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Preface
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for their outstanding mentorship, understanding, and unwavering support during the course of this
research. I am especially thankful for their understanding, as I had to learn many fundamental topics
to carry out this work, and for their encouragement during the many challenges I faced along the way.
I'want to thank Steven in particular for his motivating words during our meetings, sometimes I would
find myself counting the days until the next one, just to have a five-minute chat after our long thesis
discussions that always left me inspired. I am also very grateful to Thomas for his continuous support
whenever I encountered difficulties, and for his thoughtful feedback and deep discussions that pushed
me to think critically about each concept.

I am deeply grateful to my friends from my Master’s, Affan, Dominik, Adrian, Sahir, Gleb, Jan, and
many others I met along the way. Their company, conversations, and countless shared moments of
laughter and coffee breaks made this journey both inspiring and joyful. Outside the faculty, I want to
thank my friends Ferrari, Pouria, Elyas, Toranj, Roham, and Parsa for always being there and support-
ing me through every challenge of living abroad.

Lastly, I owe my deepest gratitude to my parents and my little brother, Panam, for their endless love
and support. I cannot put my feelings into words because I know that without them, I could not have
reached where I am today. And to my beloved partner, Mahtab, thank you for being my source of calm
and motivation through all the rainy days.

Amirreza Sadat Madani
Delft, November 2025
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summary

Adjoint-based error estimation is among the most accurate methodologies for quantifying numerical
errors, forming the foundation of Adaptive Mesh Refinement (AMR) strategies in turbulent flow simu-
lations, particularly within Large Eddy Simulations (LES). However, in unsteady problems, the need to
access fully time-resolved primal fields during the backward-in-time adjoint computation, along with
the corresponding injected residuals, leads to prohibitive storage requirements. This thesis addresses
this bottleneck by developing and assessing data-driven compression frameworks for both injected-
residual and primal fields, aiming to substantially reduce storage demands while preserving the accu-
racy and consistency of adjoint-based error estimation.

Two machine learning-based surrogate modeling techniques, the Convolutional AutoEncoder (CAE)
and the Echo State Network (ESN), were investigated to assess their ability to capture the spatial and
temporal dynamics of the compressed fields, respectively. Their performance was compared against
Proper Orthogonal Decomposition (POD), which served as the benchmark method. The computa-
tional framework was implemented in OpenFOAM for both primal and adjoint solvers, while the
compression and reconstruction models were trained and evaluated in Python using PyTorch and
ReservoirPy packages. Two test cases were considered: a smooth Manufactured Solution (MMS) of
the 1D viscous Burgers’ equation, used to verify the framework and ensure consistency under con-
trolled conditions, and a DNS-forced 1D viscous Burgers” problem derived from Turbulent Channel
Flow (TCF) data, used to evaluate the method’s robustness in representing complex, unsteady turbu-
lent flow dynamics.

The MMS results confirmed that the framework can accurately reconstruct both the primal and injected-
residual fields without altering the adjoint-based output error estimation. When the compressed resid-
uals were used in the adjoint computation, the recovered error indicators were in close agreement with
the fully resolved reference, verifying that the compression and reconstruction stages preserve consis-
tency. Minor differences were observed only when surrogate primals were employed for adjoint solu-
tion computation, yet these deviations remained negligible, confirming the robustness of the overall
formulation before applying it to more complex unsteady cases.

For the DNS-forced 1D viscous Burgers problem, representing the wall-normal velocity fluctuations
of a TCF, the framework was evaluated under more realistic, nonlinear, and temporally evolving con-
ditions. In this case, the ESN demonstrated the highest capability in reconstructing temporally vary-
ing residuals and maintaining consistent adjoint sensitivities, benefiting from its recurrent dynamics.
Across all refinement levels, the time-averaged adjoint-based error indicators remained closely aligned
with the reference, even at compression ratios exceeding two orders of magnitude, confirming the
framework’s ability to drastically reduce storage without compromising estimation accuracy. The CAE
effectively captured spatial features but showed mild instability and localized artifacts when surrogate
primal reconstructions were employed for adjoint computation. While the CAE provided better recon-
struction of mean values, the ESN more accurately reproduced the second-moment statistics, leading to
improved representation of unsteady dynamics. The POD, used as a benchmark, yielded stable recon-
structions but was limited in representing nonlinear temporal behavior and performed notably worse
than the ESN when compared at equivalent compression ratios.

Overall, the results demonstrate that the proposed compression framework can reliably reduce storage
demands in unsteady adjoint-based error estimation while preserving high fidelity in the output error
indicators. The findings emphasize that while POD remains the most stable baseline, CAE provides
strong nonlinear spatial encoding and ESN achieves the most accurate temporal reconstruction. The
framework establishes a practical and scalable foundation for applying adjoint-based AMR in LES and
other turbulent flow analyses where unsteady data storage remains a critical limitation.
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Introduction

Computational Fluid Dynamics (CFD) has become a foundational tool in aerospace engineering, en-
abling the simulation and analysis of fluid flows around complex geometries [1]. The ability of CFD to
visualize flow fields, predict surface load distributions, and calculate aerodynamic forces and moments
is essential for the preliminary design of aerospace configurations [2]

The increasing adoption of CFD in the aerospace industry is closely linked to advances in computational
power and numerical methods, which have made it possible to model complex physical processes such
as turbulence and transition with greater accuracy [3]. Aerospace was among the first industries to
make extensive use of simulation technologies, relying on CFD to design without the need for costly
experimental facilities [4]. This shift has significantly reduced the number of wind tunnel tests required,
leading to shorter design cycles and lower development costs [2].

CFD is routinely used to predict aerodynamic forces, structural loads, and thermal loads, as well as to
analyze processes such as combustion, noise, and vibrations under various flow conditions [5]. The
integration of advanced turbulence models and high-order numerical algorithms has further improved
the accuracy and efficiency of CFD simulations in aerospace applications [6].

Despite these advances, CFD simulations remain computationally expensive and can still be inaccurate
for highly nonlinear, unsteady, or turbulent flows. The resolution requirements needed to capture all
relevant spatial and temporal scales make high-fidelity simulations, such as Direct Numerical Simu-
lation (DNS) or Large Eddy Simulation (LES), computationally demanding, particularly for realistic
three-dimensional (3D) geometries [7]. Moreover, the accuracy of CFD predictions often depends
on the quality of turbulence modeling, grid resolution, and numerical discretization, which remain
sources of uncertainty in practical applications [7].

1.1. Computational Fluid Dynamics for Turbulence

Turbulence is a complex and chaotic state of fluid motion characterized by vorticity, irregular fluctua-
tions, and energy dissipation over multiple scales [8]. Unlike laminar flows, where momentum transfer
occurs in an orderly and predictable manner governed primarily by viscous effects, turbulent flows ex-
hibit strong nonlinear interactions that disrupt this organization, leading to a continuous redistribution
of energy across different length scales. This phenomenon can be modeled by the Navier-Stokes (NS)
equations [9], in which the nonlinear convective term is responsible for the energy transfer from large
to small scales [10].

The concept of the energy cascade, introduced by Kolmogorov [11], explains how kinetic energy in-
jected at large scales is transferred down to progressively smaller scales until it is dissipated by vis-
cosity, as schematically visualized in Figure 1.1a. In a turbulent flow, energy is typically introduced
at the largest eddy scales, corresponding to the external forcing or boundary conditions, and is then
transferred through an inertial subrange where viscosity is negligible. This inertial subrange follows a
self-similar distribution, characterized by Kolmogorov’s —5/3 law for the energy spectrum E(¢) [11].

1



2 Chapter 1. Introduction

Eventually, at sufficiently small scales, the energy reaches the Kolmogorov microscale, where viscous
dissipation dominates, converting turbulent kinetic energy into heat [12].

The energy spectrum plot in Figure 1.1b illustrates the distribution of turbulent kinetic energy across
different wave numbers . The spectrum obtained from a DNS of Homogeneous Isotropic Turbulence
(HIT) reveals three distinct regions:

1. Energy Injection Range: At low wave numbers, corresponding to length scales on the order of
the integral scale, energy is supplied to the flow through external forcing mechanisms such as
shear or buoyancy-driven turbulence.

2. Inertial Subrange: Energy transfer is governed by nonlinear interactions without significant vis-
cous effects, leading to Kolmogorov’s —5/3 scaling law F(€) oc €75/,

3. Dissipation Range: At high wave numbers, small eddies experience strong viscous forces, lead-
ing to the conversion of kinetic energy into thermal energy and a rapid drop in the energy spec-

trum.
Energy Injection 100
‘ 2 ) Energy Spectrum

S ; - — - Kolmogorgv Inertial-range
o i
=
o 102 :
g
g i

2 @ 5 |
)

i ©000006066e6 OG0 | . 100 1

S ° E !

G - ‘

:‘._.3' ¢ E 108k |

= ° E :

v 9060060600000 y -
5©) ) ) 5©) 4 10—10 1 L
2 100 10° 10
=]
\ ‘ / = 3
Energy Dissipation :né (b) Energy spectrum E(€) from a DNS of HIT plotted against wave

number magnitude £. The spectrum shows the energy injection range,
(a) Schematic of the turbulent energy cascade, illustrating energy injec- Kolmogorov’s —5/3 inertial subrange, and the dissipation range at high
tion at large eddy scales, transfer through intermediate scales, and dis- wave numbers. Computed by the author as part of the CFD3: Large Eddy
sipation at small eddy scales. Simulations course individual assignment at TU Delft

Figure 1.1: Turbulent energy cascade and energy spectrum

Turbulent flows” broad spectrum of spatial and temporal scales makes their DNS highly computation-
ally demanding, especially for high Reynolds number flows. Solving the NS equations while resolv-
ing all turbulence scales is infeasible in most practical applications. Instead, turbulence modeling ap-
proaches vary in fidelity, ranging from DNS to Reynolds-Averaged Navier-Stokes (RANS) simulations.
This hierarchy of turbulence models is depicted in Figure 1.2, where DNS represents the most accurate
but computationally intensive method, while RANS provides a more empirical and cost-effective alter-
native.

== g &
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Resolved Physics Modeled Physics

Figure 1.2: Turbulence modeling approaches spectrum

DNS involves solving the NS equations on a high-resolution mesh, ensuring that all relevant spatial and
temporal scales of turbulence are fully resolved [13]. This approach provides highly accurate represen-
tations of turbulent flow physics. However, the computational cost of DNS becomes prohibitive for 3D
problems, particularly at high Reynolds numbers (Re), due to the exponential growth in resource re-
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quirements with increasing flow complexity. To simulate all turbulent fluctuations, including the most
intense ones, computational demands scale as Re? rather than the traditionally assumed Re® based on
Kolmogorov’s theory [14]. As a result, DNS is often limited to academic studies and benchmark cases
rather than practical engineering applications.

The RANS method is extensively utilized in aerospace engineering [15], automotive engineering [16],
and environmental engineering [17] thanks to its computational efficiency and effectiveness in predict-
ing time-averaged flow characteristics [18]. The RANS framework employs Reynolds decomposition,
wherein the flow variables are split into mean and fluctuating components. The resulting Reynolds
stress terms are not directly solved but are instead approximated using turbulence models that rely on
ensemble-averaged quantities [19]. Despite its advantages, RANS methods exhibit significant limita-
tions in accurately predicting flows that are highly unsteady or involve complex phenomena such as
mixing layers, large pressure gradients [20], or flow separation and reattachment [21]. In such cases,
the assumptions underlying RANS models often lead to inaccuracies, making them less reliable com-
pared to more advanced simulation techniques.

LES offers an alternative to traditional turbulence modeling by directly resolving the large, energy-
containing eddies of the flow while modeling the effects of smaller, less influential scales through
subgrid-scale (SGS) models [7]. This method has demonstrated strong performance in cases where the
computational mesh is sufficiently detailed to capture the dominant turbulent structures [22]. How-
ever, achieving both accuracy and computational efficiency with LES in practical applications requires
meeting specific conditions, such as fine mesh resolution, appropriate time integration schemes, or
effective SGS modeling strategies [7]. When these challenges are properly addressed, LES has the po-
tential to outperform and even replace RANS approaches for many flow configurations; however, its
widespread application still demands strategies for mesh adaptation to efficiently capture local flow
features [7].

1.2. Adaptive Mesh Refinement

LES of high-Reynolds-number, wall-bounded flows demand exceptionally fine grid resolutions, partic-
ularly within the inner regions of boundary layers [7]. This requirement often approaches the compu-
tational intensity of DNS, making LES computationally prohibitive for practical applications [22]. To
mitigate computational costs without compromising accuracy, it is essential to develop high-quality
computational meshes that must be sufficiently refined to capture pertinent flow structures across var-
ious physical regions while remaining computationally feasible.

NASA’s 2030 CFD Vision report [23] specifically highlights mesh generation and adaptivity as major
bottlenecks in the present-day CFD workflow. Even for relatively standard simulations, concerns per-
sist regarding the robustness of CFD methods in accurately predicting Quantities of Interest (Qol). A
notable example is the American Institute of Aeronautics and Astronautics (AIAA) Drag Prediction
Workshop (DPW) [24, 25], where force and moment outputs for a representative set of wing-body
geometries and flow conditions were compared across CFD codes used in industry, government lab-
oratories, and academia. Despite advancements in computational power, results from multiple DPW
submissions have consistently exhibited significant variations in computed outputs. For instance, in
the third DPW, drag coefficient discrepancies of 0.0025, equivalent to a relative error of ~ 10%, were
observed for a DLR-F6 wing-body configuration, corresponding to a payload difference of over 100
passengers on a large transport aircraft [26].

A key factor contributing to these discrepancies is the quality of the computational mesh, which heavily
depends on user expertise [26]. Even experienced CFD engineers often struggle to generate meshes
that achieve an optimal balance between predictive accuracy and computational efficiency, given the
multiscale nature and complexity of turbulent flows [27]. As a result, multiple trial-and-error iterations
are typically required to determine appropriate refinement regions, significantly impeding the practical
implementation of LES [28].

This issue becomes even more pronounced in complex and highly variable flow conditions, such as
those involving separations, wakes, or shock-boundary layer interactions, where uniform or pre-generated
meshes may fail to provide adequate local resolution. Such limitations can lead to either insufficient
accuracy in critical regions or excessive refinement in less important areas, resulting in unnecessary
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computational costs. Further emphasizing this challenge, tests conducted in the third DPW revealed
that even for simplified wing-only geometries, results obtained using the same CFD code and identical
turbulence models but generated on independently constructed meshes failed to converge consistently,
even with uniform mesh refinement [25]. These findings underscore the critical influence of mesh de-
sign on CFD accuracy and highlight the need for adaptive mesh refinement strategies to achieve more
reliable aerodynamic predictions.

Thus, a suitable grid-adaptation technique is required, which is the process of refining an existing com-
putational grid based on the solution obtained, aiming to generate a more optimized mesh for the given
problem. Specifically, it can be viewed as a multi-objective optimization challenge, where the goal is
to determine the spatial distribution A(x) that minimizes error while using the least number of grid
points [27].

In numerous scenarios, A(z) primarily influences numerical errors. For instance, in solving the RANS
equations, while significant errors may arise from turbulence modeling, these errors remain largely un-
affected by A(z), provided the grid is sufficiently fine. In such contexts, numerical analysis establishes
a relationship between A(z) and the local error sources, offering systematic methods to estimate these
errors, such as through truncation error or residual assessments [19].

However, the scenario changes in nonlinear multiscale problems have been coarse-grained situations
where models represent small-scale dynamics. Here, A(z) serves as the coarse-graining length scale,
e.g., the filter width, directly influencing errors stemming from imperfect modeling of unresolved
scales [7]. The numerical grid spacing can be set equal to or smaller than A(z); in the former case,
A(z) also governs numerical errors. Nevertheless, estimating modeling errors in these situations often
relies on heuristics and physical insights, rendering traditional truncation error estimation less effec-
tive.

To address the aforementioned, Adaptive Mesh Refinement (AMR) techniques have been developed.
AMR dynamically adjusts the mesh based on solution features, enhancing resolution in regions with
complex flow structures while coarsening it elsewhere to conserve computational resources [22]. This
approach reduces reliance on user experience and minimizes trial-and-error in mesh generation. The
general proposed algorithm for AMR is presented in Algorithm 1. The main key steps in AMR are [22]:

e Error Estimation: Identifies regions where mesh refinement or coarsening is necessary based on
numerical accuracy and solution features.

e Mesh Adaptation Strategy: Defines the approach for modifying the mesh, determining when
and how refinement or coarsening should be applied. The candidate techniques can be broadly
classified into three categories [29]. r-adaptation, which adjusts node positions without changing
mesh connectivity; p-adaptation, which increases the polynomial order of the solution approxi-
mation locally; and h-adaptation, which refines or coarsens the mesh by adding or removing
elements.

The scope of this research is limited to the error estimation techniques, while the subsequent mesh
adaptation procedure is not explicitly addressed.

1.3. Error Estimation

While the numerical truncation error can be rigorously derived and analyzed, the error arising from
the modeling of unresolved scales cannot be quantified with the same level of certainty. Since this
error stems from unresolved physical processes, its estimation inherently relies on physics-based as-
sumptions. Consequently, absolute confidence in the estimated modeling error within LES cannot be
assured, regardless of how reasonable the estimate may appear [27].

Error estimation techniques can be classified into two distinct categories: a priori and a posteriori. The
former estimates the error bounds before performing the numerical simulation, relying on theoretical
assumptions about the regularity of the underlying (unknown) exact solution and on the character-
istics of the numerical scheme and computational grid. These estimates depend on user experience
and analytical properties of the governing equations, but do not provide localized information about
the error distribution within the computational domain. In contrast, a posteriori approaches evaluate
the error based on the obtained numerical solution. Such estimations yield localized error indicators,
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Algorithm 1: Adaptive Mesh Refinement (AMR) Algorithm

Input: Initial mesh My, error tolerance ¢
Output: Adapted mesh My, satisfying e

/* Initialization */
Set initial mesh M < My;
/* Adaptive Refinement Loop x/
repeat
/* Primal Solution Computation */
Solve the governing equations on the current mesh M to obtain solution u;
/* Error Estimation */
Compute the numerical error n(u, M);
/* Check Convergence x/

if n(u, M) < ¢ then
| Return: Adapted mesh Mpay;

else
/* Error Localization */
Identify regions where n(u, M) > ¢;
/* Mesh Adaptation */
Refine or coarsen mesh elements in identified regions;

end

until Error tolerance condition n(u, M) < € is met;

which are invaluable for AMR strategies, as they directly relate to the computed solution rather than
theoretical bounds.

Feature-based Error Estimation: It is often called physics-based approaches due to their specific
application-related physical knowledge or reasoning [27]. Feature-based error estimation methods
rely on a predefined flow feature, assuming that regions with complex flow features are more likely to
contain a higher concentration of numerical errors. These features could be solution gradients, solu-
tion curvature, or identified solution features [30]. Although the feature-based methods benefit from
lower computational overhead compared to other methods, they often lead to excessive refinement of
certain features while leaving others insufficiently refined, resulting in worse solutions compared to
adjoint-based ones [22]. This is also proven by Dwight with a test case of inviscid transonic flow over
an airfoil using an unstructured finite-volume discretization [31].

Various feature-based refinement strategies have been applied in mesh adaptation across different ap-
plications. A widely used method involves refining regions near flames or detonation waves in tur-
bulent flows, typically implemented within the AMR framework [32]. Another prevalent approach
prioritizes regions with high small-scale kinetic energy, which is particularly beneficial in turbulence-
resolving simulations [33, 34, 35]. In steady turbulence simulations, refinement is often directed toward
high-vorticity regions, ensuring improved resolution in areas of intense rotational flow dynamics [36].
Moreover, in various other applications, expert-defined criteria are utilized to determine refinement
zones, adapting the mesh based on specific flow features and simulation objectives [27].

Criterion-based Error Estimation: Criterion-based error estimation defines a standard that, while
not necessarily having direct physical relevance like the feature-based approach, is designed to capture
complex phenomena within the numerical simulation. In this context, two mesh adaptation criteria
are introduced by Benard et al. [37]: (1) ensuring an accurate resolution of the mean flow field and
(2) resolving a sufficient portion of turbulent scale motions. Although the methodology demonstrated
significant improvements in accuracy and efficiency compared to traditional uniform refinement, it
has several limitations. It does not modify boundary cells, restricting near-wall refinements, and its
effectiveness may depend on the initial mesh. While computationally cheaper than other candidates, it
still incurs additional costs due to the iterative process.
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Residual-based Error Estimation: This approach, commonly referred to as truncation-error-based er-
ror estimation, is grounded in the definition of truncation error across various discretization techniques.
Truncation error, which quantifies the difference between an exact Partial Differential Equation (PDE)
and its discrete numerical approximation, represents the contribution of local element discretization
parameters (e.g., cell size, skewness) to the overall discretization error. As a result, it serves as a valu-
able indicator for guiding mesh adaptation. The fundamental principle behind truncation error-based
adaptation is to distribute truncation error uniformly across the computational domain, thereby mini-
mizing total discretization error [30].

While simple discretization schemes allow for direct computation of truncation error, more complex nu-
merical methods require estimation techniques [30]. In the Finite Element Method (FEM), for example,
error estimators operate by substituting the finite element solution, constructed from basis functions
and coefficients, into the original PDE, yielding residuals [38]. Residual-based indicators highlight
regions where the discrete solution deviates beyond an acceptable tolerance from the continuous gov-
erning PDE. The residual, defined as a function that equals zero when the PDE is exactly satisfied, forms
the foundation for error estimation. However, not only are residual-based methods computationally
more expensive than other candidates, such as feature-based and criterion-based approaches, as they
require the explicit computation of the PDE residual [39], but they also do not effectively account for
propagation effects, which are intrinsic to convection-dominated problems [40].

Adjoint-based Error Estimation Adjoint-based error estimation, also known in the literature as output-
or goal-oriented error estimation, evaluates the contribution of local discretization errors in each element

with respect to a specific Quantity of Interest (Qol) [30]. This method enables targeted mesh adapta-
tion, ensuring refinement efforts are focused on regions that most influence the desired output. A key

aspect of this approach is the computation of the adjoint solution, which quantifies the sensitivity of

the Qol to local perturbations in the primal solution. In this framework, these sensitivities are used

to weight the local residuals, thereby identifying regions where discretization errors have the largest

impact on the Qol. Although adjoint-based error estimation is widely recognized as the most accurate

among existing error assessment techniques, it also incurs the highest computational cost [41]. This

overhead primarily arises from the additional requirement of solving the adjoint system alongside the

primal equations.

The adjoint problem, often referred to as the dual problem, is solved in conjunction with the primal prob-
lem, which represents the original flow field [42]. The adjoint solution quantifies how sensitive a de-
fined Qol is to perturbations in the residuals of the governing equations. Mathematically, the primal
governing equations can be expressed in residual form as

R(U) =0, (1.1)

where R is the residual operator and U is the primal solution. Based on this, the adjoint-based error
estimation defines a local error indicator field (z) as

€(z) = =y (2)R(U(2)), (12)

where 1 (z) is the adjoint variable representing the sensitivity of the Qol to residual perturbations at
spatial location z. This local quantity reflects how much the numerical solution violates the govern-
ing equations, weighted by how important that violation is to the Qol. Hence, known as the Adjoint-
Weighted Residual (DWR) method [43]. The global error in the Qol, denoted by 6./, can then be approx-
imated by integrating the local contributions across the domain:

5J%/Qe(x)dx. (1.3)

In unsteady nonlinear problems, such as the Navier—Stokes equations, computing the adjoint solution
requires access to the complete time history of the primal solution, since the adjoint equation at each
time step depends on the corresponding primal state. Consequently, the entire primal trajectory must
first be computed and stored. The same time history is also required to evaluate the injected residuals
used in error estimation. Hence, both the residual and adjoint solution fields are necessary to com-
pute the error indicators and overall error estimate. In addition, LES generates such high-dimensional
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datasets that the storage required for adjoint-based error estimation becomes prohibitively large and
infeasible for practical use [43].

1.4. Thesis Scope & Structure

Adjoint-based error estimation is widely regarded as the most accurate method for AMR, particularly
in LES applications. However, its use in unsteady simulations poses significant challenges due to the
high storage requirements associated with accessing primal flow fields during backward-in-time ad-
joint computations and residual evaluations. This research specifically aims to address this bottleneck
by exploring compression strategies based on Artificial Intelligence (AI) for reducing storage demands
while maintaining error estimation accuracy. To maintain a controlled yet physically relevant frame-
work, the study is limited to the one-dimensional (1D) unsteady Burgers’ problem forced by DNS data
from a Turbulent Channel Flow (TCF), serving as a simplified model for testing the proposed method-

ology.

Following the conceptual introduction in this chapter, Chapter 2 presents the research proposal. It
reviews the state of the art, outlines previous efforts to mitigate storage costs, identifies the remain-
ing research gap, and articulates the main research objective and questions. Chapter 3 provides a
theoretical foundation for adjoint-based error estimation, including its formulation, capabilities, and
inherent limitations. To address storage constraints, Chapter 4 introduces several surrogate modeling
techniques, from classical modal decomposition to advanced deep learning architectures, and discusses
their applicability to unsteady simulations. The methodology is outlined in Chapter 5, which describes
the computational setup, the benchmark method used for comparison, the proposed surrogate mod-
els, and the performance evaluation framework. Chapter 6 verifies the framework using a Method of
Manufactured Solutions (MMS) forcing term applied to the unsteady viscous 1D Burgers’ equation.
Chapter 7 further demonstrates the approach using a more realistic scenario, in which the 1D viscous
Burgers’ equation is solved using a forcing term extracted from a DNS dataset of turbulent channel
flow, particularly targeting the wall-normal component of the momentum equation. Finally, Chap-
ter 8 summarizes the findings of the research, and Chapter 9 outlines potential directions for future
investigation.






Research Proposal

As discussed briefly in Chapter 1, adjoint-based error estimation remains the accurate reliable approach
among the available candidates for use within AMR frameworks for LES applications. Nevertheless,
several challenges limit its practical implementation. To compute the error indicator field, two primary
quantities are required: the injected residuals and the adjoint solution. In unsteady nonlinear problems,
such as the NS equations, the computation of the adjoint solution necessitates access to the time history
of the primal solution, as the adjoint PDE at each time step depends on the corresponding primal
state. Therefore, access to both fields is essential for evaluating local error indicators and global error
estimates.

For time-dependent problems, the computational cost and storage requirements increase substantially
because the adjoint solution must be propagated backward in time while accessing the corresponding
primal states required for both the adjoint computation and residual evaluation. One straightforward
strategy is to store the complete time series of primal solutions to provide the necessary flow informa-
tion at each adjoint time step. However, storing all primal states in memory is prohibitively expensive
for large-scale turbulence simulations [43]. To address this challenge, some researchers opt to store the
entire time history on disk [44], though this introduces significant I/O overhead due to limited data
access speed compared to direct memory reads. Others mitigate this by storing snapshot solutions at
discrete time intervals and reconstructing intermediate states via temporal interpolation [26].

An alternative, more memory-efficient strategy is the checkpointing technique [45, 46], in which primal so-
lutions are stored only at selected time steps (so-called checkpoints) and recomputed locally as needed
during the backward adjoint integration. Although checkpointing substantially reduces memory re-
quirements, it increases computational cost due to the repeated forward recomputations between check-
points. Consequently, the practical application of unsteady adjoint-based error estimation requires a
delicate balance between storage usage, computational cost, and the accuracy of the primal and adjoint
solutions.

In addition, LES generate extremely high-dimensional datasets due to the fine spatial and temporal
resolutions required to resolve the large, energy-containing eddies of turbulent flows. The number
of degrees of freedom scales approximately with (L/Axz)3(T/At), where L and T represent the char-
acteristic length and time scales of the flow, and Az and At denote the grid spacing and time step,
respectively. For example, a moderate-resolution LES with 5123 spatial points and 10 time steps al-
ready exceeds 10! stored variables per field, making direct storage of all primal states infeasible. These
scaling considerations amplify the storage and computational demands when adjoint-based error esti-
mation is applied to unsteady turbulent flows [43]. Such challenges motivate the development of alter-
native strategies that reduce storage requirements while maintaining the fidelity of the adjoint-based
error estimation framework.
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2.1. Research Gap Identification

Several approaches have been proposed in the literature to address these challenges, each tackling ei-
ther the primal and residual storage problem, the cost of adjoint computations, or both. Hunter and
Hulshoff [41] propose a Super-Resolution Neural Network (SRNN) that reconstructs fine-grid adjoint
fields from coarser adjoints, thereby reducing the need for refined adjoint solves. On the residual side,
their method allows subsampling of the stored primal history (2x and 4x), demonstrating storage
reductions approaching one-eighth of the original size in 3D cases, within the limits of acceptable ac-
curacy. Challenges remain in the form of over-prediction near adjoint extrema, the enforcement of
boundary conditions, and the scalability of the approach to higher-dimensional flows while effective
in maintaining error estimate accuracy and local error indicators, demonstrating the potential of neural
networks for adjoint and primal reconstruction.

Following this potential demonstration, work by Roth et al. [47] sought to remove the dependency on
coarse-grid inputs entirely by training adjoint solvers directly from governing equations. They shift
the focus entirely to the adjoint side by replacing the classical FEM-based adjoint solve with neural net-
works trained via residual minimization in the strong form. This avoids the computational overhead of
refined adjoint solves and demonstrates effectivity indices close to unity across linear and nonlinear sta-
tionary problems. However, since no explicit residual compression is included, storage requirements
remain unchanged. Their main difficulties lie in unstable training behaviour, sensitivity to collocation
point selection, and limited applicability to multiphysics systems, motivating future research in varia-
tional formulations and energy-based methods. Moreover, because the network is trained for a specific
objective functional, its generalization to other Qols remains limited, requiring retraining or reformu-
lation for each new output.

In response to these limitations, other researchers have sought to approximate adjoint information indi-
rectly rather than replacing the adjoint solver itself. Fidkowski [48] instead circumvents the unsteady
adjoint altogether by introducing a Field-Inversion Machine Learning (FIML) framework. Only time-
averaged residuals are stored from the primal run, while a corrected steady RANS system provides a
surrogate adjoint to weight these residuals. This significantly reduces both storage and computational
cost and has been demonstrated successfully for airfoil flows at a range of Reynolds numbers. However,
the effectiveness of this averaging relies on its representativeness of the underlying unsteady dynamics,
implying a hidden dependence on the chosen Qol. Moreover, since the method assumes spatial dis-
cretization errors dominate, its corrected estimator can under—predict errors on coarse meshes, raising
questions of robustness for broader applications. This approach shows that surrogate steady adjoints
can approximate unsteady behavior cost-effectively, but it also highlights the limitations of temporal
averaging when dealing with fully unsteady turbulent flows.

Building upon this motivation to lower storage costs, subsequent research focus directly on data com-
pression and reconstruction as an alternative path. Directly targeting the residual storage bottleneck,
Sitaram [49] investigates compression and reconstruction of the primal fields using Proper Orthogonal
Decomposition (POD) and autoencoders to be used in the residuals evaluation. Both methods achieve
significant storage savings, with autoencoders providing competitive reconstruction fidelity. The main
challenge, however, lies in ensuring reconstructed fields retain the accuracy needed for reliable residu-
als evaluation.

To test these ideas under more realistic unsteady conditions, Romana [39] expanded this comparison
to include both spatial and temporal learning models. Romana extends this line of work by compar-
ing POD with Convolutional Autoencoder (CAE), Echo State Network (ESN), and hybrid CAE-ESN
surrogates. While CAEs provided robust performance in turbulent channel flows, ESNs struggled in
nonlinear cases despite good results for smooth problems. These findings suggest that while spatially
oriented architectures such as CAEs handle structured turbulent data effectively, recurrent models like
ESNs are more suitable for capturing temporal dependencies, motivating hybrid strategies for unsteady
problems.

Li [43] approaches the same storage challenge by proposing reduced-order representations via POD
and online incremental Singular Value Decomposition (SVD), constructed on the fly to avoid storing
the full primal trajectory. When coupled with adaptive refinement, this reduces memory requirements
by approximately three orders of magnitude while still producing reliable error indicators. Never-
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theless, the reduced-order framework risks neglecting small-scale features essential for adjoint stabil-
ity, and checkpointing remains necessary in some cases, adding extra computational cost. This work
demonstrates the scalability of reduced-order frameworks for large unsteady simulations, though it
also underlines the importance of preserving small-scale dynamics that influence adjoint consistency.

Finally, beyond data-driven and reduced-order strategies, attention has also been given to improving
the numerical consistency of adjoint formulations themselves. Shi et al. [50] emphasize the importance
of dual consistency within the Correction Procedure via Reconstruction (CPR) framework. Dual con-
sistency ensures that the discrete adjoint operator faithfully represents the continuous adjoint equation
in the limit of mesh refinement, allowing the discrete adjoint to yield accurate functional sensitivities.
By enforcing this property, they obtained smooth adjoint fields and super-convergent functionals, en-
abling highly efficient mesh adaptation. However, achieving dual consistency in practice is challeng-
ing, as it depends strongly on discretization aspects such as solution points, correction functions, and
boundary flux definitions. In summary, prior works have addressed the residual and adjoint challenges
through multiple strategies: surrogate compression models (POD, CAE, ESN) to reduce storage, Al-
guided solvers and super-resolution networks to approximate fine adjoints at lower cost, surrogate ad-
joint frameworks (FIML) to bypass unstable unsteady adjoints to improve adjoint accuracy and reduce
computational and storage burden. Each of these approaches demonstrates promising results but also
faces specific challenges, ranging from reconstruction fidelity and training stability to dual consistency
enforcement and adjoint instability in turbulence, that currently limit their scalability to LES.

A comparative overview of these efforts is provided in Table 2.1, highlighting how different studies
have approached the residual storage and adjoint computation problems within adjoint-based error es-
timation frameworks. Considering recent developments, various attempts have been made to reduce
the computational cost of computing the adjoint solution and to mitigate its inherent instability when
solved backward in time [47, 48, 50]. These efforts include neural network-based surrogate solvers [47,
41] and discretization-level innovations such as dual-consistent formulations [50]. In parallel, signif-
icant progress has been achieved in compressing the primal solution and reconstructing it as needed
for adjoint computations and residual evaluaiton [49, 39, 43]. While these approaches have proven ef-
fective in reducing storage requirements for the primal trajectories, challenges remain in the evaluation
of residuals when using reconstructed primal fields, as reported for example by Romana [39]. More-
over, comparatively little attention has been given to directly addressing the storage of the residuals
themselves, which are equally required for adjoint-based error estimation.

Table 2.1: Overview of prior works addressing residual storage and adjoint computation challenges in adjoint-based error esti-
mation.

Research Residuals Adjoint Solution
Romana Compressed primal using CAE, ESN, Solved adjoint using reconstructed
(2025) [39] CAE-ESN, and POD baseline, primal.

reconstructed when needed.
Hunter & Hulshoff ~ Subsampled primal and reconstructed ~ Reconstructed fine adjoints from coarse

(2024) [41] fine residual fields using SRNN. adjoints; avoided refined solves.

Sitaram (2023) [49] Compressed primal with POD and Solved adjoint using reconstructed
CAE, reconstructed when needed. primal.

Roth et al. - NN trained by residual minimization

(2022) [47] to approximate adjoint solutions.

Fidkowski Stored only time-averaged residuals, Replaced unstable unsteady adjoint

(2022) [48] not full trajectories. with steady adjoint using FIML.

Li (2022) [43] POD and iSVD built online; avoided Computed adjoints on reduced-order
full storage. states.

Shi et al. Dual-consistent CPR for accurate Enforced dual consistency to stabilize

(2015) [50] residuals. adjoint fields.

Despite these advances, no existing study provides a unified or scalable framework capable of effi-
ciently compressing and reconstructing both the primal and injected residual data while preserving
adjoint accuracy and the fidelity of error indicators in unsteady flows. The literature primarily targets
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either the cost reduction of adjoint computation [47, 48] or the compression of primal trajectories [49,
43, 39], but the residual compression problem remains largely unexplored. This constitutes the central
research gap that the present work aims to address: developing and systematically assessing surrogate-
based compression strategies for both primal and injected residual fields within adjoint-based error
estimation, and quantifying their impact on reconstruction accuracy, computational efficiency, and re-
liability of the resulting error indicators for unsteady cases.

