by a few iterations for computing the forcing terms on the Eulerian grid; this 

is called a multi-direct forcing scheme (Luo et al., 2007). 

 

Figure 2-15, Visualization of the interpolation between the Eulerian and the Lagrangian grid. Circles in this figure 
represent the range of the delta function interpolating between the grids (Breugem, 2012). 



 A DNS study of the rheology of dense suspensions in plane Couette flow – Master Thesis 

22 
 

Currently the IBM is already applied to identify shear thickening in different flow regimes for 

varying Reynolds numbers (𝑅𝑒 = 500 − 5000) in flows for suspensions up to the semi-dilute 

regime (𝜙 ≤ 0.3) (Lashgari et al., 2014). Another study used IBM to research inertial shear 

thickening for lower Reynolds numbers (𝑅𝑒 = 0.1 − 10), for the dilute regime (Picano et al., 

2013). This study also predicted a volume fraction dependence of the suspension viscosity which 

is in agreement with Eilers fit for 𝜙 ≤ 0.3. 

2.4.3 Fictitious Domain Method 
The Fictitious Domain Method (FDM) is a method for simulating suspension flow using only one 

grid. In contrast to the IBM, this method only uses an Eulerian grid which is used for both the 

particle and the fluid phase. Particles are modelled by means of body forces similar to the IBM but 

here the two phases share the same grid. There is no interpolation and spreading needed in order 

to apply the boundary conditions for that reason. The forcing method of IBM results in unphysical 

velocities inside particles which can be a problem in case of flow coupled with heat or mass 

transfer. However FDM simulates the particles by setting the velocity inside the whole particle 

equal to the particle velocity instead of only doing this at the boundary, so no unphysical velocities 

will be present inside the particle (Deen et al., 2014). 

A fictitious domain approach was used by (Gallier et al., 2014) in order to simulate the rheology 

of dense suspensions. Their model contained a contact model that takes the roughness and the 

friction factor of particles into account. The model was able to predict volume fraction dependence 

of the suspension viscosity and normal forces that are in agreement with experimental results. 
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2.5 Discussion 
Since the beginning of the 20th century much research has been done with regards to dense 

suspensions. With the results of numerous rheological experiments correlations have been 

constructed to predict the behaviour of suspensions. However experimental results do often not 

agree with each other and the physical understanding to explain those discrepancies is lacking. 

The rheological behaviour of suspensions is still far from understood, especially in the dense 

regime. 

Experimental research for dense suspensions is often difficult because the substance is normally 

opaque and besides that extreme conditions are hard to realize in experimental set-ups. 

Numerical research however is not limited in those ways. Detailed descriptions of suspension 

flows can be obtained with various available numerical methods. Computational power is a 

limiting factor, but in the future this will be less of a problem since computational power is 

increasing continuously. The numerical simulation of suspension flows comes with the challenge 

of providing a coupling between the fluid and the solid phase. A promising and widely applicable 

technique that is capable of making this coupling is the Immersed Boundary Method (IBM). This 

method has proven to be able to predict suspension rheology in the dilute regime (Picano et al., 

2013), however simulations of dense suspensions close to the jamming limit using this technique 

are lacking. The application of the IBM for the simulation of dense suspensions can potentially 

help understanding the underlaying physics causing non-Newtonian behaviour. 

3 Problem statement and objectives 
As mentioned in the discussion above the IBM is a promising technique for simulating dense 

suspensions, however numerical simulations of dense suspensions produced with this technique 

are lacking. Hence, the following problem statement can be formulated: How accurate is the 

Immersed Boundary Method for simulating dense suspensions near the jamming limit? The 

objective of this study will be to validate the capability of the IBM to simulate dense suspensions 

near the jamming limit by comparing simulation results with available experimental and 

numerical data. To limit the scope the focus will be on neutrally buoyant non-colloidal 

suspensions of hard spheres in Stokes flow. Besides that the focus will be on monodisperse 

suspensions in plane Couette flow. 
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4 Method 
The Immersed Boundary Method will be used to investigate the rheology of suspensions near the 

jamming condition and to validate the results against available experimental and numerical data. 

The validation will be performed by comparing the volume fraction and friction factor 

dependence of the relative viscosity, the normal stress differences and the microstructure. This 

will be done by using the second-order accurate method from (Breugem, 2012), together with the 
frictional soft-sphere collision model proposed by (Costa et al., 2015). The solver uses an 

equidistant staggered Cartesian grid for the fluid phase and a Lagrangian grid for each particle. 

The governing equations and further details on the numerical method are given below.  

4.1 Governing equations 
The governing equations for the incompressible fluid phase are the continuity equation and the 

Navier-Stokes equation: 

 𝛻 ∙ 𝒖 = 0, (4.1) 

 
𝜌𝑓 (

𝜕𝒖

𝜕𝑡
+ 𝛻 ∙ 𝒖𝒖) = −𝛻𝑝 + 𝜂𝑓𝛻2𝒖 + 𝜌𝑓𝒇, (4.2) 

where 𝒖 is the fluid velocity, 𝑝 is the varying contribution to the pressure. 𝜌𝑓  is the fluid density 

and 𝜇𝑓  is the fluid viscosity. The force term 𝒇 is used for imposing boundary conditions at the 

surface of particles, this will be explained below. To not depend on any units the Navier-Stokes 

equation is made non-dimensional using the particle diameter 𝑑 as a length scale, 1/�̇� as a time 

scale and 𝜌𝑓𝑑4𝛾2̇ as a force scale: 

 𝜕�̃�

𝜕�̃�
+ �̃� ∙ �̃��̃� = −�̃��̃� +

1

𝑅𝑒�̇�

𝛻2�̃� + �̃�,   (4.3) 

where 𝑅𝑒�̇� = 𝜌𝑓𝑑2�̇� 𝜂𝑓⁄  and the tilde denotes a dimensionless variable. The governing equations for 

the particle phase consisting of hard solid spheres is given by: 

 �̃�𝑝 = �̃�𝑐 + �̃�𝑐 × �̃�, ( 4.4 ) 

where �̃�𝑝  is the dimensionless velocity of an infinitesimal particle segment and �̃�𝑐 is the 

dimensionless particle velocity at the centre of the particle. �̃�𝑐 is the dimensionless angular 

velocity of the particle and �̃� is the dimensionless distance of a point on the particle with respect 

to the centroid. The translational velocity and the angular velocity are described by the following 

relations: 

 1

6
𝜋𝜌𝑟

𝑑�̃�𝑐

𝑑�̃�
= ∮ �̃� ∙ 𝒏𝑑�̃�

 

𝜕𝑉

+ �̃�𝑐 , (4.5) 

 1

60
𝜋𝜌𝑟

𝑑�̃�𝑐

𝑑�̃�
= ∮ �̃� × (�̃� ∙ 𝒏)𝑑�̃�

 

𝜕𝑉

+ �̃�𝑐 , (4.6) 

where 𝜌𝑟 = 𝜌𝑝/𝜌𝑓  is the density ratio. The stress tensor for a Newtonian fluid is given by �̃� =

−�̃�𝑰 + (1/𝑅𝑒�̇�)(∇�̃� + ∇�̃�𝑇) and 𝒏 is the outward pointing normal vector at the particle surface. 

Inter particle contact is given by �̃�𝑐  and �̃�𝑐 representing the dimensionless force and the torque 
resulting from the contact interaction. 

At the surface of a particle the no slip and no penetration boundary condition must be applied. 

This implies that �̃� = �̃�𝑝(𝑿) at every point 𝑿 at the surface. For the IBM this boundary condition 

is imposed using the force term �̃� in the governing equation of the fluid phase.  
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Similar to the governing equations all further references to physical quantities in this work are 

dimensionless. For visual clearance however the tilde accents are not shown on the variables in the 

sequel. 

4.2 Numerical method 
The solver makes use of a low storage 3-step Runge-Kutta scheme for discretization of all terms 

except for the pressure gradient, that term is discretized using a Crank-Nicolson scheme. 

Simulation of the fluid phase is performed according to the following pressure-correction scheme 

(Breugem, 2012): 

𝑑𝑜 𝑞 = 1,3  

 𝒖∗ = 𝒖𝑞−1 +
∆𝑡

𝜌𝑓
(−(𝛼𝑞 + 𝛽𝑞)∇𝑝𝑞−

3

2 + 𝛼𝑞𝒓𝒉𝒔𝑞−1 + 𝛽𝑞𝒓𝒉𝒔𝑞−2)  

 𝒖∗∗ = 𝒖∗ + ∆𝑡𝒇𝑞−
1

2 

 ∇2�̃� =
𝜌𝑓

(𝛼𝑞+𝛽𝑞)∆𝑡
∇ ∙ 𝒖∗∗ 

 𝒖𝑞 = 𝒖∗∗ −
(𝛼𝑞+𝛽𝑞)∆𝑡

𝜌𝑓
∇�̃� 

 𝑝𝑞−
1

2 = 𝑝𝑞−
3

2 + �̃� 

𝑒𝑛𝑑 𝑑𝑜  

The constants are given by: 𝛼1 =
32

60
, 𝛽1 = 0, 𝛼2 =

25

60
, 𝛽2 = −

17

60
, 𝛼3 =

45

60
 and 𝛽3 = −

25

60
. This 

scheme consists of three sub steps where 𝑞 = 0 corresponds to the previous time level and 𝑞 = 3 

corresponds to the new time level. The first prediction 𝒖∗ is made by using terms from previous 

time steps, then this prediction is used to determine the forcing term 𝒇 in order to impose the 

boundary conditions at the surface of particles. The forcing term 𝒇 is determined with a multi-

direct forcing scheme (Breugem, 2012). This forcing scheme interpolates the fluid velocity 𝒖∗ to 

the Lagrangian grid to determine 𝑼𝑙
∗ such that the forcing term 𝑭𝑙  can be determined. This term is 

defined on the Lagrangian grid so it must be spread back to the Eulerain grid to determine 𝒇. 

