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Abstract

In this paper we consider bilinear sparse forms intimately related to iterated commutators of
a rather general class of operators. We establish Bloom weighted estimates for these forms
in the full range of exponents, both in the diagonal and off-diagonal cases. As an application,
we obtain new Bloom bounds for commutators of (maximal) rough homogeneous singular
integrals and the Bochner—Riesz operator at the critical index. We also raise the question
about the sharpness of our estimates. In particular we obtain the surprising fact that even in
the case of Calderén—Zygmund operators, the previously known quantitative Bloom bounds
are not sharp for the second and higher order commutators.
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1 Introduction

Let S be a sparse family of dyadic cubes, let b € LIIOC(JR”), meNand1 <r <s < o0.The
key object of study in this paper is the bilinear sparse form defined by

S (fr0) = (Ib— (b)ol™f1),.o (1850l Q-

QeS

This object appears naturally when one studies iterated commutators of various operators 7
and pointwise multiplication by b.

Letr < p,g < s and let i, A be weights. Our goal is to obtain quantitative weighted
LP(u) x Lq/(}\l_‘/)—bounds for BrSn,b,r,s in the Bloom setting [2] both in the diagonal and
off-diagonal cases. By the Bloom setting one means that an assumption on b is imposed in
terms of the Bloom weight v depending on p and A in a suitable way.

In the following cases the Bloom bounds for BY , . - have been considered before:

e r=1,5s =00,m> 1and p = ¢q [20, 21].
er>1,s=00,m>1and p=q[24].
e r=1,5s=00,m=1and p # g [10, 14].

Our results below are quantitative and cover all possible combinations of 1 < r < p,g <
s < oo and m > 1. In particular, the bounds we obtain are new in the following settings:

e Limited range: r > 1 or s < oo.
e Iterated and off-diagonal: m > 1 and p # q.

In the Bloom setting, prior works have been primarily focused on estimates for com-
mutators of Calderén—Zygmund operators, which by [20, 21] boil down to estimates for
B .1.00- The study of the boundedness in the case m = 1 for these operators in the full
range p, g € (1, 0o) has recently been completed by Hianninen—Sinko and the second author
[10]. For a comprehensive overview of the development of both unweighted and (Bloom)
weighted estimates for these commutators, as well a discussion on the necessity of the con-
ditions on b, we direct the reader to the introductions of, e.g. [10, 11, 14].

Our key application is a quantitative Bloom weighted estimate for iterated commutators
of a rather general class of operators. This class includes, for example, Calderén—Zygmund
operators, (maximal) rough homogeneous singular integral operators and Bochner-Riesz
operators at the critical index. We refer to [22, Remark 4.4] for a further list of operators
that fall within the scope of our theory. Note that for various operators on this list, no Bloom
weighted (or even unweighted) commutator estimates were known previously.

Our approach will build upon a sparse domination procedure for commutators developed
by Rivera-Rios, the first and third authors [20], with subsequent generalizations by various
authors. We will proceed in 3 steps:

(1) In Sect.3, we will prove that iterated commutators of certain sublinear operators 7' can
be dominated by two sparse forms: By , . ((f g) and the dual form ngys,!r, (g, f).Our
key novel point here is in Lemma 3.4, which allows one to reduce m + 1 sparse forms
to only 2 sparse forms.

(2) We prove Bloom weighted estimates for B‘"Sl’b,r’ s(f,g). To do so, we first extend a
result of Li [23] and Fackler—-Hytonen [8] to certain fractional sparse forms in Sect. 4.
Afterwards, in Sect. 5 we combine the proof strategy of Hénninen, Sinko and the second
author [10] with the change of measure formula of Cascante—Ortega—Verbitsky [4] to
estimate ng’r’s(f, g) in the Bloom setting.

@ Springer



Bloom weighted bounds for sparse forms... Page3of32 73

Furthermore, in the case ¢ < p and m > 2, we provide a second Bloom weighted
estimate for Bg , . ((f, g) using a proof strategy suggested by Li [24]. In particular,
Theorem 5.1 presents two incomparable quantitative bounds based on the approaches
from [21] and [24].

(3) Combining the first two steps, in Sect.6, we obtain quantitative Bloom weighted esti-
mates for iterated commutators. We apply this result to Calderén—Zygmund operators,
(maximal) rough homogeneous singular integral operators and Bochner—Riesz operators
at the critical index.

Since our estimates are quantitative, it is natural to ask about their sharpness. Here we
encounter an interesting phenomenon, which is even new for Calderén—Zygmund operators.
To be more precise, in [21], the first and the third authors jointly with Rivera—Rios showed
for a Calder6n—Zygmund operator T and for m > 1 (extending their previous work [20] for
m = 1) that

m+l 1,
T e Goo 100y S 1010, (W14, [1da,) 2 ™71, (1.1)

where BMO, stands for the weighed BMO space with weight v := (1/A)!/P™, and T)" is
the m-th order commutator of 7" with a locally integrable function b.

Intuitively, one could conjecture that (1.1) is sharp, since in the case of equal weights
A = = w one obtains the sharp one-weight estimate proved in [6] by Chung, Pereyra and

Pérez. However, following this intuition, any bound by [)L]Z"p [ u]i’; with , and B, satisfying

ap+ By = (m + 1) max(l, ﬁ)

would be sharp.

Observe that the notion of sharpness in the Bloom setting (or in the two-weight setting, in

general) has not been defined before. It is easy to see that a bound by [)»]‘X} [M]’z‘; is stronger

than a bound by [A]Z’; [,u]i’; if and only if @), < &), and B, < ), and at least one of these
inequalities is strict. In the case if, for example, a), < (x;, and 8, > /3;,, the bounds will be
incomparable. This leads us to the following definition.

Definition 1.1 Let p € (1, 00), u, A € A and let T be an operator. We say that the estimate

B
1T Lry—rroy S [HZ’; [M]App
is sharp if neither of the exponents o, and 8, can be decreased.

Having this definition at hand, we are ready to present our result about the sharpness of
(1.1). This result comes as a surprise to us because it says that the estimate (1.1) is sharp for
all 1 < p < oo only if m = 1. To be more precise, we have the following.

Theorem 1.2 Let T be a Dini-continuous Calderén—Zygmund operator.
(1) If m = 1, then the estimate (1.1) is sharp for all p € (1, 00).

(ii) If m > 2, the estimate (1.1) is not sharp for all p ¢ [Hz',?l’", %].

In other words, if m > 2 and p ¢ [%, 1’:—_‘?’1”], the second Bloom weighted estimate

obtained in Sect.5 is incomparable with (1.1), and therefore, combined with the result from
[6], a sharp bound for 7;" in the sense of Definition 1.1 does not exist. Observe that Theo-

rem 1.2 leaves open an interesting question about the sharpness of (1.1) when m > 2 and
143m 143m
Pl mir - T
We shall see in Sect. 6 that a similar phenomenon with two incomparable bounds holds

for a large class of operators.
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Notation

We will make extensive use of the notation “<” to indicate inequalities up to an implicit
multiplicative constant. These implicit constants may depend on p, ¢, n, m, but not on any
of the functions under consideration. If these implicit constants depend on the weights u, X,
this will be denoted by “<,,.1”.

2 Preliminaries
2.1 Dyadic lattices

Denote by Q the set of all cubes O € R”" with sides parallel to the axes. For a cube Q € Q
with side length £(Q) and @ > 0 we denote the cube with the same center as Q and side
length «f(Q) by « Q.

Given a cube Q € Q, denote by D(Q) the set of all dyadic cubes with respect to Q,
that is, the cubes obtained by repeated subdivision of Q and each of its descendants into 2"
congruent subcubes. Following [18, Definition 2.1], a dyadic lattice & in R” is any collection
of cubes such that

(1) Any childof Q € Zisin Z as well, i.e. D(Q) C 2.
(ii) Any Q', Q” € 2 have acommon ancestor, i.e. there existsa Q € Z suchthat Q’, Q" €
D(Q).

