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To the Max: Reinventing Reward in Reinforcement Learning

Grigorii Veviurko! Wendelin Bohmer ! Mathijs de Weerdt '

Abstract

In reinforcement learning (RL), different reward
functions can define the same optimal policy
but result in drastically different learning perfor-
mance. For some, the agent gets stuck with a
suboptimal behavior, and for others, it solves the
task efficiently. Choosing a good reward function
is hence an extremely important yet challenging
problem. In this paper, we explore an alterna-
tive approach for using rewards for learning. We
introduce max-reward RL, where an agent opti-
mizes the maximum rather than the cumulative
reward. Unlike earlier works, our approach works
for deterministic and stochastic environments and
can be easily combined with state-of-the-art RL
algorithms. In the experiments, we study the per-
formance of max-reward RL algorithms in two
goal-reaching environments from Gymnasium-
Robotics and demonstrate its benefits over stan-
dard RL. The code is available at https://
github.com/veviurko/To-the-Max.

1. Introduction

Reinforcement Learning (RL) is a learning paradigm where
an intelligent agent solves sequential decision-making prob-
lems through trial and error. The main objective that an
RL agent learns to optimize is the cumulative return, i.e.,
a discounted sum of the rewards. This makes the reward
a crucial element of the problem, as it defines the optimal
decision-making policy that the agent will try to learn.

It is well known (Ng et al., 1999) that there are infinitely
many ways to define the reward function under which a de-
sired policy is optimal. Practically, however, these rewards
often result in drastically different learning processes. For
example, many major successes of RL required meticulous
engineering of the reward: by hand (Berner et al., 2019) or
by learning it from a human example (Vinyals et al., 2019).
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Hence, designing a reward function that enables learning
and corresponds to a certain optimal policy is a challenging
problem in modern reinforcement learning.

In many RL problems, the true reward function is sparse, i.e.,
only successful completion of the task is rewarded. In par-
ticular, the sparse reward is characteristic to goal-reaching
problems where the agent needs to enter the goal state (Plap-
pert et al., 2018; Florensa et al., 2018; Ghosh et al., 2020).
Sparse reward problems are notoriously hard to solve with
standard RL. A popular and simple solution is to introduce
a dense surrogate reward that represents some sort of dis-
tance between the agent and the goal (Towers et al., 2023;
de Lazcano et al., 2023). However, this approach is very
sensitive and should be carefully tailored to each problem
individually, in order to not change the induced optimal pol-
icy. Specifically, this dense artificial dense reward should a)
increase when the agent gets closer to the goal, and ) not
distract the agent from the reaching the goal. Designing a
function that satisfies both criteria can be tricky for a human
expert, as it requires estimating the (discounted) cumulative
returns in various states.

In this work, we propose max-reward RL, where the agent
optimizes the maximum reward achieved in the episode
rather than the cumulative return. This paradigms makes
the reward design process much more intuitive and straight-
forward, as it only requires that “better” states correspond
to larger rewards. Hence, as long as the goal-reaching ac-
tion has the highest reward, the optimal policy does not
change. Besides simplifying the reward design, the max-
imum reward objective can also be easier to optimize for.
In standard RL, learning a value of a non-terminal state
involves bootstrapping, and hence has a moving target. In
max-reward RL, bootstrapping does not happen when the
immediate reward is not smaller than the largest reward
explored so far. Therefore, max-reward RL bootstraps less
and hence, potentially, learns better.

One of the key properties of the cumulative return is that it
satisfies the Bellman equation (Bellman, 1954) and hence
can be efficiently approximated and optimized by iteratively
applying the Bellman operator. To make the max-reward
RL approach viable, an analogous learning rule is required.
However, Cui & Yu (2023) prove that naively changing
summation into a max operator in the standard Bellman
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update rule works only in a deterministic setting and hence
cannot be used in most RL problems and algorithms.

Inspired by results from stochastic optimal control the-
ory (Kroner et al., 2018), this paper introduces a theoreti-
cally justified framework for max-reward RL in the general
stochastic setting. We introduce a Bellman-like equation,
prove the stochastic and deterministic policy gradient the-
orems, and reformulate some of the state-of-the-art algo-
rithms (PPO, TD3) for the max-reward case. Using the
Maze environment (de Lazcano et al., 2023) with different
surrogate dense rewards, we experimentally demonstrate
that max-reward algorithms outperform their cumulative
counterparts. Finally, experiments with a challenging Fetch
environment (de Lazcano et al., 2023) show the promise of
max-reward RL in more realistic goal-reaching problems.

2. Related work

The first attempt to formulate max-reward RL was made by
Quah & Quek (2006), where the authors derived a learning
rule for the maximum reward state-action value function.
However, as it was shown later (Gottipati et al., 2020), that
work made a technical error of interchanging expectation
and maximum operators. Gottipati et al. (2020) corrected
this error, but the value functions learned via their approach
differ from the expected maximum reward if stochasticity
is present. Independently, Wang et al. (2020) derived a
similar method in the context of planning in determinis-
tic Markov Decision Processes (MDPs). Later, Cui & Yu
(2023) demonstrated that the presence of stochasticity poses
a problem not only for the max-reward RL but also for other
non-cumulative rewards.

There exists a parallel branch of research that (re)discovered
maximum reward value functions in the context of safe
RL for reach-avoid problems (Fisac et al., 2014). In their
work, Fisac et al. (2019) considered a deterministic open-
loop dynamic system, where the agent’s goal is to avoid
constraint violations. The authors derived a contraction
operator, similar to the one by Gottipati et al. (2020), to
learn the max-cost safe value function. Hsu et al. (2021)
extended this approach to reach-avoid problems, where the
goal is to reach the goal while not violating constraints.
Later, max-cost value functions were utilized within the
safe RL context to learn the best-performing policy that
does not violate the constraints (Yu et al., 2022). The main
limitation of the three aforementioned works is the same
as for Gottipati et al. (2020) — their methods only apply to
deterministic environments and policies.

