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A FRAMEWORK FOR THE DESIGN OF A MAGNET-BASED MULTISTABLE ROTATIONAL STAGE

Thijs van Noordt 1,†, Justus t’Sas1,†, Nikai Verzijl1,†, Luka Wong 1,†, Just L. Herder1,∗, Pierre Roberjot1,∗

1Department of Precision and Microsystems Engineering, Delft University of Technology , Delft 2628 CD , The Netherlands

ABSTRACT
Multistable metamaterials are architected structures capa-

ble of adopting multiple stable geometrical configurations. This
unique characteristic makes them highly valuable for stiffness
control, energy harvesting, and morphing technologies. As a
result, multistable structures hold great potential for diverse ap-
plications across various fields.

The development of multistable metamaterials primarily re-
lies on buckled beam technology, enabling the creation of a wide
range of structures. However, only a few rotational multistable
designs have been explored. Additionally, the geometry of buck-
led beams imposes constraints on the range of motion.

To overcome these limitations, our work introduces a novel
design method for magnet-based rotational multistable stages.
This approach, grounded in the electrostatic ideal dipole as-
sumption, enables precise control over the angle of multistability
and the stiffness of the stable states.
Keywords: Bistability, multistability, negative stiff-
ness, magnets, rotational stage, design method

1. INTRODUCTION
Reconfigurable multistable structures have gained increas-

ing popularity in both academic and commercial fields due to
their ability to harness spatial deformation and enable controlled
stiffness behavior. Advancements in multistable structures will
further drive the development of morphing technologies [1], com-
pliant and soft robotics [2, 3], and energy harvesters [4, 5]. Buck-
led beams, derived from Von Mises trusses [6, 7], are compliant
bistable structures that exhibit snap-through behavior. Bistabil-
ity is characterized by a negative slope in the force-displacement
relationship, with a minimum force occurring below the point of
force application [8]. This phenomenon is commonly referred to
as negative stiffness behavior. Buckled beams can be fabricated

†Joint first authors
∗Corresponding author: P.Roberjot@tudelft.nl
Documentation for asmeconf.cls: Version 1.38, May 17, 2025.

using two approaches [9]. In the first method, a straight beam
is manufactured and then laterally loaded to induce buckling,
resulting in two stable positions with symmetric buckling en-
ergy. In the second method, the beam is pre-shaped in a buckled
configuration, still allowing for buckling but introducing energy
asymmetry between the two stable states.

Multistability can be achieved by combining bistable struc-
tures [10, 11], enabling discrete deformation, tailored multi-
stiffness behavior, and specific deformation patterns. Bistable
beams are commonly used in the design of unidirectional lin-
ear multistable structures. However, spatial configurations and
modifications can introduce additional modes of bistability, such
as tilting bistability [3, 12, 13]. Beyond tilt-based multistability,
rotational bistability can also be realized using bistable beams. In
this approach, one end of the bistable beam is attached to an inner
rotating frame, while the other end is connected to an outer frame
[14]. This configuration results in rotational bistability. Further-
more, rotational multistability can be achieved by concentrically
combining multiple rotational bistable structures [15].

Despite their promising potential, buckled-beam-based mul-
tistable structures are limited in their range of motion. While
buckled beams enable bistability, their geometry also restricts
movement. Bistability arises due to the stress field in the beams,
which acts as a repulsive force between the connection points
and the beam’s midpoint in bistable linear structures. In rota-
tional bistability, this repulsive interaction occurs between the
two edges of the beam. Consequently, incorporating repulsive
elements within a force field could enable the design of bi- and
multistable structures with an extended range of motion. The
repulsive magnetic field generated by magnets has been explored
as a means to replicate the bistable behavior of buckled beams
[16, 17]. Following this principle, rotational multistability can
also be achieved using magnetic fields. A similar approach is
already employed in permanent magnet motors, which utilize
both permanent magnets and electromagnets. Magnet-based ro-
tational multistable structures hold significant potential for fun-
damental advancements, paving the way for improved positioning
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stages, manipulators, and energy harvesters.
In this paper, we first introduce a design framework for

magnet-based multistable rotating stages, leveraging an electro-
static assumption with ideal dipoles. This approach establishes
the ideal torque-angle relationship between a fixed dipole and
a moving dipole rotating along a circular path around a center
of rotation, considering both attractive and repulsive configura-
tions. Next, we generalize the torque-angle equations for any
number of concentric rings, each containing an arbitrary num-
ber of dipoles. Based on this, we propose a design method that
enables the creation of multistable stages with a desired number
of stable positions and tunable stiffness. Finally, we apply our
design method to develop a magnet-based multistable rotational
stage with a specific stable angle. The performance of the de-
sign is validated through finite element analysis and experimental
testing.

2. METHODS
In this section, we first present the two bases of magnet-based

bistable structures, second, we propose a design framework for
multi-ring rotational multistable magnet-based stage, then we
detail the materials used for fabrication, the design of the set up
and detail the finite element model (FEM) for characterizing the
structure.

2.1 Magnet configurations
Planar bistable structures can have two motion types. The

first and most common is the linear motion where a base possesses
a discrete linear motion relative to a base. In this case, one magnet
is attached to the ground and a second is on rollers and able to
roll on a plane parallel to the ground. This scenario is identical to
having the second magnet attached to an arm of infinite length 𝐿𝐿

fixed to a revolute joint fixed to the ground, illustrated in Figure
1.a.

The second, the rotational bistable motion is composed of
a magnet fixed to the ground and, a second one attached to an
arm of finite length 𝐿𝑅 linked to a revolute joint 𝑂𝑅 fixed to the
ground, illustrated in Figure 1.b.