(iii) For every compact set K C R”, there exists a cube Q € Z containing K.

Throughout the paper, Z will always denote a dyadic lattice.

Definition 2.1 Letn € (0, 1) and let S C Q be a family of cubes. We say that S is n-sparse
if, for every cube Q € S, there exists a subset Eg C Q such that |[Eg| > n|Q] and the
sets {Ep}pes are pairwise disjoint. We will omit the sparseness number 1 when its value is
non-essential.

Foracube Q € Qand f € LIIOC(R”) we define (f) o = Lfo and for r > O and a

10l
positive function f € L] . (R") we set

Fhrg =g = (ﬁ /Q )"

We define the maximal operator by

Mf = (If,oxe

sup
QeQ
and set

M, f = M(fID" = sup (If]),.ox0-
QeQ

2.2 Weights

By a weight w we mean a non-negative w € LIIOC(R”). For 1 < p < oo we say that w

belongs to the Muckenhoupt A ,-class and write w € A, if

. -1
(wla, := SLepo (w)y pfw )ﬁ’Q < 0.
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For 1 < r < oo we say that w belongs to reverse Holder class and write w € RH, if

[wlrh, = sup wr.o
oeco (W)1,0

< 00
Furthermore, we say that w belongs to the Muckenhoupt A-class and write w € Ay if
1
[wla,, = sup ——— f M(wxg).
oco w(Q) Jo ©

We will frequently use that by the definition of the A ,-constant, we have

1
[w!™" 14, =i} . @.1)

Moreover, we have
[w] o = Cn[w]Ap,

by [12, Proposition 2.2].
The following quantitative self-improvement lemma from [13] will play a key role in our
applications.

Proposition 2.2 ([13, Theorem 1.1 and 1.2]) There exists a constant ¢, > 0 such that for
w € A, withl < p < 00 we have

[wlr, | =<cn  and  [wls, , <culwla,
enlwla,

with & = P;ll

—1
l+c,,[w]App

3 A sparse domination principle for commutators

In this section we will prove a general sparse domination principle for iterated commutators,
following the line of research started in [20] by Rivera-Rios and the first and the third authors.
In order to state our result, let us introduce some notation.

Given a linear operator 7 and b € LllOC (R™), define the first order commutator Tb1 by

T} (f) = bT(f) — T(bf).
Next, for m € N, m > 2, define higher order commutators Té" inductively by
Ty (f) = T) (T~ ().
It is easy to see that
T f(x) = T((b(x) —bO)" f)x), xeR" (3.1

Now assume that 7 is a general, not necessarily linear, operator. In this case we use formula
(3.1) as the definition of T}".
For 1 < s < oo we define the sharp grand maximal truncation operator

M F(x) == sup oscy (T(fxrmzo); Q). x € R",
O>x

@ Springer
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where

/ " ' / 4 l/S
oscx(f;Q)::( /QQ|f(x)—f(x)|3dxdx>

o1
and the supremum is taken over all Q € Q containing x.
We will use the following boundedness property of 7 and M’;! e

Definition 3.1 Given anoperator T andr € [1, 00), we say that T is locally weak L"-bounded
if there exists a non-increasing function ¢r ,: (0, 1) — [0, oo) such that for any cube Q € Q
and f € L"(Q) one has

{x e Q: IT(fx@) @) > @r 0)f )0} <AIQI  2€(0,1).

This definition was given in [19] and was called the W, property of T. Note that the usual
weak L”"-boundedness of T implies the local weak L”-boundedness of 7 with

o1, W) = AT @y s prooomny. A € (0, 1).
Moreover, if T is locally weak L"0-bounded for some ro € [1, 00), it is locally weak L’-
bounded for all » > ro by Holder’s inequality with @7 ,(A) = @1 ,(1).

The main result of this section is the following abstract sparse domination principle for
iterated commutators.

Theorem3.2 Let 1 <r < s <oo,m € Nand let T be a sublinear operator. Assume that T
and M§ ; are locally weak L”-bounded. Then there exist Cyy, > 1 and Ay, < 1 s0 that,

forany f,g € L°(R") and b € L}OC(R"), there is a ﬁ—sparse collection of cubes S such
that

/Rn 1T fllgl = € (D (1b = ®)al™If1), pllglly ol

QeS
+ D111, ol = Bl Igl)y o101).
0eS
where
C = Con (01 Goman) + Ogt,_ Gomn))- (32)

We refer to [22, Remark 4.4] for a list of operators satisfying the assumptions of Theo-
rem 3.2. Theorem 3.2 is an immediate corollary of the following two statements.

Theorem 3.3 Under the assumptions of Theorem 3.2 we have

/Rn 1T Fllgl = € Y2 (D (1 = Bhol" 111}, ollb =)ol Igl), ol01):

k=0 QeS8

where C is given by (3.2)

Lemma3.4 Let1 < r,t <ooandm € N. Let f,g € L®(R") and b € L, (R"). Fix a
cube Q € Q and for 0 < k < m define

cx = (Ib = Yo" FIf1), ollb — BolIgl), o-

Then we have ¢, < co + .

@ Springer
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Indeed, note that Lemma 3.4 allows us to reduce the summation over k = 0,...,m
in Theorem 3.3 to the two extreme terms k = 0 and k = m, yielding the formulation of
Theorem 3.2.

Before turning to the proofs, let us mention a brief history of the above results.

e In the case where T is a Dini-continuous Calder6n-Zygmund operator, m = 1,r = 1
and s = oo, Theorem 3.2 goes back to Rivera-Rios and the first and the third authors
[20].

e In the case where m > 1and T is a generalized Hormander singular integral operator, the
corresponding version of Theorem 3.3 was obtained by Ibafiez-Firnkorn and Rivera-Rios
[15].

e The closest precursors of Theorem 3.2 were obtained by

— Rivera—Rios [28, Theorem 3.1] in the case m = 1. We note that in this work the
bilinear maximal operator M7 (f, g), introduced in [17], was used instead of M?,s.
— Ibafiez—Firnkorn and Rivera—Rios [16, Theorem 4.4] in the case m > 1 and with
#
My oo
e For a general account of similar sparse domination results we refer to our recent work
[22].

Comparing to [28, Theorem 3.1] and [ 16, Theorem 4.4], our novel points are the following.

e Instead of M7 (f, g) or M% o> We deal with a more flexible operator M#Tty - Here we
continue the line of research originated in [19, 22, 26], where various variants of M’;_ s
were considered.

e We use a local weak L"-boundedness assumption, originating from [19], rather than the
usual weak L"-boundedness assumption on 7 and M. #ﬂ 5

e Our most important novel point in this section is in Lemma 3.4, which seems to be new.
This lemma allows us to significantly simplify the main applications of Theorem 3.2 to
quantitative weighted norm inequalities.

The proof of Lemma 3.4 is quite elementary and we therefore present it first.

Proof of Lemma 3.4 For x, y € R" denote

P(x, ) == |b(x) — (B) o™ ¥ £ )by — (B)olFle(MIxox 0, ¥).

Then ¢, for 0 < k < m can be written in the form

cr = |x = |y = o(x, v .
o= iy o g |, )
From this, we obtain the conclusion by using the estimate

b(x) = (b)o|" *Ib(y) — (b)ol* < Ib(x) — (b)o|" + 1b(y) — (b)o|"

along with Minkowski’s inequality. O

Next we turn to the proof of Theorem 3.3. Its proof is based on the well-known ideas
developed in the previous works (e.g., [17, 19, 22, 26]).

