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Social Power Games for Parallel
Friedkin–Johnsen Models

Lingfei Wang , Yu Xing , Shijie Huang , Claudio Altafini , and Karl Henrik Johansson , Fellow, IEEE

Abstract—In this article, we consider a strategic game
played by a group of agents on a set of opinion dynamics
models. The models are all Friedkin–Johnsen (FJ) models,
which are independent of each other (we call them “paral-
lel FJ models”). The task of an agent is to maximize her
overall social power by allocating a given budget of stub-
bornness across the parallel FJ models. For this game, the
cost function is shown to be convex in the action profile
set, but discontinuous at some boundary points when for
some FJ model only one agent is stubborn (i.e., assign-
ing nonzero stubbornness in the FJ model). Despite the
discontinuity, an Nash equilibrium is shown to exist, but
is not necessarily unique. Some sufficient conditions that
can guarantee the uniqueness are proposed, relying on the
strictly monotone pseudogradient mappings associated to
the game. The conditions are applied to complete graphs
with rank-1 weight matrices, for which the link weights are
unequal for different agents and on different FJ models.
Moreover, for the complete graph case, given the actions
of the other agents, the best response of each agent is
analytically characterized.

Index Terms—Complex networks, network systems,
multi-agent systems, social dynamics.

I. INTRODUCTION

A. Background and Related Works

CONSIDER a social network in which the agents recipro-
cally influence each other through their interactions on
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the network, and a dynamical rule (typically based on some
form of averaging) is used to update the opinions of the agents.
To measure the influence that each agent has in such opinion
propagation process, one can for instance use different centrality
measurements [48], [51], which are determined merely by the
network topology. However, for a process of opinion formation,
a more appropriate assessment should also consider the specific
dynamical rule that is used to propagate the opinions [13], [23],
[28]. For averaging-based models, a natural way to describe an
agent’s influence on the opinion outcome is to use the notion of
social power. For the DeGroot model, for instance, the social
power of an agent can be defined as the agent’s weight in
the weighted average that constitutes the endpoint consensus
value [2], [31]. Specifically, for this case, the definition of
social power coincides with that of eigenvector centrality. This
definition can also be applied to other DeGroot-like models, such
as the Friedkin–Johnsen (FJ) model [23], [35], in which agents
are stubbornly defending their own initial opinions. For the FJ
model, social power is no longer equal to eigenvector centrality,
but can still be regarded as an approximation of it if multiple FJ
models are concatenated in a sequence [6].

Apart from “passive” opinion propagation, a social network
of interactions can be seen as the medium through which an
agent can “actively” spread her influence to the other agents,
and thereby try to impact the decision made collectively by
the group of agents. A widespread objective is to try to steer
the opinions of the agents towards that of an “influencer.”
For instance, a problem widely studied for opinion diffusion
models is seed selection [8], [32], in which an external influencer
needs to carefully choose the seed set to maximize the number
of final “infected” agents. Other variants of this problem on
averaging-based opinion models are also studied in literature,
depending on the various possible optimization targets and ac-
tions of the influencers [25], [34], [37], [55]. The idea of opinion
influence maximization can be extended to the case of two or
more influencers, and a game formulation is normally used for
the model description. More specifically, for some underlying
opinion dynamics model, influencers compete with each other
by investing their limited resource to a group of selected agents,
and a zero-sum game is often constructed in this way [3], [14],
[16], [26].

When it comes to modeling influence maximization, there
are several limitations in the existing literature. First, to the
best of the authors’ knowledge, most of the papers deal with
external influencers. That is, agents who want to maximize
influence always keep their own opinions unchanged. However,
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it is common to see changes in people’s own opinions even
as they try to persuade someone else. Second, the payoff is
normally computed in terms of the opinions themselves, not
of more intrinsic quantities like the social power. Third, in the
game-theoretical formulations, the players only deal with one
playground, while competition over multiple “battlefields” exist
in many real-world scenarios, such as electoral campaigns and
competitive advertising [20], [40]. With the first and second
perspectives in mind [5], [58] developed a strategic game for
the so-called concatenated FJ model, in which the action of each
agent is her stubbornness during the opinion-forming process.
The idea of taking the stubbornness of an FJ model as an action
is also evidenced in [1]. Unlike the aforementioned literature,
the utility of each agent in [58] is her final social power, and the
resulting game is called a social power game. The current paper
further develops the notion of social power game, and applies
it to a scenario in which multiple opinion forming processes
on independent issues are considered. Interestingly, each of the
opinion forming processes can be regarded as a battlefield over
which the agents compete with each other.

B. Main Contributions

The setting we consider here is one of multidimensional
opinions: each agent has a vector of opinions on a number
of subjects that are discussed with the other agents. For each
discussion, an FJ model is applied, but unlike many other works
considering interdependent opinions [38], [43], [61], the topics
under discussion are considered independent, and the interaction
network need not be the same across the topics. Therefore, we
skip the tensor product formalism adopted in [43] and treat the
discussion on each topic as occurring disjointly, independently,
and simultaneously. For simplicity, we refer to our current social
power game as occurring on parallel FJ models. In the social
power game, the action of each agent is her stubbornness over
the FJ models, and the utility is a function of the social power
itself (rather than of the opinions, as in the vast majority of the
literature). More precisely, to accommodate the parallel nature of
the FJ models, the utility is taken as the sum of the social powers
accumulated in each of the parallel FJ meetings we consider.
Under such a formulation, the social power game for parallel FJ
models is strategically equivalent to a zero-sum game.

The main technical problem considered in this article is the
existence and uniqueness of Nash equilibrium (NE) for the social
power game. This is a basic problem for a strategic game, widely
investigated for different games [4], [17], [42], [49]. For the
social power game on parallel FJ models, it is shown that the
cost function of each agent is convex in the feasible set of action
profiles (Proposition 1) but discontinuous for some boundary
points (see Proposition 2). The discontinuity of the cost func-
tions, despite holding on a zero-measure set, poses an issue
when proving the existence of the NE, as the standard results
for continuous games cannot be applied directly. On the other
hand, even for three-player zero-sum games with continuous
and convex cost functions, there is no general result to guarantee
the uniqueness of NE, let alone for the multiplayer games with
discontinuous cost functions studied in this article. Therefore,
a careful analysis tailored to the considered game is needed.

Specifically, our main technical contributions are summarized
as follows.

1) For a single discussion (i.e., a single FJ model), it is proved
that the best strategy of each agent is to increase her
stubbornness as much as possible (see Theorem 1), which
means that the unique NE for the game is that all the agents
are as stubborn as possible.

2) For multiple parallel discussions, we first prove the ex-
istence of NE for the social power game when its action
space is constrained to be strictly contained in the interior
of the positive orthant (see Proposition 3). Then, using
a property of the constrained NE, namely, that it must be
bounded away from the origin (see Lemma 6), the original
social power game is shown to have an NE, which can
be approximated by a sequence of NEs of constrained
social power games (see Theorem 2). Moreover, if the
underlying graphs for the parallel FJ models are the same,
an NE for the game is that all agents distribute their
resource of stubbornness equally over the discussions (see
Proposition 4).

3) To guarantee the uniqueness of NE, we propose a variant of
a widely used condition that assumes strict monotonicity
of the pseudogradient mapping (see Assumption 3). With
this condition, any constrained social power game is first
proved to have a unique NE (see Proposition 5). Then, by
using the equivalence between variational inequality (VI)
problems and NE seeking problems, the uniqueness of
NE for the original social power game is proved through a
sensitivity analysis of the associated VIs (see Theorem 3).

4) The special case that the underlying graphs are all rank-1
complete graphs is studied to give more insights. For
this case, the strong monotonicity condition holds if the
edge weights of each graph are close to each other (see
Lemma 10). In particular, if the graphs are homogenous
and with equal edge weights, the associated social power
game will have a unique NE given that each agent has
enough resource of stubbornness, and the NE corresponds
to each agent being equally stubborn for every FJ model
(see Theorem 4). If the graphs are heterogeneous and
with three agents, under some bounds of the parameters
of the game, a unique NE is also proved to exist (see
Theorem 5). Moreover, given the actions of the other
agents, the best response of an agent is characterized in
Theorem 6.

Compared with the social power game considered in [5] and
[58], the setting investigated in this article is rather different,
since the social power game in [5] and [58] was based on sequen-
tial (“concatenated”) discussions. The differences in the model
formulation imply that the technical problems investigated in
this article are totally different from those of [5] and [58]. For
instance, the main feature of the game in [58], i.e., early mover
advantage, no longer exists for the game studied here.

C. Motivating Examples for the Model

Let us illustrate the motivation for studying the social power
game for parallel FJ models through some examples.
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One reason to consider parallel FJ models is that, in the real
world, complex decision processes are often broken down into
several smaller issues, each discussed in a separate meeting.
These meetings need to maintain some independence and par-
ticularity so that the final decision can take into account differ-
ent factors. A concrete example is the United Nations climate
talks [6]. Every year multiple meetings are held by different
committees, with each committee in charge of a specific aspect
of climate change. Several of these meetings are held in parallel
during a two-week window of time, usually in November and
December, and contribute to the resolutions that are finalized
in the so-called conference of the parties (COP) of which the
committees are subsidiary bodies. By considering an FJ model
for the opinion evolution in each meeting, the social power game
considered in this article can capture the strategic involvement
of the parties participating in the climate talks, in the sense that
each party wants to exert an influence on the final resolution of
the COP, which is as large as possible.

Additional motivation for why we consider parallel FJ models
comes from multilayer social networks [15]. For instance, the
same group of individuals might engage in both a WhatsApp
group (for informal socializing) and a Teams channel (for struc-
tured work coordination). Each platform has its own interaction
topology and dynamics, modeled via separate FJ models. While
social power in a single network reflects sustained leadership in
opinion dynamics, our social power game characterizes agents’
competition for leadership across all layers simultaneously.

Another example of parallel FJ models appears in the leg-
islative process in parliamentary democracies. Often, during its
redaction, a law passes through different committees in charge
of different aspects (e.g., constitutional compatibility, social im-
pact, economic sustainability). It is common that the same mem-
bers of Parliament (MPs) belong to different subcommittees (or,
lumping together MPs into political parties [22], that the same
parties are represented in multiple subcommittees [18]). MPs
(or parties) allocate their influence across the various subcom-
mittees in such a way to maximize their overall leadership. This
phenomenon can be naturally represented within our framework
of parallel FJ models applied to overlapping agent sets.