Effective reward design is a long-standing challenge in rein-
forcement learning which dates back to at least as early as
1994 (Mataric, 1994). In this paragraph, we briefly summa-
rize the existing work related to the reward design problem.

For further reading, we refer the reader to Eschmann (2021).
Some of the big successes of RL utilize a hand-designed
reward function, e.g., in the game of DOTA (Berner et al.,
2019) or robots playing soccer (Haarnoja et al., 2023). How-
ever, manually designed rewards often lead to undesirable
behavior (Krakovna et al., 2020). Alternatively, the reward
can be designed in an automated fashion. For example,
based on state novelty to encourage exploration (Tang et al.,
2017; Pathak et al., 2017; Burda et al., 2018), by learning it
from the experiences (Trott et al., 2019), or by using human
data (Ibarz et al., 2018).

To conclude, reward design and reward shaping remain
challenging topics. In this work, we propose a new way
to think about the reward — the max-reward RL framework.
While self-sufficient in some cases, this approach can also be
combined with various existing methods for reward design.

3. Background

We consider a standard reinforcement learning setup for
continuous environments. An agent interacts with an MDP
defined by a tuple (S, A, R, P,pg, "), where S is the con-
tinuous state space, A is the continuous action space, and
R:S x Ax S — [0, R] is a non-negative and bounded re-
ward function." For each state-action pair, (s,a) € S x A,
the transition function P(-|s,a) € P(S) is a probability
density function (PDF) of the next state s’ and po(-) € P(S)
is the PDF of the initial state sg. Scalar 0 < v < 1 is the
discount factor. We use 7 : S — P(A) to denote a stochas-
tic policy and p : & — A to denote a deterministic policy.
The time is discrete and starts at zero, i.e., t € N U {0}.
For each timestep ¢, the state is denoted by s;, the action
by at, and the reward by 41 := R(s:,aq, S¢41). Every-
where in the text, the expectation over policy, [E,., denotes
the expectation over the joint distribution of sy, as, 7441 for
t € NU {0} induced by , P, and pg. Sometimes, we use
such notation as E,, (or just E,) to emphasize that the
expectation is taken only over z.

In standard RL, the main quantity being optimized is the
cumulative return, defined as G, = > v'r44144. To
maximize E, [Gt], most RL algorithms learn state and/or
state-action value functions defined as follows:

v (s) = Ex [Gy|sr=s], v*(s) = maxv(s).
" (5,0) = Eo [Gifsi=E] . ' (s,) = maxg™ (s, a)

Crucially, these functions are solutions to the corresponding
Bellman equations:

V" (s) = ES?—;I [Tt+1 + ’YUﬂ(St-i-l)‘st:s]

"Non-negativity of reward can be achieved in any MDP with
bounded reward function.
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Figure 1. Five-state chain MDP with three actions (left, stay, right) available in each state and the training results for cumulative (in green)
and max-reward (in violet) value iteration. The y— axis is the number of training epochs to recover the optimal policy; the x—axis shows
the values of the intermediate reward x. Four panels correspond to different probabilities of skipping transitions into s4 during training.

q"(s,a) = Egiﬂ [rt-&-l + 7qﬁ(5t+1,at+1)|3§;ﬂ

q"(5,0) = By, [re1 + ymaxq”(si41, a)|a=s]

The defining feature of these equations is that they can be
solved by repeatedly applying Bellman operators. These
operators are contractions and hence each of them has a
unique fixed point that corresponds to one of the value
functions above. For example, the optimal state-action value
function ¢* (s, a) is the fixed point of the Bellman optimallity
operator T *:

(T*Q) (s,a) =Eq,,, [Tt-&-l JF’YH}ZE}X q(St+1, a’)‘éiii] (D

The Bellman equation is foundational for all state-of-the-art
RL algorithms as it allows training neural networks to ap-
proximate value functions. Therefore, for the max-reward
framework to be useable, it is necessary to derive an analog
of the Bellman equation. Below, we describe such an at-
tempt made by Gottipati et al. (2020) and demonstrate that
it is limited to purely deterministic problems.

3.1. Deterministic max-reward RL

Instead of cumulative return, max-reward RL aims at opti-
mizing the max-reward return:
A 2
Gy =max {ri 11,42, 743 } 2
Similarly to cumulative returns, G uses the discount factor
~ which is necessary for learning with Bellman-like updates,

as we show later. To approximate E [G], Gottipati et al.
(2020) introduced the following definition of the state-action

value functions:

St=s
at=a

St=s
at=a

where V denotes the binary max operator, i.e.,
aV b:=max{a,b}. By construction, ¢j, and ¢7,
satisfy Bellman-like recursive equations. In their work,
Gottipati et al. (2020) proved that the following operator is
a contraction:

Giet(s,0a) = Eiﬁﬁ {TtJrl V Yq(St41, apg1)

qzet(& CL) = EstJrl [Tt+1 V WI%%X q(stJrh a’)

(ﬁitQ)(S,a) = E [regaV ’Ym%tX(J(St+1aa/)|3§§] 3
St41 a

Therefore, ¢, is the unique fixed point of 7?@

learned, e.g., with Q-learning.

