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Chapter Nine 

Adopting principles from physics to 
fatigue crack growth 

 

 

 

This chapter demonstrates how proper similitude utilizing principles from physics 

improves understanding of fatigue crack growth. After introducing elementary 

physical principles, a physical theory is outlined based on concepts separating 

available (driving) energy and material’s intrinsic resistance. Several lessons 

learned are presented, after which these lessons are extrapolated to formulating 

the influence plasticity has on fatigue crack growth. It is illustrated how a proper 

energy balance, potentially can enable prediction of fatigue crack growth without 

typical Paris curves. 

9.1   INTRODUCTION 

Fatigue crack propagation is traditionally predicted with phenomeno-logical 

prediction models utilizing concepts based on stress, like the stress intensity factor 

(SIF) K [1]. After Paris [2-4], the crack growth rate da/dN is correlated in most 

cases to the SIF range K using a scaling law, by many referred to as ‘Paris law’, 

despite that it is not a law proven from first principles but just a relationship. 

Although these relationships have demonstrated their engineering practicality and 

effectiveness in design as a predictive framework for fatigue crack growth, their 

incompleteness, and often non-compliance to fundamental laws from physics, has 

mostly been ignored in scientific literature. Instead, these scaling or power curves 

have served as fundamental basis in most research reported in scientific literature. 

This lack of reflection against fundamental laws from physics has led to 

misinterpretations of observations, and incorrect explanations of several 

correction factors necessary in these phenomenological predictions [5]. 
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Therefore, this chapter explains fatigue crack growth phenomena adopting 

principles from physics, shedding light on some discussions and disputes, 

explaining several phenomena previously reported, while illus-trating how future 

science could provide better predictive capabilities. 

9.2   ELEMENTARY PRINCIPLES FROM PHYSICS 

9.2.1   Physical theory versus engineering prediction model 

Albeit predicting the fatigue crack growth rate with a power law like 

 
𝑑𝑎

𝑑𝑁
= 𝐶∆𝐾𝑚  (9.1) 

yields successful predictions, dimensional analysis of eq. (9.1) reveals the 

formulation is flawed. Both C and m have units, while the exact unit for C depends 

on the value of m. This implies that both parameters must have a physical 

meaning, which is an aspect generally not elucidated upon in literature. 

The graphical representation of Eq. (9.1) is often considered to illustrate the 

crack growth resistance of materials. Although not explicitly quantified, the 

resistance is then subject to the position of data or steepness of the curve in the 

graph. This is, however, a rather implicit form of characterizing the resistance, 

which for engineering predictions may suffice, but it does not allow an explicit 

correlation to the physical characterization of microstructural mechanisms. 

 

9.2.2   Strain energy perspective to cyclic loading 

When cyclically loading a structure between minimum and maximum load or 

stress, strain energy (work) is applied in a cyclic fashion, see Fig. 7.1 (a). The 

magnitude of this cyclic work depends not only on the load or stress range, but 

also on the mean level of the load cycle. Hence, while maintaining the same stress 

range, and thus the same K, different mean stress levels yield the application of 

different amount of cyclic work. Inevitably, this difference in strain energy 

applied defines the amount of energy available for crack growth, and therefore the 

amount of da/dN.  

Similarly, the increment of crack growth imposes a change in structural 

compliance, related to dissipation of elastic energy [6]. However, for tension-

tension fatigue loading this energy dissipation is defined by the maximum load 

only, and not by the minimum load, see Fig. 9.1 (b). 
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Although the hysteresis between Pmin and Pmax is often considered for strain 

energy dissipation, the reduction in monotonic strain energy does illustrate that 

also energy dissipates below Pmin. 

Hence, where the ‘driving force’ in literature correlated to loading range Pmax-

Pmin, is associated to cyclic work, the resistance to crack growth in this case is 

only characterized by the maximum load. Lumping both into a single parameter 

K, therefore reduces the resolution in capturing all phenomena related to fatigue 

crack growth. Instead, ‘resistance’ should be separated from the ‘driving force’, 

for example through characterizing the phenomena with using at least two 

parameters; one to represent the applied work, and the other to represent the 

material’s resistance to crack growth. 

 

9.2.3   Crack length versus fracture surface area 

Expressing crack growth in a change of crack length a, seems logical when 

describing through-thickness cracks in plates with constant thickness, but when 

describing cracks developing into a structure, this choice loses its similitude in 

physics. 

For example, when the crack growth rate da/dN of a crack in a plate is 

constant, then the growth in fracture surface area (dA/dN) is also constant. 

However, when a circular corner crack grows with a constant da/dN, then the 

growth in fracture surface is increasing with its size with a/2, see table 9.1. 

 
Figure 9.1. Illustration of how cyclic work W relates to P=Pmax-Pmin (a), while the 

dissipated energy dU relates to Pmax for cyclic tension-tension loading (b). 
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Van Kuijk et al. [7] demonstrated that various corner crack to through-

thickness crack transitions yield different and apparent irregular behaviour in 

Paris-graphs, typically attributed to small crack growth behaviour. However, with 

fracture surface area A, this irregular behaviour seems to be rather well explained. 

