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When employing the strut-and-tie modelling (STM) method in the conceptual design of reinforced concrete
structures, a suitable strut-and-tie (ST) model indicating load transfer mechanisms first needs to be identified.
Topology optimization (TO) methods have frequently been used for this purpose. However, although TO
methods employing either a ground-structure or a continuum-based TO approach can be used, the performance
and effectiveness of these two methods have not been systematically investigated and compared. To obtain a
better understanding of the characteristics of both methods, a systematic comparison procedure is proposed
to investigate the generation process and the resulting ST designs. Three aspects, relating to structural
performance, economic issues, and method applicability are considered in the comparison, with six metrics
formulated to quantify these aspects. Based on investigation of designs for three reinforced concrete elements
incorporating typical discontinuity regions (two 2D cases and a 3D case), the performance of the two methods
is assessed. It is found that both methods result in safe and efficient ST designs, with comparable structural
performance, while some differences in terms of computation time and usability are observed.

1. Introduction approach for practical application, and is referred to in many current
design codes, e.g., CEN [8], fib [9], ACI [10], CSA [11] and AASHTO
[12] codes.

Since complex reinforced concrete structures are now frequently

In the conceptual design of reinforced concrete structures, the strut-
and-tie modelling (STM) method plays an important role, especially
for structures with discontinuity regions (D-regions). Compared to stan-
dard Bernoulli regions (B-regions), where a linear strain distribution is
observed, a highly nonlinear strain distribution appears in D-regions.
This nonlinear strain distribution makes it difficult for engineers to

approximated using ST models, it is important that effective means of
identifying such models are available. However, according to lower-
bound plasticity theory, there are generally multiple possible ST models

obtain safe and economical designs. The STM method was initially
proposed by Ritter [1] and Morsch [2] over a century ago, and was
generalized by Schlaich and Schafer [3] and Schlaich et al. [4] as a
consistent design method for reinforced concrete structures. The STM
method uses a truss system, known as a strut-and-tie (ST) model, to
indicate the complex force transfer mechanisms in a D-region. The
STM method takes advantage of the lower-bound theory of plastic-
ity [5,6], with axial force equilibrium required but strain compatibility
ignored [7]. The STM method provides a simple and effective design

* Corresponding author.
E-mail address: m.gilbert@sheffield.ac.uk (M. Gilbert).

https://doi.org/10.1016/j.engstruct.2024.118498

for the same design problem, and it can be a challenging task for engi-
neers to find a suitable truss system when applying the STM method.
Traditionally, ST models for analysing D-regions were selected based
on an engineer’s experience [13-15]. However, this process includes
subjective aspects and relies heavily on the experience of the engineer
involved. Also, when a design problem becomes complex, for example
involving an irregular geometry and/or multiple loading conditions,
finding a suitable ST model may be beyond the capability of many
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engineers. A recent investigation [16] indicates that the calculated
resistance of an RC half-joint is affected by which STM bars are active.
In order to address this problem, topology optimization (TO) methods
have been proposed to generate ST models.

TO methods have been investigated by many workers and are pow-
erful tools for a range of structural design applications. Such methods
provide a systematic means of identifying optimized material distri-
butions based on given loading and support conditions. The resulting
material distributions can indicate the load paths within the investi-
gated structure. Two categories of TO methods have been used for
the STM investigations. Firstly, the ground-structure-based topology
optimization (GS-TO) method [17], also frequently referred to as ‘truss
topology optimization’ or ‘truss layout optimization’, has been applied.
In the GS-TO method, the region under consideration is discretized
using nodes that are then interconnected with truss bars to form a so-
called ‘ground-structure’. During the optimization process the subset of
truss bars forming the optimal structure is identified. GS-TO methods
appear to have been first adopted for the generation of ST models
in [18-21], though Kwak and Noh [22] subsequently proposed an
evolutionary structural optimization method based on brick elements
(repetitive assemblies of truss elements) for STM. Similarly, Zhong
et al. [23,24] proposed a micro-truss-based TO method for generating
ST models. A highly efficient means of identifying trusses to inform
ST models was proposed by Bolbotowski and Sokét [25]. However,
relatively complex ST models, with numerous members, were often
obtained in these studies.

Compared to the GS-TO methods, another approach is to use
continuum-based topology optimization (C-TO) methods for ST model
generation. In this category, evolutionary structural optimization (ESO)
methods have been used to obtain optimized material layouts for
creating ST models [26-29]. In addition, the application of other TO
methods for STM has also been extensively investigated, such as SIMP
(solid isotropic material with penalization) methods [30-33], BESO (Bi-
directional ESO) methods [34,35] and a homogenization optimization
method [36]. The integration of GS-TO and C-TO methods has also been
investigated [37,38], where tensile members and compressive regions
were represented by ground-structures and continuum respectively.

Whichever approach is used, TO methods provide a systematic
means of indicating load transfer mechanisms, which can then be used
to develop ST models. This reduces manual effort and the level of
experience required by an engineer seeking a suitable ST model. In
addition to TO based methods, various other systematic methods have
also been proposed for STM model generation. For example, load path
approaches, in which the configuration of ST models is determined
through either the force path or the stress field obtained from finite
element analysis, have been proposed [39-41].

Although various investigations involving applying different TO
methods to STM have been conducted, the relative performance of
GS-TO and C-TO methods has to date not been systematically investi-
gated and compared. Compared to ground-structure-based strut-and-tie
models (GS-STMs), in the case of continuum-based strut-and-tie models
(C-STMs), the optimized continuum material layouts generated cannot
be directly used as truss-analogy models for STM [42]. In this case a
manual process is required to transform an optimized continuum to a
ST model. This issue makes it difficult to systematically compare the
two methods, although a method to generate C-STMs automatically was
recently proposed [43,44]. On the other hand, as already mentioned,
a challenge associated with using GS-STM methods is to produce ST
models that are sufficiently simple and practical. To seek to address
this geometry optimization and/or the use of joint costs to penalize
short members can be applied [45], as will be employed in the present
study, though more powerful means of simplifying results have also
recently been proposed in [46,47]. A recent experimental study involv-
ing reinforced concrete girders in which STM designs were compared
with those based on European design codes showed that the former
had higher load-carrying capacities and lower material usage [48]. In
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addition, the effectiveness and applicability of GS-based optimization
methods when additive manufacturing processes are employed were
presented in [49]. These developments, i.e. automatic truss extraction
for C-ST and simplification methods for GS-ST models, enable wider
application of TO-based STM methods, and also provide a basis for a
systematic comparison of the two approaches.

