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ABSTRACT

Context. Dust grains embedded in a gas flow give rise to a class of hydrodynamic instabilities that can occur whenever there exists a
relative velocity between gas and dust. These instabilities have predominantly been studied for single grain sizes, for which a strong
interaction can be found between drifting dust and a travelling gas wave leading to fast-growing perturbations (growth rates oc 4/u) even
at small dust-to-gas ratios u. They are called resonant drag instabilities. We focus on the acoustic resonant drag instability, which is
potentially important in AGB star outflows, around supernova remnants, and star clusters in starburst galaxies.

Aims. We study the acoustic resonant drag instability, taking into account a continuous spectrum of grain sizes, to determine whether
it survives in the polydisperse regime and how the resulting growth rates compare to the monodisperse case.

Methods. We solved the linear equations for a polydisperse fluid for the acoustic drag instability, focusing on small dust-to-gas ratios.
Results. Size distributions that have a realistic width turn the fast-growing perturbations o 4/t of the monodisperse limit into slower
growing perturbations oci due to the fact that the backreaction on the gas involves an integration over the resonance. Furthermore, the
large wave numbers that grow fastest in the monodisperse regime are stabilised by a size distribution, severely limiting the growth rates
in the polydisperse regime.

Conclusions. The acoustic resonant drag instability turns from a singularly perturbed problem in y in the monodisperse limit into a
regular perturbation for a sufficiently wide size distribution. It can still grow exponentially in the polydisperse regime, but at a slower

pace compared to the single size case.

Key words. hydrodynamics — instabilities — stars: winds, outflows — ISM: kinematics and dynamics — galaxies: formation

1. Introduction

Visible matter in the universe mostly consists of gas, with
0.99 being the canonical fraction (see e.g. Draine et al. 2007).
The remaining 1% is in solid form, and consists of particles
of various sizes, from sub-micron size to planetary size, that
are often mixed with the gas. Examples of dusty gas flows
include AGB star winds (Hofner & Olofsson 2018), the interstel-
lar medium (Draine 2003), and protoplanetary discs (Bae et al.
2023). The dust component can play an important role in the
chemistry and opacity of the mixture, for example, but also in
its dynamics. In particular, adding dust to a gas in an otherwise
stable configuration can make the system go hydrodynamically
unstable.

One particular class of instabilities in gas-dust mixtures are
the so-called resonant drag instabilities (RDIs, see Squire &
Hopkins 2018a,b). These instabilities rely on the fact that gas
and dust are usually drifting relative to each other. If a wave in
the gas can propagate at the same velocity as the drift veloc-
ity of the dust, the result is often a very strong instability that
grows fast even if the total amount of dust is very small (Squire &
Hopkins 2018b). Of particular interest is the streaming instabil-
ity (SI, Youdin & Goodman 2005), which can play an important
role in planet formation, and was shown to be an inertial wave
RDI (Squire & Hopkins 2018a; Zhuravlev 2019; Magnan et al.
2024Db). If the system of interest allows for different gas waves,
different types of RDI can manifest, such as the acoustic RDI

* Corresponding author; s.paardekooper@tudelft.nl

(Hopkins & Squire 2018) or RDIs in magnetised gas (Hopkins
et al. 2020).

Dust drift speeds usually depend on particle size. When
accelerated for example due to gravity, dust particles eventually
reach an equilibrium terminal velocity where the acceleration is
balanced by (size-dependent) gas drag. The smallest particles,
tightly coupled to the gas, drift slowest, while larger particles
drift faster. Since RDIs rely on the drift speed being equal to the
gas wave speed, it is natural to ask what happens to an RDI when
there is a distribution of dust sizes, and therefore a distribution
of drift velocities.

In this paper, we focus on the acoustic resonant drag instabil-
ity. This instability occurs in systems where drift is fast enough to
couple to sound waves, and where magnetic forces are subdom-
inant (see Figure 2 of Hopkins et al. 2022). A recent physical
picture of the acoustic RDI was presented in Magnan et al.
(2024a). The instability occurs for example in dust-driven out-
flows, where radiation pressure drives dust particles away from
AGB stars (e.g. Hofner & Olofsson 2018), around supernova
remnants (Micelotta et al. 2018), or around star clusters in star-
burst galaxies (Menon et al. 2023). The nonlinear outcome of the
acoustic RDI can be virulent turbulence with strong dust clump-
ing (Moseley et al. 2019). This has strong implications for the
chemistry and opacity in the system (see also Seligman et al.
2019; Hopkins et al. 2020).

The purpose of this paper is twofold: first of all, we want
to study the linear phase of the acoustic RDI with a dust size
distribution for its own sake. In this sense, we are continuing
the work of Squire et al. (2022), who mostly focused on the
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case where all sizes have the same drift velocity (but see their
appendix a3). We exclusively deal with the case where the drift
speed is different for different grain sizes. The second purpose of
this paper is to provide a framework for interpreting RDIs in the
polydisperse regime. Since the acoustic RDI (hereafter ARDI)
is probably the simplest RDI (in terms of the physics required
as well as the number of spatial dimensions), it lends itself
well for this. For a companion paper, we used the framework
to deal with more complex cases of the streaming instability
(Youdin & Goodman 2005) and settling instability (Squire &
Hopkins 2018b,a), which are likely important in protoplanetary
discs during planet formation.

The plan of this paper is as follows. We introduce the basic
equations in Section 2, where we also define our equilibrium
state and explain how we derived equations for linear perturba-
tions. Results are presented in Section 3, and we conclude in
Section 4.