 

 
  Table 9.1. Relation between fracture growth rates dA/dN and fracture areas A 

Type Fracture area A Growth rate dA/dN 

Through-thickness crack 𝐴 = 𝑎 𝑡 
𝑑𝐴

𝑑𝑁
= 𝑡

𝑑𝑎

𝑑𝑁
 

Elliptical corner crack 𝐴 =
𝜋

4
 𝑎 𝑐 

𝑑𝐴

𝑑𝑁
=

𝜋

4
(𝑎 𝑑𝑐 + 𝑐 𝑑𝑎) 

Circular corner crack 𝐴 =
𝜋

4
 𝑎2 

𝑑𝐴

𝑑𝑁
=

𝜋

2
𝑎

𝑑𝑎

𝑑𝑁
 

 

9.3   FORCE AND RESISTANCE – AN ANALOGY FROM PHYSICS 

To illustrate the theoretical concept of separating resistance from driving force, 

an analogy with sliding a box over the floor is proposed, see Fig. 9.3. When the 

force F is applied cyclically to the box, with value ranging between Fmin and Fmax, 

then the corresponding movement of the box relates to two parameters 

representing resistance: static friction Fst (stiction) that must be overcome before 

the box will move (analogy to fatigue threshold), and kinematic friction Fkin that 

defines how much ‘driving force’ is consumed while moving the box (intrinsic 

fatigue resistance). 

 

Figure 9.2. Comparison between a through-thickness crack propagating in a plate, and a 

surface or corner crack propagating into a solid. 
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For this problem, the equations of motion allow to translate the net force applied 

to the box, i.e. F-Fst upon start and F-Fkin while moving, through acceleration and 

velocity to displacement. With every load cycle range F, the box will move with 

an increment x. Plotting the displacement rate dx/dN against the cyclic force F, 

a curve will be obtained similar in shape to a Paris curve with a lower threshold 

(eg. Priddle [8]). 

Corresponding to the parameter definition on the x-axis, that lower threshold is 

defined as Fth and it is in this case determined by static friction through Fmax-Fst.  

The position and slope of the remainder of the curve are defined by the kinematic 

friction, see Fig. 9.3. The apparent dependence of threshold Fth on the stress ratio 

R=Fmin/Fmax, is the artefact of plotting the effect of a constant Fst on a scale 

expressed as F=Fmax-Fst (in the case of Fig. 9.3). Changing the mean value 

Fmean=½(Fmax+Fmin) relative to the constant value Fst, makes the threshold Fth 

on the F-scale move. This doesn’t mean that the physical threshold is dependent 

of the stress ratio – because the static friction Fst is constant and independent of 

loading – but the R-dependency is in the F (and K) representation on the x-

axis. It seems therefore more appropriate to define the lower threshold as Kth 

instead of Kth, similar to the upper asymptote that is characterized by Kc instead 

of Kc. 

 

Figure 9.3. Analogy of a box (cyclically) pulled while sliding over the floor (left), and the 

‘resistance curve’ following from the equations of motion (right). 
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9.4   WHAT APPLIED CYCLIC WORK TELLS US ABOUT… 

9.4.1   …mean stress and stress ratio effects 

Many papers in literature discuss mean stress effects, for the case of fatigue life 

predictions, and stress ratio effects for fatigue crack growth [9]. The most 

interesting observation here is that most authors never consider that both effects 

essentially share the same cause: the mismatch between stress range (or 

amplitude) and cyclic work. 

Hence, when comparing the general shapes of S-N curves with the typical ‘Paris’ 

curves, one can observe similarities in shape, see Fig. 9.4. The amplitude stress Sa 

is half the stress range S, present in the expression for K, while the life N is 

inversely proportional to da/dN. 

 

The mean stress effect and stress ratio effect apparent in both graphs, are 

essentially introduced by taking the stress range S or amplitude Sa in describing 

similitude. This can be illustrated easily considering the load-displacement curve 

for a linear elastic material in Fig. 9.5. 

 

Figure 9.4. Similarity between mean stress effect and asymptotes in S-N curve (a)s and 

stress ratio effect and asymptotes in da/dN-K plots (b). 
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For a constant Sa or S (K), the increase in mean stress changes the work applied. 

More strain energy applied increases the crack growth rate da/dN and reduces the 

fatigue life N. 

 

9.4.2   …Neuber’s postulate and critical distances 

In the direct vicinity of a notch root, the peak stresses and strains can be 

approximated using Neuber’s postulate [10], which can be expressed as 

 𝜎𝑝𝑒𝑎𝑘,𝑝𝑙𝜀𝑝𝑒𝑎𝑘,𝑝𝑙 = 𝜎𝑝𝑒𝑎𝑘,𝑒𝑙𝜀𝑝𝑒𝑎𝑘,𝑒𝑙 = 𝐾𝑡
2 𝜎𝑛𝑜𝑚,𝑒𝑙

2

𝐸
  (9.2) 

where the subscript peak,pl refers to the elastic-plastic peak, while peak,el denotes 

the elastic peak, and nom,el refers to the elastic nominal stress in the net-section. 