. and can be

Chain environment example. Before going into the lim-
itations of the approach above, we conduct a simple ex-
periment to motivate the use of max-reward reinforcement
learning. We show that max-reward RL is a better approach
in a goal-reaching problem where the agent needs to learn to
reach the goal state. Specifically, it dominates the standard
cumulative RL when transitions into the goal state occur
infrequently in the training data, which is often the case in
larger-scale goal-reaching problems.

Consider the five-state chain environment in Figure 1. Tran-
sitions leading into s4 have reward of 1, transitions into sg
have a reward parametrized with = € (0, 1), and other re-
wards are zero. Hence, the optimal policy, concerning both
max-reward and cumulative returns, is to go to s4 and stay
there. We run tabular ()—value iteration algorithm using
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Figure 2. A three-state MDP with deterministic transitions and
stochastic rewards. Two different policies, 71 and 72, share the
same first action a1, but then have different a2, thereby resulting
in different reward distributions.

standard (Eq. (1)) and max-reward (Eq. (3)) Bellman oper-
ators for different values of the intermediate reward x. In
each training epoch, we iterate over all possible transitions.
For each transition, we compute the target value using one
of the Bellman operators and update the Q-table. Crucially,
we randomly skip some of the transitions into s4 with a cer-
tain probability. In the experiment, we consider four values
for the skip probability — p,ki, € {0,0.3,0.6,0.9}. During
training, when a transition into s4 is sampled, the Q-table
is updated with probability 1 — psrs, and otherwise left
unchanged. Transitions into other states are never skipped.
In this way, we can control how often the agent is exposed
to the transitions into the optimal state and thereby sim-
ulate problems where goal-reaching transitions are rarely
encountered.

The results in Figure 1 indicate that for larger values of the
skip probability, the max-reward approach converges to the
optimal policy significantly faster than the cumulative ap-
proach. We believe that this phenomenon can be explained
by differences in bootstrapping. In standard RL, the target
for the g—value is a sum of the immediate reward and the
g—value at the next timestep. Therefore, this target changes
in each epoch until convergence. In the max-reward case,
on the other hand, the target in the max-reward state is just
the reward and does not change with time. This example
suggests that the max-reward approach is a better choice
in environments where the task of the agent is to reach the
goal state.

Issues when stochasticity is present. Unfortunately, the
max-reward approach described above has a serious the-
oretical drawback. Expanding the definition of ¢}, for
more timesteps, we obtain a nested sequence of non-
interchangeable V and [E:

nget(s, CL) = Eﬂ.* |:T't+1 V ’)/Eﬂ—* [T‘t+2 V.. } ;iz;}
Using Jensen’s inequality (Jensen, 1906), we conclude the
following: R

(j:let(s7 CL) S Eﬂ'* [Gt 3:23] (4)

When both the policy and the transition model are determin-
istic, Eq. (4) becomes an equality. However, if stochasticity
is present, the value of ¢7_,(s, ) is merely a lower bound
of the expected return. Hence, it can induce suboptimal
policies.

In Figure 2, we show an example where the policy maximiz-
ing @}, is suboptimal. The figure demonstrates a three-state
MDP and two policies, ; (red arrows) and 7o (blue arrows).
Let v = 1 for simplicity. For the state s, the expected max-
reward return is higher for the policy 7 :

Eﬂl [Go} = Eﬂl [7‘1 \Y 7’2] =9>

Eﬂ—Q[ 0] = Eﬂ—Q[Tl V 7‘2] =8

So m is better in terms of the expected max-reward return,
but the value functions have the following values:

(jgelt (s0) = En, [7‘1 VEnr [7"2]] =Eq[r1V6]=6

(jggt (80) = IEﬂ-Q |:T’1 V ]Eﬂ-Z [’I"Q]] = Eﬂ—Q [7‘1 V 8] = 8

Based on the values of ¢7,,, we would conclude that 75 is
better, which we already showed to be incorrect. This exam-
ple demonstrates that even in a simple stochastic environ-
ment, the operator T;et can lead to incorrect policies. There-
fore, it is an open question whether there exists a Bellman-
like operator that would enable learning max-reward returns
in the stochastic setting.

4. Max-reward RL

In this section, we introduce a novel approach to max-reward
RL that is theoretically sound, works for both stochastic and
deterministic cases, and can be combined with state-of-the-
art RL algorithms. First, we expand the definition of the
max-reward return given in Eq. (2):

E[Gy] = Ex [re41 V 7Gira1] )]

Since E and V do not commute, it is impossible to extract
the term E, [Gt+1] on the right-hand side of Eq. (5). Be-
cause of that, we cannot obtain an equation involving only
Ex[G:], Ex[Gi41], and 741. Instead, we will utilize an
approach from stochastic optimal control theory (Kroner
et al., 2018) and define the max-reward value function using
an auxiliary variable that allows propagating information
between timesteps:

Definition 4.1. Let y € R be an auxiliary real variable. The
max-reward value functions are defined as follows:

0™ (s,y) = Erly V Gy|s:=5]

Q" (s.a,y) = Ex[y vV Ge|a:=Z3]
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Since reward is lower-bounded, r,+; > 0, we can always
recover the expected max-reward return E [Gt} by substi-
tuting y = 0 into the value functions:

07(5,0) = Er [Gy]s:=3] ©
G (s,a,0) = Er[Gy|5:Z0]

Hence, if we find an efficient method of learning the max-
reward value functions, we will be able to optimize E[G].

The auxiliary variable y is crucial when dealing with the
max-reward returns. When we look at the value of the state
s’ from the perspective of state s, we must consider the
immediate reward r = r(s, a, s'). Specifically, we should
treat low reward trajectories from s’ as if they still yield the
reward of r. Expanding upon this observation, we conclude
that maximization of the maximum reward requires propa-
gating information about the past rewards. This is achieved
via the auxiliary variable y.