2. Governing equations

The equations governing a mixture of gas and dust, where the
dust component consist of a continuum of sizes, were presented
in Paardekooper et al. (2021):

0,0 +V - (o) =0, (D
u-v,
2

ou+@m-Vu=aq -

Here, o the size density (Paardekooper et al. 2020), u the size-
dependent dust velocity, and v, the gas velocity. We specialise
drag law of the form (u — v,)/7, to couple gas and dust, with
stopping time 75 (see e.g. Woitke & Helling 2003). While the
stopping time can in principle depend on gas density and [u — V|
(Squire & Hopkins 2018b), we consider only the simple case
where the stopping time does not depend on any dynamical
quantity. Any additional accelerations acting on the dust are
contained in @4, which we assume to depend on u only. We
note that under this assumption, the dust momentum equation
is completely decoupled from the evolution of the size density.

The gas component, similarly, has its continuity and momen-
tum equation, where the backreaction of drag on the gas enters
the latter:

8r.0g + V- (pgvy) =0, 3

\% 1 u-—v,
8,Vg+(vg-V)vg=——p+a/g+— o £

Pg Pg Ts

drs, “)

where p, is the gas density, p the pressure, and all additional
accelerations on the gas are contained in «@,. At this point, we
can remain agnostic about any other equations governing the gas;
there might be an energy equation, equations coupling the mag-
netic field, etc. The only assumption here is that the only way
gas and dust interact is through the drag force. Nevertheless, in
this paper, we are concerned with only very simple gas physics:
no magnetic fields, and a barotropic equation of state, so that (3)
and (4) completely describe the evolution of the gas component.

It is worth noting that, as long as we do not consider any
interaction between the dust particles themselves, we have com-
plete freedom in letting o depend on multiple dust properties.
Apart from size, one could consider shape, porosity, chemical
composition, etc. Given dust parameters py, pa, ..., Py, We Write

o =0(p1, P2, Pn)s 5
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TS =Ts(pl’p2»-~-,pn), (6)
and demand that
Pd = f(rdp]dpz ...dpy,, 7

where pq is the mass volume density of dust. The drag integral
appearing in Eq. (4) will also be over all dust parameters. This
is useful if, for example, @4 depends on dust parameters, or if
one considers a more complex drag law. In this paper, we do not
consider these cases, but since the only relevant dust parameter is
the stopping time, we can simplify notation by choosing p; = 7y,
so that the drag integral is performed over stopping time rather
than size'.

The size distribution is often taken to be a power law, at least
initially. Most often, the MRN distribution is considered (Mathis
et al. 1977), which has the number density of dust grains occa™"/2,
where a is the dust size, and therefore o oc 7,~!/2. Different
power laws were explored, for example, in Krapp et al. (2019);
Zhu & Yang (2021), while in McNally et al. (2021) power laws
were augmented with a bump at larger sizes to account for grain
growth and in particular cratering (Birnstiel et al. 2011). In this
paper, to make the various integrals more tractable, we concern
ourselves with very simple size distributions only. In particular,
we focus on a constant size distribution between a minimum and
a maximum stopping time:

Ts,min < Ts < Ts,max
otherwise )

Pd
O-(TS) = { 6s.max_7's<min (8)

It is straightforwardly verified that the integral over stopping time
yields the total dust density, pq.

2.1. Equilibrium state

The ARDI can be set up in 1D Cartesian geometry. We fix the
gas equation of state to be isothermal with constant sound speed
¢g, and consider a drag law where the stopping time 7 is inde-
pendent of gas density. The dust size distribution is parametrised
using the size density o(7s), defined so that the dust density is

pu= f ()t ©)

The equations governing the dynamics of the coupled dust-gas
system are given by conservation of mass and momentum of gas
and dust:

0ipg + 0x(pgvy) =0, (10)
20pe 1
Ouvg + g0y = —pa — == 4 — | Lu—vpdr,, (11
Pg Pg J Ts
0,0 + 0,(ou) =0, (12)
U= vg
o+ ud,u =a — R (13)
Ts

where the dust velocity u = u(ts). A constant acceleration
was chosen to generate drift, similar to Hopkins & Squire
(2018) and Magnan et al. (2024a). In reality, this may for
example come from radiation pressure, see, for example,

I Technically, o should then be called ‘stopping time density’, but
note that for spherical particles the stopping time is proportional to the
particle size.
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Steinwandel et al. (2022). An equilibrium state can be con-
structed where all quantities are constant in space and time,
with drift velocity u® — of” = at,. For simplicity, we choose
oY =0, or, equivalently, we work in a frame that moves with
the background gas velocity. We denote the equilibrium gas den-
sity pi”, equilibrium dust size density o®(r;), and equilibrium

dust-to-gas ratio u = f o Ddr, /pg)).

2.2. Linear perturbations

We consider small perturbations around the equilibrium state,
denoting perturbed quantities with superscript ‘1’:

1 0 1
0 = - p 0,0y, (14)
2 (1)
c;0.p 1 o©
8,1)(1) —_ e L —(u(l) — U(l))dTS
e ©) o | 7 e
Pe Pg s
@ ,,0) (0)
g u — U
+ f(—) —= dr,, (15)
Pg Ts
8,0V = — 799,V — 40§, oD, (16)
(1) (1)
u'’ —v
AV = - u 09, — £ (17)

Ts

We take perturbations pg) = pg exp(ikx — iwt), and use a similar
form for other perturbed quantities,

WPy = kpfg(])ﬁg’ (18)
ke2p i ©
R ag 1 (oa N R
Wy = —5- + 5 f — (@t — Dy)dry
e o) T
~ 0) (0)
u -0
+ if(ﬂ)—gdrs, (19)
Pg Ts
w6 =koQa + ku s, (20
o — Dy
wi = ku®p —i—=, 1)

Ts

where dust quantities & and & depend on the stopping time. We
note that the perturbation in dust-to-gas ratio

~

0 5

(2)-2 -2 o
Pel pg Py Pg
so that

“\ 0 O . R

u -0

if(i)—gdrsziaf%drs—iaﬂ%. 23)

Pe Ts P P

Equations (18)—(21) form a continuous eigenvalue problem in
75, With eigenvalue w, with a linear operator involving integral
terms. These integrals can cause significant difficulties when
determining eigenvalues (Paardekooper et al. 2021). These dif-
ficulties are related to the presence of the resonance that in the
monodisperse regime gives the RDIs their name. In the case of
the ARDI, we see from Eq. (20) that if w = ku'® the dust density
perturbation diverges. If in the limit of u — 0 we are dealing with
a gas sound wave, that is w = kc,, the resonant condition requires
dust to drift at the sound speed. This is where fast growth in
the monodisperse regime is expected (e.g. Squire & Hopkins
2018b,a). In the polydisperse case, we often have to integrate

over this resonance, the presence of which makes the integral
nearly singular (for examples see Paardekooper et al. 2021, see
also the discussion below Equation (49)). This is where standard
integration techniques fail (Paardekooper et al. 2021).