@ Springer
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Proof of Theorem 3.3 Let Q € Q be a cube that contains the supports of f and g. We will
show that there exists a %—sparse family 7 C D(Q) such that

L mone = [ 117G xoe
Rr 0

m 3.3)
= CY (X (b= ®har"H171), 5 plb = B)apFlgly 5 1P1),

k=0 PeF

where C is given by (3.2). Taking S = {3P : P € F} afterwards yields the result.

We construct the family 7 C D(Q) inductively. Set 7y = {Q}. Next, given a collection
of pairwise disjoint cubes F, let us describe how to construct F 1.

Fixacube P € F;.Fork =0, ..., m denote

k= (b — (b)3p)* f xap.
and consider the sets
Q(P) = {x € P IT)W)| > o1 (g 1kr3p |
and
My (P) = {X epP: |M?,5(77k)(x)| > ¢M*;4lv,r(m)(|ﬂk|>r,3P}-
Then
[Qr(P)| < mp’l’” =< W”’)L

and the same bound holds for | M (P)|. Since the maximal operator M, is weak L"-bounded
with constant independent of r, there exists a ¢, ,, > 0 such that

My(P) := {x € P My (i) (x) > cam(Inkl)r 3P}

also satisfies
1
IM(P)| < 5o | PL.

Therefore, setting
m
Q(P) == [ J((P) UMk (P) U My(P)).
k=0
we have |Q2(P)| < 55| P|.
We apply the local Calderén—Zygmund decomposition to xq(p) at height 2,1% We obtain
a family of pairwise disjoint cubes Sp € D(P) such that [2(P) \ p P’| = 0 and for

every P’ € Sp, =

SrlP'I < IP'NnQ(P)| < 5IP). (3.4)
In particular, it follows that

> IP =2 < 51P). (3.5)

P'eSp

We define 71 = Uper;Sp. Setting F = U?O:O]-'j, we note by (3.5) that F is %—sparse.
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Now, by iteration, to prove (3.3) it suffices to show for j € Nand P € F; that

/P|Tg"<f><3p>||g| <CY {Ib=B)3pl" 1A, 51— B)3p gl 1P
k=0

LD DI AT

P'eFji1:P'CP

g,

where C is given by (3.2). Set F; := Uper; P. Noting that

/IT,;”(fXaP)IIgI 5/ 177 (f ) Ig]
P PA\Fjt

+ Z A/}T;,m(fX3P\3P/)

P’e]—',vH:P’gP

+ ) /P,|T;§"(f)<3p/)

P/e]-'j+1:P’gP

lg]

lgls

it thus suffices to show that

/ | (fx3p)|lgl + Z / | T (f xapvap)|lgl
PAFj1 peFpep’t 36)

m

<CY (Ib=®)3p" MU, 5 p (1 — B)sp Mgl 5 pI PI-
k=0

We first consider the first term on the left-hand side of (3.6). Since ;)" f = T;" . f for any
¢ € C, we have by definition of Q;(P),

/ |2 (fxap)]lgl
P

\Fjt1

= m _ m—k _ k
Skgf;(k)/f’\ﬂ'ﬂ 1T (b — (b)3p)" " )b — (b)3pl“Ig] (3.7

< C1 Y (b= byspl"111), 5 p (10— (B)3p1Igl), 5P,
k=0

where C] = 2m3n(pT,r(m).
Now consider the second term in (3.6). Fix P’ € Fj41 such that P* C P and denote

Yr(x) = T((b — (B)3p)" ™ frzp3p)(¥),  x e R

Then, for y € P’ to be specified later we have

/ T (f xapap)|lgl <27 Z/ [Wllb — (b)3p gl
P k=0’
<2 Z/P, [k (x) = Y DIIb(x) — (b)3pl*lg(x)] dx (3.8)
k=0
+27 3 1Y (y)| /P, |b(x) — (b)3p|*lg(x)] dx.
k=0

@ Springer
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Denote
£) = (b(0) — (b3p)" " FWxap (). xR,
and consider the sets
Qu(P') == {x € P ITE) W] > o1 - (ggmryzr) (€D r 3p}-

Set Q(P') := U (P"), for which we have [2(P")| < }|P’|. Now, define the good part
of the cube P’ as

Gp = P'\ (RP)US(P)).
Then, by (3.4), we have
IGpl = (3 —3)IP'I =3P,
and for all y € G pr we have
W < |T(B = (B)3p)" ™ frap) )| + T (b = (B)3p)" ™ fx3p) )]
< o1 (rpmge) {16 = B3 "1 f e 3
+ 07 ) (1 = B)3p "1 f e apr.
Further, by the definition of My (P),
(16— B3 1 f1)r 300 < Cnmlb — BY3p "1 £1)r 3
Hence, for all y € G p/, we have
V| < 26nm @1 (G 10 = B3P~ f ) 3p-

From this, integrating (3.8) over y € G pr, using Holder’s inequality and the definition of the
set M(P), we obtain

/ | (f x3pae)]lgl
P/

m
< 42" " oses (T (m—kxrn3p); P){1b— (b)3pl*Igl),, pI Pl
k=0

m
+ 2enm 01, (i) D_Ab = B)3p" M1 f 1y 3p(1b = (B)3pFlgl)y ol P
k=0

< Ca Yy {Ib— B)3pI"*If1), 5pllb — B)3plFlgl)y pil P,
k=0

where
C2 = Cum (91 (o) + (Grrre=))
2= Cnm (PT,r (m+1)6”+2 ¢M¥',s’r (m+l)6"+2 .
By Holder’s inequality, for any g € [1, 00),

D lhlg.prI P < (lhlg,p Pl

P'eFj1:P'CP
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Therefore,

Z / | T (f x3p\3pP7)

P'eFj41:P'CP

g

<CZZ b — (bYspl"111), 5 p{1b = (B)3p1 18]y 5 pI P,

which, along with (3.7), proves (3.6). This completes the proof. O

Remark 3.5 Under the assumptions of Theorem 3.2 and by the “three lattice theorem" (see,
e.g., [18]), there exist 3" dyadic lattices Z; so thatforany f, g € L°(R") and b € LIIOC(R”),
there exist sparse families S; € Z; such that

3n

/ |T’”f||g|<CZ(Z (Ib =Bl I11), ollgl)y ol 2

Jj=1 Q€S;

+ 32 (1£1) olIb = BrolIgl)y gl21),

QGSj

where C is given by (3.2).

4 Weighted estimates for fractional sparse forms

In the next section, we will prove quantitative Bloom weighted estimates for the sparse
forms in the conclusion of Theorem 3.2. As a preparation, we establish a weighted estimate
for fractional sparse forms in this section.

Theorem4.1 Letl <r <p<g <s <00, seta = % - é and let w € Ay N RHg /gy
For any sparse family of cubes S € 9, f € LP(wP/?) and g € LY (w'~4") we have

> UFD 2 ollghy.olQI™F < [wl]

QeS

B
alr [w]RH(;/q)’ ”f“LD(wp/q) ”g”Lq’(wl—q/)

with
s(1-%

-1
,3 = max(#, (ITV)

For o = 0, this theorem was proved by Bernicot—Frey—Petermichl [1, Proposition 6.4].
The general case o > 0 is a combination of generalizations by Li [23] and Fackler—Hyt6nen

[8].

Remark 4.2 Following the notation of Nieraeth [27], for 0 < r < p < s < oo and a weight
w, define

[Wlp,rs) i= SLE% (wil)%,g(w)%,g-

Upon inspection of the proof, it is clear that the conclusion of Theorem 4.1 can be more
symmetrically phrased as

Y S0 s olghy.ol Q1T STl S ILran gl e o)
QeSS
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for all weights w such that [w]g,¢5) < 00.