2.2. Research Formulation

This research builds on the established idea of compressing the primal solution to support adjoint com-
putations [39], while extending the concept further by also compressing and reconstructing the eval-
uated residuals from the original primal solution. In this way, a compression framework is proposed
that simultaneously reduces the storage requirements of both the primal trajectories and the injected
residuals. Such an approach directly addresses the two dominant storage bottlenecks in adjoint-based
error estimation and aims to improve its scalability for application to large-scale unsteady turbulent
flows.

Data compression strategies can be broadly divided into two classes: lossless and lossy. Lossless tech-
niques guarantee exact recovery of the data but provide limited compression, whereas lossy approaches
discard part of the information in exchange for substantially higher compression rates [51]. Given the
prohibitive storage demands of adjoint-based methods in unsteady simulations, lossy compression is
preferred in this context. Moreover, exact recovery of the full flow field is unnecessary, since adjoint-
based error estimation requires high accuracy only in regions where the solution strongly influences
the Qol, making localized information loss acceptable if global error indicators remain reliable.

Within lossy approaches, Reduced-Order Models (ROMs) have been widely employed to represent
high-dimensional dynamical systems at a fraction of the original cost [52]. However, these methods
are generally based on linear modal decompositions, which struggle to capture the strongly nonlinear
features of turbulent flows. In practice, this limitation requires a large number of modes to achieve
acceptable accuracy, thereby undermining the intended storage reduction [53].

On the other hand, deep learning methods offer nonlinear decomposition capabilities through the use
of nonlinear activation functions [52]. Recent advances in this area have shown that deep neural net-
works can efficiently capture the essential dynamics of turbulent flows with far fewer modes, achieving
significant compression without losing the physical integrity of the data [54, 55]. Their successful ap-
plication in CFD highlights the potential of deep learning—based surrogates as powerful alternatives to
classical ROMs for data reduction.

By exploiting these advances, this research seeks to develop a compression methodology that integrates
state-of-the-art deep learning techniques with adjoint-based error estimation. The ultimate goal is to
alleviate the storage requirements associated with both primal and injected residual fields in unsteady
aerodynamic problems, while preserving the accuracy and reliability of the resulting error estimates.
Hence, the research objective is defined as follows:

The research objective is to investigate the potential benefits of directly compressing and
reconstructing the injected residuals for adjoint-based error estimation for unsteady
problems.

Before addressing the main research question, it is essential to establish a foundational understanding
of the existing research landscape. This involves reviewing prior developments in adjoint-based error
estimation and data compression to identify their applications, limitations, and current bottlenecks,
particularly in the context of unsteady and turbulent CFD problems. Furthermore, existing data com-
pression and reconstruction techniques, ranging from classical modal approaches to Al-driven surro-
gates, must be examined to assess their respective capabilities and limitations in representing complex
flow data. Based on these insights, a suitable benchmark methodology can then be defined to serve
as a reference framework for evaluating and comparing the performance of the proposed compression
strategies within adjoint-based error estimation.
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Building upon this foundation, the research is guided by the main research question, followed by sub-
questions that define the specific directions of investigation and evaluation.

_I Main Research Question !

What is the impact of Al-based compression and reconstruction of the injected residuals on
the accuracy of unsteady adjoint-based error estimates?

RQ1. What are the fundamental differences between the primal solution and the injected resid-
ual in terms of their data characteristics in the context of compression and reconstruction?

RQ2. How do spatial and temporal deep learning architectures compare in their ability to learn
turbulent flow dependencies relevant to the accurate reconstruction of injected residuals?

RQ3. How should compression and reconstruction performance be evaluated against the bench-
mark approach in terms of accuracy, compression efficiency, and computational cost?

RQ4. Between compressed injected residuals and adjoint fields computed from compressed pri-
mals, which contributes more significantly to the overall error in output error estimation?

RQ5. Can the developed framework for injected residual compression and reconstruction be
effectively extended to the compression of primal fields, and under what conditions does this
generalization remain valid?







Adjoint-based Error Estimation:
Definition & Limitations

This chapter introduces the theoretical foundations of adjoint-based error estimation, which forms the
cornerstone of goal-oriented adaptive strategies in CFD. The adjoint framework enables the quantifica-
tion of numerical errors in relation to a user-defined output Qol. Adjoint solutions have been used in
various contexts, ranging from design optimization to output error estimation [42]. The chapter begins
by defining the adjoint problem and distinguishing between its discrete and continuous formulations,
outlining their derivation and practical implications. Subsequently, the principal advantages and limi-
tations of the adjoint methodology are discussed, emphasizing challenges such as computational cost,
storage requirements, nonlinearity, and instability in unsteady or chaotic systems.

3.1. Adjoint Problem Definition

Adjoint-based formulations have been implemented through two principal paradigms: the discrete and
the continuous approaches. While both have proven effective in applications such as error estimation
and design optimization [42], their practical implications differ considerably. The discrete formula-
tion, derived directly from the discretized governing equations, tends to deliver higher accuracy on fine
meshes [56]. However, its implementation demands explicit access to the Jacobian of the numerical
scheme, often requiring complex analytical derivations or automatic differentiation frameworks [42].
Additionally, maintaining adjoint consistency within this discrete setting can be challenging [57]. In
contrast, the continuous formulation defines the adjoint problem at the PDE level before discretization,
offering greater conceptual clarity and reduced implementation complexity when both primal and ad-
joint solutions are sufficiently resolved [56]. For these reasons, the continuous adjoint approach is
employed in this study as the most practical and robust choice for the problem considered. This sec-
tion briefly presents the theoretical foundation of the continuous form of the adjoint formulation. For
detailed explanations, see [42]. Moreover, the discrete form of the adjoint is presented in Appendix A.1

Considering that the discrete adjoint is an approximation of the more fundamental concept of the con-
tinuous adjoint, this section presents the definition of the continuous adjoint. Considering the general
form of a differential equation with £ = a%, where « is a positive scalar representing the advection
speed, and the source term is f = f(z). Moreover, a homogeneous Dirichlet boundary condition is
imposed on the left side of the domain, defined as 2 = [a,b]. This differential equation is formulated
as

Ou
Lu=f: Qg = f(z), x €, (3.1)
Primal BC : u=0, x=a. (3.2)

Rather than solving for the entire solution u, the focus is on computing a single Qol as the output. This

15
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Qol can be expressed as either a scalar or a function:

J = / x)dzr = (g,u), (3.3)

where for any desired Qol .J, an appropriate g(z) should be selected.! The continuous adjoint 1 satisfies
the following differential equation:

* 0
LY =g: —aa—f = g(x), x €, (3.4)
Adjoint BC : P =0, x =b. (3.5)

Comparing Eq. (3.4) with Eq. (3.1), it is evident that the adjoint equation introduces a negative sign and
imposes the boundary condition on the right side of the domain. This reversal illustrates the inverse
flow of information in the dual problem compared to the primal one. To derive the dual form in the
continuous setting, starting from Eq. (3.3):

Advection Case General Form (3.6)
7= [ g@puds ~ (g,u) (37)
Q
G4, _ / —aa—wudx = (£*,u) (3.8)
Q al’
Integration by parts, . _ / 1/)0l@ dx — cm/)u‘z (3.9)
() &E3), 2) & (3 5), 7 / q/;a— do = (¢, Lu) (3.10)
3.1
JCEINg" /M = (¢, ). (3.11)

The adjoint ) and the source term f are sufficient to calculate J. Moreover, the adjoint represents the
sensitivity of the output J to perturbations in the continuous source terms f.

Having derived the Dual Form for the continuous case, Eq. (3.11), of the advection equation Eq. (3.1),
it is time to formulate a general form. The general form is presented as Eq. (3.12), which means having
a differential operator £ acting on an unknown solution u to form a differential term Lu integrated
against a so-called adjoint function 1), there is another differential operator £* which is acting on the
aforementioned function ¢ and is integrated against function w.

/(ﬁu)¢dmz/u(£*¢) dx V¥ suitable u, ¢ (3.12)
Q Q

To generalize a bit further using the L? inner product notation, this can be written as:
(Lu,v) = (u, L*) Vu,v €, (3.13)

where () is a suitable function space, and v corresponds to ¢ in Eq. (3.12). In the literature, this relation
is referred to as the Adjoint Identity.

So far, homogeneous boundary conditions are assumed and an output J defined as the interior integral
(9,u). However, this is not always the case. For example, some outputs, like the lift coefficient, are
calculated on the boundaries. Thus, by introducing the residual in continuous form as:

R(u) = Lu— f, (3.14)

1For instance, if the output is the value of u(x) at an arbitrary point x;, the delta Dirac function can be used: g(z) = §(z — z;).
In this case,

J:/Q&(x—xi)u(x)da::u(xi).
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and noting that the adjoint represents the sensitivity of a Qol J to perturbations in the residuals R(u),
the following relation holds:

J'(0u) = /QwR’((Su) dY 'V (permissible) du, (3.15)

which defines v as the Continuous Adjoint Equation, regardless of boundary conditions, output type, or
problem nonlinearity [42]. Here, du must be permissible?. This equation states how a change in the
residuals R’ (6u) impacts the output J’(Ju), leveraging the concept of First Variation® which is denoted
as the prime in the aforementioned equations based on the variational calculus.

3.2. Adjoint-based Error Estimation

One of the main applications of adjoints is Adjoint-based error estimation [42]. This section presents the
concept in its continuous form, while its discrete formulation is discussed later in Appendix A.2.

Using the general form of the primal differential equation,
Lu = f, x € Q, Primal BC, x € 09D, (3.16)

the numerical solution on a coarse mesh H yields an approximate solution up to the exact solution u,
which is assumed to be sufficiently smooth to allow the evaluation of the residual R(ug).

Following defining a desired Qol as
J(um) = (um, g), (3.17)

the error 6./ in this output is defined by comparing the approximate and exact solutions:

5.7 = J(u) — J(ur) BI57 = (u,g) — J(un, g) (3.18)
e, 57 = (u — ur, g) CY5T = (u = ugr, L) (3.19)
BB 57 = (L(u— ug), v) ety 5.7 = (Lu, ) — (Lugz, ) (3.20)
BDs57 = (£,9) — (Lun, ) 5T = (f — Lug ) = —(Lug — £,0)  (321)
CWs57 = —(Rlug), v) ntegral Form, 57 — /Q DR (ug) dS. (3.22)

Eq. (3.22) expresses the total output error as the Adjoint-Weighted Residual, which quantifies how lo-
cal residuals influence the Qol through the adjoint weighting. In practice, the exact adjoint v is not
available, and a numerical approximation 1, must be used:

5 Jest = — /Q ¥n R(ug) dS2. (3.23)

However, since the exact solution u is generally unknown, a solution computed on a finer spatial mesh
h is used. The approximate output error can thus be estimated as

0Jest = Jn(un) — Ju(um). (3.24)

Let ufl = I uy be the projection of the coarse solution into the fine space, where I/ is an interpolation
operator from the coarse to the fine mesh. A Taylor expansion of the fine-space functional and residual
about the injected solution u}! gives, after neglecting higher-order terms,

8 Jest ~ —n Ry (uy) ), (3.25)

2Permissible refers to satisfying any boundary conditions required by the primal problem.

3Taking the first variation of .J involves examining how a change in the state, du (defined across the entire domain §2 impacts
the value of J. Instead of representing a rate of change, J'(du) reflects a direct change in J, which can be concisely denoted as
§J. The variation of the residual, R’ (du), follows a similar principle.
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where v, is the fine-space adjoint and Ry, (uf?) is the fine-space residual evaluated with the injected
coarse solution. This expression forms the basis of practical output error estimation techniques.

For nonlinear problems, however, this linearized relation is not exact. The derivation assumes that
the governing operator £ can be locally linearized around u, which introduces higher-order terms of
O(6u?) in the Taylor expansion. The full expression therefore becomes

§Jest = —YF Ry (ull) + O(0u?). (3.26)

Even if the adjoint is computed on a highly refined mesh, the O(6u?) term represents a residual lin-
earization error arising from the nonlinear coupling between the adjoint and the injected coarse primal
solution. Consequently, in nonlinear regimes, such as unsteady turbulent flows, the accuracy of the lin-
earized adjoint formulation depends strongly on the smoothness and resolution of the primal solution.
Insufficiently resolved primals can amplify these higher-order effects, leading to reduced accuracy or
instability in the estimated output error.

3.3. Unsteady Adjoints

From a mathematical standpoint, extending adjoint methods to unsteady problems is relatively straight-
forward. Time can be considered analogous to an additional spatial dimension, allowing the adjoint
to be formulated similarly to the steady case. However, key differences arise in the formulation of the
adjoint itself due to the inherent directionality of information flow in time, which contrasts with spatial
dimensions [42].

Analogous to the steady-state case, if an element-based spatial discretization method is employed, the
error estimate can be localized at the element level. Moreover, in the case of a time-averaged Qol, the
resulting error estimate can also be expressed in a time-averaged form:

N, N!

- 1
O Jest = T Z Z wh,e,tRh,e,t(UlfI)a (3'27)

t=1 e=1

where N, defines the total number of time steps. Accordingly, a local time-averaged error indicator can
be derived for each element as:

Nt
1
€c = T tz:; |wh,e,tRh,e,t(UifI)| . (328)

Mesh adaptation strategies can be developed by analyzing the spatial distribution of the computed er-
ror indicators. The central aim of these strategies is to reduce the estimated error while maintaining
computational efficiency. In the case of uniform h-refinement, the local indicators obtained on the re-
fined mesh can be aggregated to evaluate a representative indicator for each element of the original
coarse grid. This aggregation process allows the construction of a global adaptation criterion that pre-
serves accuracy at a lower computational cost [42]. Moreover, it should be noted that, since the injected
residuals in this work are defined on the fine space, they are denoted as R(U}?) rather than Ry, (U/).

3.4. Applications & Limitations of Adjoint Methods

Adjoint-based error estimation and mesh adaptation have become well-established techniques in com-
putational fluid dynamics, particularly for steady-state problems. Over the past two decades, numer-
ous studies have advanced the methodology across discretization types, flow regimes, and applications,
progressively extending its scope from inviscid, steady flows to unsteady turbulent regimes and, more
recently, integrating reduced-order and machine learning strategies.

Venditti and Darmofal [58, 59], building on earlier verification studies in quasi-1D settings [60, 61],
developed a discrete adjoint-based framework for a posteriori error estimation and anisotropic mesh
adaptation for the steady, inviscid Euler equations. Using a high-order Finite Volume Method (FVM),
they targeted functional outputs and demonstrated that anisotropic refinement achieves superior ac-
curacy and computational efficiency compared to isotropic or gradient-based strategies. Validations
on subsonic, transonic, and supersonic flows, including single- and multi-element airfoils, highlighted
the method’s self-terminating behavior and sensitivity to flow features influencing the functional of
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interest. Extending this work, Park [62] applied the same adjoint-based adaptation principles to 3D
unstructured meshes, enabling simulations of 3D wing-body and high-lift configurations.

Nemec et al. [63, 64] further extended the approach to complex geometries using embedded-boundary
Cartesian meshes for the steady compressible Euler equations. Their framework was validated on chal-
lenging 3D cases, including a supersonic vortex, the ONERA M6 wing, a sonic boom model, and launch-
vehicle configurations, showing robustness even on coarse initial meshes and reduced computational
costs through refinement localized to regions influencing the output.

Hartmann and Houston [57] applied adjoint-based adaptation to the compressible Euler equations
using high-order discontinuous Galerkin FEMs. Comparing adjoint-weighted (TypeI) and unweighted
(TypeIl) error indicators, they found that Type I indicators yield more effective and accurate refinement
patterns, validated on nozzle and airfoil cases.

The extension of adjoint methods to unsteady turbulent flows introduces new challenges such as chaotic
sensitivity, time-averaging, and significant storage costs. Fidkowski [48] addressed these issues in
RANS and Detached Eddy Simulation (DES) (with the Spalart-Allmaras (SA) closure), exploring
three adaptation strategies: output-based and residual-based p-adaptation, and anisotropic mesh opti-
mization (MOESS). Applications to high-Reynolds-number airfoils demonstrated effective capture of
unsteady features relevant to functionals like lift.

Several works have targeted LES, where high-dimensional, unsteady datasets exacerbate storage de-
mands. Li [22] introduced a Reduced-Order Representation (ROR) using POD combined with an
enhanced iSVD algorithm to reconstruct the primal solution without storing the full dataset. This was
built on earlier efforts by Li et al. [28], who proposed an enhanced online algorithm for real-time ROR
construction, validated on a 1D unsteady Burgers problem with multi-frequency forcing.

For unsteady simulations, various authors have tackled the temporal component explicitly. Fidkowski
[65] proposed a continuous-in-time adjoint framework for estimating spatial and temporal errors in
scalar advection—diffusion and compressible NS problems. Mani et al. [66, 67] developed discrete
adjoint formulations that separate total output error into temporal discretization and algebraic con-
vergence components, using adjoint-weighted residuals to adapt both time-step sizes and solver tol-
erances. Belme, Dervieux, and Alauzet [68] proposed a time-accurate anisotropic space—time adapta-
tion method using a discrete adjoint to construct an optimal metric field, validated on blast-wave and
acoustic-wave problems. Ding et al. [69] introduced cost-reduction strategies, including sub-iterations
and coarser adjoint spaces, while Doetsch and Fidkowski [70] combined coarse-mesh adjoints with
entropy-based indicators to reduce the expense of unsteady adaptation.

Adjoint frameworks have also been applied beyond traditional aerodynamic contexts. Jia and Kiku-
moto [71] integrated unsteady LES-based adjoints with Bayesian inference for Source Term Estima-
tion (STE) in urban environments, employing wavelet-based compression to address data storage chal-
lenges. Lin et al. [72] extended STE to time-varying sources, highlighting the importance of temporal
resolution in reducing uncertainty. Granzow et al. [73] applied adjoint-based anisotropic mesh adapta-
tion to incompressible nonlinear elasticity, while Becker et al. [74] provided the theoretical foundation
for the dual weighted residual method, interpreting the adjoint as an optimal control problem.

Recent trends incorporate machine learning into adjoint-based frameworks. Chen and Fidkowski [75]

replaced the costly adjoint solve with an encoder decoder Convolutional Neural Network (CNN) trained
on low-fidelity solutions to predict both global output errors and localized error indicators. Roth et
al. [47] developed a neural network solver for the adjoint PDE in strong form, trained via residual min-
imization, achieving competitive accuracy with reduced computational cost. Chakraborty et al. [76]

integrated the dual weighted residual method into Physics-Informed Neural Networks (PINNSs) for

multi-goal error estimation on complex geometries, combining mesh-free learning with goal-oriented

adaptivity.

An overview of representative works employing adjoint-based error estimation across various flow
regimes and numerical frameworks are presented in Table 3.1. Collectively, these works chart the evo-
lution of adjoint-based error estimation from steady, inviscid problems to fully unsteady, turbulent,
and multiphysics settings. The progression shows clear lines of influence, such as Park’s extension of
Venditti’s work to 3D, or Li’'s POD-based ROR building on earlier LES adjoint efforts, and highlights
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the growing role of reduced-order modeling and machine learning in addressing computational bot-
tlenecks. This trajectory underscores the method’s adaptability, from traditional mesh refinement to
advanced hybrid and data-driven strategies.

As presented earlier, adjoint-based error estimation offers remarkable accuracy although its applica-
tion is subject to specific limitations. A major limitation is the high computational cost, as adjoint-based
methods often require solving the adjoint problem on a refined mesh or with higher-order discretiza-
tions, especially for unsteady problems [41, 39]. For time-dependent simulations, the need to store the
entire trajectory of the primal solution for backward-in-time adjoint solves leads to extremely large stor-
age requirements, which can become intractable for large-scale or high-dimensional problems [41, 43].
Moreover, when multiple Qols are of interest, a separate adjoint problem must be solved for each, sig-
nificantly increasing the computational burden and making the method less practical for engineering
applications involving many Qols [77].

Adjoint-based error estimators for nonlinear problems typically rely on linearizations, which can intro-
duce errors. These linearization errors may cause the estimator to under-predict the true error, espe-
cially for nonlinear Qols, and can result in suboptimal mesh adaptation or premature termination of
adaptive algorithms [78].

A critical and often underappreciated limitation is the potential instability of the adjoint solver, espe-
cially in chaotic or long-time unsteady simulations. For example, in LES and other chaotic systems,
the adjoint equations can become unstable over long time integrations, leading to unreliable error esti-
mates and difficulties in grid adaptation [79, 39]. This instability can severely limit the effectiveness of
adjoint-based error estimation in practical, real-world simulations where long time horizons or chaotic
dynamics are present [79].

In light of these limitations, particularly the prohibitive storage demands associated with unsteady ad-
joint computations, recent research has increasingly focused on developing strategies to alleviate data
storage and retrieval costs. Techniques ranged from ROM [43] to Al-driven surrogate modeling [39, 41]
in order to address the challenge of retaining the full temporal history of the primal solution without
compromising accuracy. In the context of this research, the problem of storage requirement in adjoint-
based error estimation is specifically tackled, aligning with this active and rapidly evolving area of
study within the current literature.



Table 3.1: Overview of representative studies employing adjoint-based error estimation across various flow regimes and numerical frameworks.

Research Test Case Flow Viscosity Problem  Numerical Turbulence Qol
Method Modeling
Linetal. [72] 3D pollutant dispersion ~ Incompressible Viscous  Unsteady FVM RANS Location and intensity of pollutant
Realizable k—e
Chakraborty et al. [76] Generic 2D PDEs N/A N/A Steady FEM - Scalar functionals
Roth et al. [47] 2D Poisson problem Incompressible N/A Steady FEM - Domain-integrated scalar value
Fidowski [48] 2D High-Re airfoil Compressible  Viscous  Unsteady FEM DES, RANS + Functional outputs (e.g., lift)
SA
Jiaetal. [71] 3D pollutant dispersion ~ Incompressible Viscous  Unsteady FVM LES Location and strength of pollutant
Lietal. [28] 1D Burgers equation Incompressible Viscous  Unsteady FVM LES Aerodynamic forces
Chen et al. [75] 2D advection-diffusion Incompressible Viscous  Steady FEM - Boundary flux of scalar field
Doetsch et al. [70] 2D airfoil Compressible  Viscous  Unsteady FEM - Scalar outputs
Granzow et al. [73] 2D Cook’s membrane; Incompressible N/A Steady FEM N/A Displacements, stresses, and integrated
3D biological cell displacement over subdomains
Fidkowski [65] 2D advection—diffusion Both Viscous  Unsteady FEM - Scalar field integrals
Ding et al. [69] 2D Euler; scalar Both Inviscid ~ Steady FEM - Scalar functionals
advection
Belme et al. [68] 2D Euler equations Compressible  Inviscid  Unsteady FVM - Functional outputs (e.g., pressure
signatures, wave amplitudes)
Mani et al. [66] 2D Euler equations Compressible  Inviscid ~ Unsteady FVM - Integrated & instantaneous functionals
Park [80] 2D bump channel & Compressible  Inviscid  Steady FEM - Lift, Drag
airfoils; 3D wing
Nemec et al. [64] 2D Diamond airfoil; 3D Compressible  Inviscid  Steady FVM - Lift, Drag, Moment, Near-field pressure
wing integrals
Mani et al. [67] 2D Euler equations Compressible  Inviscid  Unsteady FVM - Scalar outputs
Nemec et al. [63] Supersonic vortex Compressible  Inviscid  Steady FVM - Lift, Drag, Axial/Normal force, Pitching
model, 3D wing moment
Venditti et al. [59] 2D flow over airfoils Compressible  Inviscid  Steady FVM - Lift, Drag
Venditti et al. [58] 2D flow over airfoild, Compressible  Inviscid ~ Steady FVM - Lift, Drag, Moment
Gaussian bump
Hartman et al. [57] 2D Transonic nozzle, Compressible  Inviscid  Steady FEM - Lift, Drag, Pointwise pressure
airfoils
Becker et al. [74] Generic 1D and 2D PDE =~ - - Steady FEM - Functional outputs
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Surrogate Modeling Techniques:
Description & Applications

This chapter introduces the surrogate modeling techniques employed in this work for compressing
and reconstructing CFD data within the proposed framework. The objective is to identify and assess
representative methods capable of reducing the dimensionality of unsteady flow fields and injected
residuals while preserving their essential characteristics relevant to adjoint-based error estimation.

The chapter begins by outlining the theoretical background of modal decomposition techniques and
their use in representing flow dynamics through a reduced number of spatial modes. Their mathemati-
cal formulation and applications in data compression and reconstruction are briefly discussed, followed
by the selection of a benchmark method to serve as a reference throughout this study.

Subsequently, the fundamental principles of Machine Learning (ML) are introduced, focusing on the
underlying concepts of Artificial Neural Networks (ANNSs) and their variants. The discussion empha-
sizes how these methods have been applied within CFD, particularly for data-driven modeling, flow-
field reconstruction, and adjoint-based error estimation. Finally, the selected deep learning frameworks
used in this research are presented in detail, including their configuration, working principles, and key
hyperparameters that govern their performance.

4.1. Modal Decomposition Techniques

Modal decomposition techniques provide effective low-dimensional representations of complex flow
fields and are widely used for extracting coherent structures, data compression, and reduced-order
modeling in fluid dynamics [81]. Among these, Proper Orthogonal Decomposition (POD) and Dy-
namic Mode Decomposition (DMD) are the most extensively applied, with several recent extensions
and hybrid approaches enhancing their capabilities.

POD, first introduced to fluid dynamics by Lumley [82], constructs modes from the eigenvectors of the
autocovariance matrix of snapshot data. These modes are ordered by their associated energy, providing
an orthogonal basis that is optimal in capturing variance in the data [83, 84]. DMD, on the other hand,
focuses on extracting modes characterized by distinct frequencies and growth/decay rates [85], thus
offering a spectral perspective complementary to POD’s energy-based ranking. While POD emphasizes
energy optimality, DMD highlights dynamical interpretability, although the resulting modes are not
guaranteed to be orthogonal [83].

Several computational strategies exist for performing POD. When the number of snapshots N; exceeds
the degrees of freedom N,, the correlation matrix UU? is used. Conversely, the Method of Snapshots [86]
is preferred for N, > N;, requiring the decomposition of U U. Alternatively, Singular Value Decompo-
sition (SVD) can be directly applied to the snapshot matrix [87, 88], improving numerical robustness.
More recently, online and incremental variants have been developed to handle high-dimensional or
streaming datasets efficiently, such as randomized SVD approaches for canonical turbulent flows [89]
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and incremental SVD implementations applied to 3D cylinder flows [43].

In this study, POD was chosen as the benchmark approach instead of DMD, as it maximizes the cap-
tured kinetic energy and is therefore more suitable for efficient data compression [83]. Online ap-
proaches such as incremental SVD [43] were not considered, since their reliance on numerous parame-
ters was beyond the scope of the present work. Among the available offline techniques, the SVD-based
formulation was adopted because of its improved robustness against round-off errors [88].

4.2. Deep Learning Techniques

Recent developments in deep learning have opened new possibilities for accelerating CFD through
surrogate models that approximate or replace expensive numerical solvers [90]. These models aim
to retain physical fidelity while enabling faster predictions, uncertainty quantification, and design ex-
ploration. Broadly, current approaches can be categorized into physics-constrained, data-driven, and
hybrid formulations [91].

Deep learning, a subset of ML, uses multi-layer ANNSs to approximate nonlinear mappings through
activation functions between inputs and outputs. Each ANN is composed of an input layer, multiple
hidden layers, and an output layer, with neurons connected by trainable weights and biases. Through
forward and backward propagation, the network iteratively updates the trainable parameters to mini-
mize a loss function that measures the deviation between predictions and reference data [91, 90].

Depending on their topology, ANNs can take various forms, including feed-forward, convolutional, or
recurrent architectures. Feed-forward networks map input data directly to output quantities and are
suitable for regression or classification tasks [92]. In contrast CNNs extract spatially correlated features
using convolutional filters, making them particularly effective for multidimensional data such as veloc-
ity or pressure fields [91]. Recurrent Neural Networks (RNNs) introduce an internal time-evolving
state that captures temporal dependencies, allowing them to predict the evolution of dynamical sys-
tems [90]. These architectural families serve as foundations for more specialized structures such as
the Convolutional AutoEncoder (CAE) and the Echo State Network (ESN), both of which have found
increasing application in fluid mechanics for spatial and temporal modeling, respectively.

In fluid dynamics, deep-learning-based surrogates have emerged as powerful alternatives to conven-
tional numerical or reduced-order models. Physics-constrained neural networks represent one of the
earliest developments in this direction. Sun et al. [92] demonstrated that a fully connected network
trained solely by minimizing the residuals of the incompressible NS equations can reproduce steady
laminar flows without any labeled data, achieving large computational speedups while maintaining
physical accuracy. Similarly, Zhu et al. [93] combined deterministic and probabilistic formulations us-
ing a convolutional encoder-decoder and a conditional flow-based generative model, capable of uncer-
tainty propagation in stochastic Darcy flows. Both studies showed that embedding physical constraints
into the loss function improves generalization and reduces data requirements.

A parallel research direction involves learning adjoint-based error indicators for mesh adaptation. Chen
and Fidkowski [75, 94] trained encoder—decoder CNNs on discontinuous Galerkin simulations to ap-
proximate local and global output errors. Their networks closely matched adjoint-based references
and successfully guided adaptive refinement for both advection—diffusion and transonic aerodynamic
flows, offering adjoint-free error estimation at negligible cost.

Another growing field focuses on data-driven compression and reduced-order modeling. Fukami
etal. [95] introduced a hierarchical convolutional autoencoder capable of learning nonlinear mode de-
compositions analogous to POD, yet with enhanced capability to capture strongly nonlinear structures.
Olmo et al. [54] extended this approach by incorporating physical regularizations, such as enforcing
incompressibility and preserving enstrophy, into the training loss, improving reconstruction fidelity
and interpretability of turbulent flow fields. Such results confirm that CAEs provide a compact, data-
efficient representation of spatially complex dynamics while preserving essential flow physics.

In parallel, temporal modeling has increasingly relied on recurrent or reservoir-based networks to pre-
dict the evolution of reduced-order representations. Racca et al. [55] demonstrated that a purely data-
driven ESN can accurately forecast the temporal evolution of latent flow dynamics extracted from DNS
data, maintaining statistical consistency over long horizons with only a fraction of the computational
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cost. Similarly, Jordanou et al. [96] combined POD with ESNs and applied dimensionality reduction
to the reservoir itself, achieving up to 80% computational savings without loss of dynamic accuracy.
These works highlight the ability of reservoir computing to capture nonlinear temporal dependencies
efficiently, even for chaotic flow regimes.

Overall, the literature indicates two major directions for deep-learning-based surrogates in fluid me-
chanics: convolutional architectures for spatial compression and reconstruction, and recurrent or reservoir-
based architectures for temporal evolution. CAEs have proven particularly effective for nonlinear modal
decomposition and flow-field reconstruction, offering a natural comparison against linear methods
such as POD. Meanwhile, ESNs provide a lightweight yet powerful framework for modeling tempo-
ral dynamics in high-dimensional systems, bridging the gap between reduced-order modeling and se-
quential learning. Given their complementary nature, CAE for spatial encoding and ESN for temporal
prediction, both architectures are well-suited as independent candidates for evaluating deep-learning-
based surrogates against the established POD framework. The following sections briefly introduce the
concepts of CAE and ESN.

4.2.1. Convolutional Autoencoder

Convolutional Autoencoders (CAEs) are a specialized class of autoencoders that leverage CNN layers
to perform unsupervised feature learning, dimensionality reduction, and data reconstruction, particu-
larly for spatially structured data [97, 98].

In CNNs, information is propagated through successive layers using convolution operations. A kernel
filter of fixed size is shifted across the input with a specified stride, producing the feature maps of the
next layer [53]. This operation can be written as

g=fly@W+b), (4.1)

where y € RM is the input vector, j € R™2 is the output vector, W represents the learnable kernel
weights, and b € R™? is the bias term. The symbol ® denotes the convolution operator. The nonlinear
activation function f is applied element-wise to introduce nonlinearity and enhance the representa-
tional capacity of the network.

As illustrated in Figure 4.1, a CAE consists of two main components: an encoder and a decoder, both
built using convolutional layers. The encoder compresses the input data into a lower-dimensional latent
representation by applying a series of convolutional operations, which extract features while reducing
dimensionality. The decoder then reconstructs the original input from this compressed representation,
typically using transposed convolutions or upsampling layers to restore the spatial structure [99, 100].

Encoder Decoder

Original Data

Reconstructed Data

Figure 4.1: Schematic illustration of a Convolutional Autoencoder (CAE).

CAEs are trained in an unsupervised manner, optimizing the reconstruction loss to ensure the latent
space captures essential features [99]. The performance and efficiency of a CAE depend on several key
hyperparameters:

e Number of Convolutional Layers: Controls model depth; more layers can capture complex fea-
tures but may risk overfitting or vanishing gradients [101].

o kernel Size Affects the receptive field; larger kernels capture broader context but may blur fine
details [101].
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e Latent Space Dimensionality: Balances compression and information retention; too small may
lose details, too large may overfit [102].

e Stride: Influence spatial downsampling; higher stride reduces size but may lose information
[102].

e Activation Functions: Impact nonlinearity and learning dynamics [99].

On top of the aforementioned hyperparametes, learning rate, batch size, and number of epochs are
standard training hyperparameters affecting convergence and stability.

4.2.2. Echo State Network

Error Back Propagation (BP) [103] has been widely adopted as the standard technique for training,
particularly Feed-Forward Neural Networks (FFNNs) [104]. While BP techniques have been adapted
for RNNs [105, 106], their effectiveness remains limited. A key challenge in applying BP to RNNs
lies in the presence of bifurcations, which can hinder convergence; Even in cases where convergence
occurs, the process is typically slow, computationally demanding, and susceptible to suboptimal lo-
cal solutions [107]. Recent advancements in BP for RNNs, specifically second-order gradient descent
methods known as Hessian-free optimization [108] address some of the aforementioned limitations.
Notably, these methods demonstrate improved performance in tasks that demand long-term memory
[108], which are typically challenging for BP-based RNN training [109].

As an alternative, Reservoir Computing (RC) has emerged as a promising approach to tackle the per-
sistent challenges in RNN training [110]. A notable application within this framework is the Echo State
Network (ESN) [111]. Since their introduction, ESNs have proven to be a practical method for training
RNNs, characterized by their conceptual simplicity and low computational cost [112]. However, the
simplicity of ESNs can be somewhat misleading. Effective deployment requires a degree of experience,
as several potential errors can arise. A critical aspect is the initial construction of the raw reservoir
network, which depends on a set of hyper-parameters. These parameters must be carefully selected, as
improper configuration can adversely affect performance [104].

In general, ESNs are beneficial for supervised learning in temporal machine learning tasks, where a
given training input signal u(n) € R™« is provided along with a corresponding target output signal
yeet(n) € RNv. Here, n = {1,...,T} represents discrete time, and T denotes the total number of
data points in the training dataset. Indeed, the objective is to train a model that produces an output
y(n) € Ry, which ideally matches the target signal y'@'#(n) € R"v. This is achieved by minimizing a
chosen error function E(y™ " y). Additionally, for tasks requiring generalization, the model should
perform well on unseen data.

ESNs utilize a type of RNN that incorporates leaky-integrated discrete-time continuous-value units.
Leaky integration is a mechanism in which the current state of a neuron is updated as a weighted
combination of its previous state and a newly computed activation. The weighting is controlled by a
leaking rate parameter «. The typical update equations are defined as:

f(n) = tanh (W™[1;u(n)] + Wr(n — 1)), (4.2)
r(n)=(1—-a)r(n—1)+ af(n), (4.3)

where r(n) € RV represents the reservoir neuron activations, and ¥(n) € R"" denotes their update at
time step n. The function tanh(-) is applied element-wise, while [-; -] represents vertical concatenation of
vectors or matrices. Although tanh is the most commonly used activation function, other sigmoid-based
activation functions can also be employed. The weight matrices Wi € RN-*(1+Nu) and W € RN * N~
correspond to the input and recurrent connections, respectively. The parameter « € (0, 1] defines the
leaking rate, which determines how much past information is retained. This helps regulate temporal
dynamics, improve memory capacity, and stabilize training. When o = 1, the model operates without
leaky integration, reducing to ¥(n) = r(n) [104].