In this paper, to investigate the performance of the two types of STM
generation methods, the GS-STM generation method based on [45] and
the C-STM generation method based on [43,44,50] are investigated.
A systematic comparison procedure is proposed, considering three
main aspects: structural performance, economic benefits and method
applicability. To quantify these aspects when comparing the two STM
generation methods, six metrics are formulated, based on the generated
ST models and resulting designs. For several typical 2D/3D D-regions,
the corresponding GS-STMs and C-STMs are generated and the result-
ing STM designs are analysed. In addition, TO input parameters that
affect ST model generation are investigated, with the generated STMs
also evaluated and compared. This appears to be the first study to
systematically evaluate the two main categories of STM generation
method. The aim of the work is to gain a better understanding of the
strengths and weaknesses of the two approaches, and to identify areas
for future research. Note that due to the large numbers of designs
generated in the present study, here non-linear finite element anal-
ysis (NLFEA) [43,44,50] is used to compare structural performance,
considering cracking and crushing of the concrete and yielding and
fracturing of the steel; extending the study to encompass experimental
investigation is therefore a topic for future research.

The paper is organized as follows: details of the GS-STM and C-
STM generation methods are briefly introduced in Section 2, with key
differences between the two methods also discussed. In Section 3, six
metrics for evaluating the two methods are formulated and a compari-
son procedure is proposed. In Section 4, three typical D-regions (a deep
beam with an opening, a 2D voided beam and a 3D voided slab) are
investigated. The corresponding GS-STMs and C-STMs are generated
and analysed based on the proposed comparison procedure. Through
a comprehensive evaluation of a range of ST models, the influence
of the parameters used by the two methods is discussed in Section 5.
Finally, conclusions are drawn and possible future investigations are
summarized in Section 6.

2. Strut-and-tie model generation based on two topology opti-
mization methods

In this section, details of the two methods of ST model generation,
shown diagrammatically in Fig. 1, are introduced; key differences
between these methods are then highlighted.

2.1. Ground-structure-based generation method

The ground-structure based layout optimization approach to finding
an optimal strut and tie configuration for reinforcement design involves
the following steps: in the first step, an array of bar elements that can
take (concrete) compression, or (steel) tension, forces is assembled,
interconnecting a grid of nodes (Fig. 2a). This layout of bars acts as
potential strut and tie elements in a ‘ground-structure’, which may
either contain all possible connections between nodes, or start with less
dense (adjacent) connectivity and later proceed to increase connectivity
via a ‘member adding’ process [51]. Boundary conditions and exter-
nal loading are then applied at the relevant nodes for the structural
problem. The bar members may be arranged in a way that allows for
openings in the structural domain. Fig. 2a shows a low-density network
of nodes and bar elements for illustrative purposes, but in practice
significantly more nodes and bars would normally be used, providing
a finer discretization of the structural domain.

Once the ground-structure has been constructed, a linear optimiza-
tion problem is formulated to determine the minimum volume, fully
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= Conducting GS TO method
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2. Topology simplification

= Merging/moving nodes

= Removing redundant bars

Applicable
STM models

C-STM method

1. Topology optimization
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= Creating beam FEM model

= STM requirement analysis

= STM shape optimization

Fig. 1. ST model generation process of the GS-STM and C-STM methods.
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(a) A ground-structure

(b) Resulting optimal structure

Fig. 2. The ground-structure truss layout optimization process, used to identify an optimal strut and tie configuration: (a) a ground-structure of (light blue) potential strut and
tie bars, connecting (orange) nodes, subject to a downwards point load on the top and pin-roller supports at the base; (b) the resulting optimal configuration of (blue) concrete
struts and (red) steel tie elements. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

stressed, internal strut and tie arrangement that is in equilibrium with
the externally applied loads for the given support conditions. This
ground-structure layout optimization method was originally developed
to identify optimal (minimum volume) truss structures [17,51-54].
Formally, for a problem involving a ground-structure comprising of
n nodes and m potential members, the associated underlying linear
optimization (‘linear programming’, LP) problem that involves finding
the minimum volume strut-tie structure can be written as follows:

TL“ V =1"a, (1a)
st. Bq=f, (1b)
-oca<q<oa, (19
a0, 1d)

where V is the volume of the ST models; 1 = [/}, 1,, ... ,lm]T is a vector
of structure member lengths and a = [a;,4,,...,4a,]T is a vector of
member cross-sectional areas. Force equilibrium is imposed at nodes
by Eq. (1b), where B is a 2n X m matrix containing direction cosines,
q = [g91.9, - ,qm]T is a vector of internal member forces, and f =
[f1xs f1ys s Fays oo s s fay]T is @ vector of externally applied loads.
Yield constraints are enforced for each member by Eq. (1c), where
o, and o, are limiting steel tensile and concrete compressive stresses
respectively. Members are constrained to have zero or positive cross-
section area in Eq. (1d). Since the objective function Eq. (1a) and
all constraints are linear with respect to the optimization variables —
member areas a and internal forces q — this is therefore an LP prob-
lem that can be solved efficiently using modern solvers, for problems
involving millions of members, or more.
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(a) Standard solution

(b) With joint cost
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(c) With joint cost and geometry optimization

Fig. 3. The layout optimization method can include a joint cost and/or geometry optimization step, which can reduce the number of strut and tie elements, as well as reduce and
move the nodes to produce a cleaner network of elements (after He and Gilbert [45]). Tensile and compressive forces are shown in red and blue respectively. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(a) Continuum design domain

(b) Topology optimization result

Fig. 4. Continuum-based topology optimization: (a) the continuum design domain (a plane FEM model) with loading and support conditions; (b) resulting optimized material

distribution for subsequent STM model generation.

Once the internal forces are known from the optimization solution,
they can be processed and plotted to determine the optimal strut and
tie configuration, shown in Fig. 2(b). Members in the ground-structure
that were not needed for the final solution are assigned zero areas and
can be discarded. To avoid compressive struts or tensile reinforcement
encroaching on the boundary perimeter, a concrete cover or inset can
be applied to the structural domain before the analysis, such that the
resulting struts and ties remain behind a given level of concrete cover.

