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A novel adaptive fuzzy dynamic surface control (DSC) scheme is for the first time constructed for a larger class of (multi-input
multi-output) MIMO non-affine pure-feedback systems in the presence of input saturation nonlinearity. First of all, the restrictive
differentiability assumption on non-affine functions has been canceled after using the piecewise functions to reconstruct the model
for non-affine nonlinear functions. Then, a novel auxiliary system with bounded compensation term is firstly introduced to deal
with input saturation, and the dynamic system employed in this work designs a bounded compensation term of tangent function.
Thus, we successfully relax the strictly bounded assumption of the dynamic system. Additionally, the fuzzy logic systems (FLSs) are
used to approximate unknown continuous systems functions, and the minimal learning parameter (MLP) technique is exploited
to simplify control design and reduce the number of adaptive parameters. Finally, two simulation examples with input saturation

are given to validate the effectiveness of the developed method.

1. Introduction

In the past several decades, approximation-based adaptive
control of nonlinear systems has been attracting much
attention, and many significant results have been achieved
[1-11]. Among them, the fuzzy logic systems (FLSs) and
neural networks (NNs) have been successfully employed to
approximate the unknown nonlinear functions. In addition,
as a breakthrough in nonlinear control, approximation-
based adaptive backstepping control has been extensively
introduced to achieve global stability for many classes of
nonlinear systems [12-17]. For example, in [12], an adaptive
fuzzy control scheme was proposed for a class of nonlinear
pure-feedback systems under the framework of backstepping,
which requires no priori knowledge of the systems dynamic.
In [14], an adaptive fuzzy control scheme is presented for a
class of pure-feedback nonlinear systems with immeasurable
states by utilizing backstepping methodology. Recently, for
a class of stochastic nonlinear systems with unknown con-
trol direction and unknown dead-zones, an adaptive fuzzy

backstepping control method is presented in [17]. However,
the problem of “explosion of complexity” caused by repeated
differentiations of the virtual control law seriously limits
the application of conventional backstepping technique.
Thus, the dynamic surface control (DSC) technique has
been creatively proposed to avoid this problem effectively
by introducing a first-order low-pass filter at each step.
Furthermore, compared with strict-feedback systems, pure-
feedback systems have a non-affine fashion that the control
inputs or variables appear nonlinearly in uncertain systems
functions, which leads to the design being more difficult
(18, 19]. Moreover, in contrast with SISO pure-feedback non-
linear systems, the control design of MIMO pure-feedback
nonlinear systems is, as well known, more complicated due
to the couplings among various inputs and outputs [20].

On the other hand, input saturation nonlinearity, as one
of the most important input constraints, usually appears
in many industrial control systems [21]. In many applica-
tions, the input saturation nonlinearity may severely cause
degradation of system performance, instability, or even


http://orcid.org/0000-0002-8291-8004
http://orcid.org/0000-0001-8483-6662
http://orcid.org/0000-0001-6406-2399
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/4360643

damage. Consequently, the adaptive control of nonlinear
systems in the presence of input saturation nonlinearity
has been an active topic and attracted increasing attention
in recent years [22-30]. For example, in [22], an adaptive
fuzzy controller is constructed for pure-feedback stochastic
nonlinear systems to deal with input constraints based on the
adjustment of commanded input signal. In [25], an adaptive
neural controller is investigated for a class of pure-feedback
nonlinear time-varying systems with asymmetric input sat-
uration nonlinearity in combination with the Gaussian error
function. Recently, for a class of uncertain nonlinear systems
with input saturation constraint and external disturbances,
a tracking control scheme is proposed by introducing an
auxiliary system in [27]. However, it should be pointed out
that, for all above the state-of-the-art schemes [22-30] to
work for pure-feedback uncertain nonlinear systems subject
to input saturation, the non-affine function is always assumed
to be differentiable with respect to control variables or inputs,
which is restrictive arising from the fact that non-smooth
nonlinearities such as dead zone, backlash, and saturation
widely exist in various kinds of practical systems [22-25],
which makes the non-affine functions non-differentiable
and motives us to explore new methods to overcome this
limitation [22].

As a matter of fact, overcoming this limitation is challeng-
ing. This is because FLSs approximation errors will inevitably
occur while adopting FLSs to approximate unknown systems
functions within a compact set, this, in combination with
external disturbances, may seriously degrade control perfor-
mance or even give rise to closed-loop system instability.
Additionally, there also exist a large number of fuzzy weights
that need to be tuned online, which drastically increases the
computational burden [28]. Therefore, a design technique
needs to be developed that is able to guarantee that all
system trajectories stay in the appropriate compact sets all
the time, and the MLP technique needs to be employed
to solve the explosion of learning parameters. Based on
the aforementioned observations, this paper addresses the
control problem for a more general class of MIMO pure-
feedback nonlinear systems in the presence of input satu-
ration nonlinearity. What is more, to the best of authors’
knowledge, the control design of this huger class of non-
linear systems has not been reported, which is still an
open problem with theoretical and applicable significance.
The main contributions of this paper are highlighted as
follows: (1) it seems that this is the first work that considers
both the MIMO non-affine nonlinear systems and input
saturation even though some existing works focused on
the same topic; (2) to handle input saturation, compared
with the auxiliary system @; = -x;p; + sat(o;) - o;
presented in [27, 30], the dynamic system employed in this
work designs a bounded compensation term §; tanh g, and,
thus, the assumption that ; is bounded is cancelled; (3)
in contrast to the existing strategies [22-30], we allow the
non-affine functions of MIMO input-saturated nonlinear
systems to be non-differentiable via the reconstruction of
non-affine functions using appropriate piecewise functions,
which removes the restrictive differentiability assumption on
non-affine functions.
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The rest of this paper is organized as follows. Section 2
presents the problem statement and preliminaries. The adap-
tive controller design is given in Section 3. Section 4 is
devoted to stability analysis. In Section 5 simulation results
are presented to show the effectiveness of the proposed
scheme, followed by the conclusion in Section 6.