By combining the definition of the max-reward value func-
tions with Eq. (5), we obtain the following recursive equa-
tions:

Lemma4.2. Lety € R and let y = B850V ey

¥
the max-reward value functions are subject to the following
Bellman-like equations:

0 (s,y) =B o [y VO (se11,8)]2e=]
(s, a,y) =Eyn [V @ (ser1s aren, ) |ai=a]

Proof of this lemma, as well as all other proofs, can be found
in Appendix A. The extra term y’V might seem redundant,
but it is important since it enforces the boundary conditions.
Without it, the functions v = 0 and ¢ = 0 would be solu-
tions to these equations. Using Lemma 4.2, we can define
Bellman-like operators for the max-reward value functions:

Definition 4.3. Letv : S XR >R, ¢g: Sx AXxR =R

be real-valued functions and let 3 := M Then,

the max-reward Bellman operator 7 is defined as follows:

T u(s,y) :=E a [y V0(s41,9)]5=5]
St41
FfﬂQ(é‘, a,y) = W]Egiﬁ [Z// v Q(3t+17at+17y/)|3222}

In the following theorem, we prove that this operator is a
contraction and that the max-reward state and state-action
value functions are its fixed points.

Theorem 4.4. 7™ is a ~y—contraction with respect to the
Lo norm, and 07 (or q™) is its fixed point.

Theorem 4.4 implies that the max-reward value functions
can be learned in the same way as the standard value func-
tions — by sampling from the environment and applying

Bellman operators. In the next section, we define the ob-
jective function of the max-reward RL problem and discuss
how the presence of the auxiliary variable y impacts the
notion of optimal policy.

4.1. Max-reward objective

Similarly to standard RL, the main objective in the max-
reward RL problems is to maximize the expected (max-
reward) return from the initial state, defined as follows:

() = By [07 (50,0)] @
Then, the optimal policy is naturally defined as :
7 = arg max J (). 8)

To better understand the properties of the max-reward opti-
mal policy, consider again the MDP in Figure 2. Let v = 1.
Then, the values of the objective function for 1 and 75 can
be computed as follows:

J(m)=E,[6Vry]=9
J(my) =K, [6Vry] =8

Hence, 7 is optimal. However, if we consider the max-
reward return from ¢ = 1, we have

B, [Gy] = 1240 _ 6

2

and hence 7o obtains higher expected max-reward return
starting at s = s;. Seemingly, there is a contradiction: 7
is optimal but 75 is better from the state s;. However, the
explanation is simple: the maximum reward is the highest
reward encountered anywhere along the trajectory. An op-
timal decision thus not only depends on the current state,
as with the cumulative reward, but also on the maximum
reward that has been acquired thus far. In the example, if we
start from s7, then we haven’t encountered any reward yet.
Hence, following 71, we will have ro = 0 as the maximum
reward half of the time. If we start from sg, we receive a
reward of r; = 6 when going to s;. Then, the maximum
reward will not be lower than 6, even if we get ro = 0. Thus,
we conclude:

E.[Gi]=—=28

In max-reward RL, the optimal policy ™ maximizing J ()
should depend not only on the current state, but also on the
rewards obtained so far.

To formalize this observation, we introduce additional nota-
tion. We define the extended state space as S:=8 xRand
we denote extended states by § = (s,y), s€ S, y € R.
Then, for an extended state (s,5) € S and for an action
a € A, the extended transition model ]5(, ‘|s,y,a) is a
PDF over (s',3/) € S, defined as

R(s,a,s")V y)

P(s',y/|s,y,a) = P(S/IS,G,)5<yI - v
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where §(-) is the Dirac delta function. The initial distribution
of (so,%o) is given by po(so,¥0) = P(s0)d(yo) thereby
ensuring yo = 0. Combining everything, we introduce the
following definition:

Definition 4.5. Let M = (S, A, R, P, po,7) be an MDP.
Then, the exter}ded ma)f-reward MDP is an MDP M given
by the tuple (S, A, R, P, po, ).

Essentially, the extended MDP defined above tracks the
(inversely) discounted maximum reward obtained so far.
For example, if the maximum reward so far is 71, then the
extended state at timestep ¢ is (s, ;—1) Hence, to improve

J, we need ry1q > %

Using the notion of extended MDP, we can redefine policy
for the max-reward RL:

Definition 4.6. Let M be an MDP and let M be its induced
extended max-reward MDP. Then, any policy 7 in M is an
extended max-reward policy.

After we have defined optimality in the max-reward sense,
we can introduce the max-reward Bellman optimality opera-
tor:

Definition 4.7. Let g : S x A x R — R be a real-valued

function and let ¢/ := M Then, the max-reward

Bellman optimality operator 7 is defined as follows:

St=s

T a(s,0.y) = 1B, [y Vmaxq(se, o y)]3i=0]

Similarly to T", this operator is also a contraction:

Theorem 4.8. 7* is a ~y—contraction with respect to the
Lo norm, and q* is its fixed point.

We have most of the pieces of the max-reward RL frame-
work. We established that it operates on the extended max-
reward MDP M , where the extended states preserve infor-
mation about the past rewards. Then, both the max-reward
optimal and on-policy value functions can be learned by
sampling transitions from M. Therefore, all DQN-based
methods (Mnih et al., 2013) can be used under the max-
reward RL paradigm directly. However, most state-of-the-
art RL algorithms utilize policies parametrized by neural
networks. This is possible due to the policy gradient theo-
rems (Sutton et al., 1999; Silver et al., 2014), as they allow
estimating the objective function gradient with respect to
the policy parameters via sampling. In the next section, we
formulate and prove max-reward policy gradient theorems
for both deterministic and stochastic extended max-reward
policies.