2.3. Dispersion relation

We can combine (18)—(21) into a single equation for the temporal
frequency w:

0w a)—u(o)k)

2 272 a (

w-ck+ | ——————drt.
& f pg)) 1 —irg(w—u®k) °

drs +idku =0. (24)

i f o kw 1
—ia | &=
p(go) w—ku® 1 —irg (w — uOk)

The monodisperse limit is obtained by considering @ to be a
Dirac delta function at stopping time 75,

(w2 - kzcé) (u) - u(o)k) (i +w— u(o)k)

Ts

+ H [(w + akty) (a) - u(o)k)2 - iakzu(o)] =0,

Ts

(25)

which agrees with Magnan et al. (2024a). A non-dimensional
version, with timescale ¢,/ and length scale cé /a, reads as:

Ko — &(@ — Ks)*
&)2=I(2+,uf2(s)~1 -0 - Ks)

@ Kol - 5@ =Ky 5~ 1K#

(26)

with @ = cow/a, K = kcé/a, s = Tsa/c,, and a nondimensional

size distribution X = ch'(O) /(apfio)), so that f X(s)ds = 1. It is
worth noting the various contributions on the right hand side:
pressure, dust density (first term in the numerator under the inte-
gral), relative velocity (second term in the numerator under the
integral), and gas density (last term, outside the integral). The
stability of the system is then determined by u, K, and the size
distribution. The non-dimensional version of the size density
Eq. (8) that we use for the ARDI reads as:

Smin < 5 < Smax

otherwise. 27)

1
Z(S) = { 6max_5min

Numerical results were obtained by solving (26) with the
techniques detailed in Paardekooper et al. (2021); McNally &
Paardekooper (2021).

3. Linear ARDI modes

In the analysis of RDIs, the dust-to-gas ratio p is assumed to
be small, and a series solution is developed. From Eq. (25), we
see that in the monodisperse case, there are two possible (non-
damped) solutions in the limit u — 0: a gas sound wave with
w? = k3¢%, and a dust advection mode with w = u@k. Since
the gas does not feel the dust for 4 = 0, the sound wave prop-
agates independent of any dust perturbation, while for the dust
advection mode, a dust density perturbation is advected with
the unperturbed dust velocity »®, without any dust velocity
perturbation.
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3.1. Non-resonant growth

We first focus on the non-resonant case, when dust drift is differ-
ent from the gas sound speed (see also Hopkins & Squire 2018).
If @ = £K # Ks, we can have a non-resonant growing sound
wave in the monodisperse regime. Trying a solution @ = K + @
in Eq. (25) yields

1 KA+s)(s—1)7>—1is
w1 =

T 2G6-D(+iKs(s—-1))’

from which we can deduce that growing modes exist when s < 1
and

K2<;
3
s+Dls—1]

We note that, for our ordering in ¢ < 1 to be valid, we can not
have K smaller than u. Interestingly, these growing modes can
survive in the polydisperse case. In the limit of K — 0, with a
size distribution (27) such that s, < 1, we find that

1 1- Smax
J(@) = 3 (log( T smin)+ 1).
Physically, we get growth if the destabilising effect of the dust
density perturbation, represented by the logarithm, overcomes
the stabilising effect of the gas density perturbation (the constant
term, originating from the last term in Eq. (26)). This can happen
if smax 18 close enough to the resonant size s = 1. For finite K,
we get an additional stabilising effect from the dust velocity per-
turbation, which means we may need to approach the resonant
size even closer. From Eq. (28), it is clear that the approxima-
tion breaks down at the resonant size where s = 1, but as long as
we stay away from this resonance, we can have growing modes
@ = K + u®,. The condition for being far enough away from the
resonance is simply |@;| <« K/u.
If we choose a backward propagating sound wave we can
avoid the resonance altogether (see also Squire et al. 2022).
Trying a solution @ = —K + u@, in Eq. (26), we find that

(28)

(29)

(30)

_ i1 K+ s)? —i
“r=5%3 fz(s)(l Ty K0t

The first term is due to the gas density perturbation, while the
first term in the numerator under the integral sign is due to the
relative velocity perturbation, and the second term is due to the
dust density perturbation. The integrand is well-behaved for s >
0, and while the closed form solution does not provide much
insight, a numerical solution is straightforward to calculate. In
the limits of small and large K, w; becomes independent of K:

i - Smaxl_smin IOg ( llii::?:) >
2 1- : log(smax/smin) K> 1

Smax ~Smin

@31

K<

W =

(32)

For K <« 1, we always get growth for our constant size distribu-
tion, while for K > 1 we usually have J(®;) < 0, as long as sm;,
is sufficiently smaller than unity. The transition from growth to
damping at K ~ 1 was also found by Squire et al. (2022). As a
reminder, note that we need K > u for our ordering scheme to
remain valid.