As a direct corollary of Theorem 4.1, in the case r = 1 and s = oo, we recover [10,
Lemma 3.2], which is a special case of [8, Theorem 1.1]:

Corollary4.3 Let 1 < p < g < o0, set o = % é and let w € A,. For any sparse family

of cubes S € Y and f € LP(wP/7) we have
max(l—a, —)
| 0, olerxe|,, Sl T I N
QeS
In particular, we recover the well-known bound
max(l,q%l)
| urexe|,,, Sl T k. 1)
QeS

The proof of Theorem 4.1 is based on three main ingredients, the first of which is a very
slight generalization of a result of Li [23].

Theorem4.4 ([23, Theorem 1.2]) Let 1 < p < g <s <ooandr € (0, p). Let w and o
be weights and L.g > 0 for any Q € 9. Let S € 2 be a sparse family of cubes and suppose
that N is the best constant such that

D S Drolghs.oro < NI FflLrallgl e o)
QeS

’
s

_r_
Denote u := w7, v :=0c%-4, set

o=y Wy —, Q€%
and for R € 9 define
Tef:= Y, tolfloxo.

0eS:0CR
Then
N = sup I TR )]l L4 (v) sup ITR W 1 W
ReS ”(R)]/p ReS U(R)l/q/ ’

Proof In the case r > 1, the theorem is exactly [23, Theorem 1.2]. The case r < 1 is proven
analogously. Indeed, only the proof of the equivalence [23, (2.1)] < [23, (2.2)] needs to be
adapted. To handle the average of f in the implication <, one replaces the maximal operator
argument by Holder’s inequality. Conversely, for the implication =, one replaces Holder’s
inequality by a maximal operator argument, using the boundedness of M f LonLP(w). O

In order to estimate the two terms in (4.2), we will use the following norm equivalence
from Cascante—Ortega—Verbitsky [4].

Lemma4.5 ([4]) Let p € [1, 00), let w be a weight and let ..o > 0 for all Q € 9. Then
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The final ingredient in the proof of Theorem 4.1 is the following result from Fackler—
Hytonen [8].

Lemma 4.6 ( [8, Lemma 4.2]) Let w and o be weights and o, B,y > 0 with « > 0 and
o + B+ y > 1. Then we have for any sparse family S € 9 and R € 9

> 10 (@ w(Q) S IRI*e (R w(R) .
QeS:QCR

Combining these three ingredients with the proof strategy from [8], we can now prove
Theorem 4.1.

Proof of Theorem 4.1 A dlrect computation shows that, in the notation of Theorem 4.4, we

haveu = w i v—wfqand

s 1 o
T, w0l

Let us first consider first the testing condition in (4.2). We will show that

70 = (w

g L1 e L
ITR@ o S T3 1, w771 u(R)YP. (4.3)

By Lemma 4.5, we have

s 2-¢q-1
TRy = Y @) i) g 10wy,
0eS:QCR

where

V@ = Y eyt w0 (4.4)
Q'eS:0'c0

For § > 0 we have

W(Q) < w7}

=g G+
o=l e Begodnt @
S w0l
Q'eS:0'cQ

Our goal now is to use Lemma 4.6. Its assumptions imply the following restrictions on §:

1-1-5>20&8=<1-1

14+ q-—r 14+ s—q

r _877>0¢>8§q? s
1 1 — 1
Lolys(1+ =) > 066> 1 -1

Moreover, the assumption o + 8 +y > 1 of Lemma 4.6 holds trivially because « + 8+ y =
1 + <. We conclude that § € (% — %, 11— %] and the set of § satisfying all restrictions will
be non-empty if

4o  s—¢q

< .
q—r s

1_1
q s

It is easily seen that this estimate is true forall r < ¢ < s and o > 0.
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73 Page 14 of 32 A.K. Lerner et al.

Taking § > O satisfying the above restrictions and applying Lemma 4.6, we obtain

5 s 5 lflfd r I+a ¢ s q-—r e
< 5—q 5—aq s o=\ 7 s—q 1 ¢
VO ST L e g 01+
Therefore,
Ch R (ol
1RGNy S (w7 ] (13 -, Y. Wi,
e QeS:QCR
1+oz D
Ly T g
Q
= # __r_ 1+7 qo
S U D D s r AR (e
Ter QeS:QCR
Further,

r g o __r % __r
) <w*F>1Q**|Q|l“Ts(/w )Y /w
o

0eS:0CR R 0eS:0CR

which, along with the previous estimate, proves (4.3).
Now consider the second testing condition in (4.2). Let us show that

1
7/

ITR @) ) S W™ q]q PN e FRTCORER 4.5)

-r 4

».Q

Again by Lemma 4.5, we have

P
ITR I, =

Y Wiy i T o e,

QeS:QCR
where W (Q) is as in (4.4). By the above estimate for ¥ (Q),

/ 1 /
P < g 18— S\ pA=5)=8(p'=1)
ITR @7y, ST D0 g
s—q T Q€$'QCR
/1+o¢ / /
R (it MU I
W)y o R
s pli-h s 1+",—i”‘ 1y Pe
Sl L0, ) iy Tlelt
=7 7 " pesiocr
et s\ 142
Sl i (f wE)
—q R

from which (4.5) follows.
Combining the two estimates for the testing conditions, inequalities (4.3) and (4.5), we
obtain

s L1 ;1 s L_1 , L
=14 —a=r 149 =19 ° =g 17
NS" [wA\ q]A s _q—r [w ! r]Aoo +[wV q]A s q-=r [wA q]Aoo
5= 7t g
s 1 _l,1ls=g r s L/+l,l
<[wf]’l s q s q-r _l_[wf]P q s
~ Aﬁq?*] Aﬁq?H’
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where N is as in Theorem 4.4. From this, since

t t t
[w ]A,(q,l)ﬂ = [w]Aq [w]RH,v

we obtain the conclusion with

_ 5 1,1 11 _ 1
ﬂ—s,q max(p,+ ‘ S+

s(1—%)—1
= max(#, q%r)

5 Bloom weighted bounds for sparse forms associated to commutators

In this section we consider one of the sparse forms in the conclusion of Theorem 3.2, namely,
B}, . <(f, &) as defined in the introduction.

Let us start with some definitions. Given b € LIIOC(R"), a weight v and o > 0, define the
weighted, fractional BMO-seminorm as

1
[T Ap—— —/ b (b)ol.
oe@ ()T Jo

We omit o from our notation if « = 0. Furthermore, given a cube Q € Q, define the
oscillation

1
Q (b,Q)::—/Ua—(b) |
' v(Q) Jo e
and the weighted sharp maximal function

M (b) := sup Q,(b, Q)xo-
QeQ

Note that [|bllgmo, = 1M (B) ]| oo .-

1

Theorem5.1 Let1 <r < p,qg <s <oo,m € Nandb € L,

and » € Ag;r N RHg /4y Set

(R™). Assume that ;1 € Ay

oy = max{w, 0} and define the Bloom weight

1 1
pIHe = o T

For any sparse family S C 9, f € LP(u) and g € L9 (A1) we have

161 gpoen p=q,

B2y (18 S Cur M oollgll Ly oo {” M 0=
v Lt(\))’ = />

where
By B, +B B
[M]Afpl/r [)»]Aql/r o [’\]Rﬁj/q)/ forany p,q,m (5.1)
Cu, ») <
Bur 11 1Brs 2B .
[M]A,:)z/r [)‘]Aqu/r [}‘]R}{Z(X/q), ifg<p m=>2 (5.2)
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with

. 1 1 1

Ao = a1 ) (1 ) o by mas 55 )
rm
q 1 —oy 1
T Z (7ge T=7arg=r)"

B, = prTr

. 1 1— 1
Bry = Lo rm — [rm)) max (;=0% o)

lrm]—1
1
+ Z (1_7)max(r+j‘);a (1— j(l)q r)
=1
9y
B, = max(%, )

Remark 5.2 Observe that the sense of (5.2) is that in the case ¢ < p and m > 2 it provides
an additional bound for C(u, A), which is incomparable with (5.1), in general. See Sect.6
for a further discussion of this phenomenon.