4.2. Policy gradient theorems

First, we define p7 (so, %o, 8, y) — the probability measure of
arriving in the extended state (s, y) after ¢ timesteps, starting

from (s, yo) and executing the extended policy 7. Let

P(s y|s,y) = / #(als, y) P(5',y/ |5, . a)da

a

be the “on-policy” transition model. Then, p7 (50, vo, 5, ¥)
is defined as follows:

ﬁO(SOa Yo, S, y) = 5(5 - 80)6(y - yo)

ﬁ?(SOa Yo, S, y) = /ﬁ?—l(s(% Yo, §a g) Pﬁ.(sa y|§’ g) ds dg
59

The discounted stationary state distribution of an extended

max-reward MDP is then given by

Czﬁ'(say) :/ﬁ0(307y0)Z’ytﬁ?(San(h‘%y) dSO dyO
t=0

50,Y0

As such, d is not a distribution. HoweverA, it can be normal-
ized into one by dividing it by C = || , 47 (s,y) ds dy.

Finally, we can formulate and prove the max-reward policy
gradient theorems. Consider a neural network with weights
6 that represents a stochastic policy. Then, we have the
following result:

Theorem 4.9. Let 7tp : S x R — P(A) be a stochastic
extended max-reward policy parameterized with 6. Then,
the following holds for V¢ J(0):

Vo J(0) < By, ) g [0 (5, 0,5) Vo Infrg (als, )]

an~vTg

The deterministic max-reward policy gradient follows from
the stochastic version:

Corollary 4.10. Let ip : S X R — A be a deterministic
extended max-reward policy parameterized with 0. Then
Vo J(0) can be computed as follows:

Vo (0) x By [Vofio(s,y)Vad™ (5,0, 9)|apo (s.)]

The policy gradient theorems allow us to use various algo-
rithms from standard RL, such as REINFORCE (Williams,
1992), A2C (Sutton et al., 1999), A3C (Mnih et al., 2016),

Figure 3. Left: Single-goal maze, where the goal (red ball) is al-
ways in the same location. Right: Two-goals maze with two spawn
locations of the goal (red balls).
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Figure 4. Learning curves of TD3, max-reward TD3, PPO, and max-reward PPO on two different mazes. The vertical axis is the success
ratio, i.e., whether the goal was reached during the episode. The shaded area is the standard error of the mean. The horizontal axis is the
total environmental timesteps in millions. For each maze, we present results for six different reward functions (columns).

TRPO (Schulman et al., 2015), PPO (Schulman et al., 2017),
DDPG (Lillicrap et al., 2016), and TD3 (Fujimoto et al.,
2018), to optimize maximum rewards. In this work, we
focus on PPO and TD3, as they are considered to be the
best-performing algorithms within their corresponding fam-
ilies. For max-reward PPO, the only difference compared
to the standard version is that the advantage estimation uses
max-reward returns. For max-reward TD3, the target value
for the @ functions is computed using the max-reward Bell-
man optimality operator (4.7). In Appendix, we provide
descriptions of max-reward TD3 and PPO in pseudocode.

S. Experiments

To empirically evaluate the benefits of using maximum in-
stead of cumulative reward, we compare the max-reward
TD3 and PPO with their cumulative counterparts using
two goal-reaching environments from Gymnasium-Robotics
(de Lazcano et al., 2023) under different dense reward func-
tions.

5.1. Maze with shortest path rewards

First, we consider the Maze environment from Gym
Robotics (de Lazcano et al., 2023) illustrated in Figure 3,
where the agent controls a ball by applying acceleration in
two dimensions. The objective is to reach the goal position
in the maze. Episodes last 1000 timesteps and there are no
terminal states. We use two mazes: single-goal maze, where
the goal is always in the same location, and the two-goals
maze where at each episode the goal location is chosen ran-
domly from the two possible options. The main metric in
this environment is success ratio — a binary value indicating

whether the goal was reached during the episode.

‘We consider several reward functions that induce the same
optimal policy of reaching the goal state:

1. Sparse reward — only reaching the goal is rewarded
withr = 1.

2. Dense ly reward — default dense reward, defined as the
exponent of the negative of the /5-distance to the goal.
Reaching the goal is rewarded with r = 1.

3. Discrete shortest path (DSP) — our custom reward that
represents the true, topology aware distance to the goal.
To compute it, the maze is split into n x m cells. Then,
the distance matrix D € R™*™ is computed such that
for each cell (i, 5), D[i, j] is the number of cells be-
tween (7, j) and the goal-containing cell. The DSP
reward with parameter £ € N is then defined as

Gy = d B70 i Dlijl =0 mod &
P 0, otherwise

where 8 € (0,1) is a hyperparameter. The value of
k controls the sparsity of the reward, i.e., for larger k
fewer cells have a non-zero reward. Reaching the goal
is rewarded with r = 1.

For the DSP reward, we first tune the value of 3 by running
standard TD3 and PPO on the single-goal maze. We set
k =1 and run 10 random seeds for each algorithm for 5 €
{0.65,0.7,0.75,0.8,0.85,0.9,0.95}. Additionally, we test
the negative version of the DSP reward, rssp (i,4)—1, which,
in theory, should cause better exploration. For TD3, the best-
performing reward was the negative DSP with Srps = 0.9,
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Figure 5. Learning curves of TD3, max-reward TD3, deterministic max-reward TD3, PPO, and max-reward PPO on a stochastic version of
the single-goal maze with DSP reward, £ = 3. The vertical axis is the success ratio, the shaded area is the standard error of the mean. The
horizontal axis is the total environmental timesteps. The results confirm that our max-reward methods work in stochastic environments.

and for PPO - negative DSP with Bppo = 0.95. In all other
runs involving DSP reward we use these values of 3.