To tidy up the strut and tie network, reduce member counts, and
produce more buildable reinforcement designs, a joint cost may be
added to remove overlapping members and reduce the complexity of
the solution, and/or a geometry optimization post-process step can be
used to merge and move nodes within the structural domain [45].
Fig. 3 demonstrates this, showing first the solution that results from the
standard LP layout optimization step, then uses the joint cost method
to remove overlapping members and penalize short elements, finally
performing a geometry optimization step to move and merge nodes to
reveal a clearer strut and tie system.

2.2. Continuum-based generation method

The STM model generation process for the continuum TO method
(C-STM) consists of three main phases and is shown in Fig. 1. Unlike
the GS-STM method, the topology optimization process is conducted
using a continuum (plane or solid) finite element method (FEM) model,
as shown in Fig. 4(a). The conventional density-based continuum TO
procedure [55] is considered. In addition, SIMP material interpolation
is adopted to determine the elemental Young’s moduli as a function of
the density design variables. The corresponding optimization problem
is formulated as:

n
. 1 1
m’}n c(p) = EUTKU =3 Z{ E,-(p,-)uiTkOu,-, (2a)
n
s.t. Zpiv,- <V, (2b)
i=1
KU =F, (20

0<p;<li=12,...,n, 2d)

where K and U represent the global stiffness matrix and nodal displace-
ment vector, respectively. They are assembled based on the elemental
nodal displacement u, and elemental stiffness matrix k). The density
p; is associated with the i-th discretized finite element, while v; and
V, are the element volume and the maximal available volume of the
optimized result. Also, F represents the applied nodal force. Using the
SIMP method, the elemental Young’s modulus E;(.) is calculated as:

Ei(p;) = Eqin + pf(Emax = Enin), 3

where, E .. is the Young’s modulus of a solid element, E_;, is a small
value to prevent the global matrix K becoming singular, and p is a
penalization factor (p = 3 in the current paper). Subsequently, the
optimized material layouts are obtained by iteratively updating the
densities using gradient-based optimization. The resulting optimized
topology is shown in Fig. 4(b). For a detailed introduction of the
classical TO method employing SIMP, readers are referred to the text
by Bendsoe and Sigmund [55].

Since the optimized material distribution is represented via mesh
densities, ST models, which are represented as discrete truss systems,
cannot be obtained directly (as shown in the optimized material layout
in Fig. 1). Here, in order to automatically generate discrete truss sys-
tems, the topology extraction method proposed in [43,44] is employed.
In this systematic extraction procedure, the obtained material layout is
simplified into an element skeleton via a thinning method. Complex
topologies are transformed into relatively simple skeletons comprising
far fewer pixels (or voxels in 3D cases), while the topological informa-
tion remains unchanged. Based on the simplified skeleton, nodes and
their connections can be effectively identified to represent truss-like
systems.

The extracted truss-like structures are often statically and kinemati-
cally unstable truss structures. For the STM method, it is not necessary
for the extracted structures to be stable trusses; however, the axial force
equilibrium state is required to proceed with the STM design process.
In order to obtain axial equilibrium forces, an STM shape optimization
procedure [43,44] is conducted. The extracted truss-like structures are
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analysed using beam finite element models. In this shape optimization
process, the node positions of the extracted truss-like structures are
taken as optimization variables. In addition, an index is formulated
based on the ratio of member axial and shear forces F, and F,, as shown
in Eq. (4):

v Fu
STS=— 3 —0 )]
I & Fy+Fy
where I indicates the total number of elements in the obtained truss-
like structure. By constraining the STS index to a large value (STS >
95%) in the shape optimization, the optimized structure approximates
the axial force equilibrium state and can be used for subsequent STM

analysis.
2.3. Key differences between STM generation methods

Although the two methods investigated herein can both generate
suitable truss models for the STM method, key differences between
them will now be briefly outlined. The C-TO approach, when employed
for generating ST models, is based on the concept of compliance mini-
mization (maximizing stiffness). In contrast, the GS-TO approach aims
to minimize the volume of the structure while considering equilibrium
equations and limiting stress constraints. This method relies on a plastic
design formulation, ignoring the displacement field. Nonetheless, it can
be shown that, under a single load case, the plastic design formulation
involving volume minimization is equivalent to the minimum compli-
ance design problem [56]. Additional key differences between the two
methods are identified as follows:

(1) Design discretization. The GS-STM method starts from an initial
truss ground-structure, typically containing a large number of truss
bars. The C-STM method is based on a continuum finite element
model, followed by shape optimization of a beam model. In terms
of the optimization variables, practical cross-section sizes are adopted
in the TO process when using the GS-STM method, whereas virtual
material densities are obtained using the C-STM method. In addition,
movement of joints in the truss models (truss-like structures in the case
of C-STM and ground-structure members in the case of GS-STM) are
also considered in the two methods. In the TO phase, the number of
variables in the C-STM method is typically higher than in the GS-STM
method, especially for 3D problems.

(2) Steps used to generate ST models. To obtain ST models applicable to
the design of D-regions, both methods include procedures in addition
to the TO process. In the case of the GS-STM method, the optimized
result can contain a large number of members, with numerous members
carrying small forces. These small cross-section members are generally
insignificant when it comes to structural performance and inconvenient
to construct in practice. To obtain more buildable designs, contain-
ing a smaller number of significant load carrying members, various
simplification procedures can be adopted, such as utilizing joint costs
and/or geometry optimization. Compared to the GS-STM method, the
C-STM method involves two main steps to firstly transform the material
densities into a truss-like system, which is subsequently transformed
into an ST model where the axial forces are in static equilibrium.

(3) Computational cost. Considering practical application, the com-
putational cost is also an important consideration when comparing
the two methods. When using the GS-STM method ST models are
generated from the optimized truss models. In contrast, the C-STM
method involves the use of continuum finite element models in the TO
process. The computational costs associated with the C-STM method
can be relatively large, especially considering 3D cases where a large
number of solid elements are typically involved. Although computing
power is continuously increasing, it is still important to compare the
computational costs of these two methods.
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Table 1

Six aspects used to compare the two investigated STM generation methods.
Comparison aspect (goal) Symbol
Strain energy of ST models (min) s
Ultimate capacity (max) P
Steel usage (min) v
Material efficiency (max) n
Computational cost (min) t
Constructability (min) c

3. Comparison procedures

To investigate the effectiveness of the two STM generation methods,
a comparison procedure is proposed in this section. Differences between
the methods affects both computational time and performance of the
resulting STM designs. In order to provide a systematic comparison,
six aspects are considered, as summarized in Table 1.