Before turning to the proof, let us discuss some particular cases of Theorem 5.1.

Remark 5.3 Suppose that s = oo and thus [A]RH(S = 1. In the diagonal case p = g, we
have @ = 0. So, in this case,

Buy = (rm — Lrm] + 2. (1 + rm])) max (L, L),
Br = (Lrm] — Lzr,’:f (1+ [rm)))max (1, -L).
If we additionally assume that rm € N, we get

/31“ — rm2+l max(

% plr)’
1
P

p]—r)'

B, = —””2_1 max(
In particular, for r = 1, we have

:311.1 ﬂk] +ﬂk2 == m+] max(l ﬁ)v
Therefore, if r = 1, s = co and p = ¢, we have
m+1 1
(mh[])zmmWﬂ,mZL

max (1, 1)

(uly [] : m=2,

Clu, ) =

the first of which was obtained in [21]. Note that the second estimate is, in general, incom-
parable to the first.

Remark 5.4 In the spirit of Remark 4.2, we note that the conclusion of Theorem 5.1 can be
replaced by

g.‘l’b,r“y(fs g) S ”f“Ll’(p,l’)”g”Lq/();q/)

PB qp qB
M%mebymmgﬁmugﬁw p<q.m=1,
pB q q
nwwnwy%gmmﬁgﬂg&yqsnmzn
p q
IO ENNPN ey qg<p m=>2,
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for all weights w such that [i1], (r,c0) < 00 and weights A such that [A], (- 5) < oo.

Several statements below will be needed to prove Theorem 5.1, starting with the following
lemma from Rivera-Rios and the first and third authors [20].

Lemma5.5 ([20, Lemma 5.1]) Let b € L}OC(R”) and let S C 2 be a sparse family. There
exists a sparse family 8" C 9 such that S C S’ and for every cube Q € S/,

b—(bolxe S Y. (b= B)el)pxe
PeS":PCQ

We also need the following additional result from Cascante—Ortega—Verbitsky [4].
Lemma5.6 ([4,(2.4)]) Let p € [1,00) and ,g = O for all Q € 9. Then we have
P p—1
(X roxe) =p X roxo( X roxe)
(=7 (137 Q'€2:0'CQ

We are now ready to prove Theorem 5.1 in the case p < g.
Proof of (5.1)in Theorem 5.1in the case p < g By Lemma 5.5, there exists a sparse collection
of cubes S € 8’ € Z such that for any Q € S,
o NI v
Q Pe s' PcO 1P|

U(P)l+a rm .
Sl i [ (X Pre) T

PeS':PCQ

b—
(16— (bl f,QN|Q|

Letk := |[rm] and y := rm — (k — 1) € [1,2). Applying subsequently Lemma 5.6
(k — 1) times yields

U(P)H-ot rm
(X 20w i
0 | P]
PeS":PCQ
v(P)IFE (Pt V(P Voo
S X Pl [Pl | ] w) T
P C--CPISQ - Pt ey
where we omitted the assumption Py, ..., P € S’ from our notation for brevity.

For § > 0 we denote

Ass(@) =D (lel) 1 o101 xo.

Qe8’

in which we omit § if § = 0. Using Lemma 4.5 with the weight w = | f|" and Minkowski’s
inequality, we have

v(Pp)lte Yoo
/Pk ( Z WX&) | f]

1 PSPy
v(Pp)! T / 2—y p(P)!He
([ gy L)
PkEX:Pk—l [Pl ( P ) (PCP 1P
(P N2 o\ (=D
= 2 T (/Pklfl) (/PkAg(lfl)l+ v)
k=Lk—1
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S v  (As (T WL 1P

PrC Py

(f (asasr? - asa(asasrytey ™. o))
k—1

(f hl%a)m.
Pr—1

Let us further write

IA

San(@) i= As o (@',

and let Aé,!a!v be the j-th iteration of Ag 4 ,,. Using Minkowski’s inequality (k — 1) times
more, we find

v(PHIE (Pt / 1 e
3 ( h1+a)
| P1] | Pr—1] Piy

Pr1SCPICO
= (f (stamm) ™

which, along with the previous estimates, implies
(16— b ol™f),. o0 S 1blgyou (A S/M(h)> QIQI”‘

From this, we conclude

B2, (F.8) < bl D (AL )7y 2
QeS

ollghy olOI'*7.

o’

Now, for j =1, ...,k — 1, define

Li=leje=dlea- Dl

uj rm p q’
Moyt
wj = Mrm P )\‘( rm) q
By Theorem 4.1, we have
k—1 1
2 s (F28) S COU 1Bl I CAS L )71y o 18 imar-

where

.v(l—%)—l 1 )
max( s—q  q-r

C(A) = ([)"]Aq/r [)‘]RH(X/I/)’)

Next, we apply Corollary 4.3 (k — 1) times to obtain

”'AS/ o, v(h)7 ”L“l ()J’l/q) ”-AS/ (X(AS/ o, U(h))”L“I/"(wl)
max(1—

Ul r
~ wl]Aul/r ”AS/ a, u(h)”L”Z/’(wl)
S .
max(l—«, =)
(lej A [TV
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Now note that, for % = % — %, we have

1 1 1 1
=g tm—G—-)E=2-y);+ —Dy.
So, defining
1 1 v
Wy :H’( ml)p)"mg’
we have by Holder’s inequality,

Wl
= ”AS’(|f|r)2_y.A3r’a(AS,(|f|r)vl+a)VflU1+a|

ugp y Uk

L“k/’(ll“’%)*)xrm Tk)

= [As (LF17777 Asr o (As (| 101 Fe)7 ™12 M**HW
< | As U7l o | As a(As (W) 77

For the first term on the right-hand side, by (4.1), we have

L”/’ (wy)”

(2 y)max(l r (2_ )
||AS’(|f| )HLI’/r(M) ~ [M]Ap/ P ”f”Lp(l):)r

For the second term, by applying Corollary 4.3 and (4.1), we have

y—1

| As .« (As (1] W”“)Iw(w)

(y—Dmax(1—a, ;5
[ U]A |AS/(|f| )“Lp/r(u_)
(y—Dmax(l—e, ;=) (y—1) max(l, p =) (y=Dr
~ [ U]Al/r [ ]Ap/ ”f”LP(M)

Collecting our estimates, we have shown

Bg,b,r,s (f. &) S Clu, )L)”b”gMogﬂ ”f”LP(p_) ”g”Lq’()qu’)

with
max (3, 555) (y—Dmax(=2, L)
Clus )= CO - [uly 77 Twyly
o ma(
: (l_l[wj]Au~/r ! )

. J

j=1
By Holder’s inequality, since | = (1 — %) >+ W? we have

Ayr Lo

rm gq

[wola,, = 7 FAm 1, < Tuly ™ PRI
Similarly, we have

J J

, 0= T
[wila, , = #7200 T 1, < Tl

From this and from the above expression for C(u, A), the values of 8, and B, follow by
direct computation. O

We now turn to the case ¢ < p. We start with the estimate in (5.1), which works for any
m>1.
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Proof of (5.1) in Theorem 5.1 in the case ¢ < p By Lemma 5.5, there exists a sparse collection
of cubes S € &’ C Z such that for any Q € S,

, 1
b— (b)y|" < — b— "
b= bl ¢ 5 7 |P|/| byixr) 11

Q Pe S’ PcO
v(P)
|P|

Qub, Pyxr) 1fT
|Q| (b P)xp)  If]

Q Pe S’ch

Letk := [rm] and y := rm — (k — 1) € [1,2). Applying subsequently Lemma 5.6
(k — 1) times yields