Finally, we compare TD3, PPO, max-reward TD3, and max-
reward PPO on the single-goal and two-goals mazes using
sparse, dense [, and DSP reward for & = 1,2,3,4 (for
cumulative methods, negative DSP reward is used). Figure
4 demonstrates the learning curves. The sparse reward per-
forms inconsistently due to insufficient exploration. Dense
lo reward has local maximums (especially in the single-goal
maze) and its performance greatly depends on the maze
topology. The DSP reward, which represents the true dis-
tance to the goal, overall performs better.

Importantly, we see that the max-reward approaches work
for all values of k, while the standard RL methods do not.
For larger k, the reward becomes sparser, and cumulative
approaches tend to converge to suboptimal policies. We
believe that the nature of this phenomenon is the same as
in the chain environment example discussed in Section 3.1.
Specifically, the Maze environment can be seen as a larger
chain with multiple intermediate rewards. During train-
ing, all methods quickly learn to stay in one of the cells
with non-zero reward. Then, to update the policy, samples
of transitions to a better state are needed. For larger k,
these transitions become less frequent, as the cells with
non-zero reward become further from one another. In line
with the chain environment results, max-reward methods
require fewer such transitions and therefore perform more
efficiently.

Another potential reason for the superiority of max-reward
methods lies in the way how they handle local optima. Since
max-reward policy is conditioned on the discounted max-
reward so far, y, it has no incentive to stay in the local
optima. As y “remembers” the reward at a local optimum,
any trajectory leaving this optimum is at least as good as
staying in the optimum. Combined with exploration tech-
niques, e.g., entropy regularization in PPO, this causes the

agent to leave local optima after visiting them.

Stochastic Maze. One of the strengths of our RL formula-
tion is that it works with stochastic environments and/or
policies. To experimentally verify that, we conduct an
additional experiment using a stochastic variation of the
single-goal maze. Specifically, we introduce a parameter
Dstip Which regulates the level of stochasticity. Whenever
the agent makes an action, it is replaced with a random
action with probability pg;;,. We compare max-reward and
standard versions of TD3 and PPO on this environment. Ad-
ditionally, we implement and test deterministic max-reward
TD3 (Gottipati et al., 2020). In this experiment, we use
the DSP reward with £ = 3, as it is a case where the max-
reward paradigm demonstrates improvement over standard
RL in a deterministic Maze. The results presented in Fig-
ure 5 confirm the theory: our max-reward TD3 solves this
stochastic environment while the deterministic max-reward
TD3 is highly inconsistent. Therefore, we conclude that our
method indeed can be used for stochastic environments.

5.2. Fetch environment

In the second experiment, we consider more challenging
robotics problems. Specifically, we study the Ferch-Slide
and Fetch-Push environments depicted in Figure 6. The
agent controls a 7-DoF manipulator and its goal is to move
the puck into the target location. In Fetch-Slide, the goal
is located beyond agent’s reach and hence it needs to slide
the puck into the goal. In Fetch-Push, the agent needs to
push the puck into the goal which can be anywhere on the
platform. Each episode is truncated after 100 timesteps and
there are no terminal states. We use the standard dense re-
ward for this problem defined as negative of the /5 —distance
between the puck and the goal. The performance metric
for this environment is again the success ratio — a binary
value that indicates whether the goal was reached during



To the Max: Reinventing Reward in Reinforcement Learning

Fetch Slide

Fetch Push

0.8 4

Success ratio
o o
B o

o
N)

0.0
0'0 05 170 1’5 2'0
Timesteps (x106) €6

TD3

0.8

0.6 4

0.4+

0.2+

0.0
00 05 170 1’5 20
Timesteps (x106) ~ 1€6

—— TD3Max J

Figure 6. Success ratio for standard (light red) and max-reward (dark-red) TD3 in Fetch Slide (left) and Fetch Push (right) environments.

the episode. This environment is known to be challenging
for standard RL and it cannot be solved without special
approaches (Plappert et al., 2018).

The plot in Figure 6 demonstrates that the max-reward TD3
achieves a goal-reaching policy in both environments, while
the standard version, in line with the prior work, fails to learn
completely. We believe that this happens due to the differ-
ence in bootstrapping mentioned earlier. The environment is
complex and multidimensional and the goal-reaching tran-
sitions are rare which makes the learning problem really
hard for the standard methods. We believe that this experi-
ment shows the great potential of max-reward RL in more
realistic goal-reaching environments.

6. Conclusions and future work

In this work, we provide a theoretical description of the
max-reward reinforcement learning paradigm and verify
it experimentally. Our theoretical contributions include a
novel formulation of the max-reward value functions and
a Bellman-like contraction operator that enables efficient
learning. Besides, we prove the policy gradient theorems
for max-reward policies and hence enable using the state-of-
the-art RL algorithms in the context of max-reward RL.

In the experiments with two robotic environments, we show
that max-reward RL works better for sparse reward prob-
lems with surrogate dense reward. This result confirm our
intuition that maximum reward is a better choice for goal-
reaching environments. Moreover, we demonstrate that our
max-reward RL, unlike prior work, is also consistent in
stochastic environments.