During the spreading operation the imposed boundary condition of different Lagrangian nodes 

will interfere with each other resulting in disturbances in the boundary condition. For that reason 

these interpolation and spreading operations are repeated 𝑁𝑠 times to improve the accuracy of 

the forcing terms around the particles. After that a second prediction 𝒖∗∗ is made by including the 

forcing term, this prediction is used to determine the Poisson equation for the correction pressure 

�̃�. This Poisson equation is solved efficiently using an FFT-based solver. The particle motion is 

discretized within the same loop with the same Runge-Kutta scheme. The translational and 

angular velocity of the particles are determined taking hydrodynamic and contact forces into 

account. For the fluid phase a staggered equidistant Cartesian grid is used, the finite volume 

method is applied for discretization and spatial derivatives are estimated using central 

differencing. 
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4.3 Contact model 
Forces on particles as a result of mechanical contact are determined using a soft sphere collision 

model (Costa et al., 2015). The contact behaviour in this model is based on three parameters: the 

sliding friction factor 𝜇𝑐 , the normal coefficient of restitution 𝑒𝑛,𝑑  and the tangential coefficient of 

restitution 𝑒𝑡,𝑑 . The coefficients of restitution are defined as the loss of momentum during a 

collision: 

 𝑒𝑛,𝑑 =
𝑢𝑜𝑢𝑡,𝑛

𝑢𝑖𝑛,𝑛
, (4.7) 

 𝑒𝑡,𝑑 =
𝑢𝑜𝑢𝑡,𝑡

𝑢𝑖𝑛,𝑡
. (4.8) 

 

Figure 4-1, Schematic view of the soft sphere collision model (Costa et al., 2015). 

Contact forces from a particle 𝑗 on a particle 𝑖 are separated in a normal component 𝑭𝑖𝑗,𝑛 and a 

tangential component 𝑭𝑖𝑗,𝑡. Both components are determined by considering a spring dashpot 

system schematically shown in Figure 4-1. The normal force is determined with:  

 𝑭𝑖𝑗,𝑛 = −𝑘𝑛𝜹𝑖𝑗,𝑛 − 𝜂𝑛𝒖𝑖𝑗,𝑛, (4.9) 

where 𝜹𝑖𝑗,𝑛 is the particle overlap in the normal direction and 𝒖𝑖𝑗,𝑛 is the relative velocity in the 

normal direction. The normal spring coefficient 𝑘𝑛 and damping coefficient 𝜂𝑛 are given by:  

 
𝑘𝑛 =

𝑚𝑒(𝜋2 + ln2 𝑒𝑛,𝑑)

(𝑁∆𝑡)2
,   (4.10) 

 
𝜂𝑛 = −

2𝑚𝑒 ln 𝑒𝑛,𝑑

(𝑁∆𝑡)
, (4.11) 

where 𝑚𝑒 = (𝑚𝑖
−1 + 𝑚𝑗

−1)
−1

 is the reduced mass and 𝑁∆𝑡 is the duration of the collision. The 

collision time is usually stretched such that the model resolves the collision well even with large 

time increments ∆𝑡. The tangential force is determined with: 

 𝑭𝑖𝑗,𝑡 = min (||−𝑘𝑡𝜹𝑖𝑗,𝑡 − 𝜂𝑡𝒖𝑖𝑗,𝑡|| , ||−𝜇𝑐𝑭𝑖𝑗,𝑛||) 𝒕𝑖𝑗 , (4.12) 

where 𝜹𝑖𝑗,𝑡 is the tangential displacement and 𝒖𝑖𝑗,𝑡 is the relative tangential velocity. The 

tangential spring coefficient 𝑘𝑡  and damping coefficient 𝜂𝑡  are given by: 

 
𝑘𝑡 =

𝑚𝑒,𝑡(𝜋2 + ln2 𝑒𝑡,𝑑)

(𝑁∆𝑡)2
,  (4.13) 

 
𝜂𝑡 = −

2𝑚𝑒,𝑡 ln 𝑒𝑡,𝑑

(𝑁∆𝑡)
, (4.14) 

where 𝑚𝑒,𝑡 = 𝑚𝑒 (1 +
1

𝐾2
)

−1

 is the reduced mass of the tangential system with 𝐾2 = 2/5 the 

normalised particle radius of gyration for a sphere. The determination of the tangential force takes 
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into account the transition between stick and slip, therefore it’s important to update the tangential 

displacement according to the right contact conditions:  

 
𝜹𝑖𝑗,𝑡

∗𝑛+1 = 𝑹 ∙ 𝜹𝑖𝑗,𝑡
𝑛 + ∫ 𝒖𝑖𝑗,𝑡𝑑𝑡

𝑡𝑛+1

𝑡𝑛
,    (4.15) 

 

𝜹𝑖𝑗,𝑡
𝑛+1 = {

𝜹𝑖𝑗,𝑡
∗𝑛+1                                                    , ||𝑭𝑖𝑗,𝑡|| ≤ 𝜇𝑐 ||𝑭𝑖𝑗,𝑛|| (𝑠𝑡𝑖𝑐𝑘)

(
1

𝑘𝑡
) (−𝜇𝑐 ||𝑭𝑖𝑗,𝑛|| 𝒕𝑖𝑗 − 𝜂𝑡𝒖𝑖𝑗,𝑡) , ||𝑭𝑖𝑗,𝑡|| > 𝜇𝑐 ||𝑭𝑖𝑗,𝑛|| (𝑠𝑙𝑖𝑝)

, (4.16) 

where 𝑹 is a rotation tensor which is used to update the orientation of the tangential 

displacement. The total contact force and torque can then be determined with: 

 𝑭𝑖𝑗
𝑐 = 𝑭𝑖𝑗,𝑡 + 𝑭𝑖𝑗,𝑛, (4.17) 

 
𝑻𝑖𝑗

𝑐 =
𝑑

2
(𝒏𝑖𝑗 × 𝑭𝑖𝑗,𝑡). (4.18) 

 

4.4 Lubrication correction 
Prior to mechanical contact between solid bodies large lubrication forces may be present. When 

the gap between two solid bodies is large enough the IBM is able to resolve the lubrication forces 

well. But as the bodies come closer to each other the spatial resolution gets too coarse to resolve 

the steep profile of the lubrication forces. For that reason a lubrication correction is applied when 

the particle gap 휀 is smaller than 휀∆𝑥 (Costa et al., 2015). As the particle gap reduces even further 

at some point the particle roughness is expected to play a role as explained in section 2.2.4. These 

roughness effects are simulated by assuming that the effective gap width remains constant and is 

equal to 휀𝜎  when 0 ≤  휀 < 휀𝜎, where 휀𝜎  is the roughness height. A schematic overview of this 

separation in close particle interactions is given in Figure 4-2. 

 

Figure 4-2, Schematic overview of the contact model for different gap widths 휀 (Costa et al., 2015).  
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5 Simulations 
For this study a beam-shaped domain is used, as shown in Figure 5-1. The 𝑥, 𝑦 and 𝑧 directions 

correspond to the vorticity, the velocity and the velocity gradient direction respectively. The 

domain lengths are set to 𝐿𝑥 = 13.5, 𝐿𝑦 = 27 and 𝐿𝑧 = 13.5. An opposing velocity is prescribed 

on the top and the bottom walls to simulate a plane Couette flow and in addition the no-

penetration and no-slip boundary conditions are applied to simulate the effect of confinement. 

The wall velocities are related to the particle Reynolds number with: 

 
𝑅𝑒�̇� =

𝜌𝑓𝑑2�̇�

𝜂𝑓
, (5.1) 

 �̇� =
𝑣𝑡𝑜𝑝 − 𝑣𝑏𝑜𝑡𝑡𝑜𝑚

𝐿𝑧
. (5.2) 

Note that all variables are made dimensionless with the particle diameter 𝑑, the shear rate �̇� and 

the fluid density 𝜌𝑓 . As a result the dimensionless shear rate is given with �̇� = 1 such that 𝑣𝑡𝑜𝑝 =

𝐿𝑧 2⁄  and 𝑣𝑏𝑜𝑡 = −𝐿𝑧/2. In this study we are interested in Stokes flow, so a low Reynolds number 

is necessary. However, setting the Reynolds number extremely low is not practical, because as a 

result particles will barely move and therefore it will be computationally expensive to gain 

statistically independent results. For this study the flow parameters are defined such that the 

Reynolds number is equal to 𝑅𝑒�̇� = 0.1, as a result the fluid viscosity is equal to 𝜂𝑓 = 10. The 

domain is periodic in the 𝑥 and 𝑦-direction and the length 𝐿𝑦  was chosen such that the particle 

distribution is able to decorrelate over this length. 

 

Figure 5-1, A schematic view of the simulated domain. 

For this study we chose to vary both the particle volume fraction 𝜙 and the coefficient of sliding 

friction 𝜇𝑐 . Friction coefficients for particle-particle and particle-wall contact are always equal to 

each other in this work. The range of particle volume fractions is set from 𝜙 = 0.2 − 0.6 with 

increments of 0.1 and all these volume fractions are simulated with a friction factor of both 0 and 

0.39. This value of 𝜇𝑐 = 0.39 for frictional particles is based on yet unpublished tilted-flume 

experiments on an immersed bed of polystyrene spheres conducted by M.T. Shajahan, TU Delft. 