/Q |P|) )T

PeS':PCQ

< Z V(Pl)Qu(b, Py v(Pr—1)

Qy (b, Pr—1)
1Py |Pet]

Py 1C-CPICQ

(T R o) i,

! PSP

where we omitted the assumption Py, ..., Py € 8’ from our notation for brevity.
Define

As(9) = Y (lel1.oxo
QeS’

As vp(@) i= As (@) M (b)v

and let Aé, v p be the j-th iteration of As , 5. By Lemma 4.5 and Holder’s inequality, we
can estimate

P,
/ U(Pk)ﬂu(b, Pk)XPk)y|f|r
Pr PkCPkl | Pl
V(Pk) / - 2—y ( ) / r
Q, (b, P "o, m. P
,,; TRl ,,k'f') (}; @ P) | If]
—1
< 2 Ve P") P /|f| 7/ As’,u,b(lflr))y
PP, 1Pel [Pl Jp,

<[ AsUIT* 7 - As(Asan( I - ME )Y = / h.
Py Py

Next, we can iteratively estimate

v(Py) V(Pr-1)
> S (b, P (b Pt) |
P CePICO [ P1 [ Pr—1] Pii
v(Pr) v(Pr_2)
< Qy(, Py)--- Q, (b, Pr—2) Asr vp(h)
) Z |Py | Pe_al P
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Combined with the previous estimates, this implies
_ 1
BE,, (20 S Y (A, 0 ollgl)s .0l Q.
QeS

From this, using Theorem 4.1, we obtain

= 1
B[};n’r’s(f, g) 5 ([)\.]Aq/r[)\.]RH(A_/q)/)max $ q q 4= ”AS/ v h(h)”L/qr/r()L)||g||Lq’()Ll—q’)~

Definefor j =1,...,k—1

1.1 _Jj_J1 _ 1

uj " q rt_rmp+(l rm’ q’
J M uj

w;j = wim 7 AT

Applying Holder’s inequality along with (4.1) (k — 1) times, we estimate

ALY ) Ly = | MW As (A2 /31|
< IMEB) |1y Il As (A2 I oy

max(],ﬁ # k=2

Stwnly, , 7 IMEO 142 il
5 ..

k—

max
' #

S (l_[[w/']Au,/ )||M O Il -

|1

11 1
Now define = + 5 and

| RN
Wy = /L(FW PAT

-
=sle

Noting that 1 — £=1 = X and thus
rm rm

1 —1 1 1 1 1
S T T o =t EE AT,y =Dy

we can estimate by Holder’s inequality,

”h”L“k*I/r(wk,]) = ”h”L“k—l/’( (-1 kp 1 )Vr}l/n “kq—l y

< ||M#(b)||L’(v) ||A$/(|f| )”L!’/’(/L)

NAs (As v (L)L)
For the second term on the right-hand side we have, by (4.1),

L”/’(wv)

(2—y) max(l, Q=y)r
e e O T e 1 i

and for the third term we have

[As (As s (LI,

Lv/r(w )
(y—1)max(l, ;5
~ [wv]Av/r }AS’ Ub(|f| )| L“/’(w )
(y—])max(l #
Stwly, DAoL [ As (O o

@ Springer



73 Page 22 of 32 A.K. Lerner et al.

(y—Dmax(l,75) (y—1) max(l,
S [wely [l

Collecting our estimates, we have shown

r # (y—Dr
MBI 10

v/r pir

ax(sf] 1

i)
s (F28) S CO 2 Doy, T IMEGI )1 F o 181 o1

with
max($, ) (y—Dmax(L, L)
C(/L,)\):[,LL]A /_ i - [w v]A/
max(z. = max(3=1, 75)
(l‘[[ wily ) e
By Holder’s inequality,
_ (1—#)2 %2 (1 —m)w ,1, H
[wv]Av/r =[u P q]Av/r < [M]A[]/, qu;r
and

Cous s
A 1—Ly=L
) rm a rm)

) i (= p q
[w./]Auj/r [/Jv p )“ a ]Au e = [M]Ap/r [A ]Aq/p

From this and from the above expression for C(u, 1), the values of 8, and B;, follow by
direct computation. O

For the estimate (5.2) in Theorem 5.1 in the case ¢ < p, we need a Fefferman—Stein-type
lemma (see, e.g., [25]).

Lemma5.7 Let p € (1,00),0 <8 < 1 and let w be a weight. For any sparse family S € 9
and f € LIIOC(R") we have

| > asm.exe
QeS

Using this lemma, we can now prove the estimate (5.2) in Theorem 5.1 in the case ¢ < p.
This approach was suggested qualitatively in the case p = g by Li [24].

< /1
Lrwy P sy | f e vy psw)-

Proof of (5.2) in Theorem 5.1 By Lemma 5.5, there exists a sparse collection of cubes S €
S’ € 9 such that for any Q € S,

(Ib = ®)ol™If1), o S1OI7Y"

Z(Mb le)(Q‘

Ocs’ L’

Since m > 2, we have by Lemma 5.7,

1
_ -1/
<|b <b>Q|m|f|>r o~ S 10| r8 Tamy ||M b- vXQ”L'”’(MH(S(\fI I

Therefore, by Theorem 4.1, Buckley’s estimate [3] and Holder’s inequality, we have for
0<d6<1,

S s (&) S sty 2 AMED 0" Mssy f), o (gl o] Q]
QeS

1
max(§ 7=

1
S ey (Mag, [rug )
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#
AMMED - )" Mgy fllLaonllgll e gi-a
1 max(£=L, L)
ey (Mg, [Mri g, )

s—q’q—r
NMaoyr fllew IIgIILq/(,\lfq/)IIMf(b)II'f,(,,)

A

1
max(Y 70— =)

Z/\

1 P— (|+5)r
ey LA - ([)\]A,,/,[)L]RH(S/W)
o

NNz gl Lo g 1M BT -

Let ¢, > 0 be the constant from Proposition 2.2 and set

1. p—r
L= (/) enlul)

(5.2) now follows from Proposition 2.2. O

Remark 5.8 The proof of (5.2) in Theorem 5.1 also works in the case m = 1 and r > 1
with a constant depending on r, as can be seen from the proof. However, in applications to
concrete operators, this will yield worse dependence on the weight characteristics of © and
A than (5.1).

The method of proof of (5.2) is likely also applicable to the case p < g, again yielding
an incomparable bound to (5.1). This would require one to develop a fractional version of
Lemma 5.7. Since our interest in quantitative estimates is mainly in the case p = ¢, we leave
this extension to the interested reader.

6 Weighted bounds for commutators

In this final section we will apply the results from the previous sections to concrete operators.
Let us first formulate a general result, in a qualitative form, which is an immediate corollary
of Theorems 3.2 and 5.1 and duality.

Theorem 6.1 Let 1 <r < p,q <s <ooandm € N. Let T be a sublinear operator and
be L]'OC (R™). Assume the following conditions:

e Suppose T and M?S are locally weak L"-bounded.
o Letppe Ap;y NRH(g/py, A € Aq/, N RH,4y and define the Bloom weight

Then:
Q) Ifp<qgando := me - qim, we have

T3 e oy ey Spn 101w -
) Ifg < pana’zl = qim — me we have

I3 e oy Loy Spr IMEBIT, -

Proof Fix f,g € L°(R"). By Remark 3.5, there exist 3" dyadic lattices &; and sparse
families S; € Z; such that

/ T fligl S Z B s (Fe8)+ B (8 ).

j=1
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Therefore, the claims follow from applying Theorem 5.1 twice, directly and dually. We
observe that in order to apply Theorem 5.1 to the dual terms ng, b5 (& f) in the dual
spaces, we need the conditions

o M1 € Aq’/.v’

o 177" € Ay VRHGpry

which follow directly from our assumptions on p and A. O

We refer to [22, Remark 4.4] for a list of operators satisfying the assumptions, and thus
the conclusion, of Theorem 6.1. Note that even unweighted bounds for commutators with
some of the operators on that list were previously unknown.