An important characteristic of the social power game is that
stubbornness can be considered as the action of each agent. In
the context of the UN climate negotiations, this comes from
the observation that stubbornness of an agent can be linked
to the number of speaking occasions in a meeting—speaking
more can be considered a proxy to being more stubborn, see [5]
and [6], for a quantitative analysis on real data. In this context,
imposing “budget constraints,” such as Ki, i ∈ V , is natural,
and motivated by the fact that meetings cannot go on forever
and that no agent can have the monopoly of the discussion.
More stubbornness intuitively leads to more social power, but
the presence of constraints makes the game nontrivial.

Mathematically, the social power game is similar to the mul-
tiplayer Colonel Blotto game [7], [41], which is a resource
allocation game describing the competition among a group of
agents over multiple battlefields. In the social power game,
each meeting or FJ model represents a battlefield, and is val-
ued equally by all the agents. However, instead of obeying a

winner-take-all rule as in standard Blotto games, the agents
in each FJ model play a constant-sum game whose outcome
is linked to how the opinions evolve during the dynamics. In
a general sense, the social power game can be categorized
as a special type of contest game [9] consisting of multiple
subcontests (i.e., FJ models), with the contest success function
(the probability of winning the contest) of each FJ model as the
social power, which is determined by the underlying opinion
formation process and highly nonlinear in the resource (i.e.,
stubbornness) put into that contest.

D. Organization of the Paper

The rest of this article is organized as follows. Section II gives
the notations and some background material. Section III presents
the model and formulates the problems of interest. The main
results are included in Sections IV and V. Finally, Section VI
concludes this article. All proofs are given in the Appendices.

A preliminary version of this paper appeared in ECC24 [59],
and only considers the single meeting case, the constrained
social power game, and the graphs with uniform weights, with all
the proofs omitted. It should be noted that [59] mistakenly claims
nonconvexity of the cost functions on some boundary profiles.
This is not the case, instead the cost functions are convex but
discontinuous on some boundary profiles.

II. NOTATIONS AND PRELIMINARIES

A. Notations

The set of real numbers and integers are denoted by R and Z,
respectively. All vectors are real column vectors and are denoted
by bold lowercase letters, such as x and y. The ith entry of
a vector x is denoted by [x]i or, if no confusion arises, xi.
The symbol diag(x) represents the square matrix with diagonal
entries equal to the entries ofx and the others equal to 0. Matrices
are denoted by the normal upright letters, such as A,B, . . . , of
entries [A]ij or aij (here lowercase letters represent scalars).
Given a vector xk (or a matrix Ak) with subscript k, we use xi,k
(or aij,k) to represent its ith (or ijth) entry. The identity matrix
is denoted by In, with dimension sometimes omitted, depending
on the context. The n-order vector and matrix with all entries
being 0 or 1 are denoted by 0n or 1n, respectively with the
dimensions omitted if there is no confusion. Let ei be the vector
with the ith entry as 1 and all the others as 0. We use [n] to
represent the set {1, . . . , n}. Given a set C, we use |C| to denote
its cardinality. For a finite set of vectors ci, i ∈ V , use (ci)i∈V to
denote (c�1 , . . . , c

�
|V|)

�, and the subscript is sometimes omitted
when no confusion arises, i.e., (ci); for finitely many vector sets
Ci, i ∈ V , their product is denoted as Πi∈VCi or (Ci)i∈V (with
the subscript sometimes omitted), i.e., (Ci) = {(ci) : ci ∈ Ci}.
Given x∗ ∈ R

n, let Br(x∗) be the closed ball centered in x∗

with radius r, i.e., Br(x∗) = {x ∈ R
n : ‖x− x∗‖ ≤ r}. Given

two square matrices A,B ∈ R
n×n, use A � B to imply that

A− B is positive semi-definite; A ≥ B means that Aij ≥ Bij
for all i, j ∈ [n];A is called substochastic ifA ≥ 0 and 1 ≥ A1,
and if the equality holds, A is called stochastic, otherwise A
is called strictly substochastic. Given a real number x, let 	x
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be the nearest integer that is no larger than x. For a sequence
of sets Ck, k ∈ Z+ and a set C, we use Ck ↑ C to denote that
Ck ⊂ Ck+1 ∀k ∈ Z+ and limk→∞ Ck = C.

B. FJ Model

Consider a network with nodes (agents) indexed in V = [n].
It is represented by a directed graph G = (V, E), where E is a set
of ordered pairs of nodes and (i, j) ∈ E represents a link from
node i to node j. A (directed) path is a concatenation of directed
links of E . We say that node i is connected to node j if there
is a directed path from i to j. The graph G is called strongly
connected if any two nodes are connected to each other. Given a
stochastic matrix W = [wij ] ∈ R

n×n, its associated digraph is
denoted GW = (V, EV), where V and EV are the sets of nodes
and edges respectively, with V = [n] and (i, j) ∈ EV if and only
if wji > 0.

The FJ model is a DeGroot-like model for opinion dynamics
in which some agents behave stubbornly, in the sense that they
defend their initial positions while discussing with the other
agents [23]. If n agents participate in a discussion, the FJ model
is

y(t+ 1) = (I−Θ)Wy(t) + Θy(0), t = 0, 1, . . . (1)

where y is the n-dimensional opinion vector, W is a row-
stochastic matrix, and Θ = diag(θ1, . . . , θn), with θi ∈ [0, 1]
representing the stubbornness of agent i. Stubbornness here
means attachment of an agent to her own opinion, represented
by the initial condition y(0) at the beginning of the discussion
(θi = 0 means agent i is not stubborn, θi = 1 means a totally
stubborn agent). Note that stubbornness is different from the
so-called self-appraisal [31] [i.e., the weights of self-loops wii
in (1)], representing how much the agents support their current
opinions (instead of the initial ones) in the update law.

Let GW be the graph associated to W in the FJ model.
Lemma 1 (See [44]): Assume θi ∈ [0, 1] for all i = 1, . . . , n,

and θi > 0 for at least one i. If GW is strongly connected, then
a) (I−Θ)W is Schur stable, i.e., ρ((I−Θ)W) < 1
b) the matrix V = (I− (I−Θ)W)−1Θ is stochastic, and
c) y(∞) = limt→+∞ y(t) = Vy(0).
Lemma 2 (See [57]): Let all the conditions of Lemma 1

hold. If θi = 0, it holds Vji = 0 ∀j ∈ V . If θi > 0, Vii > 0,
and for j �= i, Vji > 0 holds if and only if there exists a path
i→ j1 → j2 → · · · → jH = j such that θjh < 1 ∀h ∈ [H].

C. Game Theory and VI

The definitions about strategic games are from [39].
Definition 1 (Strategic game): Given
1) a finite set of players V ,
2) an action set Ai⊆R

M for each i ∈ V , and
3) a utility function ui : A �→ R for each i ∈ V , with A :=

Πj∈VAj ⊂ R
M |V|.

The tuple 〈V,A, (ui)〉 is called a strategic game.
Any a = (ai)i∈V ∈ A is called an (action) profile, for which

each ai is an action. Given i ∈ V , we use a−i = (aj)j∈V\{i}
to denote the collection of actions of all agents but i. With a

slight abuse of notation, the utility function ui(a) is sometimes
denoted ui(ai,a−i) to emphasize its dependency on ai.

Let u(a) = (ui(a))i∈V ∈ R
|V| be the vector of all utilities

w.r.t. the profile a. If the utility functionsui are all differentiable,
the pseudogradient mapping of the game 〈V,A, (ui)〉 is defined
as ∇au(·) : RM |V| �→ R

M |V|, with

∇au(ā) = (∇ai
ui(āi, ā−i))i∈V ∀ā ∈ A.

In a strategic game, one important concept is that of NE, which
is a special action profile for which no player has any incentive
to change her strategy.

Definition 2 (NE): Given a strategic game 〈V,A, (ui)〉, a
profile a∗ = (a∗i )i∈V is an NE if a∗i ∈ argmaxai∈Ai

ui(ai,a
∗
−i)

holds for all i ∈ V .
The following definitions come from [52].
Definition 3 (VI problem): Given a closed and convex set

Ω ⊆ R
n and a mapping T : Ω �→ R

n, the VI problem, denoted
VI(Ω, T ), consists in finding a vector x∗ ∈ Ω such that

(y − x∗)�T (x∗) ≥ 0 ∀y ∈ Ω

and x∗ is called a solution of VI(Ω, T ). The set consisting all of
solutions of VI(Ω, T ) is denoted S(Ω, T ).

Given a mapping T : Rn → R
n, its graph is G(T ) =

{(x, Tx) ∈ R
n × R

n : x ∈ D(T )}, where D(T ) denotes the
domain of T . The mapping T is called monotone if 〈Tx−
Ty,x− y〉 ≥ 0 ∀x,y ∈ Ω, strictly monotone if the inequality
holds strictly, and (σ-)strongly monotone if for some σ > 0,
〈Tx− Ty,x− y〉 ≥ σ‖x− y‖2 holds for all x,y ∈ Ω. Given
a continuously differentiable function f : Rn → R defined on a
convex set Ω, it is called convex if its gradient operator ∇f is
monotone on Ω, and strictly convex if ∇f is strictly monotone
on Ω.

With these definitions, the following result is a direct appli-
cation of [36, Thm. A(b)].

Lemma 3: Consider a sequence of VIs VI(Ωk, Tk), with Tk
monotone and continuous, Ωk convex and compact. Suppose
there exist a convex compact set Ω and a monotone, continu-
ous operator T such that: 1) Ω ⊆ D(T ); 2) Ωk ↑ Ω ⊆ R

n; 3)
limk→∞ G(Tk) = G(T ); 4) Tk can be continuously extended to
Ω and is uniformly bounded on Ω. If for each k > 0, VI(Ωk, Tk)
has a unique solution xk, and VI(Ω, T ) has a unique solution
x∗, then limk→∞ xk = x∗.

The next lemma is an application of [11, Thm. 2.1].
Lemma 4: Let Ωψ ⊂ R

n be a compact set indexed by
ψ ∈ R≥0, such that Ωψ2

⊂ Ωψ1
for any ψ1 ≤ ψ2. Consider the

VIs VI(Ωψ, T ) for some T : Ω0 �→ R
n. Assume that VI(Ω0, T )

admits a solution x∗. Suppose that for some Br(x∗) with r > 0,
the mapping T is strongly monotone and Lipschitz continuous
over Ω0 ∩ Br(x∗). Then, there exists ψ̄ > 0 such that if ψ < ψ̄,
VI(Ωψ, T ) admits a unique solution xψ in Ω0 ∩ Br(x∗), and
limψ→0 xψ = x∗.

The following lemma is from to (18) in [52], and gives the
relation between NE and the solution of the corresponding VI.