The reservoir is generated by a tuple of (W™, W, «), of which the weights are randomly generated
using a couple of hyper-parameters.

o Reservoir Size N,: A larger reservoir state space r(n) facilitates the discovery of a suitable linear
combination to approximate the target output y''8*!(n). However, a trade-off must be considered
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between computational cost and model performance, as increasing the reservoir size generally
enhances predictive accuracy but also raises computational demands. When generalization is
required, appropriate regularization techniques should be applied to mitigate the risk of overfit-
ting.

e Reservoir Sparsity: Although it is recommended to maintain sparse reservoir connections in W,
studies have shown that this has a minimal impact on model performance. Thus, prioritizing its
optimization is not essential [104].

e Distribution of Nonzero Elements: A uniform or Gaussian distribution is recommended [104].

e Spectral Radius (p(W)): It is defined as the largest absolute eigenvalue of the reservoir weight
matrix W, is a key factor in ensuring the Echo State Property (ESP)!. Typically, p(W) < 1 is
recommended to maintain stability, preventing multiple fixed points, periodic behavior, or chaotic
attractors. However, in practice, optimal p(W) can sometimes exceed 1, as strong input signals
and activation nonlinearity help regulate feedback dynamics, making strict adherence to p(W) <
1 not always necessary [104].

e Input Weight (W™) Scaling: It is recommended to scale W™ uniformly to have fewer hyper-
parameters [104].

o Leaking Rate («): It controls the speed of reservoir state updates, acting as a time constant in the
discretized system. It influences the network’s ability to capture short-term memory and can be
tuned to match the dynamics of input u(n) and target output y*®'8*'(n). While a higher « allows
faster updates, a lower a slows down state changes, improving memory retention.

The linear readout layer is defined as:
y(n) = W1, u(n); r(n)], (4.4)

where Wout ¢ RNyx(1+NutNr) i3 the output weight matrix and y(n) € RYv is the network output.
Since ESNs are typically feed-forward and linear, (4.4) can be rewritten to represent all data points
(n=A{1,...,T}) as:

Y = W1, U; R], (45)
Notational Brevity Y WoutX (4 6)
e Ty = 5 '

where Y € R T are all outputs y(n), and X € RUFNuFNIXT are all [1;u(n);r(n)] where n =
{1,....T}.

Training the network or in other words finding the optimized output weights W°" that can minimize
the squared error between the target and network output (i.e. E(Y'™'8*,Y)) requires solving typically
an overdetermined system of linear equations [104]. One way to solve this system is to use ridge re-
gression (regression with Tikhonov regularization [113]) as

(XXT + ﬂI)Wout _ YtargetXT, (47)

where I is an identity matrix and § is the Tikhonov regularization parameter which is used to pre-
vent overfitting and feedback instabilities. The general algorithm of training and inference in ESN is
presented in Algorithm 2.

The ESN can operate in two distinct configurations: open-loop and closed-loop, as illustrated in Figure 4.2.
In the open-loop configuration, the reservoir receives input directly from the external signal u, and the
network output y does not influence subsequent time steps. This mode is primarily used during the
training phase, allowing the reservoir states to evolve under teacher-forced inputs while maintaining
the stability of the internal dynamics.

In contrast, in the closed-loop configuration, the network operates autonomously by feeding back its own
output y to the input layer, thereby advancing the system in time without external inputs. This setup is
typically employed during validation or inference, enabling the ESN to reconstruct or predict temporal
sequences based solely on its internal state.

IThe reservoir state is uniquely determined by the fading history of inputs [111]
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Algorithm 2: Training and Inference in an Echo State Network (ESN)

Input: Training input u(n), target output y™&(n)
Output: Trained output weights W for inference

/* Reservoir Initialization */
1 Generate a large random reservoir RNN with weight matrices Wi W and leaking rate «;
/* Training Phase x/

2 Run the reservoir using the training input u(n) and collect the corresponding activation states
x(n);
3 Compute the linear readout weights W by solving a linear regression problem, minimizing the
defined cost function governed by y(n) and y'&%(n);
/* Inference Phase */
4 For new input data u(n), compute the output y(n) using the trained output weights W°ut;

To advance in time

Input Reservoir Output Input Reservoir Output

(a) Open-loop (b) Closed-loop

Figure 4.2: Schematic representation of the two operational configurations of the Echo State Network (ESN). (a) In the open-loop
configuration, the reservoir receives external inputs u through the fixed, pseudo-randomly generated matrices Wi and W
(dashed arrows), while the trainable matrix W°%? (solid arrows) maps the reservoir states to the output y. (b) In the closed-
loop configuration, the predicted output y is fed back to the input layer to advance the network in time, enabling autonomous
temporal evolution without external driving signals.

In both configurations, the dashed arrows in Figure 4.2 represent the pseudo-randomly initialized and
fixed matrices (W and W), which define the input-to-reservoir and reservoir-to-reservoir connec-
tions, respectively. The solid arrows indicate the trainable matrix W°“f, which maps the reservoir
states to the network output.



Methodology & Framework

This chapter presents the methodology adopted in this research. It begins with an overview of the
baseline framework and the proposed approach developed to compress and reconstruct the injected
residuals, aiming to alleviate the storage requirements associated with unsteady adjoint-based error
estimation. Subsequently, the computational setup of both the primal and adjoint solvers is described
in detail. The chapter then introduces the benchmark surrogate modeling technique, POD, along with
the proposed deep learning-based methods, namely CAE and ESN. For each method, the rationale
behind the architectural design and hyperparameter optimization strategy is discussed. Finally, the
Performance Assessment Framework is introduced, in which different evaluation scenarios are designed
to compare the efficiency and accuracy of the proposed surrogate approaches as well as identify the
main sources of error in the error estimate.

5.1. Baseline & Proposed Frameworks

Figure 5.1 illustrates the baseline and proposed frameworks that form the methodological foundation of
this research. The baseline framework (top) represents the conventional adjoint-based error estimation
workflow. In this process, the primal solver provides the solution on the coarse space Uy, which is
projected to the fine space and injected into the governing PDE to compute the injected residual R(U/?).
The adjoint solver then computes the adjoint field ¥}, using the fine solution U},. These quantities are
subsequently coupled in the output error estimation block to obtain the error in the Qol estimation
0Jrym and the error indicator field epyy to be used in AMR.

Baseline Framework

——————————————————————————————————————————————————————————————————————

| |
! Projection H I
w Upy—>| e —>R(U) S Jrvm i
| & Injection h/ ¢ ‘
.| Primal Output Error :
I | Solver Estimation I
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Proposed Framework
oSS s s T -/ - TS/ - TS TTTTTTTTTTTTTTTTTTTTTTTTT - |
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i | Primal Output Error I
: Sollver Estimation :
| . Surrogate o2 Adjoint p S ‘
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Figure 5.1: Comparison between the baseline and proposed frameworks.
The proposed framework (bottom) extends this process by introducing surrogate modeling techniques
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to compress and reconstruct both the injected residuals and the fine primal solutions. The surrogate
models, POD, CAE, and EESN, replace the direct storage of high-dimensional fields with compact rep-
resentations to be reconstructed, denoted as R(U/?) and Uj,. These reconstructed fields are then used
in the adjoint and error estimation stages to recover error in Qol estimation d.Jpop, cak, ssn and the cor-
responding error indicator field epop, cag, EsN-

5.2. Computational Setup

The Finite Volume Method (FVM) was employed for the spatial discretization of both primal and ad-
joint problems. All computations were performed with the open-source package OpenF0AM (v2412).
Temporal and spatial discretization schemes, as well as solver settings, were carefully selected to bal-
ance stability, accuracy, and computational cost.

The setup of discretization schemes and solvers relied on established best practices in OpenFOAM,
where user experience plays a role in ensuring numerical stability and convergence. Nevertheless, as
all configurations were uniformly applied across the investigated cases, their influence is limited to
absolute performance rather than the comparative outcomes discussed in this work.

5.2.1. Primal Solver

For the primal simulations, a second-order Crank-Nicolson scheme with an off-centering factor of 0.5
was adopted for the temporal discretization, expressed as

“+1 n

utTt — 1 1

% +5RW") + 5 R =0, (5.1)
where v € RY and u"*! € RY denote the discrete primal solutions at time levels ¢,, and t,, 41, re-
spectively. Here, At represents the time step size, while R € R corresponds to the discrete residual
arising from the spatial discretization of the governing equation. This choice provides a compromise
between numerical stability and accuracy in unsteady problems, reducing numerical diffusion com-
pared to fully implicit schemes while achieving better numerical stability and avoiding nonphysical
temporal oscillations associated with fully centered schemes.

Spatial derivatives were discretized using cell-limited linear gradient schemes, which mitigate nonphys-
ical overshoots and undershoots in regions of steep gradients while retaining second-order accuracy
in smooth regions. Convective fluxes were approximated with a linearUpwind scheme based on local
gradients, offering a balance between robustness and low numerical dissipation. Diffusive terms were
treated with a corrected Laplacian scheme. The linear systems arising from the discretized equations
were solved with the stabilized bi-conjugate gradient method (PBiCGStab) combined with a diagonal
incomplete LU (DILU) preconditioner. This iterative solver is efficient for large, sparse systems that are
mildly nonsymmetric, which is the case for the Burgers’ equation discretization [114].

5.2.2. Adjoint Solver

The adjoint problem is formulated as a time-dependent system that must be integrated backward in
time, consistent with the discrete temporal discretization of the primal. Accordingly, the adjoint vari-
able was advanced using a first-order backward Euler scheme to ensure robustness and consistency
with the discrete primal formulation during the reverse-time integration.

Gradient approximations were again performed with cell-limited linear schemes. Convective adjoint
fluxes were discretized with a bounded upwind scheme to guarantee monotonicity and suppress non-
physical oscillations. Diffusion terms for the adjoint were handled with an uncorrected Laplacian
scheme. The adjoint equations were solved with the same PBiCGStab solver and DILU preconditioner.

5.3. Surrogate Modeling Framework

This section presents the methodologies adopted for the surrogate modeling techniques used in this
work. It begins with the benchmark method of POD, outlining its formulation and implementation pro-
cedure. Subsequently, the methodology of the CAE is introduced, detailing the architectural choices
and design decisions made to define its structure and features. Finally, the methodology of the ESN is
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described, including its optimization process, validation strategy, and training procedure. It is impor-
tant to note that the Compression Ratio (CR) is defined independently for each method according to
its respective representation framework.

5.3.1. Proper Orthogonal Decomposition

An offline POD was employed as the benchmark approach to construct a ROM of the injected residuals
and the primal solution. Online variants, such as iSVD [43], were not considered, as their complexity as
a simple benchmark approach also their dependence on numerous additional parameters lies beyond
the scope of this work. As discussed in Section 4.1, the main strength of POD-based compression is that
the resulting modes are naturally ordered according to their associated kinetic energy. Among available
offline POD methods, the SVD was adopted due to its superior robustness compared to alternative
formulations [88].

Considering the selected method as the benchmark approach to compress the datasets, for a statistically
stationary flow, the input data were organized into a snapshot matrix U € R¥+*¥t | constructed from
the solution vectors u € R= after subtracting their temporal mean %. An SVD was then applied,

U=LYR, (5.2)

where L and R contain the left and right singular vectors, respectively, and ¥ is the diagonal matrix
of singular values. In this formulation, the columns of L represent the spatial POD modes, while the
temporal evolution is given by the product X R.

To construct a reduced-order model, the decomposition was truncated by retaining only the £ most
energetic modes. The truncation was determined based on the cumulative energy content of the sin-
gular values in 3, with a defined threshold for the injected residual and fine primal solution. The
reconstructed datasets were thus expressed as

11(3:, t) = U(w) + Ly X Ry, (5.3)

where Ly, ¥, and Rj, denote the truncated SVD matrices corresponding to the chosen rank &.

Finally, the Compression Ratio (CR) was defined in terms of the ratio between the original data size
and the storage required for the truncated representation,

CR — Space Resolution x Time Resolution (5.4)
~ Size(u) + Size(Ly,) + Size(X},) + Size(Ry) '

In this expression, the dominant contributions to storage arise from Lj and Rj, whereas ; remains a
compact diagonal matrix.

5.3.2. Convolutional Autoencoder

The choice of activation function has a significant impact on the training stability and efficiency of deep
neural networks [115]. Traditional activation functions such as hyperbolic tangent tanh and the logistic
sigmoid are prone to the vanishing gradient problem, where saturation outside the interval [—5, 5]
leads to very small weight updates, slowing down learning in deep architectures [109]. Although the
standard Rectified Linear Unit (ReLU) [116] alleviates this issue, it suffers from the so-called dying
ReLU problem, which is the neurons receiving negative inputs produce zero gradients and therefore
stop updating, effectively dropping out of the training process [117].

Furthermore, studies have shown that maintaining mean unit activations close to zero is beneficial
for reducing bias shift and accelerating convergence [118]. Since the standard ReLU does not allow
negative activations, it fails to meet this criterion.

To overcome these limitations, the Leaky Rectified Linear Unit (LReLU) [117] was adopted in this
work. Unlike the standard ReLU, the LReLU introduces a small negative slope for inputs below zero,
which prevents neurons from becoming permanently inactive. At the same time, it retains the compu-
tational efficiency and simplicity of ReLU while helping to keep the mean activation closer to zero. This
combination makes LReLU a robust and effective activation function for the present application. This
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activation function is defined as

(5.5)

where « is a small positive constant.

To construct autoencoder architectures for all test cases with varying refinement levels, an automated
procedure was developed, as outlined in Algorithm 3. The algorithm begins with a series of convolu-
tional layers that progressively downsample the input sequence while increasing the channel depth,
followed by a fully connected bottleneck that maps the compressed representation to the prescribed
latent dimension. The decoder mirrors this process by first applying a fully connected layer and then
reconstructing the sequence through successive upsampling and convolutional blocks.

Algorithm 3: Construction of the Autoencoder1D Network

Input: Sequence length L, latent dimension d z, input channels ¢, base channels ¢pase, maximum
channels ¢may, kernel size k, negative slope «, batch normalization flag
Output: Autoencoder network with convolutional encoder, latent bottleneck, and mirrored
decoder
/* Sanity Checks x/
Verify L is a power of two, k is even, and dz > 0;
/* Encoder: Convolutional Blocks */
Initialize encoder channel list [¢in] and length list [L];
while L > 1 do
Add Convld(cin — cout, k, stride = 2, padding = k/2 — 1);
if batch normalization enabled then
| Add BatchNorm1d (cout);

end
Add LeakyReLU(«) activation;
Update L < (L +2-pad — k)/2+1;
Update cin < cout, Cout < min(2¢out, Cmax);
Append updated cin, L to tracker lists;
end
Flatten output to vector of size cin;
/* Encoder: Fully-Connected Bottleneck */
Add Linear layer mapping flattened size — d;
/* Decoder: Fully-Connected Mirror x/
Add Linear layer mapping d — flattened size;
/* Decoder: Convolutional Blocks */
Reverse encoder channel list;
foreach pair (ciy, cout) in reversed list do

Upsample sequence length x2 (nearest neighbor);

Add Convld(cin — cout, k = 3, padding = 1);

if not last layer then

| Add BatchNorm1d (ceut) and LeakyReLU(v);

end
end
return Reconstructed sequence

An important aspect of the generated architectures is the treatment of boundaries. In convolutional
layers, the spatial size of the feature maps can be preserved by introducing additional artificial val-
ues around the input, a process known as padding [115]. In this work, zero-padding was employed,
whereby elements with a value of zero are added along the boundaries to maintain consistent feature-
map dimensions across successive layers.

Training deep neural networks is often hindered by the problem of internal covariate shift, which arises
when the distribution of input features to deeper layers changes as the parameters of earlier layers
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are updated. This causes instability in the training process, particularly in the upper layers, and typ-
ically requires the use of very small learning rates to ensure convergence [115]. A common strat-
egy to mitigate this issue is the use of Batch Normalization (BN) [118]. Given a d-dimensional input

T = (x(l), @ x(d)), the activations are normalized across each mini-batch according to
(k) _ (k)
7(R) — iv (5.6)
s2[z(0)] 4+ ¢
where 2%) = L5 3 s the mini-batch mean and s2[z*)] = L 5™ (¥ — 2()? is the mini-

batch variance computed from m samples. The small constant € > 0 is introduced to avoid division by
zero. Here, a:z(»k) denotes the activation of neuron k for the i-th training sample. By standardizing the
inputs in this way, BN reduces internal covariate shift, stabilizes training, and allows the use of higher
learning rates, thereby accelerating convergence [115]. Moreover, as suggested by Ioffe et al. [118], the
BN layers were placed before the activation functions.

The choice of latent space dimensionality is a critical design step in constructing autoencoders for fluid
dynamics applications [53]. To determine an appropriate size, Principal Component Analysis (PCA)
is commonly employed as a diagnostic tool [119, 120, 121]. By performing an eigenvalue decomposi-
tion of the covariance matrix of the training data, the contribution of each principal component to the
total variance can be quantified. Specifically, if A; denotes the i-th eigenvalue of the covariance matrix,
representing the variance explained by the corresponding mode, the cumulative energy retained by
the first £ modes is given by

k
o\
B(k) = 2 (57)
Zi:l Ai
where N is the total number of modes. The smallest k satisfying E(k) > &5 (with €5 a user-defined
threshold, here is 99%) is then selected as the latent space dimension [122].

The decoder architecture employs nearest-neighbor upsampling followed by convolution layers rather
than transpose convolution. This design choice is motivated by the literature [53]. Although transpose
convolution layers have been widely used in the context of fluid flow surrogate modeling [55], they are
prone to producing checkerboard artifacts and spatial incoherence in the reconstructed outputs, which
can degrade accuracy in fluid dynamics applications [123]. By contrast, nearest-neighbor upsampling
combined with convolution provides a more stable reconstruction strategy that mitigates such artifacts.

Regarding the oprimizaiton procedure, the Adaptive Moment Estimation (Adam) optimizer was se-
lected as the optimization algorithm [41]. Adam is widely adopted due to its adaptive learning rate,
which provides robustness with respect to the choice of hyperparameters [124]. Among these, the
learning rate  plays the most influential role, as it directly governs both the model’s training dynamics
and the overall convergence process [125].

In general, a relatively large learning rate enables rapid progress in the early stages of training but often
leads to convergence towards a sub-optimal solution. Conversely, a very small learning rate allows
the optimizer to approach more optimal parameters but requires significantly more training iterations.
Thus, choosing an appropriate value of « is non-trivial. To alleviate this difficulty, a linearly decaying
learning rate schedule was employed [39], which gradually decreases the learning rate until reaching
a prescribed minimum:

+(Epoch) = 70 <1 1 Epoch 1)), (55)
Epochs

where 79 denotes the initial learning rate and +, is the user-defined reduction factor. These parameters

were tuned empirically for each test case. This schedule allows the optimizer to explore the parameter

space more broadly in the early stages of training while progressively refining the solution as conver-

gence is approached. An epoch is defined as a complete pass through the training dataset, with the total

number of epochs also set empirically depending on the test case.

In the training procedure, a batch, B, refers to a randomly selected subset of the dataset used in a single
optimization step. Smaller batch sizes typically result in slower convergence but are known to improve
generalization to unseen data. The batch size, IV,, also set emperically for each test case. The averaged
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Mean Squared Error (MSE) over batches was adopted as the loss function to guide the optimization,
expressed as
Ns N,

MSE() = - Y+ D0 — 42, (59)

where g; and y; denote the predicted and reference values, respectively, and Ng is the number of
batches.

For the optimization process, the training dataset was normalized to zero mean and unit variance. To en-
hance robustness and avoid overfitting, additional training samples were generated by injecting Gaus-
sian noise N (0,0), ensuring statistical consistency with the underlying system. From the complete
dataset, 80% was allocated for training while the remaining 20% was randomly reserved for validation.

Considering the CAE architecture, the CR was defined as follows when using the CAE to generate a
surrogate model:

B Space Resolution x Time Resolution
~ Size(Z) x N; + Decoder Parameters + Normalization Parameters

(5.10)

In this formulation, only the trainable parameters of the decoder were counted, since the latent represen-
tation Z was stored at every time step instead of the original high-dimensional solution. Additionally,
the mean and standard deviation of the primal solution were stored to account for the normalization
procedure.

5.3.3. Echo State Network

This section presents the methodology of implementing the ESN to compress and reconstruct the in-
jected residuals and fine primal solution. The methodology consists of the ESN setup configuration,
the design of validation procedure, hyperparameter optimization, and definition of CR.

As explained in Section 4.2.2, within the ESN framework, the reservoir must satisfy the Echo-State Prop-
erty (ESP), which ensures that the reservoir state is uniquely determined by the fading memory of the
input sequence [111]. In other words, the influence of past inputs on the reservoir diminishes over time.
This condition is guaranteed here since the activation function is chosen as the hyperbolic tangent,

f(y) = tanh(y). (5.11)

Additionally, to fulfill the ESP, the spectral radius of the reservoir weight matrix W, set to be strictly
smaller than one [104].

Since ESNs can operate in both open-loop and closed-loop configurations (see Section 4.2.2), the train-
ing was carried out in the open-loop mode, while validation was performed in the closed-loop mode.
The available validation strategies are illustrated in Figure 5.2. With the exception of the single-shot val-
idation approach, all strategies are based on successive validation folds applied to the training dataset.
In these schemes, bar 1 corresponds to the first validation fold, while bar 2 represents the second fold
for non-chaotic cases. For chaotic cases, however, the second fold (bar 2c) is shifted forward by one
Lyapunov Time (LT).

The LT represents a characteristic timescale of chaotic dynamical systems and is defined as the inverse
of the Highest Lyapunov Exponent (HLE). The HLE quantifies the exponential divergence of initially
close trajectories in phase space [126]. Following the work of Nikitin [127], the values of the HLE for
Turbulent Channel Flows (TCFs) at different Reynolds numbers were used to compute the correspond-
ing LTs, which were subsequently applied in the validation of the chaotic test cases considered.

For validation, the recycle strategy was adopted, as it has been shown to outperform other approaches
in the context of chaotic flow prediction [126]. In this method, the network is first trained a single
time for each hyperparameter set using the full dataset in the open-loop configuration. Afterwards,
the same dataset is partitioned into segments and used for validation in the closed-loop configuration,
thereby recycling the training data for validation.
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Figure 5.2: Candidate validation strategies for Echo State Network (ESN).

The loss function was defined as the MSE averaged over all validation splits. This ensures that the
performance of a given hyperparameter set is not biased toward a specific segment of the dataset, but
instead reflects the network’s ability to generalize across different portions of the data.

Since the ESN framework requires careful hyperparameter tuning and a robust optimization strategy, a
dedicated pipeline was designed, as illustrated in Figure 5.3. The procedure is divided into three main
phases.

P1: Get Best Optimization Set
R(U;) (e et prmization seTb

n

Dataset Preparation

—>Short Dataset

—>Full Dataset — |  -----%-----o .

_ MSEvalidation
Optimization Time
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: Main BO —— oin, o, 5

MSEtest
jm—m - Reconstruction Time
Compression Ratio

P3: Get Compression/Reconstruction Data & Performance

Figure 5.3: Schematic of the ESN hyperparameter optimization and compression framework. Parameters highlighted in red
are fixed based on values suggested in the literature, those in green are determined empirically, and those in blue are obtained
through optimization.

P0: Dataset Preparation. The process begins with dataset preparation, where two datasets are con-
structed. A short dataset is generated for framework tuning purposes, while the full dataset is reserved
for the actual training, optimization, and compression tasks.

P1: Optimization Setup. A Bayesian Optimization (BO) procedure was employed to identify the op-
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timal values of the spectral radius (p) and input scaling (oin) hyperparameters of the ESN. Due to
the high computational cost associated with repeated ESN training and validation, BO was chosen as
a sample-efficient strategy. The objective function, defined as the average logarithmic mean squared
error (log-MSE) across multiple validation intervals, was treated as a black-box.

A Gaussian Process (GP) regression surrogate with a Matérn 5/2 kernel and Automatic Relevance De-
termination (ARD) was used to approximate this function without requiring gradient information [55].
The optimization process began with an initial Grid Search (GS) across Ngs = N x N, points, uni-
formly covering the search domain. The grid size N, was not fixed a priori; instead, it was determined
empirically for each test case by running the optimization on the short dataset with different grid sizes
and 42 independent realizations. The choice of 42 realizations served two purposes: first, it matched
the available hardware (14 physical CPU cores, enabling 42 runs to be executed efficiently in paral-
lel); and second, it ensured that the effect of the number of realizations on the selection of Ngs was
minimized, thereby improving the robustness of the grid size determination.

After the best Ngg was chosen, a secondary sweep using this grid was performed to determine the
appropriate ensemble size Ny, ensuring a trade-off between robustness and computational cost. This
adaptive strategy ensured that the final ensemble-based optimization captured the general behavior of
the network while avoiding overfitting to random fluctuations.

Following this initialization, an additional 10 BO evaluations were performed using the Expected Im-
provement (EI) acquisition function, which balances exploration and exploitation [55, 126]. For each
candidate (p, oin) pair, the Tikhonov regularization parameter (3) of the Ridge regression readout was
optimized through a nested grid search over a predefined list. The best-performing configuration of
hyperparameters for each realization was selected based on the lowest validation log-MSE, and the
overall optimal ESN configuration was identified as the one with the lowest ensemble-averaged loss.

P2: Hyperparameter Selection. After the BO setup was finalized, the number of neurons in the reser-
voir (IV,) and subsequently the leaking rate (o) were determined empirically on the short dataset, as
suggested in the literature [104]. With these parameters fixed, the main BO procedure was executed
to obtain the final optimal hyperparameter set for each dataset:

9 = {Nruaaa—inap7ﬁ}7

P3: Compression and Reconstruction. Finally, the optimized ESN was used for data compression.
During this stage, the following quantities were stored: the trained readout matrix W, the optimal
hyperparameters, the associated random seed for reproducibility, and the checkpoint states. A check-
point technique was introduced to prevent the accumulation of errors as time progresses. The number
of checkpoints, Niestint, Was selected empirically to balance reconstruction accuracy against compression
ratio. In the reconstruction stage, these stored quantities were used in a closed-loop configurationto to
reproduce the compressed time series of R(U}) and Uy,.

Consequently, the compression ratio (CR) for generating a surrogate model was defined as

Space Resolution x Time Resolution

R = .
¢ Checkpoint States + Size(Wout) + Hyperparameters

(5.12)

The use of checkpointing requires storing both the input and reservoir states at each checkpoint interval.
Among the different storage components, the output weight matrix Wy, contributed most significantly
to the CR due to its dense structure. By contrast, the input and reservoir weight matrices, Wi, and W,.,
did not need explicit storage, as they can be uniquely reconstructed from the hyperparameters oy, and
p when a fixed random seed is specified.

5.4. Performance Assessment Framework

To enable a consistent comparison between the proposed compression techniques, a robust benchmark-
ing strategy and a unified set of performance metrics were established. For this purpose, the POD was
adopted as the benchmark method. In the POD framework, the only user-defined parameter is the
threshold ¢j, which specifies the fraction of kinetic energy to be retained in the reduced-order rep-
resentation. In this study, e, < 99% was selected for the primal solution, whereas for the injected
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residuals, the threshold value was determined empirically by testing multiple configurations for each
test case.

Once the POD setup was finalized, the reconstructed fields were compared against the reference data
using the MSE, defined as:

1 N: Ny )
MSEtest(ﬂ) = NN, Z Z (u(la j) - ﬂ(i, j)) ’ (513)

where u(i, j) denotes the reference data (either the primal solution U or the injected residuals R(UF)),
(4, j) represents the reconstructed field, and N; and N, are the temporal and spatial dimensions, re-
spectively.

In addition to MSE., three complementary metrics were employed:

e Compression Ratio (CR): ratio of the size of the original dataset to the total size of the stored
parameters required for reconstruction.

e Preparation Time: this represents the total time required to generate the surrogate model; it
corresponds to the training time for the CAE, the optimization time for the ESN, and the time
required to compute the full set of eigenvalues for the POD.

e Reconstruction Time: the computational time required to rebuild the data from the compressed
representation.

Two different computational devices were used during the training and optimization processes. The
first, referred to as Device 1, was an NVIDIA Tesla P40 Graphics Processing Unit (GPU), a high-performance
accelerator optimized for deep learning tasks. With thousands of CUDA cores and a large memory
bandwidth, it provides efficient parallelization of matrix operations, making it ideal for training CAE.
The second, Device 2, was an Apple MacBook Pro equipped with an M4 Pro chip comprising 14 physical
CPU cores. Unlike GPUs, CPUs are optimized for sequential and control-intensive operations. There-
fore, the ESN training and Bayesian hyperparameter optimization were performed on the CPU, as ESNs
are relatively lightweight and do not require the high degree of parallelization demanded by CAEs.

The POD results serve as the benchmark for evaluating the performance of the CAE and ESN methods.
The objective in both cases was to achieve a similar order of magnitude in the test MSE as the POD at
a given refinement level and then to compare the corresponding compression ratio and reconstruction
time. Additionally, to provide a consistent comparison across methods, CAE and ESN results were also
evaluated at a constant compression ratio, by adjusting the POD threshold to match the achieved CR
of the surrogate models.

To further isolate and analyze the different sources of error introduced by the compression and re-
construction of various components within the adjoint-based error estimation pipeline, three distinct
assessment scenarios were designed, as illustrated in Figure 5.4.

e Scenario 1: evaluates the error arising solely from the compression and reconstruction of the in-
jected residuals R(UH).

e Scenario 2: assesses the impact of compressing and reconstructing the fine primal solution U,
used in the adjoint computation.

e Scenario 3: represents the combined configuration, where both the injected residuals and the fine
primal solution are compressed and reconstructed simultaneously to estimate their collective ef-
fect on the final error indicators.
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Figure 5.4: Schematic representation of the three performance assessment scenarios.



Framework Verification:
Manufactured Solution

This chapter focuses on the verification of the proposed framework using a Manufactured Solution
(MMS). The MMS serves as a controlled benchmark in which the primal solution is known analytically,
allowing for the exact evaluation of its residual and the associated error estimation. Such a setting
provides a rigorous basis for verifying the accuracy of the numerical solver, the fidelity of surrogate
models in representing the primal and residual fields, and the consistency of the adjoint-based error
estimation procedure.

The chapter is organized into several sections: the primal solution is first examined, followed by the
compression and reconstruction of injected residuals and the fine primal solution, and the computa-
tion of the corresponding adjoint solution. Finally, adjoint-based error estimation and localization are
assessed across different surrogate-integration scenarios, and a brief summary of the key findings is
provided at the end of the chapter.

It should be noted that the primary objective of this chapter is to verify the proposed framework rather
than to draw comparative conclusions between the surrogate modeling methods. Due to the inherent
smoothness and simplicity of the MMS, all models are expected to perform similarly. Therefore, only
the key verification results are presented herein, while the complementary and extended results are
provided in Appendix C.

6.1. Problem Formulation

The 1D unsteady viscous Burgers’ equation, a second-order nonlinear PDE, is employed in this study
within the MMS framework to verify the implemented methodology. The MMS approach has become
a widely adopted technique for code verification [28, 41], as it enables the construction of an exact
analytical solution to a PDE by introducing a tailored source term. This allows for rigorous testing
of numerical solvers and frameworks without requiring the equation to represent a physically realistic
scenario, thus isolating and evaluating the numerical accuracy of the method under investigation [128].

This PDE serves as a fundamental model across various physical disciplines, as it is frequently em-
ployed to study simplified representations of turbulence, boundary layer development, shock wave dy-
namics, and mass transport phenomena. The equation retains the essential nonlinear convective term
characteristic of the NS equations while incorporating diffusion and temporal evolution in a mathe-
matically tractable form. This balance between nonlinearity and simplicity makes Burgers’ equation
an attractive test case for theoretical and numerical investigations. Furthermore, the availability of ex-
act analytical solutions [129] enhances its utility as a benchmark for the verification of computational
solvers [130].

As part of the verification process within this framework, the following manufactured solution is pre-

39
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scribed [41, 28]:
upmms = sin?(7t) sin (7). (6.1)

Additionally, the primal PDE is defined over a space-time domain @ = [0, L] x I = [0, T], where
L =1.0and T = 20 [s]. The interval [0, 10] is allocated for flow development, while the period [10, 20]
corresponds to the attainment of a statistical steady state [28]. Homogeneous Dirichlet Boundary Con-
ditions (BCs) and a homogeneous Initial Condition (IC) are prescribed to fully define the problem,
leading to the following formulation of the primal PDE:

ou ou 1 H%u

ot "oz Reow?
u(z,t) =0, (x,t) € 0Q x I,
u(z,0) =0, x €.

:fMM87 (I,t)EQXI7
(62)

Here, x and t denote the spatial and temporal coordinates, respectively; v represents the primal solution;
and fyrus is the manufactured source term. The Reynolds number is set to Re = 100, where Re = %,
with U and L being the reference velocity and length scales. Since both are set to unity in the present
formulation, the Reynolds number is fully controlled through the kinematic viscosity v, as defined in
the OpenFOAM setup. The expression for fyvs is obtained by substituting the manufactured solution

of Eq. (6.1) into the governing PDE of Eq. (6.2).

Considering the application of the error estimation framework within an AMR context using an h-
adaptation strategy with a refinement factor of two, the framework was assessed over a range of coarse-
grid spatial resolutions N € {16, 32, 64, 128, 256} with particular attention given to the case N =
32 for detailed visualization.

In this phase of the research, a time-averaged Qol, denoted as .J, was adopted and defined as

_ 1 .
J= T/I/Qsm(wx) u(x,t) dQdl, (6.3)

which emphasizes the solution in the central region of the spatial domain, thereby reducing the sensitiv-
ity of the adjoint and subsequent error estimation to inaccuracies introduced near the boundaries. The
manufactured solution yields an exact value of Jvims = 2.5 x 1071, The same QoI have been previously
investigated in the context of FEM discretizations [41, 28].

6.2. Primal Solution

A grid convergence study was performed to verify the implemented solver and to determine an appro-
priate time step. To this end, the Root Mean Square Error (RMSE) between the discrete solution on
each grid and the corresponding manufactured solution evaluated on the same grid was computed as

RMSE(u) = L zt: . [u(@s, t;) — unmis (i, )], (6:4)

where the respective N, and N, are the number of time steps and spatial elements. In addition, the Qol
J was evaluated for each grid, and the output error was quantified as AJy = Jyms — Jir. These values
were calculated for all spatial resolutions and for time steps At € {1073, 10~%, 107}, with the results
presented in Figure 6.1.

The left panel of Figure 6.1 shows that .J converges rapidly to the exact value as the grid is refined.
Consequently, the output error A.Jy shows a nearly monotonically decreasing trend with grid refine-
ment, which follows the expected second-order convergence behavior with respect to grid resolution.
Moreover, the difference between the Qol calculated from the coarse and fine space solutions, Jn— Ju,
follows the same trend. The right panel confirms this trend, where the RMSE demonstrates an overall
O(h?) convergence rate, in agreement with the second-order spatial discretization employed. Overall,
the implemented solver was verified based on the aforementioned observations.
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Figure 6.1: Grid convergence results for the manufactured solution. (Left) Convergence of the Qol J towards the exact value.
(Center) Output error AJy for different time steps, demonstrating second-order accuracy with grid refinement. (Right)
RMSE of the solution field with respect to the exact solution, confirming O(h?) convergence. Results are shown for At €
{1073, 1074, 10~5}.

Regarding the choice of time step, At = 10~° provides the smallest errors across all metrics. However,
since the purpose of this chapter is to verify the methodology rather than to achieve the absolute min-
imum error, At = 10~* was selected as a suitable compromise between accuracy and computational
efficiency. The coarser step of At = 1073 clearly introduces temporal errors that dominate on finer
meshes, whereas At = 10~* ensures sufficient accuracy while maintaining a practical computational
cost.

Figure 6.2 presents the primal discrete solution u for N = 32 grid, alongside its relative error with
respect to the manufactured solution. The relative error is defined as the absolute deviation normalized
by the maximum value of the manufactured solution.
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Figure 6.2: Primal discrete solution u (top) and its relative error with respect to the manufactured solution (bottom) for the
spatial resolution of N/ = 32.