2. Problem Statement and Preliminaries

Consider the following MIMO pure-feedback systems [23]:

Xii; = Pji, (%j,ij’Xj,iﬁl) +Dj; (x:t)

Yoo, = Pse, (Xigyr 43 (0)) + Dy, Cot)

Yi=Xj1 j=L2,...,m

where Xji, € Ris the state of the jth subsystem, y =

=T =T =T T
[Xl,pl"“’Xj,pj"“’Xm,pm]
the whole system (N = p; + ---

T

(XG> Xjoo -+ Xp, )

subsystem. y ;= [le,...,in}]T € Ri,u; € Rand y; € R
i : s

€ RY is the state vector of

+ pp), where ., - =
)

€ R and p; is the order of the jth

are the input and output of the jth subsystem, respectively.
(pj)ij(~) are unknown non-affine continuous functions, and
Dj,i]_(X,t), ij = L..,ppj=1L..
external disturbances. u;(0;) is the plant input subject to
saturation and satistying [30]

.,m are the unknown

sign(o;)u:y, 0;2u;
s (o)) =sat (o) =1 (o) 052 )
0, 0 <ujy
where u;, is the bound of u;(0;), 0; € R is the input
saturation, and u; = uj(oj).

The design ol])jective of this work is to construct a novel
dynamic surface controller u ; such that (1) the output track-
ing error z;; = x;; — ;4 achieves preselected transient and
steady bounds; (2) all signals of system (1) are semiglobally
uniformly ultimately bounded (SGUUB); (3) the control
input constraint is not violated.

Assumption 1. Define the functions Vi, (%j,ij’ Xj,i}»+1)
Pii;(Xjip Xjipe) = Py, (X, 0). We assume that the functions
Vi, (X jir X j,,-jﬂ) satisfy
Kj,ijxf’ij“ thini, < Vi, (%j,ij’Xj,ijﬂ)
< wjjjxj’ij"'l + hj)zij)xj’ij.'.l >0

, (3)
ﬂj)inj,in + hj,3ij S Vi, (Xj,ij’Xj,ij+l)

—r
SVjiXjiw + Riais Xjie1 <0
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— I —I "
where fj’ij, Viip V10 and ¥ i, are unknown positive con-
i hjzz , h]3l ,and &

And denote Xipt1 =
conciseness.

stants; A are unknown constants.

Jo4i;

Uuj, Xj,pj+l = [ij,u] for notation

Remark 2. In [22-30], the non-affine functions are always
assumed to satisfy q, < agoJ, (X]l s Xji, H)/BXJ, g <

q]z-+1 andq» a(P]l(XJP’u )/au

0, qu+1 > 0 ﬂ]pj > 0, and g Ajp, > 0 being unknown
constants. In fact, this assumption is used to ensure the

controllability of system (1). However, the assumption q,
JoPj

. with >
qJ’Pj ﬂj,iﬁl

09, (X, )/ 014} <
that many kinds of non-smooth nonlinearities (e.g., dead-
zone, backlash, or saturation, and so on) extensively exist
in control input, leading to the non-differentiability of non-
affine functions, even instability of closed-loop systems [10].
Even though some existing works like [16, 19] focus on the
same topic, none of them addresses the control problem
for both MIMO non-affine systems and input saturation
problem. In other words, in this paper, we for the first
time investigate a larger class of MIMO nonlinear systems
considering both non-differentiable non-affine functions and
input saturation.

q;, p, 18 too restrictive due to the fact

Remark 3. From (3), there exist functions ¢ ‘li x i +p) and
)

€ni, (X; i 1) taking values in [0, 1] and satlsfymg

Vi, (Xj,ija Xj,ij+1)

(1 - (XJ, +1)) (Kj,ijxj,ijﬂ + hj,lij)

+ i, (Xj,i]-+l) (ll’j,inj,in + hj,Zi]-> ,
Xj,ij+1 20

(4)
Vi (Xj,ij’ Xj,ij+1)

= (1 =€, (Xj,iju)) <V_/;)inj,ij+1 + hj,3ij)
+ el’z’}' (Xj)ij"'l) (W;ijf’ij“ + hj"*"j) ’
Xji+1 20
To make the control design succinct, define the functions
Qji, (Xj,ijﬂ) and A j; (Xj,ijﬂ) as
s, (i)

(l_ej,lij(yj,ij-ﬂ))ll/ +¢) (X],H)ll/],a Xjir1 20

(1 () ¥, +

],Zij (Xj,i)+1) ij,ij’ Xji+1 < 0

3
A],ij (Xj,ijﬂ)
(1 =i, (%j,i]+1)) hj,3i} i, (Xj,i]+1)hj,4ij’ Xjir <0
(5)
Using (5), we can model the non-affine terms
Yii; (Xj,ij’Xj,in) as

Vi (Xj,i/.>Xj,ij+1) = Qj,ij (Xj,ijﬂ) Xjij+1

(6)
Aj,ij (Xj,ij+1)
In view of (5), it can be known that
0< Qj,ij =Qj; (xj)ijﬂ) < Qi
7)

— *

0= ‘Af’if (XJ"";'“)’ = hj”'j

. —_ ! — = _
N =120 {Kj,ij’ I//]"ii’gj,ij’ 1’UJ}I*}’ QJ'J- -

— ! —/ % _

max; _y, o {K,ij’Wj’ij’V_/j,ij’v/f’ij} and hj’ij = max{|h; 1i; | +
|A J2i, | + IFLJ 3, | + Ihj,4,-j|}. According to (6) and the definition
of 1//]’1]_( Xiip X, +1)> system (1) can be rewritten as

where Q.. =
=ji;

Xii; = ®ji, (Yj,ij’o) +Qj;, (Xj,ijﬂ) Kjiz+1

Aji (Xj,ijﬂ) +Dj; (%.t),

XJFP/‘ = Pip; (XJEP;’ 0) + Qf»Pj (%J"Pﬁl) Uj
A (Yj,pjﬂ) +Dj, (1)
y] = Xj,l
Assumption 4. The reference signal y; ;(t) is continuous and
available, and there exists a positive constant Pj, such that
S 2 e N2 (s 32
Qjo = {(yj,d’ Vid> yj,d) : ()/j,d) + ()/j,d) + (yj,d) < PjO}'
Assumption 5. For ij = 1,...,pj, j = 1,...,m, there exist

unknown positive constants Dj,ij satisfying |Dj,ij(X’ t)| <

*

it

Lemma 6 (see [8]). Consider the first-order dynamical system:

Y(t)=-AY(t) +br () 9)
with A > 0, b > 0 and ©(t) a positive function. Then, for

any given bounded initial condition Y(t,) > 0, the inequality
Y(t) 20, (Vt > 0) holds.