For these two types of motion exists six configurations of the
magnets illustrated in Figure 1.c.d. The first three are based on
the repulsion of the two magnets [17], the magnets are thus at
unstable equilibrium when facing and, at stable equilibrium when
they are far enough, at a distance 𝑑 sufficient for the magnetic
forces to be negligible. Three configurations are possible:

1. The two magnets have both their their south (respectively
north) poles facing each other,

2. The two magnets are facing each other as in 1. and are
rotated with an angle ±𝜃,

3. The two magnets are facing sideways, where the north
(respectively south) pole of the first faces the south (re-
spectively north) pole of the second, in this case 𝜃 = ±90◦

To obtain bistability with the repulsive configurations there is
need of at least three magnets. One is able to move and the two
others, of opposite charge, are fixed on a line for linear bistability
and, on a circle for rotational bistability. Assuming the magnets
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FIGURE 1: REPRESENTATION OF (A) THE BISTABLE LINEAR
MOTION, (B) THE BISTABLE ROTATIONAL MOTION, (C) THE
THREE REPULSIVE CONFIGURATIONS AND, (D) THE THREE
ATTRACTIVE CONFIGURATIONS, BOTH FOR LINEAR AND
ROTATIONAL MOTION.

possess the same charge, the stable equilibrium point is located
at the point between and equidistant to the the two fixed magnets.

The last three are the same as presented above but using
the attraction between two magnets. The magnets are at stable
equilibrium when the distance 𝑑 is minimal, thus when they are
facing. Whereas, the unstable equilibrium is when the magnets
are at a distance 𝑑 sufficient for the magnetic forces to be neg-
ligible. Bistability is also present for, at least, a three-magnet
configuration. One magnet is able to move and faces a fixed
magnet 𝑛, if subjected to a sufficient force or torque, the magnet
will tend to align with the magnet 𝑛 + 1 forming a bistable unit.

2.2 Ideal dipole-based bistability
Here we are proposing the design of magnet-based multi-

stable stages with the assumption of ideal dipoles. First, we
propose the theory for linear multistable motion. Second, we
extend this theory to rotational multistability motion.

2.2.1 Bistable linear motion. Linear bistable motions
are characterized by their force-displacement relation, whereas
the rotational bistable motion are characterized by their torque-
angle relation.

Where the force between two ideal magnetic dipoles (where
the dipole is the center of the magnet), where one is fixed 𝐴 and,
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FIGURE 2: REPRESENTATION OF (A) THE LINEAR MOTION
AND, (B) THE ROTATING MOTION OF TWO DIPOLES.

the second 𝑋 is able to move on a line, could be described with
Coulomb’s law, the force potential 𝐹 is written

𝐹 (𝑑) =
𝑘𝑒𝑞𝑖𝑞𝑗

𝑑2 (1)

with 𝑘𝑒 the Coulomb’s constant (𝑘𝑒 = 8.987551.109𝑁.𝑚2.𝐶−2),
𝑞𝑖 and 𝑞𝑗 the charges of the two dipoles (𝑞𝑖 = 𝑞𝑗 for repulsive and,
𝑞𝑖 = −𝑞𝑗 for attractive dipoles of same charges) we will assume
charges of 𝑞 = 10−9 C, 𝑑 is the distance between the dipoles. In
the case of a linear motion (Figure 2.A), if a displacement 𝛿 is
applied to the moving magnet, the distance 𝑑 between the two
dipoles becomes

𝑑 =
√︁
𝑟2 + 𝛿2 (2)

with 𝑟 the initial value of the distance 𝑑. Therefore the dipole
force-displacement relation can be written as

𝐹 (𝛿) =
𝑘𝑒𝑞𝑖𝑞𝑗

𝑟2 + 𝛿2 cos(𝛼) (3)

with
cos(𝛼) = 𝑟

𝑑
(4)

As stated in Section 2.1, at least three dipoles are needed to obtain
bistability, considering a system of two fixed dipoles separated by
a distance 𝐷 and, one moving (equivalent to two dipoles moving
and one fixed), the resulting Coulomb force (𝐹𝐶 (𝛿)) between the
dipoles becomes

𝐹𝐶 (𝛿) = 𝐹 (𝛿) + 𝐹 (𝐷 − 𝛿) (5)

with 𝛿 ∈ [0, 𝐷]. The Coulomb force 𝐹𝐶 (𝛿) is minimal for
repulsive dipoles (respectively maximal for attractive dipoles) at
𝛿 = 𝐷/2, and maximal at 𝛿 = {0, 𝐷} (respectively minimal).

2.2.2 Bistable rotational motion. A similar approach
could be used for the rotation motion of dipoles (Figure 2.B)
described by their torque-angle relation. A first dipole is fixed at
a distance 𝐿𝑅 + 𝑟 and, a second is attached to a rotating arm of
length 𝐿𝑅, the two dipoles are facing each other with a distance
𝑑 = 𝑟. The force F(𝑑) between two dipoles is described by

Equation 1 where, when an angular displacement 𝛽 is applied to
the moving dipole the distance 𝑑 (𝛽) between the dipoles changes,
and can be derived with the Al-Kashi formula as

𝑑2 (𝛽) = (𝐿𝑅 + 𝑟)2 + 𝐿2
𝑅 − 2𝐿𝑅 (𝐿𝑅 + 𝑟) cos(𝛽) (6)

Only the normal component of the force contributes to the torque
on the moment arm 𝐿𝑅, the magnitude of the torque can thus be
written