The discrete solution displays a smooth and periodic profile, with oscillations centered around the
midpoint of the spatial domain. This behavior confirms that the numerical scheme correctly reproduces



42 Chapter 6. Framework Verification: Manufactured Solution

the periodic dynamics of the chosen manufactured solution. The associated error field reveals two
distinct regimes. During the initial transient, the error is non-periodic and exhibits localized peaks
near the spatial boundary of x = 1. This is attributed to the fact that the prescribed initial condition
does not coincide with the long-time periodic solution. As the simulation progresses, the error evolves
into a periodic pattern, also centered near the spatial midpoint, with a relative error of ~ O(1073).

From these observations, the time interval [10, 20] was identified as statistically steady with respect to
the error distribution, which is also stated by Li et al. [28]. This interval was, therefore, adopted as the
temporal domain for subsequent analyses.

6.3. Injected Residual Compression

As discussed in Chapter 3, one of the required datasets for evaluating the output error estimate is
the injected residuals. These residuals were obtained by first projecting the coarse solution uy onto its
corresponding refined computational grid, resulting in the fine-grid representation u/’. In this phase of
the research, a cubic spline interpolation scheme was employed for this purpose. To ensure consistency,
the corresponding forcing term was projected onto the fine grid using the same scheme.

The projected solution u! was then substituted into the primal PDE of Eq. (6.2) to compute the injected
residual, denoted as R(u!!). Mathematically, this is expressed as

R(uf) = = + uj e e o2 fMMS|hH- (6.5)

Figure 6.3 illustrates the injected residuals R(u}) for the case with NI = 32, The residual field
exhibits a clear periodic structure in time, reflecting the periodic nature of the manufactured solution.
Spatially, alternating positive and negative regions appear symmetrically around the midpoint of the
domain, consistent with the sinusoidal forcing introduced in the MMS definition.
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Figure 6.3: Injected residuals R(ufT) for NUD = 32,

The magnitude of the residuals remains small, O(10~°), confirming that the projection and residual
injection procedure preserves accuracy when transferring the coarse solution to the refined grid. The
localized concentration of residuals near the domain boundaries indicates that the coarse grid does
not fully capture the finer-scale dynamics of the PDE in these regions, where projection errors are
amplified by the imposed boundary conditions. Nevertheless, these effects remain bounded and do
not contaminate the overall residual distribution.

Figure 6.4 shows the temporal mean and standard deviation of the injected residuals R(uf!) across
different spatial resolutions. A clear reduction in the magnitude of the mean residual is observed as
the grid is refined, confirming that the projection and injection procedures converge consistently with
mesh resolution. For the coarsest mesh (NéH) = 16), residual fluctuations are significant, with both
the mean and variance reaching O(10~%). As the resolution increases, the magnitude of both the mean
and standard deviation decreases consistently by several orders.
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The narrowing of the shaded regions with refinement indicates that temporal oscillations in the injected
residuals become progressively smaller, demonstrating improved consistency between the projected
coarse solution and the refined PDE operator. This behavior ensures that the injected residuals remain
well-controlled and suitable for use in adjoint-based error estimation.
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Figure 6.4: Temporal mean (solid line) and standard deviation (shaded region) of the 1D Burgers’ MMS injected residuals R(uhH )
for all different spatial resolutions N; .

6.3.1. Proper Orthogonal Decomposition

The results of the offline POD benchmark of the reconstructed injected residuals for different spatial res-
olutions are summarized in Figure 6.5. As illustrated, the retained modal energy &, converges rapidly,
with more than 95% of the energy captured by fewer than three modes for all refinement levels. This
behavior is expected, given the smooth nature of the manufactured solution, which leads to highly co-
herent residual structures that can be effectively represented with a compact modal basis. Additional
modes only marginally increase the retained energy, providing negligible benefit while increasing re-
construction complexity.
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Figure 6.5: Offline POD benchmark results of reconstructed 1D MMS Burgers’ injected residuals for different spatial resolutions
NxH). (Left) Retained modal energy & versus retained mode k (Right) Number of retained modes k, test MSE, computation
time, and compression ratio for thresholds of 65%, 80%, and 95%. (All z-axes are in log scale.)

When comparing the thresholds of 65%, 80%, and 95% for retained energy, it becomes evident that the
lower threshold already delivers sufficiently accurate reconstructions. Although stricter thresholds
reduce the test MSE by several orders of magnitude, the gains in accuracy are negligible when com-
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pared to the additional computational time and loss of compression. For instance, the compression
ratio increases sharply at higher spatial resolutions but is substantially reduced when more modes are
enforced.

Based on these observations, the threshold &, < 65% was selected as the POD reference setting. This
choice strikes a balance between accuracy and efficiency, as it avoids the excessive cost associated with
80% and 95% thresholds while still preserving the dominant features of the injected residuals. The
adopted configuration, therefore, serves as a benchmark for assessing alternative surrogate modeling
strategies in the remainder of this section.

6.3.2. Convolutional Autoencoder

The first proposed compression methodology was the CAE. As outlined in Section 5.3.2, the initial
estimate of the suitable latent space dimension dz was obtained by performing a PCA on the dataset of
injected residuals. This preliminary step ensures that the CAE architecture is designed to capture the
dominant variance of the data while avoiding unnecessary large latent dimensions. Table 6.1 reports
the selected values of dz for different spatial resolutions.

Table 6.1: Latent space dimension dz determined for the CAE architecture based on PCA analysis of injected residuals from the
1D MMS Burgers’ problem.

N |16 32 64 128 256
dz |2 2 2 2 2

Across all refinement levels, the analysis consistently indicates that dz = 2 is sufficient to represent the
dataset’s features. This outcome reflects the inherent simplicity and low-rank structure of the residual
statistics, where most of the variability can be effectively captured by only two latent variables. It should
be noted that this simplicity is a direct consequence of the manufactured solution, which produces
residuals with smooth and highly structured dynamics. As a result, the CAE achieves a stable and
compact representation of the residuals, independent of the underlying grid resolution.

After defining the suitable latent dimension dz, a specific CAE architecture was generated for each
spatial resolution using Algorithm 3. In the test case of the 1D MMS injected residuals of Burgers’
equation, the parameters were set to cin = 1, chase = 4, cmax = 4, and the kernel size k¥ = 4. As
an illustrative example, Figure 6.6 shows the generated CAE architecture for the injected residuals of
NI = 16. The corresponding encoder and decoder details are reported in Tables 6.2 and 6.3, where
k, s, and p represent the kernel size, stride, and padding, respectively.

The encoder is composed of five successive convolutional layers with BN and LReLU activations, pro-
gressively reducing the spatial dimension while increasing feature abstraction. The output is then flat-
tened and mapped to the latent space of size dz = 2 through a fully connected layer. The decoder
mirrors this structure in reverse, using upsampling layers followed by convolutional blocks with BN
and LReLU to gradually reconstruct the residual field at the original resolution. This symmetric de-
sign ensures both stability in training and consistency between compression and reconstruction. The
remaining architectures for higher resolutions were generated analogously and are presented in Ap-
pendix B.1.

Regarding the optimization procedure, a batch size of 200 samples was selected. This value provides a
compromise between stable gradient updates and computational efficiency. The training and validation
datasets were generated from a subsampled residual dataset with a sampling rate of 10, resulting in a
time series of length 10,000. This subsampling ensures that the dataset retains the essential temporal
dynamics while keeping the computational cost tractable.

Training was performed over 400 epochs. An adaptive learning rate strategy was employed during the
first 350 epochs, following the formulation in Eq. (5.8), with an initial learning rate of 7o = 5 x 1073 and
a decay factor of v, = 2 x 1072, After the adaptive phase, the learning rate was fixed at the final value
for the remaining 50 epochs to stabilize the optimization and prevent oscillations near the minimum. It
should be noted that the hyperparameter settings reported above were determined empirically through
trial and error.
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Table 6.2: Layer-by-layer details of the encoder architecture applied to 1D MMS Burgers’ injected residuals for the case N ;H) =
16

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,32) (4,16) (4,2,1) 16

El BN (4,16) (4,16) 8
LReLU (4,16) (4,16) 0

Conv. 1D (4,16) (4,8) (4,2,1) 64

E2 BN (4,8) (4,8) 8
LReLU (4,8) (4,8) 0

Conv. 1D (4,8) (4,4) (4,2,1) 64

E3 BN (4,4) (4,4) 8
LReLU (4,4) (4,4) 0

Conv. 1D (4,4) (4,2) (4,2,1) 64

E4 BN (4,2) (4,2) 8
LReLU (4,2) (4,2) 0

Conv. 1D (4,2) (4,1) (4,2,1) 64

E5 BN (4,1) (4,1) 8
LReLU (4,1) (4,1) 0

E6 Flatten (4,1) (4) 0
E7 Linear (4) (2) 10

Table 6.3: Layer-by-layer details of the decoder architecture applied to 1D MMS Burgers’ injected residuals for the case NV, gﬁH) =
16

Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

D1 Linear (2) (4) 12
Upsample (4,1) (4,2) 0

Do Conv. 1D (4,2) (4,2) (3,1,1) 48
BN (4,2) (4,2) 8

LReLU (4,2) (4,2) 0

Upsample (4,2) (4,4) 0

D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
BN (4,4) (4,4) 8

LReLU (4,4) (4,4) 0

Upsample (4,4) (4,8) 0

- Conv. 1D (4,8) (4,8) (3,1,1) 48
BN (4,8) (4,8) 8

LReLU (4,8) (4,8) 0

Upsample (4,8) (4,16) 0

D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
BN (4,16) (4,16) 8

LReLU (4,16) (4,16) 0

D6 Upsample (4,16) (4,32) 0
Conv. 1D (4,32) (1,32) (3,1,1) 12
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Figure 6.6: Illustration of the CAE architecture generated for the injected residuals of the 1D MMS Burgers’ on N = 16.

Figure 6.7 shows the evolution of the batch-averaged MSE during training and validation across dif-
ferent spatial resolutions N, along with the learning rate schedule. In all cases, the MSE decreases
rapidly during the first epochs, confirming that the CAE is able to capture the dominant features of
the injected residuals. As training progresses, both training and validation losses continue to decrease,
eventually stabilizing around values of O(10~2). The close agreement between the training and valida-
tion curves indicates no evidence of overfitting, even at higher resolutions.
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Figure 6.7: Training and validation batch-averaged MSE during CAE training of 1D MMS Burgers’ injected residuals for different
spatial resolutions N,EH>. The top-left panel shows the adaptive learning rate schedule applied during the first 350 epochs,
followed by a constant value. (The initial epochs are truncated in all MSE plots for visualization purposes.)

The observed oscillations, particularly in the early phase of training, are linked to the adaptive learning
rate schedule, which deliberately explores larger steps in parameter space before decaying to a stable
regime. Once the learning rate is fixed after 350 epochs, the loss stabilizes and converges smoothly,
showing that the network has reached a consistent representation of the residual statistics. Although
the convergence is not perfectly monotonic, the overall trend demonstrates the effectiveness of the CAE
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in compressing the residual fields while maintaining stability across resolutions.

It is worth noting that further reduction of the MSE could likely be achieved by extending the number
of training epochs or applying a more systematic hyperparameter tuning procedure. Nevertheless, the
present results are sufficient to establish the CAE as a reliable compression model in the context of the
MMS test case.

6.3.3. Echo State Network

The second proposed compression method was the ESN, whose architecture consisted of a single pseu-
dorandomly constructed reservoir. The training was performed by solving a linear regression problem
to determine the connections between the reservoir states and the output layer. The dataset used for
training comprised the full temporal history of 100,000 steps, while the validation set was constructed
from 40 non-overlapping intervals of 2,500 samples each.

The hyperparameter search space for BO was defined as p x i, : [0.1, 1] x [102, 10°] for the respec-
tive spectral radius and input scaling in logarithmic scale, and the optimal Tikhonov regularization
parameter was selected from a grid space of 8 € {1073, 1076, 1072}

The choice of these ranges was motivated by the statistical properties of the injected residuals. In par-
ticular, Figure 6.3 shows that the magnitude of the residuals decreases rapidly with spatial refinement,
spanning several orders of magnitude across NI To account for this variability, a wide range of o,
was necessary to ensure that the ESN reservoir received inputs at a comparable dynamic range, regard-
less of the resolution. This scaling prevents under-activation in cases where the residual magnitudes
are small.

The selected range for p ensured coverage of both the contractive regime (p < 1), which enforces
stability, and the near-critical regime (p ~ 1), which enhances memory capacity. Finally, the choice
of 3 values allowed the BO to balance numerical stability and the risk of overfitting during the linear
regression stage. As described in Section 5.3.3, the number of neurons N, and the leaking rate o were
instead determined empirically through the detailed analysis presented later in this section.

The procedure performed to set up the BO is described in Appendix C.1. Following the finalization
of the BO setup, the effect of the reservoir size N, and the leaking rate oo was investigated for the case
NI = 32, as discussed in Section 5.3.3. The goal of this analysis was to identify a configuration that
balances predictive accuracy, compression efficiency, and computational cost.

Figure 6.8 summarizes the results for varying reservoir sizes with a constant leaking rate of & = 0.6.
As expected, the validation MSE decreases sharply as N, increases, reflecting the enhanced represen-
tational capacity of larger reservoirs. However, this reduction follows the law of diminishing returns;
beyond N, = 64, the accuracy gains are marginal compared to the additional computational burden.
At the same time, the CR decreases with N,, since enlarging the reservoir directly reduces the relative
compression achieved by the ESN. In parallel, the optimization time grows moderately up to N,. ~ 128,
but rises steeply for larger reservoirs due to the expansion of the search space. Taken together, these
observations highlight N, = 64 as an effective compromise, providing near-optimal accuracy while
maintaining a favorable balance between compression efficiency and computational cost.

It is important to emphasize that the choice of such a relatively small reservoir size, compared to the
dimensionality of the input residual vectors, is theoretically justified. This is possible because the effec-
tive dimensionality of the reservoir’s active subspace can be significantly smaller than the number of
input variables [131]. As a result, a reduced reservoir can still capture the essential dynamics without
sacrificing predictive performance [132].

The influence of the leaking rate « is shown in Figure 6.9. The results reveal that the ESN performs
poorly in the absence of leakage (o = 0), where reservoir dynamics become overly stiff and fail to
capture temporal dependencies. Introducing leakage leads to a substantial improvement, with the best
performance observed around o = 0.6. Beyond this value, the validation error gradually increases,
indicating that excessively large leaking rates diminish the reservoir’s ability to integrate information
across time. It is also worth noting that o does not significantly impact either the optimization time
or the compression ratio; for this reason, these metrics are not reported here. Based on this analysis,
a = 0.6 was chosen as the default setting.
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Figure 6.8: Effect of the number of reservoir neurons N, on ESN performance. (Left) Validation MSE, (Center) Compression
ratio, and (Right) Optimization time.
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6.3.4. Performance Assessment
This section presents the performance assessment of the proposed surrogate models, namely the bench-
mark POD, CAE, and ESN, applied to the reconstruction of the injected residuals across all refinements.

Figure 6.10 presents a comparison of POD, CAE, and ESN across reconstruction accuracy and com-
pression efficiency for the 1D Burgers” MMS injected residuals. Across all refinements, the reconstruc-
tion error decreases as the resolution increases, confirming that all models benefit from richer spatial
representations. Among the three, the CAE consistently achieves the lowest errors, highlighting the
effectiveness of nonlinear encodings in capturing localized features of the residuals. ESN provides
competitive accuracy, particularly at higher resolutions, though its variability at coarse grids reflects
the sensitivity of reservoir initialization. POD, while effective, shows limitations when the truncation
threshold is low, leading to comparatively larger errors in coarser cases.

These trends come at different costs in terms of compression and computational requirements. The ESN
achieves the highest compression ratios due to its compact reservoir structure, though this comes at the
price of instability in some cases. POD maintains a balance between compression and interpretability
but sacrifices accuracy as refinement increases. By contrast, the CAE achieves superior accuracy with
more stable behavior across resolutions; however, its compression ratio remains lower due to the over-
head associated with its trainable parameters.

The preparation and reconstruction times of the surrogate models are summarized in Figure 6.11, where
the left panel reports the preparation time, and the right panel shows the corresponding reconstruction
time as a function of spatial refinement. The preparation time represents the total cost required to
generate the surrogate model: it corresponds to the training time for the CAE, the optimization time
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Figure 6.10: Performance comparison of POD, CAE, and ESN for the 1D Burgers’ MMS injected residuals, showing test MSE and
compression ratio (CR) as functions of spatial refinement Ny .

for the ESN, and the time required to compute the full set of eigenvalues for the POD, referred to as the
computation time.

It should be noted that, due to the stochastic dependence of the ESN optimization and the device-
specific training environment of the CAE, these time-related metrics were excluded from the perfor-
mance comparison in terms of compression ratio and reconstruction fidelity, which were presented
earlier in this section. The CAE training was performed on Device 1, while the ESN optimization and
POD computation were executed on Device 2. Therefore, the reported values are hardware-specific
and are mainly intended to illustrate the scaling trends rather than to provide absolute performance
benchmarks.
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Figure 6.11: Preparation and reconstruction times of the benchmark POD, CAE, and ESN for the 1D Burgers’ MMS injected
residuals as functions of spatial refinement N, *’. The preparation time corresponds to CAE training, ESN optimization, and
POD eigenvalue computation. The CAE was trained on Device 1, while ESN and POD computations were performed on Device 2.

As expected, the CAE training time increases monotonically with spatial resolution, consistent with
the growing input dimensionality and the corresponding increase in convolutional operations. For the
ESN, the measured optimization times correspond to a single BO realization executed on a single CPU
core. Due to the stochastic nature of reservoir initialization and BO sampling, the ESN optimization
time exhibits a noticeable spread across realizations. This variability is inherent to the method and
does not indicate instability; instead, it reflects the dependence of the optimization trajectory on ran-
dom initialization and exploration within the BO process. Despite this, the overall scaling with N,
remains of a constant order, confirming the computational efficiency of the ESN. In contrast, the POD
exhibits the steepest slope among the three methods, indicating that at higher spatial refinements, its
computational cost grows faster than that of both the CAE and ESN.

The reconstruction time, shown in the right panel, provides a consistent basis for comparison since it
directly measures the cost of using the prepared surrogate models. The ESN and CAE demonstrate
nearly constant reconstruction times across resolutions, confirming their scalability once trained. Con-
versely, the POD shows a consistently increasing reconstruction cost due to the increased size of the
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matrix operations.

These results collectively emphasize that the primary goal of this chapter is the verification of the
methodology rather than achieving perfect accuracy for a specific surrogate. The comparable perfor-
mance of all models in reconstructing the mean residuals validates the soundness of the framework,
while the difficulty in capturing standard deviations highlights the intrinsic challenge of modeling
higher-order statistical features with reduced-order representations. Nevertheless, the ability of all
three methods to consistently approximate the residual statistics across refinements demonstrates the
robustness of the proposed approach.

6.4. Primal Solution Compression

To assess Scenarios 2 and 3, as introduced in Chapter 5, it is necessary to construct a surrogate represen-
tation of the fine primal solution. This surrogate serves as the basis for computing the corresponding
surrogate adjoint solution, 9. For consistency, the same compression methodologies developed for the
injected residuals were adopted, with only minor modifications tailored to the primal solution. These
adjustments are explicitly detailed in the respective sections.

6.4.1. Proper Orthogonal Decomposition

The results of the offline POD benchmark applied to the reconstructed fine primal solution are pre-
sented in Figure 6.12. In contrast to the injected residuals R(u!?), the retained modal energy & con-
verges almost instantaneously, with a single mode being sufficient to capture more than 99% of the
total energy across all refinement levels. This reflects the inherent simplicity and high coherence of
the manufactured solution, which was deliberately designed to contain smooth and spatially periodic
features. As a result, the primal dynamics exhibit an extremely low-rank structure, enabling their full
representation by only one dominant mode.
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Figure 6.51{2: Offline POD benchmark results of reconstructed 1D MMS Burgers’ fine primal solution for different spatial resolu-
tions Ni ) (Left) Retained modal energy &}, versus retained mode k (Right) Number of retained modes k, test MSE, computa-
tion time, and compression ratio for thresholds of 99%. (All z-axes are in log scale.)

The consequences of this rapid convergence are evident in the accompanying metrics. The number
of retained modes k remains constant at unity regardless of spatial resolution, while the test MSE de-
creases systematically with refinement, reaching values below 1071 for the largest grid sizes. At the
same time, the compression ratio grows proportionally with refinement, highlighting the scalability of
POD for this problem. The computation time increases mildly with resolution but remains negligible
in comparison to the overall savings in dimensionality.

6.4.2. Convolutional Autoencoder

The CAE was also applied to the fine primal solution using the same training strategy and architectural
framework outlined in Section 5.3.2. However, in contrast to the injected residuals, the PCA-based
analysis indicated that the latent representation of the fine primal solution could be effectively reduced
to a single dimension (dz = 1) across all spatial resolutions, as reported in Table 6.4. This outcome
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is a direct consequence of the manufactured solution, which generates smooth and highly coherent
primal fields. The low-rank nature of the data implies that nearly all its variability is captured along
one dominant direction, eliminating the need for additional latent variables.

Table 6.4: Latent space dimension dz determined for the CAE architecture based on PCA analysis of fine primal solution from
the 1D MMS Burgers’ problem.

NV |32 64 128 256 256
dz |1 1 1 1 1

Although the CAE architecture remained identical to that used for residuals R(uf!) (see Figure 6.6),
the reduction in d z directly decreased the number of trainable parameters, as summarized in Tables 6.5
and 6.6. The remaining architectures for higher resolutions were generated analogously and are pre-
sented in Appendix B.1.

The optimization settings, batch size, subsampling strategy, and adaptive learning rate schedule were
kept identical to those of the residual case to ensure consistency. Nonetheless, training for the fine
primal solution converged faster, reflecting the reduced complexity of the learning task.

Figure 6.13 reports the batch-averaged MSE for training and validation when learning the fine primal
solution. In all resolutions N, the loss drops rapidly during the first ~50-100 epochs and then de-
cays more slowly under the adaptlve learning rate schedule, stabilizing at values around 107°. The
tight overlay of training and validation curves indicates no sign of overfitting. The short-lived oscilla-
tions visible in the early stage stem from the relatively large initial learning rate and batch stochasticity;
they are progresswely damped as the rate decays. Because the prlmal fields admit a 1D latent repre-
sentation (dz = 1), the model capacity is sufficient across all Ny () , yielding similar training errors
and convergence trends. Further reductions could be obtained by extending the constant learning rate
phase or lowering the final learning rate, but this is unnecessary for the accuracy targeted in this work.
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Figure 6.13: Training and validation batch-averaged MSE during CAE training of 1D MMS Burgers’ fine primal solution for
different spatial resolutions N™. The top-left panel shows the adaptive learning rate schedule applied during the first 350
epochs, followed by a constant value. (The initial epochs are truncated in all MSE plots for visualization purposes.)

6.4.3. Echo State Network

The ESN was also applied to compress the fine primal solution of the 1D MMS Burgers’ problem. The
architecture again consisted of a single reservoir space, pseudorandomly constructed, with output
weights determined via linear regression. The training dataset comprised 100,000 time steps corre-
sponding to the full solution, while the validation set was generated from 40 non-overlapping intervals
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Ta(l;})e 6.5: Layer-by-layer details of the encoder architecture applied to 1D MMS Burgers’ fine primal solution for the case
N7’ =32

Main Layer  Sublayer InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,32) (4,16) (4,2,1) 16

El BN (4,16) (4,16) 8
LReLU (4,16) (4,16) 0

Conv. 1D (4, 16) (4,8) (4,2,1) 64

E2 BN (4,8) (4,8) 8
LReLU (4,8) (4,8) 0

Conv. 1D (4,8) (4,4) (4,2,1) 64

E3 BN (4,4) (4,4) 8
LReLU (4,4) (4,4) 0

Conv. 1D (4,4) (4,2) (4,2,1) 64

E4 BN (4,2) (4,2) 8
LReLU (4,2) (4,2) 0

Conv. 1D (4,2) (4,1) (4,2,1) 64

E5 BN (4,1) (4,1) 8
LReLU (4,1) (4,1) 0

E6 Flatten (4,1) (4) 0
E7 Linear (4) (1) 5

Ta(bh1>e 6.6: Layer-by-layer details of the decoder architecture applied to 1D MMS Burgers’ fine primal solution for the case
N =32

Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

D1 Linear (1) (4) 8
Upsample (4,1) (4,2) 0

D2 Conv. 1D 4,2) (4,2) (3,1,1) 48
BN (4,2) (4,2) 8

LReLU (4,2) (4,2) 0

Upsample (4,2) (4,4) 0

D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
BN (4,4) (4,4) 8

LReLU (4,4) (4,4) 0

Upsample (4,4) (4,8) 0

- Conv. 1D (4,8) (4,8) (3,1,1) 48
BN (4,8) (4,8) 8

LReLU (4,8) (4,8) 0

Upsample (4,8) (4,16) 0

D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
BN (4,16) (4,16) 8

LReLU (4,16) (4,16) 0

D6 Upsample (4,16) (4,32) 0
Conv. 1D (4,32) (1,32) (3,1,1) 12
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of 2,500 samples each, following the same setup as in the residuals case.

The BO framework was employed to tune the hyperparameters. The search space was defined as
p x om € [0.1, 1] x [1073, 10?] for the spectral radius and input scaling, respectively. The Tikhonov
parameter was again selected from a discrete grid 3 € {1073, 1075, 107?}. In contrast to the injected
residuals, the search range for oy, is narrower here. This reflects the statistics of the fine primal field,
whose magnitude remains O(1) and is essentially constant across refinements in the MMS setup; con-
sequently, the optimal input scaling does not need to span multiple orders of magnitude. The chosen
range is sufficient to excite the reservoir without saturating it while preserving the balance with the
internal dynamics controlled by p.

For consistency and because the task is not more demanding than the residual case, the reservoir size
and leaking rate were kept identical to the previously selected values, i.e., N, = 64 and « = 0.6. This
adheres to the earlier analysis, showing diminishing returns beyond N, ~ 64 and an optimum near o ~
0.6 and avoids introducing additional degrees of freedom that would not materially affect performance
in this context.

6.4.4. Performance Assessment

This section presents the performance assessment of the three surrogate models: benchmark POD,
CAE, and ESN, applied to the reconstruction of the fine primal solution u;, across all refinement levels
N, ;h). The quantitative performance comparison between the benchmark POD, CAE, and ESN for the
fine primal solution is presented in Figure 6.14. The results reinforce the conclusions drawn from the
reconstructed fields. Both POD and CAE deliver consistently low test MSE across all refinement levels,
with values decreasing monotonically as resolution increases, except for the initial resolution of CAE.
The CAE, in particular, achieves stable performance, demonstrating that even with a nonlinear encoder—
decoder mapping, the compression task remains trivial for this simple MMS-driven solution. POD
performs similarly well, although its accuracy plateaus slightly earlier, reflecting the restriction of its
modal basis to linear structures.
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Figure 6.14: Performance comparison of POD, CAE, and ESN for the 1D Burgers’ MMS fine primal solution, showing test MSE
and compression ratio (CR) as functions of spatial refinement N, .

In contrast, the ESN struggles to reproduce the fine solution reliably. Not only are its test MSE orders
of magnitude larger than those of POD and CAE, but the variance in performance across optimization
runs also increases with refinement, as evidenced by the widening shaded region. This indicates that
the recurrent dynamics of the ESN, while useful in richer temporal problems, provide little benefit in
this smooth MMS case and instead introduce instability.

The poor performance of the ESN can also be attributed to the use of the same BO setup that was
originally designed for compressing the injected residuals R(uf’). While this ensured methodological
consistency, it likely limited the ESN'’s ability to adapt to the fundamentally different statistical proper-
ties of the fine primal solution.

From a compression perspective, all three models provide high compression ratios. Here, the ESN
formally achieves the highest CR due to its fixed reservoir size, but this comes at the expense of recon-
struction accuracy. POD and CAE strike a more favorable balance, offering both stable accuracy and
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predictable scalability.

The preparation and reconstruction times of the surrogate models applied to the fine primal solution
are summarized in Figure 6.15. The left panel shows the preparation time, while the right panel reports
the reconstruction time for each model as a function of spatial refinement N; )
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Figure 6.15: Preparation and reconstruction times of the benchmark POD, CAE, and ESN for the 1D Burgers’ MMS fine primal
solution as functions of spatial refinement N . The preparation time corresponds to CAE training, ESN optimization, and POD
eigenvalue computation. The CAE was trained on Device 1, while ESN and POD computations were performed on Device 2.

As expected, the CAE training cost increases monotonically with spatial resolution, reflecting the larger
input dimensionality and greater number of convolutional operations and trainable parameters. Al-
thou§h the trend is super-linear, the total training time remains below 10 s even for the finest mesh
(V. () = 512), confirming the computational practicality of the approach. The ESN optimization time
shows only a mild increase with spatial refinement, remaining close to O(10%) s across all cases. The
slight rise at higher resolutions can be attributed to the larger reservoir state space and the increasing
cost of regression solves within the BO routine. Despite this, the ESN maintains stable scaling and over-
all computational efficiency for the problem sizes investigated. In contrast, POD exhibits the steepest
increase in computational cost with refinement, primarily due to the full matrix operations involved in
modal recomposition.

Regarding reconstruction, the POD computational time increases steeply, while the ESN reconstruction
time shows a modest upward trend that reflects the cost of propagating reservoir states during recon-
struction. The CAE lies between these two extremes, remaining nearly constant across all resolutions,
making it the most efficient of the three once trained. Overall, these results confirm that, while POD
becomes increasingly expensive with refinement, both CAE and ESN provide computationally scalable
alternatives suitable for fine-grid applications.

Taken together, these results confirm that, while all methods achieve strong compression, only POD and
CAE provide accurate and robust reconstructions of the fine primal solution. CAE further distinguishes
itself by combining accuracy with consistent and efficient reconstruction times, whereas the ESN proves
unreliable in the compression and reconstruction of the smooth fine primal.

6.5. Adjoint Solution

As discussed in Chapter 3, the second required dataset for evaluating the output error estimate is the
adjoint solution. The adjoint problem was derived following the continuous adjoint formulation de-
scribed in Section 3.1. Because of the non-linear convective term in the Burgers’ equation, the deriva-
tion required a local linearization around the primal solution u(z, t). To begin, consider a perturbation
du of the primal solution. The variation of the primal residual R[u] with respect to this perturbation
defines the linearized residual operator as

0(du) ou O(0u) 1 0?%(6u)

ot +(5u)87x+u dr  Re Ox2

R'[u](6u) = (6.6)

To derive the corresponding adjoint operator, this residual variation was introduced into the definition
of the functional derivative. For a given functional J[u], the variation induced by Ju can be expressed
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, a(du ou d(du 1 0%(6u
[u](éu)—/{/ﬂd)( (at)—i—(éu)%—ku E’“)m)_ﬁ 6(902))de]’ (6.7)

where 1) is the adjoint variable. By transferring derivatives from the perturbation Ju to the adjoint
variable ) through integration by parts and collecting boundary contributions, the adjoint operator is

obtained as o2
1 7/1

Since this expression must hold for arbitrary perturbations ju, the adjoint PDE is recovered as Eq. (6.9).
The corresponding boundary and terminal conditions follow from the integration by parts and from
the definition of the functional.

oy 1 9%

as

—E—u%—ﬁw—sm(ﬁm) (z,t) e QA x 1,
b, t) = 0, (2,1) €O x I, (69)
Y(x, T) =0, x € Q,

Here, 2 and t denote the spatial and temporal coordinates, respectively; 1) represents the adjoint solu-
tion; Re = 100 is the prescribed Reynolds number (controlled by kinematic viscosity v in OpenFOAM,
identical to the primal solver); and u is the computed primal solution.

Figure 6.16 shows the computed adjoint solution ¢ for N = 32 The adjoint exhibits a smooth,
periodic behavior in time, consistent with the sinusoidal source term associated with the chosen Qol.
Spatially, the solution is concentrated in the lower half of the domain, with maximum amplitudes near
x =~ 0.2-0.4, gradually decaying toward the upper boundary where homogeneous Dirichlet conditions
are imposed. The backward-in-time computation introduces wave-like structures that persist through-
out the domain, with an amplitude on the order of O(1). This distribution indicates that the adjoint
is most sensitive to perturbations in the central-lower region of the domain, reflecting the weighting
introduced by sin(7z) in the Qol definition.
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Figure 6.16: Adjoint solution ¢ of 1D MMS Burgers’ for spatial resolution of N, D = 39,

Using the reconstructed fine primal solution @, the adjoint solution ¢ was computed using the same
adjoint solver developed in OpenFOAM. It is noticeable that the reconstructed fine primal solutions
over 28 realizations were first averaged before computing a single adjoint solution. This strategy was
adopted to mitigate stochastic variability in the surrogate reconstructions of the ESN, where fluctua-
tions across realizations were pronounced.

The accuracy of the adjoint solutions computed using the surrogate fine primal fields was further quan-
tified by computing the MSE with respect to the reference adjoint solution, defined as

N, N

x

MSE(4)) N(h)zz( v t) (%,ti))Q, (6.10)

T =1 j5=1
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where N, is the number of temporal samples, N. M is the number of spatial elements in the fine space, 1
is the adjoint solution computed from the surrogate fine primal solution, and 1 is the reference adjoint
solution.

The results are presented in Figure 6.17. Both POD and CAE achieve small MSE values across all re-
finement levels, confirming their ability to reconstruct the adjoint field with nearly perfect accuracy. In
particular, POD reaches errors close to machine precision, while CAE exhibits slightly higher but still
negligible discrepancies. By contrast, the ESN reconstructions show MSE values that are orders of mag-
nitude larger, with errors that remain essentially insensitive to refinement. This behavior reflects the
limitations already observed in the primal reconstructions, wherein inaccuracies in the ESN’s predicted
fine primal field directly propagate into the adjoint solution.

10°

1072 4 ' — G v
¥
107* 4
= 106 4
[ E I —— Ao 4
g | e ~— -
= -84 - -
10 [ A
.‘\\
—~10 | Rty
107t R
B -] ]
| -=- poD
1071 _a- CAE
V- ESN
10714 L— r r r r
16 32 64 128 256

Figure 6.17: Test MSE of the computed 1D MMS Burgers’ adjoint solution ¢ using the reconstructed fine space solution iy, for
all refinements N, ;H> using POD, CAE, and ESN.

6.6. Adjoint-Based Error Localization

The spatial distribution of the time-averaged adjoint-based error indicator € is presented in Figure 6.18
for all refinement levels. At coarse resolutions, the error indicators exhibit relatively large magnitudes
and irregular distributions across the domain, reflecting the inability of the mesh to fully capture the
fine-scale features of the MMS solution. As the refinement increases, the overall error levels decrease by
several orders of magnitude, and the distributions become progressively smoother. This trend demon-
strates the consistency of the adjoint-based error estimator, which systematically identifies reduced
spatial discretization error as the resolution improves. Moreover, the localization of error near regions
of steep gradients becomes increasingly evident with refinement, showing that the estimator is sensitive
to the dominant features of the solution.

Having introduced the different surrogate models, the adjoint-based error indicator € averaged over
time per cell is now compared across Scenarios 1-3. The baseline FVM without any surrogate model is
plotted in gray in Figures 6.19-6.21 for reference.

In Scenario 1, where only the injected residual field is compressed and reconstructed, the error distri-
bution closely follows the baseline FVM across all refinements, with only minor deviations visible at
coarse resolutions. This indicates that the residual surrogates preserve the dominant error-contributing
structures with sufficient fidelity.

Scenario 2, in which the fine primal solution is compressed and subsequently used for adjoint computa-
tion, introduces a slightly larger discrepancy compared to Scenario 1. While POD and CAE reconstruc-
tions remain nearly indistinguishable from the baseline, the ESN shows noticeable divergence in both
the amplitude and the spatial pattern of the error indicator, particularly as the refinement increases.
This highlights the sensitivity of the adjoint solution to inaccuracies in the reconstructed primal field.

Scenario 3, where both the residuals and fine primal solution are reconstructed before computing the
adjoint, compounds the surrogate-induced deviations. While POD and CAE still deliver robust per-
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Fi§ure 6.19: Time-averaged adjoint-based error indicator € per cell for the 1D MMS Burgers’ problem at all refinement levels
N, computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 1.

formance, the ESN exhibits degradation relative to the baseline. The widening mismatch across refine-
ments underscores that the recurrent dynamics of the ESN are poorly suited to this setting, amplifying
error propagation when both surrogate stages are involved.