Lemma?7 (see [17]). Foranyy € Rand VX > 0, the hyperbolic
tangent function tanh (-) fulfills

0<ly- ytanh(%) < 0.2785N
(10)

y
0<yt h<—>
YRR

The fuzzy logic systems (FLSs) are employed as function
approximator. Construct FLSs with the following IF-THEN
rules:

R :Ifx, ist and ... and x, isFZ,
(11
THEN yisB, 1=1,2,...,N.
where X = [X1> Xar---» Xl € R" and y are input and output
of the FLSs. Based on the singleton fuzzifier, product inference,
and center average defuzzifier, the FLSs can be formulated as

25\271 max,pUp () H?ﬂ”Fj- (Xj)
N [ ()]

y(x) = (12)

where qu(Xj) and ug(y) are the membership of F]’ and B,
J
respectively. Let

_ Hr'lzluF‘i Xj
¢i (X) = N : n : ( ])
Yict [Hj=1”Fj (Xj)]

(13)

where ©; = max, pip(y), ® = [0,,0,,...,04]", and

¢(x) = (6,008,005 ()I". Then, the FLSs can be
expressed as follows:

y(x)=0"¢(x) (14)

Lemma 8 (see [23]). On a compact set Q if f(x) is a

continuous function, for any given constant ®* > 0, then there
exist FLSs y(x) such that

sup | f (x) -y (x)] < @ (15)

XGQX

3. Fuzzy Adaptive Controller Design

In this section, an adaptive fuzzy controller is proposed for
a larger class of MIMO pure-feedback nonlinear systems (1)
utilizing the DSC technique. To start, consider the following
change of coordinates:

Zj1 = Xj1 ~ Yia
Zii, = X, ~Viip =300 L (16)

Zip, = Xjpy ~ Vip, ~ & tanho;

Mathematical Problems in Engineering

where z;, is the output tracking error, v i, 1s the output of the

first-order filter with s Jij1

parameter, and g is a dynamic system defined as

as the input, §; is a positive design

) cosh? ©;
p. =
j fj

(—Kj tanh g, + sat (oj) —0]-), W)

K 0)=0
where k; > 0 is a design parameter.

Remark 9. It has to be noted that, compared with the existing
work [27, 30], a novel auxiliary system is proposed, and the
dynamic system employed in this brief designed a bounded
compensation term & jtanh; to cope with input saturation
problem. Therefore, the restrictive bounded assumption of
the dynamic system has been deleted.

Since ¢;; (Xj’ij, 0), i; = 1,...,p; are unknown con-
tinuous functions, we use fuzzy logic systems (FLSs) to
approximate them as follows:

(p].,ij(yj,ij,o)=®Lj_¢(;—(j,ij)+@j,,.j, ii=L...p; (18)

where @ is the approximation error and satisfies I(Dji.| <
i ]
@;; with@;; > 0 being an unknown constant.
i i
Define

2

1 .
cDj,i-:Q" 'l®j’ij 5 Ij:l""’Pj (19)

i =i

where © ji, are unknown constants and @ i, is the estimate of
) )
® i with @ ji, = 0] Jis T D iy

Step j, 1. Differentiating z;, along with (16) yields

1= 950 (X;00) + Qix (X32) wi2 + 811 (X;2) (0
+Dj, (ot) = Via

Consider the following quadratic Lyapunov function
candidate:

1
vV, =2

Zin 7l

(21)

Invoking (7), (20), and Assumption 5, we have
sz,1 <Z19j1 (Xj,l’o) +Qj1 (Xj,z) Xj2Zj1 ~Zj1Vjd
(22)
+zjal 75+ |25a] D3,

Substituting (18) into (22) gives

sz,l < ZJXl@zl‘/) (Xm) +Qj1 (fj,z) Xj2Zj1 — %1V
(23)
+ |Zf»1|gj,1’7;1
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* -1 * * * . >
where 77, = Qj’l(a)j’1 + hj, + Dj;). In view of Young’s
inequality, we can further have

sz,l <Qj, (%j,z) XinZj1

Zlel "@Jllnz T (— _ a]z.’l
P e 0 ey @
7>

* .
+ |ZJ31| 91‘,1’71',1 ~Zj1Yjd

where a;, is positive constant.

Then, construct the virtual controllaw s; , and parameters
adaptation laws 77; ; and @ PES

D .z,
_ 1<l T (— —
Si1 = ~C1%Zj1 — 2a21 ¢ (Xj,1)¢(Xj,1)
1>
_ Zj1
1 tanh (—) (25)
Vi
Zj1Vid
. 7517 jy
;¥ 4tanh <—>
17 Vi
z.
= J>1 —~
11 = €12, tanh <v_1) - 01817, (26)
I
= /';j,lzil T (— _ —
1= ?‘p (Xj,1)¢(Xj,1) _aj,th,lq)j,l (27)
i1

wherecl>Oﬁ]1>0§]1>001>Oa]1>0vjl>0
and oy > Q | are design parameters, and 77; , is the estimate

0f’1j,1-

Remark 10. Note that (26) and (27) satisfy Lemma 6. Thus,
by choosing 77;,(0) > 0 and @;,(0) > 0, one has 77, (t) > 0
and © j,l(t) > 0 for Vt > 0. Furthermore, since the initial
conditions 7;,(0) and ®;,(0) are selected by control law

designer, we choose 7;,(00=0 and EISJ-’I(O) > 0.