𝑇 (𝛽) = 𝐹 (𝛽)𝐿𝑅 sin(𝜃) (7)

the law of sinuses gives

sin(𝛽)
𝑑 (𝛽) =

sin(𝜃)
(𝐿𝑅 + 𝑟) (8)

thus sin(𝜃) can be replaced in Equation 7

𝑇 (𝛽) = 𝐹 (𝛽)𝐿𝑅

sin(𝛽) (𝐿𝑅 + 𝑟)
𝑑 (𝛽) (9)

Therefore, the dipole torque-angle relation can be written as

𝑇 (𝛽, 𝐿𝑅, 𝑟) =
𝑄𝐿𝑅 (𝐿𝑅 + 𝑟) sin(𝛽)

𝑑3 (𝛽)
(10)

with 𝑄 = 𝑘𝑒𝑞𝑖𝑞𝑗 and for simplification 𝑄 = −1.10−9𝑁.𝑚2 for
attractive dipoles and 𝑄 = 1.10−8𝑁.𝑚2 for repulsive dipoles.
The rotational stiffness 𝜅(𝛽, 𝐿𝑅, 𝑟) is the derivative of the torque
𝑇 (𝛽, 𝐿𝑅, 𝑟) presented in Appendix A

𝜅(𝛽, 𝐿𝑅, 𝑟) =
𝑑𝑇 (𝛽, 𝐿𝑅, 𝑟)

𝑑𝛽
(11)

Three dipoles are required to obtain bistability, therefore the min-
imal configuration is (1.2), representing the two rings, the inner
ring possessing 1 dipole and the second 2 dipoles. The con-
figurations where only one dipole is in interaction with a ring
possessing 𝑁 dipoles is denoted (1.𝑁). (1.𝑁) possesses 𝑁 stable
positions and is making an bistable angle 𝜑𝑁 = 360◦

𝑁
. The re-

sulting torque 𝑇𝐶 (𝛽, 𝑁, 𝐿𝑅, 𝑟) between the dipoles, similarly to
Equation.5, becomes

𝑇𝐶 (𝛽, 𝑁, 𝐿𝑅, 𝑟) = 𝑇 (𝛽, 𝐿𝑅, 𝑟) + 𝑇 (𝜑𝑁 − 𝛽, 𝐿𝑅, 𝑟) (12)

with 𝛽 ∈ [0, 𝜑𝑁 ]. The torque is minimal for repul-
sive dipoles (respectively maximal for attractive dipoles) for
𝛽 = 𝜑𝑁/2 and, maximal (respectively minimal) at 𝛽 = {0, 𝜑𝑁 }.

Similar to the linear motion bistability, in the case of a uni-
form distribution of dipoles on the fixed circle, Equation 12 holds
true assuming periodic boundary conditions. The contribution
of the dipoles away from dipoles 𝑛 and 𝑛 + 1 (where the moving
dipole is able to move) are considered negligible, however, it is
possible to write the total contribution of a configuration (1.N),
of dimensions 𝐿𝑅 and 𝑟 , from Equation 10 as

𝑇𝑁 (𝛽, 𝐿𝑅, 𝑟) =
𝑁−1∑︂
𝑖=0

𝑇 (𝑖𝜑𝑁 − 𝛽, 𝐿𝑅, 𝑟) (13)

In a (𝑛1, 𝑛2) configuration, the torque-angle relation becomes
the contribution of all the dipoles in the system. The torque-angle
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relation could be written as a more general case, from Equation
13, as

𝑇 (𝛽, 𝑛1, 𝑛2, 𝐿𝑅, 𝑟) = 𝑐

𝑛𝑚−1∑︂
𝑗=0

𝑛𝑚𝑎𝑥−1∑︂
𝑖=0

𝑇 (𝑖𝜑𝑚 − 𝛽 − 𝑗𝜑, 𝐿𝑅, 𝑟)

(14)
𝑇 (𝛽, 𝑛1, 𝑛2, 𝐿𝑅, 𝑟) is noted T(𝑛1.𝑛2) for sake of simplicity, with 𝑐

the greatest common denominator between 𝑛1 and 𝑛2, 𝜑 = 360◦
𝑛1𝑛2

𝑐,
and, 𝛽 ∈ [0, 𝜑1]. The number 𝑛𝑚 is calculated with 𝑛𝑚𝑎𝑥 =

max(𝑛1, 𝑛2) and 𝑛𝑚𝑖𝑛 = min(𝑛1, 𝑛2) the following process, illus-
trated in Figure 3,

• If
𝑛𝑚𝑎𝑥

𝑛𝑚𝑖𝑛

= 𝑘 (15)

with 𝑘 an integer, then

𝑛𝑚 = min
(︂𝑛𝑚𝑖𝑛

𝑐
, 𝑛𝑚𝑎𝑥

)︂
(16)

and,

𝜑𝑚 = min
(︃
360◦

𝑛𝑚𝑖𝑛

× 𝑐,
360◦

𝑛𝑚𝑎𝑥

)︃
(17)

• Else, if
𝑛𝑚𝑎𝑥

𝑛𝑚𝑖𝑛

≠ 𝑘 (18)

with 𝑘 an integer and, with 𝑐′ the greatest common denom-
inator between 𝑛𝑚𝑖𝑛 and 𝑛𝑚𝑎𝑥

𝑐

– If 𝑐′ ≠ 1, then

𝑛𝑚 = min
(︂𝑛𝑚𝑖𝑛

𝑐
, 𝑛𝑚𝑎𝑥

)︂
(19)

and,

𝜑𝑚 = min
(︃
360◦

𝑛𝑚𝑖𝑛

× 𝑐,
360◦

𝑛𝑚𝑎𝑥

)︃
(20)

– Else, if 𝑐′ = 1, then

𝑛𝑚 = min
(︂
𝑛𝑚𝑖𝑛,

𝑛𝑚𝑎𝑥

𝑐

)︂
(21)

and,

𝜑𝑚 = min
(︃
360◦

𝑛𝑚𝑖𝑛

,
360◦

𝑛𝑚𝑎𝑥

× 𝑐

)︃
(22)

These conditions allow for the reduction of the contribution
of the dipoles in a configuration, in 𝑐multiplied to the contribution
of a base configuration. For instance, a configuration (3.6) with
𝑐 = 3, and 6/3 = 2 = 𝑘 , the torque-angle contribution of (3.6)
can be calculated as 𝑇 (, 3, 6) = 3 × 𝑇 (1, 6).