The normal coefficient of restitution is defined as 𝑒𝑛,𝑑 = 0.97, which can be considered realistic 

according to experimental results (Joseph & Hunt, 2004), and the tangential coefficient of 

restitution is defined as 𝑒𝑡,𝑑 = 0.1, which is lower than experimental results typically show. This 

value of 𝑒𝑡,𝑑 is chosen lower to promote sliding behaviour in mechanical contact; the degree of 

solid friction is thus mostly controlled by 𝜇𝑐  in our simulations. The particle roughness is set to 

𝜖𝜎 = 0.004, which is a reasonable value for particles of 𝑂(1) mm in diameter with a surface 

roughness of 𝑂(1) micrometer (Joseph et al., 2001). 
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5.1 Initial particle positions 
An effective method for particle initialisation is to use a random number generator to determine 

the initial particle positions. After every particle placement a routine can check if there is no 

overlap with the walls or with other particles. This method works well for suspensions with a 

particle volume fraction of 𝜙 ≤ 0.3, but for larger 𝜙 this method is not able to find enough free 

space in order to reach the desired amount of particles. For that reason another particle position 

initialisation is used for the cases with 𝜙 > 0.3. With a structured ordering it is possible to reach 

significantly higher concentrations. Here we choose for a body-centred crystalline structure, as 

shown in Figure 5-2. This structured ordering allows for a maximum particle volume fraction of 

𝜙 ≈ 0.68 in case of an unbounded flow. 

 

Figure 5-2, Body-centred crystalline structure 

The sides of this cubic structure has equal lengths 𝐿. As 𝐿 gets smaller 𝜙 increases until the spheres 

overlap in the diagonal direction, which we cannot allow. Therefore the diagonal of the cubic 

structure must always be larger than two particle diameters: 2𝑑 ≤ √3𝐿2  (or: 𝐿 ≥ 2𝑑 √3⁄ ). The 

routine sets 𝐿 initially too large and then decreases it slowly until the point at which the amount 

of particles that fit in the domain 𝑁 is larger than or equal to the desired amount of particles 

𝑁𝑑𝑒𝑠𝑖𝑟𝑒𝑑 . The routine works in the following way: 

𝑤ℎ𝑖𝑙𝑒 𝑁 < 𝑁𝑑𝑒𝑠𝑖𝑟𝑒𝑑   

 𝑁𝑥 = 𝑓𝑙𝑜𝑜𝑟 (
𝐿𝑥

𝐿
) , 𝑁𝑦 = 𝑓𝑙𝑜𝑜𝑟 (

𝐿𝑦

𝐿
) , 𝑁𝑧 = 𝑓𝑙𝑜𝑜𝑟 (

2𝐿𝑧

𝐿
) − 1 

 𝑁 = 𝑁𝑥 ∙ 𝑁𝑦 ∙ 𝑁𝑧 

 𝐿 = 𝐿 − 0.001 

where 𝑁𝑥, 𝑁𝑦  and 𝑁𝑧 are the amount of particles in the 𝑥, 𝑦 and 𝑧 direction respectively, the body-

centred particles are only counted in the 𝑧-direction. Note that 𝐿 is normalised with the particle 

diameter 𝑑. The amount of particles 𝑁 increases with large discrete steps as 𝐿 decreases, so when 

the while loop is done 𝑁 is probably too large. This allows us to increase the randomness of the 

particle initialization by random removal of particles from the domain till 𝑁 = 𝑁𝑑𝑒𝑠𝑖𝑟𝑒𝑑 . After that 

there is still some space to perturb the particle positions within this structure, which allows us to 

increase the randomness of the particle initialization even further. 
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5.2 Convergence 
For the simulations to converge the spatial and temporal resolutions must both be fine enough. 

The Eulerian grid is equidistant with: ∆𝑥 = ∆𝑦 = ∆𝑧 = 1/16 and the Lagrangian grid is made up 

of 746 surface segments for every particle. The temporal increment is constrained to the physical 

time scale more than to the numerical scheme and is set to ∆𝑡 = 1.5625 ∙ 10−3. This value is found 

empirically.  

Convergence of every individual simulation is checked using the forces that both the particle 

phase and the fluid phase exert on the walls. These forces can be subdivided in a tangential 

contribution and a normal contribution. The tangential forces on the walls contribute to the shear 

stress and indicate how well the simulation is converged for the viscosity. This shear stress can 

be determined for the bottom wall with: 

 
𝜎𝑦𝑧,𝑏𝑜𝑡 =

1

𝐿𝑥𝐿𝑦
∑ ∑ 𝑓𝑡,𝑝−𝑤(𝑥, 𝑦) +

1

𝑅𝑒�̇�

𝑣𝑓(𝑥, 𝑦, ∆𝑧/2) − 𝑣𝑓(𝑥, 𝑦, 0)

∆𝑧/2
𝑦𝑥

, (5.3) 

where 𝑓𝑡,𝑝−𝑤 contains the tangential contact forces that acts from a particle on the wall. The shear 

stress on the top wall can be determined in a similar way. The normal forces on the walls are also 

of interest, as they give an indication of how well the simulation is converged for the particle stress 

in the wall-normal direction. For the bottom wall the normal stress can be determined with: 

 
𝜎𝑧𝑧,𝑏𝑜𝑡 =

1

𝐿𝑥𝐿𝑦
∑ ∑ 𝑓𝑛,𝑝−𝑤(𝑥, 𝑦) + 𝑝(𝑥, 𝑦, 0)

𝑦𝑥

, (5.4) 

where 𝑓𝑛,𝑝−𝑤  contains the normal contact forces that act from a particle on the wall. Both bottom 

wall stresses are plotted as a function of the dimensionless time 𝑡 in Figure 5-3 for the frictionless 

cases. All cases start with a fast increasing transient followed by a much slower decreasing 

transient. At the very first time step particles do not make contact with the walls due to the way 

particle positions are initialized. The flow is initialised with a linear velocity profile for both fluid 

and particles as if the mixture behaves like single-phase flow. Immediately at the start of a 

simulation, the flow will rapidly adjust to the presence of the solid particles, which explains the 

rapid increase in both the tangential and normal wall stress at 𝑡 = 0. This is then followed by a 

slower adjustment of the initial particle configuration to the flow. The gradual increase in normal 

stress for the lower concentrations can be explained by the gradual increase in particle-wall 

collision events and accompanying adjustment of the wall pressure as initially particles do not 

make contact with the walls. A transient time 𝑡𝑡𝑟𝑎𝑛𝑠  can be defined by judging both stresses for 
every case. This part of the simulation can be excluded from the total simulated time to analyse 

the steady-state behaviour. The values of 𝑡𝑡𝑟𝑎𝑛𝑠  and the simulated steady-state time 𝑡𝑠𝑡𝑒𝑎𝑑𝑦  are 

given in Table 1. 
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Figure 5-3, The bottom wall shear stress 𝜎𝑦𝑧,𝑏𝑜𝑡 and the bottom wall normal stress 𝜎𝑧𝑧,𝑏𝑜𝑡  as a function of the 

dimensionless time 𝑡 for the frictionless cases with 𝜙 = 0.2, 0.3, 0.4 and 0.5. The vertical bars indicate the end of the 
transient 𝑡𝑡𝑟𝑎𝑛𝑠. 

𝜇𝑐  0 0.39 
𝜙 0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6 

𝑡𝑡𝑟𝑎𝑛𝑠  53 45 91 106 61 68 53 76 91 140 
𝑡𝑠𝑡𝑒𝑎𝑑𝑦  51 67 59 102 162 51 42 38 61 78 

Table 1, The duration of the transient 𝑡𝑡𝑟𝑎𝑛𝑠 and the amount of simulated steady-state time 𝑡𝑠𝑡𝑒𝑎𝑑𝑦  for every case. 
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6 Postprocessing 
Several postprocessing routines make it possible to interpret the generated data. In this section a 

detailed explanation about the postprocessing routines is given. 

6.1 Superficial averages 
The numerical method used in this work produces detailed 3-dimensional velocity and 

concentration fields. For a plane Couette flow however we can expect the statistical flow 

properties not be constant in the velocity and the vorticity direction. The only statistical variations 

of velocity, stress or concentration will be present in the velocity gradient direction. For that 

reason it is useful to determine superficial plane averaged flow properties, providing the flow 

parameters as a function of the wall-normal position 𝑧. The superficial averages for the velocity 

can be determined with:. 

 
〈𝒖𝑓〉(𝑧) =

1

𝐿𝑥𝐿𝑦
∑ ∑ 𝒖𝑓(𝑥, 𝑦, 𝑧)(1 − 𝛼(𝑥, 𝑦, 𝑧))∆𝑥∆𝑦

𝑦𝑥

, (6.1) 

 
〈𝒖𝑝〉(𝑧) =

1

𝐿𝑥𝐿𝑦
∑ ∑ 𝒖𝑝(𝑥, 𝑦, 𝑧)𝛼(𝑥, 𝑦, 𝑧)∆𝑥∆𝑦

𝑦𝑥

, (6.2) 

where 𝛼 is the solid phase indicator function (computed from the solid volume fraction inside a 

computational grid cell using a level-set approach). This function can also be used to determine 

the particle volume fraction as a function of the wall-normal position: 

 
〈𝜙〉(𝑧) =

1

𝐿𝑥𝐿𝑦
∑ ∑ 𝛼(𝑥, 𝑦, 𝑧)∆𝑥∆𝑦

𝑦𝑥

. (6.3) 

Intrinsic averages can then be determined with: 

 
〈𝒖𝑓〉𝑓(𝑧) =

〈𝒖𝑓〉(𝑧)

1 − 〈𝜙〉(𝑧)
, (6.4) 

 
〈𝒖𝑝〉𝑝(𝑧) =

〈𝒖𝑝〉(𝑧)

〈𝜙〉(𝑧)
. (6.5) 

Superficial and intrinsic averages will also be averaged over time to obtain nicely converged data. 