In line with the DSC technique, introduce variable 7 ,.
Lets;, pass through a first-order filter with time constant ¢;,
to obtain v, as

‘j,zi’j,z tVi =S Vo (0) = Si (0) (28)

Define the filter errore;, = v
—(ej/1j,) and

i = 51> which yields 7, =

. J»2
2=
P (29)

T8 (Zj,1> Zi2€ Qi Vias Via yj,d)

where E, () is the introduced continuous function.
By xj» =zj,+7j,ande;, =v;; —s;,, we have

Xi2=Zjptsj1ten (30)

5
Noting that Q;, = Q;11||®j,1||2 and ajp = 9;11, and
substituting (25) and (30) into (24), we can further obtain
. _ 2
Vo, < Qi () (212 + €j2) 20 = Q25
. az’ Zj1
+ |zj)1yj,d| + = 5 Q] 111] 1%  tanh
] 1
. Zj1Yid
Uiy
Qj,lasj’lzil T (— _
+ —261;1 ¢ (Xj,1)¢(Xj,1)
+ |ZJB1| 9]',1’7131
Take the following Lyapunov function candidate:
=2 w2
: (O
vomy, s 2 2O (32)

1 o+ +
J Zj1 25}',1 2‘8]_’1

where;; = r]ﬂ i and @
of 77;, and ®@; , respectively.
It follows from (31) that the time derivative of Vi is

i1 =D —D;, are the estimates

2

1,
JIQJIZJI +

Via < Qi (X50) (212 +€j2) 21 - 2

9',16,7"1 BS ﬁ<)1Z2.)1 _ 3
1/31',1 i1~ ;ajz.j ¢T(Xj»1)¢(Xj,1)]

z. )}.d
. . 7517 s
+ [|Zj,1yj,d| —zj,y;qtanh (—ul )] (33)
7

Q'lﬁf’

—J

s (2]
. —¢i12;; tan —_
fj,1 Mix ~6j1%1 vi,
Q 1’711['z11 Jltanh( )]
v

Applying (26), (27), and Lemma 7, one has

+

Vit =Qjy (Xj,Z) (ZJ2 + eJZ) Zj1~ ],IQH ]1
22
~ — = i1
+Q. 1951 (’1j,1’1j,1 + cDj,lq)j,l) + BN (34)

+0.2785Q. 11;,1vj, + 027850,

Step j,i; (2<i;<p;—1, j=1,...,m). Similar to the design
method7 in Step 71 dlfferentlatmg z;, along with (16) yields

Zji = P, (Xj)ij,()) + Qj,ij (Xj,ijﬂ) Xjij+1

A ()_(j,ijﬂ) +Dj; (x:t) =¥,

(35)



Consider the following quadratic Lyapunov function
candidate:

I,
V., = 5% (36)

In view of Young’s inequality and using (35), we can
obtain the time derivative of (36) as

< Q. (¥, oz
sz"'j = Q],zj (Xj,zj+1) X],zj+lzj,1j

2

2 2
z7. 1O, . as.
PN TPNN T (= - I 37
s g ()9 (1) + 5 D)
Jotj
+lz Yo—z
j’ij —j,ijr]j)ij Zj’ij j>ij

* _ -1 * * * . "
where M, = Qj’ij (a)j’l.j +h i, t D j)ij), and a;; is positive
constant.

Take the virtual control law s i and parameters adapta-

tion laws Mji, and © ji; 3

=g (5,,)9(3,)
iy T TR T T2 Xiji; Xji,

Jolj
~1];; tanh — (38)
j v
]’]
L
. Goij ¥ joi
+a;; ¥;; tanh L
kj v
]’]
. Zji.
ﬂj,ij - gj,ijzj,ij tanh V. O-],zjgj,zjr]],zj (39)
Jtj
2
= 3% T (— _ ~
Q)j’if' T 24, (Xj)ij) ¢ (XJ'J';) B Uj’ijﬁf”'fq)f’ij (40)
Ity

The design process of parameters is similar to Step j, 1.
Then, let Sj;, pass through a first-order filter with time

constant ¢;; ., as follows:

],ij+

[j,ij+1i/j,ij+1 Vi1 = Sjin Vi (0) = Sji; (0) (41)

Define e ji+1 s

j
—(ej,ij+1/‘j,ij+1) and

Vi jip it yields Vi

€ji+1
€jij+1

L+ (42)

TS+ (Zj,ijJrl’ €1 i Mjis Vi Vias )’j,d)

= T —= T
where zj,i]-+1 = [Zj,l""’zj,ij+1] 5 ej,ij+l = [ej,z,---aej,ij-%—l] >
= & 1T = — ~ T =
q)j,i,- = [(Dj,l""’q)j,ij] > nj,ij = [7]]"1,...,71]"1']_] and :‘j,ij+1(.)

is a continuous function.

Mathematical Problems in Engineering

According to Xji+1 = Zjiat T Vjin and €jit1 = Viisl ~

$;i» One reaches
]

Xjije1 = Zjie1 T Sji; T €1 (43)

Substituting (38) and (43) into (37) results in

Ve, = Qi (Xj,ijJrl) (Zj,ijﬂ + ej,ij+1) Zj,

(44)

.
N ‘Zj’ii =ji; Mji;

Consider the following Lyapunov function candidate:

=2 &2
Qj,ij Mji; Qj,ij @i i
Vi =V, + (45)
T 28, 2B,
where i, = Mg, = i, and © ji; = P = D