If a structure possesses 𝑚 rings, the contribution of all the
rings needs to be added. Each 𝑚 ring possesses 𝑛𝑚 dipoles with a
distance 𝑟𝑚 to the previous ring (with 𝑟1 = 𝐿𝑅). The contribution
of all 𝑚 rings is calculated from Equation 14 as

𝑇𝑇 (𝛽, 𝑛1, .., 𝑛𝑚, 𝑟1, ..., 𝑟𝑚) =
𝑚∑︂
𝑖=1

𝑚∑︂
𝑗=𝑖+1

𝑇 (𝛽, 𝑛𝑖 , 𝑛𝑗 , 𝑅𝑖 , 𝑅𝑖 𝑗 ) (23)

𝑁𝑚𝑖𝑛 = min(N1, N2)
𝑁𝑚𝑎𝑥 = max(𝑁1,𝑁2)
𝑐 = 𝑐𝑔𝑑(𝑁𝑚𝑖𝑛 ,𝑁𝑚𝑎𝑥 )

𝑐′ = 𝑐𝑔𝑑 𝑁𝑚𝑖𝑛 ,
𝑁𝑚𝑎𝑥
𝑐

If
𝑁𝑚𝑎𝑥

𝑁𝑚𝑖𝑛
= 𝑘

𝑁𝑚 = min
𝑁𝑚𝑖𝑛
𝑐

,𝑁𝑚𝑎𝑥

𝜑𝑚 = min
360

𝑁𝑚𝑖𝑛
𝑐,
360

𝑁𝑚𝑎𝑥

yes

If 𝑐′ = 1

no

𝑁𝑚 = min 𝑁𝑚𝑖𝑛 ,
𝑁𝑚𝑎𝑥
𝑐

𝜑𝑚 = min
360

𝑁𝑚𝑖𝑛
,
360

𝑁𝑚𝑎𝑥
𝑐

yes

no

FIGURE 3: ILLUSTRATION OF THE FLOW CHART OF THE
PROCESS FOR DEFINING nm AND ϕm IN EQUATION 14 FOR
A CONFIGURATION (n1.n2).

The distance between the center and ring 𝑟𝑖 noted 𝑅𝑖 is

𝑅𝑖 =

𝑖∑︂
𝑘=1

𝑟𝑘 (24)

and the distance between two rings 𝑟𝑖 and 𝑟𝑗 is 𝑅𝑖 𝑗

𝑅𝑖 𝑗 =

𝑗∑︂
𝑖

𝑟𝑖 (25)

The contribution to the torque-angle relation is dependent on the
square of distances, the further the ring, the weaker its contribu-
tion.

For sake of simplicity the total Torque of any configuration
(𝑁1,...,𝑁2) will be written 𝑇 (𝑁1.....𝑁2), for instance the torque
of the configuration (3.4.7) is written 𝑇 (3.4.7).

The calculation of the torque-angle relation using the previ-
ous equations gives only negative values for attractive configura-
tions (𝑄 < 0) and only positive values for repulsive configura-
tions (𝑄 > 0). In order to obtain a torque-angle relation centered
around 𝑇 = 0𝑁.𝑚 the constant 𝐶𝑁 is added to the equations 5,
13, 14 and 23, with 𝐶𝑁 written as

𝐶𝑁 =
1
2
(𝑇𝑚𝑎𝑥 + 𝑇𝑚𝑖𝑛) (26)

with 𝑇𝑚𝑎𝑥 and 𝑇𝑚𝑖𝑛 respectively the maximum and minimum
values of the torque-angle relation. For attractive configurations
𝑇𝑚𝑎𝑥 = 𝑇 (𝜑, 𝑛1, 𝑛2, 𝐿𝑅, 𝑟) and 𝑇𝑚𝑖𝑛 = 𝑇 (0, 𝑛1, 𝑛2, 𝐿𝑅, 𝑟), in-
versely for repulsive configurations.

The factor 𝑄 could be tuned to modify the amplitude of the
torque-angle, for instance to match the experimental and simula-
tion data. In addition the model does yield to a minimal value at
0◦ for attractive configurations and a maximal value for repulsive
configurations a phase shift 𝜙 could be applied for obtaining a
model that starts at 0𝑁.𝑚 at 0◦.
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2.3 Design of concentrical ring magnet-based
multistable rotational stage
The torque-angle relation for magnet-based rotational multi-

stable structure is highly dependent on the number of magnets or
dipoles, the length of the moment arm and the distance between
two rings, i.e. the position of the circles where the dipoles are
located.