3.1. Evaluation aspects

+ Strain energy of ST models s
As external applied loads should if possible be transferred through
a structure with the least forces and deformations, in [4,30]
the strain energy associated with truss models was used as an
ST model evaluation criterion. In the current study, the strain
energy of the generated truss-like structures is therefore used as a
comparison aspect for the two methods, as indicated in Eq. (5):

1 1
5=0.5) FyUy =05 ) Fylye
i=1 i=1

1 F 1 fy (5)
— —ni_ =
=05 ; Fnilm' aiE =05 ; Fniln[ E
where f, and E denote the material yield strength and Young’s
modulus of steel, respectively. Since the generated truss-like
models are unstable truss structures, analysed using a beam FEM
model, only the part based on the axial forces F, and displace-
ment U, is considered when calculating the strain energy. The
forces are calculated considering an applied load of 1N. Also, /;
and ¢; denote the length and strain of the i-th member of the ST
model. Finally, g; is the cross-sectional area calculated from the
internal force, with a; = F,;/ f,.

Performance of ST designs p

Evaluating the structural performance of the resulting ST designs
provides a more direct way of comparing the efficacy of the two
STM generation methods. Nonlinear features, such as concrete
cracking and rebar fracturing, are not implemented in the two
investigated STM generation methods, and these also do not
provide a robust means of calculating load-carrying capacity [16].
In order to achieve this, a NLFEA evaluation procedure [43,44,50]
is employed, with cracking and crushing of the concrete and
yielding and fracturing of the steel both considered. By speci-
fying the loading scheme and convergence criteria, a NLFEA is
conducted and the simulation result allows determination of the
load-carrying capacity and mode of failure. In a recent publication
by [57] it is found that the ratio of experimentally found load re-
sistance and the numerically simulated resistance, for the adopted
finite element approach, has a mean of 1.075 and a coefficient of
variation of 0.118. This means that the results of the finite ele-
ment analyses are on the conservative side and that the accuracy
of finite element results is sufficient to use them as a reference
for the strut and tie model results. The performance of the two
investigated methods can then be systematically compared. For
this aspect, the ultimate capacity p (peak load point) is considered
as an index, which should be larger than the design load p.
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Fig. 5. Angles used in the calculation of tie inclination angle 6.
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Fig. 6. Comparison procedure for the generated ST models, involving six metrics.

- Steel usage v
In addition to structural performance, material usage is also an
important aspect when considering the STM designs. Commonly,
concrete is used to fill the whole design domain and thus there is
effectively no difference between the two investigated methods
with respect to concrete usage. In the current study, the steel
usage of the resulting STM designs is therefore considered as a
comparator. The steel usage is calculated from Eq. (6), where only
tensile members are considered.
T

v=> al (6)

i=1

Material efficiency 7,

To provide a further indicator of material efficiency of the gen-

erated STM designs, a dimensionless ratio 5 [43] is defined. In

the current work, the » ratio is used to indicate the degree of

utilization of the steel material, as shown in Eq. (7):

n=2/2 @)
Po Yo

where p, indicates the prescribed design load and v, is the steel

volume based on a specific reinforcement ratio. Considering the

steel usage in common reinforced concrete structures, a reinforce-

ment ratio of 1% is applied in the current paper. A larger material

efficiency ratio indicates that a more efficient STM design has

been obtained.

Computational cost ¢

Considering practical application of the two investigated meth-

ods, the computational cost is also an important aspect. Here, the

total computational time 7 of the given investigated method is

considered. For both methods time is expended in the topology

optimization phase (f1gp) and in extra post-processing steps (z.).

The total computation time includes both these, i.e., t = t7q + #.

Constructability ¢

For the generated ST models, detailing steps are always needed

to transform the design into practically constructable structures.

The generated ST model involves ties with different lengths and
cross-sections. In addition, the obtained ties are usually placed
in inclined orientations. Commonly, rebars are designed using a
sectional analysis, with rebars then placed in a vertical-horizontal
manner. The varying ties and inclined placements lead to difficul-
ties fixing the steel in practice. In the current paper, two main
aspects are considered to evaluate the constructability of STM
designs, including rebar angle and steel cross-section uniformity;
also, rebars of similar length and section size are desired.
Considering these aspects, a constructability index ¢ is defined
to quantitatively compare the investigated methods, as shown in
Eq. (8):
! ;. min(|a; — a*'])
c(0) = Y (tan(8) + 0.01) - ———~— (j=1,....J) (8)
Iy a

‘max ~ %min

1
where the index ¢ is defined based on the variation of the
cross sections of the ties and their positions and lengths. In this
equation, 0 indicates the position angle (angle to the horizontal
and vertical directions), as defined in Eq. (9):

_ min(a, 90 — a) (2D case)
min(a, 180 — @, §, 180 — ,7,180 —y) (3D case)

where angles «, f and y are indicated in Fig. 5. Also, /, is the
representative length of the design problem, which is calculated
as I, = {/a, (or {/V, for 3D cases); a; and /; indicate the size and
length of ith tie member; a,,, and q;, are the maximum and
minimum sizes of the obtained ties. In addition, a cross-section
set a*t is prescribed to represent the desired clustering of rebar
sizes. In the current paper, the cross section set a*** consists of J
parts (where J = 5 in the current paper), in the range between
and a

)]

Amin max *

3.2. Evaluation procedure

The metrics proposed in the previous section are used to form the

basis of the evaluation procedure shown diagrammatically in Fig. 6,
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Fig. 7. Three typical D-regions to compare the performance of the GS-STM and C-STM methods. The corresponding design loads for the investigated cases are also indicated.

facilitating objective comparison of the two STM model generation
methods. Using the generated ST models, beam analysis and NLFEA
models are created and run to establish structural performance in-
dicators s and p. Next, economic aspects, based on steel usage v
and material efficiency #, are considered. Finally, the applicability
of the two methods is evaluated, considering constructability ¢ and
computation cost t.