Noting 77;; = ;1;.‘,1.)_
Step j, 1 give rise to

- ﬁj)i]_ and following the same way as

i

— 2
< Qjy, (X],zju) (z],,ﬁ1 + e],,j+1) Zji, c],,]Qj)ijZJ,lj

2
a-.
ik
piie]
2
D.. 2
Qi P, | - Bii %, _
- | P ¢ ()8 (1)
Bi: ok 2a;i Xji; Xji;
M Tl (46)
L. 7]] i Z.:
—ji; P Ity
- —_— .. —&..z.. tanh _
g | T SH% v
Dt Dt
B
. . Jtj " It
+ 'zj,,-j vj,,-]_‘ Zji Vi, tanh o
Jtj
+Q. #'. ||z, | -z, tanh i
=ji; Mii; | i Pl V.
Jtj
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Applying (39), (40), and Lemma 7 yields
Vj,ij <Qy, (Yj,in) (Zj,ijJrl + ej,ij+1> Zji,
+0.2785v;; + 0.27859},’1,1_17;)1-1_1)]-,,-]_

c s BB (47)
+9j,,-j0j,i (ﬂj,ijﬂj,iij Ji; j,i]-)

J

2
Cfﬂ'jgj,ij Zji;

Step j,pj (j = 1,...,m).Similar to the former design process,
we can obtain

zj’PJ' = (Pj’Pj (Xj’/)j, 0) + Qj’Pj (Xj,pjﬂ) Uj
+8 (Typyn) + D, (0 8) =93 (48)
+x;tanh; - sat (oj) +0;

For |uj| = |sat(oj)| < Ujap there exists a continuous
function Q i (x o, ) such that

Q1 (i) ] = Qi (X5 (o)) sat (o))
s Qf’Pf (Xj’f)j)

Consider a compact set Q;
-Pj

(49)

Pi =2
{Zlil(Qj,lﬂj,l/Ej,z +
&2 2 P (2 2
Qj)lq)j,l/ﬂj,l) + 2z + Zliz(ej)l + zj,l) < ij)Pj}. It can be
seen from (43) that all the variables of ¥ ip, re included

i
in the compact set Qj, x Q. Thus, Q j’Pj(Xj)Pj) =
@j,pj(Xj,pjfl’ Zjp, + Sjp-1+€j,) have maximums on Q; , X
Qo. There exist unknown positive constants Q;f ,, such that
FJ
g— *

@j’pj(Xj’Pj) = @j>Pj'

Choosing the quadratic function Ve, Ve = z? 0./ 25

5 o P

it gives

y T —_ * .
< . . . . . —Z. .
Veir, <@g (XJ,PJ-) Zje; T ‘Zﬁﬂj Mips ~ Zie;V iy

(50)
+ szj’Pj
* * * * *
where Mip; = @jp, hj)pj + Dj)pj +Q, +x; U
According to Young’s inequality, one has
2
2 2
z“ . a’
- JPj J5Pj T (— — 15Pj
V, <—/—5-—¢ (X‘ )¢<X' >+—
Zjp; 2 JPj Jpj
J ZaJ)pj 2 (51)
* .
+0jZjp; * ’Zj,p,- Mip; = Zie; Viops

where a; , is positive constant.
Jpj

Similarly, construct the actual control law o; and the

adaptation laws ﬁj)Pj and ® jp; S

O, z.
_ LPi"IP; T (— —
0 = ~CipZin, T g P (Xj,pj)¢(xj,pj>
J5Pj

Zis.
~7;,p, tanh ( e > (52)

Uj’Pj

Z: V.
. J5Pj " J>Pj
%o Vi, tanh (v—>
1Pj

y

P _ 1Pj —~

Mip, = Sip Zip, tanh (U‘ ) oSyl (53)
JPj

2
= CipiZip;
O, =

J5Pj 2a2
JPj

¢T (Xj’pi) ¢ (Xj’Pj) B Gj’pjﬁj’pjaj)Pj (54)

The design process of parameters is also similar to Step
j»i; and Step j, 1. Take the following Lyapunov function
candidate:

i o?
JoPj J5Pj
V. =V, + + (55)
JPj Zjpj ZEJ',P]' 2/3]',/)]-

—_ ® _~ = =
where i, = Mipy ~ Tlip, and dDj’p]_ = CDJ-)pj - CDj,pj.

Following the same way as the former steps gives

. o _ 2

VJle = Gj)Pj (”j,Pjr]f,Pj + (I)j’ij)j’P/') - Cj’Pij’Pj
.66
N JsPj
+0.2785v; , +0.27851; , v, + 2

4. Stability Analysis

The main stability results of the MIMO pure-feedback non-
linear systems (1) are presented.

Theorem 11. Supposing that Assumptions 1, 4, and 5 hold and
the above proposed design procedure is employed to MIMO
pure-feedback nonlinear systems described by (1), for ® i, 0) >
0, ﬁj)ij(O) > 0, Vo > 0 and Vi(0) < o, there exist design
parameters c;; , ﬁ]-)ij, £ jip i B Vi % and L, such that

@D Vi) < w for Yt > 0, and hence all of the signals in the
closed-loop systems remain semiglobally uniformly ultimately
bounded;

(2) the output tracking error z;, is such that
limt_mlzj)l(t)l < Ay where A, is a positive constant
depending on the design parameters. Furthermore, the whole
system output tracking error z, = [zl’l,...,zm’l]T satisfies
lim, Nz, ()l < A, with A a positive constant that relies
on the design parameters;

(3) the dynamic system g is bounded, and the control input
constraint is not violated.