Next, we examine a quantitative form of Theorem 6.1 in an important particular case of
interest.

Theorem 6.2 Let 1 < p < ooandm € N. Let T be a sublinear operator and b € Llloc R™).
Assume the following conditions:
e Suppose that forall 1 < r <2 < s < oo, both T and M*}’S are locally weak L"-
bounded, and
o1.rAm,n) + §0/\/[’;_ x,r()tm,n) = W(’"/, ),
where Ay, > 0 is the constant provided by Theorem 3.2 and  : [1, 00)? = [1, 00) is
non-decreasing in both variables.

1
o Let ju, . € A, and define the Bloom weight v := (5) 7.

Then
1Ty e oy—rLroy S Kp(es MCp oy (1, M 1D1Igvo, »
where
2 max (1, 515)
([M]A,,[MA,,) p=17 m>1,
Kp(ﬂ,)x) =< m (l,ﬁ) max(1

2 max ,L_)
(1]} 1]y, +luly, TR m=2,
Cpoyr (. 2) =V (cponm max([ula, . [)\]A[,)I’%', cpmmmax((ila,, [Ma,))-

Proof Fix f,g € L°(R"). By Remark 3.5, forany 1 < r < 2 < s < oo there exist 3"
dyadic lattices Z; and sparse families S; € Z; such that

37[
/R AT ANl S W0 5) Y (BY, s (f+8) +BE b (8. ). 6.1)
j=1

Suppose that 1 < r < min(”’,;fl, p) and max(p,m + 1) < s < oo. Then |rm] = m and

Ls'm| = m, and hence, by Theorem 5.1,

ng,b,r,s(f’ g) S, Cp,r,s(,uy )»)||b||%1Mo,, ”f”LP(,u)”g”[‘p’()\lfp’)’

where either

_ m41 _m+l 1 _1
(r=1)m+"5; m—=; )max(;,ﬁ)

Cp,r,s(u“» }‘) = ([H’]Ap/r [)\']Al’/" '

—1 1
)max(f—p’ p—r)

([Ma,, [ARH,,
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or, if m > 2, alternatively

rm 1

Cpors (it ) =111} (1M, iR,

)mdx(x P’ p— r).

Moreover, Theorem 5.1 also yields

BE bt 1) S Cpsr G177 1 ) 101N, 18 L 1=y 1LF L2 -

Now, let ¢;, > 0 be the constant in Proposition 2.2 and define

1

e [Ma,) 7T,
p(1+ cn - max([pela,, [A14,)).

Then we have forall 1 <r <rands <s < oo that

f

s

(Litla, (21 ) s

Cp,r,s (p, A) SJ

1,
Gl oy, m>2,
and, using (2.1), also
m'H max(1, 1)
ey < |4, 0,) = m =1,
p s’ r’(k ]7 , p)g max(1, p*l) m
uly, TR m=2.

Therefore, if r = %(min(’%l, p,7)+1)and s = 2max(p, m + 1, §), combining the above
estimates with (6.1) completes the proof. O

If T and M’;’ , are both locally weak L _bounded, we can take Y in Theorem 6.2 constant
in the first coordinate, which we record as the following corollary.

Corollary 6.3 Let 1 < p < ooandm € N. Let T be a sublinear operator and b € LllOC R™).
Assume the following conditions:

e Suppose that for all 2 < s < 0o, both T and M’;’S are locally weak L'-bounded, and
Pt 1 Gomn) = Y (5),

where Ay is a constant provided by Theorem 3.2 and v : [1, 00) — [1, 00) is non-
decreasing.

o Letu, A € A, and define the Bloom weight v := (%)#.
Then
17" e goy—rLroy S Kp(es M)Cp oy (1, M 1DIIgvo, »
where K, (i, A) is as in Theorem 6.2 and
Cp.y (i, ) := Y (cpnm max([ula,. [A4,)).

Proof Since T and M? ; are locally weak L'-bounded, they are locally weak L" bounded
forall » > 1, and

o1 (Am,n) + Pt »\V,r()tm,n) < or1(mn) + Pt S’l()\m,n)
< o1 1(mn) + ¥ (s).
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Applying Theorem 6.2 with

lﬁ(r/, s) = @r,1Amn) + Y (s)
finishes the proof. o

6.1 Calderon-Zygmund operators

As discussed in the introduction, Bloom weighted estimates for commutators have been
widely studied for Calder6n—Zygmund operators. As a first application of our results, we will
compare the weighted estimates that we obtained in the diagonal p = ¢ case for Calder6n—
Zygmmund operators and discuss their sharpness in the sense of Definition 1.1. In particular,
let us prove Theorem 1.2.

Recall that a linear operator 7 is called Dini-continuous Calderén—Zygmund operator if
it is L2-bounded and for f € L2°(IR") has a representation

rrw= [ Kefods x s f,

where

/
— 1
1K (x,y) — K, ) + K (v, x) — K (3, x')] 5w<"“ "') ,
[x =yl /) |x =y

whenever |x — y| > 2|x —x/|, with the modulus of continuity w : [0, 1] — [0, co) satisfying
fol a)(t)# < o0.

Proof of Theorem 1.2 1t is well-known that 7' and M’; oo are of weak L'-bounded (see, e.g.,

[9, 19]). Next, M? s = ./\/l’; o for every s > 1. Therefore, after normalizing such that
lbllBMmo, = 1, by Corollary 6.3 we have

m+1
2

1.
1T ML go—-rrGy S (a,lula,) 2 ™07, (6.2)

and, if m > 2, also

max(l,515) M max(1, —-)
1T Lrgo—srroy S Ty, "7 Tulf " +ludy 7 I (6.3)
First let us take m > 2. Then (6.3) implies for p > 2 that

max(l,%)

175" e oy—rroy S iy, (AT, -
If p > %, then max(1, %) < "12“ , and therefore we obtain that (6.2) is not sharp in

the sense of Definition 1.1. Moreover, for 1 < p < 2 (6.3) implies

m

max(m, %1)

T ery—rroy S [M]X;l My, "

If p < 37 then max(m, ﬁ) < ’”;1 —L_ Therefore, we again obtain that (6.2) is not

2m ’ p—l .
sharp.
Suppose now that m = 1. Let us show that in this case (6.2) is sharp for all p € (1, 00).
By duality, the sharpness of the exponent max(1, ﬁ) of [A]4,, is equivalent to the sharpness

of the exponent max(1, ﬁ) of [u] Ay Therefore, it suffices to establish the sharpness of
_1

the exponent P

of [A]AF and [/,L]Ap forl < p <2.
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Let 1 < p < 2. We will provide examples in dimension n = 1 for the Hilbert transform
H. Let us prove first that the exponent =7 of [A]a , cannot be decreased. Let 0 < § < 1

and define u := 1 and A(x) = |x|P~ 1)(1 %) Tt is well known that [Aa, = 81=P_ Observe

[CE=))
that v = k I/P = |x| r" . Define b := v. It is easy to see that ||b||pmo, < 2. Define
fx) = |x| P X(O,l)(x)~ Then

1
-1

([Ma,lieda,)?

_ 1
I llzr ) = 5175
Therefore, the sharpness of the exponent ﬁ would follow if we show that

1Hy Loy 2 57 (6.4)

Observe that for x € R

L (L] 51
[x| » H(yl » x0,0)() — H{(y°" x0,1))(x)
=: h1(x) — ha(x).