Intuitively, the postulate sounds reasonable: the lower plastic peak stress 

multiplied with a higher plastic peak strain, could yield a similar product. 

Multiplying Eq. (9.2) with ½ however, yields a strain energy density expression, 

where ½ describes the area under a linear elastic stress strain curve, see Fig. 

1.6. Hence, in essence, Eq. (9.2) constitutes an strain energy balance, assuming 

that both shaded triangular areas in Fig. 1.6 have the same area. 

Although this in concept sounds to have a basis in physics, it seems not entirely 

correct; to end up with the same amount of strain energy, the full area under the 

elastic-plastic stress-strain curve up to (peak,pl ,peal,pl) should be equated to the 

area underneath the linear elastic curve up to (peak,el ,peal,el). 

 

Figure 9.5. Influence of mean stress on the applied strain energy (work) for a fixed fatigue 

stress range applied to a linear elastic material. 
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As illustrated in Fig. 9.6, this is not the case, which implies that there is no energy 

balance in the direct vicinity of the notch root. This obviously is explained through 

system boundaries in physics: moving from elastic to elastic-plastic, energy may 

redistribute to and from the area further way from the notch root. The formulation 

of Eq. (9.2) essentially takes the entire specimen’s outer contours as system 

boundary, assuming that all energy within the specimen remains constant with the 

transition from elastic to elastic-plastic. 

This is illustrated by that the local peak stresses and strains are expressed through 

a (gross) stress concentration factor and nominal (or gross) stresses away from the 

notch root. In essence, this is analogue to the concept of Alan Griffith for a 

cracked plate laying the foundation to fracture mechanics [6], where far field 

stresses are used. 

Through Finite Element Analysis, one can demonstrate that the displacement of a 

notched plate under applied load changes, when moving from a pure elastic 

analysis to an elastic-plastic analysis. Fig. 9.7 illustrates this for a plate containing 

a central circular hole, comparing the applied work assuming linear elastic 

behaviour with the work applied assuming elastic-plastic response for either the 

same displacement or the same load. 

 

Figure 9.6. Illustration of the Neuber’s postulate assuming the product of stress and strain 

is constant. 
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Displacement controlled condition here refers to fixed grip conditions; 

redistribution of strain energy increases the specimen compliance a bit, but 

because that does not apply additional work to the specimen, this essentially 

releases strain energy. The force controlled condition, on the other hand, imposes 

the application of additional work with the increase in compliance through further 

displacement. 

What can be observed in Fig. 9.7 is that the error made with assuming strain 

energy balance is small for displacement controlled conditions, while for load 

controlled conditions the solutions clearly diverge with increasing load. This 

diverting curve for load controlled conditions, explains why Neuber’s postulate  

generally is considered only valid with little plastic deformation, i.e. small scale 

yielding [11]. 

 

9.4.3   …geometry corrections and finite width corrections 

In the expressions for the SIF, often correction factors are adopted to translate the 

infinite plate conditions for the exact solution to the finite dimensions of the 

problem at hand. Generally, this is referred to as geometry correction factors, i.e. 

they correct for a different geometry. 

One typical geometry correction factor is the finite width correction F(a), for 

which multiple solutions have been proposed in literature with the incentive to 

 

Figure 9.7. Illustration of the strain energy applied to a notch plate calculated through 

Finite Element Analysis assuming either load control or displacement control, compared 

to the linear elastic energy 
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increase accuracy in particular towards high values of crack over width (2a/W) 

[12-22]. Most of these studies developed a closed form solution for the finite 

width correction in relation to linear elastic stress field equations, like the ones 

developed in parallel by respectively Westergaard [17] and Koiter [18]. 

What seems to have received less attention is the underlying physics resulting in 

this need to correct. Essentially, this necessity emerges when methods based on 

stress do not entirely capture the physics of applying work or strain energy. Take 

for example the finite width correction F(a). When a center-crack in a plate 

increases, the plate’s compliance increases, measurable by a stiffness reduction. 

Loading with a constant load then implies that with increasing crack length an 

increased amount of work is applied, see Fig 9.8. 

Studies addressing fatigue crack growth in monolithic metals and Fiber Metal 

Laminates (FMLs) demonstrated that the compliance change with crack length in 

both material systems is different, because in FMLs fibres bridging the crack 

maintain stiffness. This demanded different finite width corrections [23,24,25]. 

The implication of this observation is that the finite width correction in physics 

essentially constitutes a correction for applied work 

 

Figure 9.8. Stiffness reduction as function of crack length for monolithic metals and fiber-

metal laminates (a) leads to different finite width corrections F(a) (b), which are explained 

by the corresponding ratios of work (W2a/W2a=0) of both materials (c, d) [25]. 
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 F(𝑎) =
𝑊𝑎

𝑊0
  (9.3) 

where W0 represents the work applied to an uncracked plate, and Wa the work 

applied to the plate with crack length a. This strain energy applied is not only 

dependent on geometry, but also on plate stiffness or compliance, which in turn it 

influenced by aspects like temperature [23]. Significant temperature variations in 

a fatigue test, therefore, may decrease the accuracy of finite width corrections 

proposed in literature! 