4. Case studies of three typical D-regions

Three typical reinforced concrete design problems incorporating D-
regions are now investigated, including two 2D cases and a 3D case.
Basic details of these cases are introduced below. Firstly, the two meth-
ods are used to generate ST models for a deep beam with an opening.
Deep beams are typical structural components that are used to support
heavy loads, often over long spans. The load transfer mechanism of this
structural type is relatively complex, and becomes even more complex
when there is an opening. Next, a dapped-end voided beam case, often
used in the construction of bridges, is investigated. Finally, a voided
slab case in a 3D configuration is investigated to further compare the
applicability and performance of the two methods. The geometries of
these investigated cases are shown in Fig. 7. For both investigated
methods, the STM generation process starts with a TO process; thus,
the design discretizations (ground-structures and continuum meshes)
employed are shown in Fig. 8. Further details of the generated STM
models and the results obtained are presented in the following sections.

4.1. Deep beam with opening

In this section, the two investigated methods are used to generate
ST models for the deep beam problem shown in Fig. 7(a), which
indicates the geometry, loading and boundary conditions. Note that the
discontinuity introduced by including an opening in the deep beam can
be expected to lead to a relatively complex load transfer mechanism.

Firstly, for the GS-STM method, an initial ground-structure that
included the opening was generated for use in the optimization process,
as shown in Fig. 8(a). Nodal spacings of between 150 mm and 300 mm
were used in the optimization runs, though for sake of clarity a spacing
of 400 mm is shown in Fig. 8(a). Material stress limits of 40 MPa for the
concrete and 500 MPa for the reinforcing steel were assumed. Simply
supported boundary conditions were applied as indicated, with a point
load applied at the top face. Concrete cover of 70 mm was assumed
around the edges of the domain, to ensure the tie forces were carried
well inside the structure, and also for practical reasons. For a given
nodal spacing the joint cost was varied to give solutions with different
numbers of tensile members, ranging from 5 to 59. A typical example of
one of the optimized layouts obtained is shown in Fig. 9. All solutions
were post-processed with up to 10 geometry optimization iterations.
Since the problem involves truss elements from the outset, the solution
obtained could be directly used to form a suitable ST model.

Next, the C-STM method was used for STM generation. In this case,
a continuum FEM with a mesh size of 50 mm was created for the deep
beam, as shown in Fig. 8(b). The classical SIMP TO method [55] was
used to obtain a solution, with the filter radius and volume fraction set
to 2x 50 mm and 25% respectively. The optimized material distribution
is shown in Fig. 10(a) and the corresponding principal stress contour
is shown in Fig. 10(b). Following topology extraction and subsequent
shape optimization, a C-STM can be generated, as shown in Fig. 11.

Based on the two obtained ST models, the required rebar cross
sections can be determined and the performance of the resulting ST
designs can be simulated via NLFEA. In the interests of brevity, for all
NLFEA simulation settings and employed solution strategies, readers
are referred to previous papers by Xia et al. [43,44,50]. The load—
displacement curves of the two designs are shown in Fig. 12, where
the displacement is measured at the loading point. The two STM
designs both result in safe designs, with the computed ultimate load
capacities being larger than the specified design load. Based on the
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Fig. 8. Domain discretizations employed for the three investigated cases.

simulation results, concrete cracks occur at the opening corner and then
progressively propagate; a portion of reinforcement then starts to yield.
The concrete cracking and rebar yielding lead to stress redistribution,
with more parts of the structure then activated. At the final loading
stage, large rebar strains are observed and the structure fails due to
steel fracturing. Crack patterns at the ultimate loading point for the
two designs are shown in Fig. 13; these indicate that the two designs
lead to similar crack distributions. In both cases a main diagonal crack
propagates from the upper right corner of the opening to the loading
plate.

Results from the evaluation process for the two designs are summa-
rized in Table 2. The generated ST models require similar quantities
of steel, and have similar ultimate load-carrying capacities (though the
capacity of the GS-STM design is 6.1% higher than that of the C-STM
design). The material efficiencies are also similar, though a slightly
higher efficiency is achieved by the C-STM design (considering both
load-carrying capacity and steel usage). Considering constructability,
the number of tensile members in the GS-STM and C-STM designs is 9
and 11, respectively, leading to similar constructability indices for the

/

Fig. 9. Deep beam with opening: one of the optimized layouts based on the GS TO
method. Red and blue lines indicate tensile and compressive members. Line thickness
indicates the relative magnitude of the member forces. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this article.)

two designs. The main difference lies in computational cost, which was

significantly lower in the case of the GS-STM design.
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Fig. 10. Deep beam with opening: continuum-based topology optimization result. Red and blue elements indicate tensile and compressive regions, respectively. Colour intensity
indicates the normalized principal stress magnitude. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 11. Deep beam with opening: generated C-STM. Red and blue lines indicate struts
and ties, respectively. Line thickness is proportional to the magnitude of the axial
forces. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 12. Deep beam with opening: load—displacement curves for the two STM designs.
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Fig. 13. Deep beam with opening: simulated crack patterns for the two designs at the
ultimate load point. A large crack is observed to propagate from the corner of the
opening to the loading plate, with cracks also distributed along the length of the lower
rebar.

4.2. Dapped-end voided beam

In this section, the two investigated STM generation methods are
applied to the dapped-end voided beam shown in Fig. 7(b), which
indicates the geometry, loading and boundary conditions. As with the
deep beam case considered previously, an initial ground-structure was

Table 2

Deep beam with opening: evaluation results for the two designs.
Index GS-STM C-STM
Strain energy s (N mm) 16.9 20.5
Ultimate capacity p/p, 1.21 1.14
Steel usage v (10° mm?®) 10.9 10.1
Material efficiency # 18.30 18.63
Computational cost ¢ (s) 0.8 51
Constructability ¢ 0.060 0.069

Fig. 14. Dapped-end voided beam: optimized layout based on GS-TO method. Red and
blue lines indicate the tensile and compressive members. Line thickness is proportional
to the magnitude of the axial forces. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

generated for the GS-STM method, as shown in Fig. 8(c), in this case
showing a nodal spacing of 110 mm. A ground structure was generated
that incorporated the opening, with a cover offset defined around
the internal opening and outer perimeters. A single horizontal roller
support was placed at the left hand corner, with vertical roller supports
placed along the right side of the design domain to represent a line
of symmetry; also three point loads were applied to the top face as
indicated in Fig. 8(c). The same concrete and steel material properties
as used for the previous deep beam example were used. In the opti-
mization a uniform nodal spacing of 70 mm was employed, with the
joint cost varied to give solutions containing between 8 and 37 tensile
members. Geometry optimization was again used for a maximum of 10
iterations. A sample optimized result is shown in Fig. 14.