If instead of a sound wave we choose a non-resonant dust
advection mode with @ = Ks # K, an expansion & = Ks + u®;
yields in the monodisperse case

s
s2-1

(33)

o =1
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with growth for s > 1. In this case, however, the generalisation
to the polydisperse case is less straightforward. We consider an
expansion & = K, + u@, for some dimensionless, non-resonant
stopping time s,.. Equation (26) gives, up to first order in u:

2uKs.; = K*(1 - 52)
iKd — (& — Ks)?
z d
* “f ) s+ g —Ks)(1 =15 @ - K3)

s—iKu, (34)

where for clarity of notation we have only expanded the relevant
terms of @. At zeroth order in 4, in order to have a non-resonant
mode with s, # 1, the first term on the right hand side needs to
be balanced by a term in the integral. This happens if K|s — s.| <
uéq for all s. In this case, we simply find at zeroth order in u that

iK2s,
——ds =0,
w1

k- [ (35)
which immediately leads to the equivalent of the monodisperse
result

184

) 36
71 (36)

) =

with growth for s, > 1, which corresponds to supersonic drift.
The condition that K|s — s.| < ud@; is a condition on the width
of the size distribution: away from the resonance, @; = O(1),
so that we need |s — s.| << u/K. Only for such a very narrow
size distribution does the dust advection mode exist (remem-
ber u < 1): if the size distribution is too wide, there can be no
coherent gas reaction to sustain the mode. This was also noted in
Paardekooper et al. (2020) for the streaming instability, which,
away from the resonance, also relies on a dust advection mode to
go unstable (Youdin & Goodman 2005).

3.2. Resonant modes

We now turn to the resonant case. As was shown in Squire &
Hopkins (2018b), if a gas wave propagates with the same veloc-
ity as the dust is drifting, a very strong reaction results even for
¢ < 1. Mathematically, this is manifested as a growth rate pro-
portional to +/u instead of u, which for u < 1 usually leads to
stronger growth. In other words, at resonance, the perturbation of
the system in the small parameter y is singular, and in the limit
of 4 — 0 multiple distinct solution collapse onto each other. The
associated defective nature of the matrix eigenvalue problem lies
at the heart of the resonant drag instability formalism (Squire &
Hopkins 2018b).

Following this reasoning, we try an expansion & = K(1 +
€ + €2@,), with u = €2 with i = O(1):

2ei) + 4@} +2a)

e 2(s) (i = K(1 + ey + €2, — 5)%) N
K (1 + €@ + €2y — s)(1 —isK (1 + ey + €20y — 5))
=2
e

+— =0 37
K (37)

where we formally assume K = O(1). We note that in the
absence of dust (u = 0), we have a sound wave with @ = K,
or, equivalently, w = kc,. The resonant condition for an RDI is
@ = Ks, which means at the resonance we need s = 1, which
corresponds to exactly sonic drift. We first make contact with the
monodisperse results by considering a narrow size distribution.
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3.2.1. Narrow size distribution

We consider a narrow size distribution (to be defined below)
around the resonance at s = 1. Under the integral, we only need
to keep terms up to order €. Let

2(s) (i - K(1 + edy — 5)%) ;
(1 + e — )1 —isK (1 + e — )
—elV + 1@,

[=¢

(38)

allowing for the singularity at s = 1 to lead to a term /™. It is
convenient to split the integral:
)Y
IEiEzf ()
(1+ e — )1 —isK (1 + ey — s))
~ Esz (s)(1 = s +isK(1 — 5)%)
1+ s2K2(1 - 5)?

ds. (39)

The first term is due to the dust density perturbation, the second
to the perturbation in relative velocity. The last term is O(e?) for
all values of K. The first integral can be analysed by noting the
resonance at s = 1, and developing a series around s = 1:

ie? f 2(s)
(1 + e — s)(1 —isK (1 + ey — s))
on 0 An(l — S)"
1+ew —s >
noting that apart from the resonant factor, the integrand is well-
behaved around s = 1 for all values of @; as long as € < 1.

The A, are simply the coefficients of the Taylor expansion of the
function f(s) = Z(s)/(1 —isK(1 + €y — s)) at s = 1:

1)

n!

(40)

A, =

, (41)

and for our constant size distribution (27) the first few terms read:

XD
A= T Tikear “42)
_iK(ewy — DE(1)
A= = Kean? 43
. 2,.,2 _ -~ .
A = iK(K(e*@; - ew% +1)+1) (44)
(Kew; +1)?

If the size distribution is narrow enough so that |1 — 5| <«
€| | for all s, we can approximate the integrand by a constant:

iezf () &
(1 + ey —s)(1 —isK (1 + ey — s))
s ) (1)
min” g (1 - 1Keu)1)
i€ i€

s 2
1€ (Smax -

(1 —iKea,) @ “3)
Taking smax = 1 +6/2 and syin = 1 — /2, the condition that the
integration domain is narrow enough, translates into 6 < €|@].
This is going to be our definition of a narrow size distribution.

We therefore find that, for a narrow size distribution as
defined above, that IV = i/w,, and therefore

i

oy = , 46
‘UIIJZ\/E (46)

perturbed

sound wave, sound wave

no dust

dust reaction

o\

GAS

DUST

resonant
drift speed

Fig. 1. Schematic representation of the quasi-monodisperse regime. The
top half of the figure deals with the gas, while the bottom half deals with
the dust component. The horizontal axis indicates (wave) speed. The red
solid arrow denotes the propagation speed of a gas sound wave in the
absence of dust, and the blue arrow indicates the resonant dust drift
speed. The backreaction of the dust modifies the propagation speed of
the sound wave, leading to the dashed red arrow. The blue rectangle
indicates a range of drift speeds if there is a distribution of dust sizes.
As long as this rectangle does not come close to the dashed red arrow,
we are in the quasi-monodisperse regime.

which is equivalent to the monodisperse result. This limit holds
for 6 < €|@], or

u

K< — 47

<5 47)
We can recast this as
w

@ (Tmax = Tmin) < z — Cq. (48)

Therefore, the system acts as monodisperse if the perturba-
tion in wave velocity is much larger than the width of the
background dust velocity distribution. We call this regime quasi-
monodisperse. The resonance can tolerate a wider size distribu-
tion for larger dust-to-gas ratios and smaller wave numbers, both
of which increase the perturbed wave velocity.