Literature on fatigue life evaluation of composite materials often base their 

methodologies on stiffness reduction, which technically relates to the inverse of 

finite width corrections, i.e. the stiffness after N load cycles is EN = E0/F(a). 

 𝐸𝑁 =
𝐸0

𝐹(𝑎)
  (9.4) 

 

The amount of work after N load cycles therefore is described by 

 𝑊𝑁 = 𝑊0
𝐸0

𝐸𝑁
  (9.5) 

Even when constant amplitude loading is considered, one should acknowledge 

that degradation of stiffness, implies that the applied work is not constant, but 

continuously increasing! 

 

9.4.4   …crack closure corrections 

Despite that the stress ratio has an evident influence on the amount of work 

applied in a fatigue load cycle with a given stress range S, as explained in section 

9.4, many researchers have attributed the effect it has in the representation of 

crack growth resistance, illustrated in Fig. 9.4 b), to a phenomenon called crack 

closure. 

This attribution can be explained by the hypothesis that K describes similitude 

at the crack tip [26]. In such case, different crack growth rates da/dN for a given 

K require further specification of this K. 

To explicitly account for the stress ratio, the SIF range K was redefined to Keff 

= Kmax-Kop, where Kop is referred to as the opening (or closing) stress intensity 

factor. The hypothesis then is that only that part of the load cycle above the 

opening stress Sop contributes to crack growth. Following this definition, multiple 

crack closure corrections have been proposed [26-34], of which one is perceived 

better than the other depending on the data at hand. 
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However, assuming that the crack will only close at zero stress, through 

correlation of actual applied work to the phenomenological work defined by Smax-

Sop, see Fig. 9.9, one can obtain a crack closure correction rather close to 

corrections proposed by Elber [27] and Schijve [28]. 

Presenting this observation at conferences [35] and in journals [5] received 

opposition, which perceived this presentation as an attempt to dispute crack 

closure as concept. However, as explained in a recent paper [36], crack closure as 

observation is not disputed. In fact, through elastic-plastic finite element 

simulations one can demonstrate plasticity induced crack closure occurs at stress 

levels greater than zero. These stress levels, however, do not coincide with the 

opening stress levels used in many crack closure corrections. 

So how should we combine both observations? From the perspective of physics, 

the transition from a closed crack to an open crack, should be visible in a force-

displacement curve through a transition in compliance, see Fig 9.10. A plate with 

a fully closed crack essentially has the stiffness equivalent to an uncracked plate, 

while a plate with open crack exhibits a greater compliance, increasing with crack 

length (section 9.4.3). This has been demonstrated experimentally [28] and 

numerically [36]. However, this stress Sop at which the crack tip physically opens, 

is different from the Sop in all crack closure corrections. Defining a 

phenomenological opening stress Sop,phen such that an equivalent strain energy is 

obtained similar to the applied cyclic work, as illustrated in Fig. 9.10, provides 

opening stress levels corresponding to the crack closure corrections. 

 

Figure 9.9. Illustration of how opening stress phenomenologically defines an amount of 

work equivalent to the actual work applied for a given stress ratio, while assuming crack 

opens at S = 0 MPa. 
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Van Kuijk et al. [36] demonstrated this through determining the physical opening 

stress Sop,phys with finite element simulations at the moment the crack tip 

physically opens. Plotting this Sop,phys against the stress ratio R, Fig. 9.11 (a), yields 

curves that do not agree with crack closure corrections. However, using this 

physical opening stress, to subsequently determine a phenomenological opening 

stress Sop,phen such that the applied work corresponds to (Smax-Sop,phen)max, indeed 

yields the typical crack opening stress corrections, as illustrated in Fig. 9.11 (b). 

Hence, one should not assume that the opening stress level in all crack closure 

 

Figure 9.10. Illustration of how the phenomenological opening stress defines an amount 

of work equivalent to the actual work applied given a physical opening stress. 
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Figure 9.11. (a) Physical crack opening levels calculated through elastic-plastic finite 

element simulations and (b) corresponding phenomenological crack opening levels 

calculated through equating the applied work to an equivalent amount as illustrated in Fig 

7.10 [36,37] 
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corrections are the levels at which the crack tip physically opens, but realize that 

these levels essentially correct the stress-based method for the work applied, 

considering that as result of plasticity the crack tip opens at stress levels greater 

than zero. 

9.5   THE INFLUENCE OF PLASTICITY IN CRACK GROWTH 

9.5.1   Relating crack growth to strain energy dissipation 

With the understanding from physics, that fatigue loading comprises the 

application of cyclic work with in conjunction with that applied work dissipation 

of energy through mechanisms like (for metals) plasticity and fracture surface 

formation, multiple scientists have attempted to correlate the energy dissipation 

to crack growth. Ranganathan et al. [38,39], for example, have tried to relate crack 

growth through experimental studies to the dissipation quantified through 

integrating the load-displacement curves. This relation appeared non-linear. 