These time averaged properties will be annotated with a bar accent like 〈�̅�𝑓〉 for example. 

6.2 Pair distribution function 
The pair distribution function 𝑔(𝒓) gives the probability of finding another particle at a specific 

point 𝒓 with respect to a randomly selected base particle, as already mentioned in section 2.2.4. 

To construct this function the volume of interest must be subdivided in a finite amount of volume 

segments. Volume segments must be significantly smaller than the particle volume 𝑉𝑠𝑒𝑔 ≪ 𝑉𝑝 in 

order to obtain a high resolution. After that the pair distribution function can be determined with: 

 
𝑔(𝒓) =

(𝑉𝑡𝑜𝑡𝑎𝑙/𝑉𝑠𝑒𝑔)

𝑁(𝑁 − 1)
∑ ∑ 𝛿 (𝒓 − (𝒙𝑝𝑑

− 𝒙𝑝))

𝑝𝑑𝑝

, (6.6) 

where 𝒙𝑝 is the centroid position of a base particle, 𝒙𝑝𝑑
 is the centroid position of the other particle 

in a pair. The function 𝛿 returns 1 if the particle is in the segment volume of interest, otherwise 0 

is returned as visualized in Figure 6-1. The summation in equation (6.6) is normalised with the 

probability of finding a particle in the volume segment in case of a perfect homogeneous 

distribution, such that 𝑔(𝒓) ≈ 1 for large 𝒓. Here 𝑉𝑡𝑜𝑡𝑎𝑙 is the total domain volume, 𝑉𝑠𝑒𝑔  is the 

segment volume and 𝑁 is the total amount of particles. This function can be determined for a 
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series of time samples, such that the average can be determined in order to obtain a better a 

converged plot. 

 

Figure 6-1, Schematic view of how the 𝛿-function works. The function returns 1 if the second particle in a duo finds itself 
in the volume of interest 𝑉𝑠𝑒𝑔 (b), otherwise 0 is returned (a). 

6.3 Particle stress tensor 
Particles suspended in a fluid will exert additional stresses 𝝈𝑝 that contribute to the mixture 

model stress tensor 𝝈 as explained in section 2.2.2. The components of the particle stress tensor 

for a specific particle 𝑠 can be related to the stresslet and the torque with: 

 𝜎𝑝,𝑖𝑗
𝑠 =

6

𝜋
(𝑆𝑖𝑗 + 𝑇𝑖𝑗), (6.7) 

where the stresslet 𝑆𝑖𝑗  and the torque 𝑇𝑖𝑗  represent the symmetric and the asymmetric part of the 

first moment of traction over the particle surface respectively. Since the particles can rotate freely 

no torque can exist on the particles, such that 𝑇𝑖𝑗 = 0. Therefore only the symmetric part 𝑆𝑖𝑗  exists, 

and as a result 𝜎𝑝,𝑖𝑗
𝑠 = 𝜎𝑝,𝑗𝑖

𝑠 . The stresslet can be determined with: 

 
𝑆𝑖𝑗 = ∫ 𝑓𝑖𝑥𝑗𝑑𝑉 ≈ ∑ 𝐹𝑖𝑥𝑗

𝑙𝑉𝑝

, (6.8) 

where 𝐹𝑖  is the 𝑖-component of a force acting on the particle and 𝑥𝑗  is the 𝑗-component of the 

distance between the particle centroid and the element on which the force acts. The summation 

in equation (6.8) is made over all Lagrangian elements of a particle 𝑙. From section 2.2.1 we know 

that a sheared flow field can be decomposed in a rotating motion and a stresslet, Figure 6-2 gives 

the streamlines of a stresslet around a single particle in the 𝑦𝑧-plane. In this figure it is visible how 

the presence of the particle disturbs the shearing motion. The disturbance of the flow field results 

in additional stresses in the fluid that are balanced by stresses in the particle, trying to deform the 

particle. Deformations of the particle will be negligibly small however, since the Youngs modulus 

of the solid phase is high enough to consider it rigid. Besides hydrodynamic forces also collisional 

forces can contribute to the stresslet acting on a particle. In the case of collisional forces on a 

particle the sum of both contributions still forms a particle stress tensor with only a symmetric 

part. 

  

   

 

  

   

 

 = 0  = 1
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Figure 6-2, Streamlines of the stresslet acting on a single particle. 

The particle stress is determined for every individual particle and originates from both 

hydrodynamic and collisional forces. For a specific particle 𝑠 we can state for the average stress 

within a particle: 

 𝜎𝑝,𝑖𝑗 
𝑠 = 𝜎𝑝,𝑖𝑗

ℎ𝑦𝑑
+ 𝜎𝑝,𝑖𝑗 

𝑐𝑜𝑙 . (6.9) 

The hydrodynamic contribution in equation (6.9) can be estimated by:  

 𝜎𝑝,𝑖𝑗
ℎ𝑦𝑑 =

6

𝜋
(𝑆𝑖𝑗

ℎ𝑦𝑑 − ∑ 𝜎𝑖𝑗
𝑖𝑛𝑡∆𝑥∆𝑦∆𝑧

𝑒𝑖𝑛

), (6.10) 

 𝑆𝑖𝑗
ℎ𝑦𝑑 = − ∑ 𝑥𝑗𝐹𝑖

𝐼𝐵𝑀

𝑙

+ ∑ 𝑥𝑗𝐹𝑖
𝑙𝑢𝑏

𝑙

, (6.11) 

where 𝐹𝑖
𝐼𝐵𝑀 is the hydrodynamic force as a result of the IBM, 𝐹𝑖

𝑙𝑢𝑏  is the hydrodynamic force as a 

result of the lubrication correction. The internal fluid stress from the artificial fluid within the 

particle 𝜎𝑖𝑗
𝑖𝑛𝑡 is added here as a correction on the contribution from the IBM forces. The summation 

variables 𝑙 and 𝑒𝑖𝑛 stand for the Lagrangian and internal Eulerian grid cells respectively. The 

collisional contribution in equation (6.9) is estimated by: 

 𝜎𝑝,𝑖𝑗
𝑐𝑜𝑙 =

6

𝜋
𝑆𝑖𝑗

𝑐𝑜𝑙 ,   (6.12) 

 𝑆𝑖𝑗
𝑐𝑜𝑙 = ∑ 𝑥𝑗𝐹𝑖

𝑐𝑜𝑙

𝑙

, (6.13) 

where 𝐹𝑖
𝑐𝑜𝑙  is the collisional force. Note that particles cannot pull on each other by means of 

mechanical contact so 𝑭𝑐𝑜𝑙  can never point out of the particle surface. As a result the collisional 

contributions to the normal stresses 𝜎𝑝,𝑥𝑥
𝑐𝑜𝑙 , 𝜎𝑝,𝑦𝑦

𝑐𝑜𝑙  and 𝜎𝑝,𝑧𝑧
𝑐𝑜𝑙  can only be negative. 

We can determine the superficial particle stress in the volume as a function of the wall normal 

direction 𝑧 with: 

 〈𝜎𝑝,𝑖𝑗〉(𝑧) =
1

𝐿𝑥𝐿𝑦
∑ ∑ 𝜎𝑝,𝑖𝑗

𝑠

𝑥,𝑦

𝑁

𝑠=1

𝛼(𝑥, 𝑦, 𝑧, 𝑠)∆𝑥∆𝑦, (6.14) 

where the solid phase indicator function 𝛼 indicates the specific particle 𝑠 in this case. Note that 

𝜎𝑝,𝑖𝑗
𝑠  is the average particle stress for the particle 𝑠. This averaging step simplifies the post 

processing as it is complicated to determine the actual heterogeneous stress distribution within 
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the particle. However, as a result the particle stress profiles 〈𝜎𝑝,𝑖𝑗〉(𝑧) can show artificial 

fluctuations near the walls where the solid volume fraction rapidly varies in the wall-normal 

direction due to particle layering. When the complete particle stress tensor is known the normal 

stress differences and the particle pressure can be determined with the following relations: 

 〈𝑁1〉 = 〈𝜎𝑝,𝑦𝑦〉 − 〈𝜎𝑝,𝑧𝑧〉, (6.15) 

 〈𝑁2〉 = 〈𝜎𝑝,𝑧𝑧〉 − 〈𝜎𝑝,𝑥𝑥〉, (6.16) 

 〈𝑝𝑝〉 = −
1

3
(〈𝜎𝑝,𝑥𝑥〉 + 〈𝜎𝑝,𝑦𝑦〉 + 〈𝜎𝑝,𝑧𝑧〉). (6.17) 

Using the particle stress, the relative viscosity can be computed from equation (2.11) according 

to: 

 
𝜂𝑟 = 1 +

〈𝜎𝑝,𝑦𝑧〉

1
𝑅𝑒�̇�

𝜕〈𝑣𝑚〉
𝜕𝑧

, 
(6.18) 

where 〈𝑣𝑚〉 = 〈𝑣𝑝〉 + 〈𝑣𝑓〉 is the streamwise mixture velocity. Note that in the channel core 

𝜕〈𝑣𝑚〉 𝜕𝑧⁄  generally deviates from 1, the shear rate imposed on the walls. 
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7 Results 
In this section the simulation data is analysed in order to determine the rheological behaviour. To 

give a first impression on how the particles are distributed in the domain, cross sections of the 

𝑦𝑧 and 𝑥𝑧-planes are given in Figure 7-1 and Figure 7-2 for the frictional cases of 𝜙 = 0.5 and 0.6 

respectively. For the frictional case of 𝜙 = 0.5 particles close to the walls clearly tend to align with 

the walls. This layering effect seems to propagate into the domain over the length of at least 2 
particle diameters. Further from the walls the particles show a more random distribution, 

however particles do seem to form chains along the compressional axis of the flow.  