Qualitatively, we believe that the main strengths of the max-
reward algorithms can be summarized as follows:

1. In max-reward RL, bootstrapping works differently
than in the standard RL. Specifically, it allows for more
efficient propagation of reward from the goal states.

2. Max-reward agents are more prone to getting stuck in
local optima. Since the maximum reward obtained so
far is a part of the extended state space, the agents do
not have any incentive to stay in these optima.

3. Due to the auxiliary variable y, max-reward value func-
tions are inherently distributional. As reported in prior
work (Bellemare et al., 2017), learning distributional
value functions can have positive impact even in deter-
ministic problems.

In future work, we aim to study how max-reward RL can be
combined with the existing methods for automated reward
design and explore its potential in other problems.
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A. Proofs

Proof of Lemma 4.2. First, we prove the equation for the state value function 0™ :
’LAJTr(S, y) = ]Eﬂ- [y V Gt|5t:5] = Eﬂ- [y V Tt4+1 vV ’}/Gt+1 ’St:S]
= nyﬂ_ [y/ \Vi ét+1 |5t:5} = ’Y]Eﬂ— [y/ v yl vV ét+1 |5t:'5}
=9E a [y V0" (s141,y")]5:=5]
St4+1
Then, for the state-action value function §™ :
q"(s,0,y) =Br[yV Go|3Z5] = Ex [y Ve VG |52
=VE [y V G |8Z5] = VER [y VYV Gy |2Z5)
=Esei [y V G (ser1a041,y) |01 =0]
at41
O
Proof of Theorem 4.4. First, we demonstrate a simple property of the V operator that we will use later. Let a,xz,y € R.
Then, using equation z V y = 0.5(z + y + |z — y|), we obtain the following:
aVe—aVy=05a+z+|r—al—a—y—|y—a|)
=05 —y+lr—al—|y—al)

<05(x—y+lxr—a—(y—a)|) )
=05(x—y+|x—y|)
< |z -yl

Now, we can prove that 7™ is a contraction. We begin with the state-action case. Let ¢,z : S x A x R be two-real valued
functions. Then, we can expand |7 "¢ — 7" 2|/« as follows:
St=s

||7-ﬂq - 7271’2”00 =7 s Sug R ]Egiii y/ N q(8t+17 At41, y/) - yl \ Z(st+17 41, y/)|at:a:|
sed,acAyc -

S¢=s
at=a

<7 sup Esits [ YV q(si1,a01,y") =¥V 2(s041, 0011, Y)
s€S,ac A,ycR  %t+1

(%)
< sup YV q(sit1,ai41,Y) —y'VZ(Stﬂ,atH,y/)‘
st+1€S,ar41€A,y'€R

=75  sup ‘yvq(&a,y) —sz(s,a,y)’
s€S,aeAyeR

<y s gls,ay) —2(s.a,9)| = g — 2l
s€S,ac A, yeR

The first inequality follows from the fact that ‘]E£ [m]‘ <E, {|m|} and the last inequality follows from Eq. (9). In (x), we use

the following property of the expectation: sup,, {E[z|y]} < sup,{z}. Now, we demonstrate the contraction property for
the state value function: Let v, u : S x R be two-real valued functions. Then, we expand ||7™v — 7™ u||s as follows:

1T =Tl = sup B a.. [y’ Vs, y') =y Vulse, y/)|5t25}
seS,ye
|st:s]

<~ sup E a { Y V(s y) =y Vu(si,y)

seS,ycR  St+l

<7 sup
st+1€S,y’ER

Y V(s y') =y V(s Z/)‘

=7 sup ‘va(syy)—y\/u(s,y)‘
seS,yeR

<y s fols,y) —uls,y)| = o~ ull
seS,yeR

12



To the Max: Reinventing Reward in Reinforcement Learning

Therefore, the max-reward Bellman operator is a contraction. Hence, by the Banach fixed-point theorem, it has a unique
fixed-point(s). From Lemma 4.2, we conclude that this is the max-reward value function(s). O]

Proof of Lemma 4.8.

170 =T "2l =7 __sup [Be [y Vmaxa(sisn,a',y/) =y Vmax 2(sein, o',y 53]
seS,acAyeR a a

<~ sup  Esy [ y'Vmaxq(siy1,a’,y) —y' Vmax z(si1,a’,y') \Ziii}
s€S,ac A, yeR a a
<9 s Ba [max|y V(s dy) — 'V 2(si,dy)| |55
s€S,ac A, yeR a
(10)
<~ sup ‘y’ Vq(sir1,a1,y") =¥V 2(S041, ar g1, yl)’
st+1€S,a141€AY ER
=7 sup ‘y\/q(s,a,y)—y\/z(s,a,y)‘
s€S,ac A, yeR
<~v sup ‘Q(s,a,y)*Z(s,avy)’ = |lg — 2[lo
s€S,ac A, yeR
O

Proof of Theorem 4.9. First of all, we notice that the max-reward Bellman equation implies another recursive equation for
9™ and ¢™
=s

Q" (s,0,y) = VEso [y V 07 (se41,9)|5=5] = 7E o (07 (se1, )| 5022) (11)

As discussed in the main paper, we use the version with extra V' to enforce boundary conditions. However, we can still use
the equation above as it is a property of the max-reward value function.