Lemma 5: Given the game 〈V,A, (ui)〉, if for each i ∈ V
1) the action set Ai is closed and convex and
2) the utility function ui(ai,a−i) is continuously differen-

tiable in a and concave in ai for every a−i.
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Then, a profile a∗ is an NE of the game 〈V,A, (ui)〉 if and
only ifa∗i ∈ S(Ai,−∇ai

ui(·,a∗−i))∀i ∈ V , or in compact form,
a∗ ∈ S(A,−∇au(·)).

III. MODEL AND PROBLEM FORMULATION

A. Social Power Game

Consider M independent discussions, with the same group
of participants described by an agent set V = [n]. For each
discussion, say for the mth discussion, the agents interact with
their neighbors over a graph Gm = (V, Em,Wm), with Wm =
[wij,m]i,j∈V ∈ R

n×n
≥0 a stochastic weight matrix, possibly vary-

ing with m ∈ [M ]. The opinions of all agents are collected in a
vectorxm(t) = (xi,m(t))i∈V , with t indexing the time axis in the
mth discussion. Based on the interactions, each agent changes
her own opinion, and the overall opinion evolution is described
by a FJ model, that is

xm(t+ 1) = (I−Θm)Wmxm(t) + Θmxm(0)

where Θm = diag(θ1,m, θ2,m, . . . , θn,m) represents the stub-
bornness of each agent, i.e., the attachment to their initial opin-
ions xm(0), with θi,m ∈ [0, 1] for all i ∈ V and m ∈ [M ]. The
following assumption is used throughout this article.

Assumption 1: For all m ∈ [M ], the graph Gm is strongly
connected, with each node having a self loop, i.e., w :=
min i∈V

m∈[M ]
wii,m > 0.

Define w̄ := max i,j∈V
m∈[M ]

wij,m as the maximum link weight

over all the graphs. Under Assumption 1, it must be w̄ < 1. Note
that the assumed strong connectivity and existence of self-loops
are commonly used in literature [13], [44], [45].

Under Assumption 1, the opinion vector for each FJ model
converges [23], [44]. Moreover, if there exists some θi,m > 0,
from Lemma 1, the solution of the FJ model will be

xm(∞) := lim
t→∞xm(t) = Pmxm(0)

with

Pm = Q−1
m Θm, Qm = I− (I−Θm)Wm. (2)

According to Lemma 1, Pm is a stochastic matrix. Let

Pm = [p1,m, . . . ,pn,m], Q−1
m = [q1,m, . . . ,qn,m] (3)

with pi,m,qi,m being the ith columns of Pm and Q−1
m , respec-

tively. Each entry pji,m of pi,m represents the influence of agent
i’s initial opinion on the final opinion of agent j. In this sense,
the matrixPm encodes the social power of each agent [31], [56].
In this article, we follow the definition of social power from [56].
Given an agent i ∈ V , her social power in the mth discussion is

spi,m :=
1

n
1�pi,m. (4)

Remark 1: In the mathematical sociology literature, the term
social power can be given different meanings from the one of
this article [21]. The definition (4) provides a metric strictly
tailored to the FJ model and available in closed form once pm is
given. Intuitively, the social power defined in (4) represents an

Fig. 1. Hierarchical representation of a five-player social power game.

agent’s average influence on the opinion outcome of the group,
including the impact on her own opinion.

In this article, it is considered that the agents can decide how
much stubbornness will be devoted to each discussion, in order to
obtain the highest total social power over all theM discussions.
To avoid trivial solutions, it is assumed that the total amount
of stubbornness of each agent i is bounded by a constant Ki ∈
(0,M), i.e.,

∑M
m=1 θi,m ≤ Ki. In more detail, we investigate a

strategic game defined as follows.
1) Players: The agents are involved in all theM discussions,

i.e., V = [n].
2) Actions: For each agent i ∈ V , the feasible set of her

actions is

Ai = {θi = (θi,1, θi,2, . . . , θi,M )� s.t.

M∑
m=1

θi,m ≤ Ki and θi,m ∈ [0, 1] ∀m ∈ [M ]}.

3) Utility functions: The utility of each agent i ∈ V is the
corresponding total social power, i.e.,

ui(θi,θ−i) =
M∑
m=1

spi,m(θi,θ−i).

The strategic game 〈V, (Ai), (ui)〉 belongs to a class of games
which we call social power games, as they have the social power
as utility. Note that each graph Gm is fixed.

Remark 2: The social power game 〈V, (Ai), (ui)〉 adopts
a two-layer hierarchical structure, with an action layer deter-
mining the allocation of stubbornness, and an opinion layer
reflecting the opinion evolution described by the FJ models.
This structure is shown in Fig. 1

for a five-player special case. In fact, an FJ model can be
regarded as the best-response dynamics of a quadratic game [24].
The formulation of social power game thus resembles that of
hierarchical games [10], [27], with each FJ model in the opinion
layer corresponding to a quadratic subgame, affected by the
actions of all agents (i.e., {θi}) in the action layer. Different from
classic hierarchical games, such as leader–follower games [30],
the players in both layers of the social power game are the same,
and the cost functions in the action layer are not affected by the
equilibrium states of the opinion layer directly, but determined
by the social power that is independent of specific opinion
values.
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Remark 3: From the definition of social power in (4), it
is easy to see that

∑
i∈V ui(θ) =M holds for any θ ∈ (Ai).

This means that the social power game is a constant-sum
game, and hence, it is strategically equivalent to a zero-sum
game.

B. Problem of Interest

For the social power game 〈V, (Ai), (ui)〉, a first problem of
interest is the existence and uniqueness of the NE. As will be
shown in the following, the cost functions of the game are dis-
continuous on some boundary points of the feasible set of action
profiles. Therefore, standard analysis for convex games cannot
be applied directly to our social power game. For this reason, we
propose below some conditions that guarantee the existence and
uniqueness of the NE. Another related problem is to understand
the best response of each agent i, that is, given the actions of
the other agents, what action should agent i take in order to
maximize her total social power? Here, action means allocation
of her budget of stubbornness across theM discussions. Written
in a mathematical form, the following optimization problem
needs to be solved

Minimize
θi

−
M∑
m=1

spi,m(θi,θ−i)

s.t.
M∑
m=1

θi,m ≤ Ki; 0 ≤ θi,m ≤ 1 ∀m ∈ [M ]. (5)

Here, θ−i is fixed, and spi,m is a function of θi, or more
specifically, θi,m.

IV. EXISTENCE AND UNIQUENESS OF THE NE

In this section, first we deal with the social power optimiza-
tion problem (5), then the results are applied to investigate the
properties of NE for the social power game 〈V, (Ai), (ui)〉.

A. Single Meeting

Before going to more general cases, consider a single FJ
model as the simplest case, i.e., M = 1. A straightforward
intuition is that more stubbornness will result in a higher social
power. The intuition is proved rigorously in this section.

For the simplicity of notation, we omit m in the subscripts,
and use W, Θ, spi to represent the weight matrix, stubbornness
matrix and social power of agent i, respectively. Moreover, we
use θi instead of θi to indicate that the action of agent i is a
scalar.

Theorem 1: Consider the social power optimization prob-
lem (5) withM = 1. Let Assumption 1 hold. If there exists j �= i
such that θj > 0, the solution to the problem (5) is θi = Ki;
otherwise any θi ∈ (0,Ki] is the solution of (5).

The proof of Theorem 1 is given in Appendix A.
Remark 4: Theorem 1 implies that θi = Ki is the only

dominant strategy of agent i. Therefore, the social power game
〈V, (Ai), (ui)〉 has a unique NE, i.e., θ∗ = (Ki)i∈V , regardless
of the underlying network topology.

B. Multiple Meetings: Existence of the NE

AssumeM > 1. It is hard to give an analytical solution to the
problem (5). However, as shown in the following, the problem
(5) is a convex optimization problem.

Proposition 1: Consider the social power optimization prob-
lem (5) with M > 1. Let Assumption 1 hold. The cost function
−ui(θi,θ−i) is convex in the argument θi ∈ [0, 1]M . Moreover,
if for all m ∈ [M ], there exists j �= i such that θj,m > 0, then
the cost function is strictly convex.

The proof of Proposition 1 is given in Appendix B.
According to the well-known result in [49], if a strategic game

has continuous and convex cost functions, then an NE must exist.
However, for the social power game 〈V, (Ai), (ui)〉, the cost
function −ui(·,θ−i) is discontinuous on the boundary profiles
corresponding to all the other agents taking zero stubbornness
in some FJ model.

Proposition 2: Consider a profile θ0 ∈ (Ai) such that
θ0i,m0

= 0 ∀i ∈ V for a given m0 ∈ [M ]. For any i ∈ V , the
cost function −ui(·,θ0

−i) is discontinuous at θ0
i .

The proof of Proposition 2 is given in Appendix B.
Remark 5: In general, for a strategic game, discontinuity

of the cost functions on even one boundary point could lead to
inexistence of (pure) NE, see Sion’s example in [54]. Toward this
problem, various existence conditions have been proposed [12],
[46], [47]. However, none of them can be applied directly to the
game in this article. For instance, the condition in [12] requires
the lower semi-continuity of the so-called “value function,”
which is hard to verify for the social power game 〈V, (Ai), (ui)〉.
The condition in [46] instead requires that for all θi ∈ Ai,
ui(θi,θ−i) is lower semi-continuous in the argumentθ−i, which
does not hold when we take θ = 0.

To prove the existence of the NE in this article, we first
consider a constrained game 〈V, (Aδ

i ), (ui)〉, and then use it
to approximate the original social power game 〈V, (Ai), (ui)〉.
Specifically, 〈V, (Aδ

i ), (ui)〉 is a social power game with the
same utility (or cost) functions as those in 〈V, (Ai), (ui)〉, but
the action profile Aδ is a subset of A, defined as

Aδ := (Aδ
i ), Aδ

i := [δ, 1]M ∩ Ai δ > 0.

This means that each agent should have some stubbornness,
which is different from 〈V, (Ai), (ui)〉.

From [49, Thm. 1], the following proposition holds.
Proposition 3: Consider the constrained social power game

〈V, (Aδ
i ), (ui)〉. Under Assumption 1, an NE exists.

Furthermore, any NE of the constrained social power game is
bounded away from 0 even for an arbitrarily small δ.

Lemma 6: Consider the constrained social power game
〈V, (Aδ

i ), (ui)〉. Let Assumption 1 hold. For any of its NEs,
denoted as θδ∗ = (θδ∗i ), there exists an ε̄ > 0 such that for all
δ ∈ (0, 1) and m ∈ [M ], it holds maxi∈V θδ∗i,m ≥ ε̄ > 0.