 

Figure 7-1, Cross sections in the 𝑦𝑧-plane (left) and the 𝑥𝑧-plane (right) for the frictional case of 𝜙 = 0.5. Colours in this 
plot indicate magnitude of the particle centroid velocity 𝑣𝑝,𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 . 

The particles form the frictional case of 𝜙 = 0.6 in Figure 7-2 show a significantly more ordered 

distribution. Not only is the wall-induced particle layering visible throughout the whole domain 
in the 𝑦𝑧-plane, also the cross section in the 𝑥𝑧-plane shows strong ordering. A hexagonal 

structure has formed in the complete domain with layers of particles moving over each other. 

 

Figure 7-2, Cross sections in the 𝑦𝑧-plane (left) and the 𝑥𝑧-plane (right) for the frictional case of 𝜙 = 0.6. Colours in this 
plot indicate magnitude of the particle centroid velocity 𝑣𝑝,𝑐𝑒𝑛𝑡𝑟𝑜𝑖𝑑 . 

In the sequel of this section the rheological properties of the simulated suspensions are analysed 

in terms of the microstructure, the viscosity and the normal particle stresses. All results are 
obtained by applying the postprocessing steps from section 6 to the steady-state data of the 

simulated cases. 
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7.1 Stress budgets 
The superficial averages of the velocities and the particle stresses can be used to analyse the stress 

budgets in the streamwise and the wall-normal direction. For the streamwise direction the total 

shear stress can be computed with: 

 
〈�̅�𝑦𝑧〉 =

1

𝑅𝑒�̇�

𝑑〈�̅�𝑚〉

𝑑𝑧
+ 〈�̅�𝑝,𝑦𝑧〉, (7.1) 

where the first term is the viscous shear stress with 〈�̅�𝑚〉 = 〈�̅�𝑝〉 + 〈�̅�𝑓〉 the mixture velocity and 

the second term is the particle shear stress. As there is no imposed pressure gradient, the total 

shear stress should be constant and equal to the total wall shear stress when the suspension 

microstructure is the same in the entire channel. Both stress budget terms are plotted as a function 

of the wall-normal position 𝑧 for the frictional case of 𝜙 = 0.4 in Figure 7-3. From this plot it is 

clear that for this case the particle shear stress has the largest contribution to the total shear stress 

in the streamwise direction. Besides that some wall-effects are visible, however do note that the 

fluctuations are artificial to some extend as particle stresses are averaged first over the individual 

particle volumes before computing the superficial volume average. The average total shear stress 

at the walls 
1

2
(〈�̅�𝑦𝑧,𝑏𝑜𝑡〉 + 〈�̅�𝑦𝑧,𝑡𝑜𝑝〉) is also plotted for comparison, where the particle wall shear 

stress was computed from the average tangential contact force per unit wall area. It is clear that 

this average wall shear stress is not completely representative for the shear stress in the core of 

the domain, reflecting the difference in suspension microstructure between the core and the wall 

regions. 

 

Figure 7-3, Stress budgets for the streamwise direction for the frictional case of 𝜙 = 0.4. Plotted along with average total 
wall shear stress. 

For the wall-normal direction the total stress can be computed with: 

 〈�̅�𝑧𝑧〉 = −〈�̅�𝑓〉 + 〈�̅�𝑝,𝑧𝑧〉, (7.2) 

where the first term is the fluid pressure and the second term is the normal particle stress in the 

wall-normal direction. As for the total shear stress, also the total wall-normal stress is expected to 

be constant in height and equal to wall stress values when the suspension microstructure would 

be homogeneous. Both stress contributions form equation (7.2) are plotted in Figure 7-4 as a 

function of the wall-normal position for the frictional case of 𝜙 = 0.4. Also for the wall-normal 

direction it is clear that the particle stress has a much higher contribution to the total stress. The 

total stress can be compared to the total average normal stress at the walls 
1

2
(〈�̅�𝑧𝑧,𝑏𝑜𝑡〉 + 〈�̅�𝑧𝑧,𝑡𝑜𝑝〉). 
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Again, as for the total shear stress, also the total wall-normal stress deviates significantly from the 

wall values in the core region. 

 

Figure 7-4, Stress budgets for the wall-normal direction for the frictional case of 𝜙 = 0.4. Plotted along with average 
total wall shear stress. 

It is clear that the walls have a significant effect on the stress budgets and therefore we cannot 

expect to make an accurate estimate of the suspension rheology by only considering stresses at 

the walls. This same conclusion is made in the numerical work of (Gallier et al., 2016) and (Yeo & 

Maxey, 2010a) and also in the experimental work of (Jana et al., 1995). Note however that most 

experimental research in this field makes use of rheometers which actually do determine the 

suspension rheology based on measurements at the walls. 

7.2 The effect of confinement 
From the previous section we know that the stress budgets near the walls deviate significantly 

from the rest of the domain due to particle layering. To visualize the particle layering effect the 

time-averaged superficial concentration profiles for both the frictionless and the frictional cases 

are given in Figure 7-5. 

 

Figure 7-5, Concentration profiles: without friction (left) and with friction (right) 

The concentration profiles show a particle layering effect for all cases. Suspensions with higher 

particle volume fractions show thicker particle layering regions, where the most dense 

suspensions show layering throughout the whole domain. Comparison between the frictionless 

and the frictional cases shows that friction reduces the layering effect. These observations are in 

line with the results of (Gallier et al., 2016). Interestingly, the wavelength of the oscillations in the 
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concentration decreases near the maximum packing limit. For example the number of oscillation 

is 15 for 𝜙 = 0.5 but 16 for 𝜙 = 0.6 for both the frictional and the frictionless cases. 

For further investigation of the simulation data it is convenient to make a distinction between the 

wall region and the core region for every individual case. This can be done by defining a wall-
normal thickness 𝐿𝑤𝑎𝑙𝑙  that will be excluded from the complete domain when analysing the core 

region. The value of 𝐿𝑤𝑎𝑙𝑙  for every case is given in Table 2. Note that the most dense cases of 𝜙 =

0.5 and 0.6 show particle layering throughout the complete domain, nevertheless a core region 

has been defined in order to analyse the effect of particle layering in the core. For these cases 

𝐿𝑙𝑎𝑦𝑒𝑟  is chosen such that no bias is present as a result of the layered distribution. The cases with 

𝜙 ≤ 0.4 show a particle volume fraction near the walls that is lower than the average since the 

particles cannot overlap with the walls. As a result the particle volume fraction in the core 𝜙𝑐𝑜𝑟𝑒  

is a few percent higher than the average. Interestingly, the cases with 𝜙 ≥ 0.5 show the opposite 

effect. The layered particle distribution is very dense close to the walls for these cases, while this 

packing tends to become more chaotic towards the core of the channel. This relatively chaotic 

packing in the core allows for a lower particle volume fraction in the core such that 𝜙𝑐𝑜𝑟𝑒  is lower 

than the average for these cases. Because of the differences in packing, 𝜙𝑐𝑜𝑟𝑒  is used instead of 𝜙 

for analysis of the core region. 

𝜇𝑐  0 0.39 
𝜙 0.2 0.3 0.4 0.5 0.6 0.2 0.3 0.4 0.5 0.6 

𝐿𝑤𝑎𝑙𝑙  5.5 5.5 5.5 5.75 5.95 5.5 5.5 5.5 5.85 5.95 
Table 2, The value of 𝐿𝑤𝑎𝑙𝑙  for every case. 

Confinement also has an effect on the velocity profiles as shown in   

Figure 7-6. The boundary conditions have different effects on both phases a stated before in 

section 2.3. We can see that the fluid phase has no slip with the walls while the particle phase does 

have slip. Besides that, both velocity profiles deviate slightly from the linear Couette flow profile 

near the walls, where in the core region a linear profile is established again. Apart from the wall 

layers, the intrinsic fluid and particle velocity profiles coincides (no macroscopic slip between the 

phases). Note furthermore that the shear rate in the core �̇�𝑐𝑜𝑟𝑒  is a few percent lower than the 

average shear rate �̇�. As a result the Reynolds number in the core 𝑅𝑒�̇�𝑐𝑜𝑟𝑒
= 𝜌

𝑓
𝑑2�̇�𝑐𝑜𝑟𝑒 𝜂

𝑓
⁄  is also 

lower than 𝑅𝑒�̇� . 

  

Figure 7-6, Time-averaged intrinsic velocity profiles for the frictional case of 𝜙 = 0.4. 
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7.3 Microstructure 
Suspension rheology is governed by particle interactions in the microstructure. To understand 

the origin of differences in rheological behaviour as a result of changes in 𝜙 or 𝜇𝑐  it is useful to 

look for differences in the microstructure. Pair distribution functions give insight in the relative 

ordering of particles, which tells much about the microstructure. The post processing routine 

from equation (6.6) makes it possible to determine the pair distribution function for different 

kinds of volume segments.  