Before proving the theorem, we introduce simplified notation to improve readability — for all functions, we use subscripts
to denote the input variables. For example, ¢; := 0™ (s, y;). The proof follows the one for the standard policy gradient
theorem. We begin by obtaining a recurrent equation for V9 :

Voo ZVe(/ Fododa) =/ (Veffo)ﬁodao-F/ 70(Veq)odao

ag ao
——_— ———
%o

Eq.(11) . . .
R JrV/ Wo(va/ p(51791|507yOaaO)'Uldsldy1>dao
aop S1,Y1
=¢0+7/ / 7op(s1, Y1l50, Yo, ao)(Ve01)ds1dyidag
$1,Y1
=60t [ B0t 51,00) (Vatn)dsady
51,Y1

where we introduced the shorthand ¢; = ¢(s¢,y:) = fa Vo7 (alst, yt) q(st, a,y:) da. Expanding this recurrence further,
we obtain

Vot = Z/ ’th (505 Y05 St, Y) (e, ye)dsedy
St,Yt

/ Z’v Py (50: %0, 5, y))(b(&y)dsdy

t=0

x / 0 (5, 150, yo)9 (s, y)dsdy
S,y

= /sydfr(s,yso,yo)(/ (er(a|s y)) i(s,a y)da)dsdy

Y a
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Above, Jﬁ(s, Y|S0, yo) is the discounted stationary distribution of s, y for policy 7 given so, yo. Finally, we substitute this
formula for V0 into the definition of .J(#) and conclude the proof:

Vo J(0) = /

50,Y0

ﬁO(SOa yO) / a?ﬁ'(‘% 9‘307 yO) ( / (VGﬁ-(a’Lg? y))qA(57 a, y)dﬂ;) dedeOdyO
$Y

a

a

_ / yczfr(s,y)( / (Vot(als,))(s, a. y)da) dsdy (12)

=E s,y~d” [qAﬂ—(Saavy)VQthﬁ-(a"Say)]

a7 (-]s,y)

B. Experimental details

For all experiments, we used our implementation of TD3 and PPO that we verified on several MuJoco domains. The
implementation of the max-reward algorithms is similar to their cumulative versions except for the following differences:

1. The input layer of all neural networks has an extra dimension to work with the extended states (s, y).

2. The output layer of the value networks uses Tanh activation and is rescaled to u € [0, R]. Then, it is transformed with
ReLU(u — y) + y to enforce 9™ (s,y) > y.

Hyperparameters of all runs are reported in Tables 1-2.

Parameter PPO PPOMax TD3 TD3Max
Parallel environments | 16 16 16 16
Discount factor 0.99 0.999 0.99 0.995
Learning rate 3e-4 3e-4 3e-4 3e-4
Lr. annealing No No No No
Entropy weight Se-2 Se-2

Value loss weight 0.5 0.5

Clip coef. 0.2 0.2

GAE A\ 0.95 1

Policy update freq. 2 2
Target soft update 7 0.005 0.005
Expl. noise type pink pink
Expl. noise std 0.7 0.7
Expl. noise clip 0.5 0.5
Target noise scale 0.2 0.2
Initial expl. steps 25000 25000
Tr. epochs per rollout | 10 10

Rollout length 1024 2048

Minibatch size 32 32 256 256

Table 1. Hyperparameters for the experiments with Maze environment.

C. Algorithms
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Parameter TD3 TD3Max
Parallel environments | 16 16
Discount factor 0.99 0.995
Learning rate 3e-4 3e-4
Lr. annealing No No
Policy update freq. 2 2
Target soft update 7 0.005 0.005
Expl. noise type pink pink
Expl. noise std 0.1 0.1
Expl. noise clip 0.5 0.5
Target noise scale 0.2 0.2
Initial expl. steps 25000 25000
Minibatch size 256 256

Table 2. Hyperparameters for the experiments with Fetch environment.

Algorithm 1 Max-reward TD3

1: Initialize critic networks G4, , 4, and actor network jig
2: Initialize target networks ¢} < @1, @5 < o, 0/ < 0
3: Initialize replay buffer D

4: for episode = 1,2,...do

5: Initialize sq, yo ~ Do

6 fort=0,1,...,T —1do

7: Sample exploration noise €;

8 Execute a; = (st yt) + € and get S¢41, 741
9 Update y;1 = (y V 1141) /7

10: Save (st,yt,at,st+1,rt+1,yt+1) into D
11: if initial exploration is over then

12: Sample a mini-batch of size N from D
13: Sample target actions noise 7,

14: a < pe(s,y)+n

15: z <y Vymini—12 4y (s, a,y")

16: Critic loss Lo = & 327 (2 — 4o, (5, a,9))?
17: Perform gradient update step on L.

18: if time to update policy then

19: Ly < E[quh (SaHO(SaZJ)»?J)]

20: Perform gradient update step on L,
21: O —T1hi+(1—71)p), i =1,2
22: 0 +—10+(1—-7)0

23: end if

24: end if

25: end for

26: end for
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Algorithm 2 Max-reward PPO

—_

: Initialize actor 7y and critic 9
2: for iteration = 1,2,...do

3 Initialize trajectories buffer D

4 for actor =1,2,..., N do

5: Initialize sq, yo ~ Po

6 fort=0,1,...,7 —1do

7 Execute a; ~ mo(-|s¢,y:) and get s¢11, 7411
8 Update yi1 = (Y V 1e41) /7

9 Save (S, Yty Aty St41, Tt4+1, Y1) into D

10: end for

11: G?e'y"%(sﬁn,yHn), n=1,..., T —t
12: Gi(\) = (1 =N i an-1ap

13: Compute advantages A; = G(\) — 0 (s, yr)
14: end for

15: fork=1,2... K do

16: Critic loss: L. + & 3, (GF ™" — i4(s,1))?
17: Actor loss: L, < Lppo(m, {flt}f:l)

18: Perform gradient update step on L, + L.
19: end for

20: end for
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