Others have tried these relations in numerical studies, proposing to relate the crack 

growth linearly to the plastic energy dissipation [40], or to the reversed plastic 

zone ahead of the crack tip [41,42]. The difference between the latter two is, while 

both consider the dissipation per crack growth dW/da a material property, 

Cojocaru and Karlsson [42] did not assume it to be equal to the critical strain 

energy release rate. 

Although all others consider that the plastic energy dissipation and energy release 

are involved in the fatigue crack growth process, it remains unclear which energy 

quantity exactly relates to crack growth and its formation of fracture surfaces [43]. 

To reveal which energy dissipation can be related quantitatively to crack growth, 

Quan at al. [43] proposed the energy conservation equation for static crack growth 

 𝑊̇ = 𝑈𝑎̇ + 𝑈𝑝̇ + 𝑈𝑒̇   (9.6) 

where 𝑊̇ is the external work differential (energy input), 𝑈𝑎̇ the surface energy 

differential, 𝑈𝑝̇ the plastic dissipation differential and 𝑈𝑒 the differential of elastic 

strain energy stored. Similarly, Eq. (9.6), once integrated over the full cycle, can 

be expressed as 

 
𝑑𝑊

𝑑𝑁
=

𝑑𝑈𝑎

𝑑𝑁
+

𝑑𝑈𝑝

𝑑𝑁
+

𝑑𝑈𝑒

𝑑𝑁
 (9.7) 

where dW/dN constitutes the external work done to the specimen over the entire 

cycle, described by the hysteresis in the force-displacement diagram. 

In a combined experimental-numerical study, Quan et al. [43] quantified the 

components in Eq. (9.7). The combination with the detailed finite element 

analysis of the experiment, enabled the determination of the small energy 
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dissipation quantities through a global-local approach, where the local boundary 

deformations were taken from the experiment through digital image correlation. 

The observation is that correlating the crack growth da/dN to either dUp/dN or to 

dUe/dN yields a non-linear trend that is subjective to apparent stress ratio effects. 

Only the energy dissipation component dUa/dN is straightforwardly correlated to 

crack growth da/dN, which intuitively can be understood, because the surface 

energy per fracture surface area formed is assumed constant. 

In a more detailed study, Van Kuijk [44] illustrated the concerns raised in the 

conclusions by Quan et al. [43]; the crack length relates to a projected crack 

surface, see section 9.2.3, while the true fracture surface through roughness and 

shear lips does not uniquely relate to the projected surface, see Fig. 9.12. Van 

Kuijk, assumed for the developing shear lips under 45 an increase relative to the 

projected area of factor √2, while for roughness he proposed to use a scale factor 

that could be related to various definitions of roughness. 
 

Similar to the latter proposal, Hogeveen [45], when fatigue testing aluminium 

fatigue crack growth in ambient laboratory air or in near vacuum conditions, could 

relate his observations through normalizing the fracture surface formation through 

surface roughness measured along the crack growth direction. 

Hence, instead of crack length a, one should acknowledge that fracture surface A 

is created, where development of shear lips and roughness along the crack 

direction, changes the true fracture area relative to the projected area. 
 

9.5.2   Measuring plasticity contribution with potential drop through-
the-cycle 

Generally, the potential drop technique is adopted to ease crack length 

measurements following recommendations from the ASTM standard [46]. Here, 

 

Figure 9.12. Illustration of how roughness increases the true fracture surface compared to 

projected crack area (or crack length) [44] 
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Van Kuijk et al. [11] improved the resolution of the technique to the extent that 

measurements through the fatigue load cycle could be related to the contribution 

of the plastic zone ahead of the crack tip. The underlying hypothesis of the study 

was that the change in electric potential is not linearly related with the 

instantaneous crack increment da. The path of electric current is locally related to 

the actual crack increment, and through the plastic zone, also to the level of plastic 

deformation ahead of the crack tip. Both are influenced by the Poisson’s effect, 

while crack tip plasticity is mostly affected by piezoresistivity [47]. 

The potential measurements in V, despite amplifying, are extremely sensitive, 

which demonstrated the technique to be best applicable to intermediate to large 

crack lengths rather than small crack lengths. Even for these crack lengths, the 

signals experience scatter, which Van Kuijk et al. [48] solved by implementing a 

moving average technique within the measurement set-up. Van Kuijk justified 

this scatter reduction technique with the assumptions that cracks can only 

monotonically increase in length. 