Proof. Choose the following Lyapunov function candidate for
the whole systems:

m —
V=2V,
=1
where V, = (1/2) Y77 (22, +Q. #, JE;, + Q,, ¥, /5,
] ij:I Joi; —j,ijﬂ]"j ],1 ]z
2 2 2 2
i) + (U125, + 15 1850+ @5 1B ).
According to (34), (47), and (56), we can obtain the time
derivative of V jas

(57)

Vv

j

pi—1
< sz,ij<| i+l | i1 )|Zj,i]-

ij:1

2
_ Z aj’Pj
J’;—]t J’ 2
1-—1

+ Gj’pj (ﬁj’pjﬁj’pj + q)ijj (Dj’Pj) + 0'2785’1j>PjUJ"Pj

+ Z < +02785Q 17], i +0.2785vj,,-j>

1—1

(58)

N 2
+ Z Q U (’1]1 ’1]1 (Dj)ij(bj’ij) N Cj’Pij’Pj

z-—l

pi—1 2
$ €jit1 _

+ Z - + ej,ij+1:'j>ij+1 ()
ij=1 lj,ij+1

+0.27850;,

Using the following inequalities

n..1.. <
’7],1]-’7],1]- )

2

_ -~ Jij _

DL <
(DJJ;'(DNj )

we can arrive at

pi—1 pi—1

z]-:1 1].:1

pi—1

+ ZQj’ij (|Zf>ij+1 +

ij=1

+ Zl< y]1+1

'ej,ij+1

i=1 ]l+1

1 ~2 =2
- Eaj)Pj (ﬂj>Pj + (DJ"PJ')

*2
’7j,ij

2 1
L < — E . - _ = E
V] = C],zjgj,ijzj,zj 2. Qj,i](f]

s
2
D2

Jotj
2

>

(59)

-2
ii; \Mjid;
) |Zj’ij

=2
+ CDJ.J.J_)

2
Cj »Pj zf »Pj

(60)

| j’ij+lEj’ij+l ()|> *Cio
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pi—1 *
where C; =37, (az.. /2+0.2785Q,, i, vji +0.27850;; +
*2 2 *2
9]1 0, (17 +(D )/2)+0 278517”) " +a /2+0 (nj,pj+
© /2 + 0.2785vj’pj

By completion of squares, one has

P
ej,ij+l:‘j,ij+1(') k;

- 1
e i ()] < L
| Jol i+ 1+ '
i1 2k;,
=2 2 2
—= iiCiiikia %, (61)
Q.. eiillziil< +
Pl |7 I 2 2k

2
— _
Qj,ijzj,ij Qj, ,ij +1

'Zj’ifl = 2 2

Qj,ij le,ij+1

with k;, and k;, being positive constants. Then, we can
further rewrite (60) as

Z J’J—]l J’ - 29]1 (ﬁ?’ij +6§”‘j)

2 2
Zji Zj,ij+1
Cip; JP, ZQJ’ >

Pl [ 22 Pyl 2.
3 Zji; (Pj - 1) kiv % €+l (62)
+ Z P + + Z -
i=1 2k;, 2 i=1 Lii+
2 = 2 2
€5 18541 () Qj,ijej,ij+lkj,2 1
+ +Cio— >
2k, 2 02

Tjp; (ﬁipj + 6?%)

Then, it can be known from [16] that |Ej,i-+l(')| has a
maximum MJ,+1 on the compact set Q]l 1 X Qjg. Let
Uty = sz.,ijﬂ /(2k;1) +Q j,,.jkj)z/z + w; with w; being a
positive constant. Setting G, = 91_11, (aj,ij +1/ (ij)2) + 9j),
Cip, = Q o+ 1/(2k j,2) +9j with 9j being any positive constant,
one has

. Pj
V.<_Z Z . (;72.‘ +62..)+c.
J = j ,” —]l ]’lj Jtj Jotj J
i
i

(63)

1 )
- on,pj (’7]"9]' *

pi—1
=2 2
CDJ’pj) - 'lejej’ij"'l
i=
where Ci=Cjo+(p— l)kj)l/Z. Noting (32), (45), (55), and
(57), it yields

Vjs—)LjVj+Cj (64)

where A ; = min; ;o 2w, 29],011 Eﬂ 20, ,BJI }. Note that

C;/A; can be made arbltrarlly small by decreasmg Cii s B i

,,,,,
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and & i, and meanwhile increasing 0> Bji Vs X and ! i
Hence we can have C;/A; < w by appropriately choosing the

design parameters. It follows from C i /A jfw and (64) that

V. < 0 on the level set V; = w. Therefore, all the signals
of] the closed-loop systems are SGUUB. The property (1) of
Theorem 11 is proved.

Solving (64) shows

Vit)<V;(0)+2 (65)

with X = Cj//\j a positive constant. According to (21), (36),
pj = . . .
and (57), we have )’ i}_]:l Ziij /2 <V ;. Using the first inequality

in (65), the following inequality holds:

lim [z;,|< lim \/2\\7] <V2I=A;, (66)

t—00

Now let us consider the Lyapunov function candidate for
the whole systems as V' = Z;il V. From (65), it can be
derived that

V<

M

[—}tj\_/j + Cj] <-MV+1I (67)

1

j
where B = min{A;,..., A, } and IT = 377, C;. Then, we

further have
V)< [V(©0) -T]z X +T (68)

where I = IT/®R is a positive constant.
Similarly, we have lim,_, ., V(t) < I',which leads to

lim 2z @) < lim \2V() < V2T =4, (69)

Noting that the size of A, depends on the design
parameters ¢; ﬁj,,-j, & Jip O Fiip Viis % and L Thus,
by appropriately online-tuning the design parameters, the
tracking error z; can be regulated to a neighborhood of the
origin as small as desired and property (2) of Theorem 11 is
proved.

Furthermore, for input saturation, there exists a nonneg-
ative scalar Sj to satisty |Aj| < 5]» with Aj = sat(oj) -o0;

j
and x; > ;. Choosing the Lyapunov function candidate

>ij’

. . _ 2 .
quadratic function Ve, a8V = Cgj /2, we can obtain

ij = cosh® ©; (—Kj(@j tanh P+ (sat (oj) - oj))
< cosh? ©; (K]- |pj' — K, tanh ©; —K; 'pj| (70)
+3; |pj|) < cosh? ©; (0.2785Kj - (Kj - 5]-) 'pj|)

If ;] > 0.2785x;/(xk; — T ;), we have ij < 0. Therefore,
©; will lie in the compact set {pjlngjI < 0.2785Kj/(;cj -
3;)} (Vt > 0) and property (3) of Theorem 11 is proved. This
completes the proof. O

5. Simulation Analysis

In this section, two simulation examples are given to show
validity of the proposed method in this paper.