The proof of Lemma 6 is given in Appendix B.
Remark 6: The idea of the proof is to show that if all agents

take small stubbornness at some meeting, there must be an
agent who can increase her overall social power by being more
stubborn at the meeting. From the proof, ε̄ can take any value
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such that 1−w̄
n 1�qi,m > M

minj∈V Kj
∀m ∈ [M ], which does not

depend on δ. Moreover, the proof still holds for δ = 0, that is,
any NE θ∗ of the social power game 〈V, (Ai), (ui)〉 satisfies
maxi∈V θ∗i,m ≥ ε̄ > 0 ∀m ∈ [M ].

With Lemma 6, the following theorem can be obtained.
Theorem 2 (Existence of NE): Let M > 1. Under Assump-

tion 1, the social power game 〈V, (Ai), (ui)〉 admits an NE.
The proof of Theorem 2 is given in Appendix C.
From the proof of Theorem 2, it can be seen that as δ → 0, any

accumulation point of the NEs of the constrained social power
games 〈V, (Aδ

i ), (ui)〉 becomes an NE of the social power game
〈V, (Ai), (ui)〉.

If the underlying graph is fixed, i.e.,W1 = · · · = WM , an NE
for the game 〈V, (Ai), (ui)〉 can be that each agent allocates her
stubbornness equally over all the meetings, as in the following
Proposition 4.

Proposition 4: Consider the social power game
〈V, (Ai), (ui)〉 with a fixed graph G for all m ∈ [M ]. Let
Assumption 1 hold. The game has the NE θ∗ = (θ∗

i ), with
θ∗
i =

Ki

M 1 for all i ∈ V .
The proof of Proposition 4 is given in Appendix C.
In Proposition 4, the equilibrium strategy of each agent is to

allocate her budget of stubbornness evenly over all the FJ meet-
ings. From the proof, the NE is generated by the convexity of the
cost functions. This can also be understood intuitively: given that
the network structure is issue-invariant and all the other agents
take the equilibrium strategies, there is no particular benefit to
be gained from assigning a greater degree of stubbornness to
any particular issue.

C. Multiple Meetings: Uniqueness of the NE

Given a strategic game, we are also interested in whether
the NE is unique or not, if it exists. For the social power
game 〈V, (Ai), (ui)〉 with general and heterogeneous underly-
ing topologies, the answer should be no, as indicated by the
following example.

Example 1: Consider a two-player game 〈V, (Ai), (ui)〉
with V = {1, 2}. Let K1 = 3.4,K2 = 0.45, and M = 5. The
weight matrices are W1 = W2 = W3 = 0.511�, and W4 =

W5 =

(
0.95 0.05
0.95 0.05

)
. It can be verified that the two profiles

θ∗ and θ̄
∗

are both NEs, where

θ∗
1 = (1, 1, 1, 0.2, 0.2)�, θ∗

2 = (0.15, 0.15, 0.15, 0, 0)�;

θ̄
∗
1 = (1, 1, 1, 0.19, 0.21)�, θ̄

∗
2 = (0.15, 0.15, 0.15, 0, 0)�.

In fact, all convex combinations of θ∗ and θ̄
∗

are NEs.
Remark 7: For the NEs shown in Example 1, agent 2 always

chooses to be nonstubborn for the last two meetings. Intuitively,
this is because agent 1 takes a significant advantage (in the sense
of gaining more social power) from the overall stubbornness
budget and the edge weights for the meetings 4 and 5, which
forces the agent 2 to put all her resource into the meetings for
which it is easier for her to get more social power (i.e., the
meetings 1–3). This advantage of agent 1 also gives her more
“freedom” to act in the meetings 4 and 5, and results in multiple
NEs. �

Example 1 indicates that for the social power game
〈V, (Ai), (ui)〉 to admit a unique NE, one needs to exclude the
case that for some meetings only one agent is stubborn, while
all the others stay silent (i.e., non-stubborn). Technically, the
assumption is stated as follows, and will be discussed in more
detail in the following Subsection IV-D.

Assumption 2: Let θ∗ be any of the NEs of the social power
game 〈V, (Ai), (ui)〉. For any m ∈ [M ], there exist at least two
agents i1 and i2 such that θ∗i1,m, θ

∗
i2,m

> 0.
Assumption 2 is not enough to guarantee the unique-

ness of NE. We need to consider the pseudo-gradient of
the cost functions in (5), i.e., −∇θu(θ) = −(∇θi

ui(θ))i∈V ,

where ∇θi
ui(θ) = (

∂spi,1(θ)
∂θi,1

, . . . ,
∂spi,M (θ)

∂θi,M
)� ∀i ∈ V . Note

that −∇θu(θ) is well-defined for all θ ∈ Ao, where Ao is the
set of action profiles with at least two agents being stubborn in
each meeting, i.e,

Ao := {θ ∈ A : 0 < max
i∈V

θi,m <
∑
i∈V

θi,m ∀m ∈ [M ]}.

Denote J(θ) ∈ R
nM×nM the Jacobian of the pseudogradient

−∇θu at θ ∈ Ao. The following assumption is made in this
section.

Assumption 3: For all θ ∈ Ao, there exists σ(θ) > 0 such

that J(θ)+J(θ)�
2 � σ(θ)I.

Note that Assumption 3 is a technical condition that is widely
used in uniqueness analysis of NE, see [19] and [52] for instance.
Under Assumption 3, the pseudogradient −∇θu(θ) on any
constrained action set (Aδ

i ) becomes strongly monotone, as
shown in the following lemma.

Lemma 7: Consider the constrained social power game
〈V, (Aδ

i ), (ui)〉. Let Assumptions 1 and 3 hold. The pseudo-
gradient mapping −∇θu is σδ-strongly monotone, with σδ =
minθ∈(Aδ

i )
σ(θ) > 0.

The proof of Lemma 7 is given in Appendix D.
Given that −∇θu is strongly monotone, the VI problem

VI(Aδ,−∇θu) has a unique solution, which, combined with
Lemma 5, directly gives the following proposition.

Proposition 5: Let Assumptions 1 and 3 hold. For any δ ∈
(0, 1), the constrained social power game 〈V, (Aδ

i ), (ui)〉 admits
a unique NE.

With Proposition 5, the uniqueness of NE for the social power
game 〈V, (Ai), (ui)〉 can be obtained.

Theorem 3 (Uniqueness of NE): Let Assumptions 1–3 hold.
The social power game 〈V, (Ai), (ui)〉 has a unique NE.

The proof of Theorem 3 is given in Appendix D.
The proof of Theorem 3 relies heavily on Assumptions 2

and 3, which are however challenging to be verified for general
network topologies. One might ask in what sense Assumptions 2
and 3 are valid. For this question, we will first propose some
sufficient conditions for achieving Assumption 2 in the next
subsection, and then study some special networks as applications
of Assumptions 2 and 3 in Section V.

D. Sufficient Conditions for Assumption 2

Assumption 2 is a requirement on the properties of NEs,
which is an indirect assumption, in the sense that it cannot be
verified directly from the parameters of the game. Nevertheless,
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Assumption 2 will be satisfied if the following assumption is
added to the game.

Assumption 4: For the social power game 〈V, (Ai), (ui)〉, at
least one of the following conditions holds:

1) there are two agents i1, i2 ∈ V with Ki1 ,Ki2 > M − 1;
2) there are two agents i1, i2 ∈ V with Ki1 ,Ki2 >

maxi∈V Ki − ε̄, where ε̄ is the constant defined in
Lemma 6.

Lemma 8: For the social power game 〈V, (Ai), (ui)〉, if
Assumptions 1 and 4 hold, Assumption 2 must hold.

The proof of Lemma 8 is given in Appendix E.
Assumption 4 only makes constraints on the stubbornness

budgets {Ki : i ∈ V}. As a special case, if all the agents have
a same stubbornness budget, i.e, Ki = Kj for all i, j ∈ V ,
Assumption 4 will be satisfied.

When taking also the network topologies into account, we
need to define i′ = argmaxi∈V Ki (here we consider the case
that only one agent has the maximum stubbornness budget) and
for i �= i′

q̄i = max
m∈[M ]

{1�qi,m : θi,m =
Ki

M − 1
,

θi′,m = 1 and θj,m = 0 ∀j �= i, i′}
q
i
= min
m∈[M ]

{1�qi,m : θi,m = 0,

θi′,m = 1 and θj,m = 0 ∀j �= i, i′}. (6)

As θi′,m = 1, the matrix (I −Θm)Wm is strictly substochastic.
Therefore, for each i �= i′ andm ∈ [M ], qi,m is well-defined in
(3). Due to the fact that [M ] is a finite set, both q̄i and q

i
are

well-defined.
Assumption 5: For the weight matrices {Wm : m ∈ [M ]}

and stubbornness budgets {Ki : i ∈ V}, it holds q̄i < q
i

for all
i ∈ V .

Lemma 9: For the social power game 〈V, (Ai), (ui)〉, if
Assumptions 1 and 5 hold, Assumption 2 must hold.

The proof of Lemma 9 is given in Appendix E.
Lemmas 8 and 9 give two concrete cases in which Assump-

tion 2 holds. Intuitively, Assumption 4 requires that no agent has
resource of stubbornness that is overwhelmingly larger than the
others’. Assumption 5 is rather technical. In fact, it is easy to see
that the entries of each qi,m are monotonically decreasing with
θi,m (given θj,m ∀j �= i). Therefore, q̄i < q

i
implicitly requires

that for each m ∈ [M ], 1�qi,m should decrease sufficiently
when θi,m changes from 0 to Ki

M−1 .

V. RANK-1 COMPLETE GRAPHS

In this section, we focus on complete graphs to give more
insights of the conditions in the last section. The best-response
dynamics for each agent is also investigated. The complete struc-
ture can be used to describe the interactions in many real-world
meetings (see [5] and [6] for applications on the UN climate
talks), in which all attendees make speeches and are heard by
the others. Moreover, for the simplicity of technical analysis, we
assume that the weight matrices are all of rank-1.

Specifically, let the rows of eachWm be identical, i.e.,Wm =
1c�m with cm = [ci,m] ∈ R

n
>0 satisfying c�m1 = 1 ∀m ∈ [M ].

According to the Sherman–Morrison formula [53], given θ ∈
(Ai) andΘm = diag(θ1,m, . . . , θn,m), the matricesPm andQm
can be calculated as follows:

Pm = Θm +
(I−Θm)1c�mΘm

c�mΘm1
, Q−1

m = I +
(I−Θm)1c�m

c�mΘm1
.

(7)
From (6), we can further obtain

q̄i = max
m∈[M ]

{
1 +

(n− 2)ci′,m +
(
1− Ki

M−1

)
ci,m

ci′,m +
ci,mKi

M−1

}
, q

i
= n

which gives q
i

− q̄i = maxm∈[M ]

{
ci′,m+(

nKi
M−1−1)ci,m

ci′,m+
ci,mKi
M−1

}
.