7.3.1 Microstructure in the core region 
Pair distribution functions in the 𝑦𝑧-plane for the core regions of the frictional cases are shown in 

Figure 7-7. Corresponding 3-dimensional pair distribution functions 𝑔(|𝒓| < 1.05) are shown in 

Figure 7-8. For the most dilute case of 𝜙 = 0.2 there already exists a slight for-aft asymmetry 

which is the result of irreversible mechanical contact between the particles. As a result the low 

probability zones that exist because of lubrication forces are slightly tilted from the 𝑦-axis. For the 

more dense cases the probability of finding another particle centroid at around 1𝑑 distance 

increases and the high probability zone rotates in the anticlockwise direction. This same trend 

was observed in the experimental work of (Blanc et al., 2013). 

 

Figure 7-7, Pair distribution functions in the 𝑦𝑧 – plane for 𝜙 = 0.2, 0.3, 0.4 𝑎𝑛𝑑 0.5 with 𝜇𝑐 = 0.39. 
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Figure 7-8, 3-dimensional pair distribution function 𝑔(|𝒓| < 1.05) for 𝜙 = 0.2, 0.3, 0.4 𝑎𝑛𝑑 0.5 with 𝜇𝑐 = 0.39. 

A quantitative comparison between the current results and results from literature is shown in 

Figure 7-9. This figure gives the pair distribution function 𝑔(|𝒓| < 1.05) in the 𝑦𝑧-plane along the 

upper half of the particle surface as a function of 𝜃, where 𝜃 is the angle with the negative 𝑦-axis 

in the clockwise direction. The same curve exists for the bottom half of the particle due to 

symmetry over the 𝑥𝑦-plane. The current results are in good agreement with the numerical results 

from (Gallier et al., 2014) and (Yeo & Maxey, 2010a). Lower friction factors seem to result in a 

higher peak near 𝜃 = 0, while the probability of finding a particle near 𝜃 = 𝜋/4 reduces. 

 

Figure 7-9, Pair distribution function 𝑔(|𝒓| < 1.05) for the core region of the cases with 𝜙 = 0.4. Plotted together with 
results of (Gallier et al., 2014) and (Yeo & Maxey, 2010a). 
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7.3.2 Microstructure of the wall region 
The microstructure in the wall regions can be analysed with the same postprocessing tools, 

however this time we only consider the particles that find themselves in a certain region close to 

one of the walls. In Figure 7-10 the pair distribution functions are given for particles that find 

themselves in the region defined by: 𝑧2 − 0.25 < 𝑧2 < 𝑧2 + 0.25, where 𝑧2 is the wall-normal 

position of the second particle layer from the bottom wall. From this result we can clearly see that 

for the more dense suspensions particle layering is stronger and reaches further into the domain. 

 

Figure 7-10, Pair distribution functions in the 𝑦𝑧-plane for particles near the bottom wall: 𝑧2 − 0.25 < 𝑧2 < 𝑧2 + 0.25, 
where 𝑧2 is the wall-normal position of the second particle layer from the bottom wall. Results are shown for the 

frictional cases of 𝜙 = 0.3, 0.4 and 0.5. 

A direct comparison of the pair distribution functions in the wall region with results of (Yeo & 

Maxey, 2010a) is given in Figure 7-11. Similar to Figure 7-9 this plot gives the pair distribution 

function 𝑔(|𝒓| < 1.05) as a function of 𝜃 in the 𝑦𝑧 −plane. Slight differences exist between both 

results, but for the largest part a good agreement exists. 

 

Figure 7-11, Pair distribution function 𝑔(|𝒓| < 1.05) for the bottom wall region (defined by 1 < 𝑧 < 2.5) of the cases 
with 𝜙 = 0.4. Plotted together with results of (Yeo & Maxey, 2010a). 

Besides layering in the wall-normal direction there also exists a layered structure in the vorticity 

direction. This second layering effect is visible in Figure 7-12, where the pair distribution 

functions near the walls of frictionless cases is given for the 𝑥𝑧-plane. From this results it becomes 

clear that for 𝜙 > 0.4 a hexagonal structure tends to form near the walls. Similar to the wall-

normal layering also this layering effect is stronger for larger values of 𝜙, which is in-line with 
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observations from (Yeo & Maxey, 2010b). For both the frictionless and the frictional case of 𝜙 =

0.6 this hexagonal structure can be found throughout the whole domain. Note that the 

concentration profiles of Figure 7-5 show 15 and 16 layers in the wall-normal direction for 

frictionless cases of 𝜙 = 0.5 and 𝜙 = 0.6 respectively. This means that the average layer height is 

smaller than 1 particle diameter, since the channel is only 13.5 particle diameters high. This is also 

a result of the hexagonal ordering near the walls. The fact that there is 1 layer difference between 

the two cases can be a result of the hexagonal structure being present throughout the whole 

domain for 𝜙 = 0.6, which allows for a higher layer density. One could argue that this hexagonal 

structure is an artefact of the particle initialization, this is not the case however. The initial particle 

positions formed a cubic lattice with additional body-centred particles, the current structure 

however is clearly not cubic shaped anymore. So significant reordering has taken place. 

 

Figure 7-12, Pair distribution functions in the 𝑥𝑧-plane for particles near the bottom wall: 𝑧2 − 0.25 < 𝑧2 < 𝑧2 + 0.25, 
where 𝑧2 is the wall-normal position of the second particle layer from the bottom wall. Results are shown for the 

frictionless cases 𝜙 = 0.4, 0.5 and 0.6 and for the frictional case of 𝜙 = 0.6. 
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7.4 Viscosity 
Determining the viscosity in a plane Couette flow is relatively straightforward since the shear 

stress is usually constant for the complete domain. For confined suspensions however particle 

layering effects will alter the shear stresses close to the walls. Therefore the core region is 

analysed separately from the complete domain in this section. 

7.4.1 Viscosity in the core region 
The relative viscosity in the core region 𝜂𝑟,𝑐𝑜𝑟𝑒  can be determined with equation (6.14) by making 

use of the particle shear stress averaged over the core region. The resulting viscosities are plotted 

in Figure 7-13 as a function of 𝜙 for both the frictional and the frictionless cases. The results for 

the frictionless cases agree well with the frictionless results of (Gallier et al., 2014) and (Yeo & 

Maxey, 2010a). The frictional case shows a steeper incline, which is also in agreement with the 

observations of (Gallier et al., 2014). Experimental results from (Zarraga et al., 2000) and (Dbouk 

et al., 2013) show even steeper dependencies, which suggests that their particles had even higher 

friction factors. Note that the values of the relative viscosity for the most dense cases are lower 

than could be expected based on the asymptotic trend for the more dilute cases, which is a result 

of particle layering in the core region. This decrease in relative viscosity as a result of particle 

layering is also observed in the work of (Gallier et al., 2016) and (Yeo & Maxey, 2010b).  

 

Figure 7-13, Relative viscosity 𝜂𝑟 for the core region as a function of 𝜙. Plotted together with other numerical results (●) 
(Yeo & Maxey, 2010a), (Gallier et al., 2014) and experimental results (▲) (Zarraga et al., 2000), (Dbouk et al., 2013) 

A decomposition of the relative viscosity in a collisional and a hydrodynamic contribution is given 

in Figure 7-14. From this decomposition we can see that for frictional particles the hydrodynamic 

contribution is dominating for 𝜙 ≲ 0.4. More dense frictional suspensions show a rapidly 

increasing collisional contribution to the relative viscosity. For the frictionless cases this rapid 

increase in the collisional contribution is not observed, the reason for this can be that we have not 

simulated dense enough frictionless cases with an un-layered core region. The hydrodynamic 

contribution seems to be more or less unaffected by changes in the friction factor. From the 
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decreased steepness in the trend of 𝜂𝑟
𝑐𝑜𝑙  for the most dense cases it is clear that this contribution 

is responsible for the deviation from the asymptotic trend observed in Figure 7-13. 

 

Figure 7-14, Decomposition of the relative viscosity for the core region 𝜂𝑟,𝑐𝑜𝑟𝑒 in a collisional (■) and hydrodynamic 
contribution (▲) for both the frictionless and the frictional cases. 

The maximum packing fraction 𝜙𝑚  for both the frictionless and the frictional cases can be 
estimated by fitting the values for all 𝜙 with a least square error method to a known correlation. 

In this work we chose to fit the data to the Marron & Pierce equation, 𝜂𝑟 = (1 − 𝜙 𝜙𝑚⁄ )−2 (Maron 

& Pierce, 1956). In order to find 𝜙𝑚  for unlayered suspensions the frictionless cases with 𝜙 ≥ 0.5 

and the frictional case of 𝜙 = 0.6 have been excluded here. For the frictionless particles a 

maximum packing fraction of 𝜙𝑚 = 0.69 was found and for the frictional particles 𝜙𝑚 = 0.635 

was found. The relative viscosity as a function of the normalised particle volume fraction 𝜙/𝜙𝑚  is 

given in Figure 7-15 together with numerical and experimental results from literature. From this 

plot it is clear that all results collapse on the same line. The maximum packing fraction for the 

frictionless cases is close to the value found for the data of (Gallier et al., 2016), which is 𝜙𝑚 =

0.685. For the same work a maximum packing fraction of 𝜙𝑚 = 0.61 was found for frictional cases. 

This is lower than the value found for the frictional cases in this work, which is a result of the 

higher friction factor. The maximum packing fraction for the frictionless cases of (Yeo & Maxey, 

2010a) is estimated as 𝜙𝑚 = 0.725, which is significantly higher compared to the value found in 

this work. Both experimental data sets show a lower jamming limit: 𝜙𝑚 = 0.59 for (Zarraga et al., 

2000) and 𝜙𝑚 = 0.575 for (Dbouk et al., 2013). The reason for this difference in experimental and 

numerical results for 𝜙𝑚  can be a difference in the friction factor as mentioned before. Another 

reason could be slightly non-spherical particles in experimental set-ups, which is likely to be the 

case to some extent. 
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Figure 7-15, The relative viscosity in the core 𝜂𝑟,𝑐𝑜𝑟𝑒 as a function of the normalised particle volume fraction 𝜙/𝜙𝑚. 
Plotted together with other numerical results (●) (Yeo & Maxey, 2010a), (Gallier et al., 2014) and experimental results 

(▲) (Zarraga et al., 2000), (Dbouk et al., 2013) 

7.4.2 Viscosity of a confined suspension 
The effect of particle layering on the particle shear stress 𝜎𝑝,𝑦𝑧 and its contributions is shown in 

Figure 7-16 for the frictional case of 𝜙 = 0.5. The shear stress contributions are more or less 

constant in the core region but in the wall regions both contributions deviate significantly. The 

collisional contribution is lower in the wall regions compared to the core region. This difference 

can be explained by the difference in particle pair orientations. For the core region particles are 

likely to make contact in the complete compressional quadrants as shown in Figure 7-7, while in 

the wall regions particles are most likely to make contact in the 𝑦 and 𝑧-direction as shown in 

Figure 7-10. In contrast to the collisional contribution the hydrodynamic contribution to the shear 

stress increases close to the walls. 