(A) (B) (C)

(D) (E)

(G)

(F)

1.5

1.0

0.5

0.0

-0.5

-1.0

FIGURE 4: REPRESENTATION OF THE ATTRACTIVE CON-
FIGURATIONS (A) (1.6), (B) (2.6), (C) (3.6), (D) (4.6), (E) (5.6),
(F) (6.6) AND (G) THE EVOLUTION OF THE TORQUE-ANGLE
RELATION FOR THE ATTRACTIVE (Q = −1.10−9N .m2) CON-
FIGURATIONS (N.6) WITH N = [1, 2, 3, 4, 5, 6] FOR LR = 49mm

AND R = 12mm.

In addition, a minimum of three dipoles, and two rings are
necessary to obtain multistability. It is possible to define the
combinations of rings and dipoles using the prime factors of the

number of desired stable states 𝑁 . Two cases exist depending on
𝑁 . First, if 𝑁 is a prime number, only one decomposition exists
with two rings, one of the ring possesses 𝑛1 = 𝑁 dipoles and,
the second possesses 𝑛2 = 1 dipole. The angle between the 𝑁

dipoles of the first ring is

𝜑𝑁 =
360◦

𝑁
(27)

Two permutations are possible for designing the structure, the
inner ring can posses one dipole and the outer ring possesses
𝑁 = 𝑛1 dipoles, giving the configuration (1.𝑁), oppositely the
inner ring possesses 𝑁 dipoles and, the outer ring only one,
yielding the configuration (𝑁 .1). In this configuration, as there
is only one dipole in one of the ring, the amplitude of the torque
is limited to the contribution of one dipole and is dependent on
the distances between center and the inner ring, and the distance
between the two rings.

The torque-angle relation for a (1.𝑁) or (𝑁 .1) configuration
is given by Equation 13.

Second, if 𝑁 is not a prime number, it is possible to decom-
pose 𝑁 in prime factors.

𝑁 = 𝑛1 × 𝑛2 × ... × 𝑛𝑚 (28)

where 𝑁 possesses 𝑚 prime factors. The decomposition in prime
factors enable to define the possible ring and dipole configura-
tions. A number 𝑁 of stable states can be configured into𝑚 rings,
each ring possessing 𝑛𝑖 dipoles (with 𝑛𝑖 ∈ [𝑛1, ..., 𝑛𝑚]), forming
an angle

𝜑𝑖 =
360◦

𝑛𝑖
(29)

There exist a number of 𝑝 possible permutations of the 𝑚 rings
counted as

𝑝 =
𝑚!∏︁𝑚
𝑖=2 𝑟𝑖

(30)

with 𝑟𝑖 the number repetition of each prime factor. If 𝑓 prime
factors are combined, then 𝑚! is replaced by (𝑚− 𝑗) in Equation.
30. The number 𝑀 of dipoles is then defined as

𝑀 =

𝑚∑︂
𝑑=1

𝑛𝑑 (31)

with 𝑛𝑑 the number of dipoles per ring.
It is possible to combine two or more prime factors into one

ring, leading to a ring possessing, for instance 𝑁1 = 𝑛𝑖 × 𝑛𝑗 × 𝑛𝑘
dipoles, the angle between these dipoles is

𝜑𝑖 𝑗𝑘 =
360◦

𝑛𝑖𝑛𝑗𝑛𝑘
(32)

These combinations allow for a control of the angle of rotation
between two rings and the amplitude of the torque, where the
minimal rotation angle between two rings (𝑛1.𝑛2) is given as

𝜑𝑁 =
360◦

𝑛1 × 𝑛2
× 𝑐 (33)

with 𝑐 the greatest common divisor between 𝑛1 and 𝑛2. 𝑐 is
required to prevent for duplicates of angles to appear in the cases
where rings are sharing the position of dipoles.
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(A)

(B)

(C) (D)
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FIGURE 5: REPRESENTATION OF THE CONFIGURATIONS OF THE MULTISTABLE STRUCTURES (A) (9.2.5), (B) (9.6.15) AND THE
EVOLUTION OF THE TORQUE-ANGLE RELATIONS FOR (C) (9.2.5) AND (D) (9.6.15) WITH Q = −1.10−9N .m2 AND DIMENSIONS
LR = 49mm AND r = 12mm.

It is therefore possible to design the number of stable posi-
tions while finding the base configuration (𝑁1,𝑁2) and to design
the stiffness by multiplying 𝑁1 by the prime factors of 𝑁2. For
instance for the base configuration (1.6), with 𝑁1 = 1 and 𝑁2 = 6
has 6 stable positions and it is possible to increase the stiffness of
the configuration by multiplying 𝑁1 by the decomposition of the
prime factors of 𝑁2 = 6 = 2 × 3, thus 𝑁1 can be multiplied by
𝑐 ∈ 𝐶 where𝐶 is the list of all possible products of the prime fac-
tors of 𝑁2 and here 𝐶 = [2, 3, 6]. Therefore, as a generalization,
all the possible configurations that increase the stiffness from a
base (𝑁1.𝑁2) are (𝑐 × 𝑁1.𝑁2).

For instance, the configurations (N.6) can be designed with
𝑁 ∈ [1, 6], illustrated in Figure 4. The torque-angle relation for
the configuration (1.6) is given with Equation 13 and possesses
𝑁 = 6 stable positions. The determination of the relation for the
configuration (2.6) follows the Equation 14 with the selection
process. In this case, the greatest common denominator 𝑐 = 2,
𝑛𝑚 = 1, 𝜑𝑚 = 60◦ and 𝜑 = 60◦, therefore the torque-angle
relation T(2.6) = 2T(1.6). The same applies for T(3.6) = 3T(1.6)
and T(6.6) = 6T(1.6), all these configurations possess also 𝑁 = 6
stable positions.