Therefore, Assumption 5 is satisfied if

Ki ≥ M − 1

n
, i ∈ V.

This will be made as an assumption throughout this section.

A. NE Properties

First, we consider the constrained social power game
〈V, (Aδ

i ), (ui)〉. The following lemma can be obtained.
Lemma 10: Consider the constrained social power game

〈V, (Aδ
i ), (ui)〉withWm = 1c�m ∀m ∈ [M ]. If cm ≥ ᾱ

n1 holds
for all m ∈ [M ], with ᾱ satisfying

ᾱ >
1

1 + (n−1)(2ᾱδ−ᾱ2δ2)
n3

(8)

the pseudogradient mapping −∇θu is β(ᾱ)
n -strongly monotone

on (Aδ
i ), where β(·) is defined as in (22), with b̄ = ᾱδ.

The proof of Lemma 10 is given in Appendix F.
From the proof of Lemma 10, we know that Assumption 3 is

satisfied forAδ . Applying Proposition 5, the following corollary
is immediately obtained.

Corollary 1: Consider the constrained social power game
〈V, (Aδ

i ), (ui)〉withWm = 1c�m ∀m ∈ [M ]. If cm ≥ ᾱ
n1 holds

for all m ∈ [M ], with ᾱ satisfying (8), the social power game
〈V, (Aδ

i ), (ui)〉 has a unique NE.
Now we turn to the original social power game

〈V, (Ai), (ui)〉. It is easy to see that if ᾱ = 1, the inequality (8)
is satisfied for any δ ∈ (0, 1). This, combined with Proposition 4
and Theorem 3, implies that if the underlying network is a fixed
complete graph with uniform weights over all the agents, the
social power game 〈V, (Ai), (ui)〉 admits a unique NE, as shown
in the following theorem.

Theorem 4: Consider the social power game 〈V, (Ai), (ui)〉
with Ki ≥ M−1

n ∀i ∈ V and Wm = 1
n11

� ∀m ∈ [M ]. A
unique NE θ∗ = (θ∗

i ) exists, with θ∗
i =

Ki

M 1 ∀i ∈ V .
Uniform weights mean that the agents have the same network

eigencentrality. In this sense, Theorem 4 indicates that if the
agents are of the same importance in the network, the unique
NE of the social power game must be that each agent assigns
her resource of stubbornness equally over all the meetings.
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Again from the proof of Lemma 10, it can be seen that for

Assumption 3 to be satisfied, it suffices to let each Jm+J�
m

2
be positive definite over Ao. With this idea, for the case that
n = 3 (i.e., the number of participants in the meetings is 3), the
following theorem can be obtained.

Theorem 5: Consider the constrained social power game
〈V, (Ai), (ui)〉 with n = 3 and Wm = 1c�m ∀m ∈ [M ]. Let
Assumption 1 hold. Assume thatKi ≥ M−1

3 ∀i ∈ V . If 3ci,m >∑
h �=i ch,m hold for all i ∈ V and m ∈ [M ], the game admits a

unique NE.
The proof of Theorem 5 is given in Appendix F.
Recall that for general multiplayer (i.e., more than two play-

ers) constant-sum games, there is no simple rule to guarantee
the existence and uniqueness of NE. For our three-player social
power games over complete graphs, which is a special case of
constant-sum game, Theorem 5 gives some sufficient conditions
that are easy to verify, i.e.,Ki ≥ M−1

3 , 3ci,m >
∑
h �=i ch,m ∀i ∈

V,m ∈ [M ].

B. Best-Response Dynamics

For a strategic game, another important problem is how the
players will learn to play the game. If the game is repeated, a
well-studied learning process is best-response dynamics, under
which the NE can be achieved for some special games such as
potential games [33], [49]. This section characterizes the best-
response dynamics for the social power game.

Consider an agent i ∈ V . Given the actions of the other agents,
the best response of i is the solution of the optimization problem
(5), or by taking the explicit form Wm = 1

n1c
�
m into it, the

following

Minimize
θi

M∑
m=1

ri,m(n− si,m − θi,m)

ci,mθi,m + ri,m

s.t.
M∑
m=1

θi,m = Ki; 0 ≤ θi,m ≤ 1 ∀m ∈ [M ] (9)

where the values of ri,m :=
∑
h �=i ch,mθh,m and si,m :=∑

h �=i θh,m do not depend on θi,m. Moreover, define 
i,m :=√
r2i,m + ci,mri,m(n− si,m) ∀m ∈ [M ]. By considering the

Laplacian function of (9) and exploiting the KKT conditions,
we can obtain the following theorem, for which the detailed
proof is omitted for the lack of space.

Theorem 6: Consider the social power optimization problem
(9) with si,m > 0 for allm ∈ [M ]. There exists a unique division
of the set [M ], [M ] = M0 ∪M∗ ∪M1, such that

1) if m ∈ M0, it holds �i,m
ri,m

≤ ζ,

2) if m ∈ M∗, it holds �i,m
ci,m+ri,m

< ζ <
�i,m
ri,m

, and

3) if m ∈ M1, it holds ζ ≤ �i,m
ci,m+ri,m

where ζ is defined as ζ :=

∑
m∈M∗

�i,m
ci,m

Ki−M1+
∑

m∈M∗
ri,m
ci,m

, with M1 =

|M1|. Moreover, the optimization problem (9) admits a unique

solution θ∗
i ∈ [0, 1]M , with

θ∗i,m =

⎧⎨
⎩
0, if m ∈ M0
�i,m
ci,mζ

− ri,m
ci,m

, if m ∈ M∗
1, if m ∈ M1.

(10)

The meaning of the parameter ζ is that, when taking the
best-response strategy, the marginal increase of social power
on the meetings in which agent i is partially stubborn (i.e.,
θi,m ∈ (0, 1)) are all equal to ζ2. In fact, by taking the partial
derivative of the cost function in (9) w.r.t θi,m, it can be seen that
the marginal benefit of being more stubborn at the mth meeting

is
�2i,m

(ci,mθi,m+ri,m)2 . Therefore, Theorem 6 says that agent i’s
best response is to be nonstubborn (fully stubborn) when the
marginal benefit is less (larger) than ζ2.

Remark 8: Theorem 6 indicates that the parameter ri,m, as
the sum of stubbornness of the other agents weighted by their
network centralities (cj,m, j �= i), plays an important role in
determine the best response of agent i. In particular, if ri,m
is small, 
i,m becomes small and thereafter, li,m

ci,m+ri,m
becomes

small. For this case, any optimal strategy of agent i will have
θi,m ∈ (0, 1) instead of θi,m = 1. Intuitively, the reason is that
agent i can obtain a high social power by being mildly stubborn at
the meeting when the other agents have low network centralities
or do not put much stubbornness resource onto it. Therefore, a
better strategy for agent i is to save some resource in meetingm
for the competition in the other meetings.

Remark 9: Theorem 6 does not specify a clear form of
M0,M1, and M∗. However, it gives an idea to solve the prob-
lem (9) in finite time. To do this, first sort the indexes of meetings
along a decreasing order of �i,m

ci,m+ri,m
, say, i1, i2, . . . , iM , and

sort the indexes of meetings along an increasing order of �i,m
ri,m

,

say, i1, i2, . . . , iM . Second, we go through the two sequences,
construct M1 (M0) by adding each im (im) to it one by one,
and check if the conditions 1)–3) in Theorem 6 are satisfied. Due
to the existence of a solution for the problem (9), this conditions
should be satisfied in finite time, and we can then calculate all
θ∗i,m in M∗.

Example 2: Consider a social power game 〈V, (Ai), (ui)〉
with 5 players, i.e.,V = [5]. LetM = 5. For eachm = 1, . . . , 5,
letWm = 1c�m, with cm = 0.5em + 0.11 being a simplex. The
agents have the same stubbornness budget, i.e., Ki = 1.2 ∀i =
1, . . . , 5. First, choose the initial stubbornness profile θ (each
column corresponds to an agent) as

θ =

⎛
⎜⎜⎜⎜⎝

0.3 0.37 0.01 0.25 0.25
0.23 0.15 0.28 0.15 0.13
0.35 0.46 0.05 0.46 0.15
0.19 0.18 0.48 0.03 0.41
0.13 0.04 0.38 0.31 0.26

⎞
⎟⎟⎟⎟⎠ .

Then, let each agent follows the best-response dynamics. The
trajectory of θ1 is shown in Fig. 2(a),

from which it can be seen thatθ1 converges. In fact, in the sim-
ulation, θ converges to 0.1966I + 0.200711� (some remaining
digits are omitted), which can be verified to be close to an NE.
This also aligns with Remark 8, as in the equilibrium strategy,
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Fig. 2. Plot for Example 2. Each curve corresponds to a trajectory of
θ1,m, generated by the best-response dynamics.

each agent i is not totally stubborn in the meeting that he/she
has high network centrality (i.e., m = i, in which ci,m = 0.6).
However, the convergence not necessarily occurs. If we choose
the initial stubbornness profile θ as

θ =

⎛
⎜⎜⎜⎜⎝
0.14 0.4 0.03 0.09 0.22
0.01 0.1 0.5 0.18 0.29
0.19 0.02 0.25 0.15 0.07
0.4 00.31 0.04 0.3 00.29
0.46 0.37 0.38 0.48 0.33

⎞
⎟⎟⎟⎟⎠

the best-response dynamics will oscillate, as shown in Fig. 2(b).

VI. CONCLUSION

This article studied a social power game for parallel FJ
models, in which each FJ model describes an opinion evolution
process disjoint and independent from the others, but involving
the same agents. The scope of the game is to allocate a budget
of stubbornness across the parallel FJ models so as to maximize
the sum of the social powers achieved in the models. Under
this formulation, the social power game becomes an n-player
constant-sum game, with a cost function which is discontinuous
on some boundary point of the action space. In spite of the lack
of continuity, we were able to prove that an NE exists for the
game by approximating the NEs with a sequence of continuous
convex games. In addition, if the pseudogradient mapping inside
the action space satisfies some strict monotonicity assumptions,
the uniqueness of the NE is also guaranteed. These conditions
were further applied to the case of rank-1 complete graphs, for
which the best response dynamics of the social power game was
characterized. Note that the game considered in this article is
static essentially. An interesting future direction is to extend the
model to an online scenario in which the agents need to take
actions dynamically. Another interesting direction is the reverse
problem—inferring network structures from observed actions
using general network learning methods, such as those in [50]
and [60], which could further broaden the applicability of the
social power game framework.

APPENDIX A
PROOF OF THEOREM 1

If θj = 0 for all j �= i, for any θi > 0, it must be spi = 1,
which is the upper bound of any social power by definition.
Therefore, any θi ∈ (0,Ki] is a solution of (5).