Next, the C-STM generation method was applied, using the FEM
model shown in Fig. 8(d). In this case, a finite element mesh size of
15 mm was used, and, for the TO process, a filter radius of 2x 15 mm and
volume fraction of 25% were used. The optimized material distribution
is shown in Fig. 15(a) and the corresponding principal stress contour
is shown in Fig. 15(b). The C-STM shown in Fig. 16 was generated by
conducting topology extraction and shape optimization.

Again, analysis models were then created based on the two designs
generated. The load-displacement curves obtained from the NLFEA
simulations are shown in Fig. 17, where the displacement is measured
at the location of the point load located on the line of symmetry. The
ultimate load capacity (p/p,) of the two designs was found to be 1.15
(GS-STM) and 1.12 (C-STM), indicating that both designs are safe. In
addition, a plastic response can be observed for both designs, with a
clear loading plateau evident in the load-displacement curves. Based on
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Fig. 15. Dapped-end voided beam: continuum-based topology optimization result. Red and blue elements indicate tensile and compressive regions, respectively. Colour intensity
indicates the normalized principal stress magnitude. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 16. Dapped-end voided beam: generated C-STM. Red and blue lines indicate struts
and ties, respectively. Line thickness is proportional to the magnitude of the axial
forces. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
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Fig. 17. Dapped-end voided beam: load-displacement curves for the two STM designs.

i (mm)
] T

0.63

Tl

(a) GS-STM

0.50
0.38
0.25

Tl os

(b) C-STM

Fig. 18. Dapped-end voided beam: simulated crack patterns for the two designs at the
ultimate load point, each showing similar crack distributions. Cracks are spread along
the length of the main tensile reinforcement element located towards the bottom of
the beam.

the simulation results, the beam is initially very stiff under loading. As
the steel bars yield, cracks in the concrete appear perpendicular to the
directions of the rebars. During the final loading phase, similar to the
previous case, the structure failed due to steel fracture. Simulated crack
patterns at the ultimate loading point are shown in Fig. 18, indicating
that the two designs lead to similar crack distributions.

Table 3

Dapped-end voided beam: evaluation results for the two designs.
Index GS-STM C-STM
Strain energy s (Nm) 38.60 37.99
Ultimate capacity p/p, 1.15 1.12
Steel usage v (10° mm?®) 1.51 1.58
Material efficiency 11.55 10.80
Computational cost 7 (s) 13 181
Constructability ¢ 0.039 0.031

TO result

GS-STM

C-STM

Fig. 19. 3D dapped-end voided slab: obtained ST models based on the GS-STM and
C-STM methods.

Results from the evaluation process for the two designs are summa-
rized in Table 3. In addition to having a slightly higher load capacity,
the steel usage of the GS-STM design is 4.4% lower than the C-
STM design; thus a higher material efficiency factor is also obtained
via the GS-STM method. Similar strain energies are obtained when
using the GS-STM and C-STM methods. Compared to the GS-STM
design, the C-STM design has fewer ties and hence a slightly lower
constructability factor. Again the GS-STM design required significantly
less computational time to generate.

4.3. 3D dapped-end voided slab

The two investigated STM methods are now applied to the design
of the 3D dapped-end voided slab shown in Fig. 7(c). Compared to
the dapped-end voided beam considered in the previous section, the
geometry of the 3D case is generated by extruding the 2D voided beam
in an out-of-plane direction. However, in this case, a roller support is
present at the bottom left corner, with planar roller supports at planes
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Fig. 20. 3D dapped-end voided slab: load-displacement curves for the two ST designs.

Table 4

3D dapped-end voided slab: evaluation results for the two designs.
Index GS-STM C-STM
Strain energy s (Nm) 202.3 194.6
Peak capacity p/p, 1.03 1.22
Steel usage v (10° mm?®) 11.7 11.1
Material efficiency 8.05 9.99
Computational cost 7 (s) 16 1040
Constructability ¢ 0.398 0.167

of symmetry as indicated in the figure. As also indicated, the slab is
subject to distributed loading on the top surface, discretized via nine
concentrated loads in the STM analysis. The models developed for the
GS-STM and C-STM generation methods are shown in Fig. 8.

For the GS TO process a ground-structure was constructed within
the volumetric domain using a nodal grid spacing of between 150 mm
and 300 mm; grids finer than this were found to lead to overly complex
force systems. As with previous examples, a joint cost was used in
the ground structure layout optimization step, prior to a geometry
optimization step (up to 5 geometry optimization iterations were used
in this case). This produced solutions containing between 12 and 43
tensile members; different model configurations are discussed further in
Section 5. For the C-STM TO process a filter radius of 3x50 mm was used
together with a volume fraction of 15% when seeking an optimized
structure. The C-STM TO result and resulting STM model are shown in
Fig. 19, alongside the generated GS-STM model.

Once again NLFEA was conducted to evaluate the performance
of the two STM designs, with the resulting load-displacement curves
shown in Fig. 20; crack patterns at the ultimate load point are shown
in Fig. 21. It is found that the two designs fail due to fracturing of the
steel at the peak load. In this case the load capacity of the C-STM design
is observed to increase at large deformations.

Evaluation results for the two designs are summarized in Table 4. It
is again evident that the two designs are both safe, with the ultimate
capacity being larger than the design load. In the case of this example
the C-STM design provides a higher ultimate load capacity (p/p, = 1.22
compared with p/p, = 1.03). Compared to the C-STM design, the
strain energy and steel usage associated with the GS-STM design are
slightly higher, and the material efficiency ratio lower. In addition,
a higher constructability index is observed for the GS-STM design.
However, a relatively large computation cost is observed for the C-STM
method, with the 3D topology optimization process consuming a high
proportion of the overall computational time.