Overall, the comparison across scenarios suggests that the largest contributor to discrepancies in the
adjoint-based error indicator arises from the use of surrogate fine primal solutions rather than the
injected residual compression alone. POD and CAE prove sufficiently reliable across all scenarios,
whereas ESN performance deteriorates when integrated into adjoint computations.
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Figure 6.20: Time-averaged adjoint-based error indicator € per cell for the 1D MMS Burgers’ problem at all refinement levels
NZH), computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 2.
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Figure 6.21: Time-averaged adjoint-based error indicator € per cell for the 1D MMS Burgers’ problem at all refinement levels
NZH), computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 3.
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6.7. Adjoint-Based Error Estimation

To evaluate the accuracy of adjoint-based error estimation across different scenarios, the error in the
Qol J and its associated error estimates were examined. The time-averaged Qol is denoted by J. The
true error was defined as

AJ = Javs — T, (6.11)

where Jyms denotes the exact time-averaged Qol obtained from the manufactured solution, and Jir
denotes the numerical Qol computed on a coarse computational grid with N cells. In the baseline
framework, the adjoint-based error estimate was denoted by 6.Jrym, and the corrected Qol was obtained
as

jFVM = jH + 5jFVM~ (6.12)

In Scenarios 1-3, Where surrogate models were introduced, the adjoin:r—basefl error estimates were de-
noted by 6 Jpop, § Jcak, and d Jgsn, with corresponding corrected Qols Jpop, Jcag, and Jesn. The quality
of these error estimates was quantified by the error in the error estimate metric,

e(6J) = [0J — AJ|, (6.13)
which measures the deviation of the estimated error from the true error.

The results across Scenarios 1-3 are presented in Figure 6.22. In the left panels, the time-averaged Qols
J are shown, including Ji, Jvms, and the corrected values from each surrogate model. The middle
panels illustrate the absolute adjoint-based error estimates |§.J|, while the right panels compare the
error in the error estimate e(d.J).

Across all scenarios, the baseline FVM error estimates (§.Jgyy) were found to closely follow the true
error (AJ), confirming the consistency of the adjoint-based approach. The reconstructions obtained
with POD and CAE preserved this accuracy, with error estimates nearly indistinguishable from the
baseline. In contrast, larger deviations were observed for ESN, particularly at finer refinements, reflect-
ing the instability already identified in its primal reconstructions and adjoint computation.

When scenarios were compared, it was observed that Scenario 1 (injected residual compression only)
introduced a negligible impact on the error estimate, indicating that the residual surrogate was not the
dominant source of inaccuracy. In Scenario 2 (fine primal compression only), slightly larger deviations
were observed; however, POD and CAE still retained high fidelity. In Scenario 3, where both residu-
als and the primal solution were reconstructed, the accumulation of surrogate effects amplified ESN’s
discrepancies, while POD and CAE remained robust.

It can therefore be concluded that POD and CAE can be integrated into the adjoint-based estimation
pipeline without degradation of accuracy, whereas ESN requires further tuning to achieve comparable
reliability.

6.8. Summary

The MMS case verified the correctness and consistency of the proposed framework under analytically
defined and smooth conditions. The study began with the formulation of a 1D unsteady viscous Burg-
ers’ equation with a prescribed manufactured solution and its corresponding source term fyvs. A grid
convergence study confirmed the second-order accuracy of the implemented solver, with both the Qol
and RMSE decreasing as O(h?), verifying the numerical discretization and temporal scheme.

Injected residuals were then computed by projecting the coarse solution onto a refined grid and sub-
stituting it into the governing PDE. Their spatial distribution exhibited alternating symmetric patterns
consistent with the sinusoidal source, while their magnitude decreased by orders across refinements,
confirming convergence and consistency of the projection and injection procedures.

The first surrogate modeling stage addressed the compression of the injected residuals. The POD bench-
mark captured more than 95% of the energy with fewer than three modes across all resolutions, and the
65% threshold was adopted as a balanced benchmark. The CAE achieved stable convergence with com-
pact latent dimensions (dz = 2 for all cases), effectively reproducing residual structures while main-
taining low reconstruction error. The ESN performance was optimized through BO of reservoir param-
eters, demonstrating consistent validation errors and stable compression ratios. All models achieved
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Figure 6.22: Comparison of adjoint-based error estimation for the 1D MMS Burgers’ problem across Scenarios 1-3. Shown are
(left) the time-averaged Qol .J, including the exact value Jyms, the numerical solution J, and corrected values obtained using
FVM, POD, CAE, and ESN; (middle) the adjoint-based error estimates |6.J|; and (right) the error in the error estimate e(6.J).

comparable test MSE levels, verifying that the framework accurately compresses and reconstructs resid-
ual fields without numerical artifacts.

In the second surrogate stage, the fine primal solution was compressed. The POD achieved nearly full
energy recovery with a single dominant mode due to the low-rank nature of the MMS field. The CAE
and ESN reproduced smooth profiles with minimal deviations; the ESN required a higher optimiza-
tion time due to the stochastic nature of its reservoir search but maintained consistent accuracy across
refinements.

Adjoint-based error localization and estimation were then assessed across the defined Scenarios. The
adjoint field exhibited symmetric structures. Scenario 1 (residual compression only) showed negligible
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deviation from the baseline; Scenario 2 (primal compression) produced minor differences, with POD
and CAE preserving accuracy, while Scenario 3 (combined compression) revealed amplified errors for
ESN but stable performance for POD and CAE. The corrected Qols Jrop and Jeag closely matched the
exact manufactured value, and their error estimates §.J followed the true error trend, confirming the
consistency of adjoint-based estimation under surrogate integration.

Overall, the MMS case verified each component of the proposed methodology: solver accuracy, residual
convergence, surrogate compression of both residual and primal fields, and the preservation of adjoint-
based error estimation and localization fidelity. These results establish the numerical soundness of the
framework and its readiness for testing under nonlinear and data-driven DNS-forced conditions.






Results: DNS-driven Unsteady 1D
Viscous Burgers' Equation

This chapter presents the application of the proposed framework to a DNS-forced unsteady 1D vis-
cous Burgers’ equation. Unlike the controlled MMS studied in Chapter 6, the DNS case introduces a
physically realistic and dynamically rich dataset, characterized by nonlinear interactions and complex
temporal evolution. This configuration enables a more comprehensive evaluation of the framework’s
robustness when applied to data with intrinsic turbulence-like variability. The analysis follows the
same structure as the MMS verification: the DNS primal solution is first described, followed by the
compression and reconstruction of the injected residuals and fine primal solution using the benchmark
POD, CAE, and ESN approaches. Subsequently, the corresponding adjoint solutions are computed,
and their integration into adjoint-based error localization and estimation is assessed across the defined
surrogate scenarios. The chapter concludes with a summary of the principal findings and implications
for unsteady error estimation under realistic flow dynamics.

7.1. Problem Formulation

A DNS dataset of a TCF at a friction Reynolds number Re, = 180 was employed to provide the forcing
data for the unsteady 1D viscous Burgers’ equation. The simulation produced the wall-normal velocity
component, which served as the input signal. In wall-bounded turbulent flows, the friction Reynolds
number is a key control parameter [133] and is defined as:

Re, = , (7.1)

where u, denotes the friction velocity, ¢ the channel half-height, and v the kinematic viscosity of the
fluid.

The TCF simulation was carried out using a spectral-element DNS solver, from which the required data
were extracted. Specifically, the DNS dataset was sampled at a fixed streamwise location = and span-
wise location z, and the resulting wall-normal velocity component was used to drive the 1D Burgers’
equation. In this formulation, the Burgers’ equation is equivalent to the wall-normal momentum equa-
tion of the NS system at the chosen locations. The extracted dataset was subsequently down-sampled
to a uniform temporal resolution of At = 1 x 10~°, with a spatial discretization of N,, = 4096 elements.

For the 1D Burgers’ problem, the computational domain was defined as = [—4, 6] x I = [0, T] with
0 =1.0and T = 5.0. To ensure consistency with the DNS wall-normal velocity, homogeneous Dirichlet

BCs were applied. In addition, the IC was set to match the DNS velocity profile at ¢ = 0. Under these
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assumptions, the following primal PDE was obtained:

oo 0 1L
ot Oy  Re 0y?
v(y,t) =0, (y,t) € OQ x I,
v(y,0) = vpns(y,0), y € Q.

Here, y and ¢ denote the spatial wall-normal and temporal coordinates, respectively; v represents the
primal wall-normal velocity; and fpxs is the forcing source term extracted from the DNS dataset using
Eq. (1.2). The friction Reynolds number is set to Re, = 180, defined as Eq. (7.1). Since both u, and ¢§ are
fixed to unity in this nondimensionalized setup, the corresponding kinematic viscosity v is obtained
directly from the prescribed Re. and is used in the NS equations solved in OpenFOAM.

Ov dv 19p 1 (8211 8211)1

:fDNS7 (yvt)GQXIv
(7.2)

, (7.3)
DNS

=| Uz —wWz— — — o =+ 35

Jons Oz 0z  pdy 0x? 922

where u and w denote the streamwise and spanwise velocity components, respectively, p is the fluid

density, and p the pressure field. It is noticeable that, to evaluate the required derivatives, central fi-

nite difference approximations of second-order accuracy were employed. At the domain boundaries,
however, first-order finite difference schemes were adopted to maintain numerical stability.

Within the AMR framework, an h-adaptation strategy with a refinement factor of 2 was considered.
Accordingly, the spat1al resolutions of the coarse grid were set to IV, (H) € {64, 128, 256, 512}, with
a particular focus on N M) — 128 for detailed visualizations. Coarser configurations were found to
produce instabilities in the adjoint solver, as the insufficiently resolved primal field led to divergence
during the backward computation.

Since the DNS dataset must be represented on these coarser resolutions, it was necessary to downsam-
ple the original data. To achieve this, a top-hat filtering operation was applied, ensuring consistency
with potential applications of the same framework in the context of LES. The top-hat filter smooths the
DN signal by locally averaging over a finite support, thereby removing small-scale fluctuations that
cannot be represented on the coarser grids.

Mathematically, the filtered signal (y) at a coarse grid point y is given by:

1/-|-A/2
n) dn, (7.4)
T A / AJ2

where v }Sn is the DNS velocity field, and A is the filter width. In the case of downsampling to a resolu-

tion N , the filter width is chosen as
25

= N
Y
corresponding to the local grid spacing on the coarse mesh. This procedure ensures that the down-

sampled data are both numerically stable and physically consistent, while retaining the large-scale
structures necessary for meaningful error estimation within the AMR process.

A time-averaged Qol, denoted by J, was defined for this analysis as

:7// -’ 4(y,t) dQ I, (75)

where v(y, t) is the wall-normal velocity component, €2 denotes the spatial domain, and I the time
interval. The Gaussian weighting function was centered at x = 0 with a standard deviation of ¢ = 0.1
to emphasize the channel centerline.

This Qol was designed to approximate the non-normalized kurtosis near the channel centerline [134].
By normalizing J with the fourth power of the standard deviation, computed both from the DNS
dataset and the Gaussian reference distribution, the statistical kurtosis can be obtained as
. J
4

Jnorm

(7.6)
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where o denotes the standard deviation of the wall-normal velocity fluctuations. Kurtosis, the fourth
standardized statistical moment, characterizes the heaviness of the distribution tails and the presence
of outliers. For a Gaussian distribution, the kurtosis takes the value 3, which is typically used as the
baseline for comparison [134].

From the DNS dataset, the following values were obtained:
Jpns = 0.2340, JDONS norm = 3.596.

The normalized value indicates that the probability distribution of the DNS wall-normal velocity ex-
hibits heavier tails than a Gaussian distribution near the channel centerline. However, in practical
applications the exact normalization constant may not be accessible, as it requires prior knowledge of
the full dataset. For this reason, the non-normalized Qol Jpns is adopted as the true reference value
for the subsequent error estimation framework.

7.2. Primal Solution
To assess the accuracy of the primal solutions against the DNS reference, both a functional-based and a
state-based error analysis were performed. The functional error was quantified through the deviation
of the time-averaged Qol,

AJp = Joxs — Ju,

while the state error was measured using the RMSE of the wall-normal velocity field, defined as

t Ny
RMSE(vy) = ! Z _ ('UH(yi,,tj) - UDNS(yiytj))2a (7.7)

where N; and N, are the number of time steps and spatial elements, and vpns is the down-sampled
DNS solution with a top-hat filter.

Figure 7.1 presents the results of the grid convergence study based on the selected Qol and the RMSE
of the wall-normal veloci’%/ field. The results reveal a consistent convergence of both the Qol versus
spatial refinements of Ngs and the RMSE versus Ay(!)). The computed Qol values approach the DNS
reference monotonically, with the error A.Jy decaying at a rate close to O(N~2). The discrepancy at
coarser resolutions highlights the inability of under-resolved grids to capture the heavy tails of the prob-
ability distribution associated with the wall-normal velocity. Similarly, the RMSE exhibits a systematic
decrease as the mesh spacing is reduced, following an asymptotic slope proportional to O(h?). This
confirms that the primary source of error at coarse resolutions originates from spatial discretization.
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Figure 7.1: Grid convergence study of the 1D DNS-forced Burgers’ equation. (Left) Convergence of the Qol J towards the DNS
value. (Center) The absolute output error |AJy| against the spatial resolution N, ’, confirming a O(N ~2) convergence rate.
(Right) RMSE of the wall-normal velocity field versus DNS down-sampled solution as a function of the grid spacing Ay(H),
confirming the O(h?) behavior before plateauing due to temporal discretization effects.(All z-axes are shown in log scale.)

At finer resolutions, however, the reduction in error slows down, and a plateau emerges in both the
Qol and RMSE trends. This behavior indicates that once the discretization error has been sufficiently
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reduced, other error sources become dominant. These include the interpolation and differentiation of
the DNS dataset, as well as the finite temporal resolution used in the computations. Such secondary
contributions limit the benefits of further mesh refinement and mark the onset of the asymptotic regime.

Overall, the convergence study establishes two key findings: first, the numerical discretization of the
primal problem behaves consistently with theoretical predictions; and second, beyond a certain resolu-
tion, discretization errors are no longer the limiting factor.

The instantaneous behavior of the wall-normal velocity field for the resolution NlSH) = 128 isillustrated
in Figure 7.2, where elongated streak-like structures appear across the temporal domain. These alter-
nating positive and negative fluctuations highlight the intermittent nature of turbulence and confirm
the persistence of energetic wall-normal motions throughout the simulation.

m'l

Figure 7.2: Instantaneous wall-normal primal coarse velocity of 1D DNS-forced Burgers’ equation vy for NISH) =128
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To analyze these features statistically, the Reynolds decomposition was applied to the wall-normal ve-
locity, v = © + v/, where © denotes the temporal mean and v’ the fluctuating component. According to
the Reynolds-averaged continuity equation, and under the imposed homogeneous Dirichlet boundary
conditions, the mean wall-normal velocity should vanish, o = 0. This expectation was confirmed in
practice, as the computed profiles yielded o ~ 0 across the channel domain, in agreement with the
DNS dataset, where a + superscript represents the viscous scales normalization [135].

The second-order statistic of interest is the Reynolds stress v'v/, which quantifies the intensity of wall-
normal velocity fluctuations and contributes directly to the momentum transport in the channel [135].
As shown in Figure 7.3, the Reynolds stress profile obtained from the solver closely matches the DNS
reference for all tested grid resolutions. A maximum is observed at y/§ ~ 0.25, as expected for the
imposed Re, [136]. The agreement between the implemented solver and the DNS dataset demonstrates
the ability of the reduced 1D formulation to reproduce the essential statistical properties of the flow.

Furthermore, the comparison across resolutions indicates that coarse grids (e.g. NéH) = 64) are unable
to fully capture the fine-scale structure of the fluctuations, resulting in deviations in both the mean and
the Reynolds stress. As the resolution increases, however, the profiles collapse onto the DNS reference,
supporting the conclusions of the grid convergence study. Extending the temporal domain would be
expected to further reduce residual deviations in the mean and to produce an even more symmetric
distribution of the Reynolds stress about the channel centerline.

The turbulent energy distribution of the wall-normal velocity fluctuations was further examined by
computing the spectral energy density £, (k) through a Fourier decomposition of the fluctuating com-
ponent v'(y). The discrete signal was transformed into the frequency domain using a Fast Fourier
Transform (FFT), and the spectral density was defined as

By (k) = 5 9(k)o*(k), (7.8)

where (k) denotes the Fourier coefficients and the superscript * their complex conjugate. A time aver-
age of E,, (k) was then computed to obtain the wall-based spectral energy spectrum.
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Figure 7.3: Comparison of wall-normal statistics between the primal solver and DNS. (Left) Mean wall-normal velocity o7

(Right) Reynolds stress vl

Figure 7.4 shows the resulting spectra for different spatial resolutions compared with the DNS ref-
erence. As expected, larger scales (low wavenumbers) contain most of the turbulent kinetic energy,
while progressively smaller scales (high wavenumbers) are associated with reduced energy content.
The well-resolved DNS solution reproduces the entire energy cascade, whereas the coarser grids fail
to capture the high-wavenumber range. Increasing the resolution improves the overlap with the DNS
and extends the inertial range of resolved scales.

The slope of the inertial subrange in the Burgers’ equation is theoretically E(k) ~ k=2 [137], distinct
from the £~°/3 law associated with the NS equations. At higher resolutions, the most energetic tur-
bulent scales are adequately captured, though the inertial range remains limited due to the relatively
low Reynolds number (Re, = 180) of the forcing dataset. Nevertheless, the comparison across reso-
lutions clearly illustrates the effect of spatial discretization; while low wavenumber energy content is
captured even at coarse resolutions, only fine grids are capable of approximating the DNS behavior at
intermediate and high wavenumbers.
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Figure 7.4: Time-averaged spectral energy density Ef, (k1) of the wall-normal velocity fluctuations computed for 1D DNS-
forced Burgers’ equation for different spatial resolutions, compared with the DNS reference. The theoretical k2 slope of the
Burgers’ equation [137] is indicated for reference.

7.3. Injected Residual Compression

As discussed, one of the essential datasets for evaluating the output error estimate is the set of injected
residuals. In the 1D DNS-driven case, these residuals were obtained by first projecting the coarse-grid
solution vy onto the corresponding refined grid, yielding the fine-grid representation v/’. To achieve
this, a linear interpolation scheme was applied. For consistency, the forcing term extracted from the
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DNS dataset was projected onto the fine grid using the same procedure.

The projected field v/’ was then substituted into the primal Burgers’ equation, Eq. 7.2, to compute the
injected residuals, denoted as R(v{?). The governing expression can be written as

Oul | 00 - i% - fDNs|;IL{ (7.9)

H
R(vy) = ot + Uk Oy  Re 0y?

where fpns represents the forcing term derived directly from the DNS dataset. This formulation en-
sures that the injected residuals quantify the discrepancy between the interpolated coarse-grid solution
and the DNS-driven fine-grid dynamics, thereby providing the necessary input for the error estimation
framework.

The injected residuals for the case NZSH) = 128 are shown in Figure 7.5. These residuals quantify the
mismatch between the projected coarse-grid solution and the DNS-driven fine-grid dynamics, thereby
providing a localized measure of discretization and projection error.
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Figure 7.5: Instantaneous injected residuals R(v{T) of 1D DNS-forced Burgers’ equation for NZSH> = 128.

In contrast to the smoother structures observed in the wall-normal velocity field vy (Figure 7.2), the
residual field exhibits significantly higher spatial and temporal complexity. The contour plot reveals a
dense pattern of alternating positive and negative values, which are strongly modulated by the turbu-
lent fluctuations of the DNS forcing. This added complexity arises from the involvement of nonlinear
convective terms, viscous contributions, and the DNS forcing term in the definition of the residual. As
a result, the residual field highlights not only the turbulent dynamics but also the sensitivity of the
numerical discretization to small-scale variations.

It is further observed that the magnitude of the injected residuals is relatively smaller in the middle of
the channel compared to the near-wall regions. This distribution reflects the stronger velocity gradients
and enhanced turbulent activity close to the walls, where discretization and projection errors accumu-
late more prominently. The reduced residual levels in the channel center suggest that the numerical
approximation is more accurate, while the wall vicinity remains the critical zone driving the overall
error behavior.

Figure 7.6 reports the temporal statistics of the injected residuals for different spatial resolutions. The
black line indicates the mean residual profile, while the gray shaded region corresponds to the standard
deviation over time.

Across all resolutions, the mean residuals remain close to zero, which confirms that the discretization
error does not introduce a systematic bias into the solution. Instead, the dominant information is carried
by the fluctuations. The standard deviation reveals the spatial structure of these fluctuations, which
are consistently stronger near the walls, where velocity gradients and turbulent activity are largest, and
weaker in the channel center, where the flow fluctuations are less intermittent. As the grid is refined,
the masgmtude of the standard deviation decreases by more than an order of magnitude, from O(1071)
at N 64 to O(107%) at Ny, () — 512, demonstrating the convergence of the injected residuals with
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Figure 7.6: Temporal mean (black line) and standard deviation (gray shaded area) of the injected residuals R(vi?) of 1D DNS-
forced Burgers’ equation across the channel height for different grid resolutions NéH) € {64,128,256,512}.

resolution. In addition, the refinement reveals sharper peaks in the standard deviation profiles near the
wall regions, indicating the emergence of higher-order spatial modes in the residual field that become
resolved as smaller-scale gradients are captured on finer grids.

7.3.1. Proper Orthogonal Decomposition

The results of the residual compression using an offline POD are summarized in Figure 7.7. The left
panel shows the cumulative energy content & as a function of the number of retained modes, while
the remaining plots report the required number of modes & to satisfy the corresponding threshold, the
POD computation time, the reconstruction MSE, and CR for different refinement levels.
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Figure 7.7: Offline POD benchmark results of reconstructed injected residuals of 1D DNS-forced Burgers” equation for different
spatial resolutions. (Left) Cumulative energy content £ as a function of retained modes k, with thresholds at 65%, 80%, and
95%. (Right) Corresponding required number of modes k, POD computation time, reconstruction test MSE, and compression
ratio (CR).

Three energy thresholds, & < 65%, 80%, and 95%, were tested. As expected, increasing the threshold
improves reconstruction accuracy (lower MSE) but requires significantly more retained modes and a
higher computational cost. At the coarsest resolutions (NéH) = 64 and 128), relatively few modes are
sufficient to reach the chosen thresholds, whereas the finer grids (N?SH) = 256 and 512) demand a
much larger number of modes to achieve the same level of accuracy. This behavior reflects the growing
complexity of the residual field with increasing resolution, as already observed in Figure 7.6.

For the remainder of this work, a threshold of £ < 80% is selected as the benchmark for assessing
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alternative surrogate modeling strategies. This choice provides a compromise between accuracy and
efficiency, as it ensures that the dominant energetic structures of the residuals are retained while avoid-
ing the excessive number of modes and computational cost associated with the 95% case. Although
the 65% threshold yields higher compression ratios, its reconstruction error is too large to be reliable
for error estimation purposes.

Itis important to note that, compared to the MMS case discussed in Chapter 6, the DNS-driven residuals
are considerably more challenging to compress. For the MMS, only one or two modes were sufficient to
accurately reconstruct the injected residuals, owing to the simplicity of the manufactured forcing. Here,
however, the turbulent residuals require a substantially larger modal basis to achieve even moderate
accuracy, underscoring the higher spatio-temporal complexity of the DNS problem.

7.3.2. Convolutional Autoencoder

The first proposed compression method for the 1D DNS-forced injected residuals was the CAE. As
in the MMS case, the latent space dimension dz was initially estimated using PCA, ensuring that the
CAE architecture is constructed to capture the dominant variance of the data without introducing re-
dundant latent variables. The selected values of d z for the different spatial resolutions are summarized
in Table 7.1.

Table 7.1: Latent space dimension d z determined for the CAE architecture based on PCA analysis of the 1D DNS-forced Burgers’
injected residuals.

NS | 64 128 256 512
dz |57 74 90 150

In contrast to the MMS case, where only two latent variables were sufficient across all refinement lev-
els, the DNS-driven residuals demand s1gn1f1cantly higher latent space dimensions. Specifically, dz
increases from 57 at Ny (1) — 64 to 150 at Né ) =512, reflecting the growing complexity of the residual
statistics with grid refmement. This strong dependence on resolution highlights the richer and more
intermittent structure of DNS-forced residuals compared to the highly regular patterns obtained under
manufactured forcing.

The need for larger latent dimensions can be attributed to the combined effect of nonlinear convective
dynamics, turbulent fluctuations, and near-wall intermittency present in the DNS case. As a result,
the CAE is required to learn a more expressive latent representation that scales with the number of
spatial elements. These findings confirm that, unlike in the MMS case, the DNS-forced residuals cannot
be effectively compressed into a low-rank representation and instead require a larger latent space to
preserve the key statistical features across resolutions.

Following the determination of the latent space dimension dz through PCA, a dedicated CAE architec-
ture was generated for each spatial resolution of the DNS-forced injected residuals usmg Algorithm 3.
In this case, the configuration parameters were chosen as cin = 1, Chase = 4, Cmax = N / 2, and kernel
size k = 4, accounting for the inherently higher complexity of the DNS dataset relatlve to the MMS
case, together with the additional complexity introduced by increasing grid refinement. An illustrative
example of the resulting CAE architecture is presented in Figure 7.8 for the case st ) = 64, while
the detailed encoder and decoder specifications are provided in Tables 7.2 and 7.3, respectively. As
before, (k, s,p) denote the kernel size, stride, and padding of each convolutional layer. The remaining
architectures for higher resolutions were generated analogously and are presented in Appendix B.2.

The encoder is composed of seven convolutional layers, each followed by BN and LReLU activation.
These layers progressively reduce the spatial dimension from the initial input size of (1, 128) to a com-
pressed representation of (32, 1), while increasing the feature depth to 32 channels. The output is then
flattened and projected onto the latent space of size dz = 57 through a fully connected layer. Com-
pared to the MMS case, this architecture requires a deeper encoder to accommodate the larger latent
dimension and the richer variability of the DNS residuals.

The decoder mirrors the encoder in a symmetric fashion. Starting from the latent vector, a linear layer
maps back to (32, 1), which is then sequentially upsampled and processed through convolutional blocks
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with BN and LReLU activation. This gradual reconstruction restores the spatial resolution of (1,128),
producing the reconstructed residual field R(v}’). The increased number of upsampling—convolution
stages compared to the MMS design reflects the necessity of capturing finer-scale turbulent structures
inherent to the DNS case.

Ta(b}lﬁ 7.2: Layer-by-layer details of the encoder architecture applied to 1D DNS-forced Burgers’ injected residuals for the case
NS =64

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,128) (4,64) (4,2,1) 16
E1 BN (4,64) (4,64) 8
LReLU (4,64) (4,64) 0
Conv. 1D (4,64) (8,32) (4,2,1) 128
E2 BN (8,32) (8,32) 16
LReLU (8,32) (8,32) 0
Conv. 1D (8,32) (16, 16) (4,2,1) 512
E3 BN (16, 16) (16, 16) 32
LReLU (16,16) (16,16) 0
Conv. 1D (16, 16) (32,8) (4,2,1) 2048
E4 BN (32,8) (32,8) 64
LReLU (32,8) (32,8) 0
Conv. 1D (32,8) (32,4) (4,2,1) 4096
E5 BN (32,4) (32,4) 64
LReLU (32,4) (32, 4) 0
Conv. 1D (32,4) (32,2) (4,2,1) 4096
E6 BN (32,2) (32,2) 64
LReLU (32,2) (32,2) 0
Conv. 1D (32,2) (32,1) (4,2,1) 4096
E7 BN (32,1) (32,1) 64
LReLU (32,1) (32,1) 0
E8 Flatten (32,1) (32) 0
E9 Linear (32) (57) 1881

Regarding the optimization procedure, the DNS-forced injected residuals required a modified training
setup compared to the MMS case due to their significantly larger size and higher intrinsic complexity.
A batch size of 1000 samples was employed, striking a balance between stable gradient updates and
computational feasibility given the dataset’s scale. Unlike the MMS case, no temporal subsampling was
applied (Atgy, = 0), as retaining the full resolution of the DNS residuals was necessary to preserve
their rich spatio-temporal dynamics, resulting in a time series of length 500,000.

Training was carried out over 500 epochs. An adaptive learning rate strategy was applied during the
first 450 epochs, following the formulation in Eq. (5.8), with an initial learning rate of 7o = 1073 and
a decay factor of 7, = 1072, After this adaptive phase, the learning rate was fixed at its final value for
the last 50 epochs to stabilize convergence and reduce oscillations near the minimum. The hyperpa-
rameter choices were determined empirically through exploratory trials, with particular attention to
maintaining stable convergence at higher resolutions.
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Tablﬁ 7.3: Layer-by-layer details of the decoder architecture applied to 1D DNS-forced Burgers’ injected residuals for the case

N =64
Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
D1 Linear (57) (32) 1856
Upsample (32,1) (32,2) 0
Do Conv. 1D (32,2) (32,2) (3,1,1) 3072
BN (32,2) (32,2) 64
LReLU (32,2) (32,2) 0
Upsample (32,2) (32,4) 0
D3 Conv. 1D (32,4) (32,4) (3,1,1) 3072
BN (32,4) (32,4) 64
LReLU (32,4) (32,4) 0
Upsample (32,4) (32,8) 0
D4 Conv. 1D (32,8) (32,8) (3,1,1) 3072
BN (32,8) (32,8) 64
LReLU (32,8) (32,8) 0
Upsample (32,8) (32,16) 0
D5 Conv. 1D (32, 16) (16, 16) (3,1,1) 1536
BN (16,16) (16, 16) 32
LReLU (16,16) (16, 16) 0
Upsample (16,16) (16,32) 0
D Conv. 1D (16,32) (8,32) (3,1,1) 384
BN (8,32) (8,32) 16
LReLU (8,32) (8,32) 0
Upsample (8,32) (8,64) 0
b7 Conv. 1D (8,64) (4,64) (3,1,1) 96
BN (4,64) (4,64) 8
LReLU (4,64) (4,64) 0
D8 Upsample (4,64) (4,128) 0
Conv. 1D (128) (1,128) (3,1,1) 12
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Figure 7.9 presents the evolution of the batch-averaged MSE for training and validation across differ-
ent spatial resolutions Ny(H), together with the applied learning rate schedule. For all resolutions, the
MSE exhibits a steep initial decrease, confirming that the CAE rapidly captures the dominant struc-
tures of the residuals. As training progresses, both both training and validation curves continue to
decrease smoothly, with convergence typically reached around epochs 400-500. At the finer resolu-
tions (N§H) = 256 and 512), the MSE curves show higher variance during the early epochs, reflecting
the added difficulty of compressing and reconstructing the more intricate DNS residual fields. Never-
theless, the training remains stable, and both training and validation losses eventually align, indicating
no signs of overfitting.
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Figure 7.9: Training and validation batch-averaged MSE during CAE training of 1D DNS-forced Burgers’ injected residuals for
different spatial resolutions N@SH). The top-left panel shows the adaptive learning rate schedule applied during the first 450
epochs, followed by a constant value. (The initial epochs are truncated in all MSE plots for visualization purposes.)

7.3.3. Echo State Network

The second proposed compression method was the ESN, constructed as a single pseudorandomly ini-
tialized reservoir. Training was carried out by solving a linear regression problem to determine the
optimal mapping between the reservoir states and the output layer. For the DNS case, the dataset
comprised the full temporal history of 500,000 steps. The validation set was assembled from 199 over-
lapping intervals of 5,000 samples each, providing a statistically representative evaluation across the
full time horizon.

The hyperparameter search space explored by BO was defined as p x i, € [0.1, 1] x [1075, 107], with
p denoting the spectral radius and o, the input scaling. This range represents a notable shift from
the MMS configuration; the significantly smaller magnitudes of the DNS-forced residuals necessitated
much lower values of oy, in order to prevent overdriving the reservoir dynamics. By restricting o, to
the interval [107°, 107!], the input signals were consistently rescaled to a regime where the nonlinear
reservoir units could operate effectively across all refinement levels.

The spectral radius range p € [0.1, 1] again provided coverage of both the contractive regime (p < 1)
for stability and the near-critical regime (p ~ 1) for enhanced memory capacity, thus ensuring that the
reservoir could accommodate both short- and long-term correlations present in the DNS residuals. For
the linear regression stage, the Tikhonov regularization parameter was selected from the reduced can-
didate set 3 € {107%, 107}, which was sufficient to stabilize the solution while mitigating overfitting
risks.

As in the MMS case, the number of neurons N, and the leaking rate o were not optimized within the
BO loop but were instead determined empirically in subsequent analyses. This separation ensured that
the BO search remained focused on the key sensitivity drivers, namely p, oin, and /3, while allowing for
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additional flexibility in tuning reservoir capacity and memory retention.

Bayesian Optimization Setup

As introduced in Section 5.3.3, the first step in setting up the BO procedure for the ESN consisted of
determining the appropriate number of initial grid search points N¢g. For the DNS-forced case with
leH) = 256, N, = 128, and a = 0.6, the impact of Ngs was systematically assessed. Figure 7.10 (left)
presents the distribution of validation MSE across multiple runs. Increasing N¢gg from 4 to 25 led to a
consistent reduction in the median error, accompanied by a contraction of the inter-percentile spread.
This indicates that larger Ngg values improve both the accuracy and robustness of the BO procedure
by providing a more reliable initialization of the surrogate model. Beyond Ngg ~ 25, however, the
validation error plateaus, and additional grid evaluations yield negligible improvements.

The effect of Ngg on the optimization cost is shown in Figure 7.10 (right). The optimization time scales
approximately as O(NZI*). This scaling emphasizes the computational trade-off, while a small Ngg
results in higher variability and potentially suboptimal minima; excessively large values increase cost
without tangible accuracy gains. Based on this balance, Ngg = 25 was again identified as a practical
compromise, ensuring reliable convergence while keeping the computational overhead manageable.
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Figure 7.10: Effect of the number of initial grid search points Ngs on BO performance, analyzed for 1D DNS-forced injected
residuals of N,SH) = 256 case with IV = 128 and o = 0.6. (Left) Validation MSE distribution across runs, (Right) Optimization
time scaling with Ngg.

It is worth noting that the optimal Ngg for the DNS case aligns with the MMS findings, despite the
significantly larger dataset and higher variability of the residuals. This suggests that the BO initializa-
tion strategy generalizes across both simplified and more complex settings, with Ngg = 25 providing
a robust baseline configuration.

To mitigate the stochastic variability inherent in ESN training due to its pseudo-random reservoir ini-
tialization, an ensemble of N.,,; ESN realizations was employed, each generated with a distinct random
seed. The influence of N, on BO performance for the DNS-forced case is illustrated in Figure 7.11.

The median validation MSE stabilizes around values of O(10~8) across the tested ensemble sizes, con-
firming that the ESN is able to consistently capture the statistical structure of the injected residuals.
For small ensembles (N.,s < 10), however, the spread between the 20th and 80th percentiles is rel-
atively wide, reflecting the sensitivity of the BO outcome to random reservoir realizations. As N¢p
increases, this spread contracts, indicating that larger ensembles enhance robustness by averaging out
reservoir-induced fluctuations.

Beyond N,s =~ 25, the improvements in robustness become marginal, while the computational cost
continues to increase with N,,s. Based on this trade-off, a value of N.,, = 28 was selected as the
default configuration for subsequent experiments. This choice ensures the statistical reliability of the
BO results without incurring unnecessary computational overhead.

It is worth noting that, compared to the MMS case, the DNS residuals exhibit lower absolute MSE levels
but greater sensitivity to ensemble averaging, reflecting the increased complexity and variability of the
DNS dataset.