However, the cases (4.6) and (5.6) are different. The config-
uration (4.6) has 𝑐 = 2 and 6/4 ≠ 𝑘 and 𝑐′ = 1, therefore 𝜑 = 30◦
and T(4.6) = 2T(4.3), with 𝑁 = 12 stable positions. And (5.6)
has 𝑐 = 1 thus has 𝜑 = 12◦, with 𝑁 = 30 stable positions, the
torque-angle relations for the configurations (N.6) are plotted in
Figure 4.G.

3. RESULTS
In this section, we propose to use design method for mul-

tistable rotating stage to design a stage that rotates of an angle
𝜑 = 4◦ with a desired torque-angle relation. First, we use the the-

ory to design the rings and the number of magnets per ring. Sec-
ond, we simulate the behavior of the stage with a Finite Element
Analysis (FEA). Third, we build the stage and experimentally
validate the behavior.

3.1 Design of a multistable rotating stage
We aim in designing a multistable rotational stage that can

position two concentrical hypothetical tools independently, with
a high stiffness for the first tool and a lower stiffness for the
second, with a total step angle of 𝜑 = 4◦, using Equation 27
we find 𝑁 = 90 stable states. 𝑁 can be decomposed in prime
factors 90 = 2 × 3 × 3 × 5, the 3 × 3 needs to be combined
to prevent modifying the angle 𝜑, thus we select the three-ring
configuration (9.2.5), illustrated in Figure 5.A. Indeed, if the
3× 3 were not combined, it could result in a configuration (3.6.5)
for instance where the contribution of (3.6) would result in an
equivalent contribution of 3(1.6) with an angle 𝜑 (3.6) = 60◦
multiplying by three the angle of the configuration (9.2) with
𝜑 (9.2) = 20◦. We decided to use an attractive configuration for the
realization of the prototype as the system was easier to assemble,
therefore we will use 𝑄 = −1.10−9𝑁.𝑚2. The dimensions of the
stage are 𝐿𝑅 = 𝑟1 = 49𝑚𝑚, 𝑟12 = 12𝑚𝑚, 𝑟13 = 24.5𝑚𝑚 and,
𝑟23 = 12.5𝑚𝑚 with the position of the dipoles taken as the center
of the magnets of the multistable stage built in Section 3.3.

We observe in the torque-angle relation Figure 5.C that the
contribution of (9.2) is significantly larger than the contribution
of (2.5), the contribution of (9.5) separated between the middle
ring is negligible.

To increase the contributions of (9.2) and (2.5) closer two
options exist, the first would be to reduce the distance 𝑅12 between
the inner and middle ring and, second to increase the number of
dipoles in the middle and outer rings.
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The model correctly indicates the values of the stable angles
of the configurations however, the amplitude is uncertain and the
factor 𝑄 might need to be adapted and possibly different for each
configurations. The experimental and simulated results would
enable to find a fit of the 𝑄 factor and the phase shift 𝜙.

We decided to increase the number of dipoles because of
spatial limitations, for instance. The second ring possessing
𝑛2 = 2 dipoles brings the contribution of only two dipoles, we
would like to increase the stiffness of that ring, therefore we
decided to multiply by 𝑐 the number of dipoles 𝑛2 while keeping
the same angle of stability. There are only two possible choices
for 𝑐 as it has to be a common denominator between 𝑛1 = 3 × 3
and 𝑛′2 = 𝑐𝑛2, then 𝑐 ∈ {3, 9}. We selected 𝑐 = 3 leading to a
configuration (9.6.5). We apply the same process to the rings (6.5)
where 𝑐 ∈ {2, 3} to bring the configuration (9.6.15), illustrated
in Figure 5.B. The torque-angle relations for the configuration
(9.6.15) are plotted in Figure 5.D. We observe that indeed the
contribution of (9.2) has been multiplied by three as (9.6) similarly
for (6.5) to (6.15). The gap between the two contribution assures
that moving the outer ring (𝑛3 = 15) would not affect significantly
the position of the middle ring (𝑛2 = 6).

3.2 Simulation of the behavior of the stage

T(6.5)[Nm]

T(6.15)[Nm]

T(9.6)[Nm]

T(9.2)[Nm]

FIGURE 6: EVOLUTION OF THE SIMULATED TORQUE-
ANGLE RELATIONS OF THE CONFIGURATIONS (9.2), (9.6),
(6.5) AND (6.15).

The design method that we proposed in Section 2.2.2 uses
the ideal dipole assumption and uses Coulomb’s law to define the
multistable behavior of the stage. We used Comsol Multiphysics
to simulate the behaviors of the configurations (9.2), (9.6), (6.5)
and (6.15) with magnets (cube magnets of magnetization N45,
holding force of 4.2kg and dimensions 10 x 10 x 10 mm) and

using the dimensions given in Section 3.1. We used a recoil
permeability 𝜇𝑟𝑒𝑐 = 1.1 and, a remanent flux density of | |B𝑟 | | =
1.35T.

The torque-angle relations are plotted in Figure 6. The
simulation show first a validation of the angle calculation for
the configurations and validate the relation between a base con-
figuration and the increase multiplication by 𝑐, for instance the
amplitude of the torque-angle relation of T(9.6) is three times
higher in amplitude than T(9.2), similarly for T(6.5) and T(6.15).
Second, the simulations show that at 𝛽 = 0◦ the value of the
torque is zero and have a similar stiffness in the two directions
of rotation. The design method seems to capture the behavior
of the torque-angle relation of T(9.2) and T(9.6) quite accurately
however, struggles to capture the behavior of T(6.15) in terms of
amplitude and therefore stiffness.