A typical observation is illustrated in Fig. 9.13. Initially the signal follows the 

sinusoidal shape of the load cycle applied, but once the crack tip developed the 

plastic zone, the electric potential exhibits a plateau. Taking the intersects between 

the plateau and the sinusoidal shape to determine the time for crack tip opening 

and closure, illustrate that the crack opening stress Sop is not identical to the 

 

Figure 9.13. Illustration of electrical potential response relative to a sinusoidal load cycle; 

the potential plateau suggests balance between Poisson’s effect and piezoresistivity. The 

magenta areas illustrate the crack opening and closure transition [48] 
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closure stress Scl. While, this is occasionally acknowledged in literature, both 

stresses are often assumed to be the same in crack closure concepts [28] 

Through correlating the results illustrated in Fig. 9.13 to digital image correlation 

performed on images taken with high speed camera, Van Kuijk observed that the 

peak strain within the plastic zone followed the plateau, while the location of that 

peak strain correlated to the sinusoidal load cycle. Based on these observat6ion, 

one can hypothesize that the plastic zone with particularly the peak strain within 

the zone shifts along the crack increment during a specific phase of the load cycle, 

i.e. above the physical crack tip opening level. 

 

 

9.6   THEORETICAL APPROACH TO FATIGUE CRACK GROWTH 

9.6.1   Discrete and continuous strain energy balance in fatigue 

The energy balance expressed in Eq. (9.6) can be rewritten through integrating 

over a full load cycle to the form of Eq. (9.7). Here, one should note that the 

balance itself does not contain the number of cycles in the expression. This means 

that Eq. (9.6) is valid indifferent of the moment in a load cycle, or the number of 

load cycles applied. Hence, one may observe a discrepancy between theories from 

Physics, and prediction models used in Engineering: To predict the crack growth 

under given fatigue loading conditions, the engineer wants to express it against 

the number of load cycles. This number of load cycles, is however, not part of that 

theory, which in its formal formulation is continuous. To be able to predict, the 

theory must be discretized in order to incorporate the number if cycles N into the 

equations. However, through derivation, one never obtains an expression that 

explicitly contains N! 

 

9.6.2   Exploiting the analogy from physics 

To exploit the continuous energy balance from physics in an engineering 

prediction context with the number of cycles N, one could complement Eq. (9.6) 

with another physical analogy: the sliding box, see Fig. 9.3. The sliding box 

analogy is based on the equations of motion. The mass of the box multiplied with 

the gravitational acceleration g defines the normal force that the ground applies 

to the box. The friction force is expressed relative to that normal force through a 

friction coefficient. Essentially two coefficients are distinguished: with the  box 

at rest, static friction defines the threshold force to be exceeded before the box 
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will move, while a moving box experiences kinematic or dynamic friction. The 

kinematic friction coefficient is generally somewhat lower than the static friction 

coefficient. 

This analogy with fatigue crack growth helps in describing the fatigue crack 

growth, because similarly a threshold is present below which no crack growth is 

observed, illustrated with Fth in Fig. 9.3, while growth of the crack depends on 

the crack growth resistance, i.e. the energy dissipated with the increment of the 

crack tip, illustrated by the position and slope of the curve in the so-called Paris 

region. This latter part is governed by the energy balance, Eq. (9.6) or in its 

discrete form Eq. (9.7), as illustrated hereafter. 

 

9.6.3   Predicting Paris crack growth resistance curves 

The work applied to a specimen can be expressed in terms of the strain energy 

density multiplied with the volume of the specimen, which for an uncracked plate 

is 

 W =
1

2
𝑆𝜀𝑏𝑡𝐿 =

𝑆2

2𝐸
𝑏𝑡𝐿 (9.8) 

with S and  the stress and strain, b, t and L respectively the plate width, thickness 

and length. When a crack is present, the plate will have more compliance; the 

longer the crack the more compliant the specimen is. Here, the observation that 

finite width correction factors essentially are energy corrections to stress based 

method, see section 9.4.3, can be exploited. Hence, the cyclic work applied can 

be represented by 

  W𝑚𝑎𝑥 − W𝑚𝑖𝑛 =
𝑆𝑚𝑎𝑥

2 −𝑆𝑚𝑖𝑛
2

2𝐸
𝑏𝑡𝐿√𝑠𝑒𝑐 (

𝜋𝑎

𝑊
) (9.9) 

for the centre crack tension specimen geometry, where a is the half crack length. 

The energy dissipation in one load cycle as result of crack growth in a plate with 

constant thickness, can be written as 

 
𝑑𝑈𝑎

𝑑𝑁
=

𝑑𝑈𝑎

𝑑𝐴

𝑑𝑎

𝑑𝑁
𝑡𝛾𝜆 (9.10) 

with A=at, and  and  factors for scaling with respectively roughness and with 

shear lip formation. For the shear lip planes under 45, =√2, applied 

proportionally to the fraction of shear lips over fracture surface. 

The free surface dUa/dA represents the energy required to create the fracture 

surfaces, which for a bulk material may be considered constant. Typically, for 

aluminum 1 J/m2 [49] can be assumed, which in Eq (9.10) becomes 2 J/m2, 

because two (mating) crack surfaces are generated in crack growth. 
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With the major components dUa/dA and t constant, Eq (9.10) illustrates why Quan 

et al. [43] observed an almost linear relationship between the crack growth da/dN 

and the energy dissipation dUa/dN. Only the roughness and shear lips 

development, alter the linear dependency a bit. 