 

Figure 7-16, The particle shear stress 〈𝜎𝑝,𝑦𝑧〉 normalised with �̇�𝜂𝑓(the shear stress for a single phase fluid flow) as a 

function the wall normal position 𝑧 for 𝜙 = 0.5 and 𝜇𝑐 = 0.39. The particle shear stress is decomposed in a collisional 

part 𝜎𝑝,𝑦𝑧
𝑐𝑜𝑙  and a hydrodynamic part 𝜎𝑝,𝑦𝑧

ℎ𝑦𝑑 . 

As we know from section 7.2 the layered structure tends to extend further into the domain for 

increasing 𝜙. Therefore we can expect the relative viscosity for the total domain to deviate more 

from the relative viscosity in the core for higher 𝜙. To visualise this effect the contributions to the 

relative viscosity of the frictional cases are plotted in Figure 7-17 as a function of 𝜙 for both the 
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core region and the total domain. It is clear that the effect on the hydrodynamic contribution is 

negligible. The effect on the collisional contribution is significant however, especially for the 

largest values of 𝜙. Collisional contributions to the relative viscosity are responsible for it going 

to infinity at 𝜙𝑚  as already mentioned in the previous section. Particle layering, however, reduces 

the relative viscosity such that the asymptotic trend is broken. From section 7.4.1 we know that 

particle layering also alters the relative viscosity in the core region in a similar way for the most 

dense cases. Note that in Figure 7-17 even these cases show significantly higher collisional 

contributions to the relative viscosity for the core region compared to the total domain. This 

indicates that for those cases particle interactions close to the walls and in the core are not the 

same despite the layering effect being present in both regions. The total relative viscosity for the 

complete domain is given in Figure 7-18, plotted together with results from (Gallier et al., 2016) 

and (Yeo & Maxey, 2010a). The results are in good agreement with both datasets for 𝜙 ≤ 0.5. But 

for the cases with 𝜙 = 0.6 the current results do not predict the same dampened trend as shown 

by (Gallier et al., 2016). Note, however that a different channel height is used for those results and 

from results of (Yeo & Maxey, 2010b) it is clear that the relative viscosity is highly dependent on 

the channel height for suspensions with 𝜙 ≳ 0.5. 

 

Figure 7-17, The collisional (■) and hydrodynamic contributions (▲) to the relative viscosity 𝜂𝑟 for both the core region 
and the total domain as a function of 𝜙 for the frictional cases. 

 

Figure 7-18, The relative viscosity 𝜂𝑟,𝑡𝑜𝑡 for the total domain as a function of 𝜙 for both the frictionless and the frictional 
cases. Plotted together with results from (Gallier et al., 2016) and (Yeo & Maxey, 2010a). 
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7.5 Normal particle stresses 
In this section the normal particle stresses will be discussed for both the core region and for the 

total domain. The normal particle stresses are given by the diagonal components of the particle 

stress tensor that can be obtained with the relations given in section 6.3. 

7.5.1 Normal particle stresses in the core region 
Particle stresses in the core can be determined by averaging equation (6.14) over the core region. 

Both the normal particle stresses and the particle pressure are plotted as a function of 𝜙 in Figure 

7-19. The stresses are normalised with the total shear stress in the core: 

𝜏𝑐𝑜𝑟𝑒 = 𝜂𝑟,𝑐𝑜𝑟𝑒

1

𝑅𝑒�̇�

�̇�𝑐𝑜𝑟𝑒

�̇�
 

From these results it is clear that the normal particle stresses are always negative in all directions. 

The frictionless cases are in reasonable agreement with the results of (Gallier et al., 2014). The 

frictional cases are not directly comparable with the results from literature because different 

friction factors are used, the same steepening trend is observed for an increasing friction factor 

however. Results for the particle pressure 𝑝𝑝 are also in agreement with results from (Gallier et 

al., 2014). Interestingly, the only normal particle stress showing a significant variation in trend as 

a result of the particle layering effect in the core for the most dense cases is 𝜎𝑝,𝑦𝑦 . The particles in 

this layered structure tend to form chains of particles with more or less the same velocity oriented 

in the 𝑦-direction as shown in Figure 7-2. Therefore the collisional contribution to 𝜎𝑝,𝑦𝑦  is 

significantly reduced. The normal particle stress 𝜎𝑝,𝑥𝑥  also deviates from the asymptotic trend, 

but to a lesser extend than 𝜎𝑝,𝑦𝑦 . In contrast 𝜎𝑝,𝑧𝑧 seems to not deviate from the asymptotic trend 

at all. 

 

Figure 7-19, Core region particle stresses in the 𝑥, 𝑦 and 𝑧 directions and the particle pressure, decomposed in a 
hydrodynamic and a contact contribution. Plotted together with the total stresses from (Gallier et al., 2014). 
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The particle stresses in the 𝑥, 𝑦 and 𝑧 directions are plotted together in Figure 7-20. From this it 

becomes clear that for the every case with 𝜙 ≤ 0.5 the relation 𝜎𝑥𝑥 > 𝜎𝑧𝑧 > 𝜎𝑦𝑦  holds. As a result 

the normal stress differences 𝑁1 and 𝑁2 are both negative for those cases. The particle layering in 

the core for the case of 𝜙 = 0.6 results in significantly different relationships between the 

individual normal particle stresses. 

 

Figure 7-20, Normal particle stresses 𝜎𝑝,𝑥𝑥 , 𝜎𝑝,𝑦𝑦  and 𝜎𝑝,𝑧𝑧  normalised with 𝜏𝑐𝑜𝑟𝑒 , plotted together for the core regions of 

frictional and frictionless cases. 

The normal stress differences can be determined with the normal particle stresses using 

equations (6.15) and (6.16). Figure 7-21 and Figure 7-22 give the results for 𝑁1 and 

𝑁2 respectively as a function of 𝜙. Corresponding numerical results from literature are also 
plotted (Gallier et al., 2014) (Seto & Giusteri, 2018). Besides that, a decomposition of the stress 

differences in a collisional and a hydrodynamic contribution is given for both normal stress 

differences. For 𝑁1 a negative trend can be observed for the more dilute suspensions with 𝜙 ≤

0.4, which is in agreement with results of (Gallier et al., 2014). The value of 𝑁1 for the frictional 

case of 𝜙 = 0.5 shows the start of a positive trend however, indicating that 𝜎𝑝,𝑦𝑦  is getting less 

negative compared to 𝜎𝑝,𝑧𝑧 . This can be the result of particle layering in the core since we know 

from Figure 7-5 that this effect is present for the cases with 𝜙 ≥ 0.5. On the other hand this 

positive trend is also observed by (Seto & Giusteri, 2018) for 𝜙 > 0.4 in the absence of particle 

layering, suggesting that this is a rheological effect in unbounded suspensions. This could 

especially be the case for the frictional case of 𝜙 = 0.5, since the PDF for the core region of this 

suspension in Figure 7-7 shows no strong particle layering. From the decomposition of 𝑁1 it is 

clear that this transition from a negative to a positive trend comes from the change in the 

hydrodynamic contribution. For the most dense cases the results deviate significantly from the 

results of (Seto & Giusteri, 2018), which is an effect of particle layering in the core. From this 

deviation it is clear that particle layering strongly promotes positive values of 𝑁1 through the 

collisional contribution. 
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Figure 7-21, The normalised first normal stress difference 𝑁1/𝜏𝑐𝑜𝑟𝑒 plotted as a function of 𝜙 for the core regions of both 
the frictional and the frictionless cases. Plotted together with numerical results from literature (Gallier et al., 2014) (Seto 

& Giusteri, 2018). On the right a decomposition of the stress difference in a collisional (■) and a hydrodynamic 
contribution (▲) is given.  

The second normal stress difference 𝑁2 shows a negative trend only, and the friction factor seems 

to promote an even steeper negative trend. Similar results are found for the simulations of (Gallier 

et al., 2014). The datapoints for the frictionless case however do not fall exactly on the same line. 

From the contributions we can clearly see that the collisional contribution is dominant for 𝑁2, the 

hydrodynamic contribution is significantly smaller and has a positive sign instead. For the most 

dense cases with 𝜙 = 0.6 it is clear that particle layering in the core promotes an even more 

negative 𝑁2 through the collisional contribution. 