3.3 Experimental realization and validation of the
behavior
To validate the results from the design method and the simu-

lation we manufactured a stage with 90 stable states and a config-
uration (9.6.15) shown in Figure 7.A. The rings were 3D printed
with PLA (polylactic acid) with a Prusa i3 MK3S. The inner ring
has a diameter of 92 mm, and thickness of 12 mm, the middle
ring has a diameter of 116 mm and a thickness on 12 mm and,
the outer ring a diameter of 140 mm and a thickness of 13 mm.
The rings are mounted on two ball bearings, between the inner
and middle ring and, between the middle and outer ring. The
magnets (Ni-Cu-Ni cube magnets of magnetization N45, hold-
ing force of 4.2kg and dimensions 10 x 10 x 10 mm, purchased
from www.magnetenspecialist.nl) were inserted in the rings in an
attractive configuration.

The multistable stage was fixed by the frame connection to
the base of a tensile tester (Zwick Roell z005) and, the tensile
tester connection of the stage was connected to the load cell,
shown in Appendix C. The tensile tester measures the force
and displacement of two subsystems. In the first configuration
(9.6), the inner and middle rings are tested while the outer ring is
fixed to the middle ring, in the second configuration (9.15), the
inner and middle rings are fixed together, with both an angular
displacement of 20◦, at a speed of 60 mm/min.

The measured torque-angle results of the tensile tests are
presented in Figure 7.B, in red for the configuration (6.15) and
in black for (9.6). The experimental plots are superimposed to
the simulation plots and show a great fit in the values of angles
and the amplitude of the torque. The measured torque-angle of
(9.6) seems to be shifted to the negative values but follows the
simulated curve. The torque-angle of (6.15) follows the simulated
plot very accurately between 0◦ and 20◦ however presents a dip in
the negative angles. The experimental variations could be caused
by the loading arm which does not stay vertical along the 40◦ of
the experiment.

In addition, we superimposed the theoretical model for the
configurations (9.6) and (6.15), the model predicted the correct
angle of multistability, however, torque-angle relation were out
of phase and a phase shift of 𝜙 (9.6) = 5◦ and 𝜙 (6.15) = 3◦ had
to be applied, they correspond to 𝜙 = 𝜑/4. The amplitudes
were not fitting, the factors 𝑄 had to be adapted and different to
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(A) (B)

Outer ring

Middle ring

Inner ring

Magnet

Ball bearings

Frame 
connection

Tensile 
tester 
connection

T(9.6)[Nm] Simulation

T(9.6)[Nm] Model

T(9.6)[Nm] Experiment

T(6.15)[Nm] Simulation

T(6.15)[Nm] Model

T(6.15)[Nm] Experiment

FIGURE 7: REPRESENTATION OF (A) THE MULTISTABLE STRUCTURE WITH THE CONFIGURATION (9.6.15) AND, (B) THE RE-
SULT OF THE TENSILE TEST MEASUREMENTS ON TWO PAIRS OF RINGS (9.6) AND (6.15).

describe the model, with 𝑄 (9.6) = −1.10−8.95𝑁.𝑚2 and 𝑄 (6.15) =
−1.10−6.6𝑁.𝑚2. These adaptations allow for a quite accurate fit
of the model to simulations and experiments. We observe that for
the (6.15) configuration, the experimental curve presents a dip,
we suspect that this dip is caused because of the presence of the
inner ring which impacts the torque-angle behavior of the middle
to outer rings.

4. DISCUSSION
The proposed design method, based on the ideal dipole as-

sumption, allow for the design of multi-ring magnet-based mul-
tistable rotational stages. Two types of output can result from the
design method, first all the 𝑁 stable states possess the same angle
and stiffness. In this scenario, close to the design of magnetic
motors, the ideal configuration seems to be a two-ring design
(𝑁1.𝑁2) where the 𝑁 = 𝑁1 × 𝑁2 states dictate the angle of rota-
tional stability 𝜑𝑁 , the amplitude of the dips, related to stiffness,
can be increased by multiplying the number of magnets 𝑁1 by one
or more prime factors of the decomposition of 𝑁2 (respectively
multiplying the number of magnets 𝑁2 by one or more prime
factors of the decomposition of 𝑁1). The prime factor multipli-
cation offers a limited amount of possibilities for modifying the
stiffness, an other source of modification is the distance between
the two rings.

Second, the 𝑁 states do not have the same angle and stiffness.
In this scenario we recommend to design a multi-ring stage, the
decomposition of the 𝑁 stable states in the prime factors and
the possibility of combining the repeated factors prevent from
reducing the number of states and thus increasing the angle. The

stiffness of the rings could be design by their positions, the lowest
stiffness is obtain by ordering the rings from the lowest number
of magnet to the largest, in that case the torque-angle relations
could be combined to design a specific envelop.

However, if the rings needs to be independent from each
other configurations where the largest number of magnets are
located at the center would be preferred. Additionally, these two
behavior could be combined with an alternation of high and low
number of magnets in order to reduce the stiffness difference, as
we proposed with the (9.6.15) configuration.

A multi-ring configuration could be interesting to use in
application that require the positioning of different elements with
specific rotational stiffness and positioning angles. However, the
actuation of a multi-ring stage would require the isolation of the
ring intended to move from the others, in order to target a specific
angle of rotation.

Our model is based on the electrostatic assumption to calcu-
late the torque-angle relationships. This approximation provides
a useful means of understanding the multistable angular behavior
of a magnet-based multistable stage.

The electrostatic constant 𝑄 was initially assigned an arbi-
trary value of 𝑄 = ±1 · 10−9 N · m2. While this served as a
starting point, the value of 𝑄 must be adjusted for each ring in a
given configuration. However, a more thorough development of
the electrostatic model is required to rigorously define and justify
the value of 𝑄.