Consider the case that there exist j �= i such that θj > 0. Ac-
cording to Lemmas 1 and 2,Q = I− (I−Θ)W andP = Q−1Θ
are well-defined. The social power of agent i is spi =

1
n1

�Pei.
To prove that the only solution to the problem (5) is θi = Ki,
it suffices to prove that spi(θi,θ−i) is monotonically increasing
with relation to θi. This obviously holds at the point θi = 0,
since spi(0,θ−i) = 0 < spi(θi,θ−i) for any θi > 0.

We now consider θi > 0. From the derivative of matrix in-
verse, i.e., ∂Q

−1

∂θi
= −Q−1 ∂Q

∂θi
Q−1, we have

∂P

∂θi
=
∂Q−1

∂θi
Θ+Q−1 ∂Θ

∂θi
= −Q−1eie

�
i WQ−1Θ

+Q−1eie
�
i = −Q−1eie

�
i WQ−1Θ+Q−1eie

�
i .

(11)
Let W = [wij ] = [w1,w2, . . . ,wn]

�, P = [pij ] = [p1,p2,
. . . ,pn], and Q−1 = [qij ] = [q1,q2, . . . ,qn]. Then

∂pi
∂θi

=
(−Q−1eie

�
i WQ−1Θ+Q−1eie

�
i

)
ei

= −qiw
�
i pi + qi = qi(1−w�

i pi) (12)

and if θi > 0

∂pi
∂θi

=
1

θi
pi
(
1−w�

i pi
)
. (13)

Note that (I−Θ)W is strictly substochastic. From the proof of
Lemma 2 in [43], (I−Θ)W is Schur stable. Accordingly

Q−1 = I +

∞∑
k=1

[(I−Θ)W]k (14)

and qii > 1 ∀i ∈ V, which gives 1�qi = 1�Q−1ei ≥ 1�ei >
0. From the strong connectivity of the graph, there ex-
ists a path j1 = j → j2 → · · · → jH → i. If θjH = 1, it
holds pjH i = 0, and w�

i pi =
∑
� �=jH wi�p�i ≤

∑
� �=jH wi� <

1. If θH < 1, there must exist h ∈ [H − 1] with θh > 0 and
θh′ < 1 ∀h′ > h. From Lemma 2, pjHjh > 0, which yields
pjH i < 1 due to the stochasticity of P. Therefore, w�

i pi <

wjH i +
∑
� �=jH wi�p�i ≤ 1. From (12), we then have ∂spi

∂θi
=

1
n1

�qi(1−w�
i pi) > 0, i.e., spi is strictly monotonically in-

creasing with the argument θi. The proof is then completed. �

APPENDIX B
PROOFS FOR PROPOSITIONS 1, 2, AND LEMMA 6

Proof of Proposition 1: According to the definition of social
power, given θ−i, spi,m is determined by θi,m. Therefore, it
suffices to prove that for allm ∈ [M ],−spi,m is (strictly) convex
with relation to θi,m ∈ [0, 1].

We first consider the case that θ−i,m �= 0 holds for all m ∈
[M ]. Givenm ∈ [M ], it is easy to see that spi,m is continuously
differentiable with relation to θi,m. We only need to prove that
the second order derivative of spi,m is negative for θi,m > 0. For
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the simplicity, we omit the indexm in the following proof when
there is no confusion. According to (11), we have

∂2P

(∂θi)2
= −∂Q

−1

∂θi
eie

�
i WQ−1Θ−Q−1eie

�
i W

∂Q−1

∂θi
Θ

−Q−1eie
�
i WQ−1 ∂Θ

∂θi
+
∂Q−1

∂θi
eie

�
i

= 2Q−1eie
�
i WQ−1eie

�
i WQ−1Θ

− 2Q−1eie
�
i WQ−1eie

�
i (15)

where P and Q are defined as in (2) and (3) (with the subscript
m omitted). Similar to the proof of Theorem 1, we have

n

2

∂2spi
(∂θi)2

= 1�qiw�
i qiw

�
i pi − 1�qiw�

i qi

= −1�qiw�
i qi(1−w�

i pi) < 0. (16)

Therefore, −spi is strictly convex with relation to θi.
Now we consider that for some m ∈ [M ], θ−i,m = 0. For

this case, the mth FJ model degenerates to a DeGroot model.
It is easy to see that −spi,m = −ξi,m for θi,m = 0, with ξi,m
as the mth entry of the normalized left eigenvector of Wm that
corresponds to the eigenvalue 1, and −spi,m = −1 if θi,m > 0.
Therefore,−spi,m is convex for θi,m ∈ [0, 1]. Combining all the
arguments, the proof is completed. �

Proof of Proposition 2: The notation in the proof of Propo-
sition 1 is followed. On one hand, we know that spi,m0

=
ξi,m0

∈ (0, 1) hold for all i ∈ V . On the other hand, consider
θδi := θ0

i + δζ for δ > 0, where ζ ∈ R
M is chosen such that

θδi ∈ Ai, ζm0
> 0 and sgn(ζm) = − sgn(θ0i,m) for allm �= m0.

Then we have that spi,m0
(θδi ,θ

0
−i) = 1 holds for any small

δ > 0. Therefore, the function ui(·,θ0
−i) is not continuous at

θ0
i . �
To prove Lemma 6, the following lemma is needed.
Lemma 11: Consider the FJ model (1) with GW as a strongly

connected graph. Assume that there exists i ∈ [n] such that θi >
0. Let Q−1 := (I− (I−Θ)W)−1 = [qij ]. For anyN > 0, there
exist ε > 0 such that if maxi∈[n] θi < ε, it holds that qji > N
for all i, j ∈ [n].

Proof: Due to the strong connectivity, it holds limk→∞ Wk =
1ξ� for some ξ > 0, and ξ�1 = 1. There exists k̄ > 0 such that
|[Wk]ij − ξj | < mini∈[n] ξi

2 for all k ≥ k̄. Moreover, from (14),
it is

Q−1 =
∞∑
k=0

((I−Θ)W)k ≥
∞∑
k=0

(1−max
i∈[n]

θi)
kWk

≥
∞∑
k=k̄

(1−max
i∈[n]

θi)
kWk >

1

2

∞∑
k=k̄

(1−max
i∈[n]

θi)
k1ξ�

=
(1−maxi∈[n] θi)k̄

2maxi∈[n] θi
1ξ�

where the third inequality is from Wk ≥ 1ξ� −
mini∈[n] ξi

2 11� ≥ 1
21ξ

�. Therefore, for ∀N > 0, if we choose

ε = min{ 1
2 ,

mini∈[n] ξi

2k̄+1N
}, the desired conclusion is obtained. �

Proof of Lemma 6: We use the proof of contradiction. Suppose
that for any ε > 0, there exists δ > 0 such that maxi∈V θδ∗i,m < ε
for some m ∈ [M ]. For each ε > 0, choose (any) one of such
pairs (δ,m), denoted as (δ(ε),m(ε)) to indicate their depen-
dence on ε. Without loss of generality, suppose ε < mini∈V Ki

M .
Let

i(ε) = argmin
i∈V

spi,m(ε)(θ
δ(ε)∗).

It must be spi(ε),m(ε)(θ
δ(ε)∗) ≤ 1

n , that is,
∑
j∈V pji(ε),m(ε) ≤ 1.

This, combined with (13), yields

∂spi,m
∂θi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

=
(1−w�

i,mpi,m)

n
1�qi,m

∣∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

≥ 1− w̄

n
1�qi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

∀i ∈ V,m ∈ [M ]. (17)

On the other hand, as ε < mini∈V Ki

M , we can find m′(ε) ∈
[M ]\m(ε) such that θδ(ε)∗i(ε),m′(ε) ≥

Ki(ε)

M , for which (13) leads
to

∂spi,m
∂θi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m′(ε)

≤ 1

θ
δ(ε)∗
i(ε),m′(ε)

spi,m

∣∣∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m′(ε)

≤ M

Ki(ε)
≤ M

mini∈V Ki
. (18)

According to Lemma 11, there exists ε̄ > 0 such that

1− w̄

n
1�qi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

>
M

mini∈V Ki

holds if maxi∈V θ
δ(ε)∗
i,m(ε) < ε̄ ∀i ∈ V . Therefore, if ε < ε̄, (17)

combined with (18) lead to

∇i(ε)
em(ε)−em′(ε) := ∇em(ε)−em′(ε)ui(θi,θ

δ(ε)∗
−i )

∣∣∣ i=i(ε)

θi=θ
δ(ε)∗
i

=
∂spi,m
∂θi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

− ∂spi,m
∂θi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m′(ε)

≥ 1− w̄

n
1�qi,m

∣∣∣∣θ=θδ(ε)∗
i=i(ε)
m=m(ε)

− M

mini∈V Ki
> 0 (19)

where ∇em(ε)−em′(ε) represents the derivative operator along
the direction of em(ε) − em′(ε). This means that the directional

derivative ∇i(ε)
em(ε)−em′(ε) is strictly larger than 0. It is easy to

see that θδ(ε)∗i(ε) + σ(em(ε) − em′(ε)) lies in the Aδ(ε)
i(ε) if σ > 0 is

small enough. Therefore, the best response action of agent i(ε)
[i.e., solution of the optimization problem (5)] cannot be θδ(ε)∗i(ε) ,

when the profile of the other agents is θδ(ε)∗−i(ε).
To summarize, if ε < ε̄, θδ(ε)∗ cannot be an NE, which leads

to a contradiction. Thus, Lemma 6 must hold. �
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APPENDIX C
PROOFS FOR THEOREM 2 AND PROPOSITION 4

Proof of Theorem 2: For any δ > 0, let θδ∗ be an NE of
the constrained social power game 〈V, (Aδ

i ), (ui)〉. We are
going to prove that any θ∗ = (θ∗

i ) ∈ lim supδ→0+ θδ∗ is an
NE of the social power game 〈V, (Ai), (ui)〉. Note that the
set lim supδ→0+ θδ∗ is nonempty, since the action profile set
(Ai) is compact and θδ∗ ∈ (Ai) for all δ ∈ (0, 1

n ). Choose
{δk : k ∈ N+} such that limk→∞ θδk∗ = θ∗. From Lemma 6,
there exists a constant ε̄ > 0 such that for all k ∈ N+,m ∈ [M ],
for at least one agent i ∈ V , it holds θδk∗i,m ≥ ε̄. Accordingly, for
all m ∈ [M ], there exists i ∈ V such that θ∗i,m ≥ ε̄.