76 Chapter 7. Results: DNS-driven Unsteady 1D Viscous Burgers' Equation

2.2 x 1078

2.1 % 10781

8 2x10®
=
2
e
= A
= 1.9 x 1078 /1
3 / \\
>
~~~~~~~~~~ Min,/Max
-8
1.8x107% 1f - 20/80th Percentile
—e— 50th Percentile
----- Selected Nejps = 28

5 10 15 20 25 30 35 40
Nens
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Selection of Number of Neurons & Leaking Rate
After establishing the BO setup, the impact of the reservoir size IV, on ESN performance was analyzed
for the 1D DNS-forced injected residuals, with the leaking rate fixed at & = 0.8. The results are summa-

rized in Figure 7.12, which reports the variation of validation MSE, CR, and optimization time across
different reservoir sizes.
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Figure 7.12: Effect of the number of reservoir neurons N, on ESN performance for 1D DNS-forced Burgers’ injected residuals.
(Left) Validation MSE, (Center) Compression ratio, and (Right) Optimization time.

As expected, increasing N, leads to a systematic reduction in validation error, reflecting the enhanced
representational capacity of larger reservoirs. The decrease in MSE spans several orders of magnitude,
from O(107°) at small reservoirs to O(107'Y) at large reservoirs, underscoring the ability of the ESN
to capture the rich multi-scale dynamics of the DNS residuals. However, this improvement exhibits
diminishing returns beyond N, ~ 256, where the marginal gains in accuracy are small compared to the
substantial rise in computational costs.

At the same time, the CR decreases monotonically with N,, as enlarging the reservoir directly reduces
the level of compression achieved. This highlights the fundamental trade-off between accuracy and
compression. While small reservoirs yield extremely high CR values (above 10%), they fail to capture
the fine-scale variability of the DNS residuals, whereas larger reservoirs achieve near-optimal accuracy
at the expense of storage efficiency.

The optimization time shows a similar trend, remaining moderate for IV, < 128 but increasing steeply
for larger reservoirs. This behavior reflects the quadratic dependence of the regression stage on the
number of reservoir states, which dominates the overall cost as NV, grows. Based on these considera-
tions, N, = 256 was selected as the default configuration, providing a balanced compromise between
accuracy, compression efficiency, and computational feasibility.

Compared to the MMS case, the DNS dataset required larger reservoirs to achieve stable accuracy,
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reflecting its higher intrinsic complexity and variability. This result emphasizes the sensitivity of ESN
performance to the richness of the underlying dynamics, while the low-rank structure of the MMS
residuals allowed accurate compression with N, ~ 64, the DNS-forced case necessitates an order-of-
magnitude increase in reservoir capacity to achieve comparable reliability.

The effect of the leaking rate o on ESN performance for the DNS-forced injected residuals is reported in
Figure 7.13. In contrast to the MMS case, where leakage of (« ~ 0.6) already ensured near-optimal re-
sults, the DNS dataset exhibits a stronger dependence on «. Specifically, the validation error decreases
sharply when moving away from the non-leaky configuration (a = 0), confirming that some degree
of leakage is essential to avoid stiffness in reservoir dynamics and to capture temporal dependencies
effectively.
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Figure 7.13: Effect of the leaking rate « on the ESN performance of validation MSE for 1D DNS-forced Burgers’ injected residuals.
Since a has no significant influence on optimization time or compression ratio, these metrics are omitted.

The error continues to decrease consistently up to a ~ 0.8, at which point the validation MSE reaches its
minimum. This indicates that for the more complex DNS residuals, longer effective memory, enabled by
higher leaking rates, is beneficial for properly integrating the broadband temporal correlations. Beyond
this point, the validation error shows only marginal increases, suggesting that excessively large « values
may start to reduce the reservoir’s capacity for temporal integration, but the sensitivity is weaker than
in the MMS case.

As in the MMS study, the leaking rate does not significantly affect either the optimization time or the
compression ratio; thus, these metrics are omitted here. Based on the trade-off between accuracy and
robustness, @ = 0.8 was selected as the default value for the DNS case. This higher optimal leakage,
compared to the MMS case, reflects the richer temporal structure and increased complexity of the DNS-
forced residuals, which demand a reservoir with extended memory capacity.

7.3.4. Performance Assessment

This section presents the reconstruction performance of the three surrogate models, namely the bench-
mark POD, CAE, and ESN, applied to the 1D DNS-forced injected residuals of Burgers’ equation across
all refinement levels. Figure 7.14 compares the reconstructed residual distributions with the reference
residuals (shown in gray, with dashed black lines denoting the temporal mean).

In line with the MMS results, all models are able to reproduce the mean values of the injected residuals
with excellent accuracy across most refinement levels. The only exception is observed for the CAE at the
fine resolutions NZSH) = 256, 512, where deviations appear in the near-wall regions. This indicates that
while the dominant residual trends are consistently captured, local errors emerge when both spatial
resolution and residual complexity increase.

Differences among the models become more evident in terms of the reconstructed standard deviation.
At coarse and intermediate resolutions, all three methods yield similar levels of agreement with the
reference spread. However, at the highest refinement NZSH) = 512, the CAE clearly outperforms both
POD and ESN, achieving a notably better reconstruction of the temporal variability. POD suffers from
its dimensionality reduction threshold, which leads to underrepresentation of higher-order fluctua-
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tions, while ESN tends to smooth out residual variability due to the limited reservoir size adopted for
computational tractability.
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Figure 7.14: Reconstructed 1D DNS-forced Burgers’ injected residuals R (v{!) for all refinements N§H> using POD (top), CAE
(middle), and ESN (bottom). The shaded regions are the actual residuals R (v{f ), with the dashed black lines indicating their
temporal mean.

Figure 7.15 compares the performance of POD, CAE, and ESN in terms of reconstruction fidelity and
compression efficiency for the 1D DNS-forced Burgers’ injected residuals. In contrast to the MMS case,
the relative ranking of the methods changes due to the higher variability and complexity of the residu-
als.

In terms of accuracy, the ESN consistently achieves the lowest reconstruction MSE values, where its
recurrent dynamics allow it to resolve fine-scale temporal correlations, except for the finest resolution.
POD maintains competitive accuracy, particularly at NgsH) = 256 and 512, where its truncation strategy
is less restrictive. The CAE, by contrast, exhibits the largest errors at coarse resolutions, reflecting the
difficulty of capturing stochastic fluctuations with limited latent dimensions. While its performance
improves with refinement, it remains less accurate than ESN and POD, which marks a clear departure
from the MMS results, where the CAE was consistently superior.
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The compression ratio highlights a complementary trade-off. Owing to its compact reservoir represen-
tation, the ESN achieves compression ratios that are orders of magnitude larger than those of both POD
and CAE, which remain bounded to values O(10°-10'). This demonstrates the suitability of ESN for
extreme dimensionality reduction, though at the expense of higher reconstruction costs.
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Figure 7.15: Performance comparison of POD, CAE, and ESN for the 1D DNS-forced Burgers’ injected residuals, showing test
MSE and compression ratio (CR) as functions of spatial refinement Ny ’.

To provide a unified overview of the computational requirements, Figure 7.16 presents the preparation
and reconstruction times for all surrogate models applied to the 1D DNS-forced Burgers’ injected resid-
uals. These timing results are included jointly here since they were deliberately omitted from the main
performance comparison, which focused solely on the compression ratio and reconstruction fidelity.
This separation ensures that the core assessment remains device-independent, while the timing data
serve to illustrate the relative computational scaling behavior of each model.

It should be emphasized that these results are strongly hardware-dependent and are therefore not in-
tended as absolute performance benchmarks. The CAE was trained on Device 1, while both the ESN
optimization and POD computations were executed on Device 2. For this reason, the reported times
are best interpreted in terms of scaling trends rather than raw magnitudes.
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Figure 7.16: Preparation and reconstruction times for the 1D DNS-forced Burgers’ injected residuals, comparing the POD, CAE,
and ESN across different spatial resolutions NéH). The CAE was trained on Device 1, while the POD and ESN computations
were performed on Device 2.

As expected, the computational cost for all models increases consistently with spatial refinement NZSH),
reflecting the growing input dimensionality and the corresponding rise in model complexity. The mild
variability observed in the ESN optimization times stems from the stochastic nature of the BO process
and random reservoir initialization rather than from numerical instability.

The left panel depicts the preparation time, which quantifies the total computational cost associated
with building each surrogate model. Specifically, this corresponds to the training time for the CAE, the
optimization time for the ESN, and the eigenvalue computation time for the POD. Conversely, the right
panel reports the reconstruction time, which represents the cost of performing a single inference or for-
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ward reconstruction using each trained surrogate. Here, the difference between the methods becomes
more pronounced: the POD and CAE achieve near-instantaneous reconstructions, while ESN incurs ad-
ditional computational overhead associated with the recurrent evaluation of reservoir dynamics over
the temporal sequence.

Despite the relatively higher absolute cost of the Al-based methods, both the CAE and ESN maintain
computationally feasible runtimes for DNS-scale problems, confirming their suitability for large un-
steady datasets and high-resolution flow reconstructions.

To further assess the relative efficiency of the surrogate compression methods, Figure 7.17 compares
the reconstructed injected residuals R(v}’) obtained using CAE and ESN against POD reconstructions
computed at identical compression ratios to those achieved by CAE and ESN. This comparison enables
a fair evaluation of reconstruction quality at equal compression efficiency, isolating the effect of model
architecture from the influence of data reduction level.
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Figure 7.17: Comparison of the reconstructed 1D DNS-forced Burgers’ injected residuals R(v ff ) obtained using CAE (blue), ESN
(green), and POD (red), where the POD reconstruction was performed at the same CR achieved by each CAE and ESN model.
The gray shaded region represents the FVM reference solution, while the colored shaded bands denote temporal variability and
the solid lines indicate temporal means.

As shown, the POD reconstructions (in red) exhibit markedly different behavior depending on the
reference CR. For the CAE-matched CRs, which are relatively moderate and close to the POD’s original
compression levels, the reduced CR leads to enhanced reconstruction fidelity, with the temporal mean
and variability closely following the FVM reference (gray). However, when POD is constrained to
the significantly higher compression ratios achieved by the ESN, it fails to recover meaningful spatial
features, and the temporal statistics collapse toward zero, indicating severe information loss.

This behavior highlights the strong compression capability of the ESN, which maintains a stable recon-
struction even at extremely low-dimensional representations, whereas linear decompositions such as
POD rapidly deteriorate when subjected to the same reduction levels. The results also confirm that
the CAE operates in a compression regime comparable to POD while achieving similar or slightly im-
proved accuracy, whereas the ESN achieves far greater compression at the cost of nonlinear encoding
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complexity.

Overall, the results confirm that all three surrogate models are robust in reproducing the residual
means, which is the most critical quantity for error estimation in time-averaged Qols. Yet, their rel-
ative strengths diverge when considering variability, efficiency, and scalability. The ESN achieves the
best overall mean accuracy and compression efficiency, benefiting from its ability to capture temporal
complexity, while the CAE demonstrates superior capability in reproducing variability at fine resolu-
tions and consistently delivers the fastest reconstruction times. POD, though less competitive, provides
a balanced alternative with reasonable accuracy and interpretability, albeit with limitations in handling
the full complexity of DNS data compared to the nonlinear and reservoir-based approaches.

7.4. Primal Solution Compression

To extend the analysis of Scenarios 2 and 3 to the 1D DNS-forced Burgers’ problem, a surrogate represen-
tation of the fine primal solution is required. This surrogate provides the foundation for computing the
corresponding surrogate adjoint solution, . As in the MMS case, the same compression methodolo-
gies, the benchmark POD, CAE, and ESN, were employed, with modifications introduced to account
for the increased variability and complexity of the DNS dataset. The specific adaptations made for the
primal solution in this context are discussed in the following subsections.

7.4.1. Proper Orthogonal Decomposition

The results of the offline POD benchmark applied to the fine primal solution of the 1D DNS-forced
Burgers’ equation are presented in Figure 7.18. In contrast to the MMS case, the convergence of the re-
tained modal energy &y is noticeably slower, reflecting the richer dynamics and higher variability of the
DNS dataset. To reach the target threshold of 99% energy retention, between k = 43 and k = 47 modes
are required, depending on the refinement level. This substantial increase in modal dimensionality
highlights the more complex nature of the DNS primal field compared to the nearly rank-one structure
observed for MMS.
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Figure 7.18: Offline POD benchmark results of reconstructed fine primal solution of 1D DNS-forced Burgers’” equation for differ-
ent spatial resolutions. (Left) Cumulative energy content £ as a function of retained modes k, with threshold at 99%. (Right)
Corresponding required number of modes k, POD computation time, reconstruction test MSE, and compression ratio (CR).

The influence of this increased complexity is evident in the performance metrics. The reconstruction
test MSE remains of the order of 1075, several orders of magnitude higher than the MMS case. This
gap directly reflects the fact that a larger number of modes is needed to capture the energetic content
of DNS solutions, making the reduced-order representation less compact. Similarly, the compression
ratio grows with refinement but remains relatively modest, particularly at coarse resolutions, due to
the higher number of modes retained.

Finally, the POD eigenvalue computation time exhibits strong scaling with spatial resolution, increas-
ing from a few seconds at Néh) = 128 to nearly one minute for NéH) = 1024. While this cost remains
affordable in absolute terms, it highlights the practical trade-off of POD in DNS contexts; the method
provides robust and accurate reconstructions, but the dimensionality of the reduced space grows sig-
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nificantly with problem complexity, limiting compression efficiency compared to the MMS scenario.

7.4.2. Convolutional Autoencoder

The CAE was also applied to the fine primal solution using the same training strategy and architec-
tural framework outlined in Section 5.3.2. In this case, the PCA-based analysis revealed that the latent
dimension dz required to capture the dominant variability of the DNS primal fields is significantly
larger than in the MMS case. As reported in Table 7.4, the dimensionality stabilizes at dz = 17 across
all refinement levels.

This result highlights the increased complexity of the DNS dataset compared to the highly coherent
MMS fields. Unlike the manufactured solution, where the dynamics were essentially rank-one, the
DNS primal solution exhibits richer structures and higher-order variability that cannot be compressed
into a single dominant latent direction. The fact that dz remains constant across refinements suggests
that the intrinsic dimensionality of DNS dynamics is grid-independent but still requires a nontrivial
latent space to achieve faithful compression.

Table 7.4: Latent space dimension d z determined for the CAE architecture based on PCA analysis of the 1D DNS-forced Burgers’
fine primal solution.

NyV | 128 256 512 1024
dz | 17 17 17 17

Although the CAE architecture remained identical to that used for the injected residuals R(v/) (see
Figure 7.8), the larger latent dimension dz = 17 resulted in a higher number of trainable parameters
compared to the MMS case. The detailed encoder and decoder layer specifications for the fine primal
solution are provided in Table 7.5. The remaining architectures for higher resolutions were generated
analogously and are presented in Appendix B.2.

To ensure consistency and comparability, the overall optimization settings were kept identical to those
used in the residual case. However, two adjustments were made; a subsampling rate of 5 was applied
to the fine primal dataset, and the adaptive learning rate schedule was initialized with vy = 5 x 1073
and a decay factor of v, = 2 x 1072

Figure 7.19 presents the training and validation batch-averaged MSE during CAE learning of the fine
primal solution for all spatial resolutions Néh). Across all cases, the MSE decreases rapidly during
the first ~100 epochs, followed by a gradual decay as the adaptive learning rate schedule progresses.
Convergence stabilizes around values of O(1073) to O(10~%), depending on the resolution. The close
agreement between the training and validation curves throughout the optimization process confirms
that the model generalizes well, with no evidence of overfitting.

The oscillations visible in both curves are a result of the relatively large initial learning rate and the
stochasticity introduced by mini-batch sampling. These oscillations progressively diminish as the learn-
ing rate decays, leading to a smooth convergence trend. Compared to the MMS case, the convergence
of the DNS model is more gradual, reflecting the increased complexity and variability of the fine-scale
flow structures. Nevertheless, the CAE successfully learns a compact and stable latent representation
of the primal field across all spatial refinements.



Table 7.5: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ fine primal solution for the case NZSM = 128.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
Conv. 1D (1,128) (4,64) (4,2,1) 16 D1 Linear (57) (32) 576
El LIEI}IU (i’ 23) (j’ gi) g Upsample (32,1) (32,2) 0
© (4,64) (4,64) Do Conv. 1D (32,2) (32,2) (3,1,1) 3072
Conv. 1D (4,64) (8,32) (4,2,1) 128 BN (32,2) (32,2) 64
E2 BN (8,32) (8,32) 16 LReLU (32,2) (32,2) 0
LReLU (8,32) (8,32) 0 Upsample (32,2) (32,4) 0
Conv. 1D (8,32) (16, 16) (4,2,1) 512 D3 Conv. 1D (32,4) (32,4) (3,1,1) 3072
E3 BN (16, 16) (16, 16) 32 BN (32,4) (32,4) 64
LReLU (16, 16) (16, 16) 0 LReLU (32,4) (32,4) 0
Conv. 1D (16, 16) (32,8) (4,2,1) 2048 Upsample (32,4) (32,8) 0
E4 BN (32,8) (32,8) 64 - Conv. 1D (32,8) (32,8) (3,1,1) 3072
LReLU (32,8) (32,8) 0 BN (32,8) (32,8) 64
Conv. 1D (32,8) (32,4) (4,2,1) 4096 LReLU (32,8) (32,8) 0
E5 BN (32,4) (32,4) 64 Upsample (32,8) (32,16) 0
LReLU (32,4) (32,4) 0 DS Conv. 1D (32, 16) (16, 16) (3,1,1) 1536
Conv. 1D (32,4) (32,2) (4,2,1) 4096 LIEI\LTU (ig’ 12) (ig’ }g) 302
E6 BN (32,2) (32,2) 64 N (16, 16) (16,16)
LReLU (32,2) (32,2) 0 Upsample (16, 16) (16, 32) 0
Conv. 1D (32,2) (32,1) (4,2,1) 4096 D6 Conv. 1D (16, 32) (8,32) (3,1, 1) 384
BN (8,32) (8,32) 16
E7 BN (32,1) (32,1) 64 LReLU s o 0
LReLU (32,1) (32,1) 0 < (8,32) (8,32)
Upsample (8,32) (8,64) 0
E8 Flatten (32,1) (32) 0 . Conv. 1D (8,64) (4,64) (3,1,1) 96
E9 Linear (32) (57) 561 BN (4,64) (4,64) 8
LReLU (4,64) (4,64) 0
D8 Upsample (4,64) (4,128) 0
Conv. 1D (128) (1,128) (3,1,1) 12
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Figure 7.19: Training and validation batch-averaged MSE during CAE training of 1D DNS-forced Burgers’ fine primal solution
for different spatial resolutions NéH). The top-left panel shows the adaptive learning rate schedule applied during the first 450
epochs, followed by a constant value. (The initial epochs are truncated in all MSE plots for visualization purposes.)

7.4.3. Echo State Network

The ESN was employed to compress the fine primal solution of the 1D DNS-forced Burgers” problem,
following the same architectural configuration used for the injected residuals. The network consisted
of a single pseudorandomly constructed reservoir, with fixed internal weights and output connections
determined through linear regression. The reservoir size N, and leaking rate o were kept identical to
those adopted in the residual compression experiments to ensure consistency across models.

The training dataset comprised the complete temporal history of 500,000 time steps, while the valida-
tion set was constructed from 199 overlapping intervals of 5,000 samples each. This configuration en-
sured statistically representative coverage of the system’s temporal variability over the full simulation
horizon.

BO was used to identify the optimal hyperparameters. The search space was defined as p X oin €
[0.1, 1] x [1073, 10'], corresponding to the spectral radius and input scaling, respectively. The Tikhonov
regularization parameter 3 was again selected from the discrete grid 1075, 107°. These bounds were
chosen to accommodate the temporal variability and amplitude distribution of the DNS primal field,
ensuring sufficient excitation of the reservoir while maintaining stable internal dynamics.

7.4.4. Performance Assessment

This section presents the performance assessment of the three surrogate models, benchmark POD,
CAE and ESN, applied to the reconstruction of the fine primal solution ¥, across all refinement levels
Ny (k) . Figure 7.20 compares the reconstructed temporal mean (solid lines) and the standard deviation
(shaded regions) against the reference fine solution v, (dashed black lines).

All three models demonstrate excellent reconstruction quality, successfully capturing both the temporal
mean and the overall distribution of fluctuations across all refinement levels. The agreement with the
reference data remains strong even for the finest grid, confirming that each method can effectively
encode and reconstruct the dominant spatial-temporal features of the fine DNS field. Minor deviations
are observed in the coarser resolutions of CAE results, particularly near the outer regions. This small
discrepancy can be attributed to the subsampling applied during training, which limits the network’s
exposure to certain high-frequency temporal patterns.

POD and ESN exhibit nearly indistinguishable performance in terms of mean reconstruction. Overall,
all surrogate models maintain stable and accurate behavior across the tested resolutions, confirming
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their robustness and consistency in reproducing the fine primal dynamics of the 1D DNS-forced Burg-
ers’ problem.
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Figure 7.20: Reconstructed 1D DNS-forced Burgers’ fine primal solution @y, for all refinements Néh’) using POD (top), CAE
(middle), and ESN (bottom). The shaded regions are the actual solution vy, with the dashed black lines indicating their temporal
mean.

Figure 7.21 provides a quantitative comparison of POD, CAE, and ESN in terms of test MSE and com-
pression ratio for the 1D DNS-forced Burgers’ fine primal solution across all refinement levels N?S’L).
In contrast to the residual-reconstruction case, the differences among the three methods are more pro-
nounced here. In terms of accuracy, POD consistently yields the lowest test MSE across all resolu-
tions, confirming its strong suitability for coherent datasets. The CAE, although slightly less accurate
at coarse grids, exhibits rapid improvement with refinement, ultimately achieving near-POD accuracy
at ngh’) = 1024. This behavior indicates that the convolutional architecture effectively learns the un-
derlying spatial structures as the resolution increases. The ESN, on the other hand, maintains nearly
constant accuracy across all resolutions, suggesting that its temporal encoding capacity is already sat-
urated for the chosen reservoir size.

When examining compression efficiency, ESN clearly achieves the highest CR, exceeding two orders of
magnitude at the finest grid. This result highlights its strength as a highly compact temporal surrogate,
capable of representing long sequences with minimal storage cost. However, this gain comes at the
expense of accuracy, as reflected by its higher MSE values. By contrast, the CAE provides a balanced
trade-off, its CR increases consistently with refinement while maintaining high fidelity, making it an
effective spatial encoder for high-dimensional data. The POD offers the lowest CR due to its explicit
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mode storage, but this is offset by its superior precision and interpretability.
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Figure 7.21: Performance comparison of POD, CAE, and ESN for the 1D DNS-forced Burgers’ fine primal solution, showing test
MSE and compression ratio (CR) as functions of spatial refinement N, .

To provide a comprehensive overview of computational performance, Figure 7.22 presents the prepara-
tion and reconstruction times of the surrogate models for the DNS-forced fine primal solution. Similar
to the injected residuals, these timing results are reported together here, while the corresponding per-
formance metrics are discussed separately to maintain a hardware-independent comparison. As in the
residual case, these results are intended to illustrate the relative scaling of computational cost with
resolution rather than serve as absolute benchmarks, since each method was executed on a different
hardware device. The CAE training was performed on Device 1, while both the POD and ESN compu-
tations were executed on Device 2.
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Figure 7.22: Preparation and reconstruction times for the 1D DNS-forced Burgers’ fine primal solution, comparing the POD, CAE,
and ESN across different spatial resolutions Nyh . The POD and ESN were executed on Device 2, while the CAE was trained on
Device 1.

The left panel illustrates the preparation time, which represents the total computational effort required
to construct each surrogate model. For the CAE, this corresponds to the full training duration; for the
ESN, it reflects the time spent on the Bayesian optimization routine; and for the POD, it accounts for
the computation of the complete set of ei%enpairs. Across all methods, the preparation time increases
monotonically with spatial refinement Nyh), as expected from the growing input dimensionality and
model complexity. Among the three, POD remains the most computationally efficient, scaling nearly
linearly with the number of spatial elements on a logarithmic scale. In contrast, the CAE and ESN
display higher overall costs and super-linear growth trends due to their nonlinear optimization and
training procedures.

The right panel shows the reconstruction time, representing the cost of performing a single forward
evaluation once each surrogate has been trained. As anticipated, both POD and CAE provide nearly
instantaneous reconstructions, while the ESN incurs a slightly higher cost because of the recurrent
propagation of reservoir states over time. Nevertheless, the computational load of all Al-based methods
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re?}})ains manageable, with reconstruction times staying below O(10?) s even at the finest resolution of
N = 1024.

The modest variability observed for the ESN arises from the stochastic initialization of its reservoir
and the probabilistic nature of the BO search, rather than from any numerical instability. Despite their
relatively higher preparation costs, both the CAE and ESN exhibit scalable and computationally feasible
runtimes for DNS-scale problems. These findings reaffirm that the additional investment during the
training and optimization stages is justified by their strong reconstruction accuracy and considerable
data compression efficiency in large unsteady flow datasets.

To evaluate the reconstruction performance of the surrogate models at equivalent compression levels,
Figure 7.23 compares the fine primal solutions v, reconstructed using CAE and ESN against POD re-
constructions computed at the same CRs achieved by each neural model. This comparison isolates the
effect of model architecture on reconstruction quality under identical data reduction constraints.
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Figure 7.23: Comparison of reconstructed fine primal solutions vy, for the 1D DNS-forced Burgers’ problem obtained using CAE
(top) and ESN (bottom), benchmarked against POD reconstructions performed at identical compression ratios (CRs) achieved
by each model. The gray shaded regions represent the FVM reference solution, while the colored shaded areas indicate temporal
variability and the solid lines denote temporal means.

When the POD is compressed to match the CRs achieved by the CAE, the reconstruction accuracy de-
creases slightly compared to its baseline configuration, although the overall mean and variance profiles
remain in close agreement with the FVM reference (gray). Both the POD and CAE reproduce the flow
structures with comparable fidelity across all refinement levels, confirming that at moderate compres-
sion levels, the CAE does not compromise reconstruction quality relative to a linear modal approach.

However, when the POD is forced to match the significantly higher CRs achieved by the ESN, its re-
construction collapses, losing nearly all meaningful variability and deviating from the reference field.
In contrast, the ESN maintains an accurate reconstruction of both the temporal mean and the variance
envelope across all resolutions. This highlights the network’s capacity to exploit temporal correlations
within the data, enabling efficient compression far beyond the practical limits of purely spatial, linear
decompositions such as POD.
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Overall, these results confirm that while POD remains the most accurate method for reconstructing the
DNS fine primal solution, CAE offers the most practical balance among accuracy, compression, and
computational cost. ESN, though more computationally expensive in this setting, excels in compact-
ness and may therefore serve as an efficient temporal surrogate in scenarios where storage constraints
dominate over computational cost requirements.

7.5. Adjoint Solution

As discussed in Chapter 3, the second dataset required for evaluating the output error estimate is the
adjoint solution. The adjoint problem for the unsteady 1D viscous Burgers’ equation under DNS forcing
was derived following the continuous adjoint formulation presented in Section 3.1. The procedure is
identical to that outlined for the MMS case, involving the local linearization of the nonlinear convective
term around the primal solution v(y, t) and the application of integration by parts to obtain the adjoint
operator.

The only difference between the two cases lies in the choice of the Qol, which directly modifies the
adjoint forcing term. As a result, the governing adjoint equation for the DNS-forced Burgers’ problem
reads:

0 0 1 92 502
_aif - U(y’t)a% " Re 87;5 = 4e P (y,t), (y,t) € xI,
Y(y,t) =0, (y,t) € 0 x I, (7.10)
l/}(:%T):Oa yGQ

Here, ¢(y, t) denotes the adjoint variable, v(y, ¢) the primal DNS solution, and Re, the friction Reynolds
number, which controls the viscous diffusion term. The right-hand side forcing term corresponds to
the selected Qol, which concentrates the adjoint sensitivity in the channel centerline region where the
forcing is maximal. The boundary and terminal conditions are homogeneous and consistent with those
used for the primal problem. This formulation provides the adjoint field v (y, t) necessary for the sub-
sequent evaluation of the output error estimate and surrogate-based adjoint computation discussed in
the following sections.

The adjoint field v (y, t) for the DNS-forced Burgers’ problem is shown in Figure 7.24. The solution was
integrated backward in time from ¢t = 5 s to ¢ = 0 s, starting from the terminal condition ¢ (y,T") = 0.
The adjoint structure reflects the sensitivity of the Gaussian-weighted functional .J defined in Eq. (7.5),
which emphasizes the wall-normal velocity component v(y, t) near the channel centerline (¢ =0, 0 =
0.1).
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Figure 7.24: Temporal evolution of the adjoint solution ¢ (y, t) for the 1D DNS-forced Burgers’ equation for NéH) = 128.
At the onset of integration (near t/7" = 1), distinct regions of positive and negative adjoint ampli-

tude emerge around the centerline, indicating the strong influence of central flow perturbations on the
weighted output functional. As the adjoint evolves backward in time, these high-sensitivity regions
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progressively diffuse, while their influence spreads toward the channel walls due to the convective
and diffusive terms. Overall, the adjoint field shows that the most significant sensitivities are concen-
trated near the final time and around the channel midline, confirming that perturbations in this region
exert the largest cumulative effect on the Gaussian-weighted Qol .J.

Figure 7.25 presents the spatial dlstnbutlon of the time-averaged adjoint velocity ¥ andits correspond-
1n%Ha;d]omt Reynolds stress 1’ W for the DNS-forced Burgers’ problem across all spatial resolutions
Ny, Both quantities exhibit a clear concentration around the channel centerline, consistent with the
Gaussian weighting of the Qol defined in Eq. (7.5).
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Figure 7.25: Time-averaged adjoint veloc1t?/ I_}Lv (left) and adjoint Reynolds stress /)’ * (right) for the 1D DNS-forced Burgers’
equation at different spatial resolutions N

The mean adjoint velocity @Jr displays a smooth, symmetric shape about the centerline, with its peak
magnitude aligned with the region of highest weighting in the Qol functional. This indicates that
the adjoint sensitivity is primarily localized near the channel core, where perturbations 71r+1 the primal
velocity v(y,t) most strongly influence the output. As the grid is refined, the shape of /) converges,
and only minor amplitude differences persist, confirming numerical consistency of the adjoint solution
across resolutions.

The adjoint Reynolds stress 7" follows a similar spatial distribution but with smaller magnitudes,
reflecting the relatively low temporal variability of the adjoint field. Unlike the primal flow, where
turbulent-like fluctuations can dominate the variance, the adjoint field remains smooth due to the
backward-in-time nature of its evolution and the absence of nonlinear amplification mechanisms. The
stress peaks slightly downstream of the mean adjoint velocity maximum, suggesting localized sensitiv-
ity to transient features in the primal field.

Figure 7.26 presents the time-averaged adjoint field ¢ and its standard deviation obtained by solving
the adjoint PDE using the reconstructed fine primal solutions from POD (top), CAE (middle), and ESN
(bottom) for all spatial refinements Ny (#)_ The shaded regions represent the instantaneous fluctuations
around the mean, while the dashed black lines denote the reference adjoint solution computed from
the DNS-based primal field.

The results reveal that the POD-based adjoint reconstruction closely matches the reference solution
across all refinement levels. Both the mean profile and its variance distribution are accurately repro-
duced, reflecting the POD model’s ability to retain the dominant spatial structures and gradients that
govern the adjoint forcing.

In contrast, the CAE-based adjoint exhibits noticeable deviations in both the temporal mean and the
variance distribution, despite the CAE achieving high reconstruction accuracy for the primal field. This
discrepancy arises from the adjoint solver’s intrinsic sensitivity to the spatial derivatives of the primal
solution and the nonlinear nature of the adjoint forcing term. Even minor biases or smoothing effects
introduced by the convolutional encoder—decoder architecture, particularly due to subsampling and in-
terpolation operations, can alter the local gradients of v(y, t). These seemingly small discrepancies are
amplified through the backward-in-time integration of the adjoint equation, leading to phase shifts and