H) f(x)

By the unweighted L” boundedness of H,
6=b I/p 1
i = ([ 1O xonmira) " s s

On the other hand, §|x[°~! < |h2(x)| for all x € (0, 1), and therefore

1
s S lhallergy,

which proves (6.4).
Let us show now that the exponent 7 of []a , cannot be decreased. The example is
very similar. Define A := 1 and u(x) := |x|<’7 D= Then (nla, = ~ 8'7P. Observe that

a-»
v = ,ul/l’ = |x| #" . Define b := v, for which we have ||b||pmo, ~ 1. Define f(x) :=

|)c|‘S X(©,1)(x). Then

l
—1

([)\]A,,[M] ||f||LP(/L) ~ 51+1/p
Therefore, the sharpness of the exponent =y 1 would follow if we show that
IHy | 2 577 (6.5)

Observe that

1 @G=h G-1) =l
Hy f(x)=I|x| » H(|y| X0,0)&) = H(y| » x©0,1)(x)
=h1(x) — ha(x).

-1
Exactly as above, ||ha|lLr < L/ On the other hand, 1 5 |x| < hy(x) for all x € (0, 1),

and therefore,

~

FEay S Atliee s

which proves (6.5). This completes the proof. O
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As we mentioned in the introduction, Theorem 1.2 leaves open a question about the
sharpness of (1.1) whenm > 2 and p € [H’i’” s lr:i’l" ]. Indeed, our example is based on the
obvious fact that v € BMO,,. In the case m = 1 the choice b = v shows the sharpness of
(1.1)forall 1 < p < oco. However, it is easy to check that in the case m > 2 the same choice

is not enough in order to show the sharpness of (1.1).

6.2 Further applications

We conclude this paper by applying our results to several other concrete examples of oper-
ators, for which (quantitative) Bloom weighted bounds of their commutators have not been
known before.

Given an operator T and s > 1, define the (non-sharp) grand maximal truncation operator
MT,S by

Mr.of () = sup |Q|/| (fon\aQn) " xern

Observe that
ME f<2Mr,f. (6.6)

Example 6.4 Consider a class of rough homogeneous singular integrals defined by

Q
Taf(x) = p.v./]R Flx— y)% dy, xeRY

for @ € L°°(S"1) with zero average over the sphere. Fix p € (1,00), let m € N and
belLl (R".

It is a well-known result of Seeger [29] that Tq is of weak type (1, 1). Moreover, it was
shown by the first author [17] that for s > 2, the grand maximal truncation operator M, s
is weak L!-bounded with

Mg sl @ey— 1oy S S-
Therefore, by (6.6), M‘;Q,S satisfies the same bound. From this, by Corollary 6.3, we obtain
forpu, € Apand v := (%)%m
I(TR)y lLrn—1ray S C1lis Mblgvo, -
where
Ci(h, ) := max([ula,, [Aa,) Kp(u, 1)

with K, (i, 1) as in Theorem 6.2.
Furthermore, since T, is essentially self-adjoint, we have

1Ty L q—rroy = 1T I Gi-v'y— 10" (u1-r)-
Using (2.1), this yields
1(TQ)p lLr—rry S Calp, MIbIBMo, »

where

Co(h ) 1= max (A7 14, (1!~ 1a ) K G177 7
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1
= max([ila,, [Ma,) 7T Kp(u, A).
Therefore, we finally obtain that

. I,L
)T K () 16 1o, -

Example 6.5 Consider now a class of maximal rough homogeneous singular integrals defined
by

(T} e oy—rroy S max([ula,. [Aa,

, xe]Rd,

Q
I3 F) = SUP‘/H 20/,

e>0 | |n

for Q € L%(S" 1) with zero average over the sphere. Fix p € (1,00), let m € N and
belLl (R").

loc

It was shown by Di Plinio—Hyt6nen-Li [7] that for 1 < r < 2,

ITS fllLrce@ny S r/llLfllr ey (6.7)
Let us deduce from the recent work of Tao—Hu [32] that

o, »Oumn) S slogr’. (6.8)
&8

Denote & (¢) := t log log(e2 +1). In [32] the authors established that fors > 2 and o > 0,
r €R": Myg o f(0) > )] S sf @ (Lf'> d
@ R? o

From this, using the estimate
&) < (logrt+1t", t>0

for 1 < r < 2, we obtain
|f] [f1\"
N * <k 4 —_— —_—
e 0 M (x> ol £ (t0er) [ B4 [ (V1))
Hence, for A € (0, 1), we have

[{x € 0 Mz, (fx)@) > "B f1)r.0)| S AOI

Along with (6.6), this implies (6.8).
Using (6.7) and (6.8), we are in position to apply Theorem 6.2 with ¥ (r/, s) := r’ +
1

(log r")s, from which it follows that for u, 2 € A, and v := (%)W
1
IS e oy—rroy S (1777 +1logt) K, (e, 1) [1bl gm0,
with K (1, A) as in Theorem 6.2 and t = max([i]a,. [A]a,)

Example 6.6 Consider the Bochner-Riesz operator at the critical index B(,—1)/2, which is
defined by

n=l __
(Bou—ny2f) €)== 1 — M2 fE), &eR"

It is a well-known result of Christ [5] that B(,_1),2 is of weak L!-bounded. Furthermore, it
is implicit in the work of Shrivastava—Shuin [30, 31] that for s € [1, c0)

”MB(n—l)/Z»S||L1(R")—>le°°(R") 5 S. (69)
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Therefore, arguing as in Example 6.4, we have for p € (1,00),m € Nand b € LllOC (R™)

1
that forall 1, 2 € A, and v := (§)7"

min(1,

1
I(Bu-1y/2)5 Lry—Lr oy S max([ila,. [Aa,) 7, 1) 121Imo, -

with C), (i, 1) as in Theorem 6.2.
We add some details about (6.9). It is well-known (see, e.g., [9, Section 5.2.1]) that the
kernel of B(,_1),2 is given by K(,;_1)/2 := K + ®, where
cos(2m|x| —mn/2)

K(x) :=cp ML Xxiz1y, X €RY,

and |O(x)| < W Next, let ¢ be a radial smooth function supported in B(0, 2) such

that = 1 on B(0, 1) and set
Yi(x) = ¢Q 7/ x) —pQ /M x]),  xeR"
Then we obtain that

Bau—12f(x) =T f(x) + To f (x) + Tf(x),

where
Tif(x) = f D), x eR",
Tof (x) i= f * ($K)(x), x eR",
T =Y [ W K)x), x eR".

j=1
Using that |T; f| < Mf fori = 1, 2, we obtain
MB(n,])/z,Sf(x) S Mf(x) + MT,Sf(x), X € Rn-

Therefore, it suffices to prove (6.9) for M7 ;. In order to do that, we fix an integer N and
further decompose 7' = S; + S>, where

N o0
SIf) =) fr@iK)x),  Saf(x):= Y f*@iK)x).

j=1 j=N+1

Let e := 2~V It was shown in [31] that S| is a Dini-continuous Calderén-Zygmund operator
with Dini-constant bounded by log é, and that ||S2]l;2 2 S €% for some a € (0, 1].
Moreover, the kernels v/ ; K have radial smoothness (as was observed in [25]), which makes
it possible to apply Seeger’s machinery from [29]. Using all these ingredients, the proof goes
through as in [17] by the first author.

Remark 6.7 Let p,q € (1,00),m € Nandb € LllOC (R™). By a similar argument as employed
in Sect. 6.1 and Examples 6.4, 6.5 and 6.6, now using Theorem 6.1, we also getforallu € A,
and A € A, and

1 1 1 1
Ul+7p177q’ =u 7’;)\.77
that we ha\/e

”b”glMogn, pP=q,

N e (wy— L9y Spn
IME DIy a < P
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: ] 11 . 1 1 T .
with o = o T g T T gm T pm and T is either Calder6n—Zygmund operator or

T € {Ta, T3, Bui—1)/2}. We leave the exact dependence on [ula, and (M4, in these cases
to the interested reader.
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