Example 1. Consider the MIMO non-affine nonlinear uncer-
tain systems as follows:

X1 = P11 (X1,1>X1,2) + Dy, (X’ t)
X2 = P12 (X1,1>X1,2>“1 (o)) + D, (x:1t)
Xo1 = 921 (Xa> X2.2) + Doy (X 1)

(71)
X2 = 922 (Xa,> X002 (02)) + Dy (x51)
Y1 = X1
Y2 = X2

where @ ;(x11> X1,2) 02x11x12/5 + X1 + X
P12(X1 X100 u1(01)) = 03x15x1, + 0.25x;,; + 0.5u(0y),
P X22) = 05X + Xoo + Xon and 95,0001
X220 U(0)) = 0-8X§,1X2,2 + )Xo t+ 0.5uy(0,), Dy (x,t) =
0.5 sin(t) cos(0.2t7)* + Xf,le,le,z’ Dy ,(x,t) = 0.5u
0.3 cos(t)’sin(t) + Xf,z + XiaXar Dai(xst)
0.2 sin(t?) cos(0.5t)*  + X1,1X2,1Xf,2 and  D,,(x,t)
0.5 cos(0.2¢%) sin(5t) + Xg,z + X§,1~ u,(0;) and u,(o0,) are
defined as follows:

—+

sign(0,)5.5, |o;| > 5.5

u, (0,) = sat (o) ‘|

01, |01| <5.5
(72)
sign (0,) 4.5, |o,| > 4.5

u, (0,) = sat (o,
05, |02| < 4.5

It can be known that the existence of input
saturation nonlinearity implies that non-affine functions
P20, X120 41(01)) and - @, (X515 X225 U2(0,)) are non-
differentiable. In this case, the existing approaches cannot be
used. However, Assumption 1 in this paper is still satisfied
which means that the scheme proposed here is able to
deal with the control design difficulty in spite of the input
saturation nonlinearity.

According to Theorem 11, the virtual control laws and
actual control laws are constructed as

D,z
L2, ‘/’T (X1,1)¢(X1,1)

S11= 7820 S 2
. Z11 01,4 _ 211
-5, 4tanh (—0 35 ) - 1,1 tanh (—0 25)
62,122,1 T
$31 = =625, — 2%0 12‘/’ (X2,1) ¢ (Xz,l)

I\

. 221024 ~ 2,1
-2y, 4 tanh (T) — 1], tanh (ﬁ)
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D)2,
2><0252¢ (X12)¢(X12)

. Z15V12 _ 221
— 2%, , tanh == ) — tanh (—)
L2 < 0.5 ) 21 0.5

2220212‘/’ (22) (Xz,z)

. Zy2V25 _ 220
- 2%,,tanh | === | - tanh (— )
22 < 0.2 ) 2 0.2

0, =-8zy, -

=-12z,, -

(73)
with adaptive laws
z
#,, = 2z, tanh (0—> 0.15 x 27, 1,
Y 22%1 T .
L= 50052 (X11)¢(X1,1) 0.15 % 29,
z
1121—2221tanh(0 ) 0.1 X 27,4,
2
= %y T/
D, 2><o,12¢ (X )‘/’(le)_Ol(DZI o
7,, = 1.5z, , tanh -0.15 x 1.57; ,,
12 1.2 M2
BY 22%2 T /—
D, = —2><0.252¢ (X12)¢(X12) 0.15 x 29, ,
z
ﬁ22—15222tanh<02 ) 0.1 X 1.57, 5
2
= 222 T (—
22 2‘/’ (Xzz)‘/’(Xzz) 0.10,,
2x0.1
where z,; = X113 - Vi@ Z1p = Xi2 — Vi %21 =

Xo1 = Y2a and z,, = x,, — v,,. Let the initial conditions
be [x1,1(0): %12(0), 2,1 (0), x22(0)) = [0.5,0.2,0.35,0.15]",
D,,(0) = ©,(0) = D,,(0) = D,,(0) = 0and 7,,(0) =
112(0) = 7,,(0) = 7,,(0) = 0. The simulation results are
provided in Figures 1-5.

From Figure 1, we can see that the outputs y; and y, track
the desired trajectories y, ; and y, ; with small tracking error.
Figure 2 shows that the proposed scheme works well with
bounded system inputs, and the response curves of adaptive
parameters (DI 1 s CDIZ’ M2 @2 1 T (Dz 2> and 77, , are
depicted in Figure 3. From Figure 4, it can be seen that the
bounds for z,,, z,, and z,, are not overstepped. Finally,
Figure 5 is given to explain the boundedness of states y; ;,

X120 Xo,1> and x5 5.

Example 2. Consider the following two inverted pendulums
systems composed of spring and damper connections. The

Mathematical Problems in Engineering

Y1 V1d

Y2 Y2,d

0 10 20 30 40 50
Time (s)

FIGURE 1: Outputs y, and y, and desired trajectories y, ; and y, ;.

50
5 0 rw«www
750 I

0 10 20 30 40 50
100
< 0

100 - - - -
0 10 20 30 40 50
Time (s)

FIGURE 2: System inputs #; and u,.

i

50
Time (s)
(Dl,l — 61,2
""" M1 —== 712
04— 0.2
= nahpan o
S E"\'\E\E"‘;"\!“:‘-\ (<
L 02NN NN 5 0.1 S
I3 " ~ Ny b ha'2") =
[(S] 3 (S "
0 0
0 50 0 50
Time (s) Time (s)
— O, — O,
""" M, =

FIGURE 3: Adaptation parameters (Dl AL Pras fos d)z,l, 1> Doy

and 77, ,.
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-027"_95 11

FIGURE 4: Phase portrait of z, |, z, ,, and z, ,.