The quasi-monodisperse regime is illustrated schematically
in Figure 1. We start with a gas sound wave (the solid red arrow),
propagating in the absence of dust at a speed indicated by its hor-
izontal position. The resonant drift speed is indicated by the blue
arrow, where the dust drifts at the same velocity as the propaga-
tion speed of the gas wave. The backreaction of the dust on the
gas leads to a perturbed wave speed for the gas, a perturbation
that is proportional to '/ (see Eq. (46)). The perturbed gas wave
is indicated by the dashed red arrow. A dust size distribution
gives rise to a range of drift speeds, indicated by the blue rectan-
gle. As long as this blue rectangle stays far away from the dashed
red arrow, we are in the quasi-monodisperse regime, see Eq. (48).

Under the conditions of a narrow size distribution, the inte-
gral in the full dispersion relation (26) can be approximated by
a constant in general, resulting in the exact same dispersion rela-
tion as in the monodisperse case. This immediately means that,
in the quasi-monodisperse regime, we also find the ‘long wave-
length pressure-free mode’ (Hopkins & Squire 2018) for K < p,
with a growth rate ocK*31'/3, and a ‘short wavelength resonant
quasi-drift mode’, with a growth rate ocK'/3u!'/? (Hopkins &
Squire 2018; Magnan et al. 2024a). We note, however, that the
latter requires K > 1/u and K < p/6%, which means that this
short wavelength mode can only operate for extremely narrow
size distributions that have 6 < .

These results are illustrated in Figure 2, where we consider
the case with 4 = 0.01 and the size distribution given by Eq. (27).
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Fig. 2. Growth rate of the acoustic resonant drag instability as a func-
tion of the wave number, which was obtained by numerically solving
Eq. (26). The dust-to-gas ratio ¢ = 0.01, and the size density is con-
stant, centred on the resonant size s = 1, with width 6. The red dotted
line indicates the monodisperse result, while the vertical dotted lines
indicate the cutoff of Eq. (47).

The monodisperse limit, indicated by the red dotted line, shows
growth at all wavenumbers, with the highest wave numbers
growing fastest. In the polydisperse case, there is a cutoff at
high wave numbers, which is where the system leaves the quasi-
monodisperse regime. We will see below that growth is more
difficult if the size distribution is too wide. For wave numbers
far below the cutoff Eq. (47) and K = O(1), growth rates fol-
low the monodisperse result ocK'/2, For K < p, the growth rates
follow that of the long wavelength pressure-free mode ocK?/3.

3.2.2. Wide size distribution

We now return to Eq. (40) but do not make the assumption of a
narrow size distribution. The series expansion around s = 1 does
not necessarily converge far away from s = 1, depending on the
value of K: for K = 1, for example, we need |s — 1| < 0.5. For
larger values of K, the size distribution needs to be more narrow
in order for the series expansion to converge for all values of s
in the domain, while smaller values of K means we can tolerate
a wider size distribution. Regardless of the convergence of the
series, we can always split off the resonant term involving n = 0.

If we do not make the assumption of a narrow size distribu-
tion, for n = 0 in Eq. (40) we get from the full integral:

1
ieonffds
1+ew—s

. x—1
= —ie’A d
1€ Ofx2+1 o

1 Xmax
= 152A0 [_5 log(1 + x2) +itan'x s 49)
Xmin
where
1-s5+€eR(@)
X —————= (50)
I(@1)
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As an aside, note that the integral diverges in the limit where
the imaginary part of @, vanishes. This is why standard numeri-
cal integration techniques have difficulty evaluating integrals of
this type, in particular for growth rates that are close to zero
(Paardekooper et al. 2021).

Define a wide size distribution by taking sy.x = 1 + Ag and

Smin = 1- AL, with AL,R ~ 1:
f IS O (628@1)2 + (ER@) - AR>2)
T+emr—s 2 B\ @5@ 2 + (€R(@) + AL?
. -1 E%(&)l) - AR
+itan (—es@l) )
_ itan_l (ER((I)l) + AL)
€3 (@)

=m4%ﬂ—M+0@) (51)

For a wide size distribution, therefore, Eq. (40) is O(€?), and we
must have @; = 0, and we can subsequently neglect all € terms
under the integral:

- m@@—KU—@ﬁ -
. R i
@ =k | Tond-nkd-s% "2k (52)

The term proportional to K under the integral is due to the pertur-
bation in relative velocity, and it is straightforward to show that
the contribution of this term to the imaginary part of w, is always
negative. Together with the last term, representing the gas den-
sity perturbation, the relative velocity perturbation is therefore a
stabilising effect. The dust density perturbation has to overcome
both in order for the instability to grow.

For simplicity and avoidance of cluttered notation, we have
only considered n = 0 in Eq. (40). It is straightforward to show,
by defining x = 1 + e®; — s:

f (x - 6601)"

and expanding the term in the numerator, that all terms are O(€?)
and that the conclusion that we need @; = 0 holds in general.
If we split off the resonant term in Eq. (52), we get that

S L VR R CRR

*T2k) 1-s 2J 1-isk(-s) 2K’
or, integrating the first term as above, and including the full
frequency:

=9

53
1+ew1—s (53)

(54)

0
,Uo'( )f(‘)l;res) ilOg(%)+ﬂ
204 R
_ ptkeg aO(zy) 4 iu
200 f = irgkeg (1— o/t

w =kcg +

, (55)
2Tres

with resonant stopping time 7.es = /. The contribution of the
resonance (the second term on the right hand side), is propor-
tional to the size density at the resonant stopping time, therefore
increasing the importance of the resonance if the size distribu-
tion is dominated by the resonant size. In order for the resonance
to promote instability, we need log(A;/Ag) > 0, so Ap/Ag > 1:
the size distribution should not extend too far towards larger
sizes. This particular effect is due to our assumption that X is
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constant: for more general power law size distributions there can
be growing modes for Ag > 1. These two issues make the ARDI
sensitive to the exact size distribution: the importance of the
resonant size, as well as the maximum and minimum size.