 

Figure 7-22, The normalised second normal stress difference 𝑁2/𝜏𝑐𝑜𝑟𝑒 plotted as a function of 𝜙 for the core regions of 
both the frictional and the frictionless cases. Plotted together with numerical results from literature (Gallier et al., 2014). 

On the right a decomposition of the stress difference in a collisional (■) and a hydrodynamic contribution (▲) is given. 

7.5.2 Normal particle stresses in a confined suspension 
Particle layering has a strong effect on normal particles stresses in the wall region. The time-

averaged normal stress profiles for the frictionless and the frictional case with 𝜙 = 0.5 are given 

in Figure 7-23. Normal stresses in this plot are normalized with the total shear stress 𝜏𝑡𝑜𝑡 =

𝜂𝑟,𝑡𝑜𝑡 𝑅𝑒�̇�⁄ . From this figure we can clearly see that the normal particle stresses behave different 

near the walls. The normal stresses in the 𝑥 and 𝑦-direction get less negative near the walls while 

the normal stress in the 𝑧-direction gets more negative close to the walls. This is a result of the 

particles moving in layers such that collisions will occur mainly in the wall-normal direction. From 

the comparison between the frictionless and the frictional case we can see that this effect spreads 

further through the domain for lower friction factors. 
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Figure 7-23, Time-averaged normal stress profiles for the frictionless (left) and the frictional (right) case 𝜙 = 0.5. 

As a result of the variations in the normal particle stresses, the normal stress differences will also 

vary in the wall regions. In Figure 7-24 the normal stress differences are plotted as a function of 

the wall-normal position 𝑧 for the frictional case of 𝜙 = 0.5. This figure also gives a decomposition 

of the normal stress differences in a hydrodynamic and a collisional contribution. From this result 

we can clearly see that the particle layering has a positive effect on 𝑁1 and a negative effect on 𝑁2, 

similar to the particle layering in the core region. Besides that, it is clear that the variations near 

the wall strongly originate from the collisional contributions to the normal particle stresses. The 

average values for 𝑁1 and 𝑁2 for the complete domain as a function of 𝜙 are given in Figure 7-25. 

In this figure the numerical results of (Gallier et al., 2016) are also plotted, which show a similar 

trend. 

 

Figure 7-24, Time-averaged normal stress differences 𝑁1 and 𝑁2 for the frictional case of 𝜙 = 0.5 as a function of wall-
normal position. The collisional and hydrodynamic contributions to the normal stress differences are also given. 
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Figure 7-25, The first and second normal stress difference 𝑁1 and 𝑁2 for the whole domain as a function of 𝜙. Plotted 
together with numerical results from literature (Gallier et al., 2016). 

 

7.6 The effect of the coefficients of restitution 
So far the normal and tangential coefficients of restitution were kept constant as 𝑒𝑛,𝑑 = 0.97 and 

𝑒𝑡,𝑑 = 0.1. In this section the coefficients of restitution are varied to determine the effects on 

suspension rheology. Variations are made based around the frictional case of 𝜙 = 0.4. For the 

normal coefficient this case was repeated with 𝑒𝑛,𝑑 = 0.1 and 0.5, and for the tangential coefficient 

with 𝑒𝑡,𝑑 = 0.5 and 1. So for both coefficients data points were obtained over the complete range 

between 0 and 1. In Figure 7-26 the normal particle stresses for the core region are plotted as a 
function of both 𝑒𝑛,𝑑  and 𝑒𝑡,𝑑 . From these results it is clear that the normal particle stresses vary 

only slightly. Also for the particle shear stress 𝜎𝑝,𝑦𝑧 only weak variations were found. 

 

Figure 7-26, Normal particle stresses in the core region as a function of both normal coefficient of restitution 𝑒𝑛,𝑑 (left) 
and the tangential coefficient of restitution 𝑒𝑡,𝑑 (right). Variations of both coefficients are based on the frictional case of 

𝜙 = 0.4. 

The weak variations of the particle stresses for varying coefficients of restitution can be explained 

by the fact particle interactions are overdamped by viscous forces. Particle inertia will be 

dominated by viscous forces, such that the loss of momentum due to a collision will have almost 

no effect. The coefficients of restitution can be more relevant for particle volume fractions closer 

to the jamming limit, as the contribution of particle contact to the particle stresses will grow with 

𝜙. Besides that, the coefficients of restitution might also be more relevant for higher Reynolds 

number flows, since particle inertia will play a larger role in that regime. 
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8 Conclusion and recommendations 
In this work non-colloidal suspensions in Stokes flow were simulated using a second-order 

accurate Immersed Boundary Method (Breugem, 2012). Boundary conditions were defined in 

order to simulate a plane Couette flow between two flat walls. The goal of this work was to validate 

the capability of the IBM to simulate suspensions near the jamming limit. This is done by 

simulating various cases such that a comparison with existing numerical and experimental data 
can be made. The parameter space in this work exists of variations in the particle volume fraction 

𝜙 and the coefficient of sliding friction 𝜇𝑐 . 

All simulated cases show a wall-induced particle layering effect to some extent. The simulated 

domain was therefore separated in a core region and two wall regions for every case. This 

distinction made it possible to analyse the effect of particle layering separately from the un-

layered rheology in the core, although the most dense cases show particle layering even in the 

core region. The microstructure of both regions was analysed using a pair distribution function 

(PDF). In general the PDFs agree well with existing numerical results (Gallier et al., 2014) (Yeo & 

Maxey, 2010a) and experimental results (Blanc et al., 2013). Slight differences were observed for 

the PDFs in the wall region compared to results from (Yeo & Maxey, 2010a), which may be caused 

by differences in the contact models used. The relative viscosity is determined for the core regions 

and for the complete domains. In the core regions the relative viscosity shows a similar trend 

compared to experimental results (Dbouk et al., 2013) (Zarraga et al., 2000), the relative viscosity 

is in general lower however. When the data is plotted as a function of 𝜙/𝜙𝑚  using a fit to the 

Marron & Pierce equation all results collapse on the same curve. In this work a maximum packing 

fraction of 𝜙𝑚 = 0.69 is found for frictionless particles and 𝜙𝑚 = 0.635 is found for a friction 

coefficient of 𝜇𝑐 = 0.39. The results for the complete domain show that particle layering reduces 

the relative viscosity especially close to the jamming limit. The confined relative viscosity from 

the numerical work of (Gallier et al., 2016) shows a stronger decrease than found in this work, 

this can however be the result of the difference in channel height between both cases. Finally the 

normal particle stresses are analysed, with the main focus on the normal stress differences. The 

core regions without particle layering all show a negative 𝑁1 and 𝑁2, the most dense cases 

however show the start of a positive trend for 𝑁1 as also observed by (Seto & Giusteri, 2018). 

Results for the complete domain show that particle layering promotes a positive 𝑁1 and an even 

more negative 𝑁2.  

In general we can state that the IBM is able to reproduce existing numerical data. Some differences 

are found, but further research will be needed to make any conclusions about these differences. 

Furthermore this work contains results for simulations of suspensions closer to the jamming limit 

than known so far. Besides, the present results are obtained with an advanced soft-sphere 

collision model, including lubrication corrections for close approach of particles. This model has 

been extensively validated with collision experiments in a previous study. Comparison of the 

simulated data with experimental results shows more significant deviations. This can have 

multiple reasons for example the particles being polydisperse or non-spherical, which is likely the 

case to some extent in experimental set-ups. Experimental results also differ significantly from 

each other, this is best visible in the comparison of experimental results for 𝑁1 (Figure 2-14). This 

suggests that there exist significant differences between these suspensions, which must be well 

defined in order to make a valuable comparison between results. Besides that, experimental 

research usually determines rheological properties by measuring stresses at the walls. From this 

work it is clear that stresses at the walls are not always representative for the stresses in the rest 

of the domain. Because of these uncertainties it is not yet possible to determine how accurately 

the IBM simulates dense suspension flows. 
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8.1 Recommendations 
Various assumptions have been made in this work that may have an influence on how practical 

the results are. Therefore it is worth to test these assumptions in additional simulations. One of 

these assumptions is that the friction factors for particle-particle and particle-wall collisions are 

equal. In practice this it is unlikely to be the case, since confining walls typically consist of other 

materials than the suspended particles. It can therefore be useful to vary the particle-wall friction 

factor independently in order to observe the effect on particle layering. Another assumption is 

that all particles have the same diameter, which is not the case in many practical examples. Results 

from (Pednekar et al., 2018) obtained with a discrete element method show that suspension 

rheology changes significantly by introducing polydispersity, it would therefore be interesting to 

further investigate the effects of polydispersity using DNS. And finally the particles in the current 

work are assumed to be perfectly spherical, while in practice particles can have a wide variety of 

different shapes. Therefore it would also be interesting to research the effect of shape variations 

on the suspension rheology. Many shape variations are possible, some suggestion are to use 

ellipsoidal-formed or faceted particles. 

For future work on this topic it could also be useful to analyse simulated data in terms of the 𝜇(𝐼𝑣) 

rheology as described in section 2.2.5. This alternative view on suspension rheology can give some 

extra insights on effects of friction and the consequences of particle layering. Besides that, it was 

difficult to determine the un-layered rheology of dense suspensions in the current work as particle 

layering was present in the complete domain for the most dense cases. Increasing the domain 

height would help, but this comes with a strong increase in computational costs and very close to 

the jamming limit a completely layered domain might be inevitable. Therefore it is recommended 

to take measures against particle layering in order to study unbounded suspension rheology. The 

use of bumpy-walls, modelled as sheets of particles, instead of flat walls turns out to prevent the 

formation of particle layering according to (Chun et al., 2017). This strategy might make it possible 

to study the unbounded rheology of dense suspensions with relatively low computational costs.  
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