1.5

1.5

FIGURE 5: Phase portrait of states y; |, x5, X, and x,,.

pendulum angle and angular velocity were controlled using
the torque inputs generated by a servomotor at each base. The
dynamic equations can be described as follows [6]:

1,6, = m,grsin6, — 0.5Fr cos (6, —6) = Tj, +u,
(75)
J,0, = mygrsin0, — 0.5Fr cos (0, — 0) — Ty, +u,

where 6, and 0, are the angular positions, J;, = 1 kgm* and
J, = 1 kgm? are the moments of inertia, m, = 2 kgand m, =
2.5 kg are the masses, ¥ = 0.5 m, F = k(p — ) + bp denotes
the force applied by the spring and damper at the connection
points, and p is the distance between the connection points
as follows:

p

(76)
2
= \jdz +dr(sinf, —sin6,) + % [1-cos (6, -6,)]

1

Y1 V1d

Y2 Y2,d

0 10 20 30 40 50
Time (s)

FIGURE 6: Outputs y, and y, and reference signals y, ; and y, ;.

50
s 0 LWH‘M—*WW—‘
~50 .
0 10 20 30 40 50
100
N 0 VMW
~100 ' ' ' '
0 10 20 30 40 50
Time (s)

FIGURE 7: Control inputs #, and u,.

where d = 0.5 m, k = 150 N/m and b = 1 N sec/m. The
relative angular position 0 can be defined as

(r/2) (cos B, — cos6,) ) 77)

6 = tan”’ ; X
d+ (r/2) (sin 6, — sin6,)

and Ty (i = 1,2) are assumed to be a LuGre friction model
defined as

Tp = s0¢; +51€; + s,0;
6] 79

T+ (T,-T.)exp (-6sea)

where s, = 1 Nm, s; = 1 Nm sec, s, = 1 Nm sec, 0, =
0.1 rad/sec, T, =2 Nmand T, = 1 Nm.
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— 61,1
- === 711
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50
Time (s)
N LA 6
0.1 ’l‘.,r,'."\ o
- A VoA Y e 7y
S hd
= 0.05
(S
0
0 50

Time (s)

Mathematical Problems in Engineering

0] n
0.1 1,2 i‘\l fl;\‘
—~ 199,
0 |me [N
S T
5 0.05 /
— e
© Y
!
0
0 50
Time (s)
0.1 T ——
~ [ .' Y
~ ===y RV \j
(’r“ T “r\ T *2
5005 [~d 1Y
o ' 4
= I
0
0 50
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FIGURE 8: Adaptive parameters @, |, 77, , @, 5, 7., 62,1, 15 622, and 7, ,.

Defining x,, = 0,, X1, = 0., Xoq = 0yand x5, = 0,
system (75) can be rewritten in the following form:

X11 = P11 (X1,1>X1,2) + Dy, (x-1)
Xi2 = P12 (Xl,l’ X120t (01)) + D,, (x:1)
X1 = P21 (Xz,p Xz,z) + Dy, (X’ t)

(79)
X22 = P22 (XZ,I’ X220 Ua (0,)) + D,, (X’ t)
1= X1
Y2 = X2

where ¢, (1) = (1 - e (1 4 e He) 4 Xi2> P12() =
G12(my grsinx, ; —0.5Fr cos(y, 1 =0)—T ;) +g1,u1(01), g1 5 =
/1> 925() = Gan12(05) + g 5 (M, gr sin x, 1 —0.5Fr cos(x,, —
0) = Tr2)s G220 = Ul 921() = (pan + x22)/(1 + xo1) +
X225 Dia(x: 1) = 0.5sin(x1 55,1 X2,2) €08(0.21), D, (x> 1) =
2% Sin(X1,1X1,2X§,1)’ Dy, (xt) = 03 COS(Xf,z + X1,1X2,1) and
Dy,(x,t) = cos()(i1 + X%,z + Xl’l)(sin(t))z. Moreover, u,(0;)
and u,(0,) are described by the following:

sign (o) 4, |01| >4
uy (0,) = sat (0;)
o, o)| <4
(80)
sign (0,) 6.5, |o,| > 6.5

u, (0,) = sat (0,)
0,, |02| <6.5

It can be seen that the non-affine functions are non-
differentiable with respect to ©; and u,. In simulation, choose
the desired reference trajectories as y, ; = 0.5(sin t+sin(0.5¢))
and y, ; = sin(¢); the virtual control laws, actual control laws,
and adaption laws are provided by (25), (52) and (26)-(27),
(53)-(54) with design parametersc,; = ¢, = 6,6, =, =9,
ap; = ay = 02,8, = a4y = 050, = &, = 4

Ay = Gy = 2,0, = v, = 025 0v,; = v,, = 0.1,
Bin = Pip =15 B = By = 2,01, = 0y, = 015
0,1 = 03, = 0.25, 51,1 =2, 51)2 = Ez,z = 2.5, 52,1 = 1.5. Let
the initial conditions be [Xl,l(o)’Xl,Z(O)’XZ,I(O)’XZ,Z(O)]T =
[0.3,0.2,0.5,0.45]", @, ;(0) = @, ,(0) = B, ;(0) = D,,(0) =
0and 7, 1(0) = 7, ,(0) = 7, ,(0) = 7, ,(0) = 0. The simulation
results are provided in Figures 6-8.

As can be seen in Figure 6, the system outputs track the
desired trajectories, perfectly. Figures 7-8 illustrate the system
inputs and adaptive parameters, from which, we can see that
the fairly good tracking performance is obtained.

6. Conclusion

This work for the first time proposes fuzzy adaptive dynamic
surface control design for a larger class of MIMO non-affine
nonlinear systems in the presence of input saturation. To
overcome the design difficulty of input saturation, a novel
auxiliary system with bounded compensation term has been
proposed, and a bounded compensation term of tangent
function is designed in this paper. Thanks to this design,
we successfully relax the strictly bounded assumption of the
dynamic system. SGUUB stability of the closed-loop systems
is rigorously proved by combining Lyapunov theory and
invariant set theory.
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