It is important to realise that the fact that @; = 0 means that
growth is now proportional to y rather than +/u which is the
hallmark of an RDI (Squire & Hopkins 2018b). Mathematically
speaking, integrating over the singularity that is the resonance
gives a finite result, essentially removing the resonant nature of
the instability. Physically speaking, the dust density contribution
to the instability is smaller in the polydisperse case, to the extent
that it now has to compete with stabilising effects of velocity
perturbations and gas density perturbations.

The remaining integral in Eq. (55) contains contributions
from both the (non-resonant) density and relative velocity per-
turbation. While the integral can be solved in terms of a complex
inverse tangent function, in practice it is easier to solve the inte-
gral numerically. The non-resonant contribution to the density
perturbation is usually much smaller than the resonant contribu-
tion, unless Agr ~ A;. We will assume this is the case in what
follows.

As in the case of a narrow size distribution, there is again an
important wave number dependence: the stabilising effect of the
velocity perturbations becomes stronger with increasing K. If we
approximate the contribution of the relative velocity perturbation

as
iKZ(1) s(1—-s)? _IKE(D) )
R f1+s2K2(l_s)2ds~— > fsu—s) ds,

(56)

then the imaginary part of w; is, ignoring non-resonant contri-
butions from the density perturbation,

_ X Ar\  pKXZ(1) f 2 7
I (@) = 7K log A > s(1—s)"ds e (57)
which means there is a cut-off wave number
(1) log (&) -1
()= o), (58)

(D) [s(1 - 5)*ds

which means that for K > 1 we expect no growth. This is purely
because the relative velocity perturbations provide stability at
small scales.

In the limit of K < u we can find a polydisperse version of
the long wavelength pressure-free mode, as identified in Squire
et al. (2022). Rescaling the wavenumber to K = Ke*, with
K = O(1), and at the same time setting & = @e>, we find from
Eq. (26) that

€@* =K + i f 5(5)— KO = €0 - eKy)*
(@ — eKs)(1 —ise? (o — €Ks))

At lowest order in €, this holds straightforwardly. At order €, we
need

+ Smin

@ =iak? f Y(s)sds = ink? Smax 5 (60)

A similar result was obtained by Squire et al. (2022) (their
Appendix A).
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Fig. 3. Growth rate for the backward propagating sound wave, with
wy = —kcg, for g = 0.001, sy = 0.5 and sy = 1.2. The solid blue
curve represents the exact solution to Eq. (26), while the orange curve
is the approximation (31) for u < 1, which overlaps with the blue curve
everywhere except for K < p. The dotted line is the approximation (32)
for small K.

3.3. Interpretation

We summarise the results of the previous subsections using Fig-
ures 2, 3, 4 and 5. We start with the non-resonant case in Figure
3. This is the case of a backward propagating soundwave with
@ = —K going unstable. We focus on u = 0.001, and a con-
stant size distribution with 0.5 < s < 1.2. The exact result, which
was obtained by solving Eq. (26), indicated by the blue curve,
shows growth for K < 1 and stability for K > 1 (see also Squire
et al. 2022). The approximation (31) for u <« 1, indicated by the
orange curve, is indistinguishable from the exact result except
for K < p, which is where our ordering scheme becomes invalid.
The limit (32) of K <« 1 does a good job of predicting the plateau
of maximum growth. The maximum growth rate is comparable
to the monodisperse result for s = 1, in which case @; = i/4 for
K < 1. However, in the monodisperse case, this growth rate of
O(p) is usually dwarfed by the resonant case which has growth
of O(+/u). In the polydisperse case, however, this mode tends
to dominate because of the reduced growth rates of the resonant
modes (Squire et al. 2022), which we explore below.

In the previously discussed Figure 2, we consider narrow
size distributions for a dust-to-gas ratio u = 0.01. For small K,
the results follow the monodisperse result of Eq. (46). We note
that for very small wave numbers, the growth rate starts to differ
from Eq. (46), which represents the regime of the ’long wave-
length pressure-free mode’ (Hopkins & Squire 2018; Magnan
et al. 2024a). This regime occurs for K <« u, and occurs most
readily in the quasi-monodisperse case given by Eq. (47). For a
wide size distribution, it is hard to enter the K < u regime with-
out entering the quasi-monodisperse regime at the same time
(see also below).

Towards larger K, growth disappears as we leave the quasi-
monodisperse regime. In this simplified system, this means that
the width of the size distribution actually sets the maximum

AS53, page 7 of 11
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Fig. 4. Growth rate of the acoustic resonant drag instability as a func-
tion of the dust-to-gas ratio y, calculated numerically from Eq. (26).
The dimensionless wavenumber K = 1, and the size density is constant
between sy, = 0.875 and sy, = 1.05. The green dotted line indicates
the monodisperse result (46), while the orange dotted line indicates the
polydisperse limit (55).
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Fig. 5. Growth rate of the acoustic resonant drag instability as a function
of the wave number for different dust-to-gas ratios u, calculated numer-
ically from Eq. (26). The size distribution is a constant between sy, =
0.5 and s, = 1.2. The dotted curves indicate the approximation (55).

growth rate. In reality, there is probably competition from dif-
fusive processes killing off growth at high wave numbers. We
briefly look at the effects of diffusion in Section 3.4. As noted in
Hopkins & Squire (2018), subsonic drift also leads to a cut-off at
high wave numbers, see Eq. (29). For u = § = 0.01, the cut-off
occurs at a similar wave number as for monodisperse subsonic
drift with s = 0.9.
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In Figure 4, we show the growth rate at fixed K = 1
and a size distribution that is constant between spi, = 0.875
and Syax = 1.05. These limits were chosen to get the transi-
tion between quasi-monodisperse and the polydisperse regime
at reasonable wave numbers. When p is large enough, the
quasi-monodisperse condition (47) is satisfied, and we recover
a growth rate oc 4/, characteristic of resonant drag instabilities.
Although the size distribution is asymmetric around s = 1, if we
take 6 = 0.0875 as an average width, from Eq. (47) we expect
the quasi-monodisperse regime to hold for u > 0.03. At lower
values of u, we leave the quasi-monodisperse regime and thereby
the dominance of the resonance, which leads to a growth rate ocut.