5. Influence of input parameters on STM performance

Adjustment of the input parameters used in the two ST generation
methods is likely to produce STMs with differing member layouts,
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Fig. 21. 3D dapped-end voided slab: simulated crack patterns of the two designs at
the ultimate load point. Large cracks distributed over the span are observed for both
designs.

which in turn are likely to have differing performance characteristics.
The influence of differing rebar locations on the performance of STM
designs was investigated in [16]; here the influence of the input pa-
rameters on the STM designs will be considered. However, the abrupt
changes in structural response observed in [16] were not observed
here, suggesting a level of robustness in the optimal ST configurations
obtained.

Considering the GS-STM generation method, changing the number
of nodal divisions and the joint cost parameter can be used to generate
ST models containing different numbers of members. Considering the
C-STM generation method, the generated ST models are affected by
parameters in the TO and truss extraction process. The influence of
method parameters on C-STMs was discussed in [43]. The adopted
volume fraction and the filter radius affect the obtained optimized
material distributions in the TO process, and the merging length of
short members affects the extracted truss-like models. Specifically, by
using a relatively large filter radius and merging length, and small
volume fraction, ST models containing fewer members can be obtained.

In this study, the previously investigated deep beam with opening
case is initially considered (see Section 4.1). Firstly, C-STMs generated
using different settings are shown in Fig. 22. It is found that varying the
volume fraction and filter radius leads to between 8 and 14 ties being
present in the generated C-STMs, though it is evident that the overall
distribution of ties remains broadly similar in all cases. Using the GS-
based generation method it is possible to vary the number of ties more
freely, as shown in Fig. 23, where the GS-STM models contain between
6 and 59 ties, controlled by varying the joint cost j and nodal division
spacing d. However, once again the overall distribution of ties remains
broadly similar in all cases.

The proposed evaluation process has been conducted for all STM
designs obtained using the two generation methods; see Table 5. Again,
all designs based on the presented ST model configurations are safe,
with the ultimate capacity being larger than the design load and failure
due to rupturing of the steel. Considering averaged values, a slightly
higher mean load capacity p/p, is observed for the GS-STM designs
compared to the C-STM designs. In addition, a slightly lower volume
of steel v is required when using the GS-STM method. Furthermore,
the mean strain energy s is lower for the GS-STM designs, and a higher
material efficiency ratio 5 is also observed. In terms of applicability,
smaller constructability indices ¢ are obtained in the case of the C-STM
designs, though the associated computation times ¢ are higher.

Next, max—-min normalization results are plotted in Fig. 24, with
the evaluated metrics from Table 1 plotted based on the number of
tensile members (ties). The strain energies of the generated STM models
decrease with increasing numbers of tensile members, and stiffer results
can be obtained with more refined STM models. In addition, lower
strain energies are observed when the GS-STM generation method
is used. The ultimate load capacity p and material efficiency 5 also
improve when more refined STM models are used, while the steel
usage v reduces. This is because increasing the number of ties results
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Fig. 22. Deep beam with opening: generated C-STMs with different number of members. The adopted parameters (mesh size, volume fraction and filter radius) in the C-STM
method are indicated as 4 (mm), v and r (mm), respectively.
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Fig. 23. Deep beam with opening: generated GS-STMs with different number of members, by changing joint cost value j and the nodal spacing d. Lines with very small cross

sections are not displayed.

in greater steel coverage, enhancing the ability of the structure to
effectively prevent the initiation of tensile cracks. Considering practical
aspects, the constructability index increases as the numbers of tensile
members increase, with the computational cost remaining relatively
low in the case of the GS-STM method. Conversely, significant vari-
ations in computational time are observed when the C-STM method

is used, something that could possibly be addressed by using different
termination criteria.

Next the 3D dapped-end voided slab case is investigated (see Sec-
tion 4.3), varying the inputs in the same way as with the previous
example. Thus, for this example the TO method inputs were varied to
obtain STM models with between 15 and 20 tensile members, while the
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Fig. 24. Deep beam with opening: max-min normalization of evaluation results for STMs with differing numbers of ties. The arrows in the subfigures indicate the goal of the

corresponding metrics.

Table 5
Deep beam with opening: evaluation results for STMs with different members of ties.
Method Ties s p/po v n c t
5 17.19 1.20 11.17 17.75 0.014 0.66
6 17.09 1.22 11.09 18.15 0.036 0.70
9 16.90 1.21 10.91 18.30 0.060 0.86
15 16.62 1.24 10.66 19.16 0.071 6.7
GS-STM 25 16.45 1.24 10.51 19.54 0.075 6.3
26 16.44 1.26 10.50 19.82 0.079 5.4
30 16.43 1.25 10.50 19.72 0.076 4.3
38 16.42 1.26 10.49 19.81 0.090 4.9
59 16.42 1.25 10.48 19.71 0.175 5.7
mean - 16.66 1.24 10.70 19.11 0.075 3.95
std dev. - 0.30 0.021 0.26 0.77 0.042 2.50
8 20.54 1.05 10.75 16.11 0.066 7
9 20.90 1.18 10.99 17.73 0.032 272
C-STM 10 20.77 1.13 10.86 17.17 0.063 41
11 20.54 1.14 10.06 18.63 0.070 51
14 20.38 1.14 10.51 17.96 0.065 481
mean - 20.63 1.13 10.63 17.52 0.059 170
std dev. - 0.19 0.043 0.33 0.85 0.014 181

GS method inputs were varied to obtain STM models with between 12
and 43 tensile members, as shown in Fig. 25 and Fig. 26, respectively.

Evaluation results for the generated STMs are summarized in
Table 6. Again, safe STM designs are obtained, with the predicted
ultimate load capacities being larger than the prescribed design load.
In this case, the average strain energy of the GS-STM designs is smaller
than that of the C-STM designs. However, a slightly larger average ulti-
mate load capacity is obtained for the C-STM designs (1.18) compared
to the GS-STM designs (1.13), amounting to a difference of approx.
4.4%. However, the steel consumed by the C-STM designs is 4.5% larger
than that consumed by the GS-STM designs, such that the averaged ma-
terial efficiency ratios are similar. Compared to C-STM designs (where
¢ = 0.148), larger constructability indices are obtained for the GS-STM
designs (¢ = 0.518); however, the computation time required when
using the C-STM method is much higher due to the computationally
intensive nature of the 3D topology optimization process.