If for somem1 ∈ [M ], there exists i1 ∈ V such that θ∗i1,m1
≥

ε̄ and θ∗i,m1
= 0 for all i �= i1, the following Claim 1 holds, for

which the proof is given below.
Claim 1: For all m �= m1, if there exists i2 �= i1 such that

θ∗i2,m > 0, it must be θ∗i1,m = 1.
According to Claim 1, for eachm ∈ [M ], either θ∗i1,m = 1 or

θ∗i1,m ≥ ε̄ while θ∗i,m = 0 ∀i �= i1. Obviously, for the agent i1,
her social power has reached the maximum (given the actions of
the other agents) and will not increase when changing her action
unilaterally.

We then consider an arbitrary i �= i1. For the simplicity of
symbols, let Ω = Ai and Ωk = Aδk

i ∀k ∈ N+. Define the cost
functions ck : Ωk → R and c∞ : Ω → R as

ck(·) = −ui(·,θδk∗−i ), c
∞(·) = −ui(·,θ∗

−i).

Here, with some abuse of notation, we omit the index i for ck, c∞

and use the superscripts k,∞ to indicate their dependence on
θδk∗−i ,θ

∗
−i. According to Proposition 1, ck(·) ∀k ∈ N+ and c∞(·)

are all convex and continuously differentiable. We can then
define continuous operators Tk : Ωk → R

M , T : Ω → R
M as

the derivative operators of ck(·) and c∞(·), respectively, that is

Tkθi = ∇ck(θi) ∀θi ∈ Ωk; Tθi = ∇c∞(θi) ∀θi ∈ Ω.

Observe that Ωk and Ω are compact convex sets, and Ωk ↑ Ω.
Henceforth,Tk can be continuously extended toΩ in the way that
T̃kθi = Tk(PjΩk

(θi)) ∀θi ∈ Ω, where T̃k is the extension and

PjΩk
is the projection operator to Ωk. Note that

∂spi,m
∂θi,m

|
θ−i=θ

δk∗
−i

and
∂spi,m
∂θi,m

|θ−i=θ∗
−i

are continuous on Ωk and Ω, respectively,

w.r.t θi,m for all i �= i1 and m ∈ [M ], and

Tkθi = −
(
∂spi,1
∂θi,1

, . . . ,
∂spi,M
∂θi,M

)�
|
θ−i=θ

δk∗
−i

Tθi = −
(
∂spi,1
∂θi,1

, . . . ,
∂spi,M
∂θi,M

)�
|θ−i=θ∗

−i
.

Therefore, it holds that limk→∞ G(Tk) = G(T ). Moreover

1�qi,m
∣∣
θ−i=θ

δk∗
−i

≤ max
Θ′

m∈Cε̄
1�qi,m

∣∣
Θm=Θ′

m
:= q̄i

1�qi,m
∣∣
θ−i=θ∗

−i
≤ q̄i

where

C ε̄ := {diag(θ1, . . . , θn) ∈ [0, 1]n×n : ∃j ∈ Vs.t.θj ≥ ε̄}.

As C ε̄ is a compact set and ε̄ is a constant that only depends on
{Wm : m ∈ [M ]} and {Ki : i ∈ V}, it must be q̄i <∞. This,
combined with (13), further gives that Tk and T are uniformly
bounded. So far, all assumptions in Lemma 3 have been verified.
We then have limk→∞ S(Ωk, Tk) = S(Ω, T ). According to the
equality between convex optimization and VI problems [52],
given θδk∗−i (or θ∗

−i), the solution of the optimization problem
(5) is exactly S(Ωk, Tk) (or S(Ω, T )). Note that S(Ωk, Tk) =
{θδk∗i }. Therefore, it holds S(Ω, T ) = {θ∗

i}, which is the solu-
tion of (5) given θ∗

−i. From the arbitrariness of i, it is proved that
θ∗ is a NE.

If for allm ∈ [M ], there exists j1, j2 such that θ∗j1,m, θ
∗
j2,m

>

0, there exists N > 0 such that for all k > N , it hold θδk∗j1,m
≥

θ∗j1,m

2 > 0 and θδk∗j2,m
≥ θ∗j2,m

2 > 0. Therefore, for all i ∈ V , if

k > N , ui(θi,θ
δk∗
−i ) is continuously differentiable on on Aδk

i

w.r.t θi. Following the same arguments as above (for i �= i1), it
can be proved that θ∗ is a NE.

Combining all the arguments, the proof is completed. �
Proof of Claim 1: We use the proof of contradiction. Suppose

that for a m2 �= m1, there exists i2 �= i1 such that θ∗i2,m2
> 0

and θ∗i1,m2
< 1. According to the definition of θ∗, for any ε > 0,

there exists N > 0 such that for all k > N , it hold

θδk∗i1,m1
≥ θ∗i1,m1

2
> 0; θδk∗i,m1

≤ ε ∀i �= i1

θδk∗i1,m2
≤ θ∗i1,m2

+ 1

2
< 1; θδk∗i2,m2

≥ θ∗i2,m2

2
> 0. (20)

Let

Cm2
=

{
Θ = diag(θ1, . . . , θn) : θi ∈ [0, 1], i �= i1, i2;

θi1 ∈
[
0,
θ∗i1,m2

+ 1

2

]
; θi2 ∈

[
θ∗i2,m2

2
, 1

]}
.

For each Θ ∈ Cm2
, according to Lemma 2, it must

be pi1,m2
|Θm2

=Θ < 1. As Cm2
is a compact set, we

have maxΘm2
∈Cm2

pi1,m2
< 1, which further gives

maxΘm2
∈Cm2

w�
i1,m2

pi1,m2
< 1. From (13) and 1�qi,m > 1,

for each k > N , we obtain

∂spi1,m2

∂θi1,m2

∣∣∣∣
θ=θδk∗

≥ 1−maxΘm2
∈Cm2

w�
i1,m2

pi1,m2

n
:= bm2

.

According to Lemma 2 and the continuity of matrix inverse, for
any σ > 0, there exists ε > 0 such that for θδk∗ satisfying (20),
it is pi1,m1

|θ=θδk∗ ≥ (1− σ)1, correspondingly, if k > N (N
is chosen such that (20) holds), from (13) and (20)

∂spi1,m1

∂θi1,m1

∣∣∣∣
θ=θδk∗

≤ 2

nθ∗i1,m1

(1−w�
i1,m1

pi1,m1
) ≤ 2σ

nθ∗i1,m1

.

Therefore, if we choose σ such that 2σ
nθ∗i1,m1

< bm2
, for all k >

N , the directional derivative

∇em2
−em1

ui(θi,θ
δk∗
−i )

∣∣∣ i=i1
θi=θ

δk∗
i

≥ bm2
− 2σ

nθ∗i1,m1

> 0.

This means that θδk∗ is not a NE, which generates the contra-
diction. Therefore, Claim 1 holds.
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Proof of Proposition 4: Consider any agent i. Let fi(θ) be
her social power given that the underlying graph is G and any
other agent j’s stubbornness is Kj

M for all m ∈ [M ]. According
to Proposition 1, the function −fi is convex, which gives

−
M∑
m=1

spi,m(θi,θ
∗
−i) =M

M∑
m=1

(
− 1

M
fi (θi,m)

)

≥ −Mfi

(
1

M

M∑
m=1

θi,m

)
= −Mfi

(
Ki

M

)
.

The equality holds iff θi,m = Ki

M for all m ∈ [M ]. Therefore,
agent i has no incentive to deviate from θ∗i . As the agent i is
arbitrarily chosen, the desired conclusion is obtained. �

APPENDIX D
PROOFS FOR THEOREM 3

Proof of Lemma 7: Note that Aδ is a compact set,
thus σδ > 0. Let θ1,θ2 ∈ R

nM ∈ Aδ and θ(α) = αθ2 + (1−
α)θ1 for any α ∈ [0, 1]. Define a function f(α) := −(θ2 −
θ1)�∇θu(θ(α)). Obviously, f(α) is continuously differen-
tiable on [0,1]. According to the mean-value theorem, there
exists α∗ such that

f(1)− f(0) = f(α∗)′ = (θ2 − θ1)�J(θ(α∗))(θ2 − θ1)

= (θ2 − θ1)�
J(θ(α∗)) + J(θ(α∗))�

2
(θ2 − θ1)

≥ σδ‖θ2 − θ1‖2

that is, (θ2 − θ1)�(∇θu(θ
1)−∇θu(θ

2)) ≥ σδ‖θ2 − θ1‖2.
The arbitrariness of θ1,θ2 then gives desired conclusion. �

Proof of Theorem 3: Let θ∗ be an NE of the game
〈V, (Ai), (ui)〉. According to Assumption 2, for all m ∈ [M ],
there exists i1, i2 ∈ V such that θ∗i1,m, θ

∗
i2,m

> 0. Let ε =
mini∈V,m∈[M ] θ

∗
i,m, and B ε

2
be the closed ball centered at θ∗

with radius ε
2 , i.e.,

B ε
2
:=
{
θ ∈ R

nM : ‖θ − θ∗‖ ≤ ε

2

}
.

It is easy to see that (B ε
2
∩ A) ⊂ Ao. From a similar proof to that

of Lemma 7, the pseudogradient mapping −∇θu is σ̄-strongly
monotone over B ε

2
∩ A, with σ̄ := minθ∈B ε

2
∩A σ(θ) > 0.

Moreover, it is easy to see that−∇θu(θ) is continuous on allθ ∈
Ao. SinceB ε

2
∩ A is compact,−∇θu(θ) is Lipschitz continuous

over B ε
2
∩ A. As θ∗ is an NE, it must be θ∗ ∈ S(A,−∇θu).

Note that here the values of−∇θu(θ) onA\Ao does not matter,
thus can be arbitrarily defined. According to Lemma 4, there
exists δ̄ > 0 such that for any δ < δ̄, VI(Aδ,−∇θu) admits
a unique solution θδ∗ in B ε

2
∩ A, such that limδ→0 θ

δ∗ = θ∗.
On the other hand, from Lemma 5, θδ∗ is an NE of the con-
strained social power game 〈V,Aδ, (ui)〉. According to Propo-
sition 5, 〈V,Aδ, (ui)〉 admits a unique NE. Therefore,θ∗ must be
unique. �

APPENDIX E
PROOFS FOR THE LEMMAS IN SECTION IV-D

Proof of Lemma 8: Let θ∗ be any NE of the game. According
to Remark 6, for any m ∈ [M ], there exists maxi∈V θ∗i,m > 0.
To prove Lemma 8, it suffices to exclude the possibility that
there exist i′ ∈ V andm′ ∈ [M ] such that θ∗i′,m′ > 0 and θ∗i,m′ =
0∀i �= i′. This is obvious if the condition 1) holds, which implies
for the agents i1 and i2, it must be θ∗i1,m, θ

∗
i2,m

> 0 for all m ∈
[M ]. For the condition 2), we first note that if such m′, i′ exist,
then for all m �= m′, if θ∗i′,m < 1, it must be θ∗i,m = 0 ∀i �= i′,
otherwise the social power of i′ can be increased by replacing
some stubbornness from the meetingm′ tom. This also indicates
that Ki′ > Ki for all i �= i′, or being more accurate, according
to Remark 6, it holds Ki′ −Ki ≥ ε̄. On the other hand, if the
condition 2) is satisfied, there must be at least one other agent i′′

such that θ∗i′′,m > θ∗i′,m − ε̄. Therefore, when either the condition
1) or 2) hold, for each m ∈ [M ], there are at least two agents
i1, i2 with θ∗i1,m, θ

∗
i2,m

> 0. The proof is then finished. �
Proof of Lemma 9: As in the proof of Lemma 8, it suffices to

exclude the case that for the agent i′ with Ki′ = maxi∈V Ki, it
holds θ∗i′,m′ > 0 and θi,m′ = 0 ∀i �= i′ for some m′ ∈ [M ].