In Figure 5, we show results for a wide size distribution,
which is constant between sp;, = 0.5 and sp.x = 1.2. We note
that we need the size distribution to be asymmetric around the
resonant size s = 1, otherwise the second order contribution
from the dust density perturbation vanishes, see Eq. (55). This
is also where the shape of the size distribution can make a dif-
ference. At large wave numbers K > 1, growth vanishes, see
Eq. (58). The plateau in growth towards the right side of the
curves, most notably for 4 = 1072, is the polydisperse mode, and
it can be readily verified that growth in this regime is indeed
ocu. The size distributions considered in Figure 2 are too narrow
for polydisperse growth to show up. The dotted curves show the
relation Eq. (55), which does a good job in predicting the plateau
and the cut-off at high wave numbers. The bump towards the left
of the curves is the tail of the quasi-monodisperse regime, which
is not part of the derivation of Eq. (55). If we take 6 = 0.35
for this size distribution, from Eq. (47) we expect the quasi-
monodisperse regime to hold for K <« 2u, consistent with what
is seen in Figure 5.

In summary, the polydisperse version of the ARDI is dif-
ferent from its monodisperse counterpart in two important ways.
First, a distribution of dust sizes lead to a cutoff of growth at high
wave numbers, even for very narrow size distributions. Second,
for wider size distributions, there exists an intermediate range
of wave numbers, where the resonance plays only a minor role,
as the integration over size dilutes its contribution. Here, the
growth rates scale with y, rather than +/ju, which is the case
for monodisperse RDIs. In other words, a wide size distribu-
tion converts resonant growth into ordinary growth, with usually
reduced growth rates for 4 <« 1. At smaller wave numbers, we
find the quasi-monodisperse regime, which behaves similar to
the monodisperse ARDI.

3.4. Acoustic drag instability with diffusion

Before we conclude, we briefly look at diffusive effects by
including gas viscosity and dust diffusion. We only consider the
monodisperse version of the ARDI. It is expected that diffusion
stabilises the instability at large wave numbers, and it is interest-
ing to compare the diffusive cut-off to the cut-off due to having
a size distribution. Realistic levels of viscosity and associated
dust diffusion will strongly depend on the background state, in
particular whether the underlying gas flow is turbulent (see e.g.
Woitke 2006, for the case of AGB star winds). Here, we do not
aim at modelling a particular physical situation in terms of the
input level of viscosity, but rather ask the question at what level
of viscosity do dissipative effects associated with gas viscosity
and dust diffusion compete with effects due to the finite with of
the size distribution discussed in the previous subsections.

The monodisperse equations, including gas viscosity and
dust diffusion, read, adopting the formulation of Lin (2021):

0ipg + 0x(pgvy) =0, (61)
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where v is the gas kinematic viscosity and D the dust diffusion
coefficient. The background flow is constant in space and time,
and exactly the same as the inviscid case. Linear perturbations
are governed by:

3G +dy =0, (65)
u® = v(l)
6,vg) = - céﬁxg +u £
Ts
O 4
D -6+ T, (66)
T 3
D
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with G = p(gn/pém and D = pfjl)/pfio). Taking perturbations
oc exp(ikx — iwt) as before:
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This is a straightforward eigenvalue problem with matrix:
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We can construct a non-dimensional version, using a length scale
c/a and timescale ¢, /a:

KV =0QG, (74)

KG+i - ooy Hag PSR
i +iu(D-G)- — KV =qv, (75)
KU +sKD - L g (D~ G) =D, (76)

u+1

R A 14 .

sKU —i =QU, (77)
S

with nondimensional diffusion coefficients? g = va//cg and
aq = Da/ cg.

2 Here we use the convention in the accretion disc community of des-
ignating the non-dimensional viscosity parameter with the Greek letter
a, in our case not to be confused with the acceleration applied to gas
and dust to generate drift.
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Fig. 6. Growth rate of the monodisperse acoustic resonant drag instabil-
ity as a function of the wave number, including gas viscosity and dust
diffusion, calculated from the eigenvalues of Eq. (73). The dust-to-gas
ratio u = 0.01.

The resulting growth rates for u = 0.01 are shown in
Figure 6, for three different levels of diffusion. In all cases, we
focus on the resonant case with s = 1. For simplicity, we keep
s = a4, noting that dust diffusion is far more important than
gas viscosity for damping the unstable modes. This choice cor-
responds to a Schmidt number of unity. The levels of viscosity
were chosen so that the cutoff wave numbers roughly match
those of Figure 2. We see that a size distribution of width 6 = 0.1
leads to a similar cutoff wavenumber as a dimensionless diffu-
sion coefficient of @, = g = 0.005. In other words, for levels of
diffusion lower than a, = a4 = 0.005, it is the width of the size
distribution that determines the maximum growth rate, rather
than diffusion. Narrower size distributions need lower levels of
diffusion to be dominant.

4. Discussion and conclusion

We have presented linear calculations of the acoustic resonant
drag instability in the polydisperse regime. We have shown that a
quasi-monodisperse regime exists, with growth rates comparable
to the resonant monodisperse case, if the relative width of the
size distribution around the resonant size is small:

5= Ts,max — Ts,min < 1 2 .
Tres 2\ ke 2 Tres

There is a straightforward correspondence between the analysis
presented here, and the discussion on detuning of the resonance
in Magnan et al. (2024a), their appendix A. They studied how
the growth rate varies just away from the resonance, possibly
because the resonant modes do not fit exactly in the numeri-
cal domain. Our relative width of the size distribution, ¢, plays
the role of the detuning parameter. A narrow size distribution
corresponds to small detuning, while a wide size distribution
corresponds to large detuning. The effect of this ‘detuning’ is
strongest for the highest wave numbers, which is also where

(78)
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the monodisperse ARDI grows fastest. The fastest growing
monodisperse modes require extremely narrow size distributions
to survive in the polydisperse case.