 

The second component in Eq. (9.7), dUp/dN, quantifies the strain energy 

dissipation through plasticity around the crack tip. The energy dissipation can be 

written as 

 
𝑑𝑈𝑝

𝑑𝑁
=

𝑑𝑈𝑝

𝑑𝑉𝑝

𝑑𝑉𝑝

𝑑𝑎

𝑑𝑎

𝑑𝑁
 (9.11) 

where dUp/dVp represents the mean plastic energy density within the plastic zone, 

and dVp/da the change in plastic volume Vp per crack increment da. The latter 

term, can be approximated adopting Irwin’s plasticity model [50], assuming the 

plastic zone to be a cylinder with a height equal to the plate thickness t and a 

radius rp 

 𝑟𝑝 =
1

𝜋
(

𝐾

𝑆𝑦𝑖𝑒𝑙𝑑
)

2

=
1

𝜋
(

𝑆𝑚𝑎𝑥𝐹(𝑎)√𝜋𝑎

𝑆𝑦𝑖𝑒𝑙𝑑
)

2

= 𝑎𝐹2(𝑎) (
𝑆𝑚𝑎𝑥

𝑆𝑦𝑖𝑒𝑙𝑑
)

2

 (9.12) 

For the finite width correction F(a), discussed in section 9.4.3, one can take the 

Feddersen’s correction [13] 

 𝑉𝑝 = 𝑎2𝑠𝑒𝑐2 (
𝜋𝑎

𝑊
) (

𝑆𝑚𝑎𝑥

𝑆𝑦𝑖𝑒𝑙𝑑
)

4

 (9.13) 

which gives after derivation 
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𝑑𝑉𝑝

𝑑𝑎
= 2 (

𝑆𝑚𝑎𝑥

𝑆𝑦𝑖𝑒𝑙𝑑
)

4

𝑡𝑠𝑒𝑐2 (
𝜋𝑎

𝑊
) [𝑎 + 𝑎2 𝜋

𝑊
𝑡𝑎𝑛 (

𝜋𝑎

𝑊
)] (9.14) 

For the mean plastic energy density within the plastic zone dUpl/dVpl Van Kuijk 

[44] proposed a generic description based on various studies 

 
𝑑𝑈𝑝

𝑑𝑉𝑝
= 𝜋 (1 − 2 (

2𝑎

𝑊
)

𝜙

) (
𝑆𝑚𝑎𝑥

𝑆𝑦𝑖𝑒𝑙𝑑
)

2

 (9.15) 

The last component in Eq. (9.7), i.e. dUe/dN, represents the elastic energy stored 

due to the change in plastic volume. Essentially, the residual stress build up in the 

plate due to plasticity, relates to the elastic energy stored within the plate after 

unloading. Although with variable amplitude loading this plasticity induced 

elastic energy dissipation changes continuously, this can be ignored when 

developing Paris crack growth resistance curves, which are generally created with 

constant amplitude loading. For the case of constant amplitude loading, Van Kuijk 

assumed the elastic energy dissipation substantially smaller, but proportional to 

the plastic energy dissipation through 

 
𝑑𝑈𝑒

𝑑𝑁
∝

𝑑𝑈𝑝

𝑑𝑁
 (9.16) 

With this assumption, one can through a small constant scale factor, evaluate the 

strain energy dissipation through a load cycle, based on Eq. (9.6).  

However, as discussed by Van Kuijk, this energy balance is continuous and 

therefore does not contain information about the number of cycles N. To evaluate 

crack growth using the energy balance, he proposes to utilize the moving box 

analogy from section 9.3, with assuming a sinusoidal load cycle with F(t)  sin2, 

such that the maximum in the cycle, Fmax = Umax(a). 

 

Figure 9.14. Illustration of the increase in cylindrical plastic volume according to Irwin 

through translation (crack increment) and radius rp increase, after [44] 
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Van Kuijk [44] then considers two methods to calculate the input total work 

applied Umax, either directly through Eq. (9.8) or indirectly through the summation 

of the dissipation terms from Eqs. (9.10), (9.11), and (9.16). 

In the moving box analogy, one has to define two constants for stiction and 

friction. For the stiction he proposes an arbitrary value of 0.9999Umax(a=0) to 

trigger crack growth in the first load cycle. Through Eq. (9.9) one can then expect 

crack growth to occur in all successive cycles. For the friction constant, he 

proposes to rely on the Sop/Smax relations from crack closure corrections. This 

instead could be calculated directly through using the methodology explained in 

section 9.4.4. However, while the approach in section 9.4.4 demonstrates that the 

corrections can be correct, equating the friction constant to the Sop/Smax relations, 

significantly reduces the computing time. 

The da/dN value calculated through either of the two procedures can be integrated 

to crack length a versus number of cycles N, while the corresponding maximum 

stress Smax with the Sop/Smax relations is used to compute Keff. Plotting da/dN 

against Keff then yields the Paris crack growth resistance curves. 