We use the proof of contradiction: assume that such i′,m′

exist. Then, for each i �= i′, there exists m ∈ [M ] such that
θ∗i,m ≥ Ki

M−1 . As proved in Lemma 8, it also holds θ∗i′,m = 1.
According to the definition of NE, the derivative of ui(·,θ∗

−i)
along the direction of em′ − em should be nonpositive, i.e.,

∇em′−em
ui(θi,θ

∗
−i)
∣∣
θi=θ∗

i

=
∂spi,m′

∂θi,m′

∣∣∣∣
θi=θ∗

i

− ∂spi,m
∂θi,m

∣∣∣∣
θi=θ∗

i

= 1�qi,m′
∣∣
θi=θ∗

i
− 1�qi,m(1−w�

i pi,m)
∣∣
θi=θ∗

i
≤ 0 (21)

where the second equality is from the fact that pi,m′ = 0 (since
only the agent i′ has positive stubbornness for the meeting m′).
On the other hand, from (14), it is easy to see that 1�qi,m′

(or 1�qi,m) is decreasing w.r.t θ∗j,m′ (or θ∗j,m) for all j ∈ [M ].
Therefore, it holds

1�qi,m′ |θi=θ∗
i
≥ 1�qi,m′ | θi′,m′=1

θj,m′=0 ∀j �=i

1�qi,m|θi=θ∗
i
≤ 1�qi,m′ | θi′,m=1

θi,m=
Ki

M−1

θj,m=0 ∀j �=i,i′

.

According to Assumption 5, we then have 1�qi,m′ |θi=θ∗
i
≥

q
i
> q̄i ≥ 1�qi,m|θi=θ∗

i
, which leads to 1�qi,m′ |θi=θ∗

i
−

1�qi,m(1−w�
i pi,m)|θi=θ∗

i
> 0. This contradicts (21). There-

fore, the contradiction hypothesis does not hold. The proof is
then finished. �

APPENDIX F
PROOFS FOR LEMMA 10 AND THEOREM 5

The following lemma is needed to prove Lemma 10.
Lemma 12: Givenb, c ∈ R

n
>0 withb�1 = 1, c�1 = 1, con-

sider the matrix F ∈ R
n×n defined as F := CB+BC

2 , with C :=
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diag(c) being a diagonal matrix and

B = I + 11� − 1b� − b1�.

Suppose that for some b̄ ∈ (0, 1] it holds bi ≥ b̄
n ∀i ∈ [n]. If c >

α
n1 for someα > 0withα > 1

1+
(n−1)(2b̄−b̄2)

n3

, it holdsF � β(α)I,

where

β(α) :=

[
n+

1

n

(
1− 1

n

)(
2b̄− b̄2

)]
α− n. (22)

Proof: Assume that c ≥ α
n1 for some α ∈ (0, 1]. We

then have c = α
n1+ (1− α)d, with d = [d1, . . . , dn]

′ ≥ 0
and d�1 = 1. The matrix F can be written as F = α

nB+
(1−α)

2 (DB + BD), with D = diag(d). It can be verified that
‖B‖ = ρ(B) ≤ n, since for any x ∈ R

n, it holds

x�Bx = ‖x‖2 + ‖(1− b)�x‖2 − ‖b�x‖2

≤ ‖x‖2 + ‖(1− b)�x‖2 ≤ n‖x‖2. (23)

Therefore, we obtain ‖DB+ BD‖ ≤ 2‖D‖‖B‖ ≤ 2n. On the
other hand, from (23), it holds

x�Bx ≥ ‖x‖2 − ‖b�x‖2 ≥ (1− ‖b‖2)‖x‖2.
Asb ≥ b̄

n1, it should beb = b̄
n1+ (1− b̄)b̃ for some b̃ ∈ R

n
≥0

with b̃�1 = 1. Therefore

‖b‖2 = − b̄
2

n
+

2b̄

n
+ (1− b̄)2‖b̃‖2 ≤ 1−

(
1− 1

n

)
(2b̄− b̄2).

As a result, for any x ∈ R
n, it holds

x�Bx ≥
(
1− 1

n

)(
2b̄− b̄2

) ‖x‖2. (24)

That is, λmin(B) ≥ (1− 1
n )(2b̄− b̄2). According to the Weyl’s

inequality [29], we have

λmin(F) ≥ α

n

(
1− 1

n

)(
2b̄− b̄2

)− n(1− α) = β(α).

Therefore, if α > 1

1+
(n−1)(2b̄−b̄2)

n3

, it must be λmin(F) ≥ β(α) >

0. The proof is then completed. �
Proof of Lemma 10: From Lemma 7, it suffices to

prove that J(θ)+J(θ)�
2 � β(ᾱ)

n I ∀θ ∈ (Aδ
i ). Note that J(θ) =∑M

m=1 Jm(θ)⊗ (eme�m), where Jm(θ) ∈ R
n×n is defined

as [Jm(θ)]ij := − ∂2spi,m(θ)

∂θi,m∂θj,m
∀i, j ∈ V . Therefore, we have

J(θ)+J(θ)�
2 =

∑M
m=1(

Jm(θ)+Jm(θ)�
2 )⊗ (eme�m), and it suffices

to prove Jm+J�
m

2 � β(ᾱ)
n I for each m ∈ [M ]. Hereafter in the

proof, when clear, we omit the index m for the simplicity of
notation.

According to (11), for j �= i, we have

∂2P

∂θi∂θj
= Q−1eje

�
j WQ−1eie

�
i WQ−1Θ

+Q−1eie
�
i WQ−1eje

�
j WQ−1Θ

−Q−1eie
�
i WQ−1eje

�
j −Q−1eje

�
j WQ−1eie

�
i

which gives

n
∂2spi
∂θi∂θj

= 1� ∂2P

∂θi∂θj
ei

= 1�qjw�
j qiw

�
i pi + 1�qiw�

i qjw
�
j pi

− 1�qjw�
j qi. (25)

Applying (16) and (25) to (7), we have

− ∂2spi
(∂θi)2

=

[
2ci +

2
∑
h∈V(1− θh)c

2
i∑

h∈V chθh

] ∑
h �=i chθh

n(
∑

h∈V chθh)2

− ∂2spi
∂θi∂θj

=

[
ci + cj +

2
∑
h∈V(1− θh)cicj∑

h∈V chθh

]

· ciθi
n(
∑
h∈V chθh)2

−
[
ci +

∑
h∈V(1− θh)cicj∑

h∈V chθh

]

· 1

n
∑
h∈V chθh

.

(26)
This further gives that[

Jm + J′m
2

]
ii

=

[
2ci +

2
∑
h∈V(1− θh)c

2
i∑

h∈V chθh

]

·
∑
h �=i chθh

n(
∑
h∈V chθh)2

,

[
Jm + J′m

2

]
ij

=

∑
h �=i,j chθh

n(
∑
h∈V chθh)2

·
[
ci + cj

2
+

∑
h∈V(1− θh)cicj∑

h∈V chθh

]
(27)

where the subscript m is omitted in the right-hand side terms.
Let bi =

ciθi∑
h∈V chθh

for all i ∈ V andb = [b1, . . . , bn]
′. Note that

bi ≥ ciθi ≥ ᾱδ
n and b�1 = 1. The equations (27) become

n

(∑
h∈V

chθh

)2 [
Jm + J′m

2

]
ii

=

[
2ci
∑
h∈V

chθh + 2c2i
∑
h∈V

(1− θh)

]
· (1− bi),

n

(∑
h∈V

chθh

)2 [
Jm + J′m

2

]
ij

= (1− bi − bj) ·
[
ci + cj

2

∑
h∈V

chθh + cicj
∑
h∈V

(1− θh)

]
.

(28)

Define B := I + 11� − 1b� − b1�. The (28) can then be writ-
ten in the following compact form:

n

(∑
h∈V

chθh

)2
Jm + J′m

2

=

(∑
h∈V

chθh

)(
CB+ BC

2

)
+
∑
h∈V

(1− θh)CBC (29)
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where C = diag(c1, . . . , cn). From (24) in the appendix, B is
positive definite, so as the matrix CBC. On the other hand,
according to Lemma 12, CB+BC

2 � β(ᾱ), which further gives
Jm+J�

m

2 � β(ᾱ)
n I. The proof is then completed. �

Proof of Theorem 5: With the previous arguments, Assump-
tion 2 holds. In the following we follow the symbols in the proof
of Lemma 10 (the subscript m is also omitted when there is no
confusion). It suffices to prove that the matrix BC+CB

2 is positive
definite for all θ ∈ Ao. For n = 3, according to (27), we have

BC+ CB

2
=

⎛
⎝2c1(b2 + b3)

c1+c2
2 b3

c1+c3
2 b2

c1+c2
2 b3 2c2(b1 + b3)

c2+c3
2 b1

c1+c3
2 b2

c2+c3
2 b1 2c3(b1 + b2)

⎞
⎠ .

For the first row, we have

2c1(b2 + b3)− c1 + c2
2

b3 − c1 + c3
2

b2=
3

2
c1(b2 + b3)

− c2
2
b3 − c3

2
b2 >

b2 + b3
2

(3c1 − c2 − c3) > 0

where the inequalities are due to θ ∈ Ao, which yields that
either b2 or b3 be positive. Similarly, it can be proved that
the inequality above holds for the second and third rows. This
means that BC+CB

2 is strictly diagonally dominant matrix and
the diagonal elements are greater than 0. Therefore, BC+CB

2
is positive definite for all θ ∈ Ao, which further gives that
J(θ)+J(θ)�

2 is positive definite. According to Theorem 3, the
social power game 〈V, (Ai), (ui)〉 admits a unique NE. �
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