For wider size distributions, genuinely polydisperse modes
exist. Realistic widths of the dust size distribution can, for exam-
ple, be based on the ISM: Squire et al. (2022) take a minimum
size of 5 nm and a maximum size of 0.25 um, based on the
work of Mathis et al. (1977). This gives a spread in sizes, and,
for our simple drag law, stopping times of two orders of magni-
tude, or ¢ = 1, definitely outside the quasi-monodisperse regime.
Moreover, the true ISM size distribution may well include larger
sizes (e.g. Weingartner & Draine 2001). In dynamical environ-
ments such as AGB star winds it is more difficult to establish a
size distribution, but hydrodynamical simulations including dust
nucleation find that dust particles can grow rapidly over at least
an order of magnitude (Simis et al. 2001), suggestive of a wide
size distribution in these environments as well.

Even though growing polydisperse modes exist, their growth
rates are ocu rather than oc4/u for the corresponding monodis-
perse case, which means they usually grow slower for p < 1.
Integrating over the resonance removes the resonant nature of
the instability, but given the right size distribution, the contribu-
tion of the resonance can still promote growth. For the simple,
constant size distribution considered here, we found that the size
distribution should be asymmetric on either side of the resonant
size.

We have focused on the case of a continuous size distribu-
tion. That is, we have never explicitly discretised the integral
appearing in the backreaction term in the gas momentum equa-
tion. As a result, the dispersion relation (26) contains an integral,
which makes numerically solving for the frequencies not easy.
A different approach is to discretise the integral from the start,
and solve the resulting matrix eigenvalue problem with stan-
dard techniques (McNally et al. 2021; Squire et al. 2022). In the
limit where the number of dust species N goes to infinity, one
expects the frequencies found to converge to the results obtained
from Eq. (26). However, as noted in McNally et al. (2021) for
the streaming instability, if the integral is nearly singular, this
approach of discretising the integral leads to extremely slow con-
vergence. In Figure 7, we illustrate the problem for the acoustic
drag instability. The orange curves indicate the growth rates for
the non-resonant backward propagating sound wave, and here
we find that for N > 100 the results are indistinguishable from
the continuum case. In the case where the integration domain
includes the resonance, which happens for the blue curves that
have @y = K, convergence is much harder to obtain. The top
panel shows that we reach convergence for 1 = 0.0004 at N >
1024, but if we lower the dust-to-gas ratio to 0.0001 the result
does not converge for N up to 2048. Over the whole range of N
considered, the fastest growing mode is not the backward prop-
agating sound wave, but rather a spuriously growing resonant
wave. We note that, for the relatively narrow size distribution
chosen here, we need the dust-to-gas ratio to remain small or
we enter the quasi-monodisperse regime (see Figure 5). These
spuriously growing modes could pose a problem for numeri-
cal simulations, for which it is usually too expensive to include
1000s of dust species. Even more, when we increase K so that
there should be no growing modes in the polydisperse regime
(see Figures 3 and 5), the direct matrix method finds spurious
growing modes with growth rates J(®) ~ u up to N = 20438.
These can easily come to dominate a numerical simulation.

Several important simplifications were made to make the
problem tractable. First of all, we have only considered very
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Fig. 7. Convergence of the direct method with number of dust species,
for a case with sy, = 0.5 and sy, = 1.2, all at K = 0.1. Top panel:
# = 0.0004, bottom panel: ;£ = 0.0001. The blue curves indicate a mode
with unperturbed frequency @, = K, which contains the resonance, and
the orange curves a non-resonant mode with @y, = —K. The dotted lines
indicate the result of Eq. (26).

simple (i.e. constant) size distributions. While most results are
likely to be insensitive to the exact form of the size distribu-
tion (i.e. the existence of the quasi-monodisperse regime and
polydisperse modes), in some cases details will matter. In par-
ticular, the contribution of the resonance to the total growth
rate depends on the limits of the size distribution, see Eq. (55).
More complicated size distributions, either inherited from the
ISM or self-consistently generated through nucleation and colli-
sional growth, are likely to affect the growth rates of the acoustic
resonant drag instability.

We have considered only a very simple drag law with con-
stant stopping time. A more general form of Epstein drag was
given in Hopkins & Squire (2018), where the stopping time
depends both on gas density and relative velocity between gas
and dust. This form was also used in Squire et al. (2022). For the
fast drift necessary to trigger the ARDI, in particular the depen-
dence of the stopping time on relative velocity will be important.
A comparison in the monodisperse case was made in Magnan
et al. (2024a), but for the polydisperse case there is still work to
be done.
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Despite the differences in setup, our results are in agree-
ment with Appendix A3 of Squire et al. (2022). In particular
the existence of the unstable backward propagating sound wave
for small K, and its dominance over the resonant mode (see
Figure 7). With our continuum approach, we were able to study
the resonant modes in more detail. Apart from the constant stop-
ping time mentioned above, another difference with the work
of Squire et al. (2022) is that we have worked in one spatial
dimension only, greatly simplifying the analysis. As was men-
tioned in Magnan et al. (2024a), the physics of the instability is
well-captured by a one-dimensional approach.

In conclusion, for realistically wide size distributions, the
acoustic resonant drag instability mostly shows non-resonant
growth in the limit g4 < 1. The highest wave number modes
are rendered stable by having a size distribution, which takes
the maximum growth rate down substantially, much like diffu-
sion. Therefore, the acoustic resonant drag instability survives in
the polydisperse regime, but with growth rates that are typically
I(w) ~ uaf g, wWhich is a fraction ~ +/u/K of the monodisperse
growth rate.
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