 

9.6.4   Predicting fatigue crack growth through first principles 

The procedure in the previous section, therefore, can be used to predict crack 

growth curves, as demonstrated by Van Kuijk [44] and illustrated in Fig. 9.15, 

where the four tests in Table 9.2 are compared to a direct and indirect method. 

The direct method consist of the procedure using the sliding box analogy, in which 

the friction is calculated directly from the crack closure corrections. In the indirect 

method, an iterative scheme is adopted using the sliding box analogy to quantify 

the ‘driving force’, while the energy balance of Eq. (9.7) is used to describe the 

corresponding energy dissipation (resistance). 

 
  Table 9.2. Fatigue tests parameters of fatigue centre-crack tension tests 

Test Material W 

[mm] 

t  [mm] a0 

[mm] 

Smax 

[MPa] 

R Syield 

[MPa] 

Ref 

1 2024-T3 160 6.1 13.18 60 0 324 [44] 

2 2024-T3 160 6.1 11.25 80 0.3 324 [44] 

3 7075-T6 160 3.2 6.35 48.8 0.1 503 [43] 

4 Fe520Nb 100 10 10 113 0.5 460 [51] 

 

The stress intensity factors corresponding to the predicted crack growth can be 

calculated for each crack length, which enables composing the Paris crack growth 

resistance curves for the four tests, as illustrated in Fig. 9.16. Hence, through this 
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physics-based analogy one can predict fatigue crack growth essentially without 

having Paris crack growth curves a priori. In essence, only quasi-static stress-

strain data is required to evaluate the strain energy dissipation in the plastic zone 

along with some generic assumptions on roughness and shear lip development. 

Approximating the plastic dissipation through Irwin’s plasticity relations is a 

rather rudimentary evaluation of the plastic energy contributions, as one may 

deduce from multiple numerical studies on this subject [38-43]. However, similar 

to these studies, the stress-strain relationship for the alloy considered can be used 

to capture in greater detail how much strain energy dissipates in the plastic zone, 

as replacement of Eqs. (9.14) and (9.15). 

 

Where this concept requires further research, is the assumption on the elastic 

energy dissipation dUe/dN. For constant amplitude loading the assumption on 

proportionality may be justified, for variable amplitude loading this certainly will 

not be true. Distinct load variations in the load spectrum will cause plasticity 

induced retardation or acceleration, which relate to the elastic energy stored in the 

structure due to plasticity effects. This is however, not the only aspect to be 

 

Figure 9.15. Crack growth curves predicted by Van Kuijk through both the direct and 

indirect method, in comparison with data from fatigue crack growth experiments, listed in 

Table 9.2 [44] 

Test 1 Test 2 

Test 3 Test 4 
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addressed. As explained in section 9.4.4, the applied work varies depending on 

the physical crack opening, which is affected by the same plasticity effects. In 

other words, when predicting crack growth, one must separate the ‘driving force’ 

from ‘resistance’, where the interplay between both determine the crack growth, 

but plasticity affects both the applied work, and the strain energy dissipation. 

Hence, to develop this analogy to variable amplitude loading conditions, one must 

through Fig. 9.10 calculate the work applied including physical crack opening. 

Then, the plastic energy dissipation term dUp/dN must be evaluated, whereas for 

the plastic volume it can be evaluated whether the newly created plastic zones are 

formed within previous plastic volumes, or whether the plastic zone develops 

beyond prior plastic zones. Conceptually, this will be similar to the basis in current 

yield zone methods, like Willenborg [52] and Wheeler [53,54]. 

The plastic strain density in the plastic volume, i.e. dUp/dVp, requires further 

attention. Distinct load variations might affect the average strain energy density 

within the plastic zone, but this has not yet been demonstrated. Further evaluating 

 

Figure 9.16. Paris resistance curves predicted by Van Kuijk through both the direct and 

indirect method, in comparison with data from fatigue crack growth experiments [44], 

listed in Table 9.2. 

Test 1 Test 2 

Test 3 Test 4 
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how plastic zone development under variable amplitude loading relates to applied 

work through plasticity induced crack opening, may in the end yield crack growth 

predictions without the necessity for Paris crack resistance curves, or prior art 

testing. 

9.7   SUMMARY 

Characterizing fatigue crack growth through the use of Paris-type relationships 

has been widely implemented in modern damage tolerance design tools. A vast 

amount of experimental data has been generated over many years that has been 

used to construct databases exploited in these tools. The practically of working 

with these methods, and the substantial effort put in generating the data ad 

developing the tools, will make this practice not go away. 

The current chapter illustrates, however, how a more physics-based approach 

could have led to the same predictive capability without performing vast amounts 

of tests. It illustrates how current empirical curves can also be constructed through 

adopting strain energy approaches instead of stress based equations. While it 

likely will not change the practice of current engineering prediction, this does 

provide the underpinning to our understanding of fatigue crack growth in metallic 

materials and structures. It also allows to relate structural observations through 

their shape and sizes to mechanical properties of materials. 
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