Table 6
3D dapped-end voided slab: evaluation results for STMs with differing numbers of ties.
Method Ties s p/po v n c t
12 218.91 1.09 12.9 7.70 0.434 1.08
19 202.27 1.03 11.7 8.05 0.398 1.07
21 202.15 1.04 11.7 8.10 0.405 1.05
23 210.99 1.20 12.2 8.95 0.665 9.85
GS-STM 26 193.10 1.20 11.0 9.96 0.593 9.92
30 188.19 1.16 10.8 9.78 0.525 9.97
35 188.16 1.14 10.8 9.64 0.648 10.0
39 186.74 1.14 10.6 9.79 0.542 9.84
43 186.12 1.14 10.5 9.91 0.450 10.1
mean - 197.40 1.13 11.35 9.10 0.518 6.98
std - 11.17 0.058 0.77 0.86 0.096 4.44
15 219.88 1.20 12.6 8.66 0.135 1055
17 203.97 1.14 11.7 8.89 0.083 1063
C-STM 18 198.82 1.04 11.4 8.34 0.170 1069
19a 194.60 1.22 11.1 9.99 0.167 1040
19b 210.61 1.30 12.1 9.81 0.120 1045
20 214.82 1.16 12.3 8.59 0.216 1075
mean - 207.12 1.18 11.87 9.05 0.148 1058
std - 8.85 0.080 0.52 0.63 0.042 12.70

Max-min normalization results for the six metrics are shown in
Fig. 27. Compared to the previous 2D case, the correlation between the
evaluated metrics and the number of tensile members is more complex,
and deviations in the evaluated metrics are larger. For the GS-STM
method, as the number of tensile members increases (from 21 to 43), a
relatively clear improvement in the GS-STM designs can be observed,
resulting in a reduction in strain energy and steel usage, and also an
increase in load capacity and material efficiency. However, compared
to the GS-STM method, when employing a similar number of tensile
members, the material efficiency and constructability indices associated
with the C-STM designs are better. For designs C-STM-19a and GS-STM-
26, containing 19 and 26 ties respectively, similar material efficiency
indices are obtained, though the C-STM-19a design is simpler.
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(a) C-STM-15 (h = 50, v = (b) C-STM-17 (h = 50, v = (c) C-STM-18 (h = 50, v =
20%, r = 2 x 50) 15%, r = 5 x 50) 10%, r = 4 x 50)

(d) C-STM-19a (h = 50, v = (e) C-STM-19b (h = 50, v = (f) C-STM-20 (h = 50, v =
15%, r = 3 x 50) 15%, r = 4 x 50) 10%, r = 3 x 50)

Fig. 25. 3D dapped-end voided slab: generated C-STMs with different number of members. The adopted parameters (mesh size, volume fraction and filter radius) in the CSTM
method are indicated as 4 (mm), v and r (mm), respectively.

(a) GS-STM-12 (d = 300, j = (b) GS-STM-19 (d = 300, j = (c) GS-STM-21 (d = 300, j =
10.0) 0.50) 0.0)

(d) GS-STM-23 (d = 150, j = (e) GS-STM-26 (d = 150, j = (f) GS-STM-30 (d = 150, j =
10.0) 7.0) 2.0)

(g) GS-STM-35 (d = 150, j = (h) GS-STM-39 (d = 150, j = (i) GS-STM-43 (d = 150, j =
0.80) 0.01) 0.0)

Fig. 26. 3D dapped-end voided slab: generated GS-STMs with different number of members.
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Fig. 27. 3D dapped-end voided slab: max-min normalization of evaluation results for STMs with differing numbers of ties. The arrows in the subfigures indicate the goal of the

corresponding metrics.

6. Conclusions

The ground-structure (GS) and continuum (C) based topology opti-
mization approaches are the two main strut-and-tie modelling (STM)
methods that can be applied to the conceptual design of reinforced
concrete structural elements, here referred to as the GS-STM and C-
STM generation methods respectively. Although both methods can be
used to generate strut-and-tie (ST) models, their relative performance
appears not to have been systematically investigated previously. In
the present paper, the GS-STM and C-STM procedures are briefly in-
troduced, with structural performance, economic aspects and method
applicability metrics then proposed to facilitate objective evaluation
of the performance of the two methods. Specifically, six factors are
formulated to quantify these aspects: strain energy of the generated
ST models; computational cost; ultimate load capacity of the designed
structural element; steel usage; constructability; and material efficiency
ratio. A comparison procedure is then proposed to evaluate the gen-
erated ST models, enabling their performance to be compared. The
two generation methods investigated both start from a topology op-
timization process, but employ different modelling idealizations; to
obtain applicable STM models, additional steps are required in both
generation processes. Example problems involving typical D-regions
are considered, two 2D cases and one 3D case, with the performance
of the corresponding ST designs compared based on the proposed
comparison procedure. In addition, the influence of using different
input parameters on the efficacy of the two methods is investigated,
with the performance of the generated STMs compared.

Based on the example design problems considered, it is found that
the STM designs generated using the two methods both lead to safe
designs, with the load capacity always larger than the design load.
The finite element model used in our publication showed that the
optimized designs were always conservative in their load carrying
capacity compared to the finite element results, as the analyses showed
conservative results ranging from 3% to 30% for the case studies
presented with a mean of 17%, where the finite element analysis results
themselves can also be assumed conservative, as mentioned previously.
Also, the steel usage and material efficiency ratios of the obtained STM
designs are found to be comparable. However, the GS-STM method
outperforms the C-STM method in terms of computational cost, espe-
cially for the 3D case. Considering flexibility in generating STMs with

varying numbers of members, it is found that STM designs containing
a wide range of numbers of ties can be obtained using the GS-STM
method. However, constructability is adversely affected when a large
number of tensile members are involved. Overall, both the GS-TO and
C-TO methodologies show great potential when seeking efficient ST
models in reinforced concrete structures, though are prone to identify
designs that are difficult to realize in practice. Considering additional
means of quantitatively assessing constructability, and incorporating
methods of increasing this in the STM model generation process, is an
important future research topic. In addition, considering the use of both
experimental testing and numerical simulation to verify STM designs is
also an important research topic when considering the applicability of
a given STM method.
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