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local distortions in the adjoint field. Consequently, although the CAE performs well in reconstructing
the primal dynamics, it underperforms when the reconstructed field is used to drive the adjoint com-
putation.
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Figure 7.26: Computed 1D DNS-forced Burgers’ adjoint solution 1 using the reconstructed fine space solution @, for all refine-
ments NqﬁH) using POD (top), CAE (middle), and ESN (bottom). The shaded regions are the actual solution v, with the dashed
black lines indicating their temporal mean.

The ESN-based adjoint solution exhibits nearly perfect agreement with the reference results in both
the temporal mean and variance across all refinement levels. This consistency demonstrates the excep-
tional capability of the reservoir dynamics in capturing the temporal coherence and nonlinear depen-
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dencies of the adjoint field. Unlike CAE, the ESN preserves the adjoint, owing to its intrinsic recurrent
structure and memory effect, which effectively reconstruct long-term temporal correlations without
over-smoothing. As a result, the ESN successfully reproduces even subtle fluctuations in the adjoint
field while maintaining overall stability and physical consistency.

Figure 7.27 reports the test MSE of the computed adjoint solutions ¢/ obtained using the surrogate-
based reconstructed fine primal fields ¢;,. The comparison across refinement levels N@SH reveals distinct
trends among the three surrogate models. The POD-based adjoint consistently achieves the lowest
errors, exhibiting a rapid decrease in MSE with refinement and reaching values below 10~° for the finest
grid. This result reflects the strong spatial smoothness of the POD reconstruction, which effectively
preserves gradient information required by the adjoint solver.
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Figure 7.27: Test MSE of the computed 1D DNS-forced Burgers’ adjoint solution 1) using the reconstructed fine space solution
vy, for all refinements Ny(H) using POD, CAE, and ESN.

The CAE displays the highest MSE values across all refinements, with limited improvement as resolu-
tion increases. This degradation is attributed to the sensitivity of the adjoint solver to local inaccuracies
in the spatial derivatives of the reconstructed field. Although the CAE achieved excellent reconstruc-
tion accuracy in the primal field, the small-scale distortions introduced during the encoding—decoding
process become amplified in the backward integration of the adjoint equation, leading to larger devia-
tions.

In contrast, the ESN-based adjoint solution maintains both stability and accuracy across all resolutions,
with errors consistently within the same order of magnitude and significantly lower than those of the
CAE. This robustness can be attributed to the inherent temporal coherence enforced by the reservoir
dynamics, which preserves the derivative quality of the reconstructed primal solution.

To evaluate the consistency of the surrogate-based adjoint computations under equal compression effi-
ciency, Figure 7.28 compares the reconstructed adjoint solutions ¢ obtained using CAE and ESN with
those computed from POD fields compressed to the same CRs achieved by each model. This compari-
son highlights how surrogate-induced differences in the fine primal reconstructions propagate through
the adjoint operator and affect the resulting sensitivity fields.

When the POD was forced to match the CRs achieved by the CAE, its performance remained remark-
ably stable. The reconstructed adjoint solutions captured both the temporal mean and the variance
distribution with high fidelity relative to the FVM reference, even outperforming the CAE. In particu-
lar, the CAE exhibited localized deviations and small artifacts, especially at coarser resolutions, which
were inherited from the instabilities observed in its reconstructed fine primal fields. These artifacts
slightly distorted the adjoint variance profile, whereas the POD maintained a smooth and physically
consistent response throughout the domain.

In contrast, when the POD was constrained to match the much higher CRs achieved by the ESN, the
quality of its reconstruction deteriorated significantly. The deviation in the fine primal field propa-
gated through the adjoint computation, yielding an adjoint solution with a distinctly altered mean and
variance profile compared to the reference. The overall structure of the sensitivity field was lost, and
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the distribution differed not only in value but also in spatial shape. Meanwhile, the ESN preserved
the dominant adjoint features with notable accuracy despite operating at extremely high compression
levels, demonstrating the reservoir’s ability to retain essential temporal and spatial correlations even
under aggressive data reduction.
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Figure 7.28: Comparison of reconstructed adjoint solutions ¢ for the 1D DNS-forced Burgers’ problem obtained using CAE
(top) and ESN (bottom), benchmarked against POD reconstructions performed at the same compression ratios (CRs) achieved
by each model. The shaded regions represent the reference adjoint field, while the dashed red lines indicate the POD results,
solid blue and green lines denote CAE and ESN, respectively, and the shaded areas show temporal variability.

Overall, these results confirm that while POD remains the most accurate in absolute error terms, the
ESN offers the best trade-off between accuracy, stability, and computational efficiency. The CAE, de-
spite its strong performance in reconstructing the primal field, demonstrates that high forward accuracy
alone is insufficient to guarantee reliable adjoint computations. The adjoint solution is inherently sen-
sitive to the quality of the spatial derivatives of the reconstructed dynamics. Consequently, ensuring
derivative consistency and temporal coherence in the surrogate reconstruction is essential for achieving
accurate adjoint sensitivities in error estimation contexts.

7.6. Adjoint-Based Error Localization

The spatial distribution of the time-averaged adjoint-based error indicator € per cell for the 1D DNS-
forced Burgers’ problem is shown in Figure 7.29. At the coarsest resolution (Nng) = 64), the error
indicator displays broad peaks, indicating that the mesh is insufficient to resolve the localized gradi-
ents and intermittency introduced by the forcing term. As the grid is refined, the overall magnitude of
decreases by nearly two orders of magnitude, and the profiles become smoother and more concentrated
around the central region (y/0 ~ 0), where the adjoint fields exhibit the strongest activity. This pro-
gressive reduction highlights the consistency of the adjoint-based estimator even under dynamically
rich conditions.

The time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers’ problem is
compared across Scenarios 1-3 in Figures 7.30-7.32, with the baseline results shown in gray for reference.
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Figure 7.29: Time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers’ problem across all refinement
levels Ny 7.
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Figure 7.30: Time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers’ problem at all refinement
levels N?SH), computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 1.

In Scenario 1, where only the injected residual field is reconstructed from surrogate models, all methods
reproduce the overall spatial structure of the baseline error indicator with excellent agreement. Minor
discrepancies are observed for the POD model, particularly near the centerline at coarse resolutions,
but the shape and magnitude remain consistent with the reference. The CAE exhibits slightly higher
deviations at the coarsest mesh, while the ESN shows a small offset at the second refinement level
(Néh) = 128); however, at finer resolutions, it converges to the baseline almost perfectly. These results
indicate that residual reconstruction alone does not introduce significant distortion in the adjoint-based
error estimation process.
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Figure 7,31: Time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers” problem at all refinement
levels N?SH), computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 2.
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Figure 7.32: Time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers’ problem at all refinement
levels NéH), computed using surrogate models POD (top), CAE (middle), and ESN (bottom) under Scenario 3.
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In Scenario 2, where the reconstructed fine primal solution 7y, is used to compute the adjoint field, both
POD and ESN reproduce the temporal mean and spatial distribution of the error indicator with re-
markable accuracy across all refinements. The CAE, on the other hand, displays clear deviations, most
prominently at coarse resolutions, arising from the instability and localized artifacts in its computed
adjoint solution. These artifacts, already observed in the CAE adjoint fields, propagate into the er-
ror indicator, particularly near the centerline where the adjoint sensitivity peaks. This reinforces the
notion that even minor inconsistencies in the surrogate primal field can be amplified during adjoint
computation.

In Scenario 3, which combines both surrogate-based residual and fine primal reconstructions, the cumu-
lative effects of reconstruction become visible. The POD maintains the closest agreement with the base-
line, while the CAE and ESN exhibit larger deviations in both magnitude and profile shape. Although
the ESN remains relatively stable, the interaction between surrogate residuals and reconstructed primal
dynamics introduces a mild broadening of the indicator distribution, reflecting accumulated compres-
sion errors. The CAE deviations persist, consistent with its less stable adjoint reconstructions.

To further assess the influence of surrogate compression on the adjoint-based error estimation process,
Figure 7.33 compares the spatial distribution of the time-averaged error indicator € obtained using CAE
and ESN against that of POD reconstructions performed at the same CRs. This analysis corresponds to
Scenario 3, in which both the injected residuals and fine primal fields were simultaneously compressed
and reconstructed prior to adjoint computation.
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Figure 7.33: Comparison of the time-averaged adjoint-based error indicator € per cell for the 1D DNS-forced Burgers” problem
under Scenario 3, where both the injected residuals and fine primal solutions were reconstructed. The CAE (top) and ESN
(bottom) results are compared against POD reconstructions performed at identical compression ratios (CRs) achieved by each
model. The black dashed lines indicate the FVM reference.

When the POD is forced to match the CRs achieved by the CAE, it delivers a slightly more accurate
reproduction of the reference error indicator, both in magnitude and spatial profile. The CAE results
remain close to those of the POD, with only minor deviations near the channel centerline where the
sensitivity peaks. These differences are not substantial, confirming that both linear and nonlinear sur-
rogates are capable of reproducing consistent adjoint-based error patterns at moderate compression
levels.

However, when the POD is constrained to match the considerably higher CRs achieved by the ESN,
the discrepancy becomes pronounced. The resulting POD-based error indicator diverges noticeably
from the reference in both amplitude and shape, losing the characteristics and localized gradients that
define the true error structure. The ESN, despite its strong performance in reconstructing the residual
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and adjoint fields individually, fails to maintain the correct spatial distribution of € in this scenario.
The high compression amplifies the deviations introduced in both reconstructed fields, resulting in a
physically inconsistent error indicator.

7.7. Adjoint-Based Error Estimation

The comparison of adjoint-based error estimation for the 1D DNS-forced Burgers’ problem across Sce-
narios 1-3 is presented in Figure 7.34. The left panels display the time-averaged Qol J, including the
exact value Jpns, the numerical Qol J, and the corrected Qols obtained using each surrogate model.
The middle panels show the adjoint-based error estimates |3.J|, while the right panels illustrate the
deviation from the true error, defined as e(6.J) = [6.J — AJ|.

In all scenarios, the baseline FVM estimates (d.Jpyn) exhibit close agreement with the true error AJ
across all spatial refinements, confirming the accuracy and consistency of the adjoint-based formulation
for the DNS case. The surrogate-based results maintain this behavior with varying degrees of fidelity
depending on the reconstruction configuration.

In Scenario 1, where only the injected residuals were compressed and reconstructed, all surrogate mod-
els, POD, CAE, and ESN, yield corrected Qols closely matching the baseline. The ESN demonstrates
particularly strong performance, with |§Jgsn| and e(d.Jgsn) aligning almost perfectly with the FVM ref-
erence, confirming that the recurrent architecture effectively preserves the temporal coherence of the
residuals. The CAE also performs comparably to the FVM across all refinements, achieving the closest
agreement. In contrast, the POD shows a small but consistent offset in the estimated error relative to
the baseline, which diminishes with refinement and becomes nearly indistinguishable from the FVM
at the finest grid resolution.

In Scenario 2, where the reconstructed fine primal solution 7, was used to compute the adjoint field,
the POD and ESN again produce error estimates in close alignment with the baseline, validating their
ability to reconstruct temporally consistent and derivative-accurate primal dynamics. The CAE, how-
ever, shows noticeable discrepancies at lower resolutions, both in the corrected Qol and in e(6.7). These
deviations are directly linked to the instabilities observed in the CAE-based adjoint solutions, where lo-
cal artifacts in the reconstructed primal field propagate into the adjoint sensitivity and error estimation
process.

In Scenario 3, where both injected residuals and the fine primal were reconstructed, the results are
practically indistinguishable from Scenario 1 across all refinements. This indicates that the error is
dominated by the residual reconstruction; replacing the fine primal with a surrogate has a negligible
effect on the adjoint-based correction. POD and ESN are visually coincident with the Scenario 1 and
FVM curves for J, |6.J|, and e(6.J). The only noticeable departure occurs for the coarsest CAE case,
where a small bias appears in both | Jcag| and e(8.Jcag). This deviation matches the artifact seen in the
CAE-based primal reconstruction and its adjoint, and it vanishes with mesh refinement.

Overall, the results of the adjoint-based error indicators and error estimations confirm the robust-
ness and reliability of the proposed surrogate-assisted framework across the examined scenarios. The
adjoint-based error indicators consistently captured the main spatial features of the discretization error
and demonstrated the expected convergence behavior with mesh refinement, validating the consistency
of the dual-weighted formulation. Among the surrogate strategies, the POD and ESN reconstructions
preserved the accuracy and spatial localization of the baseline FVM estimates, while the CAE exhibited
minor deviations at coarse resolutions, primarily linked to local artifacts in the reconstructed primal
and adjoint fields. The comparison of error estimations further revealed that the primary source of dis-
crepancy stems from the residual reconstruction rather than the surrogate primal field, as Scenarios 1
and 3 yielded nearly identical outcomes. These findings emphasize that accurate residual representa-
tion is the most critical component for adjoint-based error estimation, and that properly regularized and
temporally coherent surrogates, particularly the ESN, can deliver stable and precise adjoint corrections
with minimal computational overhead.
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Figure 7.34: Comparison of adjoint-based error estimation for the 1D DNS-forced Burgers’ problem across Scenarios 1-3. Shown
are (left) the time-averaged Qol J, including the exact value Jpys, the numerical solution Jg, and corrected values obtained
using FVM, POD, CAE, and ESN; (middle) the adjoint-based error estimates |§J|; and (right) the error in the error estimate
e(8J).

7.8. Summary

The DNS-forced Burgers’ case extended the framework to a nonlinear and temporally evolving config-
uration derived from a 1D wall-normal velocity signal extracted from a DNS of TCF at Re, = 180. This
setup introduced intermittent dynamics and strong gradient variations, serving as a representative test
for data with turbulence-like complexity. A preliminary grid refinement study confirmed the second-
order accuracy of the solver, with both the RMSE and Qol errors decaying as O(h?) before saturating
due to temporal discretization limits. The mean velocity and Reynolds stress profiles were consistent
with the reference DNS, verifying the accuracy of the numerical scheme and the physical fidelity of the
reconstructed forcing.
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The injected residuals obtained from the DNS-forced primal fields revealed strong spatial intermit-
tency and temporal variability, dominated by alternating positive and negative values near the domain
boundaries. The mean values remained close to zero across all resolutions, while the standard devi-
ation decreased monotonically with refinement by more than two orders of magnitude. The residual
variance distributions exposed sharper and higher wall peaks with grid refinement, reflecting the emer-
gence of higher-order spatial modes and the accurate resolution of localized gradients. These observa-
tions confirmed the consistency and convergence of the projection procedure under unsteady forcing.

The first surrogate modeling stage addressed the compression of the injected residuals. Compared to
the smooth MMS case, the residuals here exhibited broadband spectra, preventing a low-rank repre-
sentation. The POD required a significantly larger number of modes to capture 80-90% of the total
energy, while the CAE demanded higher latent dimensions (dz = 57 to 150) to achieve accurate re-
constructions. The ESN, optimized via BO over 28 ensemble realizations, achieved validation errors on
the order of O(10~%) while maintaining stability across refinements. Despite its higher optimization
cost, the ESN consistently outperformed the other methods in terms of reconstruction accuracy and
compression efficiency, whereas POD and CAE provided stable but less compact representations.

In the second surrogate modeling stage, the fine primal solution was compressed to evaluate the gen-
eralization of the framework to physically meaningful fields. The POD captured 99% of the energy
with approximately 43—47 modes, while the CAE produced smooth and accurate reconstructions with
rapidly improving accuracy at higher resolutions. The ESN demonstrated robust temporal reconstruc-
tion with consistent test errors across refinements, achieving compression ratios exceeding two orders
of magnitude. These results demonstrated that, despite the increased flow complexity, all surrogate
methods maintained convergence and reconstruction stability, with ESN achieving the best balance
between accuracy and compression.

Adjoint-based error localization and estimation were then performed for the defined scenarios. The
adjoint fields exhibited asymmetric structures with strong sensitivities concentrated near the channel
centerline. In Scenario 1 (residual-only compression), all surrogate-based adjoint fields reproduced
the reference error indicators nearly identically. In Scenario 2 (primal compression), POD and ESN
maintained excellent alignment with the baseline, whereas CAE showed mild local deviations due to
small-scale reconstruction artifacts. Scenario 3 (combined compression) amplified these differences,
yet POD and ESN still captured the global sensitivity distribution accurately. The time-averaged error
indicator € decreased by nearly two orders of magnitude with refinement, and the corrected Qols JroD
and Jeag closely matched the reference values, with ¢ J following the true error trend.

Overall, the DNS-forced Burgers’ case demonstrated the robustness and scalability of the proposed
compression and reconstruction framework under unsteady and nonlinear conditions. The POD pro-
vided a reliable linear baseline, the CAE achieved accurate spatial reconstructions at moderate latent
dimensions, and the ESN offered the best trade-off between compression ratio, accuracy, and sensitiv-
ity preservation. These results confirmed the framework’s capability to retain adjoint consistency and
predictive reliability even for turbulence-inspired, dynamically rich data.



Conclusion

This chapter presents the conclusions drawn from the obtained results and provides the answers to the
defined research questions in Chapter 2.

This thesis explored how the practicality of adjoint-based error estimation for unsteady turbulent flows
can be improved through direct compression and reconstruction of injected residuals, without evaluat-
ing them via surrogate primal solutions. The research proposed, implemented, and evaluated a unified
framework that integrates deep-learning-based surrogate models, namely the Convolutional AutoEn-
coder (CAE) and the Echo State Network (ESN), to alleviate the prohibitive storage requirements that
have historically limited the practical application of unsteady adjoint methods. An offline version of
Proper Orthogonal Decomposition (POD) was used as a benchmark technique for comparison. Two
test cases were used to verify and assess the methodology: a smooth manufactured-solution (MMS)
one-dimensional unsteady viscous Burgers’ problem, and a rougher, more chaotic DNS-driven Burgers’
problem forced by Turbulent Channel Flow (TCF) data.

Across all scenarios, the results demonstrated that the direct compression of injected residuals pre-
serves the accuracy of the adjoint-based error estimation. The obtained Quantities of Interest (Qols)
and error indicators remain nearly identical to those from the fully resolved, uncompressed reference
solutions, even at compression ratios exceeding two orders of magnitude. Among the considered surro-
gates, the ESN consistently yielded the most faithful reconstructions of temporally evolving residuals,
preserving both local sensitivity structures and global output-error estimates. The CAE provided com-
petitive spatial reconstruction quality, though artifacts at low spatial resolutions were observed. The
POD exhibited limitations in capturing nonlinear features of residual dynamics. Overall, the research
establishes that the proposed strategy can significantly reduce storage costs in unsteady adjoint-based
error estimation without compromising accuracy, marking a practical step toward scalable adaptive
simulations for large-eddy and turbulent-flow analyses.

Looking back to the defined main research question:

What is the impact of Al-based compression and reconstruction of the injected residuals on the accuracy of un-
steady adjoint-based error estimates?

The results confirm that injected residuals can be directly compressed and reconstructed up to compres-
sion ratios of O(10?) without significant degradation in adjoint-based error estimation or localization
accuracy. Among the evaluated Al-based frameworks, the ESN proved most effective due to its capac-
ity to capture long-term temporal correlations with a compact set of parameters. The CAE, while robust
in representing nonlinear spatial features, required higher-resolution feature maps to avoid localized
reconstruction noise. In contrast, the linear POD method served as a lightweight baseline but lacked
the expressive capability of the Al-based models, particularly at finer resolutions.

Within the h-adaptation strategy employing a refinement factor of two, directly compressing the in-
jected residuals offers a more representative measure of the deviation between successive refinement
levels than evaluating residuals indirectly from a surrogate primal. Although this approach requires
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storing approximately twice the data, it provides a clearer and more physically consistent depiction of
discretization errors across mesh hierarchies, enhancing the reliability of adjoint-based error estimation
in unsteady flow simulations.

RQ1: What are the fundamental differences between the primal solution and the injected residual
in terms of their data characteristics in the context of compression and reconstruction?

The primal solution exhibits large-scale, spatially correlated flow structures, whereas the injected resid-
ual field is characterized by short correlation lengths and strong intermittency, with localized peaks
corresponding to regions of high numerical imbalance. Unlike the primal field, whose spatial com-
plexity tends to converge with grid refinement, the residual field becomes increasingly complex as
higher-order spatial modes emerge and finer-scale gradients are resolved. This growing complexity
reflects the localized nature of discretization errors, which are amplified near regions of strong nonlin-
earity or boundary effects, highlighting the need for compression and reconstruction strategies capable
of capturing these fine-scale variations without loss of stability or accuracy.

RQ2: How do spatial and temporal deep learning architectures compare in their ability to learn
turbulent flow dependencies relevant to the accurate reconstruction of injected residuals?

The CAE and ESN architectures were found to be complementary in nature. The CAE effectively cap-
tures nonlinear spatial features through its convolutional encoding layers, enabling the identification
of coherent structures within the flow fields. In contrast, the ESN efficiently models temporal depen-
dencies via its recurrent reservoir dynamics, making it particularly well suited for the unsteady and
intermittent behavior of the injected residuals. Although the benchmark POD approach is computa-
tionally efficient at lower refinement levels, its cost increases rapidly with grid resolution, eventually
exceeding that of the CAE and ESN. Overall, the ESN demonstrated superior capability in representing
the temporal correlations and variabilities present in the injected residual data, indicating that tempo-
ral architectures are generally more appropriate for residual reconstruction than their purely spatial
counterparts.

RQ3: How should compression and reconstruction performance be evaluated against the bench-
mark approach in terms of accuracy, compression efficiency, and computational cost?

Compression performance was assessed using three main metrics: the achieved compression ratio, the
reconstruction fidelity measured by the Mean Squared Error (MSE), and the computational cost of
preparation and reconstruction. Across these measures, the ESN achieved the highest compression
ratio while maintaining sub-percent deviations in 6./ relative to the baseline framework; however, it
required the highest preparation and reconstruction time compared with the other candidates. The
CAE achieved comparable reconstruction quality for moderate compression levels, whereas the POD
trailed behind due to its linear basis limitation.

RQ4: Between compressed injected residuals and adjoint fields computed from compressed primals,
which contributes more significantly to the overall error in output error estimation?

Comparative scenario analyses revealed that errors arising from residual compression dominate the
deviation in error estimations, whereas the error in adjoints computed from compressed primals con-
tribute only marginally once residual fidelity is ensured. Thus, improving residual reconstruction ac-
curacy yields the greatest benefit for maintaining estimator reliability and reducing total output-error
deviation.

RQ5: Can the developed framework for injected residual compression and reconstruction be effec-
tively extended to the compression of primal fields, and under what conditions does this general-
ization remain valid?

The framework was also tested for compressing primal fields; however, when applied using the CAE,
accuracy degraded more rapidly with increasing compression, as the loss of small-scale flow features
during reconstruction affected the stability of the adjoint solution and led to visible artifacts in the ad-
joint fields. In particular, reconstructed primals obtained from the CAE occasionally induced localized
instabilities in the adjoint computations, highlighting its sensitivity to spatial reconstruction errors. In
contrast, the ESN exhibited greater robustness, as its temporal encoding better preserved the dynamic
evolution of the flow, resulting in smoother adjoint behavior and more consistent error estimations.
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By demonstrating that directly compressed residuals can sustain accurate adjoint-based error estimates,
this research bridges data-driven modeling and goal-oriented CFD adaptation. It provides a practical
pathway to deploy adjoint frameworks in high-fidelity unsteady simulations, where storage has long
been the primary barrier. The developed methodology establishes the foundation for future exten-
sions toward multidimensional Large-Eddy Simulations (LES), real-time Adaptive Mesh Refinement
(AMR), and hybrid physics-informed compression networks.






Future Work & Recommendations

While this thesis demonstrated that direct compression of injected residuals enables accurate adjoint-
based error estimation with storage reductions exceeding two orders of magnitude, several promising
research avenues remain open for further development and validation of the proposed framework.
These directions span improvements to model architecture, optimization strategies, adjoint stability,
and the extension of the framework to more complex flow configurations and physical models.

Extension to Multidimensional and Turbulent Flow Configurations The present work focused on
one-dimensional unsteady viscous Burgers’ equations to verify and isolate the fundamental behavior
of residual compression and reconstruction. A natural extension is to apply the same framework to
higher-dimensional Navier—Stokes (NS) problems, including two- and three-dimensional configura-
tions with complex boundary conditions. In particular, testing the framework within canonical Large-
Eddy Simulations (LES) would assess its robustness in representing anisotropic and multiscale tur-
bulent structures. Integrating the residual compression pipeline into established CFD solvers such as
OpenFO0AM would also enable validation on realistic aerodynamic test cases and facilitate the adoption
of the method within adaptive mesh refinement (AMR) workflows.

Hybrid and Physics-Constrained Surrogate Architectures Although the Convolutional Autoencoder
(CAE) and Echo State Network (ESN) were studied independently, combining their complementary
strengths represents a promising path forward. A hybrid CAE-ESN or POD-ESN architecture could
exploit the CAE’s nonlinear spatial encoding together with the ESN’s ability to learn temporal depen-
dencies, thereby enabling joint spatio-temporal compression at higher fidelity. Moreover, incorporating
physics-constrained or physics-informed regularization terms within these networks could ensure consis-
tency between reconstructed fields and governing conservation laws, reducing the risk of nonphysical
artifacts during reconstruction. Physics-constrained loss formulations or energy-preserving autoen-
coders may further enhance the generalization of the surrogate models across different Reynolds num-
bers and flow regimes.

Optimization Framework Enhancement The Bayesian optimization framework adopted for the ESN
provided high accuracy but was computationally demanding due to the large number of hyperparame-
ter evaluations and repeated network realizations. Future work should explore strategies to accelerate
this process, including:

e Multi-fidelity or transfer-learning-based Bayesian optimization, where information from lower-
resolution or previously optimized cases informs new searches.

e Surrogate-assisted optimization using Gaussian Processes or lightweight meta-models of the ESN
loss surface to predict optimal regions with fewer evaluations.

e Automated differentiation or gradient-based optimization approaches for differentiable ESN vari-
ants, potentially reducing total optimization time by an order of magnitude.
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These improvements would make ESN-based compression feasible for large datasets typical of high-
fidelity unsteady CFD simulations.

Adjoint Stability and Coarse-Mesh Consistency One of the persistent challenges in adjoint-based
methods, particularly noted in this work, is numerical instability when solving the adjoint equations
on coarse meshes or under strong temporal coarsening. Since Adaptive Mesh Refinement (AMR) ef-
ficiency largely depends on the feasibility of stable adjoint computations at lower resolutions, future
efforts should target adjoint stabilization mechanisms. Possible approaches include:

e Incorporating residual-based stabilization terms or selective temporal filtering to damp high-
frequency adjoint oscillations.

e Developing consistent temporal interpolation strategies for backward-in-time adjoint propaga-
tion under coarsened snapshots.

e Exploring dual-consistency enforcement and entropy-stable flux formulations that have shown
promise in maintaining smooth adjoint fields in nonlinear regimes.

Improving adjoint stability would directly extend the applicability of the proposed compression ap-
proach to coarser adaptive simulations, where its benefits are most pronounced.

Adaptive and Online Compression Another potential direction lies in adaptive compression, where the
compression ratio dynamically adjusts according to local flow activity or residual magnitude. In such
a framework, higher-fidelity storage would be retained only in dynamically active regions or during
transient phases, while smoother regions would be stored with more aggressive compression. Similarly,
developing an online compression approach, where data are compressed concurrently with the primal
computation, would eliminate the need for post-processing, enabling real-time integration of residual
compression into unsteady CFD workflows.

Integration with Uncertainty Quantification and Surrogate Error Estimation The proposed frame-
work can also serve as a foundation for uncertainty-aware adjoint-based analyses. By quantifying how
compression-induced errors propagate through the adjoint-based error estimation process, a proba-
bilistic bound on the error indicator could be established. This integration with Uncertainty Quantifi-
cation (UQ) frameworks, using ensemble-based or Bayesian methods, could yield more robust error
estimators for decision-making in adaptive simulations or optimization under uncertainty.

In summary, future research should focus on advancing three main fronts: (1) expanding the appli-
cability of the framework to multidimensional turbulent and chaotic flows, (2) improving surrogate
architectures and optimization efficiency, and (3) enhancing adjoint stability and physics consistency.
Together, these developments would bring adjoint-based error estimation closer to real-time, scalable
deployment in high-fidelity unsteady CFD simulations, bridging the gap between traditional numerical
methods and modern machine learning-assisted computational modeling.
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Discrete Adjoints

A.l. Discrete Adjoints Formulation

Considering a differential equation of the form:
Lu=f, (A1)

where £ is an arbitrary differential operator (e.g., £ = %, L = V2, etc.), u is the unknown solution,
and f is the prescribed source term. These are defined on a domain 2 with appropriate boundary con-
ditions. For most practical problems, obtaining an analytical solution to this equation is not straight-
forward due to its potential complexity. Consequently, numerical approximations of  are typically
preferred. Using a numerical method such as Finite Element or Finite Volume, the differential equa-
tion can be discretized to yield a set of algebraic equations:

AU=F, (A2)

where A € RV*V js a matrix representing the differential operator £; U € R” is a vector approximating
u; and F € RY is a vector containing the source term f and boundary data. To solve this system, we
require the matrix A ! to compute the solution U as:

U=A"'F. (A.3)

However, if only a single entry U; of U is of interest, it suffices to compute only the i" row of A~!. For
example, as shown in Eq. (A.4), only the highlighted row of A~! and F are needed to calculate U;:

(U] (AT AL AN [FT
U, A;ll A;; ... A;]%f F
Ul T A AL o AL R (A4)
Un] 1AW Axe - Ann] LEW]
SN—— _——
U RS e

The highlighted row of A~! provides not solely the information needed to compute U; but also the
sensitivity of U; to perturbations in the source terms of F. This row is referred to in the literature as
the Dual Vector, Output Adjoint Vector, or simply the Adjoint, and is denoted as ¥ in discrete form. The
output of interest, U;, is typically represented as J. This leads to the following expression:

J=9"TF, (A5)

which is known as the Dual Form of the output.
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114 Appendix A. Discrete Adjoints

To define the adjoint formally, we first compute the derivative of the output J with respect to U [42].
Since J = Uj, this derivative is a Cartesian row vector with only the ith entry being nonzero:

%:[0 010 - 0] (A.6)

Thus, the adjoint can then be expressed as:

aJ
T __ —1
v= SEAT (A7)

In the context of CFD, the governing equations are often written in terms of residuals:
R(U) = AU - F, (A.8)

where R € RY is the residual vector. The governing equations are satisfied when R = 0. Taking the
derivative of R with respect to U yields:
OR

ou
Substituting this into Eq. (A.7) and transposing both sides gives the Adjoint Equation:

= A. (A.9)

0.J OR™! oR~Tos"
T_ YJ I - A.10
oUOU ' ° 9U au (A.10)
oRT_0J7
For nonlinear problems, the adjoint equation becomes [42]:
ORT _oJT (A12)
ou |y 00U |y’ '

where both the Jacobian and the output linearization are evaluated at a specific state U.

A.2. Discretized Error Estimation

The idea presented in Section 3.2 is formulated for linear cases. To generalize this concept to all prob-
lems, regardless of nonlinearity and steadiness, the introduction of discrete error estimation is neces-
sary. Considering the discretized set of nonlinear equations:

Ry (Upg) =0, (A.13)

where Ry represents the residuals and the subscript H denotes data on a given space (mesh). Follow-
ing the same concept discussed for the continuous case, the output error is given by:

857 = J(U) — Jg(Ug). (A.14)

Since the exact solution U is unknown, the solution on a finer space Uy, is considered to estimate the
output error as in Eq. (A.15). The finer space, denoted as V), can be obtained through an order-enriched
space or a uniformly h-refined mesh from the original space Vg [42]. Consequently, the coarse space
is included in the fine space, i.e., Vg C Vj:

6Jest = Jh(Uh) - JH(UH) (A15)

Since computing the fine-space solution is often impractical, the error estimate ¢.Jes is preferably com-
puted without solving for Uy,. This requires injecting the coarse solution U into the fine space using
a lossless injection operator I/

Uil =1j/Uy. (A.16)
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Prior to defining d Jest, the state perturbation dU is introduced as the difference between the fine solution
Uy, and the injected coarse solution into the fine mesh UhH :

SU =1, - U, (A.17)

Since the fine-space output is unknown, it can be Taylor-expanded about the coarse space state U}/ as

8.
Jn(Un) = JW(UH + S5 U 4 0(5U?) (A.18)
O |y
ropping High Orders 0J,
Dropping figh Orders, 7 (7,) ~ J, (UH) + 20| su. (A.19)
90 |yn

Since the perturbation §U is unknown, a similar expansion is applied on the fine space residuals:

OR
R, (Up) ~ Ry (UH) + 8Uh §U =0. (A.20)
h UhH
To derive ¢ Jeg, the following steps are performed:
. . R, | ™"
(A19) & (A20) cry Ry R, (UH) (A.21)
ouy, un
A21)in (A.19 aJ, ORy, |71
R, (Un) ~ Ju(Uf) = 22| ST Ry (Uf) (A22)
h vl h Ul
All
20, 1 (Un) & Ju(UF) — BT R, (UF) (A23)
Jn(U=Jy(Uy
DO, 7, (U,) — Tu (Un) ~ —BF R, (UF) (A24)
—6Jest & —W ) Ry (U}) (A.25)

Provided that an element-based discretization method is used, the output error estimate can be local-
ized into individual elements as:

Nk
0est = Y~ Ry (UL), (A.26)

e=1

where N/ is the total number of elements in the fine space. Accordingly, a local error indicator can be
derived for each element:
ce = [¥) R (U} (A27)






Convolutional Autoencoder
Architectures

This chapter presents the generated CAE architectures used for the compression and reconstruction of
the injected residuals and fine primal solutions in both the MMS and DNS cases.
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B.1. Manufactured Solution
B.1.1. Injected Residuals

Table B.1: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ injected residuals for the case IV, £H> = 32.

(a) Encoder Architecture (b) Decoder Architecture
Main Layer  Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,64) (4,32) (4,2,1) 16 D1 Linear (2) (4) 12
El LIEI}IU (i’ gg) (i’ gg) g Upsample (4,1) (4,2) 0
© (4,32) (4,32) - Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (4,32) (4,16) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,16) (4,16) 8 LReLU (4,2) (4,2) 0
LReLU (4,16) (4,16) 0 Upsample €.2) ™ 0
Conv. 1D (4,16) (4,8) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,8) (4,8) 8 BN (4,4) (4,4) 8
LReLU (4,8) (4,8) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,8) (4,4) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,4) (4,4) 8 - Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,4) (4,4) 0 BN (4,8) (4,8) 8
Conv. 1D (4,4) (4,2) (4,2,1) 64 LReLU (4,8) (4.8) 0
E5 BN (4,2) (4,2) 8 Upsample (4,8) (4,16) 0
LReLU (4,2) (4,2) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,2) (4,1) (4,2,1) 64 LIENLU (i’ }g) (j’ 12) g

E6 BN (4,1) (4,1) 8 N (4,16) (4,16)
LReLU (4,1) (4,1) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,32) (4,32) (3,1,1) 48
E7 Flatten (4,1) (4) 0 Dé6 BN (4.32) (4,32) 3
E8 Linear (4) (2) 10 LReLU (4,32) (4,32) 0
D7 Upsample (4,32) (4,64) 0
Conv. 1D (4,64) (1,64) (3,1,1) 12
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Table B.2: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ injected residuals for the case N = 64,

(a) Encoder Architecture (b) Decoder Architecture
Main Layer  Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,128) (4,64) (4,2,1) 16 D1 Linear (2) (4) 12
n W am e : T T ;
< (4,64) (4,64) D2 Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,64) (4,32) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,32) (4,32) 8 LReLU (4,2) (4,2) 0
LReLU (4,32) (4,32) 0 Upsample €.2) 0.4) 0
Conv. 1D (4,32) (4,16) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,16) (4,16) 8 BN (4,4) (4,4) 8
LReLU (4,16) (4,16) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,16) (4,8) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,8) (4,8) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,8) (4,8) 0 BN (4,8) (4,8) 8
Conv. 1D (4,8) (4,4) (4,2,1) 64 LReLU (4,8) (4.8) 0
E5 BN (4,4) (4,4) 8 Upsample (4,8) (4,16) 0
LReLU (4,4) (4,4) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,4) (4,2) (4,2,1) 64 ey (37 }g) (j’ 12) ’

E6 BN (4,2) (4,2) 8 © (4,16) (4,16)
LReLU (4,2) (4,2) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,2) (4,1) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,1) (4,1) 8 LReLU 4,32 4,32 0

LReLU (4,1) (4,1) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
E8 Flatten 1) ) 0 o7 Conv. 1D (4,64) (4,64) (3,1,1) 48
E9 Linear (4) (2) 10 BN (4,64) (4,64) 8
LReLU (4,64) (4,64) 0
D8 Upsample (4,64) (4,128) 0
Conv. 1D (4,128) (1,128) (3,1,1) 12
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Table B.3: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ injected residuals for the case N = 198,

0ct

(a) Encoder Architecture (b) Decoder Architecture
Main Layer =~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,256) (4,128) (4,2,1) 16 D1 Linear (2) (4) 12
n O m dm e 3 T T )
N (4,128) (4,128) Do Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,128) (4,64) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,64) (4,64) 8 LReLU (4,2) (4,2) 0
LReLU (4,64) (4,64) 0 Upsample 4.2) 0.4) 0
Conv. 1D (1,64) (4,32) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,32) (4,32) 8 BN (4,4) (4,4) 8
LReLU (4,32) (4,32) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,32) (4,16) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,16) (4,16) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,16) (4,16) 0 BN (4,8) (4,8) 8
Conv. 1D (4,16) (4,8) (4,2,1) 64 LReLU (4.8) (4.8) 0
E5 BN (4,8) (4,8) 8 Upsample (4,8) (4,16) 0
LReLU (4,8) (4,8) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,8) (4,4) 4,2,1) 64 LIEI?JU (i’ ig) (j’ }g) g

E6 BN (4,4) (4,4) 8 N (4,16) (4,16)
LReLU (4,4) (4,4) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,4) (4,2) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,2) (4,2) 8 LReLU 4,32 4,32 0

LReLU (4,2) (4,2) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
Conv. 1D (4,2) (4,1) (4,2,1) o4 Conv. 1D (4,64) (4,64) (3,1,1) 48

E8 BN (4,1) (4,1) 8 D7

LReLU (4,1) (4,1) 0 BN (4,64) (4,64) 8
’ ’ LReLU (4, 64) (4,64) 0
E9 Flatten 1) “) 0 Upsample  (4,64) (4,128) 0
E10 Linear (4) (2) 10 D8 Conv. 1D (4,128) (4,128) (3,1,1) 48
BN (4,128) (4,128) 8
LReLU (4,128) (4,128) 0
D9 Upsample (4,128) (4,256) 0
Conv. 1D (4,256) (1,256) (3,1,1) 12
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Table B.4: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ injected residuals for the case N = 956.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  Input Shape OutputShape (k, s, p) # Parameters
Conv. 1D (1,512) (4,256) (4,2,1) 16 D1 Linear (2) (4) 12
n O m dm e : T T ;
N (4, 256) (4,256) Do Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,256) (4,128) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,128) (4,128) 8 LReLU (4,2) (4,2) 0
LReLU (4,128) (4,128) 0 Upsample 4.2) @.1) 0
Conv. 1D (1,128) (4,64) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,64) (4,64) 8 BN (4,4) (4,4) 8
LReLU (4,64) (4,64) 0 LReLU (4,4) (4,4) 0
Conv. 1D (1,64) (4,32) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,32) (4,32) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,32) (4,32) 0 BN (4,8) (4,8) 8
Conv. 1D (4,32) (4,16) (4,2,1) 64 LReLU (4.8) (4,8) 0
E5 BN (4,16) (4,16) 8 Upsample (4,8) (4,16) 0
LReLU (4,16) (4,16) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,16) (4,8) (4,2,1) 64 LIEIEU (i’ }g) (j’ 12) 8
E6 BN (4,8) (4,8) 8 < (4,16) (4,16)
LReLU (4,8) (4,8) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,8) (4,4) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,4) (4,4) 8 LReLU 4,32 4,32 0
LReLU (4,4) (4,4) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
Conv. 1D (4,4) (4,2) (4,2,1) o4 Conv. 1D (4,64) (4,64) (3,1,1) 48
E8 BN (4,2) (4,2) 8 D7
LReLU (4,2) (4,2) 0 BN (4,64) (4,64) 8
’ ’ LReLU (4,64) (4,64) 0
E9 Cor];\&lD Ej’ %; Ei’ 3 (4,2,1) 6; Upsample (4,64) (4,128) 0
[RelU 1) 1) 0 D8 Conv. 1D (4,128) (4,128) (3,1,1) 48
’ ’ BN (4,128) (4,128) 8
E10 Flatten (4,1) (4) 0 LReLU (4,128) (4,128) 0
El1 Linear (4) (2) 10 Upsample (4,128) (4,256) 0
D9 Conv. 1D (4,256) (4,256) (3,1,1) 48
BN (4, 256) (4, 256) 8
LReLU (4, 256) (4, 256) 0
D10 Upsample (4,256) (4,512) 0
Conv. 1D (4,512) (1,512) (3,1,1) 12
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B.1.2. Primal Solution
Table B.5: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ fine primal solution for the case NN, gﬁh) = 64.

(a) Encoder Architecture (b) Decoder Architecture
Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,64) (4,32) (4,2,1) 16 D1 Linear (1) (4) 8
no W wm o um : T R )
© (4,32) (4,32) - Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (4,32) (4,16) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,16) (4,16) 8 LReLU (4,2) (4,2) 0
LReLU (4,16) (4,16) 0 Upsample €.2) 4.9) 0
Conv. 1D (4,16) (4,8) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,8) (4,8) 8 BN (4,4) (4,4) 8
LReLU (4,8) (4,8) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,8) (4,4) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,4) (4,4) 8 - Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,4) (4,4) 0 BN (4,8) (4,8) 8
Conv. 1D (4,4) (4,2) (4,2,1) 64 LReLU (4,8) (4.8) 0
E5 BN (4,2) (4,2) 8 Upsample (4,8) (4,16) 0
LReLU (4,2) (4,2) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,2) (4, 1) (4,2,1) 64 LRBI\LIU (i’ }g) (j 12) ’

E6 BN (4,1) (4,1) 8 N (4,16) (4,16)
LReLU (4,1) (4,1) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,32) (4,32) (3,1,1) 48
E7 Flatten (4,1) (4) 0 D6 BN (4.32) (4,32) 3
E8 Linear (4) (1) 5 LReLU (4,32) (4,32) 0
D7 Upsample (4,32) (4,64) 0
Conv. 1D (4,64) (1,64) (3,1,1) 12

(44
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Table B.6: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ fine primal solution for the case N =198,

(a) Encoder Architecture (b) Decoder Architecture
Main Layer  Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,128) (4,64) (4,2,1) 16 D1 Linear (1) (4) 8
n W am e : e a0 03 ;
< (4,64) (4,64) D2 Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,64) (4,32) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,32) (4,32) 8 LReLU (4,2) (4,2) 0
LReLU (4,32) (4,32) 0 Upsample €.2) 0.4) 0
Conv. 1D (4,32) (4,16) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,16) (4,16) 8 BN (4,4) (4,4) 8
LReLU (4,16) (4,16) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,16) (4,8) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,8) (4,8) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,8) (4,8) 0 BN (4,8) (4,8) 8
Conv. 1D (4,8) (4,4) (4,2,1) 64 LReLU (4,8) (4.8) 0
E5 BN (4,4) (4,4) 8 Upsample (4,8) (4,16) 0
LReLU (4,4) (4,4) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,4) (4,2) (4,2,1) 64 ey (37 }g) (j’ 12) ’

E6 BN (4,2) (4,2) 8 © (4,16) (4,16)
LReLU (4,2) (4,2) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,2) (4,1) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,1) (4,1) 8 LReLU 4,32 4,32 0

LReLU (4,1) (4,1) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
E8 Flatten 1) ) 0 o7 Conv. 1D (4,64) (4,64) (3,1,1) 48
E9 Linear (4) (1) 5 BN (4,64) (4,64) 8
LReLU (4,64) (4,64) 0
D8 Upsample (4,64) (4,128) 0
Conv. 1D (4,128) (1,128) (3,1,1) 12

ecl




Table B.7: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ fine primal solution for the case NP = 256.

44!

(a) Encoder Architecture (b) Decoder Architecture
Main Layer =~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters

Conv. 1D (1,256) (4,128) (4,2,1) 16 D1 Linear (1) (4) 8
R gm o dm | T T )
N (4,128) (4,128) Do Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,128) (4,64) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,64) (4,64) 8 LReLU (4,2) (4,2) 0
LReLU (4,64) (4,64) 0 Upsample 4.2) 0.4) 0
Conv. 1D (1,64) (4,32) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,32) (4,32) 8 BN (4,4) (4,4) 8
LReLU (4,32) (4,32) 0 LReLU (4,4) (4,4) 0
Conv. 1D (4,32) (4,16) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,16) (4,16) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,16) (4,16) 0 BN (4,8) (4,8) 8
Conv. 1D (4,16) (4,8) (4,2,1) 64 LReLU (4.8) (4.8) 0
E5 BN (4,8) (4,8) 8 Upsample (4,8) (4,16) 0
LReLU (4,8) (4,8) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,8) (4,4) 4,2,1) 64 LIEI?JU (i’ ig) (j’ }g) g

E6 BN (4,4) (4,4) 8 N (4,16) (4,16)
LReLU (4,4) (4,4) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,4) (4,2) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,2) (4,2) 8 LReLU 4,32 4,32 0

LReLU (4,2) (4,2) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
Conv. 1D (4,2) (4,1) (4,2,1) o4 Conv. 1D (4,64) (4,64) (3,1,1) 48

E8 BN (4,1) (4,1) 8 D7

LReLU (4,1) (4,1) 0 BN (4,64) (4,64) 8
’ ’ LReLU (4, 64) (4,64) 0
E9 Flatten 1) “) 0 Upsample  (4,64) (4,128) 0
E10 Linear (4) (1) 5 D8 Conv. 1D (4,128) (4,128) (3,1,1) 48
BN (4,128) (4,128) 8
LReLU (4,128) (4,128) 0
D9 Upsample (4,128) (4,256) 0
Conv. 1D (4,256) (1,256) (3,1,1) 12
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Table B.8: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D MMS Burgers’ fine primal solution for the case N =512,

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  Input Shape OutputShape (k, s, p) # Parameters

Conv. 1D (1,512) (4,256) (4,2,1) 16 D1 Linear (1) (4) 8
n O m dm e : T T ;
N (4, 256) (4,256) Do Conv. 1D (4,2) (4,2) (3,1,1) 48
Conv. 1D (1,256) (4,128) (4,2,1) 64 BN (4,2) (4,2) 8
E2 BN (4,128) (4,128) 8 LReLU (4,2) (4,2) 0
LReLU (4,128) (4,128) 0 Upsample 4.2) @.1) 0
Conv. 1D (1,128) (4,64) (4,2,1) 64 D3 Conv. 1D (4,4) (4,4) (3,1,1) 48
E3 BN (4,64) (4,64) 8 BN (4,4) (4,4) 8
LReLU (4,64) (4,64) 0 LReLU (4,4) (4,4) 0
Conv. 1D (1,64) (4,32) (4,2,1) 64 Upsample (4,4) (4,8) 0
E4 BN (4,32) (4,32) 8 D4 Conv. 1D (4,8) (4,8) (3,1,1) 48
LReLU (4,32) (4,32) 0 BN (4,8) (4,8) 8
Conv. 1D (4,32) (4,16) (4,2,1) 64 LReLU (4.8) (4,8) 0
E5 BN (4,16) (4,16) 8 Upsample (4,8) (4,16) 0
LReLU (4,16) (4,16) 0 D5 Conv. 1D (4,16) (4,16) (3,1,1) 48
Conv. 1D (4,16) (4,8) (4,2,1) 64 LIEIEU (i’ }g) (j’ 12) 8

E6 BN (4,8) (4,8) 8 < (4,16) (4,16)
LReLU (4,8) (4,8) 0 Upsample (4,16) (4,32) 0
Conv. 1D (4,8) (4,4) (4,2,1) 64 D6 Conv. 1D (4,32) (4,32) (3,1,1) 48
BN (4,32) (4,32) 8
E7 BN (4,4) (4,4) 8 LReLU 4,32 4,32 0

LReLU (4,4) (4,4) 0 N (4,32) (4,32)
Upsample (4,32) (4,64) 0
Conv. 1D (4,4) (4,2) (4,2,1) o4 Conv. 1D (4,64) (4,64) (3,1,1) 48

E8 BN (4,2) (4,2) 8 D7

LReLU (4,2) (4,2) 0 BN (4,64) (4,64) 8
’ ’ LReLU (4,64) (4,64) 0
E9 Cor];\&lD Ej’ %; Ei’ 3 (4,2,1) 6; Upsample (4,64) (4,128) 0
[RelU 1) 1) 0 D8 Conv. 1D (4,128) (4,128) (3,1,1) 48
’ ’ BN (4,128) (4,128) 8
E10 Flatten (4,1) (4) 0 LReLU (4,128) (4,128) 0
El1l Linear (4) (1) 5 Upsample (4,128) (4,256) 0
D9 Conv. 1D (4,256) (4, 256) (3,1,1) 48
BN (4, 256) (4, 256) 8
LReLU (4, 256) (4, 256) 0
D10 Upsample (4,256) (4,512) 0
Conv. 1D (4,512) (1,512) (3,1,1) 12

gel
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Table B.9: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ injected residuals for the case = 128.
(a) Encoder Architecture (b) Decoder Architecture
Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  Input Shape OutputShape (k, s, p) # Parameters
Conv. 1D (1,256) (4,128) (4,2,1) 16 D1 Linear (74) (64) 4800
nm e 3 Gparis o1 o1 )
N (4,128) (4,128) Do Conv. 1D (64,2) (64,2) (3,1,1) 12288
Conv. 1D (4,128) (8,64) (4,2,1) 128 BN (64,2) (64,2) 128
E2 BN (8,64) (8,64) 16 LReLU (64,2) (64,2) 0
LReLU (8,64) (8,64) 0 Upsample (64,2) (64,4) 0
Conv. 1D (8,64) (16,32) (4,2,1) 512 D3 Conv. 1D (64,4) (64, 4) (3,1,1) 12288
E3 BN (16,32) (16,32) 32 BN (64,4) (64,4) 128
LReLU (16, 32) (16, 32) 0 LReLU (64,4) (64,4) 0
Conv. 1D (16, 32) (32,16) (4,2,1) 2048 Upsample (64,4) (64,8) 0
E4 BN (32,16) (32,16) 64 D4 Conv. 1D (64,8) (64,8) (3,1,1) 12288
LReLU (32,16) (32,16) 0 BN (64,8) (64,8) 128
Conv. 1D (32, 16) (64,8) (4,2,1) 8192 LReLU (64,8) (64,8) 0
E5 BN (64,8) (64,8) 128 Upsample (64,8) (64,16) 0
LReLU (64,8) (64,8) 0 D5 Conv. 1D (64, 16) (32, 16) (3,1,1) 6144
Conv. 1D (64,8) (64, 4) 4,2,1) 16384 LIEI?JU (gg }g) (gg 12) %4
E6 BN (64,4) (64,4) 128 N (32,16) (32, 16)
LReLU (64,4) (64,4) 0 Upsample (32,16) (32,32) 0
Conv. 1D (64,4) (64, 2) (4,2,1) 16384 D6 Conv. 1D (32,32) (16,32) (3,1,1) 1536
BN (16, 32) (16, 32) 32
E7 BN (64,2) (64,2) 128 LReLU 16,32 16,32 0
LReLU (64,2) (64,2) 0 N (16,32) (16,32)
Upsample (16,32) (16,64) 0
. 1D 4,2 4,1 4,2,1 16384 ’
Conv (64,2) (64,1) (4,2,1) 638 Conv. 1D (16,64) (8,64) (3,1,1) 384
E8 BN (64,1) (64,1) 64 D7
LReLU (64,1) (64,1) 0 BN (8,64) (8,64) 16
’ ’ LReLU (8,64) (8,64) 0
E Fl 4,1 4
o atten (64,1) (64) 0 Upsample (8, 64) (8,128) 0
E10 Linear (64) (74) 4810 D8 Conv. 1D (8,128) (4,128) (3,1,1) 96
BN (4,128) (4,128) 8
LReLU (4,128) (4,128) 0
D9 Upsample (4,128) (4,256) 0
Conv. 1D (256) (1,256) (3,1,1) 12
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Table B.10: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ injected residuals for the case NéH) = 256.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
Conv. 1D (1,512) (4, 256) (4,2,1) 16 D1 Linear (90) (128) 11648
El LI?IEU (j’ ;gg) (i’ ggg) (8) Upsample (128,1) (128,2) 0
e (4, 256) (4,256) - Conv. 1D (128,2) (128, 2) (3,1,1) 49152
Conv. 1D (4,256) (8,128) (4,2,1) 128 BN (128,2) (128,2) 256
E2 BN (8,128) (8,128) 16 LReLU (128,2) (128,2) 0
LReLU (8,128) (8,128) 0 Upsample (128,2) (128,4) 0
Conv. 1D (8,128) (16, 64) (4,2,1) 512 D3 Conv. 1D (128,4) (128,4) (3,1,1) 49152
E3 BN (16, 64) (16,64) 32 BN (128, 4) (128,4) 256
LReLU (16, 64) (16, 64) 0 LReLU (128, 4) (128, 4) 0
Conv. 1D (16,64) (32,32) (4,2,1) 2048 Upsample (128,4) (128, 8) 0
F4 BN (32,32) (32,32) 64 - Conv. 1D (128,8) (128,8) (3,1,1) 49152
LReLU (32,32) (32, 32) 0 BN (128,8) (128,8) 256
Conv. 1D (32,32) (64, 16) (4,2,1) 8192 LReLU (128,8) (128,8) 0
E5 BN (64, 16) (64, 16) 128 Upsample  (128,8) (128,16) 0
LReLU (64,16) (64,16) 0 D5 Conv. 1D (128,16) (64,16) (3,1,1) 24576
Conv. 1D (64, 16) (128,8) (4,2,1) 32768 LIEI?JU (gj’ }g) (gi’ 12) 138
E6 BN (128, 8) (128, 8) 256 € (64,16) (64, 16)
LReLU (128,8) (128,8) 0 Upsample (64, 16) (64, 32) 0
Conv. 1D (128,8) (128, 4) (4,2,1) 65536 D6 Conv. 1D (64,32) (32,32) (3,1,1) 6144
BN (32,32) (32,32) 64
E7 BN (128,4) (128,4) 256 LRelU 5 59 g 0
LReLU (128,4) (128,4) 0 N (32,32) (32,32)
Upsample (32,32) (32,64) 0
. 1D 128, 4 128, 2 4,2,1 ’
Conv. (128,4) (128,2)  (4,2,1) 69536 Conv. 1D (32,64) (16.64)  (3,1,1) 1536
E8 BN (128,2) (128,2) 256 D7
LReLU (128, 2) (128, 2) 0 BN (16,64) (16,64) 32
’ ’ LReLU (16,64) (16,64) 0
. 1D 128, 2 128, 1 4,2,1
Conv (128,2) (128,1) (4,2,1) 65536 Upsample (16,64) (16,128) 0
E9 BN (128,1) (128,1) 64
LReLU (128.1) (128.1) 0 D8 Conv. 1D (16, 128) (8,128) (3,1,1) 384
’ i BN (8,128) (8,128) 16
E10 Flatten (128,1) (128) 0 LReLU (8,128) (8,128) 0
Ell Linear (128) (90) 11610 Upsample (8,128) (8,256) 0
D9 Conv. 1D (8,256) (4,256) (3,1,1) 96
BN (4, 256) (4, 256) 8
LReLU (4, 256) (4, 256) 0
D10 Upsample (4,256) (4,512) 0
Conv. 1D (512) (1,512) (3,1,1) 12
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Table B.11: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ injected residuals for the case NéH) = 512.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
Conv. 1D (1,1024) (4,512) (4,2,1) 16 D1 Linear (150) (256) 38656
El LIE’IEU (j’ gg) (i’ gg) g Upsample (256, 1) (256, 2) 0
N (4,512) (4,512) oo Conv. 1D (256, 2) (256,2) (3,1,1) 196608
Conv. 1D (4,512) (8,256) (4,2,1) 128 BN (256, 2) (256,2) 512
E2 BN (8,256) (8,256) 16 LReLU (256,2) (256,2) 0
LReLU (8,256) (8, 256) 0 Upsample (256, 2) (256,4) 0
Conv. 1D (8,256) (16,128) (4,2,1) 512 D3 Conv. 1D (256, 4) (256, 4) (3,1,1) 196608
E3 BN (16, 128) (16,128) 32 BN (256, 4) (256, 4) 512
LReLU (16,128) (16,128) 0 LReLU (256, 4) (256, 4) 0
Conv. 1D (16,128) (32,64) (4,2,1) 2048 Upsample (256,4) (256, 8) 0
E4 BN (32, 64) (32, 64) 64 - Conv. 1D (256, 8) (256, 8) (3,1,1) 196608
LReLU (32,64) (32,64) 0 BN (256, 8) (256, 8) 512
Conv. 1D (32,64) (64, 32) (4,2,1) 8192 LReLU (256,8) (256,8) 0
E5 BN (64, 32) (64, 32) 128 Upsample (256, 8) (256, 16) 0
LReLU (64,32) (64,32) 0 D5 Conv. 1D (256, 16) (128, 16) (3,1,1) 98304
Conv. 1D (64,32) (128,16) (4,2,1) 32768 LIEI}IU (132’ 12) (gg’ 12) 286
E6 BN (128,16) (128, 16) 256 < (128,16) (128, 16)
LReLU (128, 16) (128,16) 0 Upsample (128, 16) (128,32) 0
Conv. 1D (128, 16) (256, 8) (4,2,1) 131072 D6 Conv. 1D (128, 32) (64,32) (3,1,1) 24576
BN (64, 32) (64, 32) 128
E7 BN (256, 8) (256, 8) 512 LReLU o1 59 61 5o 0
LReLU (256, 8) (256, 8) 0 N (64,32) (64,32)
Upsample (64, 32) (64, 64) 0
Conv. 1D (256,8) (256, 4) (4,2,1) 262144 R (64.61) (32 64) B.11) 6144
E8 BN (256, 4) (256, 4) 512 D7
LReLU (256, 4) (256, 4) 0 BN (32,64) (32,64) 64
’ i LReLU (32,64) (32,64) 0
. 1D 256, 4 256, 2 4,2,1 262144
Conv. (256,4) (256,2) (4,2,1) 6 Upsample (32, 64) (32, 128) 0
E9 BN (256, 2) (256, 2) 512
[RelU (256.2) (256.2) 0 D8 Conv. 1D (32,128) (16,128) (3,1,1) 1536
’ ’ BN (16,128) (16,128) 32
Conv. 1D (256,2) (256, 1) (4,2,1) 262144 LReLU (16,128) (16,128) 0
E10 LI]QSGIIU ggg’ 3 ggg’ B 5(1)2 Upsample (16, 128) (16, 256) 0
’ i D9 Conv. 1D (16,256) (8,256) (3,1,1) 384
Ell Flatten (256,1) (256) 0 BN (8, 256) (8,256) 16
E12 Linear (256) (150) 38550 LReLU (8, 256) (8, 256) 0
Upsample (8,256) (8,512) 0
D10 Conv. 1D (8,512) (4,512) (3,1,1) 96
BN (4,512) (4,512) 8
LReLU (4,512) (4,512) 0
D11 Upsample (4,512) (4,1024) 0
Conv. 1D (4,1024) (1,1024) (3,1,1) 12
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Table B.12: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ fine primal solution for the case Néh) = 256.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  Input Shape OutputShape (k, s, p) # Parameters
Conv. 1D (1,256) (4,128) (4,2,1) 16 D1 Linear (17) (64) 1152
El LI?I;IU (j’ ES) (i’ 1;2) (8) Upsample (64,1) (64,2) 0
N (4,128) (4,128) Do Conv. 1D (64,2) (64,2) (3,1,1) 12288
Conv. 1D (4,128) (8,64) (4,2,1) 128 BN (64,2) (64,2) 128
E2 BN (8,64) (8,64) 16 LReLU (64,2) (64,2) 0
LReLU (8,64) (8,64) 0 Upsample (64,2) (64,4) 0
Conv. 1D (8,64) (16, 32) (4,2,1) 512 D3 Conv. 1D (64,4) (64, 4) (3,1,1) 12288
E3 BN (16,32) (16,32) 32 BN (64, 4) (64,4) 128
LReLU (16,32) (16,32) 0 LReLU (64, 4) (64,4) 0
Conv. 1D (16, 32) (32,16) (4,2,1) 2048 Upsample (64,4) (64,8) 0
E4 BN (32,16) (32,16) 64 D4 Conv. 1D (64, 8) (64,8) (3,1,1) 12288
LReLU (32,16) (32,16) 0 BN (64,8) (64,8) 128
Conv.1D (32, 16) (64,8) (4,2,1) 8192 LReLU (64,8) (64,8) 0
E5 BN (64,8) (64,8) 128 Upsample  (64,8) (64, 16) 0
LReLU (64, 8) (64, 8) 0 D5 Conv. 1D (64, 16) (32, 16) (3,1,1) 6144
Conv. 1D (64,8) (64, 4) 4,2,1) 16384 LIEI?JU (gg }g) (gg 12) %4
E6 BN (64,4) (64,4) 128 N (32,16) (32, 16)
LReLU (64,4) (64,4) 0 Upsample (32,16) (32,32) 0
Conv. 1D (64,4) (64, 2) (4,2,1) 16384 D6 Conv. 1D (32,32) (16,32) (3,1,1) 1536
BN (16,32) (16, 32) 32
E7 BN (64,2) (64,2) 128 LReLU 16,32 16,32 0
LReLU (64,2) (64,2) 0 N (16,32) (16,32)
Upsample (16,32) (16,64) 0
. 1D 4,2 4,1 4,2,1 16384
Conv (64,2) (64,1) (4,2,1) 638 Conv. 1D (16,64) (8,64) (3,1,1) 384
E8 BN (64,1) (64,1) 64 D7
LReLU (64,1) (64,1) 0 BN (8,64) (8,64) 16
i ’ LReLU (8, 64) (8,64) 0
E Fl 4,1 4
o atten (64,1) (64) 0 Upsample (8, 64) (8,128) 0
E10 Linear (64) 17) 1105 D8 Conv. 1D (8,128) (4,128) (3,1,1) 96
BN (4,128) (4,128) 8
LReLU (4,128) (4,128) 0
D9 Upsample (4,128) (4,256) 0
Conv. 1D (256) (1,256) (3,1,1) 12
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Table B.13: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ fine primal solution for the case Néh) = 512.

(a) Encoder Architecture

(b) Decoder Architecture

Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
Conv. 1D (1,512) (4,256) (4,2,1) 16 D1 Linear (17) (128) 2304
El LI?I;IU (j’ ;gg) (i’ ggg) (8) Upsample (128,1) (128,2) 0
e (4, 256) (4, 256) - Conv. 1D (128,2) (128, 2) (3,1,1) 49152
Conv. 1D (4,256) (8,128) (4,2,1) 128 BN (128,2) (128,2) 256
E2 BN (8,128) (8,128) 16 LReLU (128,2) (128,2) 0
LReLU (8,128) (8,128) 0 Upsample (128,2) (128,4) 0
Conv. 1D (8,128) (16, 64) (4,2,1) 512 D3 Conv. 1D (128,4) (128,4) (3,1,1) 49152
E3 BN (16, 64) (16,64) 32 BN (128, 4) (128,4) 256
LReLU (16, 64) (16, 64) 0 LReLU (128, 4) (128, 4) 0
Conv. 1D (16,64) (32,32) (4,2,1) 2048 Upsample (128,4) (128, 8) 0
F4 BN (32,32) (32,32) 64 - Conv. 1D (128,8) (128,8) (3,1,1) 49152
LReLU (32, 32) (32,32) 0 BN (128, 8) (128,8) 256
Conv. 1D (32,32) (64, 16) (4,2,1) 8192 LReLU (128,8) (128,8) 0
E5 BN (64, 16) (64, 16) 128 Upsample  (128,8) (128,16) 0
LReLU (64,16) (64,16) 0 D5 Conv. 1D (128,16) (64,16) (3,1,1) 24576
Conv. 1D (64, 16) (128,8) (4,2,1) 32768 LIEIEU (gj’ 12) (gi’ 12) 138
E6 BN (128,8) (128,8) 256 € (64,16) (64,16)
LReLU (128,8) (128,8) 0 Upsample (64, 16) (64,32) 0
Conv. 1D (128,8) (128, 4) (4,2,1) 65536 D6 Conv. 1D (64,32) (32,32) (3,1,1) 6144
BN (32,32) (32,32) 64
E7 BN (128, 4) (128,4) 256 LRelU 5 59 g 0
LReLU (128,4) (128,4) 0 N (32,32) (32,32)
Upsample (32,32) (32,64) 0
. 1D 128,4 128, 2 4,2,1 ’
Conv (128,4) (128,2) (4,2,1) 69536 Conv. 1D (32.64) (16, 64) (3,1,1) 1536
E8 BN (128,2) (128,2) 256 D7
LReLU (128, 2) (128, 2) 0 BN (16,64) (16,64) 32
’ ’ LReLU (16, 64) (16, 64) 0
. 1D 128,2 128, 1 4,2,1
Conv (128,2) (128,1) (4,2,1) 69536 Upsample (16, 64) (16, 128) 0
E9 BN (128,1) (128,1) 64
LReLU (128.1) (128.1) 0 D8 Conv. 1D (16, 128) (8,128) (3,1,1) 384
’ : BN (8,128) (8,128) 16
E10 Flatten (128,1) (128) 0 LReLU (8,128) (8,128) 0
E11 Linear (128) (17) 2193 Upsample (8,128) (8,256) 0
D9 Conv. 1D (8,256) (4,256) (3,1,1) 96
BN (4, 256) (4, 256) 8
LReLU (4, 256) (4, 256) 0
D10 Upsample (4,256) (4,512) 0
Conv. 1D (512) (1,512) (3,1,1) 12
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Table B.14: Layer-by-layer details of the encoder (left) and decoder (right) architectures applied to the 1D DNS-forced Burgers’ fine primal solution for the case Néh) = 1024.

uonenby s1abing (1 paoIo}-SNA Z'd

eel

(a) Encoder Architecture (b) Decoder Architecture
Main Layer ~ Sublayer InputShape OutputShape (k, s, p) # Parameters Main Layer ~ Sublayer  InputShape OutputShape (k, s, p) # Parameters
Conv. 1D (1,1024) (4,512) (4,2,1) 16 D1 Linear (17) (256) 4608
El LIE’IEU (j’ gg) (i’ gg) g Upsample (256, 1) (256, 2) 0
N (4,512) (4,512) Do Conv. 1D (256, 2) (256,2) (3,1,1) 196608
Conv. 1D (4,512) (8,256) (4,2,1) 128 BN (256, 2) (256,2) 512
E2 BN (8,256) (8,256) 16 LReLU (256, 2) (256, 2) 0
LReLU (8,256) (8,256) 0 Upsample (256, 2) (256,4) 0
Conv. 1D (8,256) (16,128) (4,2,1) 512 D3 Conv. 1D (256, 4) (256, 4) (3,1,1) 196608
E3 BN (16,128) (16,128) 32 BN (256, 4) (256, 4) 512
LReLU (16,128) (16,128) 0 LReLU (256, 4) (256, 4) 0
Conv. 1D (16,128) (32,64) (4,2,1) 2048 Upsample (256,4) (256, 8) 0
F4 BN (32,64) (32,64) 64 - Conv. 1D (256, 8) (256, 8) (3,1,1) 196608
LReLU (32, 64) (32,64) 0 BN (256, 8) (256, 8) 512
Conv. 1D (32,64) (64, 32) (4,2,1) 8192 LReLU (256,8) (256,8) 0
E5 BN (64, 32) (64, 32) 128 Upsample (256, 8) (256, 16) 0
LReLU (64,32) (64,32) 0 D5 Conv. 1D (256, 16) (128, 16) (3,1,1) 98304
Conv. 1D (64,32) (128, 16) (4,2,1) 32768 LIEI}IU (132’ 12) (gg’ 12) 286
E6 BN (128,16) (128, 16) 256 © (128, 16) (128, 16)
LReLU (128, 16) (128,16) 0 Upsample (128, 16) (128,32) 0
Conv. 1D (128, 16) (256, 8) (4,2,1) 131072 D6 Conv. 1D (128, 32) (64,32) (3,1,1) 24576
BN (64, 32) (64, 32) 128
E7 BN (256, 8) (256, 8) 512 LReLU 61 5 61 50 0
LReLU (256, 8) (256, 8) 0 N (64,32) (64,32)
Upsample (64, 32) (64, 64) 0
Conv. 1D (256,8) (256, 4) (4,2,1) 262144 S (6464 (32,64 5.1.1) 6144
E8 BN (256, 4) (256, 4) 512 D7
LReLU (256, 4) (256, 4) 0 BN (32,64) (32,64) 64
’ i LReLU (32,64) (32,64) 0
. 1D 256, 4 256, 2 4,2,1 262144
Conv, (256, 4) (256,2) (4,2,1) 6 Upsample (32, 64) (32,128) 0
E9 BN (256, 2) (256, 2) 512
LReLU (256.2) (256.2) 0 D8 Conv. 1D (32,128) (16,128) (3,1,1) 1536
’ ’ BN (16,128) (16,128) 32
Conv. 1D (256,2) (256, 1) (4,2,1) 262144 LReLU (16,128) (16,128) 0
E10 LI]QSGIIU ggg’ 3 ggg’ B 5(1)2 Upsample (16, 128) (16, 256) 0
’ i D9 Conv. 1D (16,256) (8, 256) (3,1,1) 384
El1 Flatten (256,1) (256) 0 BN (8, 256) (8,256) 16
E12 Linear (256) (17) 4369 LReLU (8,256) (8, 256) 0
Upsample (8,256) (8,512) 0
D10 Conv. 1D (8,512) (4,512) (3,1,1) 9%
BN (4,512) (4,512) 8
LReLU (4,512) (4,512) 0
D11 Upsample (4,512) (4,1024) 0

Conv. 1D (4,1024) (1,1024) (3,1,1) 12







Additional Results on 1D MMS
Burgers' Problem

C.1. Bayesian Optimization Setup

As stated in Section 5.3.3, the initial step was getting the best BO setup. To do so, the performance of
the BO procedure for the ESN was analyzed with respect to two key parameters for the case N = 32,
the number of initial grid search points N¢g, and the number of ensembles Ney,s.

Figure C.1 (left) shows the effect of Ngg on the validation MSE across multiple BO runs. Increasing
Ngg from 4 to 25 results in a noticeable reduction of the median validation error, together with a shrink-
ing inter-percentile range, which indicates improved robustness of the optimization. Beyond Nggs ~ 25,
additional grid evaluations do not yield significant gains in accuracy, while the computational cost con-
tinues to rise steeply, as evidenced in Figure C.1 (right). The optimization time scales approximately
as O(NZ$), leading to diminishing returns for larger values. Based on this trade-off, Nos = 25 was
selected as a suitable balance between accuracy and efficiency.

S T Min/Max

2x 107 e 20/80th Percentile
—e— 50th Percentile

----- Selected Ngg = 25

10715 4

Validation MSE
Optimization Time [s]

6 x 10716

4 9 16 25 36 49 64 81 100 4 9 16 25 36 49 64 81100
Ngs, Number of Grid Search Points Ngs, Number of Grid Search Points

Figure C.1: Effect of the number of initial grid search points Ngs on BO performance, analyzed for NI = 32 case with
N; =64 and o = 0.4. (Left) Validation MSE distribution across runs, (Right) Optimization time scaling with Ngs.

To account for ESN’s inherent pseudo-randomness, an ensemble of N.,; ESN samples was considered,
each with a different random seed. The effect of ensemble size N, is summarized in Figure C.2. The
median validation MSE remains stable across a wide range of N, values, fluctuating around 6 x 10~°.
However, the spread between the 20th and 80th percentiles decreases as N, increases, indicating
that larger ensembles reduce stochastic variability across BO runs. Nevertheless, beyond Ne,,s ~ 25 the
improvements are marginal, while computational cost grows proportionally with N.,,. For this reason,
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Nens = 28 was adopted as the default configuration, ensuring statistical reliability without unnecessary
cost.

Figure C.2: Effect of the number of ensembles N, s on BO performance, analyzed for N£H> = 32 case with N, = 64, o = 0.4,

and NGS = 25.
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C.2. Performance Assessment of the Reconstructed Injected Residuals 137

C.2. Performance Assessment of the Reconstructed Injected Resid-
uals

Figure C.3 illustrates the comparison between the reconstructed residual distributions and the actual
reference values (plotted in light gray with dashed black lines indicating the temporal mean).

N=16 NM=32 N= 64 N=128 N = 256
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Figure C.3: Reconstructed 1D Burgers’ MMS injected residuals R (uhH ) for all refinements NQ(UH) using POD (top), CAE (middle),
and ESN (bottom). The shaded regions are the actual residuals R (uf?), with the dashed black lines indicating their temporal
mean.

It can be observed that all three surrogate models are capable of reproducing the mean values of the
injected residuals with excellent accuracy, regardless of the refinement level NV (") This indicates that
the dominant trend of the residuals, which is the most critical component for error estimation purposes
when having a time-averaged Qol, is consistently captured. However, discrepancies arise in the pre-
diction of the standard deviation, which reflects the temporal variability of the residuals. While the
models capture the general spread of the distributions, none of them fully recover the amplitude of
fluctuations, particularly at finer resolutions where the variability is more pronounced.

The overprediction of fluctuations observed in all models can be attributed to limitations in their re-
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spective configurations. For POD, this behavior stems from the low threshold of 65% energy retention
used for mode selection. While this choice was intentional to avoid excessive dimensionality and to
maintain computational efficiency, it inevitably restricts the number of modes retained, causing dis-
tortions in the representation of higher-order variability. In the case of CAE, the early stopping of the
optimization procedure, combined with the trial-and-error tuning strategy, likely prevented the net-
work from fully converging to a configuration capable of capturing the finer-scale residual fluctuations.
Similarly, the ESN performance could have been improved by employing larger reservoir sizes, which
would enhance its ability to resolve long-term temporal correlations. Nonetheless, since the primary
Qol in this work is a time-averaged functional, the accurate reproduction of the mean values by all mod-
els remains the key outcome, making the imperfect representation of standard deviations less critical
for the purposes of error estimation.
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C.3. Performance Assessment of the Reconstructed Primal Solu-
tion

Figure C.4 compares the reconstructed temporal mean (solid lines) and standard deviation (shaded

regions) with the actual fine solution (dashed black lines).

NP= 32 NP= 64 NP= 128 NP = 256 NP= 512
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Figure C.4: Reconstructed 1D Burgers” MMS fine primal solution iy, for all refinements NN, ;EH) using POD (top), CAE (middle),
and ESN (bottom). The shaded regions are the actual solution uy,, with the dashed black lines indicating their temporal mean.

The results show that both POD and CAE are able to perfectly reconstruct not only the temporal mean
but also the variance distribution across all refinement levels. This behavior directly reflects the simplic-
ity of the manufactured primal solution, which is essentially low-rank and smooth, making it ideally
suited to both the linear modal structure of POD and the nonlinear mapping of CAE with only a latent
space size of dz. In both cases, the surrogate representation achieves near-identical agreement with
the reference data, independent of grid refinement.

In contrast, the ESN exhibits a gradual loss of accuracy as the refinement increases. The reconstructed
temporal mean begins to deviate slightly from the reference, and the standard deviation is consistently
underestimated. This trend highlights a limitation of the recurrent structure; while the ESN can capture
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temporal dependencies, its effective capacity is tied to the reservoir size and input scaling. As the
dimensionality of the fine solution increases with refinement, the fixed reservoir configuration becomes
insufficient to resolve the full dynamics, leading to degraded performance.
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C.4. Performance Assessment of the Adjoint Solution via Recon-
structed Primal Solution

The results are presented in Figure C.5 and compared with the actual adjoint solution % in shaded re-
gions and black dashed lines as their respective temporal standard deviation and mean. For both POD-
and CAE-based surrogates, the reconstructed adjoint solution is nearly indistinguishable from the refer-
ence, both in terms of the temporal mean and standard deviation. This agreement was expected, since
these models already reproduced the fine primal solution with high accuracy, thereby preserving the
input fidelity required for the adjoint computation.
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Figure C.5: Computed 1D MMS Burgers’ adjoint solution ) using the reconstructed fine space solution @y, for all refinements
NQCH) using POD (top), CAE (middle), and ESN (bottom). The shaded regions are the actual solution 1), with the dashed black
lines indicating their temporal mean.

In contrast, the ESN surrogate, which performed poorly in reconstructing the fine primal solution, also
propagated this deficiency into the adjoint solution. The discrepancies manifest in both the temporal
mean and the variance of ¢ across all refinement levels, reflecting the sensitivity of the adjoint system
to inaccuracies in the input field. Although the deviations remain moderate, they clearly highlight that
reliable adjoint prediction requires an accurate reconstruction of the fine primal solution, a condition
not met by the ESN in this case.
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