The constant𝑄 can be interpreted as an electrostatic analogue
that may be physically related to the magnetic dipole interactions
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between two magnets. Confirming this hypothesis would require
extending the current electrostatic model into a magnetic model.

The phase shift 𝜙 is another parameter calibrated to match
both experimental and simulation results for the configurations
(9.6) and (6.15). For these cases, a value of 𝜙 = 𝜑/4 was found to
provide a good fit, corresponding approximately to 5◦. As with
𝑄, a deeper development of the model is needed to establish a
physical basis for 𝜙.

Despite the model’s utility, it faces limitations in accurately
capturing low torque-angle behavior. For instance, the configu-
ration (6.15) is not well represented by the current method. This
suggests that an improved, magnet-based design methodology
could yield more accurate results.

In summary, the electrostatic parameters 𝑄 and 𝜙 must be
carefully adapted within the model. Establishing a clear link
between these parameters and the magnetic properties of the
system would enhance our understanding of the interactions and
improve the accuracy of torque-angle predictions.

5. CONCLUSION
In summary, we have presented a design framework for the

design of magnet-based multistable rotating structures. Our ap-
proach includes a mathematical design method based on the as-
sumption of ideal dipoles and the use of Coulomb’s law, we
propose a calculation of the torque-angle relation using the con-
tribution of all the dipoles in the system and calculate the stiffness
associated. We applied this design framework to the design of
a three-ring structure possessing 90 stable positions. The sim-
ulations and experimental measurements allow for a validation
of our expectations given by the design method. Overall, our
findings provide a valuable contribution in the field of multista-
bility and can serve as a basis for the design and fabrication of
magnet-based multistable structures.
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APPENDIX A. DERIVATION OF THE ROTATIONAL
STIFFNESS κ (β,LR , r )

The rotational stiffness is defined as the derivative of the
torque in Equation 10 as

𝜅(𝛽, 𝐿𝑅, 𝑟) =
𝑑𝑇 (𝛽, 𝐿𝑅, 𝑟)

𝑑𝛽
(34)

The function 𝑇 (𝛽, 𝐿𝑅, 𝑟) is the fraction of two functions 𝑓 (𝛽) =
𝑄𝐿𝑅 (𝐿𝑅 + 𝑟) sin(𝛽) and 𝑔(𝛽) = 𝑑3 (𝛽) = ℎ

3
2 (𝛽) with ℎ(𝛽) =

(𝐿𝑅+𝑟)2+𝐿2
𝑅
−2𝐿𝑅 (𝐿𝑅+𝑟) cos(𝛽). The derivative of𝑇 (𝛽, 𝐿𝑅, 𝑟)

can be written 𝑇 ′ (𝛽) as

𝑇 ′ (𝛽) = 𝑓 ′ (𝛽)𝑔(𝛽) − 𝑓 (𝛽)𝑔′ (𝛽)
𝑔2 (𝛽)

(35)

with 𝑓 ′ (𝛽) = 𝑄𝐿𝑅 (𝐿𝑅 + 𝑟) cos(𝛽) and 𝑔2 (𝛽) = 𝑑6 (𝛽) = ℎ3 (𝛽).
The calculation of the derivative 𝑔′ (𝛽) can be calculated with the
derivative of a function power 𝑛 as

𝑑 (ℎ(𝛽)) 3
2

𝑑𝛽
=

3
√︁
ℎ(𝛽)
2

ℎ′ (𝛽) (36)

with ℎ′ (𝛽) = 2𝐿𝑅 (𝐿𝑅 + 𝑟) sin(𝛽) Therefore, the rotational stiff-
ness can be written with the functions 𝑓 (𝛽) and ℎ(𝛽) as

𝜅(𝛽) =
𝑓 ′ (𝛽) (ℎ(𝛽)) 3

2 − 𝑓 (𝛽) 3
√
ℎ (𝛽)
2 ℎ′ (𝛽)

ℎ3 (𝛽)
(37)

APPENDIX B. IMPACT OF THE DIMENSIONS LR AND
r ON THE TORQUE-ANGLE RELATION

The torque-angle relation is dependent on the square of the
dimensions 𝐿𝑅 and 𝑅, therefore, a slight change in the dimensions
changes significantly the values of the torque-angle as represented

in Figure 8. When 𝑅 is large enough compared to 𝐿𝑅 then the
torque-angle relation becomes almost a circle close to the value
of 0𝑁𝑚 removing the multistability effect. Oppositely, bringing
the rings closer, reducing the value of 𝑅, increases significantly
the torque gap between two stable states.

APPENDIX C. EXPERIMENTAL SETUP

Torque [Nm]

0.2

0.1

0.0

-0.1

-0.2

FIGURE 8: EVOLUTION OF THE TORQUE-ANGLE RELATION
FOR THE ATTRACTIVE (Q = −1.10−9N .m2) CONFIGURA-
TION (1.6) FOR THE DIMENSIONS LR = 49mm AND R ∈

[12, 14, 16, 20]mm.
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Tensile tester

Stage

Frame

Loading arm

FIGURE 9: PHOTOGRAPHY OF THE EXPERIMENTAL SET
UP WITH THE TENSILE TESTER ZWICK ROELL Z005 AND
THE STAGE (9.6.15) MOUNTED ON THE FRAME AND CON-
NECTED TO THE LOADING ARM. THE MIDDLE RING COULD
BE FIXED TO, EITHER THE INNER OUR OUTER RING TO
COUPLE THEM.
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